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Abstract 
In this study, the prediction of the performance of the fixed pitch ship propeller will be discussed. In 
industry, the performance of the propeller is measured at model scale in experimental test-
laboratories. Predicting these performances was traditionally done by employing lifting surface 
methods and Goldstein circulation functions. Nowadays, the performances are calculated using 
computational fluid dynamics (CFD) techniques. To increase the accuracy of the prediction, a thorough 
inspection of the force balance in the simulation has been carried out. An unexpected pressure 
distribution on the inlet that affects the momentum of the fluid in the simulation has been found. 
Furthermore it turned out that the test laboratories return significantly different results when testing 
the same propeller. Hence, the prediction of the propeller performance has to be made for each 
laboratory individually. 

Furthermore, the analysis of the propeller performance will be addressed. A method, employing the 
‘energy coefficients’ defined by Dyne (1993) to analyze the energy losses in the system was tested.  
The results of this test show that the efficiency loss of the propeller can be divided into various 
components: axial, rotational and frictional losses and the finiteness of the propeller. This information 
will help to better understand the propeller performance and enable future projects for efficiency 
optimization of the propeller.  
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1 Introduction 
Over two hundred years since the introduction of the first ship propeller, the design and modelling of 
ship propellers is still a topic of importance for ship builders. In these two hundred years the design 
has changed a lot. The first patented propeller by Smith in 1836 was based on the Archimedes’ screw 
that was used by the ancient Greeks to irrigate the land (figure 1). Another type of ship propeller from 
that era is the paddle wheel, known from the classical Mississippi boats. The concept of the modern 
ship propeller: multiple curved blades placed on a hub generating thrust due to lift dates back to the 
1860’s. 

 

 

Although the concept of the modern propeller dates back one and a half century, industry is still 
interested in better propellers. What ‘better’ means, depends on the purpose that is considered. 
Submarines, for example, need propellers that are as silent as possible. Commercial liners, such as oil 
tankers and container vessels, demand the highest fuel efficiency. Tug boats need to deliver high 
pulling or pushing power at low speeds. For all these applications, different propellers have been 
designed over the years.  

In this thesis the so-called ‘fixed pitch propeller’ will be considered (figure 2). This is the most classical 
and rigid type of propeller with fixed blades and a diameter of up to 12m. This type of propeller is 
mainly used on ocean going ships. For the ship owner, the main goal is to have a propeller that 
operates at a high fuel efficiency to minimize costs. The owner selects a ship yard to build the ship. 
The yard then selects the propeller as follows: the ship yard will have multiple propeller manufacturers 
design a propeller. This propeller is then tested at model scale in an experimental facility of the ship 
owner’s choice. The company that designed the propeller with the highest efficiency gets the order. 
Even though the full-scale performance will determine the actual fuel costs, orders are won or lost 
based on the model tests. Determining the full-scale performance based on the model tests is hard 
because the Reynolds number can be up to 1000x higher in full-scale than in model scale.  

Figure 1: (Left) Smith’s original 1836 patent of the ship propeller (image from Hebert (1849)). (Right) Archimedes screw 
(image from Lippincott (1875)). 

http://upload.wikimedia.org/wikipedia/en/a/a8/F._P._Smith's_original_1836_screw_propeller_patent.jpg
http://upload.wikimedia.org/wikipedia/en/a/a8/F._P._Smith's_original_1836_screw_propeller_patent.jpg
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Figure 2: Fixed pitch propeller (Image from Wärtsilä). 

For the manufacturer it is important to be able to predict the performance of the model-scale 
propeller before it is tested at a test institute. Traditionally the prediction was made based on analytic 
models that employed lifting surface techniques and Goldstein circulation functions (Goldstein 
(1929)). In the last decade, the available computer power enabled the use of computational fluid 
dynamics (CFD) in predicting the propeller performance. The modelling of the propeller by using CFD 
is a key aspect of the research that is being done nowadays. The goal of the research is twofold: 
improve the ability to predict the experimental model tests and optimizing the propeller efficiency.  

Next to the commercial relevance of the research, the environmental impact of ships can also be 
reduced by optimizing the propeller efficiency. The Guardian (2009) reported that the largest ocean 
going ship emits the same amount of Sulphur oxides (SOx) as 50 million cars. The United Nations’ 
International Maritime Organization (2009) estimated that the international shipping was responsible 
for 2.7% of the total CO2 emissions in 2007. The IMO also estimated that by propulsion and power 
efficiency optimization the greenhouse gas emissions can be reduced by 5-15%. Therefore, research 
on propeller optimization is still relevant, 200 years after its introduction. 

The work described in this thesis is the result of a collaboration with the propeller manufacturer 
Wärtsilä and aims to address both the improvement of predicting the experimental model tests and 
the optimization of the propeller. To improve the predictions of the model tests, the current state of 
the simulations has been investigated. The turbulence models that are being used will be discussed as 
well as the boundary conditions that are imposed. The pressure distribution, force balance and 
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velocity profiles in the simulation results will be compared to the theoretical predictions. By 
addressing unexpected results in the simulation, points of improvement and further investigation for 
the simulation will be suggested. In this way enabling better predictions of the model tests in future 
simulations.      

The current simulations can predict the efficiency of a propeller reasonably well. For optimizing the 
propeller efficiency it is important to know the energy losses. These losses, such as rotation of the 
wake and friction have not been investigated systematically before in the simulations. With the use of 
CFD, the complete flow and pressure profiles are available. This information will be analyzed and the 
energy and force balance in the system will be used to find the energy losses in the system. In this 
report the results for one case will be discussed.  

The layout of this report is such that the relevant theory of the propeller action will be discussed in 
chapter 2. The computational methods that have been used will be explained in chapter 3. The results 
of the investigation of the current state of the simulation and the results of the energy loss analysis 
will be discussed in chapter 4. In chapter 5 the conclusions and recommendations of the study will be 
presented. 
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2 Theory 
For the last one and a half century numerous models to calculate the optimal propeller efficiency have 
been developed. In general, the models can be divided in three categories: momentum theory, blade 
element theory and vortex theory. Within these categories extensions and more precise theories have 
been developed over the years. The basic concepts and implications for the understanding of the 
propeller action of these theories will be discussed in this chapter. 

2.1 Momentum theory 
The first models to predict the propeller efficiency date back to the 19th century (e.g. Rankine (1865), 
R.E. Froude (1889)). These models were based on the axial momentum of the fluid flowing through 
the propeller. To understand the propeller action, Rankine replaced the propeller by an actuator disk. 
This disk represents a propeller with an infinite number of blades and imposes a pressure jump Δ𝑝𝑝 
(figure 3). This disk is placed in an ideal fluid, so there are no energy losses due to friction. Rankine 
also assumed that the propeller could create thrust without causing rotation of the slipstream. This 
model is generally called the ‘Axial momentum theory’. Froude was the first to introduce the 
possibility of rotation in the slipstream. This more general theory is called the ‘Rankine-Froude 
momentum theory’ or ‘General momentum theory’. The details will be shown in the next subsections.  

 

 
Figure 3: Schematic overview of the actuator disk. Image from Carlton (2012). 
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2.1.1 Actuator disk without slipstream rotation 
The case for the rotation-free flow will be treated first. Consider a control volume that follows the 
streamtube around the propeller from far upstream to far downstream (figure 3). All effects of gravity 
and viscosity are neglected. The only force that acts on the fluid is the thrust (𝑇𝑇) of the propeller. In 
this model, this is represented by a pressure jump across an actuator disk. From basic mechanics we 
know that the force is equal to the change per unit time of axial momentum of the flow. The power 
absorbed (𝑃𝑃𝐷𝐷) by the propeller is equal to the change per unit time of the kinetic energy of the flow: 

 
𝑇𝑇 = �̇�𝑚[𝑉𝑉𝐶𝐶 − 𝑉𝑉𝐴𝐴],  (2.1) 

 𝑃𝑃𝐷𝐷 = �̇�𝑚
2

[𝑉𝑉𝐶𝐶2 − 𝑉𝑉𝐴𝐴2],  (2.2) 

where �̇�𝑚  is the mass flow per unit time and 𝑉𝑉𝐴𝐴  and 𝑉𝑉𝐶𝐶  are the water velocity far upstream and 
downstream, respectively. By combining (2.1) and (2.2) the absorbed power can be expressed as: 

 𝑃𝑃𝐷𝐷 =
1
2
𝑇𝑇[𝑉𝑉𝐶𝐶 + 𝑉𝑉𝐴𝐴]. (2.3) 

Furthermore, because the friction is neglected, the work done by the thrust of the propeller has to 
equal the absorbed power: 

 𝑃𝑃𝐷𝐷 = 𝑇𝑇𝑉𝑉𝐵𝐵 , (2.4) 

where 𝑉𝑉𝐵𝐵 is the velocity in the propeller plane. By equating (2.3) and (2.4) one can easily see that the 
velocity in the propeller plane is the mean of the velocity far upstream and downstream: 

 𝑉𝑉𝐵𝐵 =
1
2

[𝑉𝑉𝐴𝐴 + 𝑉𝑉𝐶𝐶]. (2.5) 

When 𝑉𝑉𝐵𝐵 and 𝑉𝑉𝐶𝐶  are expressed as function of 𝑉𝑉𝐴𝐴, 

 𝑉𝑉𝐵𝐵 = 𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵 , (2.6) 
 𝑉𝑉𝐶𝐶 = 𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶 , (2.7) 

where 𝑢𝑢𝑎𝑎𝐵𝐵  and 𝑢𝑢𝐶𝐶  are the induced axial velocities at the propeller plane and far downstream, 
respectively, it leads to: 

 𝑢𝑢𝑎𝑎𝐶𝐶 = 2𝑢𝑢𝑎𝑎𝐵𝐵 . (2.8) 

This means that half of the acceleration takes place before the actuator disk and half afterwards.  

The efficiency (𝜂𝜂) of a propeller is given by the ratio of the useful power to the delivered power: 

 𝜂𝜂 =
𝑉𝑉𝐴𝐴𝑇𝑇
𝑃𝑃𝐷𝐷

. (2.9) 

By combining (2.4), (2.6) and (2.9) it can be seen that for a non-rotating wake the efficiency is: 

 𝜂𝜂 =
𝑉𝑉𝐴𝐴
𝑉𝑉𝐵𝐵

=
𝑉𝑉𝐴𝐴

𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵
. (2.10) 
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The thrust is due to the pressure difference over the actuator disk and can therefore be expressed as 
the product of the pressure difference (Δ𝑝𝑝) and the disk area: 

 𝑇𝑇 = Δ𝑝𝑝𝐴𝐴𝑃𝑃, (2.11) 

where 𝐴𝐴𝑝𝑝 is the disk area. The pressure difference can be calculated by evaluating Bernoulli in front 
and behind the disk. This, respectively, leads to: 

 1
2
𝜌𝜌𝑉𝑉𝐴𝐴2 + 𝑝𝑝0 =

1
2
𝜌𝜌𝑉𝑉𝐵𝐵2 + 𝑝𝑝𝐵𝐵 , 

1
2
𝜌𝜌𝑉𝑉𝐶𝐶2 + 𝑝𝑝0 =

1
2
𝜌𝜌𝑉𝑉𝐵𝐵2 + 𝑝𝑝𝐵𝐵 + Δp, 

(2.12) 

where 𝑝𝑝0 is the ambient pressure and 𝑝𝑝𝐵𝐵 is the pressure just upstream of the actuator disk. 

Subtracting these equations and using (2.7) and (2.8) yields: 

 Δ𝑝𝑝 =
1
2
𝜌𝜌(𝑉𝑉𝐶𝐶2 − 𝑉𝑉𝐴𝐴2) 

= 2𝜌𝜌�𝑢𝑢𝑎𝑎𝐵𝐵
2 + 𝑢𝑢𝑎𝑎𝐵𝐵𝑉𝑉𝐴𝐴�. 

(2.13) 

Hence, 

 𝑇𝑇 = 2𝐴𝐴𝑝𝑝𝜌𝜌�𝑢𝑢𝑎𝑎𝐵𝐵
2 + 𝑢𝑢𝑎𝑎𝐵𝐵𝑉𝑉𝐴𝐴�, 

𝜂𝜂𝑖𝑖 =
2

1 + �1 + 𝐶𝐶𝑇𝑇
, 

(2.14) 

 (2.15) 

where 𝐶𝐶𝑇𝑇 is the dimensionless thrust coefficient, defined as: 

In the maritime industry equation (2.15) is generally used to express the ideal efficiency of a propeller. 
This is the maximum efficiency for a propeller in an inviscid flow without rotation in the wake. The 
energy loss is due to the changes of kinetic energy in the wake resulting from the increase in 
momentum to generate the propulsive forces. 

The major disadvantage of the Rankine model is that there is no information about the propeller 
geometry, implying that it cannot be used directly for design purposes. Furthermore, it is not physically 
sound that there is no slipstream rotation due to a rotating propeller. Besides, effects of viscosity and 
finiteness of the propeller are neglected. However, Rankine was able to show that there is an upper 
limit for the efficiency in the inviscid case and that half of the acceleration takes place upstream of the 
propeller. 

  

 𝐶𝐶𝑇𝑇 ≡
𝑇𝑇

1
2𝜌𝜌𝐴𝐴𝑝𝑝𝑉𝑉𝐴𝐴

2
. (2.16) 
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2.1.2 Actuator disk with slipstream rotation 
As mentioned before, R.E. Froude (1889), extended the axial momentum theory by allowing 
slipstream rotation. Among others, Phillips (2002) worked out the effect of introducing slipstream 
rotation. The basis of the analysis with rotation is the same as without rotation: take a streamtube 
that extends from far upstream to far downstream and encloses the complete propeller. The propeller 
is replaced by an actuator disk that applies a pressure jump and has an angular velocity  𝜔𝜔𝑝𝑝 . 
Furthermore, the pressure far upstream is equal to the static pressure outside the streamtube (𝑝𝑝0) 
and the velocity far upstream is uniform and purely axial (𝑉𝑉𝐴𝐴). This velocity can be interpreted as the 
advance speed of the ship. It is assumed that the axial velocity remains uniform in the streamtube. As 
extension to the flow without rotation, Phillips allows a uniform angular velocity. Due to the angular 
velocity, it is not possible for the pressure to be uniform as well. Therefore, the pressure is a function 
of both the radial and axial position, r and x, respectively. Far downstream it is assumed that the axial 
velocity does not change anymore.  

The velocity just before and behind the propeller are: 

 𝑉𝑉−𝐵𝐵 = 𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎−𝐵𝐵 + 𝑢𝑢𝑡𝑡−𝐵𝐵 , 
𝑉𝑉+𝐵𝐵 = 𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎+𝐵𝐵 + 𝑢𝑢𝑡𝑡+𝐵𝐵, (2.17) 

where 𝑢𝑢𝑎𝑎𝐵𝐵  and 𝑢𝑢𝑡𝑡𝐵𝐵  are the induced axial and tangential velocities, respectively. The minus sign 
denotes the location just upstream of the propeller, and the plus sign just downstream of the 
propeller.  As there is no torque before the propeller, and the water has no angular momentum 
upstream, there can be no tangential velocity upstream so 𝑢𝑢𝑡𝑡−𝐵𝐵 = 0. By applying conservation of mass 
through the propeller plane, it can be seen that 𝑢𝑢𝑎𝑎−𝐵𝐵 = 𝑢𝑢𝑎𝑎+𝐵𝐵 = 𝑢𝑢𝑎𝑎𝐵𝐵 . From now on 𝑢𝑢𝑡𝑡+𝐵𝐵  will be 
denoted as 𝑢𝑢𝑡𝑡𝐵𝐵. 

Applying Bernoulli’s theorem upstream and downstream of the propeller and subtracting these 
equations, leads to: 

 
Δ𝑝𝑝(𝑟𝑟) =

1
2
𝜌𝜌𝑉𝑉𝐴𝐴2 �2

𝑢𝑢𝑎𝑎𝐶𝐶
𝑉𝑉𝐴𝐴

+ �
𝑢𝑢𝑎𝑎𝐶𝐶
𝑉𝑉𝐴𝐴

�
2

+ �
𝑢𝑢𝑡𝑡𝐶𝐶(𝑟𝑟)
𝑉𝑉𝐴𝐴

�
2

− �
𝑢𝑢𝑡𝑡𝐵𝐵(𝑟𝑟)
𝑉𝑉𝐴𝐴

�
2

� + 𝑝𝑝𝐶𝐶 − 𝑝𝑝𝑜𝑜, (2.18) 

where 𝑢𝑢𝑎𝑎𝐶𝐶  and 𝑢𝑢𝑡𝑡𝐶𝐶  are the axial and tangential induced velocities far downstream and 𝑝𝑝𝐶𝐶  is the 
pressure far downstream.  

The tangential velocity downstream of the propeller lowers the pressure in the slipstream compared 
to the static pressure. As the pressure forces must balance the centrifugal forces in the slipstream, the 
pressure in the slipstream is: 

 
 
d𝑝𝑝
d𝑟𝑟𝑐𝑐

= 𝜌𝜌
𝑢𝑢𝑡𝑡𝑐𝑐
2

𝑟𝑟𝑐𝑐
, 

𝑝𝑝𝐶𝐶 = 𝑝𝑝0 − 𝜌𝜌 �
𝑢𝑢𝑡𝑡2𝐶𝐶(𝑟𝑟′𝑐𝑐)
𝑟𝑟′𝐶𝐶

d𝑟𝑟′𝐶𝐶 ,

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶

 
(2.19) 
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where 𝑟𝑟𝑐𝑐   and 𝑅𝑅𝐶𝐶  are the radial position and the radius of the streamtube far downstream, 
respectively. Because it was assumed that the angular velocity is uniform, the tangential velocity 
component can be expressed as: 

 𝑢𝑢𝑡𝑡𝑐𝑐(𝑟𝑟𝑐𝑐) = 𝜔𝜔𝑐𝑐𝑟𝑟𝑐𝑐 , (2.20) 

where 𝜔𝜔𝑐𝑐 is the angular velocity far downstream. By using (2.20), (2.19) can be evaluated analytically: 

 
𝑝𝑝𝐶𝐶 = 𝑝𝑝0 − �

𝜌𝜌𝜔𝜔𝐶𝐶
2

2
� (𝑅𝑅𝐶𝐶2 − 𝑟𝑟𝐶𝐶2). (2.21) 

By considering conservation of mass through the propeller plane and the outflow plane of the 
streamtube, the relation between the radial position at the propeller (𝑟𝑟𝐵𝐵) and far downstream can be 
expressed as:  

 𝑟𝑟𝐶𝐶2 =
𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵
𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶

𝑟𝑟𝐵𝐵2. (2.22) 

As the angular momentum in the slipstream is conserved, the tangential velocity at the propeller can 
be expressed as: 

 𝑢𝑢𝑡𝑡𝐵𝐵 =
𝑟𝑟𝐶𝐶
𝑟𝑟𝐵𝐵
𝑢𝑢𝑡𝑡𝐶𝐶  

=
𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵
𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶

𝑟𝑟𝐵𝐵𝜔𝜔𝐶𝐶 . 
(2.23) 

By substituting (2.21), (2.22) and (2.23) in (2.18), the pressure difference across the propeller can be 
expressed as: 

 Δ𝑝𝑝(𝑟𝑟𝐵𝐵)
𝜌𝜌

= 𝜔𝜔𝐶𝐶
2 ��1 −

𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵
2(𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶)

� 𝑟𝑟𝐵𝐵2 −
𝑅𝑅𝑝𝑝2

2
�
𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵
𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶

+
𝑢𝑢𝑎𝑎𝐶𝐶
2

2
+ 𝑉𝑉𝐴𝐴𝑢𝑢𝑎𝑎𝐶𝐶 . (2.24) 

The thrust generated by the propeller can, as in the non-rotating situation, be calculated in two ways: 
by considering the axial momentum equation and by taking the integral of the pressure difference 
over the surface of the propeller. 

 
𝑇𝑇 = � 2𝜋𝜋𝑟𝑟𝐶𝐶𝑢𝑢𝑎𝑎𝐶𝐶𝜌𝜌�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶�d𝑟𝑟𝐶𝐶

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶=0
− � 2𝜋𝜋𝑟𝑟𝐶𝐶(𝑝𝑝0 − 𝑝𝑝𝐶𝐶)d𝑟𝑟𝐶𝐶

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶=0
, 

𝑇𝑇 = � 2πrΔ𝑝𝑝(𝑟𝑟𝐵𝐵)d𝑟𝑟𝐵𝐵
𝑅𝑅𝑃𝑃

0
 

= 𝜋𝜋𝑅𝑅𝑃𝑃2𝜌𝜌 �
�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶�

2 − 𝑉𝑉𝐴𝐴2

2
− �

𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵
2�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶�

�
2

𝜔𝜔𝑐𝑐2𝑅𝑅𝑃𝑃2�. 

(2.25) 

 

(2.26) 

 

 



9 
 

Phillips (2002) solved these integrals and found that the induced axial velocity far downstream is twice 
the induced axial velocity in the propeller plane. This is the same result as without slipstream rotation 
(2.8): 

 𝑢𝑢𝑎𝑎𝐶𝐶 = 2𝑢𝑢𝑎𝑎𝐵𝐵. (2.27) 

The torque and the slipstream rotation are linked to each other through the angular momentum 
equation (see e.g. Fox and McDonald (1985)): 

In this expression the first term represents the change of angular momentum of the entire 
streamtube, the second term represents the amount of angular momentum flowing through the 
surface, and the last term represents the contribution of the viscous stress to the torque with 𝝉𝝉 the 
viscous stress tensor. As the steady state is considered and the viscosity is neglected, the first and last 
term are zero. The torque vector of the propeller points in the axial direction as the propeller rotates 
in the plane normal to this axis. In the upstream and side surface the flow has no tangential 
component, therefore this plane does not contribute to the torque. Only the plane downstream (𝑆𝑆2) 
will contribute.  The axial part of the torque then becomes: 

 
𝑄𝑄𝑎𝑎𝑎𝑎 = � 𝑟𝑟𝑢𝑢𝑡𝑡𝐶𝐶𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶d𝑆𝑆2

𝑆𝑆2
= � 𝑟𝑟𝐶𝐶2𝜔𝜔𝐶𝐶𝜌𝜌�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶�2𝜋𝜋𝑟𝑟𝐶𝐶d𝑟𝑟𝐶𝐶

𝑅𝑅𝐶𝐶

0
 

=
𝜋𝜋𝜌𝜌
2
�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵�

2

�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶�
𝜔𝜔𝐶𝐶𝑅𝑅𝑝𝑝4. 

(2.29) 

A second way of determining the torque is by considering the energy balance in the streamtube. The 
balance comprises four components: 

• Kinetic energy flowing in and out of the streamtube: 

• The work done by the pressure force on the boundary: 

• The work done by the propeller: 

• Viscous losses (see Davidson (2004)): 

 𝑸𝑸 =
𝜕𝜕
𝜕𝜕𝜕𝜕
� 𝒓𝒓 × 𝒗𝒗𝜌𝜌𝜌𝜌𝑉𝑉 + � 𝒓𝒓 × 𝒗𝒗𝜌𝜌𝒗𝒗 ⋅ d𝑨𝑨 −�𝒓𝒓 × 𝝉𝝉d𝑨𝑨

𝑆𝑆𝑆𝑆𝑉𝑉
. (2.28) 

 �
1
2

|𝒗𝒗|2�̇�𝒎 ⋅ d𝑺𝑺 
𝑆𝑆

= �
1
2

|𝒗𝒗|2𝜌𝜌𝒗𝒗 ⋅ d𝑺𝑺.
𝑆𝑆

 (2.30) 

 𝐸𝐸𝑝𝑝𝑟𝑟𝑝𝑝𝑝𝑝 = �𝑝𝑝𝒗𝒗 ⋅ d𝑺𝑺.
𝑆𝑆

 (2.31) 

 𝐸𝐸𝑝𝑝𝑟𝑟𝑜𝑜𝑝𝑝 = 𝜔𝜔𝑝𝑝𝑄𝑄. (2.32) 

 𝐸𝐸𝑣𝑣𝑖𝑖𝑝𝑝𝑐𝑐 = 𝜈𝜈� (∇ × 𝒗𝒗)2d𝑉𝑉.
𝑉𝑉

 (2.33) 
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The energy supplied by the propeller should equal the increase in kinetic energy, the work done by 
the pressure force and the viscous losses. In the case considered by Phillips (2002), all viscous effects 
are neglected. It is assumed that there is no radial inflow in the streamtube so only a plane far 
upstream (𝑆𝑆1) and far downstream (𝑆𝑆2) have to be considered. In this case the energy balance is the 
following: 

By applying equations (2.20) to (2.23), the energy supplied by the propeller is:  

 
𝜔𝜔𝑃𝑃𝑄𝑄 = � �

𝑝𝑝𝐶𝐶 − 𝑝𝑝0
𝜌𝜌

+ 𝑉𝑉𝐴𝐴𝑢𝑢𝑎𝑎𝐶𝐶 + 𝑢𝑢𝑎𝑎𝐶𝐶
2 +

𝜔𝜔𝐶𝐶
2𝑟𝑟𝐶𝐶2

2
�𝜌𝜌�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐶𝐶�2𝜋𝜋𝑟𝑟𝐶𝐶d𝑟𝑟𝐶𝐶 .

𝑅𝑅𝐶𝐶

0
 (2.35) 

By applying (2.21) and (2.22) and integrating (2.35), an expression for the angular velocity of the 
slipstream can be found: 

 
𝜔𝜔𝐶𝐶 =

4�𝑉𝑉𝐴𝐴 + 2𝑢𝑢𝑎𝑎𝐵𝐵�𝑢𝑢𝑎𝑎𝐵𝐵
𝜔𝜔𝑝𝑝𝑅𝑅𝑃𝑃2

. (2.36) 

By substituting (2.36) in either (2.29) or (2.35) and rearranging the equation, we obtain an expression 
for the energy supplied by the propeller: 

 𝜔𝜔𝑝𝑝𝑄𝑄 = 2𝜋𝜋𝑅𝑅𝑃𝑃2𝜌𝜌𝑢𝑢𝑎𝑎𝐵𝐵�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵�
2. (2.37) 

The thrust can also be rewritten by substituting (2.36) in (2.26). The thrust times the advance speed 
(𝑉𝑉𝐴𝐴) of the propeller is the useful power:  

 
𝑇𝑇𝑉𝑉𝐴𝐴 = 2𝜋𝜋𝑅𝑅𝑃𝑃2𝜌𝜌𝑉𝑉𝐴𝐴�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵�𝑢𝑢𝑎𝑎𝐵𝐵 �1 −

2�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵�𝑢𝑢𝑎𝑎𝐵𝐵
𝜔𝜔𝑝𝑝2𝑅𝑅𝑃𝑃2

�. (2.38) 

The efficiency is the ratio of the useful energy and the supplied energy. Thus for the actuator disk with 
rotating slipstream this is: 

 
𝜂𝜂 =

𝑇𝑇𝑉𝑉𝐴𝐴
𝜔𝜔𝑝𝑝𝑄𝑄

=
𝑉𝑉𝐴𝐴

𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵
�1 −

2�𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵�𝑢𝑢𝑎𝑎𝐵𝐵
𝜔𝜔𝑝𝑝2𝑅𝑅𝑃𝑃2

�. (2.39) 

The efficiency can be interpreted as the sum of an axial loss term (𝐴𝐴𝐴𝐴𝐴𝐴 ) and a rotational loss 
term (𝑅𝑅𝑅𝑅𝑇𝑇𝐴𝐴): 

 
𝐴𝐴𝐴𝐴𝐴𝐴 = 1 −

𝑉𝑉𝐴𝐴
𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎𝐵𝐵

, 

𝑅𝑅𝑅𝑅𝑇𝑇𝐴𝐴 =
2𝑉𝑉𝐴𝐴 ⋅ 𝑢𝑢𝑎𝑎𝐵𝐵
𝜔𝜔𝑝𝑝2𝑅𝑅𝑝𝑝2

, 

𝜂𝜂 = 1 − 𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑅𝑅𝑅𝑅𝑇𝑇𝐴𝐴. 

(2.40) 
 

(2.41) 
 (2.42) 

For the limit of 𝜔𝜔𝑃𝑃 → ∞, or the slipstream rotation → 0, the result is the same as found in equation 
(2.10). As expected, the efficiency is reduced when slipstream rotation is introduced. The case 
described here could be solved explicitly due to two assumptions: the slipstream rotation had a 
constant angular velocity and the axial velocity was uniform downstream. In general this is not the 
case.  

 �
1
2
𝑉𝑉𝐴𝐴3𝜌𝜌d𝑆𝑆1

𝑆𝑆1
+ 𝜔𝜔𝑝𝑝𝑄𝑄 = �

1
2
𝜌𝜌|𝑽𝑽𝑪𝑪|𝟐𝟐𝐕𝐕𝐂𝐂 ⋅ d𝑺𝑺2

𝑆𝑆2
+ � (𝑝𝑝𝑐𝑐 − 𝑝𝑝0)𝑽𝑽𝑪𝑪 ⋅ d𝑺𝑺2

𝑆𝑆2
.   (2.34) 
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2.1.3 Energy coefficients 
In general four loss terms can be distinguished when considering the propeller efficiency for a 
propeller in a uniform flow. The axial and rotational loss terms found in equation (2.42), are two of 
the four. Dyne (1993) also took the friction and a finite number of blades of the propeller into account. 
The friction losses are due to the propeller blades traversing through the water. The finite number of 
blade losses is the correction needed for the transition from an actuator disk to a physical propeller. 
Dyne called these loss terms the ‘energy coefficients’. The efficiency is then given by:   

 𝜂𝜂 = 1 − 𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑅𝑅𝑅𝑅𝑇𝑇𝐴𝐴 − 𝐹𝐹𝑅𝑅𝐴𝐴 − 𝐹𝐹𝐹𝐹𝐹𝐹𝐴𝐴, (2.43) 

where 𝐹𝐹𝑅𝑅𝐴𝐴 and 𝐹𝐹𝐹𝐹𝐹𝐹𝐴𝐴 represent the frictional losses and finite number of blade losses, respectively. 

The analysis performed by Phillips (2002) is very similar to that carried out by Dyne (1993) a decade 
earlier. The difference is that Dyne allows for a non-uniform axial and tangential velocity in the 
slipstream and added a friction term. On the other hand, the slipstream contraction was neglected by 
Dyne because he assumed the propeller to be lightly loaded. In the following analysis the effect of 
slipstream contraction will be considered to give the most general expression for the momentum 
theory. 

To implement the slipstream contraction the mass conservation is considered first. Consider a control 
volume stretching from far upstream to far downstream that exactly follows the streamtube (figure 
4). The propeller is placed inside and the inflow and outflow plane are parallel to the propeller. In this 
case the mass inflow should be equal to the mass outflow (𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑎𝑎): 

where 𝑟𝑟𝐴𝐴 and 𝑟𝑟𝐶𝐶  are the radial position far upstream and far downstream, respectively. Furthermore, 
𝑉𝑉𝑎𝑎𝐶𝐶  is the axial component of the velocity far downstream, which is a function of the radial position.  

 
Figure 4: Control volume, 𝑺𝑺𝟏𝟏 is the inflow plane, 𝑺𝑺𝟐𝟐 is the outflow plane, 𝑺𝑺𝟑𝟑 is the shell and the grey disk represents the 
actuator disk.  

 

 
� 2𝜋𝜋𝜌𝜌𝑟𝑟𝐴𝐴𝑉𝑉𝐴𝐴d𝑟𝑟𝐴𝐴
𝑅𝑅𝐴𝐴

0
= � 2𝜋𝜋𝜌𝜌𝑟𝑟𝐶𝐶𝑉𝑉𝑎𝑎𝐶𝐶(rC)d𝑟𝑟𝐶𝐶

𝑅𝑅𝐶𝐶

0
= 𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑎𝑎 ,  (2.44) 
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The radius of the inflow plane can now be written as function of the mass flux: 

The thrust can be found by considering the change per unit time of the momentum: 

where 𝐹𝐹𝑝𝑝 and 𝐹𝐹𝑓𝑓 are the forces due to pressure and friction, respectively. Because the steady state is 
considered, the last term on the right hand side is zero. The pressure force is the pressure difference 
between the inflow and outflow plane integrated over these planes: 

The change of momentum between the inflow and outflow plane is given by: 

The forces due to friction are a priori unknown and will be denoted as Δ𝑇𝑇𝑓𝑓. The thrust is then given 
by: 

The torque, as in (2.28), is given by: 

In the steady state with viscosity, the axial part is considered and the equation reduces to  

The control volume comprises three surfaces (figure 4): the inflow plane upstream (S1), the outflow 
plane downstream (S2) and the sides (S3). On S1, the velocity is uniform and purely axial. Therefore 
𝑣𝑣𝜃𝜃 and 𝜏𝜏𝜃𝜃𝑎𝑎 are zero, so this plane does not contribute to the torque. Because S3 is taken at a radius 
where the flow will be unaffected by the propeller this plane does not contribute to the torque either. 
On S2 the contribution is also zero because it is assumed that far downstream the flow field does not 

change anymore, so 
𝜕𝜕𝑓𝑓𝑡𝑡𝐶𝐶
𝜕𝜕𝑎𝑎

 is zero. The second term of the stress contribution is zero, as it is assumed 

 
𝑅𝑅𝐴𝐴 = �

𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑎𝑎

𝜋𝜋𝜌𝜌𝑉𝑉𝐴𝐴
. (2.45) 

 ∑𝐹𝐹 = 𝑇𝑇 + 𝐹𝐹𝑝𝑝 + 𝐹𝐹𝑓𝑓 =
d𝑝𝑝
d𝜕𝜕

= �̇�𝑚𝑣𝑣 + 𝑚𝑚�̇�𝑣, 
 

(2.46) 

 
𝐹𝐹𝑃𝑃 = � 2𝜋𝜋𝑟𝑟𝐶𝐶(𝑝𝑝0 − 𝑝𝑝𝐶𝐶)d𝑟𝑟𝐶𝐶

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶
= � 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌�

𝑢𝑢𝑡𝑡2

𝑟𝑟′
d𝑟𝑟′d𝑟𝑟𝑐𝑐

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶

𝑅𝑅𝐶𝐶

0
. (2.47) 

 
�̇�𝑚𝑣𝑣 = � 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶

2 d𝑟𝑟𝐶𝐶 − � 2𝜋𝜋𝑟𝑟𝐴𝐴𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴
2 d𝑟𝑟𝐴𝐴

𝑅𝑅𝐴𝐴

0

𝑅𝑅𝐶𝐶

0
 

= � 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶
2 d𝑟𝑟𝐶𝐶  

𝑅𝑅𝐶𝐶

0
− 𝜋𝜋𝑅𝑅𝐴𝐴2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴

2 . 
(2.48) 

 
𝑇𝑇 = � 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌(𝑉𝑉𝑎𝑎𝐶𝐶

2 − �
𝑢𝑢𝑡𝑡2

𝑟𝑟′
d𝑟𝑟′

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶
)d𝑟𝑟𝐶𝐶  

𝑅𝑅𝐶𝐶

0
− 𝜋𝜋𝑅𝑅𝐴𝐴2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴

2 − Δ𝑇𝑇𝑓𝑓 . (2.49) 

 𝑸𝑸 =
𝜕𝜕
𝜕𝜕𝜕𝜕
� 𝒓𝒓 × 𝒗𝒗𝜌𝜌𝜌𝜌𝑉𝑉 + � 𝒓𝒓 × 𝒗𝒗𝜌𝜌𝒗𝒗 ⋅ d𝑨𝑨 −�𝒓𝒓 × 𝝉𝝉d𝑨𝑨

𝑆𝑆𝑆𝑆𝑉𝑉
. (2.50) 

 𝑄𝑄𝑎𝑎𝑎𝑎 = � 𝑟𝑟𝑢𝑢𝑡𝑡𝐶𝐶𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶d𝐴𝐴 − �𝑟𝑟𝜏𝜏𝜃𝜃𝑎𝑎d𝐴𝐴
𝑆𝑆𝑆𝑆

, 

𝜏𝜏𝜃𝜃𝑎𝑎 = 𝜇𝜇 �
𝜕𝜕𝑢𝑢𝑡𝑡𝐶𝐶
𝜕𝜕𝜕𝜕

+
1
𝑟𝑟
𝜕𝜕𝑉𝑉𝑎𝑎𝐶𝐶
𝜕𝜕𝜕𝜕

� . 
(2.51) 
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that the velocity field only depends on the radial position and not on the tangential position. Therefore 
no contribution of the stress term is expected. Hence the torque is given by: 

This is in line with equation (2.29) that Phillips (2002) used, but now for the case of a non-uniform 
velocity field.   

The efficiency can again be expressed as: 

 𝜂𝜂 =
𝑇𝑇𝑉𝑉𝐴𝐴

2𝜋𝜋𝜋𝜋𝑄𝑄
. (2.53) 

In the expression for the thrust three parts can be distinguished: an axial, a rotational and a frictional 
part. This leads to: 

 𝜂𝜂 =
𝑉𝑉𝐴𝐴
𝜔𝜔𝑄𝑄

�𝑇𝑇𝑎𝑎𝑎𝑎 + 𝑇𝑇𝑟𝑟𝑜𝑜𝑡𝑡 + 𝑇𝑇𝑓𝑓𝑟𝑟�, (2.54) 

where 

𝑇𝑇𝑎𝑎𝑎𝑎 = � 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶
2 d𝑟𝑟𝐶𝐶  

𝑅𝑅𝐶𝐶

0
− 𝜋𝜋𝑅𝑅𝐴𝐴2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴

2 , 

𝑇𝑇𝑟𝑟𝑜𝑜𝑡𝑡 = −� 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌�
𝑢𝑢𝑡𝑡2

𝑟𝑟′
d𝑟𝑟′

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶
d𝑟𝑟𝐶𝐶 ,

𝑅𝑅𝐶𝐶

0
 

𝑇𝑇𝑓𝑓𝑟𝑟 = −Δ𝑇𝑇𝑓𝑓𝑟𝑟 . 

From equation (2.54) the following energy coefficients can be derived: 

 𝐴𝐴𝐴𝐴𝐴𝐴 = 1 −
𝑉𝑉𝐴𝐴𝑇𝑇𝑎𝑎𝑎𝑎
𝜔𝜔𝑄𝑄

, 

𝑅𝑅𝑅𝑅𝑇𝑇𝐴𝐴 =
𝑉𝑉𝐴𝐴𝑇𝑇𝑟𝑟𝑜𝑜𝑡𝑡
𝜔𝜔𝑄𝑄

, 

𝐹𝐹𝑅𝑅𝐴𝐴 =
𝑉𝑉𝐴𝐴𝑇𝑇𝑓𝑓𝑟𝑟
𝜔𝜔𝑄𝑄

, 

(2.55) 

 (2.56) 

 (2.57) 

The last loss term Dyne (1993) distinguished is the finite number of blade losses. He poses that the 
torque for an infinite number of blades is lower than for a finite number of blades, and defines this 
loss as: 

where 𝑄𝑄𝑖𝑖𝑖𝑖𝑓𝑓 is the torque required for an infinite number of blades and 𝑄𝑄𝑓𝑓𝑖𝑖𝑖𝑖 the torque for a finite 
number of blades. 

 The elegance of the energy coefficient method is that the efficiency of the propeller can be 
determined by evaluating the slipstream without knowing anything about the propeller. This makes it 
a suitable analysis technique but not a viable design method for propellers. In the past, the velocities 

 
𝑄𝑄𝑎𝑎𝑎𝑎 = � 2𝜋𝜋𝑟𝑟𝐶𝐶2𝜌𝜌𝑢𝑢𝑡𝑡𝐶𝐶𝑉𝑉𝑎𝑎𝐶𝐶d𝑟𝑟𝐶𝐶 .

𝑅𝑅𝐶𝐶

0
 (2.52) 

 
𝐹𝐹𝐹𝐹𝐹𝐹𝐴𝐴 = 𝜂𝜂 �1 −

𝑄𝑄𝑖𝑖𝑖𝑖𝑓𝑓
𝑄𝑄𝑓𝑓𝑖𝑖𝑖𝑖

�, (2.58) 
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in the slipstream were calculated using for example the theories of Theodorsen (1948) or the Goldstein 
(1929) functions. These theories were based on the blade element theory and vortex theory that will 
be discussed in the following section. Nowadays, the use of computational fluid dynamic (CFD) 
techniques to find the wake velocities is becoming more common. The use of the energy coefficient 
method in the CFD methods will be discussed in chapter 4. 
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2.2 Blade element theory 
In contrast to Rankine (1865), W. Froude (1878) did not use the global parameters of increase in 
momentum and kinetic energy to determine the propeller efficiency. Froude divided the propeller in 
a large number of hydrofoil-shaped elements. Each element experiences a resultant velocity W that 
comprises an axial inflow velocity V and a rotational velocity 𝛺𝛺𝑟𝑟. Due to the flow over the hydrofoil, 
lift and drag forces are generated. This lift and drag can be divided in a component contributing to the 
thrust and one contributing to the torque. From figure 5 it can be derived that the thrust and torque 
are given by (see Carlton (2012)): 

 d𝑇𝑇 =
1
2
𝜌𝜌𝜌𝜌𝜌𝜌𝑊𝑊2(𝐶𝐶𝐿𝐿 cos𝛽𝛽 − 𝐶𝐶𝐷𝐷 sin𝛽𝛽)d𝑟𝑟, 

d𝑄𝑄 =
1
2
𝜌𝜌𝜌𝜌𝜌𝜌𝑊𝑊2(𝐶𝐶𝐿𝐿 sin𝛽𝛽 + 𝐶𝐶𝐷𝐷 cos𝛽𝛽)𝑟𝑟d𝑟𝑟, 

(2.59) 

where Z is the number of blades, c is the chord length, 𝐶𝐶𝐿𝐿  is the lift coefficient, 𝐶𝐶𝐷𝐷  is the drag 
coefficient and 𝛽𝛽 is the angle of advance. The efficiency of the element is then: 

 𝜂𝜂 =
𝑉𝑉d𝑇𝑇
Ωd𝑄𝑄

 

=
tan𝛽𝛽

tan �𝛽𝛽 + 𝐶𝐶𝐷𝐷
𝐶𝐶𝐿𝐿
�

. 
(2.60) 

 
Figure 5: Schematic overview of the blade element theory. Figure taken from Carlton (2012). 

Froude’s model was the first that took the blade geometry into account and it allowed to calculate the 
thrust and torque directly, provided that the lift and drag coefficients are known. This is the main 
problem of this model as the coefficients cannot be computed directly; besides, they are a function of 
the angle of attack ( Abbott and Doenhoff (1959)). The model does help to gain a better understanding 
the propeller action in a qualitative matter. For example, the axial momentum theory describes that 
there is a pressure difference due to the propeller action but it does not explain the origin. Further, 
from the axial momentum theory it is not possible to explain a relation between the thrust and the 
inflow velocity (figure 6). With the blade element theory we can see that the thrust is essentially due 
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to lift and that the inflow velocity alters the angle of attack. This changed angle of attack affects the 
generated thrust and torque.   

Both the blade element and the momentum theory help to understand how a propeller works. 
However, the models are not consistent with each other in the limit of zero viscosity. In this case, the 
blade element theory predicts a 100% efficiency, but the inviscid momentum theory predicts a specific 
maximum efficiency (2.15).  

 
Figure 6: A typical relationship between the thrust and the inflow velocity. This image was taken from the results of the 
CFD simulation of a model-scale propeller. 
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2.3 Vortex theory 
Although the blade element and momentum theory models help to understand the basic mechanisms 
of the propeller action, they do not explain the wake structures seen in experiments, see e.g. figure 7, 
nor do they provide enough information to design propellers. 

 
Figure 7: Visualization of the tip and hub vortices in the wake of a propeller. Image from Felli, Camussi and Di Felice (2011) 

2.3.1 Lifting line theory 
To be able to design propellers and predict the efficiency and thrust generated by a propeller, a better 
understanding of the origin of the lift force, the wake structure and local velocities at the propeller 
were required. To achieve this, more advanced models were needed. In the beginning of the 20th 
century Joukowski and Kutta related lift (𝑳𝑳) to circulation (𝚪𝚪) (see e.g. Batchelor (1967)): 

This equation is known as the Kutta-Joukowski theorem. The direction of the vectors in case of an 
airfoil can be seen in figure 8. 

 
Figure 8: An airfoil in a flow with velocity V, with a circulation Γ experiencing a lift L. 

Prandtl (1918) was the first one to use the circulation to describe the lifting effect of an airfoil by using 
a lifting line. In this case, the airfoil is replaced by a line vortex with circulation Γ(𝑠𝑠), where s is the 

position on the airfoil. As explained in Batchelor (1967), a sheet of trailing vortices with strength dΓ
d𝑝𝑝

 

will shed from the airfoil (figure 9). This sheet will induce a flow (𝜔𝜔) around the propeller. The blades 
are considered to be narrow and placed along equally spaced radial lines. Under this assumption no 
net velocity will be induced by neighboring blades due to symmetry. The resultant velocity at a blade 
section (d𝑉𝑉) is thus the sum of the advance speed (𝑉𝑉𝐴𝐴), the rotation speed of the propeller (Ω𝑟𝑟) and 
the induced velocity (𝑢𝑢𝐵𝐵): 

 𝑳𝑳 = 𝜌𝜌𝑽𝑽 × 𝚪𝚪. (2.61) 

 d𝑉𝑉 = 𝑉𝑉𝐴𝐴 + Ω𝑟𝑟 + 𝑢𝑢𝐵𝐵 . (2.62) 
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The resultant velocity at the propeller determines the angle of attack. This angle can be used in the 
blade element theory. Wald (2006) shows that the thrust and torque for a propeller with Z blades is 
given by: 

where 𝑢𝑢𝑡𝑡𝐵𝐵  and 𝑢𝑢𝑎𝑎𝐵𝐵  are the tangential and axial components of 𝑢𝑢𝐵𝐵 , respectively. This relationship 
shows that the thrust and torque are due to the circulation around the blade. The circulation and the 
induced velocity need to be determined to solve the equation, however, this is far from trivial. The 
induced velocities are hard to determine due to the complexity of the vortex system. The circulation 
depends on the blade geometry and the induced velocities so also on vortex system that is due to the 
circulation itself. 

 
Figure 9: Schematics of the lifting line theory. Image by Cleynen (2011) 

Although it is hard to determine the circulation, the vortex sheet, the induced velocities and the bound 
vorticity on the blade are uniquely related for a helicoidal vortex sheet (see Theodorsen (1948)). 
Hence, the circulation that leads to optimal efficiency can be found by considering the trailing vortices. 
Wald (2006) explains, based on Theodorsen’s theory, how to find the condition for maximum 
efficiency. This method employs a variational approach. A system of helicoidal sheets traverses 
downstream with an axial velocity 𝑉𝑉 + 𝑢𝑢𝑎𝑎(𝑟𝑟) and tangential velocity Ω𝑟𝑟 − 𝑢𝑢𝑡𝑡(𝑟𝑟). Take a radial line in 
every sheet that travels with the same speed as the sheet. Let the bound vorticity of each line 
be  𝜖𝜖ΔΓ(𝑟𝑟)  (figure 10), where 𝜖𝜖  is a small parameter such that changes in the induced velocities, 
caused by trailing vortices shed by the lines, are of second order and may be neglected. The thrust 
and torque of a sheet element can be found using the Kutta-Joukowski law: 

 
𝑇𝑇 = 𝜌𝜌𝜌𝜌� Γ�Ω𝑟𝑟 − 𝑢𝑢𝑡𝑡𝐵𝐵�

𝑅𝑅

𝑟𝑟ℎ
d𝑟𝑟, 

𝑄𝑄 =  𝜌𝜌𝜌𝜌� Γ�VA + 𝑢𝑢𝑎𝑎𝐵𝐵�𝑟𝑟
𝑅𝑅

𝑟𝑟ℎ
d𝑟𝑟, 

(2.63) 
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If ΔΓ(𝑟𝑟) is continuous and is such that the thrust of the propeller is not changed for variation of 𝜖𝜖, 
then the variation of the thrust must vanish: 

If the circulation around the propeller has the optimal distribution, then the variation of the torque 
should vanish too. If this would not be the case, the efficiency could be increased by a redistribution 
of the circulation. In line with (2.65), the variation of the torque can be written as: 

A solution for the system of equations can be found when the velocities in the sheet have the following 
relationship: 

where Λ is constant and 𝑟𝑟 tan𝜙𝜙 is the helicoidal pitch. Hence the efficiency is a maximum when the 
pitch of the trailing vortices is constant and each trailing vortex sheet translates as an undeforming 
regular helicoidal surface Wald (2006). 

Although the optimal efficiency might be achieved when the pitch of the trailing vortex sheet is 
constant, this vortex sheet is not measurable. This is because the trailing vortex sheet is a transitional 
situation before roll up of the system occurs. More on this can be found in Wald (2006).  

 

Figure 10: Helicoidal vortex sheet with radial lines with bound vorticity in the wake. Image from Wald (2006) altered. 

Most propeller design techniques employ the vortex theory in a certain way. For maritime propellers 
the lifting line is generally replaced by a lifting surface. A lot of empirical and numerical work has been 
performed to develop the design methods (see e.g. Kerwin (1986)). A description of the design method 
lies outside the scope of this report. 

 d𝑇𝑇 = 𝜌𝜌𝜖𝜖ΔΓ(r)(Ω𝑟𝑟 − 𝑢𝑢𝑡𝑡)d𝑟𝑟, 
d𝑄𝑄 = 𝜌𝜌𝜖𝜖ΔΓ(r)(VA + 𝑢𝑢𝑎𝑎)d𝑟𝑟. (2.64) 

 
𝛿𝛿𝑇𝑇 = 𝜌𝜌𝜖𝜖 � ΔΓ(r)(Ω𝑟𝑟 − 𝑢𝑢𝑡𝑡)

𝑅𝑅

0
d𝑟𝑟 ≡ 0. (2.65) 

 
𝛿𝛿𝑄𝑄 = 𝜌𝜌𝜖𝜖 � ΔΓ(r)(𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎)𝑟𝑟

𝑅𝑅

0
d𝑟𝑟. (2.66) 

 𝑟𝑟 tan𝜙𝜙 = 𝑟𝑟
𝑉𝑉𝐴𝐴 + 𝑢𝑢𝑎𝑎
Ω𝑟𝑟 − 𝑢𝑢𝑡𝑡

= Λ, (2.67) 

𝜖𝜖ΔΓ(𝑟𝑟) 
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2.4 Open water characteristics 
A common measure of the propeller performance is the open water performance. The thrust and 
torque are determined for a propeller without a ship at different advance speeds. This can be done 
experimentally on model-scale propellers in test basins such as at MARIN in Wageningen, the 
Netherlands. Also numerical methods are used to predict the performance. These methods either 
work analytically by employing lifting surface techniques or CFD is used. When CFD is used, the thrust 
and torque are found by integrating the pressure and shear forces over the propeller blades. 

The dimensionless thrust and torque and the efficiency, 𝐾𝐾𝑡𝑡 ,𝐾𝐾𝑞𝑞 and 𝜂𝜂, respectively, are plotted against 
the advance coefficient (𝐽𝐽). These charts are called the open water characteristics. A typical example 
is presented in figure 11, where: 

At small J values the thrust and torque are high and the propeller is heavily loaded. For high J values, 
the propeller load is low. For engineering purposes the domain around the efficiency maximum is of 
most interest, as the design point of the propeller is in general at a J value just below the efficiency 
maximum. Therefore most models are optimized to yield a good result in this area. For the propeller 
shown here this would be 0.5 < J < 0.9. The design point of this propeller was J = 0.75. 

 
Figure 11: Open water characteristic for a typical model-scale propeller. 
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 𝐾𝐾𝑡𝑡 =
𝑇𝑇

𝜌𝜌𝜋𝜋2𝐷𝐷4
, 

𝐾𝐾𝑞𝑞 =
𝑄𝑄

𝜌𝜌𝜋𝜋2𝐷𝐷5
, 

𝐽𝐽 =
𝑉𝑉𝐴𝐴
𝜋𝜋𝐷𝐷

, 

𝜂𝜂 =
𝑇𝑇𝑉𝑉𝐴𝐴

2𝜋𝜋𝜋𝜋𝑄𝑄
. 

(2.68) 
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3 Computational methods 
All the analyses described in this thesis are carried out on the results of computational fluid dynamics 
(CFD) simulations. The simulations are conducted in accordance with the maritime industry standards. 
An overview of the computational models that have been applied is given in section 3.1. The 
simulation settings and procedures are discussed in section 3.2. A validation of the simulation is 
described in section 3.3. 

3.1 CFD models 
For the CFD simulations the commercially available software suite STAR CCM+ version 7.04 has been 
used. This program allows the use of various models for the flow calculations. Which one is used 
depends on the flow conditions that need to be simulated. The conditions can be divided into inviscid 
and viscous flows. The viscous flows can then be subdivided in turbulent and laminar flows.  

In case of the inviscid simulation the flow is described by the Euler equation, essentially are the Navier-
Stokes equation without viscosity. For incompressible flows with constant density in both time and 
space the Euler equation is (see e.g. Guyon (2001): 

where 𝒖𝒖  is the fluid velocity vector, 𝜌𝜌  is the density, 𝑝𝑝  is the pressure and 𝒈𝒈  represents the 
acceleration due to the body forces acting on the fluid. The first equation is the momentum equation, 
the second is the incompressibility constraint. The inviscid approach is in general valid for large 
Reynolds numbers and away from solid boundaries. In the simulation, the boundaries are considered 
to be slip walls in case of the inviscid flow conditions and no boundary layer will develop. The 
advantage of the inviscid conditions is a reduced computation time. A comparisons between the 
viscous and inviscid simulations can give insight in the effects of viscous drag on the thrust and torque 
generation of the propeller.  

For the viscous simulations, the flow is characterized by the Navier-Stokes equation, including the 
viscous terms: 

where 𝜈𝜈 is the kinematic viscosity. In dimensionless form the Navier-Stokes equation is:  

where 

𝒖𝒖⋆ =
𝒖𝒖
𝑈𝑈

, 

𝜕𝜕′ =
𝒖𝒖
𝑈𝑈𝐴𝐴

, 

𝑅𝑅𝑅𝑅 =
𝑈𝑈𝐴𝐴
𝜈𝜈

, 

 𝜕𝜕𝒖𝒖
𝜕𝜕𝜕𝜕

+ 𝒖𝒖 ⋅ ∇𝒖𝒖 +
1
𝜌𝜌
∇𝑝𝑝 = 𝒈𝒈 

∇ ⋅ 𝒖𝒖 = 0 
(3.1) 

 𝜕𝜕𝒖𝒖
𝜕𝜕𝜕𝜕

+ 𝒖𝒖 ⋅ ∇𝒖𝒖 +
1
𝜌𝜌
∇𝑝𝑝 − 𝜈𝜈∇2𝒖𝒖 = 𝒈𝒈, (3.2) 

 𝜕𝜕𝒖𝒖⋆

𝜕𝜕𝜕𝜕⋆
+ 𝒖𝒖⋆ ⋅ ∇𝒖𝒖⋆ = −∇𝑝𝑝 +

1
𝑅𝑅𝑅𝑅

∇2𝒖𝒖⋆ +
1
𝐹𝐹𝑟𝑟

𝒈𝒈 
 

(3.3) 
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𝐹𝐹𝑟𝑟 =
𝑈𝑈2

𝑔𝑔𝐴𝐴
. 

The star denotes the dimensionless form of the variable. 𝑈𝑈 and 𝐴𝐴 are the characteristic velocity and 
length in the system, respectively. ν is the kinematic viscosity. 𝑅𝑅𝑅𝑅 is the Reynolds number and gives 
the ratio of inertial forces to viscous forces. 𝐹𝐹𝑟𝑟 is the Froude number and this is the ratio of inertia 
and gravity.   

In case of the laminar flow conditions the flow is well ordered. In nature they occur at low Reynolds 
(Re) numbers where there is no turbulence. If the Reynolds number is too high, numerical instabilities 
can arise.  

At high Reynolds numbers the flow becomes turbulent, hence the velocity can fluctuate as function 
of time and position. The turbulent flow is also a solution of the Navier-Stokes (NS) equations. In 
theory it is possible to resolve the flow by direct numerical computation (DNS) of these equations, for 
example using finite difference methods (see e.g. Nieuwstadt (1998)). However, the computational 
costs for this method are high; the number of grid points (𝐹𝐹) in the simulation should at least be 

𝐹𝐹~Re
9
4, 

which is a large number for large Re-values. For a model-scale propeller with a diameter of 20 cm, 
operating at a rotation frequency of 13 Hz the Reynolds number based on the tip velocity is 3 ⋅ 106. 
Implying that 1014 cells would be required. With the available computer power of 45 CPU cores a 
simulation with 4 ⋅ 106 cells takes about 3 hours. Hence, DNS is not a viable option for such cases.  

To be able to model turbulence, the Reynolds-Averaged Navier-Stokes (RANS) equations with a 
suitable closure model can be used. The RANS equations are the result of a decomposition of the NS 
equations in a time averaged part and a fluctuating part. For the velocity (𝒖𝒖) this means: 

where 𝒖𝒖� is the time averaged velocity and 𝒖𝒖′ is the fluctuating part of the velocity. 

The derivation of the RANS equations can be found in standard text books on turbulence, e.g. 
Nieuwstadt (1998)). In tensor notation, the RANS equation is: 

where the subscript 𝑖𝑖 denotes the 𝑖𝑖𝑡𝑡ℎ component of the vector, 𝑓𝑓𝑖𝑖 is the vector representing external 
forces, 𝜇𝜇 is the dynamic viscosity, 𝛿𝛿𝑖𝑖𝑖𝑖  is the Kronecker delta, 𝜕𝜕 is the position vector and  

𝑆𝑆�̅�𝑖𝑖𝑖 =
1
2
�
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝜕𝜕𝑖𝑖

+
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝜕𝜕𝑖𝑖

� 

is the strain tensor. The tensor 𝜌𝜌𝑢𝑢𝚤𝚤′𝑢𝑢𝚥𝚥′������ is the Reynolds stress tensor. In this tensor the new, unknown 

term 𝑢𝑢𝚤𝚤′�  arises. Due to this term, there are more terms than equations and a closure equation to model 
the stress tensor as function of the mean flow quantities is required. 

 𝒖𝒖(𝜕𝜕,𝑦𝑦, 𝑧𝑧, 𝜕𝜕) = 𝒖𝒖�(𝜕𝜕,𝑦𝑦, 𝑧𝑧) + 𝒖𝒖′(𝜕𝜕, 𝑦𝑦, 𝑧𝑧, 𝜕𝜕) (3.4) 

 𝜌𝜌𝑢𝑢�𝑖𝑖
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝜕𝜕𝑖𝑖

 = 𝜌𝜌𝑓𝑓𝚤𝚤� +
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�−�̅�𝑝𝛿𝛿𝑖𝑖𝑖𝑖 + 2𝜇𝜇𝑆𝑆�̅�𝑖𝑖𝑖 − 𝜌𝜌𝑢𝑢𝚤𝚤′𝑢𝑢𝚥𝚥′�������, (3.5) 
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Two types of models for the stress tensor are available in the software suite: eddy viscosity models 
and Reynolds stress transport (RST) models. In the latter, a transport equation for each component of 
the stress tensor needs to be derived and computed. Due to symmetry of the stress tensor not nine 
but a total of six equations are needed for the stress tensor. Next to the stress tensor also an equation 
for the turbulent dissipation is needed for closure, hence a total of seven equations is required. 

For the eddy viscosity models a total of two transport equations are required. Implying that the 
computational costs for eddy viscosity models is much lower than for the RST models. For the use on 
the propeller simulations, the computational costs for the RST models are still too high. Therefore 
eddy viscosity models are used for the closure.    

In the eddy viscosity models, the concepts of turbulent viscosity (𝜇𝜇𝑡𝑡) and turbulent kinetic energy (𝑘𝑘) 
are used to model the Reynolds stress tensor.  The Boussinesq approximation is the most well-known 
model: 

where 𝑻𝑻𝒕𝒕  is the Reynolds stress tensor, 𝑺𝑺 is the strain tensor and 𝑰𝑰 is the identity matrix. The turbulent 
kinetic energy is given by (see e.g. Launder and Spalding (1974)): 

The strain rate tensor is: 

𝑺𝑺 =
1
2

(∇𝒖𝒖 + ∇𝒖𝒖𝑇𝑇). 

For the turbulent viscosity to be derived, additional transport equations should be used. In literature 
many models are discussed, for example the k-ϵ model by Launder and Spalding (1974) where the 
transport equations for the turbulent kinetic energy and the rate of dissipation of kinetic energy (ϵ) 
are used. Another popular model in industry is the k-ω model, described by Wilcox (1998). These two 
models will be discussed here because they are implemented in the available software and validated 
for the use on propellers. The validation will be addressed in section 3.3.  

k-ϵ turbulence model 
In the k-ϵ model the transport equation for the turbulent kinetic energy is (see Launder and Spalding 
(1974)): 

The transport equation for the turbulent energy dissipation is: 

where  

 𝑻𝑻𝒕𝒕 = 2𝜇𝜇𝑡𝑡𝑺𝑺 −
2
3

(𝜇𝜇𝑡𝑡∇ ⋅ 𝒗𝒗 + 𝜌𝜌𝑘𝑘)𝑰𝑰 (3.6) 
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and 𝜎𝜎𝑘𝑘 ,𝜎𝜎𝜖𝜖 ,𝐶𝐶1,𝐶𝐶2 and 𝐶𝐶𝜇𝜇 are closure constants. These constants were found by Launder et al. (1972) 
by comparing experimental data with the model results. The values are shown in table 1. The main 
disadvantage of this model is that it can only be directly applied to fully turbulent flows. Therefore 
problems can arise near solid walls. To overcome this problem so called ‘wall functions’ have been 
introduced. These wall functions impose an explicit condition regarding velocity and turbulence in the 
boundary layer. For the simulation, the velocity profile of the boundary is considered logarithmic. 

Table 1: The values of the closure constants in the k-ϵ model. 
𝑪𝑪𝝁𝝁 𝑪𝑪𝟏𝟏 𝑪𝑪𝟐𝟐 𝝈𝝈𝒌𝒌 𝝈𝝈𝝐𝝐 

0.09 1.44 1.92 1.0 1.3 
 

k-ω turbulence model 
In the k-ω model the transport equations are based on the turbulent kinetic energy and the dissipation 
rate per unit turbulent kinetic energy, i.e. 𝜔𝜔~𝜖𝜖/𝑘𝑘.  The model in its original form was first proposed 
by Kolmogorov (1942).  Wilcox (1998) describes the implementation of the model. The main 
disadvantage of this model was that the boundary layer development depended on the value of ω in 
the free flow. A more advanced version of the model was proposed by Wilcox (2008). This version 
reduced the sensitivity of the boundary layer on the free stream values. Hereby addressing the main 
disadvantage. The main advantages of the k-ω model in comparison to the k-ϵ model are that it can 
be applied in the entire boundary layer without adjustments and it yields better results for low 
Reynolds numbers. A disadvantage is that the computational costs for the k-ω model are higher than 
for the k-ϵ model. The new version of the k-ω model is implemented in the software. The transport 
equation for the turbulent kinetic energy now reads: 

The transport equation of the dissipation rate per unit turbulent kinetic energy is: 

The closure constants are now 𝛼𝛼,𝛽𝛽⋆,𝜎𝜎 and 𝜎𝜎⋆. Their values are shown in table 2.  

Table 2: The values of the closure constants in the k-ω model. 
 𝜶𝜶 𝜷𝜷⋆ 𝝈𝝈 𝝈𝝈⋆ 

0.85 0.09 0.5 0.60 
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3.2 Simulation settings and procedures 
The simulation settings and procedures that have been used are the result of the so called ‘Virtual 
Validation Project’ conducted by Wärtsilä (2013). The settings will be discussed in this section, the 
validation results in section 3.3. 

In the CFD simulation a domain needs to be chosen in which the flow characteristics are calculated. 
The domain used in the simulations is cylindrically shaped and its size depends on the propeller radius 
R. To make sure the boundaries of the domain do not affect the simulation, a large domain is used: 
the domain radius is 10R and the domain length is 30R. The propeller is placed inside the domain, as 
sketched in figure 12. The domain is divided in two so-called ‘regions of reference’: a stationary region 
and a rotating region (figure 13). The definition of these regions is such that all the velocities reported 
are relative to the stationary region. In a region all objects are stationary relative to the velocity of the 
region. For example, the rotating region rotates at 13 Hz relative to the stationary region. The 
propeller blades and their mount are in the rotating region, thus they rotate at 13 Hz relative to the 
stationary region too. However, they do not rotate relative to the rotating region. The advantage of 
this method is that the mesh does not have to rotate, which reduces the computation time drastically. 
A disadvantage is that the solution is stationary so that time-dependent effects are not resolved.  

 

 
Figure 12: The propeller is placed in a cylindrical domain. The domain radius is 10R and the domain length 30R. 

As already mentioned, a mesh is used. This is a grid of cells that fills the entire domain. Figure 13 shows 
the distribution of the cells in the domain near the propeller. In the simulation, the flow characteristics 
in each cell are computed. The mesh that has been used is non-uniform: around the propeller the 
mesh is dense, further away the mesh is coarse (figure 14). By making a coarse mesh further away, 
the computation time is reduced as less cells have to be computed. Due to the high density mesh 
around the propeller, the flow is resolved with high accuracy in the region that is most relevant. In the 
entire domain about 2.8 million cells were used.  
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Figure 13: Mesh of the propeller: the mesh is dense close around it, while further away the mesh is coarser. The region in 
the red box is the rotating region. 

 
Figure 14: Cylindrical domain with a coarse mesh at the outer radii and a dense mesh in the inner radii. 

On the boundaries of the domain, boundary conditions have to be prescribed. The inflow, originating 
from the plane upstream, i.e. on the right in figure 13, is uniform and purely axial. The inflow velocity 
can be varied to run the simulation at various advance coefficients J. The direction of the flow is 
according to industry standards for model testing. The shaft is placed downstream for model-scale 
propellers; in this way the flow is not affected by the shaft in the model basin and this allows for a 
better comparison between propellers. It is, however, in contradiction with the full-scale situation 
where the propeller is mounted behind a ship and the shaft is upstream. 

The cylindrically shell of the domain and the outflow plane downstream are pressure boundaries. This 
means that the pressure is prescribed and fluid can flow through the interface. On both interfaces the 
pressure is constant and equal to the reference pressure. The reference pressure is equal to the 
ambient pressure. All pressures that are reported in this thesis are relative to this reference pressure, 
hence the pressure on the shell and outflow plane are zero. For the plane downstream, however, this 
setting is not necessarily physically correct, because for a rotating fluid that is expected over there, 
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the pressure will not be uniform. The influence of this choice of boundary condition on the thrust and 
torque calculations will be discussed in section 4.3. 

On the shaft and the propeller, wall conditions are applied. In case of inviscid simulations, the walls 
have a slip condition. In the viscous simulations the no-slip condition is applied. For the turbulent 
simulation an extra wall treatment is implemented to link the viscid boundary to the turbulent main 
flow. Three options for this treatment are available: the low-𝑦𝑦+, the high-𝑦𝑦+ the all-𝑦𝑦+. The low-𝑦𝑦+ 
assumes that the boundary layer is completely resolved. For this, grid cells in the viscous dominated 
layer, the buffer layer and the logarithmic layer are needed. Hence, a very fine mesh is needed. In the 
high-𝑦𝑦+ approach it is assumed that the first grid cell is in the logarithmic part of the boundary layer. 
For the velocity profile in the buffer layer and the viscous dominated layer a wall function is used. The 
all-𝑦𝑦+ method is a hybrid between the high and low-𝑦𝑦+ models. It uses a wall function based on the 
distance to the wall. The all-𝑦𝑦+ model is used in the simulation because it does not require exact 
knowledge of the boundary layer. The velocity in the boundary layer (𝑢𝑢⋆) is defined as follows for this 
approach: 

𝑢𝑢⋆  = �
𝑔𝑔𝜈𝜈𝑢𝑢
𝑦𝑦

+ (1 − 𝑔𝑔)𝛽𝛽∗
1
2𝑘𝑘, 

where 

𝑔𝑔 = exp �−
𝑅𝑅𝑅𝑅𝑦𝑦
11

�, 

and  

𝑅𝑅𝑅𝑅𝑦𝑦 =
√𝑘𝑘𝑦𝑦
𝜈𝜈

. 

𝑅𝑅𝑅𝑅𝑦𝑦 is the wall-distance based Reynolds number, 𝑢𝑢 the velocity just outside the boundary layer, 𝑦𝑦 is 
the wall distance.  

Once all parameters have been set, the simulation is started. During each calculation step the pressure 
and velocity are computed in every cell. The thrust and torque of the propeller is determined by 
integrating the pressure and shear over the blades (figure 15 and 16). The results are monitored for 
each step. The simulation is stopped as soon as the thrust and torque reach a stable value, i.e. they 
do not change any more when new calculation steps are carried out. 
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Figure 15: Pressure on the propeller blades, upstream side. Orange equals the reference pressure. Red indicates a pressure 
increase relative to the reference pressure. Blue up to orange indicates a pressure reduction relative to the reference 
pressure. 

 
Figure 16: Pressure on the propeller blades, downstream side. Color code as in figure 15. 
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After the simulation has finished, the velocity and pressure in each cell are known. This information 
can be used for post processing. The post processing can be done in a qualitative way, e.g. the 
visualization of the streamlines as done in figure 17. In this way a check for obvious errors can be 
carried out and a better understanding of the flow is acquired. For example, in figure 17 a clear 
contraction can be seen, the inflow is uniform as imposed and in the wake of the propeller a swirl can 
be observed. Besides the qualitative observations, also quantitative analyses can be conducted. This 
includes mass flow analyses through interfaces and angular momentum calculations in the wake. 
These will be used in the analyses that are discussed in chapter 4. 

 
Figure 17: Visualization of the streamlines around the propeller. The colors indicate the local velocity.  
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3.3 Validation of the simulation 
In the propeller performance analysis, two situations can be distinguished: model-scale and full-scale 
simulations. The model-scale simulations are the CFD counterpart of the experimental tests 
performed in test institutes. In these institutes the propeller open water characteristics are measured 
for a model-scale of the actual propeller. The model-scale propellers typically have a diameter of 0.2-
0.25 m and rotate at 700-900 RPM, where the full-scale propellers have a diameter of up to 12 m and 
rotate at 50-100RPM. The Reynolds number in the full-scale situation is about 102 − 103 times higher 
than in the model-scale situation.  

Due to the large difference in Reynolds number, direct comparison between the model-scale 
measurements and full-scale performance is difficult. Another obstacle is that no open water 
characteristics of the full-scale propeller can be measured experimentally because the propellers are 
directly mounted behind the ship. Validation of the CFD results is therefore done by comparing the 
model-scale results to the experimental results. 

Model basin results 
For one of the tested propellers the open water characteristics based on the CFD results and based on 
three model basins are shown in figure 18. The tests have been carried out at Research Centre Wuxi, 
China (CSSRC), Force Technology Lyngby, Denmark and MARIN Wageningen, the Netherlands. The 
efficiency curve that resulted from the CFD simulation is lower than all the experimental curves. The 
CFD result resembles the MARIN results most. The difference in the measured efficiency in the design 
point, J=0.55, is four percent point between MARIN and CSSRC. This is a significant difference.  

 

Figure 18: Open water characteristics of a propeller tested at various test institutes and with CFD. CSSRC, Force and MARIN 
are experimental test-institutes and the CFD is the simulation. 

The difference in measured efficiency might be caused by the different ways of manufacturing the 
scale models. Every test institute manufactures its own scale model based on the geometrical 
properties that are provided to them. The manufacturing methods of the test institutes are not 
publicly available. Because the methods are unknown, it is likely that the model propellers are not 
identical. Different materials can be used and the roughness may vary. All institutes claim to test the 
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scale models in accordance to the International Towing Tank Conference (ITTC) methods (see ITTC 
(2002)).  

The roughness and the material of the propeller can influence the flow conditions. The flow might not 
be fully turbulent in all the test institutes. In section 4.2 it will be shown that under laminar conditions 
a higher efficiency is achieved. Implying that if the flow conditions are not the same at the various 
institutes, this will affect the measurement results.  

In table 3 the efficiency of nine different model-scale propellers is compared to their experimental 
efficiency in the design point. In every case the experimental test yields an equal or higher efficiency 
than the CFD simulation. The ratio between the experimental results and the simulations was 1.04 on 
average with a standard deviation of 0.03. Hence, the CFD simulation seems to underestimate the 
efficiency of the propeller in the design point. The differences between test institutes is large. For 
example, the ratio of the experimental to CFD results at MARIN ranges from 1.00 to 1.02, at SSSRI this 
ranges from 1.07-1.09. However, the number of propellers that are being compared in the table is too 
small to be statistically significant.  

Table 3: Comparison of the efficiency in the design point found in experimental tests to the efficiency found in CFD 
simulations. 

Propeller Model basin Efficiency in design point Ratio Experimental /CFD 

Experimental 
result 

CFD result 

1 BROD1 0.61 0.60 1.02 
2 CSSRC2 0.68 0.65 1.05 
3 Force3 0.66 0.62 1.06 
4 Force 0.70 0.67 1.04 
5 MARIN4 0.67 0.67 1.00 
6 MARIN 0.67 0.67 1.00 
7 MARIN 0.72 0.70 1.03 
8 SSSRI5 0.62 0.57 1.09 
9 SSSRI 0.60 0.56 1.07 

 1Brodarski Institute Zagreb, Croatia. 2Research Centre Wuxi, China. 3Force Technology Lyngby, 
Denmark. 4MARIN Wageningen, the Netherlands. 5Shipping Research Shanghai, China. 

The CFD results reported in the table are all based on fully turbulent flow condition employing the k-
ω turbulence model. The choice for this was made based on a comparison between the k-ϵ model, the 
k-ω model and the experimental results. The k-ω model showed flow separation that was not captured 
by the k-ϵ model, therefore the k-ω model is the preferred model to be used on model scale. 

For the full-scale simulations, however, the k-ϵ model is employed. Comparison of the two models 
showed that the k-ϵ and k-ω yielded the same results on full scale. This is because the k-ω model’s 
main advantage is that it is more sensitive at low Reynolds numbers than the k-ϵ model. For the full-
scale simulations, the Reynolds numbers are large and the difference between the k-ϵ and k-ω 
disappears. As the computational costs for the k-ϵ are lower than for the k-ω, the use of k-ϵ is preferred 
for the full-scale simulations.   



32 
 

Domain size and mesh density influence 
The influence of the domain size has been tested by varying the domain radius from 10R up to 20R. 
The open water characteristics are displayed in figure 19. All the lines coincide, implying that an 
increase in the domain size does not alter the simulation results. Hence, the choice has been made to 
run the simulations with a domain radius of 10R. 

 
Figure 19: The influence of the domain radius on the open water characteristics. 

To verify whether the simulation is insensitive for a change of the mesh, a test with a mesh that is four 
times denser in the wake was carried out (figure 20). The number of cells in this new mesh is 4.2 
million, 50% more than the standard mesh. The open water characteristics of the test with the 
standard and the refined mesh are shown in figure 21. The blue line for the standard mesh and the 
red line for the refined mesh exactly coincide. Therefore it can be concluded that the simulation is 
insensitive for a further refinement of the mesh.  

 
Figure 20: Model-scale propeller with a refined mesh. 
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Figure 21: Comparison of the open water characteristics of the standard mesh versus a refined mesh. 

kBased on the above it can be concluded that: 

• The simulation is insensitive to a further refinement of the mesh. 
• The domain size is large enough so the boundaries do not influence the results. 
• The general trends of the simulation and the experiments are in agreement with each other. 
• The CFD simulation based on fully turbulent flow predicts a lower efficiency in the design point 

than the experiments. 
• The open water characteristics that are found at various test institutes for the same propeller 

differ significantly. 
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4 Results 
In the previous chapter the computational methods are explained. The thrust and torque are found 
by integrating the pressure and shear over the blades and from this the efficiency is determined. This 
method manages to return the total efficiency, however it does not give insight in where the efficiency 
losses take place. This is where the energy coefficients described in chapter 2 can give extra 
information.  

To test how useful the energy coefficients can be for further analysis of the efficiency, a six bladed 
model-scale propeller (figure 22) has been analyzed. For this propeller the energy coefficients were 
determined. To do this, a clear understanding of the velocity fields in the wake is required. These fields 
will be discussed in section 4.1. One of the energy coefficients is related to friction. Because the friction 
is related to the viscosity, the influence of the viscosity on the thrust and torque will be examined. 
These results can be found in section 4.2.  The velocity fields will be used to determine the thrust and 
torque by applying the axial and angular momentum theory: equations (2.49) and (2.52). These results 
have been compared with the thrust and torque found by integrating the pressure and shear force 
over the blades. This, as well as the force balance in the system, will be discussed in section 4.3. Finally, 
the use of energy coefficients will be explained in section 4.4.  

 
Figure 22: Geometry of the tested propeller. 

The reference propeller 
All the simulations that will be discussed in the following sections have been conducted on a model-
scale propeller. This is the model-scale version of a propeller with a diameter of 8.3 m and six blades. 
The design point of this propeller (𝐽𝐽𝑑𝑑𝑝𝑝𝑝𝑝) is at J = 0.75. This point is determined by the ship’s engine and 
the ship owner. The owner demands a certain advance speed (𝑉𝑉𝐴𝐴𝑜𝑜𝑜𝑜𝑖𝑖) at which the ship has to operate 
efficiently and the engine is optimized to run at a certain RPM (𝜋𝜋𝑝𝑝𝑖𝑖𝑒𝑒 ). The diameter of the final 
propeller depends on the available space behind the ship. Hence, 

𝐽𝐽𝑑𝑑𝑝𝑝𝑝𝑝 =
𝑉𝑉𝐴𝐴𝑜𝑜𝑜𝑜𝑖𝑖
𝜋𝜋𝑝𝑝𝑖𝑖𝑒𝑒𝐷𝐷

. 

The analyzed model-scale propeller has a radius (R) of 12.5 cm and a hub radius of 2.0 cm and operates 
at 780 RPM. The inflow velocity has been varied from 0.16 m/s to 3.1 m/s, i.e. 0.05 < J < 0.95 to create 
the open water characteristics. 
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4.1 Velocity field analysis 
In order to get a qualitative insight in the velocity field behind the propeller, the velocity field has been 
visualized. In figure 23 a cross-section at 2x the radius R behind the propeller of the induced axial 
velocity (𝑢𝑢𝑎𝑎𝐶𝐶) can be observed. The induced axial velocity is the actual axial velocity (𝑉𝑉𝑎𝑎𝑎𝑎) minus the 
inflow velocity 𝑉𝑉𝐴𝐴: 

The image is the result of an inviscid simulation with an inflow velocity  𝑉𝑉𝐴𝐴 = 1.3  m/s, which 
corresponds to an advance coefficient J = 0.4. 

The values in the image are negative because of the choice of the axis. The red color corresponds to 
the largest induced axial velocity, blue corresponds to the smallest induced velocity. Two things stand 
out: a six folded symmetry is visible and the flow at radii greater than the propeller radius is 
unaffected. The symmetry is due and equal to the number of blades of the propeller.  

  
Figure 23: Axial induced velocity at 2R behind the propeller. Inflow velocity VA = 1.3 m/s, no viscosity. 

In figure 24 the tangential component of the velocity field is displayed. The tangential velocity reduces 
gradually for increasing radial positions (r) and is zero for r > R. The symmetry is, as in the axial velocity, 
clearly visible. The vector representation of the velocity field can be observed in figure 25. The density 
of the vectors is in line with the density of the mesh described in chapter 3: close to the propeller a 
dense field can be seen and further away a coarse one. This is because in each mesh cell the velocity 
is calculated and a vector is placed. Tip vortices can be observed at the end of the propeller. The 
velocity field is slightly rotated compared to the propeller, this is because the vector field is at 2R 
behind the propeller and the propeller is displayed in its original position.  

In chapter 2 it was assumed that the velocity field would only depend on the radial and axial position, 
not on the tangential position. This is true for an actuator disk as this represents a propeller with an  
infinite number of blades, implying an infinite symmetry. However, for a propeller with a finite 
structure the symmetry of the propeller will be visible in the wake, as seen in figure 23 and figure 24. 
Hence, the velocity field depends on the tangential position. To remove this dependence, the velocity 
field has been averaged for each radial position. The averaging method and the MATLAB script is 
added in Appendix I. In the remainder of this report, only the averaged velocity fields are used. 

 𝑢𝑢𝑎𝑎𝐶𝐶 = 𝑉𝑉𝑎𝑎𝑎𝑎 − 𝑉𝑉𝐴𝐴. (4.1) 
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Figure 24: Tangential induced velocity at 2R behind the propeller. Inflow velocity VA = 1.3 m/s, no viscosity. 

 
Figure 25: Vector representation of the velocity field at 2R behind the propeller. Inflow velocity VA = 1.3 m/s, no viscosity. 
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4.1.1 Induced axial velocity 
The induced axial velocity  𝑢𝑢𝑎𝑎𝑎𝑎 has been examined as function of the distance behind the propeller x, 
for various inflow velocities and for the inviscid, laminar and turbulent flow conditions.  

The induced axial velocity at 1R < x < 10R is shown in figure 26. The graph starts at r/R = 0.18 because 
this is the hub radius, implying that there is no fluid for r < 0.18. The boundary condition imposed on 
the hub for the inviscid simulation is a slip condition and no boundary layer will grow. Due to the slip 
condition, 𝑢𝑢𝑎𝑎𝑎𝑎 does not have to be zero at the wall.  

 
Figure 26: Induced axial velocity for the inviscid simulation with an inflow velocity VA = 1.79 m/s, J = 0.55. 

For axial positions close to the propeller a contraction of the streamtube can be observed as expected 
from mass conservation. Traversing further downstream, the streamtube becomes wider. The 
maximum velocity is reached at a lower radius and the flow is affected over a wider radius. This can 
be compared to the development of a jet flow.  

A jet has three characteristics: the momentum of the flow remains constant traversing downstream, 
the mass flow increases due to entrainment of the ambient flow and the radius of the jet increases. 
These phenomena have been studied extensively for various situations. A review on the round free 
jet has been made by Ball, Fellouah and Pollard (2012). Glauert (1956) derived the mass flow for a 
laminar thin jet over a wall, his results are described by Kundu, Cohen and Dowling (2012). In this case, 
the mass flow is proportional to the axial position: 

Abraham and Song (2003) compared the entrainment of a wall jet and a free round jet. They concluded 
that the entrainment for a round jet is higher than for wall jet. This is because viscous shear at the wall 
lowers the momentum in the jet.  

The wake of the propeller has the three characteristics of the jet flow. The momentum flux is constant 
in the wake and the affected area increases downstream. The mass flux increases due to entrainment 
downstream. To demonstrate this, the mass flux at four axial position was calculated for the velocity 
field that is shown in figure 26. The onset mass flux was subtracted from the results: 

-0.5

0

0.5

1

1.5

2

2.5

3

0 0.5 1 1.5 2 2.5

U
ax

[m
/s

]

r/R [-]

Induced axial velocity, J = 0.55, inviscid

X=1R

X=2R

X=4R

X=8R

X=10R

 �̇�𝑚 ∼ 𝜕𝜕
1
4. (4.2) 
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where �̇�𝑀  is the mass flux difference. The change of �̇�𝑀  is due to the entrainment. �̇�𝑀  increases 
traversing downstream, implying that there is entrainment in the wake of the propeller.   

 
Figure 27: Mass flow in the jet for various axial positions.  

In figure 28 the maximum induced axial velocity is shown. It is clear that it depends on the inflow 
velocity 𝑉𝑉𝐴𝐴. This is because a low 𝑉𝑉𝐴𝐴, i.e. small J-values, corresponds to a heavily loaded propeller, 
generating the largest thrust and thus the highest induced velocity. The maximum induced velocity 
for the viscous simulations is lower than the inviscid simulation. This will be discussed in section 4.2.  

For the heavily loaded propellers it has to be remarked that the velocity profile showed a lot of noise 
(figure 29). Therefore the results reported for low J-values might be questionable. For engineering 
purposes, as mentioned in section 2.4, it is not a problem that the simulations for low J-values are 
noisy, because this is outside the operating domain of the propeller. The models have therefore not 
been optimized in this domain and no further investigations on the origin nor the reduction of the 
noise have been performed. For the propeller at hand, the design point is at J = 0.75 and the area of 
interest is 0.4 < J < 0.9. 

 
Figure 28: Maximum induced axial velocity as function of the advance coefficient J. Inviscid simulation.  
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Figure 29: Induced axial velocity for the inviscid simulation with 𝑽𝑽𝑨𝑨 = 0.16 m/s, J=0.05. 

From the analysis of the induced axial velocity 𝑢𝑢𝑎𝑎𝑎𝑎 it can be concluded that: 

• The axial induced velocity profile resembles a jet flow. 
• The maximum of 𝑢𝑢𝑎𝑎𝑎𝑎 depends on the propeller load. 
• The maximum of 𝑢𝑢𝑎𝑎𝑎𝑎 is lowered when viscosity is introduced. 
• The simulation has a high noise level for heavily loaded propellers, J < 0.25.  
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4.1.2 Tangential velocity 
The tangential velocities 𝑢𝑢𝜃𝜃 have been examined in the same way as the induced axial velocity 𝑢𝑢𝑎𝑎𝑎𝑎. 
For the inviscid simulation at J = 0.88, 𝑢𝑢𝜃𝜃 is displayed in figure 30. 𝑢𝑢𝜃𝜃 does not change when traversing 
downstream. This is as expected, as for this lightly loaded case the contraction is minor and no 
tangential forces are applied downstream. At the shaft, i.e. r/R = 0.18, the velocity peaks. The velocity 
goes up to the rotation velocity of the shaft. If a no-slip condition was imposed on the shaft, this would 
be expected. However, for the inviscid simulation, the wall should be a slip wall. The cause of this peak 
is not clear; it could be an erroneous setting in the simulation, though this was not confirmed.    

 
Figure 30: Tangential velocity 𝒖𝒖𝜽𝜽 for the inviscid simulation with 𝑽𝑽𝑨𝑨 = 2.86 m/s, J = 0.88. 

In figure 31, the results for the inviscid case with a more heavily loaded propeller, J = 0.55, are shown. 
Similar to the lightly loaded propeller, the tangential velocity field does barely change traversing 
downstream. The magnitude of the tangential velocity is clearly higher for the heavily loaded case 
than the lightly loaded one. This is because the torque is higher when the propeller is more heavily 
loaded. This torque causes the rotation. At the hub, the same effect is observed for both cases.  

 
Figure 31: Tangential velocity 𝒖𝒖𝜽𝜽 for the inviscid simulation with 𝑽𝑽𝑨𝑨 = 1.79 m/s, J=0.55. 
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The results for the viscous, fully turbulent simulation with the k-ω model applied are shown in figure 
32. This is as expected because this was imposed to account for the no-slip condition. The shaft in the 
simulation does not rotate because it is placed in the stationary region. To account for the no-slip 
condition, a tangential velocity 𝑢𝑢𝜃𝜃𝑝𝑝 is imposed at the wall. The magnitude of this velocity depends on 
the angular velocity (ω) of the propeller and the radius of the shaft (𝑅𝑅𝑝𝑝):  

𝑢𝑢𝜃𝜃𝑝𝑝 = 𝜔𝜔𝑅𝑅𝑝𝑝. 

In this case, 𝑅𝑅𝑝𝑝 = 0.02 m and 𝜔𝜔 = 26𝜋𝜋 rad/s, hence 𝑢𝑢𝜃𝜃𝑠𝑠 = 1.6 m/s. This imposed velocity causes the 
peak that can be observed at the shaft.  

 
Figure 32: Tangential velocity 𝒖𝒖𝜽𝜽 for the K-ω viscous simulation with 𝑽𝑽𝑨𝑨 = 2.86 m/s, J=0.88. 

In contrast to the inviscid simulation, the velocity profile does change traversing downstream. Namely 
in the region 0.2 < r/R < 0.4. This effect is due to the viscous diffusion from the rotating wall. To clarify 
this, a comparison of 𝑢𝑢𝜃𝜃 for various types of wall conditions has been made and a simulation without 
a propeller has been carried out. 
In figure 33 𝑢𝑢𝜃𝜃 for four wall conditions has been plotted.  The orange line corresponds to a no-slip 
condition and no imposed velocity 𝑢𝑢𝜃𝜃𝑠𝑠, thus a non-rotating shaft. The blue line is for the simulation 
with 𝑢𝑢𝜃𝜃𝑠𝑠 = 1.6 m/s. The difference between the orange and the blue line shows that the peak at the 
wall is indeed due to the imposed tangential velocity. The grey line shows 𝑢𝑢𝜃𝜃 with a slip wall. In this 
case, the velocity field is purely due to the propeller action and no wall effects are considered. With a 
slip wall, 𝑢𝑢𝜃𝜃 goes to zero at the shaft, implying that the propeller action does not cause rotation close 
to the shaft. The yellow line shows the results of the inviscid simulation. 
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Figure 33: A comparison of the tangential velocity 𝒖𝒖𝜽𝜽 for different wall conditions. 

In figure 34 the results of the simulation without a propeller are shown. Only the shaft was placed in 
the simulation domain. The tangential velocity, 𝑢𝑢𝜃𝜃𝑠𝑠  = 1.6 m/s, as in the standard simulation. The lines 
correspond to several positions downstream, the light blue line is most upstream at x = 1R behind the 
propeller, the dark blue one most downstream at x = 10R. Traversing downstream a larger radius is 
affected by the wall action. The thickness of the affected area is in line with the results of the Rayleigh 
problem of an infinite plate that is set in motion instantaneously. The viscosity causes a layer of fluid 
to move with the plate. The thickness of the layer of moving fluid (𝛿𝛿) as function of time is (see e.g. 
Van Heijst (1992)): 

where 𝜕𝜕 is the time and 𝜈𝜈 = 10−2 cm2/s is the kinematic viscosity. At x=10R distance downstream, the 
fluid was in contact with the shaft for 0.5 seconds. In the Rayleigh problem, the thickness would then 
be 0.3 cm. In the case of the propeller shaft we see that the region 0.2 < r/R < 0.3 is affected, this 
corresponds to 0.2 cm. Combining the insights that the drop in tangential velocity only takes place in 
the viscous simulation, the propeller action does not cause rotation close to the shaft and the wall 
action causes rotation close to the shaft in line with the Rayleigh problem, we can conclude that the 
development of the tangential velocity field close to the shaft is due to viscous diffusion. 

Concerning the tangential velocity field, the following can be concluded: 

• At the shaft the imposed velocity is clearly measurable. 
• The development of the velocity field close to the shaft is due to viscous diffusion. 
• The velocity profile does not change traversing downstream, except for the wall effects. 
• The propeller action does not cause rotation close to the shaft. 
• The propeller load determines the magnitude of the tangential velocity. 
• In the inviscid case the velocity field at the wall appears to be erroneous; the cause has yet to 

be determined.  
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Figure 34: Tangential velocity 𝒖𝒖𝜽𝜽 due to the rotating shaft for various axial positions x downstream. 
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4.1.3 Radial velocity 
The third component of the velocity field is the radial velocity 𝑢𝑢𝑟𝑟𝑎𝑎𝑑𝑑. In figure 35 𝑢𝑢𝑟𝑟𝑎𝑎𝑑𝑑  for the inviscid 
simulation at J = 0.55 is shown. In the graph, negative values correspond with an inflow, positive values 
with an outflow. At x=1R behind the propeller an inflow can be observed, which corresponds to the 
contraction observed in the axial velocity field. Further downstream the radial velocity is close to zero 
and the measured signal is noisy. At the shaft, r/R = 0.18, 𝑢𝑢𝑟𝑟𝑎𝑎𝑑𝑑 = 0  which corresponds to an 
impenetrable wall. 

 
Figure 35: Radial velocity 𝒖𝒖𝒓𝒓𝒓𝒓𝒓𝒓 for the inviscid simulation with 𝑽𝑽𝑨𝑨 = 1.79 m/s, J = 0.55. 

The results for the turbulent simulation with the k-ω model applied are shown in figure 36. The trends 
are the same as for the inviscid simulation. The absolute inflow velocity is lower than in the inviscid 
case. This is because the thrust in the viscous case is lower than for the inviscid one. Therefore, a 
smaller contraction takes place and as such a lower inflow is required. More on the influence of the 
viscosity on the thrust and torque will be shown in section 4.2. 

 
Figure 36: Radial velocity 𝒖𝒖𝒓𝒓𝒓𝒓𝒓𝒓 for the K-ω viscous simulation with 𝑽𝑽𝑨𝑨 = 1.79 m/s, J = 0.55. 
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4.2 Influence of the viscosity on the thrust and torque 
In the previous section the velocity fields for both the inviscid and viscous simulations have been 
discussed. In this section the influence of the viscosity on the thrust and the torque will be discussed. 

In order to examine the influence of the viscosity, simulations have been carried out for different 
values of the dynamic viscosity μ, namely for 𝜇𝜇 = 0 , 𝜇𝜇 = 10−3 Pa ⋅ s  and 𝜇𝜇 = 10−2 Pa ⋅ s . The 
viscosity of water at room temperature is 𝜇𝜇 = 10−3 Pa ⋅ s. The viscous simulations have been carried 
out twice: once with turbulent flow characteristics and the k-ω model enabled, and once with laminar 
flow characteristics. 

Figure 37 shows the torque Q as a function of the advance coefficient J. In all the cases the torque 
decreases for higher J-values., implying that a more heavily loaded propeller has a higher torque. The 
difference between the various simulations is small, implying that neither the viscosity nor the model 
used influences the torque.  

 
Figure 37: Q as function of J. 

A closer inspection of the absolute differences in torque does show an influence of the model used 
and the viscosity. In figure 38, the absolute torque difference of the various settings compared to 
inviscid case are shown. The graph shows the torque of the model minus the torque of the inviscid 
simulation. As all the values are positive, the torque for the inviscid simulation is the lowest. A second 
observation is that the torque is equal for the laminar and turbulent model with high viscosity. This 
can be understood by investigating the underlying calculations for the shear forces, which are due to 
viscosity. 

The shear forces (𝑭𝑭𝒔𝒔) are calculated using the viscous stress tensor 𝑻𝑻 (see e.g. Davidson (2004)): 

where A is the control surface and 𝜌𝜌𝒓𝒓 is a surface element of A. In the simulation software the stress 
tensor for laminar flows is (see STAR-CCM user guide): 
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where 

is the strain rate tensor,  μ is the dynamic viscosity and 𝐈𝐈 is the indentity tensor. In the turbulent flows 
simulated with the k-ω model the stress tensor is the linear combination of the laminar stress tensor 
and the turbulent stress tensor, also called the Reynolds stress tensor: 

where 

with 𝜇𝜇𝑡𝑡  the turbulent viscosity.  

In the simulations that were carried out, the turbulent viscosity was kept constant, only the dynamic 
viscosity was altered. This implies that for the high viscosity case only 𝑻𝑻𝒍𝒍 became 10x higher, while 𝑻𝑻𝒕𝒕  
remained the same. Because in this high viscosity case 𝑻𝑻𝒍𝒍 ≫ 𝑻𝑻𝒕𝒕 , 𝑻𝑻 ≈ 𝑻𝑻𝒍𝒍 . Hence, the laminar and 
turbulent simulation yield the same results. 

For the laminar case, increasing the viscosity reduces the torque, where as in the turbulent case an 
increase of the viscosity leads to an increase of the torque. Therefore, no general conclusion on the 
influence of the viscosity on the torque can be made. However, as seen in figure 37, the effects of the 
viscosity and the used flow characteristics are small.    

 
Figure 38: Absolute torque differences DQ for several viscosities and flow conditions compared to the inviscid simulation.  

For the thrust T, larger influences of the viscosity and the flow characteristics have been found. In 
figure 39, the thrust for the various simulations as function of the J-value are shown. In line with the 
torque, the thrust reduces when the J-value is increased. In contrast to the torque, clear differences 
between the thrust lines of the various flow characteristics and viscosities can be observed.  
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Figure 39: Thrust T as a function of J for various simulations. 

A closer inspection of the differences is shown in figure 40. In this figure the absolute thrust difference 
between the viscous simulations and the inviscid simulation is displayed. All values are negative, this 
means that the thrust is highest for the inviscid case. The laminar and the turbulent simulations for 
high viscosity yield the same results. This confirms that the viscous effects outweigh the turbulent 
effects for this case as seen for the torque. For both the laminar and the turbulent simulations the 
thrust is reduced when the viscosity is increased. Hence, there is a trend visible that the viscosity 
reduces the thrust. The amount by which the thrust is reduced does not depend on the J-value, i.e. 
the inflow velocity.  

A better understanding of the origin of the thrust, i.e. the circulation around the blades, is required to 
explain this. The circulation is generally related to boundary layer effects, however, the inviscid 
simulations also show a thrust generation. This might be due to vortex shedding from the sharp edges 
of the propeller blade. As the circulation around the blades causes the thrust, which is the mean goal 
of the propeller, it is recommended to perform further research on its origin. 

 
Figure 40: Absolute thrust differences for several viscosities and different models compared to the inviscid simulation. 
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From the above we have learned that the viscosity and choice of flow characteristics has limited 
impact on the torque Q and significant impact on the thrust T. As the efficiency 𝜂𝜂 is given by: 

it is clear that the thrust reduction due to viscosity will reduce the efficiency. As figure 41 shows, the 
influence of the flow characteristics and viscosity is significant for the efficiency calculations.  

Whether the turbulent of laminar model should be used for the open water calculations cannot be 
concluded from this test. As mentioned in section 3.3, there are distinct differences in the open water 
characteristics found for propellers that are tested at various test institutes. One hypothesis to explain 
this, is that the model basin tests are not carried out under fully turbulent conditions. The results 
presented in figure 41 show that under laminar flow conditions the efficiency in the design point is 
higher.  

It is not possible to influence the model test procedures and only limited information is available on 
the flow conditions in the model tests. To be able to predict the open water curve that will be 
measured at a specific test institute, a systematic investigations of the model test results compared 
to CFD results with laminar and turbulent conditions is recommended. A benchmark tool has been 
developed by the author that includes a database of propeller designs, model test results and CFD 
calculations. This tool is able to facilitate the systematic comparison of model tests and CFD results 
and could therefore be used for this investigation.      

 
Figure 41: 𝜼𝜼 as a function of J. The effects of the viscosity settings and model choice on the calculated efficiency. 
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Concerning the influence of the viscosity and model choice on the thrust T, torque Q and efficiency η  
it can be concluded that: 

• The torque Q is not significantly affected by the choice of the flow characteristics nor the 
viscosity. 

• The thrust T is reduced by a constant when the viscosity μ is increased. 
• Further investigation on the origin of the thrust is necessary. 
• The efficiency η is significantly affected by the choice of the flow characteristics and the 

viscosity. 
• A systematic investigation on the model test results compared to the CFD calculations should 

be conducted.  
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4.3 Comparison of the blade and the wake analysis method  
The thrust T and torque Q reported in the previous sections were determined by integrating the 
pressure and the shear stress over the blades. In chapter 2 it has been discussed that it is theoretically 
possible to determine the thrust and torque by investigating the wake. The results of the 
implementation of this theory for both the torque and the thrust will be discussed in this section.  

4.3.1 Torque 
To find the torque by investigation of the wake, the angular momentum theory, formula (2.52) was 
used: 

𝑄𝑄𝑎𝑎𝑎𝑎 = � 2𝜋𝜋𝑟𝑟𝐶𝐶2𝜌𝜌𝑢𝑢𝑡𝑡𝐶𝐶𝑉𝑉𝑎𝑎𝑎𝑎𝐶𝐶d𝑟𝑟𝐶𝐶
𝑅𝑅𝐶𝐶

0
. 

This equation has been applied on the tangential and axial velocity fields found in the wake that have 
been discussed in section 4.1. To use the equation, the radius of the wake (𝑅𝑅𝐶𝐶), being the integration 
boundary has to be determined. In theory it should be taken over the entire domain to make sure all 
the rotation due to the propeller action is captured. As we observed that the tangential velocity is 
close to zero for r > R, we can expect that taking an integration boundary greater than R does not 
influence the results. Furthermore an axial position x in the wake should be chosen where the integral 
will be evaluated. 

The sensitivity of the torque calculation for the chosen integration boundary RC and the axial position 
x was determined by varying the integration boundary from 0 to 9R at two axial positions. This was 
done for nine simulations using the laminar, turbulent and inviscid settings and at three inflow 
velocities. Figure 42 presents the results of the simulation at J = 0.55 for the turbulent setting. In this 
case the torque Q is insensitive for the choice of the integration boundary RC and the axial position x 
as long as 𝑅𝑅𝑐𝑐 > 1.2𝑅𝑅. The results from this test are typical for all of the tests and in general it could 
be concluded that for an integration boundary 𝑅𝑅𝑐𝑐 > 2𝑅𝑅 the torque is insensitive for the integration 
boundary. Implying that this region does not add to the torque integral. To make sure all rotating 
effects are captured in the integration, the boundary was set to Rc = 3R.  

 

Figure 42: Sensitivity of the torque integral on the choice of integration boundary 𝑹𝑹𝑪𝑪 and axial position x in the wake. 
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With the integration boundary chosen, the torque can be calculated and compared to the torque 
found by integrating the shear and pressure on the blades. In figure 43 the relative difference between 
the blade and wake analysis are shown. A positive value corresponds with a higher torque found by 
integrating the pressure over the blade than by integrating the above formula in the wake. The relative 
differences for the heavily loaded propeller are large. This is due to the high amount of noise found in 
the velocity profiles. The method of wake integration is therefore not suitable for the heavily loaded 
propellers. For the medium to lightly loaded propellers, the wake integration yields excellent results 
for the k-ω and the laminar simulations. The relative torque differences are less than 1 percent for J > 
0.25. In case of the inviscid model, the differences are 3-5%. This might be due to the incorrect velocity 
profile at the shaft for the inviscid simulation, as discussed in section 4.1. For engineering purposes 
where either the 𝑘𝑘 − 𝜔𝜔 or the laminar model are used and 0.4 < J < 0.95 the wake analysis method 
yields excellent agreement with the blade analysis method.  

 

Figure 43: Relative torque difference as a function of J found in the blade analysis versus the wake analysis method. 

Summarizing, it can be concluded that: 

• The torque integral is insensitive for the integration boundary 𝑅𝑅𝑐𝑐 provided that 𝑅𝑅𝑐𝑐  > 2R. 
• For heavily loaded propellers (smaller J-values) the wake analysis method is not a viable 

method to determine the torque.  
• For medium and lightly loaded propellers (0.4 < J < 0.95), in the k-ω and laminar model the 

wake analysis method yields excellent agreement with the blade analysis method.  
• For engineering purposes the wake analysis method is a viable method to determine the 

torque. 
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4.3.2 Thrust 
To determine the thrust by wake analysis, the axial momentum theory, equation (2.49) was used: 

By applying this equation, any radial in and outflow through the shell of the control volume is 
neglected. This was done because the radial component of the velocity field was small, as was 
discussed in section 4.1.3. 

The radius upstream, 𝑅𝑅𝐴𝐴 , is related to the integration boundary downstream, 𝑅𝑅𝐶𝐶 , through the 
conservation of mass. This was derived with equations (2.44) and (2.45): 

� 2𝜋𝜋𝜌𝜌𝑟𝑟𝐴𝐴𝑉𝑉𝐴𝐴d𝑟𝑟𝐴𝐴
𝑅𝑅𝐴𝐴

0
= � 2𝜋𝜋𝜌𝜌𝑟𝑟𝐶𝐶𝑉𝑉𝑎𝑎𝐶𝐶(rC)d𝑟𝑟𝐶𝐶

𝑅𝑅𝐶𝐶

0
= 𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑎𝑎 , 

𝑅𝑅𝐴𝐴 = �
𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑎𝑎

𝜋𝜋𝜌𝜌𝑉𝑉𝐴𝐴
. 

In this way, the mass flux through the inflow and outflow plane are equal, since there is no net mass 
flow through the shell of the streamtube.  

Similar to the sensitivity analysis for the integration boundary that was carried out for the torque 
analysis, a sensitivity analysis for the thrust was carried out. The results are presented in figure 44. 
This plot shows that the thrust integral reaches a maximum around RC/R = 1, for larger integration 
boundaries the thrust integral reduces in value. Furthermore, the thrust integral gives different values 
for different axial positions x. Hence, the thrust integral is sensitive for the position and the integration 
boundary. This is in contradiction to what is expected from theory. To explain this result a detailed 
inspection of the force balance in the simulation was carried out.   

 

Figure 44: Sensitivity of the thrust integral on the choice of integration boundary 𝑹𝑹𝑪𝑪 and axial position x in the wake. 
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𝑇𝑇 = � 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌(𝑉𝑉𝑎𝑎𝐶𝐶

2 − �
𝑢𝑢𝑡𝑡2

𝑟𝑟′
d𝑟𝑟′

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶
)d𝑟𝑟𝐶𝐶  

𝑅𝑅𝐶𝐶

0
− 𝜋𝜋𝑅𝑅𝐴𝐴2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴

2 . 

 
(4.11) 
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Force balance in momentum theory 
The derivation of equation (4.11) is based on Newton’s second law applied on a streamtube stretching 
from upstream to far downstream enclosing the propeller. The derivation is explained in chapter 2 
and the key points are repeated here. 

Upstream it is assumed that: 

• The flow is uniform and purely axial and at inflow velocity. 
• The pressure is equal to the reference pressure. 

For the streamtube shell it is assumed that: 

• Zero momentum flux through the shell. 
• The pressure is equal to the reference pressure. 

Downstream it is assumed that: 

• The flow is affected up to a certain radius 𝑅𝑅𝐶𝐶. 
• The pressure is lowered due to the tangential velocity of the flow in the affected area. 
• Outside the affected area the flow is uniform, purely axial and the velocity is the inflow 

velocity. 
• The pressure outside the affected area is equal to the reference pressure. 

Under these assumptions the force balance is: 

Because the pressure equals the reference pressure everywhere except in the rotating part of the 
wake, the pressure force is equal to:  

As there is no momentum flux through the shell, only the upstream and downstream planes have to 
be considered and the resultant force is: 

Hence, the thrust is given by (4.11): 

𝑇𝑇 = � 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌(𝑉𝑉𝑎𝑎𝐶𝐶
2 − �

𝑢𝑢𝑡𝑡2

𝑟𝑟′
d𝑟𝑟′

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶
)d𝑟𝑟𝐶𝐶  

𝑅𝑅𝐶𝐶

0
− 𝜋𝜋𝑅𝑅𝐴𝐴2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴

2 . 

 ∑𝐹𝐹 = 𝑇𝑇 + 𝐹𝐹𝑝𝑝 =
d𝑝𝑝
d𝜕𝜕

= �̇�𝑚𝑣𝑣 + 𝑚𝑚�̇�𝑣. 
 

(4.12) 

 
𝐹𝐹𝑃𝑃 = � 2𝜋𝜋𝑟𝑟𝐶𝐶(𝑝𝑝0 − 𝑝𝑝𝐶𝐶)d𝑟𝑟𝐶𝐶

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶
= � 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌�

𝑢𝑢𝑡𝑡2

𝑟𝑟′
d𝑟𝑟′d𝑟𝑟𝑐𝑐

𝑅𝑅𝐶𝐶

𝑟𝑟𝐶𝐶

𝑅𝑅𝐶𝐶

0
. (4.13) 

 
∑𝐹𝐹 = � 2𝜋𝜋𝑟𝑟𝐶𝐶𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶

2 d𝑟𝑟𝐶𝐶  
𝑅𝑅𝐶𝐶

0
− 𝜋𝜋𝑅𝑅𝐴𝐴2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴

2 . (4.14) 
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Force balance in the simulation 
For understanding the force balance in the simulation the boundary conditions should be considered. 
These boundary conditions were explained in chapter 3. In summary, they are the following: 

On the inflow plane: 

• A purely axial flow is imposed at the inflow velocity. 
• No pressure conditions are prescribed. 

On the shell: 

• The pressure is set to be equal to the reference pressure. 
• No conditions for the velocity are imposed. 

On the outflow plane: 

• The pressure is set to be uniform and equal to the reference pressure. 
• No conditions on the velocity are imposed. 

Based on these boundary conditions, the pressure is not necessarily zero on the upstream plane. This 
is in contradiction to what was theoretically expected. A non-zero pressure on the inlet will influence 
the force balance in the system. The pressure on the outlet plane was set to be zero, this is also in 
contradiction to the assumed pressure distribution. Therefore it is not a priori clear what the pressure 
distribution in the wake will be. Implying that the pressure distribution should not be calculated but it 
should be directly extracted from the simulation. Hence, the pressure force in the system is the 
general expression: 

where 𝑆𝑆1 is the inflow plane, 𝑆𝑆2 is the outflow plane and 𝑝𝑝 is the pressure. 

The resultant force is now: 

The thrust according to this analysis is equal to: 

 𝐹𝐹𝑝𝑝 = ∬𝑝𝑝d𝑆𝑆1 + ∬𝑝𝑝d𝑆𝑆2, (4.15) 

 
∑𝐹𝐹 = � 2𝜋𝜋𝑟𝑟𝑐𝑐𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶

2 d𝑟𝑟𝐶𝐶  
𝑅𝑅𝐷𝐷

0
− 𝜋𝜋𝑅𝑅𝐷𝐷2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴

2 = 𝑇𝑇 + 𝐹𝐹𝑝𝑝, (4.16) 

 
𝑇𝑇 = � 2𝜋𝜋𝑟𝑟𝑐𝑐𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶

2 d𝑟𝑟𝐶𝐶  
𝑅𝑅𝐷𝐷

0
− 𝜋𝜋𝑅𝑅𝐷𝐷2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴

2 −∬ 𝑝𝑝d𝑆𝑆1 −∬ 𝑝𝑝d𝑆𝑆2. (4.17) 
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Quantitative example of the force balance 
To illustrate the force balance in the simulation and to get more insight in the pressure distribution, a 
quantitative example will be given. For this discussion the entire simulation domain will be considered 
as control volume, in this way, the force balance of the entire system is validated. The net mass flow 
through the domain shell for this control volume is not necessarily zero. Therefore the impulse flux 
through the shell is considered.  The resultant force then becomes: 

The turbulent simulation with 𝑉𝑉𝐴𝐴 = 1.79 m/s, or J = 0.55 will be used in this example. The propeller 
radius is 𝑅𝑅 = 0.125 m and the domain radius 𝑅𝑅𝐷𝐷 = 1.2 m.     

The individual terms in equation (4.18) have been calculated by the discretized form of the integral: 

where, 𝜙𝜙 is a scalar function, 𝜙𝜙𝑓𝑓 is the function value in mesh cell f and 𝐴𝐴𝑓𝑓 is the area of cell f. The 
value of the individual terms are:   

� 2𝜋𝜋𝑟𝑟𝑐𝑐𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶
2 d𝑟𝑟𝐶𝐶  

𝑅𝑅𝐷𝐷

0
= 15.960 ⋅ 103 N, 

𝜋𝜋𝑅𝑅𝐷𝐷2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴
2 = 15.700 ⋅ 103 N, 

�𝜌𝜌|𝑽𝑽|𝑽𝑽 ⋅ d𝑺𝑺𝟑𝟑 = −93 N, 

∑𝐹𝐹 = 167 N. 

Next, equation (4.15) was determined: 

∬𝑝𝑝d𝑆𝑆1 = −15 N, 
∬𝑝𝑝d𝑆𝑆2 = 0 N, 

𝐹𝐹𝑝𝑝 = −15 N. 

Hence, the thrust in accordance with formula (4.17): 

𝑇𝑇 = 182 N. 

The thrust found by integrating the pressure over the blades was 184 N. The results are therefore in 
line with each other. This is a reassurance that the force balance in the simulation is resolved in a 
consequent manner. 

This example gives a couple of insights. Due to the large control volume, the momentum influx and 
outflux is 100x larger than the added momentum due to the propeller action. A small error in the 
influx or outflux can therefore have a large effect on the calculated trust. For more accurate results, 
the control volume should be as small as possible, however, it should still enclose all the propeller 
action. For clarification, figure 45 has been added. It shows the relative difference between the 
momentum fluxes in and out as function of the radius of the control volume. The relative difference 
between the out flux of momentum and influx is highest at an integration radius 𝑅𝑅𝐶𝐶 ≈  1R. The 

 
∑𝐹𝐹 = � 2𝜋𝜋𝑟𝑟𝑐𝑐𝜌𝜌𝑉𝑉𝑎𝑎𝐶𝐶

2 d𝑟𝑟𝐶𝐶  
𝑅𝑅𝐷𝐷

0
− 𝜋𝜋𝑅𝑅𝐷𝐷2𝜌𝜌𝑉𝑉𝑎𝑎𝐴𝐴

2 + �𝜌𝜌|𝑽𝑽|𝑽𝑽 ⋅ d𝑺𝑺𝟑𝟑 (4.18) 

 ∬𝜙𝜙d𝑎𝑎 = ∑ 𝜙𝜙𝑓𝑓𝐴𝐴𝑓𝑓 𝑓𝑓 , (4.19) 
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propeller action has been accounted for and the momentum influx from the onset flow is minimal due 
to the small integration area.  

 
Figure 45: Relative difference between the net force on the control volume and the momentum flux out as function of the 
control volume’s radius 𝑹𝑹𝑪𝑪. 

The second observation from this analysis is that the pressure on the inlet plane is non-zero. Although 
this is not physically expected, it does affect the force balance in the simulation. The magnitude of the 
pressure force on the inlet is about 10% of the propeller thrust. The pressure distribution on the inlet 
is shown in figure 46. The pressure reduces radially inward. The third observation is that the pressure 
force on the outlet plane is zero, as imposed. This is not in line with the expected pressure over there 
due to the rotation of the fluid. 

 
Figure 46: Non-zero pressure at the inlet plane. 
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Correcting the thrust integral 
From the quantitative example it is clear that the pressure distribution in the system is not in 
agreement with the theoretical expected one. Therefore direct use of the thrust integral, eq. (4.11), 
yields erroneous results. The dependency on the radius 𝑅𝑅𝐶𝐶  of the control volume that was observed 
in figure 44 can be explained by the pressure force on the inlet.   

The pressure distribution in the simulation showed a radially inward drop in the inflow field (figure 
46). If this pressure drop is assumed to be quadric, zero on the domain shell and 𝑝𝑝 − 𝑝𝑝0 = 10 Pa in the 
center, as can be estimated from the plot. The distribution is then: 

where p is the pressure. The reason for this approach is that the exact pressure distribution was not 
extracted from the simulation results. Assuming that this is the only pressure contribution on the 
control volume, the thrust T in the system would be: 

𝑇𝑇 = ∑𝐹𝐹 − 𝐹𝐹𝑝𝑝, 

where ∑𝐹𝐹 is the resulting force in the system and 𝐹𝐹𝑝𝑝 the force due to this pressure. The results for this 
correction can be observed in figure 47. The drop in thrust for increasing the integration radius, the 
blue line, as seen in figure 44, is virtually gone (red line). Implying that the drop is indeed mainly due 
to the pressure distribution on the inlet plane. There is still a small decline visible, this is due to a non-
zero pressure on the outlet plane at 10R downstream. This pressure can be non-zero because only the 
pressure at the domain outlet was prescribed to be zero. A closer inspection of this pressure returned 
a total pressure force for the plane at x=10R downstream of -1.4N, hence only a small effect on this 
plane. 

 
Figure 47: The thrust T found for the uncorrected theoretical thrust integral (4.17) and the thrust found for the integral 
corrected for the inlet pressure (4.20). The control volume’s outflow is situated at x = 10R. 

The other problem observed in figure 44 was the axial dependence of the thrust integral. Applying the 
same correction at the x = 2R plane downstream as on the x = 10R plane downstream does not resolve 
the problem (figure 48). This variation in thrust found for the various axial positions x of the outflow 
plane can be explained by the pressure development in the wake. 
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 𝑝𝑝(𝑟𝑟) = 7𝑟𝑟2 − 10, (4.20) 
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Figure 48: The thrust T found for the uncorrected theoretical thrust integral (4.17) and the thrust found for the integral 
corrected for the inlet pressure (4.20). The control volume’s outflow is situated at x = 2R. 

The propeller action causes a high pressure area downstream and a low pressure area upstream. This 
can be observed in figure 49. The figure shows the axial pressure distribution at a radial position 𝑟𝑟 = 
0.5R. Positive x-values are upstream. The low pressure zone upstream and the high pressure area 
downstream can clearly be observed. Downstream the pressure gradually increases and close to the 
outflow plane it changes fast because a zero pressure was imposed. The change in pressure traversing 
downstream has been zoomed in to in figure 50. Here it can be seen that the pressure at x = 2R is 
significantly different than at x = 10R. This difference is the reason for the axial dependence of the 
thrust integral in figure 44. Quantitatively, the pressure force on the entire plane at x = 2R was -24N, 
the pressure force on the x = 10R plane was -1.4N. The difference in thrust found was 22.3N, indicating 
that this difference can indeed be explained by the pressure development in the wake.   

 
Figure 49: Axial pressure distribution at r = 0.5R. Positive x values are downstream, negative x values are upstream. The 
inflow is from the left. 
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Figure 50: Axial pressure distribution at r = 0.5R. Positive x values are downstream, negative x values are upstream. The 
inflow is from the left. The pressure at the outlet has been set to zero. 

The pressure distribution in the simulation is different than expected from theory. This is explains the 
x and 𝑅𝑅𝐶𝐶  dependency of the thrust integral. Hence, the thrust can only be found by wake analysis as 
long as the pressure distribution in the simulation is accounted for and not the theoretically expected 
one is used. 

With the corrections described above, the thrust was determined by using the wake analysis method 
and compared to the results that were found by integrating the pressure and shear over the blades. 
The relative difference between the thrust found by the blade analysis compared to the wake analysis 
is shown in figure 51. In the figure, negative values correspond to a lower value found for the blade 
analysis method. For J > 0.4, the blade and wake methods agree reasonable well. The difference is < 
3%. For heavily loaded propellers (small J-values) the differences are large and the wake analysis 
method is not suitable. Although the results for the moderately loaded propellers are reasonable, 
considering all the corrections, it is not advisable to use this method for the propeller analysis. In the 
next section, where the energy coefficients will be discussed, the thrust found by the blade analysis 
will be used.     

 
Figure 51: Relative thrust difference between the blade and wake analysis. Negative values correspond with a lower value 
found for the blade analysis. 
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The question remains, why the pressure distribution in the simulation is different than theoretically 
expected. The first test that has been carried out was related to the pressure at the outlet plane of 
the domain. On this plane a constant pressure, equal to the reference pressure, was imposed. From 
theory, a non-uniform pressure would be expected due to the swirl in the wake. The expected 
pressure as function of the radius should be, as described in eq. (2.19): 

The tangential velocity field that was found for the original simulation was used to calculate the 
expected pressure field. This pressure field was then imposed on the outlet plane. The pressure 
distribution in the wake at r = 0.5R which resulted from this simulation, is displayed in figure 52. By 
comparing figure 50 and 52 it is clear that the pressure field close to the outlet boundary changed. In 
the region 11 < x/R < 15 the pressure no longer increases but it remains in the same order of 
magnitude. In the region x/R < 11, nothing changed in the pressure distribution. The pressure force 
on the inlet plane was unchanged. The thrust and torque found were also unaffected. Although the 
new boundary condition is more physically sound, it does not affect the main results of the simulation. 
Implying that the boundary condition downstream was not the cause of the unexpected pressure 
distribution in the domain.    

For all three flow conditions: turbulent, laminar and inviscid, the pressure drop at the inlet was 
observed. The magnitude of the pressure drop turned out to be dependent on the acceleration of the 
fluid in the simulation. For heavily loaded propellers the pressure drop was larger than for lightly 
loaded propellers. When the rotation was turned off, implying that the propeller was stationary and 
only causing drag and no thrust and decelerating the fluid, the pressure at the inlet was positive. What 
exactly caused the pressure difference at the inlet is still unclear. Further investigation on this is 
recommended as the flow in the system is influenced, this may affect the accuracy of the simulation 
results.   

 
Figure 52: Axial pressure distribution in the wake at r = 0.5R. The pressure at the outlet boundary has been set to the 
calculated theoretical value (orange line). The blue line is the original pressure distribution as shown in figure 50. 
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Based on the thrust analysis it can be concluded that: 

• The simulated pressure distribution in the system is different than the theoretically expected 
one. 

• The force balance in the system is consistent with itself but not in agreement with the theory.  
• The thrust can only be found by wake analysis if the thrust integrals are corrected for the 

pressure distribution in the system. 
• The boundary condition on the outflow plane of the simulation is not physically correct and 

affects the pressure distribution for an axial length of 2 propeller diameters (11<x<15).  
• Correcting the pressure on the outlet plane does not affect the calculated thrust. 
• The pressure on the inlet depends on the fluid acceleration in the simulation domain. 
• Further investigation of the origin of the pressure on the inlet should be conducted. 
• Due to the erroneous pressure distribution it is recommended not to calculate the thrust 

based on the momentum theory. 
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4.4 Energy coefficients 
The main question of this thesis was whether the use of energy coefficients could grant a better 
understanding on the efficiency of the ship propeller. The coefficients derived in section 2.1.3, are 
based on the momentum theory. The previous section showed that the momentum in the system is 
affected by the unexpected pressure distribution. However, it is still possible to get extra information 
on the efficiency. From the derivation of eq. (2.40), it can be seen that the axial loss term is in the 
essence: 

The ideal efficiency can be calculated from the thrust generated by a propeller operating in an ideal 
fluid. Implying that the thrust found in the inviscid simulation (𝑇𝑇𝑖𝑖𝑖𝑖𝑣𝑣), by integrating the pressure over 
the blades, suffices for calculating the axial loss term: 

where, 

𝐶𝐶𝑇𝑇 =
𝑇𝑇𝑖𝑖𝑖𝑖𝑣𝑣

1
2𝜌𝜌𝐴𝐴𝑝𝑝𝑉𝑉𝐴𝐴

2
. 

The rotation losses were found in chapter 2 by noting that the rotating fluid causes a pressure 
reduction and the pressure force performs work. This is than compared to the supplied power. As the 
pressure distribution in the simulation is resolved in an unexpected way, this approach can yield 
erroneous results. However, the rotating losses can be calculated by considering the rotating kinetic 
energy flux (Φ𝐸𝐸) out of the control volume: 

The rotation losses are then kinetic energy flux divided by the supplied power: 

The frictional losses are due to the viscosity. However, two viscous flow conditions have been tested: 
laminar and turbulent. The dynamic viscosity settings for both were the same. In section 4.2 the 
influence of the choice of flow conditions have been described. Under laminar conditions a higher 
efficiency was returned than under turbulent conditions. The difference between these efficiencies 
will be called ‘the turbulent losses’ (TBL): 

The frictional losses should therefore be calculated by taking the difference between the inviscid and 
the laminar conditions: 

 𝐴𝐴𝐴𝐴𝐴𝐴 = 1 − 𝜂𝜂𝑖𝑖𝑑𝑑𝑝𝑝𝑎𝑎𝑓𝑓. (4.22) 

 𝐴𝐴𝐴𝐴𝐴𝐴 = 1 −
2

1 + �1 + 𝐶𝐶𝑇𝑇
, (4.23) 

 Φ𝐸𝐸 = �
1
2
𝑢𝑢𝑡𝑡2𝜌𝜌𝑽𝑽 ⋅ d𝑨𝑨. (4.24) 

 𝑅𝑅𝑅𝑅𝑇𝑇𝐴𝐴 =
Φ𝐸𝐸

𝜔𝜔𝑄𝑄
. (4.25) 

 𝑇𝑇𝐹𝐹𝐴𝐴 = 𝜂𝜂𝑓𝑓𝑎𝑎𝑚𝑚 − 𝜂𝜂𝑡𝑡𝑓𝑓𝑟𝑟𝑡𝑡. (4.26) 

 𝐹𝐹𝑅𝑅𝐴𝐴 = 𝜂𝜂𝑖𝑖𝑖𝑖𝑣𝑣 − 𝜂𝜂𝑓𝑓𝑎𝑎𝑚𝑚. (4.27) 
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The remainder of the efficiency losses was called the ‘finite number of blade losses’ (FNBL) (see Dyne 
(1993)). This loss term compensates for the assumption in the actuator disk model that the propeller 
is infinitesimal thin.   

In figure 53 an efficiency comparison of the various flow conditions and the ideal efficiency that is 
calculated based on the inviscid condition is shown. The inviscid simulations yields a higher efficiency 
than the laminar and the turbulent one.  

 
Figure 53: Efficiency comparison for various flow conditions and the ideal efficiency. 

The energy coefficients as function of the J-value are displayed in figure 54. The axial losses reduce 
with reducing propeller load. For high propeller loads, the axial losses are most significant. The 
rotational losses are more or less constant in the entire range. Viscous effects mainly play a role at 
high J-values as does the finiteness of the propeller. The use of the turbulent flow settings compared 
to the laminar conditions affects the results for lightly loaded propellers.  

This example shows that the energy coefficients can give extra insights in the efficiency losses. 
Calculating the coefficients will therefore help to understand the differences in performance when 
comparing propeller designs. 

 
Figure 54: Energy coefficients as function of the J-value. 
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5 Conclusions and recommendations 
This study aimed to address the prediction of experimental model tests of propellers by using CFD 
methods and the optimization of the propeller efficiency.  In this chapter the main conclusions and 
the recommendations for improvements and future research will be discussed.  

5.1 Prediction of experimental model tests 
A model-scale propeller has been tested at three test institutes. The results of this test showed a 
significant variation in test results between the test institutes. The cause of this variation might be the 
way the model-scale propellers have been manufactured. Due to different manufacturing methods, 
the roughness and material of the propeller can be different. This can influence the flow conditions. 
The manufacturing methods are not disclosed by the test institutes.  

For nine propellers the efficiency found in the design point in the experimental tests has been 
compared to the efficiency found in the CFD simulation. In every case the efficiency found in the 
experimental test was equal or higher. Hence, the CFD simulation seems to underestimate the 
efficiency. 

The impact of using inviscid compared to viscous fluids in the simulation has been investigated. In the 
viscous case, laminar and fully turbulent flows should be distinguished. The efficiency found in the 
inviscid simulation was the highest because there is no viscous drag in the system. Under laminar 
conditions, the efficiency is higher than under fully turbulent conditions.    

The force balance in the simulation has been analyzed. The results showed an unexpected pressure 
drop on the inlet plane. The magnitude of the pressure force over this plane was ~10% of the thrust 
generated by the propeller. This affected the momentum in the system. The origin of this pressure 
drop was not found. The impact of this pressure drop on the thrust and torque found in the simulations 
is not clear. 

The boundary condition that was imposed on the outlet plane: a uniform pressure, equal to the 
ambient pressure, is not physically correct. The rotation in the wake causes a pressure reduction. This 
should be imposed on the outlet to have a more physically sound pressure profile. However, imposing 
the correct pressure distribution did not affect the efficiency that was found. This is because the 
domain is large enough.  

Based on these conclusions the following is recommended: 

• Optimize the model-scale simulations for each test institute. A systematic comparison 
between the test-institute’s results and the simulation results should be made. The 
simulations should be carried out with both laminar and turbulent flow conditions to estimate 
what gives the best agreement for each institute. Based on recent insights on the turbulence 
modeling, the use of a laminar-turbulent transition model should be tested next to the 
turbulent and laminar models.   

• Investigate the pressure drop on the inflow plane: its origin as well as its impact on the thrust 
and torque found in the simulation. 

• Consider changing the pressure distribution on the outflow plane to yield a more physically 
correct result. However, with the current domain size it is not necessary as it does not affect 
the thrust and torque found in the simulation. 
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5.2 Optimization of the propeller efficiency 
In order to optimize the propeller efficiency it is important to be able to analyze the efficiency. Until 
now, only the total efficiency of the propeller was considered. This study applied the ‘energy 
coefficients’, defined by Dyne (1993), to acquire a better insight in the energy losses in the system. 
The use of these coefficients has been tested on the results of the CFD simulations of a model-scale 
propeller. 

This use of the energy coefficients yielded promising results: it is possible to find the axial, rotational 
and frictional losses of the propeller. However, a direct implementation of the coefficients was not 
possible due to the pressure drop on the inflow plane. This pressure drop affected the momentum in 
the system and the coefficients were based on the momentum balance. Therefore the computation 
methods have been modified. The axial losses are calculated based on the ideal efficiency. The 
rotational losses are now calculated based on the energy balance in the system rather than the 
momentum balance. To find the frictional losses the simulations with and without viscosity have been 
compared.  

For optimizing the propeller efficiency it is recommended to: 

• Implement the energy coefficients in the standard post-processing methods. For rotational 
coefficient this is a minor adjustment with negligible extra computation time. The frictional 
and axial coefficient require an extra inviscid simulation, this will increase the computation 
time.  

• Investigate the relation between the propeller geometry and the energy coefficients. 
• Use a database with the propeller geometry, energy coefficients and model-test results for 

easy access and comparison of the data. 

In figure 55 the recommended workflow for the propeller optimization is shown schematically. In blue, 
the current workflow is shown. A model-scale propeller is tested at an experimental test institute and 
simulated using CFD with viscous flows. The results: 𝐾𝐾𝑡𝑡 ,𝐾𝐾𝑞𝑞  and 𝜂𝜂  are stored and compared in a 
database, the benchmark tool shown in yellow. The green box is a recommended project to tackle the 
problem that different test institutes return different results. In the project, the laminar and turbulent 
settings in the CFD should be compared to each test institute’s results to determine which settings 
should be used for each institute. A third setting that should be tested is the laminar-turbulent 
transition model. This model has not been addressed in this thesis. Recent insights show that this 
model, which aims to predict the transition between laminar and turbulent regimes, is promising. The 
orange part shows the implementation of the energy coefficients. For this, an inviscid simulation 
should be carried out. From this simulation the axial losses can be computed and the comparison 
between the viscous and inviscid simulation will yield the frictional and finiteness component. 
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Figure 55: Recommended workflow for the propeller optimization. 

5.3 Outlook 
The CFD methods that are being used for predicting the model-scale propeller-performance are 
getting mature. The experimental tests give a lot of validation possibilities for the model-scale 
simulations. In the upcoming years, the simulations will further improve and be able to predict the 
model-scale performance with the same certainty as the experimental tests. If the industry gets 
confidence in the simulation results, they might even replace the experimental tests in the future.  

A challenge has always been the scaling from an open-water model-test to full-scale performance, 
with the propeller mounted behind a ship. This has always been done by correlating the sea trials of 
new ships to the model-scale performance. From this correlation, correction factors were derived. 
This has never been very satisfactory. Therefore industry researches the simulation of the full-scale 
performance of the propeller mounted behind the ship. In this case, the propeller-hull interaction 
needs to be considered as well as cavitation. Validation of the results, however, is hard. Currently, the 
only validation material that is available are the sea trials of new ships. These tests are always 
influenced by the uncontrollable weather conditions, ocean currents and waves. Developing 
validation methods and optimizing the simulations will be part of the research for many years to come. 
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6 Nomenclature 

Latin symbols 
𝐴𝐴𝑃𝑃 Swept propeller area     [m2] 
𝐴𝐴𝐴𝐴𝐴𝐴  Axial loss coefficient    [-] 
c Chord length     [m] 
𝐶𝐶𝐿𝐿  Lift coefficient     [-] 
𝐶𝐶𝐷𝐷  Drag coefficient     [-] 
𝐶𝐶𝑇𝑇 Thrust coefficient    [-] 
d𝑨𝑨 Surface element    [m2] 
d𝑉𝑉 Volume element    [m3] 
𝐷𝐷  Propeller diameter    [m] 
𝐸𝐸𝑝𝑝𝑟𝑟𝑝𝑝𝑝𝑝 Work done by the pressure force  [J] 
𝐸𝐸𝑝𝑝𝑟𝑟𝑜𝑜𝑝𝑝  Work done by the propeller   [J] 
𝐸𝐸𝑣𝑣𝑖𝑖𝑝𝑝𝑐𝑐   Work done by viscous forces   [J] 
∑𝐹𝐹  Resultant force     [N] 
𝐹𝐹𝑝𝑝 Pressure force     [N] 
𝐹𝐹𝑓𝑓 Friction force     [N]  
𝐹𝐹𝐹𝐹𝐹𝐹𝐴𝐴 Finite number of blade loss coefficient  [-] 
𝐹𝐹𝑅𝑅𝐴𝐴 Frictional loss coefficient   [-] 
𝐹𝐹𝑟𝑟  Froude number     [-] 
𝒈𝒈  Acceleration due to body forces   [m/s2] 

J Advance coefficient: 𝑉𝑉𝐴𝐴
𝑖𝑖𝐷𝐷

    [-] 

𝑘𝑘  Turbulent kinetic energy   [J] 

 𝐾𝐾𝑇𝑇 Dimensionless thrust: 𝑇𝑇
𝜌𝜌𝑖𝑖2𝐷𝐷4

   [-] 

𝐾𝐾𝑞𝑞  Dimensionless torque: 𝑄𝑄
𝜌𝜌𝑖𝑖2𝐷𝐷5

   [-] 

𝐴𝐴  Lift      [N] 
𝑳𝑳 Lift vector     [N] 
�̇�𝑚 Mass flow per unit time    [kg/s] 
𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑎𝑎   Mass outflow     [kg/s] 
𝜋𝜋  Revolutions per second    [1/s]  
𝑝𝑝0  Reference pressure    [Pa] 
𝑝𝑝𝑎𝑎 Pressure at axial position 𝜕𝜕   [Pa] 
Δ𝑝𝑝 Pressure difference    [Pa]  
𝑃𝑃𝐷𝐷 Delivered Power     [W] 
𝑄𝑄  Torque      [Nm] 
𝑸𝑸  Torque vector     [Nm] 
𝑟𝑟𝑎𝑎  Radial position at axial position 𝜕𝜕  [m] 
𝒓𝒓  Position vector     [m] 
𝑅𝑅  Radius of the propeller    [m] 
𝑅𝑅𝑝𝑝  Radius of the propeller    [m] 
𝑅𝑅𝑎𝑎  Radius at position 𝜕𝜕    [m] 
𝑅𝑅𝑅𝑅  Reynolds number    [-] 
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𝑅𝑅𝑅𝑅𝑇𝑇𝐴𝐴 Rotational loss coefficient   [-] 
S Integration surface    [m2] 
𝑆𝑆𝑖𝑖𝑖𝑖  Strain tensor     [-] 
𝑇𝑇 Thrust       [N] 
𝑇𝑇𝑎𝑎𝑎𝑎 Axial part of the thrust    [N] 
𝑇𝑇𝑟𝑟𝑜𝑜𝑡𝑡 Rotational part of the thrust   [N] 
𝑇𝑇𝑓𝑓𝑟𝑟  Frictional part of the thrust   [N] 
𝑻𝑻 Reynolds stress tensor    [N/m2] 
𝑇𝑇𝐹𝐹𝐴𝐴  Turbulent loss coefficient   [-] 
𝑢𝑢𝑦𝑦𝑥𝑥   Induced velocity 𝑦𝑦 at axial position 𝜕𝜕  [m/s] 
𝒗𝒗  Velocity vector     [m/s] 
�̇�𝑣  Time derivative of the velocity   [m/s2] 
𝑉𝑉𝑎𝑎 Velocity at axial position 𝜕𝜕    [m/s] 
V Integration volume    [m3]  
𝑉𝑉𝐴𝐴  Inflow velocity     [m/s] 
W Resultant velocity    [m/s] 
x axial position     [m] 
𝜌𝜌  Number of blades    [-] 
 

Greek symbols 
𝛽𝛽  Angle of advance    [rad] 
𝚪𝚪  Circulation     [m2/s] 
𝜖𝜖 Turbulent energy dissipation   [J/s] 
𝜂𝜂 Efficiency     [-] 
𝜂𝜂𝑖𝑖 Ideal efficiency     [-] 
μ  Dynamic viscosity    [Pa⋅ s] 
𝜈𝜈  Kinematic viscosity    [m2/s] 
𝜌𝜌 Density of the water     [kg/m3] 
𝜔𝜔𝑎𝑎  Induced angular velocity at axial position 𝜕𝜕 [rad/s] 
𝜔𝜔𝑝𝑝  Angular velocity of the propeller  [rad/s] 
𝝉𝝉 Viscous stress tensor    [N/m2] 
𝜙𝜙  Pitch angle     [rad] 
Ω Angular velocity     [rad/s]  

Subscripts 
Subscript 𝜕𝜕 can be replaced with: 

𝐴𝐴 Position far upstream 
𝐹𝐹  Position at the propeller plane 
𝐶𝐶 Position downstream 

Subscript 𝑦𝑦 can be replaced with: 
𝑎𝑎  Axial 
𝑎𝑎𝜕𝜕 Axial 
rad Radial  
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𝜕𝜕  Tangential  
𝜕𝜕  Tangential 

Accents 
𝑓𝑓′ Fluctuating part of 𝑓𝑓 
𝑓𝑓 ̅ Time-averaged part of 𝑓𝑓 
𝑓𝑓⋆ Dimensionless form of 𝑓𝑓 
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Appendix I: Velocity field averaging method 

After the simulation has converged, derived planes are added to the simulation domain. These planes 
are placed at x = 1R , 2R, 4R, 8R and 10R. The planes are parallel to the propeller plane (figure 56). 
Every plane consists of mesh cells and for each cell the position (x,y,z) and the velocity (𝑢𝑢𝑎𝑎𝑎𝑎 ,𝑢𝑢𝜃𝜃 ,𝑢𝑢𝑟𝑟) 
are extracted. This table is loaded into Matlab and for every cell it is determined on which plane it is 

located by taking the x-coordinate. The radial position is determined via 𝑟𝑟 = �𝑦𝑦2 + 𝑧𝑧2. The cells are 
then grouped per plane and per radius with a resolution of 1mm. Per group the average velocity is 
calculated. As the grid is coarser for larger radii the velocity field needs to be interpolated. This is done 
by fitting a ‘smoothing spline’ in Matlab. The Matlab code is added below.        

 
Figure 56: Derived planes in the wake of the propeller to extract the velocity field. 

Velocity Field matrix for the different axial positions 

files=dir('*.csv'); 

 

    % VFieldTotal format: Ux Ut Ur X Y Z X/R 

    VFieldTotal=csvread(files(q).name,1,0); 

    R=0.125; 

    VFieldTotal(:,7)=VFieldTotal(:,4)/(-R); 

    s=1; 

 

 

 

    for r=1:10 

        % Format VFieldAx: Uax X Y Z r 1000*r 

        % Format VFieldTan: Ut X Y Z r 1000*r 

        % Format VFieldRad: Ur X Y Z r 1000*r 

 

        VFieldAx=[]; 

        VFieldTan=[]; 

        VFieldRad=[]; 

 

        VFieldAx(:,1)=VFieldTotal(VFieldTotal(:,7)==r,1); 
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        VFieldAx(:,2:4)=VFieldTotal(VFieldTotal(:,7)==r,4:6); 

        VFieldAx(:,5)=sqrt(VFieldAx(:,3).^2+VFieldAx(:,4).^2); 

        VFieldAx(:,6)=round(VFieldAx(:,5)*1000); 

 

        VFieldTan(:,1)=VFieldTotal(VFieldTotal(:,7)==r,2); 

        VFieldTan(:,2:4)=VFieldTotal(VFieldTotal(:,7)==r,4:6); 

        VFieldTan(:,5)=sqrt(VFieldTan(:,3).^2+VFieldTan(:,4).^2); 

        VFieldTan(:,6)=round(VFieldTan(:,5)*1000); 

 

        VFieldRad(:,1)=VFieldTotal(VFieldTotal(:,7)==r,3); 

        VFieldRad(:,2:4)=VFieldTotal(VFieldTotal(:,7)==r,4:6); 

        VFieldRad(:,5)=sqrt(VFieldRad(:,3).^2+VFieldRad(:,4).^2); 

        VFieldRad(:,6)=round(VFieldRad(:,5)*1000); 

 

        if ~isempty(VFieldAx) 

Calculate average axial, tangential and radial velocities at every r 

            %Uax format: r,Uaxial 

            Uax=[]; 

            Uax(:,2)=accumarray(VFieldAx(:,6),VFieldAx(:,1),[],@mean); 

            Uax(:,1)=0.001:0.001:(size(Uax,1))/1000; 

            Uax(Uax(:,2)==0,:)=[]; 

            f=fit(Uax(:,1),Uax(:,2),'smoothingspline'); 

            x=(Rhub:0.001:1.2)'; 

            Uax=[x f(x)]; 

 

            %Ut format: r,Ut,Ut^2 

            Ut=[]; 

            Ut(:,2)=accumarray(VFieldTan(:,6),VFieldTan(:,1),[],@mean); 

            Ut(:,1)=0.001:0.001:(size(Ut,1))/1000; 

            Ut(Ut(:,2)==0,:)=[]; 

            g=fit(Ut(:,1),Ut(:,2),'smoothingspline'); 

            x=(Rhub:0.001:1.2)'; 

            Ut=[x g(x)]; 

            Ut(:,3)=Ut(:,2).^2; 

 

            Ur=[]; 

            Ur(:,2)=accumarray(VFieldRad(:,6),VFieldRad(:,1),[],@mean); 

            Ur(:,1)=0.001:0.001:(size(Ur,1))/1000; 

            Ur(Ur(:,2)==0,:)=[]; 

            h=fit(Ur(:,1),Ur(:,2),'smoothingspline'); 

            x=(Rhub:0.001:1.2)'; 

            Ur=[x h(x)]; 
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