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Abstract 

 

In this report, we present a method for obtaining a simplified representation of the blood-flow-

field, acquired by Magnetic Resonance Imaging (MRI). The blood-flow provides an indication of 

the condition of the blood vessels and the cardiac muscle. However the images acquired by MRI 

provide large and noisy data sets, which are hard to interpret. To facilitate the analysis of the 

unsteady blood-flow data, we aim for simplified and abstract representation of the velocity 

fields. In particular, we use the Helmholtz decomposition, which separates the flow field into a 

rotation-free, a divergence-free and an additional harmonic field. This decomposition can give us 

good insights of the behavior of the blood-flow, potentially better than other simplification me-

thods. Several approaches are investigated to obtain the Helmholtz decomposition of the flow. 

Specifically, we use a multi-scale kernel method and a numeric method based on finite differ-

ences. We give a detailed description of the theory underlying these methods. The proposed me-

thods are tested on artificial, simulated, and clinical datasets. The results showed that both me-

thods were successfully implemented, where the decomposition clearly describes the vorticity 

and divergence of the flow. Also, the results of the decomposition might be valuable for re-

search, aiming to find correlations between this representation of the blood-flow and cardiovas-

cular diseases. 

 

Keywords 

Blood-flow, divergence-free component, harmonic component, Helmholtz decomposition, mag-

netic resonance imaging, multi-scale kernel method, numeric method, rotation-free component, 

vascular diseases, vector field. 
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Chapter 1 

 

INTRODUCTION 

 

“The ability to simplify means to eliminate the unnecessary so that the necessary may speak.”     

-Hans Hofmann 

 

Cardiovascular diseases are the main causes of death in the world, generating around 29% of 

deaths each year [1]. For this reason, there is high interest in the scientific community to find 

more accurate methods to diagnose and treat abnormalities in the heart.  

For diagnosis, there have been important improvements, since the creation of the first blood-flow 

pressure device in 1733. We have evolved from the electrocardiograph, which obtains the elec-

trical activity of the heart over time, to the recent medical imaging techniques, such as the X-rays 

and computed tomography (CT) using electromagnetic radiation to measure contrast between the 

different tissues. In addition, echocardiography generates images from sound waves with low 

cost and no secondary adverse effects [2]. Furthermore, magnetic resonance (MR) scans allow 

imaging of internal structures of the body, by varying a magnetic field. MR has the advantage of 

eliminating radiation exposure to the patient, in contrast to X-ray and CT imaging. Moreover, 

advanced MRI scanning protocols exist that acquire quantitative blood-flow information. These 

data may help in early diagnosis of cardiac abnormalities and may provide information about the 

effectiveness of the treatment [3]. 

Several of these diagnostic techniques provide large and noisy data sets, which are hard to interp-

ret. In particular for MRI blood-flow measurements, the main drawback is the high complexity 

of the information acquired. A large amount of data is provided, with a typical spatial resolution 

of 128x128x50 voxels (the 3D equivalent of a pixel) and 25 time phases. Furthermore, this data 

contains noise and artifacts. Figure 1.1 illustrates the complexity of the information acquired by 

MRI, showing only 0.5% of all the obtained velocity vectors representing the blood-flow, where 
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from the figure is difficult to interpret the data. 

 

 

Figure 1.1: 0.5% of the velocity vectors representing cardiac blood-flow acquired by MRI [4]. 

 

As explained before, the images acquired by MRI are difficult to interpret, even for a skilled ra-

diologist. In order to help physicians to interpret the images, there is an increasing interest in the 

scientific community to transform this data into simplified and abstract representations. A wide 

range of techniques extract relevant features from images representing the blood-flow. Typical 

features are: the boundaries for identifying the main morphological structures in the image, vor-

tices for representing the turbulence of the blood-flow; maxima, minima and saddle points, 

which allow reconstructing the image at lower scales. 

In this project we intend to make a simplified representation of the blood-flow, acquired by 

Magnetic Resonance Imaging (MRI), in order to help physicians to interpret these highly com-

plex images. Therefore, we aim to separate the unsteady 3D blood-flow into three components: a 

rotation-free component, a divergence-free component, and an harmonic component. First, the 

rotation-free component only consists of sinks and sources of the flow, and it can be associated 

with acquisition deficiencies in the image. Second, the divergence-free component comprises the 



 

 

3 

 

vorticity of the flow
1
. Finally, the harmonic component is free of vorticity and divergence. In 

particular, the divergence-free component is of interest, as a lack of rotation in some regions 

within the blood-flow might be associated with an abnormality in the heart [3]. 

In order to separate the 3D MRI blood-flow, we first need to define the borders of the blood-flow 

and suppress noise and artifacts from the image. Next, we decompose the flow by applying the 

Helmholtz decomposition, resulting the three components described before. 

To design the algorithms that perform the Helmholtz decomposition of the blood-flow, we ex-

tended a 2D decomposition method using multi-scale kernels presented by Duits et al. [3] to the 

3D domain. Moreover, we apply additional considerations in order to adapt the method to the 

blood-flow application as the computation of the harmonic field. 

Furthermore, we evaluate the performance of the multi-scale kernels method, in comparison to a 

numerical approximation of the Helmholtz decomposition. We extensively investigate the theory 

underlying these methods, and perform several comparison tests. For this, we have used artificial 

data, simulated data and measured blood-flow data. At the end, we create an accurate and fast 

prototype, which generates the 3D decomposition of the blood-flow data field. 

The remainder of this report is organized as follows. In section 2, we compare our decomposition 

method with other previous work. In addition, we briefly describe the MRI blood-flow mea-

surements, as well as the Helmholtz decomposition theory. In section 3, we describe the methods 

for suppressing noise and artifacts in the blood-flow data. In addition, we describe our segmenta-

tion technique. We call all these steps the pre-processing. In section 4, we fully explain the 

Helmholtz decomposition theory. In section 5, we describe various approaches for performing 

the Helmholtz decomposition. In the last two sections, we present results and draw conclusions. 

Finally, in the appendices we present several theoretical proofs and algorithms related with the 

Helmholtz decomposition. 

                                                      
1
 In the context of this thesis, vorticity refers to the tendency of a flow to spin. 
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Chapter 2 

 

BACKGROUND 

 

The aim of this chapter is to provide the reader with the relevant background about the work car-

ried out in this thesis. There are two main areas of expertise related to this project: the medical 

and the technical domain. The medical field provides the clinical motivation of this thesis, and 

furthermore deals with the methods used to acquire blood-flow measurements. Whereas, the 

technical field relates to methods to obtain a simplified representation of the blood-flow. In our 

case, we apply the Helmholtz decomposition theory, and we compare this method to other ap-

proaches found in the literature. 

 

2.1. Medical background 

 

2.1.1. Statistics 

 

Cardiovascular disease (CVD) constitutes one of the main causes of death in the world, 

representing around 29% of the deaths [1], see figure 2.1. CVD includes any condition that af-

fects the circulatory system [1]: 

• Coronary disease: disease of the blood vessels supplying the heart muscle.  

• Cerebrovascular disease: disease of the blood vessels supplying the brain.  

• Raised blood pressure: the systemic arterial blood pressure is elevated. 

• Peripheral arterial disease: disease of blood vessels supplying the arms and legs.  

• Rheumatic heart disease: damage to the heart muscle and heart valves from rheumatic 

fever, caused by streptococcal bacteria.  

• Congenital heart disease: malformations of the heart structure existing at birth.  
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• Heart failure: inability of the heart to supply sufficient blood flow to meet the needs of 

the body. 

 

 
 

Figure 2.1: Statistics representing the main causes of mortality in the world in 2008, where CVD 

represents one of the main causes [1]. 

 

The high death rate caused by cardiovascular diseases increases the need for preliminary detec-

tion. In cardiology literature [5], it has been noted that deformation of the cardiac wall provides a 

quantitative indication of the health of the cardiac muscle. Moreover, the blood-flow interacts 

with the cardiac walls by deforming the tissue. Therefore, correlations have been found between 

blood-flow dynamics and cardiovascular diseases, where the blood-flow provides an indication 

of the condition of the blood vessels and the cardiac muscle, where pathologies in these struc-

tures are often related to congenital disease [3]. 
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2.1.2. Blood-flow measurements 

 

Various imaging modalities have been deemed appropriate for acquiring blood-flow information. 

Currently, the most popular imaging modalities for assessing flow data are echocardiography and 

MRI. Echocardiography is frequently used because of its low cost and high temporal resolution. 

However, ultrasound is dependent on the operator and it is difficult to assess the more deeper 

arteries.  On the other hand, MRI allows to obtain blood-flow information with high spatial reso-

lution, and there are no restrictions on the position of measurement. Therefore, this imaging 

modality is less dependent on the operator [6]. 

 

Given the advantages of MRI, we have selected MRI as our source of data. In the subsequent 

subsections, we briefly describe the history and principles underlying the MRI. Finally, we ex-

plain the Phase-contrast MRI (PC-MRI), which represent the sequence used to acquire blood-

flow velocities. 

 

2.1.3. Magnetic Resonance Imaging 

 

The phenomenon of nuclear magnetic resonance (NMR) was first discovered simultaneously by 

Bloch [7] and Purcell [8] in 1945. For many years, it was mainly used by chemists and physicists 

as a tool for identifying chemical compositions, based on differences in atomic resonant frequen-

cies, also known as NMR spectroscopy [9]. In 1972, Lauterbur discovered that the application of 

linear magnetic field gradients spatially encoded the NMR signal [10], spawning the field of 

magnetic resonance imaging (MRI). Since then, MRI has evolved into a premier medical imag-

ing modality for imaging soft tissue [11]. 

An MRI scanner generates a strong magnetic field RS, causing a natural magnetization of the 

atoms in the human body. These atoms have a nuclear property known as spin, which can be 

described as charged spheres spinning about an axis. Within the external magnetic field, the 

spins are reoriented, and having an angular velocity at a certain frequency. This process, depicted 

in figure 2.2, is called precession. 
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Initially, the magnetization of the spins in the body will align along the orientation of RS. How-

ever, only the transverse direction of the magnetization can be measured. To measure a signal, 

radiofrequency (RF) pulses are applied to disturb the equilibrium, causing a magnetization into 

the transverse plane, as depicted in figure 2.3. After the pulse is turned off, relaxation occurs, 

causing the net magnetic moment returns to its equilibrium. The transverse component of the net 

magnetization returns to zero, which is called spin-spin relaxation or T2-relaxation, and the lon-

gitudinal component returns to its start value again, which is called spin-lattice relaxation or T1-

relaxation [6]. 

 

Figure 2.2: Clockwise precession for a spin at angular frequency U-. 

 

The strength of the MR signals, detected by a coil and receiver, depends on the proton density of 

the tissues. The signal is equivalent to the Fourier transform (FT) of the desired image. Spatial 

localization of these signals is achieved by varying magnetic field gradients and RF-pulses as 

depicted in figure 2.4  [12,13,14,15]. When the full volume is acquired, the inverse FT results in 

the reconstructed image. This result represents the weighted spin density distribution in the se-

lected slice or volume [12]. 
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Figure 2.3: Spin-lattice and spin-spin relaxation after a 90° RF pulse [12]. 

 

To reconstruct an image, an inverse FT is performed on the raw data matrix, which results in 

complex signals with a real and imaginary part, as shown in figure 2.5. The conventional ana-

tomical image is constructed from the magnitude of the complex signal. 
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Figure 2.4: Effect of the field gradient on nuclei. (a) RS only: all nuclei precess at the same fre-

quency. (b) RS plus gradient 5�: precession frequency depends on position in x-direction [13]. 



 

10 

 

 

Figure 2.5: Magnitude and phase image reconstructed from real and imaginary part. 

 

2.1.4. Phase-contrast Magnetic Resonance Imaging 

 

In our particular case, the specified sequence of magnetic field pulses, called PC-MRI is of inter-

est for measuring blood-flow. PC-MRI provides quantitative flow data that is linearly related to 

the actual blood-flow velocities, by manipulating the phase offset of the spins [16]. However, it 

has the drawback of a relatively low spatial and temporal resolution. In addition, there are acqui-

sition artifacts, mainly due to the respiratory motion and saturation of the velocity magnitude, 

commonly called phase wrap. Also, there is correlated noise characterized by Rician distribution 

[17], which comes mainly from the air during the acquisition process, and uncorrelated noise 

caused by the reconstruction process [6].  

The quantitative 3D PC-MRI flow measurement results in 3D blood-flow data throughout the 

whole cardiac cycle. The information at each voxel represents a 3D vector, describing speed and 

direction of the blood-flow velocity at that location [14]. The speed characteristics of the blood-

flow data are shown in the table 2.1. 
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Table 2.1: Macroscopic blood-flow velocities [18]. 

Motion type Velocity range 

Cerebrospinal fluid flow 1 mm/s – 1 cm/s 

Venous flow 1 cm/s – 10 cm/s 

Arterial flow 10 cm/s – 1 m/s 

Stenotic flow 1 m/s – 10 m/s 

 

 

PC-MRI flow information is acquired by locally varying the magnetic field gradient. This causes 

the phase offset of the spin to change, dependent on the location, as depicted in figure 2.6 [19]. 

PC-MRI acquisition makes use of a specific pulse sequence, including a flow encoding gradient 

that encodes information about velocity, acceleration, or higher derivative motion. This gradient 

is called a bipolar gradient, producing a phase offset of the MR signal, which is linearly propor-

tional to the blood velocity. As a result, the velocity and higher derivatives motion are quantita-

tively measurable [20]. 

 

 

Figure 2.6: Phase change of moving and non-moving spins due a magnetic field gradient [19]. 

 

For spins moving in this magnetic field at a constant velocity v, the phase difference ∆� is li-

nearly related to the velocity by 

∆� = W‖�‖∆�,                                      (2.1) 

where � = 5),                                                              (2.2) 
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and W is a constant describing the gyromagnetic ratio for hydrogen, which represents the most 

common element in the human body, G represents the amplitude of the magnetic pulse, and T is 

the duration of the pulse. 

The velocity v can be determined by the phase difference ∆� acquired in two interleaved mea-

surements. The constructed PC-MRI data consists of a 3D dataset, with in every voxel a velocity 

vector, with components ��, �� and ��, i.e., � = X�� �� ��Y. 
The 4D PC-MRI data has a total acquisition time of about twenty minutes. The typical spatial 

resolution is 128x128x50 voxels with a voxel size of 2mm x 2mm x 2.5 mm/voxel, and a tem-

poral resolution of 25 phases/cardiac cycle. An example of a PC-MRI reconstructed image is 

depicted in the figure 2.7. 

 

 

 

Figure 2.7: Image data characteristics: dimensions, spatial and temporal resolution. 
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2.2. Technical background 

 

In this project, we aim for a simplified representation of the PC-MRI acquired blood-flow due to 

the high complexity of the velocity fields. Several methods have been applied in the past, to gen-

erate simplified representations of the flow and to extract relevant features.  

In order to obtain simplified representations of the blood-flow, Busch et al. [21] and Skrinjar et 

al. [22] recently showed that a divergence-free blood-flow can be obtained using radial basis 

functions.  

Smoothing vector fields has also been proposed as an efficient way to simplify complex datasets, 

and render the analysis more tractable [23,24,25,26].  For instance, Bauer et al. [23] proposed a 

flow smoothing at multi-scale levels, yielding more coherent features and sorting out numerical 

artifacts as well as irrelevant large scale features. Diewald et al. [24] showed a method for an 

easier perception of vector field data, and serving as an appropriate scale space for the visualiza-

tion of complicated flow patterns. Their method is closely related to nonlinear diffusion
2
 tech-

niques in image analysis, where images are smoothed, while still retaining and enhancing edges. 

Furthermore, Preuβer et al. [25] showed how a noisy flow is smoothed along streamlines, whe-

reas it is sharpened in the orthogonal direction. Finally, Westermann at al. [26] proposed a tech-

nique for visualizing steady flow, by classifying, segmenting and smoothing flow fields, allow-

ing to visualize flow data at coarser resolutions and applying surface rendering.  

Another simplification technique is proposed by Friman et al. [27]. They obtained a simplifica-

tion by applying statistical techniques of streamline generation, improving the overall confidence 

in the vector field visualization. 

In this project, we aim to obtain a 3D simplified representation of the blood-flow-field, acquired 

by Magnetic Resonance Imaging (MRI). In particular, we use the Helmholtz decomposition, 

which separates the flow field into a rotation-free, a divergence-free and an additional harmonic 

field. This decomposition can give us improved insight into the behavior of the blood-flow, as 

the interaction of the flow with the cardiac walls. 

 

                                                      
2
 The diffusion is a partial differential equation describing the density fluctuation in a flow. 
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2.2.1. The Helmholtz decomposition 

 

In the past, several methods have been applied for computing the Helmholtz decomposition. For 

instance, a variational approach for obtaining the 3D Helmholtz decomposition in irregular grids 

was proposed by Tong et al. [28] and Guo et al. [29]. Although, they show 3D and 2D simula-

tions of the decomposition, they do not analyze the behavior of the different components at the 

borders, also called boundary conditions, which is of vital importance for our blood flow applica-

tion. 

In recent work, a 2D Helmholtz decomposition was applied to cardiac tagged-MRI images by 

using one non-singular analytic kernel operator, yielding a fast and accurate decomposition [3].  

A mathematical analysis of the boundary conditions for the different components obtained by the 

Helmholtz decomposition was proposed by Joseph [] and Petronetto et al. [31]. The first work 

gives a mathematical analysis of the boundary conditions from a fluid dynamics point of view. 

Petronetto et al. [31] describe a meshless Helmholtz decomposition in 2D, considering several 

options for the boundary conditions, including simulation results. 

In this thesis, we propose a fast and accurate method for obtaining the 3D Helmholtz decomposi-

tion from PC-MRI. This method is based on the 2D decomposition by multi-scale kernels, pre-

sented by Duits et al. [3].  

In the next chapter we describe the pre-processing technique, which is necessary in order to ap-

ply the Helmholtz decomposition methods. 
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Chapter 3 

 

PRE-PROCESSING 

  

To simplify the 3D MRI blood-flow velocity field, by using the Helmholtz decomposition, we 

first need to pre-process the input data. The purpose of this pre-processing step is to approximate 

the borders of the main anatomical structures; this is commonly called segmentation. Further-

more, some noise and artifacts of the blood-flow are suppressed. The pre-processing is necessary 

for several reasons: 

• Helmholtz decomposition: For applying the Helmholtz decomposition, we need to accu-

rately define the boundaries of the flow field in order to apply the boundary conditions 

necessary to solve several of the equations defining the decomposition. Also, the result 

can drastically change by uncorrelated flow vectors, due to imaging artifacts. 

 

• Performance: We only want to apply the Helmholtz decomposition, in the main anatom-

ical structures, and do not spend valuable processing time in the decomposition of back-

ground data. 

 

Figure 3.1 shows an example of PC-MRI acquired blood-flow data, together with a segmented 

approximation heart anatomy and a generic heart anatomy image
3
. The dimensions of this data 

set are 144x144x50 voxels. In the figure, we also show portions of uncorrelated vectors or noise, 

marked with label A. In addition, label B indicates the direction of the flow on the scanner coor-

dinates, which has to be corrected in order to process the flow information in data coordinates.  

A fast and accurate blood-flow segmentation can be obtained by computing the temporal maxi-

                                                      
3
 The coordinate reference system in the figures is a relative frame that does not correspond to the patient coordi-

nates. 
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mum intensity projection (TMIP) [32], which indicates the highest flow speed during the cardiac 

cycle. In addition, there are flow filtering techniques as the vector median filter (VMF) [33], 

which allows to efficiently reduce noise and artifacts in a flow. 

First we use the TMIP to get an initial segmentation, and afterward we apply the VMF for reduc-

ing the noise and artifacts of the segmented flow. Subsequently, we refine the borders, reducing 

errors in the initial segmentation. Therefore, we propose an iterative local phase coherence algo-

rithm (ILPCA), based on the coherence measure proposed by Chung et al. [34]. Using this meas-

ure, we intend to suppress flow vectors at the borders that are not coherent with adjacent vectors. 

Next, we adapt the segmented flow for further computations by suppressing flow vectors that do 

not meet certain neighboring conditions, which are explained in detail in section 3.4; we call this 

step erosion. Finally, we apply a rotation transformation to the segmented blood-flow, to get the 

flow in data coordinates. We only rotate the velocities within the segmented region, for saving 

processing time. 

In summary, these are the proposed pre-processing steps: 

1. Initial segmentation by Temporal Maximum Intensity Projection (TMIP). 

2. Vector median filter (VMF). 

3. Iterative local phase coherence algorithm (ILPCA). 

4. Erosion. 

5. Rotation transformation of the blood-flow. 
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Figure 3.1: Example of a PC-MRI blood-flow together with the heart anatomy. (a) Acquired da-

ta, (b) and (c) Example and generic heart anatomy respectively, (d) zoomed-in of the acquired 

blood-flow showing the noise and direction of the flow in scanner coordinates. 
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3.1. Initial segmentation by Temporal Maximum Intensity Projection (TMIP) 

 

First, we perform blood-flow segmentation, by computing the TMIP. This results in a new volu-

metric scalar-valued data set, indicating regions where blood with considerable speed has oc-

curred during the cardiac cycle. Given a blood-flow velocity vector, for each voxel position x, 

the maximum value in time is extracted from the 4D flow data �: ℤ2 × ℤ →  ℝ2 [6,32]. For N 

cardiac phases, the TMIP is defined as 

���(�) = max`a (‖�(�, ��)‖)   for D = 0, . . , f − 1,                          (3.1) 

where �� represents the time phase D. 
Figure 3.2 shows an example slice of the TMIP computed from the data set illustrated in Figure 

3.1. From the figure, we can see a clear description of the main cardiovascular morphological 

structures. 

 

  

Figure 3.2: Example of a 2D TMIP slice. (a) Slice position in the heart representation, and (b) 2D 

TMIP. 
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After computing the TMIP, we generate a binary representation in order to discard voxels that 

have low speed. The binary TMIP is given by  

���������(�) = i1,      ���(�) ≥ �ℎ   0,      ���(�) < �ℎ  l,           (3.2) 

where �ℎ represents a threshold value. The threshold �ℎ needs to be set, such that only the main 

morphological structures are represented in the binary image. Figure 3.3 depicts the binary repre-

sentation using several threshold values. From the figure, the threshold value that generates the 

closest representation to the intuitive heart anatomic representation is given by �ℎ = 0.02. 

 

 

 

The segmented blood-flow field �� is obtained by masking the original blood-flow v with the 

binary TMIP, i.e., ��(�) = ���������(�) �(�).                (3.3) 

The segmented blood-flow is depicted in figure 3.4. From the figure we can see only the flow 

presented in the main cardiovascular structures of the heart, while the rest of flow vectors are 

discarded by the binary TMIP. 

 

 

Figure 3.3: 2D slices of the binary TMIP using several threshold values (white=1 and black=0). 

 

Remark: Throughout the document the time t is fixed, so for the sake of simplicity we denote �(�): ℤ2 →  ℝ2 instead of �(�, �). 
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Figure 3.4: Segmented blood-flow by using the binary TMIP. (a) Original acquired blood-flow, 

(b) binary TMIP, and (c) resultant segmented blood-flow. 
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3.2. Vector median filter 

 

So far, we have obtained a segmented blood-flow. The next step aims to reduce noise in the 

segmented blood-flow data. Figure 3.5 depicts several noise regions in the vector field, marked 

with label A, and artifacts at the border, marked with label B, in a 2D slice with blood-flow ve-

locity vectors projected in a plane. 

To reduce the noise in the blood-flow field, we need to apply a noise-reducing filter. Different 

kinds of filters exist that allow reducing noise on n-dimensional data [35]. In our case, the blood-

flow field obtained by PC-MRI is influenced by mainly uncorrelated impulse noise, as depicted 

in the figure 3.5. According to Lukac [33] and de Haan [35], the most appropriate filters for re-

ducing this kind of noise are median filters. These kind of filters are characterized by using an 

input data sample ordering, where the median value is the most likely noise-free sample with the 

largest probability in comparison with other samples present in the input set [33]. Given that the 

blood-flow can be seen as a set of velocity vectors, also called vector field, disturbed by uncorre-

lated impulse noise, the preferred filtering algorithms, which keep the same properties of the 

median filters, are the vector median filters (VMF) [33]. The VMF is able to reduce the loss of 

details compared to others filtering algorithms. According to Lukac [33], the average mean 

square error (MSE) of the VMF was 8% without noise, lower than other popular filters. The 

MSE of the VMF was also lower with high levels of uncorrelated noise in the data. 

 



 

 

22 

 

 

Figure 3.5: 2D segmented blood-flow velocity vectors projected in a plane. (a) Segmented blood-

flow, and (b) a zoom in illustrating the noise and border artifacts. 

 

Before describing the VMF output equation, first we define some terminology. Given a set of 

positions in the flow defined by 

 n(�(op()/)) = r�� ∈ ℤ2; D = 1,2, . . , fu,     (3.4) 
 

representing the set of positions inside the filter window, commonly called kernel, of size N, 

where �(op()/) determines the central position of the kernel. Let us consider that each vector �(��) is associated with the distance measure 
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�(��) = wx�(��) − �y�z{xo
z|(               ��, �z ∈ n(�(op()/)).                      (3.5) 

At each position x, the VMF output is defined as 

 

����(�) = ~ � �arg min�∈�(�) �(�)�,      ���������(�) = 1                                              -,      ���������(�) = 0            l ,                       (3.6) 

 

According to Lukac [33], we set the size of the filter kernel W to represent a 3x3x3 neighbor-

hood, which yields the best trade-off between processing time and filtering quality for impulse 

noise. Figure 3.6 depicts a zoom-in of the VMF output flow. From the figure, by inspection, we 

see that most of the blood-flow noise and artifacts were suppressed by the VMF, see regions 

marked with labels A and B.  

 

        

 

Figure 3.6: Zoomed-in VMF flow output projection. (a) Zoom-in of the segmented flow, and (b) 

Zoom-in of the VMF output. 
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3.3. Iterative local phase coherence algorithm (ILPCA) 

 

At this stage, we make a refinement of the borders, reducing possible errors in the initial segmen-

tation. Figure 3.7 depicts some of the border artifacts in the segmented and filtered flow, which 

mainly come from respiratory motion and phase wrap during the acquisition process as discussed 

in chapter 2. In order to refine the borders and suppress these artifacts, we propose an iterative 

local phase coherence algorithm (ILPCA), based on the coherence measure proposed by Chung 

et al. [34]. Using this measure, we intend to suppress the artifacts at the borders of the luminal 

geometry suppressing flow velocities that are not coherent with adjacent vectors. 

Before describing the ILPCA algorithm, first we introduce some terminology: morphology oper-

ations and the local phase coherence measure. 

 

 

Figure 3.7: Boundary artifacts on the VMF output. 

 

Morphological operations  

Morphological operations represent a class of non-linear methods for processing geometrical 

structures. In the ILPCA algorithm we use two morphological operators: binary erosion and bor-

der detection based on binary erosions. 
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The erosion �$ of a binary image I represents a non-linear filter, which allow reducing the size of 

the morphological structures in the image. Given a set W of positions representing the filter ker-

nel, the binary erosion �$ is defined as 

�$(�) = �1,      D�   ∀�∈�(�)  �(�) = 1  0,     D�    ∃�∈�(�)  �(�) = 0  .l         (3.7) 

With the eroded binary image, we can easily obtain an image �� representing the borders by sub-

tracting from the original image I the eroded one �$, i.e., 

��(�) = �(�) − �$(�).       (3.8) 

To obtain a thin border of about one voxel in width, we use a kernel size of 3x3x3 voxels. In 

figure 3.8 the binary erosion and borders of a 2D binary TMIP slice are depicted. From the fig-

ure, we see how the binary erosion reduces the size of the morphological structures, and after 

subtracting it from the binary image I we obtain the border image ��. 

 

 

Figure 3.8: Erosion and border acquisition from a 2D binary TMIP. (a) 2D binary TMIP slice, 

(b) binary erosion of the TMIP slice, and (c) image showing the borders. 
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Local phase coherence measure 

Given a vector in the flow field, a coherence measure incorporates information about the spatial 

relationships between neighboring vectors. Several coherence measures for vector fields are pro-

posed in the literature [34]. For instance, the flow vectors in a given window can be projected 

onto the mean vector, and measure the deviation. Other coherence measure computes the ratio of 

the length of the net flow vectors to the total vector length. The local phase coherence (LPC) 

measure the normalized absolute sum of angles between adjacent flow vectors, representing a 

fast and accurate measure for computing the coherence of flow vectors. Therefore, given a kernel 

W, the LPC measure of a flow field � at position x is defined by the normalized absolute sum of 

angles as 

����(�) = 1|n| w � �(�)‖�(�)‖ . �(�)‖�(�)‖��∈�(�) .                                                    (3.9) 

Figure 3.9 depicts the coherence measure of a 2D slice of the VMF output flow. We see in the 

figure dark spots at the border, corresponding to low LPC measures. Moreover, the internal flow 

is brighter, corresponding to high coherence. Also, the figure shows the corresponding histogram 

with the cumulative distribution. One can see that over 80% of the flow vectors have a LPC 

measure of more than 90%. Based on this fact, we used 90% LPC level as an upper bound for 

categorizing a flow vector as an artifact. Also, we can see very similar results for two window 

sizes: 5x5x5 and 3x3x3 box neighborhood. Therefore, we selected the 3x3x3 box neighborhood, 

given that the processing time is faster compared to the other option, due to less (dot product) 

operations. 
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Figure 3.9: Coherence measure of a 2D slice of the VMF output flow together with the histogram 

and cumulative distribution. (a) 2D projection of the VMF output, (b) LPC measure on that sec-

tion of the flow, (c) and (d) histogram and cumulative distribution of the LPC measure on the 

flow. 
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ILPCA algorithm 

 

After defining the binary erosion and the LPC measure, we can describe the ILPCA algorithm. 

To suppress the artifacts at the border, first we need to detect the border positions. At all posi-

tions on the border, we compute the LPC. Subsequently, flow vectors with low LPC measure are 

suppressed. Finally, we do this sequence of steps until no vector were suppressed or the maxi-

mum number of iterations is reached. The maximum number of iterations is set to ten, due to for 

all inspected data sets, the algorithm converged before this value. Accordingly, the ILPCA is 

described by algorithm 3.1.  

Figure 3.10 depicts the LPC measure result after each iteration k of the ILPCA algorithm; we see 

how the darker positions corresponding to low coherence are suppressed. At iteration eight, there 

are no remaining dark points, so the algorithm stops iterating, where by subjective inspection, we 

see in the final iteration finer borders compared to the initial segmentation. 

Figure 3.11 shows a 2D slice of the ILPCA algorithm result. From the figure one can see that 

several artifacts at the borders, marked in circles, were suppressed. 
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Algorithm 3.1: ILPCA algorithm. 
 

 

 

Figure 3.10: LPC measure images for each iteration k of the ILPCA algorithm showing how the 

borders are refined after each iteration. 

INPUT:    Vector field � 

  Binary TMIP ���������  

OUTPUT:   Output binary TMIP ���������  

SET ������ = 1                                             // Suppression of vectors indicator.  

SET ? = 0      // Iteration number.    

WHILE (������ = 1) or  (? < ?���) 

 SET  ? = ? + 1 

SET  ������ = 0 

SET ���%�"#$#!�����  =Erosion(���������) // Binary erosion of ��������� by equation 3.7. 

SET ���!"�#$��!�����  =��������� − ���%�"#$#!�����    

 FOR all points � in ���!"�#$��!�����  

  IF ���!"�#$��!����� = 1       // The voxel lies on the border. 

   SET ����=LPC(��)  // Compute the LPC at position �� by equation 3.9. 

   IF ���� < �ℎ���   

       // Suppress that vector given its low coherence. 

                                                 SET  ���������(��) = 0   

   SET  ������ = 1 

  ENDIF 
 ENDIF 

ENDFOR 

ENDWHILE 
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Figure 3.11: ILPCA algorithm result. (a) Projection of the VMF output showing border artifacts 

in circles, (b) projection of the ILPCA output showing the suppression of the border artifacts. 

 

 

3.4. Erosion 

 

In this pre-processing step, we adapt the flow for further computations. To do this, we remove 

flow velocity vectors that do not have the necessary neighbors to apply numerical operations for 

performing the Helmholtz decomposition such as the numerical approximation of the first and 

second derivatives, see section 5.1.3 for details. To adapt the flow, the neighborhood conditions 

that all flow vectors must satisfy are:   
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• There should be at least one edge neighbor vector for all Euclidean vector directions �, �, �. 

 

• If there is at most one neighboring vector, then there must be other flow vector in the same 

direction of the neighbor vector. 

 

Formally, these two conditions can be expressed as: 

����������$� (��) = �   1,             y���������"�# (�� + �) = 1   ⋁   ���������"�# (�� − �) = 1{   0,     not y���������"�# (�� + �) = 1    ⋁   ���������"�# (�� − �) = 1{,l 
for all  � = r�, �, �u,      (3.11) 

����������$� (��) =
���
��
���
�                             0,                    y���������"�# (�� + �) = 1     ⨁    ���������"�# (�� − �) = 1{                           ∧                             not y���������"�# (�� + �) = 1   ∧    ���������"�# (�� + ��) = 1{  ,                               ∧                         not y���������"�# (�� − �) = 1   ∧      ���������"�# (�� − ��) = 1{  

   1,                                                                 ��ℎ�N D¡�                                                 
  l 

for all  � = r�, �, �u.                                              (3.12) 

where �, �, � corresponds the unit vectors in the x, y and z directions, and ⨁ represents the xor 

operation. 

After all vectors in the flow fulfill these two conditions, expressed by equations (3.11) and 

(3.12), the flow data can be processed by the Helmholtz decomposition. Hence, we mask the 

flow with this new binary mask ���������, obtaining the final segmented flow ��� as 

 ���(�) = ���������(�) ����(�).         (3.13) 
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3.5. Rotation transformation of the blood-flow 

 

After segmenting the blood-flow data, we correct the direction of the flow. This correction con-

sists of a rotation of the flow from the scanner coordinates to data coordinates [36]. Given the 

rotation matrix, formed by the projection of each scanner coordinate into patient coordinates ¢2×2, the flow vector in patient coordinates ���� is given by 

����(�) = �¢8(���(�), D�   ���������(�) = 1                  -,         D�  ���������(�) = 0 l .                       (3.14) 

Figure 3.12 depicts the final results after rotating the segmented flow. We can see the output 

flow vectors pointing in the proper directions. 

 

 

Figure 3.12: Final result of the pre-processing. (a) Heart anatomy representation, (b) acquired 

blood-flow data, and (c) pre-processed blood-flow. 
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3.6. Summary of the pre-processing method 

 

In this section, we summarize the pre-processing steps: 

 

1. Segment the flow first computing the TMIP and the binary TMIP ( ���������) by equation 

(3.1) and (3.2). Then, mask the flow with the binary TMIP by equation (3.3). 

 

2. Reduce noise in the segmented flow by computing the vector median filter output ���� us-

ing equation (3.6). 

 

3. Suppress possible errors in the segmentation, by refining the borders applying the ILPCA 

algorithm.  

 

4. Adapt the flow for further computations by applying equations (3.11) and (3.12). 

 

5. Rotate the flow vectors from scanner coordinates to patient coordinates by applying equation 

(3.14). 

 

The pre-processing results for the phases of the whole cardiac cycle are depicted in figure 3.13
4
. 

In the figure, a segmented blood-flow field changing over time is shown. From the results. we 

can observe how the noise and artifacts were suppressed. Note that only the flow vectors that 

correspond to the blood-flow in the main anatomical structures remained.  

 

3.7. Segmentation symbols used in Helmholtz decomposition 

 

Using the pre-processed input data, we can perform the Helmholtz decomposition of the blood-

flow. In the next chapter, we describe the Helmholtz decomposition theory required to under-

stand the proposed methods for performing the decomposition. In chapters 4 and 5 we use the 

symbols Ω,  Ω ⊆ ℝ2 for defining the set of positions inside the bounded domain and the set of 

boundary positions respectively. Using the obtained segmentation, we define Ω as 
                                                      
4
 All flow vectors in the figure are normalized for a better visual appreciation. 
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Ω = ¤�| ���������(�) = 1¥,              (3.15) 

and  Ω as  Ω = ¤�| ���!"�#$��!�����(�) = 1¥,     (3.16) 

 

where ���!"�#$��!����� is a binary scalar field that identifies the borders by  

 ���!"�#$��!�����(�) = ���������(�) − ���%�"#$#!�����(�),    (3.17) 

 

and ���%�"#$#!����� is the erosion of ��������� obtained by equation (3.7). 

 

  

Remark: In the remainder of this report, the segmented field ����  is expressed by the symbol �. 
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Figure 3.13: Preprocessing results for all the blood-flow cardiac cycle.
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Chapter 4 

 

HELMHOLTZ DECOMPOSITION 

THEORY 

 

In this project, we aim to obtain a 3D simplified representation of the blood-flow velocity field, 

acquired by MRI. In particular, we use the Helmholtz decomposition. This decomposition was 

introduced in 1858 by Hermann von Helmholtz, who is depicted in figure 4.1. A vector field v is 

separated into the sum of three uniquely defined components: rotation-free vector field (rf), di-

vergence-free vector field (df), and the harmonic vector field (h).   

 

  

Figure 4.1: Hermann von Helmholtz (1821–1894). 

 

The rotation-free component rf entails sinks and sources that exist in the original flow field; the 

divergence-free component df  defines the vorticity of the flow field, and the harmonic compo-

nent is free of vorticity and divergence. Figure 4.2 illustrates the components of a flow field v by 

using the Helmholtz decomposition.  
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Figure 4.2: The Helmholtz decomposition of a 2D flow field v [31]. 

 

4.1. Terminology 

 

Before describing the theory underlying the Helmholtz decomposition, first we define several 

related concepts. 

Gradient operator (∇): represents the product between ∇, which denotes the differential opera-

tor ∇= ( ¦¦�§ , ¦¦�¨ , … , ¦¦�ª), and a scalar or vector field. A vector field is obtained if the gradient 

operator is performed in a scalar field f. This vector field points in the direction of the greatest 

rate of increase of the scalar field, see figure 4.3. The gradient of the scalar field � is defined by  

 ∇� = ( ¦�¦�§ , ¦�¦�¨ , … , ¦�¦�ª),      (4.1) 

 

where f  is a function of '(, '), . . , '�. 

 

Divergence operator (div): the divergence of a vector field � is a scalar field representing the 

degree to which a small volume around the flow point is a source (positive divergence) or a sink 

(negative divergence). The divergence is defined by  

 

div � = ∇. � =  ¦¦�§ , ¦¦�¨ , … , ¦¦�ª® . (�(, �), … , ��) = ¦�§¦�§ + ¦�¨¦�¨ + ⋯ + ¦�ª¦�ª.        (4.2) 

 



 

 

38 

 

 

Figure 4.3: The gradient of the function �(', °) = −(cos 2' + cos 2°))  depicted as a vector 

field on the bottom plane. 

 

Curl or rotation operator (curl): the curl of a vector field � describes its infinitesimal rotation. 

For a 3D vector field, the curl is represented by a vector, characterizing the rotation at that point. 

The 3D curl operator is described by 

curl � = ∇ × � = ¦�µ¦�¨ − ¦�¨¦�µ® � + ¦�§¦�µ − ¦�µ¦�§® � + ¦�¨¦�§ − ¦�§¦�¨® �.  (4.3) 

 

Laplace operator (∆): the Laplace operator is a differential operator given by the divergence of 

the gradient of a scalar field �, expressing the flux density of the gradient flow. This is defined 

by 

∆� = ∇. ∇f = w  )� '�)
¶

·|( .                                                     (4.4) 

 

Laplace's equation: Laplace's equation is a second-order partial differential equation, often de-

noted as ∆φ = 0.      (4.5) 
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Rotation-free vector field (rf): a vector field characterized by the absence of rotation; composed 

of sinks and sources, see left side of figure 4.4. For a rotation-free field, the following property 

holds: curl LJ = ∇ ×  LJ = -.            (4.6) 

Divergence-free vector field (df): a vector field characterized by the absence of divergence; 

composed of vorticity, see right side of figure 4.4. . For a divergence-free field, the following 

property holds: div IJ = ∇ .  IJ = 0.      (4.7) 

 

 

Figure 4.4: Example of rotation-free (left) and divergence-free (right) vector fields [3]. 

 

Harmonic vector field (h): a harmonic vector field is the gradient of a twice continuously diffe-

rentiable scalar field φ, which satisfies the Laplace equation. This is described by 

= = ∇φ,                                (4.8) 

where ∆φ = 0.                                                                                                              
The harmonic vector field satisfies the properties of both being irrotational and incompressible 

described by 

curl = = ∇ ×  = = -, 

                  div = = ∇. = = 0.           (4.7) 
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Poisson equation: the Poisson equation is a partial differential equation, described by the Lapla-

cian of an unknown scalar field φ, defined as: 

∆φ = �,                 (4.10) 

where � represents a scalar field. In Cartesian coordinates, the Poisson equation takes the form 

w  )φ '�)
¶

·|( = �.                                                                  (4.11) 

However, the solution is not unique. For example, one can replace φ → φ + ℎ, with h some arbi-

trary harmonic scalar field, which satisfies the Laplace equation. A unique solution is guaranteed 

by adding a boundary condition to the Poisson equation system above [3]. Common boundary 

conditions force φ to take a value at the boundary, commonly called Dirichlet boundary condi-

tions, or force the gradient of the potentials to satisfy a specific equation [30,31,37]. These boun-

dary conditions can be described by [38]: 

¹φ + β ∂φ∂. = g     on ∂Ω,                                                  (4.12) 

where  ¹ and β are constants, ∂Ω represents the boundary, g is a scalar function, and 
½φ½. denotes 

the directional derivative in the normal direction to the boundary ∂Ω. 

 

4.2. Decomposition 

 

The Helmholtz decomposition separates a vector field v into the sum of three uniquely-defined 

components: rotation-free vector field (rf), divergence-free vector field (df), and an harmonic 

vector field (h). This allows us to extract several field features of the flow [3,31,37]. The Helm-

holtz decomposition is defined by:  

 � = IJ + LJ + =,     (4.13) 

where each component has the properties described in section 4.1.  
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The Helmholtz decomposition allows a better interpretation of the flow field in comparison to 

others simplification methods, such as direct computation the rotation and divergence of the flow 

field. The main reasons are: 

• The Helmholtz decomposition allows to reconstruct the original vector field, in contrast to the 

rotation and divergence operators. 

 

• The Helmholtz decomposition can be robust to noise, when integrated with a diffusion operation. 

This is done with the multi-scale kernel Helmholtz decomposition method. In contrast, the rota-

tion and divergence operators are very sensitive to noise, due to the differential operators.  

 

• Finally, the Helmholtz decomposition generates three vector fields from a vector field, which in 

our case is important because we want to obtain a simplified blood-flow. In contrast, the rotation 

and divergence operators generate a vector field and scalar field respectively, where the vector 

field generated by the rotation operator does not show the original vorticity of the flow field. 

 

Figure 4.5 shows the Helmholtz decomposition results of a 2D vector field, compared to the 

computed rotation and divergence. This vector field was generated artificially by adding several 

vortices, a sink and a source, and Gaussian noise. From the figure, we see that the results ob-

tained by the rotation and divergence operators look very noisy, and we do not get a vector field 

decomposition, which allow to reconstruct the original flow field. On the other hand, the Helm-

holtz decomposition generates visually clean simplified flows representing the divergence-free 

and rotation-free flow fields. 

The Helmholtz decomposition is built from a scalar field φ and a vector field ¾ [3,31,37]. Each 

component is defined by the following equations 

           LJ = ∇φ,  

                       IJ = ∇  ×  ¾,            (4.14) = = � − IJ − LJ, 
 

where rf represents the rotation-free field, df the divergence-free field, and h the harmonic field. 

According to the above equations, the Helmholtz decomposition of a vector field v is defined by 
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� = ¿À + ¿ ×  ¾ + =.           (4.15) 

In order to perform the Helmholtz decomposition of a vector field, we need to estimate the scalar 

potential field φ, and the vector potential field ¾. To obtain φ, we need to calculate the diver-

gence of the vector field � in equation 4.15. Since the divergence of df and h are zero, we obtain 

the following Poisson equation 

∇. � = ∇. (IJ + LJ + =) = ∇. IJ + ∇. LJ + ∇. = = ∇. LJ, = ∇. LJ = ∇. ∇φ = ∆φ.         (4.16) 

Subsequently, to obtain the vector potential field ¾, we need to calculate the rotation of the vec-

tor field � in equation 4.15. Since the rotation of the LJ and = fields are zero, we obtain the 

second equation given by 

∇ × � = ∇ × IJ + ∇ × LJ + ∇ × = = ∇ × IJ, = ∇ × IJ = ∇ × ∇ × ¾, = ∇ × ∇ × ¾ .                        (4.17) 

 

Solving equations (4.16) and (4.17) with appropriate boundary conditions guarantees a unique 

solution, providing the scalar and vector potentials φ and ¾. For the Helmholtz decomposition in 

bounded domains, various boundary conditions are proposed in the literature [3,30,31,37]. These 

conditions are analyzed in chapter 5. Finally, using the scalar and vector potentials, the Helm-

holtz decomposition can be obtained by solving the set of equations (4.14). The next chapter 

describes several methods for solving these equations. 
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Figure 4.5: Helmholtz decomposition compared to the rotation and divergence operators. (a) 

Original flow v, (b) divergence of v, (c) rotation-free component of v, (d) norm of rotation of v, 

and (e) divergence-free component of v.
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Chapter 5 

 

HELMHOLTZ DECOMPOSITION 

APPROACHES 

 

 

In this chapter we describe several approaches for performing the Helmholtz decomposition of 

the flow. We propose a 3D multi-scale kernel method and a numeric method based on finite dif-

ferences. Furthermore, we have investigated a 2D Helmholtz decomposition based on the 

Smoothed Particle Hydrodynamics method (SPH). By these methods, we are solving equations 

(4.15)-(4.17). 

 

With the 3D multi-scale kernel method, we intent to perform a fast and accurate 3D Helmholtz 

decomposition, based on multi-scale convolutions similar to the 2D decomposition proposed by 

Duits et al. [3]. Moreover, to compare the performance of the multi-scale kernels method, we 

propose, according our knowledge of previous works, a second method for solving the 3D 

Helmholtz decomposition, based on standard numerical discretizations of equations (4.15)-

(4.17). 

 

5.1. Helmholtz decomposition by multi-scale kernels   

 

5.1.1. Overview     

 

This method combines diffusion and Helmholtz decomposition in non-singular analytic kernel 

operators, decomposing the vector field in a divergence-free, and a rotation-free part.  
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According to Duits et al. [3], the Helmholtz decomposition defined by equation (4.15) is unique 

if the vector field vanishes at the boundary, see appendix A for details. However, this cannot 

always be assumed, for instance, some flow-fields can have non-null velocity vectors at the 

boundary. Therefore, we need to subtract the harmonic field. The resultant flow �0 vanishes at the 

borders and provides a unique decomposition. This new flow field is given by 

�0(�) = �(�) − =(�) = ∇φ+ ∇  ×  ¾,   (5.1) 

where the harmonic infilling = = ∇ℎ is the unique solution to 

i∆ℎ(�) = 0,    � ∈  Ω∇ℎ|¦Ω = �|¦Ω l.       (5.2) 

As described in chapter 3, Ω and  Ω ⊆ ℝ2 define the set of positions in the bounded domain and 

the set of boundary positions respectively. 

In order to obtain the Helmholtz decomposition of �0, we first derive an analytical solution of the 

vector Poisson equation in Ω [3], 

∆Á(�) = �0(�),      (5.3) 

by means of 

Á(�) = y526 ∗ (1Ω�(){(�), y526 ∗ (1Ω�)){(�), y526 ∗ (1Ω�2){(�)® = Ã 526(� − �′)�0(�′)d�′
Ω

,   
(5.4) 

where 1Ω denotes the indicator function on Ω, and where the fundamental solution for the three 

dimensional Laplacian is given by the Green’s function [3]: 

526(� − �′) = 12π lnx� − �′x.                                                (5.5) 

Moreover, Á(�) satisfies the identity [3] 

∆Á(�) = ∇y∇. Á(�){ − ∇ × ∇ × Á(�).         (5.6) 

Combining equations (5.1). (5.3) and (5.6) we obtain: 
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�0(�) = ∆Á(�) = ∇y∇. Á(�){ − ∇ × ∇ × Á(�) = ∇φ + ∇ ×  ¾.    (5.7) 

Hence the scalar potentials φ and vector potentials ¾ are given by 

φ(�) = ∇. Á(�) and ¾(�) = −∇ × Á(�).       (5.8) 

Combining equations (5.4) and (5.7), the Helmholtz decomposition of the vector field �0 is ex-

pressed by 

�0(�) = ∇ Ã ∇. 526(� − �′)�0(�′)d�′
Ω

− ∇ × Ã ∇ × 526(� − �′)�0(�′)d�′
Ω

.     (5.9) 

Therefore, the rotation-free vector field (rf) and the divergence-free vector field (df) are given by 

LJ(�) = ∇ Ã ∇. 526(� − �′)�0(�′)d�′
Ω

   and   
IJ(�) = −∇ × Ã ∇ × 526(� − �′)�0(�′)d�′

Ω

.                                     (5.10) 

Subsequently, we combine diffusion with the Helmholtz decomposition to obtain a multi-scale 

decomposition method. Hence we define the diffused Green’s function by [3] 

5�26(�) = (;�26 ∗ 526)(�),      (5.11) 

where ;�26 denotes the 3D heat kernel given by 

;�26(�) = (ÄÅ(Æ�)µ ��8‖�‖¨ÇÈ �,   ¡ > 0,      (5.12) 

where s represents the scaling factor. Hence, the multi-scale Helmholtz decomposition is defined 

as: 

(;�26 ∗ �0)(�) = ∇ Ã ∇. 5�26(� − �′)�0(�′)d�′
Ω

− ∇ × Ã ∇ × 5�26(� − �′)�0(�′)d�′
Ω

.          (5.13) 

To obtain one single analytic kernel operator for the first convolution in equation (5.13), we try 

to find an analytical expression for ∇5�26(�) via the Fourier transform [39]. This allows us to 

perform the convolution of two functions as simple multiplications, see appendix B for details. 

Hence, first we obtain, 
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7r5�26u(Ê) = − 1Å(2Ë)2 Ã �y8‖Ê‖¨`{d�∞

� .                             (5.14) 

Now, we can derive ∇5�26(�):  

∇5�26(�) = ∇789¤7r5�26u¥(�) = − �4Ë2 )⁄ ‖�‖2 Í�8‖�‖¨Î� ‖�‖√¡ − √ËErf Ñ12 ‖�‖√¡ ÒÓ, 
(5.15) 

where Erf represents the error function given by:  

Erf(') = 2√Ë Ã �8`¨M��
S .                                                   (5.16) 

Through equation (5.13) we can compute the rotation-free kernel operator :��  by 

:��(�) = ∇∇. 5�26(�) = �   ' ,   ° ,   Ô� Ñ 5�26(�) ' +  5�26(�) ° +  5�26(�) Ô Ò, 
 

=
Õ
ÖÖÖ
Ö×

  ' Ñ 5�26(�) ' Ò +   ' Ñ 5�26(�) ° Ò +   ' Ñ 5�26(�) Ô Ò  ° Ñ 5�26(�) ' Ò +   ° Ñ 5�26(�) ° Ò +   ° Ñ 5�26(�) Ô Ò  Ô Ñ 5�26(�) ' Ò +   Ô Ñ 5�26(�) ° Ò +   Ô Ñ 5�26(�) Ô ÒØ
ÙÙÙ
ÙÚ, 

 

=
Õ
ÖÖÖ
×   ' ∇5�26,((�)® +   ' ∇5�26,)(�)® +   ' ∇5�26,2(�)®  ° ∇5�26,((�)® +   ° ∇5�26,)(�)® +   ° ∇5�26,2(�)®  Ô ∇5�26,((�)® +   Ô ∇5�26,)(�)® +   Ô ∇5�26,2(�)® Ø

ÙÙÙ
Ú, 
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= Û@(��,((�) + @(��,)(�) + @(��,2(�)@)��,((�) + @)��,)(�) + @)��,2(�)@2��,((�) + @2��,)(�) + @2��,2(�)Ü.                                        (5.17) 

 

In combination with equation (5.15) we obtain the analytical expressions of the diffused rotation-

free kernels. See appendix C for the expression of all diffused kernel operators. For instance @(��,(
 is given by 

@(��,((�) =   ' ∇5�26,((�)®, 
@(��,((�) = �8‖�‖¨Î� Í‖�‖√¡ ')‖�‖) + ¡y4') − 2(°) + Ô)){® − 2�‖�‖¨Î� √Ë¡(2') − °) − Ô))Erf �12 ‖�‖√¡ �Ó

8Ë2 )⁄ ¡‖�‖ß . 
(5.18) 

From equation (5.13) we can obtain the divergence-free kernel operators by 

 

(;�26 ∗ �0)(�) = Ã :��(� − �′)�0(�′)d�′
Ω

+ Ã :#�(� − �′)�0(�′)d�′
Ω

, 
(;�26 ∗ �0)(�) = (:�� ∗ �0)(�) + (:#� ∗ �0)(�),                            (5.19) 

and hence :#�(�) = ;�26(�) − :��(�).    (5.20) 

A graphical representations of the kernel operators :��and :#� are depicted in figure 5.1 and 

figure 5.2. Note: these figures represents iso-surfaces with iso-levels selected using the most rep-

resentatives values according the histogram of the kernels. 
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Figure 5.1: Rotation-free multi-scale kernels :�� given ¡ = 1mm). The range of values of the 

kernels are between [-0.0023,0.0075], and the selected iso-values are: −5 × 108à (dark orange), 5 × 108à (dark blue), −1 × 108Î (bright orange), and 1 × 108Î (bright blue). 
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Figure 5.2: Divergence-free multi-scale kernels :#� given ¡ = 1mm). The range of values of 

the kernels are between [-0.0023,0.0075], and the selected iso-values are: −5 × 108à (dark 

orange), 5 × 108à (dark blue), −1 × 108Î (bright orange), and 1 × 108Î (bright blue). 
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Given these kernels, the rotation-free LJ and divergence-free IJ components are defined as: 

LJ(�) = (:�� ∗ �0)(�) = wy@��� ∗ �0�{2
�|( (�),                                (5.21) 

 IJ(�) = (:#� ∗ �0)(�) = wy@�#� ∗ �0�{2
�|( (�).                                (5.22) 

To obtain the multi-scale Helmholtz decomposition described by equations (5.21) and (5.22), 

first we compute �0, which represents the flow without the harmonic field. Subsequently, we ap-

ply equations (5.21) and (5.22). Algorithm 5.1 shows this procedure to obtain the Helmholtz de-

composition by multi-scale kernels. The sizes of the kernels are based on the relation: min(‖�‖) ≈ 4¡, which guarantees negligible values for position over this bound. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Algorithm 5.1: Helmholtz decomposition by multi-scale kernels method. 

INPUT:    Vector field � 

  Sets of grid cells Ω and  Ω    
OUTPUT:   Vector fields h, rf, df 

// Compute the harmonic infilling h 

SET = = ℎâNãOäDå_Dä�D��Däç(Ω,  Ω, �) 

// Obtain flow without harmonic infilling �è, and separate the three components 

FOR all points � ∈ Ω  

 SET �0(�) = �(�) − =(�)  

SET é(�) = �0((�) 

SET �(�) = �0)(�) 

SET  (�) = �02(�) 

ENDFOR 
// Compute the convolutions described by equations (5.21) and (5.22) 

SET LJ((�) = (é ∗ @(��,()(�) + (� ∗ @)��,()(�) + (  ∗ @2��,()(�),     � ∈ Ω 

 

SET LJ)(�) = (é ∗ @(�,))(�) + (� ∗ @)��,))(�) + (  ∗ @2��,))(�),     � ∈ Ω 

 

SET LJ2(�) = (é ∗ @(��,2)(�) + (� ∗ @)��,2)(�) + (  ∗ @2��,2)(�),     � ∈ Ω 

 

SET IJ((�) = (é ∗ @(#�,()(�) + (� ∗ @)#�,()(�) + (  ∗ @2#�,()(�),     � ∈ Ω 

 

SET IJ)(�) = (é ∗ @(#�,))(�) + (� ∗ @)#�,))(�) + (  ∗ @2#�,))(�),     � ∈ Ω 

 

SET IJ2(�) = (é ∗ @(#�,2)(�) + (� ∗ @)#�,2)(�) + (  ∗ @2#�,2)(�),     � ∈ Ω 
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First, we compute the harmonic field, which is the solution to equation (5.2). The solution must 

satisfy the Laplace equation, and the values at the borders should be equal to the original vector 

field �. We investigate three methods to obtain the harmonic infilling: harmonic infilling by iter-

ative convolution, harmonic infilling by a finite difference based method, and harmonic infilling 

by a variational approach.  

 

5.1.2. Harmonic infilling by iterative convolution 

 

This method is based on the 2D harmonic infilling proposed by Georgiev [40]. It intends to solve 

the Laplace equation in a given area iterating by the following convolution: 

=>p((�) = (@A� ∗ =>)(�)     � ∈ Ω,        (5.23) 

where @A� represents the convolution kernel. This is given by: 

@A�(�) = �(à  ,      � ∈ fà   0,       � ∉ fà  l,      (5.24) 

with fà representing the 6-connected neighborhood of �. By computing this convolution, each 

iteration reads from a 3 × 3 × 3 flow area, adds up the vectors as described by the kernel to cal-

culate the average vector, then writes it to the central position. Through this averaging, the result-

ing vector field is guaranteed to satisfy the Laplace equation, see appendix D for details.  

 

To obtain a harmonic field h, restricted to the boundary condition specified by equation (5.2), we 

force =|¦Ω = �|¦Ω at each iteration. Finally, to stop iterating the algorithm, we set a maximum 

number of iterations ?���. Furthermore, we set an error threshold �ℎ in order to stop iterating 

when the error between two iterations is sufficiently low. The error at iteration k+1 is defined by 

 

B)>p( = x=ëì§8=ëxx=ëx .     (5.25) 

 

Accordingly, the algorithm of the harmonic infilling by iterative convolution can be summarized 

as follows 
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Algorithm 5.2: Harmonic infilling by iterative convolution. 

 

5.1.3. Harmonic infilling by a finite difference based method 

 

Another method to solve the Laplace equation is by computing the numeric solution using a fi-

nite difference method. In the 3D case we can write the Laplace’s equation as:  

∆ℎ(�) = w  )ℎ(�) '�)
2

·|( = ∂)ℎ(', °, Ô)∂') + ∂)ℎ(', °, Ô)∂°) + ∂)ℎ(', °, Ô)∂Ô) = 0,                   (5.26) 

where 
¦¨A(�)¦�ä  is approximated by [41] 

 )ℎ(�) '�) ≈
���
�
���  

ℎy� + C�a{ − 2ℎ(�) + ℎy� − C�a{‖C�a‖)    ,            y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ℎ(�) − 2ℎy� − C�a{ + ℎy� − 2C�a{‖C�a‖) ,                                         y � + C�a{ ∉ Ω,ℎy� + 2C�a{ − 2ℎy� + C�a{ + ℎ(�)‖C�a‖) ,                                           y� − C�a{ ∉ Ω
l 

(5.27) 

 

INPUT:    Input vector field � 

Sets of grid cells Ω and  Ω 

OUTPUT:   Harmonic field h 

SET =S = � 

SET B)S = ∞     

SET ? = 0      // Iteration number 

WHILE (B)> > �ℎ) or  (? < ?���) 

SET  =>p((�) = (@A� ∗ =>)(�),     � ∈ Ω 

 SET  B)>p( = x=ëì§8=ëxx=ëx     // Relative L2 error 

 SET  ? = ? + 1  

 SET  =>p(|¦ï = �|¦Ω  

ENDWHILE 

SET  = = => 
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where C�a are vectors representing the grid spacing. In our specific application, these are given 

by: C�§ = (1,0,0), C�¨ = (0,1,0), C�µ = (0,0,1). Subsequently, we approximate the gradient op-

erator, in order to estimate the boundary condition described by ∇ℎ|¦Ω = �|¦Ω, i.e.,  

∇ℎ(�)|¦Ω = � ℎ(�)|¦Ω  ' ,  ℎ(�)|¦Ω ° ,  ℎ(�)|¦Ω Ô � = (�((�)|¦Ω,  �)(�)|¦Ω,  �2(�)|¦Ω),    (5.28) 

and 
¦A(�)¦�a  is approximated by [41]: 

 ℎ(�) '� =
���
�
��� 

ℎy� + C�a{ − ℎy� − C�a{2‖C�a‖  , y� + C�a{ ∈ Ω® ⋀ y y� − C�a{ ∈ Ω{
ℎ(�) − ℎy� − C�a{‖C�a‖             ,                                                y� + C�a{ ∉ Ω,
ℎy� + C�a{ − ℎ(�)‖C�a‖              ,                                               y� − C�a{ ∉ Ω  

l 

 (5.29) 

Writing down the Laplace equation for all points in Ω leads to a system of equations of the form 

EF×F=ðF×( = -F×(,     (5.30) 

where A is the coefficient matrix, =ð is the parameter vector for all ℎ(�) with � ∈ Ω, and N are 

the number of cells in Ω.  

The boundary condition given by ∇ℎ|¦Ω = �|¦Ω leads to a second system of equations of the 

form: 

ñE�(E�)E�2
ò

2ó×F
=ðF×( = ñ�0�(�0�)�0�2

ò
2ó×(

,      (5.31) 

where E�(  corresponds to the coefficient matrix of the approximation of  
¦A(�) ¦� , E�)  corresponds to 

¦A(�)¦� , E�2  corresponds to  
¦A(�)¦� , �0�(  is a vector referring the values of �(|¦Ω, �0�) corresponds to 

 ��|¦Ω, �0�2 corresponds to  �2|¦Ω, and M are the number of grid cells at the border of the domain 

Ω.  
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Now we can compute the parameter vector =ð by solving the following system of equations:  

ôõõ
ö EE�(E�)E�2 ÷øø

ù =ðF×( = ôõõ
ö -�0�(�0�)�0�2÷øø

ù,     (5.32) 

which represents the approximation of the Laplace equation for all points � ∈ Ω with the boun-

dary condition. 

Mapping the parameter vector =ð to the original positions � in the field, the harmonic scalar field ℎ(�) results. 

Finally, the harmonic infilling is computed by approximating the gradient of ℎ: =(�) = ∇ℎ(�).             (5.33) 

 

5.1.3.1.  Implementation solution  

 

In order to build the coefficient matrices, a unique (number) identifier �M: ℝ2 →  ℝ for each grid 

position in Ω is required. We can easily do this by applying the next equation 

�M(�) = '( + ')� + '2ú,       (5.34) 

where I and J are the maximum size of the array in the x and y direction respectively. However, 

if we apply equation (5.34), we would be considering grid positions that do not belong to Ω. 

Therefore, we subtract from the identifier (number) obtained by equation (5.34) the amount of 

grid positions that are not part of Ω until position �: Ω�H . The new identifier is defined as: 

�M�(�) = �( + �)� + �2ú − Ω�H .        (5.35) 

By equation (5.35) we guarantee a unique identifier, with 

max�∈Ω (�M�(�)) = N,                                                       (5.36) 

where N is the number of cells in Ω.  
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Using equation (5.35) the coefficient matrices can be built. For instance, if we have the following 

expression for position x: 

 )ℎ(�) '�) ≈ ℎy� + C�a{ − 2ℎ(�) + ℎy� − C�a{‖C�a‖) , 
we set 

E �M�(�), �M�y� + C�a{® = 1‖C�a‖), 
Ey�M�(�), �M�(�){ = − 2‖C�a‖),         
E �M�(�), �M�y� − C�a{® = 1‖C�a‖). 

 

As described in the previous example, maximally three out of N elements in a row are non-zero. 

Therefore, to save memory in the implementation, we use sparse matrices, which allow us to 

squeeze out any zero elements. Note: In all the algorithms, the coefficient matrices of the corres-

ponding system of equations are sparse matrices. Finally, after building the system of equations 

(5.32), we solve it through a least squares method (LSQR). This is a fast and accurate method for 

solving sparse system of equations. The LSQR method approximates the solution of the system 

of equations of the form: E� = û, by iteratively converging towards the solution of min(‖E� −û‖) [42]. 

 

Algorithm 5.3 allows to obtain the gradient from a scalar field. The complete algorithm for com-

puting the harmonic field from a vector field � by finite difference method is described in ap-

pendix E.  
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Algorithm 5.3: Gradient approximation. 

 

5.1.4. Harmonic infilling by variational approach 

 

Furthermore, in this thesis we developed an alternative method that computes the harmonic infil-

ling by minimizing a cost function that integrates all the elements associated with the Laplace 

equation, including boundary conditions (5.2). This cost function takes into account that the 

harmonic field is the gradient of a scalar field, i.e. =(�) = ∇ℎ(�), and that the boundary condi-

tion is ∇ℎ|¦Ω = �|¦Ω. Therefore, one term of the cost function represents the norm of this gra-

dient, where a high cost is associated to large magnitudes of ∇ℎ. This avoids inclusion of the 

rotation-free component in the harmonic field, which is also obtained by the gradient of a scalar 

potential, see equation 4.14. Moreover, the second term of the cost function penalizes high dif-

ferences at the boundaries. Therefore, we can express the cost function by: 

ℰ(ℎ) = Ã (ý‖∇ℎ(�)‖) + ã(�)‖�(�) − ∇ℎ(�)‖�)
Ω

M�,                          (5.37) 

INPUT:    Scalar field ℎ 

  Sets of grid cells Ω and  Ω    

OUTPUT:   Gradient field h 

FOR all points � ∈ Ω  

 FOR D = 1. .3 

IF y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ 

   SET  �� = ℎ�+C'D®−ℎ�−C'D®2þC'Dþ     

ENDIF 

IF y � + C�a{ ∉ Ω 

   SET  �� = ℎ(�)−ℎ�−C'D®þC'Dþ     

ENDIF 

IF y � − C�a{ ∉ Ω 

   SET  �� = ℎ�+C'D®−ℎ(�)þC'Dþ     

ENDIF 
 

ENDFOR 

SET  =(�) = (�1, �2, �3) 

ENDFOR 
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where ý is a regularization constant, and ã(�) is a scalar function that is close to one at the 

boundaries and quickly decreases at internal points, allowing the harmonic infilling approximate 

the vector field v at the border. Currently we use 

ã(�) = e8 �·¶�0∈�Ω(‖�08�‖)®¨
)�¨ .                                                        (5.38) 

where σ represents the standard deviation, and takes values in the range of one voxel to the max-

imum size of the flow data set. 

Now, we can obtain the minimizer of equation (5.37) by 

 ℰ(ℎ) ℎ =   ℎ Ã (ý‖∇ℎ(�)‖) + ã(�)‖�(�) − ∇ℎ(�)‖�)
Ω

M� = 0, 
 ℰ(ℎ) ℎ = Ã ý�(�) w ∂)ℎ(�) '�) + ã(�)�(�) ∂) '�) Ñ��(�) − ∂)ℎ(�) '�) Ò M� = 0

Ω

, 
where � is the Dirac delta function. Thus the minimizer can be found by solving the next equa-

tion for ℎ, 

ý∆ℎ(�) + ∇. (�(�) − ∇ℎ(�)ã(�)) = 0,     (5.39) 

given that for any scalar field a and vector field b, we have  

∇. (âû) = â∇. û + ∇â. û,      (5.40) 

we apply this identity in equation (5.39) to obtain 

ã(�)y∇. �(�) − ∆ℎ(�){ + ∇ã(�). y�(�) − ∇ℎ(�){ + ý∆ℎ(�) = 0, 
∆ℎ(�) + ∇ℎ(�). ∇ã(�)ã(�) − ý = ∇. (ã(�)�(�))ã(�) − ý .                                      (5.41) 

In addition to equation (5.41), we use a boundary condition which forces the harmonic infilling h 

to have the same vector angles of the original field v at the borders, i.e.: 

∇ℎ. .|¦Ω = �. .|¦Ω.     (5.42) 
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We can approximate equations (5.41) and (5.42) using numerical approximations similar to those 

in subsection 5.1.3. Writing down equations (5.41) and (5.42) for all points in Ω leads to a sys-

tem of equations of the form: 

� EN×NE�M×N	 =ðN×1 = � ûN×1û�M×1	,    (5.43) 

where A is the coefficient matrix of the left hand side of equation (5.41), =ð is the parameter vec-

tor for all ℎ(�) with � ∈ Ω, û is a vector referring the values of the right hand side of equation 

(5.41), E� corresponds to the coefficient matrix of the approximation of ∇ℎ. .|¦Ω, û� is a vector 

referring the values of �. .|¦Ω, N are the number of cells in Ω, and M are the number of grid 

cells at the border of the domain Ω.  

Vector =ð is obtained after solving the system of equations (5.43). Mapping the parameter vector =ð to the original positions � in the field, results in the harmonic scalar field ℎ(�). Finally, the 

harmonic field h results from taking the gradient of h. 

Accordingly, algorithm 5.4 allows to approximate the divergence of a vector field �, which is 

necessary for computing the right hand side of equation (5.41). Algorithm 5.5 allows to compute ã(�) by equation (5.38). Algorithm 5.6 permits to obtain the normal vectors . at the boundary 

surface, which are necessary for computing the boundary condition (5.42). This algorithm com-

putes the surface normal by taking the vector cross product of two edges of a triangle formed by 

joining the actual border position and two neighboring points at the surface [43], see figure 5.3. 

The complete algorithm for computing the harmonic infilling by variational approach is de-

scribed in appendix E. This  algorithm builds and solves the system of equation 5.43. Subse-

quently, the harmonic field h is obtained by taking the gradient of this solution. 
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Figure 5.3: Example of computing the surface normals by taking the vector cross product of two 

edges of a triangle [44]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Algorithm 5.4: Divergence approximation. 

 

INPUT:    Vector field � 

  Sets of grid cells Ω and  Ω    

OUTPUT:   Scalar field d 

FOR all points � ∈ Ω  

// Compute  �( =  �1 ' , �) =  �2 ° , �2 =  �3 Ô  

 FOR D = 1. .3 

IF y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ 

   SET  �� = �a�+C'D®−�a�−C'D®2þC'Dþ     

ENDIF 

IF y � + C�a{ ∉ Ω 

   SET  �� = �a(�)−�a�−C'D®þC'Dþ     

ENDIF 

IF y � − C�a{ ∉ Ω 

   SET  �� = �a�+C'D®−�a(�)þC'Dþ     

ENDIF 
 

ENDFOR 

// Compute  ∇. � = ¦�§¦� + ¦�¨¦� + ¦�µ¦�  

SET  M(�) = �1 + �2 + �3 

ENDFOR 
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Algorithm 5.5: Computation of the scalar function ã(�). 

 

 

 

 

 

 

 

 

 

 

 

 

Algorithm 5.6: Computation of the normal vectors .(�). 

 

INPUT:    Sets of grid cells Ω and  Ω  

  Variance σ) of equation (5.38)   

OUTPUT:   Scalar field m 

FOR all points � ∈ Ω  

 SET  MD¡� = ∞  // Variable for saving the distance between the grid cell and the border 

 FOR all points � ∈  Ω  

  IF ‖� − �‖ < MD¡� 

 MD¡� = ‖� − �‖ 

ENDIF 

IF MD¡� = 0 

  ENDFOR 

ENDIF 

ENDFOR 

SET  ã(�) = e
�aÈ�¨¨¨  

ENDFOR 
 

INPUT:    Sets of grid cells  Ω     
OUTPUT:   Vector field n 

// Compute the normal vector at each boundary position 

FOR all points � ∈  Ω  

 // Take two positions close to the actual point for getting vectors side of the triangle 

 SET  åOéä� = 1 

FOR all points � ∈  Ω 

  IF ‖� − �‖ = 1 

   IF åOä� = 1     

    SET  � = � − �  

 ENDIF 

   IF åOä� = 2     

    SET  � = � − �  

    ENDFOR 

 ENDIF 

   SET  åOéä� = åOéä� + 1  

ENDIF 

 ENDFOR   
 // Make cross-product between vectors for getting the normal 

SET  .(�) = åNO¡¡_�NOMéå�(�, �)  

// Normalize the normal vector 

 SET  .(�) = .(�)‖.(�)‖ 

ENDFOR 
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5.2. A finite-difference approach for Helmholtz decomposition     

 

5.2.1. Theory description     

 

Besides the 3D multi-scale kernel method, presented in section 5.1, we implemented an alterna-

tive method for solving the 3D Helmholtz decomposition, based on numerical discretizations. 

For computing the Helmholtz decomposition expressed as 

 � = ∇φ+ ∇  ×  ¾ + =, 

 

we need to solve equations (4.16) and (4.17) to obtain the scalar potentials φ and vector poten-

tials ¾, i.e., l ∆φ = ∇. �∇ × ∇ × ¾ = ∇ × �l  .     (5.43) 

In order to obtain a unique solution, we need to include boundary conditions to equations (5.43). 

These conditions are explained in detail in the next subsection. 

We can easily solve the first Poisson equation ∆φ = ∇. �, by first approximating the Laplacian 

and divergence operators by finite difference approximations, similar to those introduced in sub-

section 5.1.3. Approximating this Poisson equation at all points Ω leads to a system of equations 

of the form: EF×FÀ0 F×( = �F×(I ,     (5.44) 

where A is the coefficient matrix obtained from the approximation of the Laplacian at all the 

positions in Ω, À0  is the parameter vector for all φ(�) with � ∈ Ω, �I are the values correspond-

ing to the divergence of v, and N are the number of cells in Ω.  

Subsequently, we add the boundary condition, which as mentioned in section 4.1, has the general 

form:  

¹φ|¦� + β ∂φ∂� |¦� = ç|¦�,                                                     (5.45) 
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where ¹ and β are constants, and ç is a scalar field. Approximating the boundary condition leads 

to a second system of equation, given by: 

 Eó×F� À0 F×( = �ó×Fû ,      (5.46) 

 

where E� corresponds to the coefficient matrix of the approximation of  ¹φ|¦Ω + β ½φ½� |¦Ω, �û is 

a vector representing the values of ç|¦Ω, and M are the number of boundary cells.  

Now we can compute the parameter vector À0  by solving the next system of equations: 

� EE�� À0 F×( = ��I
�û	.     (5.47) 

Mapping the parameter vector À0  to the original positions � in the field, results in the scalar 

field φ(�). 

Subsequently, we need to solve the second equation (5.43) given by ∇ × ∇ × ¾ = ∇ × �. In or-

der to solve this equation, the operators given by ∇ × and ∇ × ∇ × are approximated numerically. 

The first operation corresponds to the rotation operator, expressed as: 

∇ × � =
ôõ
õõ
õõ
öÑ �2 ° −  �) Ô Ò
Ñ �( Ô −  �2 ' Ò
Ñ �) ' −  �( ° Ò÷ø

øø
øø
ù
.                                                           (5.48) 

Again we use the approximation of the first derivatives, as described in section 5.1.3. Algorithm 

5.7 shows the steps for the approximation of the rotation operator.   
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Algorithm 5.7: Rotation operator of a vector field v. 

 

The operator given by ∇ × ∇ × ¾ can be expanded as: 

∇ × ∇ × ¾ =
ôõ
õõ
õõ
öÑ   °  ¾) ' − ∂)¾(∂°) − ∂)¾(∂Ô) +   Ô  ¾2 ' Ò
Ñ   Ô  ¾2 ° − ∂)¾)∂Ô) − ∂)¾)∂') +   '  ¾( ° Ò
Ñ   '  ¾( Ô − ∂)¾2∂') − ∂)¾2∂°) +   °  ¾) Ô Ò÷ø

øø
øø
ù
 .                              (5.49) 

We approximate the second-order derivatives by equation (5.27). Further, the mixed derivatives 

are approximated by first estimating the internal derivative, and then approximating the external 

derivative. Considering that there are three possibilities for approximating the first derivative, 

INPUT:    Vector field � 

  Sets of grid cells Ω and  Ω    

OUTPUT:   Rotated vector field L� 

FOR all points � ∈ Ω 

 // Compute  �(,) =  �2 ' , �(,2 =  �3 ' , �),( =  �1 ° , �),2 =  �3 ° , �2,( =  �1 Ô , �2,) =  �2 Ô  

FOR D = 1. .3 

  FOR � = 1. .3 

   IF � ≠ D 
IF y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ 

     SET  ��,z = ���+C'D®−���−C'D®2þC'Dþ     

ENDIF 

IF y � + C�a{ ∉ Ω 

     SET  ��,z = ��(�)−���−C'D®þC'Dþ     

ENDIF 

IF y � − C�a{ ∉ Ω 

     SET  ��,z = ���+C'D®−��(�)þC'Dþ     

ENDIF 

ENDIF 

ENDFOR 

ENDFOR 

// Compute ∇  × � = ¦�µ¦� − ¦�¨¦� ® � + ¦�§¦� − ¦�µ¦� ® � + ¦�¨¦� − ¦�§¦� ® � 

 

SET  L�(�) = (�2,3 − �3,2, �3,1 − �1,3, �1,2 − �2,1) 

ENDFOR 
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having in total nine options for computing each mixed derivative. The next equation shows one 

of the options  

  'z  φ(�) '� =   'z Ñφy� + C�a{ − φy� − C�a{2‖C'D‖ Ò = 

= φy� + C�a + C��{ − φy� − C�a + C��{ − φy� + C�a − C��{ + φy� − C�a − C��{4‖C'D‖‖C'�‖ , 
with 

y� + C�a + C�� ∈ Ω{ ⋀ y y� − C�a + C��{ ∈ Ω{ ⋀ y y� + C�a − C��{ ∈ Ω{⋀ y y� − C�a − C��{ ∈ Ω{. 
(5.50) 

Therefore, approximating ∇ × ∇ × ¾ = ∇ × �, leads to a system of equations of the form: 

 

�E(E)E2�2F×2F ñ¾ð F×((¾ð F×()¾ð F×(2 ò = ñ�0�(�0�)�0�2
ò

2F×(
,                                                 (5.51) 

 

where E( corresponds to the first row of equation (5.49), E) corresponds to the second row, E2 

corresponds to the third row, ¾ð ( is the parameter vector for all ¾((�) with � ∈ Ω, ¾ð ) is the 

parameter vector for all ¾), ¾ð 2 corresponds to ¾2, �0�( is a vector representing the values of (∇ × �)(, �0�) represents the values of (∇ × �)), and �0�2 the values of (∇ × �)2. 

Subsequently, we add the boundary condition to the above system of equations. This has the 

same structure as expressed by equation (5.45), however vector potentials are considered, i.e., ¹¾|¦� + β ½¾½� |¦� = �|¦�. This results in the system of equations: 

ñE�(E�)E�2
ò

2ó×2F
ñ¾ð F×((¾ð F×()¾ð F×(2 ò = ñ�9

��
��ò

2ó×(
,                                               (5.52) 

where E� corresponds the coefficient matrix of the approximation of  the boundary condition, 

and �� is a vector representing the values of ç�|¦Ω.  



 

 

66 

 

Finally, the parameter vector ¾ð  can be computed by solving the following system of equations 

� EE�	 ¾ð 2F×( = ��0L� 	.     (5.53) 

Mapping the parameter vector ¾ð  to the original positions � in the field, results in the vector 

field ¾(�). 

Given the potentials φ and ¾, we can compute the Helmholtz decomposition by approximating 

equations (4.14), 

           LJ(�) = ∇φ(�),        IJ(�) = ∇ ×  ¾(�), = = � − IJ − LJ. 

5.2.2. Boundary condition 

 

As described in the previous subsections, we need to express a boundary condition to get a 

unique solution to the Poisson equation, and hence to solve the Helmholtz decomposition. 

Several boundary conditions are proposed in the literature in order to perform the Helmholtz 

decomposition in bounded domains. Their generic form is given by ¹φ|¦� + β ½�½� |¦� = ç|¦� 

[38]. The most common boundary condition proposed in the literature [28,30,31,37] states that 

the rotation-free rf  component is orthogonal to the boundary, and the divergence-free df  is tan-

gential (depicted in figure 5.4), i.e., 

LJ. /|¦ï = ��. /|¦ï = 0,    (5.54) 

IJ. �|¦Ω = (∇ ×  ¾). �|¦Ω = 0.        (5.55) 

These conditions are guaranteed if we set φ|¦Ω = 0 and ¾|¦Ω = - [45]: 

��. /|¦ï =  �0. /|¦ï = -. /|¦ï = 0, 
(∇ ×  ¾). �|¦Ω = (∇ ×  -). �|¦Ω = -. �|¦Ω = 0. 

These boundary conditions, together with the method presented in section 5.2.1, a unique solu-

tion to equations (5.43) is guaranteed, see appendix A for details. 
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Figure 5.4: Boundary condition for uniqueness of the Helmholtz decomposition. 

 

Another boundary condition was proposed by Petronetto et al. [31]. They state that the rotation-

free rf component should be tangential to the boundary, and the divergence-free df is orthogonal. 

Although this also guarantees a unique solution (see appendix A for details), visual inspection of 

2D results with real data show implausible solutions where is difficult to see the vorticity and 

divergence of the decomposition, see figure 5.5. 

 

 

 

 

 

 

 

 

 



 

 

68 

 

 

Figure 5.5: 2D Helmholtz decomposition with alternative boundary condition: rotation-free rf 

component is tangential to each face of the boundary, and the divergence-free df is orthogonal. 

(a) Rotation-free component, (b) Divergence-free component, (c) Zoomed in. 
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In appendix E we present the  algorithms to obtain the Helmholtz decomposition by finite-

difference approach, using the boundary conditions: φ|¦Ω = 0 and ¾|¦Ω = -. The rotation-free 

component rf  is obtained based on the system of equations (5.47). First the divergence of v is 

computed, which represents the right hand side of the first equation (5.43). Second, the matrices 

A and E�  of equation (5.47) are built. For the used boundary condition, matrix E� is constructed 

by setting one for each � ∈  Ω, i.e., E�y�M� , �M�(�){ = 1, for 0 ≤ �M� ≤ �. Finally, the rota-

tion-free component rf  is the gradient of the solution of the system of equations (5.47). The di-

vergence-free component df is obtained, based on the system of equations (5.53). In order to 

construct the system of equations (5.53), we restructure this, considering the boundary condition 

stated before, and the structure of equation (5.49). We obtain 

 

ôõõ
õõö

    E(,(     −E(,)     −E(,2  −E),(        E),)     −E),2 −E2,(    −E2,)        E2,2       E�)         -ó×o    -ó×o         -ó×o     E�)        -ó×o           -ó×o      -ó×o    E�)     ÷øø
øøù

(2Fp2ó)×2F
ñ¾ð F×((¾ð F×()¾ð F×(2 ò =

ôõõ
õõõ
ö −�0�(−�0�)−�0�2-ó×(-ó×(-ó×(÷øø

øøø
ù

(2Fp2ó)×(
, (5.56) 

 

where E�,� are the coefficient matrix obtained from the approximation of the second-order deriva-

tives, E�,z for D ≠ � are the coefficient matrix obtained from the approximation of the mixed de-

rivatives, and  E�) corresponds to the coefficient matrix of the approximation of  the boundary 

condition ψ·|¦Ω = 0 for D = 1,2,3. which is equivalent to ¾|¦Ω = -. This matrix is build by set-

ting one for each � ∈  Ω. When the system of equations (5.56) is built and solved, the final step 

of the algorithm is to obtain  the divergence-free component df  taking the rotation of the solu-

tion. 

Algorithm 5.8 integrates all algorithms in one, performing the Helmholtz decomposition through 

a finite-difference approach. 
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Algorithm 5.8: finite-difference approach for Helmholtz decomposition algorithm. 

 

 

5.2.3. Improved finite-difference approach for Helmholtz decomposition 

 

 

Theoretically, the harmonic field h should satisfy the properties given by equation (4.7): 

∇  ×  = = -, ∇. = = 0. 

 

However, due to the numeric approximations and computational errors, often some divergence 

and rotation remains within the field h. To address this problem, we can further decompose field 

h into three components, obtaining more accurate results [29]. This iterative scheme can be for-

mulated as: 

 � = IJ( + LJ( + =( = IJ( + LJ( + (IJ) + LJ) + =)) = IJ( + LJ( + yIJ) + LJ) + (IJ2 + LJ2 + =2){ = IJ( + LJ( + IJ) + LJ)+. . +(IJ� + LJ� + =�) = (IJ( + IJ)+. . +IJ�) + (LJ( + LJ)+. . +LJ�) + =� = IJ + LJ + =�, 

INPUT:    Vector field � 

  Sets of grid cells Ω and  Ω  

  Total number of grid cells N and cells at the border M 

OUTPUT:   Rotation-free field LJ 

  Divergence-free field IJ 

  Harmonic field h   

SET  LJ = �Oã�é��_N�(Ω,  Ω, N, M, �)  // Compute rotation-free component 

SET  IJ = �Oã�é��_M�(Ω,  Ω, N, M, �)  // Compute divergence-free component 

// Compute harmonic field 

FOR all points � ∈ Ω 

 =(�) = �(�) − IJ(�) − LJ(�) 

ENDFOR 
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Algorithm 5.9 includes this iterative scheme to algorithm 5.8. Initially, the algorithm computes 

the decomposition. Second, if the difference between the input field and the obtained harmonic is 

higher than a threshold �ℎ, the resultant rotation-free rf and divergence-free df components are 

added to the result of the decomposition of the computed harmonic field. Finally, the algorithm 

recurs until the difference between the computed harmonic and the input field, which after the 

first algorithm call represents the harmonic of the last recursion, is lower than the threshold �ℎ.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Algorithm 5.9: Improved finite-difference approach for Helmholtz decomposition algorithm. 

 

 

 

 

 

 

 

 

 

INPUT:    Vector field � 

  Sets of grid cells Ω and  Ω  

  Total number of grid cells N and cells at the border M 

OUTPUT:   Rotation-free field LJ 

  Divergence-free field IJ 
  Harmonic field h   

SET  LJ = �Oã�é��_N�(Ω,  Ω, N, M, �)  // Compute rotation-free component 

SET  IJ = �Oã�é��_M�(Ω,  Ω, N, M, �)  // Compute divergence-free component 

// Compute harmonic field 

FOR all points � ∈ Ω 

 =(�) = �(�) − IJ(�) − LJ(�) 

ENDFOR 

 

IF 
‖=8�‖ �‖=‖ � > �ℎ  // Compute error between the computed harmonic and input field 

// add rf and df  to the result of the decomposition of the harmonic field on each recursion 

SET LJ = LJ + �ã�NO��M_!�(Ω,  Ω, N,M, =). LJ   

SET IJ = IJ + �ã�NO��M_!�(Ω,  Ω, N,M, =). IJ 
// The harmonic field is the one obtained in the last recursion 

SET = = �ã�NO��M_!�(Ω,  Ω, N,M, =). = 

ENDIF 
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5.3. SPH method 

 

In this thesis, the SPH method represents a meshless approach to the Helmholtz decomposition 

for the analysis of 2D discrete vector fields on arbitrary unstructured sets of points [31]. Essen-

tially, equations (5.43) together with boundary conditions are solved by approximating the diffe-

rential operators through discrete convolutions with the kernel derivatives. These operators are 

given by 

∇�� = w (z∈oa
�z8��)∇Wy��z, h{,                                           (5.57) 

∇. J� = w (z∈oa
Jz8J�). ∇Wy��z, h{,                                         (5.58) 

∆�� = w 2 (�z − ��)x��zx)z∈oa
��z . ∇Wy��z, h{,                                    (5.59) 

where  ��z = �· − �$, h represents the initial particle spacing, f� contains all the particles at a 

distance smaller than 2h from ��, 
Wy��z , ℎ{ = 157πh) % Ñx��zxℎ Ò,                                         (5.60) 

and 

%(&) = '23 − 98 &) + 1924 &2 − 532 &Î,     0 ≤ & ≤ 2                                                 0,           & > 2      l .                       (5.61) 

 

Approximating equations (5.43) for all points � ∈ Ω, together with boundary conditions, leads to 

two system of equations. These can be solved with methods similar to those presented in section 

5.2. Finally, equation 4.14 is solved by using the operators described above, resulting in the de-

composition.                                                                                                                                                                
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Chapter 6 

 

RESULTS 

 

 

In the previous chapters, we have described the Helmholtz decomposition theory, and we have 

presented two approaches for solving the decomposition on 3D bounded domains: Helmholtz de-

composition by multi-scale kernels and finite-difference approach. In addition, we have presented 

an SPH based method, on 2D vector fields. In this chapter, we will evaluate these decomposition 

methods based on artificial flows, simulated data and MRI acquired data sets. 

Finally, we discuss the performance of the methods, comprising the accuracy of the decomposi-

tion, the quality of the decomposition, as well as the processing time. Furthermore, we investigate 

if the presented methods allow for simplified representations of the blood-flow-field, and hence 

validating the main objective of this thesis. 

All the results presented in this chapter were obtained using Matlab as platform for all the algo-

rithms described in previous chapters. 

6.1. Results obtained from artificial data 

 

First, we assess the performance of the methods, based on artificial flows, as the artificial data 

allows evaluating the decompositions based on a ground truth. To this end, the ground truth is 

generated by adding a divergence-free field, rotation-free field, and a harmonic field. We create 

this field based on the 2D artificial flow proposed by Duits et al. [3], where the divergence-free 

field IJ is composed by a vortex, the rotation-free field LJ consists of a sink, and the harmonic 

field = is composed by vectors with the same magnitude and direction. By doing this, these fields 

satisfy the properties of the Helmholtz decomposition mentioned in section 4.1: 
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( ∇ .  IJ = 0∇ ×  LJ = -∇. = = 0∇  ×  = = -
l,         (6.1) 

Therefore, the proposed artificial flow � is given by: 

�(�) = IJ(�) + LJ(�) + =(�) = Ñ−(°, −', 0) 1Å(2ËW)2 �8‖�‖¨Î) Ò + Ñ� 1Å(2ËW)2 �8‖�‖¨Î) Ò + Ñ 1100 (1,1,1)Ò,  
(6.2) 

where 

IJ(�) = −(°, −', 0) 1Å(2ËW)2 �8‖�‖¨Î) ,                                      (6.3) 

LJ(�) = � 1Å(2ËW)2 �8‖�‖¨Î) ,                                                   (6.4) 

=(�) = 1100 (1,1,1),                                                             (6.5) 

W is the standard deviation, and we set it to one for the IJ and LJ components vanishes at the 

boundaries in a 102 box data set. The resulting artificial flow is depicted in figure 6.1. 

 

We evaluate this artificial flow for both 3D Helmholtz decomposition methods presented in chap-

ter 5: Helmholtz decomposition by multi-scale kernels and finite-difference. We evaluate the per-

formance of the decomposition based on two error measurements, namely the relative �)–norm 

error B) and the average angular error (AAE) given by [3] 

 

B) = ‖�JK6 − �J‖‖�J‖ ,                                                               (6.6) 

PPQ = 1f w cos8( Ñ �JK6(�·)‖�JK6(�·)‖ . �J(�·)‖�J(�·)‖Ò�*∈� ,                                           (6.7) 

where �J represents the ground-truth field and �JK6 is the flow obtained by applying the Helm-

holtz decomposition. 
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Figure 6.1: 3D artificial flow created by adding a divergence-free field, rotation-free field and a 

harmonic field. 

 

6.1.1. Helmholtz decomposition by multi-scale kernels 

  

In this subsection, we evaluate the performance of the Helmholtz decomposition by multi-scale 

kernels method, based on the artificial flow depicted in figure 6.1. 

For evaluating this method, we follow the description of the approach, described in section 5.1. 

First, we have to obtain the harmonic infilling, as described by equation (5.2). We compute this 

harmonic infilling by one of the three presented methods: harmonic infilling by iterative convolu-

tion, harmonic infilling by finite difference based method, and harmonic infilling by variational 

approach. Next, we subtract the harmonic field h from the original field v, obtaining the vector 

field �0. Then, we obtain the decomposition by convolving the velocity field �0 with the multi-scale 
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kernels :LJ and :IJ, as described by equations (5.21) and (5.22). Subsequently, we evaluate the 

harmonic infilling methods and show the results of the convolutions. 

 

Harmonic infilling  

First, we have to compute the harmonic infilling, as described by equation (5.2). In section 5.1, we 

have proposed three methods to compute this harmonic field: harmonic infilling by iterative con-

volution, harmonic infilling by a finite difference based method, and harmonic infilling by a varia-

tional approach.  

The harmonic infilling by iterative convolution entails a number of user-defined parameters. 

These parameters are the error threshold �ℎ, and the maximum number of iterations ?���, refer to 

section 5.1.2. To define these parameters, we analyze the convergence behavior of the algorithm. 

Figure 6.2 depicts the relative error B)>p( obtained by equation (5.25) for each iteration k, where the 

relative error measures the relative difference between the obtained harmonic fields of the actual 

and last iteration. From the figure, we see a convergence when the number of iterations is over 

200 hundred and the relative error is under 2.5%. Therefore, we set  ?��� and �ℎ, with these val-

ues respectively, which represents upper and lower bounds for the algorithm converge. 

 

Figure 6.2: Relative error for each iteration k for the harmonic infilling by iterative convolution 

method using artificial flow. 
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Subsequently, we have to set the parameters of the harmonic infilling by variational approach, 

comprising the regularization constant ý of the cost function given by equation (5.37) and the 

standard deviation σ of the function ã(�) = e
x+*,�0∈�Ω(�0
�)x¨
¨¨ , refer to section 5.1.4. 

 

To find these parameters, we evaluate the algorithm by using several parameters values, aiming 

for the optimal result. First, we look for the optimal value of ý. Figure 6.3 depicts the relative er-

ror and the AAE, defined by equations (6.6) and (6.7), as a function of ý, comparing the resulting 

harmonic field =K6 to the ground-truth field =. From the figure, we see a convergence of the error 

measurements when ý is equal to 4.5. Moreover, we see a decreasing asymptotic behavior. There-

fore, we take this minimum value of convergence. Next, we investigate the optimal value of σ. 

Figure 6.4 depicts the relative error and the AAE as function of σ. From the figure, we observe an 

increasing behavior of the error measurements, in accordance with the definition of ã(�). This is 

a scalar function that is close to one at the boundaries, and quickly decreases at internal points. 

Therefore, for obtaining low errors we set σ as one. 

 

Figure 6.3: Relative error and AAE as function of - for the harmonic infilling by variational ap-

proach method by using artificial flow. 
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Figure 6.4: Relative error and AAE as function of . for the harmonic infilling by variational ap-

proach method by using artificial flow. 

 

Subsequently that we have defined all parameters of the harmonic infilling methods, we can 

summarize the result of the error measurements, based on the artificial flow data shown in figure 

6.1. The results are listed in table 6.1. From the table, the lowest error measurements and the low-

est processing time were achieved by the harmonic infilling by finite difference method. In con-

trast, the worst performance was obtained by the Harmonic infilling by iterative convolution, 

where this method requires a high number of iterations for achieving low errors, and still the er-

rors obtained by this method are larger than those of the other two. Given the longer processing 

time, and larger errors with respect to the other methods, this approach will be discarded for fur-

ther evaluations. 

Table 6.1: Performance of the Harmonic infilling using artificial flows. 

Method B) PPQ Processing Time 

Harmonic infilling by 

iterative convolution 

0.0056% 0.0021° 258.67s 

Harmonic infilling by 

finite difference based 

method 

1.9065 × 108ß%  2.8466 × 108à ° 50.23s 

Harmonic infilling by 

variational approach 

1.3 × 108Î%  1.5 × 108ß ° 58.23s 
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Thus far, we have computed the harmonic infilling =K6 by either of the presented methods. The 

next step of the multi-scale Helmholtz decomposition is to subtract this field from the original 

field v, obtaining the vector field �0. Figure 6.5 shows the harmonic infilling =K6 obtained by fi-

nite difference method and the resulting field �0. The figure shows a very similar harmonic field 

compared to the ground-truth shown in figure 6.1. Moreover, the resulting flow field �0 contains 

only divergence and rotation components. 

 

Figure 6.5: Harmonic infilling =K6 and subtraction of the harmonic from the original field v. 

 

Convolutions 

Based on flow field �0, we can uniquely decompose it into the rotation-free and divergence-free 

components. Therefore, we employ the convolutions described by equations (5.21) and (5.22). 

Before performing these convolutions, we need to compute the kernels :�� and  :#� given by 

equations (5.17) and (5.20) respectively. First, we select the optimal scaling factor. Therefore, we 

compute the errors measurements given by equations (6.6) and (6.7) using the result of the de-

composition for several scaling values. These results are depicted in figure 6.6. From the figure, 

the best performance was obtained for a scaling value of ¡ = 1mm). Second, we have to optimize 
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the size of the kernels. The size has to give the best trade-off between accuracy of the decomposi-

tion and processing time. The size of the kernels is based on the relation: min(‖�‖) ≈ 4¡, which 

guarantees negligible values for position over this bound. To find the optimal kernels size using a 

scaling  ¡ = 1mm), we compute the error measurements for different sizes, see figure 6.7. From 

the figure, we observe that the optimal size, where the errors converge, is given by ten voxels for 

each dimension, so the kernel is given by 102 voxels. This result is close to the previous relation, 

where the kernel size should be approximately eight voxels for each dimension. Based on these 

results, we can compute the kernels using a scaling of one and kernels of 102 voxels. Subsequent-

ly, the decomposition can be computed, and the result is depicted in figure 6.8. The resulting 

fields closely resemble the ground-truth, depicted in figure 6.1. Moreover, we observe smoother 

fields compared to the ground-truth, caused by the diffusion effect of the heat kernel ;�26. We can 

prove this smoothing effect by applying equation (5.19) to the artificial flow, considering that �0(�) = LJ(�) + IJ(�), we obtain: 

(;�26 ∗ �0)(�) = (:�� ∗ �0)(�) + (:#� ∗ �0)(�), 
(;�26 ∗ �0)(�) = (;�26 ∗ LJ)(�) + (;�26 ∗ IJ)(�) = (:�� ∗ �0)(�) + (:#� ∗ �0)(�),       (6.8) 

and therefore, LJK6(�) = (:�� ∗ �0)(�) = (;�26 ∗ LJ)(�),                                         (6.9) IJK6(�) = (:#� ∗ �0)(�) = (;�26 ∗ IJ)(�).                                      (6.10) 

Table 6.2 shows the error measurements of the decomposition. From the table, we see that the 

method yields low angular errors. In addition, the table shows that the relative errors with respect 

to the ground-truth df and rf  fields are substantially higher, compared to the errors obtained with 

the diffused fields. This is in concordance with equations (6.9) and (6.10). The last row of the ta-

ble validates equation (5.19), where the diffusion of the field  �0 is equal to the sum of  IJK6 and LJK6fields. 
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Figure 6.6: Error measurements for different scaling values s for the Helmholtz decomposition by 

multi-scale kernel method using the artificial flow. The y-axis represents the percentage (%) and 

degrees (°) of the errors measurements AAE and 1� respectively. 
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Figure 6.7: Error measurements for different kernel sizes for the Helmholtz decomposition by 

multi-scale kernel method using the artificial flow, given 2 = 933�. The y-axis represents the 

percentage (%) and degrees (°) of the errors measurements. 

 

Table 6.2: Performance of the Helmholtz decomposition by multi-scale kernel method using ar-

tificial flow. 

Original Component Obtained Component B) PPQ 

df IJK6 6.64% 0.003° 
rf LJK6 7.27% 0.005° 

;�26 ∗ IJ IJK6 0.12% 0.06° 
;�26 ∗ LJ LJK6 0.97% 0.093° 
;�26 ∗ �0 LJK6 + IJK6 7.35 × 108(Î% 1.23 × 1084 ° 
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Figure 6.8: Helmholtz decomposition by the multi-scale kernel method result for the artificial 

flow, showing the harmonic field =56, IJ56and LJ56 fields. 
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Besides the error measurements, we also consider the noise sensitivity of this method. Various 

amounts of noise were added to the input vector field v. Subsequently, we have computed the de-

composition, and compared the results with the ground-truth fields. Additionally, we have investi-

gated the effect of the scaling of the kernels on the noise. Figure 6.9 provides an overview of the 

obtained errors for noise levels between zero and two hundred percent signal to noise ratio (SNR). 

We observe that the computation of rf and df  is far less sensitive, in comparison to the computa-

tion of the harmonic field h. This is caused by the diffusion effect of the kernels operators that 

attenuate the noise. Figure 6.10 depicts the results of the decomposition, using a scale of two. The 

figure shows smoother results compared to the results obtained at scale one. This is in accordance 

with equations (6.9) and (6.10). Finally, figure 6.11 depicts the error measurements for different 

levels of noise using a scale of two 7 = �33�. From the figure, we see that with zero noise level 

the errors are higher, compared to the results obtained with a scaling of one. This is an indication 

that the increasing of the scaling can generate a loss of details, also depicted in figure 6.6. Howev-

er, we see that the decomposition at scaling of two is less sensitive to noise, giving a smaller slope 

in the errors plot. 
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Figure 6.9: Noise sensitivity of the Helmholtz decomposition by multi-scale kernel method. The 

y-axis represents the degrees (°) and percentage (%) of the errors measurements, the x-axis the 

percentage of SNR. 
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Figure 6.10: Helmholtz decomposition by multi-scale kernel method result for the artificial flow 

at scale 7 = �33�,  LJ56 represents the rotation-free component, and  IJ56 represents the di-

vergence-free component. 

 

 

Figure 6.11: Noise sensitivity of the Helmholtz decomposition by multi-scale kernel method at 

scale 7 = �33�.  
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6.1.2. Finite-difference approach for Helmholtz decomposition 

 

In this subsection, we evaluate the performance of the finite-difference approach for Helmholtz 

decomposition, using the artificial flow field shown in figure 6.1. 

Applying the method described in section 5.2, we obtain the decomposition of the artificial flow 

field. The result of the decomposition is shown in figure 6.12. Through qualitative inspection, we 

observe a similar LJK6 and IJK6 fields, in comparison to the ground truth. However, we observe 

a slight difference in the harmonic field =K6. This difference is due to the fact that the harmonic 

component is the remaining field resulting from the subtraction of the original field v the IJK6and LJK6components. Therefore, the harmonic field =K6 adds up the numerical approxima-

tion errors of these two fields, resulting in a large difference. 

Table 6.3 shows the obtained error measurements for the artificial flow. We observe that the er-

rors for the harmonic field are larger in comparison to the other components. In addition, we see 

larger errors compared to the multi-scale kernel method results. Also, the processing time is 3.4 

times higher, and the sensitivity to noise is higher as well, see figure 6.13. 
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Figure 6.12: Finite-difference approach for Helmholtz decomposition result for the artificial flow. 

 

 

` 
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Table 6.3: Performance of the finite-difference approach for Helmholtz decomposition using artifi-

cial flow. 

Original Component Obtained Component B) PPQ 

h =K6 11.97 % 5.37 ° 
df IJK6 2.6 % 0.65 ° 
rf LJK6 2.7 % 0.78 ° 

 

 

Figure 6.13: Noise sensitivity of the finite-difference approach for Helmholtz decomposition. 
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6.2. Results obtained from simulated data 

 

In this section, we assess the performance of the decomposition methods based on simulated data. 

Using this data, we evaluate the Helmholtz decomposition methods in a bounded domain. As op-

posed to the artificial flow data, we do not have a ground-truth of the decomposition. Therefore, 

the only means to assess the performance of the decomposition are visual inspection, and quality 

measurements based on the relative divergence and rotation of the components. Theoretically the 

decomposition must satisfy the properties given by equation (6.1), which has been explained in 

detail in chapter 4. These quality measurements are given by: 

MD��(�) = 1f w|∇ . ��|,�                                                          (6.11) 

NO��(�) = 1f w‖∇ × ��‖� ,                                                      (6.12) 

with N representing the number of elements in Ω, and the ideal values for the decomposition are 

given by:  

MD��(IJK6) = 0, NO��(LJK6) = 0, MD��(=K6) = 0, NO��(=K6) = 0. 
 

Hence, we obtained a simulated flow data on a curved tube, generating a divergence-free rotating 

flow, as depicted in figure 6.14. The figure shows 2D projections of several cross-sections through 

the flow field, clearly depicting a rotation behavior. Therefore, from this simulated flow, we ex-

pect by the Helmholtz decomposition results, a divergence-free component representing the rota-

tion of the original flow v, and a rotation-free flow field with a very small magnitude. 

We evaluated this simulated flow for two Helmholtz decomposition methods: multi-scale kernels 

decomposition and the finite-difference approach.  
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Figure 6.14: 2D projections on cross-sections through the simulated flow field v. 
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6.2.1. Helmholtz decomposition by multi-scale kernels 

 

To evaluate this method, we followed the same steps as described in section 6.1.1. First, we com-

pute the harmonic infilling, and then subtract it from the original field v. Next, we compute the 

convolutions, given by equations (5.21) and (5.22). 

 

Harmonic infilling  

First, we compute the harmonic infilling, based on simulated data shown in figure 6.14. We use 

two methods: harmonic infilling by the finite-difference based method and harmonic infilling by 

variational approach. 2D projections of the results are depicted in figure 6.15. We observe similar 

results for both methods. To evaluate the quality of these harmonic fields, we validate the defini-

tion of the harmonic infilling field, given by equation (5.2): 

i∆ℎ(�) = 0,    � ∈  Ω∇ℎ|¦Ω = �|¦Ω           l. 
First, we evaluate the relative value of the Laplacian MD��(=) for all cell in Ω, which is given by: 

MD��(=) = 1f w ∆ℎ
�

= 1f w ∇. ∇ℎ
�

= 1f w ∇. =
�

.                           (6.13) 

In addition, we compute the difference between the harmonic field = and the original flow field � 

at the boundary. This difference is obtained by computing the relative �)–norm error and the AAE 

at the boundary given by 

B)� = ‖�JK6 − �J‖‖�J‖ ,     � ∈  Ω                                            (6.14) 

PPQ� = 1f w cos8( Ñ �JK6(�·)‖�JK6(�·)‖ . �J(�·)‖�J(�·)‖Ò�*∈¦Ω .                            (6.15) 

Table 6.4 shows the results of the relative Laplacian given by MD��(=), the relative �)–norm error 

at the boundary B)�, and relative AAE at the boundary PPQ�. From the table, we see that the result 

of the harmonic infilling by a finite difference based method satisfies better the Laplacian equa-
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tion, and the boundary condition, giving a better general performance compared to the other me-

thod. We also see large errors at the boundary, caused mainly by high  differences with the smal-

lest vectors at the border, where the computation of these small vectors is not very precise due to 

numerical errors. 

 

 

Figure 6.15: Results of the harmonic infilling for the simulated flow using the methods: harmonic 

infilling by a finite difference based method and harmonic infilling by variational approach. 

 

 

Table 6.4: Performance of the harmonic infilling methods using the simulated flow. 

Method MD��(=) B)� PPQ� Processing Time 

Harmonic infilling 

by finite difference 

based method 

0.14% 86.2409% 13.06 ° 1.42s 

Harmonic infilling 

by variational ap-

proach 

0.15% 110.26% 12.8° 2.7s 
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Convolutions 

After computing the harmonic field and obtaining the flow without harmonic �0, the next step is to 

apply the convolutions described by equations (5.21) and (5.22). Planar projection of the resulting 

decomposition are depicted in figure 6.16. In the divergence-free component IJK6, we observe 

the rotational behavior of the original flow. In addition, the mean speed of the divergence-free is 

3.3 times higher, in comparison to the rotation-free component. This is expected, as the original 

flow field is theoretically divergence-free. Table 6.5 shows the quality measurements of the de-

composition given by equations (6.11) and (6.12). We see that, as expected, the relative rotation 

for the divergence-free component is several orders of magnitude higher than the relative diver-

gence. However, there is not a clear difference in the rotation-free part, caused by the low magni-

tude of this component. Finally, the total processing time for decomposing this simulated flow 

was 38.56s. 

 

Figure 6.16: Helmholtz decomposition by multi-scale kernel method result for the simulated flow. 
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Table 6.5: Performance of the Helmholtz decomposition by multi-scale kernel method using the 

simulated flow. 

Component MD�� NO�� 

IJK6 0.34% 20.04% 

LJK6 1.48% 2.01% 

 

6.2.2. Finite-difference approach for Helmholtz decomposition 

 

In this subsection, we evaluate the performance of the finite-difference approach for Helmholtz 

decomposition, based on the simulated flow shown in figure 6.14. 

Figure 6.17 depicts projection of the fields resulting after the decomposition. The rotation of the 

original flow v is captured by the divergence-free component, which visually corresponds better to 

the rotation in the original flow, in comparison to the result of the multi-scale kernel method. Fur-

thermore, the relative magnitude of the divergence-free field is 19 times higher, in comparison to 

the rotation-free component. This is a higher rate compared to the result obtained by the multi-

scale kernel method. 

Table 6.6 shows the quality measurements of the decomposition. In the table, we observe a higher 

relative rotation and lower divergence of the divergence-free component compared to the obtained 

by the multi-scale kernel method. This indicates a higher quality of the decomposition. Also, the 

relative rotation of the rotation-free component is lower with respect to the obtained field by the 

multi-scale kernel method.  

Although the quality of the decomposition results are slightly better than the other method, the 

processing time was 193.58s, which is five times slower than the multi-scale kernel method.  
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Figure 6.17: Finite-difference approach for Helmholtz decomposition result for the simulated 

flow. 

 

Table 6.6: Performance of the finite-difference approach for Helmholtz decomposition using the 

simulated flow. 

Component MD�� NO�� 

IJK6 0.11% 25.36% 

LJK6 0.11% 6.6709 × 108)% 
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6.3. Results obtained from measured data 

 

Lastly, we assess the performance of the (decomposition) methods, based on MRI acquired blood-

flow data. For this, we use phase three and four of the pre-processed cardiac-cycle, as shown in 

figure 3.14. These phases approximate peak systole, comprising relatively high blood-flow, enabl-

ing us a clean visual inspection of the decomposition. Furthermore, we again evaluate the perfor-

mance of the decomposition qualitatively and quantitatively through equations (6.11) and (6.12). 

 

6.3.1. Helmholtz decomposition by multi-scale kernels 

 

In this subsection, we show the results of the decomposition for the selected data sets. To obtain 

these results, we used the harmonic infilling by the finite difference method. Figures 6.18 and 6.19 

depict the result of the decomposition for the two phases, from two different viewpoints. Figure 

6.18 additionally shows the smoothing of v and the subtraction of the rf component. The figures 

dpict the 3D results using stream lines, visualizing the trajectory taken by a particle from a seed-

ing point. Several seeding point were placed inside the heart. From the figure, we observe:  

1. The generated fields are easier to comprehend, compared to the images obtained from the 

original field. 

2. The vorticity of the flow is visible in the divergence-free field images. 

3. The rotation-free component roughly captures the divergence of the flow. This component 

has a lower intensity compared to the others, as the blood-flow should be divergence free. 

The average speed for the different components are: 39 units for v, 32 units for ;�26 ∗ �, 

27 for ;�26 ∗ � − LJ, 18 for df, 5 for rf, and 17 for h. 

4. The harmonic is the complement component, where is not observed divergence or rotation 

in the flow. 

5. The subtraction of the rf component clean the flow of acquisition artifacts, where we ob-

serve a cleaner flow compared to the original flow v. 

 

Figure 6.20 depicts 2D projection on a plane of the decomposition results. The plane position is 

identical to the one used in previous figures of the blood-flow. This figure, again confirms the 
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previous arguments, since we observe the vorticity in the divergence-free component, the diver-

gence in the rotation-free component, and that the harmonic is free of divergence and vorticity. 

 

Table 6.7 shows the quality measurements of the decomposition by equations (6.11) and (6.12). 

For the divergence-free field, we see that as expected the relative rotation NO�� is higher compared 

to the relative divergence MD��. For the rotation-free component is the inverse situation, although 

the rate is lower because of the low magnitude of this component. The average processing time for 

both phases was approximately 100s including the processing of the harmonic infilling.  In addi-

tion, appendix F shows the results of the decomposition without pre-processing with the VMF, 

which is the most time consuming stage during the pre-processing. Very different results were 

observed caused mainly by the obtained harmonic infilling. We found that the computation of this 

component is very sensitive to border artifacts due to the boundary condition ∇ℎ|¦Ω = �|¦Ω. 

Therefore, for performing the decomposition is mandatory to suppress the uncorrelated noise. 

 

 

 

Figure 6.18: Helmholtz decomposition by multi-scale kernel method 3D result showing stream 

lines from viewpoint one. 
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Figure 6.19: Helmholtz decomposition by multi-scale kernel method 3D result showing stream 

lines from viewpoint two. 
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Figure 6.20: 2D projection in a plane of the result of the Helmholtz decomposition by multi-scale 

kernel for phase three data set.  

 

 

Table 6.7: Performance of the Helmholtz decomposition by the multi-scale kernel method using 

measured data. 

Phase number Component MD�� NO�� 

 

Phase 3 

IJK6 0.85% 33.4% 

LJK6 5% 1.8% 

=K6 6.9% 4.3% 

 

Phase 4 

IJK6 0.88% 35% 

LJK6 5.3% 1.7% 

=K6 7.1% 4.3% 
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6.3.2. Finite-difference approach for Helmholtz decomposition 

 

In this subsection, we evaluate the Helmholtz decomposition by a finite-difference approach for 

the selected data sets. Figures 6.21 and 6.22 depict the result of the decomposition from two dif-

ferent viewpoints. From the figures, we observe the vorticity of the flow in the divergence-free 

component. Also, the divergence of the flow fields is captured by the rotation-free components. 

These have a lower magnitude, in comparison to the other fields of the decomposition. The rela-

tion of the average speeds are: 10 units for the df component, 2 units for the rf component and 40  

units for the harmonic component. The harmonic field, does not fully satisfy the properties of an 

harmonic field, where this has to be free of rotation and divergence, given that some rotation in 

this field can be observed. Also in figure 6.21, we see a cleaner flow when we subtract the rf 

component to the original flow v. 

Figure 6.23 depicts the 2D projection in a plane of the decomposition result. In this figure, we can 

see that the boundary conditions are satisfied, where the divergence-free field is parallel, and the 

rotation-free field is orthogonal at the border. In addition, the figure shows the vorticity and diver-

gence of the flow. 

Table 6.8 shows the performance measurements of the decomposition, using the finite-difference 

approach. The relative rotation NO�� values are very high for the obtained harmonics fields =K6, 

indicating that not all the vorticity is represented in the divergence-free fields IJK6. Part of this is 

contained within the harmonic field. 

Comparing the results obtained by the finite-difference method to the Helmholtz decomposition 

by multi-scale kernel method, we see a more intense divergence-free component, which is caused 

by the attenuation effect of the diffusion operator in the multi-scale kernel method. The quality of 

the decomposition is higher in the  multi-scale kernel method, as the different components are 

closer to their properties given by equation (6.1). This can be seen in the figures showing the de-

composition results and the performance measurements. Also, the finite-difference method is 

slower, with an average processing time of approximately 160s for both phases, while the multi-

scale kernel method executes in 100s. 



  

 

102 

 

 

Figure 6.21: Helmholtz decomposition by finite-difference approach 3D result showing stream 

lines from viewpoint one.
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Figure 6.22: Helmholtz decomposition by finite-difference approach 3D result showing stream 

lines from viewpoint two. 
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 Figure 6.23: 2D projection in a plane of the result of the Helmholtz decomposition by finite-

difference approach for phase three data set.  

 

 

Table 6.8: Performance of the Helmholtz decomposition by finite-difference approach using 

measured data. 

Phase number Component MD�� NO�� 

 

Phase 3 

IJK6 3.3% 41% 

LJK6 7.2% 1.7% 

=K6 8% 23% 

 

Phase 4 

IJK6 3.6% 44% 

LJK6 7.5% 1.8% 

=K6 9.2% 24% 
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6.4. Smoothed Particle Hydrodynamics method results 

 

In this subsection, we present the results obtained by applying the SPH based Helmholtz decom-

position method. These results were obtained by decomposing a 2D artificial flow and a slice of 

the measured blood-flow field, given that the method presented by Petronetto et al. [31] was de-

signed for 2D flow fields.  

 

Figure 6.24 depicts the result of the SPH based decomposition for measured data. The figure de-

picts a smooth divergence-free and rotation free flow fields due to the SPH operators. Some ran-

dom flow vectors occur in the harmonic field, indicating that this does not fulfill the properties of 

being divergence and rotation free.  

 

We compare the SPH method with the multi-scale kernel method, using 2D artificial and meas-

ured flow data. Table 6.9 shows the error measurements using the artificial flow. We see that the 

multi-scale kernel method gives lower AAE than the SPH method, although the relative error  B) is higher because of the diffusion effect described by equation (6.8). Table 6.10 shows the per-

formance using measured data. We observe that the quality of the obtained harmonic field is low-

er than the harmonic infilling used in the multi-scale kernel method. The relative divergence MD�� 

and relative rotation NO�� are higher for the harmonic field obtained by the SPH method. Moreo-

ver, the quality of the other components is slightly better in the SPH method, observe last two 

rows of table 6.10. 

 

 

Table 6.9: Performance comparison between  of the Multi-scale kernel method and  SPH method 

using artificial flow. 

 Multi-scale kernel method SPH method 

Original Compo-

nent 

Obtained Com-

ponent 

B) PPQ B) PPQ 

h =K6 1.9 × 108ß % 2.84 × 108à° 0.67% 0.24° 

df IJK6 8.33% 5.5 × 108à° 2.82% 0.04° 

rf LJK6 8.33% 1.34 × 108ß° 2.82% 0.04° 
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Table 6.10: Performance comparison between  of the Multi-scale kernel method and  SPH method 

using measured data. 

Component Multi-scale kernel method SPH method MD�� NO�� MD�� NO�� 

=K6 38% 5.5% 77.32% 80.77% 

IJK6 10.6% 36.5% 5.32% 43.32% 

LJK6 30.2% 10.8% 47.24% 5.25% 
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Figure 6.24: Helmholtz decomposition result by SPH method for a 2D flow field slice of phase 

three data set. Top: Complete results of the decomposition, Bottom: Zoomed in. 
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6.5. Performance evaluation 

 

First, we compare the Helmholtz decomposition by multi-scale kernels and finite-difference ap-

proach for an artificial flow field. The obtained results showed that the multi-scale kernels was 

more accurate, resulting in lower errors with the ground-truth flow-fields (tables 6.2 and 6.3). Fur-

thermore, the multi-scale kernels approach is less sensitive to noise. We showed the effect of the 

scaling factor s where high values smooth the decomposition loosing accuracy but improving the 

sensitivity to noise. Moreover, we proved that for the artificial data the best performance was ob-

tained with a scaling of one (¡ = 1mm)). Also, we verified the relation for selecting the size of 

the kernels described in section 5.1.1, by plotting the error measurements given by equations (6.6) 

and (6.7) vs. the kernel size. We obtained the optimal size. In addition, to perform the Helmholtz 

decomposition by multi-scale kernels, the best method to compute the harmonic infilling was the 

finite difference based method (table 6.1). 

Next, we compared the Helmholtz decomposition methods using a simulated flow. The decompo-

sition results were very similar. However, the multi-scale kernels method processed this data in a 

shorter time period 38s for computing the three components, while the finite difference method 

executes in 193s. Again, the harmonic infilling by a finite difference based method generated the 

best results (table 6.4).  

Furthermore, we used MRI acquired blood-flow data to compare the methods. We showed that the 

quality of the decomposition is better for the multi-scale kernels method (tables 6.7 and 6.8). In 

addition, the multi-scale kernels method is faster, 100s for computing the complete decomposi-

tion, while the finite-difference approach required 160s. Moreover, given that the input flow is 

pre-processed by a noise reduction filter, high scaling values are not necessary, which can hide 

important details in the decomposition (figure 6.6). Therefore, we recommend small scaling fac-

tors to get an accurate and fast decomposition since the kernel sizes can be small, where good 

results were obtained with a scaling of one (¡ = 1mm)). 

We showed the results of the 2D Helmholtz decomposition by SPH method. We showed that this 

method, presented by Petronetto et al. [31], still requires some improvements. The resulting har-

monic field showed high relative rotation and divergence, as depicted in table 6.10, indicating that 

part of the rotation and divergence components are contained in this field.  
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6.6. Simplified representation of the blood-flow-field 

 

In this subsection, we will verify the main goal of this thesis. This consist in performing a simpli-

fied representation of the MRI acquired blood-flow data, which may help physicians to interpret 

these highly complex images. Previous results showed how the Helmholtz decomposition me-

thods separates the blood-flow field in three easier to interpret components. In the subsequent, we 

will show the decomposition result on 2D gray-scale images by the multi-scale kernel method. 

These are the typical images used by physicians to interpret blood-flow information. 

Figure 6.25 depicts 2D gray-scale images representing the speed and the velocity components of 

the original blood-flow v and the result of the decomposition using the multi-scale kernel method. 

From the figure, we see that the decomposition achieved a simplified representation of the flow 

field. In the second column of the figure is depicted the areas of vorticity. Moreover, each compo-

nent of the divergence-free field is also depicted. This vorticity information is difficult to interpret  

from the original image. Also, the figure in the third column depicts the level of divergence of the 

flow represented by the rotation-free component. The divergence is very low and randomly distri-

buted through the image due to the rotation-free field is related with acquisition artifacts. Fur-

thermore, we show the result of subtracting the rotation-free field  to the original field in figure 

6.26. The result depicts images with reduced noise as consequence of removing the artifacts that 

are related with the rotation-free field. 

 

 

 

 

 

 



  

 

110 

 

 
Figure 6.25: 2D velocity images showing the speed and the velocity in the x,y, and z directions of 

a 2D slice of the flow field and the result of the Helmholtz decomposition by multi-scale kernel 

method. 
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Figure 6.26: 2D velocity images showing the speed and the velocity in the x,y, and z directions of 

a 2D slice of the original flow field and the result of subtracting the rotation-free field. 



  

 

112 

 

Chapter 7 

 

CONCLUSIONS 

 

In the previous chapters, we presented two methods for performing the 3D Helmholtz decomposi-

tion of the blood-flow-field acquired by MRI: Helmholtz decomposition by multi-scale kernels 

method and finite-difference approach. These methods rigorously apply the underlying theory,  

while considering the physical properties of the blood-flow data. We have successfully designed 

the algorithms to perform the methods.  

The Helmholtz decomposition by multi-scale kernels method allows to perform a multi-scale de-

composition by applying several convolutions using pre-computed non-singular analytic kernel 

operators. The finite-difference approach for Helmholtz decomposition allows to decompose a 

flow field, based on standard numerical discretizations. 

We have evaluated the methods using artificial, simulated and MRI acquired blood-flow data. The 

decomposition results showed the vorticity and divergence of the flow. We have compared both 

methods, based on several errors and performance measurements. Furthermore, we have carried 

out visual inspection, using 3D stream lines and 2D projections in a plane. The best general per-

formance was obtained by the multi-scale kernels method, providing an accurate, higher quality, 

and faster decomposition (see details in subsection 6.5), where in order to obtain an accurate and 

fast decomposition we use a scaling value equal to one. Moreover, this can be adjusted to see the 

level of details that is more appropriate for the user. 

The Helmholtz decomposition by multi-scale kernels method requires to compute the harmonic 

field, before generating the rotation-free and divergence-free components. We have proposed 

three methods to compute this harmonic field:  harmonic infilling by iterative convolution, har-

monic infilling by a finite difference based method, and harmonic infilling by a variational ap-

proach. We have designed the algorithms to perform these methods. From the results, we have 
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concluded that the best performance was obtained by using finite difference method, as shown in 

tables 6.1 and 6.4. The iterative convolution method required many iterations to achieve an ac-

ceptable result. In contrast, the harmonic infilling by a variational approach required many com-

putations, causing many numeric errors. 

We believe that this 3D Helmholtz decomposition by multi-scale kernels is a suitable method for 

decomposing the blood-flow field. This method delivers accurate results, good quality of the de-

composed images, and good processing times for medical applications. The processing time was 

approximately 100s for performing the complete 3D decomposition using acquired MRI. Fur-

thermore, we showed how the decomposition generated a simplified version of the blood-flow 

field, showing important features such as the vorticity, sinks and sources. In contrast, these fea-

tures are difficult to see in the original flow. In addition, we showed that it was obtained a much 

cleaner blood-flow data by only subtracting to the original flow field the obtained rotation-free 

component, associated to acquisitions artifacts. Therefore, we believe that this method can poten-

tially benefit the physicians to analyze the blood-flow data. Furthermore, this generic decomposi-

tion method can be used to decompose vector fields for various applications on bounded-domains. 

 

7.1. Contributions 

 

The main contributions of this thesis are: 

 

• A new 3D Helmholtz decomposition by multi-scale kernels method. This method allows a 

multi-scale decomposition for any bounded or un-bounded flow field. This method is fast-

er and more accurate that other similar methods found in the literature. 

• Two new methods for computing the 3D harmonic field: harmonic infilling by iterative 

convolution and harmonic infilling by a variational approach. The first one is based on the 

2D harmonic infilling, method proposed Georgiev [40]. This method is easy to implement, 

but it has the drawback that requires many iterations for achieving an acceptable result. 

The harmonic infilling by a variational approach is a new method for computing the har-
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monic field, with several parameters that allow to optimize the result. The drawback is the 

high number of numerical approximations, generating substantial errors. 

• An algorithm for performing the Helmholtz decomposition by a finite-difference approach, 

which integrates iterative techniques and high performance numeric approximations. 

• A new method for segmenting the blood-flow data, which is fast to implement and accu-

rate for finding the borders of the main anatomical structures. This segmenting method in-

tegrates a new algorithm based on the local phase coherence.  

7.2. Limitations 

 

Although we have presented promising results, some limitations remain. These limitations are: 

 

• The method for pre-processing the blood-flow data requires approximately 15min of 

processing time, which is much longer compared to the time for performing the decompo-

sition , approximately 100s. The main reason for this low performance is mainly caused by 

the vector median filter that requires a high amount of computations. 

• There are several application specific considerations used in the pre-processing stage. One 

consideration is that the voxels out of the segmented blood-flow are assigned with null da-

ta. 

 

7.3. Recommendations and Future work 

 

To conclude this chapter, a series of recommendations and possible research directions for future 

work are listed in this section. Previously, we have identified the processing time for the vector 

median filter as one limitation. More efficient noise reduction algorithms could be proposed to 

solve this problem. Also, parallel hardware platforms could be used for implementing the algo-

rithms for achieving faster processing times. 

Furthermore, we have proposed a new method for computing the harmonic field, based on a varia-

tional approach. This had a drawback of the numerical errors, caused by the high amount of nu-

merical approximations. Other numerical techniques could be investigated to reduce the numerical 

errors.  
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Finally, the result of the decomposition can be evaluated with more data-sets using blood-flow 

data of healthy volunteers and patients to identifying patterns of diseases. After these patterns are 

identified, the decomposition method could be integrated with an automatic pattern recognition 

technique for automatically identify a disease from a blood-flow input data.
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Appendix A: Proof: Helmholtz decomposition uniqueness 

 

With the Helmholtz decomposition of a vector field v given by: 

� = ∇φ + ∇ ×  ¾ + =,    (A.1) 

in the 3D case, the solutions of φ and ¾ are given by the following equations 

l ∆φ = ∇. �∇ × ∇ × ¾ = ∇ × �l .     (A.2) 

A unique solution to these equations is guaranteed by adding a boundary condition. In this report, 

four boundary conditions were evaluated: a) the vector field vanishes at the boundary, and both 

the divergence and rotation-free part at the boundary are prescribed, b) The rotation-free compo-

nent (rf) is tangent to the boundary and the divergence-free (df) component perpendicular, c) The 

rotation-free component (rf) is perpendicular to the boundary and the divergence-free component 

(df) is parallel. In the subsequent, we prove why these boundary conditions guarantee a unique 

solution: 

a) The vector field vanishes at the boundary, and both the divergence and rotation-free part at 

the boundary are prescribed. 

 

Proof: 

Suppose that  � = �( + �) = 8( + 8),    (A.3) 

 

and the boundary condition specifies that       �|¦Ω = 0.      (A.4) 

In order to proof the uniqueness of this boundary condition, we need to demonstrate that �( = 8( and �) = 8). Therefore, we define �( and 8( as divergence-free fields, and �) 

and 8) as rotation-free fields by the next equations 
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∇. �( = ∇. 8( = 0,                             

                 ∇ × �) = ∇ × 8) = -.                 (A.6) 

 From the above equations we get: 

∇. (�( − 8() = 0, ∇. (�) − 8)) = 0,      

               ∇ × (�( − 8() = -,    ∇ × (�) − 8)) = -.      (A.7) 

 Therefore, we can assert that:  8( − �( = ∇ℎ(, 

                8) − �) = ∇ℎ),            (A.8) 

 where ∆ℎ( = 0, 

                ∆ℎ) = 0.                 (A.9) 

 From the last equation we obtain: 

                 ∇(ℎ( + ℎ)) = 0,             (A.10) 

 therefore, we get 

            ℎ( = −ℎ).                     (A.11) 

 From equation (A.8), we have: 

8( = �( + ∇ℎ(,    

                                                  �) = 8) − ∇ℎ).                                          (A.12) 

 As the rotation-free and divergence-free components are prescribed, we define: 

(8> − �>)|¦Ω = 0, ? = 1,2.    (A.13) 

Therefore, combining the last two equations, we get: 

∇ℎ(|¦Ω = 0. 

Given that ∆ℎ( = 0, the only value that satisfies the Green identity given by: 
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Ã ∆ℎ1M9
Ω

= Ã ∇ℎ1. . M: Ω ,                                                    (A. 14) 

is ℎ( = 0. Therefore, from equation (A.12) we get 8( = �(. Applying a similar procedure 

we obtained that �) = 8), which proofs the uniqueness. 

 

b) The rotation-free component (rf) is tangent to the boundary and the divergence-free (df) 

component perpendicular to it. 

 

Proof: 

Combining the definition of this boundary condition with equation (A.12), we obtain: 

 (8( − �(). /|¦Ω = ∇ℎ(. /|¦Ω = 0, (8) − �)). .|¦Ω = ∇ℎ). .|¦Ω = 0.       (A.15) 

 

Therefore, we obtain that ∇ℎ( = 0 and ∇ℎ) = 0, resulting in 8( = �( and 8) = �), which 

proof the uniqueness. 

 

c) The rotation-free component (rf) is perpendicular to the boundary and the divergence-free 

component (df) is parallel to it. 

 

Proof: 

Following a similar procedure as in item b), we obtain: 

 (8( − �(). .|¦Ω = ∇ℎ(. .|¦Ω = 0, (8) − �)). /|¦Ω = ∇ℎ). /|¦Ω = 0.        (A.16) 

Obtaining that ∇ℎ( = 0 and ∇ℎ) = 0, which results in 8( = �( and �) = 8) proving the 

uniqueness. 
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Appendix B: Deduction of ¿<2�6(�) 

 

Given the diffused Green’s function expressed by:  

 5�26(�) = ;�26(�) ∗ 526(�),      (B.1) 

 

where ;�26 denotes the 3D heat kernel given by: 

 

;�26(�) = (ÄÅ(Æ�)µ ��8‖�‖¨ÇÈ �,   ¡ > 0,               (B.2) 

 

and 526represents the fundamental solution of the Laplace equation, given by the Green’s func-

tion:  

526(� − �′) = 12π lnx� − �′x.                                                     (B. 3) 

We aim for an analytical expression for ∇5�26(�) via the Fourier transform. Hence, first we ob-

tain: 

7r5�26u(Ê) = 7r;�26 ∗ 526u(Ê) = 7r;�26u(Ê)7r526u(Ê) = �$y
‖Ê‖¨È{Å()Æ)µ � − (‖Ê‖¨®, 

= − 1Å(2Ë)2 Ã �y8‖Ê‖¨`{d�∞

� .                                                   (B. 4) 

Therefore we obtain 5�26(�) using the inverse Fourier transform by: 

5�26(�) = 789¤7r5�26u¥(�) = 789 �Ê → − 1Å(2Ë)2 Ã �y8‖Ê‖¨`{d�∞

� > (�), 
= Ã 789 �Ê → − 1Å(2Ë)2 �y8‖Ê‖¨`{> (�)  d�∞

� = − Ã 1Å(2Ë�)2 �8‖�‖¨Î`   d�∞

� , 
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= − Erf �12 ‖�‖√¡ �4Ë‖�‖ ,                                                                     (B. 5) 

where Erf represents the error function given by: 

Erf(') = 2√Ë Ã �8`¨M��
S .                                                               (B. 6) 

We can calculate ∇5�26(�) as 

∇5�26(�) = − �4Ë2 )⁄ ‖�‖2 Í�8‖�‖¨Î� ‖�‖√¡ − √ËErf Ñ12 ‖�‖√¡ ÒÓ.                      (B. 7) 
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Appendix C: Complete expression of diffused kernel operators 

 

The complete expressions of the multi-scale kernels operators are shown below: 

First, by equation (5.17) we have that 

@(��,((�) =   ' ∇5�26,((�)®, 
= �8‖�‖¨Î� Í‖�‖√¡ ')‖�‖) + ¡y4') − 2(°) + Ô)){® − 2�‖�‖¨Î� √Ë¡(2') − °) − Ô))Erf �12 ‖�‖√¡ �Ó

8Ë2 )⁄ ¡‖�‖ß , 
(C.1) 

and the others rotation-free kernels operators are given by 

 

@(��,)(�) =   ' ∇5�26,)(�)®, 
= �8‖�‖¨Î� '° Í‖�‖√¡ (6¡ + ‖�‖)) − 6�‖�‖¨Î� √Ë¡Erf �12 ‖�‖√¡ �Ó

8Ë2 )⁄ ¡‖�‖ß ,               (C. 2) 

 

@(��,2(�) =   ' ∇5�26,2(�)®, 
= �8‖�‖¨Î� 'Ô Í‖�‖√¡ (6¡ + ‖�‖)) − 6�‖�‖¨Î� √Ë¡Erf �12 ‖�‖√¡ �Ó

8Ë2 )⁄ ¡‖�‖ß ,                     (C. 3) 

 

@)��,((�) = 1 ° ∇5�26,((�)® =   ' ∇5�26,)(�)® = @(��,)(�),                             (C. 4) 

 

@)��,)(�) =   ° ∇5�26,)(�)®, 
= �8‖�‖¨Î� Í‖�‖√¡ (−2¡(') − 2°) + Ô)) + °)‖�‖)) + 2�‖�‖¨Î� √Ë¡(') − 2°) + Ô))Erf �12 ‖�‖√¡ �Ó

8Ë2 )⁄ ¡‖�‖ß , 
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(C.5) 

@)��,2(�) =   ° ∇5�26,2(�)®, 
= �8‖�‖¨Î� °Ô Í‖�‖√¡ (6¡ + ‖�‖)) − 6�‖�‖¨Î� √Ë¡Erf �12 ‖�‖√¡ �Ó

8Ë2 )⁄ ¡‖�‖ß ,                    (C. 6) 

 

@2��,((�) =   Ô ∇5�26,((�)® =   ' ∇5�26,2(�)® = @(��,2(�),                        (C. 7) 

 

@2��,)(�) = 1 Ô ∇5�26,)(�)® =   ° ∇5�26,2(�)® @)��,2(�),                       (C. 8) 

 

@2��,2(�) =   Ô ∇5�26,2(�)®, 
= �8‖�‖¨Î� Í‖�‖√¡ (−2¡(') + °)) + (4¡ + ') + °))Ô) + ÔÎ) + 2�‖�‖¨Î� √Ë¡(') + °) − 2Ô))Erf �12 ‖�‖√¡ �Ó

8Ë2 )⁄ ¡‖�‖ß . 
(C.9) 

 

Now, from equation (5.20) the divergence-free kernel operators are given by 

 

:#�(�) = ;�26(�) − :��(�) = Û@(#�,((�) + @(#�,)(�) + @(#�,2(�)@)#�,((�) + @)#�,)(�) + @)#�,2(�)@2#�,((�) + @2#�,)(�) + @2#�,2(�)Ü, 
 

= ;�26(�) − Û@(��,((�) + @(��,)(�) + @(��,2(�)@)��,((�) + @)��,)(�) + @)��,2(�)@2��,((�) + @2��,)(�) + @2��,2(�)Ü,    (C.10) 

where @(#�,((�) = ;�26(�) − @(��,((�),      (C.11) 
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@(#�,)(�) = −@(��,)(�),                  (C.12) @(#�,2(�) = −@(��,2(�),              (C.13) @)#�,((�) = −@)��,((�),          (C.14) @)#�,)(�) = ;�26(�) − @)��,)(�),                (C.15) @)#�,2(�) = −@)��,2(�),          (C.16) @2#�,((�) = −@2��,((�),          (C.17) @2#�,)(�) = −@2��,)(�),          (C.18) @2#�,2(�) = ;�26(�) − @2��,2(�).              (C.19) 
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Appendix D: Proof: harmonic infilling by iterative convolution guarantee the Laplace equa-

tion 

 

We will prove that the Laplace equation is guaranteed by convolving the scalar field ℎ with the 

kernel @A�. Therefore, we aim to prove that ∆ℎ�$�(�) = 0, where ℎ�$� = (@A� ∗ ℎ"�#)(�), and 

the kernel @A� is given by: 

@A�(�) = '16 ,      ‖�‖ = 1   0,       ‖�‖ ≠ 1  l .                                                     (D. 1) 

Solving the convolution we obtain 

 

ℎ�$�(�) = ℎ�$�(', °, Ô) = ℎ"�#(' ∓ ∆, °, Ô) + ℎ"�#(', ° ∓ ∆, Ô) + ℎ"�#(', °, Ô ∓ ∆)6 .       (D. 2) 

 

By the definition of the Laplacian, we have 

 

∆ℎ(�) = w  )ℎ(�) '�)
2

·|( = ∂)ℎ(', °, Ô)∂') + ∂)ℎ(', °, Ô)∂°) + ∂)ℎ(', °, Ô)∂Ô) .                (D. 3) 

We can approximate equation (D.3) by applying finite-differences, obtaining 

 

∆ℎ(�) ≈ ℎ(' ∓ ∆, °, Ô) − 2ℎ(', °, Ô)∆) + ℎ(', ° ∓ ∆, Ô) − 2ℎ(', °, Ô)∆) + ℎ(', °, Ô ∓ ∆) − 2ℎ(', °, Ô)∆) , 
= ℎ(' ∓ ∆, °, Ô) + ℎ(', ° ∓ ∆, Ô) + ℎ(', °, Ô ∓ ∆) − 6ℎ(', °, Ô)∆) .                   (D. 4) 

Combining equations (D.2) and (D.4), and considering ℎ = ℎ�$�, we obtain 

 

 ∆ℎ(�) ≈ ℎ(' ∓ ∆, °, Ô) + ℎ(', ° ∓ ∆, Ô) + ℎ(', °, Ô ∓ ∆) − ℎ(' ∓ ∆, °, Ô) − ℎ(', ° ∓ ∆, Ô) − ℎ(', °, Ô ∓ ∆)∆)  

 = 0,      (D.5) 

which prove that the Laplace equation holds. 
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Appendix E: Algorithms 

Harmonic infilling by a finite difference based method algorithm 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

INPUT:    Vector field � 

  Sets of grid cells Ω and  Ω  

  Total number of grid cells N and cells at the border M 

OUTPUT:   Harmonic field h 

// Initialize the coefficient matrices 

SET  E(1. . N, 1. . N) = 0 

SET  E�( (1. . M, 1. . N) = 0 

SET  E�) (1. . M, 1. . N) = 0 

SET  E�2 (1. . M, 1. . N) = 0 

// Initialize boundary index 

SET  �M� = 0 

// Build of system of equations (5.32) 

FOR all points � ∈ Ω 

 // Build matrix A  

 FOR D = 1. .3 

IF y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ 

   SET  E �M�(�), �M�y� + C�a{® = (þCBaþ¨ 

   SET  E �M�(�), �M�y� − C�a{® = (þCBaþ¨ 

   SET  Ey�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ − )þCBaþ¨ 

ENDIF 

IF y � + C�a{ ∉ Ω 

   SET  E �M�(�), �M�y� − C�a{® = − )þCBaþ¨ 

   SET  E �M�(�), �M�y� − 2C�a{® = (þCBaþ¨ 

   SET  Ey�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ + (þCBaþ¨ 

ENDIF 

IF y � − C�a{ ∉ Ω 

   SET  E �M�(�), �M�y� + C�a{® = − )þCBaþ¨ 

   SET  E �M�(�), �M�y� + 2C�a{® = (þCBaþ¨ 

   SET  Ey�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ + (þCBaþ¨ 

ENDIF 
 

ENDFOR 
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IF � ∈  Ω 

// Build matrices E�( , E�) , E�2   and vectors �0�( , �0�) , �0�2  

FOR D = 1. .3 

  IF y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ 

SET  E�� �M� , �M�y� + C�a{® = ()þCBaþ   

SET  E�� �M� , �M�y� − C�a{® = − ()þCBaþ 

ENDIF  

IF y � + C�a{ ∉ Ω 

    SET  E�� y�M� , �M�(�){ = (þCBaþ 

SET  E�� �M� , �M�y� − C�a{® = − (þCBaþ   

ENDIF 

  IF y � − C�a{ ∉ Ω 

SET  E�� �M� , �M�y� + C�a{® = (þCBaþ 

SET  E�� y�M� , �M�(�){ = − (þCBaþ 

  ENDIF 

 SET  �0�� (�M�) = ��(�) 

ENDFOR 

 SET  �M� = �M� + 1 

ENDIF 

ENDFOR 

SET  E` = ôõõ
ö EE�(E�)E�2 ÷øø

ù
 

SET  C` = ôõõ
õö-F×(�0�(�0�)�0�2 ÷øø

øù
 

SET  =ð = �:DE(E` ,C`)  // Solve system of equations (5.32) by LSQR method  

// Map the parameter vector =ð to the original positions � in the field 

FOR all points � ∈ Ω 

 ℎ(�) = =ð(�M�(�)) 

ENDFOR 

SET  = = çNâMD�ä�(Ω,  Ω, ℎ) 
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Harmonic infilling by variational approach algorithm 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

INPUT:    Vector field � 

  Sets of grid cells Ω and  Ω  

  Total number of grid cells N and cells at the border M   

OUTPUT:   Harmonic field h 

SET  ã = ã_�éäå�DOä(Ω,  Ω,σ)) // Compute ã(�) 

SET  F = çNâMD�ä�(Ω,  Ω, ã) 

// Compute the expressions 
∇�(�)�(�)pG and 

�(�)�(�)�(�)8G  in equation (5.41)  

FOR all points � ∈ Ω 

SET  H9(�) = F(�)�(�)8ý 

SET  H�(�) = ã(�)�(�)ã(�)−ý  

ENDFOR 

// Compute the expression 
∇.(�(�)�(�))�(�)8G  

SET  M = MD��Nç�äå�(Ω,  Ω,H�) 

// Compute the normal vectors at the surface 

SET  . = äONãâ�_��å�ON¡( Ω) 

// Compute the expression �. .| Ω 
FOR all points � ∈  Ω 

SET  �_.(�) = MO�_�NOMéå�(�(�), .(�)) 

ENDFOR 
// Initialize the coefficient matrices 

SET  E(1. . N, 1. . N) = 0 

SET  E�(1. .M, 1. . N) = 0 
// Initialize boundary index 

SET  �M� = 0 

// Build of system of equations (5.43) 

FOR all points � ∈ Ω 

 // Build of matrix A and vector b 

 FOR D = 1. .3 

IF y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ 

   SET  E �M�(�), �M�y� + C�a{® = (þCBaþ¨ + H9a(�))þCBaþ 

   SET  E �M�(�), �M�y� − C�a{® = (þCBaþ¨ − H9a(�))þCBaþ 

   SET  Ey�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ − )þCBaþ¨  

ENDIF 

IF y � + C�a{ ∉ Ω 

   SET  E �M�(�), �M�y� − C�a{® = − )þCBaþ¨ − H9a(�)þCBaþ  

   SET  E �M�(�), �M�y� − 2C�a{® = (þCBaþ¨ 

   SET  Ey�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ + (þCBaþ¨ + H9a(�)þCBaþ  

ENDIF 
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IF y � − C�a{ ∉ Ω 

   SET  E �M�(�), �M�y� + C�a{® = − )þCBaþ¨ + H9a(�)þCBaþ    

SET  E �M�(�), �M�y� + 2C�a{® = (þCBaþ¨ 

SET  Ey�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ + (þCBaþ¨ − H9a(�)þCBaþ  

ENDIF 

ENDFOR 

SET  û(�M�(�)) = M(�) 

IF � ∈  Ω 

// Build matrices E�  and vector û�  

FOR D = 1. .3 

 IF y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ 

SET  E� �M� , �M�y� + C�a{® = .a(�))þCBaþ  

  

SET  E� �M� , �M�y� − C�a{® = − .a(�))þCBaþ 

ENDIF 

IF y � + C�a{ ∉ Ω 

   SET  E�y�M� , �M�(�){ = E�y�M� , �M�(�){ + .a(�)þCBaþ 

SET  E� �M� , �M�y� − C�a{® = − .a(�)þCBaþ   

ENDIF 

 IF y � − C�a{ ∉ Ω 

SET  E� �M� , �M�y� + C�a{® = .a(�)þCBaþ 

SET  E�y�M� , �M�(�){ = E�y�M� , �M�(�){ − .a(�)þCBaþ 

 ENDIF 

SET  û�(�M�) = �_.(�) 

ENDFOR 

SET  �M� = �M� + 1 

ENDIF 

ENDFOR 

SET  E` = � EE�	 
SET  C` = � ûû�	 
SET  =ð = �:DE(E` ,C`)  // Solve system of equations (5.43) by LSQR method  

// Map the parameter vector =ð to the original positions � in the field 

FOR all points � ∈ Ω 

 ℎ(�) = =ð(�M�(�)) 

ENDFOR 

SET  = = çNâMD�ä�(Ω,  Ω, ℎ) 
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Finite-difference approach for Helmholtz decomposition: rotation-free component algorithm 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

INPUT:    Vector field � 

  Sets of grid cells Ω and  Ω  

  Total number of grid cells N and cells at the border M 

OUTPUT:   Rotation-free field LJ 

// Compute ∇. �(�) 

SET  M = MD��Nç�äå�(Ω,  Ω, �) 

// Initialize the coefficient matrices 

SET  E(1. . N, 1. . N) = 0 

SET  E�(1. .M, 1. . N) = 0 

// Initialize boundary index 

SET  �M� = 0 

// Build of system of equations (5.47) 

FOR all points � ∈ Ω 

 // Build of matrix A and vector �I  

 FOR D = 1. .3 

IF y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ 

   SET  E �M�(�), �M�y� + C�a{® = (þCBaþ¨ 

   SET  E �M�(�), �M�y� − C�a{® = (þCBaþ¨ 

   SET  Ey�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ − )þCBaþ¨ 

ENDIF 

IF y � + C�a{ ∉ Ω 

   SET  E �M�(�), �M�y� − C�a{® = − )þCBaþ¨ 

   SET  E �M�(�), �M�y� − 2C�a{® = (þCBaþ¨ 

   SET  Ey�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ + (þCBaþ¨ 

ENDIF 

IF y � − C�a{ ∉ Ω 

   SET  E �M�(�), �M�y� + C�a{® = − )þCBaþ¨ 

   SET  E �M�(�), �M�y� + 2C�a{® = (þCBaþ¨ 

   SET  Ey�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ + (þCBaþ¨ 

ENDIF 

ENDFOR 

SET  �I(�M�(�)) = M(�) 

IF � ∈  Ω 

// Build matrix E�   
SET  E�y�M� , �M�(�){ = 1 

SET  �M� = �M� + 1 

ENDIF 

ENDFOR 

SET  E` = � EE�� 
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Finite-difference approach for Helmholtz decomposition: divergence-free component algorithm 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SET  C` = � �I-ó×(	 
SET  À0 = �:DE(E` ,C`)  // Solve system of equations (5.47) by LSQR method  

// Map the parameter vector À0  to the original positions � in the field 

FOR all points � ∈ Ω 

 φ(�) = À0(�M�(�)) 

ENDFOR 

SET  LJ = çNâMD�ä�(Ω,  Ω,φ) 

INPUT:    Vector field � 

  Sets of grid cells Ω and  Ω  

  Total number of grid cells N and cells at the border M 

OUTPUT:   Divergence-free field IJ 

// Compute ∇ × � 

SET  L = NO�âDOä(Ω,  Ω, �) 

// Initialize the coefficient matrices 

SET  E(,((1. . N, 1. . N) = 0 

SET  E(,)(1. . N, 1. . N) = 0 

SET  E(,2(1. . N, 1. . N) = 0 

SET  E),((1. . N, 1. . N) = 0 

SET  E),)(1. . N, 1. . N) = 0 

SET  E),2(1. . N, 1. . N) = 0 

SET  E2,((1. . N, 1. . N) = 0 

SET  E2,)(1. . N, 1. . N) = 0 

SET  E2,2(1. . N, 1. . N) = 0 

SET  E�)(1. .M, 1. . N) = 0 

// Initialize boundary index 

SET  �M� = 0 

// Build of system of equations (5.56) 

FOR all points � ∈ Ω   

FOR � = 1. .3 

  FOR D = 1. .3 

IF � ≠ D 
 // Build of matrices Ez,z   

IF y� + C�a ∈ Ω{ ⋀ y � − C�a ∈ Ω{ 

     SET  Ez,z �M�(�), �M�y� + C�a{® = (þCBaþ¨ 

     SET  Ez,z �M�(�), �M�y� − C�a{® = (þCBaþ¨ 

     SET  Ez,zy�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ − )þCBaþ¨ 

ENDIF   
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IF y � + C�a{ ∉ Ω 

     SET  Ez,z �M�(�), �M�y� − C�a{® = − )þCBaþ¨ 

     SET  Ez,z �M�(�), �M�y� − 2C�a{® = (þCBaþ¨ 

     SET  Ez,zy�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ + (þCBaþ¨ 

ENDIF 

IF y � − C�a{ ∉ Ω 

     SET  Ez,z �M�(�), �M�y� + C�a{® = − )þCBaþ¨ 

     SET  Ez,z �M�(�), �M�y� + 2C�a{® = (þCBaþ¨ 

     SET  Ez,zy�M�(�), �M�(�){ = Ey�M�(�), �M�(�){ + (þCBaþ¨ 

ENDIF 

// Build of matrices E�,z for D ≠ � 
  IF y� + C�a + C�� ∈ Ω{ ⋀ y � − C�a + C�� ∈ Ω{⋀ y � + C�a − C�� ∈ Ω{ 

       ⋀ y � − C�a − C�� ∈ Ω{      

SET  E�,z �M�(�), �M�y� + C�a + C��{® = (ÎþCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C�a + C��{® = − (ÎþCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C�a − C��{® = − (ÎþCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C�a − C��{® = (ÎþCBaþþCB�þ  

ENDIF 

IF y� + C�a + C�� ∈ Ω{ ⋀ y � − C�a + C�� ∈ Ω{⋀ y� + C�a ∈ Ω{ 

       ⋀ y� − C�a ∈ Ω{ 

SET  E�,z �M�(�), �M�y� + C�a + C��{® = ()þCBaþþCB�þ 

 SET  E�,z �M�(�), �M�y� − C�a + C��{® = − ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C�a{® = − ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C�a{® = ()þCBaþþCB�þ 

ENDIF  

IF y� + C�a − C�� ∈ Ω{ ⋀ y � − C�a − C�� ∈ Ω{⋀ y� + C�a ∈ Ω{ 

       ⋀ y � − C�a ∈ Ω{ 

SET  E�,z �M�(�), �M�y� + C�a − C��{® = − ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C�a − C��{® = ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C�a{® = ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C�a{® = − ()þCBaþþCB�þ 

ENDIF 
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IF y� + C�a + C�� ∈ Ω{ ⋀ y � + C�� ∈ Ω{⋀ y� + C�a − C�� ∈ Ω{ 

       ⋀ y � − C�� ∈ Ω{ 

SET  E�,z �M�(�), �M�y� + C�a + C��{® = ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C��{® = − ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C�a − C��{® = − ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C��{® = ()þCBaþþCB�þ 

ENDIF 

IF y� + C�a + C�� ∈ Ω{ ⋀ y � + C�� ∈ Ω{⋀ y� + C�a ∈ Ω{ 

SET  E�,z �M�(�), �M�y� + C�a + C��{® = (þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C��{® = − (þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C�a{® = − (þCBaþþCB�þ 

SET  E�,zy�M�(�), �M�(�){ = (þCBaþþCB�þ 

ENDIF 

IF y� + C�a − C�� ∈ Ω{ ⋀ y � − C�� ∈ Ω{⋀ y� + C�a ∈ Ω{ 

SET  E�,z �M�(�), �M�y� + C�a − C��{® = − (þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C��{® = (þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C�a{® = (þCBaþþCB�þ  

SET  E�,zy�M�(�), �M�(�){ = − (þCBaþþCB�þ 

ENDIF 

IF y� − C�a + C�� ∈ Ω{ ⋀ y � + C�� ∈ Ω{⋀ y� − C�a − C�� ∈ Ω{ 

       ⋀ y � − C�� ∈ Ω{ 

SET  E�,z �M�(�), �M�y� − C�a + C��{® = − ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C��{® = ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C�a − C��{® = ()þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C��{® = − ()þCBaþþCB�þ 

ENDIF 

IF y� − C�a + C�� ∈ Ω{ ⋀ y � + C�� ∈ Ω{⋀ y� − C�a ∈ Ω{ 

SET  E�,z �M�(�), �M�y� − C�a + C��{® = − (þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� + C��{® = (þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C�a{® = (þCBaþþCB�þ  

SET  E�,zy�M�(�), �M�(�){ = − (þCBaþþCB�þ 

ENDIF 
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IF y� − C�a − C�� ∈ Ω{ ⋀ y � − C�� ∈ Ω{⋀ y� − C�a ∈ Ω{ 

SET  E�,z �M�(�), �M�y� − C�a − C��{® = (þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C��{® = − (þCBaþþCB�þ  

SET  E�,z �M�(�), �M�y� − C�a{® = − (þCBaþþCB�þ  

SET  E�,zy�M�(�), �M�(�){ = (þCBaþþCB�þ 

ENDIF 
 ENDIF 

ENDFOR 

// Build vectors �0�z  

SET  �0�z(�M�(�)) = Lz(�) 

ENDFOR 

IF � ∈  Ω 

// Build matrix E�   
SET   E�)y�M� , �M�(�){ = 1 

SET  �M� = �M� + 1 
ENDIF 

ENDFOR 

SET  E` =
ôõõ
õõö

    E(,(     −E(,)     −E(,2  −E),(        E),)     −E),2 −E2,(    −E2,)        E2,2       E�)         -ó×o    -ó×o         -ó×o     E�)        -ó×o           -ó×o      -ó×o    E�)     ÷øø
øøù 

SET  C` =
ôõõ
õõõ
ö −�0�(−�0�)−�0�2-ó×(-ó×(-ó×(÷øø

øøø
ù
 

SET  ¾ð = �:DE(E` ,C`)  // Solve system of equations (5.47) by LSQR method  

// Map the parameter vector À0  to the original positions � in the field 

FOR all points � ∈ Ω 

 ¾(�) = ¾ð y�M�(�){, ¾ð (�M�(�) + f), ¾ð (�M�(�) + 2f)® 

ENDFOR 

SET  IJ = NO�âDOä(Ω,  Ω, ¾) 
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Appendix F: Helmholtz decomposition by multi-scale kernel  results using measured data 

without pre-processing using vector median filter 

 

The results of the Helmholtz decomposition by multi-scale kernel method using measured data 

and without pre-processing using VMF are depicted below. From figure E.1, we see high differ-

ence results compared to the decomposition results using VMF depicted in section 6.3.1. The 

highest difference is depicted on the harmonic field, where  the acquisition artifacts at the boun-

dary clearly affects the resulting field. In contrast, the quality measurements shown in table E.1 

are very similar to the obtained by the decomposition using VMF. This indicates that the quality 

measurements of the decomposition are not affected by the acquisition artifacts.  

 

Figure F.1: Helmholtz decomposition by multi-scale kernel method without pre-processing using 

VMF, 3D result showing stream lines from two viewpoints. 
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Table F.1: Quality of the Helmholtz decomposition by multi-scale kernel method using measured 

data and not using VMF. 

Component MD�� NO�� 

IJK6 0.83% 30.2% 

LJK6 5% 1.5% 

=K6 7.3% 4.7% 

 

 


