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identification and Control of an Inverted Pendulum 

Using Neural Networks 

EDWIN R. M. VERSCHUEREN 

Abstrac t  - Neural networks can be used to identifY and 
control nonlinear mechanical systems. The objective in this 
paper is io control an inverted pendulum using a neural 
network as system identifier and two neural networks as 
controller. First, it is investigated whether neural networks 
are able to approximate the nonlinear behaviour of a 
mechanical system. The neural nets are optimized by using a 
second order optimization method and a prediction model. The 
inttial weights in the nets are scaled with the inputs of the 
net. Second, inverse neural models are used as a basis for the 
design of a classical computed torque controller. The 
controller is simulated on the inverted pendulum. 

Introduction 
In general, controlling nonlinear mechanical systems 

is not possiblewithout a modelof the system. Derivation 
of a mathematical model can be time-consuming and is 
not always possible. If finally a structure of a model is 
determined, unknown physical parameters remain 
which have to be determined from measurements of the 
system. In practice, this is a difficult process. 

Therefore trained neural networks might give good 
alternatives for physical modeling techniques for 
nonlinear systems. A neural net contains signal 
processing units, so called neurons, and interconnecting 
links that amplify the signals from one neuron to 
another. Two types of neural nets are distinguished: the 
feed forward neural net, which propagates the signals in 
forward direction only and the recurrent neural net, 
which propagates the signal backward and forward. 
These neural networks can operate in the continuous 
time domain, discrete time domain or frequency 
domain. The discrete time domain is extensively 
discussed in [4]. In [9] a neural net is proposed that is 
based upon the frequency domain and eventually 
operates in time domain. Neural nets are often trained 
using steepest descent methods, also known as 
(dynamic-) backpropagation or delta rule [5]. 

In this paper several feed forward neural nets are 
discussed with and without an external recurrence. The 
derivations are based upon the continuous time domain, 
which has the advantage that the neural nets are 
independent of sample frequency. 

The objective of this research is to control an 
inverted pendulum using a neural network as system 
identifier and two inverse neural networks as controller. 
Emphasis is put upon the entire design path of system 
identification to system control. 

This paper is organized as follows. Section I deals 
with system identification on the basis of neural nets. A 
feasibility study is given, followed by a discussion of 
several types of modeling. Section I1 deals with training 
of neural nets for feedforward nets with and without 
external recurrence. A second order training algorithm is 

~ ~ - ~~~~ -~ 

discussed, originally derived by Levenberg and further 
discussed by Scales [7]. Training is improved by scaling 
the initial weights. In Section 111 a Computed Torque-like 
Controller (CTC) is introduced for use with neural nets. In 
Section IV, sirnuiations with the Neural CTC (NCTC) are 
performed on the inverted pendulum and, finally, 
conclusions are drawn in Section V. 

I. System identifkation 

Feasibility 
The purpose of modeling dynamic behavior of 

mechanical systems is to obtain insight in the response of 
the system to a given input. Mathematical models can be 
derived by using-physical laws. If the Euler I Lagr-ange 
formulation is used, the mathematical model for 
nonlinear mechanical systems can be written as the 
following set of differential equations: 

- 

For the sake of simplicity, the matrices and columns 
M(q), C(q ,q ) ,  v(q) and f (q ,Q)  will be abbreviated to 
M, C, v and f. 

In expression (1) the generalized coordinates of the 
system are represented by the column q E R ~ ,  the inputs 
are the generalized forces u E Rm applied to the system. 
They are distributed by matrix H E  Rnxm. The mass 
matrix is denoted by M E Rnxn, the Coriolis and 
centrifugal forces are represented by C q ,  the 
conservative forces by v and all other forces (such as 
friction) are denoted by f. The matrix M is positive 
definite; the matrix (C-ZM) is skew-symmetric. For a 
more detailed description see [3] .  

Due to the fact that M is positive definite, equation 
(1) can be written as: 

where x = M-l{-Cq - v - f + Hu}. It is feasible to 
approximate the algebraic functions of q, q and u in the 
right-hand side of equation (2) with a two layer neural 
net [l]: 

(3) 

with u, q and q as inputs of the net and w as column of 
weights. See appendix A for a detailed explanation of a 
two layer neural net. In Eq. (3) "A'' means that the neural 
net produces an estimate of the generalized coordinates 

- 
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and the time derivatives of the estimated generalized 
coordinates. 

Types of modeling 
In Eq. (3) the output of the net is a function of the 

generalized forces, the estimated generalized coordinates 
and the first time derivatives of the estimated 
generalized coordinates. This is called a simulation 
model which is illustrated by the block scheme in Fig. 1. 
This type of model is also known as a parallel 
identification model. Because the output of the net is fed 
back (after integration) this net is also called an external 
recurrent neural net. The adjective "external" stands for 
the outer feedback. 

U - Q 

T b System 

Figure 1. A simulation model. 

In contradiction to a simulation model, a prediction 
model (or series parallel identification model) does not 
use the outputs of the model but the outputs of the 
system: 

Note that q denotes the estimate of the accelerations as 
opposed to q in Eq. (3) which denotes the second order 
derivative of the position estimates. This is also 
illustrated by a block scheme in Fig. 2. 

Figure 2. A prediction model. 

In most practical cases the positions or angles of bodies 
of mechanical systems are measured. Therefore in Fig. 2 
q is differentiated. In practice the time derivatives of q 
can be obtained by filtering q. The outputs of the model 
are not fed back to its input so the function n represents 
a feed forward neural net. 

II. Training of neural nets 

Defznitwn of the objective function 
The goal of training a neural net is to minimize the 

error between the output of a neural net and the desired 
output. This error appears in this paper in three different 
definitions. The first one is discussed in this section, the 
other two are discussed in Section 111. 

In Section I a neural net is proposed with the 
accelerations as output, which are integrated twice to 
obtain velocities and positions (or angles). The error is 
defined as (see also Figs. 1 and 2): 

with w the column with weights of the neural net. u, is 
defined as: 

u: =[u' qT 9'1 

for a prediction model and: 

for a simulation model. 
This error is used to define an objective function that 

has to be minimized with respect to w. In this paper the 
objective function is chosen as an integration over a fixed 
time period [to; t,] : 

i. 

E(w) = ,/eT(w,i)e(w,t)dt. (8) 
t o  

In order to find the minimum of this function we need 
the first partial derivative: 

which is also known as the gradient, and the second 
order partial derivative: 

V2E(w) = H(w) = G(w)+S(w), (10) 

also known as the Hessian, of Eq. (8). Computation of 
these is given in Appendix B. 

Training a prediction model is easy to accomplish, 
because the inputs are no functions of the outputs. A 
simulation model uses its own outputs as inputs. When 
training starts this results in large errors of the gradient 
and Hessian which could lead to bad convergence of the 
objective function or even no convergence at all. This is 
illustrated by Fig. 4, where the training results are 
showed of both a prediction model and a simulation 
model with one neuron in the hidden layer and the same 
initial weight column. The function x of the system 
description 4 = x(u,q,q) equals: 



After six epochs, the optimization algorithm cannot 
find a value which is less then the previous value of the 
objective function and training is stopped for the 
simulation model. The prediction model is trained 
successfully. 

Levenberg - Marquardt optimization 

Levenberg - Marquardt's method uses only the first 
term of Eq. (10). The change in weights A w  is solved 
from: 

where p is a scalar and I the unit matrix of order p with 
p is the number of weights. As in Newton's method 
(Appendix C) the new weights are computed as follows: 

w- = wol,, + Aw (13) 

and the procedure is repeated whit the old weights 
replaced by the new weights. 

Prediction Simulation 
-------m'- - 

w 
I O '  1 

1 o" 
O 10 20 30 O 10 20 30 

epoch epoch 

1 o" 

-2 - 
O 2 4 6 8  

-2 - 
O 2 4 6 8  

t Is1 t [SI 

System I- Net I 
Figure 3. Training results. 

When the objective function is large, the value p also 
becomes large. This means that P I >  G and a step is 
taken in steepest descent direction. If the objective 
function approaches zero the second term S of the 
Hessian becomes small because e becomes small (see 
Appendix B, Eq. (50)). The matrix G is a better 
approximation of H and the method tends to Newton's 
method. 

It was Marquardt and later Fletcher who developed 
strategies for computing the value of p. These strategies 
are extensively discussed in [7]. This algorithm achieves 
much faster convergence of the objective function than 
the often used steepest descent method (Appendix E). 

Inïtiul weights 
Choosing initial weights by using preknowlegde of 

the inputs of the neural net can improve learning speed 
[6]. In this paper initial weights are computed by scaling 
them with the inputs of the neural net, i.e. minimum and 
maximum values of the input u,,(t) are computed: 

= maxun(t) l f t  E [tOJ,]. (14) 

The difference Au,, can be written as: 

and the average of u,- and u,,- is defined as: 

The inputs are multiplied with the weights between 
the input- and hidden layer of the neural net and a bias 
is added, resulting in an input zmj(t) for neuronj in the 
hidden layer: 

where represents a bias and w: is a column of 
weights. Each neuron in the hidden layer has an 
approximately linear area between [ -0.7,0.7] (see 
Appendix A, Fig. 12) which will be used to limit zhj(t). 

This is accomplished by computing the weights such 
that the condition: 

is satisfied. Using Eqs. (15) and (16) this leads to 

0.7 I41 

with u,, E Rns . This results in proper scaling, at least for 
the cases under study. Compared to the well - known 
Nguyen - Widrow method this results in faster 
convergence of the objective function (Appendix E). 

III. Control 

Neural nets for use with a controller 
Derivation of the control laws is, in general, not 

possible without a model of the mechanical system. In 
the previous section a neural identifier is proposed 
which will be used here. 

The control objective in this paper is to enable 
tracking of a desired trajectory q d  = q d ( t )  
asymptotically. This means that the tracking error 
e=q, -q  has to satisfy lime=O and l i m e = û .  

f+== i+- 
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Classical computed torque control achieves this objective 
by defining the inputs on basis of the system equations: 

Hu = Ma + + v +  f ,  (21) 

with a as the new control input. In this paper the system 
equations as such, i.e.: 

cannot be rewritten as an explicit expression in u. This 
problem is solved by training a second neural net: 

in which the index "ID' stands for "Inverse Dynamics". 
The identification network (22) is used for generating 
training data. For now, let us assume that n gives an 
exact model description. If a is substituted for q in Eq. 
(23) the following expression: 

6 = ~,(w,,q,4,a) (24) 

is obtained for use with the classical computed torque 
-method, where a is the rontrolinput for-the-feedback - 

linearized system [8]. 
If the number of generalized coordinates exceeds the 

number of generalized forces, i.e. n > m, computation of 
the generalized forces as in Eq. (24) is not sufficient. In 
this case the equations of motion can be written as: 

NT{Mq + G + v + f} = O ;  (25) 

(26) 
u = ( H  T H} -' H T { M q + G + v + f } .  

The matrix H has maximum rank. The rank of N must 
equal m - n, and N itself has to satisfy NTH = O (for 
further details see [3]). This means that the generalized 
coordinates q are separated into two parts: 

- -  
q =[:I]; q, E R " ,  q, ER"-" 

The generalized coordinates 
related with the inputs of 
computed from Eq. (25): 

9, = xu(q,9,9,). 

stored in q, are directly 
the system, and can be 

However Eq. (22) cannot be written in a form equivalent 
to Eq. (28) and therefore, similar to the computation of u, 
a new neural net is introduced: 

with "CR' standing for "Computed Reference". Again Eq. 
(22) is used for generating training data. 

Training of Eqs. (24) and (29) needs the definition of 
two objective functions: 

i 
EU = j{u - ;}'{u - Û } d t ;  

1: 

E ,  = j(q, - q,}T{q, - q,}dt. 
10 

If (30) and (31) are minimized successfully, the system 
can be described by: 

For sake of simplicity the weight columns w, and w m  
are omitted, because they will not be adapted for control 
purposes. Eqs. (32) and (33) will be used in the 
derivation of the control algorithm. 

Neural Computed Torque Control ("C) 

Tracking of all generalized coordinates is not 
possible for the system under study. The error is 
therefore defined as: 

e = q*, - q ,  (34) 

Asymptotic tracking of the desired trajectory qdq(t) can 
be achieved by the following law for a, [SI: 

a = q, + L,e + L , e .  (35) 

Eq. (35) is substituted in Eq. (33) yielding: 

a, = n,(a,,q,s) 

If (35) and (36) are substituted in Eq. (32), we obtain: 

@ ë +L,e + L,e = O. 

It is easily seen that e = 0 is a unique, globally, 
asymptotically stable equilibrium of this error system if 
L, and L, are diagonal matrices with constant positive 
diagonal elements. In Eq. (37) it is assumed that n, 
gives an exact inverse function of x. If Lyapunov's 
second method is used to prove the stability of the 
equilibrium e = O, the following Lyapunov function can 
be chosen: 

v = +itTit+:eTL,e; V = -e'L,e. (38) 

With the conditions for the control gains: 
L, =ET,, L, > O  and L, = L i ,  L, > O .  

The usefulness of the proposed control algorithm 
depends completely upon the existence of a bounded 
generalized coordinate q , ( t ) .  The boundedness of q , ( t )  
depends upon the reliability of the neural nets (32) and 
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(33), upon the system itself and upon the control 
configuration. In Section IV the control concepts are 
simulated and discussed. Finally a block scheme of the 
control concept is showed in Fig. 5. 

The dashed part of the control scheme, i.e. IK,edz ,  
compensates for errors between na and the system and 
n, and the system. This will be discussed in Section IV. 

The NCTC - control will be compared with an 
"external" PD - controller in Section IV. The input of the 
PD - controller is defined as u = K,e + K,e; K, = K t ;  

KP > O; K, + K: > O, which is discussed in detail in [3].  

m P 

1 

i ' I  - -  
- - - - Y  K, r - w j r  - - - i  
I I _ -  I -  I 

0.2 kg 
0.6 m 

U 

Figure 4. Block scheme of the control concept. 

IV. Simulation 
The controller is applied to an inverted pendulum, 

which is showed in Fig. 5. The generalized coordinates 
are qT = [a pl .  The vertical shaft is driven by a servo 
motor with inertia 1,. The generalized forces are 
represented by ~ ( t )  = [T(t)]. Energy will be dissipated by 
viscose friction b due to the bearings of the vertical shaft 
and servo motor. All bodies of the system are assumed 
to be rigid. 

Figure 5. The inverted pendulum. 

The matrices and columns in the function 
x = M-'{-Cq - v - f + Hu} are given in Appendix D. 
The generalized forces u are multiplied by the matrix 
H~ = [i O], which leads to the following partition in the 

generalized coordinates: 

9, =[al; 9, = [ P I .  (39) 

The values of all system parameters are given in Table 1. 
The function x is approximated with a neural net by 

using a prediction model. This implies that 
measurements of both generalized coordinates and time 
derivatives of the generalized coordinates must be 
available. Here, those are generated on a computer using 
a simulation model based upon Eq. (1). It should be 
noted that the generated data do not contain 
measurement noise. 

Table 1. Properties of the inverted pendulum. 

The performance of a neural identifier depends 
upon ~ ~~~ several parameters ~~~~ ~~ and algorithms. ~~~ ~ In Appendix ~~ ~ E 
an overview is given of the influence of these parameters 

- 

and algorithms on the optimization, including the choice 
for T ( t )  and the number of neurons. For now we will 
only look at the following training setup. The neural net 
is trained with five different inputs. The weights of each 
previous training cycle are used as start condition for the 
next training cycle. The first training cycle uses initial 
weights according to Section 11. Training results are 
showed in Fig. 6. 

2 4  6 
epoch t Is1 

200, I 100, 

' -100' 
O 2 4 6 O 2 4  6 

t Is1 t Is1 

-200' y 

Figure 6. Training results (identification). 

The input T ( t )  has a linearly decreasing amplitude 
with varying frequency and amplitude To (figure 6, 
upper right plot). The maximum amplitude To for each 
training cycle is chosen as in Table 2: 

Table 2. Amplitude of input signal. 
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The sample frequency equals f, = 0.01 Hz and the 
number of neurons in the hidden layer equals 40. In all 
cycles the objective function reaches a minimum. In Fig. 
7 the neural net is tested by using a simulation model. 

The neural net response approximates the system 
response well after one cycle (see the plots on the left). 
After five cycles the neural net response is still 
acceptable (see the plots on the right). However, if the 
neural net obtained from training cycle five is tested with 
an input five times smaller, the differences between 
system and net become too large, especially for the 
second coordinate p (see the plots on the left). 

i- '51 

-100- 
O 2 4 6 

-50 
O 2 4 6 

t Is1 

System 
Net (cycle 1) 

..... Net (cycle 5) 

-400 I..I 
O 2 4 6 

200 r., 700w o I ',/ I 
I 

I -100 
O 2 4 6 

Figure 7. Test - response after cycle 1. 

Some conclusions can be drawn. The first one is that the 
chosen input leads to a sufficiently small minimum 
during training cycle 1. It should be noted that the 
inverted pendulum behaves weakly nonlinear during 
training cycle 1. The second conclusion is that the 
minimum of the objective function increases after each 
cycle. In Appendix E a likewise training is executed with 
100 neurons in the hidden layer which does not result in 
a better neural identification model. The increase of the 
objective function is therefore explained by insufficient 
information of the training data to find the global 
minimum. The training algorithm finds a minimum 
which results in a good neural system model, as long as 
the maximum amplitude of the second generalized 
coordinate (p) is of the same order of magnitude as in 
training. 

The test input, with a new amplitude of 6 Nm, is 
used to train the two neural nets used for the controller 
(Section 111). Training data is generated by using a 
simulation model of the neural net after training cycle 1. 
The sample frequency remains f, = 0.01 H z ,  and both 
neural nets contain 20 neurons in the hidden layer. 

Training results are showed in Fig. 8. These neural nets 
are used for the control algorithms discussed in Section 
111. Two types of control are studied. 

1 1 o5 0-l0 ~ 

O 200 400 600 
epoch epoch 

10 I I 51 I 

-20- 4 6 -10 O u 2 4 6 
O 2 

Ln 
u> 

o O 1  

-- o 
-.. 
g -001 

.; -0 02 
:<Li 

-o u3 
O 2 4 6 O 2 4 6 

t [SI t [SI 

Figure 8. Training results (control). 

i n .  
' - 1  

-101 

NCTC NCTC (int.) PD 1-1 
u 20.0 I - 

-15 
O 2 4 6 

t rsi 

Desired. Ref. 

NCTC (int.) 
NCTC 

Figure 9. Setpoint control. 

The first one is setpoint control. The pendulum has 
an initial angle of 30 deg. Objective is to move the 
pendulum to O deg. In Fig. 9 the results of three control 
algorithms are showed: PD - control, NCTC - control and 
NCTC with integral control (see Fig. 4). The applied 
control gains are given in the lower right table. 

The NCTC - method produces some vibrations due to 
the small value of L,, however, increasing the value of 
i,, results in large offset errors. The offset is a result of 
all remaining errors between nets and system. In this 
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case an input equal of zero for the two neural nets n, 
and n, does not result in an output equal to zero. An 
additional integral controller compensates for this offset. 
The NCTC - method with this integral control can 
therefore operate with larger control gains, resulting in 
less vibrations. Increasing the control gains of the PD - 
method does not result in better performance. 

In the lower left plot the torque computed by NCTC 

stays below IT5 Nm. This is caused by the fact that the 
input of the neural net exceeds the input of the neural 
net during training. The upper left plot shows the 
generalized coordinate a. In all cases the time derivative 
of this coordinate becomes constant or tends to zero. 

The second control objective is servo control of the 
second generalized coordinate p. The coordinate has to 
track a sine - function and has the same initial condition 
as above. Results are shown in Fig. 10. 

The control gains of the NCTC - method are larger 
than in setpoint control. Increasing the gain L, in 
setpoint control results in large offsets (see above). In 
servo control the inputs of n, do not become zero for 
some time period. This means that the non zero output 
of n, and n, with zero inputs has less influence on 
trackingLThe NCTC = method performs less than the ED-- 
method for t > 3 sec, however it reaches tracking faster 
than the P D  - method. Again the output of n, is limited 
(lower left plot) due to 

3000- 401 ! 

8 1000 
U 
I i 2 o o ~ ~  O 

I 
-1000' -40 I 

O 5 10 O 5 10 
t [SI t El 

-20 
O 5 10 

Desired. Ref. 

NCTC 

Figure 10. Servo control. 

large values of the input of the neural net. The mean of 
the time derivative of the first generalized coordinate a 
becomes constant (NCTC) or tends to zero again (PD). 
Tracking of p becomes worse for amplitudes 2 30 deg, 
or in other words, for amplitudes for which the 
behaviour of the inverted pendulum becomes significant 
nonlinear. 

V. Conclusions 
This paper shows that a neural identifier for use in 

the continuous time domain can be made, by using 
measurements of the generalized coordinates of an 
inverted pendulum. 

Training a neural net model gives best results for a 
prediction model, however, the trained neural net can be 
used in a simulation model with no decrease of 
performance. Scaling of the initial weight parameters 
with the input results in faster convergence of the 
objective function than the initial weights parameters 
computed by the Nguyen - Widrow method. 
Convergence of the objective function also increases if 
Levenberg - Marquardt optimization method is used 
instead of the steepest descent method. 

The differences between the responses of the neural 
identifier and the system are small for the weakly 
nonlinear area. Neural system identification for the 
nonlinear area is possible, however, as results have 
shown, the performance of the neural identifier becomes 
worse if the identifier is tested in the "linear area". 
Increasing the number of neurons or increasing the 
number of samples does not give better results in our 
case. This may be caused by insufficient information in 
the training data. Training of the neural nets which are 

use3  fE thë NcTcmethod does nöt gîveäny problems. 
The results show that NCTC with integral control 

performs best for setpoint control, the P D  controller 
performs best for servo control. The integral control is 
needed to compensate for the offset, i.e. a non zero 
output, while the inputs of the neural nets are zero. The 
NCTC method without integral control requires smaller 
gains due to this offset, which results in worse 
performance compared with the P D  method and the NCTC 
with integral control. 

This paper shows that most problems are 
encountered with system identification. Therefore, for 
future work we recommend to examine the influence of 
different inputs on training of the neural identifier, while 
the number of neurons is fixed. A possible training setup 
is to compose the objective function of several data sets, 
which are created by different inputs, each exciting the 
system in different areas in state space. 

- 

Appendix A. Neural networks 
Neural nets are build of neurons, which can appear 

in many different forms. In Fig. 11 a two layer neural net 
is drawn, with several types of neurons. 

The layers all have a difierent function. Between 
these layers each output from a neuron in a previous 
layer is multiplied with a so called weight parameter. In 
this example the elements of x are the outputs of the 
input layer. The output x is multiplied with the matrix 
w', and a bias can be added. This is represented by the 
neuron with a vertical bar, which means that the neuron 
input is extended with a "1". The input of the hidden 
layer is given by: 

7 



Figure 11. An example of a neural net. 

Each element of zm is evaluated by a sigmoidal 

function o(zmI), symbolized by the I's" - shaped neurons 
in the hidden layer. This function is drawn in Fig. 12. 

This results in the output z, which is in turn 
multiplied with the second weight matrix, with again a 
possible extension with a bias. The mathematical 
expressions are: ~ ~ ~ ~ ~~ ~ ~ ~ ~~ ~ 

y, = wi/ I, I. 
L A  

The neurons in the output layer contain identity 
functions so the inputs equal the outputs of this layer: 

Y = Y,. (43) 

Sigmoidal function 

Figure 12. Sigmoidal function in hidden layer. 

The input - output relation is obtained by substituting 
the expressions (43), (42) and (41) in (40): 

or written in a more general form: 

y = n(w,x). 
The weights are stored in a column w. 

(45) 

Appendix B. Jacobian and Hessian 
The first partial derivative of the objective function is 

also known as the gradient: 

5 
g'(w) = 2jeT(4w)J(t,w)df (46) 

10 

The matrix J is known as the Jucobiun matrix and is 
defined as: 

with T,(t, w) = V2e,(t, w).  This matrix is symmetric, 
which also means that H is symmetric. In expression (48) 
the following expressions are substituted: 

S(w) = ?j{~e,( i ,w)T,( t ,w) (=I (50) 

yielding: 

H ( w ) = G ( w ) + s ( w ) .  (51) 

In this paper the matrix S will not be computed during 
the Levenberg - Marquardt optimization. This means 
that only the Jacobian matrix has to be computed. In 
Section IV the output of the neural net is not integrated. 
The Jacobian matrices for EU and E 4  equal 

Ju = V{u - Û} = -Vn,(w, q, q, q) and respectively 

J, = v{qu - G u l =  -Vn,(w,q,q,q,,). In section I the 

output of the neural net is integrated twice. This means 
that the Jacobian matrix is computed from: 

8 



If the number of neurons becomes large, computation of 
(52) requires lots of memory storage. In this paper this 
equation is rewritten to 2np differential equations. 
However if computation becomes impossible, the reader 
is referred to [2]  where a sensitivity analysis method is 
developed, using an adjoint variable method, to reduce 
the number of differential equations to 272. 

Appendix C .  Newton's method 
A derivation of Newton's method is given for 

finding the minimum of (8). This derivation is given for 
explaining Levenberg - Marquardt optimization in 
Section 111. 

The Taylor series of the objective function E equals: 

E ( w  + Aw) = 

,!?(wo) + gT(wo)Aw +SAwTHAw + O(11Aw11'). 

(53) 

In the minimum w = wo + A w  of E the derivative of E 
with respect to wis  zero: 

Neglecting the quadratic terms this equals: 

H(w,)A+ = -g(w,) (55) 

with A W  the estimate of the solution of (55). The new 
weights are computed as follows: 

w = wo + AW . (56) 
By repetitively substituting w for wG and computing a 
new solution w the function E reaches a minimum. 

Appendix D. The inverted pendulum 

x = M-'{-cQ - v - f + HU} equal: 
The matrices and columns in function 

I; O f $  +SI cos(p). e =  [ 
-+1 cos(p)cx O 

v = [  O 1. 
+mzgsin(p) ' 

f =  ["I; 
lH= [i]. 

(57) 

These matrices and columns are used in simulations (see 
Section IV). 

Appendix E. Influence of parameters 
and algorithms on optimization 

Minimizing the objective function of Section I1 
requires certain choices for parameters and algorithms. 
This appendix gives an overview of the influences of 
these parameters and algorithms on the minimization of 
the objective function. Each influence is illustrated by 
simulations. The parameters and algorithms to be 
discussed are: 

1. the optimization algorithm and initial weights; 
2. prediction or simulation modeling; 
3. number of samples; 
4. type of input signal; 
5. number of neurons; 
6. bias on the output layer. 

The second issue has already been discussed in Section I1 
and will not be discussed here. 

Optimization algorithm and initial weights 
The first choice deals with the type of algorithm, 

used for minimization of the objective function in 
Section 11. In [7] a distinction is made between zero, first 
and second order optimization methods. In this 
appendix the difference between the steepest descent 

-method and -the- Levenberg I _Marguardt ~ (Section 11) ~ 

method is illustrated on a first order nonlinear system. 
These methods are first and second order algorithms 
respectively. The example system, that will be identified 
with a neural net with five neurons in the hidden layer, 
is chosen as: 

- 

q = 5 { u - q - rc(arctan(2q) - arctan($q)}] (58) 

I d ,  I IO' ,  I 

O 2 4 6 
t [SI 

Scaling/ Levenberg 

Nguyenl Levenberg 

Scaling/ Steepest descent 
System ...... 

O 500 1 O00 
epoch 

O 2 4 6 
t [SI 

Figure 13. Optimization methods and initial 
weights. 

Before the optimization methods are started, the 
initial weights are computed by using the scaling 
technique according to Section I1 and by using the 
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algorithm that was originally derived by Nguyen and 
Widrow 261. 

The effect of these two methods on the optimization 
process is illustrated in the upper left plot of Fig. 13. The 
upper plots show the decrease of the objective function E 
according to the Levenberg - Marquardt method (left) 
and the steepest descent method (right). The lower plots 
show the test input and the response of the system 
caused by the test input. 

This figure shows that the Levenberg - Marquardt 
method with scaled initial weights gives best results. The 
optimization process uses a prediction model of the 
nonlinear first order system. 

Training Test 

-200 I -50 I 
O 5 10 O 2 4 6 

t [SI t [SI 

-100 I I - 1 0 0 ~  
O 5 10 O 2 4 6 

t 151 t IS1 

..... 201 sampies 

601 samples 
1001 samples 

System 

Figure 14. Number of samples. 

ï%m&er of samptes 
The third choice deals with the number of samples 

(N) in the dataset. As an example the inverted pendulum 
of Section IV is identified with a neural net with 40 
neurons in the hidden layer. Some training results are 
showed in Fig. 14. The plots on the left show the data 
sets used for training. The dotted vertical lines indicate 
the length of the data set. The plots on the right show the 
responses of the inverted pendulum caused by a test 
input, which is drawn in the upper right plot. The 
number of weights (320) exceeds the number of samples 
(201) for the first training setup, which results in bad 
performance of the net. The other two cases show that 
the performance of the neural net increases for a and 
decreases for p with increasing number of samples; the 
reason of which is not clear. 

Type of input signal 
The training input in Fig. 14 did not result in a 

proper system identification. Fig. 15a shows the effect of 
a different choice of input signal. The response for a test 
input is plotted in Fig. 15b. The neural net contains 20 
neurons in the hidden layer for each input signal. The 
dataset has a length of 501 samples. The values of the 
objective function after training are displayed in table 3. 

~1 
1.6e-2 

I 3 1  77 I I.6e-5 1 
Table 3. Different types of inputs. 

None of the inputs result in a good system identifier. 

Input 1 Input 2 Input 3 

400, 
I 

" I -200 I 
400 ' 

O 2 4 6 O 2 6 

Input 1 
Input 2 
Input 3 

Figure 15a. Data sets for three inputs 

i 
O 2 4 6 O 2 4 6 

-10- -500' 

t Is1 t [SI 

System 

Input 1 
Input 2 
Input 3 

..... 100 r I 

Figure 15b. Test of neural nets. 
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Number of neurons 
The influence of the number of neurons in the 

hidden layer is analyzed in the following training setup. 
Training is executed in a fixed number of cycles. Each 
cycle uses an input, showed in Fig. 16a, for which the 
maximum amplitude To is increased or decreased after 
each training cycle (Table 4). The weights after a training 
cycle are used as start condition in the next training 
cycle. The first training cycle uses scaled weights. Table 4 
shows the data used for each input. Training stopped 
after the disposed epochs due to no change in the weight 
parameters. nh stands for the number of weights in the 
hidden layer. 

Input: 1, n, = 20, epoch = 77, E = 1.6e-5; 
trainingcycle I î I 2 1  3 1  4 1  5 
T ,  (Nm) I 1 1 4 1 7 1 1 0 1 -  

Input: 2, nb = 40, epoch = 28, E = 4.3e-4; 
training cycle 1 î I 2 1 3 1 4 1 5  
T, (Nm) I 2 1 - 4 1  - 6 1  8 1-10 

Input: 3, nh = 100, epoch = 81, E = 7.3e-4; 

The data for the third input is displayed after the first 
training cycle. 

From this training setup we can conclude that the 
neural net response is better than previous experiments. 
However the difference between neural net and the 
system is still too large. The neural nets in this 
experiment all show the same behaviour: the test 
response is better if the maximum amplitude of p is of 
the same order of magnitude as in training. In Fig. 16b 
tests are done with smaller (inputs 1 and 2)  and larger 
(input 3) maximum values for 0, which results in worse 
performance. The neural nets with 40 neurons performs 
best with respect to p, the neural net with 100 neurons 
performs best with respect to a. The reason why the 
performance does not increase with increasing number 
of neurons may be caused by insufficient information in 
training data. 

Bhs on the output layer 
All neural nets discussed in this paper do not have a 

bias in the output layer. Including a bias gives an output 
with a constant acceleration if all inputs of the net are 
zero. This is only useful for a free moving body in the 
gravity field. The system under study will not move 
freely in the gravity field, so the bias in the output layer 
is omitted. 

The programs to perform the calculations are 
written in MATLAB'S fourth generation language. The 
calculations are made an a Silicon Graphics Challenge 
computer. Finally in Table 6 an indication is given of the 
average computing times of one training epoch for 
different numbers of neurons in the hidden layer. 

10 min 17 sec 
100 38min 20sec 

Table 6. Elapsed times. 

Input 1 Input 2 

- 
E z o  
t- 

T 

-200 1 , . - .  . .  . . .  -. . . -_ 
_ .  I.. 

Input 1 
Input 2 

Input 3 ..... 

Figure 16a. Training data. 

t [SI 

Input 1 
Input 2 
Input 3 . . . . .  

50 - m 

i 5 0  
cl 

-50 

-100 ' I 
O 2 4 6 

t [SI 

Figure 16b. Test of neural nets 
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