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ABSTRACT

In a medical environment, biosensors play an important role in clinical decision making.
In case of proteomic biomarkers, the biosensor works by tagging and detecting a certain
disease-indicating protein present in a sample. Ideally, a single biosensor is able to
perform all process steps of the assay, leading to an integrated lab-on-chip device. To
this end, schemes to accelerate the binding process have recently been proposed. One
way to achieve this is by making use of magnetically actuated microparticles which
are attached to the biomarkers. In this work we made an attempt to optimise these
schemes by studying, in a first approximation, stochastic binding between a reactive
surface and a biomarker that is labelled with a much larger magnetic microparticle using
Brownian dynamics simulations. Of particular interest was the dependence of the binding
rate on the microparticle concentration and size, the effect of volume transport and
near-surface alignment and the magnetic field divergence, rotation frequency and strength.
The simulations have been used to verify experiments done on a model system in the
MBx group, in which magnetic microparticles are labelled by a fluorescent nanoparticle
that can be imaged directly under a microscope.A combination of our simulations and
experiments suggest that the binding rates can be improved by a factor of 100 over an
unactuated system. However, we note that our simulations omitted most hydrodynamic
interactions, non-specific binding and dipole-dipole interactions. Thus, further research
has to be done to assess how much the actual binding process is hindered by these
phenomena.

Keywords: molecular dynamics, biosensors, magnetic actuation, Brownian motion,
surface-binding immunoassay
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1. INTRODUCTION

Advances in medical science have led to development of innovative lab-on-chip techniques
for in vitro diagnostics. This has subsequently lead to rapid, reliable testing methods
where the different steps between loading the sample and output of the results are
integrated in a single device. This is especially useful in a medical environment such as a
clinical laboratory. In situations involving clinical decision making it is vital that these
tests are fast and reliable.

One specific method of biochemical testing is by two-site, noncompetitive immunoassay,
which works by capturing analytes from a fluid and subsequently bind them to a surface.
The rate at which biomarkers bind to the reactive surface is generally determined by two
different processes: volume transport and near-surface alignment. Both are governed by
Brownian dynamics, exhibiting random and directionless motion. This type of motion
has proven to be a limiting factor with regard to the binding rate.

To improve the speed and reliability of the immunoassay it is of paramount importance
to mitigate the kinetic limitations imposed by diffusion. Experimental results have
indicated that actively rotating or translating the particles using magnetic fields leads to
an increased binding rate. We use molecular dynamics simulations to gain understanding
of the influence of the diffusive process as well as the effects of said methods of actuation.

1.1 Research topics

Immunoassays comprise the largest family of in vitro diagnostics, and are primarily used
to detect proteins. A typical immunoassay is a biochemical test which measures the
presence or concentration of the biomarker protein, also referred to as ‘analyte’, using
the tendency of antibodies to bind to the specific structure of a molecule. Detection of
the analytes usually happens through the use of labels, providing a measurable signal in
response to the binding.

The process of analyte capture in a surface binding assay can be roughly described
as follows. The assay consists of a fluid-containing chamber with a reactive surface. The
fluid contains the analyte and labelled biomarkers which can specifically bind to the
analyte. These biomarkers are also present on a reactive surface. After the incubation
time complexes will have formed consisting of a surface-bound biomarker, analyte and
labelled biomarker, used to measure the amount of analyte present in the sample fluid.

The specific capture of labelled biomarkers from a fluid onto a reactive surface is driven
by two distinct processes. Firstly, encounters between biomarker and surface, which
in the absence of fluid flows, depends on, amongst others, the particle concentration
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and the diffusional properties. Secondly, it depends on the subsequent biochemical
reactions between the analytes and the surface-coupled capture molecules. This creates
two avenues to accelerate the capture rate, firstly by increasing the encounter rate and
secondly by increasing the biochemical reaction rate. In practice, usually either diffusion
or the chemical reaction dominantly limit the reaction rate. Typical antibody-antigen
association reactions are generally diffusion-controlled.21

Biomarker

Antigen

Incubation

Fig. 1.1: A schematic representation of binding in a sandwich immunoassay. The fluid contains
both antigen and labelled biomarkers. After the incubation time they are bound to
a biomarker attached to the surface. The biomarkers bind specifically to the antigen,
leading to a ‘sandwiched’ formation.

1.1.1 Diffusion of labelled biomarkers

The primary limitation to the reaction rate is the diffusive process. Diffusion, or at its
origin, Brownian motion, is governed by random forces due to collisions with the solvent
molecules. It is well known that both translational and rotational diffusion for non-
interacting spherical particles can be described using the Einstein-Smoluchowski equation.
It states that, due to interaction with the solvent, the diffusion coefficient is inversely
dependent on the viscosity and particle radius. This means that the microparticle label,
which is up to several orders of magnitude larger than the biomarker, is the dominant
limiting factor in terms of diffusivity. The Einstein-Smoluchowski equation is only
valid for non-interacting particles and thus in the dilute limit. Outside the dilute limit
interactions between particles, either through collisions or hydrodynamics, have to be
taken into account. The diffusion constant as a function of the volume fraction of hard
spheres has been determined by Batchelor1 and Beenakker4.

In the immunoassay the diffusing particles consist of a biomarker protein with a
microparticle label. The aspherical shape could influence the movement of the particles
through the solvent and can lead to coupling between translation and rotation. This
has been thoroughly studied by DeLa Torre and Bloomfield35 36 who used a numerical
approach to calculate the diffusion coefficients of macromolecular complexes consisting
of non-identical spheres by making use of a modified Oseen hydrodynamic interaction
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tensor. In case of dumbbell shaped dimers this results in an decrease of translational
diffusion over the main axis of the molecule and rotational diffusion in general. This
effect has been verified by Kraft et al.34 who performed experiments on particles with
varying anisotropy to reconstruct the hydrodynamic friction tensor.

Binding of biomarkers to a reactive surface

When free proteins react in a solution, the alignment process (i.e., rotational diffusion)
is an important restriction due to the highly specific alignment constraints, but volume
transport (i.e., translational diffusion) is not a limitation.21 In case one of the two
proteins is attached to a surface, however, volume transport can become a limitation.45

In addition, the presence of a wall introduces hydrodynamic effects which hinder diffusion
of nearby particles. Nearby a physical boundary the symmetry of the particle dynamics
breaks, leading to an anisotropic increase in hydrodynamic drag acting on isolated
particles. Brenner and Goldman et al.23 and Faxén proposed correction factors to the
Stokes-Einstein diffusion coefficients, depending only on the particle radius and distance
from the wall.

Disregarding the hydrodynamic effects, the association rate of particles binding to
a reactive spot on the surface depends mainly on volume transport and near-surface
alignment. Schmitz and Schurr44 used a numerical approach to show that, in the low
viscosity limit, the association rate depends on both the encounter rate and the fraction
of orientations of the particle that lead to binding. In the diffusion-controlled limit this
rate has to be corrected with a factor accounting for the ratio between target and particle
size.

1.1.2 Improving binding rates using magnetic actuation

In a surface binding immunoassay, magnetic particles can be used as labels that bind in
a biologically specific manner to a surface and thereby report the presence of a specific
molecular species. Preferably, all analytes in the fluid become sandwiched between a
particle and the surface, which is possible if the concentration of particles exceeds the
analyte concentration. To ensure a high resolution measurement, the magnetic particles
need to efficiently capture targets from the solution, be brought to the surface, and
interact with the surface on molecular length scales. The transportation toward the
surface can be achieved relatively easily by applying magnetic field gradients towards the
sensor surface.18

Bruls et al.9 developed an actuation protocol in which in-plane fields, out-of-plane
fields, and field-free phases are alternated. The protocol keeps the particles in constant
motion relative to the sensor surface, which increases the probability for binding and may
also minimize non-specific binding with the surface. Gao et al.22 developed an actuation
protocol to induce repulsive magnetic dipole-dipole interactions between particles at a
surface. Their method uses field gradients and in-plane oriented magnetic fields followed
by the application of an out-of-plane magnetic field, while a field gradient maintains the
particles at the surface. These actuation schemes show promising results with respect to
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In-plane magnetic force

Rotation parallel 
to the surface

Fig. 1.2: A representation of the applied actuation methods. One the left, converging magnetic
field lines lead to an in-plane force pulling the labels to the surface. On the right, a
rotating magnetic field exerts a torque on the label, rotating it over an axis parallel to
the surface.

increasing binding rates. Nonetheless, these techniques have only been applied recently
in experiments, which are costly and time consuming. Simulations may be a time and
cost effective solution giving more insight in the limitations and possible way to overcome
them.

In this thesis we attempt to describe the aforementioned research topics using a
combination of theoretical analysis and molecular dynamics simulations in order to gain
an understanding of the influence of the diffusive process on the binding rates. Our aim
is explore the possible benefits of magnetic actuation.

1.2 Outline of the thesis

Before we discuss the simulation results we introduce in chapter 2 the used methods:
Molecular dynamics, the LAMMPS code and Brownian/Langevin dynamics. In chapter
3 we discuss diffusion of the labelled biomarkers. Diffusion, rotational and translational,
is the main process for respectively alignment and transport in the unactuated system.
In a first approximation we model the biomarkers as spherical particles interacting with
an implicit solvent. We show that in the dilute limit our model correctly reproduces the
Einstein-Smoluchowski diffusion constants. At increased volume fractions the diffusion
constant decreases in agreement with the theory by Batchelor1 and Beenakker4. Moving
away from this simple approximation, we replace the spherical particles with rigid dimers.
This resembles the biological system more accurately, but also adds complexity to the
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model. We discuss the effect of the aspherical shape on both the translational and
rotational diffusion constants. The simulations, performed in absence of hydrodynamics,
show that rotational diffusion is particularly hindered by the dimer-like shape. In this
discussion we compare our results with theory by DeLa Torre35 36 and experimental
results by Kraft et al.34

In chapter 4 the binding process of the biomarkers to the reactive surface is described.
This chapter roughly consists of three parts. In the first part we discuss the effects
of near-surface hydrodynamics and the binding process between two proteins. Using
theoretical corrections to the hydrodynamic friction factor, as found by Goldman, Cox
and Brenner23 and Faxén, we show that diffusion near a solid surface reduces as a function
of the distance of the particle. The second part describes the binding rate of biomarkers
to a reactive surface in terms of translational and rotational diffusion. The simulations
results, in the limit of an infinitesimal binding volume, reproduce that of the model by
Schmitz and Schurr44. Lastly, we introduce magnetic actuation and discuss the effect on
the binding rates. We find that a field gradient increases volume transport and a rotating
field mitigates limitations due to near-surface alignment. We compare our findings from
molecular dynamics simulations to the experimental results obtained by van Reenen49 48.

The conclusion and further recommendations can be found in Chapter 5. We conclude
with an technology assessment, discussing the relevance of this work in an scientific and
clinical framework.





2. AN INTRODUCTION TO MOLECULAR DYNAMICS AND THE LAMMPS
CODE

Computer experiments play a very important role in science today. In the past, physical
sciences were characterized by an interplay between experiment and theory. In experiment,
a system is subjected to measurement, and results, expressed in numeric form, are obtained.
In theory, a model of a system is constructed, usually in the form of a set of mathematical
equations which can be evaluated. Computer simulations of physical processes, by some
referred to as the ‘third way’ of doing physics, can be seen as a bridge between theoretical
and experimental physics. In a computer experiment, a model could be provided by
theory and calculations carried out by the machine by applying an algorithm. Making
use of the ever increasing computer power allows for simulations to resemble increasingly
complex systems.

In section 2.1 we give an introduction to molecular dynamics and the principles it is
based on. Section 2.2 describes the theoretical backgrounds for the simulation model.

2.1 Molecular dynamics

Molecular Dynamics is a computer simulation technique where the time evolution of a
set of interacting atoms is followed by integrating their equations of motion. This specific
technique follows the laws of classical mechanics, most notably Newton’s 2nd law,

Fi = miai, (2.1)

which relates the force Fi on atom i, due to interactions, to its mass mi and acceleration,

ai =
d2ri
dt2

, (2.2)

for a system of N particles. Therefore, molecular dynamics is a deterministic technique:
given an initial set of positions and velocities, the subsequent time evolution is in principle
completely determined.

This will lead to a trajectory in the 6N-dimensional phase space, composed of 3N
positions and 3N momenta. However, such a trajectory is usually not particularly relevant
by itself. Instead, molecular dynamics simulations are used to find time averages of
relevant quantities, e.g. energies or pressure. If the system is ergodic, these averages
correspond to ensemble averages.

A basic simulation model can be de-constructed to a few core ingredients. First we
need the particles that we wish to simulate and their respective interactions. A basic
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model that approximates the interactions for neutral atoms is the Lennard-Jones potential,
which is discussed in section 2.1.1. Next we need a domain for the particles to live in. In
absence of surface effects and thus a simulation of bulk material the domain is bounded
by periodic boundaries. Finally we need an engine to drive the simulation allowing us
to study the time dependent behaviour of the particles. Section 2.1.3 introduces one of
the most common algorithms for this purpose, the Verlet algorithm. In section 2.1.4 we
discuss LAMMPS code, which is capable of running molecular dynamics simulations.

2.1.1 The Lennard-Jones potential

As described before, molecular dynamics schemes solve the equations of motion to
calculate the positions and velocities of a system of atoms. As can be seen from Newtons
2nd law, one of the main ingredients for such a simulation is the interaction between
the different particles. This interaction can be described by a potential, a function
U(r1, ..., rN ) of the position of the atoms, representing the potential energy of the system
for a certain configuration. The forces are then derived as the gradients of the potential
with respect to atomic displacement,

Fi = ∇iU(r1, ..., rN ). (2.3)

The simplest choice is to write the potential as a sum of pairwise interactions, depending
only the distance between two atoms,

U(r1, ..., rN ) =
∑
i

∑
j>i

φ(|ri − rj |). (2.4)

Fig. 2.1: The 12-6 Lennard-Jones potential with potential well depth ε and inter-particle distance
measured in units of σ.

A common way of representing the interaction between atoms in a fluid is by the
Lennard-Jones potential, shown in figure 2.1 and given by the expression

φLJ(r) = 4ε[(
σ

r
)12 − (

σ

r
)6]. (2.5)
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This potential is strongly repulsive for short distances, due to the term 1/r12, which
models the repulsion related to the Pauli principle. At larger distances between the atoms
the 1/r6 term dominates, which is the Van der Waals attraction due to dipole-induced
dipole and induced dipole-induced dipole interactions. The parameters ε and σ are chosen
to fit the physical properties of the material.

Due to its algebraic decay, the attractive tail of the LJ-potential has an infinite
range. Because the number of atoms within a distance r grows as r3, the amount of
computer resources needed quickly becomes huge even though the interaction decreases
as 1/r6. Therefore, it is customary to establish a cutoff radius Rc and disregard the
interactions betweens atoms separated by a distance r > Rc. A simple truncation of
the potential introduces another problem though: whenever the particle-pair crosses the
cutoff distance, the energy is not differentiable creating a discontinuity in the force. To
avoid this problem, the potential is often shifted in order to vanish at the cutoff radius.

φ(r) =

{
φLJ(r)− φLJ(Rc) if r ≤ Rc
0 if r > Rc

(2.6)

2.1.2 Periodic boundaries

Another aspect for the simulation is the boundary of the system. The most obvious
choice would be to simply let the system terminate at the boundary. The system would
be surrounded by surfaces as the atoms near the boundary have less neighbours than the
atoms inside. This system would not be realistic in most cases. No matter how large
the simulated system is, its number of atoms N would be negligible compared with the
number of atoms contained in a macroscopic piece of matter (of the order of NA) and
the ratio between the number of surface atoms and the total number of atoms would be
much larger than in reality, causing unrealistic surface effects.

Fig. 2.2: Periodic boundary conditions showing the main computational cell and its images. When
a particle crosses the boundary, its image enters the cell on the opposite side.

A solution to this problem is to use periodic boundary conditions, which is schemati-
cally represented in figure 2.2. When using periodic boundaries, particles are enclosed in
a box whose images are replicated to infinity by translation in all the three Cartesian
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directions, completely filling the space. In other words, if a particle is located at position
r in the box, it represents an infinite set of particles located at the same relative position
in all images of the initial box. All these image particles move together, while only one
set of coordinates is represented in the computer program. Furthermore, interactions
between the particles are able to go through the boundary and thus any particle i in the
box can interact with other particles j in the box or any of their images.

Clearly, periodic boundary conditions virtually eliminate surface effects form the
system while the position of the box boundaries have no effect. A downside would be
that as an effect the number of interacting pairs increase drastically. In practice, this is
not true because potentials such as the truncated and shifted Lennard-Jones potential
have a short interaction range. To further ensure that there is also no self-interaction
between a particle and its image and thus no induced long range self-correlations, one
could use the minimum image criterion. This states, that in when using a finite potential
with cutoff Rc the minimum box size should be larger than 2Rc in each direction.

2.1.3 Time-integration: The Verlet algorithm

The engine of a molecular dynamics program is its time integration algorithm that
integrates the equations of motion of the interacting particles to obtain their trajectories.
Time integration algorithms are based on finite difference methods, where time is discre-
tised with a time step ∆t. Knowing the positions and some of their time derivatives at
time t, the integration scheme determines the same quantities at a later time t+ ∆t. Of
course, these trajectories are approximate and there are errors associated with them. One
can distinguish between truncation errors, related to the accuracy of the finite difference
method, and round-off errors.

The most commonly used time integration algorithm is probably the Verlet algorithm.
What sets this apart from other schemes such as Euler and some of the Runge-Kutta is
that the Verlet scheme is symplectic, thus the Hamiltonian is conserved. The basic idea
is to write two third-order Taylor expansions for the positions r(t). one forward and one
backward in time:

r(t±∆t) = r(t)± v(t)∆t+
1

2
a(t)∆t2 ± 1

6
b(t)∆t3 + O(∆t4), (2.7)

where v is the velocity, a the acceleration and b the jerk, the third derivative of r with
respect to t. The basic form of the Verlet algorithm is retrieved by adding the two
expressions, giving

r(t+ ∆t) = 2r(t)− r(t−∆t) + a(t)∆t2 + O(∆t4). (2.8)

As one can immediately see, the truncation error of equation 2.8 when evolving the
system by ∆t is of the order of ∆t4. The acceleration can be obtained through Newton’s
equation, relating it to the potential,

a(t) = − 1

m
∇U(r(t)). (2.9)
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A problem with this version of the Verlet algorithm is that velocities are not directly
generated. While they are not needed for the time evolution, their knowledge is sometimes
desired. One could compute the velocities from the position by using

v(t) =
r(t+ ∆t)− r(t−∆t)

2∆t
. (2.10)

To overcome this difficulty, some variants of the Verlet algorithm have been developed.
One method that computes v (t) directly is the velocity Verlet scheme, where positions,
velocities and accelerations at time t+ ∆t are obtained from the same quantities at time
t in the following way:

v(t+
∆t

2
) = v(t) +

1

2
a(t)∆t

r(t+ ∆t) = r(t) + ∆tv

(
t+

∆t

2

)
a(t+ ∆t) = − 1

m
∇U(r(t+ ∆t))

v(t+ ∆t) = v(t+
∆t

2
) +

1

2
a(t+ ∆t)∆t (2.11)

2.1.4 LAMMPS

LAMMPS (“Large-scale Atomic/Molecular Massively Parallel Simulator”) is a molecular
dynamics code that simulates an ensemble of particles in a liquid, solid, or gaseous state.
It can model atomic, polymeric, biological, metallic, granular, and coarse-grained systems
using a variety of force fields and boundary conditions. It is designed to be easy to
modify or extend with new capabilities, such as new force fields, atom types, boundary
conditions, or diagnostics. The current version of LAMMPS is written in C++ and is
distributed by Sandia National Labs.40

In the most general sense, LAMMPS integrates Newton’s equations of motion for
collections of atoms, molecules, or macroscopic particles that interact via short- or long-
range forces with a variety of initial and/or boundary conditions. For computational
efficiency LAMMPS uses neighbour lists to keep track of nearby particles. The lists are
optimized for systems with particles that are repulsive at short distances, so that the
local density of particles never becomes too large. On parallel machines, LAMMPS uses
spatial decomposition techniques to partition the simulation domain into (small) 3D
sub-domains, one of which is assigned to each processor.

LAMMPS uses input scripts, of which only parts will be described in the following
chapters. The complete input scripts for each model can be found in the appendix. For
the remainder of this thesis, all quantities will be given in Lennard-Jones units.Without
loss of generality, LAMMPS sets the fundamental quantities mass, sigma, epsilon, and
Boltzmann’s constant = 1. The masses, distances and energies specified in the input
scripts are multiples of these fundamental units. The formulas relating the reduced or
unitless quantity (with an asterisk) to the same quantity with units are also given. The
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mass, length and energy values for a specific material can be used to convert the results
from a unitless LJ simulation into physical quantities.

Quantitiy Unit

mass m
distance σ

time τ = σ (m/ε)1/2

energy ε
velocity σ/τ
force ε/σ
temperature ε/kB
dynamic viscosity ετ/σ3

density m/σ3

2.2 Brownian dynamics and the Langevin equation

In this thesis the biomarkers present in the immunoassay, as described in the chapter 1,
will be treated as colloidal particles floating in a liquid medium, as depicted in figure
2.3. These colloids exhibit an irregular motion. The cause of the random motion of
the particle is due to the many collisions with the liquid molecules, which are subject
to random thermal molecular motion. This is a classical example of Brownian motion,
which exists due to thermal fluctuations.

Fig. 2.3: A large colloidal particle (green) immersed in a fluid consisting of lighter, smaller
molecules (blue) whose velocities are randomly distributed

The random impacts of surrounding molecules generally cause two kinds of effects.
Firstly, they generate a random force on the colloid that creates irregular motion, and,
secondly, they give rise to friction. The exact relation between the friction and random
forces follows from the fluctuation-dissipation theorem.



2. An introduction to molecular dynamics and the LAMMPS code 13

In section 2.2.1 we derive an equation which describes Brownian motion. Using this
stochastic differential equation, we describe in section 2.2.2 the basic diffusive behaviour
of spherical colloids by means of the mean square displacement for two limiting cases:
the diffusive and ballistic regime. In section 2.2.3 we touch upon the relation between the
fluctuation and dissipation in this particular system. As we will find out, this relation
also provides a means to thermostat the molecular dynamics simulations.

2.2.1 The Langevin equation

In the immunoassay we consider the biomarkers to be sufficiently light to exhibit Brownian
motion, but large in comparison with the solvent molecules. These macroscopic particles
are in thermal equilibrium with a heat reservoir, the solvent, at constant temperature T .
Without knowing any details about the microscopic interactions, it is still possible to use
thermodynamics to give some insights into the process.

Let us describe a relatively big particle immersed in a solvent, a background of much
smaller, moving molecules. We split the force on the colloidal particle in two terms: a
slow varying part due external forces Fext(t) and a fast varying part Ffast(t), representing
the collisions with the solvent. Using Newton’s second law, this leads to

mẍ = Fext(t) + Ffast(t), (2.12)

where m is the particle mass and x its position. Fluctuations in Ffast(t) are characterised
by a correlation time τc. Typically, τc is much smaller than correlation time between the
fluctuations in Fext(t).

Analogously to the force we will define the velocity v = ẋ of the particle as

v = v̄ + δv, (2.13)

where δv is a rapidly varying part with zero mean, so

〈v〉 = v̄, (2.14)

where 〈·〉 denotes a time average. What we are interested in is v̄, as it describes the long
term behaviour of the particle. Integrating the equation of motion over a time for τ � τc,
gives

ˆ t+τ

t
dt′mv̇ =

ˆ t+τ

t
dt′(Fext(t) + Ffast(t)) =

m(v(t+ τ)− v(t)) = Fext(t)τ +

ˆ t+τ

t
dt′Ffast(t

′), (2.15)

where we have assumed that the external force is constant during this interval. Because
Ffast(t) changes sign many times during the time interval τ , we may be tempted to think
its average 〈Ffast(t)〉 is zero. This would result in

m
dv̄

dt
= Fext(t). (2.16)
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Clearly, this solution is no good as none of the expected fluctuations will be present.
We should expect that the nett effect is always to drive the system back to equilibrium,
i.e., if the external force Fext(t) = 0 we expect the velocity v̄ → 0, even if it started at
a non-zero value. Apparently, the assumption that Ffast(t) can be ignored over a time
for τ � τc is wrong.

To solve this problem to rewrite Ffast(t) in two parts: a random part, containing
the statistical fluctuations, and a friction part that drives the particle to its equilibrium.
Analogously to the velocity, we define

Ffast(t) = F̄fast(t) + δFfast(t), (2.17)

with

〈Ffast(t)〉 = F̄fast(t). (2.18)

The exact meaning of these terms will become clear later on, but for now it suffices to
assume that F̄fast(t) depends on the average velocity as

F̄fast(t) = −ζv̄ ≈ −ζv. (2.19)

With this, we can rewrite the equation of motion, resulting in〈
m
dv

dt

〉
= 〈Fext(t)〉+ 〈Ffast(t)〉 =

m
dv̄

dt
= Fext(t)− ζv̄. (2.20)

The addition of F̄fast(t) does indeed drive the system back to equilibrium, as for Fext(t) =
0, the average velocity v̄ decays as ∝ e−t/τ .

Rewriting the equation of motion, including all terms, we end up with the well-known
Langevin-equation:

mẍ = −ζẋ+ ξ(t) + Fext (2.21)

Here ζ represents the drag coefficient and ξ the random force acting on the colloidal
particle, both due to collisions with the solvent molecules.

The same arguments can be used to derive the Langevin equation for rotation.25

With a change of variables, Newton’s law for angular motion reads

Iθ̈ = T, (2.22)

with I the moment of inerta, θ the angle with regard to a reference orientation and T the
torque acting on the particle. The inclusion of a random force as exerted on the particle
by the solvent eventually leads to

Iθ̈ = −ζθ̇ + ξ(t) + Text (2.23)
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2.2.2 Mean squared displacement

Next, we would like to find out the basic behaviour of the particle undergoing Langevin
dynamics. An important quantity in our simulations is the mean squared displacement,
a measure of the amount of space explored due to the random motion of the particle.
As we will see, this defines how fast our particles, the biomarkers, diffuse. When we
disregard the external force, Fext = 0, the Langevin equation reduces to

mẍ = −ζẋ+ ξ(t), (2.24)

describing the particle motion under the effect of just a frictional and random force.
We multiply both sides with x to obtain the following expression,

mx
d2x

dt2
= m

{
d

dt
(xẋ)− ẋ2

}
= −ζxẋ+ xξ(t). (2.25)

Next, we take the ensemble average of all terms in the expression above and apply the
equipartition theorem to set〈

ẋ2
〉

=
kBT

m
. (2.26)

Furthermore, due to the definition of the random force,

〈xξ(t)〉 = 0. (2.27)

This gives

m
d

dt
〈xẋ〉 = m

〈
ẋ2
〉
− ζ 〈xẋ〉+ 〈xξ(t)〉 = kBT − ζ 〈xẋ〉 . (2.28)

The solution to this equation is

〈xẋ〉 = Ce−t/τ +
kBT

ζ
, (2.29)

where C is a constant of integration and τ = m/ζ a damping time. To find the
displacement with respect to the initial position we put x (0) = 0 and find C = −kBT

ζ ,
which leads to

〈xẋ〉 =
kBT

ζ
(1− e−t/τ ). (2.30)

Finally, using

〈xẋ〉 =
1

2

d

dt

〈
x2
〉

(2.31)

and substituting this in the above equation, we find an expression for the mean square
displacement,〈

x2
〉

=
2kBT

ζ

{
t− τ

(
1− e−t/τ

)}
. (2.32)
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Consider now two limiting cases. If t� τ , we can use the following approximation,

e−t/τ ≈ 1− t

τ
+

1

2

(
t

τ

)2

, (2.33)

which gives〈
x2
〉

=
kBT

m
t2 (2.34)

This is the ballistic regime where
〈
x2
〉

= v2
tht

2 and vth =
√

kBT
m is the typical thermal

speed. On the other hand, if t� τ , then e−t/τ → 0. In this case〈
x2
〉

=
2kBT

ζ
t (2.35)

This is the diffusive regime, where the mean square displacement grows linearly with
time.

The above only holds for one dimension. Assuming independence of each spatial
dimension this generalises to〈

R2
〉

=
〈
x2 + y2 + z2

〉
=
〈
x2
〉

+
〈
y2
〉

+
〈
z2
〉

= 3

(
2kBT

ζ
t

)
. (2.36)

This equation provides a way to characterise the diffusivity of the colloids. Using the
following definition of the diffusion constant,

D = lim
t→∞

1

6t

〈
[R(t)−R(0)]2

〉
, (2.37)

we can reduce the expression for the mean square displacement in the diffusive regime,
giving〈

R2
〉

= 6Dt (2.38)

and for the diffusion coefficient

D = µkBT =
kBT

ζ
, (2.39)

which is the Einstein-Smoluchowski equation, and relates the mobility of the colloids
µ = 1/ζ, to the diffusivity.

The drag coefficient can be determined by solving Stokes’ equations. For spherical
particles this leads to the Stokes-Einstein equations with the drag coefficient

ζT = 6πηr (2.40)

and

ζR = 8πηr3 (2.41)

for translation and rotation respectively.
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2.2.3 Fluctuation-dissipation

In Langevin dynamics, the friction and the fluctuations, are related to the same process.
In molecular dynamics simulations this relation can be used to thermostat the system. In
addition to that, it provides a way to efficiently simulate large systems (> 10− 100nm3)
in the canonical ensemble. To find this relation we will start out once again with the
Langevin equation, where we have made the substitution p = mv,

dp

dt
= −γp+ ξ(t), (2.42)

with γ = ζ/m the damping constant.
We can solve this equation using Green’s functions. By defining the linear differential

operator

L =
d

dt
− γ, (2.43)

the Langevin-equation takes the form

Lp(t) = f(t), (2.44)

where the Green’s function pG should obey

LpG = δ(x− z). (2.45)

Solving this homogeneous differential equation gives the following solution,

pG = Θ(t)e−t/τ , (2.46)

with Θ(t) a step function. A particular solution of the Langevin equation results from
the convolution of the stochastic force with the Green’s function

p(t) = {pG ∗ ξ}(t) =

ˆ ∞
0

dt′e−t/τf(t− t′). (2.47)

We assume the following relations to hold for the average and covariance of the noise,

〈ξ(t)〉 = 0, (2.48)

and

〈ξ(t1)ξ(t2)〉 = FC(t1 − t2). (2.49)

Thus in addition to our definition in the discussion of the Langevin equation, we assume
the covariance only to depend on the difference between the times t1 and t2. Also, FC
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must be an even function, since the covariance of the noise term is symmetric in t1 and
t2. For the expectation value of the momentum squared we then find〈

p2
〉

=

〈ˆ ∞
0

dt1e
−t1/τξ(t− t1)

ˆ ∞
0

dt2e
−t2/τξ(t− t2)

〉
=

ˆ ∞
0

dt1

ˆ ∞
0

dt2e
−(t1+t2)/τFC(t1 − t2). (2.50)

To simplify this expression we use the Jacobian matrix to transform to new time-variables:

t− := t1 − t2
t+ := 1

2(t1 + t2)
→
∣∣∣∣∂(t−, t+)

∂(t1, t2)

∣∣∣∣ =

∣∣∣∣1 −1
1
2

1
2

∣∣∣∣ = 1 (2.51)

With this, the integral now becomes

< p2 >=

ˆ ∞
−∞

dt−FC(t−)

ˆ ∞
|t−|/2

dt+e
−2t+/τ = τ

ˆ ∞
0

dt−FC(t−)e−t−/τ , (2.52)

where we have used the fact that FC is an even function. Since equipartition must hold,
we get〈

p2
〉

= τF ∗C(
1

τ
) =

F ∗C(γ)

γ
= 3mkBT, (2.53)

with F ∗C denoting the Laplace-transform of FC . Using this equation, we find for the
relation between the friction constant and the stochastic force

γ =
F ∗C(γ)

3mkBT
. (2.54)

This is the relation we were looking for, and it is an example of a fluctuation-dissipation
theorem. The covariance of the fluctuating force is related to the friction coefficient, i.e.
the dissipation.

In many cases the time needed for the fluctuation function FC(t) to decay is much
smaller than the typical relaxation time τ = 1/γ. When computing the Laplace-integral,
FC(t) has decayed to zero long before e−t/τ has significantly changed from unity. Hence,
we may evaluate the Laplace transform at τ →∞

γ ≈
F ∗C(0)

3mkBT
=

1

6mkBT

ˆ ∞
−∞

dtFC(t). (2.55)

The random force is usually assumed to satisfy two conditions. The process ξ(t) is a
Gaussian process, and its correlation time is infinitely short. This implies that the noise
term is δ-correlated, or ”white noise”. Assuming that the correlator can be written as

FC(t) = FC,0δ(t), (2.56)

an evaluation of the integral gives

γ =
FC,0

6mkBT
(2.57)



3. DIFFUSION OF INTERACTING SPHERICAL COLLOIDS

In a surface binding immunassay the biomarkers, which are essential for detection, have
to be brought to and bind to a reactive surface. The motion of these biomarkers is defined
by diffusive processes. Translational diffusion, in the case of the unactuated system where
Brownian motion dominates, is a measure for the rate at which the positional space
is explored. Rotational diffusion on the other hand determines the orientation of the
particles. The former is the main means for transport, whereas the latter dictates the
binding rate near the surface. Ultimately, we would like to optimise both using magnetic
actuation to improve the efficiency of the biosensor. Before we are able to discuss the
binding rates and magnetic optimisation, however, we have to convince ourselves that
the simulation model correctly reproduces the dynamics of the system, i.e., diffusion. In
this chapter we discuss the different forms of diffusion that play a role in this system.

In section 3.1 we introduce the simulation model where, in a first approximation, we
treat the labelled biomarkers as spherical colloids in an implicit solvent. The reason for
this simplification of the particles is the size difference between the microparticle and
the smaller biomarker, which is up to several orders of magnitude. This simplification is
easily verified as it has been studied extensively.

A spherical particle exhibits both ballistic and diffusive behaviour. The latter is
caused by collisions with the solvent. For short time-scales this leads to the so called
short-time diffusion. In addition to short-time diffusion, a particle can also exhibit long-
time diffusion due to interaction with other particles. The number density of particles
and the range of the interaction potential are important factors with regard to diffusion
at long time-scales. In section 3.2 we show that our simulations correctly reproduce these
properties.

In section 3.3 we expand on the previous model by treating the labelled biomarkers
as a rigid dimer consisting of two spherical subunits. In this section we take three
different approaches towards characterisation of diffusion of these particles. We begin
by taking a theoretical approach, discussing the results as obtained by DeLa Torre
who, using the hydrodynamic tensor, described the effects that arise due to interactions
between the subunits. Using simulations we evaluate the diffusion constant in absence of
hydrodynamic interactions. The simulations have been performed using dimers consisting
of non-identical subunits where we have varied the radii and their separation distance.
Lastly we discuss experimental results on dimer diffusion as obtained by Kraft. We
show that interactions between the subunits, either mechanical or hydrodynamic, may
lead to anisotropic diffusion and coupling between rotational and translational diffusive
modes. A comparison between the different approaches suggests that, for a real labelled
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biomarker, hydrodynamic interactions are only of little influence.
The conclusions from the simulations on the diffusion of both spherical particles and

dimers are summarised in section 3.4.

3.1 Model description

In this chapter we study diffusion of the labelled biomarkers using molecular dynamics
simulations. As a first approximation we model the biomarkers as spherical colloids in a
solvent. For computational efficiency we use an implicit solvent, which means we exclude,
amongst others, hydrodynamic interactions. We find that this approximation is acurate
for low biomarker concentration. An advantage of these approximations is that this
simplified system is well described by theory, allowing us to make a good comparison
and verify the simulation results.

We use the LAMMPS code to perform Langevin dynamics simulations of N spherical
particles at constant temperature and volume. The particles interact with each other
through a repulsive Lennard-Jones potential. In order not to incorporate any surface
effects, we use periodic boundaries. Both the translational and rotational degrees of
freedom are coupled to the implicit solvent. The output we are interested in are the
diffusional properties and related time constants. These depend on both the friction
coefficient and volume fraction of the particles, which are parameters in the simulations.
The friction factor, which depends on both the viscosity of the solvent and the Stokes
radius of the particle, describes the interaction between the particle and the solvent.
Since we always have the same solvent, the friction factor is chosen in such a way that
the viscosity µ remains the same.

In section 2.2.2 we saw how the relevant translational and rotational diffusive proper-
ties could be related to their respective mean square displacements. We compute the
mean square displacement and the mean square angular displacement from the particle
trajectories using the autocorrelation of the associated velocities. For translation this
procedure can be explained as follows: The position of a particle, with respect to that at
t = 0, is related to its velocity by

R̄(t) = r̄(t)− r̄(0) =

ˆ t

0
dt′v̄(t′). (3.1)

With this we can define the mean square displacement as

〈
R2
〉

=

〈ˆ t

0
dt′
ˆ t

0
dt′′v(t′)v(t′′)

〉
=

ˆ t

0
dt′
ˆ t

0
dt′′
〈
v(t′)v(t′′)

〉
=

ˆ t

0
dt′
ˆ t′

t′−t
dτα(τ),

(3.2)

where we made use of the time translation invariance of the covariance function,〈
v(t′)v(t′′)

〉
=
〈
v(t′ − t′′)v(0)

〉
= α(t′ − t′′). (3.3)
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We can further simplify this expression by changing the order of integration, taking into
account the integration domain, and using the time inversion invariance property of the
covariance function:〈

R2
〉

=

ˆ 0

−t
dτ

ˆ t+τ

0
dt′α(τ) +

ˆ t

0
dτ

ˆ t

τ
dt′α(τ) = 2

ˆ t

0
dτ(t− τ)α(τ). (3.4)

Here we assume the particle motion to be in three dimensions, with no correlation between
displacements over any of the axes. The relation between the mean squared displacement
and the diffusion coefficient is as given by equation (2.38), leading to

D =
2

6t

ˆ t

0
dτ(t− τ)α(τ). (3.5)

With this equation the autocorrelation of the particle velocity can be used to obtain the
mean square deviation and short-time self diffusion constant. When the autocorrelation
of the angular velocity is used, this equation grants an expression for the mean square
angular deviation and thus the rotational diffusion constant.

In the next section we introduce the various diffusive regimes and discuss the results
of the simulations. The diffusion coefficients obtained from the simulation have been
calculated with use of equation (3.5).

3.2 Diffusion of spherical particles

A particle undergoing Brownian motion shows at least two different regimes in its mean
squared displacement. From section 2.2 we know these regimes to be ballistic and diffusive,
characterised as

〈
r̄2
〉
ball

and
〈
r̄2
〉
diff

with

〈
r̄2
〉
ball

= 3
kBT

m
t2 and

〈
r̄2
〉
diff

= 6
kBT

ζ
t. (3.6)

A transition from ballistic to Brownian motion takes place at a time τC , which we
define as the cross-over time. From equation (3.6) we find that this transition time,

τC = 2
m

ζ
, (3.7)

depends on the mass of the particle and the friction coefficient. For times t � τC the
motion of the particle is dominated by its initial velocity. For t� τC , due to random
collisions with the solvent, the particle velocity is be uncorrelated with respect to to its
initial velocity and exhibits Brownian motion. The mean squared displacement at a time
t is given by〈

r̄2
〉

= 6D0t, (3.8)

where D0 is the short-time self diffusion coefficient for non-interacting particles, as given
by the Einstein-Smoluchowski equation,

D0 =
kBT

ζ
. (3.9)
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For interacting particles, the diffusive motion may differ from short-time self diffusion
behaviour. In general, the mean square deviation is influenced by both hydrodynamic
and direct interactions between the particles. A particle moving through a fluid creates a
velocity field around it that may induce a force on surrounding particles. The time it
takes for such a hydrodynamic interaction to reach neighbouring particles is

τH = n−2/3 ρ

η
, (3.10)

with n the number density of the particles, ρ the mass density of the fluid and η the
viscosity.41 For moderately concentrated suspensions, with the inter-particle distance
n−1/3 of the order of the particle radius, τH is of the order of τC .46

Direct interaction between particles leads to long-time self diffusion. The cross-over
time for this regime can be calculated by taking into account the time it takes for a
particle to diffuse over a typical inter particle interaction distance δ, leading to

τI =
δ2

D0
. (3.11)

For times τH � t� τI the MSD is mainly influenced by hydrodynamic interactions.
In this time interval the particle displacement is characterised by a short-time self diffusion
constant〈

r̄2
〉

= 6DS
S t (3.12)

containing the effect of hydrodynamics. For hard spheres Beenakker et al.4 evaluated DS
S

over a range of volume fractions by a resummation procedure of all hydrodynamic contri-
butions and obtained results consistent with experiments. As with direct interactions,
hydrodynamic interactions become more important with an increasing number density of
particles. However, these interactions have been excluded from the simulations due to
the implicit solvent approach.

For times t� τI , where particles directly interact with each other, we have to take
the neighbour configuration into account. A particle moving over a distance δ in a
concentrated dispersion will encounter other particles, slowing down diffusion. After
many collisions the effects of the direct inter-particle interactions are averaged out, again
resulting in diffusive motion. In this regime the mean square displacement is characterised
by the long-time self diffusion coefficient,〈

r̄2
〉

= 6DL
S t. (3.13)

This diffusion coefficient can be calculated by taking many-body interactions into account.
In the dilute limit contributions of interactions between three or more particles can be
neglected, leading to a correction to the short-time self diffusivity that can be expressed
in a virial expansion. This correction has been determined by Batchelor1 and Beenakker4

as resp.

DL
S = D0(1− 2.1φ), (3.14)
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with complete hydrodynamics and

DL
S = D0(1− 1.73φ), (3.15)

without hydrodynamic interactions. This leads us to conclude that the effect of hydro-
dynamics is only weak for low volume fractions of particles, φ. For increased volume
fractions calculating the diffusion coefficient is more difficult as higher order corrections
are needed for the increased contribution of many-body interactions.8 In the absence
of hydrodynamic interactions the diffusivity of hard spheres scales as ∝ (1− φ/φm) for
volume fractions nearing the maximum packing fraction φm. In the same limit, φ→ φm
the inclusion of hydrodynamics results in a quadratically vanishing diffusion coefficient.

In the next few sections we discuss the results as obtained from the molecular dynamics
simulations. Starting with the short-time self diffusion we verify that the model we use
yields the correct time- and diffusion constants. Following that we verify the scaling
behaviour of the long-time diffusion coefficient near the maximum packing fraction of
particles.
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Fig. 3.1: The mean squared deviation of a system of spheres at low density moving under Brownian
dynamics. The green dotted line shows the theoretical expectation of the ballistic regime
∝ t2 while red dotted line represent the Brownian regime ∝ t with the cross-over time
τC at the vertical line. The simulation results (thick blue dots) reproduce both regimes.

3.2.1 Short-time self diffusion

We first verify the diffusional behaviour at short time-scales. We know that the mean
square displacement should show a ballistic (∝ t2) and a diffusive (∝ t) regime. Because
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we do not want to incorporate any density effects which might alter the diffusive behaviour
as compared to the short-time self diffusion, we have performed simulations of diffusing
spherical particles in the dilute limit. The resulting mean square displacement as a
function of the simulation time is shown in figure 3.1. We see that the molecular
dynamics simulations correctly reproduce both the ballistic and diffusive regimes of
motion.

The approximate time at which the mean square displacement
〈
∆R2

〉
changes from

ballistic to diffusive motion is τC ∝ m/ζ (3.7). This is further illustrated in figure 3.2. By
looking at the relative deviation of the diffusion coefficient from the theoretical short-time
self diffusion coefficient D0 we can determine τC . Simulations have been performed for a
system of spheres of varying mass at the dilute limit. The figure shows that not only does
the cross-over occur at the τC , which scales linearly with the mass of the particle, at the
dilute limit there is no deviation from the short-time self diffusion coefficient for t� τC .
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Fig. 3.2: The diffusion coefficient relative to the theoretical value for short-time self diffusion of a
system of spheres with varying mass. The vertical lines indicate theoretical value τC for
the cross-over from ballistic to diffusive behaviour.

Next, we take a look at the actual diffusion coefficients. As a reminder, the short-
time self diffusion coefficient as calculated by the Stokes-Einstein equations is given by
DT = kBT/6πηr and DR = kBT/8πηr

3 for translation and rotation, respectively. The
results of the simulations are shown in figure 3.3. The top two graphs show dependency of
the translational diffusion coefficient on the particle mass and radius respectively, whereas
the bottom graphs shows the rotational coefficients for the same set of parameters. The
simulations have been performed at kBT/6πη = 0.1 and by default m = 1 and r = 1.
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We see that the simulated diffusion coefficients agree with the Stokes-Einstein equations.
The left-hand figures indicate that diffusion is independent of mass, while on the right,
translation and rotation show the expected inverse dependency on the particle radius by
resp. ∝ r−1 and ∝ r−3.
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Fig. 3.3: The translational (upper) and rotational (lower) diffusion coefficients for spherical
particles of varying mass (left) and radius (right). The obtained results (dots) show
good agreement with the theoretical expectations (line)

3.2.2 Long-time self diffusion

At longer time scales the mobility of the particle will deviate due to interactions with
other particles. Due to the diffusive behaviour and thus random motion, these collisions
exert, analogous to interaction with the solvent, a random force on a particle. After
many collisions this averages out leading once again to diffusive behaviour.8

An example of this effect and the long-time diffusivity is shown in figure 3.4. In this
figure the deviation of the simulated diffusivity is plotted with respect to the short-time
self diffusion for different volume densities of particles. At very low densities, near
the dilute limit, the effects of collisions are negligible, resulting in a long-time diffusive
motion approximately equal to short-time self diffusion. At high densities, near the
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maximum random packing fraction of φm ≈ 0.63, the system is ‘jammed’ and any further
translational motion of the particles is obstructed.
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Fig. 3.4: The simulated diffusion coefficient relative to the theoretical short-time self diffusion of
a system of spheres with varying mass at different volume densities. At times t� τI the
particles deviate from D0 and show long-time self diffusion. The dashed line represents
the theoretical relative deviation of the long-time diffusion coefficient (3.15).

We know that for low volume fractions the long-time diffusion coefficient can be
approximated by means of a virial expansion, equal to (3.15) in absence of hydrodynamic
interactions. The dependence of the simulated diffusion coefficient on the volume fraction
is shown in figure 3.5. Here the diffusion coefficient is determined by a linear fit through
the mean square deviation at a time t� τI . The simulation results show that the long-
time self diffusion coefficient scales ∝ (1− φ/φ′m) up to a volume fraction of φ

′
m = 0.44,

the red vertical line in figure 3.5. This is the maximum packing fraction of spheres with
an interaction radius of r

′
= 1.1225r, at which the Lennard-Jones interaction potential is

cut-off. For lower volume fractions collisions are dominated by two-body interactions,
whereas at φ > φ

′
m we have to take three- to many-body interactions into account.

The green vertical line in figure 3.5 indicates the maximum packing fraction for the
hard sphere radius r, φm = 0.63. In this regime the particles interact with multiple
neighbours through their ‘soft’ potential, leading to vanishing diffusion coefficient scaling
with O((1− φ/φm)2). The range of the interaction potential is apparently an important
factor in the discussion of diffusion at relatively high volume fractions.

Rotational diffusion in the long-time regime cannot be reproduced with the current
simulation model. Similar to translation, there are at least two different interactions
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Fig. 3.5: The long-time self diffusion coefficient for suspensions of varying density. The simulation
(dots) shows good agreement with the theoretical approximation (dashed line) at low
density. For volume fractions higher than φ

′

m (inset), the diffusion coefficient decays
with a higher order correction ∝ O((1− φ/φm)2).

that may influence the rotational diffusive motion at long times. First of all there are
hydrodynamic interactions. A rotating particle in combination with the no-slip condition
distorts the surrounding solvent and thus indirectly exerts a force on surrounding particles.
There are also direct interactions arising from the friction between two particles during a
collision. As one would expect, these effects become more important at higher volume
fractions. In the simulations neither hydrodynamic nor frictional interactions have been
included. However, the deviation of the long-time rotational diffusion coefficient with
respect to short-times is believed to be linearly dependent on the density of spheres and
negligible for low volume fractions.31

3.2.3 Conclusion

In this section we have seen how the self diffusion of spherical colloids of varying mass
and radius depends on the friction factor and volume fraction. Molecular dynamics
simulations have been performed to compute the mean square displacement and diffusion
coefficients of particles undergoing Brownian dynamics. We find that the diffusion
coefficient depends on the particle radius as ∝ r−1 for translation and ∝ r−3 for rotation
in the case of non-interacting particles, or a system in the dilute limit. The long-time
self diffusion coefficient agrees with the theoretical prediction of DL

S = D0 (1− 1.37φ).
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The simulations have been performed with an implicit solvent without hydrodynamic
and frictional interactions between particles. Theoretical analysis suggests that, at low
volume fractions, hydrodynamic interactions will not have a large effect. We have seen
that at low volume fractions the translational diffusion coefficient can very well be
approximated by the short-time diffusion coefficient due to the low frequency of collisions.
We expect that, with the same argument, this also holds for rotational diffusion.

In reality, the particles in a biosensor consist of a biomarker with a microparticle label
and are thus not spherical. In the next section we discuss the effect of the aspherical
shape on diffusion and validity of the spherical approximation.

3.3 The aspherical shape of labelled biomarkers and the effect on diffusion

In the previous section we approximated the labelled biomarkers as spherical particles
to gain a basic understanding of the diffusive properties. In reality this approximation
may not hold as the aspherical shape of the particles affects diffusion. For instance, a
particle with an elongated spheroid shape experiences less friction when diffusing over its
long axis. Rotation over that same axis is also easier, meaning that diffusion for more
complex shapes could be anisotropic. Another effect that could arise due to the shape is
coupling of diffusive modes. An example of this can be found by considering a screw-like
object, for which translation over the main axis induces rotation, and vice versa.

In section 3.3.2 we expand on the previous model by moving away from the spherical
approximation. In order to better represent a realistic system we replace the spherical
particles in the simulation model with dimers consisting of two spherical subunits. One
of these subunits represents the microparticle, while the other is the smaller biomarker.
Using molecular dynamics simulations we show how the separation distance between
the subunits, as well as the difference between their radii affect the diffusive properties
of the dimer. In section 3.3.3 we compare the simulation results to experiments and
discuss the effect of hydrodynamics. Analysis suggests that for a realistic biomarker both
hydrodynamic interactions and effects due to shape anisotropy are negligible.

We first introduce the hydrodynamic interaction tensor to gain insight into the
hydrodynamic interaction between the subunits and anisotropic diffusion.

3.3.1 Hydrodynamic interaction tensor

For aspherical particles the diffusion constant depends on the direction of movement with
respect to the main axis of the particle. To describe this anistropic diffusion we consider,
instead of a single spherical particle, a rigid molecule composed of N spherical subunits.
If σi is the radius of he ith sphere, the translational friction coefficient of that sphere is

ζi = 6πη0σi. (3.16)

Suppose that the molecule is immersed and held stationary in a fluid whose external
velocity in every point is u. The force F exerted on the molecule by the solvent is related
to the solvent velocity relative to the molecule by the friction tensor Ξ by

F = Ξ · u. (3.17)
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For rotational diffusion, it relates the torque T to the angular velocity ω via

T = Ξ · ω. (3.18)

The diffusion tensor is then, according to the Einstein relation, inversely proportional to
Ξ,

D = kBTΞ−1. (3.19)

The experimentally measured and computationally used diffusion and friction coefficients
are given by

D =
1

3
Tr (D) (3.20)

and

ζ =
kBT

D
=

3

Tr
(
Ξ−1

) , (3.21)

where Tr(·) denotes the trace.
This diffusion tensor can be found by means of the hydrodynamic interaction tensor

Tij which describes the interaction as felt by subunit i due to a force on j. The total
force is the sum of the frictional forces Fi exerted on each subunit. This is proportional
to the solvent velocity vi at the point of the subunit. That is,

F =

N∑
i=1

Fi =

N∑
i=1

ζivi. (3.22)

The solvent velocity at the position of subunit i is the sum of the unperturbed velocity u
and a perturbation term which arises from the hydrodynamic interaction with the other
subunits in the molecule. The perturbation at subunit i depends on the frictional forces
exerted by all the other subunits j through the hydrodynamic interaction tensor Tij , so
that

vi = u−
N∑

j=1,j 6=i
Tij · Fj . (3.23)

For a system containing only point particles, in an incompressible flow and in the low
Reynolds number regime, the expression for Tij is given by the Oseen tensor. Yamakawa52

found a correction that accounts for the finite size of particles. He applied this modified
interaction tensor to simple, rigid structures like rods and rings. These geometries permit
exact analytic solution of the system of linear equations arising from hydrodynamic
interaction. A generalised derivation of the interaction tensor for the case of non-identical
spheres has been suggested by DeLa Torre.35 36 This expression reads

Tij = (8πη0Rij)
−1

[(
I +

RijRij

R2
ij

)
+
σ2
i + σ2

j

R2
ij

(
1

3
I− RijRij

R2
ij

)]
, (3.24)
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where Rij is the vector pointing from sphere i to j. A more complete derivation and
implementation of the hydrodynamic interaction tensor can be found in the papers by
DeLa Torre14 10. For the further discussion in this chapter, the mere interpretation of
this tensor suffices.

Finding an analytic solution to Tij and Ξ is a difficult task for but a few basic systems.
One way of finding the diffusion coefficients computationally is by means of the Hydrosub
code cite. For a dimer consisting of two identical subunits however, an approximated
solution has been given by DeLa Torre. If the dimer consists of two identical spherical
subunits of radius σ separated by a distance R the translation diffusion coefficient reduces
to

DT = DT,0
1

2

[
1 +

σ

R

]
(3.25)

and the rotation diffusion coefficient for rotation of the main axis to

DR,Θ = DR,0
3

4

[
1− 1

16

(
R
σ

)−2
(

1 + 2σ2

3R

)2
]

[
1
2

(
R
σ

)2
+ 3

8
R
σ

(
1 + 2σ2

3R

)] . (3.26)

These equations are valid for separations R > 2σ and thus for dimers without overlap
between the subunits. For large separations, R→∞, translational diffusion reduces to
DT,0/2. In this case the effective friction coefficient is the sum of friction coefficients of
the individual subunits. Due to the large separation there is effectively no hydrodynamic
interaction. In the same limit, rotational diffusion of the main axis vanishes. Since there
are effectively no hydrodynamic interactions this can be attributed to direct interactions
between the subunits.

In the next section we discuss the molecular dynamics simulations of diffusing dimers
consisting of non-identical subunits. It is important to note that in the model an implicit
solvent is used and thus hydrodynamics have been excluded. We show that the simulations
agree with a theoretical approximation based on rigid-body interactions. In our discussion
we refer to experimental results and theories that do include hydrodynamic interactions.
A comparison with our simulation results suggests that hydrodynamic effects for our
labelled biomarkers are negligible.

3.3.2 Diffusion of rigid dumbbells

In this section we study the diffusion of labelled biomarkers. These labelled biomarkers
are approximated as a rigid body of two non-identical spherical subunits in an implicit
solvent. In section 3.2 we have seen that in a system with a low volume fractions of
particles the difference between long- and short-time self diffusion is negligible. With this
information we have removed any inter-molecular interactions from the model system,
effectively simulating a system in the dilute limit. This means that the only interaction
present is that between the particles and the implicit solvent.

As can be seen from figure 3.6, the dimer particle consists of 2 spherical subunits.
Subunit 1 has a fixed unitary mass and radius, while for subunit 2 these are variable
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Fig. 3.6: A representation of the rigid dimer model consisting of two non-identical subunits. In
the simulations we vary both the ratio of radii, σ2/σ1, and the spacing L12 between the
subunits.

and expressed as a fraction of resp. m1 and σ1. The distance between both spheres is
R12 = L12 + σ1 + σ2. We study both R12 = 0 (complete overlap) and R12 � σ1 + σ2

which we can compare to the limiting case of approximation by DeLa Torre, (3.25) and
(3.26).

First we assess what effect the size difference between the subunits has on diffusion
of the dimer. The amount of friction a particle experiences due to interaction with the
implicit solvent increases with its size, (3.16). Since hydrodynamic interactions have been
excluded we expect the effective friction coefficient acting on the dimer to be a sum of
the friction coefficients of the subunits.

The results for translational diffusion are given in Figure 3.7. The blue dots represent
a case where both subunits have the same center of mass whereas the for the red dots they
are separated by a distance of 2σ1. The measured diffusion coefficient has been normalised
with respect to that of a single spherical particles with radius σ1, DT,0. Looking at the
extremes of this simulation we see that for a vanishing σ2 diffusion is fully dominated by
the larger particle, while for equal radii the diffusion effectively halves. This agrees with
the theoretical prediction with an effective friction coefficient, depicted by the blue line.

In case of translation the behaviour is easily explained. The effective friction term
6πηr = 6πησ1(1 + σ2/σ1) reduces for decreasing radius of the subunit. This means that
as a result for σ2 � σ1 the frictional term that hinders the movement of the dimer
particle is completely dominated by σ1. Thus the diffusion coefficient approaches that
of a single particle with radius σ1. For equal radii the friction constant of the dimer is
twice as high as that of a single subunit, because there is twice as much resistance to
movement.

The results for rotation are presented in figure 3.8. For R12 = 0 we see that, analogous
to translation, for σ2 � σ1 the friction coefficient is dominated by σ1, while for equal
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Fig. 3.7: The translational diffusion coefficient of dimer particles for a varying ratio between
the subunit radii. For a small ratio the diffusion is determined by the bigger particles,
whereas for equal radii it is effectively halved. The blue crosses depict the theoretical
diffusion coefficient based on an effective friction coefficient.

radii we have double the friction and thus half the rotational diffusion. For R12 > 0
however, the diffusion coefficient is lower than it is for R12 = 0. The dependence on
σ = (σ2/σ1) is also notably different between both cases. For R12 = 0 the diffusion

coefficient decreases with ∝
(
1 + σ3

)−1
where for R12 = 2 it looks more like ∝ (1 + σ)−1.

Both the decrease in diffusivity and the dependence on the ratio of radii can be explained
by decomposing the total friction coefficient into the friction experienced by the subunits
when the dimer rotates around its center of mass.

Let us first look at the situation for R12 = 0. When a torque acts on the center of
mass of the dimer, the main axis connecting the subunits rotates. Due to the dimer being
a rigid body, the subunits also rotate, analogously to the main axis. The only effect
that counteracts the torque is the rotational friction coefficient of the subunits, which
depends on the radius as ∝ σ3. Analogous to translation, for equal radii there is double
the frictions and thus half the diffusion. As displayed in figure 3.9, a non-zero distance
δ = R12/2 > 0 between the subunits will induce translation of the individual subunits
when the dimer rotates. The torque, acting on the center of mass of the dimer, is now
counteracted by both rotational and translation friction and thus

T ∝ −ζRω − ζT δω ≈ σ3

(
1 +

δ

σ2

)
ω = ζeffω, (3.27)
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Fig. 3.8: The rotational diffusion coefficient of dimer particles for a varying ratio between the
subunit radii. For a small ratio the diffusion is determined by the bigger particles. For
overlapping subunits of equal radius the diffusion constant is effectively halved. This
effect of reduction of diffusion becomes stronger with an increased separation between
the subunits.

where δ is the distance between the center of mass and a subunit and ζeff the effective
friction coefficient. Using the Einstein-Smoluchowski equation we can relate this friction
to a rotational diffusion coefficient. This gives

DR ∝ ζ−1
eff =

1

σ3
(
1 + δ

σ2

) . (3.28)

We see from this equation that for δ → 0 the rotational diffusion decreases with ∝ σ−3

and for δ →∞ as ∝ σ−1. This means that for overlapping subunits the rotational friction
dominates while at large separations the translational friction is the dominating limiting
factor for rotational diffusion. Furthermore, using a Taylor expansion for δ < 1 and
omitting unnecessary constants, equation 3.28 scales as

DR ∝ 1− γδ, (3.29)

where γ is an arbitrary constant.
Figure 3.10 shows the simulated diffusion constants for increasing R12. The radii

of the subunits have been kept constant at σ2 = σ1. As expected from the previous
discussion an increased separation between the subunits has no effect on the translational
diffusion coefficient. For rotational diffusion we see a linear decrease at small separations
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Fig. 3.9: For a rotating torque acting on the center of mass of a dimer particle the subunit at
a distance δ = 1

2R12 will undergo a counteracting frictional force due to both rotation
and induced translation.

as predicted by equation 3.29. For R12 � σ the rotational diffusion coefficient reduces to
DR,0/6. This is because the translational friction of the subunits only affects rotation of
the main axis and thus accounts for 2/3 of the complete rotational diffusion. Rotation
over the main axis remains unhindered.

We can conclude from the results presented in this section that the simulation model
does indeed behave as expected with exclusion of hydrodynamic interactions. Comparing
it to the results by DeLa Torre in the limit of R12 � σ we find that both translational
and rotational diffusion coefficients reduce to the correct values. Thus hydrodynamic
interactions can be neglected it that limit. For a realistic labelled biomarker the protein
is usually one to several orders of magnitude smaller than the microparticle label. This
means that, as we have seen in figures 3.7 and 3.8, the spherical approximation is justified
as there are only minor deviations from the diffusion coefficients in this range of radii. In
the next section we discuss the effect of hydrodynamic interactions on dimer particles for
realistic R12.

3.3.3 Hydrodynamics

In section 3.3.1 we introduced the concept of the hydrodynamic friction tensor and
its relation to diffusion and the diffusion tensor. A solution to the friction tensor for
dimer particles consisting of two non-identical subunits has been found by DeLa Torre.
This solution is valid for a dimer that has no overlap between the subunits and thus
R12 (L12 > 0). A more accurate representation of the biomarker polymer would be as a
semi-sphere on the surface of the microparticle. In the following discussion we model the
biomarker as a small perturbation with regard to spherical shape of the microparticle
and consider the dimer as a slightly prolate spheroid.
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Fig. 3.10: The translational and rotational diffusion coefficients as funcion of the separation
distance between the subunits. Both diffusion coefficients are normalised on their
respective values for the spherical approximation, σ2 � σ1. The separation R12 has no
effect on translation while the rotational coefficient decreases linearly.

The diffusion coefficient for spheroids is determined by the Perrin friction factor, a
multiplicative correction to the friction constant for spherical particles. Let us consider
the dimer to be a single prolate spheroid with p = a/b the axial ratio. For spheres p = 1,
while other values denote an increased ellipticity. For further convenience, we first define
the Perrin S factor,

S = 2
tanh−1 ξ

ξ
with ξ =

√
|p2 − 1|
p

. (3.30)

The translational friction correction factor is determined by Perrin as

fP = 2
p2/3

S
, (3.31)

which for our system would be a correction of fP > 1, thus decreasing the translational
diffusion. The rotational correction coefficients can be expressed with a factor for rotation
about the axial semi-axis fP,ax and one for rotation about the equatorial semi-axis fP,eq:

fP,ax =
4

3

ξ2

2− (S/p2)
and fP,eq =

4

3

(1/p2)− p2

2− S[2− (1/p2)]
. (3.32)

Calculation of the coefficients give fP,ax < 1 and fP,eq > 1, thus indicating anisotropic
diffusion.
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With both the approaches by DeLa Torre and Perrin we obtain a description of the
diffusion coefficients in two limiting cases of the dimer model. The results by DeLa
Torre describe diffusion for separations R12(L12 > 0) and suggest that hydrodynamic
interactions between the subunits are negligible at large separations. The Perrin friction
coefficient can be used for small perturbations by the biomarker protein to the spherical
shape of the microparticle label. We have seen that a prolate spheriod shape introduces
anisotropic diffusion.

Diffusion of dimer particles with overlapping subunits of approximately the same size
is described by experiments performed on diffusing dimers by Kraft34. Before discussing
their results, we reintroduce the hydrodynamic friction tensor,

H =
1

βη
D−1. (3.33)

The diffusion tensor D is proportional to the correlation between any of the translational
or rotational degrees of freedom (α, β) as

D ∝ 〈α(t)β(t)〉 . (3.34)

The meaning of the various tensor entries is given in table 3.1 below. The diagonal
entries, where α = β, are related to the simulated diffusion constant, whereas the off-
diagonal entries, α 6= β, represent coupling constants. From the latter, 6 coefficients are
for coupling between translational modes and 6 for the rotational modes. The other 18
entries represent coupling between translation and rotation. We have assumed that the
coupling effects in our system are negligible. The diffusion constants obtained in the
simulations are averages of the 3 translational and the 3 rotational modes.

Translation Hxx Hyx Hzx Hωxx Hωyx Hωzx Rot.-Trans.
Hxy Hyy Hzy Hωxy Hωyy Hωzy

Hxz Hyz Hzz Hωxz Hωyz Hωzz

Hxωx Hyωx Hzωx Hωxωx Hωyωx Hωzωx

Hxωy Hyωy Hzωy Hωxωy Hωyωy Hωzωy

Trans.-Rot. Hxωz Hyωz Hzωz Hωxωz Hωyωz Hωzωz Rotation

Tab. 3.1: A table explaining the different entries of the hydrodynamic friction tensor.

In table 3.2 we see a comparison of the experimental results by Kraft for a different
amount of overlap. The left table (a) shows the hydrodynamical friction tensor for a
dimer with partial overlap between the subunits. The off-diagonal entries are negligible
meaning that there is no coupling between the different diffusive modes. The translational
friction terms on the diagonal are not equal to each other and thus indicate anisotropic
diffusion. In the right table (b) the distance between the subunits is increased such
that the subunits are just merely touching. We see that the coupling constants are still
negligible and diffusion is anisotropic. With respect to (a) however, the diffusion over
the particle’s long axis as well as rotational diffusion as a whole is slower.
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25.2 0.8 -1.2 -0.4 -1.8 -
0.8 25.7 0.7 -5.6 -1.1 -
-1.2 0.7 19.7 -1.5 -0.2 -

-0.4 -5.6 -1.5 128.8 1.7 -
-1.8 -1.1 -0.2 1.7 114.5 -
- - - - - -

(a)

25.4 0.5 -0.7 -1.4 -1.0 -
0.5 26.4 0.1 0.0 1.0 -
-0.7 0.1 22.3 0.6 3.8 -

-1.4 0.0 0.6 180.3 -1.5 -
-1.0 1.0 3.8 -1.5 186.0 -
- - - - - -

(b)

Tab. 3.2: The hydrodynamic interaction tensor for a dimer particle as determined by Kraft34. The
left table, (a) is for a slight overlap R12 (L12 < 0) while on the right (b) the distance
is increased to R12 (L12 = 0). We see that with respect to (a), (b) shows only a slight
increase in friction over the long axis of the dimer and a significant increase in rotational
friction.

When we focus on the coefficients on the diagonal we see a small increase in the
translational friction coefficient and thus, due to the inverse dependency on the diffusion
coefficient, a decreased translational diffusion. In the case of rotation there is an increased
friction in the axial direction and a decrease for the equatorial direction. This agrees
with the calculated Perrin correction coefficients, where we approximated the dimer
as a prolate spheroid. Averaging these coefficients leads to an overall decrease of the
rotational diffusivity, in accordance with DeLa Torre.

3.3.4 Conclusion

Molecular dynamics simulations have been performed on dimers with non-identical
subunits. Interactions between the dimer particles and hydrodynamic interactions
between the subunits have been excluded. The results have shown to converge to both
the spherical limit at R12, σ2 = 0 and to the results by DeLa Torre for R12(L12 →∞) and
σ2 = σ1. Due to the absence of hydrodynamics the separation between the subunits has
no effect on the translational diffusion coefficient. Rotational diffusion has shown to be
dominated by rotational friction for R12 → 0 and by translational friction for R12 →∞.

When we take into account the size and shape of a realistic labelled biomarker we can
conclude from both the Perrin friction factor and the molecular dynamics simulations
that we can indeed use a spherical approximation. This is supported by the experiments
by Kraft.





4. INCREASING ASSOCIATION RATES USING MAGNETIC ACTUATION

After characterising the diffusion of the labelled biomarkers, we describe the binding
process to a reactive surface and how to improve the binding rate using magnetic actuation.
In this process translational diffusion is the main means of transport, whereas rotational
diffusion dictates the orientation of the particles. In this chapter we first focus on the
consequence of adding a surface to the domain. The diffusing particles interact with the
surface both directly, due to collisions, and through hydrodynamics. As discussed in the
previous chapter, hydrodynamic interactions have not been included in the simulations.
Nevertheless, it is known that due to hydrodynamics the presence of a surface can
severely alter the diffusional behaviour. The theoretical influence of the hydrodynamic
particle-surface interaction is discussed in section 4.1. We focus on the actual binding
process in section 4.2 and the rate at which the biomarkers bind to the surface in 4.3.
There are several requirements to allow protein-protein binding between a diffusing
particle and a surface. The limiting factors in this process are volume transport and
near-surface alignment. Using molecular dynamics simulations, without hydrodynamics,
we determine the binding rate in terms of these limitations. With the use of an analytic
model we are able to predict these rates in terms of the binding criteria. In section 4.4
we introduce magnetic actuation. We show that actively forcing particles to rotate or
move to a surface does increase the binding rate by overcoming limitations that arise due
to diffusion in both volume transport or alignment.

4.1 Near-surface hydrodynamics

When an isolated particle is in the vicinity of a solid boundary its Brownian movement
is hindered due to an increase in hydrodynamic drag. The presence of the solid wall
breaks the symmetry of the particle dynamics, resulting in anisotropic diffusion. The
motion can be decomposed in components parallel and perpendicular to the surface, as
indicated in figure 4.1. The flow of a fluid between the particle and the surface can be
described by lubrication theory, an expansion on the Navier-Stokes equation. Brenner23

successfully solved the lubrication equation for a particle motion normal to the solid wall
and proposed an infinite series solution of the drag correction factor β⊥. He reported
that the correction factor is a function of particle radius a and distance between the
surface of the particle and the solid wall, h = s− a, with s the distance measured from
the particle center. Bevan and Prieve6 reported, using a regression method, that

DT,⊥
D0

≈
6
(
h
a

)2
+ 2

(
h
a

)
6
(
h
a

)2
+ 9

(
h
a

)
+ 2

(4.1)
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Fig. 4.1: Schematic representation of translation (top) perpendicular (left) and parallel (right) to
a surface and rotation (bottom) of a sphere about an axis perpendicular and parallel to
a surface normal. The radius of the sphere is given by a and the distance between its
center and the surface given by s.37

is a close approximation to Brenner’s infinite series solution. For the parallel correction
factor, Goldman23 proposed an asymptotic solution,

DT,‖

D0
≈ −

2
[
ln
(
h
a

)
− 0.9543

][
ln
(
h
a

)]2 − 4.325 ln
(
h
a

)
+ 1.591

, (4.2)

which is valid for particles close to the wall, thus h
a � 1.

Another approach to solve the Stokes equation in the presence of boundaries is by
using the method of reflections (MOR) as proposed by Smoluchowski.24 The method
was employed by Faxén to correct the Stokes drag on a sphere translating near a wall.
Faxén’s corrections are expressed as a power series in the ratio of the particle radius and
the distance from the surface. The perpendicular and parallel correction up to a third
order are given by respectively(

DT,⊥
D0

)
MOR

≈ 1

1− 9
8
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a
h

)
+ 1

2
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a
h

)3 (4.3)
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and (
DT,‖

D0
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Similarly, the drag torque on a rotating sphere in the presence of a surface is also
increased. An analytic solution to this situation has been found by Dean and O’Neill.17

A much simpler and more usable form is again obtained by the method of reflection. The
corrections to the anisotropic rotational drag are given by(

DR,⊥
D0

)
MOR

≈ 1

1− 1
9

(
a
h

)3 (4.5)
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)6 . (4.6)

A comparison of the Faxén correction factors is given in figure 4.2. Both translation
parallel to the surface and rotation over a parallel axis are less hindered by hydrodynamic
interactions than their perpendicular counterparts. Furthermore, the interaction length
for translation is considerably longer than for rotation.

The near-wall anisotropic correction factors have been experimentally confirmed by
Huang.27 He deduced that the corrections by Bevan and Goldman and Cox and Brenner
are more appropriate in the limit of small gap sizes h/a� 1, while Faxén’s corrections
are more accurate for h/a > 1. Furthermore, it should be mentioned that these proposed
correction factors assume a no-slip condition at the particle surfaces. A non-zero fluid
slip would in this case result in an overestimation of the drag corrections, and thus an
underestimated diffusion coefficient.

From these corrections we see that, due to hydrodynamics, the drag on a particle near
the wall increases and diffusion becomes anisotropic, especially for translational motion.
In our model, however, we assume that the system is isotropic in the x- and y-direction,
thus translation parallel to the surface is irrelevant with respect to the binding rates.
Translation perpendicular to the surface is relevant and a decrease in diffusivity should
decrease the binding rate. For reference, a microparticle-labelled biomarker the distance
from the surface, in order to bind, has to be in the order of the size of the biomarker,
thus h/a < 1. Van Reenen used in his experiments a label with radius 1.4µm and a
reactive particle with radius 5 ∼ 500nm attached the surface. We estimate, based on
the results by Leach37 and Goldman, Cox and Brenner23, that hydrodynamic effects
decrease the near-surface diffusivity by at least a factor 4 ∼ 6. As described in the
previous section, hydrodynamic effects are not included in the simulations, thus leading
to an overestimation of the binding rates. In the following discussion, because we are
interested in the scaling behaviour of the binding rate in terms of the binding constraints,
we neglect the influence hydrodynamics.
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Fig. 4.2: Experimentally measured drag coefficients as a function of the distance s = h + a of
the center of a sphere with radius a from the surface. The viscosity near the surface
is represented by η∗, and given with respect to the bulk viscosity η. Results are given
for translation (squares), perpendicular and parallel to a surface, and rotation (circles)
about an axis perpendicular and parallel to the surface normal. The solid lines are the
power series expansions of Faxén’s correction. Near the surface we see an increase in
drag for both translation and rotation.37

4.2 Protein-protein binding

Binding between a protein target and the biomarker is driven by two distinct processes.
Firstly, the encounter rate between the target and biomarker molecule which depends on
the particle concentration and their diffusional properties. Secondly, it depends on the
subsequent biochemical reactions between them. This creates two avenues to accelerate
the capture rate: firstly by increasing the encounter rate and secondly by increasing the
biochemical reaction rate. In practice, usually either diffusion or the chemical reaction
dominantly limits the reaction rate. Typical antibody-antigen association reactions are
generally diffusion-controlled.21

The binding process of the target protein (TP ) and the labelled biomarker (LB) is
similar to a bimolecular binding process43;53 and can be represented as follows:

TP + LB � TP‖LB � TP · · ·LB � TPLB (4.7)

It consists of an encounter step between the two components, TP and LB, which leads
to a transient complex (TP · · ·LB) that can subsequently react chemically and become a
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bound complex (TPLB). The total process is characterized by the overall rate constant
of association, ka, with units

[
M−1s−1

]
.

In case only a part of the particle surface is available for binding, the relative
orientation, or alignment, of the particle also has to be taken into account. In this case
another complex (TP‖LB) can be defined where the encounter has taken place, but the
particles are still misaligned. The binding rate for protein-protein interactions is mostly
alignment-limited.43

If free proteins react in a solution, the alignment process (i.e., rotational diffusion)
is an important restriction due to the highly specific alignment constraints, but volume
transport (i.e., translational diffusion) is not a limitation.21 In case one of the two proteins
is attached to a surface, however, volume transport can become a limitation.45

Since antibody-antigen reactions are generally diffusion-controlled we assume the
biochemical reaction rate not to be a limiting factor in this process. In section 4.3 we
describe the simulation model and take an analytic approach to describe the effect of
both volume transport and alignment on the binding rate of labelled biomarkers to a
reactive surface.

Fig. 4.3: A representation of the model by Schmitz and Schurr44, consisting of a spherical particle
with a reactive patch and a single protein attached to a surface. Binding occurs when
the sphere with radius RH is correctly aligned and the center lies within a hemisphere of
radius RT denoting the protein. The particle is aligned when the center of the reactive
patch on the particle, denoted by the arrow, is at an angle θ < θb where θ is measured
with respect to the axis perpendicular to the surface.

4.3 Binding biomarkers to a reactive surface

Binding of a labelled biomarker to a reactive surface is regulated by the size of the
reactive patch on both the surface and the particle. One of the more intuitive models for
this system is that by Schmitz and Schurr44. Their model, schematically represented
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in figure 4.3, describes binding of a particle with a reactive patch to a single protein
attached to the surface. The particle with radius RH needs to be correctly aligned, with
an orientation θ < θ0, where θ is the angle between the orientation of the center of the
reactive patch on the particle and the axis perpendicular to the surface. It is bound when
its center is positioned within a hemisphere of radius RT < RH a distance RH from the
surface.

Schmitz and Schurr determined the binding rate for this model as

k =
kaf (θ0) kD

kD + ka
2
RH
RT

. (4.8)

Here, ka is the intrinsic bimolecular binding rate, kD = 2πRHD the encounter rate and
f (θ0) the fraction of all orientations that lead to a bound state.

For a labelled biomarker, RH corresponds to the radius of the label and RT � RH
the radius of the biomarker attached to the surface. We know that these type of reactions
the bimolecular binding rate is generally much higher than the encounter rate. We are
therefore in the diffusion controlled limit, kaRH/2RT � kD, for which equation (4.8)
reduces to k = 2kaf (θ0) kDRT /RH = 4πRTkaf (θ0). In this section we describe the
binding rate of particles with a reactive patch to a surface densely covered with proteins.
Disregarding the intrinsic bimolecular rate we see that in the limit of RT � RH we can
recover the same behaviour with k ∝ f (θ0).

The model for our system is described in section 4.4.1. In section 4.4.2 and 4.4.3
we provide a theoretical description to predict the binding rate in terms of the binding
volume and the binding criteria. The results of the molecular dynamics simulations,
discussed in section 4.4.4, show good agreement with the provided theory.

4.3.1 Model description

To study the binding rate of particles to a reactive wall we expand the model we used
to characterise the diffusion of spherical particles. In chapter 3 we saw that, using a
spherical approximation for the microparticle-labelled biomarkers, our model reproduced
the Brownian motion exhibited by the labelled biomarkers in bulk solution. To simulate
binding to a reactive surface we expand on this base model that is thus composed of N
non-interacting spherical particles in an implicit solvent. We now include repulsive walls
to bind the domain in one direction and certain requirements that, analogously to the
process described by equation (4.7), allow a transition to a bound state. This means
that we incorporate both encounter and alignment rates to the model. The walls, placed
near the z-direction edges of the simulation box, interact with the particles through a
repulsive 9-3 Lennard-Jones potential.40 In the x- and y-directions the boundaries are
still periodic. We consider the wall at z = 0 to be a reactive surface with a binding region
extending to z = zb. At z > zres we have a reservoir of particles, which is maintained at a
constant number density. A schematic representation of the system is given in figure 4.4.

We assume a transition from an unbound to bound state to happen when the particle
is close enough to the surface, z < zb, and it is properly aligned, φ < φb. The latter



4. Increasing association rates using magnetic actuation 45

ZB

B

RESERVOIR

Z=0 Z=ZMax
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Fig. 4.4: An illustration of the system and imposed binding criteria. The system is bounded in
the z-direction by repulsive walls at z = 0 and z = zmax. Particles that are considered
bound are removed from the reactive surface and placed back in the reservoir, thus
conserving the total number of particles. The reactive surface has a binding region
with width zB. The particle must have a position z < zB and orientation φ < φB
to be considered bound, imposing the criteria of respectively the encounter step and
near-surface alignment (4.7). In our model zB represents the size of the biomarker
protein and φB the size of the reactive patch.

ensures that the reactive patch on the particle points towards the reactive surface. A
particle that is bound is removed from the surface and placed back in the reservoir.
This way we do not include depletion effects in the system because the total number
of particles is conserved. Since our binding region is a slab, extending in the x- and
y-directions, we simulate binding of a particle to a surface with a high surface-coverage of
proteins. This is different from the Schmitz and Schurr model, who looked at binding to
a single protein. We show that, in the limit of a binding region of vanishing width with
respect to the particle radius, zb � σ, which is equivalent to RT � RH in the Schmitz
and Schurr model, both models lead to an expression for the binding rate exhibiting an
equal dependence on near-surface alignment.

4.3.2 Theoretical description

We are interested in a description of the binding rate as a function of the imposed binding
criteria. One way to find this is by solving Fick’s law of diffusion with included reaction
terms taking into account binding to the surface, which is given as

∂c (z, φ, t)

∂t
= DT∇2

T c+DR∇2
Rc− kcH (zb − z)H (φb − φ) , (4.9)
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with H (·) the Heaviside function and k the binding rate per unit surface. This equation
describes the evolution of the particle concentration c (z, φ, t) due diffusion, described by
the translational and rotational diffusion constants DT and DR, with ∇ the respective
del operator, and binding to the surface. Due to the difficulty involved with finding an
analytic solution to this equation, we choose to approximate the binding rate using a
simplified approach.

The system we consider has a reactive surface at z = 0 with a binding region extending
to z = zb. At z > zres � zb we have an infinite reservoir with a fixed particle density.
We assume the flux of particles moving into the binding region, JT , satisfies

JT = −DT
∂c (z, φ, t)

∂z

∣∣∣∣
z=zb

, (4.10)

with c (z, φ, t) the concentration, to be independent of the size of the reactive patch on
the particle. The concentration profile in the steady-state can be derived from Fick’s law
of diffusion, given as

∂c (z, φ, t)

∂t
= DT

∂2c (z, φ, t)

∂z2
= 0. (4.11)

Since our system is isotropic in the x, y-direction, the del operator transforms to ∇2
T =

∂2/∂z2. For fully reactive particles, φb = π, we have a sink at zb and a source at
zres. These translate to the boundary conditions c (zb, π, t) = 0 and c (zres, π, t) = cres.
Denoting this steady-state profile as c (z) = c (z, π, t), the solution to equation (4.11) on
the domain zb ≤ z ≤ zres is

c (z) = (z − zb)
cres

zres − zb
, (4.12)

with the influx of particles satisfying JT = cres/(zres − zb).
Let us consider what happens to the particles, of any aligning constraint φb, that

enter the binding volume at zb > 0. We assume that the amount of particles that enter
the binding volume per unit time, JT , is constant for any φb. First of all, a fraction of the
incoming particles has an orientation φ < φb and is instantly bound. Per unit time, part
of the fraction that is still unbound will bind due to rotational diffusion. This process,
independent of the azimuthal angle, is described by the rotational version of Fick’s law
for diffusion,

∂f (φ, t)

∂t
= DR

1

sin (φ)

∂

∂φ

(
sin (φ)

∂f (φ, t)

∂φ

)
, (4.13)

where f denotes the probability density function of the particle orientation φ at time t.
For the probability density function we have two boundary conditions. At the left

boundary φ = φb we have a sink, while at the right, φ = π, there should be no net
flux and thus ∂f (φ, t) /∂φ|φ=π= 0. Finding an analytic solution to equation (4.13) in
combination with these boundary conditions has proven to be a difficult task. However,
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without making any assumptions for the probability density function, we propose the
following form for the flux of particles moving from an unbound to a bound state in the
binding region,

JR = DR
∂f

∂φ

∣∣∣∣
φ=φb

= DRN(t)F (φb) , (4.14)

with N (t) the number of unbound particles present in the region after a time t and
F (φb) an arbitrary function depending on φb. The amount of unbound particles a time
step ∆t later is defined as

N(t+ ∆t) = N(t)− JR∆t. (4.15)

In differential form this becomes

dN(t)

dt
= −DRF (φb)N(t), (4.16)

with solution

N(t) = N0 exp (−DRF (φb) t) . (4.17)

We know that for Brownian diffusion the relation between the one dimensional mean
squared deviation and time is given as

t =

〈
z2
〉

2DT
, (4.18)

which we use to express N(t) in terms of the position. Thus, where N (t) represents
the fraction of unbound particles in the binding region at a time t, with respect to the
number entering the binding region per unit time, we now obtain the fraction of unbound
particles that have penetrated a distance z′ into the binding volume,

N(z′) = N0 exp

(
− DR

2DT
F (φb) z

′2
)
, (4.19)

with N0 ∝ JT . We made the assumption that all particles that enter the binding region
keep moving in the same direction, thus substituting

〈
z2
〉
→ z′2, where z′ is the effective

distance travelled after entry.
Since we know what happens to the particles that enter the binding volume, we

can construct a function for the binding rates. First, however, we shall introduce two
functions for further simplification. Instead of looking at the unbound particles in the
volume, we are interested in those that are bound. The fraction of bound particles with
respect to N0 is

fb(zb, φb) = 1− N(2zb)

N (0)
= 1− exp

(
−2

DR

DT
F (φb) zb

2

)
(4.20)
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Here we have made the substitution z′ = 2zb, where zb is the width of the binding region
measured from the reflecting wall. Particles that travel a distance of 2zb without being
bound will have collided with the repulsive wall at z′ = zb and leave the binding region
at z′ = 2zb.

Of the the number of particles that initially enters the binding region, a fraction will
directly be bound since they already have the correct orientation. This fraction is given
by

fφ(φb) =
1

2
(1− cos(φb)). (4.21)

The binding rate can be expressed by these two equations. It is the sum of the fraction
that is bound right away and the fraction that penetrates the binding region and binds
before leaving it again. This leads to

k = JT [fφ + (1− fφ)fb] , (4.22)

with JT the flux of particles moving into the binding region. In case the binding region
is of vanishing width the fraction of particles that penetrate the binding region and
reach a bound state due to rotational diffusion reduces to fb (zb) = 0. This leads to a
binding rate being dominated by the fraction of reactive surface on the particle, k ∝ fφ,
agreeing with the model by Schmitz and Schurr for a vanishing target size RT . In the
next section we show, using molecular dynamics simulations, that equation (4.22) is a
good approximation to the binding rate in our system.

4.3.3 The orientational probability density function in the binding region

In the previous section we proposed, using a few approximations, a solution describing
the binding rate in our system. One of these approximations is that translational
and rotational behaviour can be separated, leading to uncoupled expressions for Fick’s
equations. These in turn lead to respectively JT , the amount of particles moving in
to the binding region, and JR, the amount of unbound particles in the binding region
reaching a bound state due to rotation. The latter depends on an arbitrary function
F (φb), which can be found by solving Fick’s equation for rotational diffusion with the
appropriate boundary conditions. In this section we propose a solution to this problem,
leading to the corresponding probability density function and the function F (φb).

As a reminder, Fick’s law of rotational diffusion (4.13) is given by

∂f(φ, t)

∂t
= DR

1

sin (φ)

∂

d∂φ

(
sin (φ)

∂f(φ, t)

∂φ

)
,

where f denotes the probability density function of the particle orientation φ at time t.
For boundary conditions we have a sink at φb, f (φb, t) = 0, and no net flux at φ = π, thus
∂f (φ, t) /∂φ|φ=π= 0. Using a finite difference method we obtain a numerical solution to
equation (4.13) with these boundary conditions. A description of this procedure can be
found in appendix A. Figure 4.5 shows the steady-state probability density profile scaled
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Fig. 4.5: The normalised probability density function for Brownian rotating particles with a sink
at φ = φb. The dots represent different values for the aligning constraint φb. The
solid line is the steady-state profile obtained by numerically solving Fick’s equation for
rotational diffusion, see appendix A. The simulation results are showing a developing
profile, causing deviations from the numerical solution further away from the sink. A fit
to the probability density function (dashed line) is given by equation (4.25).

on the region φb < φ < π. The simulated profiles have not yet been fully developed,
leading to an increasing deviation from the numerical solution at orientations away from
the sink. However, what we are interested in is the behaviour near φ = φb, as this
determines the rate at which the unbound particles in the binding region rotate towards
a bound state. This rate is given by equation (4.14),

JR = DR
∂f

∂φ

∣∣∣∣
φ=φb

= DRN(t)F (φb) ,

with F (φb) an arbitrary function depending on φb. The number of unbound particles
present in the binding region after a time t, N (t), with respect to the number that enters
the binding region per unit time, can be found by integrating f(φ, t) over all possible
orientations,

N(t) =

ˆ π

0
sin (φ)H (φ− φb) f(φ, t)dφ =

ˆ π

φb

sin (φ) f(φ, t)dφ, (4.23)

with H (φb) a Heaviside function due to the sink at φ < φb. With this we can derive the
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function F (φb) from the probability density function, obeying the equality

F (φb)

ˆ π

φb

sin (φ) f(φ, t)dφ =
∂f(φ, t)

∂φ

∣∣∣∣
φ=φb

. (4.24)

Returning to figure 4.5, we used a fit to approximate the probability density (dashed
line), obeying the function

f (φ, t) = C (1−A · exp (BΦ (φ))) , (4.25)

with A and B fitting constants determined to be 0.0135 and 4.3 respectively, C a
normalisation constant that can be determined using equation (4.23) and Φ (φ) the
dimensionless orientation scaled to π − φb.

With this fit for the probability density for unbound particles in the binding region
we can make an estimate of the binding rate. In the next section we discuss the simulated
binding rate and make a comparison with the theoretical prediction given by equation
(4.22), where we have used the fit (4.24) and the corresponding function F (φb).

4.3.4 Discussion of the simulation results

As a reminder, the simulation box is bounded in the z-direction with repulsive walls
and has a binding region between 0 < z < zb and a reservoir at zmax/2 < z < zmax.
By placing the bound particles back in the reservoir, it is kept at a constant number
density. From the previous discussion we know that the total binding rate consists of two
components corresponding to the applied binding criteria. The first component is strictly
related to the aligning constraint and thus the fraction of the particle surface that is
reactive, fφ (φb). The other component is related to the width of the binding region, the
average penetration depth of particles and the rate at which they reach a bound state
through rotational diffusion.

We first test the system by simulating with a constant number density of particles
throughout the simulation volume, thus including the binding region. As a reminder,
particles that are bound, i.e., satisfy the binding criteria z < zb and φ < φb, are removed
from the binding region and placed back into the reservoir. The binding rate k is
determined by counting the number of particles satisfying these criteria per unit time.
To simulate a system with a constant number density of particles we have to remove
the sink that removes particles from the binding region. To achieve this we count but
do not remove bound particles from this region. This leaves the binding rate to depend
only on the width of the binding region and fraction of reactive surface on the particles.
This is equivalent to setting fb = 0 and JT = Vb/V in equation (4.25), where V = Azmax
with zmax = 30σ the length of the simulation volume, is the volume, A the surface of the
simulation box and Vb = Azb the binding volume. This leads to

k = JT fφ =
Vb
2V

(1− cos (φb)) =
zb

2zmax
(1− cos (φb)) . (4.26)

In our case the binding volume is a slab, so it scales linearly with zb. In figure 4.6 we
see the simulation results for binding rates as a function of φb for a selection of zb. By
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Fig. 4.6: The binding rates in absence of a procedure that places bound particles back in the
reservoir. The simulated values (dots) agree with the theoretical expectation (line).
Since there is no interaction with the reactive surface causing depletion in the binding
region, the binding rate is determined by the fraction of reactive surface on the sphere,
fφ, and the encounter rate JT , equation (4.10).

looking at the overlap with the theoretical line we deduce that the simulated binding
rate for this test without a sink agrees with theory.

Next we include the procedure that places the bound particles back into the reservoir.
In this case the particles diffuse towards a reactive surface from a reservoir that is
maintained at constant number density. The resulting concentration profile, normalised
to the reservoir concentration, is given in figure 4.7. For fully reactive particles, φb = π,
there is a linear decrease in concentration from the reservoir (black dash) to the edge
of the binding volume (green dash). The slope of this line gives us JT , the influx of
particles as used in equation (4.22). For particles with φb < π the particles penetrate the
binding volume may collide with the surface and flow out of the binding volume again.
This leads to a non-zero concentration near the reactive surface. In case the particles are
not reactive, φb = 0 and none of the particles will bind to the surface leading to a flat
concentration profile throughout the system.

In our discussion of the theoretical binding rate we separated the effects of particles
moving towards-, and alignment within the binding region. The former lead us to the
factor JT , which we assumed to be equal for all φb. The latter determined the dependence
of the binding rate on φb. A comparison of the simulated binding rates and theoretical
approximation, showing the dependence on the aligning constraint, is given in figure 4.8.
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Fig. 4.7: The normalised concentration profile c(z)/cres of a system with particle binding to a
reactive surface with binding region z < zb (green dash). At z > zres (black dotted line)
we have a reservoir with a constant particle concentration cres. The repulsive walls that
enclose the system are indicated by the black lines. For fully reactive particles (orange)
there is a linear decrease to zb with the slope determining JT .

The points denote the simulated binding constants while the solid line is the theoretical
curve as predicted by equation (4.22). The dashed line depicts the case where zb = 0 and
thus corresponds to a binding region of vanishing width. All values have been normalised
with respect to the binding rate for fully reactive particles, kφb=π. With regard to the
function F (φb), we used the fitted solution proposed in section 4.3.3.

For narrow binding regions the binding rate depends mostly on the fraction of reactive
surface on the particle, fφ. When the width of the binding volume is increased, if
particles that are not fully reactive, then fφ < 1 and they can reach a binding orientation
through rotational diffusion while they are in the binding region. For very large binding
volumes this leads to binding for all particles that enter this region, leading to a binding
rate independent of φb. This type of behaviour, as we have already deduced from our
theoretical model, agrees with the results from the simulations.

In the next section we consider two options for increasing the binding rates: trans-
lational and rotational actuation. This means that, to overcome the limiting diffusive
motion, we actively translate or rotate the particles using an external force. In the
following section we show that translational actuation will directly increase the base
binding rate, while rotational actuation is used to alleviate the orientational constraint.
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Fig. 4.8: The normalised binding rate as a function of the binding criteria. For small binding
regions the rate approaches that of fφ (φb) (dashed line) (4.21), which is obtained for
a vanishing width. For larger binding regions there is an increased probability that
particles reach a binding orientation before diffusing out it. The simulated binding rates
(dots) show reasonable agreement with equation (4.22) (solid line).

4.3.5 Conclusion

In this section we used both a theoretical approach and molecular dynamics simulations
to calculate the steady-state binding rate of labelled biomarkers binding to a reactive
surface. The system we looked at consisted of a particle reservoir that is maintained at
a constant number density and a slab-like binding region corresponding to a reactive
surface densely covered with biomarkers. The labelled biomarkers were approximated as
spherical particles with fφ (φb) = (1− cos (φb)) /2 the fraction of reactive surface on the
sphere.

In our theoretical approach we separated the effects of volume transport and near
surface alignment. To find the rate at which particles diffuse to a bound state, conform
the binding conditions z < zb and φ < φb, we solved Fick’s equations of diffusion for
translation and rotation. We found that the binding rate consists of two distinct factors.
The first describes fraction of particles that is bound the moment it enters the binding
volume. The second describes the rate at which the unbound particles that linger within
the binding region diffuse to a bound state through rotation. This last term exhibits
an exponential decay as function of the binding region width and aligning constraint,

fb ∝ exp
(
−z2

b/(π − φb)
2
)

.
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We compared the found expression for the binding rates to molecular dynamics
simulations, showing good agreement. In the limit of a binding region of vanishing width
the binding rate reduced to k ∝ fφ (φb), agreeing with the model by Schmitz and Schurr.
In the limit of a binding region much larger than the particle region we found that the
binding rate does not depend on the aligning constraint φb.

4.4 The application of basic magnetic actuation principles

In the previous section we saw how volume transport and near-surface alignment limit
the binding rate. Near-surface alignment, for binding regions small with respect to the
particle radius‘σ, zb � σ, considerably lowers the binding rate for partially binding
particles, while volume transport limits the overall rate. Both are diffusive processes
and thus have a mean squared displacement proportional to time

〈
x2
〉
∝ t. Diffusion,

however, is an ineffective process due its random motion. In case of surface binding it
is more effective to actively rotate and move particles towards the surface. One way to
achieve this is through magnetic fields manipulating the micro-particle label. In section
4.4.1 we describe the dynamics of the micro-particle label under influence of the applied
magnetic forces. The simulation results on translational and rotational actuation are
discussed in sections 4.4.2 and 4.4.3 respectively. We find that translational actuation
increases the overall binding rate while rotational actuation can be used to negate the
alignment constraints. Because the ratio of bound biomarkers compared to the initial
number contains vital information we discuss in section 4.4.4 the actuated binding process
in a system containing a finite number of particles.

4.4.1 Theoretical description of magnetic actuation

The labelled biomarker can be described as a spherical micro-particle, the label, with
a reactive patch. As discussed in section 3.3, due to the size difference between the
label and biomarker, the motion of the complex is fully characterised by the micro-
particle. Van Reenen49 applied magnetic actuation to labelled biomarkers, with the label
a superparamagnetic micro-particle with a remnant magnetic moment, to mitigate the
binding impairment caused by diffusion.

In the following sections we describe two types of actuation, based on the work of
Van Reenen48. The first is translational actuation where we use a magnetic field with
converging field lines to actively move the biomarkers towards the reactive surface, thus
increasing volume transport. The Langevin equation for this specific problem is given as

mẍ = −ζT ẋ+ ξT (t) +
d

dx
(m ·B) , (4.27)

where m is the magnetic moment and B the applied magnetic field. The translational
friction coefficient and random force are denoted by ζT and ξT (t) respectively.

The second is rotational actuation. Actively rotating the particle mitigates limitations
that arise due to the alignment constraint on binding. The rotational Langevin equation



4. Increasing association rates using magnetic actuation 55

0 1 2 3 4 5

ωfield

[
rad
τ

]
1

2

3

4

√ 〈 φ
2 m

〉
t2

[ rad τ

]
mµ0Hζ−1R =0.7

mµ0Hζ−1R =1.3

mµ0Hζ−1R =2.0

mµ0Hζ−1R =2.7

mµ0Hζ−1R =3.3

mµ0Hζ−1R =4.0

mµ0Hζ−1R =6.0

(a) The simulated particle rotation versus the rotation frequency
of an applied magnetic field. At low frequencies the particle
is able to follow the field while it cannot above ωbreakdown =
mpermµ0Hζ

−1
R due to the increased friction. The breakdown

frequency increases linearly with field strength.

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
mµ0H

ζR

[
rad
τ

]1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

ω
br
ea
k

[ rad τ

]

MD
mµ0H/ζR

(b) A comparison between the simulated breakdown frequency (dots)
and a theoretic prediction (line). The breakdown frequency
increases linearly with field strength.

Fig. 4.9



4. Increasing association rates using magnetic actuation 56

in presence of a magnetic field is

Iφ̈m = −ζRφ̇m + ξR(t) + |(m×B)| , (4.28)

with I the moment of inertia and φm the orientation of the magnetic moment with respect
to the surface. The rotational friction coefficient and random torque are denoted by ζR
and ξR(t) respectively. The cross product can be written as |(m×B)| = |m| |B| sin θ and
depends on the angle θ = ωfieldt− φm, with ωfield the field rotation frequency, between
the magnetic moment and the applied field. Assuming that rotating the particle is a
stationary process and the magnetic field energy |m| |B| = mpermµ0H � kbT we can
write equation 4.31 as

mpermµ0H sin (ωfieldt− φm) = ζR
dφm
dt

, (4.29)

with ωfield the field rotation frequency, mperm the permanent magnetic moment of the
particle, µ0 the permeability of free space and H the magnetic field strength.

We performed simulations on the angular velocity of particles as a function of the
applied field for various field strengths mpermµ0H > kbT (figure 4.9a). For low frequencies
the particle is able to follow the field rotation, with mean squared angular displacement〈

φ2
m

〉
= (ωfieldt)

2 . (4.30)

The particle frequency drops at field frequency ωfield > ωbreak. In this regime the friction
that acts on the particle due to the angular velocity that is imposed by the rotating field
exceeds the magnetic force that is needed to maintain that angular velocity.

An expression for the breakdown frequency can be derived from equation (4.29).
Increasing the rotation frequency increases the frictional torque acting on the particle.
The magnetic field exerts a maximum torque on the particle when the angle between the
magnetic moment and field is θ = ωfieldt − φm = π/2. Substituting ωbreak for dφm/dt
we find

mpermµ0H = ζRωbreak. (4.31)

In figure 4.9b we show that the simulated breakdown frequency, taken as the frequency for
which particle rotation is maximal, does indeed increase linearly with the field strength.

We can now define a few extremes in this system. We expect diffusion to dominate at
field energies mpermµ0H � kbT , and thus the mean squared angular displacement scaling
as
〈
φ2
m

〉
∝ t, while at higher field strengths the field rotation will dominate, leading to〈

φ2
m

〉
∝ t2. These two different types of behaviour can also be seen as a result of the

applied field rotation frequency. For ωfield < ωbreak the particle follows the field rotation
while for ωfield � ωbreak it can not adjust to the field fast enough and thus undergoes
Brownian rotation. These extremes are shown in figure 4.10.
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Fig. 4.10: The mean squared angular displacement of the magnetic particle for different applied
magnetic field strengths and angular velocities. For energies lower than kbT the particle
undergoes Brownian rotation

〈
φ2m
〉
∼ DRt, while for higher energies it follows the

field rotation
〈
φ2m
〉
∼ ω2

fieldt
2, given that the field rotation frequency is lower than

the breakdown frequency ωbreak. In case the field rotation frequency exceeds the
breakdown frequency we see that the rotation Brownian. The offset is caused by the
initial orientation of the random oriented particles to the field. For the line with
ωfield = 0rad/τ the slight rise near the end is due to accumulation of random thermal
motion. As reference we included a field rotation frequency ωA.

4.4.2 Translational actuation results

We begin our discussion of the simulations with translational actuation. Volume transport
is one of the limiting factors with regard to the binding process. In the unactuated
system this is governed by Brownian motion, a random and directionless process. Ideally
we would like the particles to move to the surface as fast as possible. One way to achieve
this is by pulling the magnetic particles to the surface by exerting a magnetic force on
them. To simulate this process we include an in-plane force in our model, described in
section 4.4.1, corresponding to a convergence of magnetic field lines with Fz = d

dz (m ·B).
The equation of motion is given as

m
dvz
dt

= −ζT vz + ξT (t) + Fz, (4.32)

with m the particle mass, ζT the translational friction coefficient, ξT (t) the fluctuating
force and Fz the applied force.This leads, in a steady state, 〈ξT (t)〉 = 0, to an average
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velocity of

〈vz〉 =
Fz
ζT
. (4.33)

The results of the simulations are given in figure 4.11a, showing the normalised binding
rates with respect to the allowed binding angle and field strength. For computational
convenience we have used a relatively large binding region, zb ≈ 0.5σ, as compared to the
limit of an binding region of vanishing width. Therefore, the binding rate is determined
by more than the fraction of reactive surface on the particle, fφ(φb), as is clear from
figure 4.11a. Recall from section 4.3 that the binding rate for an unactuated system with
a binding region of vanishing width, zb → 0, is dominated by fφ (φb).

We are interested in the scaling behaviour of the binding rate as a function of the
orientational constraint for different in-plane forces. Taking Fz = 0ε/σ as a reference
we see that an increase in the in-plane magnetic force does not significantly change the
dependence of the binding rate on φb. This is what we intuitively expected because the
particles remain randomly oriented.

Actively forcing the particles to move towards the reactive surface increases the influx
and thus binding rate. This increase is expected to be linearly dependent on the magnetic
force (4.36). Figure 4.11b shows the binding rate of fully reactive particles (φb = π) as a
function of the applied force. We see that the binding rate does indeed increase linearly,
confirming our expectations.

4.4.3 Rotational actuation results

In addition to translation, we can also apply rotational actuation. In experiment this is
done using a multi-pole electromagnet47. This rotates the magnetic field in multiple steps,
where after each reorientation of the field the magnetic label rotates to align its intrinsic
magnetic moment parallel to the field. In our simulations the particles have, with respect
to the position of the biomarker on the magnetic label, a randomly oriented intrinsic
magnetic dipole moment. As we have seen in section 4.4.1, at a rotation frequency
ωfield > ωbreak or field energy mpermµ0H < kbT , the particle is unable to follow the field
rotation. Therefore, all simulations have been performed with a magnetic field strength
such that ωfield < ωbreak and mpermµ0H � kbT .

The simulated normalised binding rates as function of the allowed binding angle and
field frequency is given in figure 4.12. Again, for computational convenience we used a
binding volume of zb ≈ 0.5σ. A comparison with ωfield = 0rad/τ shows that an increase
in field rotation frequency leads to the binding rates becoming less dependent on the
binding angle. For extreme rotation frequencies the particle rotates fast enough to be
effectively fully reactive, independent on the actual surface coverage of the reactive patch
and thus the orientational constraint φb.

4.4.4 Actuated surface-binding in a finite system

In the previous discussion we assumed the presence of an infinite reservoir of biomarkers
and thus neglected depletion effects. In a real immunoassay however, there will be a finite
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number of particles and the ratio between bound and unbound particles contains valuable
information. To account for depletion effects we adjust our simulation for handling bound
particles. We still start our simulation with the biomarkers evenly distributed over the
volume. When a particle is bound it will not be returned to the reservoir but instead
taken out of the simulation, resulting in depletion. Starting with a fixed number of
particles, we expect to eventually reach a state where all particles are bound and the
reservoir is empty.

In figure 4.13 we plotted the normalised number of bound atoms versus the simulation
time. The left plots, (a) and (d), represent a set of simulations without magnetic
actuation. The upper graphs, (a), (b) and (c), show the results of simulations performed
with rotational actuation with a moderate (b) and high (c) field rotation frequency,
ωfield = 1.0rad/τ and ωfield = 100rad/τ . As a reminder, all simulations have been
performed with field rotation frequencies small with respect to the breakdown frequency,
ωfield � ωbreak. Comparing this to the results from section 4.4.3, where we performed
simulations without depletion, we see that an increase in field frequency does indeed
reduce the dependence on φb while having no effect on the overall binding rate. For high
frequencies the lines completely overlap, indicating that all particles are effectively fully
reactive. For the lower graphs, (d), (e) and (f), we have applied translational actuation
using an in-plane field. Clearly the overall binding rates improve with increasing magnetic
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force. This agrees with what we found for the simulations without depletion, in section
4.4.2. These results also suggested that the effect on the dependence of the binding rate
on the aligning constraint would be minor, which is supported by figures 4.13e and 4.13f.

However, it should be noted that there is a limit as to how far the binding rates can be
increased through magnetic actuation. Rotating the magnetic particle either too fast or
applying a field that is too strong will lead to dissociation of the surface-bound complex.
In case of translational actuation, where the particles are pulled towards the surface,
we suspect that applying excessive force could increase friction, or even immobilise the
particle at the surface.

4.4.5 Conclusion

In this section we used molecular dynamics simulations to find out how magnetic actuation
affects the steady-state binding rate of labelled biomarkers binding to a reactive surface.
We considered two types of actuation: Translational and rotational. For the former
we used an in-plane force acting on the particles to increase volume transport and for
the latter, rotational actuation, we applied a torque to actively rotate the particles and
increase the alignment rate.

We found that with translational actuation, the binding rate increases linearly with
the applied force while the dependence on the aligning constraint φb remains unaffected.
We expect that with the use of excessive forces, due to friction with the surface, the
particles may be effectively immobilised, which negatively affects the binding rate.

With rotational actuation we saw no increase of the binding rate of fully reactive
particles, φb/π = 1, as expected. We found that for φb/π < 1 the binding rate could
be increased up to that of the fully reactive particles when applying high rotational
frequencies. In a real system, however, we believe that the increase in binding rate that
can be obtained with rotational actuation is limited due to, e.g., the frequency exceeding
the ‘breakdown-frequency’, as also observed in our simulations, or breaking of the bond
through which the particle is attached to the surface. The latter is not included in our
model but has been observed in sandwich immunoassays.

Van Reenen, who performed experiments on the binding rate with a combination of in-
and out of plane forces as well as particle rotation, reported that the binding rate could
be increased by a factor of 2 ∼ 4. He used a microparticle label and reactive particle
with radii of 1.4µm and 5 ∼ 500nm respectively. The used magnetic field strength was
B = 5mT and the remnant magnetic moment in the magnetic label mperm = 3·10−16Am2.
We estimate that for this system the binding rate can be increased by a factor 2 through
rotational actuation with the field rotation frequency near the breakdown frequency
ωbreak. Increasing the field strength a factor 102 however, could, according to our model,
increase the binding rate by a factor 102. With regard to translational actuation, we
estimate an increase of the binding rate by a factor 20.

However, it should be noted that our simulations have been performed in a first
approximation without hydrodynamic forces, non-specific binding and other effects that
might decrease the binding rate, thus leading to an overestimation of the beneficial effects
of actuation.
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5. CONCLUSION AND RECOMMENDATIONS

In this chapter we summarise the results of our work in section 5.1 and recommend a
few topics for future research in section 5.2. We conclude with a technology assessment,
discussing the relevance of this thesis.

5.1 Conclusion

In this thesis we have discussed, in chapter 3, the diffusive behaviour of both spherical
particles and dimers. In a first approximation we treated the labelled biomarkers as
spherical particles. The molecular dynamics simulations of spherical colloids correctly
reproduced the Einstein-Smoluchowski diffusion coefficients for rotation (DR ∝ σ−3) and
translation (DT ∝ σ−1) for particles of radius σ in the dilute limit in bulk solution. At
higher volume fractions φ the translational diffusivity decreases following Beenakker’s
prediction, (DT ∝ φ−1).

Next, we analysed the validity of the spherical approximation. We simulated the
diffusion of non-interacting dimer particles consisting of two non-identical subunits. We
found that for identical subunits the diffusivity is effectively halved. Rotational diffusion
decreased to a factor of one-third for an increased separation between the subunits due to
coupling between translational and rotational modes, in agreement with theoretical result
by DeLa Torre. In a real system, however, the label is up to several orders of magnitude
larger than the biomarker. In this limit the deviation from the spherical approximation
is negligible, < 10−2 for a size difference > 102. We conclude, based on results by DeLa
Torre, Perrin and Kraft, that for bulk diffusion of real labelled biomarkers hydrodynamic
interactions between subunits are insignificant.

Because of previous findings, we then simulated in chapter 4 binding of spherical
particles to a reactive surface as model for the binding of labelled biomarkers. In our
simulations used a slab-like binding volume and a constant bulk density. We developed
an analytic model we describing the effect of both rotational and translational diffusion
on the binding rate. In the limit of a binding region of vanishing width, both the analytic
model and the simulations agree with the results found by Schmitz and Schurr. For
finite binding regions the predictions by the analytic model agree with the simulations.
For small binding regions, rotational and translational diffusion can be seen as separate
limiting contributions to the binding rate, where translational diffusion determines the
base binding rate and rotational diffusion dominates the rate of near-surface alignment.

In the last part of chapter 4 we explored the possible benefits of magnetic actuation
with respect to the binding rate. We used a combination of magnetic field gradients and
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rotation as suggested by Gao and Van Reenen. We found that for an in-plane force on
the particles, caused by magnetic field gradients, the binding rate increases linearly with
the applied force, independent of the aligning constraint. We saw that active rotation of
the particle or rotational actuation can increase the binding rate up to several orders of
magnitude depending on the fraction of reactive surface on the micro-particle label. For
the system described by van Reenen, we estimate that an increase of a factor 20 ∼ 100
should be possible. Van Reenen reported, from his experimental research on the benefits
of magnetic actuation on the binding rates in surface-binding immunoassays, an increase
of a factor 2 ∼ 4. However, we note that in a real system hydrodynamics, non-specific
binding and other effects might decrease the binding rate or limit the extent to which
actuation can be applied, thus leading to a overestimation of the increase in binding rate
achieved through magnetic actuation.

5.2 Recommendations

In our discussion of the binding rates we neglected dissociation rates and assumed only
specific antibody binding to take place in the system. In a real immunoassay, experiments
show a considerable amount of non-specific binding, i.e., binding processes that do not
lead to the discussed ‘sandwiched’ complex. This type of binding is generally weaker and
has a higher dissociation rate. However, assuming a limited number of binding spots and
labelled biomarkers, non-specific binding could lead to steric hindrance and a general
decrease of the binding rate. Van Reenen suggested that, in addition to accelerating
binding through actuation, magnetic schemes could also be used to reduce non-specific
binding. For future research we suggest expanding our model to include these effects.

In a magnetic field, magnetic particles tend to aggregate and form clusters due to
induced magnetic dipole-dipole interactions between the particles. In our simulations we
assumed to be in the dilute limit and excluded dipole-dipole interactions. We believe
that, based on the experiments performed by Van Reenen at higher number densities of
particles, these interactions should be included.

In a first approximation we excluded hydrodynamic forces. Using a theoretical
discussion we concluded that this is justified for free diffusion (i.e. no surfaces) at
low volume fractions. Near a surface, however, hydrodynamic interactions could cause
anisotropic diffusion and a factor 4 ∼ 6 decrease in particle mobility. We can account for
these forces by explicitly including solvent particles, but this is computationally expensive.
There are alternatives, e.g., Stochastic Rotation Dynamics, Dissipative Particle Dynamics,
Fast Lubrication Dynamics or a coupling with a Lattice Boltzmann method. In further
research these techniques can be used to determine the effect of hydrodynamics on the
binding rate.

5.3 Technology assessment

In the field of point of care testing, individual process steps of assays, as well as the
integration of different process steps into a single lab-on-chip device are active fields of
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research. These integrated devices offer fast and easy testing near the patient, eliminating
the need for extensive laboratory testing and often saving valuable time. The work
described in this thesis is based on the research by Van Reenen49 48 47, who studied, i.a., the
dynamics of magnetic particles near a surface and the various effects of magnetic actuation
in a surface-binding immunoassay using a combination of experimental and numerical
analysis. We studied these subjects through molecular dynamics simulations, confirming
the results obtained by Van Reenen. However, the model was a first approximation to the
experimental system, omitting long-range interactions such as near-surface hydrodynamics.
We believe that, in a later stage of development, an approach using molecular dynamics
may precede or even lead experiments, ultimately leading to faster and/or more efficient
biosensors.
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Appendix A

SOLVING THE ROTATIONAL DIFFUSION EQUATION USING FINITE
DIFFERENCES

In section 4.3 we used a theoretical approach to describe the binding rate of labelled
biomarkers to a reactive surface. To achieve this we assumed that the contributions
due to volume transport and near surface alignment could treated as independent from
each other. This lead to separate solutions for Fick’s equations for translational and
rotational diffusion respectively. The rotational equation was solved numerically using
finite differences, a method further explained in this appendix.

Fick’s equation for rotational diffusion is given as

df(φ, t)

dt
= DR

1

sin (φ)

d

dφ

(
sin (φ)

df(φ, t)

dφ

)
, (A.1)

where f denotes the probability density function of the particle orientation, φ, the polar
angle with respect to the surface, at time t. Since our system is isotropic with respect to
directions parallel to the surface, there is no contribution from the azimuthal angle. As
boundary conditions we had a sink at φ = φb and an absence of flux at φ = π, leading to
f (φ ≤ φb) = 0 and df (φ) /dφ|φ=π= 0, respectively.

To solve equation (A.1) we reformulate the continuous problem in a discrete problem.
Our discretized solution domain, φb < φi < π, consists of N grid points with φi = i∆φ,
∆φ = (π − φb) /N and i = [0, 1, ..., N − 1, N ] an integer. We approximate the derivatives
in (A.1) using the symmetric difference quotient,

df (φi, t)

dφ
≈
f
(
φi+1/2, t

)
− f

(
φi−1/2, t

)
∆φ

. (A.2)

This leads to, for equation (A.1),

d

dt
fi ≈

DR

(∆φ)2

1

sin (φi)

[
sin

(
φi +

∆φ

2

)
(fi+1 − fi)− sin

(
φi −

∆φ

2

)
(fi − fi−1)

]
, (A.3)

with fi = f (φi, t). The same can be done for the boundary conditions, which will, in
this approximation, lead to

d

dt
f1 ≈

DR

(∆φ)2

1

sin (φ1)

[
sin

(
φ1 +

∆φ

2

)
(f2 − f1)− sin

(
φ1 −
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2

)
f1

]
, (A.4)
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and

d

dt
fN ≈

DR

2∆φ
[2fN−1 − 2fN ] , (A.5)

for grid points 1 and N respectively.
In order to solve this numerically we have to rewrite (A.3) with boundary condition

(A.4) and (A.5) to

d

dt
F = A · F, (A.6)

with F the solution vector

F = [f0, ..., fi, ..., fN ]T . (A.7)

The matrix A follows from the right-hand side of (A.3),

A =
1

(∆φ)2 Sinv [S+M1 − S−M2] +
1

(2∆φ)
L. (A.8)

The matrix S is a diagonal matrix with entries Sinv (i, i) = 1/sin (φi) and S± (i, i) =
sin (φi ±∆φ). Both M1 and M2 are sparse matrices,

M1 =



−1 1
. . .

. . .

. . .
. . .
. . . 1

−1
0 · · · · · · · · · 0


, M2 =



1

−1
. . .
. . .

. . .

. . .
. . .

−1 1
0 · · · · · · · · · 0


. (A.9)

We automatically satisfy the boundary condition in (A.4) by implying that solutions for
fi<0 are zero. The boundary condition (A.5) is satisfied by the sparse matrix L with
L (N,N − 1) = 2 and L (N,N) = −2 the only non-zero entries.

The graphical representation of the numerical solution can be found in figure A.1.
We found this solution by solving equation (A.5) using the ‘ode15s’ solver in Matlab
with a flat distribution, f (φ, 0) = H (φb) as initial condition. We see that the probability
distribution quickly diminishes as time progresses. Figure A.1b shows the solution
normalised to the value at φ = π. We clearly see that a steady-state profile is formed.
This steady-state profile is used in section 4.3 to calculate the rate at which unbound
particles in the binding region reach a bound state through rotational diffusion.
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Fig. A.1: The numerical solution of (A.1), showing the evolution of the probability density function
as function of the particle orientation as time progresses (a). Figure (b) shows the same
evolution, but normalised to the value at φ = π on a the rescaled domain φb < φ < π.
We clearly see the formation of a steady-state profile.
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THE PARTICLE DENSITY PROFILES OF THE ACTUATED SYSTEMS

In section 4.3 we shortly discussed the concentration profile of a system of labelled
biomarkers binding to a reactive surface for different aligning constraints φb. In this
appendix we compare the steady-state profiles of systems with a different binding region
as well as systems with rotational and translational actuation.

Let us first take a look at the unactuated system. Figure B.1 shows the particle
concentration profiles, normalised to the reservoir concentration cres, for systems with
binding regions zb of respectively 0.5σ, 2.0σ and 8.0σ. The black solid lines represent
the repulsive walls binding the system in the z-direction, while the black dotted line
indicates the left bound of the reservoir, zres. In our theoretical model, section 4.3, we
assumed the influx of particles moving into the binding region, JT , to be constant for
any aligning constraint φb. We defined JT as the slope of concentration profile for fully
reactive particles, φb/π = 1, near the binding region,

JT = −DT
dc (z)

dz

∣∣∣∣
z=zb

=
cres

zres − zb
. (B.1)

We see in figure B.1 that, for fully reactive particles, the concentration linearly decreases
towards the binding region, indicating an effective flow of particles. In the binding
region, z > zb there are no particles due to the sink-like behaviour. For particles with a
low amount of reactive surface, we see that, for small binding regions (a), there is no
noticeable flow of particles due to the low binding rate. The binding rate increases with
the size of the binding region (b)(c), leading to a more pronounced flow and lower particle
concentration near the binding region. In the binding region the particle concentration
decays exponentially due to effects described in section 4.3.

The particle concentration profiles, normalised to the reservoir concentration cres, for
systems with rotational actuation are given in figure B.2. The binding region width is
0.5σ, comparable with figure B.1a. The used rotation frequencies ωfield are 0rad/τ (a),
1rad/τ (b) and 10rad/τ (c), equal to those shown in section 4.4.3. We saw in section
4.4 that keeping the orientation of the particles fixed, leads to a binding rate closer
resembling k ∝ fφ (φb) = (1− cos(φb)/2, the binding rate for a system with a vanishing
binding region width. The same effect can be seen by comparison of figures B.2a and
B.1a, where the former shows a decreased effective flow of particles towards the binding
region for lower aligning constraints, indicating a lower binding rate. Increasing the
rotation frequency leads to an increase in the binding rate for particles with φb/π < 1.
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Fig. B.1: The particle concentration profiles, normalised to the reservoir concentration cres, for
different aligning constraints φb and binding regions zb of respectively, 0.5σ (a), 2.0σ
(b) and 8.0σ (c). The purple line, φb/π = 1 shows linear decay from the reservoir (black
dotted line) to the binding region (orange dashed line), indicating a constant influx of
particles into the binding region, assumed independent of the aligning constraint. For
particles with less reactive surface there is a higher probability of not binding and thus
moving out of the binding region again. For small binding volumes and small aligning
constraints the flux in and out of the binding region is effectively equal, leading to a
flat distribution.

For high rotation frequencies, B.2c, all particles are effectively fully reactive, leading to
overlap with the line φb/π = 1 and thus a vanishing particle concentration at the binding
region.

Figure B.3 shows the particle concentration profiles, normalised to the reservoir
concentration cres, for systems with translational actuation. The binding region width
is again 0.5σ, comparable with figure B.1a. The used forces, Fz, directing particles
towards the binding region, are 0ε/τ (a), 0.2ε/τ (b), 0.4ε/τ (c) and 10ε/τ (d). All graphs
are plotted on a semi-logarithmic scale. The first plot (a) is the same as B.1a, the
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Fig. B.2: The particle concentrations, normalised to the reservoir concentration cres, for a system
with rotational actuation and binding region width zb = 0.5σ. The used rotation fre-
quencies ωfield are 0rad/τ (a), 1rad/τ (b) and 10rad/τ (c). The particle concentrations
are normalised with respect to that of the reservoir, cres. We clearly see that increasing
the rotation frequency increases the binding rate, which is independent on the aligning
constraint φb for high values (c).

unactuated system with equal binding region width. When increasing the applied force,
we see two effects arising: Depletion of the reservoir and an exponential increase of the
particle concentration near the binding region. The former we will ignore as it is strictly
related to the applied force and has no influence on the binding rate for different aligning
constraints. The latter however, does show to be depending on the aligning constraint.
For particles with little reactive surface we see that, even for low forces, the concentration
profile shows an exponential increase near the binding region. The probability to find a
particle there is approximately c (z) ∝ exp [−Fz (z − zb) /kbT ], in accordance with the
barometric formula. We see by comparison of (b) and (c) that there is a characteristic
length zc in the system depending on the force as zc ∝ F−1

z .
In figures B.3 (b) and (c) we see that for particles with a low reactive surface coverage,
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Fig. B.3: The particle concentrations, normalised to the reservoir concentration cres, for a system
with translational actuation and binding region width zb = 0.5σ. The used forces, Fz,
directing particles towards the binding region, are 0ε/τ (a), 0.2ε/τ (b), 0.4ε/τ (c) and
10ε/τ (d). In (b) and (c) we see for particles with a lower reactive surface coverage,
φb/π < 1, an exponential increase in the particle concentration near the binding region,
as expected. The related characteristic length decreases with applied force as zc ∝ F−1

z .
For high forces (d) we see that the we are no longer have ‘hit-and-stick’ model, as the
concentration of fully reactive particles does not vanish near the binding region. This
arises due to the time constant of the encounter rate, τenc ∝ F−1

z , being smaller than
the time constant τeval at which the particle positions and orientations with respect to
the binding criteria are evaluated.

the particle flow is dominated by the applied force, hence the exponential behaviour. For
fully reactive particles, φb/π = 1, we still expect the particle concentration to vanish at
the binding region, c (z < zb) = 0. This is not the case in figure B.3d, where we clearly
see an increase in particle concentration near the binding region. This behaviour arises
due to the time constant of the encounter rate, τenc ∝ F−1

z , being smaller than the time
constant τeval at which we evaluate the particle positions and orientations with respect
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to the binding criteria. Another way to look at this effect is through the binding rates,
where the encounter rate is no longer lower than the bimolecular binding rate, so in this
case we no longer have a ‘hit-and-stick’ model for binding. All results discussed in this
thesis are obtained within the ‘hit-and-stick’ approximation.
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