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Samenvatting 

Dynamische systemen worden geregeld met als doel het volgen van een voorgeschreven 
traject, waarbij een zekere nauwkeurigheid gehaald moet worden. De regeling is vaak 
gebaseerd op een wiskundig model van het fysische systeem. In de praktijk is dit model nooit 
een exacte weergave van de werkelijkheid, omdat er bij de modelvorming onvermijdelijk 
fouten gemaakt woïden. Bovendien is het ook mogelijk dat men met opzet een vereenvoudigd 
model gebruikt. In dit onderzoek is de fout ten gevolge van ongemodelleerde dynamica van 
primair belang, dat wil zeggen de fout die veroorzaakt wordt door onderschatting van de orde 
van het systeem, bijvoorbeeld ten gevolge van ongemodelleerde resonantiemodes, ongemodel- 
leerde actuator- en sensordynamica of verwaarloosde tijdsvertragingen. 

In dit rapport worden de robuustheid en de prestaties van een dynamische schakelvlakregelaar 
onderzocht. Een randvoorwaarde bij het toepassen van deze regelaar is dat de onzekerheden 
begrensd zijn door bekende grenzen, hoewel de structuur van het model zelf wél 
onnauwkeurig mag zijn. Verder wordt er een observer voor niet gemeten 
toestandscomponenten geïntroduceerd, die eveneens gebaseerd is op het schakelvlakconcept. 
De nadruk ligt op de verdiscontering van ongemodelleerde dynamica gedurende het 
regelaarontwerp, de keuze van de regelaarparameters, de onderdrukking van het 
klapperverschijnsel in de regelingang en de volgnauwkeurigheid bij ongemodelleerde 
dynamica. Het onderzoek wordt uitgevoerd door middel van simulaties en experimenten. 

De simulaties worden uitgevoerd met een simpel massa-veer-demper systeem en een niet- 
linear, mechanisch MIMO systeem (XY-tafel). Ongemodelleerde dynamica wordt 
geïntroduceerd door verwaarloosde flexibiliteiten in de ontwerpmodellen. De prestatie van de 
dynamische schakelvlakregelaar wordt vergeleken met die van de "conventionele" 
schakelvlakregelaar met "boundary layer" modificatie en een computed torque regelaar. 
Hoewel de regelaars ontworpen zijn in de continue tijd, worden ze discreet geïmplementeerd. 
Eén van de belangrijkste conclusies uit de simulaties, is dat de schakelvlakregelaar met 
boundary layer betere resultaten oplevert dan de dynamische schakelvlakregelaar, zowel met 
betrekking tot de "gladheid" van de ingangssignalen als de volgnauwkeurigheid. De 
dynamische schakelvlakregelaar lij kt echter robuuster te zijn. Zijn prestatie wordt sterk 
beïnvloed door de discretisatiefouten en dit verdient daarom aandacht in verder onderzoek. 

Met beide schakelvlakregelaars wordt geëxperimenteerd op de XY-tafel, waar een veelheid 
aan modelfouten een rol speelt. Gedurende deze experimenten is geconstateerd, dat de 
gerealiseerde volgfouten bij toepassing van de regelaars aanzienlijk dichter bij elkaar liggen 
dan tijdens de simulaties. De robuustheid van de regelconcepten is bij benadering hetzelfde. 

Samenvattend kan geconcludeerd worden dat het gedrag van systemen die geregeld worden 
met de dynamische schakelvlakregelaar niet geheel bevredigend is. Er moet verder onderzoek 
plaatsvinden, waarbij de exacte invloed van de discretisatiefouten en het ontwerp van discrete 
regelaars één van de belangrijkste aandachtspunten dient te zijn. 
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Summary 

Dynamic systems are often controlled in order to follow a prescribed trajectory with a certain 
accuracy. The control is often based on a mathematical model of the real physical system. In 
practice, this model is never an exact representation of reality, since during the modeling 
process errors are made inevatibly. Moreover, it is also possible that one is using a simplified 
model on purpose. In this research, the unmodeled dynamics error is of primary interest, i.e., 
the error that is caused by underestimation of the real system's order, e.g. due to unmodeled 
structural resonant modes, unmodeled actuator and sensor dynamics or neglected time delays. 
The less the control system is affected by these modeling errors, the more robust the 
controller is said to be. 

In this report, the robust performance of a dynamical sliding mode controller is investigated. 
A precondition for the application of this controller is that although the model structure itself 
may be inaccurate, the inaccuracies are bounded with known bounds. Furthermore, a sliding 
observer of immeasurable state components is introduced. Emphasis is on handling of 
unmodeled dynamics during the controller design, the design of controller parameters, the 
suppression of chattering in the control input and tracking error performance in the presence 
of unmodeled dynamics. The research consists of simulations and experiments. 

Simulations are performed with a simple mass-damper-spring system and a nonlinear 
mechanical MIMO system (XY-table). Unmodeled dynamics is present due to neglected 
flexibilities in the design models. The performance of the dynamical sliding mode controller 
is compared with that generated by the "conventional" sliding mode controller with boundary 
layer modification and a computed torque controller. Though the controllers are designed in 
continuous time, they are implemented as discrete time controllers. One of the more important 
conclusions arising from the simulations is, that the sliding mode controller with boundary 
layer modification yields better results than the dynamical sliding mode controller, concerning 
both the smoothness of the input signals the tracking accuracy. However, the dynamical 
sliding mode controller seems to be the most robust. Its performance is strongly affected by 
the discretization errors and therefore this aspect merits further investigation. 

Both sliding controller schemes are also implemented in the experimental environment of the 
XY-table, where many modeling errors are present. During the experiments it is observed, that 
the tracking performance of both controllers is considerably closer than during the 
simulations. The robustness of the controller schemes is approximately the same. 

Summarizing, it is concluded that the behaviour of systems controlled with the dynamical 
sliding mode controller is not quite satisfactory. Further research has to be done, in which the 
exact influence of the discretization errors and the design of discrete controllers should be one 
of the main issues. 
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Some abbreviations: 

CSMC 
DSMC 
CTC 
MSMO 
MIMO 
SISO 
RHS 
LHS 
ZOH 

scalar 
matrix 
column 
estimation of scalar or column 
estimation error in a 
desired scalar or column 
i-th element of a 
element of A on row i in column j 
inverse of matrix 
transpose of column or matrix 
diagonal matrix with elements a,, a2 ... a,, 
absolute value of a 
first order time derivative of scalar, column or matrix 
second order time derivative of scalar or column 
n-th order time derivate of scalar or column 
column with elements a?) 
time 
scalar-, vector- or matrixfunction of a 

frequency in [radhl 
Laplace operator 
transfer function 
1 norm of transfer function 

r-th reference (page 66) 

Conventional Sliding Mode Control(1er) 
Dynamical Sliding Mode Control(1er) 
Computed Torque Control(1er) 
Modified Sliding Mode Observer 
Multi-Input Multi-Output 
Single-Input Single-Output 
Right Hand Side 
Left Hand Side 
Zero Order Hold 



1. Introduction 

Nowadays, the design of mechanical manipulators (robots) not only is a construction problem, 
but a control problem as well. To realize high-speed motions, the weight of the construction 
has to be reduced which often results in less stiff manipulators. However5 high accuracy sti!! 
has to be guaranteed. To fulfil this requirement on the dynamic behaviour, it is of advantage 
to use model based control. 

To describe the system adequately, a complicated model is necessary. And even if the model 
- is complicated, it only is a rough approximation of reality, because during the modeling 
process errors due to assumptions that are only partially valid are introduced inevitably. 
However, it is also possible that one deliberately chooses to use a simplified model instead 
of a complicated one. This can be done for different reasons: for example when the model 
is used in an on-line implementation and calculation time is limited, or when system 
identification is difficult or time consuming (read: expensive). 

So, deliberately or not, there are always differences between the real physical system and the 
model. According to De Jager [l], these errors can be classified in four major categories: 

* parameter error: 
e.g. imprecision on the mass properties or loads, inaccuracies on the torque 
constants of the actuators or imprecision in spring constants 

* unmodeled statics error: 
e.g. nonlinear instead of linear spring characteristic or unmodeled friction 
components 

* unmodeled dynamics error: 
the system’s order is underestimated, e.g. unmodeled structural resonant modes, 
unmodeled motor and actuator dynamics or neglected time delays 

* remaining error: 
the error that remains when the other errors are absent; ideally, this error 
should contain no information, e.g. white noise 

In the research described in this report, the unmodeled dynamics error is of primary interest. 

The erroneous model and the demand of high performance require the controller to account 
for the modeling inaccuracies: the controller has to be robust, i.e., the controlled system 
should, to some extent, not be sensitive to effects that are not included in the design model. 
It is emphasized, that this does not implicate robust control to perform better than non-robust 
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control: generally, a non-robust control algorithm, based on the nominal situation, will 
perform better in the absence of model errors [2]. 

There are a number of different approaches for fast and accurate control of nonlinear systems 
in the presence of model errors, e.g. adaptive controllers [3], controllers based on acceleration 
feedbzck [4] and E,- [SI 2r,d p=9ynthesis ~or;trû!lers j6j, ail with their own inherent 
di92dv2r,tages and !imitations. AUq%ive contïoilers €or instance, are often very e€€ective io 
deal with constant or slowly varying parametric uncertainties, but unfortunately the ability of 
these controllers to adapt to unmodeled dynamics is strongly limited. 

According to [l, conjecture 8.31, the approach of sliding mode control (SMC) seems 
promising for "systems with prominent unmodeled statics". More specific, the method seems 
to be promising for systems with uncertainties that obey certain matching conditions [7] and 
that are bounded with known bounds. Up till now, it is not evident if this promise also holds 
for systems with unmodeled dynamics; therefore, in this research emphasis is on this aspect, 
as it is in [2]. 

However, the introduction of a sliding mode controller causes some traditional disadvantages 
related to the chattering of the control input signal. More often than not, chattering is 
undesirable, since it causes excessive control action leading to increased wear of the actuators 
and excitation of high-frequency unmodeled dynamics. Chattering can be avoided by using 
certain modifications, such as the well known boundary layer modification [8]. Unfortunately, 
by doing this, the robustness and performance of the unmodified sliding mode controller is 
impaired. In [9] some other modifications have been analysed, that did not perform better than 
the boundary layer modification. In [2] a second order SMC (which offers greater tuning 
capability than a first order SMC with boundary layer modification) is investigated, 
concluding that as far as robustness to unmodeled dynamics is concerned, there is no 
advantage in using this controller compared to a PD controller. 

A different approach to solve the chattering problem is proposed by Bartolini [lo] and Sira- 
Ramírez [ll]. The basic principle of this approach consists of an increase in the order of the 
sliding manifold by output differentiation and the use of higher derivatives of the control law 
as discontinuous forcing actions. The resulting, dynamical controller should produce 
substantially smoothed (chattering-free) control input signals, while at the same time 
maintaining the favourable features of the classical ("chattering") SMC. 

In this report, an investigation is done into the robustness to unmodeled dynamics and 
performance of both the classical SMC with boundary layer modification and the dynamical 
SMC. Necessary conditions for the controller gains to guarantee stability in the presence of 
modeling errors, are developed. To avoid too conservative controller design, requirements on 
the individual gains for multi-input systems are derived, which has been paid only limited 
attention to in literature. Furthermore, guidelines for tuning the controllers are explained and 
an expression for the best achievable (tracking) performance is developed in terms of norm 
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bounds. To avoid tracking error offsets in a discrete implementation of the dynamical SMC, 
the control law, as it is originally proposed in [10,11], is slightly modified. Necessary 
conditions guaranteeing internal stability of the dynamical SMC are also believed to be novel. 
Compared with the classical SMC, additional state information is necessary applying the 
dynamical SMC. Therefore, the combination of the dynamical SMC with an observer which 
3s believed to be rob~st, is examined. 

The scope of research activities and the theoretical properties of the classical and dynamical 
sliding mode controllers are discussed in chapter 2. In this chapter, also an estimator of 
inaccessible state components, resulting from the state augmentation, is introduced. 

In chapter 3, a simple mechanical SISO system with no nonlinearities is presented to give 
better insight in the problems that occur in the controller design. Unmodeled dynamics are 
present and simulation results are discussed, using respectively a "conventional" sliding mode 
controller based on the boundary layer modification and a dynamical sliding mode controller. 
The latter controller is implemented both using exact knowledge of the sliding surface 
coordinate and using an estimate of this coordinate. 

In chapter 4, a nonlinear mechanical MIMO system (XY-table) is investigated. The flexibility 
in the spindle of the XY-table is neglected in the design model, thereby introducing 
unmodeled dynamics. The nonlinearities in the system's description not only arise from 
Coriolis and centripetal forces, but also from Coulomb friction ("hard" nonlinearity, i.e., the 
discontinuous nature of this nonlinearity does not allow linear approximation). Simulation 
results for "conventional" SMC, dynamical SMC and computed torque control are presented. 

In chapter 5, the two different sliding mode controllers are implemented in the experimental 
environment of the XY-table. Robustness of the controller schemes to unmodeled dynamics 
and parameter errors is studied for a circle trajectory. Furthermore, the tracking error 
performance for the different controllers, pretending the XY-table is performing a more 
specific industrial manufacturing task such as torch burning, is briefly discussed. 

In chapter 6, the main conclusions are drawn and recommendations for further research are 
given. 
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2. Sliding mode control of nonlinear MIMO systems 

2.1 Introduction 

In this chapter, first the area of research activities will be define& in section 2.2 will bc 
discussed which system properties should be fulfilled to allow application of the theory 
concerning both "conventional" sliding mode control (CSMC) and dynamical sliding mode 
control (DSMC), as successively discussed in sections 2.3 and 2.4. In section 2.5, an estimator 
for the immeasurable state components, resulting from the state augmentation, is introduced. 
Finally, in section 2.6 some conclusions with respect to the controllers and observer discussed 
will be drawn and some possible refinements and extensions of the theory are proposed. 

2.2 Scope of research activities 

To present the sliding mode controller design, we restrict ourselves to nonlinear MIMO 
systems that are linear in the control inputs ui (affine). In addition, it is assumed that the 
design model that we have at our disposal (i.e., the model that will be used in the 
implementation of the control law) is exactly linearizable, Le., the relative degree r of the 
model equals the order n of the model. Furthermore, only square systems are considered, i.e., 
the number of inputs and outputs are the same: rn. Therefore, the design model of the real 
system can be written in the following general "normal form": 

gil = xi2 
i2 = x. I :  4 3  

c 
Yi  = X{1 

for i = 1 ... rn 

for i = 1 ... m 

with: xT = [ql q2 ... xl,+ x2,1 ... x2,nt ... xil ... xini ... xm,í * * *  xm,n,I 

I 

The functionsl{x) and b,(x) are nonlinear functions of their arguments and are assumed to 
be smooth scalar functions. How to arrive at the normal form, given a more general state 
space description, is sufficiently discussed in literature (for instance in [2] and [8]) and need 
not be repeated here. 
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The design model of the system (2.1) is said to have full vector relative degree [rl ... rm] and 
therefore the total relative degree of the description, defined by 

m 

r := Xq(=n , )  
i-1 

equals the order n of the model, implicating the absence of internal dynamics. Physically, this 
means that the output y j  has to be differentiated exactly nj times to have at least one 
component of the input vector u explicitly appearing. 

Equation (2.1) can also be written in the following compact form: 

I :  
y:=) = fm(x)+ "6mj(x)uj 

j -  1 

If the control inputs uj and the outputs yi are successively collected in the vectors u and y, 
the system's equations are written as: 

y("' = i(x)+B(x)u 

It is assumed that the real system is of higher order n* than the mathematical design model, 
but has the same vector relative degree, i.e., ri = n, for i = 1 ... in. This implies that in the real 
system internal dynamics play a role. The real system's order is thus underestimated, resulting 
in the unmodeled dynamics error in the design model! With respect to mechanical 
manipulators, the presence of internal dynamics is often due to neglected flexibilities. The real 
system in normal form can be described by equation (2.5): 
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m 

Y,. = q,*(x*)+ ZpnS.(x*)u; 
j- 1 

L 

I m 

for i = 1 ... m 
(2.5j 

The first n = r equations of the normal form, representing the external dynamics part, are in 
"companion" or "controllability canonical" form [SI, while the last n*-n equations, representing 
the internal dynamics part, are not directly related to the system output y and the states x' 
remain unobservable. Note that these last equations may have the input vector u appearing, 
which is contradictory to the SISO case. 

In order to make possible a good comparison between the design model (2.3) and the real 
system, the external dynamics part of equation (2.5) is written in the following condensed 
relation: 

And even more compact as: 

m lY?J = f1(X*)+ j- Zbl;(x*)Uj 1 

m 

y y  = J(x*)+ Zb&X*)Uj 
;- 1 

m 

y:=) = f m (X*)f "bmj(x*)uj 
;- 1 

y(") = f(x*)+B(x*)u 
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The control objective is to guide y along a prespecified trajectory yd(t), while keeping the 
whole state X* bounded. Provided that the matrix B in the observable, external dynamics part 
is invertible, it is possible to directly affect the outputs yi. Then, the question is whether the 
unobservable, internal dynamics will behave well, i.e., whether the Internal states x' will 
remain bounded. Instability of the internal dynamics cannot be tolerated, since this would 
imply undesirable phenomena such as burning-up of faases CK v!s!ent vibrations of mechanics1 
construction parts. Stability of the internu! dynômivs depends o:: the zem-dynamics, defined 
by equation (2.8): 

x =  o 
x' = q(O,x')+P(O,x')u 

In order to keep the outputs identically zero for all times, the initial system state and the 
control inputs must be chosen as: 

Thus, the zero-dynamics of the nonlinear MIMO system describes the internal behaviour of 
the system when input and initial conditions have been chosen in such a way as to constrain 
the output to remain identically zero for all times; it is an intrinsic feature of the system, 
dependent on the choice of y only. 

For linear systems, stability of the zero-dynamics implies global stability of the internal 
dynamics. In the nonlinear case however, the relation is not so clear and only local stability 
can be guaranteed for the internal dynamics, even if the zero-dynamics is globally 
asymptotically stable [S, chapter 61. 

When we compare the external dynamics part of the real system in equation (2.5) with the 
design model (2.1), it is clear that differences in the derivatives of yi of order less than ri do 
- not appear. Therefore, the so-called ''matching condition" as discussed in [7] is fulfilled. 

Studying the more compact equations (2.4) and (2.7), the difference between the mathematical 
model and the real system is clear, giving rise to the following definitions for the modeling 
errors: 

Af(x*) = f(x*)-f(x) 
AB(x*) = B(x*)- B(x) 

(2.10) 

These model errors are not only caused by underestimation of the system's order (unmodeled 
dynamics), but also consist of parameter errors and unmodeled statics. Although Af(x3 and 
AB(x3 are not exactly known, they are assumed to be bounded with known bounds. This is 
a necessary requirement in sliding mode controller design, as will be discussed in the next 
two sections. Each component of Af(.? and AB(x? is locally bounded according to: 
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IA&*)i s ai 

lq+*)l s B, 
V x* E X* c IRn* 
V x* E X* c IRn' 

for i = 1, ..., m 
for ij = I, ..., m 

(2.11) 

with: Ai{ x>=i(x> -i{ x) ; Ab4{ X?=~~(X>-~~(X)  

Introduction of the subspace X* seems necessary, since the assignment of global bounds to 
the modeling errors is not always reasonable. The exact definition of X' has to be considered 
for each individual case; it is largely a matter of physical limitations of the real system, such 
as maximal positions, speeds and motor currents. 

Furthermore, we restrict ourselves to errors AB(x> obeying: 

The 

2 3  

m 

Z~~I (B- ' )~~ (X* ) I  6 I v x* E F c IR'* for I = 1,...,m 
j -  1 

exact reason for this choice will become clear in section 2.3. 

Sliding mode control with boundary layer modification 

(2.12) 

Sliding mode control (SMC) was originally developed based on the variable structure control, 
see e.g. [12]. It has been shown to be a robust control if upper and lower bounds of the 
uncertainties can be determined. The fundamental idea behind sliding mode control is the 
definition of a suitable hyperplane in the state space, often called sliding surface" or switching 
surface. The control input is then chosen to force the motions from all initial states towards 
the sliding surface, resulting in a fast switching of the control input in the immediate vicinity 
of this surface. One of the advantages of the sliding mode approach is, that the resulting 
constrained dynamics on the sliding hyperplane (which will be referred to as the "error 
dynamics") become intrinsically independent of the original system dynamics that is not 
precisely known, i.e., robustness is achieved. Since the control algorithm is quite elementary, 
the implementation is relatively simple. 

Consider the nonlinear MIMO system according to equation (2.7): 

- N.B.: To simplify notation, the arguments of the various functions will usually be 
omitted. 

The first step inn SMC-design is to define m sliding surfaces si = 0 (i = 1 ... m) on which the 
discontinuous control switchings take place, where: 
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(n*- 1) (ni- 2) si = e, +qin,-lei + ... +qilei for i = 1 ... m (2.14) 

with the tracking error e, = y,-y,. 

To guarantee stable error dynamics, the scalar coefficients qv (1' = 1 ... ng-l) are chosen such 
that the following poiynomiai in p (Laplace operator) is Hurwitz: 

When equation (2.14) is differentiated once, equation (2.16) results: 

S. = e, (4 + e  for i = 1 ... m (2.16) 
P, 

with: 

n-1 

Collecting all components Si yields the following vector form: 

= e(n)+e 
P 

(2.18) 

The vector ep is assumed to be available by measurement of the vector x. Substitution of 
equation (2.13) in equation (2.18) yields: 

j: = f+Bu-yd)+e (2.19) 
P 

The only information about the real system that we have at our disposal, is represented in 
equation (2.4). Therefore, the best approximation ueq of a continuous control law that would 
achieve S = O, i.e., the best estimate of the equivalent control, is thus: 

(2.20) 

In order to force the motions towards the sliding hyperplane s = O, a discontinuous (vector) 
term is added to uq: 

with: K = diag[k, k2 ... k,] > O 
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In literature, most of the time the positive definite matrix K is replaced by a positive scalar 
k (see e.g. [2], [7], [13] and [14]). This means that each control input ui is provided with the 
same gain k, generally resulting in a controller that is acting much too conservative! 
Therefore, It is decided to introduce different gains ki for each si, as it is proposed in [SI. 

To i~vestigzte zttrzctiveness of the sliding surfaces, the direct (second) method of Lyapunov 
is wed. Theïefûïe, positive definite Lyapurnov hunetion candidates Vi are introduced: 

(2.22) 1 
2 

Vi = -sz i = i ... m 

The trajectories are directed towards the sliding hyperplane if the time derivative of V; is 
negative definite. The control law should therefore verify individual sliding conditions of the 
form: 

vi = sisi < o i = 1 ... m (2.23) 

To find the gain ki to fulfil equation (2.23), equation (2.6) is substituted in (2.16): 

From equation (2.21) we see: 

(4 m *  
2biu, = yd -fi-kisign(s~-e 

P, ;- 1 

Substitution of equation (2.25) in (2.24) with help of definition (2.10) yields: 

m 

si[Af;+ 2 Abiuj- kisign(sJ] < O 
j-  1 

Applying the definition: 

A := 6-l 

the individual inputs ui can be written as: 

m 
ui = ueqj- 2 ujhk,,sign(sd 

h- 1 

with: a$, the element on the j-th row and the h-th column of A. 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 
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Substitution of equation (2.28) in equation (2.26) yields: 

m m m m 

j- 1 j- 1 j-i 'hd 
s,[A&+ Ab,ueq,-(l+ 2Abijaj;>kisign(s,)- 2 Ab..):ujhkhsign(sJ] e O 

To quantify the gain matrix M, the following is stated: 

LIS  equation (2.29) s 
m m m m 

(2.29) 

(2.30) 

Thus, the sliding conditions are verified if the elements of the matrix K are chosen such that: 

m m m  m 
(2.31) 

with p, and ai according IS (2.21). N ~ t e  that the resulting gains ki are always positive as a 
result of restriction (2.12). 

Furthermore, note that the second term in the LHS of (2.31) disappears when the matrices B 
and AB are diagonal, resulting in considerably simplified conditions on the individual gains 
ki, since there is no interaction between the different ki's. In general, it is not advisable to 
compute K for a given problem by applying the pre-packed formula (2.31), since this may 
result in a controller that is too conservative. Instead, it is recommended to thoroughly 
investigate the sliding conditions for the specific problem, as will be done in the chapters 3 
and 4. 

Attractiveness of the sliding surface is thus guaranteed if K is chosen according to equation 
(2.31). Notice that the individual gains ki increase with the amount of uncertainty represented 
by ai and p,. Moreover, ki depends on the desired trajectory yd as well as on the real 
trajectory y: ai and p, depend on the state x* and u, depends on x and y& Therefore, it is 
concluded that K cannot be exactly determined beforehand, but an approximation has to be 
searched for, for instance by means of performing several simulations with an evaluation 
model, i.e., a design model closer to reality! 

Theoretically, control laws satisfying (2.21) lead to "perfect" tracking in the face of model 
uncertainties, but in practice cause chattering in the input signal. Mostly, chattering is highly 
undesirable, since it involves extremely high control activity, leading to increased wear of the 
actuators and furthermore may excite high-frequency unmodeled dynamics which in turn may 
cause a chain reaction, since the bounds on the modeling errors in equation (2.11) probably 
increase and consequently the gains ki have to be raised to guarantee robustness. So, a 
modification on the control law has to be made. A common modification is the replacement 
of the sign-function in the control law by a saturation-function, by which the control 
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discontinuity is smoothed out in a thin "boundary layer" $i neighbouring the switching surface 
si = O .  The control input thus yields: 

with Q, = diagC4; 42 ... and: 

sat(s,$) = ; sat(s,$,) = 

Therefore, the resulting s-dynamics inside the boundary layer is as follows: 

+ BB- 'IQ- 'S = Af+ ABB- ' [ - ̂f+ y$)- e 

Note that if BB-' is diagonal, there is no influence of kj on si (i # 1). 

Applying Laplace transformation to equation (2.14) yields: 

E@) = Hi(p)S,(p) for i = 1 ... rn 

with: 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

From this equation it can be seen, that the tracking error ei can be t,,ought of as a lowpass 
filtered version of the switching coordinate si. 

Since si stays inside the boundary layer defined by $i, tracking of the output y ;  is guaranteed 
within a precision ei given by: 

I&,l s $i iiHiii ' (2.37) 

with llH,ll, a specific norm of the transfer function Hi@) defined by: 
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b s-dynamics 

(2.38) 

error e 

e dynamics > 

In [15], a comprehensive discussion on norms for signals and systems can be found. 

-- - 
We see from equztion (2.34) that s can be ifiterpreted as the siligut of a first order filter 
whose dynamics ("break-frequency") depends on the state X* (via B and B-') and the controller 
variables K and 4 and whose input is caused by uncertainties AB(x? and Af(.?. The 
introduction of the boundary layer thus essentially assigns a lowpass filter structure to the 
local dynamics of s. 

The serial connection of s-dynamics and error dynamics can now be shown schematically 'in 
figure 2.1. 

A synthesis view of the sliding control. 

Y 

An implementation view of the sliding control. 

figure 2.1: schematic diagrams with respect to SMC 

Because it is desirable to filter high-frequency unmodeled dynamics, the bandwidth of the 
error dynamics has to be tuned in such a manner that it is lower than the lowest unmodeled 
structural resonant mode. To make the filtering of unwanted frequencies more effective, most 
authors choose to set the bandwidth of the s-dynamics equal to that of the error dynamics, 
resulting in at least a second order filtering of disturbances. However, in that case there exists 
a trade-off between tracking accuracy and rejection of unwanted frequencies: since K is 
compeletely determined by the uncertainties, 4 is overloaded with two tasks, which are 
controlling the accuracy and controlling the bandwidth of the s-dynamics. When 4 is chosen 
small, on the one hand E is small, guaranteeing high tracking accuracy, but on the other hand 
the unmodeled high frequencies are not rejected by the s-dynamics. 
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Besides, in practice the sampling frequency f, is limited and therefore $ can't be chosen 
arbitrarily small, since it is possible that s will move in and out of the boundary layer, thereby 
causing chattering. To prevent this, $i has to be chosen to fulfil: 

m m m m  

(2.39) 

In this research, it is decided to set the bandwidth of the error dynamics to filter the high- 
frequency unmodeled dynamics and $ as small as possible to guarantee a prespecified 
accuracy E (as far as possible!). This may however result in a bandwidth of the s-dynamics 
which is higher than the lowest resonant mode, resulting in a lower order and therefore less 
effective filtering of the unmodeled dynamics. 

Thus, high tracking accuracy and thorough rejection of undesirable frequencies cannot always 
be satisfactory guaranteed at the same time, since the tuning capability of the sliding mode 
controller with boundary layer modification (which in the following pages often will be 
referred to as CSMC: "conventional" sliding mode controller) is limited. Therefore, in the 
next section another approach to eliminate chattering is discussed. 

2.4 State augmentation and sliding mode control 

In recent years, different authors have proposed a new method to circumvent the chattering 
problem; see for instance [lo] and [ll]. The fundamental idea behind the approach discussed 
here, is to create a dynamical controller that effectively eliminates the chattering problem, by 
passing all the discontinuous actions onto the highest time derivative of the input u. At the 
same time, the outstanding robustness of the traditional ("chattering") sliding mode controller 
should be retained. 

Consider again the nonlinear MIMO system according to equation (2.7): 

y"') = f(x*)+ B(x*)u (2.40) 

The first step in designing the dynamical sliding mode controller (that in the following pages 
often will be referred to as DSMC), is to differentiate equation (2.40) once more, yielding: 

y(n+i) = f(x+)+ B(x*)u+ B(x*)U 

or, in state space description (compare with equation (2.5)): 

(2.41) 
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The original state x* has 

(2.42) 
nl .El ..- 

fix*)+ x "(X+)Uj+ Zb4(X*)kj for i = 1 ... rn 
j- 1 j- 1 

q(x*)+ P(x*)u 
for i = 1 ... m 

thus been augmented with terms x ~ , ~ , + ~  resulting in the new state z: 

Equation (2.4), representing the mathematical model of the real system, can be manipulated 
in the same way: 

y@+l) = S(X)+B(X)"+B(X)U (2.43) 

Before continuing the controller design, the following definitions are made: 

Af(2) = f(x*)-P(x) 
AB(z) = B(x*)-B(x) 

(2.44) 

Again, these uncertainties are not exactly known beforehand, but it is assumed that they are 
bounded with known bounds: 

The next step is to define m suitable switching surfaces si = O (i = 1 ... m), where: 

si = e, (n3 +q. ei("'-')+ ... +ri le i  for i = í ... rn 
4n. 

with tracking error ei = yi-yd. 

(2.45) 

(2.46) 

Stability of the error dynamics is guaranteed if the coefficients qkj (j = 1 ... m) are chosen 
such that the polynomial in (2.47) is Hunvitz: 
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When equation (2.47) is compared with equation (2.15), the difference is clear: the order of 
the sliding surface is increased with one. Unfortunately, by doing this, a new disadvantage 
is introduced: to exactly calculate the coordinates s, extra measurements ,vi“) have to be. done. 
Therefore, in the case of mechanical manipulators9 not only the displacemefit and the ve!̂ city 
have to be measured, but the acceleration as well. When there is no equipment available to 
do these extra measurements, the inaccessible state components (= y,”’) have to be 
estimated (proposed by Bartolini, [lo]), which will be discussed in section 2.5. In this section 
however, it is assumed that the extra state components are directly available by measurements. 

Completely parallel to the SMC-design in section 2.3, the derivative of the control input U 

is now designed to be the discontinuous input of the augmented state system. Qbviously, M 

is the input of a pure integrator at the input of the system. The discontinuous control U gives 
rise to a continuous system input u and the chattering problem should be effectively 
eliminated. 

When equation (2.46) is differentiated once, this yields: 

for i = 1 ... rn (n,+ 1) 

+ P ,  
Si  = ei 

with: 

(2.48) 

(2.49) 

Putting all components si together yields the following vector form: 

i = &+I)+, (2.50) 
P 

In this section, ep is exactly known by full measurement of the outputs y and their first ni 
derivatives. Substitution of equation (2.41) in equation (2.50) yields: 

Since the only information about the real augmented system is represented by the design 
model (2.43), the best approximation of the control that would maintain 5: = O, i.e., the best 
approximation of the equivalent control, can be written as the (vector) differential equation: 

(2.52) 
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To guarantee that the trajectories from all initial states are directed towards the sliding 
hyperplanes, a term discontinuous across s is added to equation (2.52). To avoid steady state 
tracking errors, also a term continuous in the neighbourhood of s = O is added; the exact 
reason for doing this will become clear in the subsequent discussion. The differential equation 
in the control input is thus: 

with: K = diag[k, k, ... km] > O; L = diag[Z, I ,  ... Zm] > O 

It is assumed that the elements in the diagonal matrix L are chosen considerably smaller than 
those in K. 

Now we have found an expression for the control input and the next step is to determine the 
gain matrix K that guarantees attractiveness of the sliding hyperplanes. Again, positive 
definite Lyapunov function candidates are selected as: 

(2.54) 

The negative definiteness of the Lyapunov stability criterium can be written as: 

Vi = sisi e O i = 1 ... m (2.55) 

With equation (2.48) and (2.41), this equation can be written as: 

m .  m 

sivi+ X b.& r l l .  .+ X b4uj-yy1)+e P, 3 c O 
j- 1 I' 1 

From equation (2.53) we see: 

m A  m ;  
Xb..u.+ ' 1 1 .  Xb..u. ' I 1  = y(l"l)-)i-kisign(s,)-lisat(s,Q-ep, 
j- 1 r l  

Substitution of (2.57) in (2.56) yields: 

m m 

si[Afi+ X Ab.& .+ Abiuj- kisign(s,)- lisat(s,7+,)] c O 
'I I .- 

j- 1 I 1  

When we realize that: 

(2.56) 

(2.58) 

~ = -Ah+ Meq+AB2neq-AKsign(s)-ALsat(s,$) (2.59) 
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with A according to definition (2.27, we can write: 

(2.60) m m A. m m i  m 

i3-1 

uj = - I: a.  Z bghuh+ù + I: a.  Z bghuq,- Z ~ ~ ~ [ k ~ s i g n ( s ~ + Z ~ s a t ( ~ ~ , ~ ~ ) ]  
g 1 Jgh- 1 eqj Igh-i 

Substitution of equation (2.60) in equation (2.58) yields: 

m m m .. m 

si[Aji+ EAblï(zi + Z a.  I: bghuq)-(l+ ZAb4ajJ[kisign(sJ+Zjsat(si,+J] 
i 1  qj g - 1  Jgh,i i 1  (2.61) 

m m na m .  m 

- PAb..Zajh[khsign(sb+ Ihsat(sh,4b]+ I:(&,- 2 6 .z Ab&ah$j] 0 
j - 1  '/hei j -  1 g-1 81h-l 

This equation indicates a condition for the gains ki to guarantee attractiveness of the sliding 
surfaces. To quantify K, the following is stated: 

LHS equation (2.61) I; IsiIIIAfil+ I:IAb,l(lU,l+ Z iaj,J I: lbghllu 1) 
j -  1 g-1  h-1 e% (2.62) 

m .. m m m m m 

Note that the terms with respect to the saturation-part ('& 4;) in the control law have 
disappeared: since -Issat(s,+) s O,  these terms are neglected. The smaller the elements in L, 
the less conservative the assumption in equation (2.62) is. The sliding conditions are then 
verified, if the gains ki are chosen to fulfil equation (2.63): 

m m m  

m m m .  m m . m  
(2.63) 

When the time derivatives of B and B are zero, equation (2.63) is considerably simplified: 

m m m  m 
(2.64) 

With respect to this equation, analogous remarks can be made as in the case of the boundary 
layer approach, equation (2.31). Also note the difference between these equations: the WMS 
of equation (2.64) contains first order derivatives of modeling errors and the equivalent 
control, while the RHS of equation (2.31) does not. Suppose now, that the requirement on K 
is dominated by the uncertainties in Af(x') and that this term is periodic with angular 
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frequency o. In the case o > 1, it is therefore expected that the elements in the gain matrix 
K in the DSMC approach have to be chosen larger than those with respect to the CSMC 
approach. 

The gain matrix K is thus strongly dependent on the imprecissions represented by Cti, fl, and 
E,: the dements in K increase with the amu~rìt  of ünceïtainty, which in tom depends on the 
+..,-.: L L a y x % û i y  io be foliowed. 

Furthermore, notice that K depends on the real system input u; equation (2.63) is thus in fact 
an implicit relation in K. Since the input and the system state are not exactly known 
beforehand, an estimate of K has to be determined. One possible method is to observe various 
simulations with a more detailed system description than the design model in equation (2.1). 
In order to limit the control efforts, the minimum values of ki, that still obey equation (2.63), 
are then selected. 

In the DSMC approach discussed here, there is another problem to be tackled, since the 
internal stability o€ the corntroller is not always guaranteed, but depends on the choice of qi,,,, 
as will be shown in the following. 

The dynamical controller is given by equation (2.53). The component ui can then be written 
as: 

m m l :  m 
ui+ 2 a . 2  bihuh = 2 a G ’ y ~ 1 ) - ~ i - e  -Jsign(s.)-$sat(s,.+)] 

;-i ‘h-1 ;- 1 PJ 

The term en can be written in the form: 

(2.65) 

(2.66) 

Furthermore, the time derivative of i can be rewritten as: 

Substitution of equations (2.67) and (2.66) in equation (2.53) yields the following expression 
for the dynamical controller in u: 

u+T-l(z)u = RHS(z,é) (2.68) 

with the matrix t1 [rad/s] according to: 
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with: x/ = [qni xgnz ... xjni ... ~ m 2 n m 1  

and: 

(2.69) 

(2.70) 

Thus, the dynamical behaviour of the controller is partly determined by the coefficients 
(j = 1 ... m), which have to be chosen such, that internal stability of the controller dynamics 
is asymptotically guaranteed. To zìchieve this, the eigenvalues with respect to the autonomous 
dynamical controller should remain strictly in the right-half complex plane: 

Re {eig(t-'(z= O))>  > O (2.71) 

Note that if z = O, the matrix t-' is constant. 

The coefficients 
the restrictions on qj,, given by the equation above have to be fulfilled. 

can thus be used to tune the "controller bandwidth", but at the same time, 

Furthermore, by substituting equation (2.53) in (2.51), the s-dynamics can be found: 

A -1 i (2.72) 
S+ BB-'[Ksign(s)+ Lsat(s,+)] = Af+ (AB- ABB B)u+ ABB-'(yd+')- %- eJ 

Note that if BB" is diagonal, there is no direct influence of k,. on si if i # j .  

The input of the s-dynamics is caused by the system uncertainties. Theoretically, si will be 
kept zero from the moment the sliding surface si = O is reached (at t = t,,+) and therefore, 
according to equation (2.46), perfect tracking is asymptotically achieved, while the 
eigenvalues of the error dynamics can be placed completely at will. 

In practice however, switching of the control law u cannot take place infinitely fast, since the 
sampling frequency f, is limited. Consider the case that Isi\ < +i (i = 1 ... m). Assuming zero 
order hold circuits in the discrete controller implementation and no system uncertainties, the 
discretization of equation (2.72) is: 
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(2.73) s(T+ 1) = s(T)--[Ksign(s(T))+U-'s(T)] 1 

f, 

Now the need for the introduction of the saturation-part becomes clear, since non-zero L 
forces the mean of s to be unbiased by integral action, thereby preventing the occurence of 
steady state errors in the outputs y. 

Of course, 4 should be chosen large enough for the saturation part to be effective. Therefore, 
4 should approximately obey equation (2.74): 

m m m  

I i-1 

Whereas a lower bound on 4 is determined by the sampling frequency and the uncertainties, 
L can be chosen to determine the rate of convergence of non-zero mean of s to zero. 

Due to the discrete controller implementation, si cannot be guaranteed to be exactly zero for 
t > trench,? This implicates that asymptotically perfect tracking cannot be achieved. Another 
consequence of the discrete controller implementation is, that s contains high-frequency 
components due to unmodeled dynamics. Therefore, the eigenvalues of the error dynamics 
cannot be chosen just to guarantee a fast response (high bandwidth). On the contrary: the 
bandwidth of the error dynamics has to be set lower than the lowest unmodeled structural 
resonant mode to reject high-frequency unmodeled dynamics components. 

From equation (2.46) it can be seen that the tracking errors e, can be thought of as lowpass 
filtered versions of the switching coordinate si, just like it is in CSMC-design. Since si is 
never leaving the "boundary layer" defined by the maximal tracking error concerning 
output y j ,  will therefore satis@: 

IE,) 5 iiHiii (2.75) 

with: 

1 

(2.76) 
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Notice the resemblance between the derivations of the guaranteed tracking precision in the 
CSMC-design and DSMC-design! 

When equation (2.76) is compared with equation (2.36), it appears that the former is exactly 
one order higher than the latter, implying the filtering of s to be of higher order. In section 
2.1, it VJZS disssseb that the tirfiing capability of the SMC with Sorindary layer modification 
is limited, becxisz the coniïol parameter I$ is overloaded with two tasks: controliing the 
tracking accuracy and rejection of unmodeled dynamics components. Compared to the CSMC 
approach, the filtering of high-frequency unmodeled dynamics by the DSMC approach can 
be carried out more effectively as a result of higher order error dynamics. Although we have 
one more parameter qi,n, at our disposal to tune the error dynamics, this parameter can't be 
chosen arbitrarily, since it primary has to satisfy equation (2.71) and secondary, it could be 
used to fine-tune the "controller bandwidth" T-'. 

When equations (2.75) and (2.37) are considered, we conclude that the tracking accuracy 
is determined by c& and H,(p). However, Ht@) is chosen in a manner to reject unmodeled 
dynamics components and to impose tine desired error dynamics. The parameter (pi is lower 
bounded by the magnitude of the modeling errors and the sampling rate f,, see equation 
(2.74). Unfortunately, the choice off,  is a "hard" limitation, in the sense that it represents 
properties of the available hardware itself; ei is therefore lower bounded by an upper bound 
on fs- 

2.5 The modified sliding mode observer 

As was discussed in section 2.4, the method of state augmentation to eliminate chattering 
requires extra measurements y?) (i = 1 ... m) to calculate the sliding coordinate vector s. 
When it is not possible to carry out these measurements, one has to obtain y(') in another way. 
In [lo], Bartolini proposes a discontinuous observer to produce an estimate of y("), yielding 
an approximate control which asymptotically converges to the ideal (y(") exactly known) one. 

The discontinuous observer aimed at, deviates from "traditional" discontinuous sliding mode 
observers as discussed in [16], [17] and [18], in the sense that the modified sliding mode 
observer (MSMO) asymptotically converges to the real value, while in the design of the 
traditional sliding mode observer only a finite precision of the estimate can be guaranteed. 
A short discussion on those traditional observers, is presented in appendix A. 

The proposed sliding observer potentially offers advantages similar to those of sliding 
controllers, in particular inherent robustness to modeling errors. Mormver, contrary to the 
case of controller design, chattering issues in sliding observer design are only linked to 
numerical implementation rather than "hard" fysica1 limitations. In the following, the observer 
will be discussed in more detail. 
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Consider the sliding surface functions si after state augmentation according to equation (2.46): 

In the case considered here, there is no knowledge of xi,,,+l (=y?))$ so it is impossible to 
establish when the quantity si changes its sign. In other words: we should be able to force the 
trajectory on to the sliding hyperplane, but we do not know precisely when the state of the 
augmented system reaches this surface. The fundamental idea is to replace the unknown s in 
the control law (2.53) by an estimate $3, which in turn is calculated by replacing the unknown 
state components y" by estimates y("): 

(2.78) 

In [lo], it is proven, that a control law obtained by using equation (2.78) instead of (2.77), 
causes the solution of the system equation to differ from that corresponding to the measurable 
y(") case, by a quantity that tends to zero as Y(") tends to y("), i.e., as the estimation error tends 
to zero. 

Consider the following m observers as proposed by Bartolini [lo]: 

with estimation error Xi,n, = xLn,-2i,n, = yp-l)-y(nr-i). 

Note that if the observer were a traditional sliding mode observer as discussed in appendix 
A, the first equation in (2.79) would also contain a discontinuous term. Furthermore, notice 
that the time derivates of $(x) and hi(,> are functions of both x and the unknown components 

(i = 1 ... m). Therefore, 2i,n,+l is used in the implementation of the observer. 

With the definition: 

m 

i - - xi,n,+i-'nl+i = fi(x*)+ x bi(X*)u;-2",+i 
;- 1 

(2.80) 

and the definitions (2.10) and (2.44), the estimation-error dynamics can be written as follows: 
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Notice that Ai is not exactly known beforehand, 
since it depends on the control input and the real 
trajectory via ClXz), &{x*) and &(z). In the same 
way as determining 4, suitable hi’s can be 
searched for by various simulations. 

Since xi,nr is a measurable component, fkn, (i = 1 ... 
m) is zero for the first time at t = O,  immediately 
yielding an asymptotically stable estimation-error 
dynamics. In figure 2.2, the phase plane portrait 
of the estimation-error behaviour for different 
initial conditions is depicted. 

-y. x 
ki,nil = -y. 12 X. v, -Aisign(Zin)+Ai 

- 
- ‘+,+i hi i n i  

0.5 ____._ 

-0.1 -0.05 O 0.05 0.1 

with: 

m m 

(2.81) 

(2.82) 

In [lo], it is proven that if yi,l, yiz and Li (i = 1 ... m) are chosen satisfying (2.83), 
asymptotically stable estimation error dynamics is guaranteed, starting from a time when Zi 
is zero for the first time. 

If we assume: 

m m 

the requirement on hi can be rewritten as: 

m m 

(2.83) 

(2.84) 

(2.85) 
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guarantee robustness to modeling errors and uncertainties. The observer parameter hi is totally 
determined by equation (2.85). The parameters yi,i and yi2 however, can more or less be 
placed at will. Consider the linear part of the estimation- error dynamics, that remains in the 
absence of uncertainties, so there is no need for Ai: 

(2.86) 

The characteristic polynomial in the complex variable p ,  belonging to equation (2.86), can be 
written as follows: 

P ~ + Y ~ I P + Y ~ , ~  * P2+Z*,jmn,oh,iP+ mn,oh,i 2 (2.87) 

with: 

(2.88) 

When the effect of system noise and measurement noise is not considered, the parameters yi,l 
and yi,2 can be used to place the poles of the estimation-error dynamics. In more detail: mn,oh,j 
could be used to set the speed (bandwidth) of the response to false initial conditions in x ~ ~ , + ~  
and Qoh,j could be set to determine the relative damping of the estimation-error dynamics. 
Particularly, it is desirable to set y i l  and yj,2 in such a way that the initial estimation-error in 

is negligible before the sliding surface sj = O is reached at E = tres+. 

In the case measurement noise plays a role and the model errors are considered as process 
noise, it is also possible to obtain the parameters y i l  and yi2 via optimal Kalman filter design. 
One method to calculate these gains is described in [2, appendix HI. 

In chapter 3, the modified sliding mode observer (MSMO) will be applied to a simple 
mechanical system. 

2.6 Discussion 

In this chapter, a particular method to eliminate chattering problems in sliding mode control, 
was discussed. The fundamental idea is to introduce a dynamical (first order) controller, in 
which the derivative of the input signal undergoes all the 'bang-bang' type discontinuities. 
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As was discussed in section 2.3, the tuning capability of the CSMC is limited when a trade- 
off exists between tracking accuracy and rejection of frequencies due to unmodeled dynamics. 
With the new approach, this problem is partially solved, since the error dynamics is of higher 
order. In consequence, the filtering of the undesirable frequencies is more effective. 
Unfortunately, due to the discrete controller implementation, the perfect tracking property of 
the DSMC is !ast, since the error é y n a ~ i c s  is excited by a nûn-zero sliding vector s. 

To apply DSMC, extra measurements y@) are needed. When there is no equipment available 
to carry out this measurement, it is possible to generate an estimate of the extra state 
components by means of the MSMO. Theoretically, asymptotically stable estimation-error 
dynamics in the presence of modeling errors, is guaranteed by a proper choice of the 
parameter hi. In [19], the model errors are restricted to parameter errors, as a result of which 
an adaptive DSMC can be designed. The inaccessible state components are then 
calculated with the adapted mathematical model, thereby avoiding the need for observing 
inaccessible state components. In [20], a first order continuous filter is proposed to obtain 
estimates of y("). Whether this approach offers advantages should be investigated in further 
ïeseaïch. 

Given a specific dynamical system, the upper bounds on the tracking errors turn out to be 
totally determined by the (finite) sampling rate, both in CSMC-design and DSMC-design. 
Attractiveness of the sliding surface can be proven in the face of modeling errors, as long as 
these are bounded with known bounds. The gain K is a measure of the uncertainties and is, 
unfortunately, strongly dependent on the system input and the traject that is covered. The 
latter aspect deserves special attention in an eventual sequel to this research, since the 
fundamental idea of robust control and the method to obtain (a not too conservative!) K by 
simulations, is contradictory: it should not be necessary to extend the available design model 
just to determine the proper controller parameters. For the controller Spong proposes in [21], 
he shows, that in the case of uncertain inertia parameters in mechanical manipulators, the 
uncertainty bounds only depend on those parameter errors and not on the reference trajectory, 
the manipulator state vector and the control input. 

Furthermore, even if K is determined by simulating an extended system model, it often yields 
a too conservative gain, since the maximum required K in the simulated time interval is 
selected. One possible method to obtain a less conservative K, is to involve the structure of 
the modeling errors in the design of a time-varying gain K(t). However, this implicates that 
more detailed knowledge of the real system should be available and one may wonder if it is 
worth the effort. In fact, the controlled system is expected to profit most from an augmented 
computed torque part in the controller, rather than from a time-varying gain K(t). 
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3. Control of a simple mechanical system 

3.1 Introduction 

In this chapter, the sliding mode controllers discussed in the sections 2.3 and 2.4 will both 
be applied to a mechanical SISO system and the results will be compared. To create better 
insight, the system description does not contain nonlinearities. Besides, the influence of the 
application of the modified sliding mode observer on the performance, will be discussed. To 
investigate robustness of the controller schemes, unmodeled dynamics are created by 
underestimation of the real system’s order; it will make its appearance in the internal 
dynamics of the real system. 

i 

3.2 System description and control task 

A schematic view of the system to be considered is represented in figure 3.1. 

x = y  I 
figure 3.1: real mass-damper-spring system 

The system could be considered as a translational (T-) robot with payload m,. In reality, the 
connection (joint) between the slide m, and the end-effector q contains flexibility c, and 
damping b,. However, in the mathematical model of the system, this connection is assumed 
to be rigid! Since the end-effector is not attainable for measurements, the displacement y 
(output) is measured on the motor shaft. 

The linear relation for the design model (n = 2) can thus be written as: 

m L m L m  

with: x1 = x; x2 = X and m = m,+m, (!) 
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When equation (3.1) is compared with equation (2.4), the following can be stated: 

bl a 1  Rx) = --x1--.x2 ; b = - 
m m  m 

with xT = [x A]. 

The real system (n* = 4) in normal form yields: 

x, = x2 
x2 = --x1--x2+- c1+c2 b,+b2 c2 -x b2 +-u 1 

x4 = -x c2 +-x b2 --x3-- c2 

x3+ 4 
m l  m l  m, m1 m l  

x3 = x4 

x4 
b2 

1 2 
m2 m2 m2 m2 

= XI 

(3.3) 

with: x1 = x; x2 = X; x, = x”; x4 = 2’’ 

The last two equations in (3.3) represent the internal dynamics due to the unmodeled resonant 
mode. The external part of equation (3.3) can be written as: 

y@ = - c1+c2 xi- bl+b2 x+-x3+-x4+-u c2 b2 1 
2 

m l  m l  m, m1 m l  

(3.4) 

Equation (3.4) is in the form according to equation (2.7) and therefore: 

with: x*= = [x T x IT 1; XIT = 27 

The goal of the control problem is to guide the end-effector m2 along a prespecified trajectory: 

yJt) = rcos(2nf,t) (3.6) 

with: r = 0.1 [ml; f, = 2 [Hz] 

In general, it is required that the sliding surface is reached within a finite time span treathe An 
estimate for treach can be obtained via equation (3.7): 
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m, = 8 

In the specific case described here, it is assumed that it is desirable that tead does not exceed 
a quarter of the period of the desired motion. Thus: 

~~ ~ 

c, = 1000 b, = 100 

4 
1 

L c h  - 4f- 

m2 = 2 

(3.8) 

C? = 10000 b, = 10 

In section 2.2 it is stated, that the whole state x* should behave bounded, which implies that 
the internal dynamics is stable. With respect to linear systems, as is the case here, global 
stability of the intemal dynamics is guaranteed if the zero-dynamics is stable in sense of 
Lyapunov. Studying the system description in equation (3 .3,  it can easily be seen that the 
poles of the zero-dynamics are strictly in the left half-plane, implying the internal dynamics 
to be stable. 

The simulations are performed with the parameter settings in table 3.1. 

11 mass parameters [kg] I spring constants [N/m] I damper constants [Ns/m]II 

The unmodeled resonant mode is thus "high- 
frequent" and strongly underdamped: undamped 
eigenfrequency 03, = 70 [rad/s] and damping ratio 
5 = 3.5e-2. 

In practice, the location of the unmodeled reso- 
nant mode in the frequency domain cannot be 
calculated exactly, since there is lack of exact 
knowledge of the real system. However, an 
approximation can be obtained by studying the 
experimental data concerning the impulse respon- 
se of the real fjsical system. In figure 3.2 the 
transfer functions of both the real system and the 
design model are plotted. The di€€erence between 
them is clearly illustrated. Notice that due to 
unmodeled dynamics not only two poles are 
added to the design model, but two zeros as well! 

red system (-), model (-.) 
: : ::::::: : : ::::::: : : :::::. . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . .  

al lo4 
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* .  . .  . .  
. .  * .  . .  . .  
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........................ ........................ ........................ ........................ ........................ 
10' 10- io3 

frequency [rad/sec] 

figure 3.2: transfer functions of real 
system and design model 
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3 3  Setting of the controller and observer parameters 

In this section, the setting of the controller parameters in case of successively CSMC-design 
and DIsMC-design, will be discussed. Furthermore, in section 3.3.3 will briefly be discussed 
how to set the parameters of the modified sliding mode observer. A survey of the controller 
and observer settings cam also be found in appendix B. 

33.1. Sliding mode controller with boundary layer modification 

In case of the CSMC approach, the sliding surface is defined as: 

s = e+q,e = O (3.9) 

So, the error dynamics can be viewed of as a first order lowpass filter with break-frequency 
qi. In order to filter the high-frequency unmodeled dynamics at about 70 [radhl, ql is chosen 
substantlôl!y !QW~F, namely 20 [rôdh]. 

To force the motions towards the sliding hyperplane, the system input u has to be chosen as 
in equation (2.21). However, to find the gain k that obeys equation (2.31), we need 
information about the unmodeled dynamics represented by AfTx*) and Ab. Therefore, the 
evaluation model (= real system) in equation (3.5) is compared with the design model (3.2), 
yielding the following expression: 

mc2+ m2c1 mb2+m2b, c2 b2 AJTx") = - xl- x2+-x 3 f- x4 

mlm mlm ml ml (3.10) 

mlm 

If we assume that there are no errors in the mass parameters, Ab can be calculated exactly: 
Ab = g = 2.5e-2 [kg-']. Since the term pl6-'l = 0.25, the requirement in equation (2.12) is 
fulfilled. 

Determining ct is much more difficult, because AJTx*) depends on the real traject covered. 
Besides, k depends on ueq(x,t). Thus, it appears to be very difficult to obtain the gain k with 
the sparse a priori information we have at our disposal. A more accurate approximation for 
k can be found when various simulations with the evaluation model are executed, continually 
calculating aftenv ards : 

(3.11) 
(1+ Abb-')sign(s) 
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Note that this condition differs from equation (2.31), in the sense that it leads to a less 
conservative k. With initial condition x(0) = O, k is found to satisfy equation (3.11) if it is 
chosen bigger than about 3.5 [m/s2]. However, in order to fulfil equation (3.8), it is decided 
to fix k at I6 [m/s2]. 

The final control païameter to be set, is the boundary layer width $. With respect to the 
guaranteed tracking precision, a smaii Q is the most favouraóie (equation (2.37). Therefore, 
the smallest value for 4 that still obeys equation (2.39) withf, = 200 [Hz] is selected: 4 = 0.1 
[m/s]. Tracking of the output y is therefore guaranteed within a precision lel s 5.0e-3 [m], 
which is smaller than 5% of the desired amplitude r. With this choice of 4, the bandwidth of 
the s-dynamics (equation (2.34)) is 200 [rad/s], implying no filtering actions to the unmodeled 
components by the s-dynamics! 

33.2 Dynamical sliding mode controller 

The siiding surface is designed as: 

s = ë+q,e+q,e = O (3.12) 

The error dynamics can thus be considered as a second order lowpass filter, thereby expecting 
much more effective filtering of undesirable components than in the CSMC case. To 
emphasize the filter structure, equation (3.12) is rewritten in the well known standard form 
for second order lowpass filters: 

s = ë+2<con~n ,cone+~  n,con 2e = 0 

The bandwidth of the dynamical controller can be expressed as: 

1 m2 4 - = (l+-)(q*--) 
'iG m l  m 

(3.13) 

(3.14) 

It is decided to fix this bandwidth at 20 [rad/s], which is considerably lower than the 
unmodeled dynamics component at 70 [rad/s]. As a result, the product ~concc)ncon should be 
smaller than 13 [rad/s], assuming the system parameters in equation (3.14) to be exactly 
known. The undamped eigenfrequency of the error dynamics is now fixed at 18 [rad/s]. 
The damping ratio Kcon is set to 13/18 (= 0.72), yielding an underdamped error dynamics. 

To guarantee that the trajectories from all initial states are directed towards the sliding 
surface, the control input is chosen as in equation (2.53). The gain k is determined by means 
of additional expressions for the modeling errors: 
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A(z)  = - 2 12,- 'A*+-%+- c2 3 b2 2 4  mc2+m c mb2+m b 

mlm mlm m, ml 

(3.15) 

The gain k is now determined in the same way as described in section 3.3.1, thus observing 
various simuiation results with the evaluation moáei aná continuaííy caicuíating a less 
conservative and considerably simplified equivalent for equation (2.63): 

Af+ &lieq 
k > maxl I (3.16) 

' (i+ Abb-')sign(s) ' 

With initial condition z(0) = O, k is found to satisfy equation (3.16) if k > 80 [m/s3]. However, 
to fulfil the requirement on the maximal time span to reach the sliding surface, k is fixed at 
135 [m/s3]. 

Notice, that in practice the evaluation model never equals the real system as is the case here. 
Consequently, for safety reasons it is wise to set k higher than the value resulting from 
simulations with the evaluation model. By meeting the requirement on trench, this safety aspect 
is automatically fulfilled in the case considered here. 

To reject steady state tracking errors, it was decided to provide the dynamical control law 
with integral action, by an additional saturation term. The accompanying parameter Q should 
obey equation (2.74) and is therefore set to 1.0 [m/s2]. Since it is desirable that an eventual 
initial "offset" in the sliding coordinate s is negligible within one half of a period, it is 
decided to set 1 to 20 [m/s3]. 

The guaranteed tracking precision can be obtained by equation (2.75). Given the controller 
parameters, IE I  can be calculated, yielding Iel c; 3.le-3 [m]. 

33.3 The modified sliding mode observer 

The setting of the observer parameters should at least satisfy equation (2.83). Parameter h 
is used to achieve robustness of the estimator. The requirement on h is given by equation 
(3.17), that is less conservative than equation (2.85): 

h > maxlAf+Abul (3.17) 

With initial conditions z(0) = O, 2, = O and i, = r(2nfm)', h is found to satisfy equation (3.17) 
if h > 65 [m/s3]. For reasons of safety, it is decided to set h about 50% higher to h = 100 
[m/s3]. 
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Since measurement noise does not play a role, the "Luenberger" parameters yi and y2 are set 
in a way to guarantee the estimation error i3 to be negligible before the sliding surface is 
reached. To achieve this, an& is set to 25 [radhl, while <oh is set to 1.0, yielding a critically 
damped, linear part of the estimation-error dynamics (see equation (286)). 

The simulations discussed in this section are performed with the MATLAB 4.0 software- 
package (ODE45, tol=le-6). Though the design of the controller is largely from a continuous 
time point of view, the implementation of the controller is discrete, as it is usually done in 
practice. The sampling rate f, is set to 200 [Hz] and measurement and control take place at 
the same time, implicitly assuming the calculation time to be small in relation to the sampling 
time. The initial state x*(0) or z(0) is always zero. In appendix C, a schematic representation 
of the simulation algorithm concerning the DSMC is depicted. 

The first simulation results are performed with measurement of the acceleration X. The 
resulting inputs and tracking errors for both the CSMC and DSMC-implementation are shown 
in figure 3.3. 

force, CSMC, fi=O.O 
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y o  
1 
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O O. 5 1 1.5 

time [SI 
-200 ' 
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100 - z o  
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-200 

force, CSMC, f i=O. l  

0.5 1 1.5 
time [s] 

tracking error 2nd & 3rd period 

-b 

0.6 0.8 1 1.2 1.4 
time [s] 

4th plot: solid = CSMC, +=Chi; dotted = CSMC, +=0.0; dashed = DSMC 
figure 3.3: simulation results applying three different sliding mode controllers 
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It is evident that the input signal generated by the DSMC is much smoother than that by the 
CSMC without boundary layer, but compared to the CSMC with boundary layer modification, 
it is worse: slight chattering occurs with half the sampling frequency. Nevertheless, it is 
expected that the chattering problem is satisfactory reduced and implementation of the DSMC 
in the real physical system does not lead to insurmountable problems. 

In the foilr.h plot, the trôckng error§ ir? the second 2nd third up &,?d deivr? motion (whe:: the 
influence of transients is negligible) are depicted. The CSMC with 4 = 0.1 [m/s] clearly yields 
the best result, The DSMC is second best and the tracking performance of the CSMC without 
boundary layer modification is worst. Note that in the last two cases the mean of the tracking 
error does not substantially differ from zero, since the mean of the switching coordinate is 
"by coincidence" almost zero. However, a slight variation in e.g. initial conditions, yields 
completely different results: due to a biased mean of s,,a steady state error in e occurs, as 
may be expected (see section 2.4). 

Notice that the tracking errors amply obey the upperbounds calculated in the previous 
sections: lel s 5.0 [mm] for the CSMC with (o = 0.1 [EI/§] and I E I  5 3.1 [mm] fcr the 
DSMC. The Root Mean Square (RMS) values for the tracking errors in the third period, using 
different controllers, are collected below: 

CSMC, (p = 0.1 [m/s] RMS = 8.5e-2 [mml 
DSMC RMS = 8.8e-1 [mml 
CSMC, (p = 0.0 [m/s] RMS = 1.3 [mml 

* 
* 
* 

Regarding this data, it is concluded that the tracking performance applying conventional SMC 
is about ten times better than the performance generated by the dynamical SMC! The reason 
for these "bad" results concerning the DSMC, can be made plausible by studying the 
switching coordinate s. 

o. 1 

n 
v) \ 

U E O  
v) 

-0.1 

sliding coordinate, CSMC 

I 

sliding coordinate, DSMC 

1 __.___-.___ 2- 

0.5 1 1.5 0.5 1 1.5 
time [SI time [SI 

solid = s-coordinate; dashed = "bounds" on s with different controllers 
figure 3.4: sliding coordinate s applying different controllers 
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From the second plot we conclude that there is extremely high activity of the s-dynamics, 
resulting in a relatively large input of the error dynamics, which in turn yields a worse 
tracking performance in the DSMC approach. A spectral analysis (appendix D) shows that the 
s-coordinate of the DSMC not only contains more energy at high frequencies due to 
chattering issues, but also at the excitation frequency f,. Since the bandwidth of the error 
dynamics of both controllers is larger than fa, lowfrequency components im s are not 
rejected, resulting in a larger tracking error applying the uaslaZ. For a more profound study 
in the frequency domain of the signals of interest, it is recommended to read appendix D. 

-q. r 

Furthermore, it should be emphasized, that the tracking error e is not only due to unmodeled 
dynamics, but is in fact mainly caused by the discrete controller implementation. Simulations 
with no unmodeled dynamics (c2 = co) yield the following the tracking error RMS values: 

CSMC RMS = 7.0e-2 [mml 
DSMC RMS = 7.le-1 [mml 

* 
* 

Although the s-coordinate with respect to the DMSC is never zero due to the discrete 
controller implementation (see equation (2.73)), there is only limited influence of the 
chattering s-coordinate visible in the tracking error e,  see appendix D. Therefore, the relative 
large difference in RMS values generated by the different sliding mode controllers is probably 
caused by another phenomenon: the discretization of the continuous time controller schemes. 
It is observed that, even in the absence of modeling errors, the tracking error is periodically 
with frequency f, and in the case of DSMC the amplitude of this remaining error is 
considerably higher than in the DSMC application. The RMS values can only be lowered by 
raising the sampling frequency. This issue will be further elaborated in section 4.4. 

According to figure 3.4, in case of the CMSC the width of the boundary layer is chosen too 
high, resulting from the choice of a too conservative k during transient response, k should 
be considerably larger than afterwards when k = 0.2 [m/s2] is sufficient. However, in order 
to satisfy equation (3.11) for all points in time, the largest required k was selected during the 
controller design. In the DSMC approach, it is observed that k = 15 [m/s3] is sufficient after 
transient response. Therefore, it is concluded that unmodeled dynamics have more influence 
in the DSMC implementation. 

The influence of the application of the modified sliding mode observer on the simulation 
results, is shown in figure 3.5. The observer is implemented "quasi-continuously" (Zero Order 
Hold on measurements of x and 2; see appendix C), which in practice can only be achieved 
if the required calculation time is small enough (read: if expensive computers are available). 
The initial estimation-error of the acceleration is set to r(2nf,)'. 

Due to the discretization e€€ects, the estimation-error does not asymptotically converge to 
zero. However, the estimate of the acceleration seems to be "good enough" to calculate a 
rather reliable switching coordinate: only 14 mismatchings of ŝ  occur during the simulated 
time interval, that is divided in 300 discrete time points. 
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acceleration & accel. est. error tracking error 2nd & 3rd period 
20 - 2 '  
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-2 
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time [SI time [SI 

solid: acceleration X solid: DSMC 
dotted: acceleration estimation-error dashed: DSMC and MSMO 

figure 3.5: simulation results with application of the MSMO 

The second plot shows the tracking error applying the DSMC combined with the MSMO. As 
may be expected, measurement of the acceleration yields better results (RMS = &Se-4 [m]) 
than estimation of the acceleration (RMS = 1.0e-3 [m]), in both cases still obeying the 
guaranteed tracking accuracy. 

Finally, to investigate robustness, i.e., to investigate the sensitivity to model errors, 
simulations are performed for different settings of the end-effector mass m2 (m = rn,+rn, is 
always lo!). Figure 3.6 shows the results for the tracking error RMS in the third period. 
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figure 3.6: robustness to unmodeled dynamics 
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At first, note that the tracking error for all controllers is non-zero in the case no unmodeled 
dynamics is present (m, = O) .  As is already discussed, this is due to the discrete controller 
implementation and the limited sampling rate. 

From the first plot, we conclude that the performance is decreasing when unmodeled 
dynaxics is incïeassiilg, zpplying C§MC or DSMC. This is fully consistent with the 
expectations. Furthermore, the DSMC seems less sensitive to urmodeled dynamics than the 
CSMC, since the relative increase of the tracking error RMS is less. However, the application 
of the CSMC obviously yields the best tracking results for all investigated end-effector 
masses. 

The behaviour of the controlled system applying the MSMO is completely in contradiction 
with the expectations: the tracking error RMS is decreasing for increasing unmodeled 
dynamics, although the estimate of the acceleration is worse and more mismatchings of S 
occur! For increasing m,, it is observed that the mean of s is increasing in the case of 
acceleration measurement and in the case of estimation of the acceleration, the mean of s 
tends to decrease. A possïiie explanation is, that in case of more dominant unmodeled 
dynamics, the observer is not able to estimate the high-frequency components in f, by which 
indeed the estimate S becomes worse, yet at the same time causing considerably less 
excitation of the error dynamics, as can be seen from equation (3.18): 

1 
t 

ë+ q,e+ qie = Af+Abueq- (i+Abb-') 1 (ksign(S)+ -S)dt 
p - m  Q 

(3.18) 

The second plot in figure 3.6 shows the required gains k and h according to the equations 
(3.11), (3.16) and (3.17). According to this plot, the gain with respect to CSMC is always 
large enough and therefore attractiveness of the sliding surface is guaranteed, even for large 
unmodeled dynamics. The same plot shows that the requirement on k concerning DSMC is 
not fulfilled if m, > 3.0 [kg]. Nevertheless, instability does not occur, since large k is only 
needed in a very small time interval during transient response. The same remark is applicable 
to the minimal required value of h. 

Finally, it is remarked that in case of the CSMC, s sometimes exceeds the boundary layer if 
m2 > 5.5 [kg], thereby causing chattering in the control input. With respect to the DSMC, the 
sliding coordinate s does not always stay inside the "boundary layer" if m2 > 4.0 [kg]. 
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3.5 Discussion 

So far, we must conclude that the sliding mode controller with boundary layer modification 
yields the best results, concerning both the smoothness of the input signal and the realized 
tracking accuracy. Simulations have shown that the guaranteed tracking accuracies are indeed 
fulfilled, yet the realized tracking accuracy in the DSMC application is an order of magnitude 
lower than that by the CSMC. This relatively large difference is no: only &ie :O mcPdeling 
errors, but is mainly arising from the discrete controller implementation (with finite sampling 
frequency), from which the DSMC approach seems to suffer considerably more. Therefore, 
it seems to be worthwhile to thoroughly investigate the effect of the discretization on the 
tracking performance. 

Robustness of the control schemes was investigated by varying the amount of unmodeled 
dynamics, while maintaining the same controller setting. The DSMC appears to be 
sensitive to those variations than the CSMC, at least in the case the acceleration is measured. 
The CSMC however, always yields the best performance in the domain studied. Robustness 
to parameter variations has not been investigated, but this issue will be discussed in the next 
chapter. 

Unfortunately, the application of the modified sliding mode observer introduces some 
problems, that are unexpected and are hard to explain: the worse the acceleration estimate, 
the better the tracking performance! This strange phenomenon is probably due to less excited 
error dynamics, caused by neglected high-frequency (unmodeled) components by the MSMO. 

During simulations it is observed that the chattering phenomenon in the input signal is not 
perfectly eliminated by the DSMC approach. This is due to the discrete controller 
implementation, that is based on sampling of the sliding surface. According to [22], no 
perceptible chattering in the input signal occurs if the controller design is based on pulse- 
frequency modulation or pulse-width modulation. 

Performing the simulations, it was observed that, concerning this specific problem, the gain 
k should be chosen larger during transient response. Therefore, an important issue for an 
eventual sequel to this research, is to study the possibility of the implementation of a time- 
dependent or trajectory-dependent k and boundary layer width $. Important advantages arising 
from these modifications are possibly a (slight) reduction of control effort and (considerably) 
higher tracking accuracy. 
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4. Control of the XY-table: simulations 

4.1 Introduction 

IE this chapter, a mechônfca! MIMO system (XY-table) is simulated in which (hard) 
nonlinearities play a role, arising from Coulomb friction and (relatively small) Coriolis and 
centripetal forces. Robustness to unmodeled dynamics (due to neglected joint flexibility) and 
parameter errors is studied. 

4.2 System description and control task 

Figure 4.1 gives a schematic representation of the XY-table, which is just a big plotter type 
machine that moves in the horizontal plane with three degrees of freedom. A detailed 
description of it cam among others be fourid in [23]. 

r=1 m 
7 BELT WHEEL 

SZZDITA Y 1 1 1 END-EFFECTOR 
MOTOR 2 

MOTOR I 

I 
figure 4.1: schematic top view representation of the XY-table 

Two parallel slideways each support a slide. They are connected with belts to a torsion- 
flexible spindle, which is driven by motor 1. A third slideway rests on the slides and supports 
the end-effector which is belt-driven by motor 2. By simply replacing a thin strip in the 
spindle, the torsion stifness of the spindle and, consequently, the flexibility of the transmission 
can be changed. Coulomb friction appears in all slides and is represented by friction torques 
W,, W, and W, [Nm]. Viscous damping torques are represented by DI, D, and D3 [Nms]. 

The positions of the motor shafts y, and y, [m] are available by measurements. It is therefore 
decided to control the system via control of the motor positions. 
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If the torsion spring c, is replaced by a rigid bar, the mathematical description of the resulting 
stiff XY-table is represented by: 

with: 

x = [X x y y]  ; y ,  = x ; y2 = y ; u1 = T,/r ; u2 = T2/r 

1 
J,lr 2+ 2ms+ me+ my 

i;<x) = - 

1 1 1 
Jl/r 2+ 2ms+ me+ my 

; b,, = 
J2 Ir 2+ me 4 1  = 

In the following pages, equation (4.1) will be referred to as the mathematical design model 
of the XY-table. It is clear that this decription is in the general form according to equation 
(2.4). 

Unfortunately, the inertia and friction parameters of the real XY-table are not exactly known. 
However, in a recent investigation [24], estimates have been determined by identification. To 
approximate reality as well as possible, the resulting values are used in the simulations to be 
performed in this chapter. The viscous damping constants are fixed at the same values as is 
done in [2]. A survey of the parameter settings can be found in appendix B. 

The equations of motion in case of the three degrees of freedom model (with torsion spring 
c,) are much more complex than those in (4.1) and can be found in appendix E. The resulting 
flexible XY-table model is the one derived by Van de Molengraft [25] with additional viscous 
damping components. In appendix E it is shown, that the flexible model can be written in the 
same form as equation (2.7). Therefore, relations for the modeling errors Af(.*) and AB(x*) 
can be obtained and are also presented in the appendix of interest. 

It is clear that the unmodeled dynamics error is caused by neglecting the flexibility of the 
spindle in the design model (4.1). The main differences between design model and the real 
flexible system are therefore the presence of torques due to elastic deformation and (relatively 
small) Coriolis and centripetal forces in the flexible system. In the y-direction however, there 
is almost no (quantitative) influence of the unmodeled dynamics. As it is already discussed, 
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the flexibility of the spindle (and therefore the amount of unmodeled dynamics) can easily 
be changed, since various springs are available; see appendix B. If it is not explicitly 
announced, simulations of the flexible XY-table will be performed with c, = 1.277 [Nmhad], 
which is the identified torsion stifhess when strip number 4 is applied, see [24]. The reason 
for this specific choice of c, is, that this value seems a reasonable "logarithmic mean" of all 
the stifriesses we have at our disposal. 

Since the XY-table is a nonlinear system, it is not 
straightforward to obtain information of the 
"unmodeled eigenfrequency" by plotting transfer 
hnction graphs. However, some information is 
gathered by appIying a pulse (10000 [NI, lasting 
0.005 [SI) to the system via ul. The powerspectra 
of y ,  and x" are depicted in figure 4.2. 

The frequency components due to the unmodeled 
dymarnies are clearly to see; the "eigenfrequency " 
is approximately 6 [Hz]. This knowledge will be 
used in the controller design as described in 
section 4.3. 

Note that the vectors ^f in equation (4.1) and f in 
equation (E.8) contain discontinuous terms due to 
Coulomb friction. It is therefore expected that 
problems arise in the design of the DSMC and 

loo 

10 

pow er spectra 

loo lo2 
frequency wz] 

figure 4.2: powerspectra in case of both 
rigid and flexible XY-table: 

fi exible: (-)=yl; (..)=x"; rigid: (--)=y,=x" 

the MSMO: the time derivative of the 
Coulomb friction part (impulse!) is needed in the control law according to equation (2.53) and 
in the observer implementation described by equation (2.79). A possible method to circumvent 
these problems is proposed in appendix F. The basic principle of the method, is to split off 
the discontinuous parts in the design model and the description of the real system: 

(4-3) design model: y(") = fv+d+Bu CJ y(") = fv+Buv 
real system: y(") = fV+d+Bu CJ y(") = fV+w+BuV 

with: uv = u+B%; 
d, a: Coulomb friction (or otherwise discontinuous) parts 
w = d-BÊY1d: "disturbance vector" due to Coulomb friction uncertainties 

The dynamical control law in uv and the observer can now be designed by using the design 
model in equation (4.3). By adjusting uv with Coulomb friction parts ("friction 
compensation"), the real control input u comes info being. In appendix F it is also shown that 
uncertainties in Coulomb friction (w) can partly be compensated for by the control gain K. 
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The desired trajectory during all simulations is chosen to be a circle: 

yd* = 0.5-0.25cos(2nferct) 
y ,  = 0.5+0.25sin(2nfat) 

with: f, = 0.5 THzl. L A  

Furthermore, it is required that the sliding surfaces are reached within a finite time: 

At time t = O 
and the initial 

4.3 Setting 

1 
treach,1,2 - 

4fac 

(4.4) 

(4.5) 

[SI, the end-effector is in the centre of the xy-plane (xo = x", = y ,  = 0.5 [m]) 
velocities, accelerations and acceleration estimates are always zero. 

of the controller and observer parameters 

In this section, three different controller schemes will be designed, i.e.: 
sliding mode control with boundary layer modification (CSMC) 
dynamical sliding mode control (DSMC) 

* 
* 
* computed torque control (CTC) 

A traditional Luenberger observer (!) will be designed to obtain an estimate of the 
accelerations needed in the DSMC implementation. A survey of the settings can also be found 
in appendix B. 

43.1 Sliding mode controller with boundary layer modification 

In case of the CSMC approach, the sliding surfaces with respect to y ,  and y ,  are defined as: 

x-direction: s, = el+qile, = O 
y-direction: s, = e2+q,ie, = O 

In order to reject the unmodeled resonant mode in x-direction at about 37 [radhl, the 
bandwidth of the error-dynamics is chosen considerably lower: qli = 12 [rad/s]. The 
bandwidth in y-direction is not limited by unmodeled dynamics and is therefore chosen higher 
to tune up tracking performance (see equation (2.37)): q2, = 20 [radhl. 

To guarantee attractiveness of the sliding surfaces) the gain matrix K should obey equation 
(2.31), which however may lead to conservative gains. Therefore, a less conservative 
expression for the gains kl and k, has been searched for and is found to be: 
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Provided that all the elements of the inverse of the matrix on the left hand side of equation 
(4.7) are larger than zero***, this equation can be rewritten yielding an explicit relation for the 
gains kl and k2: 

Performing various simulations, the gains are found to satisfy equation (4.8) if kl > 3 [m/s2] 
and > 3.5e-2 [m/s2]. Notice the relative large difference between these gains; the influence 
of the unmodeled dynamics in y-direction is almost neglectable. With the additiomal 
requirement in (4.9, it is finally decided to fix the gain kl at 6 [m/s2] and k2 at 2 [m/s2]. 

The final control parameters to be set are the boundary layer width +1 and 4,. Again, the 
smallest values that obey equation (2.39) are selected to guarantee highest tracking accuracy; 
with f, = 200 [Hz], the following values are selected: +1 = 2.5e-2 [m/s], +2 = 1.0e-2 [m/s]. 
Tracking of the outputs is therefore guaranteed within precisions lq l  s 2.le-3 [m] and I E ~ I  
s 5.0e-4 [m]. Note that these bounds are satisfied, as long as the amount of unmodeled 
dynamics does not require higher gains than the ones selected and therefore the motions stay 
inside the boundary layer. 

4.3.2 Dynamical sliding mode controller 

The sliding surfaces are designed as: 

2 

2 (4.9) 
x-direction: 
y- direction: 

s1 = ë1+25c,n,l~n,u>n,lel+~~,u>n,lel = O 
s2 = ë,+ 25c0n,2~n,u>n,2e2+ ~r) , , , ,~e~ = O 

The undamped eigenfrequency of the error dynamics in x-direction ~ r ) ~ , ~ ~ ~ , ~  is fixed at 12 
[rad/s] which is one third of the unmodeled "eigenfrequency" at 37 [rad/s]. The parameter 
~r)~,,,,,~ is fixed at 20 [rad/s], since the influence of the unmodeled dynamics is neglectable for 
the y-direction. Both ?=,con,, and ?=,con,2 are fixed at 1.0, yielding critically damped error 
dynamics. 

*** 
Since the errors obey equation (2.12), this requirement is fulfilled if the determinant of the matrix in question is 

larger than zero; conservative calculations have shown that this is always true in all cases to be expected. 
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The gain matrix K is determined in a manner analogous to that in section 4.3.1, yielding: 

I 1+ Abll/hll - I Ab12/6221 

- IAb2,/hlll 1+ Ab22/622 

r 1 
(4.10) 

J 1 (Af:+ W2+ Ab2111&,+ Ab22zi~z+ &,,up+ Ah,,u;)sign(sJ 

Various simulations teach us, that kl must be chosen larger than 45 [m/s3] and k2 must be 
chosen larger than 1.5 [m/s3]. It should be remarked, that (contradictory to the mass-damper- 
spring system) these minimal required gains are not just arising from transient responses, but 
they are required each time Coulomb friction changes its sign. The same remark is applicable 
to the implementation of the CSMC. In order to reach the sliding surfaces within a quarter 
of a period, the gains are finally fixed at: kl = 70 [m/s3], k, = 65 [m/s3]. 

The parameters 4, and 42 are introduced to prevent steady state tracking errors and are fixed 
at: 4, = 42 = 0.75 [m/s2]. The values of the accompanying parameters I, and I, are chosen as: 
Z, = Z2 = 7.5 [m/s3]. Tracking of the outputs is therefore guaranteed within precisions  IE,^ s 
5.2e-3 [m] and Ic21 s 1.9e-3 [m], at least if the trajectories stay inside the "boundary layer" 
defined by +, and 42. 

43.3 Computed torque control 

Consider the nonlinear MIMO system according to equation (2.7)with relative degrees n,=2: 

y(') = f(x*)+ B(x*)u (4.11) 

The computed torque control (CTC) is defined as: 

with P and Q diagonal matrices. 

(4.12) 

The control law is thus provided with acceleration feedfonvard, system knowledge f and 
proportional and differential actions. Moreover, note the resemblance between equation (4.12) 
and the control law in (2.53) when the time derivative of B is zero and n = 2. In this specific 
case (XY-table), the DSMC is basically the CTC extended with sign and saturation terms. 
Substituting equation (4.12) in (4.11) yields: 
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A -1 (2) e(2)+ Qe(')+ Pe = Af+ ABB (yd - i- Pe- Qe) (4.13) 

In case of the XY-table, it is decided to set the variables in P and Q in such a way, that the 
filtering of the uncertainties by the error dynamics in (4.13) is equivalent to that in equation 
(4.9), i.e., the error dynamics in case of the DSMC. Therefore, P and Q are chosen as: 

* P = diagC144; 4001 
* Q = diag[24; 401 Es"] 

4.3.4 The Luenberger observer 

During simulations, displacements and velocities on the motor shafts are always measured, 
while sometimes an observer will be used to estimate the accelerations y1 and y2. Since the 
quasi-continuous implementation of the modified sliding mode observer is demanding too 
much calculation time, it cannot be used in practice. Therefore, it is decided to apply both 
discrete implementation Q €  the DSMC & the MSMB. However, simulations have shown that 
this method of working causes problems, in the sense that both the estimate S and s do not 
change their signs every sampling time (even if there are no modeling errors), thereby 
endangering the robustness and tracking performance of the DSMC. If the observer 
parameters hi (see equation (2.79)) are fixed at zero, these problems do not occur. 

Contrary to the conventional sliding mode observer (equation (A.3)), the modified SMO does 
not contain a discontinuous term in the first equation of the set, see (2.79). However, 
according to Slotine and Li, in a discrete implementation the ratio &/hl (equation (A.3)) is 
limited by the sampling rate. Applyingf, = 200 [Hz], according to these authors, this ratio 
should be smaller than 420. However, simulations with the conventional sliding mode 
observer show that the same problems occur as in the MSMO case, if the ratio of interest is 
chosen larger than about lo! Therefore, the rule of thumb in equation (A.10) seems to be 
incorrect. Moreover, it is not wise too set h, large just to avoid implementation problems, 
since the acceleration estimation-error depends on h,; see equation (A.8). In the specific case 
of the XY-table, applying the conventional sliding mode controller seems completely 
senseless, since simulations show that the guarantee of the accuracy of the acceleration 
estimate is practically useless: acceleration and acceleration estimation-error are in the same 
order of magnitude. 

By replacing the sign-term in the MSMO by a saturation function, the implementation 
problem may be solved, but unfortunately the property of asymptotically converging 
estimation-error dynamics is lost: the accuracy of the estimate can only be guaranteed within 
certain bounds, since inside the boundary layer, the observer dynamics is acting in the same 
way as that generated by applying an ordinary Luenberger observer ("pole placement"). 
Therefore, it is decided to use the relatively simple Luenberger observer during the 
simulations. 
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The observer parameters  LU^,^,^ and con,&,2 (see equation (2.88)) are both fixed at 25 [radhl. 
The bandwidth of the estimation-error dynamics (equation (2.86)) is therefore somewhat lower 
than the unmodeled resonant mode at 37 [radhl, while at the same time the poles of the 
estimation-error dynamics are located on the left of those concerning the tracking error 
dynamics, i.e., the controller poles are dominant. By choosing L,l = i;obs,2 = 1.0, critically 
damped estimaticn error-dynamics is obtained f n both x- and y-direction. 

- 

- 

4.4 Simulations 

The simulations are performed with the MKTLAB 4.0 software-package (ODE45, tol=le-6), 
with a discrete controller observer implementation; see appendix C. The calculation time 
is assumed to be very small in relation to the sampling time vs = 200 [Hz]) and therefore 
measurement and control take place at the same time. In case of observer implementation 
(which will be explicitly announced), the initial estimation-errors are always zero. 

In figure 4.3, some results with respect to DSMC-implementation are depicted. 

real (-) and desired (..) trajectory 
0.8 I 1 

I 
0.2 0.4 0.6 0.8 

x [ml 
0.2 ' 

input forces and force limits (--) 

O 2 4 6 
t CS1 

figure 4.3: simulation results applying DSMC 

Slight chattering occurs in both control inputs, while the maximal values (lullm = 225.28 
[NI, IuJ- = 40.96 [NI) are never exceeded. Moreover, it should be remarked that the left 
plot does not show the position of the end-effector, but the displacements measured on the 
motor shafts! 

In figure 4.4, the motor position errors in the third and fourth revolution are depicted, 
applying torsion stiffness c1 = 1.277 Pmhad]. The RMS values with respect to e,  and e2 in 
the third period, are collected below: 
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figure 4.4: tracking errors in x- and y-direction, using 4 different controllers 

In the x-direction, the CSMC clearly yields the best results. Note the relative large difference 
in RMS,-values between the application of the CSMC and the DSMC. The CTC performs 
even better than the DSMC! A remarkable phenomenon, which has also been observed in 
section 3.4, is the fact that the tracking error e, is smaller if the observer is used to estimate 
the acceleration yl. Again, a possible explanation is, that although the estimate is not correct, 
it contains less energy at the unmodeled resonant mode than the real acceleration, thereby 
causing the error dynamics to be less excited, yielding smaller tracking errors. 

In the y-direction, the unmodeled dynamics is of considerably less importance and the 
tracking errors are largely due to discretization effects. Again, the CSMC implementation 
yields the best results. However, the relative difference with the performance of the DSMC 
is considerably smaller in the y-direction. Moreover, the DSMC with acceleration 
measurements is performing a little better than the DSMC in combination with the Luenberger 
observer. The hypothesis that in x-direction the DSMC scheme is suffering from high 
excitation of the error dynamics, is therefore still unfalsified. 
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To investigate robustness to unmodeled dynamics, simulations are performed with different 
torsion springs: c, E [1.0e-1 ... 5.0elI [Nm/rad]. The results are presented in figure 4.5. 
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figure 4.5: robustness to unmodeled dynamics 

In the x-direction, the tracking error RMS values tend to decrease for higher stiffnesses (= 
"less" unmodeled dynamics), except for the DSMC scheme, that seems to generate rather 
constant values. Although the performance of the CSMC is always better, the DSMC scheme 
with measurement of the acceleration seems to be the most robust in the sense that this 
scheme is the least sensitive to variations in the amount of unmodeled dynamics. The 
suddenly upward trend of the curve concerning CSMC for c, = 50.0 [Nmhad] is probably due 
to numerical problems: the tolerance of the integration algorithm (standard MATLAB function 
ODE45, tolerance = le-6) seems to be too low for these high eigenfrequencies. 

A strange phenomenon is, again, that the DSMC combined with the Luenberger observer 
shows better performance than the DSMC in the case yi is measured, for stiffnesses higher 
than about 1 [Nm/rad]. It is observed, that the higher c,, the worse the estimation-error RMS 
of yl: the observer, based on the two degrees of freedom model, is not able to estimate the 
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high-frequency oscillations in the acceleration. Though physically the flexible XY-table is 
expected to behave more like the stiff XY-table, the temporary influence of high-frequency 
resonant modes just after the Coulomb friction changes its sign, matters greatly. Indeed the 
estimate S becomes worse, yet at the same time causing less excitation of the error dynamics; 
see equation (3.18). 

Note that the trackirig error RMS vaiües aiways obey the guaranteed tracking accuracy. 

Another unexpected phenomenon can be seen in the upper right plot: the minimal required 
gain kl (equation (4.10)) with respect to the DSMC implementation tends to increase for 
increasing stiffness. This is strange, since the gain is assumed to be a measure for the amount 
of unmodeled dynamics, that is expected to have more influence for less stiff torsion springs. 
The reason for this contradictory behaviour is, that the RHS of equation (4.10) contains the 
dominant product c,(jc-x”), which is increasing (at least in the domain that is studied) for 
higher stiffnesses. However, instability never occurs and the sliding surface is always reached. 
Apparently, determining the gain k, with the formula mentioned above, is much too 
conservative. Therefore, the mean of the minimal required gain in the simulation interval (3 
revolutions) is also depicted and is always smaller than k, = 70 [m/s3]. In case of the CSMC 
scheme, the minimal required gain is almost constant, as is the dominant product ~~(i-2”).  
Stability is never endangered, since kl = 6 [m/s2] is always high enough; the mean of the 
required gain is even decreasing. 

In v-direction, the tracking error RMS values are hardly affected by torsion stiffnesses c, 
higher than about 0.3 [Nmhad]; unmodeled dynamics due to Coriolis and centripetal forces 
apparently don’t play a role for stiff torsion springs. Again, the CSMC scheme yields the best 
tracking results. The DSMC scheme is second and seems to be the less sensitive to variations 
in the stiffness and is therefore the most robust. The curve concerning the DSMC in 
combination with the observer shows strange behaviour in the region c, E [0.25 ... 2.51 
[Nm/rad]. A rational explanation has not been found. Note that also in y-direction, the 
beforehand guaranteed tracking precisions are always fulfilled. 

From the lower right plot it is concluded that the gains are always chosen high enough. As 
it is to be expected, both the maximum value and the mean of the required gain during the 
simulation interval are decreasing with decreasing influence of unmodeled dynamics, i.e., with 
decreasing influence of Coriolis and centripetal forces. 

To investigate robustness to parameter variations, simulations are done with the two degrees 
of freedom model and different additional masses (E EO.0, 0.5 ... 2.51 [kg]; model errors 
always satisfy equation (2.12)) attached to the end-effector me = 2.3 [kg]. The results are 
shown in figure 4.6. 
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figure 4.6: robustness to parameter errors 

In x-direction the tracking error RMS values applying the sliding mode controllers, are always 
considerably smaller than the guaranteed tracking accuracy (remind: CSMC: leJ s 2.1 [mm]; 
DSMC Ie1( s 5.2 [mm]). The CSMC yields the best tracking performance, the DSMC 
schemes are second best and the performance of the CTC is worst. Note that the performance 
of the DSMC with observer implementation is better than that without, if there is no 
additional mass! This is caused by discretization effects and Coulomb friction: due to 
discretization errors in both controller and observer implementation, the tracking errors do not 
exactly coincide, even if there are no modeling errors involved. "By accident", the Coulomb 
friction changes its sign at a time point that is less favourable for the tracking error in case 
of the DSMC with measurement of yl, yielding a higher tracking error RMS value. 

Unfortunately, from the upper left plot no unambiguous conclusions can be drawn with 
respect to the robustness to parameter errors. 
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From the upper right plot, it could be concluded that instability never occurs in both controller 
schemes. Indeed, the sliding surface s, = O is always reached for all additional end-effector 
masses studied. 
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. . . . \ 

: 

In v-direction, the system dynamics is considerably more affected by the wrongly set end- 
effector mass. From the lower left plot it is concluded, thzt the performance of the DSMC is 

schemes are the most robust to variations in me. Note that in the case of the DSMC 
implementation, the guaranteed tracking precision ( I  E,/ 4 1.9 [mm]) is always satisfied, while 
in the CSMC implementation (la21 4 0.5 [mm]) it is not! In the latter case, s1 does not stay 
inside the boundary layer if me is equal to or larger than 4.3 pg]. Apparently, the gain k; = 
2 [m/s2] is too small; even the mean value of the required gain k, is larger than 2 [m/s2] if 
me > 4.3 pg]. In the DSMC approach, instability does 

best foï lag€ parameteï eiïûrs. FLïthemGre, from this p!ot it is conc!iided thz? the DSMC 

occur. 

In the preceding sections, it is discussed, that the tracking eror performance is strongly 
influenced by the height of the sampling frequency f,. Especially the s-vector in the DSMC 
implementation is seriously a€€ected by the choice of S,. Therefme, similations are performed 
with c1 = 1.277 [Nm/rad] andf, E E200 ... 20001 [Hz]. The results are depicted in figure 4.7. 

RMS tracking error x-dir. 
1 i 

10 -2 2 
lo2 lo3 

fs [Hz] 

solid = CSMC; dotted = DSMC; dashed = DSMC & OBS 
figure 4.7: influence of the sampling frequency on the tracking error RMS 

In the x-direction, the performance of the DSMC scheme is positively influenced i f f ,  is 
raised; the amplitudes in the s, coordinate are considerably smaller for high sampling 
frequency (see equation (2.73)) and therefore the error-dynamics is less excited, resulting in 
smaller RMS values for e,. 

Although it is expected that the DSMC in combination with the Luenberger observer will also 
benefit from high sampling rates, it is not! The tracking performance of both dynamical 
controllers is coming closer. A satisfactory explanation has not been found. A possible reason 
for the inability to lower the tracking error by raising the sampling frequency is, that the 
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remaining error is completely due to unmodeled dynamics which is probably not affected by 
the height off,. 

The performance with respect to the C§MC implementation is approximately constant for all 
&-values. Apparently, in this controller scheme, the tracking error is almost completely due 
to modeling errors, while the tracking error due to discretization erroís is of considerably less 
i mponance 5 

In the y-direction, the influence of unmodeled dynamics is almost neglectable. The tracking 
error e2 is therefore almost completely due to discretization errors and is thus determined by 
the sampling rate: the higher f,, the smaller e2 for all controller schemes studied. 

Finally, it should be noted, that the minimal required gains ki concerning both controller 
schemes are not seriously affected by the choise off,. 

4.5 Discussion 

In this chapter we have seen that the handling of discontinuities in the design of the 
dynamical sliding mode controller is not straightfonvard. The proposed "solution" (see 
appendix F) is not quite satisfactory and therefore merits further investigation. One could 
think of an approach in which the pulses are not completely neglected during the controller 
design, but are more or less accounted for by spreading them out over a few sampling 
intervals. 

Furthermore, it is observed that the discrete implementation of the MSMO is causing 
problems. However, a robust observer seems indispensable to successfully apply the DSMC, 
since the switchings of the control input should take place at the right time. The design of a 
discrete sliding mode observer seems therefore worthwhile. 

Simulations have shown that in the presence of unmodeled dynamics, the CSMC yields better 
tracking performance than the DSMC. The latter controller scheme however, seems to be the 
most robust. In case of parameter errors, the DSMC is sometimes (large errors) performing 
better than the CSMC and moreover seems to be more robust. 

From simulations with various sampling frequencies, it is concluded that the DSMC seems 
to profit more from high sampling rates than the CSMC, at least with respect to tracking 
performance. The dynamics of the system controlled with the DSMC appears to be more 
affected by discretization effects. Even in the absence of modeling errors, the DSMC yields 
considerably worse results than the CSMC. With a view to an eventual sequel to this research, 
it seems to be worthwhile to thoroughly investigate the exact influence of discretization errors 
on the tracking error. This aspect could for instance be studied by performing simulations 
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with continuous time implementations of the controllers, or performing simulations with 
discrete implementations of controllers that are actually designed in discrete time. 

Furthermore, during simulations it is observed, that the requirements on K according to 
equation (4.8) and (4.10) are much too conservative and therefore this issue also merits 
further investigation (see aiso discussions 2.6 and 3.5). 



54 

5. Control of the XY-table: experiments 

5.1 Introduction 

Both the conventional and dynamical sliding mode control laws discussed in the previous 
chapters will now be implemented in the experimental environment of the XY-table. A short 
description of the additional modeling errors compared to the simulations will be given in 
section 5.2. The experiments with the circle trajectory will be carried out for two different 
desired speeds. Furthermore, the performance of the controllers will be studied for a 
completely different trajectory, pretending the XY-table is for instance carrying out a torch 
burning or electric welding task. 

5.2 Additional modeling errors 

Practically, the dynamics of the real XY-table is much more complex than is described by the 
three degrees of freedom model in appendix E. The most important sources of additional 
modeling errors are discussed below. 

The estimated inertia and viscous damping parameters do not exactly correspond with the real 
physical values. Furthermore, there is a harmonic disturbance (friction) force present in both 
x- and y-direction, probably caused by imperfections in bearings and shafts. A detailed study 
with respect to this phenomenon can be found in [i, chapter 71. 

Although the motors and the current amplifiers are modeled as constant gains, this assumption 
is not correct, since electrical and mechanical time constants play a role, thereby causing 
unmodeled dynamics. Unmodeled sensor dynamics and quantization noise also play a role. 

Furthermore, in the experimental setup extra flexibility in both x- and y-direction arises from 
the little springs used to attach the slides to the belts. In [2], a three degrees of freedom 
model is introduced in which these flexibilities are accounted for (at least in x-direction). 

As is discussed in chapters 3 and 4, one possible method to obtain information about the 
influence of unmodeled dynamics, is to compare the impulse responses of the real physical 
system and the mathematical model. In figure 5.1 the powerspectra of the input signals u, and 
u2 and the outputs y, and y, (positions of the motor shafts) are plotted, applying a pulse 
lasting 0.025 seconds with maximum input. The pulse response of the model of the rigid XY- 
table (equations (4.1) and (4.2)), is obtained by using the inertia and viscous and Coulomb 
friction parameters estimated in [2]. By doing this, the matching of the pulse responses of the 
uncontrolled model and the pulse response of the uncontrolled physical system is considerably 
better than that resulting from the application of the parameters used in chapter 4. The 
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numerical values of the adjusted parameter estimates are listed in appendix B and will also 
be used in the computed torque parts of the control laws implemented during the experiments 
with the XY-table. 
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figure 5.1: powerspectra of outputs y, and yz and inputs u1 and uz 
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From the first plot in figure 5.1 it is concluded that in x-direction two unmodeled resonant 
modes play a role: the first mode with an eigenfrequency of approximately 7 [Hz] (- 42 
[rad/s]) is due to torsion spring number 4 with estimated stiffness 1.277 [Nmhad]; the second 
resonant mode in the neighbourhood of 13 [Hz] (e 82 [radhl) is caused by the above- 
mentioned springs used to attach the x-slide to the belts as it is shown in [2]. 

In y-direction, some unmodeled dynamics seems to occur at a considerably higher 
eigenfrequency of 60 [Hz]. The exact source of this resonant mode is not clear, since the 
expected resonant mode, caused by the springs used to attach the end-effector to the y-belt, 
is lower. Calculating the ratio of the masses connected with these springs in x- and y- 
direction, it is expected that the eigenfrequency in y-direction is about 2.5 times higher than 
the one in x-direction: 35 [Hz] (= 220 [radhl). However, this expected unmodeled resonant 
mode is not visible in the second plot, which may be due to the dip in the powerspectrum of 
u, in the neighbourhood of this frequency. 

53 Observer design and controller settings 

In this section, first the observer scheme that is applied during the experiments will be 
presented, followed by a brief discussion on the setting of the parameters of the sliding mode 
controllers. Both controllers and observer then have to be programmed in the C++ control 
software of the XY-table. However, this implementation aspect will not be elaborated. 
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53.1 Observer design 

In contrast with the simulations, the first and second derivatives of the outputs are not 
available by measurements: only the measurements of the positions of the motor shafts will 
be used to control the XY-table. Furthermore, to compensate for the time delay in the control 
loop, the obsemer to be desigmed must be implemented as a discrete one-step-ahead predictor. 
m e  estimated values of the positions, the velocities and (in case of the udaalaa; scheme') the 
accelerations are then used to calculate the inputs u. 

m. -q I -  

In [2, appendix HI, the design of a discrete Kalman observer based on the two degrees of 
freedom model of equation (4.1) and used to estimate position and velocity, is extensively 
discussed. Basic idea is to determine covariance matrices with respect to measurement noise 
and system noise. The measurement error is derived from the quantization error of the motor 
position incremental encoders, while the system noise is estimated by doing an experiment. 
After the experiment, the actual velocity and acceleration can be determined using a central 
difference scheme. The model error is then computed by comparing the required input signal 
for the design model to follow the measured trajectory exactiy, with the actuaiiy applied input 
signal to the experimental system. 

However, the resulting Kalman filter gain is causing instability if it is implemented in the 
XY-table. The exact cause of this phenomenon is not clear. However, it should be emphasized 
that it is not proven that the implementation of the nonlinear sliding mode control laws 
combined with an ordinary Kalman filter yields stable controlled system dynamics. To realize 
stability, it is decided to detune the filter gain. It is then observed, that a Kalman filter design 
based on the comparison between the stiff XY-table model in equation (4.1) and the flexible 
XY-table in equation (EA) yields considerably better results; the resulting Kalman filter gain, 
that is actually determined by means of simulations, can be successfully applied in the 
experimental environment of the XY-table. 

Unfortunately, several efforts to design an extended Kalman filter for estimating not only 
positions and velocities, but accelerations as well, has not been successful. It is therefore 
decided, that in the application of the DSMC, the augmented state vector is estimated by a 
combination of the Kalman filter discussed above and the Luenberger observer discussed in 
section 4.3.4. The velocity estimate by the Kalman filter is then pretended to be the 
"measurable quantity" used in the Luenberger observer. 

53.2 Controller settings 

In chapter 2 it is discussed, that it is desirable for the eigenfrequency of the controlled system 
to be lower than the lowest unmodeled resonant mode, for instance one third of this 
eigenfrequency (see e.g. [SI). It is therefore conciuded from the left plot in figure 5.1, that 
the parameters with respect to the sliding surface definition in x-direction used in the 



5. Control of the XY-table: experiments 57 

simulations, can be maintained, concerning both CSMC and DSMC. From the discussion in 
section 5.2 it could be concluded, that the bandwidth of the error-dynamics in y-direction can 
be tuned up to realize higher tracking accuracy, since unmodeled dynamics is only to be 
expected in the neighbourhood of 220 [rad/§]. However, experiments with the circle trajectory 
of equation (4.4), applying the CTC in equation (4.12), show that instability in y-direction 
occurs if the pmpoïtional gain P is chosen such that the natural fïequency of the closed loop 
is laager than óû jradls]. So, it is decided to fix the bandwidth of the error-dynamics in y- 
direction at qZi = o,,,,~,, = 30 [radhl, see equations (4.6) and (4.9). 

In the case the CSMC scheme is applied in experiments with the same circle trajectory, it is 
observed that the boundary layer widths in both x- and y-direction have to be increased, to 
prevent high-frequency oscillations of the s-coordinate and the inputs u. The parameters 
and 4, are then set to 7.0e-2 [m/s], by which the bandwidth of the s-dynamics is lowered. 
Furthermore, to guarantee s, to stay inside the boundary layer, k, must be tuned up to 6 [m/s'] 
as a result of additional unmodeled dynamics (see section 5.2). 

In case of the DSMC scheme, the setting of the controller parameters in x-direction can be 
maintained. However, to fulfil requirement (4.5) with respect to the reaching time of the 
sliding surface s, = O, is set to 100 [m/s3]. As a result, 4, must be chosen larger: 4, = 1.0 
[m/s2]. To maintain the same quotient 12/+2, 1, is also raised: 1, = 10 [m/s2]. 

The controller settings used in the experiments are also listed in appendix B. Results of these 
experiments will be discussed in section 5.4. 

5.4 Experiments with circle trajectory 

In this section, results of experiments performed with the circle trajectory described by 
equation (4.4), will be presented. The sampling frequency f, is always 200 [Hz]. Robustness 
to unmodeled dynamics (for two different angular velocities) and parameter errors will be 
considered. 

In figure 5.2, the motor position errors in the second and third period are depicted, applying 
torsion spring number 4 (Ytominal" case, c, = 1.277 [Nm/rad]) andf, = 0.5 [Hz]. The most 
striking aspect is, that in contrast with the simulations, the performance of the DSMC is about 
the same as that by the CSMC and is in fact even better if tracking error RMS values in the 
third period are considered: 

CSMC RMS, = 0.413 RMS,, = 0.602 [mml 
DSMC RMS, = 0.369 RMS, = 0.508 Emml 

* 
* 

Apparently, in the experimental environment the modeling errors appear to dominate the 
discretization effects, from which the DSMC scheme is (compared with the CSMC scheme) 
suffering much more. 
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x-direction 
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solid = CSMC;/ dashed = DSMC 
figure 52: motor position errors for the different sliding mode controllers, f, = 0.5 [Mz] 

To investigate robustness to unmodeled dynamics, experiments are performed using different 
stiffnesses of torsion spring c,, Figure 5.3 shows both RMS values of motor position errors 
e, and estimated end-effector position errors (x-direction) for different parameters f,, Le., for 
different angular velocities. 
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figure 5.3: RMS values of position errors in x-direction, applying different torsion springs 



5. Control of the AY-table: experiments 59 

From the upper left plot it is concluded that the DSMC scheme is performing better for all 
torsion springs applied. However, both sliding mode controllers show equal robustness, since 
the steepness of the curves is approximately the same. Furthermore, the influence of low 
torsion stiffnesses on e ,  appears to be relatively small. Therefore, in the upper right plot the 
estimated end-effector position error in x-direction is depicted. This position x,, can be 
calculated from the measurable quantities y, ,  y ,  and X” as foliows: 

x”-x 
d 

x,, = x+- Y 

The DSMC is performing best for high stiffnesses, but for low stiffnesses the performance 
of both controller schemes is converging. If c, is decreased, the elastic deformation x”-x is 
increasing. The magnitude of this deformation is about the same for the different controllers; 
both schemes have in fact not been designed to minimize the estimated end-effector position 
error. Since for low stiffnesses the second term in the RHS of equation (5.1) is by far 
dominant, for small c, there is only a slight (not visible) difference between the RMS curves. 

In [6] it is observed, that the tracking performance for different torsion springs depends on 
the desired angular velocity. Therefore, the same experiments are carried out with exactly the 
same controller settings, but f, is now set to 0.25 [Hz], implying slower motion in the XY- 
plane. Note that in this case the performance of the CSMC is better than that by the DSMC. 
A perfectly sound explanation for this phenomenon has not been found. However, one 
possible explanation is, that the DSMC scheme is suffering from the relative large influence 
of discretization errors; further decrease off, does not substantially lower the tracking error 
in the experiments. Furthermore, during simulations (section 4.4) it was observed that a better 
acceleration estimate (or: measurement of the acceleration), resulting from the lower and 
better estimated speed, does not always imply better tracking performance! 

From the lower left plot it is concluded that at lower speeds the motor position error e ,  for 
the CSMC, is more affected by the value of c1 than in the case f, = 0.5 [Hz]. Probably, the 
influence of other modeling errors, such as inertia parameter errors and viscous damping 
parameter errors, is more dominant at high speeds. The robustness of the DSMC scheme to 
unmodeled dynamics appears to be somewhat better than that of the CSMC scheme, since the 
curve is relatively flat. From the lower right plot, this conclusion can not be drawn. Besides, 
note that for the lowest available stiffness, the estimated end-effector position error is 
approximately the same for bothf, = 0.5 [Hz] and f, = 0.25 [Hz], but it is emphasized that 
it is questionable if this spring is still behaving linear, since the deformation is quite large and 
moreover other unmodeled dynamics, such as backlash (due to imperfect clamping of the 
spring) also seems to play a role of importance. 

To investigate robustness to parameter errors, experiments are performed with different 
additional masses connected to the end-effector and f, = 0.5 [Hz]. To prevent instability in 
y-direction, the bandwidth of the error-dynamics concerning both controller schemes is 
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lowered: qZi = ( I )~ ,~~,~ = 20 [radhl, see equations (4.6) and (4.9). It is unlikely that the 
instability is caused by a lower unmodeled eigenfrequency arising from higher end-effector 
masses, since the expected eigenfrequency is still considerably higher than the bandwidth of 
the controlled system: studying a pulse response in y-direction with additional mass 1 [kg], 
unmodeled dynamics is only observed around 250 [radhl. A more reasonable explanation is, 
that the instability is caused by the estimation errors of the Kalman filter and the Luenberger 
O ~ S P ~ V P ~ .  Firtherm~re, in the CSMC scheme, the boundary layer width (62 should be raised 
to 1.4e-1 [m/s] to prevent high-frequency oscillations of the s-coordinate. 

In figure 5.4 results for the motor position errors in x- and y-direction are depicted. 
Experiments with additional masses larger than 1.2 [kg] cause instability and are therefore not 
paid attention to. This relatively small permissible additional mass is very disappointing, since 
good control for larger masses has been obtained, see for instance [2] and [4]. As is discussed 
above,’ the state estimation errors are a possible reason for these bad results. 
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figure 5.4: RMS values of motor position errors, varying the end-effector mass 

From both plots it is concluded that the DSMC is always performing better than the CSMC, 
at least in the area that is studied. Robustness of the controller schemes appears to be the 
same, since the steepness of the cumes is about the same. However, it should be emphasized 
that the experimental results are poor! 

5.5 Performing a torch burning task with the XY-table 

In modern industry, two dimensional robots like the XY-table are often used to perform tasks 
like torch burning or welding. In this section, a few experiments with the sliding mode 
controllers are carried out, pretending the XY-table is performing such a task. A mathematical 
description of the path to be followed is given in appendix G. The trajectory consists of 
several parts (figure GI), that all have to be tracked at the same constant speed vOg which is 
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a common requirement with respect to the tasks above-mentioned. The discontinuous velocity 
transition at the corner points is a disadvantage of this approach. 

As far as possible, the controller settings used in section 5.4 will be maintained, since tuning 
them all over again would be too time-consuming. Instead, it is only checked if the 
requirements on these parameter settings are fiilfilled and only brief attention will be paid to 
controller parameters that necessarii y have to be changed. 

The first problem to be tackled concerning the controller implementation, is related to the 
computed torque part i, incorporated in both the CSMC and the DSMC control laws. As a 
result of the incorrect Coulomb friction parameters, friction is overcompensated by which 
chattering in the input signals occurs in trajectory parts with zero desired velocity in one 
direction, i.e., parts 1, 2, 3, 5, 7, 9 and 10 of the desired trajectory (see appendix G). It is 
possible to avoid this problem by replacing the sign of the estimated velocity in the friction 
compensation by the sign of the desired velocity or to guarantee that friction is never 
overcompensated by decreasing the Coulomb friction parameters in t. Another possible 
method to avoid the chattering problem, is to repiace the sign-function in the friction 
compensation part by a saturation function in both x- and y-direction (see also equation (4.2)): 

x- direction: (Wi+ W,)sign(lE) -s> ( Wi+ W3)sat(lE,$fr,,d 
y- direction: W,sign@) * W,sat(j,+fr,J ( 5 4  

It is decided to implement the last method, since it seems to create the smallest additional 
modeling error if the whole traject is considered. The extra modeling error arising from this 
adjustment in i, should be "compensated" for by the gain matrices K. To keep this error 
relatively small, the parameters 4frT and 4fi,y should be taken as small as possible, while still 
avoiding chattering in the trajectory parts mentioned above. It is then observed that these 
parameters have to be chosen according to: 

CSMC: (pfrG = 1.0e-2; $fr,y = 1.5e-2 [m/sI 
DSMC: $frJ = 1.5e-2; +fr,y = 3.0e-2 [m/sI 

* 
* 

Note that in case of the DSMC application, the parameters have to be set higher than in the 
CSMC case, especially with respect to the y-direction. This is perhaps due to the more 
"aggressive" corrector term "mign(s)" in the DSMC scheme. 

The second implementation aspect to be considered, concerns the acceleration feedforward 
in both the CSMC and the DSMC. Although the desired accelerations at the corner points are 
infinitely large, yd is always set to zero at these points. 

Furthermore, in case of the DSMC, the controller parameter $, is raised to 2.0 [m/s2] to 
prevent steady state errors due to an eventual initial offset in the mean of the sliding 
coordinate (see section 2.4). The accompanying parameter 1, is then also set twice as high: 
1, = 20 [m/s3]]. Controller settings not explicitly discussed here, maintain the original values 
used in the experiments with the circle trajectory. 
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Figure 5.5 shows some experimental results with vo = 0.2 [m/s], applying torsion spring 4. 
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lower plots: solid = CSMC; dotted = DSMC; dashed = (desired output)/100 
figure 5.5: realized trajectories and tracking error, performing a torch burning task 

The upper plots show the realized paths, while the lower plots successively show the tracking 
errors in x- and y-direction. It is concluded that the CSMC is performing better than the 
DSMC, concerning this specific task. Note that, particularly in x-direction, the tracking error 
applying DSMC is higher than in case of CSMC, especially directly after a non-smooth 
change in direction has occured. In fact, at these time points an "initial" velocity error is 
created. The specific choice of the gain matrices K in both controller schemes then 
guarantees, that in the CSMC application the sliding surface is reached earlier, yielding 
smaller tracking errors. In y-direction, the performance of both controllers is about the same, 
at least if tracking error RMS values are the main criterion. 

It should be remarked that saturation of the control inputs sometimes occurs in x-direction 
directly after passing a corner point. Pf transient response directly after t = O is not considered, 
saturation of u1 occurs during 57 sample intervals (1.83% of the total lasting time of the 
experiment) in the CSMC scheme, while in the DSMC scheme saturation of u, occurs only 
in 3 sample intervals (0.096% of the total lasting time). 



5. Control of the XY-table: experiments 63 

Another remarkable phenomenon is the occurence of steady state tracking errors in parts of 
the trajectory when the desired velocity in the direction regarded is zero. This is caused by 
a non-zero mean of the s-coordinate, due to imperfect friction compensation, implying 
persistent disturbances in the RHS of the s-dynamics. Since these constant disturbances cannot 
be filtered out, they cause biased tracking errors. A possible remedy for this problem, is to 
provide the LHS of the s-dynamics with iiìtegral actiofi, see [9]. 

Finally, it is remarked that a C ï C  scheme with controller parameters with respect to the error- 
dynamics (see equation (4.13)) that are equivalent to those in the DSMC scheme, yields 
considerably worse tracking performance in both directions. 

5.6 Discussion 

In section 5.2 it is discussed that the dynamics of the real XY-table is much more complex 
than it is described in appendix E; various classes of additional modeling errors are present. 
From section 5.3.1 it is concluded that the design of the Kalman filter is not straightforward: 
the Kalman filter gain had to be detuned to guarantee stable controlled system dynamics. The 
exact cause of this problem is not clear. However, it is emphasized that it is not proven that 
a Kalman filter combined with a sliding mode controller always yields stability of the closed 
loop. Therefore, this is an important issue for future investigations. 

Experiments with a circle trajectory and variable torsion stiffnesses have been performed. It 
is concluded that the performance of the two different sliding mode controllers is considerably 
closer than it is observed during simulations, which is most likely a result from the dominance 
of the modeling errors over the discretization errors during the experiments. Furthermore, it 
is concluded that the performance of both controllers depends on the angular velocity of the 
desired trajectory; CSMC yields the best results if this velocity is low, while DSMC yields 
the best results if it is high. Unfortunately, from these experiments it is very difficult to draw 
an unambiguous conclusion on the robustness of the controllers, although the DSMC scheme 
seems to be slightly at an advantage. With respect to robustness to parameter variations, it is 
concluded that both controller schemes yield about the same results. Unfortunately, these 
results are poor, which may however not only be due to the controllers, but may more likely 
arise from imperfect state estimates by the Kalman filter and the Luenberger observer. 

Some experiments were performed for a completely different trajectory, pretending the XY- 
table is performing a torch burning task. Thereby it is observed that constant tracking errors 
occur due to persistent disturbances at the input of the s-dynamics. This problem may be 
solved, if the s-dynamics is provided with integral action, see [9]. 
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6. Conclusions and recommendations 

During this research, the robust tracking performance of the dynamical sliding mode controller 
has been investigated and compared with the traditional sliding mode controller with boundary 
layer modification. A discussion of the most important conclusions is given below. 

In chapter 2, we saw that theoretically stability of the DSMC can be proven in the presence 
of modeling errors, if the elements in the gain matrix K are chosen high enough (equation 
(2.63)). However, determining the gain is not straigthforward, since it strongly depends on 
the system input and the trajectory that is covered. Therefore, a more accurate design model 
is often necessary to obtain the proper controller parameters. Theoretically, asymptotically 
perfect tracking can be achieved in the application of the DSMC. Unfortunately, due to the 
discrete implementation this favourable property is lost. It was also observed that, compared 
to the CSMC approach, the filtering of high-frequency unmodeled dynamics can be carried 
out more effectively by the DSMC as a result of higher order error dynamics; the DSMC 
offers greater tuning capability. 

In chapter 3, the DSMC was applied to a simple mechanical system with unmodeled 
dynamics. Simulations have shown that the dynamical controller indeed produces considerably 
smoothed input signals. However, the realized tracking accuracy is an order of magnitude 
lower than that by the CSMC, apparently due to discretization effects and limited sampling 
rate. On the other hand, the DSMC appears to be less sensitive to variations in the amount 
of unmodeled dynamics, i.e., the DSMC seems to be the most robust. 

In chapter 4, simulations are performed with the XY-table. Again, the CSMC yields the best 
tracking performance in the presence of unmodeled dynamics, while the DSMC is the most 
robust. In the case of relatively large parameter errors, the DSMC sometimes even performs 
better than the CSMC and is, again, more robust. The tracking performance of the DSMC in 
x-direction is considerably improved if the sampling frequency is raised. However, the CSMC 
is still performing better, at least in the domain that is studied. 

From the experimental results in chapter 5, it is observed that the tracking performance of the 
CSMC and DSMC is approximately the same, which is in contrast with the simulation results. 
A possible explanation is, that during simulations discretization errors are dominant (from 
which the DSMC seems to suffer more than the CSMC), while during experiments physical 
modeling errors are the most dominant. It is also possible that the errors in the state estimate 
play an important role in the performance of the controllers. After the experiments it cannot 
be stated that robustness and performance realized with the DSMC scheme are better than 
those realized with the CSMC scheme. 
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In the previous chapters, we have seen that a lot of theoretical and practical problems still 
have to be tackled to successfully apply the DSMC. Therefore, the most important 
recommendations for further research are discussed below. 

It is recommendable to investigate if it is possible to derive a requirement on the gain matrix 
K, that is independent on the system input and the desired trajectory, bint is & dependent 
on known uncertainty boarnds, For it shouid not be necessary to extend the available design 
model just to determine the proper controller parameters, since this is contradictory to the 
fundamental goal of robust control, i.e., to control the system with the erroneous design model 
available for the controller design, while maintaining the required level of performance. 

The discrete implementation of the modified sliding mode observer, that is (at least during 
this research) used to estimate the immeasurable accelerations, is causing problems. However, 
a robust observer seems to be indispensable to successfully apply the DSMC, since the 
switchings of the control inputs should take place at the correct time. The design of a discrete 
robust observer, possibly a sliding mode observer, seems therefore worthwhile. 

Though the controllers are designed in continuous time, they are implemented as discrete time 
controllers. Therefore, tracking errors are not only caused by modeling errors, but also by 
discretization effects. The DSMC appears to be considerably more affected by those effects 
than the CSMC. It seems to be worthwhile to thoroughly investigate the exact influence of 
discretization errors on the tracking performance. It is also recommendable to pay attention 
to both the design of a discrete time DSMC and a discrete time CSMC: by doing this, a more 
honest comparison of robust performance for both controller schemes is possible. 

During simulations and experiments it is observed, that the chattering phenomenon in the 
input signal is not completely eliminated by the DSMC approach, due to the way in which 
the controller is implemented. If it is required or desirable that the input signal is smoother, 
the alternative controller implementations proposed in [22] could be investigated. 

In chapter 5 it is observed, that problems (instability) may arise if the state estimates 
generated by a Kalman filter (in the DSMC scheme combined with a Luenberger observer) 
are used in the sliding mode controllers. Therefore, an important issue for future research is 
to investigate if the design of both controller and observer could be done independently 
anyway and if stability of the closed loop system can theoretically be proven. In the design 
of the Kalman filter it is assumed that the system noise is white with zero mean. Practically, 
this condition is not fulfilled and therefore attention should be paid to the modeling of the 
coloured system noise. However, it is expected that an extended design model is needed. 

Furthermore, the DSMC could be compared with other advanced controllers, such as the 
second order sliding mode controller studied in [2].  Also the combination of the DSMC with 
an adaptive controller (to partly compensate for parameter errors), or the adaptive DSMC as 
discussed in 1191, could be investigated. 
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Appendix A. Conventional sliding mode observer design 

Let us consider the second order SISO system of equation (A.1): 

y = flx)+;l(xju 

with x = [xl=y ; %=y], y is available by measurement. 

The design model we have at our disposal is represented in (A.2): 

y = f(x)+6(x)u 

The most common known sliding mode observer structure is of the form (see [18]): 

with 3, = x,-$,. 

Thus, the conventional sliding mode observer differs from the one discussed in section 2.5, 
in the sense that it also contains a discontinuous term in the first equation of the set (A.3). 

The resulting estimation-error dynamics can be written: 

i, = -ylfl+z2- h,sign(z,) 
i, = -ygl- h,sign(X,)+ Af+ Abu 

Sliding behaviour is generated in the region: 

2, = o ; iz21 5 h, 

which shall be refered to as the "sliding patch" (figure A.1). The resulting estimation-error 
dynamics on the patch itself are: 
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Thus, on the sliding patch, X 2  can be viewed of as 
the output of a first order lowpass filter with 
break frequency &hl and input A caused by 
system uncertainties. If h, is chosen to fulfill: 

AZ 2 IAf+Abul (A.? 

it can be shown that trajectories once in the 
sliding patch remain in the patch and thus verify: 

If21 5 A, ( A 4  

In the case of the MSMO, h, is chosen to be zero, 
which, according to equation (A.8), implicates a 
zero estimation-error X 2 .  

1 

0.5 

NW 0 

-0.5 

................... i. ..... ........ 

....................................... 

..................................... / 
-1 
-0.1 O o. 1 

f l  

figure Ai: phase plane portrait of 
estimation-error dynamics; A = O! 

However, according to the authors of [Hl, there 
are two major reasons to impose a lower bound on h,: 

* Suppose that the measurement x, is corrupted with noise v = v(t). Furthermore, assume 
the spectrum of v to be zero for O 5 03 e OJ- [rad/s] and 03 > 03, [radhl. The rule of 
thumb proposed in [ B I ,  is to choose h, according to: 

3% h, 2 - 
0- 

In the presence of measurement: noise, the system cannot remain in a pure sliding 
mode. Instead, assuming that the noise is bounded by some constant v,,, the system will 
remain in the vicinity of the X2 axis of width v,. 

* In practice, the ratio h2/hl is limited by the sampling rate, i.e., the bandwidth of the 
dynamics on the sliding patch has to be smaller than the sampling frequency by a 
factor 2 or 3. Therefore, h, should fulfil equation (A.10): 

3 L  A, 2 L 
2nL 

(A.10) 

For a more profound sliding observer study, it is recommended to consult literature, e.g. [16], 
[I71 and 1181. 
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Appendix B. Controller/observer settings and constants 

Mass-Damper-Spring system: 

USMU: 
q, = 20 [rad/s] 
k =  16 [m/s2] 
$ = 0.1 

DSMC: 
mn,con = 18 [rad/s] 
5, = 13/18 [-I 
k = 135 [m/s3] 
1 = 20 [m/s3] 
4 = 1.Q [m/§2] 

MSMO: 
<l'n,obs = 25 [rad/s] 
cobs = 1.0 [-I 
h = 100 [m/s'] 

XY-table simulations: 

system parameters: 

r = 0.01 d = 1.0 1 = 1.25 [ml 
m, = 3.8 me = 2.3 my = 6.6 Ckgl 
J ,  = 1.824e-3 J3 = O J ,  = 6.142e-5 [kgm21 
W, = (2/3)*5.723e-l W, = (1/3)*5.723e-1 W, = 1.186e-1 [Nml 
D, = (2/3)*5e-3 D, = (1/3)*5e-3 D, = 8e-4 [Nmsl 
C, = 1.277 [Nm/rad] 

controller and observer parameters: 

CSMC: 
x-direction: 

%i = 12 [ radls ] 
k, = 6 [m/s2] 
$, = 2.5e-2 [m/sl 
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DSMC: 
x-direction: 

wn,con,i = 12 [radls] 

k, = 70 [m/s3] 
Lon,, = 1.0 [-I 

I, = 7.5 1m1s31 
- 4; = 0.75 [mls2] 

CTC: 
x-direction: 

PI = 144 F21 
D, = 24 Is-'] 

Euemberger observer: 
x-direction: 

(JJfl,&,i = 25 [ rad/s] 
L,,, = 1.0 1-1 

XY-table experiments: 

system parameters: 

controller settings: 

CSMC: 
x-direction: 

%i = 12 [rad/s] 
kl = 6 [m/s2] 
4, = 7.0e-2 [m/sl 

y-direction: 
'"n,con,2 - - 20 [radls] 
L n , 2  = 1.0 [-I 
4 = 65 [m/s3] 
1, = 7.5 [m1s3-j 

4, = a75 [mis'] 

y-direction: 

P2 = 400 [S"l 

D, = 40 Is-'] 

y -di rect ion: 
mn,ob~,2 = 25 [radls] 
Lh,, = 2.0 i-3 

y-direction: 
Y21 = 30 [rad/s] 
b = 6  [mis2] 

W S l  O2 = 7.0e-2 



73 Appendix B. Controllerlobserver settings and constants 

DSMC: 
x-direction: 

mn,con,i = 12 
5con,i = 1.0 

ll = 7.5 
41 = 0.75 

kl = 70 

y-direction: 
'"n,con,2 - - 30 
L,2 = 1.0 
4 = 100 
l2 = i0 
& = 1.0 

practically available torsion stiffnesses (identified values, see [24]): 

spring number: 
2 
3 

1 
8 

identified c1 [Nm/rad]: 
14.00 
3.158 
1.277 
0.7288 
0.8646 
0.5022 

calculated value = 213 [Nm/rad] ("rigid") 
caIculated vaIue = 0.19 [Nm/rad] 
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Appendix C .  
Implementation of the DSMC in the simulation scheme 

I ZOH I ;Zero Order Hold on input 

;eva..iate next observer 
state (ZOH on u and x): 

XY-table: discrete 

system-state (ODE45) 
M-D-S: ODE45 

;make a time step 
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Appendix D. Frequency domain study concerning SMC 

In figure D.l, powerspectra of some signals that play a role in sliding mode control are 
depicted. The spectra are related to the application of the CSMC and DSMC (with 
measurement of X) as discussed in section 3.4 and are generated for 0.5 [s] s t s 2.0 [SI, 
appiying a Hanning window. 

I 

I .y m 
w 
m 1 

loo 10- 
frequency [Hz] 

loo  10- 
frequency [Hz] 

loo 

10-5 

10 -lo 

0 
c) 

2 

Y a 

loo 10- 
frequency [Hz] 

ioo lo2 
frequency [Hz] 

solid: DSMC; dotted: CSMC; *: 2[Hz] and I1 [Hz] 

figure D.l: powerspectra of some signals 

The first plot shows the right hand side of the s-dynamics (see equations (2.34) and (2.72)). 
In both the CSMC and DSMC approach, the influence of the unmodeled dynamics at about 
11 [Hz] is visible. Also note the relatively large power density at about f, = 2 [Hz]. This is 
caused by the fact that the modeling errors also consists of components at f,, as can e.g. 
clearly be seen from equations (3.10) and (3.15). 
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Since the bandwidth of the s-dynamics with respect to CSMC is quite large (about 32 [Hz]), 
the s-coordinate still contains components due to the unmodeled dynamics. Though the s- 
dynamics in the application of the DSMC is expected not to be provided with filtering actions 
to low-frequency components, there appears to be no peak at li p] in the powerspectrum 
of s! However, since the controller is provided with the additional saturation term, a first 
order filtering action is created in the case Is1 < 4; the involved bandwidth of the s-dyaamics 
is then about 4 [dz], which is lower than the ünmodeied resonant mode. 

The powerspectra of the tracking errors are in both controller implementations arising from 
a lowpass filtering of the s-coordinate; a first order lowpass filter in the CSMC application 
and a second order lowpass filter in the DSMC approach. It is obvious, that the component 
at f, is the most dominant and the components due to the unmodeled resonant mode are 
largely rejected. 

With respect to the control input generated by the DSMC, a relatively large power density 
occurs at half the sampling frequency (as it does in the other signals), caused by slight 
chattering of the input force. 
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q =  

Appendix E. 
Model of the flexible XY-table and modeling errors 

- 
x= Y, IZ1 

x'/ n2 

y = y 2  ; n =  n2 ; u =  

- -  

The model of the flexible XI-table (see figure 4.1) can be written in the €ol!e;wing f ~ m :  

M(q)q+G(q,@q+Cq+n(q) = Hu ( E 4  

; H =  

with: 

- 
1 0  
O 1  

8 0  

c =  

TJI 

T2h 

O 
- 

Cl, 0 
o o 

O - 5, 

- 
- cl, 

O 

=11 

with: 

2 2 

m,, = Jl 

m13 = m3, = + y [ ~ ] - - + y [ + )  ' + m e [ j + 0 ]  

-+ms+-m 1 [ i) +me[$] 
r2  3 y d  

2 

J2 m22 = ,+m 
r2  

mZ3 = m32 = me[$] 
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n,  = -sign(i) wi 
r 

n2 = -sign@) 
r 

n3 = -sign(* ) 

w2 

w3 / /  

r 

- 
cll - - r2  

(numerical values can be found in appendix B) 

Note that the second term in equation (E.l) not only contains terms resulting from Coriolis 
and centripetal forces, but also terms with respect tot the viscous damping in the three degrees 
of freedom. Equation (E.l) can be rewritten in the following form: 

4 = -N(q)[G(q,4)4+Cq+ n(@]+N(q)Hu (E.? 

with: N(q) = M-l(q) 



Avvettdix E. Model of the flexible Xï-table and modelhg errors 79 

Selecting the first two equations of motion in the set given by (E.7,  yields the flexible XY- 
table model in the form according to equation (2.7): 

with: 

x (see equation (4.2)) 

X’ 
x* = [ 

and: 

3 3 3 

3 3 3 

& = - ZN,;(Zg,qj+c,.q)- ZN,,ni 
i-1 j-1 i- 1 

(E.10) 

When equation (E.8) and (4.1) are compared, it is evident that the modeling errors can be 
defined according to equation (2.10): 

Af, = f1-t ; Af2 = f,-& (E.ll) 
Ab,, = hl,-b,, ; Ab,, = Ab2l = b,, ; Ab,, = b,,-b,, 

Whether the modeling errors AB satisfy equation (2.12) or not, is predicted by calculating the 
maximal errors in the worst case. It is then concluded that equation (2.12) is indeed amply 
fulfilled in situations that may be expected in practice. Besides, during the simulations 
equation (2.12) is always checked. 
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Appendix F. 
Handling of Coulomb friction in controller/observer design 

Consider the i ~ p ~ t - ~ ~ t p i r t  relations of the design mode! and the rea! system: 

design model: y(") = i(x)+B(x)u 
real system: y(") = f(x*)+B(x*)u 

The basic idea is to split off the Coulomb friction (or otherwise discontinuous) parts in (F.l) 
by introduction of the vectors d and d: 

design model: y(") = ^f"(x)+d(x)+B(x)u 

e Y'") = f (X*)+d(X)+Ad(x*)+B(x*)u 

real system: y(") = P(x*)+d(x*)+B(x*)u (F.2) 
AV 

Both ^f" and fv are smooth vector-functions, which can be differentiated at least once. The 
Coulomb friction parts are now "absorbed" in the control signals u: 

design model: y(") = s"(x)+B(x)uv (F.3) 
real system: y(") = fV(x*)+w(x*)+B(x*)uV 

with: 

U' = u+B-'(x)~(x) ; w(x*) = Ad(x*)-AB(x*)B-'(x)d(x) (F.4) 

Both the DSMC and the MSMO are designed using equation (F.3) instead of (F.l), thereby 
circumventing implementation problems due to infinite time derivatives caused by Coulomb 
friction terms. The control law (2.53) is thus rewritten as: 

UV+B * -'* Buv = B-'[y(,"")-~-ep-Ksign(s)-Lsat(s,~)] ; u(t=O) = u,, (F.5) 

The observer in equation (2.79) is now represented by: 
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Attractiveness of the sliding surfaces is guaranteed if the elements in the gain matrix K are 
chosen high enough. An expression analogous to the one in equation (2.63) could be used to 
find these gains. Note that the term w in equation (F.3) can be thought of as a representation 
of uncertainties with respect to Coulomb friction. In order to guarantee robustness to these 
uncertainties, equation (2.63) should be augmented with terms I&,]. Differentiating the 
expression for w iiì equation (FA) once, yields: 

A-12 d A.1A d - - I  
W = Ad-ABB d-(-AB)B d-AB(-B )d 

dt dt 

Since the derivatives of d and Ad partly consist of impulses at times the velocity changes its 
sign, infinite high gains ki may result applying equation (2.63). However, since these effects 
are lasting that brief, it is assumed that neglecting them will have no negative effect on the 
attractiveness of the sliding surfaces. The influence of pulses in the calculation of the gains 
is therefore completely disregarded. 
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2 

3 

Appendix G. Desired trajectory in section 5.5 

0.35 -0.25+~,( t-te,) 

O.35-Vo(t-ta 0.0 

The desired trajectory with respect to the torch burning task performed by the XY-table is 

6 

7 

8 

9 

depicted in figure G.l. 

0. iscos( 0)6( t-te5)) 0.25-0.15sin(06(t-t,)) 

-o. 15-Vo(t-t,) 0.25 

-0.35+~,( t-ta) 0.25-vY4( t-tJ 

-0.15-VO(f-t,) 0.0 

0.2 

U 'E' 
O 

-1 
W' 
h 

-0.2 

figure G.l: desired trajectory, performing torch burning task 

This traject is divided in ten parts, which are mathematically desribed in table G.l: 

traject I Ydl I Ydz 

1 I -O.35+Vot I -0.25 

I--- I I 

II 10 I -0.35 I -vo(t-teg) 

table G.l: desired trajectories 
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with: 

and: 

vo =0.20 
= vdO.15 

v x4 = (4/J41)vo 

vy, = (54 I- 41 )Yo 

t = 0.7/v0 
e1 

e, e2 

e5 e4 

t = t +0.2/v0 
t = t +0.2/v0 
te, = te6+0.2/v0 
t = t +0.2/v0 
e9 es 

t = t +0.25/v0 
t = t +0.2/v 
e2 e1 

e4 e3 *4 

t = t +0.2/vx4 
es e7 

e10 e9 
t = t +0.25/v0 
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