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Abstract 
In this paper a hybrid approach for modeling non-linear 
mechanical systems is presented. Structured, static feed- 
forward neural networks are used to  fit the relations 
between system outputs and certain system inputs and 
states, that are selected based on knowledge about the 
system t o  be modeled. Only position measurements are 
required, because reconstruction of the system states is 
performed by means of polynomial data fitting. 
The power of the method lies in the fact that phenomena, 
such as friction, non-linear springs and dampers, can be 
identified very easily, whale only basic knowledge about 
the system has to be available. Good experimental re- 
sults have been obtained for  a flexible servo system and 
an  inverted pendulum, where for  the latter some more 
knowledge about the system needed to  be incorporated. 

1 Introduction 

1.1 background 
In modeling mechanical systems two different ap- 
proaches can be distinguished. At first, in a white or 
parametric modeling methodology, based on knowledge 
about the system to be modeled, an attempt is made to 
find the equations of motion for a specific system. Then 
the unknown parameters in these equations are deter- 
mined such that, according to a certain criterion, the 
best possible fit to the experimental data is obtained, 
e.g. by means of a Least Squares fit or a filtering strat- 
egy. 
The second method, which requires little or no knowl- 
edge about the system to  be modeled, is to consider 
the system as a black box. The only thing of inter- 
est is the relation between system inputs and outputs. 
For example, auto-regressive-moving-average (ARMA) 
models, transfer functions or neural networks could be 
used (Masri, 1994). 
Black box neural network identification methods mostly 
exploit discrete-time dynamic recurrent networks that 

use a certain number of previous system input samples, 
eventually combined with a feedback of network outputs, 
to estimate the system output, (Goh and Noakes, 1993), 
(Chow et al., 1994), (Levin et al., 1995). In Masri et al. 
(1993) a different approach is followed when identifying 
the non-linear internal forces as a function of the sys- 
tem state in a Duffing oscillator by means of a static 
feedforward network. 
Especially in chemical engineering several attempts have 
been made to develop a hybrid modeling strategy, where 
neural networks are combined with a model of the sys- 
tem based on prior knowledge. Distinguished are a serial 
approach, where a neural network estimates intermedi- 
ate variables to  be used in the parametric model (Psi- 
chiosis and Ungar, 1992), and a parallel approach, where 
a neural network is trained on the residual between the 
data and the output of the parametric model to compen- 
sate for any unmodeled aspects (SU et al., 1992), (Masri, 
1994). Thompson and Kramer (1994) give a review of 
these methods and combine both approaches. 

1.2 scope 

Masri et al. (1993) estimate one internal force of a sys- 
tem as a function of two system states that are assumed 
to be known. In this paper static feedforward networks, 
with an exceptional structure that is especially suited for 
this problem, will be used for modeling the total system 
behaviour. System accelerations are fitted as a function 
of certain system inputs and states, selected based on 
prior knowIedge about the structure of the system un- 
der consideration. Because in general the total state of 
the system is not available, a method is developed to re- 
construct this system state from position measurements 
only. 
It will be shown that after the hybrid neural network 
model of the system has been made, it is possible to 
extract 'white' information about the system from it. 
So the hybrid model can be rewritten into (non-linear) 
equations of motion again. 
It will be shown also that more complex and very non- 
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linear systems, as an inverted pendulum, can be mod- 
eled using a serial approach where more prior knowledge 
about the system is used. Here a black box (neural net- 
work) model of some parts of the system is substituted 
into the equations of motion. 
Good experimental results of the hybrid modeling 
methodology presented have been obtained for a flex- 
ible non-linear servo system and an inverted pendulum. 

2 Hybrid modeling approach 

2.1 dynamical model 
In general a mechanical system can be described by a 
mathematical model of the following form: 

M ( q ,  0)  4 + q 4 . i  4, 6 )  + H ( q ,  8)  'LL = 0 (1) 

where q is a column with system coordinates (positions), 
q a column with system coordinate derivatives (veloci- 
ties) , 4 a column with system coordinate second deriva- 
tives (accelerations), 8 a column with constant but un- 
known system parameters and u a column with system 
inputs. M is the mass matrix, h the column containing 
linear terms such as gravity and damping and nonlinear 
terms such as Coriolis and centrifugal forces, and H is 
the distribution matrix. 
The second derivatives q of the system coordinates can 
be written as: 

q = -M-l (q, 8)  [h(q, s, 8)  + H ( q ,  0)  4 (2) 

or as an explicit function of the system states, inputs 
and parameters; 

ii(t> = 9(4 ( t ) ,  4(t),u(t), 0)  (3) 

2.2 hybrid approach 
When using a white modeling strategy, the right hand 
side of Eq.(3) is written in an explicit form, based on 
prior knowledge about the system. Then the parame- 
ters 8 in this equation are determined from experimental 
data of the system. 
In this hybrid approach the system dynamics according 
to Eq.(3) will be fitted by a neural network of the form: 

(4) 

However, in general a component of q will not be a func- 
tion of all system states q, q and inputs u. Based on 
prior knowledge about the system a selection can be 
made of which systen; states and iny;Uts, wil! affect a 
certain element Qi of ij. So: 

where q,,  q, and u, are columns with selected compo- 
nents of q, q and u. Here also combinations of various 
system states and inputs can be chosen, e.g. products 
or sums. 
When experimental data q, q and u are available, for 
each element iji of 4 a network can be trained (Fig.1). 

4 4 3 u J input selection 
with help of 

pnor knowleàge 

input vectors 

9s,4sJ u, 
training 

4. 
target vector 

[ network ] 
parameters 

Figure 1: Network training 

After the network has been trained, a simulation model 
for the system can be constructed by adding an inte- 
grator for the accelerations determined by the network 
(Fig.2). This results in a new system state, that can be 
fed back into the network again. 

3 

The 

input selection 

Figure 2: Hybrid model 

Dat a reconstruction 
iybrid modeling methodology proposed requires t ie 

avai-Jbility of the system coordinates, as well as their 
first and second derivatives. In most practical situations, 
measurements of the system coordinates are obtained by 
means of incremental encoders. Because of quantization 
noise plain numerical differentiation of these signals re- 
sults in very bad accuracy. 

3.1 survey 
One way of on-line improving numerical differentiation 
is filtering the measurements with a low pass filter, but 
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this results in an undesired phase lack and a loss of in- 
formation. 
A better method for data reconstruction is using piece- 
wise polynomial interpolation, by means of cubic splines 
where smooth polynomial functions are determined be- 
tween each pair of subsequent data points. 
Using cubic splines results in a polynomial fit that goes 
exactly through each measurement value. As these val- 
ues are not exact, but quantized vahes of the actual po- 
sition, the cubic spline method is not a good data fitting 
method for the underlying problem. Using the Modified 
Spline Technique (MST), as described by Nunhez et al. 
(1993), can possibly avoid this problem because here the 
subsequent data points are not fitted exactly, but merely 
approximated. 
Another method, proposed by Harrison and McMahon 
(1993), uses finite-difference schemes in order to esti- 
mate first and second derivatives. Here the derivatives 
in one point are determined by means of a combina- 
tion of several (at highest 7) neighbouring data-points. 
Several different schemes which are more or less suited 
for different levels of quantization noise and signal fre- 
quencies are developed. With this method quite good 
estimates of the derivatives are obtained. 

3.2 polynomial fitting 
A better data reconstruction method is described by Van 
der Linden (1994). Here a method is designed where 
each sample is reconstructed by determining a polyno- 
mial fit through this point and a number of neighbouring 
samples. 
Therefore a window with m samples of the dataset, 
starting at sample h = is constructed. When 
a window time axis 1 = {-+,.. . , - l , O ,  1 , .  . .(?) 
(m odd) is used, a n’th order polynomial: 

ph(1) = ph,O + Ph,ll + --. f p h , n l n  (6)  

can be fitted through these data points as follows: 

1. Build the two matrices: 

w i t h i = l ,  ..., m a n d j = O  ,..., n. 

2. Solve the coefficients of the polynomial: 

by minimizing the cost function: 

3. Now an estimate for the middle sample, as well as 
estimates for the first and second derivative in this 
point, can be determined. 

where T, equals the sampling time. 

Closer analysis of this procedure reveals the interesting 
property that the matrix A is independent of the data, 
so its Single Value Decomposition A = U S V T  can be 
computed in advance and is constant: 

F = V S I U T .  (14) 

Minimizing the cost function from Eq.(lO) now results 
in the following matrix multiplication: 

Ph 1 FBh. (15) 

This is a computationally very efficient procedure. 
It is also shown that this procedure renders into a non- 
causal Moving Average filtering procedure. The filter 
behaves like a low pass filter, but the main difference, 
which is also a great benefit of this method, is that the 
filter has no phase lack: 

3.2.1 modified method 

Simulations with this method reveal the interesting 
property that, when an optimal estimate for the second 
derivative is obtained, using a certain window length 
m, the estimate for the first derivative is not optimal. 
That is why a logical approach seems to be to apply the 
method two times subsequently and use only the first 
derivative. The second derivative is obtained then by 
reconstructing and differentiating the first derivative. 
Simulations with a system with two degrees of free- 
dom show that the errors in the reconstruction of the 
first derivative, when using 3rd order polynomials, are 
typically 50% and errors in the second derivative 30% 
smaller than when applying only one fit. 
The transfer functions of the data reconstruction filter 
have been determined by reconstructing a white noise 
signal (Fig.3). As can be seen the filter has a differen- 
tiating nature in the low frequency range while higher 
frequencies are suppressed. As to be expected the phase 
equals 5 for the first, and T for the second derivative. 
The window length for this filter equals 13 data points, 
which is equivalent to a frequency of 77Hz with the ap- 
plied sampling time of 0.001 seconds. 

y’ 4 
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Figure 3: transfer function reconstruction filter 

3.2.2 window length 

A very important parameter in the data reconstruction 
is the number of data points m, i.e. the size of the 
window length. Choosing this window length too small 
gives not enough reduction of the quantization noise, 
while choosing it too large results in filtering out relevant 
information. A value of m has to be determined, that 
results in filtering out the quantization noise, while all 
other information in the data is retained. 
As the Power Spectral Density (PSD) is a good measure 
for the frequency content of a signal, it seems logical 
to  take into account only those frequencies of the signal 
with a PSD that is larger than the PSD of the quanti- 
zation noise. Thus the window length should be chosen 
such that only those frequencies are fitted. 
The cutoff frequency of the reconstruction filter can be 
analyzed by taking into consideration that, when using 
third order polynomials only one period of a harmonic 
signal can be fitted in one window length. Fig.3 shows 
that the reconstruction filter indeed only fits frequen- 
cies till about 77Hz (with a period equal to the window 
length). 

4 Neural networks 

4.1 introduction 
A neural network is a system with inputs and outputs, 
composed of a number of nonlinear and linear processing 
elements. The function which transforms the inputs of a 
processing element to the output is called the activation 
function. These processing elements, or neurons, are 
connected to each other by adjustable weights. In Fig.4 

a network with m inputs and n neurons in the hidden 
layer is plotted. 
The weights have to be changed in such a way that 

input layer hidden layer output layer 

I b i  

Figure 4: Neural network 

the desired input/output relationship is obtained. To 
achieve this goal, systematic ways of adjusting the 
weights have been developed, which are referred to as 
training or learning algorithms. 
A network with one hidden layer, with neurons with non- 
linear activation functions such as for example a tangent 
sigmoïd function, can learn any continuous function of 
several variables with an arbitrary accuracy if a suffi- 
ciently high number of neurons is chosen (Fausett, 1994). 

4.2 applied networks 
4.2.1 activation functions 

All inputs to a neuron, including the bias, are summed 
and an activation function is applied to this signal. For 
the hidden layer a tangent sigmoïd activation function 
is chosen: 

e2x - i 
f t a n s i g b )  = ~ e2x + i 

By modifying the weights Wji the steepness of the tan- 

tangent sigmoid activation function 

-4 -2 O 2 4 
X 

Figure 5: tangent sigmoïd activation function 

gent sigmoïd function in Fig.5 can be adjusted, while 
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by modifying the bias bi the zero-crossing point can be 
shifted over the x-axis. 
For the output layer a linear activation function 
( f i in (x)  = x) is chosen: which means that all inputs 
to the output neuron are summed. 

4.2.2 functional description 

This network can be described by the following function: 

Y = V f t a n s z g ( W Z  + b)  + e  (17) 

where: 
T It: = [q . . . z,] 

Wil . Wh . Wlrn 
. . .  

WJz: weighting factor from input i to neuron j 

b = [bi . . . bn]* 

v = [K . . . Vn] 

4.2.3 structured networks 

Sometimes, prior knowledge about the functions that 
have to be fitted by the network is available. In order 
to  improve the function approximating capability of the 
network, this knowledge can be incorporated into it, i.e. 
the network can be structured by connecting neurons In 
one layer to only a certain number of neurons in the next 
layer. 
In a more specific case, the function that has to be ap- 
proximated is of the type: 

, 

An example will be given further on in this paper and it 
should be quoted that in a lot of practical cases, network 
inputs can be chosen in such a way that the function to 
be approximated is of this type. 
Using a structure as in Fig.6 will force the net to fit 
functions as in Eq.(18). Here each network input is 
connected with a certain number of tangent sigmoïd 
neurons, while the outputs of all of these neurons are 
summed by a Iinear neuron in the output layer. For 
the functional description of the network (Eq.( 17)) this 
results in a matrix W with a lot of zero elements. 
Because each neuron in the hidden layer is connected to 
only one input it is also possible to  divide the trained 
network in separate networks for each input. This offers 
the possibility to extract 'white' information about the 
system to be modeled from the network approximations. 
Next to this advantage with respect t o  fully connected 

input layer hidden layer output layer 

Figure 6: Structured network 

networks, where separation in nets for every input is 
not possible, structured networks are also much easier 
to train, i.e. minima are reached faster and sticking into 
local minima is much more rare. 

4.2.4 training procedure 

The networks are trained by a back-propagation al- 
gorithm. Back-propagation involves three stages: the 
feedforward of the input training pattern, the back- 
propagation of the associated error, and the adjustment 
of the weights. In other words, an error at the output 
layer is back-propagated to  the previous layers and the 
corresponding weights are adjusted such that the error 
is minimized. This is accomplished using a Levenberg- 
Marquardt optimization method and for training the 
structured networks only the non-zero elements of the 
weighting matrix W are adapted. (For a more detailed 
description see Appendix A) 

5 Simulations 

5.1 2DOF servo system 
An application of the theory described is performed on a 
2 Degree of Freedom servo system (Fig.7), consisting of a 
motor (mass m,) and a load (mass ml). The connection 
between these two masses is modeled by a spring (stiff- 
ness I C )  and a damper (damping constant b). A force F 
is applied between m, and the solid world and friction 
forces Ffm and Ffl act on motor and load respectively. 
This is a model that describes many manufacturing ma- 
chines and is applicable to  translating as well as rotating 
systems, of which the latter is considered in this study. 
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+/XI 
Ff, I 

Figure 7: 2DOF servo system 

The equations of motion for this system: 

where y = xl - 2,. 
The friction forces Ffm,l. are functions of the velocities 
X m , l ,  and generally consist of a viscous and a coulomb 
part: 

Ff,,l(Z) = f v m , l k  + f cm , l  sign(&) (21) 

where f vm, l  is the viscous and f c m , l  the coulomb friction 
constant. 

5.2 data generation 
5.2.1 Selection of input signal 

The selection of a proper input force signal is very im- 
portant and determines for a great deal the performance 
that can be reached. 
At first, it has to be taken into consideration that in 
general the quality of extrapolation of a neural network 
beyond the range of the training-data is quite bad. That 
is why an experiment has to be designed with an input 
signal that takes care of the system states varying over 
the range of working points the model has to be appli- 
cable for. 
Secondly, in order to be able to  design a model that is 
a good model of the system, and not only a good fit 
of the data the model has been trained for, an exper- 
iment has to be designed where all system states vary 
independently from each other as much as possible. A 
good indication for this can be obtained by looking at 
the covariances of the states. 
Thirdly, care must be taken that the input signal does 
not contain too much information. If, for example, a 

pure white noise input signal is chosen, with frequencies 
far above the systems resonance frequency, the position 
signals in the high frequency range will be negligible with 
respect to the quantization noise and will not pass the 
reconstruction filter. This results in data points with 
a system input that does not correspond to the recon- 
structed state. 

5.2.2 generating 'measurement' data 

The following system parameters were chosen: 

- m, = 0.005 [kgm'] 

- ml = 0.045 [kgm'] 

- k = 69N [N rad-'] 

- b = 0.15 [N s rad-'] 

- f c m  = 0.016 [NI 

- f C l  = 0.08 [NI 

- fv, = 0.02 [Nsrad-'1 

- fVl  = 0.02 [Nsrad-'1 

In this case simulations have been performed with a fil- 
tered band limited white noise with maximum frequency 
of 50 Hz, which is above the resonance frequency of this 
system of approximately 6 Hz, superposed on a sine with 
a frequency of 2 Hz (Fig.8). This sine function is added 

5, I - 
E 

"O 0.5 1 1.5 2 
tIs1 

Figure 8: input signal used during simulations 

in order to take care of the velocity signals varying over 
a broader range. 
The sampling frequency was 1000 Hz and simulations 
were performed during 2 seconds, so this resulted in 2000 
data points. Because data reconstruction gets better 
for higher sampling frequencies, the sampling frequency 
was chosen higher than actually necessary to obtain all 
information in the signals. 
In order to get a situation that is as similar as possible 
to a real experimental environment, the simulated posi- 
tion signals x, and x1 have been quantized with a value 
of 4.2e-4. These signals will be referred to as position 
measurements from now on. 
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actual motor acceleration, reconstruction error 5.2.3 data reconstruction 1000 

The window length of the reconstruction filter is deter- 500 

$ 0  

-500 

- 
mined by a frequency analysis of the position measure- 
ments. Fig.9 shows that above 88 H q  the PSD of the 
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Figure 9: frequency content position signals 

motor position is lower than the PSD of the quantization 
noise. This is equivalent to a period of = .0114[s], 
which is equivalent to 11.4 data points. So the window 
length m of the reconstruction filter should be chosen 
equal to 11. 
As the actual values for the velocities and accelerations 
are known in this simulation environment, it is possi- 
ble to determine the optimal m value by minimizing the 
Mean Absolute Value (MAV) of the reconstruction er- 
ror. Then it appears that with the chosen m value the 
reconstruction is nearly optimal and that a truly opti- 
mal reconstruction, with an arbitrary smaller error, is 
obtained with window lengths of 11 data points for the 
first (velocity) and 13 for the second (acceleration) fit. 
Similar results are obtained for the reconstruction of the 
load position signal, where a window length of 27 data 
points appeared to be optimal. 
Fig.10 shows actual accelerations and reconstruction er- 
rors for both motor and load. The MAV of acceleration 
reconstruction errors with respect to the MAV of the 
real acceleration is 4.9% for the load and 5.8% for the 
motor. 

5.3 network training 
5.3.1 network input selection 

The first stage in the hybrid modeling process is selecting 
which system states and inputs will be used as inputs for 
the networks. Looking at the mechanical construction of 

dl 0'2 0'3 014 0'5 0'6 07 0'8 0'9 
XSl 

actual load acceleration. reconstruction error 
1 O0 

50 

s o  
9 

-50 

- - 
N 
I 

7J 

I 

-100 
O O 1  O2 03 0 4  0 5  06 07 O E  O 9  1 

t[Sl 

Figure 10: data reconstruction quality 

the system in Fig.7, we can see that the acceleration of 
the load is determined by fricti this mass, a spring 
and a damper. Thus, this acce n can be a function 
of only three different (combinations of) system states, 
i.e. the load velocity &, the spring deformation y and 
the velocity of this deformation y. 
The acceleration of the motor is a function of the motor 
velocity &, the spring deformation y, the velocity of 
this deformation y and the applied motor force F .  
When a model of a mechanical system has to be made, 
knowledge of this kind about the system under consid- 
eration will be available in most cases. 

5.3.2 network topology 

Other variables that have to  be chosen are the number 
of neurons in the hidden layer, that are used for each 
separate input. This number of neurons depends on the 
complexity of the function that has to be fitted. 
For example a friction function, consisting of a sign func- 
tion for the coulomb part and a linear function for the 
viscous part, can be approximated exactly with as lit- 
tle as two tangent sigmoïd neurons, where one neuron 
takes into account the viscous part (by means of a very 
low weight W,i) and the other takes into account the 
coulomb part (by means of a very high weight W,,). 
It should be quoted that the number of neurons needed 
is often overestimated. In Masri (1993) a simple non- 
linear function of two variables is fitted with a network 
with two hidden layers of 10 and 15 neurons respectively, 
while this would also be possible with one hidden layer 
with about four neurons. 
The procedure for determining the number of neurons 
will have to be an iterative one. Starting with for ex- 
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ample two neurons for each input, one will have to ex- 
amine if increasing the number of neurons for one input 
results in a drastically lower error of the network ap- 
proximation. If not, the number of neurons already was 
sufficiently. 

5.3.3 network scaling 

As the values of the accelerations to be fitted by the 
network are too high to. enable easy network training, 
they have to be scaled to lower values. 
The trained network, i.e. the weights V,  of the linear 
output layer, and the acceleration scaling factor of the 
motor are scaled such that the plot of the acceleration 
as a function of the input force F has a steepness of ex- 
actly one. Then the neural network motor mass estimate 
equals the scaling factor for the motor acceleration. 
The network for the load-is scaled such that for the load, 
as well as for the motor, the plots of the acceleration as a 
function of the spring deformation y are equal. Looking 

ction of the system this should 

and the motor. Then th  
mate equals the scaling 

5.3.4 about data reconstruction 

Using the optimally reconstructed (minimum error with 
respect to actual values) data as network inputs, train- 

network that approximated the actual 
system quite good. However, when .using data, recon- 
structed- with smaller window lengths (m is 7 and 17 
for motor and load respectively) , the resulting networks 

er representation of the actual system. 
the acceleration reconstruction errors 

of 12.61 for the motor and 
imal reconstruction versus 

2.54 for the reconst hat 

An explanation for this can be found in the fact that 
the optimal reconstruction filters out quantization noise 
very good, but also fiiters out some parts of the signal 
that contain valuable information. The smaller window 
length results in a much more noisy reconstruction, but 
the information content of the signals is better. The 
network appears to be capable to filter out the right 
information from this pretty noisy reconstruction, which 
results in a better model. 
However there still is an optimal value for the window 
length. Making the window length too small results in 
reconstructed data that are too noisy to build a good 
model. As a rule of thumb, the window lengths for opti- 
mal hybrid models should be chosen approximately GO% 

of the values according to the criterion for optimal data 
reconstruction. 

5.4 results 
Fig.11 shows the approximation of the neural network 
of the motor acceleration as a function of the different 

spring chaiaclemlic 
0 4  

4 0  ~ 0 2 ~ l  ///I 
. -02 

- 0 4  -5 
-10 5 O 5 10 i)t -005 O O05 O 1  

d d d l  Y 
dammna characleristr motor force dwendancv 

Figure 11: acceleration functions motor 

network inputs. Here for each input one-neuron was 
used, except for input xl where two neurons had to be 
used. Training a network with a larger number of neu- 
rons did not result in a significantly lower value of the 
Sum Squared Error (SSE) between network approxima- 
tion and the actual (reconstructed) value of the acceler- 
ation. 

-fnaim- 

dxudi 
- 'damping characlenaic' 

dyldt 

Figure 12: acceleration functions load 

Fig.12 shows the network approximation of the load ac- 
celeration as a function of the different network inputs. 
For input xm two neurons were used and for the others 
only one. 
The accelerations as a function of the velocities of both 
masses can clearly be recognized as the combination 
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of coulomb and viscous friction, while the dependency 
on the relative position and velocity can be recognized 
as the linear spring respectively damping characteristic. 
The steepness of the acceleration as a function of the 
motor force, that is scaled to be equal to one here, is 
equivalent to the motor mass estimate. 
In Fig. 13 the (scaled) reconstructed accelerations are 
plotted against the simulated network model accelera- 
tions. Also plotted is the error between network ap- 
proximations and actual system response, which is quite 
small. It is clearly shown that the network succeeds in 
filtering out the noise resulting from the quantization 
noise. 
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I 

scaled motor acceleration 

reconstructed 
network 
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Figure 13: model behaviour 

5.4.1 transforming the hybrid model to a white 
model 

Because of the structure of the network (section 4.2.3), 
the trained network can be split into separate functions 
of the different inputs. That makes it possible to make 
a white model from the hybrid model, by simply writ- 
ing out the hybrid model in equations. The parameters 
in these equations can be obtained by looking at the 
steepnesses of the various plots in Fig.’s 11 and 12. 
This results in parameters as in Table 1. Least Squares 
Estimates (Appendix B) of these parameters for the 
dataset with optimal reconstruction and for the dataset 
that resulted in the optimal hybrid model are also given. 
When the optimally reconstructed dataset is used, Least 
squares Estimation (LSE) results in pretty good param- 
eter estimates, except for the friction parameters. When 
the much more noisy dataset, that results in the opti- 
mal hybrid model is used, LSE results are worse. The 

LSE 
opt .rec. 
5.03e-3 
4.57e- 2 
68.94 
0.1463 
0.124 
0.034 
0.0654 
0.0282 

LSE 
opt.net 
4.75e-3 
4.31e-2 
66.47 
0.1429 
0.135 
0.0345 
0.0750 
0.0214 

hybrid 
opt.rec 
5.08e-3 
4.62e-3 
69.28 
0.1499 
0.14 
0.025 
0.09 
0.024 

hybrid 
opt.net 
5.03e- 3 
4.53e-2 
69.14 
0.1498 

0.022 

0.022 

Table 1: Comparison between hybrid model and Least 
Squares Estimates 

optimal hybrid model, however, is superior to the LSE 
model, while the hybrid model with optimally recon- 
structed data is quite good also. Because higher frequen- 
cies are filtered out, the fit of the friction sign function 
of the hybrid model (Fig.’s 11 and 12) with optimally 
reconstructed data gets much smoother and less accu- 
rate. 
It should be quoted that, when using a complete dataset 
where velocities and accelerations are known exactly, 
both methods result in perfect models. 

6 Experiments 

6.1 Experimental setup 
Measurements have been taken on an experimental 
setup as in Fig.14. The end-effector (load) is a cylin- 
drical body, which can rotate around the vertical axis. 
It is attached to the actuator rotor by a flexible con- 
nection. The machine is connected in a stiff way to the 
solid world. The actuator is a DC-motor, which gen- 
erates the torque between rotor and frame. Interfacing 
between the R-manipulator and a PC is performed by 
dSPACE (DSP-CITpro, 1993). Measured are rotation- 

encoder for load mass 

load mass 

mass at mor  

dc motor 

frame 

Figure 14: Experimental setup 
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angles of end-effector (load) and motor, by means of 
incremental encoders with a resolution of 4.2e-4 [rad]. 
The motor current, which is assumed to be proportional 
to the motor torque, is measured too. 

6.2 generating measurement dat a 

6.2.1 selection of inpiit signal 

While the goal is to the develop a hybrid model that is 
valid for a very broad range of working points of the me- 
chanical system, a slightly different type of input signal 
is used than the one during simulations. 
At first, in order to  obtain a good fit of friction around 
zero, a controller is used to let the load velocity follow 
a sine for two seconds. For the next four seconds the 
velocity reference signal is a sine with a larger amplitude 
and period. The controller is an ordinary D-controller 
combined with a low pass filter, so only low frequency 
velocities are controlled. 
At second, in order to  excite the system sufficiently to 
reach a large variety of different states, a filtered, band 
limited white noise as in section 5.2.2 is superposed to 
the input signal generated by the controller. This results 

F 
Y -20 2:E 

O 2 4 6 

Figure 15: load velocity 

in a (reconstructed) load velocity as in Fig.15. 
Again a sampIing frequency of 1000Hz is used. By taking 
all 2000 data points from O to 2 seconds and 1000 points 
from 2 to  6 seconds, a training dataset of 3000 points 
was put together. 

6.2.2 data reconstruct ion 

A frequency analysis of the measured position signals 
shows that for frequencies above 92Hz and 49Hz for mc- 
tor and load respectively, the signal PSD is lower than 
the quantization noise PSD. For optimal data recon- 
struction this would result in window lengths of 11 and 
21 data points respectively. For better networks, how- 
ever, window lengths should be chosen approximately 
60% of this value, i.e. 7 and 17 points respectively. 

6.3 results 
6.3.1 networks 

For the motor a network has been used with 2 ,3 ,2  and 1 
neurons for the inputs xm, y, y and F respectively. For 
the network input F the measured motor current, that 
is proportional to the motor force F ,  has been used. 
From Fig. 16 a clearly non-linear spring characteristic 
can be recognized, while for friction as weli as danping 
characteristics a coulomb part appears to be present. 

iticl,an spnng charaderistic 

i 8 -0 o:rvi 1 

-02 
-20 -10 o 10 20 

u -2 -r.d 4 -6 -0 1 -005 o 

dunid1 Y 
damping charaderistr motor force dspendanq 

1 0  ~ 0 1 ~ 1  u =;//I 8 -1 
-01 -2 

-3 
-5 O 5 - 4 - 2 0 2 4  

*/dl F 

Figure 16: acceleration functions motor 

dyfdl 

Figure 17: acceleration functions load 

The load network (Fig.l7), that uses 2, 3 and 2 neu- 
rons for kl, y and y respectively, shows the same non- 
linear spring and damper characteristics. The friction 
also seems to  be coulomb, but with a very strange devi- 
ation. 
The somewhat strange friction characteristics can be de- 
clared by the fact that the contribution of friction to the 
total acceleration is quite small, so estimation of these 
functions is less easy. Besides, friction characteristics 
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actual versus simulated motor posflion actual Versus simulated load p051tlon are always hard to be identified, because friction is a 
mechanically complex phenomenon. 

-5 

6.3.2 hybrid simulation models 
' -15' I Because an exact model of the experimental system is o 2  4 2 4 6 

tiSI 1151 not available the hybrid model obtained cannot be val- actual motor velocity simulation error actual load velocity simulation error 
10 

! -5 
- 

idated by comparing actual and estimated parameters. 
That is why hybrid model simulations have been per- 
formed with the same input signal (measured motor cur- 
rent) as during experiments. Fig.18 shows the model re- 

-10 
sponse and the actual system response for position mea- * =  

O 2 4  6 
tis1 

a u a l  motor vdmity. simulation error 
20, 

- *  
O 2 4 6 O 2 4 6 

1[s1 us1 
anmi versus arnulaled load poution 

Figure 20: hybrid model performance 

p 10 

seen the model response for this quite different type of 
excitation is still fairly accurate. 
In Fig.21 the model response for a swept sine input sig- 
na1 is plotted. Here results are worse. This is probably 

o 2  4 6  

actual load velm-ity s1mulaliM) m w  
1ISl 

actual verrus simulated motw posdlan acluiual versus simulated load pocdion 
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Figure 18: hybrid model performance tiSI tl4 
actual motor "docily, snnu!ainn mor sciual load velocny simulation eimi 

6 6 

surements as well as velocities. As can be seen the model 

small deviations that are integrated in time. 

4 
4 

behaves almost like the actual system, except from some 

It should be quoted that if simulations are performed 
with a linear system model as in Eq.(20) with LSE pa- o 2  4 6 2 4 6 

- 2  - z o  $ 2  - 
-2 

-4 -2 

O 

94 tiSI rameters, results are very bad, as could be expected be- 
cause of the clearly non-linear spring and damper in the 
system. Figure 21: hybrid model performance 

A good fit to  the training dataset, does not guarantee 
that a good model has been found. In order to verify 
the generality of the model, experiments with different 
types of input signals have been performed too. 

caused by errors in the load friction estimation, as the 
strange peak in the friction characteristic is exactly at 
the velocity the simulation 'sticks' into. 

2 7 Inverted pendulum - 
E 
EO The inverted pendulum (Fig.22) is a system with two 

degrees of freedom, i.e. the arm angle CY and the pendu- 
-2 O 2 4 6 lum angIe ,B. Only one input can be applied, namely a 

motor torque u on the arm. tIs1 

Figure 19: block input signal 7.1 equations of mcition 
A block signal, for which the measured motor current is The equations of motion can be derived from the kinetic 
plotted in Fig.19, gives results as in Fig.20. As can be and potential energy. Let the system coordinates be 
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Figure 22: Inverted pendulum 

e 4, u 
8. 

defined by q = [a PIT. Then equations of motion for 
the inverted pendulum can be written as: 

white 4 
model i- 

] (24) g =  [ 1 4 s c i r ~ + U g S - w p  
-214 s c tu j - I3 s p2 + u - we 

here s = sin(,@, c = cos(P), u is the moment generated 
by the actuator and w ,  and wp are friction moments. 
I1 . . . I4 are constant and positive inertias, defined by 
the system geometry and ug is a gravity force constant 
for the pendulum. 

7.2 modeling approach 
Writing the equations of motion in a form as in Eq.(3) 
results in: 

ti = (-2 I2 I4 s cir p - I2 I3 s p  + I2 u + I3 c2 I* s 2  
4-13 C U g  S - I3 Cwp - 12  W,) 

/ ( I 2 1 1  +Iz14S2  - 1 3 ’ C 2 )  (25) 

difficult to fit these functions with a neural network and 
following the same approach as for the servo system does 
not yield good results. 
That’s why a somewhat different approach is followed 
here. Phenomena that are assumed to behave as de- 
scribed by the equations of motion are taken into ac- 
count by a white modeling technique, while phenomena 
that are difficult to be modeled by a white strategy, e.g. 
because of their unknown structure, are modeled by a 
neural network. 
In this case the assumption is made that the system 
behaviour is described adequately by the equations of 
motion and that only the friction functions have an un- 
known character that is difficult to  be modeled by as- 
suming an a priori structure. So a neural network is 
used to  estimate frictions w,  and wp that are assumed 
to be dependent on the corresponding velocities: 

wa,p = fn(Pn>4) (27) 
where pn is a vector with network weights and biases. 
These network functions are substituted into Eq.’s (25) 
and (26) which results in equations for the system ac- 
celerations of the following shape: 

4 = f(pw,Pn,q,q,u) (28) 
where p ,  is a vector with the ’white model’ parameters 
I1 . . .I4 and ug. This results in a hybrid model structure 
as in Fig.23 where a neural network is used for modeling 
phenomena that are incorporated in the white model. 

black box 
network model 

Figure 23: Hybrid model structure 

Now the system can be modeled by simultaneously es- 
timating the parameters p ,  and p, ,  which is done 
by means of a non-linear Least Squares optimization 
method for which availability of the total system state 
and state derivatives is required. 
The methodology followed in the previous sections, how- 

/ ( I ~  + s2 - c2 ) (26) ever, is in fact similar to the one followed here. The 
approach for the servo system can be considered as esti- 

As can be seen these explicit relations for the accelera- mating spring, damper and friction forces that together 
tions as a function of the various system states are highly also build the equation of motion. There it was possible 
non-linear. Because of the constant term I2 I1 in the de- to model the whole system with a network, but because 
nominator, it is impossible to write them as a linear of the highly non-linear character of the pendulum, here 
function of combinations of inputs and states, and com- the equations of motion have to be taken into account 
binations of parameters. As a consequence it is very also. 

12 



7.3 Experiments 
At the experimental setup, measurements are available 
of both degrees of freedom, with an encoder resolution 
of 1.92e-4 and 1.57e-3 [rad] for arm and pendulum an- 
gle respectively. No measurements are available of the 
motor torque or the motor current, so for u the applied 
motor cwrerit steering signa! wil! he iised. 
Fig.24 shows responses of the system for two different 

~ types of input signals, where both experiments are per- 
formed three times. As can be seen the behaviour of 
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Figure 24: Experiments with the inverted pendulum 

the system is non-reproducible. This is caused by the 
typical system geometry, where small deviations of the 
pendulum angle will always result in a completely dif- 
ferent response as the experiment goes on. 

7.3.1 measurement data 

A set of data for model parameter estimation is obtained 
by combining the data of three and four experiments 
with input signals of the first and second type in Fig.24. 
This results in a dataset of 5000 points. Accelerations 
and velocities are reconstructed again in the same way 
as in the previous sections. 

7.3.2 results 

When the parameters are optimized, using networks 
with 8 neurons and 3 neurons for arm and pendulum 
friction respectively, friction characteristics as in Fig.25 
result. For the arm a coulomb friction moment and a 
stick-slip character can clearly be recognized. The pen- 
dulum friction is very low, while there is a relatively 
strong stick-slip character. 
The other parameters are given in Table 2. Ordinary 
LSE parameters for a model where friction is assumed 
to consist of a coulomb (fc) and a viscous (fv) part are 

i 
-20 -15 -10 -5 0 5 10 15 20 

z 
E 4 0 5  -0 1 ~r 

-20 -15 -10 -5 O 5 10 15 20 
vela@ pendulum [raas] 

Figure 25: Friction characteristics 

also given. As to be expected the white-model parame- 
ters of both models do not deviate very much. The LSE 
coulomb friction of the pendulum is negative, which is 
probably caused by the rather strange characteristic of 
this friction. It is also possible that unmodeled phenom- 
ena are taken into account by this negative value. 

hybrid 
0.26 
0.0223 
0.0149 
0.0222 
0.556 

92 

29 

Table 2: Comparison between hybrid model and Least 
Squares Estimated model 

The Mean Square Values of the error between actual (re- 
constructed) acceleration and acceleration determined 
by the model are also shown. The hybrid model shows 
a 20% reduction of this error with respect to the LSE 
model where friction is modeled with a coulomb and vis- 
cous part only. 

7.3.3 simulation models 

In Fig.26 the results of simulations with the LSE model 
are given and in Fig.27 the results of the hybrid model, 
for input signal 1.) in Fig.24. 
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of the system to be modeled has to be available, where 
non-linear springs, non-linear dampers and friction char- 
acteristics can be identified without having to assume 

It is also possible to extract white information about the 

model can be rewritten into (non-linear) equations of 

aclual versus simulated arm angle actual versus simulaled pendulum angle E;m 10 any prior shape. 
5 ‘  

5 i 0  5 10 system from the network approximations. The hybrid O‘ 

rIS1 tb1 
actual verso5 simulated arm veiocitv actual versus sirnulaled DenduIum velmc~lv 
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Figure 26: Simulation results LSE model 
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Figure 27: Simulation results hybrid model 

As the system shows a non-reproducible behaviour es- 
pecially for the pendulum angle, the results for the pen- 
dulum angle should not be paid too much attention to, 
though the hybrid model seems to give a better repre- 
sentation of the actual system. The arm angle, how- 
ever, shows a much more reproducible behaviour and 
the tracking of the hybrid model is much better for this 
angle, as to be expected because of the 20% lower mod- 
eling error. 

8 Conclusions and Recornmenda- 
t ions 

8.1 conclusions 
A hybrid modeling methodology using neural networks 
has been developed. It has been shown that good mod- 
eling results can be obtained for a flexible servo system 
in simulations as well as in experiments. The power of 
the method lies in the fact that only basic knowledge 

motion, which enabies the use of the model in a model 
based control law. 
For an inverted pendulum good experimental results for 
estimating friction characteristics have been obtained 
too, when making explicit use of the equations of motion 
and thus using more knowledge about the system. 
During research it became clear that estimating a system 
at once, by means of a combination of black and white 
models, is a better approach than building a white model 
first and trying to extract information from the residuals 
between model and system response afterwards in order 
to incorporate them in a black box model. 

8.2 recommendations 
An interesting topic of further research could be to trans- 
form the methodology described to  an on-line identifica- 
tion procedure. After networks have been trained small 
changes of the characteristics of the various functions, 
e.g. changes of steepnesses caused by a changing load- 
mass or temperature dependent friction, need only very 
little calculation time. It should be possible to batch- 
wise extend the training dataset and adapt the networks 
on-line. Care should be taken that the dataset is ex- 
tended onIy if the data to be added contain enough in- 
formation. 
Another interesting aspect is the applicability of the hy- 
brid models in model based control laws. As the models 
can be written in the shape of (non-linear) equations of 
motion this should be possible. The models could possi- 
bly also be used in state estimation, because the model 
predicts the system behaviour quite good. 

_ -  
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Appendices 

A Network training 
As stated in section (4.2.2) the network can be described 
by the following function: 

y = V f ~ t a n s i s ( v d ~ + b )  + c  (29) 

The network output y can be considered as a function of 
the network parameters p = [pi, . . . , p,] and the network 
inputs x: 

Y = 4 ( P ,  x> (30) 

here p are the weighting matrices W and V and the 
biases b and c. 
This network function has to be fitted to the experimen- 
tal dataset d and this is obtained by minimizing the Sum 
Squared Error between network output and experimen- 
tal data: 

assuming there are m experimental data points. 
Let the Jacobian matrix of f ( p )  be denoted by J ( p ) ,  
where the Jacobian matrix of the vector function f ( p )  = 
[ f i ( p ) ,  . . . , fm(p)lT is defined as the m x n matrix whose 
(i, j)-th element is the derivative of fi with respect to p j .  
This Jacobian matrix is determined by backpropagation 
of the output error of the network to the previous layers. 
Let pk denote the current estimate of the network pa- 
rameters. A quantity subscripted by k will denote that 
quantity evaluated at pk. Then the next parameter 
estimate pk+, = pk + bpk is determined using the 
Levenberg-Marquardt optimization method, where bp, 
is defined as the solution of the equations 

(JkTJk f XkI) 6pk = -JkT f k  (32) 

Here at each iteration step the non-negative scalar X k  is 
increased till a smaller error is obtained. 

B Least squares parameter esti- 
mat ion 

If it is possible to derive a model that is linearly depen- 
dent in the parameters, the equations of motion can be 
written as 

a(u, q,  fj, ij)6 = p(u, q,4, ij) (33) 

Generally measurements are represented in the form of 
sampled data, and that’s why this equation is written as 
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follows: 

When using the least squares equation error method a 
cost function J can be written down as 

When the following two matrices are introduced 

B = [B(u(tl),q.(t,),4(tl),+(tl))T ... 
. ' . P ( U ( t N  )>  q(t,Y ), s ( t N  )? 4(t,Y))T1T (37) 

then Eq.(35) can also be written as 

J(B)  = (A6 - (AB - B)  (38) 

Minimizing this cost function results in the following 
estimates for the parameters 6: 

ê = ( A ~ A ) - ~ A ~ B  (39) 

2 DOF servo system 
The equations of motion of the servo system in section 
5.1 can be written in the shape of Eq.(33) using matrices: 

o y y Xz o o i1 +:E) " 1  f f = [  
2 ,  -y -y o i, s(&) o 

where s(z) means sign(z) 
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