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Abstract 
Background  
Almost all patients on the ICU (Intensive Care Unit) receive continuous intra-venous infusion therapy. 

Due to limited vascular access and infection risks, multiple pharmaceuticals are administered through 

one catheter (multi-infusion). A multi-infusion setup typically consists of many interconnected 

components such as tubing, stopcocks, syringes, a catheter, and multiple infusion pumps. During 

drug delivery, the infusion components interact with each other depending on their mechanical 

compliance, resistance, height differences between components and their internal volumes. These 

interactions often result in counter-intuitive drug concentration deviations (dosing errors) that may 

lead to clinically relevant adverse events. In this study we will systematically measure the influence 

of each separate physical parameter on the drug concentration variability. The measurement results 

will be compared to a newly developed analytical model, which will be used to obtain a better 

understanding of the flow dynamics inside a multi-infusion system. 
Methods 
A fully analytical model was developed to simulate multi-infusion drug delivery resulting from an 

arbitrary number infusion pumps. In our model, we used Mathematica (Wolfram Inc.) software to 

derive generic analytical expressions, based on the commonly used Laplace-transform with a 

combination of integral transforms in order to accommodate the combination of different drugs at 

the same time. To check our predictions, we systematically and individually changed the compliance, 

the resistance, and changes in flow rate set points in a typical multi-infusion setup, within realistic 

boundaries. Subsequently, real-time, inline, in vitro, absorption spectrometry was used to measure 

the resulting concentration outflow variability.  
Results 
The two main underlying principles of multi-infusion are compliance and internal- or dead-volume. 

Both the experiments and the model show that the influence of compliance together with resistance 

results in deviations opposite to the direction of the set point value. The deviations for a typical 

multi-infusion setup are in the order 0.05 ml, which can be clinically relevant in certain situations. 

Conversely, the shared internal volume between connected pumps causes deviations in the same 

direction as the set point value. For a typical multi-infusion set-up these deviations are also in the 

order of 0.05ml. 

If the flow rate of a syringe pumps is changed, the new set point will be reached with a significant 

delay, which is 200 seconds for a 50 ml syringe. Together with a typical infusion line, this leads to a 

delay to first drop delivery of over 1000 seconds.   
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1. General  Introduction 

 

1.1 Introduction 

 

Infusion is a very common way to administer drugs to patient. In the US  [1] an estimated 90% of all 

hospitalized patients have received some form of infusion. The main advantage of infusion systems is 

its ability to continuously administrate drugs in order to keep the patient’s vital functions  such as 

blood pressure and sedation level  constant. When using infusion, the drugs can be administered 

directly into the veins of the patient. Inserting an intravenous catheter can lead to infections, which 

can lead to serious complications [2],[3] .Therefore, the number of insertion sites is usually kept at a 

minimum, and more than one drug is administered over a single catheter. This is called multi-

infusion.   

A commonly used infusion pump is the syringe pump.  Syringe pumps can cover a relatively large 

range of flow rates, from very low (0.1 ml/h) up to very high (1800 ml/hour). Especially their 

capability of infusing low flow rates makes the syringe pump a popular tool for the for the Neonatal 

Intensive Care Unit (NICU). Where flow rates are limited  because the small neonates can only handle 

a restricted fluid intake [4] Low flow rates, which can be as low as 0.1 ml/h,  also means that the 

drugs that are used are often very concentrated, and correct fluid administration is essential for good 

patient care. 

However, correct fluid administration in intravenous therapy is difficult, ranking it among the most 

probable causes of medical errors[5]. Many of the errors in drug administration are due to human  

mistakes [5], [6]. However, there are also technical causes for the dosing errors. This thesis aims to 

describes these technical causes. 

1.2 Known technical sources of dosing errors 

 

The literature on technical sources of dosing errors is extensive, and a lot dangers have been 

recognized for multi-infusion. However, a study conducted by Timmerman et al. [7] shows that 

deviations in drug dosing mainly  caused by three physical parameters: the  resistance, internal 

volume, and the compliance of the components in a system.  

The (mechanical) compliance is the amount of expansion a component undergoes when a pressure is 

exerted on it. Due to the expansion, extra fluid that otherwise should have entered the patient can 

be stored inside the infusion system. Thus a higher compliance leads to longer startup times.  

Almost all components that are used in the hospital are compliant, however one of the main sources 

is the syringe. When pressure is exerted on the syringe, it will extend in the radial direction, and an 

volume under the plunger filled with air will compress. Both these effects cause the flow rate to not 

change immediately and reach it intended set flow rate. [8], [9], found that the syringe size has 

significant effect on the time it takes a syringe pump to reach  its intended flow rate, the start-up 

time. The larger the syringe, the longer it takes to reach the flow rate set point. Start-up times of 
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over an hour have frequently been reported. Such start-up times can cause serious clinical problems 

[10] 

Apart from the syringe, the syringe pumps themselves are also compliant. In a study conducted by 

Neff et al. [11], it is shown that there is a significant difference in startup times between different 

types of pumps where the time to steady flow range from 19.6+- 9.3 minutes to 76.3 +- 29.0 minutes. 

Infusion lines are also compliant. Weiss et al. [12] showed that the startup time can significantly 

increase when the syringe is connected to an infusion line. However, for one brand of infusion lines, 

the startup time did not change significantly.     

Another relevant source of compliance are air bubbles, that can be trapped in the infusion system. 

Air bubbles can cause major complications when they enter the patient via the catheter. Syringes are 

therefore prepared with as little air as possible. Still, when the infusion lines or syringes of an 

infusion are replaced, it is possible that air might enter the system. Air bubbles increase the startup 

time of the system as shown by [13], and he concludes that air bubbles can significantly increase the 

syringe compliance. 

The resistance of the system can be estimated by using the Hagen-Poiseuille relation, because for 

these flow rates the flow can be considered to be laminar. The resistance mainly depends on the 

diameter, and the components with the smallest diameter will provide the highest resistance. In an 

infusion setup the most resistive component is the catheter [14] especially on the NICU, where 

catheters can have  an inner diameter of 0.3 mm [15]. 

The third major source of drug deviation is called the dead or internal volume. This volume is the 

volume filled from mixing point to end of the catheter. After a change is made at the mixing point, 

the fluid first has to travel a certain distance before it reaches the catheter and then it has to pass 

through the catheter to reach the patient. This takes time, which delays the intended administration. 

Not only does the internal volume delay fluid administration, but when the total flow rate is 

increased, unwanted boluses can also be given to the patient [4] ,[16] This is called the dead volume 

effect, and will be explained later on. After the mixing point there is no control over the drug 

concentration ratio directly. If a pump’s flow rate is increased the internal volume will be flushed at a 

higher flow rate as well. If this is not accounted for, this can lead to a unwanted and clinically 

dangerous bolus of drugs to the patient.  

A last source of drug deviations is changes in pressure due to height changes. In clinical practice it is 

often necessary to change the height of certain parts of the system, because otherwise the staff 

cannot reach it properly. This creates a difference in the pressure gradient, and has been shown to 

lead to unintended flow. [17][18] [19] [20]  

 

 

1.3 Current state of affairs and solutions 

 

The use of multi-infusion is very diverse, which makes finding general solutions to the sources of 

dosing errors very difficult. Still, some ideas have been put forward on almost all fronts. 
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The authors of [8][9][21] agree that smaller syringes have better start up times, and they suggest to 

use the smallest syringe possible. However, small syringes can obviously contain less fluid than a 

large syringe. Thus it will have to be replaced more often. Replacing a syringe is a risky operation, 

because the pressure will temporarily drop significantly, and flow will have to reach the set value 

again. Besides, replacing any component  can lead to infections [22].  

The dead volume can also not always be made smaller than it already is. The system needs to have a 

certain flexibility, because the patient has to be able to move. To minimize the delays for potent drug 

administration, the syringe with the lowest flow rate is placed at the connection site closest to the 

catheter. One device test by Foinard et al. [23]  has a multi-lumen infusion line that can join up to 

nine different flows at the catheter. With this device, the dead volume is drastically decreased, and 

variations in the potent drug (noradrenaline) were four times faster than a standard infusion set-up. 

However, Foinard et al. [23] did not see any significant difference in the initial start-up times.  

Some hospitals use inline filters with an air valve which will make sure air bubbles do not enter the 

patient. The filter is also used to rid the infusion fluid of any unwanted particles and micro-organisms 

[24]. In [25], Collin et al. found that an inline Millipore filter did not reduce the chance of 

thrombophlebitis or bacterial contamination, and that did reduce flow rates and had frequent 

episodes of filter blockage. Still filter blockage can be a good thing, because the filter has prevented 

large particles from reaching the patient. Because of the unclear advantages and disadvantages of 

filters, the use of filters differs per hospital. In most hospitals filters are used.  

The newly designed components give clinicians better and safer tools for drug administration. With 

the introduction of alarms the system also provides the clinicians with data on the infusion system. 

However, without an understanding of the fluid dynamics, the data is often hard to interpret. Philip 

et al. offered a description of the infusion system and the human body [14],[26] . He showed that  

the pressure inside the system is linear with the flow rate, and that the resistance is constant. His 

model assumed the driving force to be a gravitational pump, which has no compliance. Therefore he 

did not try to model startup times, or flow fluctuations. Lovich used a well-mixed and a plug flow 

model to predict the effects of changing the flow rate of one of the pumps [27].  His computations 

illustrate that the dead volume may contain a large mass of drug, that can lead to  inadvertent 

boluses, and that after a change in flow rate a significant lag is possible before drug delivery achieves 

steady sate. Murphy used electrical equivalent circuits to model the interaction of the compliance of 

different syringes [28].  

Parker et al. [29] developed algorithms based on mathematical models that can be used to reduce 

the delivery delay during infusion initiation and control changes in steady-state infusions. The 

algorithms predict the drug concentrations in the infusion lines by solving the equations that 

describe Taylor dispersion numerically. The pumps are subsequently set to a user defined maximum 

flow rate and then gradually ramped down as the correct concentration will be reached. Compared 

with conventional methods, algorithm-based computer control of drug flows can improve the drug 

delivery. However the model assumes that during steady state the compliance is not a significant 

effect anymore. Also, the startup times are decreased by setting a carrier flow, which does not 

contain potent drugs, to a maximum value to carry the drug to the patient faster. Due to the limited 

volume intake of neonates this algorithm might not be applicable to the NICU.  
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1.4 Goal of this research 

 

Despite all the developments both in components and computer models and algorithms, infusion can 

still lead to counter-intuitive dosing errors. So far, most studies are case studies which can indicate 

where problems in multi-infusion can possibly arise, but they can not quantitatively predict flow rate 

deviations for a  generic setup. The main objective of this study is to qualitatively and quantitatively 

describe and predict the drug delivery for a multi-infusion set up. In order to make this predictions  it 

is necessary to gain basic understanding of the principles at work in a multi-infusion setup. 

In this research we will propose a new method of modeling fluid flow inside a typical multi-infusion 

set up. The model will be an analytical model, so that we can analyze the dependencies of the 

different factors on the flow rate. Also, by choosing the analytical approach the end result will be a 

simple mathematical formula, which can be evaluated very fast. Such results can then easily be used 

for graphical representation of what is going on inside the infusion lines right now, but also what is 

going to happen when certain changes are being made. These visual representations are very helpful 

for clinical decision support. 

By systematically changing parameters of an in-vitro multi- infusion setup we evaluated their 

influence on drug delivery. We will compare the measurements to the predictions made by our 

model, and validate the model in this way.  

  



9 

 

 

2. Multi infusion 

2.1 A multi-infusion setup 

 

Multi-infusion setups are used to administer drugs in many different applications and situations.  

Some of these applications require the administration of a large amount of fluid as soon as possible, 

whereas in other applications small amounts of fluid need to be administered continuously and very 

precisely. To cope with the different demands, components can be added to or removed from a multi 

infusion setup. The types of components found in a typical setup are (see figure 2.1) : 

1. Syringe pumps with syringe 

2. Check valves 

3. Mixing components 

4. Inline-filters 

5. Catheters 

 

 

 

Figure 2. 1: A typical multi infusion setup. 

The driving force for the flow is provided by the syringe pumps (figure 2.1 1). The syringe pump 

presses against the plunger of the syringe to administer fluid to the patient. Each syringe contains 

only one drug, so for a multi-infusion setup multiple syringe pumps are needed.  The number of 

syringe pump depends on the specific therapy needs. Two or three pumps is common, but up to ten 

pumps can be used simultaneously. The difference in flow rate between the pumps can be large.  On 
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the NICU and the ICU a flow in the order of 10ml/h is used to administer nutrition to the patient. Any 

other medications is set to a lower flow rate from 0.1 ml/h to several ml/h. The syringe pumps are 

usually stacked onto each other, and the pump that administers the lowest flow rate is placed high 

up in the stack. This way that pump does not have to overcome gravitational pressure. 

Most infusion setups have check valves installed at various locations, but mostly just after the 

syringes. Check valves allow flow in one direction only and require an overpressure to open.  Without 

the check valves fluid from other parts of the system can enter the syringe instead of flowing to the 

patient.  The opening pressure prevents unwanted fluid administration if there is a height difference 

between patient and syringe.  

The flows from the different syringes will come together in the mixing point (figure 2.1 3) and from 

thereon continue via the central line to the patient. The fluid flowing at the highest flow rate carry 

the other medication through the central line and can be seen as the carrier flow. 

The most basic mixing component is an infusion manifold (shown in figure 2.1 3). A manifold  is a 

tube with different connection sites to the central line. Connection site can be opened or closed 

individually. The manifold is only a connection piece, which ensures flexibility since any component 

can be connected to it. However, some hospitals prefer a one-piece infusion set, because it 

decreases the risk of infections. A typical example of such an infusion set is shown in figure 2.2. In 

this set, all components that are necessary for the treatment are available, such as filters and check 

valves, but it is more difficult to replace or add components. 

 

 

Figure 2.2: A connection pieces that contains all the components necessary for correct drug administration.  

In both the manifold and the infusion set, the carrier flow is connected at the connection point that is 

the furthest away from the patient.  The more potent drugs run at a lower flow rate and are 

connected closer to the patient in order to reduce travel time (figure 2.1  2 and 3). After the 

connection point of the potent drugs, a filter can be used to remove any unwanted particles and air 

bubbles from the solution. If the patient also receives intra-lipid solutions these will clog standard 

filters, so they are connected after the filter (connection site C3). The intra-lipid solution can be 

filtered separately by a special filter with larger openings.   
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Just before the entry point into the patient there is often an emergency connection site (figure 2.1). 

At this site drugs can be administered in case of an emergency.  

Finally the flow will enter the patient via a catheter (figure 1 c). Catheters can have one or more 

separated tubes inside, called lumen.  Figure 2.3 shows an example of a double lumen catheter. It 

also shows that the lumen do not have to be of the same size. A multi-lumen catheter offers more 

control over drugs administration, because drugs can be administered through different lumen 

independently. However, the extra control is limited because each lumen requires a minimum flow, 

otherwise blood can flow out of the patient and clot inside the catheter.  

 

 

 

Figure 2.3: A double lumen catheter. Each lumen can be accessed independently. The lumen do not have to have the 

same diameter. 

 

2.2 A typical medication scheme 

 

The amount of required drug administration per time for each patient is described in a medication 

scheme. One of the objectives of the drug administration is to stabilize the vital signs of the patient. 

These vital signs, such as blood pressure and heart rate, are monitored, and used as feedback to 

adjust the medication scheme if necessary. In some situation this means altering the dose of 

medications frequently. For example, on the NICU, blood samples of neonates are checked at least 

once a day. On basis of the blood samples the medication administration might be altered. Especially 

the nutrition administration can vary greatly from day to day. The administration rates of the critical 

medication can vary as well although because of their relative low flow rates, this has little effect on 

the overall flow rates flowing through the system.  

Even when the medication scheme for a patient does not change the infusion setup needs to be 

changed regularly. The one of the largest syringe has a volume of about 50 ml, so with a flow rate of 
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10 ml/h, the syringe needs to be replaced every 5 hours.  Syringes are also replaced every 48 hours 

as an precaution, because drug solution can deteriorate quickly in the warm environment of the 

NICU and ICU. Once every 96 hours all components (except the catheter) are changed because of the 

deterioration of the infusion components. An identical infusion system is placed next to the old one 

and turned on, so it will fil with the drugs in the correct concentration ratios. The infusion systems 

are then swapped in one quick action.  
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3. Problem formulation 

 

3.1 Drug administration 

 

For each patient, the amount of drug that needs to be administered over a certain time is specified in 

a medication scheme. Via the concentration of the stock solution the amount of drug is converted to 

a set point for the flow rate. The set point of the syringe pumps is determined such that if all flow is 

administered to the patient, the correct dose is administered: 

drugs	to	patient	�	flow	rates	of	pumps	�	concentration	of	syringes  (3.1) 

This equation is a conservation law. It is sound reasoning, and eventually equation (3.1) will always 

hold. However, there are two assumptions made in the above formulation. First it is assumed that 

there is no flow stored inside the system, what goes in goes out again. Secondly, the actual delivery 

of a drug is the concentration of this drug in the infusion line just in front of the patient multiplied by 

the flow rate. In formula form the assumptions look like: 

∑ Flow	Rate	of	Pump� � 	Flow	Rate	into	the	Patient����   (3.2) 

 

Drug	Concentration	into	Central	line	!"#	�	Drug	Concentrations	into	Patient	!"# (3.3) 

First, in equation (3.2) it assumed that all elements in the multi-infusion setup are infinitely stiff, and 

have no mechanical compliance at all. Secondly, in equation (3.3) it is assumed that the drug 

concentration at the patient end of the central line is equal to the syringe end of the central line. It 

turns out that these two assumptions can be false in certain situations and lead to dosing errors. A 

correct formulation would be: 

∑ Flow	Rate	of	Pump� � 	Flow	Rate	into	the	Patient	-	Mechanical	Compliance	Effects����   (3.4) 

Drug	Concentration	into	Central	line	!" ' (#	�	Drug	Concentrations	into	Patient	!"# (3.5) 

Where the mechanical compliance is the ability to store fluid in the system, and T is an unknown time 

delay that depends on the history of the flow rates inside the central line.  

In order to perform correct medical care, it is necessary to give the right amount of drugs to a 

patient. If we want to know how many drugs we are giving to patients, we need to know we what the 

concentration is inside the infusion lines, and how much of the drug is stored inside the system. The 

flow rates of the pumps are the only variable we have direct control over. Our model will  focus on 

predicting the delay effects, and compliance effects, so we can give a estimation of the administered 

drugs to the patient.   

Flow rates can be described with pressure differences and resistance to flow. Together with the 

parameters of drug concentration in the infusion, and storage of drug in the system these will 

describe the drug delivery to the patient. Syringe pumps regulate their flow output by measuring the 

displacement of the plunger as a function of time. They can be considered to be ideal sources of 
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flow, because they will reach the set point no matter the resistance of the system. We expect the 

drug delivery to the patient then eventually to be simply as stated in equation (3.1). However if we 

change the flow settings of the system, the concentration ratio of drugs in the infusion line will 

change, and some flow will get stored. It is at these changes of flow rate where unintentional and 

sometimes counter intuitive flows will occur. As a result, the patient will not receive the intended 

dose of drug during a period of time. If we want to describe the dosing error we first need to look at 

their causes.  

3.2 The cause of dosing errors 

 

Dosing errors in a medication scheme can be contributed to  an unwanted concentration of drugs in 

the infusion line and drugs not flowing to the patient but getting stored inside the system. These are 

two different effects, which we will call the dead volume effect and the compliance effect. 

3.2.1 Dead volume effect   

 

The concentration of a drug x inside the central infusion line, just after the mixing point can be 

described as follows: 

)*!"# � )+ ,-!.#,/0/!.# �	)+1*!"# (3.6) 

 

Where C0 is the concentration of drug x in syringe x, and Rx(t) is the flow rate coming out of syringe x 

(Qx) divided by the total flow rate (Qtot). The drug mass flow to the patient is the concentration of 

drug x just before the end of the catheter, times the total flow rate.  

2*!"# � )345*!"#6.7.!"# (3.7) 

 

Where Cend,x is the concentration of drug x in the infusion line just before the drugs enter the patient.  

Just like Cx(t) Cend,x (t) depends on Rx. However, Cx(t) does not have to be a constant function over the 

distance of the infusion line. If Rx changes over time, it will take some time before the new Cx reaches 

the patient. The total flow rate Qtot does change instantly over the whole system due to 

incompressibility of the fluids. The drug delivery to the patient can be rewritten in parameters that 

can be controlled by the user: 

 2*!"# � 	)+ ,-!.89#,/0/!.89# 	6.7.!"# (3.8) 

In equation (3.2.3) T  is the time delay introduced by the central line. For example, if we have two 

syringe pumps both flowing at 1 ml/h we expect to see both contents being administered at 1 ml/h if 

we look at the end of the infusion line (see figure 3.2.1). If the set point of one of the pumps is 

increased, for instance pump 2 is set to 5 ml/h, the total flow will be 6 ml/h. However, the infusion 

line is still filled with the old ratio of flow rates, C(t-T). Therefore the contents of both syringes are 

administered at 3 ml/h, as shown in figure 3.2.2. If pump 1 is raised in set point, then drug 1 will be 
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administered at a lower dose than expected. For the pump with a fixed set point, the dose will be 

higher than expected. The effects are temporary, after a time T the concentration of the drugs is 

constant over the infusion line, and the drug administration is as expected from the set points of the 

syringe pumps.   

 

 

 

Figure 3.1: Two syringe pumps flowing at 1 ml/h (left). On the right a 

graph of the output of flow measured at the end of the infusion line.   

 

 

               

 

 

Figure 3.2: Two syringe pumps. Now one pump is flow at 1 ml/h and 

one pump is set at 5 ml/h, after both being set at 1 ml/h.  On the 

right a graph of the output we measure as a function of time. First  

 

 

 

3.2.2 Compliance effects 

 

From equation 3.1.2, fluid being stored inside the system instead of being administered to the 

patient is another cause of dosing erorrs.  Some components in an infusion setup are flexible and 

expand when the internal pressure increases. The change of volume per pressure change is called 

compliance. 

  (3.9) 
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Where ∆V is the change in volume V, ∆P the change in pressure P, and C the compliance. Due to 

compliance the stored volume can increase or decrease when the pressure inside the system is 

changed, for example when flow rates are changed. The compliance of the components is constant, 

so when the pressure is increased, more fluid is stored in the system, if the pressure is decreased, 

some of the stored fluid inside the system will be administered to the patient. 

Compliance effects always present themselves as delays in changes in pressure and flow rates, see 

figure 3.2.2.1. In this figure we see that the flow rate is changed at t1. The pump is pushing at the 

plunger with a larger force, and the pressure inside the syringe increases. Due this pressure increase, 

the syringe will start to expand, and fluid will flow into the extra volume. The force counteracting the 

expansion will increase as the syringe continuous to expand. At some point equilibrium is reached, 

and the syringe will administer fluids at the new set point. Between these two stages there is a 

transition phase.  

Since the compliance is linked to pressure, it is indirectly linked to the resistance of the rest of the 

system. If there is a large resistance to flow there will be a high internal pressure in the system. The 

same change in flow rate means a larger change in pressure for a system with a higher resistance, 

and a larger volume of fluids will be stored. Internal pressure can also be changed by changing the 

height of parts of the system. When one pump is raised in height, the pressure at the mixing point 

will increase, and other components will expand.  

 

 

 

Figure 3.3: The compliance effect. A syringe is pumping fluid in the direction of the arrows. If the flow rate is increased, 

the pressure in the system will also increase. Due to this pressure,  components can expand, and thus store extra fluid. 

The flow rate increase is therefore delayed.  
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4. Description of the flow 
 

Flow rates in multi infusion can be described by the parameters: pressure drops, resistance, 

compliance and dead volume. Parameters such as resistance depend the flow regime, so we need to 

see what regime is applicable in the multi infusion setup.  

4.1 The flow Regime  

 

Characteristics of multi-infusion 

The typical flow rates that are used in multi infusion on the NICU are between 0.1 and 15 ml/h. Since 

the normal infusion line have a diameter of about 1 millimetre this means that the typical flow 

velocities are 0.16 up to 4.77 m/h. The viscosity of drugs can vary, however most common drugs 

have a viscosity close to that of water. Even a solution of 10% glucose has a viscosity of 1.178E-3 

Ns/m
2
, which is close to the viscosity of water (1E-3 Ns/m

2
)[30].  

 

The flow profile 

The flow profile is determined by the Reynolds numbers: 

1: � 	;	<=     (4.1) 

This number relates the flow velocity U and length scale L to the kinematic viscosity ν. Infusion lines 

are cylindrical tubes so the length scale is the diameter of the tube. Now we can rewrite the Reynolds 

number to: 

1: � 	 ,	>?@> AB CD= �	 E	,?>	=     (4.2) 

In this equation Q is the flow rate, D the diameter of the infusion line. On the NICU we assume a fluid 

with the viscosity of water to flow at a maximum rate of 15 ml/h through a tube with diameter of 1 

millimetre. In this situation the Reynolds number is equal to 5.3. So, even for the highest flow rates 

the Reynolds number is still well in the regime of laminar flow: laminar flow breaks at Re = 2100. We 

conclude that the flow profile is laminar, and linear. For applications outside of the NICU, flow rates 

of 1000 ml/h can be used. In this case the Reynolds number increases to 353, so for these 

applications there is still laminar flow.  

Diffusion 

Most fluids that are administered in infusion setups are solutions of molecules dissolved in water-like 

substances. The flow rate of these particles can be due to advection and diffusion. The Péclet 

number is the number that relates these two flows.  
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F: � 	 <	;>G     (4.3) 

Where L is the length scale of the system, U the typical velocity, and Df  the diffusion coefficient.  

Advection will be weak for the low velocities, so the lowest Péclet number is found at a velocity of 

0.16 m/h. The length scale is  the length of an infusion line, in the order of 2 meter. Gerhardt et 

al.[Gerhardt]  found that commonly used drugs have a diffusion coefficient  in the order of 1 * 10
-6

  

cm
2
/s or 1*10

-10
 m

2
/s. The Péclet number is then equal to: (0.16/3600 * 2)/ 1*10

-10
 = 8 *10

5
. In other 

words, advection is more than 10,000 times stronger than diffusion in the axial direction.   

Diffusion is a random process, and there is also be diffusion in de the radial direction. The Péclet 

number in this direction is 0, because there is no radial flow. Since there is only movement by 

diffusion we can calculate the average travelled distance: 

    〈IA〉 � 6	2"    (4.4) 

Where x is the travelled distance. If x is equal to the radius of the infusion line, the concentration in 

the radial direction is constant. Using equation (4.4), we find that this will take about 200 seconds. 

With a flow rate of 15 ml/h it takes about 0.1 hour or 360 seconds to flush an infusion line of 2 meter 

(1.5 ml of internal volume). Thus the flow will be well mixed in the radial direction once it reaches the 

end of the infusion line.  

Entrance length 

A flow that is pumped into a tube will need space to reach a stable profile, called the entrance 

length. The entrance length depends on the Reynolds number, and the diameter of the tube: 

MEntrance 	� 	0.05	1:	2		
In our situation this means the entrances length is 0.05* 5.3 = 0.26 D = 0.26 mm. In other words, the 

flow can be considered to be fully developed in almost all of the infusion system.  

 

4.2 The flow parameters of the components 

 

Each component used in the multi-infusion setup will influence the flow with its resistance and 

compliance. In this chapter we will give an overview of the components that influence the flow rate 

significantly, and what components do not.  

Pressure drops 

Because of the low Reynolds number, the flow profile can be described with the Hagen-Poiseuille 

law. The law states that the pressure drop ∆ P over a tube with length L  is equal to: 

ΔF �	 �AR	S<,?>T � 1>6   (4.5) 

Here Q is the flow rate, mu the dynamic viscosity and D  the radius of the tube, and RD the total 

resistance for a tube with diameter D. A component with a smaller diameter will have a larger 



19 

 

resistance. Because of the power to the fourth relation, even a small difference in diameter will have 

great impact on the resistance. In multi-infusion, catheters have the smallest diameters of the setup, 

typically around 0.5mm. The inner diameter of an infusion line is larger and in the order of 1 mm.  

The resistance of an inline filter is the resistance of a porous film, and does not follow Hagen-

Poiseuille relation. To estimate the resistance Rp of such a porous film we can use the law of Darcy. 

ΔF �	 S<UV6 � 1W6   (4.6) 

µ is the viscosity of the fluid, L the length of the porous media, kappa the permeability and A the 

surface area.  

If there is a height difference over a component, there will be a pressure difference as well. If an 

infusion line is connected to two points with a height difference h the pressure difference over that 

line will be: 

 ΔF � XYZ (4.7) 

Where ρ is the density of the fluid inside the line, and g  is the gravitational acceleration.  

Another source of pressure drops are check valves. As mentioned in chapter 2.1,the check valves 

require and opening pressure. Before that pressure is reached no flow will pass through the valves. 

The opening pressure depends on the type of valve, but is around 200 mbar.  

Using the above described equations it is possible to estimate the pressure changes in the system 

due to the different components.  The assumed material properties are listen in table 4.1 

Table 4.1: Parameters used in predictions of pressure drops. 

Property Value 

Viscosity 1.2 * 10^-8 bar*s (water) 

Diameter infusion line 1.5 * 10^-3 m 

Diameter catheter  3 * 10^-4  m (28 Gauge) 

Diameter syringe 2 * 10^-2 m 

κ 3 * 10^-16 m^2   

Surface area inline filter 1.6 *10^-4 m^2 

Density  1000 kg/m^3 

 

With the values shown in table 4.1, we plot the pressure drops over a syringe, infusion line, filter, 

check valve, and a height difference in figure 4.1. The pressure drop of the syringe, infusion, and the 

filter depends on the flow rate. In figure 4.1 the flow rate is set to 1 ml/h.  
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Figure 4.1: logarithmic scale of pressure drops over some components used in infusion. The pressure over the 

components is for 1 ml/h when applicable. 

 

Compliance 

Compliance is the change in internal volume per change of internal pressure (see equation (3.2.2.1)).   

Fluids are considered to be incompressible and have no compliance.  However, air pockets trapped 

inside the infusion system are compressible. The compression of air pockets can be estimated by 

using the ideal gas law: 

F[ � \1( (4.8) 

P is the pressure, V the volume, n  the number of air molecules, R  the ideal gas constant, and T is the 

temperature. If we consider the compression of air to be adiabatic, the product of P and V will be 

constant: 

F[ � !F ] ΔF#![ ] Δ[#  (4.9) 

The cross term of ∆P and ∆V is small compared to P, and V, and will be neglected: 

) � '	^_^` �	 _̀    (4.10) 

As the pressure increases, the volume of the air pocket will decrease, hence the minus sign in 

equation (4.10).   
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The second source of compliance is the deformation of the infusion components. How much a 

component deforms deformation under a certain pressure is defined by Young’s modulus.  

  (4.110 

Where ∆x is the change in length, and x0 is the original length. E is Young’s modulus, which is 

material property. Most components are made out of polymeric materials, such as polyethylene with 

a  young’s modulus of 7*10
3
 bar. Infusion lines and syringes can considered to be cylindrical tubes. .  

A tube of radius r will have a compliance of: 

 (4.12) 

A syringe is the only component that has compliance due to deformation and air compression. Under 

the plunger there is a small pocket of air that will compress and expand under pressure (see figure 

4.2).  

 

Figure 4.2: A syringe has a compliance because it can expand radially, and because of an air pocket underneath the 

plunger that can compress. 

Due to these two effects the syringe has the largest compliance in a typical infusion setup. Figure 4.3 

shows  estimations of the compliance of other components. We considered  the volume of air 

bubbles inside a syringe to be in the order of 1 ml. Such an air bubble will almost complete fill a 

typical infusion line, so we estimated a typical air bubble in the infusion line to have a length of 1 cm. 

this corresponds to a volume of 0.016 ml.  
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Figure 4.3: Compliance of components on a log scale 
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5. Theory 

 

In this chapter we will introduce a method to predict the drug delivery to the patient, by modelling 

the flow rates from the infusion system to the patient. The modelling approach will consist of two 

parts. In the first part the total flow rate in the infusion system is determined as a function of time. In 

the second part, the time delays on the output of the syringes is modelled. The combination of the 

two parts will give characteristics, such as total volume and duration, of any dosing errors due the 

compliance and dead volume effects. With the characteristics it is possible to estimate the severity of 

a dosing error. This information can be used to make clinicians aware of what is happening inside the 

infusion lines, and they might change their actions accordingly.  

Before we introduce the model, we must define some boundary conditions. 

5.1 Boundaries of the model approach in this research 

 

We will not consider all components and effects encountered in multi-infusion in this research. As a 

first constraint we will only consider setups that make use of syringe pumps. On the NICU, only 

syringe pumps are used, but on other departments some other pumps, such as peristaltic and 

gravimetrical pumps can be used as well. These types of pumps can be implemented in the model, 

but that is beyond the scope of this research. 

As a second constraint, we will only focus on effects and processes inside the infusion system. The 

conditions inside the patient can change during treatment, and influence drug administration. For 

example, if the catheter is not inserted correctly, but outside of a vein, the pressure in front of the 

catheter will be higher and increase rapidly. But not only conditions inside the patient’s body 

influence the flow. The patient can accidently roll over onto the infusion line and occlude the flow. In 

this research we assume the infusion sets work properly, and consider the end of the patient to have 

atmospheric pressure.      
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5.2 Part 1: The total flow 

 

Figure 5.1: A chart representing an  infusion system  

 

Figure 5.1 shows a representation of the system under consideration. It consist of an arbitrary 

number of infusion syringe pumps, in the figure indicated by a pump number N. All of these N pumps 

are connected to a connection point via an infusion line.  

Parameters of flow in formula form 

 

The infusion system will be modelled by a number of components that are combined in parallel or in 

series, where each component represents a physical parameter of the physical objects. The 

parameters are compliance, resistance, and height. Each parameter links the flow rate to a pressure 

in a specific way. As already  described in chapter 4, the resistance is links a pressure to flow via the 

law of Poiseuille, and a height difference can be directly linked to a pressure difference via gravity.  

The compliance is not yet linked to a flow rate but only to a change in volume: 

        (5.1) 
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ΔV is the change of volume of the compliance C at a pressure difference ∆P. The extra volume is 

stored with fluids over a time: 

    Δ[ � 	b6	c"      (5.2) 

Where Q is the flow in the compliant element. We insert equation (5.2.2) into equation (5.2.1), and 

rewrite the result as a function for the  pressure difference: 

    ΔF �	 �d 	b 6	c"     (5.3) 

The  compliance is considered to be independent of time, so we can differentiate both sides of 

equation (5.2.3) with respect to time and find: 

    6 � )	 e^`e.      (5.4) 

 

The relation between the pressure and the flow as described by equations (5.3) and (5.4) are equal to 

the relations between voltage and electrical current in electrical capacitors. Compliance behaves 

exactly the same way as a capacitor does. The analogy of an electrical circuit can be extended to 

other physical quantities as well, as shown in table 5.1 

Table 5.1: The physical quantities in multi-infusion can be linked to their counterparts in an electrical analogue. 

Physical quantity in multi-infusion Physical quantity in electrical analogue  

Pressure (Pa) Voltage (V) 

Flow rate (ml/h) Current (C/s) 

Resistance (Pa h /ml) Resistance (Ohm) 

Compliance (ml/bar) Capacitance (Farad) 

 

The components in schematic form 

 

As described in chapter 4.2 the syringe pumps are compliant, but a negligible resistance to flow. 

Therefore the syringe pump can be described as combination of an ideal flow source, and a fluid 

storage element. In the electrical analogue this is an ideal current source (Γ ), with a capacitor (C	) 
(see figure 5.2). The syringe pump is connected to the mixing point via an infusion line. The infusion 

line does have a significant resistance, but is not compliant. Furthermore, the height potential can 

change over the length of the infusion line. Therefore, the infusion line can be described as a 

combination of a potential source, and a resistance. In the electrical analogue that is a combination 

of a voltage source (PH), and a resistor (R) (see figure 5.2). 
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Figure 5.2: Representation of a syringe pump ΓΓΓΓ with an compliance CCCC, and a height difference PH compared to the next 

point. The output of the pump to the rest of the system is Qout. Pa is the atmospheric pressure.  

The compliance effects can be describe by a capacitor connected in parallel to the syringe pump, 

because the deformation of the syringe depends on the difference between internal pressure and 

the atmospheric pressure.  

When the pump is placed higher than the mixing point, the pressure increases in the mixing point. 

Thus, PH must be positive for a pump placed higher, and negative for a pump that is placed lower 

than the mixing point. 

Figure 5.2 shows the scheme of one syringe with one infusion line. This scheme will be inserted in the 

total system described in figure 5.1, and the result is figure 5.3. 
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Solving the flow equations 

 

Figure 5.3: Scheme representing the infusion setup. 

 

All pressure and flow relations for the components in figure 5.3 are known, and we can calculate  the 

outflow towards the patient (Q0) as a function of known parameters Rn	,	Cn	,	and	Γn . Because of the 

time derivative in equation (5.3), and the time integral in equation (5.4), it is convenient to use the 

Laplace transform.  

For each connection point the pressure and flow will be calculated. It is assumed that at the 

connection points no flow can be stored: 

   (5.5)     

The flows over all components will be calculated and their relations can be found using equation 

(5.2.5). For the flow over a resistor: 

      (5.6) 

 

Where and Q!s# are the Laplace transforms of the pressure and flow rate. The flow into a 

capacitor: 

       (5.7) 
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Equations (5.5) to (5.7) are enough to describe the flow rates in the parameters R,	C,	PH and Γ. For a 

step-by-step derivation, please see Appendix A.  

The flow towards the patient is the flow over resistance R0		in figure 5.3. That total flow will be a 

combination of the output of all pumps. The contribution of pump i is: 

6+,� � j̀kj �	 �kj lm!n#o`pqn	dqr stjo	∑ u	vw!sxu	vwtw#ys,wzq {!�on	dq#   (5.8) 

 

Where Γi is the set point of pump i,  Cn is the compliance of pump, and Rn the resistance of the 

components between pump n and the mixing point (figure 5.3). N is the total number of pumps in 

the entire system, and P0 is the pressure at the mixing point. Adding all the contributions of the N 

the total flow rate towards the patient is: 

6`}.�34. �	∑ �kj
lm!n#o`pqn	dqr stjo	∑ u	vw!sxu	vwtw#ys,wzq {!�on	dq#���� 	   (5.9) 

All the flows are now known as a function of s and system parameters. Normally, inverse Laplace 

transforms are well defined. However, some situations might arise where the inverse cannot be 

found. Appendix B shows a method to retrieve approximations of the flow functions in the time 

domain if this is the case. 

Dosing errors 

Dosing errors due to the dead volume and compliance effect will arise when the system is not in 

equilibrium. Syringe pumps administer a certain amount of fluid per time independent of the 

pressure, and always reach their set point. It is during start-up, and during a flow rate change of one 

or more pumps in the system that dosing errors will arise. The dosing error will be defined as the 

difference in drug mass flow from the set point. For the dead volume effect, the dosing error arises 

due to a unwanted mass concentration in the central infusion line. Dosing error due to the 

compliance effect arise due to a unintended flow rate coming out of a syringe. The dosing error due 

to compliance can now be expressed as a function of s and system parameters. For example, 

consider a two pumps setup, where the output of pump 1 is suddenly changed with Q1. The output of 

pump 2 will change due to the compliance effect. The output flow rate minus the set point is the 

error in flow rate. From our model this turns out to be: 

Error	in	flow	rate � 	 ^,skjdD��odD!kjokD#non	dsrkson	dDkskDokj@�on	dD!ksokD#C{�  (5.10) 

The error described in equation (5.10) is the error in flow rate, for the error in drug dosing equation 

(5.10) needs to be multiplied by the drug concentration in syringe 2.  

 

2�A �	 ^,skjdD�D��odD!kjokD#non	dsrkson	dDkskDokj@�on	dD!ksokD#C{� (5.11) 
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Where X2 is the drug concentration in syringe 2. That drug concentration will not change as long as 

no fluids from syringe 1 enter syringe 2. This is unlikely to happen for the flow rate changes found in 

the NICU. Then the error in flow rate is directly proportional to a dosing error in drug mass flow. In 

the following descriptions we will consider the error in flow rate of the pumps only. 

When pump 1 is lowered, the dosing error coming out of pump 2 will typically look like as the 

example shown in figure 5.4. The dosing error will enter the infusion system, and be administered to 

the patient with a time delay. The time delay depends on the length of the tubes, and flow rates of 

other pumps, and is not trivial. In the next part we will describe the time delays. Dosing errors due to 

the compliance effect, such as shown in figure  5.4, will be used as input for the second part. Dosing 

errors due to dead volume will be considered later on.  

 

  

 

Figure 5.4: A typical graph of a dosing error by lowering the output of another pump. 

 

 

5.3 Part 2: Time delays 

 

To incorporate a time delay we consider the tube as an array of vectors: 

� � �����					� ∈ �1,2,… , M�		and		�� �	����⋮��4�				 !5.12#	
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Where L is the length of the tube, k  the number of the voxel inside the tube,  and a_k^n the amount 

of fluid n at this voxel (see figure 5.5). We require L to be a very large number, so the voxel volume is 

very small.  

 

 

Figure 5.5 Schematic representation of the tube � with length L. The voxel at the mixing point is k =0, and the voxel at 

the end of the tube is k = L. In other words, k  is similar to the distance travelled from the mixing point. The 

time t is defined as t=0 at the at k=L. The time increases as k decreases, because the fluid coming from a lower k 

will take longer to reach the end of the tube.   

 

We take k=0  as the end of the tube, where the fluid is administered to the patient. The tube has a 

length L, so the voxel at the mixing point is voxel number L (see figure 5.5). We define τ such that, 

τ=0 is at the time at which the contents of voxel k=0 are administered.  If the flow velocity is 

constant, the relation is simply: 

 � � ��  (5.13) 

Where v is the flow velocity. The flow velocity will probably not be constant during the whole 

treatment, but if the tube is long enough to contain all the flow variations until equilibrium is 

reached again, the flow variations will be flushed at a constant flow velocity.    

We only have to consider the dosing errors. Therefore we can subtract from the voxels the intended 

flow rate of the corresponding drug. We define the array α  to contain the dosing errors: 

 ���� � � 	 ���� ' intended	dose� (5.14) 

The dosing error will be temporary and have the shape of a bulb (figure 5.4). This bulb will travel 

through the infusion line with a velocity determined by the flow velocities of a pumps. The shape and 

position of the bulb as a function of k is as follows: 

���� � � b 2��!�#�!� ' �.7.!�##c�9+  (5.15) 

Where λtot!τ# is the position of a flowing fluid element due to the total flow velocity in the tube: 
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�.7.!�# � 	b ∑ ��!��#4���	 c���+  (5.16) 

In equation (31), DEi is the dosing error of component i. The delta-function is the link between the 

position k and time τ.  In order to capture all the dosing errors T has to be large enough so all dosing 

errors can flow through the tube. If there is enough time between the flow changes, and their dosing 

errors, for the system to reach an equilibrium again, all the different flow changes can be treated 

separately.  

Equation (5.15) can be transformed so that it will no longer depend on depend on the voxel number, 

but on a continuous variable z.  Essentially this is a Laplace transform, with z defined as: 

� � 	:n	�  (5.17) 

This time we transform from k to z, so the variable s in equation (5.17) will have the units of 

1/distance. This transformation is called the Z-transform. After the z-transform we describe equation 

(5.15) in the spatial frequency domain. In the Z-transform, delays can easily applied to the system. 

Where in equation (5.15) the position delay is determined by the delta function, in the Z-domain this 

will look as follows: 

 �!�# � � ��¡ � 	b 2��!�#�8¢/0/!�#c�9+ 		 	 !5.18#	
 

Equation (5.18) describes the changes of a deviation in flow rate, and thus drug administration, of 

pump i as the drugs travel to the central line towards the patient. From equation (5.18) we can 

derive the effect of certain parameters, such as resistance and compliance, on the dosing errors 

analytically. It is not always possible to define an inverse transform that transforms A(z) back to a 

function of time. Instead we will calculate moments of the dosing error.    

 

Function characteristics 

The impact of a dosing error depends on the total volume that is delivered unintended, but also on 

the time scale at which this happens. The human body is constantly cleansing its blood, and if a 

certain amount of drug is delivered on a long time scale, the blood concentration of that drug will not 

change as much. So, from equation (5.18) we will derive some characteristics that give information 

about the total amount, and time scale of the dose deviations. 

These characteristics are the following: 

 Total volume of the deviation (zeroth moment) 

 The mean time (expectation value)  (first moment) 

 The variance (second central moment) 

The total volume is important, because it determines the amount, or lack of, of drug a patient 

receives unintentionally.  However, the total dosing error does not give sufficient information. If a 

patient receives just a little too much drugs, it might still fall in the safe range. What the safe range  is 
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will differ per drug, and has to do with the half time of drugs. The first and second central moments 

will give information about the duration of the dosing error.  

These function characteristics can calculated from equation (34) by using properties of the Z-

transform. 

 Zeroth	moment	�∑ I �¡ � 	 lim¥→� �	§!�#�̈��    (5.10) 

  First	moment � 	∑ �	I �¡ � 	 lim¥→�'	�A 5!�!¥#5¥ 	�̈��                             (5.11) 

Second	moment	�	∑ �AI �¡ � 	 lim¥→� r�ª 5D�!¥#5¥D ] �A 5�!¥#5¥ {�̈��     (5.12) 

Second	central	moment	�	Second	moment	-	!First	moment#A       (5.13) 

 

A complete derivations of the moments is shown in Appendix C.  

 

5.4 Part 2: Modelling method 

 

5.4.1: Series expansion for non integrable functions 

 

Solving the integral (5.3.9) is not possible for all functions λtot(τ ). Therefore we will use series 

expansion to approximate �8¢/0/!�#. The series expansion of  �8¢/0/!�# in λtot(τ ) around   λtot(τ )= 0, 

which by its definition is at τ =0,  is: 

�8¢!�# � ∑ �4! ln!�#4 !�.7.!�##4 � 1 ] ln!�# �.7.!�# ]	�A !ln �	�.7.!�##A ] ¬!�ª#		�̈�+ (5.14) 

We derive the series expansion for λtot(τ ) as well, so (5.14) turns into a polynomial which is always 

integrable. 

�.7.!�# � ∑ �w4! �.7.!4#!0#4̈�+ 	 (5.15) 

Which is a Taylor expansion using the n-th derivatives �.7.!4#!0# in the point τ=0. By choosing τ =0, 

these derivatives are also defined in the Laplace domain, if an inverse Laplace transform for Λ tot(s) 

cannot be found.   

5.4.2: Changing parameters 

 

The dosing error in equation (5.2.11) depends on the compliance, resistance, height difference, and 

steps in flow rate set points of the system. For each of these parameters we will define a standard 

value, and compute deviations from the standard situation. Furthermore, we computed the relative 

changes in the parameters. This way evaluating the integral in (5.3.9) becomes more stable. The 
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standard values for the parameters depend on the situation we are trying to model. We define for 

the relative changes: 

  Compliance	used	in	the	infusion	�	)	Standard	compliance 

Resistance	used	in	system	�	1	Standard	resistance    

 Change	in	flow	rate	used	in	system	�	[		Standard	change	in	flow	rate 

  Height	differences	used	in	system	�	®	Standard	height	changes 
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6. Measuring method 

 

To check the predictions made by our mathematical model, we performed measurements where we 

measured the output coming out of an infusion system. The infusion system consists of two, and in 

our measurement setup we could distinguish the output from the two syringes. In the 

measurements,  we changed the set point of one of the pump and investigated the dosing errors of 

the other pump due to this change. We repeated the measurement while systematically changing 

parameters to see their contribution to dosing errors. The parameters that were changed are: 

 Resistance 

 Compliance 

 Height 

 Flow rate change 

For each of the parameters we used three different settings, one default and two deviating values. In 

total 9 different experiments were executed, and each experiment was repeated once. The scheme 

was as follows: 

Table 6.1: The parameters that are changed in the experiments to investigate their effects on the dosing errors. For each 

parameter there is a default value, and two other values that were used when all the other parameters were set to their 

default value.  

Parameter Default value Value 1 Value 2 

Compliance 50 ml syringe 20 ml syringe 10 ml syringe 

Resistance 3 flow meters 2 flow meters 1 flow meter 

Flow Rate Change 6 ml/h 3 ml/h 9 ml/h 

Height +6 cm -46 cm + 56 cm 

 

 Only one of the settings was changed between experiments, so for the measurement of a 10 ml 

syringe, all other parameters were set to their default value. In our model we evaluated the 

parameters as a relative deviation from a standard value. In our experiments we used the  

compliance of a 50 ml syringe as a standard compliance which is 2.5 ml/bar (see Appendix D), since it 

used in most applications. For the standard of resistance we used the resistance of three parallel 

flowmeters that we will use in the experiment. Their resistance is 2.46*10
-3

 bar/ml/h, which 

corresponds with a catheter with a diameter of 0.19 mm, which is very small for a catheter. For the 

height differences we used a typical height difference of 5 cm which is the difference between two 

syringe if you stack two infusion pumps unto each other. In a typical medication scheme there is no 

standard flow rate change. In our experiments we set the standard flow rate change to 6ml/h. 
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Table 6.2: The standard values of compliance (Cq), resistance (Rq), height (Hq), and flow rate change (Vq).  

Cq 2.5 ml/bar 

Rq 2.46*10
-3

 bar/ml/h 

Hq 5 cm 

Vq 6 ml/h 

 

From the measurements we can find the total deviation of the intended dose, a result from the dead 

volume and compliance effects. We will analyze the impact of the compliance and dead volume 

separately .  

 

6.1 Measurement setup 

 

The measuring method has to be capable of discriminating different substances inline. We chose an 

optical method, in this case absorption measurements. 

The syringes where each filled with a specific dye. Each of the dyes absorbs light at a different 

wavelength, thus by looking at the spectrum relative to the spectrum when light passes through 

water we can estimate the amount of dye in the solution. 

A difference in intensity at a certain wavelength can be linked to a concentration by the Lambert-

Beer law:  

A = - ln (I/I0) = epsilon c length 

A  is the logarithm of the measured intensity  I compared to the reference intensity I0. According to 

the Lambert-Beer law A is linear dependent on the concentration c, the length of the path the light 

travels through a fluid and a constant epsilon. The reference intensity was the intensity of water. The 

length of path did not change during experiments, and epsilon  was determined by performing a 

calibration measurement. 

By using the absorption measurements we know the concentrations of the different dyes inside the 

measuring volume, called the flow cell. Together with the initial concentration of dye x in the 

solution we can determine the volume of dye x  inside the flow cell. The output of syringe x is the 

ratio of volume x with respect to the total volume multiplied by the total flow rate. The total flow 

rate will be measured by a flow meter. 

The experimental setup is shown in figure 6.1. The flow is generated by, in this case 2, syringe pumps 

(figure 6.1 1). Their flows are combined by a three way system (2), where the third access point was 

closed. From the mixing point, the flow follows the central line to the flow cell (3, 4) where two 

optical fibers are connected. One optical fiber transports light from the light source (5), the other 

fiber transports light to a spectrometer (6). The spectrometer will register the intensities at different 

wavelengths and measure the absorption. This information is send to the computer (7). Meanwhile 

the flow will continue from the flow cell to a flow meter (8). Finally the fluids are collected by a 
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container (9). The flow meter also sends its data to the computer which will use it together with the 

spectrometer data to obtain the mass flow of the different dyes as explained above.   

 

6.2 Materials 

All the materials used in this experiment, apart from the measuring devices, are also used in the 

clinical practice.  

Pumps 

The syringe pumps create a flow rate by pushing against the plunger of the syringe. Information 

about syringe specifications such as the friction, length and surface area are stored in the pumps. The 

pump uses the surface area to relate a step per time of the plunger to a flow rate coming out of the 

syringe. The syringe pumps can also give alarms, for example when the force it applies to the plunger 

passes a threshold value, and when the syringe in nearly empty. These pumps are commonly used 

inside the hospital in a variety of environments. Therefore they are capable of reaching high flow 

rates, but are also stable on low flow rates, even though the lower flow rate’s stability depends on 

the syringe size.  

We used BBraun Perfusor Space syringe pumps, and according to their datasheet these pumps have 

a range 0.01-1800 ml/h with a 2% accuracy. However, the accuracy at the minimum flow rate 

depends on the type and size of the syringe used.  

Syringes 

Three different types of syringes are used in this study. One of them is the standard syringe in our 

hospital, which is the 50 ml syringe from B Braun. Besides this syringe the 10 ml and 20 ml BD 

syringes are also used.  

Connection set  

A 3 needle-free Y connector (20038E7D, Cardinal Health, Switzerland) was used to combine the flows 

of the syringes. There are no anti reflux valves in this connector, and the connection sites are closed 

unless a syringes is attached to it. Still, one of the Y connections was closed  by a clamp to be sure the 

fluids can only flow towards the flow meters.  

For all other connections of fluid devices, 200 cm infusion lines  (Cair LGL, France)  were used. These 

infusion lines have an internal diameter of 1 mm.  

Flow meters 

To measure the flow we used three flow meters of Bronkhorst type M12p, which can measure from 

0.1 g/h up to 200 g/h. The accuracy 0.2% of the flow rate for liquids. The flow meters work by 

measuring a Coriolis force.  

Optical set-up 

The optical set-up used consisted of a spectrometer connected via a flow cell and optical fibers to a 

light source. The spectrometer was a QE65000 model from Ocean Optics, Dunedin, USA. The light 
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source was a DT-1000 light source, which consisted of a Deuterium and a Tungsten light source. For 

this work we only used the Tungsten light source which emits light at 350-2500 nm wavelengths. 

The light source was connected to the spectrometer by two 200 µm  optical fibers (Ocean Optics) via 

an optic flow cell (FIA-Z-SMA, Ocean Optics, USA). 

 

Dyes 

The dyes in this research are chosen such that their peak value in absorption is different from each 

other. In this research Indigo Carmine, Tartrazine are used. Tartrazine is a yellow coloured dye which 

has a maximum absorption at 425 nm. Indigo Carmine has a maximum absorbance at 608 nm. Indigo 

Carmine has no significant absorbance at 425  nm, but Tartrazine has some absorbance at 608 nm, 

typically a factor 0.07 smaller than the absorbance of Indigo Carmine at this wavelength.  

A balance was used for measuring the amount of dye that is dissolved in water. The balance was an 

PGW 450 (Adam Equipment, USA) that has an accuracy of 0.001g . 
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Figure 6.1: Experimental setup: The syringe pumps (1) pump their content towards a mixing point (2). From the mixing 

point, the fluid will flow towards a flow cell (3),(4) where the light coming out of a light source (5) is used for an 

absorbance measurement by the spectrometer (6). A computer will simultaneously read out the flow rates from the flow 

meter (8). Finally the fluid is stored inside a container (9).   
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7. Analysis of Results 

 

Parameters of the setup were systematically changed in order to visualize their effects on the flow 

rates and dosing errors. The results show the total dosing errors and flow deviations, and we need to 

separate the errors due to dead volume and compliance. First we will look at the overall results. 

7.1 Overall results 

 

Figure 10 shows a result for a measurement with all parameters set to their default value. There are 

2 pumps running, pump 1 at 12 ml/h (TT), and pump 2 at 0.5 ml/h(IC). The pump flowing at 12 ml/h 

resembles the fast flowing carrier flow, and the slowly flowing IC represents critical medication such 

a noradrenaline. We evaluated the dosing errors when the flow set point of the TT pump was 

changed. The flow rate of IC has the highest clinical relevance, and our analysis will focus on the flow 

rate of IC.  

 

Figure 7.1: Result of a measurement with all parameters set to default. 

There are three regions where there is a significant dosing error in the IC pump. During the first half 

hour (t = 0.44h = 26.4 minutes) of the measurement, no IC is detected. This is the time required for 

the IC to travel the distance that was filled with water. After the first half hour, the flow rate of IC still 

requires some extra time to reach its set point for the flow rate.  As can be seen in figure 11, the flow 

rate of IC does not reach 95% of its set value for another 42 minutes (at t= 1.15 h = 69 minutes). 

During this time the compliance of the syringe is being compressed as the pressure in the system 

increases.  A similar start up can be seen for the TT(red) pump. The time to first fluid delivery is 

shorter, because the flow rate of TT is higher, and the volume filled with water is flushed more 

quickly.  
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Figure 7.2: The first 1.5 hours of the measurement the IC pump does not reach its intended set point of fluid 

administration. 

 

The other two regions of dosing error occur when the system is brought out of equilibrium, in this 

case by changing a flow rate set point of the TT pump. A typical dosing error by such an action is 

shown in figure 12. The dosing error again is a result of two effects, the dead volume and compliance 

effect. By lowering the set point of the carrier flow (TT), the dead volume is flushed at a lower rate 

and the administration of IC will drop below it’s set point.  At the same time, the pressure at the 

mixing point will decrease, and the compliance of the IC syringe will expand resulting in an overdose 

(see figure 12).  

 

Figure 7.3: A dosing error in pump2 (IC) due to a decrease in the flow of pump1 (TT). 
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7.2 Dosing error due to compliance  

 

Even though the overdose due to the relaxing  of the compliance is at the same time as the lower 

flushing rate, the overdose still needs to travel the dead volume and will be administered directly 

after the dead volume error. It is possible to separate the two effects by looking at the spectral 

absorption data separated from the flow data. The absorption can be converted to a flow rate ratio 

because the concentration inside the syringe is known.  Figure 7.4 shows the spectral data of IC for 

the measurement also shown in figure 7.1.  From figure 7.4 it is easy to separate the dead volume 

delay, it is the difference between the change in flow rate and the concentration of IC.  The ratio of IC 

increases, and during this change the compliance overdose is visible.   

 

 

 

Figure 7.4: The data from the spectral meter (blue) and the data from the flow meter (red). The data from the flow meter 

is not to scale.  

Using the data shown in figure 7.4 it is possible to eliminate the dead volume delay. By shifting the 

flow data and ratio data, so their changes start at the same time, it is possible to derive the flow rate 

coming out of the IC pump at the change of the carrier flow. There is still one last effect that has to 

be accounted for, and that is that the concentration differences of the IC pump are stretched by the 

carrier flow. To understand this, consider what the spectrometer actually measures. 
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7.3 The stretching of concentration differences 

 

 

 

Figure 7.5: Schematic image of the flow cell. In the flow cell, the average concentration over length Lf is measured. The 

concentration coming out of a syringe pump can be a function of x when the flow rates of the system were changed.    

 

The spectrometer measures the average concentration over the flow cell (see figure 6.1). The 

average concentration c1 of substance 1 is: 

   (7.1) 

 

Where Lf is the length of the flow cell, and x is the distance from the start of the flow cell (see figure 

14).  c1 is the concentration of substance 1 as a function of x inside the flow cell. We are interested in 

the concentration coming out of pump 1: cpump1(x) . If there is another pump administering through 

the central line, the concentration change of pump 1 is stretched out over distance.  

    (7.2) 

 

Where A is the stretching factor which is equal to: 

      (7.3) 

There tot flow velocity relates the distance to the time 

 

    (7.4) 
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If we assume all flow velocities to be constant, A is constant, and we find that the measured change 

in time of c1 is different than the actual flow change in pump 1. In order to compare the 

concentration data with the flow data, the stretching has to be countered. This is done by ‘squeezing’ 

the concentration data by the factor of flow differences. 

Since the measured concentration is the average concentration over the distance of the flow cell, 

even a sudden increase in the concentration will not be seen as a sudden increase in absorption. The 

increase is complete when the whole length of the flow cell is filled with the new concentration. This 

averaging effect is a convolution of a block function in the time domain. The width of the block 

function is determined by the time it takes to cross the flow cell. Instead of applying a deconvolution 

on the concentration data, the flow data is convolved with a block function. The block function is 

defined as follows: 

 ¯!"# � 	 �° !1 ' Unitstep!² ' "#	#Unitstep!"#  (7.5) 

Where B is the width of the block and defines as: 

 ² �	 <G�/0/  (7.6) 

Again, we assume the total flow velocity to be constant applying the convolution. This is true if the 

central line is long enough.  

7.4 The compliance error in the data 

 

 

Now it is finally possible to reconstruct the compliance dosing errors from the measured data. The 

concentration of IC is squeezed in time with the ratio of flow rates, and the flow rate change is 

shifted in time to compensate for the dead volume, and convolved with a block function to 

compensate for the averaging of the flow cell. After these changes, the concentration data is 

multiplied with the flow data, and the set point is subtracted to find the dosing error. The dosing 

error will typically look like as shown in figure 15, and shows likeness with figure 8 in chapter theory.   
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Figure 7.6: A typical dosing error due to compliance effect. 

7.5 The dead volume 

 

 

Dosing errors due to the dead volume arise because an old concentration is flushed with a new flow 

rate. During this the concentration is constant, so drug delivery has the same shape as the flow rate.  

 

Figure 7.7: The typical deviation of flow rate due to the dead volume 

The total dead volume can be calculated for the multi-infusion set up. Via the flow rate it is possible 

to calculate the time at which the whole dead volume is flushed. The total dosing error due to the 

dead volume is then area under the curve of the error on the set point of the flow rate.  
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8. Results 

 

In this chapter we will show the results of our model, and compare them to the experimental results. 

First we will consider the flow rates, as described in our model, and as measured with flow meters. 

Secondly, we will look at  startup times of syringe pumps for both simulation and experiments. 

Finally, we will discuss the dosing errors that arise when the set point of one of the pumps is 

changed. The compliance, and dead volume effect both contribute to the dosing error, and will be 

treated separately.   

The model requires the resistance and the compliance of the system as input. The compliance of 

three different syringes was measured, as well as the resistance of an infusion line, and a flow meter. 

The  measurements are discussed in appendix D, and the results are shown in table 8.1. 

Table 8.1: The default experimental values of parameters that will be used as input for the model simulations. 

Parameter Value 

Resistance over central line A flow meter:  7.4 10
-3

 bar/(ml/h) 

Compliance Two 50 ml syringes: both 2.49 ml/bar 

Resistance of infusion lines Line of 200 cm: 1.6 10
-4

 bar/(ml/h) 

 

For most experiments, three flow meters were used in parallel. The combined is then one third of the 

resistance of a single flow meter: 2.5 10
-3

 bar/(ml/h), because this is in the same order of magnitude 

of the resistance of a catheter (see figure 4.1).  

  

8.1 Flow rates 

 

In the first part of the model, the flow rates coming directly out of the syringes are described. These 

flow rates form the foundations of any other simulations, so they have to be checked with 

experimental data. The output of a syringe pump was measured by placing a flow directly in front of 

the pump. Two pumps, with each their one flow meter, were connected to a shared central line, so 

the compliance effects could be measured. A third flow meter was placed after the connection point 

of the two pumps, to make sure the resistance of the central line was comparable to the resistance 

over the infusion lines from the syringe pumps. The results of the measurement, together with the 
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predictions of the model, are shown in figure 8.1.

 

Figure 8.1: Comparison of predictions of the model (black squares and red dots), together with the experimental data. 

The predictions match the measured data very well. During startup there are some fluctuations in 

the flow data, and according to theory the set point rate is reached a little faster than measured. The 

change in flow rate of the slower flowing pump are higher than seen in the experiment.  

 

8.2 Start-up time 

 

At the start of fluid delivery, the syringe pump does not administer as much fluid as it is expected to. 

The start-up time is a direct result of fluid being stored in the system due to compliance. From the 

model we find that the delay is an exponential function, with a characteristic time defined by the 

compliance and resistance of the system. For one syringe pump, and one resistor we expect the 

characteristic start-up time to be equal to the resistance times the compliance: 

 characteristic	time � 1)  (8.1) 

Our electrical analogue is a single current source connected to a resistor and a capacitor in parallel.  

We performed a measurement where one flow meter was connected to a syringe pump. The pump 

was set to a set point of 0.5 ml/h, and the start-up time was measured. The measurement was 

repeated 3 times. The results are shown in figure 8.2.  
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Figure 8.2: Start-up for one pump connected to one flow meter (resistor). The measurement is repeated three times, and 

error bars indicate the standard deviation. An exponential function is fitted through the results. 

An exponential function was fitted through the measured points. The start-up of the flow output of 

the pump follows the fit, after t= 70 seconds = 0.0194 hours. Before that time, the function does not 

follow a single exponential function, and this difference is not explained by the model. The difference 

might be explained by the fact that the plunger sticks to the syringe walls, which creates an extra 

resistance. If we neglect the first 70 seconds, we find a characteristic time of 1.276*10
-2

 ± 1.67*10
-4

 

hours. From our resistance, and compliance measurements (appendix D), we conclude that the 

characteristic time according to the model should be: 

 1) � !2.49	µ0.02#	 mlbar !7.4	108ª µ 0.1# barml hB � !1.85 µ 0.08	#108A	h 

There is a discrepancy between the theory and measured values. The fit through the measured 

points does not start at t=0, and the difference might be explained due to this fact.  

8.3 Dosing errors due to the dead volume 

 

If the flow rates in the infusion system are in equilibrium as the flow rate set points are changed, the 

dead volume dosing error is due to a constant concentration being administered at a new flow rate. 

For a setup with two pumps,  where pump 1 is running at a constant set point, and pump 2 has a 

sudden change at t=ε in set point, the total flow rate is (in the Laplace domain): 

 6.7.!¸# � 	,sn ]	,Dn ]	 3¹ºu!^,DodD^,Dn#n��ondD!kjokD#ondsrksondDkskDokj@�ondD!ksokD#C{�   (8.2) 

Where Qi is the flow rate, and Ci, Ri the compliance and resistance for pump i. We consider the 

following setup in our model. 
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We let pump 2 run at 12 ml/h, and pump 1 at 0.5 ml/h. Pump 2 is set from 12 ml/h to 6 ml/h, once all 

pumps have reached their intended administration, and are stable. The total flow rate in the time 

domain is: 

 6.7.!"# � 6.47 ] 5.97:8	+.+»�	.  (8.3) 

We can compare our result from equation (8.3.2) with a measured dead volume dosing error. The 

dosing error for one syringe will be flow ratio of pump1 to the total flow, times the total flow.  

 

Figure 8.3: The predicted error in flow, and the actual measured error in flow rate.  

From figure 8.3 we conclude that the predicted flow rate follow the measured flow rate quite well. If 

we subtract the set point from the flow rate show we find the error in flow rate of the pump. The 

error in flow rate times the concentration is the dead volume error.  

With the flow data we can predict when the dead volume will be completely flushed, and the dead 

volume error ends.   

Table 8.2: The time required for a fluid element to travel the dead volume. 

Situation Model prediction (s) Measurement (s) 

Standard situation 831 823,813 

Rq = 2 791 806, 799 

Rq = 3 758 761, 766 

Cq = 0.33 845 829, 837 

Cq = 0.5 841 849, 798 

Vq = 0.5 583 280,282 

Vq = 1.5 1500 661, 705 

 

Using our equations for the flow rate in the model, we can determine the first moment of the dosing 

error.  



49 

 

 

Figure 8.4: The dosing error due to the dead volume in ml as a function of the  resistance of the system. The measured 

dosing errors (black squares) were fitted with a linear line (red line), and for this fit the 95% confidence bands were 

calculated. The total dosing error was also determined in the model, and plotted in the figure as well (blue line).  

 

Figure 8.5: The dosing error due to the dead volume in ml as a function of the compliance of the system. The measured 

dosing errors (black squares) were fitted with a linear line (red line), and for this fit the 95% confidence bands were 

calculated. The total dosing error was also determined in the model, and plotted in the figure as well (blue line). 
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Figure 8.6: The dosing error due to the dead volume in ml as a function of the flow rate step of the experiment. The 

measured dosing errors (black squares) are compared to the dosing error determined in the model (blue line). 

 

 

 

The effect of resistance 

 

In our model we find the effect of resistance on the first moment to be: 

First	Moment!s# � 435 ' 39.71 ] 2.91A ] ¬!1ª# (8.4) 

Where the third and higher order terms have a coefficient which is a million times smaller than the 

base of the Rq
2
 term. If we plot the second order line in a graph together with measured first 

moments we find figure 8.7. 
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Figure 8.7: First moment as predicted by the model(blue line), and compared to the measured results (black squares).  

The effect of compliance 

 

The first moment of the dosing error also depends on the compliance of the system. The model 

predicts a relation between the relative change in compliance Cq and the first moment: 

 First	Moment!s# � 416 ' 19) ] 0.8)A ] ¬!)ª#  (8.5) 

Where again, the coefficient of the third order term and higher is a million times smaller than the 

coefficient for the second order term. In fact, for small Cq, we will neglect the second order term as 

well, since it is smaller than 1% of the offset. In that case the first order becomes: 

 First	Moment!s# � 415 ' 18) ] ¬!)A#   (8.6)  

We plot the first moment from the model in the same graph as the measured first moments again. 

The results are shown in figure 8.7. 
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Figure 8.8: The first moment as a function of the relative change in compliance. The measured values (black squares) are 

fitted with a linear line (red line). For the red line the 95% confidence bands are plotted in green. The measured values 

are compared to predictions of the first moment by the model (blue line).   

The effect of flow rate change 

 

The third parameter we changed is the flow rate step. The expression for the first moment expressed 

in Vq is very large. However, for the interval of 0.5 ≤ Vq ≤ 1.5 the first moment can be approximated 

with a sixth order polynomial. 

First	moment!s#	�	332 ' 595	[ ] 1918	[A ' 2752[ª ] 2352	[E ' 1075	[½ ] 218	[» (8.7) 

Figure 8.9 shows the results of this line plotted together with the results from the measurements. 
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Figure 8.9: The experimental values (black squares) are plotted in a graph together with the predicted behaviour by the 

model (blue line). 

8.4 Dosing errors due to compliance 

 

We have shown that the flow rate behaviour  can be predicted by our model. Using the flow rate we 

will continue and investigate the dosing errors when set points are changed.  

8.4.1 Total volume 

 

Figures 8.10 up to 8.13 show the total volume of dosing errors due to the compliance effects as a 

function of four parameters. For each of the parameters the blue line shows the predictions from the 

model. This prediction is compared to a fit (red line) through the measured data points (black 

squares). With the exception for the parameter height, the predicted values of the model always fall 

within the confidence interval of the linear fit. We do not expect any differences in the dosing errors 

due to compliance effects, as a function of stationary height difference between pumps. Both our 

model an measurements confirm this expectation.  So for any further results we will not consider this 

parameter anymore.  
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Figure 8.10: Results for the volume under the curve as a function the compliance. Black points indicate measured values, 

red points corresponding predictions from the model. The red line is a linear fit through the measured points, and the 

blue line a fit through the model predictions. The green lines indicate the 95% confidence interval of the fit through the 

measured points.

 



55 

 

Figure 8.11: Results for the volume under the curve as a function the height difference between two pumps. Black points 

indicate measured values, red points corresponding predictions from the model. The red line is a linear fit through the 

measured points, and the blue line a fit through the model predictions. The green lines indicate the 95% confidence 

interval of the fit through the measured points

Figure 8.12: Results for the volume under the curve as a function the resistance. Black points indicate measured values, 

red points corresponding predictions from the model. The red line is a linear fit through the measured points, and the 

blue line a fit through the model predictions. The green lines indicate the 95% confidence interval of the fit through the 

measured points
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Figure 8.13: Results for the volume under the curve as a function the flow rate change. Black points indicate measured 

values, red points corresponding predictions from the model. The red line is a linear fit through the measured points, and 

the blue line a fit through the model predictions. The green lines indicate the 95% confidence interval of the fit through 

the measured points 

  

 

8.4.2 The first moment 

 

Just like the total volume of the dosing error, we can calculate the first moment in time, of the dosing 

error. For this we need to solve the integral in equation (5.13).  Unfortunately, using the 

approximations (5.14) up to (5.15) require a lot of computer power. We were able to solve equation 

(5.13) for the parameter flow rate step. However, for Rq, and Cq we could not find stable analytical 

solutions. We had to use a small upper boundary of the integral T, and small changes in for Rq, and 

Cq. 

We could however still solve the integral (5.13) numerically for Rq, and Cq, by assigning numerical 

values to all our parameters. The upper boundary of the integral was set to one RC-time, in order to 

ensure the same portion of the dosing error was used in all simulations.  We will consider the 

analytical solutions of the flow rate step first, and, subsequently, look at the effects of for Rq, and Cq. 

Flow rate step 

 



57 

 

To solve the integral in (5.13) we approximated the function λtot(τ) with a polynomial in τ of order 9. 

Furthermore, the function �8¢/0/!�# was approximated with a polynomial of order 20. The first 

moment of the dosing error in time depends on the flow rate with which the dosing error is flushed 

out of the infusion line. In our experiments pump 1 was changed in set point twice. The first change 

was from a flow rate of 12 ml/h to a flow rate of (12 -6 Vq) ml/h. The second flow step is from (12 -6 

Vq) ml/h back to 12 ml/h. We will consider the second(upward) step of pump 1 first. We find that the 

first moment can be expressed as: 

 1st	moment!s#	�	15.89 ] 5.11[  (8.8) 

We plot this line in the same graph as the results from the measurements and find the following 

figure. 

 

Figure 8.14: The first moment of a dosing error flushed at constant flow rate of 12.5 ml/h. Black points indicate measured 

values, red points corresponding predictions from the model. The red line is a linear fit throught the measured points, 

and the blue line a fit through the model predictions. The green lines indicate the 95% confidence interval of the fit 

through the measured points.  

 

The slope through the points has a slope of 8±3, and intersect the y-axis at 16±4.  Due to differences 

in shape between the different measurements, there is quite a large spread on the measured points. 

Also, there are only a few measured values, even more so because we had to discard one outlier of 

Vq= 0.5. Still, we can see that the prediction of the model, and the measured values are in the same 

order of magnitude, and that the first moment increases linearly with the flow step.  

In the case where pump 1 is lowered, the central line is flushed at (12 -6 Vq) ml/h. Our model predicts 

the following dependency on Vq or the first moment in seconds: 

1st	moment	!s#	� ªRA8»+_¾!�A.½8».½	_¾#   (8.9) 

Equation (8.9) is similar to equation (8.8), only divided by a flow rate that depends on Vq. The results 

are shown in figure 8.15. 
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Figure 8.15: Black points indicate measured values, red points corresponding predictions from the model. The red line is 

a linear fit through the measured points, and the blue line a fit through the model predictions. The green lines indicate 

the 95% confidence interval of the fit through the measured points.   

The effects of resistance and compliance 

 

The numerical results, together with the results from the measurements are shown in figures 8.16 

and figure 8.17 

 

Figure 8.16: The first moment from the experiments, and the from the numerical evaluation of the model as function of 

the resistance.  Black points indicate measured values, red points corresponding predictions from the model. The red line 

is a linear fit through the measured points, and the blue line a fit through the model predictions. The green lines indicate 

the 95% confidence interval of the fit through the measured points.   
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Figure 8.17: The first moment from the experiments, and the from the numerical evaluation of the model as function of 

the compliance. Black points indicate measured values, red points corresponding predictions from the model. The red 

line is a linear fit through the measured points, and the blue line a fit through the model predictions. The green lines 

indicate the 95% confidence interval of the fit through the measured points.   

 

From the linear fits through the data point we find the following dependencies on the parameters. 

Parameter Fit through experimental points Fit through model predictions 

Rq 16± 4 32 ± 1 

Cq 13 ± 13 18.7 ± 0.3 

 

There is no significant change measured for the different compliances. According to our model 

predictions, the first moment should increase from 24 to 37 seconds. This change of 13 seconds falls 

well within the spread of the measured results, and could not be detected.  

There is a significant change in the first moment when the resistance of the system changes. From 

our measurements we conclude we find a linear relation between the first moment and Rq with a 

slope of 16±4. This is significantly different from the prediction of our model. However, looking at 

figure 8.4.2.1 we can see that the predicted values fall within the confidence bands of the fit for 1.5 ≤  

Rq  ≥  3.  

8.4.2 The variance 

 

In order to evaluate the variance it is necessary to derive the second moment. Where we needed 

only the first derivative in z for the first moment, for the second moment we need the second 

derivative. As a result, the error in function approximations will increase even faster, and finding 

stable analytical solutions becomes more difficult. Even when we try to evaluate the functions in the 
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model numerically the results are not stable anymore.  We could however still measure the variance. 

Rather than plot the variance, the square root of the variance, σ, is plotted. 

 

Figure 8.18: The square root of the variance is plotted as a function of the resistance of the system. We were unable to 

calculate predictions from the model, so no fit has been used.   

 

Figure 8.19: The square root of the variance is plotted as a function of the compliance of the system. We were unable to 

calculate predictions from the model, so no fit has been used.   
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Figure 8.19: The square root of the variance is plotted as a function of the resistance of the flow rate step. We 

were unable to calculate predictions from the model, so no fit has been used.   
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9. Discussion and conclusions  

 
We have developed a model that describes the actual drug delivery into the venous system of a 

patient as a function of system properties and the flow rate settings. In-vitro measurement show that 

the model is a good representation of an actual infusion setup.  

We have shown that dosing errors depend on compliance, resistance, dead volume of the system 

and the magnitude of changes in flow rates. For the typical values of these parameters the absolute 

dosing error to the patient is 0.05ml due to the dead volume of a 2 meter infusion line, and 0.05 ml 

due to the compliance effects. If the dosing error due to dead volume is an overdose, the dosing 

error to the compliance effects will be an under dose. However, if the drug acts on the vital signs in a 

short time, the dosing error will not cancel each other out, but both errors can be clinically 

significant.  

For example, if a patient receives Noradrenaline of 100 µg/ml to regulate the blood pressure, the 

patient receives two errors of 5 µg Noradrenaline. This is equivalent to 6 minutes of intended drug 

delivery, if the Noradrenaline pump was set to 0.5ml/h. The first moment of the typical dosing error 

is 40 seconds for the compliance error, and 435 second for the dosing error due to dead volume. In a 

simplified case we consider the dosing error to be constant over time, the first moment is half the 

time interval of the dosing error.  Consequently, due to dead volume the patient receives an error in 

drug delivery of around 0.05ml/870 seconds, or 0.34 µg/minute. Due the dosing error of the 

compliance effects, on average, the patient receives an error of 0.05ml/(80 seconds) of 

Noradrenaline. This corresponds to 3.75 µg/minute. According to [31] a dose of 0.4 µg/minute per kg 

patient weight of Noradrenaline already increases mean arterial blood pressure, and renal blood flow 

to 120% of the baseline. The weight of a neonate can range from 0.5-1 kg [32] , so both dosing errors 

can have clinical relevant effects, most notably hypertension.  

The model also predicts delays in intended drug administration. For the standard situation, the first 

moment is of the dead volume error 435 seconds. So the total time required for a drug to travel the 

dead volume would be 870 seconds. From the characteristic time we can calculate that time at which 

the syringe reaches 95% of its set point is 200 seconds. So only after 1070 seconds 95% of intended 

drug delivery is reached.  

Because the dosing errors due the compliance effects are relatively small, there is a large spread on 

the measured dosing errors. One of the reasons for the spread is the fluctuation of the infusion 

pumps. The infusion pumps performed within ±1% of their flow set point, so for a flow rate of 12 

ml/h we saw fluctuations from 12.38 to 12.6 ml/h. The measurement of the dyes also induced an 

extra error. When the set point of the pump 1 was changed, pump 2 sometimes did not reach it set 

point again. In these cases, the dosing error was defined as the point where the flow rate reached 

the set point again. This method creates an extra error on the measurement data. The total flow rate 

as measured by the flow meters did always reach the new set points. Furthermore, the set deviation 
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in set point tends to occurred at the end of the measurements, which might imply that there is some 

dye staying inside the flow cell during the measurement.  

 

For the first moment of the dosing error, the second part of the model is needed. With the current 

approach we were not capable of acquiring analytical results when looking at the effects of 

resistance and compliance change. Furthermore, as Vq gets smaller, �8¢!�# in expression (5.18) will 

be more steep, and more terms are needed in the series expansion to make sure the function can be 

approximated properly. The expressions found for the first moment in the model do not pass 

through the origin. However, for a situation where there is no flow rate change, no compliance, or no 

resistance, there should be a compliance dosing error at all. The total volume of the dosing errors 

does got to 0 for any of the parameters → 0. So, even though the first moments might look correct 

on range of parameters we measured, we cannot extrapolate the lines found by the model.  

The same holds true for the variance, for which the second moment is needed. It was not possible to 

analytical results of the variance from the model, because the solutions were not stable. In many 

cases the variance became negative, which is physically not possible.  

On our computer, 6GB of RAM, we were able to expand �8¢!�# up to 20 terms. After adding an extra 

term, the processing time increases rapidly. For the expansions we used simple Taylor expansions,  

and there might be better ways to approximate �8¢!�#.  
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Appendices 

 

Appendix A: Theory Supplementary 

 

Because of the interactions between the pumps, it is hard to calculate the flow out of all of them 

directly. However, the amount of fluid flow from one pump into the other is linear and thus we can 

use superposition. Using this principle means the outflow of one pump will be calculated first, and 

then the output of the other pumps is calculated and added to get the total response. The scheme 

that will first be calculated first is shown in figure A.1.  

 

Figure A.1: Scheme used for the calculation of the total output as function of the pump j. 

Figure A.1 shows the outflow due to the pump i. As can be seen, the flow can be towards the exit 

point via R0  and towards the compliances of a syringe n via Rn. It is clear that the output generated 

by pump i is equal to the flow through the resistor Ri, added to the flow flowing into the its 

compliance QCi :   

    (A.1) 

The flow rate into the compliance depends on the pressure: 
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  6dq!¸# � 	`q!n#¿q!n# � ¸	)�	F�!¸#    (A.2) 

Where Pi is the pressure at point i, that is the intersection of the connection of the compliance i. The 

flow coming out of pump 1, Qi, is determined by the pressure drop over the resistor Ri. 

6� �	`pqo`q8 j̀kj       (A.3) 

Due to a possible height difference there is an extra pressure PH,i. Now, pump i will also fill the 

compliances of the other pumps. The flow from pump i  into the compliance n can be written as:

   

 6�,4 �	 j̀¿w � F+ �rkwo	 su	vw{ � F+ n	dw!�on	dwkw# (A.4) 

The sum of the flow into all the compliances plus Q0 make up the total flow out of the syringe i thus: 

 

 6� � 6+ ] F+∑ n	dw!�on	dwkw#��,4À�    (A.5) 

In this equation N is the total number of syringe in the system. Q0 is the flow over resistor R0, which is 

defined by the simple equation: 

   6+ �	 j̀kj      (A.6) 

 

By combining equations (A.5) and (A.6) we can find an expression for Qi in terms of P0 and known 

physical parameters. Using this expression again in equation (A.3), we can acquire the pressure Pi  in 

terms of P0.  

 F� �	'FÁq ] F+ Â1 ] 1� r �kj ] ∑ n	dw!�on	dwkw#��,4À� {Ã  (A.7) 

Equation (17) can be used in turn to rewrite equation (11) together with equation (12) to find: 

Γ!¸# � 	'FÁq¸)� ]	F+ r �kj ] ∑ n	dw!�on	dwkw#��,4À� { ] F+¸	)� r �kj ] ∑ n	dw!�on	dwkw#��,4À� { (A.8) 

Which allows us to find an expression for P0  as a function of known variables: 

 F+ �	 l!n#o`pqn	dqr stjo	∑ u	vw!sxu	vwtw#ys,wzs {!�on	dq# (A.9) 

 

It is important to realize that Γ(s)  still depends explicitly on s. After all, Γ(s) is the Laplace transform of 

the pump out Γ(t), which can change over time.  
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Now that P0 is known, it is easy the calculate the different flows using equation (A.3), (A.4) and  (A.6). 

This exercise must be completed for all the pumps in the system. The net flow coming from pump I 

can now be calculated: 

 Γ�,.7. � 6� '	∑ 64,��4��	,4À�   (A.10) 

 

Where Qn,i  is the flow from pump n  into the compliance of pump i. 

 

Appendix B: Series expansion in Laplace 

 

In many cases it will be possible to retransform the net flows from equation (A.10) back into the time 

domain. However, in general this is not the case.  Also, because the Laplace transform is not defined 

for t<0, all information about past events has been lost. Thus it is necessary to set t=0 at, or before 

the start of the first event for which the effects will be calculated. However, even when the 

transform back into the time domain cannot be carried out, important information can be retrieved 

from the results. 

An unknown function can be expressed as a series of its derivatives in the following way: 

 Ä!"# � 	∑ Å!w#!}#4!4̈�+ !" ' �#4 � Ä!�# ]	Ä�!�#!" ' �# ]	�AÄ��!�#!" ' �#A ] 	Æ!"ª#   (B.1)

  

 

Where f^(n)(a) denotes the nth derivative in point a.  

Obviously, to determine the function f(t), the derivatives in a point are needed. This is where one of 

the other Laplace properties comes in handy. Equation (7) already showed that taking the first 

derivative to time is straight forward in the Laplace domain. For a nth order derivative the following 

relation holds: 

 
5wÅ!.#5.w � ¸4Ç!¸# '	∑ ¸48�Ä!�8�#!08#4���   (B.2) 

 

 Via this equation we can switch equation (B.1) to the Laplace domain. For the point a in which we 

evaluate the function we choose the start value a =0. The reason for this is, is that taking a limit 

towards the initial value is also well defined in the Laplace domain. 

 lim.→+¹ Ä!"# � limn→	¨ ¸	Ç!¸#    (B.3) 

The multiplications by t in equation (B.1) can also be expressed in the Laplace domain: 

 "	Ä!"# � 	' 5È!n#5n    (B.4) 
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So we have: 

 "	Ä�!08# � 'limn→	¨ ¸A 5È!n#5n  (B.5) 

 

 
�A "AÄ��!08# � 	 limn→	¨ ¸	 5D5nD !¸AÇ!¸# '	 limn→	¨ ¸AÇ!¸##   (B.6) 

 

In general then, the function f(t) can be described in its Laplace form. Furthermore, now that f(t) is 

expressed as an polynomial the integral can always be found. However, it will take a long time to 

calculate the Laplace form of equation (B.1) because of the nested limits of s. Also, to get a stable 

solution it might be necessary to use very high order terms, depending on the actual function f(t) one 

tries to approach.  

Appendix C: Moments in the z domain 

 

As a result of the model, moment of the functions will be computed. The moments are defined as 

follows: 

Zeroth	moment	�	É I �¡¨
���  

 

First	moment	�	É 	�	I �¡¨
���  

 

Second	moment	�	É �AI �¡¨
���  

 

In order to calculate these moments in the z domain we can use the following relations: 

ÉI �¡ � 	 �!� ' 1# §!�#
4

���  

 

     �	I �¡ � '�	 5�!¥#5¥  

�AI �¡ � 	' cc� �'�c§!�#c� � � 	� cA§!�#c�A ]	c§!�#c�  
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lim�→	¨I �¡ � 	 lim¥→�!� ' 1#§!�# 

Appendix D: Determination of system parameters  

D.1 Determination of resistance  

 

In the description of flow it is necessary to know the resistance of the system. The two components 

that have a resistance to flow are the flow meters and the infusion lines. For these components we 

determined the resistance empirically.  

D.2 Measurement setup 

The pressure over the component in question was determined for different flow rates. The flow rates 

were measured by the same flow meter used in the main experiment. The pressure is measured 

using an Infutest 2000E series. This is a device that is normally used to test the functions of a system 

pump. When we set it to occlusion pressure, it occludes the line and measures the pressure with 1% 

accuracy. The Infutest is set in parallel with the flowmeter, and the syringe pump is set to a flow rate. 

The pressure levels for the different flow rates are shown in figure A1. 

 

Figure D.1: Pressure over flow meter (black squares) or an infusion line (red dots) as a function of the flow rate. Through 

the measured points a linear fit was made. The flow rate was increased until the occlusion alarm.  

  From figure A1 we can see that the resistance of the flow meters is significantly higher than the 

resistance of an infusion line. The resistance of a flow meter is (7.4 ±0.1)10^-3 bar/ml/h, where the 

resistance of an infusion line is (1.6±1)10^-4 bar/ml/h.  
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D.3 Determination of compliance 

 

The compliance of three syringes was measured by placing them in the infusion pumps and 

connecting them to a pressure meter. The connection site was a non-compliant infusion manifold, 

and the pressure meter was an Infutest 2000E series connected in parallel. The pumps were turned 

on while the exits of the manifold were occluded. Infusion pumps can display the amount of fluid 

they have administered, and we plot this as function of the pressure, see figure A2. 

 

Figure D.2: The stored volume inside three syringes of different size as a function of applied pressure. A linear fit through 

the lines is shown in the figure. Measurement were repeated three time for each syringe size. 

Compliance is considered to be independent of the pressure, so a linear line is used to fit the data 

points. The found compliance values are shown in table A1: 

Table D.0.1: Compliance for different syringes 

Syringe Compliance (ml/bar) Error (std.error of fit) (ml/bar) 

BD 10 ml 0.92 0.01 

BD 20 ml 1.17 0.02 

BBraun 50 ml 2.49 0.02 

 

As expected the compliance increases as the syringe size increases. The compliance should increase 

as the radius of the syringe increases. The difference in radius between the 50ml syringe (1.5 cm) and 

the 20ml syringe is larger than the different between the radius of the 20 ml syringe (0.9 cm)  and the 

10 ml syringe (0.7 cm).  The  BBraun syringe has a smaller compliance than expected if we only take 

into account the difference in surface area of the plungers. This is probably due to a design 

difference of the plunger, the BBraun syringe has a smaller air socket for the surface area.  
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In the compliance measurements, an infusion line was connected to the syringes. In our estimations 

we considered the infusion line to have no significant compliance and we checked this by repeating 

the compliance measurement of the 50ml syringe but now with an infusion line between the syringe 

and the pressure meter.  

 

Figure D.3: Comparison of the compliance of a BBraun 50 ml syringe, and the compliance of a BBraun 50ml syringe with 

an 2 meter long infusion line before an occlusion. 

 

The results are shown in figure A3. The measurement was not repeated, but it is clear that the 

infusion line does not have a large compliance. The fit through the points without infusion line show 

a compliance of 2.21±0.06 ml/bar, and with infusion line 2.29±0.08 ml/bar. Both values are lower 

than the compliance we’d expect looking at table  A1. We can see that the gradient of the slope 

decreases in figure A2 and A3 as the pressure increases. For the measurements of the syringe 

compliance, more measurement were done at low pressure so there we would expect to result in a 

higher compliance. The low pressure range is the normal range of pressure inside an infusion system, 

so the correct pressure to use in our predictions is that in table A1.  

 

 


