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Preface 
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guarantee the stability of a building. “Diagrids” are used for high-rise buildings where the horizontal 

wind pressure is normative. After some literature research it became clear that there is already done 

a lot of research on diagrids. For me this was a reason to look for another subject.  

In the library of our faculty I came across the book ‘Honeycomb Tube Architecture’ (HTA, Honeycomb 

Tube Architecture (Volume I), 2006). This book contains a collection of ideas, ambitions, designs and 

researches on the subject of hexagonal structures. Some assumptions made in the discussed 

researches lack a solid scientific basis. All together this book made me enthusiastic about the 

potential of hexagonal structures. Hexagonal structures are often visible in nature; this is probably 

not without a reason. 

I hereby would like to thank my graduation committee for all their support and enthusiasm. Each one 
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committee other associate professors and teachers have helped me: dr.ir. J.C.D. Hoenderkamp for 
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concerning mechanical calculations, and ir. R.C. Spoorenberg for helping me with the use of ANSYS.  

Furthermore, I would like to thank all students and friends that helped me during the process with 

one of their specialties; structural and mechanical knowledge, graphical skills, listening, motivating 

and giving opinions. The person whom I discussed with most is Michael; my permanent neighbour at 

the university, graduating the same day as I do. Other names that I would like to mention are: 

Dennie, Douwe, Floor, Johan, Koen, Lianne, Linh Sa, Mark, Maud, Paul, and Rob. 
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Summary 
Next to the very common structural systems for lateral loads such as concrete cores, shear walls and 

rigid orthogonal frames, there are more possible options to ensure structural stability and stiffness. 

Some of these systems such as ‘diagrids’, ‘tube constructions’, and ‘mega trussed frames’ have been 

researched by numerous scientists. The lateral stiffness properties of a hexagrid have not yet 

received enough attention. A hexagrid is a hexagonal frame built up out of beam-like elements. It is 

as a variant on the diagrid, which has a triangular configuration of diagonal columns and horizontal 

beams. A combination of the hexagonal and triangular grid, a trihexagonal grid, is also examined; see 

Figure 1. This thesis focuses on ‘horizontal’ hexagonal grids comprised of only diagonal and 

horizontal elements. The objective of this thesis is to investigate the structural properties of 

hexagonal structures and compare their efficiency with other common structural systems. 

   
Hexagonal grid Triangular grid Trihexagonal grid 

Figure 1 Horizontal grids; the division into unit cells is visualized with dashed lines. 

For simplicity, the grids are split up into smaller pieces. These pieces are called ‘unit cells’. The unit 

cells include all geometric parameters of the grid-structure; see Figure 2 and Figure 3. 

  
Figure 2 Unit cell subjected to axial stress  Figure 3 Unit cell subjected to shear stress 

In a standard stiffness test, to determine the elastic stiffness of a material, a specimen is loaded in an 

axial direction to determine the axial stiffness of the material in the direction of the loaded axis. In 

this thesis the unit cell is the specimen to be tested. The stress on the unit cell is translated to a 

concentrated load acting on the element in the unit cell at the border of the unit cell. The strain of 

the unit cell is caused by axial, bending, and shear deformations of the elements inside the unit cell. 

The deformations of the elements can, in most cases, be calculated using standard formulae. When 

slender elements are used, bending deformations are normative; axial and shear deformations of the 

elements are ignored. The effective stiffness of the unit cell is divided by the stiffness of the used 

material to obtain a ‘stiffness modification factor’ of the grid. The factors are now only dependent on 

the geometry of the unit cell and on Poisson’s ratio of the material used for the elements. 
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Modification factors are derived for the axial stiffness as well as for the shear stiffness. The lateral 

displacement of a grid-structure can now be calculated using standard formulae for a cantilever 

column, see Figure 4. The effective stiffness of the grid contains the modification factor, the stiffness 

of the used material and the geometric properties of a corresponding solid with outer dimensions 

equal to the grid-structure. 

 
 

Figure 4 Grid structure (left) and corresponding solid translated to a cantilever column with effective stiffnesses. 

A parameter analysis of the unit cells is performed by plotting the formulae with an alternate angle 

of the diagonals. Overall, an increasing angle gives a higher axial stiffness modification factor and a 

lower shear stiffness modification factor. 

The stiffness modification factors of the unit cells are valid for an infinitely large grid. When the 

method of this thesis is applied to a finite structure, some discrepancies occur between the simplified 

hand calculations and the response of the structure in a finite element analysis. In preparation of the 

verification of the hand calculations, the influence of the boundary conditions and the method of 

applying loads are examined first. The loads and boundary conditions should be equally divided over 

the total structure as much as possible to avoid local extreme deformations. Secondly the width of 

the structure to be taken into account is researched by comparing the concept with the generally 

accepted Huygens-Steiner theorem. The obtained effective width of the structure is used to 

determine the cross-sectional area and the second moment of area of the corresponding solid.  

To evaluate and verify the concept of this thesis, the finite element program ‘ANSYS’ is used and its 

results are compared with the hand calculations. A systematic selection of structures with different 

dimension is evaluated. The displacements at the top of the structures obtained using ANSYS differ 

less than 10% with the hand calculations. The discrepancies are visualized by plotting the ratio of 

both values. The discrepancy is dependent on the slenderness of the structures; the ratio converges 

from 90% for stocky structures to almost 100% for very slender structures. 

In the final part of this thesis, a preliminary design is worked out. Horizontal as well as vertical loads 

are applied to the structure. At first, a regular hexagonal horizontal is considered; later the angle of 

the diagonals is optimized to obtain a more efficient structure. The efficiency of a grid structure is in 

this thesis the reciprocal of the relative density under condition that the horizontal displacement of 

the structure suffices the requirements. 

The proposed method of the thesis can be used as a quick method to determine preliminary section 

sizes and accompanying horizontal displacements. A hexagonal grid is less stiff than a triangular grid 

or trihexagonal grid. Acceptable results can be obtained when using relatively stocky elements. 
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Nomenclature 

Latin lower-case 

b Width of section of elements [mm] 

d Length of diagonal element [mm] 

h Length of horizontal element [mm] 

q Uniformly distributed load [N/mm
2
] 

r Relative density of the grid [-] 

rvis Visual density of the grid [-] 

t Thickness of section [mm] 

v Length of vertical element [mm] 

w Height of section [mm] 

Latin upper-case 

A Cross-sectional area [mm
2
] 

E Young’s modulus [N/mm
2
] 

F Concentrated load [N] 

G Shear stiffness  [Nmm
2
] 

I Second moment of area [mm
4
] 

Superscripts 

* Property of the grid-structure 

Subscripts 

d Property of the diagonal element 

f Property of the flange of section 

h Property of the horizontal element 

s Property of the corresponding solid 

v Property of the vertical element 

w Property of the web of section 

Greek lower-case 

γ (Gamma) Shear strain [-] 

δ (Delta) Deflection [mm] 

ε (Epsilon) Normal strain [-] 

λ (Lambda) Relative slenderness (for example: BH/BW)  [-] 

θ (Theta) Angle between diagonal element and horizon  [degrees] 

ν (Nu) Poisson’s ratio [-] 

ρ ((Rho) Density of material [g/mm
3
] 

σ (Sigma) Normal stress [N/mm
2
] 

τ (Tau) Shear stress [N/mm
2
] 

φ (Phi) Angular rotation [degrees] 

Punctuation 

,  (comma) Decimal mark  

· (interpunct) Product  
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Abbreviations 

 

BH Building Heigth [mm] 

BW Building Width [mm] 

NH Number of unit cells in the horizontal direction [-] 

NV Number of unit cells in the vertical direction [-] 

SH Story height [mm] 

SR Slenderness Ratio [-] 

SPH Story per hexagon [-] 

UH Unit cell Height [mm] 

UW Unit cell Width [mm] 
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The appearance of hexagonal forms in nature gives away the possible potential of this structure. 

Most designs in nature are very efficient for their specific objective. This brings along that the design 

of a structure should be dependent on one or more specific objectives. When these objectives of a 

couple of design are not the same, the designs should therefore be different as well. So nature can 

only be copied when the structure and thereby the mechanics are understood. 

Nowadays most human-built structures have an orthogonal structure. This is mainly caused by the 

purpose of the structures and by the ease of production of orthogonal structures. In terms of 

material use orthogonal structures are not the most efficient kinds. Non-orthogonal structures like 

arches, domes, trussed frames can be many times more efficient. 

One of the subjects that appeal me since a long time is the ‘diagrid’. The word ‘diagrid’ is derived 

from ‘diagonal grid’, an efficient triangular structure that can guarantee the stability of a building. 

‘Diagrids’ are used the most at high-rise buildings where the horizontal wind pressure and the 

accompanying deflection are normative. After some literature research it became clear that there is 

already done a lot of research to diagrids. For me this was a reason to look for another subject.  

The book ‘Honeycomb Tube Architecture’ (HTA, Honeycomb Tube Architecture (Volume I), 2006) 

made me enthusiastic about the potential of hexagonal structures. This book contains a collection of 

ideas, ambitions, designs and researches on the subject of hexagonal structures. One of the ideas 

mentioned was the comparing of a nanotube with a building. A nanotube is a chemical tubular 

nanostructure formed by carbon atoms. Some assumptions made in the discussed researches are 

simple and lack a solid scientific basis. 

.

Chapter 1         

            

 Introduction  
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Motivation 

My personal motivation for this subject is my interest in efficient structures consuming as less 

material as possible; this subject is especially treated in the course ‘Lightweight structures’. 

Furthermore a series of courses in mechanics and high-rise structures excited my interest for stability 

of structures; nevertheless this thesis is applicable for as well low- as high-rise structures. 

Definition of the problem 

‘The structural properties of a hexagonal structure used as structural stability system are 

insufficiently researched.’ 

Research objectives 

The two major objectives of this thesis are: 

� To investigate the structural properties of hexagrid structures. 

� To determine the efficiency of hexagrid structures, in as well low-rise as high-rise buildings, 

compared to other common structural systems. 

Outline of the thesis 

In order to get more familiar with different types of structures in different fields of study an 

exploratory literature study is executed. Structures in geometry, nature and chemistry are examined; 

as well as the free-form possibilities of grids, reference projects and reference research. This 

preliminary investigation tries to give an overview and descriptions of a selection of subjects 

concerning hexagonal patterns as well as other patterns. A brief version of the most interesting 

chapters of the study of literature is added in Chapter 2. The complete study of literature is added in 

appendix X. 

The main part of this thesis is twofold. Firstly, a structural analysis of a unit cell will be executed in 

Chapter 3 followed by a parameter analysis of the unit cell in Chapter 4. The aim is to keep it as 

simple as possible. The results will be visualized in order to understand the influence of the 

parameters. 

Secondly, the formulae found in Chapter 3 will be applied to a grid-structure. The concept of the 

thesis is verified in Chapter 5. A preliminary structural design of a grid-structure will be made in 

Chapter 6. The efficiency of the stability structures of this design will be compared with common 

structural stability systems. Afterwards the preliminary designs will be optimized by implementing 

the knowledge obtained in Chapter 4. 

The last chapter contains the conclusions and recommendations. 

The outline of the thesis is visualized in Figure 1.1. 
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Figure 1.1 Outline of the thesis 

Relevance 

Next to the very common structural systems for lateral loads such as concrete cores, shear walls and 

rigid orthogonal frames, there are more possible options to ensure structural stability. Some of these 

systems such as a ‘diagrid’, a ‘tube construction’, and a ‘mega trussed frame’ have been researched 

by numerous scientists. The hexagrid has not yet received enough attention. Therefore this study is 

relevant to explore the opportunities and properties of a hexagonal structure used as a structural 

stability system. A lot of designs in nature with hexagonal features show the promising qualities of a 

hexagonal structure. Unfortunately, till now it is not clear enough what the advantages and 

disadvantages of a hexagonal structure are. Besides the possible structural qualities, maybe a 

hexagonal structure can be able to fulfill some of the demands of architects with challenging designs. 
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Hexagonal structures can be found in many fields of study. By exploring different types of structures 

in different fields of study, inspiration and background is found to examine a, for the moment, 

uncommon hexagonal structure used as a structural stability system in buildings. This chapter 

summarizes the most interesting parts for the further thesis of the ‘Study of literature’ which is 

executed in advance of this main part of the thesis (de Meijer, 2012). The study of literature tries to 

give an overview and descriptions of a selection of subjects concerning hexagonal patterns as well as 

other patterns. Not only two-dimensional structures but also three-dimensional structures are taken 

into account to not overlook useful ideas and properties in further research. 

The chapters of the full version of the study of literature are listed below, for more information see 

(de Meijer, 2012): 

� Chapter 1 Structures in geometry 

� Chapter 2 Structures in nature 

� Chapter 3 Structures in chemistry 

� Chapter 4 Free-form 

� Chapter 5 Reference projects 

� Chapter 6 Reference research 

� Chapter 7 Conclusion 

Only the Chapters 1, 6 and 7 of the study of literater are briefly discussed in this main report of the 

thesis. The complete study of literature is added in appendix X. 

 

 

Chapter 2         

           

 Study of literature 
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2.1 Structures in geometry 

Geometry means measuring of the earth, derived from the Greek words “geo” and “metri”. 

Geometry is a practical science concerning lengths, areas, volumes, and angles. Since around 3000 BC 

mankind started to record some empiric principles of surveying, construction, astrology and 

craftsmanship. These principles were useful for communication and especially since Archimedes [c. 

287 BC – c. 212 BC] also for calculation. Geometry is a very broad term, this thesis focus on 

“polytopes”. 

‘A polytope is a geometrical figure bounded by portions of lines, planes, or hyperplanes; e.g., in two 

dimensions it is a polygon, in three a polyhedron.’(Coxeter, 1973) 

Some definitions are given by the Merriam-Webster Dictionary to understand the above citation: 

� Hyperplane; ‘a figure in hyperspace corresponding to a plane in ordinary space’ 

� Hyperspace; ‘space of more than three dimensions’ 

� Polygon;  ‘a closed plane figure bounded by straight lines’ 

� Polyhedron;  ‘a solid formed by plane faces’ 

2.1.1 Polygons 

A polygon is a two-dimensional polytope, a plane figure composed of multiple straight lines. The 

word “polygon” is derived from the Greek words “polus” meaning “many” and the word “gonia” 

meaning “corner” or “angle”. The segments of the straight lines forming the figure are called edges 

or sides, the points where two lines come together are called vertices or corners. There are several 

different types of polygons with different properties, mostly named by their number of sides: 

2.1.2 Tessellations 

‘A plane tessellation is an infinite set of polygons fitting together to cover the whole plane just once, 

so that every side of each polygon belongs also to one other polygon.’ (Coxeter, 1973, p. 58) 

Tessellations exist in nature, mosaics, arts, tiling, parquets, brickwork and facades. Only two-

dimensional tessellations are discussed, they are also called “tiling”. A three-dimensional solid 

tessellation, a space filled with an infinite set of polyhedra, is called a “honeycomb”. The most 

famous example of a building with a three dimensional solid tessellation is the “Beijing National 

Aquatics Center”; also known as the “Water Cube”. This thesis will restrict to plane edge-to-edge 

tessellations; adjacent tiles share full edges.  

2.1.2.1 Regular tessellations 

A regular tessellation is built up out of equal regular polygons. A polygon is regular when it has equal 

sides and equal angles between the sides. There are only three regular tessellations possible. 

Tessellations with only one tile with the same size and shape are called “monohedral”. 

   

Figure 2.1 Regular tessellations 



Chapter 2 Study of literature 

7 

2.1.2.2 Semi-regular tessellations 

Semi-regular tessellations are also called “Archimedean-”, “homogeneous-“, or “1-uniform 

tessellations”. They exist of regular polygons only, with only 1 type of vertex. Tessellations with k 

different kinds of vertices are called k-uniform tessellations. When the regular tessellations are 

included, there exist precisely 11 semi-regular tessellations (Grünbaum & Shephard, 1986).  

Some of the semi-regular tilings are derived from the regular tilings; they are snubbed, elongated or 

truncated. Truncating is simply cutting of the corners of a polygon; resulting in two types of regular 

polygons. 

 

Figure 2.2 Truncation relation of semi-regular tessellations; 

Hexagonal, Triangular, Truncated hexagonal, Trihexagonal, and Truncated trihexagonal tiling. 
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2.2 Reference research 

In order to accelerate the progress of this thesis a selection of research reports are examined. On the 

one hand to investigate the steps taken in a research with a similar approach, on the other hand to 

learn from the outcomes and conclusions made in relevant research. 

2.2.1 Trussed facade constructions; 

A study of the opportunities of a structural system 

‘This Master’s thesis by Rick Roelofs deals with trussed facade constructions which are defined as 

constructions that consist of diagonal columns and horizontal members making up a triangular 

structure. Furthermore a trussed façade construction provides the lateral stability of the building and 

it is located alongside the façade.’(Roelofs, 2008) 

‘Three inherently different geometry variants are drawn up to make a comparison and to select the 

optimum one. This comparison is based on the efficiency, in this thesis defined as the rigidity under 

horizontal loads divided by the construction weight. The discrete models for the geometry variants 

are translated into continuous models with a bending stiffness and racking shear stiffness by means 

of mechanics formulae: By means of these formulae, insight is gained into the functioning of the 

geometry variants.’ (Roelofs, 2008) 

‘It has been substantiated that diagonal columns can best be employed for buildings where the 

racking shear stiffness plays a significant role, namely compact buildings. Vertical columns, on the 

other hand, can best be employed for buildings where the bending stiffness is paramount and the 

racking shear stiffness is insignificant.’(Roelofs, 2008) 

An increasing slenderness of a building is coupled with an increasing recommended angle between 

the diagonals and the horizon (between 53° and 76°). 

2.2.2 Diagrid structural systems for tall buildings; 

characteristics and methodology for preliminary design 

This research, by Connor, Moon, and Fernandez, has a similar subject as the one discussed in §2.2.1, 

although with a slight similar approach and different graphs for determining preliminary member 

sizes. Firstly the optimal angles of diagrids for 60-, 42- and 20-story structures with a typical width of 

 
Figure 2.3 The three variants; without corner columns, with corner columns, and vertical columns. (Roelofs, 2008) 
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36 meters are determined; the optimal angle for the first two structures is 63°, the design of the 20-

story structure is governed by strength.  

“For 60-story diagrid structures having an aspect ratio (B/H) of about 7, the optimal range of diagrids 

angle is from about 65° to 75°.”(Moon, Connor, & Fernandez, 2007) 

In order to specify the relative contribution of shear versus bending deformation a dimensionless 

factor s is introduced, which is equal to the ratio of the displacement at the top of the structure due 

to bending and the displacement due to shear. An empirical relation is proposed for the optimal 

value for s depending on the aspect ratio of the building.  

 

2( ) ( )
/( )

2 2

H H
s H

χ χ
γ

γ

⋅ ⋅
= ⋅ =

⋅
 (2.1) 

With γ = shear deformation and χ = bending deformation 

2.2.3 Honeycomb Tube Architecture 

The ‘HTA Association’ has published a trilogy about honeycomb tube architecture; an innovative 

architectural idea that has lots of potential. The authors were inspired by the discovery of the 

structure of carbon nanotubes in 1991.  

2.2.3.1 Volume I 

An introduction is given about the history and the potential of the hexagon and the honeycomb. 

After this a roundtable discussion is started about the structural efficiency of honeycomb tubes. This 

chapter is followed by a diagrammatic explanation of the mechanical characteristics of as well a 

triangular, an orthogonal, and a hexagonal frame, as three non-trivial frames (see Figure 2.5). At a 

glance it is obvious that a triangular frame deforms the least, unfortunately it is not clear how the 

loads are applied and whether equal sections of the members are used or not.  

2.2.3.2 Volume II 

In Volume II steel is introduced as a structural material for the honeycomb tubes (see Figure 2.6). 

Also the possibility to stiffen the frame with different fractal honeycombs is structurally tested and 

discussed (see Figure 2.7). 

  
Figure 2.4 Test model scale 1:3 (HTA, Honeycomb Tube 

Architecture (Volume I), 2006) 

Figure 2.5 Deformation of frames under a horizontal load 

(HTA, Honeycomb Tube Architecture (Volume I), 2006) 
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2.2.3.3 Volume III 

The third and last volume of HTA (HTA, Honeycomb Tube Architecture Technology (Volume III), 2010) 

is a summary of previous work together with the test results. Also some smaller research has been 

done on the prestressed connection of PC elements and on the fire-resistance of steel segments.  

The most important conclusions of Honeycomb Tube Architecture for this thesis are: 

� The difficulties occurring at the rigid connections between PC elements can be prevented by 

displacing the connections between de PC elements to the middle of the sides where the 

moment is almost equal to zero. 

� Steel honeycomb improve their load-bearing capacity and rigidity by adding fractal 

honeycomb. 

� Steel honeycomb frame structures are not in any way inferior structural systems, even in 

comparison to conventional rigid-frame structures.  

�  Floors can act as tensile-rings. 

2.2.4 Honeycombs (cellular material) 

“Two dimensional prismatic cellular materials of periodic microstructures are called honeycombs. The 

hexagonal structure is the most commonly used honeycomb geometry.”(Ju & Summers, 2011) 

This structure, having a high stiffness to weight ratio, is often used in aircrafts or as a crash barrier. 

According to (Bitzer, 1997) materials used to manufacture honeycombs can be metallic (aluminum, 

stainless steel, titanium, copper or lead) or nonmetallic (fiberglass, carbon fabric, Nomex, Kraft 

paper, Kapton, Mylar and Kevlar). As stated above the hexagonal lattice grids is the most commonly 

used grid, but there are several other grids possible for honeycombs; triangular, square, trihexagonal 

or ‘Kagome’, diamond and mixed triangle grid (see Table 2.1). Mostly the honeycomb itself forms the 

core of a sandwich panel. The bending stiffness of the sandwich panel is acquired by the section of 

the face sheets of the sandwich panel and the distance between the face sheets. For this thesis the 

bending stiffness is less interesting, the in-plane mechanical properties can be useful for the progress 

of this thesis.  

“Triangular, Kagome, and diamond cell honeycombs are known to be the extension dominated cell 

structures, which is good for high modulus structural design. On the other hand, square and 

  
Figure 2.6 Steel honeycomb test set-up scale 1:4 (HTA, 

Honeycombs Dynamics Architecture (Volume II), 2008) 

Figure 2.7 The four tested steel (fractal) frames  (HTA, 

Honeycombs Dynamics Architecture (Volume II), 2008) 
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hexagonal cell honeycombs are known to be bending dominated structures, which is good for flexible 

structural design. Hexagonal cell structures are known to be flexible in both axial and shear 

directions. Moreover, hexagonal honeycombs can easily be tailored to have targeted in-plane 

properties by changing cell angles. Therefore, some hexagonal geometries have a potential to 

compliant structural design.” (Ju & Summers, 2011) 

The buckling strength of a lattice grid can be divided into local and global buckling. The higher 

number of struts and connectivity at a vertex results in a stronger restriction and a higher global 

buckling load; an isogrid has a higher buckling load than a hexagrid (Fan, Jin, & Fang, 2009). The local 

buckling load depends on the length and thickness of the struts and can be derived using Euler’s 

formula. Different grids with equal relative density have different slenderness of the struts; the 

thickness of an isogrid strut is one third of the hexagrid with equal relative density, resulting in a 3
3
 

times lower local buckling load. The slenderness of the struts, or the relative density of the grid, has 

influence on the properties of the grid. 

A.-J. Wang and D.L. McDowell studied the in-plane stiffness and yield strength of various periodic 

honeycomb cell structures for honeycombs with relative density r between 0,1 and 0,3. With this 

relative density buckling doesn’t occur before initial yield, the critical values for r are listed in the last 

column of Table 2.1. The thin struts are treated as beam or column elements using simple 

Thimoshenko’s beam and column theory. 
Table 2.1 In-plane mechanical properties of various periodic honeycomb cell structures (Wang & McDowell, 2004) 

 

Note: The elastic buckling values are calculated in the directions of the lowest buckling load for each honeycomb, and are 

based on a ratio of yield strength to Young’s modulus of 0.001. 

“For hexagonal honeycomb cells, cell wall bending dominates cell wall stretching over a practical 

range of relative densities since the joints must resist bending in order for these honeycombs to 

remain stable. Joint rotation is significant during deformation. In contrast, the triangular cell 

honeycombs are kinematically stable if the joints are replaced by pin joints, and are therefore 

dominated by cell wall stretching; these include the triangular cell, the mixed cell, the Kagome cell, 

and the diamond cell.”(Wang & McDowell, 2004) 

The results for some of the data listed in Table 2.1 are plotted in Figure 2.8 and Figure 2.9. The cubic 

relation between r and the Young’s modulus as well as between r and the shear modulus of the 

hexagrid is visible. The high Young’s modulus of the square honeycomb is in the direction of the cell 

walls, in the direction of the cell diagonal this value is strongly reduced (not listed or plotted). 
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Figure 2.8 Effective Young's modulus comparison (Wang & 

McDowell, 2004) 

Figure 2.9 Effective shear modulus comparison (Wang & 

McDowell, 2004) 

The results of the research done by Wang and McDowell reveal that the hexagrid has far less 

potential than most of the other grids. The triangular grid, diamond grid and Kagome grid pretend to 

have good properties for use as a structural grid. 

2.3 Evaluation of the study of literature 

The purpose of this preliminary investigation is to explore the appearance of hexagonal patterns as 

well as other patterns in the widest possible way, keeping the objectives stated before in mind. All 

kinds of structures are examined and described. In the next part of this thesis a selection of 

tessellations will be translated to a structural stability system. Concluding from the reference 

researches in §2.2.4, the triangular, diamond, and trihexagonal grid have the most potential to be 

used as a structural grid. The diamond grid will not be taken into account in this thesis because it is 

harder to make a fair comparison with the other grids. Because hexagrids are bending dominated, 

hexagrids with floors acting as tensile bars can be optionally added to the selection (see Figure 2.10). 

The triangular grid trihexagonal grid will be taken into account as reference grids. The efficiency of a 

certain grid depends on the slenderness of the building, the slenderness ratio of the elements, the 

relative density of the grid, and the rotation of the grid. Special attention should be given to the 

connections between the elements. 
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Test grids 

  
Hexagrid (horizontal)

 
Hexagrid (vertical)

 

Optional test grids with floors acting as tensile bars 

  

Hexagrid (horizontal)with floors acting as tensile bars
 

Hexagrid (vertical) with floors acting as tensile bars 

Reference grids 

  
Triangular grid (horizontal) Triangular grid (vertical) 

  
Trihexagonal (horizontal) Trihexagonal (vertical) 

Figure 2.10 Grids for further research  
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A grid-like structure looks very complicated to examine on the first sight, therefore the grid is split up 

into manageable smaller pieces: ‘the unit cells’. The main concept of this thesis is explained in 

paragraph 3.1.1. The effective stiffnesses of the unit cell can be determined relatively easy; these 

effective stiffnesses are used to determine the stiffness modification factors which take all 

parameters of the unit cell into account. When the axial and shear stiffness modification factors are 

known, the stiffness of a grid-structure can be calculated using standard formula. 

The axial stiffness modification factors of different types of grids with slender elements are 

determined in paragraph 3.2; only bending deformations of the elements are taken into account, 

axial and shear deformations of the elements are neglected. In paragraph 3.3 the axial stiffness 

modification factor of a hexagonal horizontal grid with stocky elements, including axial and shear 

deformations, is determined. 

Similar work is done for the shear stiffness modification factor in paragraph 3.4 and 3.5; first for grids 

with slender elements, after this for grids with stocky elements. 

Chapter 3 is followed by a parameter analysis in Chapter 4 that takes a closer look at the influences 

of the different parameters used in this chapter. 

3.1.1 Main concept of this thesis 

In this thesis the main concept of the structural analysis of grid-like structures is to compare them 

with a corresponding solid, see Figure 3.1. Corresponding solid means in this case a solid with the 

same total width, W, height, H, and depth, b, as the grid-like structure. The Young’s modulus of the 

solid is the same as the modulus used for the individual elements of the grid-like structure; the same 

material is used in both the grid as the solid. To implement the stiffness properties of the grid, the 

geometry of the grid will be translated into mo factors for the stiffnesses, see (3.1) and (3.2). 

Chapter 3         

         

 Structural analysis, unit cell 
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Figure 3.1 Concept of the structural analysis 

 

*

1
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= ⋅ ⋅  (3.1) 
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;grid effective s s
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G
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Where: 

Effective bending stiffness of the grid structure  = ;grid effective
EI  

Axial stiffness modification factor of the grid structure = 

*

1

s

E

E
 

Bending stiffness of the corresponding solid = 
s s

E I⋅  

Effective shear stiffness of the grid structure  = ;grid effective
GA  

Shear stiffness modification factor of the grid structure = 

*

12

s

G

G
 

Shear stiffness of the corresponding solid = 
s s

G A⋅  

These modification factors can be seen as additional material properties of corresponding solids that 

take the geometry of the grid into account. The modification factors for the axial stiffness ‘E1
*/Es’ and 

the racking shear stiffness ‘G12
*/Gs’ can now be combined with standard formulae used for solid 

elements to find the horizontal deflections. For tall building structures the grid-structure can be 

modelled as a cantilever beam with dimensions W, H, b, effective bending stiffness and effective 

racking shear stiffness. Uniform deformation can be achieved for these structures (Connor, 2003). 

In order to determine the stiffness of a grid, it is split up into repeating unit cells; in these cells all the 

parameters of a grid are present. The unit cells are chosen in a way that there are no elements on 

the edges of the unit cell. Unit cells can be arrayed in two directions to form an infinite grid, having 

no overlap of unit cells and leaving no gaps. In Figure 3.2 a hexagrid is rendered with the arrayed unit 

cell in dashed lines, in Figure 3.3 the separated unit cell is plotted. 
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Figure 3.2 Hexagonal horizontal grid, the division into unit 

cells is rendered in dashed lines 

Figure 3.3 Hexagonal horizontal unit cell 

The Young’s modulus of a material, E, also known as the tensile modulus, represents the axial 

stiffness of an elastic material. It is the ratio of the uniaxial normal stress, σ, divided by the uniaxial 

strain, ε, in the loaded direction in the elastic range of an isotropic material, see (3.3) and Figure 3.4. 

Normal stress can be described as the average normal force, F, acting perpendicular on a surface per 

unit cross-sectional area, A. Strain is the shortening or lengthening, Δl, of a specimen divided by the 

initial length, l, of the specimen in the loaded direction.  

 

( )
( )

σ

ε
= =

∆

F A
E

l l
 (3.3) 

 
Figure 3.4 Derivation of the Young’s modulus 

The shear modulus of a material, G, also known as the modulus of rigidity, is the elastic modulus used 

to describe the relation between the deformation parallel to the loaded surface of a specimen due to 

a shear force applied parallel to one face of the specimen. It is the ratio of the shear stress, τ, divided 

by the shear strain, γ, see (3.4) and Figure 3.5. The shear stress is the force, F, applied parallel to a 

face, divided by the cross-sectional area, A. The shear strain is defined as the transverse 

displacement, Δx, divided by the initial length, l. 

 

( )
( )

τ

γ
= =

∆

F A
G

x l
 (3.4) 

 
Figure 3.5 Derivation of the shear modulus 

The range of application of the concepts and formulae in this thesis is restricted to the elastic range 

of the force-displacement diagram. The material properties of an isotropic material are independent 

of direction, however an irregular grid behaves anisotropic; the material properties of anisotropic 

material are dependent on the direction of loading. The stiffnesses of the grids have to be calculated 
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in the two in-plane directions of the grid, the out-of-plane stiffness will not be discussed in this 

thesis. A distinction is made between a ‘vertical’ and a ‘horizontal’ grid to prevent mistakes with the 

anisotropic behaviour of the grids and clarify the differences between the two in-plane directions, 

see Figure 3.6 and Figure 3.7. A vertical grid consists of only vertical and diagonal elements; a 

horizontal grid consists of only horizontal and diagonal elements. 

       
Figure 3.6 Horizontal grids   Figure 3.7 Vertical grids 

In the methods used to determine the stiffnesses the followed assumptions are made: 

� Changes in geometry are neglected; therefore deformations should be sufficiently small. 

� The unit cells are free to deform in the unloaded direction; see Figure 3.12. 

� In the hexagrids with slender elements bending of the elements is normative; axial 

deformations and shear deformations of the elements themselves are ignored.  

� In the hexagrids with stocky elements axial and shear deformations are included. 

� In the triangular and trihexagonal grids shortening of the elements is normative; in these 

cases the bending of elements will be ignored; all connections are pinned, the members 

carry axial forces only. 

� Buckling of elements is not taken into account in the derivations of the stiffnesses; when a 

structure is checked for strength buckling should be taken into account. 

� Stresses should be below the yield strength; ‘Hooke’s law’ is valid in this case. 

The application of the derived stiffnesses has his limits; when the elements in a grid become too 

thick, or when the angle between elements becomes too small the formulae has to be adapted. Axial 

deformation and shear deformations should be included when the elements have a slenderness ratio 

lower than 30. The formula for the slenderness ratio used in this thesis is also used in (ANSYS, Inc.): 

 
2G A L

Slenderness ratio SR
E I

⋅ ⋅
= =

⋅
 (3.5) 

Where: 

L = the unsupported length of a column depending on the boundary conditions. 1 

                                                           
1
 For example; a simply supported beam has an unsupported length equal to half the actual length, a cantilever 

beam has an unsupported length equal to the actual length. 
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3.2 Axial stiffness modification factor, slender elements 

The derivations of the axial stiffness modification factor of a hexagonal horizontal grid is worked out 

in this paragraph, the derivations of the other grids are in the appendix III. An overview of the found 

results of all the grids is given in paragraph 3.2.1.  

The deformation of an infinite hexagonal vertical grid under uniaxial compression is shown in Figure 

3.8. The related moments are visualized in Figure 3.9, there are no moments in the horizontal 

elements In order to calculate the axial stiffness modification factor hinges are modeled at half the 

length of the diagonal and horizontal elements, where the bending moments are equal to zero. The 

axial stiffness modification factor of a grid is determined by loading a unit cell with a uniformly 

distributed load σ1, see Figure 3.11.  

  
Figure 3.8 Deformation of an infinite grid under uniaxial 

compression (Oasys) 

Figure 3.9 Moments in beams of infinite grid under uniaxial 

compression (Oasys) 

In order to calculate the axial stiffness modification factor, hinges are modelled at half the length of 

the diagonal and vertical elements, where the bending moments are equal to zero, see Figure 3.10. 

The dashed rectangle in Figure 3.10 shows the borders of the unit cell, the smaller dashed-dotted 

rectangle corresponds to the dimensions of Figure 3.12. 

 
Figure 3.10 Hinges at locations where the moment is equal to zero. The dashed rectangle represent the unit cell, the 

dashed-dotted rectangle corresponds to the mechanical model in Figure 3.12. 

The compression of the unit cell is in general caused by shortening of elements subjected to axial 

forces and by deformation of elements subjected to shear stress and bending moments. For 

hexagrids with slender elements the bending of elements is normative, for the triangular and 

trihexagonal grids only axial deformations are taken into account. The only deformation taken into 

account for the hexagonal horizontal grid is the vertical deflection of the diagonal elements due to 

bending. The stress is divided by the strain to find the dimensionless axial stiffness modification 

factor E1
*/Es; where E1

*
 is the stiffness of the grid in X1-direction, recognizable by the superscript *. 

Es is the Young’s modulus of the used material in the elements, the subscript ‘s’ stands for solid.  

The schematization of the concept in Figure 3.11 is translated into the mechanical model in Figure 

3.12, where: 

 
1 1

0          ( cos )X F h d bσ θ∑ = ⇒ = ⋅ + ⋅ ⋅  (3.6) 
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Figure 3.11 Schematization of the derivation  

of the axial stiffness modification factor 

Figure 3.12 Mechanical model of the derivation of the axial 

stiffness modification factor 

The displacement of a half unit cell due to bending of the elements is received by the standard 

formula for a cantilever column (see Figure 3.13 which is a part of Figure 3.12) and is called δbending: 

 

31
2

cos ( )

3
bending

s d

F d

E I

θ
δ

⋅ ⋅ ⋅
=

⋅ ⋅
 (3.7) 

 
Figure 3.13 Bending element; part of the mechanical model 

The displacement in X1-direction in Figure 3.12, Δl, is divided by the half the height of the unit cell, l, 

to receive the strain, ε: 
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3.2.1 Overview of axial stiffness modification factors, slender elements 

In Table 3.1 an overview of the found results is given, the complete derivations are worked out in 

paragraph 3.2 and in appendix III. The relation between the formulae of the triangular grids and the 

trihexagonal grids is now visible. As mentioned before; for hexagrids the second moment of area of 

the sections is important, for triangular and trihexagonal grids the area of the sections is important. 

Table 3.1 Overview of axial stiffness modification factors slender elements 
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Hexagonal horizontal grid 
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Triangular vertical grid 
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Triangular horizontal grid 
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Trihexagonal vertical grid 
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v
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3.3 Axial stiffness modification factor, stocky elements 

In case of grids with stocky elements; only hexagonal horizontal grids are examined, the arguments 

for this choice are explained in the final part of paragraph 4.8 and summarized here: Horizontal grids 

are aesthetically more interesting and have comparable structural qualities as the vertical grids. 

The formulae obtained in paragraph 3.2 do not take axial and shear deformations into account. 

Hexagrids are bending dominated structures which take advantage of short elements with a section 

with a high radius of gyration and thereby a low slenderness ratio. The side-effect of elements with a 

low slenderness ratio is that the contribution of the axial deformations and shear deformations 

should be taken into account. Therefore new formulae are obtained in this paragraph that includes 

bending deformations, as well as axial deformations and shear deformations. As mentioned before; 

elements with a slenderness ratio smaller than 30 should be calculated according to this chapter. The 

inaccuracy for elements with a slenderness ratio greater than 30 is in most cases negligible; this does 

not exclude that formulae obtained in this chapter should always be more precise than the ones 

obtained in paragraph 3.2 and in appendix III. 

The axial stiffness modification factor for stocky elements is obtained in a similar way as for slender 

elements (see paragraph 3.2), the difference is that axial and shear deformations of the elements are 

now included. The deformation of a half unit cell due to bending is calculated in paragraph 3.2. 

  
Figure 3.14 Axial stress in beams of infinite grid under 

uniaxial compression (Oasys) 

Figure 3.15 Shear stress in beams of infinite grid under 

uniaxial compression (Oasys) 

Both diagonal elements are under pressure, there is no axial force in the horizontal element (see 

Figure 3.14). The axial deformations of the diagonal elements are easily obtained using Hooke’s law: 

 
F L

L
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⋅
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Both the diagonal elements carry shear forces; there is no shear force in the horizontal element (see 

Figure 3.15). The displacement of a half unit cell due to shear of the elements is received by the 

standard formula for a cantilever column (see Figure 3.16) and is called δshear: 

 

1
2

cos ( )
shear shear

s d

F d

G A

θ
δ α

⋅ ⋅ ⋅
= ⋅

⋅
 (3.15) 

 
Figure 3.16 Shear deformation of diagonal element; part of the mechanical model 

 

21
2

cos ( ) cos
2 cos 2 cos

shear shear shear shear

s d s d

F d F d
l

G A G A

θ θ
δ θ α θ α

⋅ ⋅ ⋅ ⋅ ⋅
∆ = ⋅ ⋅ = ⋅ ⋅ ⋅ = ⋅

⋅ ⋅
 (3.16) 

The total deformation due to bending, axial, and shear deformations in X1-direction, Δl, is divided by 

the half the height of the unit cell, l, to receive the strain, ε: 

 sinl d θ= ⋅  (3.17) 

 
1

bending axial shear
l l l

l
ε

∆ + ∆ + ∆
=  (3.18) 

 

3 2 2 2

1

cos sin cos

12

sin

shear

s d s d s d

F d F d F d

E I E A G A

d

θ θ θ
α

ε
θ

 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
+ + ⋅ 

⋅ ⋅ ⋅ ⋅ =
⋅

 (3.19) 

 
2 (1 )

s

s

E
G

ν
=

⋅ +
 (3.20) 

 
2 2

*

* 1 1
1

1

2

12 sin

( cos ) (( 24 (1 ) )cos 12 sin )
          d d

d d s ds hear

A I

b h d A I
E

d

E

IE

θ

θ

σ

ν α θ θε + + + +

⋅ ⋅ ⋅
= ⇒ =

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
(3.21) 

 



24 

3.4 Shear stiffness modification factor, slender elements 

The derivations of the shear stiffness modification factor of a hexagonal horizontal grid is worked out 

in this paragraph, the derivation of hexagonal vertical grid is in the appendix IV. Also the shear 

stiffness modification factor of a triangular horizontal grid is worked out in appendix IV to show the 

used approach for stretching dominated structures. The derivations of the other grids can be found 

in literature; for instance in (Gibson & Ashby, 1997). 

The deformation of an infinite hexagonal horizontal grid under shear load is shown in Figure 3.17. 

The related moments are visualized in Figure 3.18, for regular grids the moments in the horizontal 

elements are two times the moments in the diagonal elements. Just like the calculation for the axial 

stiffness factor, hinges are modeled at half the length of the diagonal and horizontal elements, where 

the bending moments are equal to zero, see Figure 3.10. 

The shear deformation of the unit cell, δshear, is caused by shortening of elements subjected to axial 

forces, shear deformation of elements under shear load and by deflection of elements subjected to 

bending moments. For slender element only bending deformations are taken into account. The 

horizontal shear load is divided by the strain to find the dimensionless shear stiffness modification 

factor G12
*/Gs

 
where G12

* is the shear stiffness of the grid in X1-direction, recognizable by the 

superscript *, and Es is the Young’s modulus of the used material in the elements. 

 

 
Figure 3.19 Schematization of the derivation  

of the shear stiffness modification factor 

Figure 3.20 Mechanical model of the derivation  

of the shear stiffness modification factor 

  
Figure 3.17 Deformation of an infinite grid under shear 

load (Oasys)  

Figure 3.18 Moments in beams of infinite grid under shear 

load (Oasys) 
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The shear stiffness modification factor of a grid is determined by loading a unit cell of a grid with a 

horizontal shear load τ, see Figure 3.19. The schematization of the concept in Figure 3.19 is 

translated into the mechanical model in Figure 3.20, where τ is replaced by a concentrated load F: 
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F h d b

h d b
τ τ θ

θ
= ⇒ = ⋅ + ⋅ ⋅

+ ⋅ ⋅
 (3.22) 

The mechanical model shows four reaction forces, this means the system is statically indeterminate. 

Castigliano’s second theorem is used to calculate the shear displacement at the location and in the 

direction of the force F of a half unit cell, δs.  

Castigliano’s second theorem: 
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The partial derivative of the strain energy with respect to the force F for bending deformation is: 
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The moment diagrams of all the elements should be known in order to calculate the displacements. 
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The structure is split up into three elements; AD, BD, CD. The strain energy of element BD is equal to 

the strain energy of element CD. 

Element AD: 1
2

0 x h< < ⋅  

 
Figure 3.21 Element AD 
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Element BD = Element CD: 1

2
0 x d< < ⋅  

 
Figure 3.22 Element BD 
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The displacement at the location of and in the direction of force F is: 
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The shear displacement in X2-direction, δs, is divided by half the height of the unit cell, to receive the 

shear strain, γ: 
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3.5 Shear stiffness modification factor, stocky elements 

The shear stiffness modification factor for stocky elements is obtained in a similar way as for slender 

elements (see paragraph 3.4), the difference is that axial and shear deformations of the elements are 

now included. 

The normal forces (see Figure 3.23), shear forces (see Figure 3.24), and moment diagrams of all the 

elements should be known in order to calculate the displacements. The reaction forces are equal to 

paragraph 3.4. 

  
Figure 3.23 Axial stress in beams of infinite grid under shear 

load (Oasys)  

Figure 3.24 Shear stress in beams of infinite grid under 

shear load (Oasys) 

The partial derivative of the strain energy with respect to the force F for axial deformation is: 

2

0 0

( ) ( ) ( )

2

l l
axial

all elements all elements

U N x N x N x
dx dx

F F EA EA F

∂  ∂ ∂
= = 

∂ ∂ ∂ 
∑ ∑∫ ∫  (3.40) 

The partial derivative of the strain energy with respect to the force F for shear deformation is: 

2

0 0

( ) ( ) ( )

2

l l
shear

shear shear
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dx dx
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 ∂ ∂ ∂
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∑ ∑∫ ∫  (3.41) 

The partial derivative of the strain energy with respect to the force F for bending deformation is: 

2

0 0

( ) ( ) ( )

2

l lbending

all elements all elements

U M x M x M x
dx dx

F F EI EI F

∂  ∂ ∂
= = 

∂ ∂ ∂ 
∑ ∑∫ ∫  (3.42) 

The structure is again split up into three elements; AD, BD, CD. The strain energy of element BD is 

equal to the strain energy of element CD. 

Element AD: 1

2
0 x h< < ⋅  

 
Figure 3.25 Element AD 
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 (3.48) 

 

Element BD: 1

2
0 x d< < ⋅  

 
Figure 3.26 Element BD 
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 (3.54) 

Element CD: 1

2
0 x d< < ⋅  

 
Figure 3.27 Element CD 
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The displacement at the location of and in the direction of force F is: 
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Where lAD = h/2 and lBD = lCD = d/2. 
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 Above formula is numbered as: (3.62) 

The ‘zero’ and the first two terms in (3.62) originate from element AD, the last three terms originate 

from elements BD and CD. The formula can be rewritten to: 
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The shear displacement in X2-direction, δs, is divided by half the height of the unit cell, to receive the 

shear strain, γ: 
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 (3.67) 

When a slender section is chosen, displacements due to bending of the elements in the unit cell are 

normative for the shear deformation of the unit cell. Only δs;M will be taken into account; (3.62)

reduces to a more convenient formula which is equal to (3.34) resulting in the same formula for the 

shear stiffness modification factor: 
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In order to understand the influence of the parameters on the formulae in Chapter 3 it is useful to 

plot the influence of one single parameter a time. Conclusions can be drawn out of from these 

graphs. 

In paragraph 4.1 different options for the relation of the horizontal and diagonal lengths are 

discussed, these options have influence on the behaviour of the graphs. 

Paragraph 4.2 introduces a new term; the relative density of a grid. This dimensionless factor is used 

in paragraph 4.5 and 4.6 in order to include the change of the amount of used material in the 

structure caused by the change of geometry of the grid or the change of sections of the used 

elements. 

The visual density in paragraph 4.3 is a variant on the relative density that only takes the visual area 

of the grid into account. The average of the visual density of several reference projects is used later 

on in paragraph 6.1 as a guideline to determine the maximum dimensions of the grid-structure. 

The number of nodes a building has has influence on the cost of a building. The ‘area per node’ in 

paragraph 4.4 is the opposite of the number of nodes; this value gives an idea of the effect of the 

geometry of the grid on the total number of nodes of a grid-structure. 

In paragraph 4.5 and 4.6 the axial stiffness modification factors are plotted with an alternate angle of 

the diagonals. In paragraph 4.5 slender element are used, in paragraph 4.6 a stocky element is used 

with an equal section as in paragraph 6.2 The graphs visualize the effect of an alternate angle on the 

efficiency of the unit cells. Additionally the values are divided by the relative density which filters out 

the decrease or increase of the amount of used material when the angles of the diagonal changes. 

Paragraph 4.7 and 4.8 visualize the influence of an alternate angle on the shear stiffness modification 

factor of hexagrids; first with slender elements, thereafter with stocky elements. 

Finally, Chapter 4 is evaluated in paragraph 4.8. 

Chapter 4         

          

 Parameter analysis, unit cell 
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4.1 Relation of the lengths of the different elements 

All formulae in this thesis generally contain three different types of parameters: 

� Material dependent Poisson’s ratio    ν  

� Cross-sectional dependent properties:    I, A, w and t 

� Geometric properties of the unit cell:     h, v, d and θ 

All parameters should be examined separately to examine the influence of one particular parameter. 

Since this thesis is a material independent research the influence of Poisson’s ratio is not interesting 

for this thesis. The cross-sectional properties have large influence on the results of all formulae. The 

influence of these parameters is clearly visible in the formulae. The most interesting parameter to 

examine seems to be the angle of the diagonals. The lengths of elements and the angle of the 

diagonals are dependent of each other in the triangular and trihexagonal grids; in the hexagrids they 

are independent of each other. 

When the influence of the angle is plotted, an assumption has to be made for the relation between 

the lengths of the different elements. The behaviour of the graphs is strongly determined by the 

chosen assumptions. In this chapter graphs are plotted for triangular and trihexagonal grids where 

the length of the diagonal elements is kept constant. For the hexagrids three optional relations 

between the different elements are plotted in each graph: 

4.1.1 Option 1: The length of all element are equal and constant 

This option was the initial option in this thesis. On the first sight this option looks satisfying. The 

disadvantage of this option is that the size of the unit cell, and with that the accompanying loads 

strongly differ when the angle alternates. When the dimensions of a building, and thereby the 

dimensions of the unit cell, are known it is not possible anymore to change the angle of the diagonals 

using this option. 

Option 1 is plotted for the vertical as well as the horizontal hexagrids. The graphs are plotted with an 

angle increasing from 0° till 90°; Figure 4.1 shows examples of the configuration of the unit cells with 

different angles. 

 
Figure 4.1 Series 1: upper part; vertical grid, bottom part; horizontal grid. v =h = d = C 

 v h d C= = =  (4.1) 

Vertical grids: 2 cosUW d= ⋅ ⋅ θ  (4.2) 

 sinUH v d= + ⋅ θ  (4.3) 

  

Horizontal grids: cosUW h d= + ⋅ θ  (4.4) 

 2 sinUH d= ⋅ ⋅ θ  (4.5) 
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4.1.2 Option 2: The width and the height of the unit cell are constant 

The disadvantages of Option 1 are evaded in this option by keeping the dimensions of the unit cell 

constant. The dimensions of the unit cell of the regular grid are used as the dimension of the unit cell 

of Option 2. The total axial and shear stresses remains constant since the dimensions of the unit cells 

remain constant.  

Option 2 and Option 3 are examined and plotted for horizontal hexagrids only
2
. As visible in Figure 

4.2; the disadvantage of this option is that it is only applicable for horizontal hexagrids with an angle 

of the diagonals of 30° or more.  

 
Figure 4.2 Series 2: UW = C, UH = C 

Horizontal grids: UW C=  (4.6) 

 UH C=  (4.7) 

 
/2/ sind UH= θ

 (4.8) 

 sh UW d co= − ⋅ θ  (4.9) 

4.1.3 Option 3: The width of the unit cell and the length of the horizontal are constant 

The last option examined in this thesis evades the disadvantage of Option 2. Since the unit cell 

becomes infinitely high for angles increasing to 90°, a new disadvantage is introduced. The width of 

the unit cell in Option 3 is based on the regular horizontal unit cell. 

This option is often used in reference research on diagrid structures; for example in (Moon, Connor, 

& Fernandez, 2007) and in (Roelofs, 2008). 

 
Figure 4.3 Series 3: UW = C, h = C 

Horizontal grids: 3

2
cos(60 )UW h h h C= + ⋅ = ⋅ =�

 (4.10) 

 h C=  (4.11) 

 1
2

( )/ cos / cosd UW h h= − = ⋅θ θ  (4.12) 

 2 sin sin / cosUH d h= ⋅ ⋅ = ⋅θ θ θ  (4.13) 

Several other options are possible to plot; this thesis restricts to above three series. When the grid is 

applied to a building; UW should be adapted to practical dimensions for the building. UH should be 

adapted to a multiple of the story height; the floors can be attached on the vertices of the grid. 

The use and influence of the different options is visible in paragraph 4.4, 4.5, and 4.6. 

                                                           
2
 The arguments for this choice are explained in the final part of paragraph 4.8. 
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4.2 Relative density 

The relative density is a dimensionless factor that is used in some of the following graphs and 

formulae in order to include the change of the amount of used material in the structure caused by 

the change of geometry of the grid or the change of sections of the used elements.. The relative 

density of a grid is not a common expression in structural design, nevertheless in this thesis it is 

useful to make a more fair comparison between different grids; the stiffness of the grids can be 

divided by their relative densities to relate the stiffness of a grid with the used amount of material. 

The relative density, r, is determined by the volume of material used in a specific grid, ρ*, divided by 

the volume of a solid, ρsolid, that has the same outer dimensions as the grid, see Figure 4.4 and Figure 

4.5.  

 

* 3

3

[ ]
[ ]

[ ]solid

mm
r

mm

ρ

ρ
= −  (4.14) 

  
Figure 4.4 Volume of the grid; ρ* Figure 4.5 Volume of the solid; ρsolid 

The derivations of the relative density of a hexagonal vertical grid and a hexagonal horizontal grid are 

worked out in paragraph 4.2.1, the derivations of the triangular and trihexagonal grids are in the 

appendix V. An overview of the found results of all the grids is given in paragraph 4.2.3. 
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4.2.1 Relative density of hexagrids 

The parameters of the relative density of a hexagonal vertical grid and a hexagonal horizontal grid 

are visualized in Figure 4.6 till Figure 4.9. In (4.15) and (4.16) Av, Ad and Ah stand for the cross-

sectional area of the vertical, diagonal and horizontal elements respectively. 

Hexagonal vertical grid: 
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;
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Figure 4.6 Hexagonal vertical grid, the division into unit 

cells is rendered in dashed lines 

Figure 4.7 Hexagonal vertical unit cell 

Hexagonal horizontal grid: 
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Figure 4.8 Hexagonal horizontal grid, the division into unit 

cells is rendered in dashed lines 

Figure 4.9 Hexagonal horizontal unit cell 

A regular grid ( θ θ= = = = = = = =� �, , 30 60
v h d v h

v h d l A A A A or ) is isotropic; the formula for rhex 

reduces to:  
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 (4.17) 

4.2.2 Inaccuracy 

The calculations in the following paragraphs do not take into account the overlap of elements at the 

nodes, see Figure 4.10 and Figure 4.11. 
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Figure 4.10 Overlap in hexagonal regular grid Figure 4.11 Overlap in triangular regular grid 

This overlap is negligibly small only in the following cases: 

� Grids with a relatively large area per nodes (dependent on the lengths of the elements and 

the angle in-between), see Figure 4.12. 

� Grids with relatively slender elements; see Figure 4.13.  

    
Figure 4.12 Overlap in triangular and hexagrid with θ=75° Figure 4.13 Slender elements (left) and less slender 

elements (right), θ=75° 

The discrepancy for elements with a hollow section is smaller than for solid sections; the overlap in 

the webs is similar, but in the flanges there is hardly any overlap. The graphs in this chapter are 

plotted for slender sections, the overlap is neglected. The overlap converges to infinite when the 

angle of the diagonals in a triangular or trihexagonal grid becomes very small or very large. For a 

hexagrid the overlap converges to infinite when the angle of the diagonals become very small in case 

of horizontal hexagrid or, on the contrary, when the angle of the diagonal become very large in case 

of a vertical hexagrid, see Figure 4.12. Therefore these parts of the graphs should be interpreted 

carefully. 
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4.2.3 Overview of relative densities of grids with slender elements 

The relative densities of the different grids do not seem to have much in common, see Table 4.1: 

Table 4.1 Overview of relative densities 

 Relative density of grid
 

 
Hexagonal vertical grid 

θ θ

⋅ + ⋅ ⋅

⋅ ⋅ ⋅ + ⋅ ⋅

2
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Hexagonal horizontal grid 
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Triangular vertical grid 
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Triangular horizontal grid 
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Trihexagonal vertical grid 
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Trihexagonal horizontal grid 

θ
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However the regular grids ( θ θ= = = = = = = =� �, , 30 60
v h d v h

v h d l A A A A or ) show similarity, see 

Table 4.2: 

Table 4.2 Overview of relative densities of regular grids 

 Relative density of regular grid 
Relative density of regular grid

 

Hexagonal regular grid 
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⋅
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The influence of the angle, θ, on the relative density is displayed in Graph 4.1; the exact value of the 

relative density is in this particular analysis not important, only the influence of an alternating angle 

is shown. The value of the relative density would be dependent on the length of the elements and 

their sections. In Graph 4.1 all elements have equal sections, all diagonal element have equal lengths. 

The vertical or horizontal elements in the hexagrids have the same lengths as the diagonal elements; 

eventually the length can alter, this is not the case in Graph 4.1. The lengths of the vertical or 

horizontal elements in the triangular and trihexagonal grids are a function of the angle of the 

diagonal elements and the length of the diagonals.  

 
Graph 4.1 Influence of the angle of the diagonals on the relative density; vhex= hhex = dhex = dtri = dtrihex 

A low relative density corresponds to a low weight of the structure, thus positive. The minima of the 

hexagonal vertical and horizontal grids are respectively at 30° and 60°. The triangular and 

trihexagonal vertical grids have minima at 38°, the triangular and trihexagonal horizontal grids have 

minima at 52°. Extreme low or high angles cause elements to be positioned very close to each other, 

resulting in a very dense, uneconomical grid. 

The relative density of a triangular grid is equal to two times the relative density of a trihexagonal 

grid for all angles. The relative density of a regular triangular grid is three times the relative density of 

a hexagonal. 
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4.3 Visual density 

Next to the relative density a description of the ratio of the visible area of a grid can be useful. The 

visual density of a grid is not a common expression in structural design; it is a geometrical expression 

and can be a criterion especially for architects. The visual density is determined by the two-

dimensional surface area of the elements used in a specific grid, Avis, divided by the area of a surface 

that has the same outer dimensions as the grid, Asolid, see (4.18). Only the width of the elements has 

influence on the visual density, not the section of the elements. For a grid with solid rectangular 

elements (e.g.: concrete) the visual density is equal to the relative density.  

 

=
*

vis

vis

solid

A
r

A
 (4.18) 

When structural elements are finished with a cladding this influences the visible area of the 

elements; this effect is not taken into account in this thesis. The derivations of the visual density of a 

hexagonal vertical grid and a hexagonal horizontal grid are worked out in paragraph 4.3.1, the 

derivations of the triangular and trihexagonal grids are in the appendix V. An overview of the found 

results of all grids is given in paragraph 4.3.2.  

  
Figure 4.14 Low visual density Figure 4.15 High visual density 
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4.3.1 Visual density of hexagrids 

Different visual densities of hexagonal horizontal grids are visualized in Figure 4.16:  

   
rvis=0,1 rvis=0,3 rvis=0,5 

Figure 4.16 Visual densities hexagrid 

The parameters of the visual density of a hexagonal vertical grid and a hexagonal horizontal grid are 

visualized in Figure 4.17 and Figure 4.18. In (4.19) and (4.20) wv, wd and wh stand for the visible width 

of the vertical, diagonal and horizontal elements respectively: 
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Figure 4.17 Hexagonal vertical unit cell Figure 4.18 Hexagonal horizontal unit cell 

A regular grid ( θ θ= = = = = = = =� �, , 30 60
v h d v h

v h d l w w w w or ) is isotropic; the formula for rvis;hex 

reduces to:  
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4.3.2 Overview of visual densities of grids 

The visual densities of the different grids do not seem to have much in common, however the regular 

grids ( θ θ= = = = = = = =� �, , 30 60
v h d v h

v h d l w w w w or ) show similarity; see the right column in 

Table 4.3 

Table 4.3 Overview of visual densities 

 Visual density of grid
 

 
Hexagonal vertical grid 

θ θ

⋅ + ⋅ ⋅

⋅ ⋅ ⋅ + ⋅

2

2 cos ( sin )

v d
v w d w

d v d
 =(4.19) 

 
Hexagonal horizontal grid 

θ θ

⋅ + ⋅ ⋅

⋅ ⋅ ⋅ + ⋅

2

2 sin ( cos )

h d
h w d w

d h d
 =(4.20) 

 
Triangular vertical grid 

θ

⋅ + ⋅ ⋅

⋅ ⋅

2

cos

v d
v w d w

v d
 =(VI.A.1) 

 
Triangular horizontal grid 

θ

⋅ + ⋅ ⋅

⋅ ⋅

2

sin

h d
h w d w

h d
 =(VI.A.2) 

 
Trihexagonal vertical grid 

θ

⋅ ⋅ + ⋅ ⋅

⋅ ⋅ ⋅

2 4

4 cos

v d
v w d w

v d
 =(VI.B.1) 

 
Trihexagonal horizontal grid 

θ

⋅ ⋅ + ⋅ ⋅

⋅ ⋅ ⋅

2 4

4 sin

h d
h w d w

h d
 =(VI.B.2) 

 
Table 4.4 Overview of visual densities of regular grids 

 Relative density of regular grid Relative density of regular grid
 

Hexagonal regular grid ⋅ ⋅
2

3
3

w

l
 =(4.21)

 

≈1,15
w

l
⋅  

Triangular regular grid ⋅ ⋅2 3
w

l
 =(VI.A.3) ≈3,46

w

l
⋅  

Trihexagonal regular grid 3
w

l
⋅  =(VI.B.3) ≈1,73

w

l
⋅  

The influence of the angle, θ, on the visual densities is equal to the influence on the relative density 

in Graph 4.1; again, the exact values are not interesting in this analysis. 
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4.3.3 Visual densities of reference buildings 

To get an idea of what a visual density means for the appearance of a building some reference 

buildings are examined: Two world famous diagrids, one hexagonal tessellated high-rise being built, 

and one square tiled building in the Netherlands. First only the surface of the structural stability 

system is taken into account, next also visual density is calculated with the frontal area of additional 

floors added. This exercise is done to find ‘acceptable’ values for the visual density. The visual 

densities are calculated by measuring from multiple pictures of the building and taking the average, 

therefore the accuracy is limited to approximately 95%. 

Table 4.5 Overview of visual densities of reference buildings 

 
Angle 

Visual density of 

structural stability 

system 

Visual density, 

floors included 

 

Swiss Re HQ, 

London, 

United Kingdom 

θ ≈ 63° Average ≈ 40% Average ≈ 40% 

 

Hearst Tower, 

Manhattan, 

New York 

θ ≈ 70° ≈ 25% ≈ 40% 

 

Sinosteel 

International plaza, 

Tianjin, 

China 

θ = 60° 

 

≈ 42% - 82% 

See Figure 4.19 

≈ 50% - 85% 

See Figure 4.19 

 

Atlas Building, 

Wageningen, 

The Netherlands 

θ = 45° ≈ 25% ≈ 48% 

The average visual density in above reference buildings is about 25%, when floors are included the 

average visual density becomes around 40% till 50%. The visual density of the hexagonal tiled 

Sinosteel International Plaza is considerably higher than for the other buildings. 

Figure 4.19 Different sized openings in the façade of Sinosteel International Plaza, Tianjin, China 
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4.4 Area per nodes 

When a grid is applied to a certain area with certain dimensions it is interesting to know how much 

nodes are created; this has large effects on the total costs of a building. The total area of a surface 

divided by the number of nodes gives the area each node covers. This area is easily obtained by 

dividing the frontal area of a unit cell by the number of nodes in the unit cell. The area of the unit 

cell, Asolid, was calculated before in paragraph 4.3. An overview is given in Table 4.6: 

Table 4.6 Overview of area per node
 

 Area per node
 

 

Hexagonal vertical grid cos ( sin )d v dθ θ⋅ ⋅ + ⋅
 (4.22) 

Hexagonal horizontal grid 

Option 1 
sin ( cos )d h dθ θ⋅ ⋅ + ⋅  (4.23) 

Hexagonal horizontal grid 
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 (4.24) 
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Trihexagonal vertical grid 28
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Trihexagonal horizontal grid 28
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In Graph 4.2 all diagonal element of the triangular and trihexagonal grids have equal lengths. The 

lengths of the vertical or horizontal elements in the triangular and trihexagonal grids are a function 

of the angle of the diagonal elements and the length of the diagonals. The graphs of the triangular 

vertical and horizontal grids overlap each other; this is also the case for the trihexagonal grids. For 

the trihexagonal node the area per node is equal to the area of the unit cell divided by 3, because 

there are 3 nodes per unit cell. The triangular and trihexagonal grids are plotted with angles between 

15° and 75°; outside this range the overlap becomes significant, see paragraph 4.2.2. 

The length of the diagonals and vertical elements in the vertical hexagrid are equal and constant. The 

horizontal hexagrids are plotted according to several options for the relation of the lengths of the 

horizontal and diagonal elements, see paragraph 4.1. The vertical hexagrid is plotted with angles 

between 0° and 75°, Option 1 and Option 3 of the horizontal hexagrids  are plotted with angles 

between 15° and 90°, see paragraph 4.2.2. The value of Option 3 diverges to infinite. Option 2 gives a 

constant ‘Area per node’ and is plotted with an angle starting at 30°, see paragraph 4.1. The lines of 

the three hexagonal horizontal grids cross each other at 60°; here the grid is regular. 

A large area per node corresponds to fewer nodes needed in the structure, thus positive. The 

maximum areas per node of the hexagonal vertical and horizontal grids are respectively at 30° and 

60°. The triangular and trihexagonal vertical and horizontal grids have maxima at 45°. 

 
Graph 4.2 Area per node 
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4.5 Axial stiffness modification factor, alternate angle, slender elements 

The angle of the diagonals has huge influence on the axial stiffness modification factor and on the 

relative density. In this paragraph some graphs are plotted that visualizes this influence. The graphs 

of the hexagrids in this paragraph and in paragraph 4.6 are valid for grids with slender element only. 

When axial and shear deformations of the elements are included, the graph is dependent on the 

used sections.  

Firstly only the angle is alternated, secondly the axial stiffness modification factor is divided by the 

relative density for a more fair comparison. The graphs of the hexagrids and the triangular and 

trihexagonal grids cannot be combined into one graph because the hexagrids are bending dominated 

and the triangular and trihexagonal grid are stretch dominated. The length of the vertical and 

horizontal elements in the triangular and trihexagonal grids can be written as a function of the length 

of the diagonal elements and their angle, see (4.30) and (4.31); now the influence of the angle on the 

axial stiffness is more obvious. The lengths of the elements in the hexagrids are independent of each 

other. The lengths can be made dependent on each other in order to maintain for example an equal 

height and/or width of the unit while the angle changes. 

 2 sinv d θ= ⋅ ⋅  (4.30) 

 2 cosh d θ= ⋅ ⋅  (4.31) 
Table 4.7 Overview of axial stiffness modification factors with slender elements divided by their relative density 
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Trihexagonal vertical grid 
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Table 4.7 shows that the triangular vertical grid has the same axial stiffness modification factor 

divided by its relative density as the trihexagonal vertical grid; this applies also to both the horizontal 

grids. 

All axial stiffness modification factors are plotted in Graph 4.3. The angles greater than 75° are not 

plotted because the axial deformations of the diagonals cannot be neglected here. Graph 4.3 shows 

that a higher angle of the diagonals gives a higher axial stiffness modification factor. An angle of 90° 

gives the highest values of the axial stiffness modification factors; in Option 1 and 2 the bending 

deformations are equal to zero which results in an infinite stiffness when axial and shear 

deformations are neglected. Option 3 does not converge to infinite because the height of the unit 

cell, and thereby the length of the diagonals, also converge to infinite.  
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Graph 4.3 The influence of the angle of the diagonals on the axial stiffness modification factors of hexagrids with slender 

elements. 

The graph looks a little different when the axial stiffness modification factors are divided by the 

relative density, see Graph 4.4. Especially the behaviour of Option 3 is differs from Graph 4.3. The 

scale on the vertical axis is not important since only the behaviour of an alternate angle is researched 

in this paragraph. 

 
Graph 4.4 The influence of the angle of the diagonals on the axial stiffness modification factors of hexagrids with slender 

elements divided by their relative density. 
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In Graph 4.5 the axial stiffness modification factors of the triangular grids are, according to the 

formulae, two times the axial stiffness modification factors of the trihexagonal grids. Graph 4.3 

shows that a higher angle of the diagonals gives a higher axial stiffness modification factor in all 

cases. 

 
Graph 4.5 The influence of the angle of the diagonals on the axial stiffness modification factor of triangular and 

trihexagonal grids with slender elements. The length of the diagonal elements is constant. 

Preceding graph looks different when the formulae are divided by the relative density, see Graph 4.6. 

The vertical axes in Graph 4.5 and Graph 4.6 do not have the same scale, only the behaviour of the 

factor. The optimum angle is still 90°, but the development is different. First the vertical grids are 

stiffer, but starting from 67° the horizontal grids are stiffer. The axial stiffness modification factor 

divided by the relative density of a triangular vertical grid is equal to the factor of a trihexagonal 

vertical grid; this is also equal for the horizontal grids. 

 
Graph 4.6 The influence of the angle of the diagonals on the axial stiffness modification factors of triangular and 

trihexagonal grids divided by their relative density with slender elements. The length of the diagonal elements is 

constant. 
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4.6 Axial stiffness modification factor, alternate angle, stocky elements 

In this paragraph an example is given for the influence of an alternate angle on the axial modification 

factor of a grid with stocky elements whereby axial and shear deformations are included. The 

dimensions of the section are equal to the section obtained in paragraph 6.2. The graph is only 

plotted for Option 3, in correspondence with paragraph 6.2. The scale on the vertical axis is included 

in Graph 4.3 since actual values are calculated for the used section. The values of the axial stiffness 

modification factor with very small and very large angles are not very useful since the unit cell is here 

very small or infinitely large.  

 
Graph 4.7 An example of the influence of the angle of the diagonals on the axial stiffness modification factors of 

hexagrids with stocky elements. 

The graph looks a little different when the axial stiffness modification factors are divided by the 

relative density, see Graph 4.4. There seem to be not much difference between the behaviour of the 

axial stiffness modification factor of slender and stocky elements. The reason that this paragraph is 

added to this thesis will be clarified in paragraph 4.8. 

 
Graph 4.8 An example of the influence of the angle of the diagonals on the axial stiffness modification factors of 

hexagrids with stocky elements divided by their relative density. 
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4.7 Shear stiffness modification factor, alternate angle, slender elements 

The shear stiffness modification factor is examined once for the hexagonal vertical grids and three 

times for the hexagonal horizontal grid (see paragraph 4.8). The shear stiffness modification factor of 

a hexagonal horizontal grid is reduced strongly when the angle rises, please notice that the height of 

the unit cell converges to zero for Option 1 and 3; the height of the unit cell in Option 2 remains 

constant, see paragraph 4.1. 

 
Graph 4.9 The influence of the angle of the diagonals on the shear stiffness modification factor of hexagrids with slender 

elements. 

It makes more sense to divide the shear stiffness modification factor by the relative density of the 

grid. Therefore Graph 4.10 looks a lot different than Graph 4.9. 

 
Graph 4.10 The influence of the angle of the diagonals on the shear stiffness modification factors of hexagrids with 

slender elements divided by its relative density. 
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4.8 Shear stiffness modification factor, alternate angle, stocky elements 

The behavior of the shear stiffness modification for stocky element differs considerably from the 

slender elements. The graphs in this paragraph are plotted for the same section as in paragraph 4.6 

and 6.2. The location of the maximum in the graph is dependent on the used section. 

 
Graph 4.11 An example of the influence of the angle of the diagonals on the shear stiffness modification factor of 

hexagrids with stocky elements. 

It makes more sense to divide the shear stiffness modification factor by the relative density of the 

grid. Therefore Graph 4.10 looks a lot different than Graph 4.9. The location of the maximum is 

shifted towards a much higher angle. The optimum angle of the diagonals of a hexagrid should, 

independently from the slenderness of the structure, always be higher than the maximum of shear 

stiffness modification factor divided by its relative density. 

 
Graph 4.12 An example of the influence of the angle of the diagonals on the shear stiffness modification factors of 

hexagrids with stocky elements divided by its relative density. 
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4.9 Evaluation of the parameter analysis 

The graphs in this chapter give a good first impression of the parameter analysis: When the angle of 

the diagonals becomes very small or on the contrary very large, the formulae and the accompanying 

graphs do not take some effects into account. One discrepancy is caused by the overlap in the nodes; 

especially for grids with stocky element. Another discrepancy is caused by ignoring the axial 

deformations. When the angle becomes very small in case of the shear stiffness modification factor, 

or very large in case of the axial stiffness modification factor, the bending part of the total 

deformation will be reduced strongly and therefore the part of the axial deformations and shear 

deformations of the elements in the unit cells will increase significantly. 

In order to calculate the exact relative density for hollow sections, the detailing of the node must be 

known. Because this thesis does not focus on the detailing of the nodes, this refinement will not be 

worked out. Even in case of very stocky elements the overlap in the nodes will not easily become 

larger than 10% of the actual used material per unit cell. 

The visual density does only take the visible area of the elements into account. For stocky element 

the overlap in the nodes will become significant. Therefore the accuracy of the visual density have to 

be checked when the visual density is used as a reference. The visual density with floors included of 

the Swiss Re building and the Hearst Tower is about 40%, this percentage will be taken as a limit in 

Chapter 6, where a preliminary design of a building will be worked out. In the following part of this 

thesis the height of the cross-section of the horizontal and diagonal elements will be equal, wh = wd. 

A regular hexagrid is isotropic; it has equal stiffness in both vertical as horizontal direction. When the 

angle of the diagonals is increased, both grids become stiffer and get a higher relative density. Fair 

conclusions can be made when the axial stiffness modification factor is divided by the relative 

density. The question is at which angle the grid does not look hexagonal anymore. This question is an 

architectonical one and cannot be answered in a scientific way. In Table 4.8 the hexagons with 

different angles are visualized with their corresponding ‘efficiency’: 

 

( )
( )

*

1

*

1;

Efficiency with respect to regular grid=
s

regular s regular

E E r

E E r
 (4.32) 

Table 4.8 The ‘efficiency’ of the axial stiffness modification factor accompanying grids with different angles; Option 1. 

Horizontal 
  

 
  

 

55° 60° 65° 70° 75° 80° 

Vertical 
 

 

 

 

 
 

20° 30° 40° 50° 60° 70° 

Efficiency 68% 100% 153% 252% 464% 1072% 

Obviously, horizontal grids do not have any vertical elements, this unusual property makes them 

aesthetically interesting to use as a structural system. The angle of the diagonals of a horizontal grid 

can remain more close to the regular configuration than in case of a vertical grid to obtain the same 

increased efficiency, see Table 4.8 . These arguments leaded to the decision to exclusively work out 

the horizontal grid in the some part of this thesis. 
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The formulae obtained in previous chapters are valid for an infinitely large grid. The grid structure 

with the dimensions; height, width and depth, is simplified to a cantilever beam with the properties; 

height, cross-sectional area, second moment of cross-sectional area and the corresponding stiffness 

modification factors. With this simplification some discrepancies come along. When the grid is 

applied to a wall, the ‘end effects’ on all four sides of the grid have influence on the displacements. 

Therefore the calculation using finite element software will probably show a difference with the 

simplified model used in the hand calculations. In this thesis (ANSYS, Inc.) is used to verify the hand 

calculations. The discrepancy should disappear when the grid dimensions increase to infinity.  

Paragraph 5.1 takes a closer look on the boundary conditions at the bottom of the grid and discussed 

the method of applying loads. 

The width of the grid has influence on the accuracy of the similarity between the hand calculations 

and the verification with (ANSYS, Inc.). In paragraph 5.2 the width of the structure that has to be 

used in the hand calculations is determined. The second moment of area of a triangular vertical grid 

is calculated with the ‘Huygens-Steiner theorem’ and compared with different options for the hand 

calculations. This paragraph together with paragraph 5.1, is a preparation on the verification of the 

main concept of this thesis in paragraph 5.3. 

In paragraph 5.3 a systematic series of tubular grid-structures are modelled with (ANSYS, Inc.). The 

results are compared with the hand calculations and plotted in several graphs.  

Paragraph 5.4 give two suggestions of the causes of the discrepancies between the hand calculations 

and the results obtained with (ANSYS, Inc.) in paragraph 5.3; the shear correction factor and the 

shear-lag problem. 

Paragraph 5.5 focuses on the restricted freedom of lateral contraction and expansion at the bottom 

of the tube. The discrepancies diffuse when the relative slenderness of the tubular grid structure 

increases. 

Chapter 5         

         

 Structural analysis and verification,

 grid structure 
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5.1 Boundary conditions 

The first step in the preparation for the verification process is to have a closer look at the method of 

applying boundary conditions and loads on a grid-structure. Each node in the grid has six degrees of 

freedom; three translational degrees of freedom and three rotational degrees of freedom. However 

it is usual and necessary to mesh more than one element per diagonal or horizontal in Figure 5.1, in 

this paragraph only the nodes where three elements come together are mentioned. Only the nodes 

located at the bottom (Y=0) of the grid structure can be constrained, all constraints in this paragraph 

are only valid for these nodes.  

Obviously, translation in the vertical Y-direction is constrained for all nodes at the bottom; UY=0. In 

case of a two-dimensional structure all nodes must remain in the XY-plane; UZ=ROTX=ROTY=0. All 

elements are fixed connected with each other; therefore the nodes at Y=0 are guided connected with 

the foundation; displacement in the Y and Z directions are equal to zero and all rotations are equal to 

zero. The only constraint that is left over is the translation in the X-direction; this constraint will be 

discussed in paragraph 5.4. These assumptions result in a discrepancy between the hand calculations 

and the ANSYS calculations, since the nodes not located at Y=0 can rotate around the Z-axis while the 

nodes at Y=0 cannot. In other words; the location where the moment in the bottom diagonal is equal 

to zero is not in the middle. 

 

 

Figure 5.1 Axes for two-dimensional structure Figure 5.2 Deformation of grid with UX=0 only for bottom 

left node. 

When a certain force or boundary condition is applied to a grid-like structure, it is important to divide 

the acting force equally over the nodes positioned at the same height of the acting force. When a 

equally distributed load should act on a grid structure; the distributed load should be split once in the 

vertical direction and once in the horizontal direction into concentrated loads acting directly on the 

nodes, see Figure 5.2. When all the force would be applied to one single node; the elements attached 

to this node would deform significantly more than adjacent nodes. This is also valid when the 

boundary conditions, thus the reaction force, are applied to one single node.  

The horizontal displacement at the top of the diagonals in the bottom row in Figure 5.2 is more than 

80% of the horizontal displacement at the top of the structure. The in X-direction translational 

constrained diagonal in the bottom left corner is exponentially deformed compared to the other 

bottom diagonals. 
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5.2 Determination of cross-sectional area and second moment of area 

The second step in the preparation for the verification process is to compare the concept of this 

thesis with an existing method to determine a second moment of area ‘I’. The next step is to 

compare the hexagrid with ANSYS calculations in order to get a feeling of the validity and the 

discrepancies.  

The concept of this thesis is verified by comparing the bending stiffness of a triangular vertical 

regular grid with the bending stiffness of a solid bar with an accompanying reduced bending stiffness, 

see Figure 5.3. The bending stiffness of a triangular vertical grid is normally calculated using the 

‘parallel axis theorem’ also known as the ‘Huygens-Steiner theorem’. This theorem is easily 

applicable for grids with vertical elements where the diagonal elements are ignored during the 

determination of ‘I’. Remember that the Huygens-Steiner theorem is still a, though generally 

accepted, simplification of the actual response of a structure. The cross-sectional area ‘A’ and the ‘I’ 

of the ‘solid’ should be determined. The depth of the solid is equal to the depth of the grid. The 

width of the grid however is debatable. In this paragraph two options of determining the width, and 

thereby the ‘A’ and the ‘I’ of the solid, are compared. Option 1 is to take distance from the outside of 

the leftmost column to the outside of the rightmost column; this can be seen as the actual width of 

the structure. Option 2 is to take the width of the unit cell and multiplying this with the number of 

columns. In Graph 5.1 the ‘I’ of the different methods is plotted with an increasing number of 

columns; option 2 matches best with the results of Huygens-Steiner, note that method 2 gives an 

overestimation of the ‘I’  compared to the general accepted method.  

  
Figure 5.3 Triangular vertical grid, NH=6 Figure 5.4 Hexagonal horizontal grid NH=6 

Option 1: width ( 1)
v

NH UW w= − ⋅ +  (5.1) 

Option 2: width NH UW= ⋅  (5.2) 

Where:  

NH = number of unit cells in the horizontal direction. 

UW = width of the unit cell. 

 3

;

1

12
s wall

I b width= ⋅ ⋅  (5.3) 

 

*

1
; ;grid fictive s s wall

s

E
EI E I

E
= ⋅ ⋅  (5.4) 

 
2

;Huygens Steiner own y i i
EI E I E A y− = ⋅ + ⋅∑ ⋅  (5.5) 
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Graph 5.1 The second moment of area according to the different methods

3
 

In Graph 5.2 the comparison between the two options and the parallel axis theorem is visualized. 

Both ratios converge to 100%; although option 1 converges very slowly: 

 
Graph 5.2 Comparison EIgrid;effective

 
and EIHuygens-Steiner 

Graph 5.3 zooms in on Graph 5.2 on the behaviour of Option 1 for the first 10 columns: 

 

Graph 5.3 Comparison EIgrid;effective
 
and EIHuygens-Steiner zoomed-in. 

                                                           
3
 The values on the Y-axis are intentionally left away; only the comparison between the methods is interesting 

in this case, this is independent of the dimensions of the sections etc. 
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The method and the results of Option 2 matches best with the parallel axis theorem; therefore 

Option 2 will be used in this thesis to determine the ‘I’: 

 
3

;

1
( )

12
s wall

I b NH UW= ⋅ ⋅ ⋅  (V.6) 

The cross-sectional area ‘A’, used in the formulae for the shear deflections, will be determined with 

the same thought: 

 
;

 A
s wall

b NH UW= ⋅ ⋅  (5.7) 

Because the effective bending stiffness of hexagonal and trihexagonal grids is calculated in a similar 

manner as the triangular grids checked in this paragraph, the concept of translating the geometry of 

a grid to stiffness modification factors is assumed to be correct for structures with a width of four 

unit cells or more, that is five columns or more in case of a triangular vertical grid.  

This verification is hereby only proven for the axial stiffness modification factor; the shear stiffness 

modification factor should be verified as well, this is done in paragraph 5.3. 

5.2.1 Determination of cross-sectional area and second moment of area for tubular grid 

structures 

The shear stiffness modification factor is determined only in the XY-plane of the unit cell. The unit 

cells in the walls perpendicular to the wind direction, that is the out-of-plane shear stiffness, are not 

discussed in this thesis. Therefore only the areas of the walls parallel to the wind are taken into 

account. According to (Roark & Young, 1989) approximate results for I- or box beams may be 

obtained using αshear = 1,0 and taking for the cross-sectional area only the area of the web(s). For a 

preliminary design this assumption should be sufficient. 

The width of the tubular building is equal to: 

 ( 1)* cosBW NH UW d bθ= − + ⋅ +  (5.8) 

Where: 

 UW=h+d cosθ⋅  (5.9) 

The ‘A’ of a rectangular tube is determined by summing the areas of each individual wall using (5.7): 

 ; ;//
A = 2

s tube s wall
A⋅  (5.10) 

The wind load acting horizontally on the tubular structure will be converted by the grid structure in 

the webs of the tube to axial loads acting on the unit cells in the vertical direction. In this case all 

walls of the tubular structure should be taken into account. The ‘I’ of a tube structure will be 

determined by summing the results of (5.2) combined with (5.3) for the walls parallel to the direction 

of the wind load with the results of (5.5) combined with (5.7) for the walls perpendicular to the 

direction of the wind load: 

 ( )
2

; ;// ; ; ; ;
I = 2 2 2 ( )/2

s tube s wall s own y wall s wall
I I A BW b

⊥ ⊥
⋅ + ⋅ + ⋅ ⋅ −  (5.11) 

However the determination of the ‘A’ and ‘I’ for both the 2D grid structure and the 3D tubular grid 

structure is a little more complex than intended in paragraph 3.1.1, this is necessary to obtain good 

results for the deflection at the top of the structure. This statement is verified in paragraph 5.3. 
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5.3 Verification of laterally loaded tubular cantilever grids 

In order to verify the hand calculation, the horizontal deflection at the top of a tubular grid-like 

structure is calculated making use of the finite element software (ANSYS, Inc.), see Figure 5.5 and 

Figure 5.6. Three different widths have been chosen in compliance with an architectural scale. A tube 

with NH=10 is taken as a starting point; next to this dimension one smaller (NH=6), and one wider 

(NH=14) tube are calculated as references. The height varies between NV=5 and NV=250; from NV=5 

until NV=50 a step size of 5 is used, then, from NV=50 until NV=100, 2 steps of 25, followed by 3 

steps of 50. This combined with the restriction of ANSYS to model no more than 32000 nodes results 

in 40 different tubes. NH=6 is restricted to a height of NV=250, NH=10 to a height of NV=150, and 

NH=14 is restricted to a height of NV=100, see for example Graph 5.5. Each marker in the graphs in 

this paragraph represents the outcome of ANYS of a tubular structure with a certain NH and NV. 

All connections are fixed, including the supports at the base of the structure. All elements used have 

a rectangular hollow section; RHS1200x500x20. This section is chosen randomly, the behavior of the 

graphs in this paragraph are hardly affected by the size of the sections. In Chapter 6 more details 

about the input for the tubular structure will be given. The ANSYS input file used in this paragraph is 

given in appendix VII. 

 

 

Figure 5.5 Front view of ANSYS input; NH=10, NV=20 Figure 5.6 Oblique view of ANSYS input; NH=10, NV=20 
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In Graph 5.4 the displacement of the hand calculations are plotted as lines, the results obtained with 

(ANSYS, Inc.) are represented by the dots. The height of the tubular structure is in Graph 5.4 on the 

vertical axis, in the other graphs in this paragraph the height of the structure is on the horizontal axis. 

The ANSYS results seem to match very properly with the hand calculations.  

 
Graph 5.4 Horizontal displacements at top op tubular grid structure: Hand calculations and ANSYS results. 

The differences are better visible when the displacements obtained by ANSYS are divided by the 

results of the hand calculations, see Graph 5.5. The results for NH=6 converge to between 99% and 

100%. The extreme slender tube-structures are only calculated to investigate if the graph converges; 

the values of the displacement at the top are not realistic. The maximum possible number of unit 

cells in the vertical direction is restricted by used student version of ANSYS (maximum of 32.000 

nodes). Since very acceptable convergence is obtained, especially for NH=6, this restriction is not a 

problem for this thesis. 

 
Graph 5.5 Displacements at top obtained by ANSYS divided by the hand calculation. 
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In the left part of Graph 5.5 there is a distortion visible between the results for different widths of 

the structures (NH). The structures with different widths converge with a different tempo, when the 

height (NV) increases. The lines in Graph 5.5 appear to move closer to each other in the horizontal 

direction when NV on the horizontal axis is replaced by the relative slenderness ‘λ’, see Graph 5.6: 

 
Building Height

 
Building Width

BW

BH
λ = =  (5.12) 

 
Graph 5.6 Displacements at top obtained by ANSYS divided by the hand calculation; λ on horizontal axis. 

The distortion at the left hand side of Graph 5.6 is mainly caused by ‘the shear-lag problem’, see 

paragraph 5.4.2. Another discrepancy is related to ‘lateral contraction’ and will be explained in 

paragraph 5.4. The discrepancies diffuse when the relative slenderness of the tubular grid structure 

increases. 
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5.4 Shear discrepancies 

In paragraph 5.3 the hand calculation behaves stiffer than the calculations obtained with the finite 

element method. When the slenderness increases the results show more similarity. This makes is 

likely that the discrepancy is caused by the shear deformation. 

5.4.1 Shear correction factor 

When a shear correction factor (see appendix II) for the tube structures is added to the hand 

calculation, it behaves less stiff. The results are shown in Graph 5.7 (note that the vertical axis is 

different than the axis in Graph 5.6). The formula of the total displacement is expanded with a shear 

correction factor unequal to 1,0. The shear correction factor for the structures examined in this 

chapter is dependent on the dimensions of the structure. The values used in this thesis are calculated 

according to appendix II, the results are in Table 5.1: 

Table 5.1 Overview of shear correction factors of different tube structures. 

 Building Width [mm] 
; ; 0,0shear Pilkey =να  

NV=6 18475 2,3077 

NV=8 25396 2,3327 

NV=10 32332 2,3470 

NV=14 46188 2,3628 

The shear correction factors should be used in combination with the total cross-sectional area of the 

tube: 

 
; ;

A = 4
s tube s wall

A⋅  (5.13) 

 
Graph 5.7 Displacements at top obtained by ANSYS divided by the hand calculation with shear correction factor included; 

λ on horizontal axis. 

5.4.2 Shear-lag tubular structures 
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assumed in the hand calculations does not exist, see Figure 5.7. The transverse wind load has to be 
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distance from the webs increases. This effect results in a less stiff structure than assumed in the 

simplified hand calculations. 

  
Figure 5.7 Shear lag problem visualized (Hoenderkamp, 2007) 

An efficient method to take the loss of stiffness into account is using an effective width, w’, when the 

‘I’ is calculated. The effective width has a relation with the actual width, w, see Table 5.2. The values 

in this table are valid for rectangular box beams with G/E=0,375 (≈1/(2·(1+0,3)) ) and solid flanges 

and webs, thus probably not directly useful for grid-like structures. However, the values give an idea 

of the range and the trend of the w’/w ratio accompanying a different relative slenderness. The more 

slender a tubular structure becomes, the smaller the reduction of the width of the flanges is. When 

the width of the tubular structures is replaced by the effective width, the lines in Graph 5.6 become 

extremely close to each other, see Graph 5.8 (note that the vertical axis is different from the axis in 

Graph 5.6 and only the tube structures with slenderness till 10 can be examined with the formulae 

obtained in Table 5.2). The assumed shear correction factor in paragraph 5.4.1 is not applied in 

Graph 5.8. 

Table 5.2 Effective widths of the flanges in box beams ((Hildebrand & Reissner, 1943) in (Roark & Young, 1989)) 

λ 1,5 1,75 2 2,5 3 4 5 6 8 10 

w’/w4 0,550 0,600 0,632 0,685 0,724 0,780 0,815 0,842 0,876 0,899 

 

Graph 5.8 Displacements at top obtained by ANSYS divided by the hand calculation with shear lag included. 

 

                                                           
4
 In the reference the notations b’ and b are used for the widths. 
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5.5 Lateral contraction 

When a specimen is loaded in tension in one axial direction (xx), the specimen will deform in both 

the loaded direction (xx) and the transverse directions (yy). The ratio of the transverse strain to the 

axial strain is called ‘Poisson’s ratio’, named after Siméon Poisson [1781 – 1840], see Figure 5.8. 

 yy

xx

ε
ν

ε
= −  (5.14) 

  
Figure 5.8 Axial deformation Δl and transverse 

deformation Δl’ 

Figure 5.9 Constraints disabling deformation at bottom. 

‘For most purposes, Poisson’s ratio is to be the same in both tension and compression. When the 

strains in a material become large, Poisson’s ratio changes. For instance, in the case of structural 

steel the ratio becomes almost 0,5 when plastic yielding occurs. Thus, Poisson’s ratio remains 

constant only in the linearly elastic range. From a more general viewpoint, the ratio of lateral strain 

to axial strain is often called; the contraction ratio’(Gere & Timoshenko, 1997) 

Normally, when an axially loaded beam is translated to a cantilever column the beam is modelled 

with a hinged support at one side and a roller support at the other side of the bottom. The beam is 

than able to deform in the lateral direction, see Figure 5.8. When all supports would be hinged; the 

beam becomes unable to expand in the lateral direction at the bottom, see Figure 5.9; notice that Δl 

is smaller than in Figure 5.8. Since the boundary conditions should be applied to all the nodes in the 

grid (see paragraph 5.1), a discrepancy between the hand calculations and the ANSYS model is 

introduced here. These extra constraints stiffen the grid. In slender grids this effect is negligibly small, 

in stocky grids this effect could be taken into account. In case of a two-dimensional hexagrid, which 

has a large contraction ratio, these effects have a significant influence on the deformation of the grid. 

Where the grid will broaden at the unrestraint top part, the constraints at the bottom disable the 

grid to deform in lateral direction at the bottom and thereby make axial deformations more difficult. 

This effect is therefore relatively great for low and wide tubular grid-structures and becomes 

negligible small for extreme slender tubes. 

The difference between fixed and guided supports at the bottom of a grid is visualized in Figure 5.10 

and Figure 5.11; the deformations (blue) are exaggerated with an equal scaling factor for both 

figures. Both grids are loaded with equally distributed vertical concentrated loads at the top nodes. 

The sides of the guided supported grid are almost straight. The fixed supported grid is broadened at 

the top and restrained at the bottom. The difference in terms of percentage between the vertical 

displacements of Figure 5.10 and Figure 5.11 is dependent on the used sections, geometry of the grid 

and especially the height to width ratio of the grid. 
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Figure 5.10 Axially loaded; guided supports at the bottom, 

fixed support at the bottom in the middle.  

(factored displacements) 

Figure 5.11 Axially loaded; fixed supports at the bottom. 

(factored displacements) 

In reality the constraints at the bottom of a wall or building are often hardly able to move; caused by 

a relative stiff foundation or ground floor in the lateral direction of the building.  

The shear stiffness modification factor and accompanying lateral deformations of a grid due to shear 

are hardly influenced by above described lateral contraction effects because the modelling of the 

simplified cantilever with all hinges at the bottom comes very closely along with the actual built 

structure. 
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5.6 Evaluation of structural analysis grid structures 

Overall, the hand calculations give very satisfying results, especially for slender tubular grid-like 

structures. At first the structure is modeled in ANSYS in a way that matches best with reality: here 

there are considerable differences visible. To verify the obtained formulae the modelling in ANSYS 

can be adapted to obtain a better match with the hand calculations. But now the model becomes a 

unfavourable translation of the reality. A better, but far more complicated, solution would be to 

adapt the hand calculations for each individual influence to match better with a model that describes 

the actual structure the best.  

 

The combined discrepancies of the different causes make it hard to ‘read’ the results; the one effect 

can undo the other or on the contrary strengthen the effect. This relation between the different 

changes with an increasing relative slenderness; making it even harder to draw the conclusion.  

 

The lateral restraints at the bottom of a structure make lateral contraction and/or extension more 

difficult, resulting in smaller overall displacements. This knowledge could be an argument to 

investigate the effect when the grid is restricted to lateral contraction/extension at each floor level. 

The floor can easily been made relatively stiff in its plane. 

 

Paragraph 5.4 shows that the discrepancies in Graph 5.6 are probably mainly caused an incorrect 

assumption of shear deformations. The question is however, if both the shear correction factor and 

the method of including shear-lag are applicable for grid structure. The results of the hand 

calculation are in any case conservative compared to the results with (ANSYS, Inc.). More research is 

needed to verify the application of the assumed corrections for shear deformations on grid 

structures translated to corresponding solid. 
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In this chapter a preliminary design of a regular hexagonal horizontal grid-structure will be worked 

out to get a feeling of the dimensioning of the elements needed in a tubular structure. The loads and 

requirements are assumptions that not directly correspond to a certain code, but can only be used to 

obtain values in the right order of magnitude. The more precise values are not interesting for this 

thesis. Since no specific reference building is used in this thesis, it is hard to make a comparison with 

the chosen design. When a valid comparison is desired; all assumptions, codes, load, et cetera should 

be determined precisely, but especially on an equal way for both designs. That is not the objective of 

this thesis, thus global assumptions suffice. In paragraph 6.1 the dimensions of the structure, the 

used simplifications, the properties of the used material, and the load definition are stated. 

In paragraph 6.2 the calculation for the stiffness is performed using the formulae from Chapter 3, 

followed by a check for the strength and stability.  

Chapter 6         

            

 Structural design, grid structure 



68 

6.1 Design choice 

The applied grid is a regular hexagonal horizontal grid where all horizontals have equal elements as 

all diagonals. In reality each element can and should be optimized to reduce the amount of used 

material, this exercise is excluded from this thesis. 

The height of the building is determined by the story height (SH) multiplied with the number of 

stories (NS). The story height (SH) is taken as 4,0 meter. Dimensions of the elements will be 

determined for a building with 42 stories, resulting in a building height (BH) of 168 meters. These 

heights are based on well-established research on diagrid structures (triangular grid) by (Moon, 

Connor, & Fernandez, 2007). The maximum deflection at the top floor is set at 1/500 times the 

height of the structure: 

 
;max

500
total

BH
≤δ  (6.1) 

The width of the building should have a realistic value. In the Netherlands most buildings have a 

restricted width of about 30 meters concerning daylight entry regulations. Often this results in a 

building with four bays of 7,2 meters width. In other countries the width of the building is less 

restricted by daylight entry; resulting in wider buildings. In this thesis the width is a multiple of the 

width of the unit cell (WU). The width of the unit cell is dependent on; the story height, the number 

of stories per hexagon (SPH), the length of the horizontal elements, the length of the diagonal 

elements, and the angle of the diagonals. In this design SPH=1 is chosen, see Figure 6.1. 

The regular configuration of the grid combined with SH=4000 results in element lengths of: 

 / 2* / 2309,4h d SH SPH Sin mmθ= = =  (6.2) 

The unit cell has a width of UW: 

 cos 2309,4 2309,4 cos60 3463,1UW h d mmθ= + ⋅ = + ⋅ =�  (6.3) 

The hexagonal building in this chapter must have an even number of unit cells to have an odd 

number of hexagonal in the horizontal direction to receive a building with ‘straight’ edges on the plan 

of the building, see Figure 6.1 and Figure 6.3. When NH is odd; the grid must ‘fold’ around the corner. 

In an architectural point of view this could be preferable, but in favour of the simplicity of the 

modelling and calculations this is avoided.  

  
Figure 6.1 Visual of grid with SH=4000, SPH=1, θ=60°, 

w=800, b=500 

 

Figure 6.2 Architectonical rendering inside Sinosteel 

International Plaza with comparable dimensions of the 

elements. (MAD) 

When taking UW=3463,1 mm and NH is an even number, the building width results in, see (5.8): 

 (8 1)*3463,1 2309,4 cos(60 ) 500 25896BW mm= − + ⋅ + =�
 (6.4) 
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Note that this BW is a little smaller, thus more slender, than the dimensions used in (Moon, Connor, 

& Fernandez, 2007). The relative slenderness becomes 6,5. 

The maximum visual density is based on the values of Table 4.5 and chosen as 40%. According to 

(4.20) the height ‘w’ of the elements should be maximum 800 mm, see Figure II.. This section height 

is set as the maximum for the regular grids with one story per hexagon (SPH=1). The maximum visual 

density has huge influence on the results, a higher visual density results in less needed cross-

sectional area. The thickness of the walls of the grid-structure, which equals the width ‘b’ of the 

section of the elements, is set at 500 mm. 

Now all the dimensions are set except the thicknesses of the web and flanges of the elements. The 

minimum thicknesses are determined to avoid local buckling of the flanges using Eurocode 3 

(Eurocode, 1995): 

 
0

/ 40 235 /
y

b t f>  (6.5) 

In this thesis bo in above formula is replaced by w which is in this case 800 mm. For the most 

common steel grades the minimum thickness of the webs are determined: 

 S235: t 13 mm, t 20 mm
f w

> >  (6.6) 

 S355: t 16 mm, t 25 mm
f w

> >  (6.7) 

 S460: t 18 mm, t 28 mm
f w

> >  (6.8) 

6.1.1 Simplifications 

Some frequently applied simplifications are taken from (Hoenderkamp, 2007): 

� All structural elements behave linear elastically and the principle of superposition can be 

applied.  

� Floor structures have infinite flexural stiffness in their own plane. 

� Contributions from out-of-plane bending stiffness of floors and planar shear walls can be 

neglected.  

� Contributions from stiffnesses of non-structural components can be neglected. 

� The foundation has infinite rigidity. 

� The torsional and warping stiffness of beams, columns and planar walls are neglected. 

� Shear deformations in slender structural element (length/width > 5) are neglected. 

� Structural connections are either fully moment resistant or hinged. 

Additional assumptions: 

� All connections, including the connections with the foundation, are fixed supported. In other 

words; full moment resistant. 

� A static calculation is performed; dynamic effects are neglected. 

� Lateral stiffness of the core is eliminated from the calculation. 

� Rotations of the foundation, non-linear effects, and dynamic effects, which can have huge 

influence in slender buildings, are not taken into account. 
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6.1.2 Material properties 

Because a high radius of gyration benefits the stiffness of a hexagonal structure; tubular elements 

are used. Steel is in this case most obvious and common construction material. The properties of the 

used steel in the calculations in this chapter are: 

� Yield strength:   
2 355 N/mm

y
f =  

� Young’s modulus:  
2E =210.000 N/mm

s
 

� Poisson’s ratio:  0,30ν =  

� Shear modulus:  ( ) 2/ 2 (1 ) 80769N/mm
s s

G E ν= ⋅ + =  

6.1.3 Load definition 

When in this paragraph nodes are mentioned, only the nodes positioned at a vertex of a hexagon and 

at the same time positioned at the height of a floor are mentioned. 

6.1.3.1 Horizontal loads 

For the horizontal wind load a conservative rounded up equivalent uniformly distributed load is 

assumed, the wind load is applied as concentrated loads on both walls parallel to the wind direction. 

The wind load is through the floor equally divided on all the nodes at the height of the floors; see 

Figure 5.2. The uniformly distributed surface load can be translated to a uniformly distributed linear 

load acting on the simplified cantilever structure.  

� Equivalent wind surface load:  
2

;
 2,0 kN/m

wind equ
q =  

� Uniformly distributed linear load: 
2

;
25,896m  2,0 kN/m 51,8kN/m

wind equ
q = ⋅ =  

For the hand calculation the equally distributed linear load is used, this load is translated to 

concentrated loads when the model is checked with ANSYS. The wind load acting on the tube 

structure is divided over the two walls parallel to the wind direction. The wind load per story is 

divided over all the nodes in the walls parallel to the wind direction at height of the story  

� Concentrated loads:   ( );
51,8kN/m  /2 SH/NH=12,94 kN

wind equ
F = ⋅  

6.1.3.2 Vertical loads 

The vertical loads acting on the floors are built up out of several components: the dead load of the 

used floor system, the live load acting on the floor, and the accompanying safety factors. A 

conservative rounded up value is used in thesis.  

� Equivalent floor loads:   
2

;
 10,0 kN/m

floor equ
q =   

A floor span of 7,2 meters from façade to the core is assumed, leaving a central core with dimensions 

of 11 by 11 meters, see Figure 6.3. The load of half the span is applied to the façade. The vertical load 

is applied as a concentrated load to the nodes at the height of each floor. 

� Concentrated load:   
2

;
 7,2m/2 10,0 kN/m 115 kN

floor equ
F UW= ⋅ ⋅ =  
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6.1.4 Plan and view of design  

 
 

Figure 6.3 Plan and view of the building, the vertical loads on the hatched part at the bottom are transferred to the wall 

at the bottom of the figure. (no specific scale is used) 
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6.2 Calculation 

The calculation of the structure consists out of two parts; the stiffness is checked for the total 

structure, the strength is checked on element scale. Since the  

6.2.1 Stiffness 

The formulae for the effective stiffnesses in paragraph 3.1.1 can be combined with the standard 

load-deflection formulae in appendix 0 to receive the following equation: 

 

4 2

;ma * *

1 1

x

2
;

500
8 2

s s tube s t

total sh

be

ear

u

s s

BH

E G
E I G

q BH q BH

A
E G

δ α ≤
   

⋅ ⋅ ⋅ ⋅   
  

⋅


⋅ ⋅
= + ⋅

⋅

 (6.9) 

For the hand calculation the equally distributed linear load is used, this load is translated to 

concentrated loads when the model is checked with ANSYS. All dimensions of the building to be 

checked are chosen in paragraph 6.1 which can be filled in into (6.9): 

 
* *

15 71 12

4 2168000 168000 168000
336 mm

500
210000 6,245 10

51.800 51.8
1,

80769 2,771 10

0

8 2
s s

E G

E G

⋅ ⋅
+ ≤ =

   
⋅ ⋅ ⋅ ⋅ ⋅ ⋅   

 

⋅

 
⋅ ⋅

 (6.10) 

Only the stiffness modification factors are unknown in above equation. These factors contain three 

variables; θ, tf and tw. When θ=60° is chosen only the variable thickness of the flanges and the webs 

of the elements remains. To simplify the calculations, the thicknesses can be set equal to each other. 

The minimum thickness of the flanges can be calculated ‘by hand’ with the use of the computational 

computer program ‘Mathematica’ (Wolfram). This results in a thickness of minimal 43,8 mm. Another 

option is to set the thickness of the web equal to the minimal required thickness determined in 

paragraph 6.1. The derivation of the optimal values of tf and tw, under condition that δtotal=336 mm 

is a mathematical procedure, which is out of the scope of this thesis. Thereby, the section should be 

composed out of standard available plate thicknesses: 15, 20, 25, 30, 35, 40, 45, 50, 60, 70, 80, 90, 

100 mm. The section that has the smallest A under condition that w=800mm, b=500mm, tf and tw 

are available thicknesses, and a match closest to the condition δtotal≤336 mm is:  

RHS800x500x35x30 

The horizontal displacement of above section is according to the hand calculation 334 mm; 90% of 

the total displacement is caused by bending. (ANSYS, Inc.) calculates with the same input a horizontal 

displacement of 324 mm, which is 3% less than the hand calculations.  

The examined sections to determine the optimal section are in Table 6.1; the values of 

RHS800x500x15x45 are in grey because its displacement is 1 mm larger than allowed. 
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Table 6.1 Examined sections 

  w   b   tf   tw A [mm2] I [mm4] αshear;Pilkey;v=0 δ[mm] 

RHS 800 x 500 x 10 x 50 88000 5.51E+09 1.2102E+00 332 

RHS 800 x 500 x 15 x 45 84300 5.74E+09 1.3421E+00 337 

RHS 800 x 500 x 25 x 40 85000 6.57E+09 1.3484E+00 323 

RHS 800 x 500 x 30 x 35 81800 6.81E+09 1.4805E+00 334 

RHS 800 x 500 x 35 x 35 86100 7.39E+09 1.5837E+00 318 

RHS 800 x 500 x 40 x 30 83200 7.65E+09 1.7686E+00 333 

RHS 800 x 500 x 45 x 30 87600 8.21E+09 1.8552E+00 320 

RHS 800 x 500 x 45 x 45 108900 9.10E+09 1.6543E+00 252 

RHS 800 x 500 x 60 x 25 94000 9.54E+09 2.4865E+00 321 

RHS 800 x 500 x 80 x 20 105600 1.13E+10 3.4312E+00 333 

6.2.2 Strength and stability 

In this thesis less attention is paid to strength and stability of the elements, stiffness is expected to be 

normative. Failure modes on element scale such as; buckling, lateral buckling, lateral-torsional 

buckling, web buckling, web crippling et cetera are not taken into account in this thesis. Only a unity 

check is performed for the combined axial and bending membrane stress in the flanges of the 

elements; the stresses are assumed to be uniformly distributed over the flanges.  

The minimum occurring stress is, according to ANSYS, -293N/mm
2
. The maximum occurring 

combined stress in the flanges is, according to ANSYS, 185 N/mm
2
. These values occur in the corner 

diagonals at ground level at the compressive side of the tube structure. The highest absolute value of 

the occurring stress is used in the unity check: 

 

2

2

293 N/mm
1

355 N/mm

−
<  (6.11) 
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6.3 Optimization 

In order to save material, an optimization of the angle of the diagonals is performed. The width of 

the unit cell is kept constant, the height increases with an increasing angle. The stiffness modification 

factors contain three independent variables; θ, tf and tw. When changing the angle, the optimal 

section also changes. The determination of the optimum combination is a mathematic problem. This 

problem is reduced in this thesis by taking only four different angles into account. The four different 

angles are chosen in a way such that the height of the unit cell is a multiple of the story height, see 

Figure 6.4. 

 
Figure 6.4 Different angles for optimization: 60°, 74°, 79°, and 82° 

Since the size of the unit cells and the lengths of the diagonals differ for the four angles, the relative 

density of the unit cell is used to compare the different geometries. The relative densities of the 

different tested angles and sections are in appendix IX. 

A unit cell with diagonals with an angle of 79,1° gives the best result when combined with  the 

section: 

RHS800x500x40x25 

The reduction in material compared to the optimum section for the regular grid is 35%. 

 
Figure 6.5 Facade of the optimized hexagrid. 
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Chapter 7         

            

 Conclusions and recommendations 
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7.1 Conclusions 

� The translation of a grid-structure to stiffness modification factors is a very efficient method 

to calculate horizontal deflections of a structure. The results compared to finite element 

analysis show maximum differences of 8% for the very stocky structures examined in this 

thesis. The similarity converges to about 100% for slender structures. 

 

� The axial stiffness modification factor of a hexagrid is only dependent on the diagonal 

elements. The shear stiffness modification factor is dependent on both diagonal and 

horizontal elements in case of a horizontal hexagrid, and dependent on both diagonal and 

vertical elements in case of a vertical hexagrid. 

 

� The stiffness of hexagrid structures with slender elements is smaller than the stiffness of 

diagrid structures. When the slenderness ratio of the elements decreases, the difference 

between the two grids decrease as well. Since the diagrid is stretching dominated, no 

bending moments, and thereby no shear stress, can occur in the elements when all loads are 

applied on the pin-connected joints.  

 

� Slender hexagrid structures benefit from a relatively high angle of the diagonals. When the 

slenderness ratio of the structure decreases, the optimum angle decreases as well. The 

optimal angle and accompanying optimal sections are dependent on the slenderness of the 

structure. 

 

� The comparison between the different grids has not received much attention. Because the 

diagrid and the trihexagonal grid are stretching dominated it is hard to make a fair 

comparison with the bending dominated hexagrid. The chosen maximum visual density has a 

huge influence on the slenderness of the elements and thereby on the efficiency of hexagrid 

structures.  

 

� The stiffness of a trihexagonal grid has a lot in common with the diagrid. Conclusions drawn 

for the diagrid are also valid for the trihexagonal grid. The differences between these two 

grids are the lengths of the elements and the number of nodes. This influences the buckling 

length of the elements in the advantage of the trihexagonal grid. 
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7.2 Recommendations 

� Paragraph 5.4 shows that the discrepancies in Graph 5.6 in paragraph 5.3 are probably 

mainly caused by insufficient assumption with respect to the shear deformations. The 

question is however, if the shear correction factor and/or the method of including shear-lag 

are applicable in combination with the translation of grid structures to effective stiffnesses of 

corresponding solids. The horizontal displacements of the hand calculation are in any case 

conservative compared to the finite element results. More research is needed to verify the 

application of a shear correction factor on grid structures translated to a corresponding solid. 

 

� The section optimization can be expanded and computerized in order to reduce the needed 

amount of material. The sections could be optimized per location in the total structure. In 

the top of the structure smaller sections would suffice, at the bottom and in the corners of 

the structure larger sections are desired. 

 

� The stiffness, strength, and stability of the structure and elements should be calculated 

according to the local governing code. 

 

� Floors, or additional horizontal elements, can be used as tensile bars to stiffen the structure 

by preventing lateral expansion. This has the following consequences; the bending moments 

in the nodes will be strongly reduced, the slenderness ratio of the elements will be less 

important, the emphasis will be on the cross-sectional area of the elements. The stiffness is 

expected to become more comparable with the diagrid, see Figure 7.1. The hexagrid with 

tensile bars cannot be pin connected since it is still a mechanism. When a mechanism is 

loaded the elements would rotate about the nodes and the frame would collapse, it has 

neither stiffness nor strength, see Figure 7.2. Therefore the nodes of a hexagrid should 

always be fixed and the elements need a certain bending stiffness. 

  
Figure 7.1 Transformation of a diagrid to a hexagrid Figure 7.2 Collapse of a mechanism 
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� The elements of a hexagrid are calculated using Timoshenko beam theory (Timoshenko & 

Gere, 1961) and (Gere & Timoshenko, 1997). The lengths of the beam-like elements are 

assumed to be equal to the lengths of the sides of the hexagons. This assumption is valid for 

slender elements. When the slenderness ratio of the elements decreases the overlap in the 

nodes have influence on the effective bendable length and on the accuracy of the relative 

density. The detailing of the node has influence on the stiffness of the structure. The use of 

solid mechanics
5
 would result in more accurate result including the influence of the overlap 

in the nodes. The unit can, as an alternative, be modelled with shell elements, see Figure 7.3.  

 
Figure 7.3 Mechanical model with shell elements of a hexagrid unit cell. 

                                                           

5
 Common practical applications of solid mechanics are the Timoshenko beam theory and the simplified Euler-

Bernoulli beam theory. 
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I. Load-deflection formulae 

All the bending and shear stiffness formulae of the grids are related to a solid cantilever bar; this 

means that standard load deflection formulae for a cantilever beam can be used to calculate the 

deflection of a certain grid, see Figure I.1 and the formulae below: 

 
Figure I.1 Mechanical model 

 

4

;
8

bending

grid effective

q H

EI

⋅
=

⋅
δ  (I.1) 

 

2

;
2

shear shear

grid effective

q H

GA

⋅
= ⋅

⋅
δ α  (I.2) 

 total bending shear
δ δ δ= +  (I.3) 

  
Figure I.2 Deflection due to bending Figure I.3 Deflection due to shear 

The factor ´αshear’ in (I.2) is called the ‘shear correction factor’; this factor takes the shape of the 

cross-section into account. This factor will be explained in appendix II. 
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II. Shear correction factor 

In most structures shear deformations are neglected because their share is negligibly small compared 

to axial deformations or bending deformations. When the shear deformations are not neglected, 

their share on the total deformations usually stays subordinate to the other deformations. In this 

case it is not a big issue to simplify the calculation of the shear deformation in most cases. The shear 

stress is assumed to be equally divided over the area of the section. The average shear stress and the 

total cross-sectional area are used in global calculations. In calculations for stocky elements the shear 

deformation becomes significant; a more precise shear deformation calculation is desirable. 

Therefore the shear correction factor ‘αshear’ is added to the formulae.  

‘The shear correction factor may be viewed as the ratio of the actual beam cross-sectional area to the 

effective area resisting shear deformation.’(Pilkey, 1994) 

In this thesis rectangular hollow sections are used in the case of stocky elements, also known as ‘box 

beams’. When slender elements are used the shear correcting factor is not taken into account. 

According to (Roark & Young, 1989) approximate results for I- or box beams may be obtained using 

αshear = 1,0 and taking for the cross-sectional area only the area of the web(s). Roark uses the 

notation ‘F’ instead of αshear; another common notation for the shear correction factor used in 

literature is ‘η’. A more ‘precise’ shear correction factor can be obtained in several ways; in literature 

there is still discussion on with method suits the best. The shear modification factor is dependent on 

the geometry of the section and in some cases also dependent on the Poisson’s ratio
6
 ‘ν’ of the used 

material. 

In this thesis the formulae for the shear correction factors determined by Pilkey (1994) and Roark 

(1989) are examined and compared with the shear correction factor used in ANSYS, which will be 

derived later on. 

Pilkey (1994) determined a shear correction factor, which includes effects of Poisson’s ratio: 

 

2 3 2 3 2 2

; ; 2

(12 72 150 90 ) (11 66 135 90 ) 10 ((3 ) 3 )

10(1 )(1 3 )
shear Pilkey RHS

m m m m m m n m m

m

ν ν
α

ν

+ + + + + + + + + +
=

+ +
(II.1) 

Where (see Figure II.47
) 

( 2 ) /
w f w

m b t t w t= − ⋅ ⋅ ⋅
 

( 2 )/
w

n b t w= − ⋅  

                                                           
6
 Theoretically, Poisson’s ratio is limited by 1

2
1 ν− < < , depending on the material. There are only a few 

materials, particularly some special foams, that have a Poisson’s ratio outside the range of 1
2

0 ν< < . For steel 

0,27 0,30ν< < , in this thesis 0,30
steel

ν = . For comparison 0,10 0,20
concrete

ν< < .  
7
 In the original formula the parameters m and n are defined slightly different than in Figure II.. 
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Figure II.4 Parameters of cross-sectional shape of a RHS 

Roark (1989) determined a shear correction factor, which only takes into account geometrical 

parameters: 

 
2 2 2

2 1 1 2 2
; ; 3 2
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3 ( ) 4
1 1

2 10
shear Roark RHS

D D D t D

tD r
α

  ⋅ − ⋅ ⋅
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⋅ ⋅   
 (II.2) 

Where (see Figure II.): 

1
1 2 f

D w t= ⋅ −  = distance from neutral axis to the nearest surface of the flange 

1
2 2

D w= ⋅  = distance from neutral axis to extreme fiber 

1
2

w
t t= ⋅ t1 = thickness of webs 

2
t b= = width of flange 

I
r

A
= = radius of gyration of section with respect to the neutral axis 

Since (ANSYS, Inc.) does not describe the used shear correction factor explicitly; this factor is found 

by modelling a cantilever column with a concentrated load at the top. Obviously the used elements 

themselves should include shear deformations. The cantilever should be relatively stocky in order to 

have relatively large shear displacements compared to the total displacement; this is favourable to 

reduce round-off errors. The cantilever should have a fine mesh in order to have a converging 

solution. The shear correction factor is found by subtracting the bending deformations of the 

cantilever column from the total deformation found in ANSYS and then dividing this ‘residual shear 

deformation’ by the standard formula for shear displacement of a cantilever column; see (II.2): 

 

3

;

;

- 
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total ANSYS

shear ANSYS

F l

EI

F l

GA

δ

α
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⋅ =
⋅ 

 
 

 (II.3) 

According to(ANSYS, Inc.): 

‘The transverse shear distribution calculation neglects the effects of Poisson's ratio. The Poisson's 

ratio affects the shear correction factor and shear stress distribution slightly.’ 

When the Poisson's ratio is neglected in (II.1) the results approach the shear correction factor 

derived in (II.3). In Table II.1 an overview of different shear correction factors is given for a selection 
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of sections. The factor obtained by Pilkey (1994) with 0, 0ν =  matches best with the results obtained 

with ‘ANSYS’; this factor will be used in this thesis. Obviously it is wise to check the shear correction 

factor of a certain section and compare it with (II.3) before a ‘hand-calculation’ of a grid structure is 

compared with results from ANSYS. 

The value of the shear correction factor, for sections with ≥w b  and = 0,0,v varies according to 

Pilkey (1994) from 1,2 for a rectangular solid section to 2,4 for a thin walled box section. When 

Poisson’s ratio is included in Pilkey’s formula the values are maximal 6,25% lower than the values for 

0,0.ν =  
Table II.1 Overview of shear correction factors of different sections 

Section 
;shear Roark

α  ; ; 0,3shear Pilkey =να   
; ; 0,0shear Pilkey =να   

; ; 188shear ANSYS BEAM
α  

RHS500x500x50 1,9961 1,9946 2,0703 2,2038 

RHS800x500x20 1,8596 1,6871 1,7384 1,7572 

RHS1200x500x20 1,6451 1,4574 1,4938 1,5010 

RHS1600x500x20 1,5360 1,3573 1,3882 1,3902 

The shear correction factors of the tube structures calculated in this thesis are obtained in the similar 

matter, with ν=0,0. All structures have a square plan. The thickness of the walls is given by b=500 

mm. 
Table II.2 Overview of shear correction factors of different tube structures. 

 BW [mm] W.D. Pilkey ν=0,0 

NV=6 18475 2,3077 

NV=8 25396 2,3327 

NV=10 32332 2,3470 

NV=14 46188 2,3628 
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III. Axial stiffness modification factors, slender elements 

III.A. Axial stiffness modification factor, hexagonal vertical grid 

The deformation of an infinite hexagonal vertical grid under uniaxial compression is shown in Figure 

III.A.5. The related moments are visualized in Figure III.A.6, there are no moments in the vertical 

elements In order to calculate the axial stiffness modification factor hinges are modeled at half the 

length of the diagonal and vertical elements, where the bending moments are equal to zero.  

  
Figure III.A.5 Deformation of an infinite grid under 

uniaxial compression (Oasys) 

Figure III.A.6 Moments in beams of infinite grid under 

uniaxial compression (Oasys) 

In order to calculate the axial stiffness modification factor, hinges are modelled at half the length of 

the diagonal and vertical elements, where the bending moments are equal to zero, see Figure III.A.6. 

The dashed rectangle in Figure III.A.7 shows the borders of the unit cell, the smaller dashed-dotted 

rectangle corresponds to the dimensions of Figure III.A.9. 

 
Figure III.A.7 Hinges at locations where the moment is equal to zero. 

The compression of the unit cell is in general caused by shortening of elements subjected to axial 

forces and by deformation of elements subjected to bending moments. As stated in Chapter 3 for 

hexagrids with slender elements the bending of elements is normative, for the triangular and 

trihexagonal grids only axial deformations are taken into account. The only deformation taken into 

account for the hexagonal vertical grid is the vertical deflection of the diagonal elements due to 

bending. The stress is divided by the strain to find the dimensionless axial stiffness modification 

factor E1
*/Es; where E1

*
 is the stiffness of the grid in X1-direction, recognizable by the superscript *. 

Es is the Young’s modulus of the used material in the elements, the subscript ‘s’ stands for solid. 

The axial stiffness modification factor of a grid is determined by loading a unit cell with a uniformly 

distributed load σ1, see Figure III.A.8. In Figure III.A.9 the uniformly distributed load is translated 

into two concentrated loads F: 

 
σ θ∑ = ⇒ = ⋅ ⋅ ⋅

1 1
0          cos      X F d b

 (III.A.1) 
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Figure III.A.8 Schematization of the derivation  

of the axial stiffness modification factor 

Figure III.A.9 Mechanical model of the derivation of the 

axial stiffness modification factor 

The displacement of a half unit cell due to bending of the elements is received by the standard 

formula for a cantilever column (see Figure III.A.10 which is a part of Figure III.A.9) and is called 

δbending: 

 

31
2

cos ( )

3
bending

s d

F d

E I

θ
δ

⋅ ⋅ ⋅
=

⋅ ⋅
 (III.A.2) 

 

Figure III.A.10 Bending element; part of the mechanical model 

The displacement in X1-direction, Δl, is divided by the half the height of the unit cell, l, to receive the 

strain, ε: 
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III.B. Axial stiffness modification factor, triangular vertical grid  

In the triangular grids shortening of the elements is normative; in these cases the bending of 

elements will be ignored; all connections are pinned. The only deformation taken into account is the 

vertical deflection of the vertical elements due to compression.

 

Buckling of elements is not taken into 

account in the derivations of the stiffnesses; when a structure is checked for strength buckling should 

be taken into account. The schematization of the concept in Figure III.B.11 is translated into the 

mechanical model in Figure III.B.12, where: 

 
σ θ∑ = ⇒ = ⋅ ⋅ ⋅

1 1
0          cos      X F d b  (III.B.1) 

 

 

 

Figure III.B.11 Schematization of concept Figure III.B.12 Mechanical model

The strain in X1-direction that is needed to determine the axial stiffness modification factor is: 

 σ θ
ε

⋅ ⋅ ⋅∆
= = =

⋅ ⋅
1

1

co s

v s v s

d bl F

l A E A E
 (III.B.2) 
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III.C. Axial stiffness modification factor, triangular horizontal grid  

In the triangular grids shortening of the elements is normative; in these cases the bending of 

elements will be ignored; all connections are pinned. Buckling of elements is not taken into account 

in the derivations of the stiffnesses; when a structure is checked for strength buckling should be 

taken into account. The shortening in X1-direction causes a lengthening in X2-direction; this causes 

tensile reaction forces, Fh, in the horizontal elements. The stresses in Figure III.C.13 are translated 

into the forces in Figure III.C.14, where: 

 
σ

θ σ
θ

⋅ ⋅
∑ = ⇒ ⋅ ⋅ = ⋅ ⋅ ⇒ =

⋅
1

1 1

 
0          2 sin          

2 sin
d d
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h d h
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Figure III.C.13 Schematization of concept Figure III.C.14 Translated forces on unit cell

A single triangle is separated from the grid and brought under compression in the X1-direction, see 

Figure III.C.15. 

 
Figure III.C.15 Mechanical model of deformation of a single triangle under compression in X1-direction 

There is a geometric relation between the original triangle and the deformed triangle in Figure 

III.C.15; this can be derived using the Pythagorean Theorem: 
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Original triangle: + ⋅ =2 2 21

2
( )l h d  (III.C.3) 

Deformed triangle: −∆ + ⋅ + ∆ = − ∆2 2 21

2
( ) ( ( )) ( )l l h h d d  (III.C.4) 

Ignoring ∆ ∆ ∆ ∆� �2 2,l l h h and ∆ ∆�2d d , subtracting (III.C.3) from (III.C.4) gives: 

 − ⋅ ⋅∆ + ⋅ ⋅∆ =− ⋅ ⋅∆1

2
2 2l l h h d d  (III.C.5) 

Where:  θ θ= ⋅ = ⋅ ⋅sin , 2 cosl d h d  (III.C.6) 

 θ θ− ⋅ ⋅ ⋅∆ + ⋅ ⋅∆ = − ⋅ ⋅ ∆2 sin cos 2d l d h d d  (III.C.7) 

 
θ

θ θ

∆ ⋅∆
∆ = +

⋅

cos

sin 2 sin

d h
l  (III.C.8) 

 ε ε ε
↔

∆ = ⋅ ∆ = ⋅ ∆ = ⋅� �
, ,l l d d h h  (III.C.9) 

Combining (III.C.6), (III.C.8) and (III.C.9) gives: 

 

θ
ε ε ε

θ θ
↔= ⋅ + ⋅� �

2

2 2

1 cos

sin sin
 (III.C.10) 

The strain in the diagonal direction, ε
�, and the strain in the horizontal direction, ε

↔  are easily 

determined: 

 
σ

ε
θ

⋅ ⋅
= =

⋅ ⋅ ⋅ ⋅�
1

2 sin

d

d s d s

F b h

A E A E
 (III.C.11) 

 
σ θ

ε
θ↔

⋅ ⋅ ⋅
= =

⋅ ⋅ ⋅ ⋅
1

cos

2 sin

h

h s h s

F b h

A E A E
 (III.C.12) 

The strain in X1-direction that is needed to determine the axial stiffness modification factor is: 

 
σ σ θ

ε ε
θ θ

⋅ ⋅ ⋅ ⋅ ⋅
= = +

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
�

3

1 1
1 3 3

cos

2 sin 2 sin
d s h s

b h b h

A E A E
 (III.C.13) 

 
θσ

ε θ

⋅ ⋅ ⋅
= ⇒ =

⋅ ⋅ + ⋅ ⋅ ⋅

3*

1

3

2 sin
          

cos

d h

s h d

A AE
E

E A b h A b h
 (III.C.14) 
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III.D. Axial stiffness modification factor, trihexagonal vertical grid 

In the trihexagonal grids shortening of the elements is normative; in these cases the bending of 

elements will be ignored; all connections are pinned. The only deformation taken into account is the 

vertical deflection of the vertical elements due to compression.

 

Buckling of elements is not taken into 

account in the derivations of the stiffnesses; when a structure is checked for strength buckling should 

be taken into account. The schematization of the concept in Figure III.D.16 is translated into the 

mechanical model in Figure III.D.17, where: 

 θ σ θ∑ = ⇒ + ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅
1 1

0          2 sin 2 cos
v d

X F F d b  (III.D.1) 

 θ∑ = ⇒ ⋅ ⋅ = ⇒ =
2

0          2 cos 0         0
d d

X F F  (III.D.2) 

Inserting (III.D.2) in (III.D.1) gives: 

 
σ θ= ⋅ ⋅ ⋅ ⋅

1
2 cos

v
F d b  (III.D.3) 

 

 

Figure III.D.16 Schematization of concept Figure III.D.17 Translated forces on unit cell

The strain in X1-direction that is needed to determine the axial stiffness modification factor is: 

 
σ θ

ε
⋅ ⋅ ⋅ ⋅

= =
⋅ ⋅

1
1

2 cos
v

v s v s

F d b

A E A E
 (III.D.4) 

 
σ

ε θ
= ⇒ =

⋅ ⋅ ⋅

*

1          
2 cos

v

s

AE
E

E d b
 (III.D.5) 
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III.E. Axial stiffness modification factor, trihexagonal horizontal grid  

In the trihexagonal grids shortening of the elements is normative; in these cases the bending of 

elements will be ignored; all connections are pinned. The only deformation taken into account is the 

vertical deflection of the vertical elements due to compression.

 

Buckling of elements is not taken into 

account in the derivations of the stiffnesses; when a structure is checked for strength buckling should 

be taken into account. The schematization of the concept in Figure III.E.18 is translated into the 

mechanical model in Figure III.E.19, where: 

 
σ

θ σ
θ

⋅ ⋅
∑ = ⇒ ⋅ ⋅ = ⋅ ⋅ ⋅ ⇒ = 1

1 1

 
0          2 sin 2          

sin
d d

b h
X F b h F  (III.E.1) 

 
σ θ

θ
θ

⋅ ⋅ ⋅
∑ = ⇒ = ⋅ ⇒ = 1

2

cos
0          cos          

sin
h d h

b h
X F F F  (III.E.2) 

 

 

Figure III.E.18 Schematization of concept Figure III.E.19 Translated forces on unit cell

The triangular part of the unit cell is separated and brought under compression in the X1-direction, 

see Figure III.E.20. 

 
Figure III.E.20 Mechanical model of deformation of a single triangle under compression in X1-direction 

There is a geometric relation between the original triangle and the deformed triangle in Figure 

III.E.20; this can be derived using the Pythagorean Theorem: 
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Original triangle: + ⋅ =2 2 21

2
( )l h d  (III.E.3) 

Deformed triangle: −∆ + ⋅ + ∆ = − ∆2 2 21

2
( ) ( ( )) ( )l l h h d d  (III.E.4) 

Ignoring ∆ ∆ ∆ ∆� �2 2,l l h h and ∆ ∆�2d d , subtracting (III.E.3) from (III.E.4) gives: 

 − ⋅ ⋅∆ + ⋅ ⋅∆ =− ⋅ ⋅∆1

2
2 2l l h h d d  (III.E.5) 

Where:  θ θ= ⋅ = ⋅ ⋅sin , 2 cosl d h d  (III.E.6) 

 θ θ− ⋅ ⋅ ⋅∆ + ⋅ ⋅∆ = − ⋅ ⋅ ∆2 sin cos 2d l d h d d  (III.E.7) 

 
θ

θ θ

∆ ⋅∆
∆ = +

⋅

cos

sin 2 sin

d h
l  (III.E.8) 

 ε ε ε
↔

∆ = ⋅ ∆ = ⋅ ∆ = ⋅� �
, ,l l d d h h  (III.E.9) 

Combining (III.E.6), (III.E.8) and (III.E.9) gives: 

 

θ
ε ε ε

θ θ
↔= ⋅ + ⋅� �

2

2 2

1 cos

sin sin
 (III.E.10) 

The strain in the diagonal direction,ε�, and the strain in the horizontal direction, ε
↔  are easily 

determined: 

 
σ

ε
θ

⋅ ⋅
= =

⋅ ⋅ ⋅�
1

sin

d

d s d s

F b h

A E A E
 (III.E.11) 

 
σ θ

ε
θ↔

⋅ ⋅ ⋅
= =

⋅ ⋅ ⋅
1

cos

sin

h

h s h s

F b h

A E A E
 (III.E.12) 

The strain in X1-direction that is needed to determine the axial stiffness modification factor is: 

 
σ σ θ

ε ε
θ θ

⋅ ⋅ ⋅ ⋅ ⋅
= = +

⋅ ⋅ ⋅ ⋅
�

3

1 1
1 3 3

cos

sin sin
d s h s

b h b h

A E A E
 (III.E.13) 

 
θσ

ε θ

⋅ ⋅
= ⇒ =

⋅ ⋅ + ⋅ ⋅ ⋅

3*

1

3

sin
          

cos

d h

s h d

A AE
E

E A b h A b h
 (III.E.14) 
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IV. Shear stiffness modification factors, slender elements 

IV.A. Shear stiffness modification factor, hexagonal vertical grid 

The deformation of an infinite hexagonal vertical grid under shear load is shown in Figure IV.A.21. 

The related moments are visualized in Figure IV.A.22, for regular grids the moments in the vertical 

elements are two times the moments in the diagonal elements. Just like the calculation for the axial 

stiffness factor, hinges are modeled at half the length of the diagonal and vertical elements, where 

the bending moments are equal to zero, see Figure IV.A.22. 

  
Figure IV.A.21 Deformation of an infinite grid under shear 

load (Oasys)  

Figure IV.A.22 Moments in beams of infinite grid under 

shear load (Oasys) 

The shear stiffness modification factor of a grid is determined by loading a unit cell of a grid with a 

horizontal shear load τ, see Figure IV.A.23. The shear deformation of the unit cell, δshear, is caused by 

shortening of elements subjected to axial forces, shear deformation of elements under shear load 

and by deflection of elements subjected to bending moments. The horizontal shear load is divided by 

the strain to find the dimensionless shear stiffness modification factor G12
*/Gs

 
where G12

* is the shear 

stiffness of the grid in X1-direction, recognizable by the superscript *, and Es is the Young’s modulus 

of the used material in the elements. 

 

 
Figure IV.A.23 Schematization of the derivation  

of the shear stiffness modification factor 

Figure IV.A.24 Mechanical model of the derivation  

of the shear stiffness modification factor 
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In the hexagrids the shear deformation caused by bending of the elements is normative; in these 

cases the shortening of elements and shear deformations of the individual elements will be ignored. 

The schematization of the concept in Figure IV.A.23 is translated into the mechanical model in Figure 

IV.A.24, where τ is replaced by a concentrated load F. The moments at the midpoints of the 

elements are equal to zero; here the connections of the model are hinged.  

 
τ τ θ

θ
= ⇒ = ⋅ ⋅ ⋅ ⋅

⋅ ⋅ ⋅
2 cos

2 cos

F
F d b

d b
 (IV.A.1) 

The resisting moments in Figure IV.A.24 are both equal because Id = Id and d = d: 

 
1

2
2 M F v⋅ = ⋅ ⋅  (IV.A.2) 

 
1

4
M F v= ⋅ ⋅  (IV.A.3) 

Using the standard formula in Figure IV.A.25: 

 

Figure IV.A.25 Standard formula 

 
1
2

( )1

3

M d

E I
ϕ

⋅ ⋅
= ⋅

⋅
 (IV.A.4) 

Combining (IV.A.3) and (IV.A.4) gives: 

 
24

s d

F v d

E I
ϕ

⋅ ⋅
=

⋅ ⋅
 (IV.A.5) 

The transversal displacement of a half unit cell due to rotation of the nodes is called δφ: 

 

2

1

2
48

s d

F v d
v

E I
ϕδ ϕ

⋅ ⋅
= ⋅ ⋅ =

⋅ ⋅
 (IV.A.6) 

The transversal displacement of a half unit cell due to bending of the elements is received by the 

standard formula for a cantilever column (see Figure IV.A.26 which is a part of Figure IV.A.24) and is 

called δbending: 

 
Figure IV.A.26 Standard formula 

 
( )

3
1 3
2

3 24
bending

s v s v

F v F v

E I E I
δ

⋅ ⋅ ⋅
= =

⋅ ⋅ ⋅ ⋅
 (IV.A.7) 
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The shear displacement of a half unit cell, δshear, is received by adding the displacement due to 

rotation with the displacement due to bending: 

 

2 3

48 24
shear bending

s d s v

F v d F v

E I E I
ϕδ δ δ

⋅ ⋅ ⋅
= + = +

⋅ ⋅ ⋅ ⋅
 (IV.A.8) 

The shear displacement in X2-direction, δshear, is divided by the height of the model in Figure IV.A.24, 

equal to half the height of the unit cell, to receive the shear strain, γ.  

 
1 1
2 2

( sin )

shear

v d

δ
γ

θ
=

⋅ + ⋅ ⋅
 (IV.A.9) 

 

2 3

24 ( sin ) 12 ( sin )
s d s v

F v d F v

E I v d E I v d
γ

θ θ

⋅ ⋅ ⋅
= +

⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ + ⋅
 (IV.A.10) 

 

2 2 3cos cos

12 ( sin ) 6 ( sin )
s d s v

d v b d v b

E I v d E I v d

τ θ τ θ
γ

θ θ

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
= +

⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ + ⋅
 (IV.A.11) 

 
* *

12 12 2 2 3cos cos

12 ( sin ) 6 ( sin )
s d s v

G G
d v b d v b

E I v d E I v d

τ τ

γ τ θ τ θ

θ θ

= ⇒ =
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

+ 
⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ + ⋅ 

 (IV.A.12) 

 
( )

*

12

2 2 3

12 ( sin )

cos 2 cos

s d v

s s v d

E I I v dG

G G d v b I d v b I

θ

θ θ

⋅ ⋅ ⋅ + ⋅
=

⋅ ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ ⋅
 (IV.A.13) 

 
2 (1 )

s

s

E
G

ν
=

⋅ +
 (IV.A.14) 

 

*

12

2 2 3

24 ( sin ) (1 )

cos 2 cos

d v

s v d

I I v dG

G d v b I d v b I

θ ν

θ θ

⋅ ⋅ ⋅ + ⋅ ⋅ +
=

⋅ ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ ⋅
 (IV.A.15) 
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IV.B. Shear stiffness modification factor, triangular horizontal grid  

In the triangular grids the shear deformation caused shortening of the elements is normative; in 

these cases the bending of elements will be ignored, all connections are pinned. Buckling of elements 

is not taken into account in the derivations of the stiffnesses; when a structure is checked for 

strength buckling should be taken into account. The shear forces in Figure IV.B.27 are translated into 

the axial forces in Figure IV.B.28. 

  
Figure IV.B.27 Schematization of concept Figure IV.B.28 Mechanical model

 1 1 2 3
0          sin sinX F F Fθ θ∑ = ⇒ ⋅ = ⋅ +  (IV.B.1) 

 2 1 2
0          cos cosX F F h bθ θ τ∑ = ⇒ ⋅ + ⋅ = ⋅ ⋅  (IV.B.2) 

Due to symmetry: 
1 2 d

F F F= =  (IV.B.3) 

 
3

0
h

F F= =  (IV.B.4) 

 2 cos
d

F h bθ τ⋅ ⋅ = ⋅ ⋅  (IV.B.5) 

 
h

2 cos
d

b
F

τ

θ

⋅ ⋅
=

⋅
 (IV.B.6) 

 
Figure IV.B.29 Mechanical model of deformation of a single triangle under shear load in X2-direction 

Original triangle using Pythagorean Theorem: 

 
2 2 21

2
( )l h d+ ⋅ =  (IV.B.7) 
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Deformed triangle using Pythagorean Theorem: 

 
2 2 21

2
( ) ( )

s
l h d dδ+ ⋅ + = +∆  (IV.B.8) 

 
2 2 2 2 2 21

4
2

s s
l h h d d d dδ δ+ ⋅ + ⋅ + = + ⋅ ⋅∆ +∆  (IV.B.9) 

 
2 20, 0

s s
d dδ δ ≈ ∆ ∆ ≈� �  (IV.B.10) 

(IV.B.7), (IV.B.9) and (IV.B.10) gives: 

 
2

2
s s

d d
h d d

h
δ δ

⋅ ⋅ ∆
⋅ = ⋅ ⋅ ∆ ⇒ =  (IV.B.11) 

 2 cos
cos

s

d
h d θ δ

θ

∆
= ⋅ ⋅ ⇒ =  (IV.B.12) 

 

2h

2 cos

d

d

d s d s d s

Fd b d d b
d

d A E A E A E

τ τ
ε

θ

∆ ⋅ ⋅ ⋅ ⋅ ⋅
= = ⇒ ∆ = =

⋅ ⋅ ⋅ ⋅ ⋅
 (IV.B.13) 

 

2

cos
s

d s

d b

A E

τ
δ

θ

⋅ ⋅
=

⋅ ⋅
 (IV.B.14) 

 
sin cos sin

s

d s

d b

d A E

δ τ
γ

θ θ θ

⋅ ⋅
= =

⋅ ⋅ ⋅ ⋅
 (IV.B.15) 

 
* *

12 12

cos sin
d s

G G
d b

A E

τ τ

γ τ

θ θ

= ⇒ =
 ⋅ ⋅
 

⋅ ⋅ ⋅ 

 (IV.B.16) 

 
2 (1 )

s

s

E
G

ν
=

⋅ +
 (IV.B.17) 

 

*

12
2 cos sin (1 )

d

s

AG

G d b

θ θ ν⋅ ⋅ ⋅ ⋅ +
=

⋅
 (IV.B.18) 
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V. Relative density 

V.A. Relative density of triangular grids 

The parameters of the relative density of a triangular vertical grid and a triangular horizontal grid are 

visualized in Figure V.A.31 and Figure V.A.33. In (V.A.1) and (V.A.2) Av, Ad and Ah stand for the cross-

sectional area of the vertical, diagonal and horizontal elements respectively: 

Triangular vertical grid: 
ρ

ρ θ

⋅ + ⋅ ⋅
= =

⋅ ⋅ ⋅

*

;

2

cos

v d

tri vert

solid

v A d A
r

v d b
 (V.A.1) 

 
Figure V.A.30 Triangular vertical grid, the division into 

unit cells is rendered in dashed lines 

Figure V.A.31 Triangular vertical unit cell 

Triangular horizontal grid: 
ρ

ρ θ

⋅ + ⋅ ⋅
= =

⋅ ⋅ ⋅

*

;

2

sin

h d

tri hor

solid

h A d A
r

h d b
 (V.A.2) 

 
Figure V.A.32 Triangular horizontal grid, the division into 

unit cells is rendered in dashed lines 

Figure V.A.33 Triangular horizontal unit cell 

A regular grid ( θ θ= = = = = = = =� �, , 30 60
v h d v h

v h d l A A A A or ) is isotropic; the formula for rtri 

reduces to:  

 

ρ

ρ

⋅ + ⋅ ⋅
= = = ⋅ ⋅

⋅
⋅ ⋅ ⋅ ⋅

*

;

2
2 3

1
3

2

tri regular

solid

l A l A A
r

l b
l l b

 (V.A.3) 
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V.B. Relative density of trihexagonal grids  

The parameters of the relative density of a trihexagonal vertical grid and a trihexagonal horizontal 

grid are visualized in Figure V.B.35 and Figure V.B.37. In (V.B.1) and (V.B.2) Av, Ad and Ah stand for 

the cross-sectional area of the vertical, diagonal and horizontal elements respectively: 

Trihexagonal vertical grid: 
ρ

ρ θ

⋅ ⋅ + ⋅ ⋅
= =

⋅ ⋅ ⋅ ⋅

*

;

2 4

4 cos

v d

trihex vert

solid

v A d A
r

v d b
 (V.B.1) 

 
Figure V.B.34 Trihexagonal vertical grid, the division into 

unit cells is rendered in dashed lines 

Figure V.B.35 Trihexagonal vertical unit cell 

Trihexagonal horizontal grid: 
ρ

ρ θ

⋅ ⋅ + ⋅ ⋅
= =

⋅ ⋅ ⋅ ⋅

*

;

2 4

4 sin

h d

trihex hor

solid

h A d A
r

h d b
 (V.B.2) 

 
Figure V.B.36 Trihexagonal horizontal grid, the division 

into unit cells is rendered in dashed lines 

Figure V.B.37 Trihexagonal horizontal unit cell 

A regular grid ( θ θ= = = = = = = =� �, , 30 60
v h d v h

v h d l A A A A or ) is isotropic; the formula for rtrihex 

reduces to:  

 

ρ

ρ

⋅ ⋅
= = =

⋅
⋅ ⋅ ⋅

*

;
2

6
3

1
4 3

2

trihex regular

solid

l A A
r

l b
l b

 (V.B.3) 
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VI. Visual densities 

VI.A. Visual density of triangular grids 

Different visual densities of triangular horizontal grids are visualized in Figure VI.A.38. The 

parameters of the visual density of a hexagonal vertical grid and a hexagonal horizontal grid are 

visualized in Figure VI.A.39 and Figure VI.A.40. In (VI.A.1) and (VI.A.2) wv, wd and wh stand for the 

visible width of the vertical, diagonal and horizontal elements respectively: 

   

rvis=0,1 rvis=0,3 rvis=0,5 

Figure VI.A.38 Visual densities triangular grid 

 
θ

⋅ + ⋅ ⋅
= =

⋅ ⋅

*

; ;

2

cos

vis v d

vis tri vert

solid

A v w d w
r

A v d
 (VI.A.1) 

 
θ

⋅ + ⋅ ⋅
= =

⋅ ⋅

*

; ;

2

sin

vis h d

vis tri hor

solid

A h w d w
r

A h d
 (VI.A.2) 

 
 

Figure VI.A.39 Triangular vertical unit cell Figure VI.A.40 Triangular horizontal unit cell 

A regular grid ( θ θ= = = = = = = =� �, , 30 60
v h d v h

v h d l w w w w or ) is isotropic; the formula for rvis;tri 

reduces to:  

 

⋅ + ⋅ ⋅
= = = ⋅ ⋅

⋅ ⋅ ⋅

*

; ;

2
2 3

1
3

2

vis

vis tri regular

solid

A l w l w w
r

A l
l l

 (VI.A.3) 
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VI.B. Visual density of trihexagonal grids  

Different visual densities of trihexagonal horizontal grids are visualized in Figure VI.B.41. The 

parameters of the visual density of a hexagonal vertical grid and a hexagonal horizontal grid are 

visualized in Figure VI.B.42 and Figure VI.B.43. In (VI.B.1) and (VI.B.2) wv, wd and wh stand for the 

visible width of the vertical, diagonal and horizontal elements respectively: 

   

rvis=0,1 rvis=0,3 rvis=0,5 
Figure VI.B.41 Visual densities trihexagonal grid 

 
θ

⋅ ⋅ + ⋅ ⋅
= =

⋅ ⋅ ⋅

*

; ;

2 4

4 cos

vis v d

vis trihex vert

solid

A v w d w
r

A v d
 (VI.B.1) 

 
θ

⋅ ⋅ + ⋅ ⋅
= =

⋅ ⋅ ⋅

*

; ;

2 4

4 sin

vis h d

vis trihex hor

solid

A h w d w
r

A h d
 (VI.B.2) 

 
 

Figure VI.B.42 Trihexagonal vertical unit cell Figure VI.B.43 Trihexagonal horizontal unit cell 

A regular grid ( θ θ= = = = = = = =� �, , 30 60
v h d v h

v h d l w w w w or ) is isotropic; the formula for rvis;trihex 

reduces to:  

 

*

;
2

6
3

1
4 3

2

vis

trihex regular

solid

A l w w
r

A l
l

⋅ ⋅
= = = ⋅

⋅ ⋅

 (VI.B.3) 
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VII. ANSYS input file 
FINISH 

/CLEAR 

/TITLE,HEXAGONAL HORIZONTAL TUBE 

 

/PREP7     

 

NDIV=1     

 

W=1200    ! WIDTH OF ELEMENT 

B=500    ! DEPTH OF ELEMENT 

TF=20 

TW=20 

HOEK=60    

PI=ACOS(-1) 

ANGLE=HOEK/180*PI   

 

SH=4000    ! STORY HEIGHT 

SPH=1 

*ASK,NS,NS,30   ! NUMBER OF STORIES 

 

NH=10    ! EVEN NUMBER OF UNIT CELLS HORIZONTALLY 

 

DHD=SPH/2*SH/TAN(ANGLE)  ! D*COS(ANGLE) 

BW=((NH-1)*3+1)*DHD  ! BUILDING WIDTH 

D=SH/2*SPH/SIN(ANGLE)  ! LENGTH OF DIAGONALS       

 

ET,1,BEAM189                  ! 2D BEAM ELEMENT HORIZONTALS 

SECTYPE,1,BEAM,HREC 

SECDATA,W,B,TW,TW,TF,TF  ! W1=B,W2=R 

MP,EX,1,210000   ! YOUNG’S MODULUS OF STEEL 

MP,GXY,1,81000   ! SHEAR MODULUS OF STEEL 

MP,PRXY,,0.3   ! POISSON’S RATIO OF STEEL 

 

ET,2,BEAM189                  ! 2D BEAM ELEMENT DIAGONALS  

SECTYPE,2,BEAM,HREC 

SECDATA,W,B,TW,TW,TF,TF   

MP,EX,2,210000    

MP,GXY,2,81000 

MP,PRXY,,0.3 

 

ET,3,BEAM189                  ! 2D BEAM ELEMENT DIAGONALS Gedraaid 

SECTYPE,3,BEAM,HREC 

SECDATA,B,W,TF,TF,TW,TW   

MP,EX,3,210000    

MP,GXY,3,81000 

MP,PRXY,,0.3 

 

NLGEOM,OFF 

 

K,1,0,0   

K,2,SPH/2*SH/TAN(ANGLE),SPH/2*SH 

K,3,0,SPH/2*2*SH 

K,4,SPH/2*3*SH/TAN(ANGLE),SPH/2*SH 

K,5,SPH/2*4*SH/TAN(ANGLE),0 

K,6,SPH/2*4*SH/TAN(ANGLE),SPH/2*2*SH 

K,7,SPH/2*6*SH/TAN(ANGLE),SPH/2*2*SH 

      

L,1,2    ! L=1 /  

L,2,3    ! L=2 \ 

L,5,4    ! L=3 \ 

L,4,6    ! L=4 / 

L,2,4    ! L=5 _ 

L,6,7    ! L=6 - 

 

LSEL,S,LINE,,1 

LSEL,A,LINE,,3 
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LGEN,NS/SPH+1,ALL,,,,SPH*SH 

 

LSEL,S,LINE,,2 

LSEL,A,LINE,,4 

LGEN,NS/SPH,ALL,,,,SPH*SH 

 

LSEL,S,LINE,,5 

LGEN,NS/SPH+1,ALL,,,,SPH*SH 

 

LSEL,S,LINE,,6 

LGEN,NS/SPH,ALL,,,,SPH*SH 

 

LSEL,S,LOC,X,.5*SPH/2*SH/TAN(ANGLE) 

LGEN,NH/2,ALL,,,SPH/2*6*SH/TAN(ANGLE) 

 

LSEL,S,LOC,X,SPH/2*3.5*SH/TAN(ANGLE) 

LGEN,NH/2,ALL,,,SPH/2*6*SH/TAN(ANGLE) 

 

LSEL,S,LOC,X,SPH/2*2*SH/TAN(ANGLE) 

LGEN,NH/2,ALL,,,SPH/2*6*SH/TAN(ANGLE) 

 

LSEL,S,LOC,X,SPH/2*5*SH/TAN(ANGLE) 

LGEN,NH/2-1,ALL,,,SPH/2*6*SH/TAN(ANGLE) 

 

CLOCAL,12,1,BW/2,0,BW/2,,-90 

CSYS,12 

LSEL,ALL 

LGEN,4,ALL,,,,90 

 

CSYS 

 

NUMMRG,KP 

 

ALLSEL 

LSEL,S,TAN1,Y,0   ! SELECT ALL HORIZONTALS 

LESIZE,ALL,,,NDIV 

LATT,1,,1,,,,1 

LMESH,ALL 

 

ALLSEL 

LSEL,S,TAN1,Y,0   ! SELECT ALL HORIZONTALS 

LSEL,INVE    ! SELECT INVERSE 

LSEL,U,LOC,X, 

LSEL,U,LOC,X,BW 

LESIZE,ALL,,,NDIV 

LATT,2,,2,,,,2 

LMESH,ALL 

 

ALLSEL 

LSEL,S,LOC,X, 

LSEL,A,LOC,X,BW 

LSEL,U,TAN1,Y,0  

LESIZE,ALL,,,NDIV 

LATT,3,,3,,,,3 

LMESH,ALL 

 

FINISH 

 

ALLSEL 

/SOLU        ! APPLY LOADS AND OBTAIN SOLUTION 

ANTYPE,STATIC               ! STATIC ANALYSIS 

 

KSEL,S,LOC,Z,0 

KSEL,A,LOC,Z,BW 

KSEL,R,LOC,Y,0 

NSLK 

D,ALL,UX,,,,,UY,UZ,ROTX,ROTY,ROTZ 
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KSEL,S,LOC,X,0 

KSEL,A,LOC,X,BW 

KSEL,R,LOC,Y,0 

NSLK 

D,ALL,UX,,,,,UY,UZ,ROTX,ROTY,ROTZ 

 

!HORIZONTAL LOADS 

 

SELTOL,1 

KSEL,S,LOC,Z,0 

KSEL,A,LOC,Z,BW 

KSEL,R,LOC,Y,0*SH 

NSLK 

F,ALL,FX,.5*SH*BW/2*.002/NH 

SELTOL,0 

 

SELTOL,1 

*DO,HEXAGON,1,NS-1 

KSEL,S,LOC,Z,0 

KSEL,A,LOC,Z,BW 

KSEL,R,LOC,Y,HEXAGON*SH 

NSLK 

F,ALL,FX,SH*BW/2*.002/NH  !WIND LOAD = 0,002 N/MM2 

*ENDDO 

SELTOL,0 

 

SELTOL,1 

KSEL,S,LOC,Z,0 

KSEL,A,LOC,Z,BW 

KSEL,R,LOC,Y,NS*SH 

NSLK 

F,ALL,FX,.5*SH*BW/2*.002/NH 

SELTOL,0 

 

!VERTICAL LOADS 

SELTOL,1 

*DO,HEXAGON,1,NS-1 

KSEL,S,LOC,Y,HEXAGON*SH 

NSLK 

F,ALL,FY,-115000 

*ENDDO 

SELTOL,0 

 

OUTPR,,1 

 

ALLSEL 

SOLVE 

FINISH 

 

/POST1 

 

SELTOL,1 

KSEL,S,LOC,Y,SH*NS 

NSLK 

PRNSOL,U,X 

SELTOL,0 

ALLSEL 
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VIII. WolframMathematica input file 
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IX. Optimization of angle and section 

The values in table are the relative density of the accompanying section. Values with a red 

background do not suffice the maximal displacement at the top of the structure. The value with a 

green background is the optimum value for the accompanying angle. A unit cell with diagonals with 

an angle of 79,1° combined with RHS800x500x40x25 gives the best result. 

 

   

  tw 
20 25 30 35 40 45 50 

   

tf   

θ 60 ° 15 4.58E-02 5.35E-02 6.12E-02 6.89E-02 7.66E-02 8.43E-02 9.20E-02 

SH 4000 mm 20 5.04E-02 5.80E-02 6.56E-02 7.32E-02 8.08E-02 8.84E-02 9.60E-02 

SPH 1 

 

25 5.50E-02 6.25E-02 7.00E-02 7.75E-02 8.50E-02 9.25E-02 1.00E-01 

UW 3464 mm 30 5.96E-02 6.70E-02 7.44E-02 8.18E-02 8.92E-02 9.66E-02 1.04E-01 

UH 4000 mm 35 6.42E-02 7.15E-02 7.88E-02 8.61E-02 9.34E-02 1.01E-01 1.08E-01 

b 500 mm 40 6.88E-02 7.60E-02 8.32E-02 9.04E-02 9.76E-02 1.05E-01 1.12E-01 

h 2309 mm 45 7.34E-02 8.05E-02 8.76E-02 9.47E-02 1.02E-01 1.09E-01 1.16E-01 

d 2309 mm 50 7.80E-02 8.50E-02 9.20E-02 9.90E-02 1.06E-01 1.13E-01 1.20E-01 

   

60 3.20E-02 4.00E-02 4.80E-02 5.60E-02 6.40E-02 7.20E-02 8.00E-02 

            

   

  tw 
20 25 30 35 40 45 50 

   

tf   

θ 73.9 ° 15 3.52E-02 4.11E-02 4.70E-02 5.29E-02 5.88E-02 6.47E-02 7.06E-02 

SH 4000 mm 20 3.87E-02 4.45E-02 5.04E-02 5.62E-02 6.20E-02 6.79E-02 7.37E-02 

SPH 2 

 

25 4.22E-02 4.80E-02 5.37E-02 5.95E-02 6.52E-02 7.10E-02 7.68E-02 

UW 3464 mm 30 4.57E-02 5.14E-02 5.71E-02 6.28E-02 6.85E-02 7.41E-02 7.98E-02 

UH 8000 mm 35 4.93E-02 5.49E-02 6.05E-02 6.61E-02 7.17E-02 7.73E-02 8.29E-02 

b 500 mm 40 5.28E-02 5.83E-02 6.39E-02 6.94E-02 7.49E-02 8.04E-02 8.60E-02 

h 2309 mm 45 5.63E-02 6.18E-02 6.72E-02 7.27E-02 7.81E-02 8.36E-02 8.90E-02 

d 4163 mm 50 5.99E-02 6.52E-02 7.06E-02 7.60E-02 8.14E-02 8.67E-02 9.21E-02 

   

60 6.69E-02 7.22E-02 7.74E-02 8.26E-02 8.78E-02 9.30E-02 9.83E-02 

            

   

  tw 
20 25 30 35 40 45 50 

   

tf   

θ 79.1 ° 15 3.20E-02 3.74E-02 4.28E-02 4.82E-02 5.35E-02 5.89E-02 6.43E-02 

SH 4000 mm 20 3.52E-02 4.05E-02 4.59E-02 5.12E-02 5.65E-02 6.18E-02 6.71E-02 

SPH 3 

 

25 3.84E-02 4.37E-02 4.89E-02 5.42E-02 5.94E-02 6.47E-02 6.99E-02 

UW 3464 mm 30 4.17E-02 4.68E-02 5.20E-02 5.72E-02 6.24E-02 6.75E-02 7.27E-02 

UH 12000 mm 35 4.49E-02 5.00E-02 5.51E-02 6.02E-02 6.53E-02 7.04E-02 7.55E-02 

b 500 mm 40 4.81E-02 5.31E-02 5.82E-02 6.32E-02 6.82E-02 7.33E-02 7.83E-02 

h 2309 mm 45 5.13E-02 5.63E-02 6.12E-02 6.62E-02 7.12E-02 7.61E-02 8.11E-02 

d 6110 mm 50 5.45E-02 5.94E-02 6.43E-02 6.92E-02 7.41E-02 7.90E-02 8.39E-02 

   

60 6.10E-02 6.57E-02 7.05E-02 7.52E-02 8.00E-02 8.47E-02 8.95E-02 

            

   

  tw 
20 25 30 35 40 45 50 

   

tf   

θ 81.8 ° 15 3.05E-02 3.57E-02 4.08E-02 4.59E-02 5.11E-02 5.62E-02 6.13E-02 

SH 4000 mm 20 3.36E-02 3.87E-02 4.37E-02 4.88E-02 5.39E-02 5.89E-02 6.40E-02 

SPH 4 

 

25 3.67E-02 4.17E-02 4.67E-02 5.17E-02 5.67E-02 6.17E-02 6.67E-02 

UW 3464 mm 30 3.97E-02 4.47E-02 4.96E-02 5.45E-02 5.95E-02 6.44E-02 6.93E-02 

UH 16000 mm 35 4.28E-02 4.77E-02 5.25E-02 5.74E-02 6.23E-02 6.71E-02 7.20E-02 

b 500 mm 40 4.59E-02 5.07E-02 5.55E-02 6.03E-02 6.51E-02 6.99E-02 7.47E-02 

h 2309 mm 45 4.89E-02 5.37E-02 5.84E-02 6.31E-02 6.79E-02 7.26E-02 7.73E-02 

d 8083 mm 50 5.20E-02 5.67E-02 6.13E-02 6.60E-02 7.07E-02 7.53E-02 8.00E-02 

   

60 5.81E-02 6.27E-02 6.72E-02 7.17E-02 7.63E-02 0.0808 0.0853333 
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X. Study of literature 

The study of literature is a work on its own. The headings, page numbering, and bibliography does 

not correspond to the main part of this thesis. The study of literature starts on next page. 
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Preface 

After finishing my Bachelor Architecture, both the master projects and almost all courses of the 

master Structural Design, time has come to start with my master’s thesis. Last half year I’ve been 

thinking about which subject interests me the most. One of the subjects that appeals me since a long  

time is the “diagrid”. The word “diagrid” is derivated from “diagonal grid”, an efficient triangular 

structure that can guarantee the stability of a building. “Diagrids” are used the most at high-rise 

buildings where the horizontal wind pressure is normative. 

After some literature research it became clear that there is already done a lot of research to diagrids. 

For me this was a reason to look for another subject. In the library of our faculty I found the book 

‘Honeycomb Tube Architecture’ (HTA, 2006). This book contains a collection of ideas, ambitions, 

designs and researches on the subject of hexagonal structures. One of the ideas mentioned was the 

comparing of a nanotube with a building. A nanotube is a chemical tubular nanostructure formed by 

carbon atoms. Some assumptions made in the discussed researches are simple and lack a solid 

scientific basis. All together this book made me enthusiastic about the potential of hexagonal 

structures. Hexagonal structures are often visible in nature; this is not without a reason. 
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Summary 
Hexagonal structures can be found in many fields of study. By exploring different types of structures 

in different fields of study, inspiration and background is found to examine a, for the moment, 

uncommon hexagonal structure used as a structural stability system in buildings. This preliminary 

investigation tries to give an overview and descriptions of a selection of subjects concerning 

hexagonal patterns as well as other patterns. Not only two-dimensional structures are taken into 

account but also three-dimensional structures to not overlook useful ideas and properties in further 

research. The focus lies on the effects of the differences between comparable structures.  

The first chapter is used as a mathematical background in order to describe and categorize different 

structures in the following chapters and in the main thesis.  

In chapter 2 natural patterns are examined to understand why some patterns occur and how they 

are constructed following nature’s rules. Natural patterns are almost always very efficient in a certain 

way; when one understands why, one can use this knowledge into their own designs.  

Chapter 3 zooms in from nature into the field of chemistry; the composition, behavior, structure, and 

properties of matter are concerned as well as the changes during chemical reactions. Most 

interesting are carbon allotropes and their corresponding structures and properties. These 

allotropes, purely consisting out of carbon atoms, can be translated to a structure of a building; the 

enormous increase in scale and the different type of connection should be closely examined before 

making conclusions. 

The possibilities of free-form design and irregularities in combination with a grid are discussed in 

chapter 4; in-plane as well as out-of plane transformations are treated.  

The following two chapters discuss reference projects (Chapter 5) and reference research (Chapter 

6). Most of the reference projects have very revealing pictures but unfortunately less information 

about the structural design available. Regular and irregular hexagons, two-dimensional and three-

dimensional, are discussed as well as a trihexagonal example. 

The reference researches discussed vary from: a diagrid structural system, a parametric study for a 

irregular cellular wall, laboratory research on steel and concrete hexagonal structures, and finally 

research on the shear moduli of different honeycomb as cellular material. All findings of these 

researches can act as guidelines for this thesis, but they should be checked whether they are 

applicable for this thesis or not.  
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Introduction 

Definition of the problem 

‘The structural properties of a hexagonal structure used as structural stability system are 

insufficiently researched.’ 

Research objectives 

The two major objectives of this thesis are: 

� To state out the structural properties of a hexagonal structure compared to other common 

(geometric) structures. 

� To define the efficiency of a hexagonal structure used as structural stability system, in as well 

low-rise as high-rise buildings, compared to other common structural systems. 

Scientific interest 

Next to the very common structural systems such as concrete cores, shear walls and rigid orthogonal 

frames, there are more possible options to ensure structural stability. Some of these systems such as 

a “diagrid”, a “tube construction”, and a “mega trussed frame” have been researched by numerous 

scientists. The hexagonal grid has not yet received enough attention. Therefore this study is relevant 

to explore the opportunities and properties of a hexagonal structure used as a structural stability 

system. A lot of designs in nature with hexagonal features show the promising qualities of a 

hexagonal structure. Unfortunately, till now it is not clear enough what the advantages and 

disadvantages of a hexagonal structure are. Next to the possible structural qualities is a hexagonal 

structure able to fulfill some of the demands of architects with challenging designs. 
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1 Structures in geometry 
Geometry means measuring of the earth, derived from the Greek words “geo” and “metri”. 

Geometry is a practical science concerning lengths, areas, volumes, and angles. Since around 3000 BC 

mankind started to record some empiric principles of surveying, construction, astrology and 

craftsmanship. These principles were useful for communication and especially since Archimedes [c. 

287 BC – c. 212 BC] also for calculation. Geometry is a very broad term, this thesis focus on 

“polytopes”. 

‘A polytope is a geometrical figure bounded by portions of lines, planes, or hyperplanes; e.g., in two 

dimensions it is a polygon, in three a polyhedron.’(Coxeter, 1973) 

Some definitions are given by the Merriam-Webster Dictionary to understand the above citation: 

� Hyperplane; ‘a figure in hyperspace corresponding to a plane in ordinary space’ 

� Hyperspace; ‘space of more than three dimensions’ 

� Polygon;  ‘a closed plane figure bounded by straight lines’, (see Figure 1.1). 

� Polyhedron;  ‘a solid formed by plane faces’ (see Figure 1.2). 

The geometry used in most buildings is very 

straightforward; a 3D-orthogonal system is by far the 

most used structure. More exciting in view of 

architectural and structural design are non-orthogonal 

structures and curved surfaces. For most of the people a 

building is only the façade, so the façade and the form 

of a building have a huge impact on how people 

experience a building. The division of the surfaces of the 

façade has next to the used materials and colors the most influence on the appearance of the 

building. 

  

  
Figure 1.1 Example of  

a polygon;  

Regular hexagon 

Figure 1.2 Example of 

a polyhedron;  

Regular hexahedron 
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1.1 Polygons 

A polygon is a two-dimensional polytope, a plane figure composed of multiple straight lines. The 

word “polygon” is derived from the Greek words “polus” meaning “many” and the word “gonia” 

meaning “corner” or “angle”. The segments of the straight lines forming the figure are called edges 

or sides, the points where two lines come together are called vertices or corners. There are several 

different types of polygons with different properties, mostly named by their number of sides, but 

other classification is possible and sometimes useful. 

1.1.1 Naming polygons 

The name of a polygon is based on the number of sides; the Greek number of sides added with –gon. 

It is also possible to call a polygon a “p-gon”, “p” corresponds with the number of sides. This is often 

used for polygon with more than 10 sides, but it is also possible to call for example a hexagon a 6-

gon. Some polygons have more than one name: 

� 3 sides  3-gon  Trigon, Triangle 

� 4 sides  4-gon  Tetragon, Quadrilateral, Quadrangle 

� 5 sides  5-gon  Pentagon 

� 6 sides  6-gon  Hexagon 

� 7 sides  7-gon  Heptagon, Septagon 

� 8 sides  8-gon  Octagon 

� 9 sides  9-gon  Nonagon, Enneagon 

� 10 sides 10-gon  Decagon 

� 12 sides 12-gon  Dodecagon  

1.1.2 Properties 

Before classifying polygons some properties about the corners are explained below, (see Figure 1.3):   

� Interior angle The angle of the inside corner of a polygon. The interior angle cannot be 

180°. 

� Exterior angle The angle between a side and the extended adjacent side. 

� Perimeter The sum of the lengths of all sides. 

 

 

� Interior angle + Exterior angle = 180°  

� The sum of all interior angles of a simple 

(see §1.1.4) n-gon is (n – 2)*180°. 

� The sum of all exterior angles of a 

simple closed polygon is equal to 360° 

 

 

 

  

 
Figure 1.3 Interior and Exterior angles 
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1.1.3 Symmetry 

The most important classification of a polygon is its symmetry. This thesis focuses in the beginning on 

regular polygon; later irregular polygons will be studied. Some definitions are stated below to 

describe the polygons in Figure 1.4: 

� Equiangular All interior angels are equal. 

� Cyclic All corners lie on a single circle. 

� Equilateral All sides have the same length. 

� Regular Sides and interior angles are the same. 

� Irregular Sides may have different lengths, interior angles may differ. 

1.1.4 Convexity 

Another classification of a polygon is his ‘convexity’; some definitions are stated below to describe 

the polygons in Figure 1.4: 

� Convex  All interior angles are smaller than 180°. 

� Non-convex One or more interior angles are greater than 180°. 

� Simple The boundary of the polygon does not cross itself. 

� Concave Non-convex and simple. 

� Self-

intersecting 

Two or more sides cross each other. These polygons are not discussed 

anymore in this thesis because one can see them as two separate polygons. 

� Star polygon Self-intersecting in a regular way. 

 

 

Regular 

Cyclic 

Convex 

Simple 

Irregular 

 

Convex  

Simple 

Irregular 

Equilateral 

Concave 

Simple 

Irregular 

 

Concave 

Self-intersecting 

Regular 

 

Star polygon 

Self-intersecting 
Figure 1.4 Examples of symmetry and convexity 
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1.2 Polyhedra 

 ‘A polyhedron may be defined as a finite, connected set of plane polygons, such that every side of 

each polygon belongs also to just one other polygon, with the proviso that the polygons surrounding 

each vertex form a single circuit. The polygons in a polyhedron are called “faces”, and their sides 

“edges”.’ (Coxeter, 1973, p. 4) (see Figure 1.5) 

The word “polyhedron” is derived from the Greek words “polus” 

meaning “many” and the word “edra” meaning “base”, “seat” or 

“(sur)face”. The plural of a polyhedron is “polyhedra” or 

“polyhedrons”. Leonhard Euler [1707-1783] discovered a relation 

between the numbers of vertices V, edges E and faces F of a 

convex polyhedron; 

V – E + F = 2 

Euler’s formula is proven by different mathematicians including (Sommerville, 1958) and (Staudt, 

1847). 

To describe the type of a polyhedron some properties are explained: 

� Vertex-transitive Only one type of vertices; the polygon is transitive on any couple of 

vertices. 

� Edge-transitive Only one type of edge; the polygon is transitive on any couple of edges. 

� Face-transitive Only one type of face; the polygon is transitive on any couple of faces. 

  

� Regular Vertex-transitive, edge-transitive and face-transitive; every face is the 

same regular polygon. Regular polyhedrons are called “Platonic solids”. 

� Quasi-regular Vertex-transitive and edge-transitive but not face-transitive. 

� Semi-regular Vertex-transitive but not edge-transitive. Every face is a regular 

polygon. 

  

� Duality Every polyhedron has a dual polyhedron; this dual has faces in place of 

the original vertices and vice versa. The original polyhedron and his dual 

have the same number of edges. 

� Quasi-regular dual Face-transitive and edge-transitive but not vertex-transitive. 

� Semi-regular dual Face-transitive but not vertex-transitive, and every vertex is regular. 

� Uniform Vertex-transitive and every face is a regular polygon, can be regular, 

quasi-regular or semi-regular. 

 

 

Example 

The truncated cube in Figure 1.6 is a semi-regular polyhedron; it is vertex-

transitive; the vertex configurations are equal for each vertex. The 

polyhedron is not edge-transitive; some edges belong to two octagons, 

other edges belong to a triangle and an octagon. The polyhedron is neither 

face-transitive; there are two different faces, but both are a regular 

polygon. All these properties make it a semi-regular polyhedron. 

Figure 1.6 Truncated cube 

 
Figure 1.5 Basic terminology 
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There are many different polyhedra, divided in several categories according to their degree of 

symmetry, and whether they are convex or not. Polyhedra can be regular, quasi-regular or semi-

regular. Non-convex polyhedral are called “star polyhedra”, these types will not be discussed in this 

thesis. The different convex classes of uniform polyhedra are shown in Table 1.1. 

Table 1.1: Uniform convex polyhedra 

 Convex uniform Convex uniform dual 

Regular Platonic solids 

Quasiregular 
Archimedian solids Catalan solids 

Semiregular Prisms Dipyramids 

Antiprisms Trapezohedra 

1.2.1 Platonic solids 

The most symmetric solids are called “Platonic solids”, (see Figure 1.7), named after the Greek 

philosopher Plato [c. 428 BC – c. 348 BC].  

     
Tetrahedron Hexahedron Octahedron Dodecahedron Icosahedron 

Figure 1.7 Platonic solids    

 

‘Regular solid polygons may be inscribed within a sphere, with all vertices touching its surface. Their 

faces are made up of regular polygons.’ (Skinner, 2006, p. 54) 

‘Plato was not the first to think of them: the first three (tetrahedron, hexahedron and octahedron) 

belong to Pythagoras and the last two (dodecahedron and icosahedrons) to Theaetetus (in the fourth 

century BC)’ (Skinner, 2006, p. 54) 

‘The five Platonic solids are “pure” and contain only one type of polygon’(Skinner, 2006, p. 56)  

Next to the five regular polygons mentioned above, there are no more possibilities. This is proven in 

several books including (Coxeter, 1973, p. 5). 

1.2.2 Archimedean solids 

The 13 Archimedean solids are all derived from the Platonic solids in a certain way; by truncating, 

expanding or snubbing. Truncating is simply cutting of the corners, resulting in a new solid with two 

types of regular polygons. 7 of the 13 Archimedean solids are truncated Platonic solids. Expanding is 

the opposite process of truncating; the expanded faces are filled up with two types of regular 

polygons. The two expanded Archimedean solids can be truncated to obtain another two 

Archimedean solids. The last two solids are obtained by moving and twisting the faces of a Platonic 

solid outward, surrounding the each original polygon with a border of triangles. The Archimedean 

solids are presented next to the Platonic surfaces in Figure 1.8, the numbers below the figures are 

explained in paragraph 1.3. The duals of Archimedean solids are called “Catalan solids”. 
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Platonic solids Archimedean solids 

 Truncated Expanded Expanded-

truncated 

Snubbed 

  

   

(3
3
) 

 
Tetrahedron 

/ Pyramid
 

(3. 6
2
) 

Truncated 

tetrahedron 

    

     
(4

3
)  

Hexahedron        

/ Cube 

(3. 8
2
) 

Truncated cube 

(3.4.3.4) 

Cuboctahedron 

 

(3.4
3
)  

Small rhombi 

cuboctahedron 

(4.6.8)  

Great rhombi 

cuboctahedron 

(3
4
.4)  

Snub cube 

 

    

(3
4
) 

Octahedron 

(4. 6
2
) 

Truncated 

octahedron 

    

     
(5

3
) 

Dodecahedron 

(3.10
2
) 

Truncated 

dodecahedron 

(3.5.3.5) 

Icosidodeca-

hedron 

(3.4.5.4)  

Small rhombico- 

sidodecaheron 

(4.6.10)  

Great rhombico- 

sidodecaheron 

(3
4
.5) 

Snub 

dodecahedron 

 

    

(3
5
) Icosahedron (5.6

2
)  

Truncated 

icosahedron 

    

Figure 1.8 Platonic and Archimedean solids 
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1.2.3 Regular right prisms 

Two equal p-gons joined by p rectangles form a “regular right prism”, (see Figure 1.9 with p = 6). 

Regular means in this case that all the two p-gons are regular and all the rectangular faces are 

regular. Prisms are named after their base. The duals of prisms are called “Dipyramids”, (see Figure 

1.11); p-gonal pyramids and their mirror image connected base to base, (see Figure 1.10 with p = 6). 

The faces of a dipyramid are isosceles triangles; triangles with two equal corners and two equal sides. 

  
 

 

 
Figure 1.9 Hexagonal regular right 

prism 

Figure 1.10 Pyramid and mirror image 

base to base before connecting 

Figure 1.11 Hexagonal dipyramid 

1.2.4 Antiprisms  

A variant of the prisms is the “antiprism”. Here the rectangular faces are replaced by triangles, and 

one of the p-gons is rotated around his center in such a way that the vertices are situated under or 

above the middle of the sides of the other p-gon. The duals of antiprisms are called “Trapezohedra”. 

  
Figure 1.12 Hexagonal antiprism Figure 1.13 Hexagonal trapezohedron 
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1.3 Notation 

Ludwig Schläfi [1814-1895] introduced the concept of naming 

geometrical figures in his great monograph in 1852 under the 

name “polyscheme”. He has also designed a commonly used 

compact reference to describe regular polytopes and tessellations 

(see §1.4); the Schläfi symbol. This symbol is a notation of the 

form {p,q,…} with the following meaning: 

� “p”  number of sides of the faces 

�  “q”  number of faces meeting at a corner. 

 The Schläfi symbol is a simple 

variant only usable for 

polygons and polyhedra. The more general vertex configuration is 

comparable with the Schläfi symbol and can be used as a short 

notation representing polytope and also for tessellations (see 

§1.4). A vertex configuration gives the sequence and number of 

sides of the faces around a vertex. A cube (see Figure 1.15) is 

noted as 4.4.4 or preferably 4
3
; superscript is used to abbreviate 

when possible. If there is more than one different polygon 

connected to one vertex, the 

vertex configuration starts 

with the number of sides of 

the smallest polygon (see 

Figure 1.16). When a polyhedron or tessellations has more than 

one different vertex, the different vertices are separated by a 

semicolon (see Figure 1.17).  

 

 

  

 
Figure 1.14 Regular hexagon 

Schläfi symbol; {6} 

 
Figure 1.15 Cube, 

(= Regular hexahedron)  

Schläfi symbol; {4,3} 

Vertex configuration 4
3
 

 
Figure 1.16 Snub square tiling 

Vertex configuration 3
2
.4.3.4 

 
Figure 1.17  

Vertex configuration 3.4
2
.6;3.6.3.6 
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1.4 Tessellations 

‘A plane tessellation is an infinite set of polygons fitting together to cover the whole plane just once, 

so that every side of each polygon belongs also to one other polygon.’ (Coxeter, 1973, p. 58) 

Tessellations exist in nature, mosaics, arts, tiling, parquets, 

brickwork and facades. For this thesis it is important to 

describe and name the different types of possible 

tessellations. Only two-dimensional tessellations are 

discussed, they are also called “tiling”. A three-dimensional 

solid tessellation, a space filled with an infinite set of 

polyhedra, is called a “honeycomb”. The most famous 

example of a building with a three dimensional solid 

tessellation is the “Beijing National Aquatics Center”; also 

known as the “Water Cube” (see § 0). This thesis will restrict to plane edge-to-edge tessellations; 

adjacent tiles share full edges.  

1.4.1 Regular tessellations 

A regular tessellation is built up out of equal regular polygons. There are only three regular 

tessellations possible; 3
6
, 4

4
 and 6

3
. The dual of 4

4
 is the same 4

4
, the dual of 3

6
 is 6

3
. Tessellations 

with only one tile with the same size and shape are called “monohedral”.  

   
3

6 
4

4 
6

3 

Figure 1.19 Regular tessellations   

 
Figure 1.18 Water Cube during construction 
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As well as with the polyhedra in Figure 1.8, some of the tilings in Figure 1.21 are derived from the 

regular tilings; they are snubbed, elongated or truncated. Truncating 6
3
 produces 3.12

2
; when taking 

equal lengths of all newly created sides into account. Truncating again gives 3.6.3.6. This trihexagonal 

tiling is also produced by double truncation of the vertices of 3
6
 (see Figure 1.20). Truncating 4

4
 

results 4.8
2
.  

 
Figure 1.20 Truncation relation of regular tilings; Hexagonal, Triangular, Truncated hexagonal, Trihexagonal, and 

Truncated trihexagonal tiling. 
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1.4.2 Semi-regular tessellations 

Semi-regular tessellations are also called “Archimedean-”, “homogeneous-“, or “1-uniform 

tessellations”. They exist of regular polygons only, with only 1 type of vertex. Tessellations with k 

different kinds of vertices are called k-uniform tessellations. When the regular tessellations are 

included, there exist precisely 11 semi-regular tessellations (Grünbaum & Shephard, 1986). In Figure 

1.21 there are 12 figures instead of 11; one of them is the reflection of 3
4
.6. Some authors only 

recognize 8 semi-regular tessellations; only the 1-uniform tessellations with 2 or more regular 

polygons are taken into account; then the regular tessellations are false. 

   
3

6
 

Triangular tiling 

4
4
 

Square tiling 

6
3
 

Hexagonal tiling 

   
3

4
.6 

Snub hexagonal tiling 

3
4
.6 

Snub hexagonal tiling reflection 

3.6.3.6 

Trihexagonal tiling 

   
3

3
.4

2
 

Elongated triangular tiling 

3
2
.4.3.4 

Snub square tiling 

3.4.6.4 

Rhombitrihexagonal tiling 

   
4.8

2
 

Truncated square tiling 

3.12
2
 

Truncated hexagonal tiling 

4.6.12 

Truncated trihexagonal tiling 
Figure 1.21 The 11 Semi-regular tessellations  
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1.4.3 Demi-regular tessellations 

Demi-regular tessellations are 2-uniform tessellations, existing out of regular polygons only, with 2 

types of vertices. 

There exist, according to (Grünbaum & Shephard, 1986, p. 65), precisely 20 demi-regular 

tessellations (see Figure 1.22).  

3.4
2
.6;3.6.3.6 3.4

2
.6;3.6.3.6 variant 3.4

2.
.6;3.4.6.4 3.4.3.12;3.12

2
 

3
2
.6

2
;3.6.3.6 3

2
.4.3.4;3.4.6.4 3

3
.4

2
;4

4
 3

3
.4

2
;4

4
 variant 

3
3
.4

2
;3.4.6.4 3

3
.4

2
;3

2
.4.3.4 3

3
.4

2
;3

2
.4.3.4 3

4
.6;3

2
.6

2
 

3
6
;3

2
.6

2
 3

6
;3

2
.4.12 3

6
;3

2
.4.3.4 3

6
;3

3
.4

2 

3
6
;3

3
.4

2
 variant 3

6
;3

4
.6 3

6
;3

4
.6 variant 3.4.6.4;4.6.12 

Figure 1.22 The 20 Demi-regular tessellations   
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1.4.4 Aperiodic tessellations 

All regular, semi-regular and demi-regular tessellations are 

periodic; the entire plane can be filled with a single fundamental 

unit or primitive cell. A parallelogram can be drawn over the 

tessellation that can be repeated in two independent directions 

to fill the entire plane. A 

tessellation that repeats in a 

regular way is called periodic, 

if not it is called aperiodic. 

Periodic tessellations are very common in contrast to aperiodic 

tiling. Aperiodic tilings were discovered since the 1960s, the most 

famous examples are the “Penrose tilings”. Sir Roger Penrose 

[born in 1931] invented his first aperiodic tiling in 1974. This first 

set exists out of six prototiles; subsequently Penrose was able to 

reduce the number of prototiles to two. 

1.4.5 Delaunay triangulation 

Next to the regular, semi-regular and demi-regular tessellations 

there are an infinite number of irregular tessellations possible. 

The last two important tessellations that are discussed in this 

thesis are based on a set S of points. Boris Nikolaevich Delaunay 

[1890 – 1980] invented the Delaunay triangulation in 1934. This 

triangulation divides a plane into triangles; such that the 

circumcircle of any triangle is an empty circle. Figure 1.25 shows a 

Delaunay triangulation with all the circumcircles in gray and their 

centers in red. A Delaunay triangulation maximizes the minimum 

angle of all the angles of the triangles to avoid skinny triangles. 

When there are four points on the same circle, there are two 

possible Delaunay triangulations. The Delaunay triangulation is often used to create meshes in finite 

element method programs.  

1.4.6 Voronoi tessellation 

The dual tessellation of a Delaunay triangulation is called a 

“Voronoi tessellation” or “Voronoi diagram”; named after Georgy 

Voronoi [1886 – 1908]. The random sites s of set S each have their 

own Voronoi cell with points closer to site s than to another site. 

Points on the segments of a Voronoi cell are equidistant to the 

two nearest sites. The Voronoi vertices are equidistant to the 

three (or more) nearest sites. Figure 1.26 shows the relation 

between the Delaunay triangulation and a Voronoi diagram. 

 
Figure 1.23 Periodic tiling 

 
Figure 1.24 Penrose tiling 

 
Figure 1.25 Delaunay triangulation 

 
Figure 1.26 Voronoi diagram 
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2 Structures in nature 
Nature has designed everything what humankind has not designed. The designs have been adapted 

to their environment since ages; this results in very intelligent and efficient designs. It would be nice 

if we could analyze and understand the final designs of nature and use parts of them to improve 

some of our own designs. This way of approach is often called “biomimetics” or “biomimicry”; the 

imitation of life. For this thesis especially 2D- and 3D-tessellations and skeleton structures are 

interesting. 2D tessellations are visible in a lot of skin patterns of animals such as: giraffes, snakes, 

turtles, leopard, and a lot of fishes. 3D tessellations are visible in honeycombs (2.1), soap bubbles 

(2.2), and bone structures.  

2.1 Honeycomb 

The most common hexagonal structure in nature is probably the 

honeycomb; a hexagonal structure made out of beeswax. The 

cells, approximately 5 mm wide, are used by the bees to store 

food (honey and pollen) and rear their brood (eggs, larvae, and 

pupae). Natural honeycomb can be seen in different places: 

caves, rock cavities, and hollow trees. A nest of bees consist 

multiple honeycombs and is called a “beehive”. Nowadays most 

beehives are wooden boxes, available in different shapes. The 

boxes are filled with top bars or frames; these are removable to harvest the honey. The combs 

constructed by the bees just hang underneath the top bars. It is also possible for a beekeeper to use 

special prefabricated foundation sheets made of beeswax with cell bases embossed on both sides. 

The bees are capable of building the cells in a very efficient way; 

of the three regular tilings the hexagonal tiling has minimal length 

of sides. This geometric efficiency is also visible at the back of the 

cells; the two sides of a honeycomb are arranged in almost the 

most efficient way. The backsides are not flat but trihedral, 

staggered positioned back to back, for the most economic use of 

the beeswax.  

Numerous kinds of wasps also construct hexagonal combs. 

Instead of using wax, wasps make paper nests; the “paper” contains a mixture of wood and spit. 

  

 
Figure 2.1 Honeycomb 

 
Figure 2.2 Part of a honeycomb 
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2.2 Soap bubbles 

Soap bubbles exist of a very thin film of soapy water enclosing a 

volume of air. Because the soapy film can only resist a very small 

tension force, the internal pressure is almost equal to, but always 

a little higher than, the external pressure. This means that the 

bubble is formed in a way that equal minimum tension exists in 

the soap-film, resulting in a minimum surface. The internal 

pressure of a small bubble is, 

due to the curvature, a little 

higher than the internal pressure of a large bubble. A single 

bubble has a spherical shape; this is the shape that has the 

smallest area with a given volume. When a soap bubble is placed 

between two parallel plates of 

glass the sphere becomes a 

cylinder. Connecting the two 

plates with 2 or more bars perpendicular to the plates will result 

in a soapy film with a minimum surface with all vertices of 120°. 

The angle between the film and the plates is always 90°. Such a 

network of least length joining n points is called a shortest 

network or Steiner (minimal) tree, named after Jakob Steiner 

[1796 – 1863].  

The angles of 90° and 120° are also visible when bubbles with equal volumes are placed between the 

two plates. The edges between the bubbles are straight because of equal internal pressure. When 

two or more different sized bubbles are combined, the smallest bubble has the highest internal 

pressure resulting in slightly curved edges bend into the larger bubble. The vertices of different sized 

bubbles remain 120°. 

 

 
Figure 2.3 Soap bubble 

 
Figure 2.4 Soap bubble  

cylinder between plates 

 
Figure 2.5  

Soap bubbles between two plates 

     
Figure 2.6 Soap film between 3, 4 and 5 points 
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2.3 Radiolarians 

Radiolarians are single-celled organisms, mostly 

spherically symmetrical, with animal-like and 

plant-like behavior living in all seas at all depths. 

The beautifully shaped skeleton structure is 

formed by silicon compounds. The size of 

radiolarians differs between 30 and 300 μm (1 

μm = 10
-6

 m). There are approximately 8000 

types of radiolarian according to (De Wever, 

Dumitrica, Caulet, Nigrin, & Caridroit, 2001). The 

German biologist, naturalist, philosopher, 

physician, professor, and artist Ernst Haeckel 

[1834 – 1919] described and named thousands 

of new species, including radiolarian. His famous 

book “Kunstformen der Natur” [1904] or in 

Englisch “Art forms of Nature” has 100 detailed 

multi-color drawings of animal and sea 

creatures.  

 

 

 

In nowadays architecture there are some projects with similarities with radiolarian; for example the 

Eden Project in Cornwall, England (see Figure 2.8). The dual geodesic dome structure used in the 

Eden Project is very efficient for spanning large surfaces. The hexagonal external grid is stabilized by 

a trihexagonal inner grid (see Figure 2.9). 

 

  

 
Figure 2.7 Ernst Haeckel's Art forms of Nature, p. 91 

  
Figure 2.8 The Eden Project, Cornwall, England. Figure 2.9 Detail of the Eden Project; hexagonal internal 

grid and external trihexagonal grid. 
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3 Structures in chemistry 
Particularly, I have urged them to learn what they can of chemistry,  

for I feel that chemistry is basic structure, ergo architecture. 

 

Buckminster Fuller, The Comprehensive Man 

To learn more from nature it may be useful to 

zoom in to the field of chemistry; the 

composition, behavior, structure, and properties 

of matter are concerned as well as the changes 

during chemical reactions.  

There are fewer than 90 unique types of matter. 

These substances are called elements. Because it 

cannot be broken down into simpler substances, 

an element is the most basic form of matter that 

exists under ordinary conditions. (Malone, 1997) 

Chemical elements consist out of only one type 

of atoms. Each material has a unique 

composition of one or more substances. A group 

of two or more of the same atoms is called a 

“molecule”. 

A compound is a unique substance that is 

composed of two or more elements that are 

chemically combined. For example, water, table 

salt, and sugar are compounds. Water is 

composed of the elements oxygen and hydrogen. 

Various chemical combinations of elements make up millions of known compounds. (Malone, 1997)  

Matter can occur in four different phases, states 

or forms; solid, liquid, gas and plasma. The 

changes between the different phases are 

visualized in Figure 3.2. When a solid is heated 

to a certain temperature it will melt, the forces 

between the molecules are broken. A higher 

meltingpoint corresponds to stronger 

intermolecular forces and a strong crystal 

structure. For this thesis especially the solid 

state is interesting. A crystal structure is 

characterized by periodically arranged groups of 

ions, atoms, or molecules.  

  

 
Figure 3.1 Cover of (Harris, 1999), a source of inspiration  

 
Figure 3.2 Changes of physical states 
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3.1 Crystal structure 

Basically there are two types of solids: amorphous and crystalline. Amorphous solids are chaotically 

structures and have no defined shape. Crystalline solids have a regular arrangement of molecules or 

ions.  

A chemical structure gives information about a molecule: the molecular geometry, electronic 

structure, and crystal structure of a molecule. Crystals naturally grow in the shape of polyhedra. 

Crystals of a specific substance will always adopt the same shape: they can be formed of regular or 

irregular polyhedra, but not both. (Skinner, 2006) 

Crystal structures describe the geometrical arrangement of atoms inside a unit cell. A unit cell is a 

imaginary box containing one or more atoms, the atoms can be situated on the vertices of the unit 

cell, on one or more faces, or in the middle of the unit cell. Next to the locations corresponding to a 

certain lattice there can be additional atoms inside the imaginary box. The unit cell can be arrayed in 

three dimensions like a 3D regular tessellation. The possible shapes that can be formed by crystals 

are dividable in 7 lattice systems. The 7 lattice systems in Figure 3.3 can be split into 14 “Bravais 

lattices”; simple, base-centered, body-centered, and face-centered. All crystalline materials fit into 

one of the Bravais lattices. 
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Bravais type → 

 

 

 

 

 

 

 

 

Lattice type ↓ 

    

Simple Base-centered Body-centered Face-centered 
Each vertex of the 

polyhedra represents 

a possible location of 

an atom. 

2 Extra locations of 

atoms can be situated 

in the center of the 

base and top of the 

crystal structure. 

An extra location of 

an atom can be 

situated in the body 

of the crystal 

structure. 

6 Extra locations of 

atoms can be situated 

in the center of all the 

6 faces of the crystal 

structure. 

 

x  x x 
Cubic crystal 
Most basic crystals, three perpendicular axes of equal length, 6 equal square faces. 

 

x  x  
Tetragonal 
Three perpendicular axes, only two axes with same length, rectangular faces. 

 

 

x x x x 
Orthorhombic 
Three perpendicular axes, all axes with different lengths, rectangular faces. 

 

 

x x   
Monoclinic crystal 
Only two axes perpendicular, all axes different lengths, 4 rectangular faces and two parallelograms. 

 

x    
Triclinic crystal 
No perpendicular axes, all three axes different lengths, not common.  

 

 

x    
Rhombohedral or trigonal crystal  
No perpendicular axes, all three axes equal lengths. 

  

 

x    
Hexagonal crystals  

Four axes in total, three axes of equal length and lie on same plane with angles of 120° between them. Fourth 

axes can be of any length and is perpendicular to the other three axes. 

Figure 3.3 Bravais lattice types (possible combinations are marked with X, axes in red) 
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3.2 Carbon 

Take Carbon for example then 

What shapely towers it constructs 

To house the hopes of men!  

What symbols it creates  

For power and beauty in the world  

Of patterned ring and hexagon - 

 

A.M. Sullivan, Atomic Architecture 

 

Out of the 109 different elements carbon is one of the most common.  

 ‘The branch of chemistry called “organic chemistry” is devoted to the study of compounds of carbon. 

The most important property of carbon atoms is their ability to form chemical bonds with one another 

and with a variety of other elements.’(Dickson, 1995). 

Some substances can occur in more than one crystal structures in the same phase depending on its 

temperature and pressure. This ability to change structure is called “polymorphism”, “allotropism” or 

“allotropy”; these terms are used when only elements and not compounds can have different 

structures. Carbon occurs as charcoal, graphite and diamond. Next to these three familiar allotropes 

carbon also occurs as the less well-known fullerene, Lonsdaleite, carbon nanotube and others. 

However all these allotropes are built up out of only carbon atoms, their structure and properties are 

totally different. 

 
Figure 3.4 Buckyball, Nanotube and Graphite (Geim & NOVOSELOV, 2007) 
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3.2.1 Diamond  

Diamond was used to be the hardest mineral on earth till the discovery of perfect Lonsdaleite 

(§3.2.4), a hexagonal diamond. Diamond scores a 10 out of 10 on the Mohs scale of hardness, 

invented by the German geologist Friedrich Mohs [1773 – 1839]. The carbon atoms are arranged in a 

face-centered cubic lattice, called a diamond-lattice. In Figure 3.5a the unit cell is visualized with 

colored atoms, red atoms represent atoms at a vertex, blue atoms are at a face-centered position, 

green atoms are in between. When arraying the unit cell in 3 directions certain views very close to 

semi- and demi-regular tilings can be seen (Figure 3.5). Each atom of diamond is bounded by four 

most regularly divided surrounding atoms; each atom is in center of a tetrahedron. There is a lot of 

energy needed to break these bounds, i.e. to melt a diamond. The melting point of diamond is 

pressure dependent; at atmospheric pressure (1 atm) the melting point of natural diamond is around 

4030 °C. (Wolfram, 2011). At 600.000 atm the melting point drops to approximately 925 °C. These 

pressures are very hard to obtain, especially for a longer time. These conditions can be found deep in 

the Earth mantle at depths between 140 and 190 kilometers, volcanic eruptions bring the diamond 

close to the Earth surface.  

 

  

   
a. Diamond unit cell  b. Isometric view c. Isometric view 

   
d. View on vertices of unit cell e. View on faces of unit cell f. View on edges of unit cell 

Figure 3.5   
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3.2.2 Graphite 

Unlike diamond, graphite is a very soft material with a score between 1 and 2 on the Mohs scale. The 

atoms in graphite are planar layered in a hexagonal lattice. The distance between the parallel layers 

is about 2.5 times the distance between the atoms inside one layer. The distance between the layers 

is 0.335 nanometers, so there are 3 million sheets in a millimeter. The vertical lines and the closed 

hexagonal planes in Figure 3.6 are only there to explain the locations of the atoms. The layers, or 

sheets, can easily slip past one another; this causes the soft character of graphite. The hexagonal 

structure inside the layers is even stronger than the structure of diamond; each atom forms simple 

bonds with three of its closest neighbors. The fourth “spare” electron becomes delocalized over the 

whole sheets and connects the sheets by “van der Waals dispertion forces”, named after the Dutch 

scientist Johannes Diderik van der Waals [1837 – 1923]. The melting point of graphite is 3675 °C 

(Wolfram, 2011). Graphite is used in steelmaking (the added carbon), batteries, electric motor 

brushes, and in pencils.  

   

  
Figure 3.6 Layered structure of graphite Figure 3.7 Unit cell of Graphite 
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3.2.3 Graphene 

A single layer of graphite is called “graphene”. The process of separating the layers from graphite will 

require some technological development before it is economical enough to be used in industrial 

processes. 

Graphene appears to be one of the strongest materials ever tested. Measurements have shown that 

graphene has a breaking strength 200 times greater than steel, with a tensile strength of 130 GPa 

(130000 N/mm
2
). The breaking strength is 42 N/m and represents the intrinsic strength of a 

defect-free sheet. (Lee, Wei, Hone, & Kysar, 2008) 

3.2.4 Lonsdaleite 

Lonsdaleite is a rare form of diamonds found in meteorites; 

named after Kathleen Lonsdale [1903 – 1971], an Irish 

crystallographer. When meteorites strike the Earth, the great 

heat and stress of impact transforms graphite into diamond. The 

hexagonal lattice of graphite is remained. It is possible to produce 

Lonsdaleite in laboratory. Due to imperfections the Mohs 

hardness is between 7 and 8; perfect simulated Lonsdaleite is 

58% harder than diamond. The unit cell of Lonsdaleite has a 

mono-clinic simple Bravais lattice (see Figure 3.8). The cell 

structure of Lonsdaleite has some similarities with diamond (see Figure 3.9). 

3.2.5 Fullerenes 

A fullerene is any molecule composed entirely out of carbon 

atoms in a hollow form; a sphere, an ellipsoid, or a tube. 

Spherical fullerenes are called buckyballs; named after 

Buckminster Fuller [1885 – 1983], an American engineer, 

architect, inventor and futurist. Buckminster Fuller designed e.g. 

the geodesic dome, a full scale dome resembling a buckyball. 

Buckyballs are composed out of pentagons and hexagons. When 

two pentagons share an edge, the buckyball becomes unstable. 

The smallest stable buckyball has 60 carbon atoms and is called 

“Buckminsterfullerene”. The smallest unstable buckyball is a C20, 

a dodecahedron.  

 
Figure 3.8 Unit cell of Lonsdaleite 

   
a. Isometric view b. View on faces c. View on top 

Figure 3.9 Lonsdaleite cell structure 

 
Figure 3.10 C60 Buckminsterfullerene 
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3.2.6 Nanotube 

A nanotube is a cylindrical fullerene. Nanotubes have been 

constructed with an extremely large length-to-diameter ratio of 

up to 1:132.000.000. The thickness of a nanotube is with around 1 

till 10 nm about 1/50.000
th

 of a human hair. Nanotubes can be 

single-walled (SWNTs) or multi-walled (MWNTs); the tubes in a 

MWNT are concentric with a distance of approximately 0,334 nm 

between the tubes (Harris, 1999). There are three types of 

SWNTs: ‘zig-zag’, ‘armchair’ and ‘chiral’ (see Figure 3.11). The first 

two types are highly symmetrical. The chiral SWNT, in which the 

hexagons are arranged around the tube axis, can exist in two 

mirror-related forms. The ends of nanotubes are capped by a half a fullerene, obeying Euler’s law.  

The mechanical properties of the different types of nanotubes with the same amount of atoms show 

a small dependence on diameter and chirality. The average values of the Young’s modulus are listed 

in Table 3.1, more than 4,5 times stiffer than steel (210.000 N/mm
2
). The shear moduli of the three 

types are around 0,475 TPa (= 475.000 N/mm
2
), almost 6 times the shear modulus of steel (80.000 

N/mm
2
). Important to notice is that these values are theoretical achievable limits,  

Table 3.1 Young's moduli of carbon single-walled nanotubes(Meo & Rossi, 2006)  

Chirality Young’s modulus 

Armchair 920 GPa = 920.000 N/mm
2 

Zig-zag 912 GPa = 912.000 N/mm
2
 

Chiral 915 Gpa = 915.000 N/mm
2
 

 

“Individual carbon nanotubes are like minute bits of string, and many trillions of these invisible strings 

must be assembled to make useful macroscopic articles.”(Zhang, et al., 2005) 

 

Several more massive assemblies of nanotubes have been discovered and produced by varies 

scientist; e.g. forests of aligned nanotubes (Figure 3.13) and 2D ‘woven’ sheets (Figure 3.14).  

 

   
Figure 3.12 Carbon nanotube bundles 

(AIST) 

Figure 3.13 SWNT forests produced by 

super-growth (AIST) 

Figure 3.14 2D re-reinforced structure 

fabricated by overlaying four 

nanotube sheets with a 45° shift in 

orientation between successive 

sheets (Zhang, et al., 2005) 

 

 
Figure 3.11 (a) Armchair, (b) Zig-zag, 

(c) Chiral nanotube (KIT) 
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3.2.6.1 Vector notation for carbon nanotubes 

If we think of a nanotube as a ‘one-dimensional crystal’, we can define a translational unit cell along 

the tube axis. For all nanotubes, the translational unit cell has the form of a cylinder. (Harris, 1999) 

A very simple way to specify the structure of a 

SWNT is by using a vector C. Each atom in a layer 

of graphene can be labeled using a (n,m) 

notation, according to the notation of 

Dresselhaus (Dresselhaus, Dresselhaus, & Saito, 

1995), (see Figure 3.15). The vector C can be 

expressed as: 

� = � ∙ �� + � ∙ �	 

a1 and a2 are the unit cell base vectors of the 

graphene sheet, and n ≥ m. For zig-zag tubes; 

m=0, for armchair tubes; n=m. The 

corresponding values for θ and dt, the diameter 

of the nanotube, are directly related to the 

length of the vector C: 


� = �
 = �√�	 + �	 + ��

  

���� = √3�
2√�	 + �	 + ��               0 ≤ |�| ≤ 30° 

  

 
Figure 3.15. Graphene layer labelled using (n,m) notation 

 

 
Figure 3.16 Example of a unit cell for a (6,3) nanotube 
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4 Free-form 
The beauty of a regular hexagonal grid can be made more irregular in order to satisfy architectural 

desires or structural optimization. There are two distinct categories: in-plane free-form and out-of-

plane free-form. In this chapter the possibilities and impossibilities of a combination of free-form and 

a hexagonal grid are examined. To assure the “buildability” of a free-form design it is wise to use 

discrete flat surfaces and straight members.  

4.1 In plane free-form / 2D 

There are a lot of possibilities to transform the hexagonal grid in its own plane (see Figure 4.1). The 

visual effects can alter between subtle and rigorous. Stretching focused on a certain point results in 

all different sized hexagons. One-directional stretching results in a more regular structure with all 

vertices on equal levels, which improves the buildability. When deletions or additions are carried out, 

other “n-gons” are formed. Pentagons, quadrangles, or triangles are needed to fill the gaps on the 

straight edges of a closed surface. The freedom of in-plane transformations is endless; the question is 

however if then one can still speak of a hexagonal grid. 

 
 

Figure 4.1 In-plane transformations of a hexagonal grid (Nervous)  

 

The regular grid can be deformed in a way that forces can be transferred more efficiently; higher 

tension can be coupled with a higher density of the grid (see Figure 4.2) 

 
Figure 4.2 Deformed hexagonal 

grid with ‘diagonals’ (Nervous) 
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4.2 Out-of plane free-form / 3D 

Each curved area can be tessellated in unlimited different ways. The in-plane freedom of form shown 

in §4.1 can also be applied onto 3D free-forms. For this thesis especially the ones with a certain level 

of regularity, described in §1.4, are interesting. Of all these tessellations the triangular tessellation is 

the only one forming exclusively flat surfaces on each random irregular curved surface.  

4.2.1 Single curved  

A hexagonal grid that is curved in only one direction can be seen in e.g. nanotubes (§3.2.6). The 

hexagons appear to be not deformed, especially when the edges of the hexagon are accentuated. 

But looking closely one can see that the six vertices are not on a flat surface anymore. The larger the 

radius of the curvature, the less visible the “failure” is (see Figure 4.3 and Figure 4.4). The number 

between brackets in Figure 4.3 till Figure 4.12 is the notation following §3.2.6.1. In case of a single 

curved “zig-zag” hexagonal grid the hexagons can be divided into two trapeziums or into six triangles 

(see Figure 4.5 and Figure 4.6). A more irregular look can be obtained by making the divisions of the 

hexagons more irregular; only six different faces are created (see Figure 4.7). The next step is to 

divide each individual hexagon into unique flat surfaces (see Figure 4.8), still with the same regular 

structural design as the structure with the regular look of Figure 4.4 (highlighted in red). The last step 

is making the hexagonal structure irregular in combination with an irregular division of the hexagons, 

making the total image as random as possible. 

     
Figure 4.3 Large radius 

(12,0) zig-zag 

Figure 4.4 Small 

radius (6,0) zig-

zag 

Figure 4.5 

Equal 

trapeziums 

(6,0) zig-zag 

Figure 4.6 

Equal 

triangles 

(6,0) zig-zag 

Figure 4.7 

Irregular look 

with equal 

irregular 

hexagons 

(6,0) zig-zag 

Figure 4.8 

Different irregular 

hexagons (6,0) zig-

zag 

 

Some images are produced of an “arm-chair” tube (see Figure 4.9, Figure 4.10, and Figure 4.11) and a 

“chiral” tube (see Figure 4.12). In case of a chiral tube it is not possible to fill the plane with flat 

trapeziums.  
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Figure 4.9 (6,6) Arm-

chair 

Figure 4.10 Equal triangles (6,6) 

Arm-chair 

Figure 4.11 Equal trapeziums (6,6) 

Arm-chair 

Figure 4.12 (6,3) 

Chiral 

4.2.2 Double curved 

 In order to tessellate a double curved surface with hexagons, the hexagons become irregular. 

Smaller and bigger hexagons are needed to cover a certain double curved surface; often other “n-

gons” are preferred. The hexagonal grid is the dual of a triangular grid. An unstructured triangular 

grid (number of surrounding triangles of a point 

can vary) results in a grid with other “n-gons”, 

e.g. a truncated icosahedrons, better known as a 

football (see §1.2.2). When the curved surface 

become very irregular, the hexagons follow this 

development and can become hard to recognize 

being a hexagon (see Figure 4.13). 

An alternative method to design a double 

curved grid is by projecting a regular 2D grid on a curved surface (see Figure 4.14 and Figure 4.15). 

The double curved surface is cut out of both sides of a regular grid two-dimensional grid with a 

corresponding sufficient thickness. Of course single curved surfaces are also possible with this 

technique, but cylinder like in §4.2.1 will have a quite different appearance.  

  
Figure 4.14 Hexagonal grid projected on curved surface Figure 4.15 Same  grid as in Figure 4.14, view from top 

  

 
Figure 4.13 Radiolaria Project design (Radiolaria) 
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5 Reference projects 
In order to explore architects wishes, a couple of projects are further examined. Some are already 

built or being built, others unfortunately remained proposals.  

5.1 Melnikov’s-house, Moscow, Russia 

Probably one of the first and most famous buildings with hexagonal openings is the Melnikov’s 

House, designed and built in 1927-1929 by architect, professor, and painter Konstantin Melnikov 

[1890–1974]. 

‘The house is properly seen as one of the main symbols of the 20th century architecture and a kind of 

an icon for the world culture in general.’(Melnikov) 

Due to the small dimensions and corresponding loads, the structural design is not very spectacular; 

the walls are made of brick with some hexagonal shaped openings in it. 

 
Figure 5.1 Melnikov House (Melnikov) 
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5.2 Sinosteel International Plaza, Tianjin, China 

This 358 meters high hexagonal honeycomb office tower is 

designed by Beijing based MAD architects. The structure behind 

the façade cladding is separated in 4 different parts. The base is 

made of a concrete wall with large openings and spans. On top of 

the base comes a regular equal sized story high hexagonal steel 

tube structure. At about half the height the structure transfers to 

a diamond shaped steel tube structure (see Figure 5.4). This 

result in less possible positions for the openings; in the lower part 

the middle of the openings can be either between two floors or 

at the height of one floor, in the upper part the openings can only 

be situated between two floors. 

Except from the façade, the floors and a large concrete core there 

are no more structural stability elements. The structure is 

designed and optimized by China Construction Design 

International (CCDI). Unfortunately CCDI has given no further 

information about the 

project. 

The degree of opening of each 

cell varies in 5 steps between 

1800 mm and 3200 mm. 

Hereby the daylight entry is 

regulated, this has no 

influence on the structure (see Figure 5.3). According to plan the 

building will be finished in 2012 (MAD). 

 

  

 
Figure 5.2 Sinosteel International Plaza 

 

 
Figure 5.3 Structure and cladding 

 
Figure 5.4 Structure without cladding 

  
Figure 5.5 Transition of hexagonal to  

diamond shaped grid 

Figure 5.6 Rooftop detail; hexagonal  

openings in diamond shaped panels 
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5.3 Beehive Tower, Canary Warf, London, United Kingdom (student work) 

 This design for the “Tall and Green” project by Rory Newel & Lucy 

Richardson is inspired by the hexagonal forms of the honeycomb. The 

mega trihexagonal lattice should provide its stability; unfortunately a 

structural report is not included. There are no vertical columns; all the 

vertical loads are carried by the structure in the façade and two small 

concrete cores. Each hexagon is divided in 8 stories; resulting in a total 

height of 220 meters. The building should contain farms, gardens, wind 

turbines on top, and rainwater collection. 

 

5.4 Futuristic Skyscraper Design, New York, New York 

(proposal) 

Christian Hahn, a German architecture student, designed a futuristic 

freeform design skyscraper for the tip of Manhattan. The structure 

consists of differently deformed hexagons forming a tower. Each 

multistory honeycomb should be a separated parcel connected to the 

tower and the rest of the parcel with vertical, angular streets. The 

tower is so big that it is able to act as a city on itself; containing 

residences, offices, parks, retail spaces, a police station, a fire station 

and a school. 

 

 
Figure 5.8 Futuristic skyscraper design 

 
Figure 5.9 'Honeycomb parcel'  

containing several floors 

  

 
Figure 5.7 Beehive Tower 
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5.5 United Nations Memorial Space, Chungju, South Korea (proposal, 3rd place) 

London-based architecture firm ACME won the third place with 

her design for a UN memorial space in the place of birth of Ban 

Ki-moon, the current UN secretary general. The building 

comprises a 1500 seating assembly hall, two conference halls, a 

theatre, and exhibition space. The cells represent the individual 

nations of the UN. Figure 5.11 shows how the building is shaped. 

Unfortunately there is no information available on the structural 

design. 

 

 

5.6 Ecology Centre 2010 

Joe Yardley designed this “earth-friendly” ecology centre with a 

striking hexagonal façade (see Figure 5.12). Except for this 

revealing image, unfortunately there is no more information 

available on this topic. 

5.7 Caroline Springs Library, Victoria, Melbourne, 

Australia 

“Suters architects” were inspired by the distinctive columnar 

basalt formation in Victoria. The hexagonal pattern is visible in as 

well the tessellated precast/randomized walls as the column-like 

hexagonal wall. The hexagons are formed by stepped concrete 

columns connected with horizontal infill pieces. 

   
Figure 5.13 Caroline Springs Library 

  

 
Figure 5.10 UN Memorial Space (ACME) 

Figure 5.11 Concept of the building (ACME) 

 
Figure 5.12 Ecology Centre 2010 



Hexagonal structure used as structural stability system                                Joost de Meijer   2011   TU/e 

44 

 

5.8 KAUST Breakwater Beacon, Thuwal, Saudi Arabia 

The 60 meters high beacon is designed by Daniel Tobin, Urban Art 

Projects (UAP) Principal in collaboration with “bureau^Proberts”. 

Inspiration came from ancient Arabic maritime traditions, in-

region artwork and architectural detailing, and the distinctive 

form of the coral of adjacent Red Sea Reef. The structural design 

is done by “Robert Bird Group”. This contemporary lighthouse is 

the eye catcher of the new “King Abdullah University of Science 

and Technology” (KAUST) built in 2009.  

The tower is built up out of precast concrete members with a 

unique irregular hexagonal shape. The top of the structure is 

more regular than the base and is the multiple ‘elements’ are cast 

in one piece together to progress construction (see Figure 5.16). The base is partially made out of in-

situ concrete combined with precast elements used as formwork (see Figure 5.15 and Figure 5.19). 

The in-situ cast concrete is finished with precast non-structural cladding elements. The lower part 

contains four entrances reinforced with steel frames encased in concrete. 

   
Figure 5.15 Base part partially casted 

(UAP) 

Figure 5.16 Top elements cast in one 

piece (UAP) 

Figure 5.17 The more regular upper 

part 

 

   
Figure 5.18 Interior (UAP) Figure 5.19 Preparation of formwork 

for base part (UAP) 

Figure 5.20 Formwork for higher parts 

(UAP) 

 

  

 
Figure 5.14 Kaust Breakwater Beacon 

(UAP) 
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5.9 Water Cube, Beijing, China 

The Beijing National Aquatics Center, built for the Beijing 2008 

Olympic Games, is better known as the “Water Cube”. The 

building houses five swimming pools and facilities and seating for 

17.000 spectators. The form of the building is actually not a cube 

but a cuboid, a rectangular box with dimensions of 177 x 177 x 30 

meters. The width of the walls is 3,6 meters and the height of the 

roof is 7,2 meters. The design of the water cube is a collaboration 

between PTW Architects, China State Construction Engineering 

Corp (CSCEC), China Construction Design International (CCDI), and ARUP. Together they won a 

competition by ruling out the ordinary space trusses and replacing it by a three-dimensional 

tessellation inspired by soap bubbles. The three-dimensional structure has high resistance to 

earthquakes. The structure is so strong that computer analysis has shown that the structure can be 

rotated through 90° and cantilevered from its base.  

To make the structure buildable the design team used a quite regular tessellation known as “Weaire-

Phelan foam”. The Weaire-Phelan foam is the best partition of space into equal-volume cells (see 

Figure 5.22). 

‘It is composed of two types of cell: an irregular pentagonal dodecahedron and a tetrakaidecahedron 

with 2 hexagons and 12 pentagons. Out of a total of 4,000 bubbles there are only 22 variations of 

ETFE panel in the entire project (15 at vertical surfaces and 7 at horizontal)’.(Ziger/Snead)  

The structure is sliced at arbitrary angles to make it look more random (see Figure 5.23). 

  
Figure 5.22 Weaire-Phelan foam  

(Courtesy of John M. Sullivan,  

Berlin Institute of Technology) 

Figure 5.23 Cutting the Weaire-Phelan foam (ARUP) 

  

 
Figure 5.21 Water Cube (Ziger/Snead) 
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6 Reference research 
In order to accelerate the progress of this thesis a selection of research reports are examined. On the 

one hand to investigate the steps taken in a research with a similar approach, on the other hand to 

learn from the outcomes en conclusions made in relevant research. 

6.1 Trussed facade constructions: A study of the opportunities of a structural 

system 

‘This Master’s thesis by Rick Roelofs deals with trussed facade constructions which are defined as 

constructions that consist of diagonal columns and horizontal members making up a triangular 

structure. Furthermore a trussed façade construction provides the lateral stability of the building and 

it is located alongside the façade.’(Roelofs, 2008) 

 

‘Three inherently different geometry variants are drawn up to make a comparison and to select the 

optimum one. This comparison is based on the efficiency, in this thesis defined as the rigidity under 

horizontal loads divided by the construction weight. The discrete models for the geometry variants 

are translated into continuous models with a bending stiffness and racking shear stiffness by means 

of mechanics formulae: By means of these formulae, insight is gained into the functioning of the 

geometry variants.’ (Roelofs, 2008) 

 

 

The three variants mentioned above are; a diagrid without columns in the corners, a diagrid with 

columns in the corners, and a diagrid with vertical columns and diagonals (no horizontal beams) (see 

Figure 6.1)  

 

‘It has been substantiated that diagonal columns can best be employed for buildings where the 

racking shear stiffness plays a significant role, namely compact buildings. Vertical columns, on the 

other hand, can best be employed for buildings where the bending stiffness is paramount and the 

racking shear stiffness is insignificant.’ (See Figure 6.2)(Roelofs, 2008) 

 

 

 

 

 

 
Figure 6.1 The three variants; without corner columns, with corner columns, and vertical columns. (Roelofs, 2008) 
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An increasing slenderness of a building is coupled with an increasing 

recommended angle between the diagonals and the horizon 

(between 53° and 76°). The influence of the angle of the diagonals is 

visualized in Figure 6.3 and Figure 6.4. 

 

An important recommendation made by Rick Roelofs is to have a look 

into an integrated variant; here the vertical loads are also transferred 

to the foundation by the trussed façade, instead of using an extra 

orthogonal structural system places inside the trussed façade to 

withstand the vertical loads. 

 

‘The disadvantages of the integrated variant are more complex nodes, 

because also shear forces and bending moments are introduced in the 

trussed façade, and awkward abutments with internal walls will 

occur.’(Roelofs, 2008) 

  

 
Figure 6.2 Efficient structures for 

slender and compact buildings, 

respectively. (Roelofs, 2008) 
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 Angle [degrees]   Angle [degrees] 

Figure 6.3 Reduction of bending stiffness of diagrid with 

decreasing angle of the diagonals. (Roelofs, 2008) 
 Figure 6.4 Fluctuation of racking shear stiffness with 

decreasing angle of the diagonals. (Roelofs, 2008) 
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6.2 Diagrid structural systems for tall buildings; characteristics and 

methodology for preliminary design 

This research, by Connor, Moon, and Fernandez, has a similar subject as the one discussed in §6.1, 

although with a slight similar approach and different graphs for determining preliminary member 

sizes. Firstly the optimal angles of diagrids for 60-, 42- and 20-story structures with a typical width of 

36 meters are determined; the optimal angle for the first two structures is 63°, the design of the 20-

story structure is governed by strength.  

“For 60-story diagrid structures having an aspect ratio (B/H) of about 7, the optimal range of diagrids 

angle is from about 65° to 75°.”(Connor, Fernandez, & Moon, 2007) 

In order to specify the relative contribution of shear versus bending deformation a dimensionless 

factor s is introduced, which is equal to the ratio of the displacement at the top of the structure due 

to bending and the displacement due to shear.  

� = ��∙��
	 � �� ∙  !" = �∙�

	#  With γ = shear deformation and χ = bending deformation 

The following empirical relationship between the optimal s value and the aspect ratio is 
proposed for diagrid structures greater than 40 stories with an aspect ratio greater than about 5 
and a diagrid angle between 60° and 70°: 

� = @ 
A − 3C  for  

A ≥ 5 and 60° ≤ � ≤ 70° 

The member sizes needed for bending and shear are plotted in graphs for different s values for 
60-story structures �see Figure 6.5!.  

s = 1 s = 4 s = 9 
Figure 6.5 Preliminary member sizing for the 60-story diagrid structure with various s values  

(Connor, Fernandez, & Moon, 2007)    
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6.3 Cellular wall design with parametric CAD models 

‘This report documents the Master’s Thesis project which I undertook to complete my study in 

Structural Engineering at the Faculty of Civil Engineering and Geosciences, Delft University of 

Technology. The project was in cooperation with DHV B.V. (the Netherlands). The purpose of this 

thesis is to explore an ‘optimal’ structure for the cellular wall of Shanghai Natural History Museum 

(SNHM), using parametric CAD models.’(Li, 2009) 

 

‘The cellular wall (the central curved wall in the middle of Figure 6.6 The Shanghai Natural History 

Museum with the cellular wall in the middle.) is one of the most captivating elements in the Shanghai 

Natural History Museum design. Besides its architectural appearance it also has an important 

function in the structural system to distribute both horizontal and vertical forces.’(Li, 2009) 

 
‘The primary structure of the cellular wall is steel lattice structure with cell-like patterns; it is an 

important component of the building systems of vertical load-bearing and stability.’(Li, 2009) 

 

 

‘The main load case is vertical load caused by the green roof, and the self-weight of the grid structure 

is relatively large. Wind load has small proportion in the combined load cases. Therefore, the grid 

structure is heavily loaded by in-plane loads, and the out-of-plane loads are quite small.’(Li, 2009) 

 

 
Figure 6.6 The Shanghai Natural History Museum with the cellular wall in the middle. 

  
Figure 6.7 Real geometry and load Figure 6.8 Triangular_a on a flat plate (Li, 2009) 
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Li started with determining the influence on the 

buckling load of the cellular wall of different regular 

grids on a flat plate; triangular, rectangular and 

hexagonal. The next step was replacing the flat plate 

by a curved wall; the buckling load factors increased 

significantly (see Table 6.1). The load factors are 

only showing the ratio between the different grids 

and plate/wall types. When calculating the buckling 

load factors for the real (non-regular) geometry of 

the cellular wall of the SNHM and corresponding loads, a rectangular grid scores better (load factor = 

12,73) than the hexagonal grid (load factor = 11,34). 

 
Table 6.1 Load factors of different grids (data and figures from (Li, 2009)) 

 
Flat plate Load factor Curved wall Load factor 

Triangular _a 

 

1,489 

 

27,66 

Triangular _b 

 

1,416 

 

29,07 

Rectangular 

 

1,365 

 

8,14 

Hexagonal_a 

 

1,333 

 

15,29 

Hexagonal_b 

 

1,234 

 

12,73 

  
Figure 6.9 Real geometry and rectangular grid(Li, 2009) 
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Li introduced two methods of achieving more irregular patterns and at the same time stiffening the 

grid; inserting triangles and locally ‘doubling-up’ the grid (see Figure 6.10). Both methods can reduce 

the stress and increase the stiffness locally when needed. Another way to receive a more equal stress 

pattern is by using different sections and/or wall thickness of the members, this can be an 

architectural preference. 

 

The two most important conclusions that Li made in her report are: 

� ‘The buckling capacity is strongly improved by the curvature of the façade.’(Li, 2009) 

 

� ‘Triangular grid has large in-plane and out-of-plane stiffness, thus it shows the highest 

buckling capacity in the case of curved panels (much higher than the other two grid types). 

Hexagonal grid has a relatively large out-of-plane stiffness but little in-plane stiffness, it also 

shows large buckling load factor. Rectangular grid (Note: orientated as beam-columns!) has 

low level in both in-plate and out-of-plane stiffness properties, it shows the worst buckling 

behavior – the smallest buckling load factor and a very large buckling area.’(Li, 2009) 

 

For this thesis it is important to notice that in the case of the cellular wall in the SNHM, there are no 

in-plane horizontal loads due to wind on a perpendicular façades. So not all the conclusions have a 

direct relation with a hexagonal structure used as a stability system.  

 
Figure 6.10 Inserting triangles (above) and 'doubling-up' the grid (below) (Li, 2009) 
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6.4 Honeycomb Tube Architecture (HTA) 

The ‘HTA Association’ has published a trilogy about honeycomb tube architecture; an innovative 

architectural idea that has lots of potential. The authors were inspired by the discovery of the 

structure of carbon nanotubes in 1991. 

Volume I 

Firstly an introduction is given about the history and the potential of the hexagon and the 

honeycomb. Secondly a large set of images is given of hand- and computer-made models starting 

with a simple nanotube slowly converting to a structure with floors that can be interpreted as a high-

rise building. After this a roundtable discussion is started about the structural efficiency of 

honeycomb tubes. This chapter is followed by a diagrammatic explanation of the mechanical 

characteristics of as well a triangular, an orthogonal, and a hexagonal frame, as three non-trivial 

frames (see Figure 6.12). At a glance it is obvious that a triangular frame deforms the least, 

unfortunately it is not clear how the loads are applied and whether equal sections of the members 

are used or not. The last chapters are spent on the realization of a design project, not interesting for 

structural engineers. 

 

Volume II 

Where in HTA Volume I precast prestressed concrete (PC) was considered as a structural material for 

the honeycomb tubes, in Volume II the material steel is introduced. Also the possibility to stiffen the 

frame with different fractal honeycombs is structurally tested and discussed (see Figure 6.13). 

Further there are a lot of hexagonal architectural designs presented as urban case studies; these are 

not discussed in the field of structural design.  

Volume III 

The third and last volume of HTA is a summary of previous work together with the test results. Also 

some smaller research has been done on the prestressed connection of PC elements and on the fire-

resistance of steel segments.  

 

 

  
Figure 6.11 Test model scale 1:3 Figure 6.12 Deformation of frames under a horizontal load 
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The most important conclusions of HTA for this thesis are: 

� The difficulties occurring at the rigid connections between PC elements can be prevented by 

displacing the connections between de PC elements to the middle of the sides where the 

moment is almost equal to zero. 

� Steel honeycomb improve their load-bearing capacity and rigidity by adding fractal 

honeycomb. 

� Steel honeycomb frame structures are not in any way inferior structural systems, even in 

comparison to conventional rigid-frame structures.  

� Floors can act as tensile-rings. 

  

  
Figure 6.13 The four tested steel (fractal) frames Figure 6.14 Steel honeycomb test set-up scale 1:4 
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6.5 Honeycombs (cellular material) 

“Two dimensional prismatic cellular materials of periodic microstructures are called honeycombs. The 

hexagonal structure is the most commonly used honeycomb geometry.”(Ju & Summers, Hyperelasic 

constitutive modeling of hexagonal honeycombs subjected to in-plane shear loading, 2011) 

 

This structure, having a high stiffness to weight ratio, is often used 

in aircrafts or as a crash barrier. According to (Bitzer, 1997) 

materials used to manufacture honeycombs can be metallic 

(aluminum, stainless steel, titanium, copper or lead) or 

nonmetallic (fiberglass, carbon fabric, Nomex, Kraft paper, 

Kapton, Mylar and Kevlar). As stated above the hexagonal lattice 

grids is the most commonly used grid, but there are several other 

grids possible for honeycombs; 

triangular or ‘isogrid’, square, 

trihexagonal or ‘Kagome’, diamond and mixed triangle grid (see 

Figure 6.17 Different lattice grids examined in most 

referencesFigure 6.17). Kagome is a Japanese word; ‘me’ means 

holes or eyes, ‘kago’ means basket (see Figure 6.16). Mostly the 

honeycomb itself forms the core of a sandwich panel. The 

bending stiffness of the sandwich panel is acquired by the section 

of the face sheets of the sandwich panel and the distance 

between the face sheets. For this thesis the bending stiffness is 

less interesting, the in-plane mechanical properties can be useful 

for the progress of this thesis.  

 

“Triangular, Kagome, and diamond cell honeycombs are known to be the extension dominated cell 

structures, which is good for high modulus structural design. On the other hand, square and 

hexagonal cell honeycombs are known to be bending dominated structures, which is good for flexible 

structural design. Hexagonal cell structures are known to be flexible in both axial and shear 

directions. Moreover, hexagonal honeycombs can easily be tailored to have targeted in-plane 

properties by changing cell angles. Therefore, some hexagonal geometries have a potential to 

compliant structural design.” (Ju & Summers, Compliant hexagonal periodic lattice structures having 

both high shear strengts and high shear strain, 2011) 

 

   
3

6
 Triangular grid / Isogrid 4

4
 Square grid 6

3
 Hexagonal grid 

   
3.6.3.6. Trihexagonal / Kagome

 
Diamond grid Mixed triangle grid 

Figure 6.17 Different lattice grids examined in most references on honeycombs. 

 
Figure 6.15 Part of cover(Bitzer, 1997) 

 
Figure 6.16 Kagome basket  
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The buckling strength of a lattice grid can be divided into local and global buckling. The higher 

number of struts and connectivity at a vertex results in a stronger restriction and a higher global 

buckling load; an isogrid has a higher buckling load than a hexagonal grid (Fan, Jin, & Fang, 2009). The 

local buckling load depends on the length and thickness of the struts and can be derived using Euler’s 

formula. Different grids with equal relative density have different slenderness of the struts; the 

thickness of an isogrid strut is one third of the hexagonal grid with equal relative density, resulting in 

a 3
3
 times lower local buckling load. The slenderness of the struts, or the relative density of the grid, 

has influence on the properties of the grid. 

A.-J. Wang and D.L. McDowell studied the in-plane stiffness and yield strength of various periodic 

honeycomb cell structures for honeycombs with relative density r between 0,1 and 0,3. With this 

relative density buckling doesn’t occur before initial yield, the critical values for r are listed in the last 

column of Table 6.2. The thin struts are treated as beam or column elements using simple 

Thimoshenko’s beam and column theory. 

 
Table 6.2 In-plane mechanical properties of various periodic honeycomb cell structures (Wang & McDowell, 2004) 

 
Note: The elastic buckling values are calculated in the directions of the lowest buckling load for each honeycomb, and are 

based on a ratio of yield strength to Young’s modulus of 0.001. 

 

“For hexagonal honeycomb cells, cell wall bending dominates cell wall stretching over a practical 

range of relative densities since the joints must resist bending in order for these honeycombs to 

remain stable. Joint rotation is significant during deformation. In contrast, the triangular cell 

honeycombs are kinematically stable if the joints are replaced by pin joints, and are therefore 

dominated by cell wall stretching; these include the triangular cell, the mixed cell, the Kagome cell, 

and the diamond cell.”(Wang & McDowell, 2004) 
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The results for some of the data listed in Table 

6.2 are plotted in Figure 6.18, Figure 6.19 and 

Figure 6.20. The cubic relation between r and 

the Young’s modulus as well as between r and 

the shear modulus of the hexagonal grid is 

visible. The high Young’s modulus of the square 

honeycomb is in the direction of the cell walls, in 

the direction of the cell diagonal this value is 

strongly reduced (not listed or plotted). 

 

When looking more closely to the triangular cell 

and the diamond cell in Figure 6.17, one sees 

that they have a lot in common. The diamond 

cell misses half the horizontal struts that the 

triangular cell has, these bar can be quite easily 

been missed in some loadcases, making the 

diamond cell more efficient. The diamond cell 

has, with equal density r, a higher Young’s 

modulus as well as a higher shear modulus than 

the triangular grid and the Kagome grid. 

 

“The diamond cell honeycomb is competitive 

with both the hexagonal supercell and Kagome 

cell honeycombs except that it is significantly 

anisotropic with regard to in-plane elasticity as 

well as strength.” (Wang & McDowell, 2004) 

 

The anisotropic property can be, depending on 

the application, an advantage or a disadvantage. 

The results of the research done by Wang and 

McDowell reveal that the hexagonal grid has far 

less potential than most of the other grids. The 

triangular grid, diamond grid and Kagome grid 

pretend to have good properties for use as a 

structural grid. 

  

 
Figure 6.18 Effective Young's modulus comparison  

(Wang & McDowell, 2004) 

 

 
Figure 6.19 Effective shear modulus comparison  

(Wang & McDowell, 2004) 

 

 
Figure 6.20 Initial yield strength comparison  

(Wang & McDowell, 2004) 
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7 Conclusion 
The purpose of this preliminary investigation is to explore the appearance of hexagonal patterns as 

well as other patterns in the widest possible way, keeping the objectives stated before in mind. All 

kinds of structures are examined and described. In the next part of this thesis a selection of 

tessellations have to be translated to a structural stability system. Concluding from the reference 

researches in §6.5, the triangular, diamond, and trihexagonal grid have the most potential to be used 

as a structural grid. Nevertheless the hexagonal grid will be examined as well, completed with a serie 

of variant grids with extra horizontal elements at the location of the floors (see next page). The 

triangular grid and the square grid will be taken into account as reference grids. The efficiency of a 

certain grid depends on the slenderness of the building(element), the relative density of the grid, and 

the rotation of the grid. Special attention should be given to the connections between the elements. 
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Test grids   
   

  

 

6
3
 Hexagonal grid (armchair)

 
3.6.3.6. Trihexagonal (horizontal)  

   

Rotated variant grids   
   

  

 

6
3
 Hexagonal grid (zig-zag)

 
3.6.3.6. Trihexagonal  

(vertical) 

 

 

Variant grids with extra horizontals 
   

   
6

3
 Hexagonal grid (armchair)  

+ extra horizontals
 

3.6.3.6. Trihexagonal (horizontal) + 

extra horizontals 

3.6.3.6. Trihexagonal (vertical)  

+ less extra horizontals  variant A 

   
6

3
 Hexagonal grid (zig-zag)  

+ extra horizontals 

3.6.3.6. Trihexagonal (vertical)  

+ extra horizontals 

3.6.3.6. Trihexagonal (vertical)  

+ less extra horizontals variant B 
   

Reference grids   
   

   

3
6
 Triangular grid / Isogrid 

(horizontal) 

3
6
 Triangular grid / Isogrid 

(vertical) 

4
4
 Square grid 
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