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Abstract 

Continuum damage descriptions of failure mechanisms generally exhibit strain soft- 
ening. In numerical simulations employing conventional damage theory, strain soft- 
ening causes a severe dependence on the size and orientation of the spatial discretiza- 
tion. A promising approach to overcome this deficiency consists of the inclusion of 
higher-order deformation gradients in the constitutive model. 

The effectiveness of gradient dependency as a localization limiter is demonstrated 
in the context of damage models for quasi-brittle materials. A gradient damage for- 
mulation is derived from non-local quasi-brittle damage theory. While incorporating 
the principle of non-local action, the gradient damage model bears the significant 
advantage of being strictly local in a mathematical sense. An additional indepen- 
dent field variable is introduced, while a second partial differential equation has 
to be solved in addition to the equilibrium equation. Special attention is paid to 
the boundary conditions concerning the additional independent variable, which are 
necessitated by the additional equation. 

In practical simulations, the differential equations governing the material re- 
sponse are solved numerically. The finite element discretization of the field variables 
is discussed, which - in contrast with other gradient dependent material models - 
only need to  satisfy Co-continuity requirements. A consistent incremental-iterative 
solution procedure of the resulting system of non-linear equations is presented. 

For a one-dimensional example, analytical and numerical solutions are presented. 
They show that the localization width of deformation is determined by the internal 
length scale which is introduced implicitly by the inclusion of the gradient term 
in the constitutive relations. The numerical analyses show the effectiveness of the 
gradient dependence as a measure against mesh sensitivity. Upon mesh refinement, 
the numerical solutions converge towards the analytical solution. 
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Notation 

Quantit les 
A 

A 
A,  4A 

A 
- A 

P 
Operat ions 
ÄJ, AI?, AB 

A.B,  A . 2  

A : B ,  4 A : B  
A-l 

AC 

9 
e 
V2 
- AB ,-- AB 

- A-l 

AT, AT 
d A  

scalar 

vector 

second, fourth order tensor 

column 

matrix 

column of vectors 

dyadic product 

inner product 

double inner product 

inversion 

conjugation 

gradient 

divergence 

Laplacian 

matrix product 

inversion 

transposition 

column of partial derivatives 

A time derivative 
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Chapter 1 

Introduction 

Continuum mechanics provides methods to describe, at a macroscopic level, the 
heterogeneous micro-processes which occur during the loading of constructions. For 
this purpose, global continuum variables (strains, stresses) and mathematical rela- 
tions between these variables are introduced, which describe those processes to a 
sat isfact ory degree. 

Nevertheless, classical continuum mechanics does not provide for the possibility 
that (mechanical) loading induces irreversible changes in the microstructure of ma- 
terials, which have an effect on their mechanical response. One of these mechanisms, 
the development, growth and coalescence of microcracks, which leads to  the forma- 
tion and propagation of macrocracks and eventually to rupture, can effectively be 
incorporated in a continuum theory by the introduction of internal field variables, 
so-called damage variables, which represent the change of the microstructure in 
an average sense. Combined with constitutive relations that involve the damage 
variables, this extension to conventional continuum mechanics is called continuum 
damage mechanics (e.g. Chaboche (1988)). 

Continuum damage models of brittle failure mechanisms (e.g. Krajcinovic & 
Fonseka (1981); Brekelmans e t  al. (1992); Paas et  al. (1993)) exhibit strain soft- 
ening; that is, the load-carrying capacity will decrease with increasing deformation 
and the tangential stiffness becomes negative. If no special precautions are taken, 
strain softening causes local loss of ellipticity of the governing differential equations 
and as a result ill-posedness of the mathematical description of material behaviour 
(Triantafyllidis & Aifantis, 1986; Lasry & Belytschko, 1988; Simo, 1989). As a 
consequence, numerical simulations show a severe dependence on the size and ori- 
entation of the spatial discretization (Pietruszczak & Mróz, 1981; Schreyer & Chen, 
1986; De Borst & Mühlhaus, 1991; De Vree e t  al., 1994). 

A number of approaches have been suggested to overcome this deficiency of 
conventional continuum damage theory: 

o fracture energy approaches: the local manipulation of material properties 
depending on the element size (Pietruszczak & Mróz, 1981; Brekelmans & 
De Vree, 1994); 

o viscous regularization: the inclusion of rate effects in the constitutive model 
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(Needleman, 1988; Sluys & De Borst, 1991); 

o micro-polar continuum theory: the use of additional, rotational degrees of 
freedom (Mühlhaus & Vardoulakis, 1987; De Borst & Mühlhaus, 1991); 

o non-local continuum models: the introduction of non-local terms into the con- 
stitutive description (Baiant e t  al., 1984; Baiant & Pijaudier-Cabot, 1988; 
De Vree et al., 1994); 

o gradient dependent models: the inclusion of higher-order deformat ion gradi- 
ents (Aifantis, 1984; Triantafyllidis & Aifantis, 1986; Schreyer & Chen, 1986; 
De Borst & Mühlhaus, 1992). 

Apart from fracture energy methods, which - although they may predict correct 
global responses - still leave the width of the localization zone unspecified, these 
methods intend to regularize strain localization by providing an internal length 
scale. In appendix A, the essential shortcomings of the conventional approach as 
well as the novel features of these enhanced continuum models are demonstrated by 
the example of a simple bar. 

Viscous regularization seems less appropriate for quasi-brittle material behaviour. 
Experiences suggest that micro-polar models can be employed successfully in case of 
shear failures, but may not be powerful enough for tensile loading analyses (De Borst 
& Mühlhaus, 1991). Later, it will be clarified that the two remaining techniques, 
non-local and gradient models, are strongly related. However, gradient models bear 
the significant advantage of being strictly local in a mathematical sense, which 
considerably facilitates the implementation of such models in (existing) computer 
codes. 

In chapter 2, a gradient dependent damage model is developed, which is based 
on (local and non-local) quasi-brit tle damage descriptions that have proved their 
potential usefulness in previous research (Brekelmans e t  al., 1992; De Vree et  al., 
1994; Brekelmans & De Vree, 1994). An appropriate method of numerical solution 
of the relevant differential equations - employing the finite element approach - 
is addressed in chapter 3. In chapter 4, analytical and numerical solutions of a 
simple, one-dimensional test problem are presented. Finally, a brief evaluation of 
the gradient damage model is given in chapter 5. 
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Chapter 2 

Gradient damage formulation for 
quasi-brittle materials 

Continuum damage mechanics has proved its usefulness ,,i describing failure pro- 
cesses in quasi-brittle materials (e.g. Brekelmans e t  al. (1992)). Therefore this 
theory, which is summarized in section 2.1, is taken as a starting point. Section 2.2 
is devoted to the non-local damage model presented by De Vree e t  al. (1994), from 
which a gradient damage model can be derived directly, as is demonstrated in sec- 
tion 2.3. In section 2.4 attention is paid to the additional boundary conditions 
required by the gradient approach. Finally, in section 2.5, a brief overview of the 
gradient damage formulation is given. 

2.1 Conventional continuum damage theory for 
quasi-brittle materials 

The confinement to quasi-brittle materials implies that damage evolution is con- 
sidered to be the dominant dissipative mechanism. Viscous, thermal or other non- 
mechanical effects are not taken into account and strains and rotations are assumed 
to  be small (geometrical linearity). Damage is considered to be isotropic; thus a 
scalar quantity, the damage variable O 5 D 5 1, will suffice to describe the damage 
process. Undamaged material is characterized by D = O, while D = 1 corresponds 
with complete loss of material coherence. 

Here, a strain-based formulation in the sense of Sim0 & Ju (1987) will be adopted 
which, starting from linear elastic material behaviour and utilizing the effective 
stress concept and the hypothesis of strain equivalence (Simo & Ju, 1987), leads to 
the stress-strain relation 

with c the Cauchy stress tensor, E the linear strain tensor 

") E = - (OU+ (OU) 
1 
2 
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and 4H the (undamaged) fourth-order Hookean stiffness tensor 

4H = uE (II + E 41) 
(i + v)(l - 2 4  U 

in which E denotes Young’s modulus, u designates Poisson’s ratio and I and 4I 
represent the second and fourth order identity tensors respectively. Equation (2.1) 
shows that basically, the continuum damage model for quasi-brit tle materials con- 
sists of linear elastic material behaviour to which an (isotropic) stiffness reducing 
mechanism is added. 

The damage state at time t is determined by the deformation history of the 
material up to t: 

D(t) = D(E(T)  I r 5 t )  (2.4) 

A sound mathematical formulation of this relation (in accordance with Brekelmans 
et al. (1992)) involves a scalar history parameter ~ ( t ) :  

D = D(K) (2.5) 

The history parameter represents the most severe deformation the material has 
experienced. It is determined by a scalar measure of strain, the damage equivalent 
strain 2 O, through the Kuhn-Tucker relations 

and the initial value 

K ( 0 )  = fc; (2.7) 

To obtain a model for practical use, one should specify the relations D(K)  and 
( E ) ,  which can be considered material dependent. The equivalent strain definition 

quantifies the different influences of strain tensor components on damage evolution; 
it also offers the possibility to establish different responses to tensile and compressive 
loading. Appropriate expressions for have been discussed by Van Gils (1993). 
The actual damage evolution is governed by the damage evolution law D ( K ) .  Since 
the history parameter is a non-decreasing quantity (cf. (2.6)), the evolution law 
should fulfill dD/dtc 2 O in order to  satisfy the Clausius-Duhem entropy inequality 
(Brekelmans et al., 1992). 
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2.2 Non-local model 
The local damage model presented in the previous section leads to mesh dependence 
in case of strain softening, as was shown by De Vree et al. (1994). The same 
authors introduced non-locality in the constitutive relations in order to remedy this 
phenomenon, as was considered before by e.g. Baiant & Pijaudier-Cabot (1988). 

The key notion of the non-local approach is that the principle of local action is 
partially abandoned. Damage evolution in a material point is no longer considered 
to depend only on the deformation history of the point. Instead, the deformation of 
the vicinity is also taken into account. This measure reflects the physical observation 
that, on the microscopic level, there is interaction between the different material 
elements. 

A rather general way to incorporate the principle of non-local action is the in- 
troduction of a non-local or average equivalent strain Eeeq (cf. De Vree et  al. (1994)) 
the value of which in a certain material point IC is a weighted average of the (local) 
equivalent strains ceq over the surrounding volume V :  

with {denoting the relative position vector pointing to  the infinitesimal volume dV 
and the weight function g(f) satisfying 

- 1 / g ( f )  dV = 1 

V 
V 

Possible forms of the weight function are the uniform and the Gaussian function 
(Van Gils, 1993). The history parameter (and thus damage evolution) is no longer 
determined by the local equivalent strain zeq, but by the non-local equivalent strain 
- 
Eeq:  

(2.10) 

and 

K ( 0 )  = Ki (2.11) 

Previous research has shown the measure outlined above to be an effective one 
(Van Gils, 1993; De Vree et al., 1994). The localization width appearing in sim- 
ulations is no longer determined by the spatial discretization but by the internal 
length scale which is implicitly incorporated through the averaging volume V .  As 
a result solutions are - below a certain element size - no longer sensitive to mesh 
fineness and orientation. 

On the other hand, some serious disadvantages of the procedure were encoun- 
tered, which are a direct consequence of the non-local nature of the material model: 
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establishing a consistent numerical solution strategy requires drastic changes 
of existing computer codes, while inconsistent tangent operators deteriorate 
convergence characteristics to a dramatic extent; 

definition (2.8) of the average equivalent strain causes theoretical and practical 
difficulties in the vicinity of construction edges, particularly if these edges are 
of a complex shape. 

To circumvent these problems, the non-local model will be converted into a gra- 
dient dependent formulation, which does contain the principle of non-local action, 
but is strictly local in a mathematical sense. 

2.3 Gradient damage formulation 
As shown previously by Lasry & Belytschko (1988), Miihlhaus & Aifantis (1991) as 
well as De Borst & Mühlhaus (1991), a gradient formulation can be derived directly 
from non-local theory. To this end the equivalent strain is expanded into a Taylor 
series according to 

in which and .(n) denote the nth order gradient operator and the nth order inner 
product respectively; @n) designates the n factor dyadic product ff. . .c  Substitu- 
tion of (2.12) in (2.8) yields 

-# 

(2.13) 

Isotropy requires the weighing of E,, to be independent of the direction of 6 
Thus, adopting spherical co-ordinates 

f= p sin(û> cos('p) ë+l+ p sin(û) sin(cp) + p cos(8) ë+3 (2.14) 

the weight function should be of the form 

s(6 = gb) (2.15) 
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and the averaging volume consists of a sphere with radius R: 

4T 
3 

V = - R 3  (2.16) 

Employing (2.14), (2.15), (2.16) and some goniometric algebra, (2.13) can be elab- 
orated to 

with 

(2.18) 

(2.19) 

Thus, neglecting higher order terms in (2.17), definition (2.8) of the non-local equiv- 
alent strain could be replaced by 

(2.20) - 
Eeq = Eeq + cV2&eq 

(cf. Lasry & Belytschko (1988); De Borst & Mühlhaus (1991)) 
It should be noticed that the odd derivative terms in (2.12) cancel in the inte- 

gration process. As pointed out by De Borst & Mühlhaus (1991), it therefore seems 
less natural to include just a first order gradient, as proposed by Schreyer & Chen 
(1986) and Schreyer (1990). 

Although possibly useful for analytical elaborations, definition (2.20) appears 
to be less favourable with respect to numerical analyses. Because of the explicit 
dependence on the Laplacian of the local equivalent strain, finite element elabora- 
tions of (2.20) will inevitably lead to C1-continuity requirements, as encountered by 
Lasry & Belytschko (1988) as well as De Borst & Mühlhaus (1992). This serious 
disadvantage, particularly in two- or three-dimensional analyses, can be avoided by 
means of a more implicit incorporation of the gradient term. 

Differentiating expression (2.17) twice and re-ordering yields 

V ' E e q  = V 2 E e q  - c V 4 & e q  - d V6&eq + s . . (2.21) 

substitution of which into (2.17) leads to 

(2.22) - eeq - cV'E',, = E,, + (d  - c2)V4&,, + . . . 
Comparing (2.17) and (2.22), it can be concluded that employing 

(2.23) - 
Eeq - cV25eq = &eg 

as the definition of E,, will introduce an approximation of the same order of mag- 
nitude as the one induced by adoption of (2.20). However, in chapter 3 it will be 
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shown that inclusion of the non-local equivalent strain according to (2.23) enables 
a straightforward, Co-continuous finite element interpolation. 

In this report, the non-local equivalent strain will be considered defined as the 
solution of the partial differential equation (2.23). It is treated as an independent 
variable, while (2.23) is treated as a separate equation which has to be satisfied 
in addition to equilibrium. The derivation of the averaging differential equation 
from non-local theory may not be essential for the interpretation of the gradient 
approach (Mühlhaus & Aifantis, 1991; De Borst & Mühlhaus, 1991), but it is quite 
useful in comparing localization limiting techniques and in determining the gradient 
parameter c.  In the case of uniform weighing (g(p)  = 1) for instance, expression 
(2.18) will simply yield 

1 2  c = - R  
10 

(2.24) 

The gradient parameter, which evidently is of the dimension square length, is related 
directly to the localization width of deformation; thus it is to be considered a 
material parameter. 

2.4 Additional boundary conditions 
A difficulty of gradient models that has not been addressed so far, is the requirement 
of additional boundary conditions. In order to solve the averaging partial differential 
equation (2.23), boundary conditions concerning the non-local equivalent strain 
have to be specified. In accordance with Mühlhaus & Aifantis (1991) it can be 
stated that from a mathematical point of view, it is necessary to specify either Zeq 
itself or the normal derivative ?Zes n' (Z denotes the external normal unit vector) 
in every boundary point of the considered configuration. 

In applications of gradient plasticity one often employs the equivalent of 
-# 

VEeq ?i = o (2.25) 

(Sluys & De Borst, 1991; Pamin, 1992; Pamin, 1993). A physical interpretation 
of this natural boundary condition can be found in symmetry considerations. To 
this end, an arbitrary construction is compared with a configuration consisting of 
the same construction and its mirror image with respect to the tangent in a certain 
boundary point [ (see for example figure 2.1); conventional boundary and loading 
conditions are mirrored too. One would expect the response of the mirrored part 
of the extended construction (the average equivalent strain inclusive) to be exactly 
the mirrored duplicate of the response of the original one. Since equation (2.23) 
requires the derivative of the non-local equivalent strain to be continuous in order 
to prevent the occurrence of infinite equivalent strains, the derivative of normal 
to the plane of symmetry should be zero for the extended configuration to obtain 
a symmetric response (figure 2.1(b)). For the original construction this yields the 
requirement of (2.25) in the material boundary point <(figure 2.1(a)). Since the 
above reasoning can be applied to every point of the boundary, condition (2.25) 
should be adopted for the entire construction boundary. 

-# 
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(a) original 

(b) duplicated 

Figure 2.1: Comparison original and duplicated construction. 

2.5 Model summary 
Together with the conventional equilibrium equations - in which body forces are 
not included for simplicity - and boundary conditions, the model parts discussed 
in the previous sections constitute a complete continuum description of gradient 
dependent brittle damage, which is outlined in table 2.1. 

In order to obtain a solution for a specific configuration, two differential equations 
have to be solved: the equilibrium and strain averaging equation. The independent 
variables are the displacement vector U and the non-local equivalent strain Eeq .  For 
both equations boundary conditions concerning these variables are specified. 

Evidently, the governing differential equations are coupled and have to  be solved 
simultaneously. Moreover, the equilibrium equation is non-linear as result of the 
non-linear nature of the stress-strain relation. Therefore, a non-linear solution strat- 
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equilibrium: 
+ -+ 

V-u = o 
uc = u 

- + + o  conventional boundary conditions: u = u 

u.?i = p 

s t ress-st rain relat ion: 

strain definition: 

damage equivalent strain: 

equivalent strain averaging: 

Eeq = Eeq(E)  

Eeq - cv2ze, = Eeq 
- 

-+ 
additional boundary condition: VEeq * i i = o 

history paramet er: K ( 0 )  = K; 

k > O  

E,, - K 5 o 
r;; (Eeq - K )  = o 

- 

damage evolution: D = D ( K )  

Table 2.1 : Gradient dependent continuum damage model. 

egy is required for simulations. 
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Chapter 3 

Finite element implementation 

As in traditional continuum mechanics, analytical solutions employing gradient 
damage theory can only be obtained in case of simple geometry, material and load- 
ing conditions. For more complex situations, a numerical approach is necessary. 
The finite element method is the generally accepted solution method for this kind 
of problems. 

Since the material model presented in the previous chapter contains both the 
displacement vector and the non-local equivalent strain as independent variables, 
each of these quantities is interpolated separately according to the finite element 
approach. The finite element discretization, starting from the weak form of the 
governing differential equations derived in section 3.1, is described in section 3.2. 
Section 3.3 is dedicated to a consistent solution procedure of the resulting discrete 
equations. 

3.1 Weak form of the field equations 
The weak form of the partial differential equations which govern the deformation 
of a body is derived according to the weighted residuals approach. The equilibrium 
equation 

( 3 4  
-+ -# V*a = o 

is multiplied by the vectorial weight function G ( Z )  and subsequently integrated on 
the domain fl. This yields the equivalent form 

Js .  (O.,) dR = o vi7 E e-l 
s2 

of (3.1). With the aid of the divergence theorem, (3.2) can be transformed to the 
weak form 
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with î the construction boundary and 
-+ j ì = u . n  

the external stress vector acting on this boundary. 
The weak form of the averaging equation 

(3.4) 

(3.5) 
- 
Eeq  - c V 2 Ë e q  = Eeq  

is obtained in a similar way. Multiplication with the weight function w(Z) and 
integration yields 

J W  ( ~ e q  - c V 2 E e q )  dR = J W  Eeq dR V w E C-l 
0 n 

which, again utilizing the divergence theorem and substituting the boundary con- 
dition 

(3.7) 
-I 

V E e q  * ii = O 

results in 

3.2 Spatial discretization 
Departing from the weak forms of the differential equations, the finite element 
discretization is rather straightforward. Adopting the Galerkin approach, the dis- 
placement vector U and the weight function G are discretized by 

(3.9) 
(3.10) 

with g the vectorial base and the interpolation matrix fl made up of the interpo- 
lation polynomials; the arrays g and ; contain the nodal displacement and weight 
function components respectively. Taking advantage of the symmetry of u, the 
kernel of the left hand side integral of (3.3) is elaborated according to 

2 (-# -#+ “1 C -# (i%) : u = V G : c = -  VG+(Vv) : u = b ( G ) : n  (3.11) 

and, storing the relevant components of the tensorial strain operator b and the 
stress tensor u in the arrays b and 0, to 

(3.12) 

The strain tensor components are linear combinations of the nodal displacement 
components: 

= b(g) = Bg (3.13) 

15 



and 

i?(!!) = BE (3.14) 

with B made up of the shape function derivatives, so 

In the right hand side of (3.3) v'.pis written as 

v . p =  v T p : . p =  t y p p  ., 

in which p contains the components of the external load vector pi 
SubstiLtion of (3.15) and (3.16) in (3.3) yields 

(3.15) 

(3.16) 

(3.17) 

Taking into account that this equation is to be satisfied for all E, the customary 
discrete equilibrium 

(3.18) Gt = c x t  

of internal and external nodal forces is found, with 

(3.19) 

u = (3.20) 

The weak form of the averaging differential equation is discretized analogously. 
For this purpose a separate interpolation of the non-local equivalent strain and the 
corresponding weight function is introduced: 

L X t  
r 

- 
- Ceq = N C e q  (3.21) 

w = N v  (3.22) 

with & again consisting of interpolation polynomials; zeq contains the nodal values 
of the average equivalent strain and y those of the weight function w. 

It is stressed that the interpolation polynomials of U and Ëeq need not be of the 
same order; both discretizations only need to satisfy Co-continuity requirements. In 
chapter 4 more attention will be paid to the choice of interpolation polynomials. 

- 
- 

Using the partial derivative columns 
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the second term in the left hand side of (3.8) is expanded as 

(3.25) 

The other terms in (3.8) are elaborated simply by substitution of (3.21) and (3.22), 
leading to 

Since this equation should be satisfied for all y ,  it is equivalent to 

in which 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

3.3 Incremental-iterative solution procedure 
The history dependence of material behaviour - incorporated through the damage 
concept - necessitates an incremental method to solve the discrete equations (3.18) 
and (3.27). Since the dependence of the internal nodal forces on the displacement 
field is non-linear, an iterative solution technique is required at the structural level. 
Here, a consistent Newton-Raphson procedure is utilized to obtain a better ap- 
proximation, denoted by the subscript i, of the field variables, starting from the 
approximation obtained in the previous iteration i - 1. The process is repeated 
until the unbalance in equations (3.18) and (3.27) is sufficiently small. For the first 
iteration, the converged state of the previous increment - denoted by the index O - 
is taken as a first approximation. 

With regard to the Newton-Raphson method, the iterative change Sei of the 
stress column 0 is linearized starting from the matrix representation 

0 = (i - D ) H E  

of the stress-strain relation (2.1): 

soi = (1 - D,-I)H - 6DiHEi-l  

(3.30) 

(3.31) 

For the first term, application of (3.13) simply yields 
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The Kuhn-Tucker relations (2.10) imply that in case of increasing damage ( k  > O) 
the history parameter satisfies 

K = Eeq (3.33) 

so 

S K ~  = SEeq,i (3.34) 

SKi = o (3.35) 

If no increase of damage occurs, S K ~  is given by 

Whether damage is evolving is determined by the actual value of the non-local 
equivalent strain compared to the converged value K O  of the history parameter in 
the previous increment. Thus, the change SDi of damage can be linearized as 

(3.36) 

(3.37) 
if Eeq,i-l 5 KO 

With (3.32) and (3.36), (3.31) yields 

= (1 - Di-l)BB Sui - H g i w l  qi-i _N Sgeq, i  (3.38) 

Utilizing expression (3.38), the iterative change of the internal nodal forces according 
to (3.19) may be written as 

SfL, , i  = / B T (  1 - D i - I )  H B  dn Sui - BTH ~ i - 1 q i - i  - ÑdS2 bgeq,i (3.39) 
n n s- 

Application of this expression in the discrete equilibrium equation (3.18) for itera- 
tion i leads to 

(3.40) 

(3.41) 

(3.42) 

A second system of equations concerning Sui and 
averaging equation (3.27). Applying the linearization 

is derived from the discrete 
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in which 

dceq si-, = (&) 
i-1 

equation (3.27) is elaborated as 

with K,, and f" -i-1 according to (3.28) and (3.29), respectively, and 

(3.44) 

(3.45) 

(3.46) 

The combination of equations (3.40) and (3.45) results in the square system of 
equations 

(3.47) 

which is very similar to the system obtained by De Borst & Mühlhaus (1992) for 
gradient plasticity. Expressions (3.42) and (3.46) for the partitions Kyzil and 
show that, as in gradient plasticity, the tangent stiffness matrix is non-symmetric. 
On the other hand, some salient differences with regard to the gradient plasticity 
model of De Borst & Mühlhaus (1992) are worth mentioning: 

o because of the fact that the E,,-interpolation need to satisfy only Co-continuity, 
the column ceq only contains the nodal values of the non-local equivalent strain 
itself and no spatial derivatives of this quantity; thus, apart from the avoidance 
of the typical difficulties related to C1-elements, particularly in two- and three- 
dimensional analyses, a considerable reduction of the number of degrees of 
freedom is achieved; 

o the additional partial differential equation is valid on the entire domain; as 
a result, additional boundary conditions are to be specified always on the 
configuration boundary and the number of degrees of freedom remains constant 
during the entire simulation. 

It is remarked that solving the discrete equilibrium and averaging equation need 
not necessarily be performed in the coupled manner suggested by (3.47). From a 
theoretical point of view, an algorithm in which approximate solutions of the nodal 
displacements and non-local equivalent strains are computed alternately may even 
be advantageous, since in this case, departing from an approximation of the dis- 
placement column, the linear system (3.27) can be solved exactly in every iteration. 
However, deriving a coasistent iterative solution procedure for the discrete equilib- 
rium then leads to an, in the context of existing computer codes, quite unusual and 
unattractive form of the tangential stiffness matrix. 

19 



Kiu KiE K;:l - 2 - 1 ,  - 2 - 1 ,  - 1. compute 

according to (3.41), (3.42), (3.46) 

2. solve 

out of (3.47) 

3. update: 

else : 

5.  compute Gnt,i' ff 
according to (3.19), (3.29) 

6. check convergence criterion; if no convergence, go to 1. 

Table 3.1: Solution algorithm. 

The algorithm for solving the governing non-linear system in a coupled fashion is 
summarized in table 3.1. Since the process conforms to conventional non-linear finite 
element procedures in every essential aspect, the implementation of the gradient 
damage model in existing non-linear finite element codes does not provide any 
serious complications. 
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Chapter 4 

Uniaxial stress 

The merits of the gradient damage formulation are demonstrated using a simple, 
one-dimensional test problem, which is introduced in section 4.1. In section 4.2, 
an analytical solution of this model problem is derived, while numerical results are 
presented in section 4.3. The influence of the softening parameter is examined in 
section 4.4 

4.1 Problem statement 
A bar of length L is considered (figure 4.1), which is subjected to a uniaxial, pure 
tension loading. While Young’s modulus and other material characteristics are 
uniform for the entire bar, the cross sectional area A has been reduced by a factor 
(1 - a) between x = -21 and x = f Z  in order to trigger localization of deformation 
and damage. 

Obviously, the equivalent strain coincides with the axial strain E for the uniaxial, 
tensile stress situation. Thus, the averaging differential equation can be written as 

1 

d2Ë 
(4.1) 

- 
& - c . - = &  dx2 

or, employing the stress-strain relation 

CT = (1 - O) E &  (4.2) 

as 

- d2E a 
& - C - =  

dx2 (i - D ) E  

With respect to (4.3), the boundary condition 

= o  dE 
dx 
- 

(4.3) 

(4.4) 

is imposed at both ends of the bar, while prescribed displacements at the ends of 
the bar act as conventional boundary conditions. 
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Figure 4.1: One-dimensional test configuration. 

For simplicity, the damage evolution law is chosen as 

if K 5 K i  

if K > rci 
(4.5) 

In the local formulation of section 2.1, this definition represents the damage equiv- 
alent of perfect plasticity: in the damage regime the stress remains constant with 
increasing deformation (figure 4.2). Although softening does not occur, this bor- 
derline case leads to damage localization and thus exhibits mesh dependence. 

O 
O Ki & 

Figure 4.2: Local damage model response (non-softening model). 
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4.2 Analytical solution 
Because of the reduced cross section, the actual stress in the weakened part of the 
bar is expected to exceed E K ~ ,  while it remains below this value in the unweakened 
part. On the interval ($2,  $L) - because of symmetry, only the right hand part of 
the bar is considered - one can therefore set 

a = ( l - p ) E K ;  (4.6) 

with p > O. The assumption is made that in the weakened zone 

a = (1 + y) E K i  (4.7) 

in which y > O. 

the linear di ff er ent i al equation 
In the undamaged part ( f w ,  fL) ,  substitution of (4.6) and D = O in (4.3) yields 

which leads to a solution of the form 

(4.9) 
l x  E(x) = (1 - p)  ~i + Ai e 3  + A2 e - 3  for f w  < x 5 f L  

In case of increasing damage, the history parameter K equals the non-local strain E .  
Hence, in the damage zone, the width w of which is assumed to be larger than the 
length 1 of the weakened part of the bar (figure 4.1), the evolution law (4.5) yields 
the differential equation 

d2E 
(1 - &) E - c = o (4.10) 

On the interval (iZ, iw) this equation can, employing expression (4.6), be rewritten 
as 

d2E pa-  c -  = o dx2 
For this part the solution reads 

Finally, in the weakened zone, substitution of (4.7) in (4.10) yields 

d2E 
y E + c - = O  dx2 

(4.11) 

(4.12) 

(4.13) 

and the solution 

E(x) = c cos(&x) for O 5 x 5 f l  (4.14) 

Evidently, the sine-component of the solution vanishes because of symmetry. 
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The integration constants Al, AZ, BI, B2 and C, the stress factors /? and y and 
the localization width w can be derived from boundary and continuity requirements. 
Through the differential equation (4.1), continuity of the displacement field imposes 
continuity of the non-local strain and its first derivative at x = $1 and x = zw. 
Furthermore, equilibrium has to be satisfied at x = $Z and the non-local strain E 
should equal the initial value of the history parameter for x = $w. At the end of 
the bar, finally, the boundary condition (4.4) and a prescribed displacement of SAL 
are applied. The latter quantity is related to the non-local strain by 

1 

(4.15) 

or, since the derivative &/dx should equal zero for x = O (symmetry) as well as 
x = ' L  2 (cf. (4.4)): 

+L 

$ A L  = J E d x  (4.16) 
O 

which can be elaborated by substitution of (4.9), (4.12) and (4.14). 
Starting from the non-local strain solution (expressions (4.9), (4.12) and (4.14)), 

the strain and damage distributions are determined in a rather straightforward 
fashion. The strain is computed according to (4.1): 

(4.17) 

which leads to 

E ( X )  = (1 - p)  K i  for $u) < x 5 $ L  (4.18) 

in the undamaged part of the bar, and 

E ( X )  = (1 - ,û) B1 e + (i - p)  B~ e -E for < x 5 $w (4.19) 

@ ( X )  = (i + y) c cos(&) for O 5 x 5 $1 (4.20) 

in the process zone. In the undamaged part the damage variable is 

D ( x )  = O for f w  < x 5 SL (4.21) 

while in the damage evolution zone substitution of K = E according to (4.12) and 
(4.14) in the evolution law yields 

Ki D ( x )  = 1 - for 31 < x 5 fw 
BI eGX + B2 e - f i x  

and 

(4.22) 

for O 5 x 5 f l  Ki D ( x )  = 1 - c c o s ( E . 0 )  
(4.23) 
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4.3 Numerical solutions 
For the numerical simulations, a bar of length L = 100mm and cross sectional 
area A = 10mm2 is considered. The length 1 of the weakened zone is set equal 
to 1 = 10mm, the cross section reduction factor to a = 0.1. Young’s modulus is 
chosen as E = 20,000N/mm2, while the initial history parameter is ~i = For 
the reference solution the gradient parameter is set equal to c = 1 mm. 

The gradient damage formulation has been implemented according to chapter 3. 
The interpolation polynomials have been chosen quadratic for the displacement 
and linear for the non-local (equivalent) strain. Application of linear interpolation 
functions for both independent variables would lead to a severely discontinuous 
stress field in the process zone, although correct displacement, (non-local) strain 
and damage responses would be obtained. This phenomenon is elucidated by the 
differentiation of the stress according to (4.2): 

d E  E é + ( l - D ) E -  d o  
dx dx dx 

dD - - - -- 

or, in the damage evolution zone: 

de do 
dx dLc dx dx E E  + (1 - D )  E - dD dË - 

(4.24) 

(4.25) 

In case of a linear displacement discretization, the second term vanishes and in the 
first term both &/dx and E are constant for each element. Moreover, the latter 
quantities and dD/& are non-zero in the process zone, preventing the stress from 
developing its uniform distribution. The quadratic-linear polynomial combination, 
which seems a more natural choice with regard to the stress-strain relation (4.2), 
does not bear this disadvantage. 

In figure 4.3, the strain and damage distributions for AL = 0.05mm have been 
plotted as computed with 20-, 40- and 80-element meshes. Upon mesh refinement, 
both profiles rapidly converge towards the analytical solutions. 

Figure 4.4 illustrates the gradual increase of deformation and damage for the 
80-element mesh. Figure 4.4(a), in which the strain evolution is plotted, clearly 
shows the partially exponential and partially cosine distribution obtained in the 
analytical solution. The damage evolution plotted in figure 4.4(b) demonstrates 
that the localization width does not remain constant, but grows continuously. 

Employing the mesh with 80 elements, the analysis has also been carried out for 
c = 0.25mm and c = 4mm. The strain and damage profiles of these simulations 
for AL = 0.05mm (figure 4.5) clearly demonstrate the influence of the gradient 
parameter: a higher value of c causes the strain and damage evolution t o  be localized 
in a larger area. Since the spreading of deformation also delays the onset of damage 
initiation, a higher stationary stress level is reached for increasing e, as is shown by 
the load-deflection curves of figure 4.6. 
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Figure 4.3: Strain and damage distribution (non-softening model). 
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Figure 4.4: Strain and damage evolution (non-softening model). 
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Figure 4.5: Strain and damage distribution for different c (non-softening model). 
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Figure 4.6: Load-deflection curves for different c (non-softening model). 

0.05 

4.4 Gradient parameter influence 
The influence of gradient parameter variations is examined into more depth em- 
ploying the somewhat different damage evolution law 

K, K - K i  

K K, - K i  
if < K 5 IC, (4.26) 

if K > K, 

which yields a linear softening stress-strain relation in the local damage formulation 
(figure 4.7). The same test configuration (figure 4.1) and dimensions are used as 
in the previous sections. Young’s modulus is again chosen as E = 20,00ON/mm , 
while the initial and critical value of the history parameter are set equal to  
and K ,  = 0.0125, respectively. 

For the reference value c = 1 mm2 of the gradient parameter, numerical solutions 
have been computed employing 80-, 160-, 320- and 640-element discretizations. The 
load-deflection curves obtained with these meshes have been plotted in figure 4.8. 
The curves clearly show convergence to a meaningful solution with a finite energy 
dissipation. In contrast with the damage evolution law which was applied in sec- 
tions 4.2 and 4.3, relation (4.26) appears tc lead to softening at the structural level. 
For relatively large deformations, the global response even exhibits snap-back be- 
haviour; that is, a decreasing stress level is accompanied by a decreasing elongation. 

2 

= 
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Figure 4.7: Local damage model response (softening model). 
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Figure 4.8: Load-deflection curves (softening model). 

An arc-length algorithm (Crisfield, 1980) has been utilized in the numerical analyses 
in order to capture this phenomenon. 

Figure 4.9, in which the strain and damage evolution have been plotted for the 
640-element mesh, illustrates the origin of the snap-back behaviour. After an initial 
widening of the process zone, the strain and damage growth appear to be localized 
in a zone of continuously decreasing width, causing the total elongation to increase 
more slowly and eventually to decrease. The formation of an initially relatively large 
damaged zone, developing into a narrow region of intense deformation (figure 4.9(a)) 
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Figure 4.9: Strain and damage evolution (softening model). 
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seems to be an appropriate description of the process of initiation and growth of 
microcracks in a relatively wide area and subsequent coalescence of some of these 
microcracks into one macrocrack. If necessary, the extreme localization in the last 
stage of the damage process may be suppressed by making c a function of the 
deformation history: c = c ( K ) .  

As a consequence of the gradually narrowing of the process zone, the width of 
the damaged region remains constant (figure 4.9(b)). The strain concentration in a 
narrow band also accounts for the small element size which is necessary to obtain 
a accurate solution in the post-peak regime. 

To examine the effect of gradient parameter variations on the response, the 640- 
element simulation has been repeated for c = 0.25, 0.50, 1.00, 2.00 and 4.00mm2. In 
figure 4.10, the stress in the unweakened part of the bar has been plotted versus the 
elongation of the bar for c = 0.25,l.OO and 4.00mm2. The cause of the less brittle 
behaviour for higher values of c, which is observed in this plot, is demonstrated 
by the damage profiles at the moment of complete rupture, which are given in 
figure 4.11. For higher c, and thus for a larger internal length, damage localizes in 
a larger region; as a consequence, larger elongations are encountered for higher c.  

I I I I I I I I 

0- 
O 

elongation [mm] 

Figure 4.10: Load-deflection curves for different c (softening model). 

The dependence of the width of the damaged zone on the internal length z/c 
introduced by the gradient dependence concept, is clearly demonstrated by fig- 
ure 4.12(a). 

Another interesting relation is that between the internal length scale and the 
energy which is dissipated in the fracture process. In the local damage approach, 



Figure 4.11: Damage distribution for different c (softening model). 

the fracture energy relative to the cross section area, which corresponds to the area 
enclosed by the stress-elongation curve, is proportional to the localization width. 
Figure 4.12(b) shows that the dependence of the dissipated energy on the internal 
length is linear also in the gradient model. 
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Figure 4.12: Influence of gradient parameter (softening model). 
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Chapter 5 

Conclusion 

The merits of gradient dependence as a localization limiting technique have been 
demonstrated in the context of continuum damage mechanics. The inclusion of a 
second order gradient term in the mathematical description of material behaviour 
implicitly introduces an internal length in the constitutive model. On the occurrence 
of softening, the width of the zone in which deformation is localized is determined 
by this internal length scale, as has been demonstrated by a simple, one-dimensional 
example. 

A gradient dependent continuum damage model for quasi-brittle materials has 
been derived from non-local theory. The averaging procedure which forms a part of 
the non-local model, has been replaced by a partial differential equation, which has 
to be solved in addition to equilibrium, in the gradient damage formulation. As a 
consequence, the non-local scalar measure of strain which governs damage evolution 
is considered as an additional independent variable. Boundary effects with regard 
to damage evolution can be incorporated in a quite natural fashion. 

For numerical solutions, the independent variables are interpolated separately. 
As a result of the implicit incorporation of the gradient term, both discretizations 
need to satisfy only Co-continuity. Although other combinations may yield correct 
solutions, the combination of quadratic polynomials for the displacement and a lin- 
ear interpolation of the non-local equivalent strain seems appropriate. A consistent 
solution strategy of the resulting equations has been derived, which conforms to 
conventional finite element procedures. 

Since the effectiveness of the present gradient damage formulation has so far 
only been evaluated by one-dimensional test problems, a logical continuation of 
the research would be to consider two- or even three-dimensional situations. In 
this connection attention should be paid to appropriate definitions of the damage 
equivalent strain. 

Other points of future interest should be, from a practical point of view, the 
problem of determining material parameters - such as the gradient parameter - and, 
in the theoretical field, the incorporation of the anisotropic character of damage and 
the application of gradient damage for more complicated material behaviour. 
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Appendix A 

Localization and mesh 
dependence 

Continuous mathematical descriptions of degenerating material behaviour lead to 
localization of deformation, as will be illustrated by a one-dimensional example in 
section A.1. In finite element simulations utilizing conventional softening models, 
the localization width - and thus the global response - appears to depend severely on 
the element mesh which is employed. This phenomenon, which evidently limits the 
application of such models very seriously, is elucidated in section A.2. Section A.3, 
finally, is dedicated to reduction techniques of mesh sensitivity. 

A.1 Softening and localization 
A simple bar, loaded in uniaxial tension is considered. The local stress-strain re- 
lation is taken bi-linear (figure A.1): prior to reaching the strain level tci, material 
behaviour is considered to be linear elastic (Young’s modulus E ) ,  while linear soften- 
ing ( i .e .  reduction of the load-carrying capacity) is assumed beyond this threshold. 

Figure A.l :  Bi-linear stress-strain relation. 
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Figure A.2: Localization of deformation. 

In case of a perfect bar, the stress d is uniform on the entire bar. Strain and stress 
of every material point therefore initially follow the elastic path in the stress-strain 
diagram simultaneously. In agreement with experimental observations, only a zone 
of the material characteristic width X is assumed to enter the softening branch of 
the local stress-strain diagram after reaching the peak strength; the part L - X of 
the bar unloads along the initial elastic path (figure A.2(a)). Thus, after reaching 
the peak strength, localization of deformation occurs in the zone of width A. 

If the additional assumption is made, that material points which enter the post- 
peak regime, follow this branch of the stress-strain curve until complete rupture 
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(a = O) occurs at E =  IE^, the global load-deflection diagram can be plotted as in 
figure A.2(b): starting from an elongation of A L  = LK; the load-carrying capacity 
of the bar gradually decreases until complete rupture occurs in the localization zone 
for A L  = kc. 

A.2 Mesh dependence 
Let the bar considered in the previous section be divided into n finite elements. 
Furthermore, a slight inhomogeneity of the stress, as would be encountered in every 
non-trivial two- or three-dimensional analysis, is assumed. 

n elements 

o 

-Y- - - - - - - 

'\\\,, 

E E E E 

(a) local r.esponSe 

O 
O LIE,  LIE^ A L  

(b) global response 

Figure A.3: Mesh dependence. 
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Only the element with the highest stress level reaches the peak in its local stress- 
strain diagram. This element will enter the post-peak regime, causing the stress 
level to decrease and the other n - 1 elements - since these elements have not yet 
reached the peak-stress - to unload elastically (figure A.3(a)). Thus, localization 
of deformation occurs, but this time the localization width equals the element size 
L / n  instead of being determined by the constitutive description. 

As a, coxsequence of the localizatior, in one dement, the global load-dvflectior, 
response which is obtained in the finite element analysis severely depends on the 
number of elements employed (figure A.3(b)). Upon mesh refinement, convergence 
to a meaningful solution does not occur. In fact, the global post-peak curve doubles 
back on the initial elastic path for an infinite number of elements, representing the 
case of a line crack of width zero and zero energy dissipation. This solution is 
unacceptable from a physical point of view. 

A.3 Enhanced continuum formulations 
Several approaches to overcome the deficiencies of conventional continuum models 
may be distinguished. Most of these methods in some way or another introduce a 
characteristic length in the constitutive model, which governs the localization. 

A.3.1 fracture energy approaches 
As a rather pragmatic approach to elimination of mesh sensitivity of the global 
response, one could accept the unbounded localization of deformation upon mesh 
refinement. By adapting material parameters to the element size such that a higher 
energy dissipation occurs in smaller elements, a correct load-deflection curve may 
be obtained nevertheless. 

In the example of section A.2 for instance, the fracture energy approach would 
consist of the adoption of an algorithmic value k,  of the local critical strain K ,  in 
the finite element analysis according to 

( A 4  
n 
L ii;, = X - K c  

with X the physically observed localization width and L / n  the element size (Brekel- 
mans & De Vree, 1994). Since only one element follows the softening path of the 
stress-strain diagram, the global load-deflection curve will now coincide perfectly 
with figure A.2(b), predicting complete rupture at 

L ,  A L  = - K ,  = X K ,  
n 

A.3.2 viscous regularization 
Viscous regularization consists of the inclusion of rate-effects in the constitutive 
model. Since higher strain rates should be accompanied by a higher stress level, 
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this measure slows down the extreme strain concentration encountered with the 
conventional formulation. 

As demonstrated by Needleman (1988), a characteristic length is introduced 
implicitly by the inclusion of rate effects. 

A.3.3 micro-polar continuum theory 
In micro-polar or Cosserat continua, rotational degrees of freedom are incorporated 
in the constitutive relations in addition to the traditional translational degrees of 
freedom, while so-called couple-stresses enter the equilibrium equations in addition 
to normal and shear stresses. In the coupling between these additional field variables 
and the conventional strains and stresses, an additional material parameter figures, 
which has the dimension of length. Thus, an internal length scale is introduced in 
the continuum model, enabling the description of localization of deformation into a 
band of finite size. 

A.3.4 non-local continuum models 
In non-local continuum models, material degeneration in a point is considered to be 
determined by a (weighted) average of the deformation in the vicinity of the point. 
The averaging procedure damps the peaks in the strain distribution, spreading them 
towards the surrounding material. The volume on which the averaging is performed 
determines the width of the localization zone. 

A.3.5 gradient dependent models 
Strain localization may also be regularized by the introduction of deformation gra- 
dients in the constitutive description. If incorporated correctly, extreme peaks in 
the strain distribution are damped, while degeneration is stimulated in the vicinity 
of these peaks. 

It can be shown that an internal length, which stabilizes localization, is entering 
the continuum description implicitly on the inclusion of gradient terms. 
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