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Summary 

The key feature of this study is to compare the efficiency of two numerical techniques, 
i.e. Finite Element Method (FEM) and Spectral Element Method (SEM), applied to 
wave propagation problems a d  to gain iïìsight into aspects of numerical modeling of 
wave propagation. The SEM can be seen as a combination of the spectral method and 
the well known FEM. 

Like the FEM, the approach of the spectral method results in expanding the 
approximate solution to the partial differential equation, i.e. the second order wave 
equation, in series of expansion or basis functions. The unknown coefficients of the 
expansion are calculated using a weighted residual projection of the continuous 
differential equation to a finite dimensional subspace. The major difference between the 
spectral method and the FEM is the choice of the expansion functions for the 
approximate solution. Mostly the approximate solution is expanded in a series of 
Legendre and Chebyshev polynomials. The SEM combines the accuracy of the spectral 
method with the geometrical flexibility of the FEM by a simple application of the 
spectral method per element. Therefore, the basis functions are high order Lagrangian 
interpolation polynomials at the (Legendre or Chebyshev) Gauss-Lobatto (LGL) 
collocation points. Another difference between FEM and SEM is that the FEM obtains 
convergence of the approximate solution by refining the mesh, i.e. increasing the 
number of elements (h-convergence), used for the approximation and the SEM obtains 
convergence also by increasing the order of the expansion functions (N-convergence). 

Since numerical modeling of wave propagation can be considered as space and time 
discretization of the governing equations of motions, direct time integration methods 
are applied to the semidiscrete equations of motions. The accuracy and the efficiency 
of the numerical schemes depends on the applied space and time discretization 
methods, and furthermore on the number of elements, the order of the expansion 
functions, and the time step size. 

The numerical schemes introduce non-physical properties in the approximate solution 
which are reduced by increasing the degree of approximation. An appropriate time step 
is necessary to be able to represent the high fi-equencies in the physical system. The 
numerical results of a traveling Gauss pulse and wave propagation in the head impact 
model show that the approximate solution is accurate and obtained efficient when the 
degree of approximation is eight, an explicit time integration scheme and a lumped 
mass matrix (LGL-integration) are applied. This numerical scheme with quadratic 
elements is also an appropriate scheme. However, the representation of the high 
frequencies in the head impact model is more accurate and less dispersion and 
dissipation errors are obtained when elements are applied of order eight. 
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1. General Introduction 

1.1 Introduction 
Head injuries can be caused by (extreme) loadings such as occur by a car accident or 
during sports activities. In order to find means to prevent these injuries or to reduce 
their severity, a deeper understanding is needed of the relationships betweer, the 
loadings and the resulting injuries. Mathematical models, capable of simulating the 
head’s response to extreme loadings may thereby constitute a powerful tool. On one 
hand, knowledge about the material behavior of the skull, brain, and cerebrospinal fluid 
and on the other hand insight in wave propagation in the head caused by impact, are 
necessary for proper simulation and research. In this study, wave propagation in the 
human head under extreme loading conditions is investigated by using the head impact 
model as proposed by Liu and Chandran (1975). 

The key feature ofthis study is to compare the efficiency of two numerical techniques 
available applied to the second order wave equation, and to gain insight into aspects, 
as accuracy and efficiency, of numerical modeling of wave propagation. The numerical 
methods used in this study will be finite element methods (FEM) and spectral element 
methods (SEM). Actually, SEM and FEM are not two methods but two “variants” of 
one method, depending on the number and order of the elements used to obtain a 
converged solution, 

So, the aim of this study is: 

1. To gain insight in the SEM with application to one-dimensional (1-D) wave 

2. To compare FEM and SEM with respect to accuracy, convergence, and 

3. To compare several chosen time integration methods and to study their applicability 

4. Application of FEM and SEM to 1-D wave propagation in a model of the human 

propagation in elastic solids. 

computational efficiency. 

in relation to the space-discretization. 

head. 

Some characteristics of the numerical techniques will be described briefly. The 
approach of the numerical method results in expanding the approximate solution to the 
differential equation (wave equation) in series of expansion or basis functions (section 
2.2). The unknown coefficients of the expansion are calculated using a weigthed 
residual projection of the continuous differential equation to a finite dimensional 
subspace. The major difference between the spectral method and the FEM is the choice 
of the expansion functions for the approximate solution. Spectral methods use global 
high order expansion functions. These expansion functions are chosen to be solutions 
of singular Sturm-Liouville problems. Of particular interest among these solutions are 
the Chebyshev and the Legendre polynomials. When spectral methods are applied and 
if the solution is a (infinitely) smooth function, i.e. the function and its derivatives 
contain no discontinuities, spectral (exponential) convergence of the approximate 
solution is obtained as a result of the high order representation (section 2.2). The finite 
element approximation obtains at most algebraic convergence due to the low order 
Lagrangian interpolation basis functions per element. 



The spectral element technique belongs to the large class of spectral methods. The 
SEM was first presented by Patera (1984). This method combines the advantages of 
the Galerkin spectral methods with the geometrical flexibility of the FEM by a simple 
application of the spectral method per element. So, convergence of the approximate 
solution is achieved by increasing the order (degree) of approximation, i.e. the degree 
of the expansion functions (N-convergence), and/or the number of elements (h- 
convergence) used for the approximation. 

The wave equation is a second order partial differential equation in time and space. A 
discrete version applying the method of weighted residuals is used to derive an 
approximate solution of the wave equation. This method basically employs trial 
(expansion or approximating) hnctions and test (weighting) functions (section 2.1). 
For the resulting semidiscretized set of equations, an optimal quadrature (numerical 
integration) (section 2.3) has to be applied depending on the order of the expansion 
functions used to approximate the solution. 

Furthermore, the resulting system of differential equations will be discretized in time 
and integrated with the help of time integration methods which can be implicit or 
explicit (chapter 3). The spatial and temporal discretization introduce errors which 
infìuence the accuracy of the numerical results and moreover, determine the stability 
properties of the numerical scheme (section 3.5). The effects of the applied 
discretization need to be examined before the numerical results of both techniques can 
be properly interpreted and compared. Another discretization method, which will be 
discussed and compared with the others used in this study, is the Taylor-Galerkin 
method which first employs the temporal discretization and then the spatial 
discretization (as described above) (chapter 3). 

In chapter 4, the numerical results of wave propagation in elastic solids and in the head 
impact model proposed by Liu and Chandran (1975) are presented. The FEM and the 
SEM applied to wave propagation are compared with respect to convergence, 
computational efficiency, stability, and accuracy. Finally, the conclusions of this study 
and recommendations for further studies are presented in chapter 5 and 6. 

i 
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1.2 Problem definition 

The wave propagation problem (numerical derivation in appendix 1) will be considered 
and will be applied to the head impact model (fig. 1) as proposed by Liu and Chandran 
(1975). 

t = O  

t = t+ 

X = O  rdx x = L  

i u(t) * 
I 
I : x  i <(x,t) ; 
I r, 

I 
I i d  
I 3 I L 
I 
I 

F 

Fig. 1 Head impact model (after Liu and Chandran, 1975). 

In this model, the head is idealized as a rigid cylinder containing an elastic solid 
attached to a spring-dashpot element striking a rigid wall. The rigid cylinder represents 
the skull; the solid denotes the brain and the cerebrospinal fluid; the spring-dashpot 
element simulates the composite elastic and dissipative properties of the helmet, hair, 
skull, skin, and the wall. Beside these assumptions, more assumptions are made to 
keep the problem (to describe wave propagation in the human head under extreme 
loading conditions) tractable. 
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The 1-D wave equation is of particular interest and describes the propagation of a 1-D 
wave over the real axis (appendix 1). Consider the following second order wave 
equation: 

2 2 U  2 d 2 U  
= f  -- 

d t 2  c o  dX2 
where 

(1-1) 

x = position of a cross-section measured from the cylinder wall [m] 
u = displacement of fluid at location x [m] 
co = velocity of dilatational waves [m ís ]  
t =time [SI 
f = force (N/kg] 

The equation will be modeled numerically by two techniques, SEM and FEM. The 
wave equation is a linear partial differential equation (PDE) of second order in two 
independent variables, space and time. It is a hyperbolic equation (appendix 2) which is 
of importance for the discretization (explicit time integration methods can be used). 
Hyperbolic PDE's are associated with propagation problems when no dissipation is 
present (Bathe, 1996; Fletcher, 1991). The wave equation and auxiliary (initial and 
boundary) conditions are well-posed mathematically if three conditions are met: 

I. The (computational) solution exists 
11. The (computational) solution is unique 
111. The (computational) solution depends continuously on the (computational) 

auxiliary data. 

If the auxiliary conditions contain discontinuities, for example when they are 
approximated by computational auxiliary data and the third criterion is not met, then 
the errors in the auxiliary data can be transmitted into the interior causing the solution 
to grow rapidly (Fletcher, 1991). Besides that the auxiliary conditions have to be well- 
defined, also the algorithm should be stable to obtain a well-posed computation. It is 
implicit here that the approximate solution obtained by a well-posed computation will 
be close, in some sense, to the exact solution of the well-posed problem. 

i- 
To implement the wave equation in a numerical version of this model, the following 
assumptions, boundary conditions, and initial conditions will be used: 

Linear elastic material (Hooke) 
space-interval I, = [0,1]; time-interval It = [O,T] 

or 
Neumann: 

Dirichlet: u(0,t) = u,,(t); U(1,t) = u&) 

ux( 1 ,t) = h(t)  
0 ~(x,o)ILu='uo(x); 

Ûu(O,t)/at = u,(O,t) = h,(t); 
aU(x,O)/at = Ut(X,O) = ut(x) 
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2. Spatial discretization of the wave equation 

2.1 Weighted residual formulation 

A class of discretization schemes for differential equations is known as the method of 
weighted residuals. Consider the solution u(x,t) of the wave equation in the function 
space U expanded in a series of expansion functions: 

m 

4x7 '1 = c c, (W, (4 (2-1) 
2=0 

with ci(t) unknown expansion coefficients and &(x) known trial (expansion, basis, or 
approximation) functions. The method of weighted residuals employs expansion 
functions as basis fbnctions for a truncated series expansion of the solution. The 
solution u(x,t) will be approximated by uN(x,t) which is the approximate solution of the 
wave equation expanded in a finite series of the expansion functions: 

N 

c x 7  ') =z ' 2  ( ' > $ z  (.> (2-2) 
2=0 

The finite series of trial functions $;(x) form a basis of a finite dimensional subspace 
UN c U where UN has to satis@ the boundary conditions. An error is introduced since 
the approximate solution is expanded in a finite series of expansion functions. If this 
approximate solution is substituted into the wave equation, a residual can be derived as 

In general, the residual will not be exactly zero. To minimize this residual, a basis of 
test functions \ i ~ j  is used to force the residual to zero in the space spanned by the test 
functions which results in the following inner product: 

l x  

The test functions q form the basis of a finite dimensional subspace V" c V (since the 
approximate solution is an element of a finite dimensional subspace of U, i. e. U", also 
the space of test functions V can be discretized by a finite (N+l) dimensional subspace 
V" with basis y ~ j  í'j=O,. . .,N)). Now, the weighted residual formulation of the wave 
equation denoted by the inner product ensures that the approximate solution uN(x,t) 
satisfies the wave equation as closely as possible (Canuto et al, 1988; Van Kan & 
Segal, 1993; Timmermans, 1994; Van de Vosse, 1995). This can also be expressed as 
follows: by taking the inner product, the approximate solution uN(x,t) is the 
(orthogonal) projection of the exact solution u(x,t) on V" and is the ''best 
approximation" for the solution u(x,t) in the space V". This situation is illustrated in 
figure 2a where V is represented by the whole plane and V" by the straight line 
through the origin. 
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The trial functions @i are used as the basis fùnctions for a finite series expansion of the 
solution u(x,t). The test functions vj are used to ensure that the differential equation is 
satisfied as closely as possible by the finite series expansion which is achieved by 
minimizing the residual (i.e. the error in the wave equation by using the finite series 
expansion instead of the exact solution) with respect to a suitable norm. The residual 
has to satis@ an orthogonality condition with respect to each of the test fùnctions 
(figure 2b), otherwise uN(x,t) will not be the best approximation for the solution u(x,t) 
in the space VN. To obtain a more accurate solution (decreasing the distance [u-UN]" 
(figure 2a), the dimension N of the approximate space V" is increased (N- 
convergence). The error [u-u"]~ which results using the weighted residual method is 
determined by the approximation, i.e. the trial (expansion) hnctions. 

The combination of expansion (trial) functions and test hnctions distinguishes the 
different spatial discretization methods like collocation and Galerkin methods which 
belong to the class of methods of weighted residuals. If the bases $i and vj are the 
same, the method is called a Galerkin weighted residual method. The discrete Galerkin 
weighted residual formulation ensures the projection of the residual on V" to  be zero. 

Subspace U" satisfies the boundary conditions, and subspace V" is a linear vector 
space, i.e. UEV" and VEV" +- u+vcVN and satisfies the homogeneous constraints. The 
trial functions $i must individually satis@ the boundary conditions and will be 
eigenfùnctions of the Sturm-Liouville problem (Canuto et al., 1988). So the set of trial 
functions, denoted by U" and satis@ing the Dirichlet condition, is defined as 

U" = {u:u E H1(Ix)} 

The set of test functions, denoted by V", is defined as 

v" = (v:v E &(Ix)} 

V 

U 

Fig. 2a Galerkin "best approximat?on result" (after 
Johnson, 1987) 
u = exact solution 
u' = an approximate solution in the space V" 
UN = best approximate solution in the space V" 
u - u" = residual rN 
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Fig. 2b Galerkin weighted residual approximation 
method. Wave equation with the exact and 
approximate solution, and the residual (after 
Johnson, 1987). 

This class of weighted residual techniques can be divided into glcval methods, such as 
spectral methods, and domain decomposition methods, such as SEM and FEM. The 
advantages of domain decomposition methods are that they are able to handle complex 
geometries and the system matrix will be block-banded which results in less computing 
time and memory storage compared to global methods. For (Galerkin) spectral 
methods, the trial functions are infinitely differentiable global functions (section 2.2). 
For (Galerkin) FEM, the domain R is divided into elements, and the trial functions are 
specified in each element and are local in character. SEM combine the advantages of 
the Galerkin spectral methods and the FEM by simple application of the spectral 
method per element. 

The wave propagation problem is considered in domain i2 + R= I,. The linear vector 
space U in which the solution is sought, is a subspace of a Hilbert space HO1(R) 
(appendix 3). Simplified, a first order Hilbert space is a linear space with a scalar 
product and corresponding norm of square integrable functions with square integrable 
derivatives. If the problem satisfies certain conditions, defined by the Lax-Milgram 
lemma (Johnson, 1987), then the problem has a unique solution u E U. 

The corresponding weighted residual formulation of the wave equation is: 

Find UN E UN such that 
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2.2 Spectral approximation 

Consider the function u(x,t) E U with domain [-I, i], being the solution of the wave 
equation, to  be expanded in a series of expansion functions: 

m 

(2-6) 

with ci(t> the unknown spectral expansion coeE3Ficients and $i(x) the expansion or trial 
functions. The trial functions will be chosen to be a system of orthogonal polynomials 
(the advantages of this will be explained in section 2.4) with respect to a weighting 
function w(x), and are defined as: 

j $ i  W j  (x)w(x)h = 0 if i # j  (2-7) 
I ,  

In that case, it can readily be seen that the coefficients c;(t) in equation (2-6) are given 
by the weighted inner product: 

with: 

If the system of orthogonal functions $i(x) is complete (i.e. the space is spanned by the 
functions $i(x)) in U, a suitable Hilbert space (appendix 3), then relation (2-6) can be 
inverted into relation (2-8). So, the solution u(x,t) can be described both through its 
values in the physical space (2-8) and through its coefficients in the spectral space (2- 
6) (i.e. space is spanned by the coefficients). Equation (2-6) defines thus a continuous 
transform between physical space and spectral space (like Fourier coefficients on a 
Fourier transform) (Canuto et al., 1988). 

The solution u(x,t) can be accurately approximated by the truncated series uN(x,t) 
defined as 

(2-10) 

and is the called spectral approximation. 
The trial functions $i(.) are chosen to be Nth-order polynomials which are 
eigenfunctions of a Sturm-Liouville problem, especially the Legendre polynomials, 
defined on the interval [-i,l], These orthogonal polynomials are of special interest 
because of the efficiency with which they can be evaluated and differentiated 
numerically. In that case, the expansion coefficients ci(t) decay and well so that by 
increasing the degree of expansion of the approximated solution uN(x,t), the ith 
coefficient decays faster than any inverse power of the corresponding eigenvalue of the 
trial function $i(x) (Canuto et al., 1988; Lustman, 1986). Thus increasing the degree of 
expansion, the approximate solution will not be significantly changed, if and only if N 
is large enough. Then, the approximate solution will converge to u(x,t) by letting 
N+m (spectral or N-convergence). 
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One can compare this with a situation in which one has periodic functions and the 
expansion series are Fourier series. A result of the Fourier theory states that if a 
function u(x) is periodic and analytical (smooth) with periodic derivatives, the i* 
coefficient of its Fourier series decays faster than any inverse power of i. This decay of 
the coefficients can also be obtained for expansion functions in non-periodic functions. 

Since the Legendre polynomials which are Jacobi polynomials are orthogonal over the 
interval [-l,l], it can be proven that for u E U (Canuto et al., 1988): 

lim JJU - UN lic' = o 
N W  

(2- 1 i) 

The advantage of the exponential decay of Ci(t) is that at a certain degree of expansion, 
the approximate solution is accurate enough with respect to accuracy requirements and 
no real improvement of the approximate solution can be obtained. The approximate 
solution uN(x,t) has the property of exponential accuracy if the approximate solution is 
sufficiently smooth which is a result of the chosen expansion functions. Once the 
coefficients Ci(t) are obtained, the approximate solution uN(x,t) of the wave equation 
can be computed. If u E Hrn(Q) (appendix 3) the truncation error can be approximated 
by (Canuto et al., 1988): 

(2-12) 

with a constant C independent of N. So depending on the smoothness of the solution, 
spectral convergence will be obtained. 

Due to the orthogonality of the trial functions (2-7), UN(X,t) is the orthogonal 
projection ofu(x,t) upon U" with respect to the inner product (2-4) and is the "best 
approximation of u(x,t)" in the space U". 

Now the discrete weighted residual formulation is given as follows: 
Find UN E such that: 

Find ci, (i = O,. . ., N) such that: 

(2-13) 

N d24i 1 

J 4 i 4 j " l x - c 2 c c i ( t ) ~ 1 4 / " l x =  1 f$5jdx j = O, ..., N (2-14) 
-1 i=O -1 -1 

After partial integration: 

I 3 i  , 
i 

I 

(2-15) 

In matrix notation this yields: 
- MZ(t) + c2 -(t) = F 

9 
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with mass matrix M: 

(2-17) 
-1  

with system matrix s: 

with force vector F: 

(2- 18) 

(2- 19) 

and c(tJ = [co, ..., cUJT, f = go,. . ., fNJT. The second term in Fi will be zero since4 is a 
basis function of 
the Neumann boundary condition would be considered, this second term (249) would 
also be zero since (dgS/&) = O 

and satisfies the homogeneous Dirichlet boundary conditions. r f  

2.3 Numerical Integration 

The weighted residual equations have to be integrated, because of the inner product. 
The integral can be evaluated by means of a simple trapezoidal rule which retains the 
accuracy of the method (Bathe, 1996; Van de Vosse et al., 1995). However, higher 
order methods as SEM, require high order quadrature (integration) rules due to the 
high order of the polynomials used for the expansion of the function u(x,t) (Canuto et 
al., 1988). The Nth-order polynomials have to be integrated exactly. Gauss quadratures 
are exact for polynomials of certain order. The general formula for numerical 
integration can be written as: 

(2-20) 
- 1  i=O 

where <i are the integration points, p(<) is the weight function of the integration 
satisfjing p(5) 2 O and ! p(<)d< > O and RN(~) is the error of the quadrature. In the 
Gauss integration, wi and Si are such that RN(Q = O for polynomials of the maximal 
possible degree. Since (2-20) contains 2N+2 free parameters it cannot be generally 
exact for polynomials of order higher than 2N+l. 

A Legendre Gauss type quadrature (appendix 4) is chosen since it has weight functions 
equal to 1. Actually Legendre-Gauss-Lobatto (LGL) integration and Legendre-Gauss 
(Gauss) integration methods (appendix 4) are applied to the wave problem for reasons 
explained in the following sections. The equations will be integrated in a finite number 
of integration points. The integration points are unequally spaced points and are the 
zeroes of the Legendre polynomials of certain degree. The LGL-quadrature requires 
( N + 1 ) points and integrates exactly a polynomial of order at most ( 2N - 1 ). The 
Gauss quadrature requires ( N ) points and integrates exactly a polynomial of order at 
most ( 2N)  (Bathe, 1996; Canuto et al., 1988; Van de Vosse et al., 1995). The LGL- 

10 



points include the boundary points of the element in contrast to the Gauss points which 
are all located in the internal of the domain. In the following section it is shown that if 
the Gauss type quadrature is applied, orthogonality of the test and trial functions is of 
practical use. 

2.4 Pseudospectral approximation 

The spectral approximation (2- 10) defines a transform between physical space and 
spectral space (like the Fourier coefficients in a Fourier transform). Because the 
coefficients Ci(t), used to approximate the solution u(x,t) by uN(x,t), depend on &I the 
values u(x,t) in the physical space, they can only be computed by numerical integration 
(2-8). However, these can not be calculated exactly but a finite number of approximate 
expansion coefficients can be computed easily which is a pseudospectral or collocation 
methods. A set of approximate coefficients ci*(t) is derived using an interpolating 
polynomial INu(x,t) of u(x,t) defined by a set of interpolation points x k  (k=O, ..., N) in 
the domain U" in which the spectral solution is sought. So, an interpolant can be 
constructed on [-i. i] as: 

N 

4+(x7 t )  = DZ*(Q$4 (XI (2-2 1) 
z=o 

At a number of these interpolation or collocation points, located on the boundary, the 
boundary conditions are imposed (Canuto et al., 1988). The remaining points are used 
to enforce the wave equation. So, the interpolating polynomial satisfies 

k = O, ..., N (2-22) 

Usually, the collocation points are the physical grid points. However, an optimum 
choice for these grid points comprises those which correspond to the nodes of the 
quadrature formulas, i.e. the LGL-points (section 2.3). Then, spectral (convergence) 
accuracy is retained in replacing the finite transiorm (2-10) by the discrete transform 
(2-21; interpolating polynomial) if the interpolation points are the Gauss-type 
quadrature points which will also be the grid points. In Canuto et al. (1988), this is 
shown and it is proven that the interpolation error will be approximated by: 

11u - INUIIUN I CN1'2N-mI/U/~Hm 
with a constant C independent of N. The coefficients ci*(t) can be calculated by 

(2-23) 
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with 
N 

(2-24) 

(2-25) 
z=o 

and with xkand wk the quadrature points and weights respectively (appendix 4). 
If the interpolating polynomials are written as a linear combination of Lagrange 
interpolation polynomials through the integration points instead of the combination of 
Legendre polynomials (appendix 4), several advantages will be obtained with respect 
to memory requirements and calculation time as will be shown. Now, the Legendre- 
Gauss-Lobatto Lagrange interpolation polynomials (appendix 4), will be the basis 
hnctions, and are defined as follows 

(2-26) 

with LN Legendre polynomial of order PJ and L'N is the first derivative of LN.  Thus the 
vi's form the basis of the same space as spanned by +i (i = O, ..., N). These basis 
functions have some special characteristics: 

(pi(xk)=1 if i=k (i,k = O, ..., N) 
vi(xk)=o if i#k (i,k = O, ..., N) 

So, the vi's form an orthogonal basis (Lagrange basis hnctions) for the polynomials of 
degree N and the interpolant (2-21) can be written as follows: 

(2-27) 

The Lagrange basis function are defined such that each Lagrange function is equal to 
one in one point of all the interpolation points xk and equal to zero in the other points. 
Since a Lagrange function is equal to one in point xk, the coefficient c:(t) should have 
the value of the solution in point xk, i.e. U(Xk,t). Now, the coefficients c;"(t> = ui(t> will 
have the value of the function u(x,t) in the interpolation points and the interpolant (2- 
27) can be written as follows: 

(2-28) 

c,"(t) = u&) = u(x,,t) (i = O, ..., N) (2-29) 

Notice that in the pseudospectral approximation the coefficients cp(t) will not decay as 
will the expansion coefficients in the Galerkin spectral method (section 2.2).This 
procedure defines a discrete transform between the set of values of u at the quadrature 

12 



points and the set of approximate, or discrete coefficients. The properties of accuracy 
are retained in replacing the finite transform into the discrete transform, and the 
interpolant series can be used instead of the truncated series in approximating 
functions. 

The approximate solution uN(x,t) in the weighted residual formulation will be replaced 
by interpolation polynomials through the points xk in which the coefficients are known 
(the Lagrange basis functions form the basis of the space U" in which the approximate 
solution is sought). This substitution into the weighted residual formulation shows the 
advantage of the Lagrange polynomials in case LGL quadrature is applied. In that case, 
the integration points are the same as the interpolation points and optimal use of the 
orthogonality of the test and trial functions, i.e. the property +i(xj)=Sij is made (section 
2.5.2). Then the mass matrix (2-34) is diagonal and in stead of inverting the matrix, 
only vector products result as a result of the (orthogonal) Lagrange functions. This will 
reduce the computing time and storage, while exponential convergence is obtained. 
However, when Gauss quadrature is applied, a consistent mass matrix will result since 
the quadrature points do not correspond to the interpolation points. 

The Galerkin spectral method (2.2) produces very accurate solutions with relatively 
few unknown coefficients ci(t) in the approximate solution (2-10). These unknown 
coefficients cannot be identified with nodal unknowns (LGL-points) but with the Gauss 
quadrature points which is in contrast to the pseudospectral or collocation method 
(LGL-points are the grid and the quadrature points). The explicit use of nodal 
unknowns also permits the boundary conditions to be incorporated more efficiently 
than does the Galerkin spectral method (Fletcher, 199 1). The Galerkin spectral method 
obtains the solution entirely in spectral space, i.e. in terms of the coefficients ci(t). 

The pseudospectral method would not work for arbitrary collocation points; in 
particular, polynomial interpolation at evenly spaced points does not give a satisfactory 
approximation to a general smooth function (Voigt et al., 1984). In fact, as the number 
of collocation points increases, interpolation polynomials typically diverge. This poor 
behaviour of polynomial interpolation can be avoided by relating the collocation 
(interpolation) points to the structure of classical orthogonal polynomials, like 
Chebyshev or Legendre polynomials. The collocation points and the integration points 
are the zeroes of the Legendre polynomials of a certain degree (appendix 4). This is in 
fact the reason why eigenfunctions of Sturm-Liouville problems are used in spectral 
approximation. Since, the weight function for Legendre polynomials is given by w=i ,  
Legendre polynomials are more suitable than Chebyshev polynomials. 
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2.5 Spectral Element Methods 

In this section first, the basis of spectral element methods is described. Next, the 
numerical integration and the pseudospectral approximation are applied to the wave 
equation to illustrate section 2.3 and 2.4. Since knowledge is necessary about both 
procedures, these schemes are presented over here. 

2.5.1 Spectral element methods in general 

In the spectral element approximation as well as in the finite element approximation, 
the domain is divided into Nel non-overlapping, conforming elements ne: 

(2-30) 
e=l 

Again the space of approximation for the solution u(x,t) is the (N+l)-dimensional 
subspace U” of Ho1 (appendix 3) defined as: 

where PN(Qe) denotes the space of polynomials in Qe of degree 4 N 

Convergence is achieved by increasing the number of elements Nel for the FEM and for 
the SEM by increasing the degree of the polynomials and the number of elements Nel. 
The interpolation polynomials in FEM are linear, i.e., N = 1 (linear finite elements, or 
quadratic, i.e. N = 2 (quadratic finite elements). 

The choice of the trial functions distinguishes spectral methods from FEM. For spectral 
methods, the trial functions are infinitely differentiable global functions (only ‘one 
element’ is considered which is defined on [-l,l] and is called reference element for 
SEM). In FEM, the domain is divided into elements, and trial functions are specified in 
each element and are local in character and are, in general, not infinitely differentiable. 

2.5.2 Numerical integration for SEM 

For SEM, LGL points are chosen as quadrature points in order to prescribe function 
values at the boundary which is important for interelement coupling and this choice 
will reduce computing time and memory storage as shown. But first, the weighted 
residual formulation (2-15) has to be rewritten because the domain is divided into 
elements. 

14 



The discrete variational problem is given as follows: 

Find c?(t) such that 

(2-3 1) 
e=l n e=l i=O x=-l 

where the subscript Qe denotes the restriction to the element Q,. Numerical quadrature 
is necessary to implement this equation. In order to be able to apply the quadrature, an 
affine transformation is used to map each element Qe to the standard element e = [-1, i ]  
(x E Qe + y E e). The transformation Jacobian J is given by (Timmermans, 1994): 

(x E Q,+ y E e) 
ak J = -  
dy 

(2-32) 

The LGL-quadrature has to be applied to system (2-3 1) which will result in matrix 
notation as is done in (2-16): 

- MCh(t) + c"ch(t) = F (2-3 3) 

(2-34) . .  
i, J = 1, ..., N 

(2-3 5 )  
. .  
i, J = 1, ..., N 

(2-3 6) 
. .  
i, J = 1, ..., N 

where c k  are the local LGL-points and n, the total number of nodes per element. 
Equation (2-33) can be seen as the complete spatial discretization of the original wave 
equation. 
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2.5.3 Spectral element interpolation 

In order to implement the discrete system (2-33), the LGL Lagrange interpolation basis 
is chosen as basis for the approximate space U". In general the basis affects the form 
and conditioning of the discrete equations. It is also important for interelement 
coupling (Timmermans, 1994). This basis is chosen because the LGL-points include 
the boundary points of the reference element 
e = [-i, i]. Tie  basis functions satis@: 

%(Y) E Pde)7 
qi(tj) = &j, 

i = O, ..., N 
i, j = O, ..., N 

Plots of the basis functions for several values of N are shown in appendix 4 
(Timmermans, 1994). The approximate solution uh(x,t) in each element n e  can be 
written as 

N 

U h  (x7 f) = c C h  (f>P,, ( Y )  (x E ne + y E e) (2-3 7) 
i=O 

where c?(t) = u(xi,t). The approximate solution is continuous over element boundaries 
since c?(t) E UN(t2). As a consequence the coefficients satis@ 

ch(t ) must satis3 the Dirichlet boundary conditions 

(2-3 8) 

(2-3 9) 

In summary, the elements only couple boundary nodes because of the LGL- 
interpolation. The matrix s is computed exactly but the mass matrix is not computed 
exactly, since LGL-integration is generally not exact for polynomials of order higher 
than 2N-1. For low-order methods as FEM, this loss of accuracy may lead to too many 
loss of accuracy. For high-order methods as SEM, the loss of accuracy is relatively low 
(2N- i + 2N for N + co) and the use of LGL-integration is favourable, because of 
the gain in computing time and data storage (Timmermans et al., 1994). Another, 
advantage of this integration scheme is that a diagonal mass matrix results because of 
the orthogonality of the Lagrange functions, which is very useful in time-dependent 
problems with an explicit time-integration (chapter 3). When Gauss integration is 
applied, a consistent mass matrix will result because the interpolation points (and the 
grid points) are the LGL-points and the quadrature points are the Gauss points. 
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3. Time discretization methods 

The next step in the discretization scheme will be the time discretization of the 
semidiscrete wuve equation since the coefficients ch(t) are time dependent. nerefore, 
direct time integration methods (implicit or explicit) are used From thisfinal set of 
equations, the coeflicienfs ch(i can be obtainedand the approximate solution qf the 
wave equafion can be compufed The time discretization methods applied in this study 
are described in this chapter. 

3.1 Introduction 

The spatial discretization results in a system of linear differential equations of second 
order: 

MU i- c;$u = F 

where M and 
contain the nodal displacements and nodal forces, respectively. This system of 
equations can be solved with the help of direct time integration schemes (Bathe, 1996; 
Belytschko et al., 1983; Hughes, 1983; Van Kan & Segal, 1993). In direct integration, 
the system of equations (3-1) are integrated using a numerical step-by-step procedure; 
the term 'direct' meaning that prior to the numerical integration no transformation of 
the equations into a different form is carried out (i.e., mode superposition) (Bathe, 
1996). Direct numerical integration is based on: 1) system (3-1) is satisfied only at 
discrete points in time at intervals At apart, and 2) a variation of displacements, 
velocities, and accelerations within each time interval At is assumed. The form of the 
assumption on the variation of the displacements, velocities, and accelerations within 
each time interval At determines the accuracy, stability, and the costs of the solution 
procedure (Bathe, 1996; Donea, 1984). 

are the mass and stiffiiess matrices respectively; the columns u and F 

In this section, it is assumed that the displacement, velocity, and acceleration vectors at 
time O are denoted by U', ut ,  and uno, respectively. The solution of the system (3-1) is 
required from time O to time T. This time interval [O,T] is subdivided into m equal time 
intervals At (Le., d t  = T). The integration schemes employed establish an 
approximate solution at times At, ZAt, ..., t, t + At, ..., T. Let Atm be the time increment 
between t" and tmcl, and let u" = u(tm). The numerical integration scheme calculates the 
solution at the next required time (t + At) from the solutions at the previous times 
considered and, depending on the scheme, from quantities at the same point in time. 
An integration scheme can be explicit or implicit. An explicit integration scheme 
calculates the relevant quantities at a particular point in time from quantities at earlier 
points in time. A scheme is called implicit if computation of the relevant quantities at 
the particular point in time also requires quantities at the same point in time. 

In this study, several different time discretization methods, i. e. Newmark-P, Central 
Difference (CD) method, and Taylor-Galerkin method, are presented. Considerations 
of accuracy, selection of time step size, computational efficiency and a discussion of 
the advantages of one method over the other are described. The main difference 
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between these time discretization methods is that the Taylor-Galerkin method 
considers the time integration before the spatial discretization (Donea, 1984; 
Timmermans et al., 1994; Timmermans, 1994). 

3.2 The implicit Newmark-P Method 

The Newmark-P method (with P=% and y=% ) is also called average acceleration 
method or trapezoidal rule (Bathe, 1996; Van Hoof, 1994; Hughes, 1983; Kan & 
Segal, 1993). Furthermore, the scheme is implicit, unconditionally stable, second order 
accurate, and introduces no numerical damping. This scheme assumes: 

Müm+l + c 2 s u m + l  = F m + l  
- O- 

Pm + üm+ll At2 
4 

urn+' = urn + Aturn + - 

Solving equation (3-3) for the velocities and accelerations at time t""' and substitution 
of the results into equation (3-2) yields: 

There are basically two methods for solving this resulting system of equations 
(Belytschko, 1983), e.g. iterative methods, and Newton-Raphson methods which for 
linear systems result in direct elimination (triangulation and back-substitution). For the 
first increment (m=O), equation (3-5) needs initial displacements and velocities. The 
initial accelerations can be calculated with the following algorithm as soon as the mass 
and stiffness matrices are known: 

The effectiveness of unconditionally stable integration schemes derives from the fact 
that, to obtain accuracy in the integration, the time step At can be selected without a 
requirement such as is necessary for the CD-method and in many cases At  can be 
orders of magnitude larger than this requirement would allow. 
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3.3 Central Difference Method 

The CD-method which belongs to the Newmark family (p = O, y = %; Hughes, 1983), 
is an explicit integration method when the mass matrix is diagonal. Furthermore, the 
method is second order accurate, conditionally stable, and consists of the following 
equations (Bathe, 1996; Van Hoof, 1994; Hughes, 1983; Van Kan & Segal, 1993): 

MU" +c~$u"  = F" (3 -7) 

(3 -9) 

From (3-8) and (3-9) a relation for the accelerations at time t" can be obtained, and 
substitution of this relation into equation (3-7) yields for the displacements at time t"" 

At2ci$um +M[2u" - u"-l] (3-10) 

An algorithm for m=O is required and if the initial displacements and velocities (and 
thus the initial accelerations) are known, equation (3-8) and (3-9) can be used for the 
calculation of the fictive displacement u-': 

2 
(3-11) -1 o o At2 ..o 

U = U  -Atû +-U 

To represent the wave travel accurately, the CD-method requires a small time step At. 
Since the time step is restricted, the method is called conditionally stable. The time step 
size is dependent on the length of the elements used in the numerical scheme because 
the maximum frequency in the numerical scheme which can be determined depends on 
the mesh for FEM (Bathe, 1996; Hughes, 1983; Van Kan & Segal, 1993). The high 
frequencies in the physical system which significantly contribute to the response, 
should also be presented in the numerical scheme to represent the wave accurately. 
The (critical) time step can be determined by: 

h 
At I - 

C 

h 
At,, - 

C 

(3-12) 

where h is the 'element length' and c the wave speed. This condition is referred to as 
the CFL-condition (Bathe, 1996; Hughes, 1983; Van Kan & Segal, 1993). A reduction 
of the element size necessitates a severe reduction in the time step size that can be used 
in the integration. If the time step is larger than the critical time step Atcr, the 
integration scheme is unstable meaning that any errors resulting fi-om, for example, 
round-off in the computer grow and make the response calculations worthless. 
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In general, a small time step size and therefore a large number of time steps need to be 
used to obtain the solution accurately. Therefore, the CD-method is only effective 
when for each time step the solution can be calculated efficiently. For this reason, the 
method should be applied only when a lumped mass matrix can be assumed. If the LGL 
quadrature is applied for the space discretization, the mass matrix is diagonal and the 
solution can be obtained without factorizing a matrix; i.e., only matrix multiplications 
are required to obtain the right-hand-side vector. This is in contrast to the trapezoidal 
rule (3-5). Thus, the following system has to be solved: 

(3-13) 

where R is the right-hand-side vector. 

3.4 T h e  discretization methods 

The Taylor-Galerkin methods were introduced by Donea (1984) and are applied to 
convection problems. It is an alternative method for improving the stability and (high- 
phase) accuracy properties with minimal numerical damping of finite element schemes 
for convection problems. The Taylor-Galerkin methods apply first a time discretization 
and after that the space discretization. The method employs forward-time Taylor series 
expansions including time derivatives of second- and third-order terms in the time step. 
The second- and third-order time derivatives are evaluated from the partial differential 
equation. However, applying the implicit and explicit Euler Taylor Galerkm (IETG and 
EETG, respectively) to the wave equation does not compromise the same advantages 
as it does for convection problems. Moreover, applying the EETG scheme results in 
almost the same set of equations as the CD-method. The two-step EETG scheme is 
not applicable to the wave equation since the first time derivative of u(x,t) is not 
known. 

The higher order character of the approximation in space suggests to use a higher 
order approximation in time in order not to decrease the accuracy of the global 
approximation (Cohen et al., 1995). A fourth order finite difference scheme would be a 
possibility, would it not be that it is unconditionally unstable (Cohen et al, 1995). So, a 
standard second order finite difference scheme remains which results in the same set of 
equations as the CD-method. In conc1usion, these schemes do not differ from the CD- 
method. Therefore, the Newmark-P and CD-method will be applied to the wave 
equation in this study. 
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3.5 Analysis of the direct integration Methods 

3.5.1 Introduction 

In order to obtain an effective solution of the wave propagation problem, it is 
important to choose an appropriate time integration scheme. This choice depends on 
the space discretization scheme, i.e., FEM or SEM. Since the applied space and time 
discretization schemes are closely related, they must be considered together. The aim 
of the numerical scheme of the discretized system of equations is to evaluate a good 
approximate solution consistent with the physical behavior of the governing partial 
differential equations (i.e., the second order wave equation) (Bathe, 1996; Hughes, 
1983). The numerical scheme is analyzed to several characteristics as accuracy, 
stability, efficiency, convergence, introduction of numerical dissipation and dispersion. 
In this section, the time integration methods are compared and evaluated with respect 
to this characteristics and a FEM is considered as space discretization method. 

3.5.2 Accuracy and Stability 

An integration method is called stable if the solution is bounded for any set of initial 
conditions. An integration scheme is conditionally stable when the method is stable 
only if the time step is smaller than or equal to the critical time step. An integration 
method is unconditionally stable when the time step is not bounded, for example the 
trapezoidal method. The accuracy of the numerical scheme is determined by the errors 
arising from the space discretization and the errors arising from the choice of the time 
integration method. To obtain a good approximation of the physical system, the system 
equations (3-1) must be integrated to sufficient precision, i.e. accuracy. 

Wave propagation problems, for example the shock response fi-om impact, contain a 
large number of fi-equencies. The high frequency components which significantly 
contribute to the response of the system should also be present in the approximate 
solution accurately. Therefore the finite element mesh needs to be refined enough to 
describe the relevant frequencies in the wave. Guidelines for the selection of an 
appropriate time step and mesh result from the analysis of stability and accuracy 
characteristics of the integration schemes. 

The CD-method is only stable when a lumped mass matrix is used and the time step 
correspond to the critical time step satissring the CFL-condition (Bathe, 1996; Hughes, 
1983; Van Kan & Segal, 1993): 

h 
A t < -  

G (3-14) 

where h is the ‘element length and c the wave speed. Then the most accurate solution 
is obtained and the solution is less accurate when a smaller time step is employed 
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(Bathe, 1996). When a consistent mass matrix is used, the critical time step tends to be 
smaller than with a lumped mass matrix (Hughes, 1983): 

(3-15) 

To accurately represent the high Ikequency components in the approximate solution, 
the mesh needs to be fine enough, which will increase the number of time steps. Using 
the trapezoiciai ruie which is unconditionally stable, the time step can be much larger 
than for the CD-method (conditionally stable) and should be only small enough to 
capture the high frequencies with sufficient accuracy. So the choice of the effective 
element length and the time step is considerably simpler if the trapezoidal rule is used. 
However, due to the high frequency components the time step may be of the same 
order as the stable time step for the CD-method. 

3.5.3 Eficiency 

The cost of a direct integration analysis (i.e., the number of operations required) is 
directly proportional to the number of time steps required for the solution. So, the 
selection of an appropriate time step is of much importance with respect to the 
efficiency of the numerical scheme. Therefore, the time step must be optimized, i.e. 
small enough to obtain accuracy in the solution, but not smaller than necessary because 
with such time step the solution is more costly than actually required. For conditionally 
stable methods, the number of time steps is determined by the critical time step which 
determines the number of time steps and the costs of the procedure. This is in contrast 
to unconditionally stable methods for which the time step is limited only by the physics 
of the problem under consideration and chosen entirely by consideration of accuracy. 
Furthermore, the costs per time step are low for explicit methods and high for implicit 
methods. 

Since, many time steps are necessary for both integration methods, the CD-method, i.e. 
explicit method, is more favorable than the trapezoidal rule, i.e. impiicit method, 
because the cost per time step is lower and the method requires less core storage. For 
the Newmark-P methods, or for implicit methods in general, the costs per time step are 
high, but the time step is not bounded by stability criteria. 

3.5.4 Dissipation and Dispersion 

The wave equation under consideration is a non-dispersive system and there is no 
physical damping (dissipation) (Fletcher, 1991; Hughes, 1983; Van Kan & Segal, 
1993; Schreyer, 1983). The wave speed co is constant and does not depend on x or t, 
therefore no dispersion is present in the physical system. It is important that the 
numerical scheme does not introduce non-physical dissipation and does not alter the 
speed at which the waves propagate. However, the time and space discretization may 
introduce numerical damping and numerical dispersion. Hughes (1983) and Schreyer 
(1983) showed that the undamped Newmark methods (y = %) introduce only period 
elongation and no amplitude decay. The period elongation is a result of the numerical 
dispersion. The CD-method (P = O) tends to shorten periods whereas the trapezoidal 
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rule increases periods (p = %). The spatial discretization may introduce numerical 
damping as well as numerical dispersion. Schreyer (1983) showed that the velocity in 
the numerical results is greater (less) than the actual velocity when a consistent 
(diagonal) mass matrix is used. The combination of space and time discretization 
methods will influence the numerical results and both methods must be considered 
simultaneously. The spatial integration method which introduces errors of a type 
should be combined with a time integrator which will tend to offset these errors. The 
errors of a lumped mass matrix with explicit integration and consistent mass matrix 
with implicit integration are compensatory, while the lumped-implicit and consistent- 
explicit combinations are cumulative (Krieg & Key, 1973). 

3.5.5 Comparison of the time discretization methods 

For stability reasons, explicit time integration (combined wit a lumped mass matrix) is 
performed with a very small time step size but the cost of the large number of time 
steps is compensated by the very low cost of one explicit step. Furthermore, the 
method requires little core storage. Therefore, explicit time integration methods are 
best suited to problems where the high frequency content of the structure contributes 
significantly to the response, as it is the case in this study. (Bathe, 1996; Belytschko, 
1983; Geradin et al., 1983; Hughes, 1983; Van Kan & Segal, 1993). In explicit 
methods, spatial discretization errors are dominant, because the errors due to time 
integration are usually far less than those associated with the spatial discretization. 
According to Hughes (1983) the CD-method is generally the most economical direct 
integration procedure in elastic wave propagation train problems. 

Implicit methods are often characterized by a much higher degree of generality. They 
benefit from the fact that the time step is not strongly limited by stability considerations 
and that the cost of one time step is of less importance. This allows for more use of 
auxiliary memory and the size of the problem solved (Geradin et al., 1983). Since large 
time steps can be used, the type of problems that will be solved efficient with an 
implicit method is limited to transients with frequency content in the lower range, in 
which behavior of the structure is mainly inertial (Geradin et al., 1983). The time step 
is determined by the required accuracy in the solution. One should realize that the time 
steps that are used may be sufficiently large so that time integration errors become 
dominant. 
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4. Numerical results 

(explicit) 
FEM LGL 

SEM LGL 
Gauss 

Gauss 

4.1 Wave propagation in elastic solids 

(implicit) 

In this chapter, the performance of the time discretization methods and the spatial 
discretization methods as well as the numerical quadratures are tested by applying the 
numerical schemes to several problems. First, an approximate cosine is integrated to 
compare the LGL- and Gauss integration schemes (section 4.1.2). A cosine function is 
considered to show h- and N-convergence (section 4.1.3). Furthermore, a diffusion 
problem which is time independent (appendix 2 & 5.3) and time dependent (appendix 2 
& 5.4), are integrated and the differences between the quadratures are described with 
respect to accuracy, convergence, and costs (section 4.1.4). In section 4.1.5, the time 
discretization methods applied to a wave propagation problem are examined. 
Dispersion and dissipation errors introduced by the numerical schemes are presented in 
section 4.1.6. 

An exact solution of the wave equation is given by a travelling Gauss pulse (appendix 
5.5). This Gauss pulse is chosen because it is an infinitely smooth function which is 1) 
necessary to achieve spectral (exponential) convergence of the approximate solution, 
2) the function is similar to a shock function which may be caused by a car accident, 
and 3) the function can be well analysed (frequency range is known by FFT). 

In “SEPRA“’, a numerical finite element program, the various numerical schemes are 
implemented which are: 

Time discretization method 
Central difference I Newmark - p 

Table 4.1 Various numerical schemes implemented and compared. 

The proposed schemes are compared with respect to accuracy, convergence, 
computational efficiency, and the applicability of the time discretization methods to the 
spatial discretization methods. The “best” numerical scheme will be applied to the head 
impact model to describe wave propagation. 
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The discrete maximum error (max. error) is determined as follows: 

where uh denotes the approximate solution and the subscript o0,lgl means that the 
maximum error is evaluated in the grid points which are the LGL-points. 

4.1.2 Accurzcy of the quadratures 

The approximate cosine function which is integrated is written as follows: 

x2 x4 x6 xx XI0 
cos@) = 1- - f -  - ~ f -  - ~ 

2! 4! 6! 8!  lo! (4-1) 

A more detailed description and the numerical results for the integration of this 
hnction with varying number of elements (ne = 1,2,4,8) and varying degree of 
approximation (n = 1, . . ., 7) are given in appendix 5.1. Notice that ne denotes the 
number of elements and n the degree of approximation. 

This integration is performed to examine the LGL-quadrature and the Gauss 
quadrature with respect to their accuracy. As is stated in section 2.3, the LGL- 
integration method which uses (n +i)  unequally spaced sampling points per element, 
integrates exactly a polynomial of order at most ( 2n - 1 ). The Gauss integration 
method which uses n unequally spaced sampling points per element, integrates exactly 
a polynomial of order at most ( 2n ). 

The numerical results in appendix 5.1 show that for ne = 1 and ne = 2, the results are 
influenced by the number of integration points and their position. Therefore in table 
4.2, the results are shown for ne = 4. 

Table 4.2 Maximum error 11 u - uh 11 oo,lgl of the integration of the 
approximate cosine function, for varying degree of 
approximation and for four elements. 

As is shown in table 4.2, the gauss quadrature integrate the hnction exactly for n = 5,  
i.e. (2n = lo), and the LGL method for n = 6, i.e. (2n - 1 = 1 i), as is consistent with 
the theory. It is also obvious that the Gauss quadrature is more accurate than the LGL- 
quadrature. When the degree of approximation increases, the difference in the accuracy 
is becoming less. 
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4.1.3 N- and h-convergence 

n I 
-6zï-j 

N-convergence means that convergence is achieved by increasing the degree of 
approximation N (spectral methods). For FEM, convergence, called h-convergence, is 
achieved by increasing the number of elements ne (mesh-refinement). For SEM, 
convergence is achieved by increasing the degree of approximation N and by increasing 
the number of elements ne. To demonstrate this, the cosine function is integrated by the 
Gauss and the LGL-integration method (appendix 5.2). The results for the LGL- 
integration are shown in table 4.3. In the table, N-convergence is shown in the 
columns, since the order of the basis functions increases. h-Convergence is shown in 
the rows, since the number of elements increases. Diagonal the total number of 
elements is constant. The solutions obtained by increasing the degree of approximation 
are more accurate than those obtained by increasing the number of elements. 
Increasing the degree of approximation N and the number of elements ne is most 
effective and the solution will converge faster, showing spectral convergence. 

n e = 2  n e = 4  n e = 8  ne=16 ne=32 
2 . 6 ~  6 . 6 ~  

$&==i!* n =2 
SEM 
n = 4  

ne=64 ne= 128 a 
1 I 10 '~  11 
2.4x 1 I 

Table 4.3 Discrete maximum error I u - uh I m,lgl for the LGL-iniegration of the 
cosine function with varying degree of approximation and varying 
number of elements. 

Also h- and N-convergence can be seen in figure 4.1, where the wave equation 
(appendix 5.5) has been solved. In figure 4.1, spectral convergence is seen for SEM, 
since the wave equation is a smooth function. The error due to the time-discretization 
influences the results which can be seen for n = 16 and n, = 8, since the line bends to 
become horizontal. This will be more obvious if more elements are used and the time 
step size is not decreased. This is the effect of a too large time step and time 
discretization errors become dominant. For linear and quadratic elements (FEM), the 
solution does not converge as fast as for higher order elements. Depending on the 
accuracy necessary for the approximate solution and the costs, higher order elements 
may be preferable. 
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LGL-integration; dt = 1.OE-4 
varying degree of approximation 
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Fig. 4.1 Max. error of solving the wave equation. 

4.1.4 Efficiency of the quadratures 

LGL-integration; CD-method, dt = 1.OE-4 
varying degree of approximation 
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Fig. 4.2 CPU-time for solving the wave equation. 
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In figure 4.2, it is shown that also the costs will increase exponentially by increasing 
degree of approximation N and the number of elements ne. One has to look for an 
optimal combination of degree of approximation and the number of elements to obtain 
an accurate and efficient numerical scheme. However, in figure 4.2 the costs of solving 
the wave equation are presented, however the efficiency is influenced by the time 
discretization method used, especially, the number of time steps. In this specific case, 
the applied numerical scheme is not efficient since more time steps are taken than 
actually required to obtain the same accuracy. 

In figure 4.3, the costs of both quadratures are presented for a FEM (n = 2) and a 
SEM (n = 8) scheme. The difference in the cost for the same degree of approximation 
are small and other considerations than the costs should be of more importance in the 
decision of the best quadrature applying to wave propagation problems. Notice that the 
SEM converges much faster than the FEM but is on the other hand more expensive. 
However, the SEM needs less elements to obtain the same accuracy as the FEM which 
results in a larger time step and improves the efficiency of the numerical scheme (SEM, 
fig. 4.4). So depending on the time discretization method used, the efficiency of a SEM 
scheme may be comparable to the efficiency of a FEM scheme. 

varying degree of approximation dt = 1.OE-4 

800 

700 

2 600 
- 
.E .c 500 
3 8 400 

300 

200 

100 

O 

+G & n=2 
+LGL & n=8 

16 32 64 128 

Total number of nodes 

Fig. 4.3 The difference in costs for both 
quadratures applied to the wave equation. 
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Varying degree of approximation 
dt = 1.OE-4 
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+G & n=2 
+ LGL & n=8 

Fig. 4.4 Max. error of solving the wave equation. 

Observing figure 4.3 and 4.4, it can be concluded that the LGL-quadrature is more 
accurate and converges slightly better than when the Gauss quadrature is applied to the 
wave equation. This is in contrast to the integration of the cosine function, 
approximate cosine function and the elliptic function (appendix 5.3) where for each 
case the Gauss integration method is more accurate which is more evident for lower 
degrees of approximation. In appendix 5.4, the results of the parabolic function show 
that the LGL-quadrature is more accurate than Gauss integration which is consistent 
with the results of the wave equation. The wave equation (hyperbolic functions) and 
the parabolic function are time dependent and dependent on the boundary and initial 
conditions. Since the Gauss integration points do not include the boundary points of 
the element (they are all in the interior of the domain), the interelement coupling is less 
accurate and the prescribed boundary conditions are not exactly satisfied. Therefore, 
Gauss integration is becoming more accurate when the order of approximation is 
increased because then the integration points are closer to the boundary points of the 
element. 

Furthermore, the Gauss quadrature is more expensive than the LGL-integration 
method for all these cases (appendix 5; table 5.21-5.30 and table 3.3) which is in 
agreement with the theory since the mass matrix is a full matrix. Therefore, with 
respect to efficiency and the accuracy of the approximate solution, the LGL-integration 
method is preferable for the wave equation since it is more accurate and cheaper. 
However, the time-discretization methods influence also the costs of the numerical 
scheme. It can be concluded that for problems which are time independent, Gauss 
quadrature is more accurate but also more expensive than LGL-quadrature (appendix 
5.1, 5.2, and 5.3). Especially for higher degrees of approximation, the costs increase 
enormously. Therefore, one has to look for an optimal combination of convergence, 
accuracy, and efficiency when approximating these problems. 
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4.1.5 Applicability of the time discretization methods 

It is obvious that Gauss integration and explicit time integration needs more time steps 
to become stable (appendix 5.5). This is in agreement with Hughes (1983, page 102) 
who stated that consistent mass matrices tend to yield smaller critical time steps than 
lumped mass matrices. LGL-integration (lumped mass matrix) and explicit time 
integration requires a less severe critical time step, i.e., the scheme is unstable for a few 
time steps, high order elements and a high number of elements (appendix 5.5, table 
5.16; figures 5.1-5.5). However, also for this scheme, the critical time step is more 
severe than for the schemes using implicit time integration, since the explicit scheme is 
conditionally stable. The results (appendix 5.5, figures 5.1-5.5) show that the critical 
time step reduces when the number of elements increases, i.e. mesh-refinement, which 
is in agreement with the CFL-criterium (chapter 3). The implicit time integration 
method which is unconditionally stable needs many time steps, not for stability reasons 
but to achieve a certain accuracy. This is a result of the high frequency components in 
the wave propagation problem. 

The costs of the numerical schemes is directly proportional to the number of time 
steps. So, the number of time steps is an important factor with respect to the efficiency 
of the numerical scheme. In tables 5.21-5.25 (appendix 5.5), it is evident that LGL- 
integration is in any case cheaper than Gauss integration independent of the time 
integration method used. To be able to compare the costs of the four numerical 
schemes applied to the wave equation, the costs are given in table 4.3 for those special 
cases for which the max. error is less than or equal to 10” and for a minimal number of 
time steps. 

Table 4.3 CPU time in seconds for varying # number of time steps, 
degree n, and ntot applied to the wave equation where for 
each case the max. error is less than or equal to 

In table 4.3, only quadratic or higher order elements achieve the required accuracy for 
the number of elements and degrees of approximation considered in this study. So, it 
can be concluded that if the FEM with linear elements is applied to the wave equation, 
many elements are necessary to obtain a certain accuracy which will increase the 
number of time steps enormously and reduces the efficiency of the scheme, especially 
for 2- and 3-dimensional problems. For quadratic elements (FEM), the LGL- 
integration and an explicit time integration should be used because than the scheme is 
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most efficient and accurate. An good alternative which is a little bit cheaper is the same 
numerical scheme, only with a higher degree of approximation (n = 8) and less 
elements ne = 64 (SEM). Also a good accuracy is obtained for LGL-integration and the 
implicit time integration, but in comparison to LGL-integration and the explicit time 
integration, it is less accurate for low order elements (appendix 5.5,  figure 5.1-5.5) and 
obtains more or less the same accuracy for higher order elements but is in any case 
more expensive. 

4.1.6 Dispersion and dissipation of the numerical schemes 

The wave propagation problem considered in this study contains no dissipation and no 
dispersion (chapter 3). It is important that the numerical schemes do not introduce 
non-physical dissipation and do not alter the speed at which waves propagate; that is, 
do not introduce dispersion (Fletcher, 199 1). The computational algorithm is 
equivalent to the original PDE plus the truncation error on the finite grid. In figure 4.5 
- 4.11, the approximate and the exact solution (fig. 4.11) are shown for both 
quadratures and for n = 2 and n = 8 (ntot = 32 & ntot = 64), time t = 1 (appendix 5.5).  
The errors as a result of the time discretization do not influence the approximate 
solution since the time step is small due to the high fiequency content ofthe problem. 
Both quadratures introduce non-physical dissipation and dispersion. The velocity of the 
wave in the numerical results is less (greater) than the actual velocity when a lumped, 
see figure 4.6, 4.8, 4.10 (consistent, figure 4.5, 4.7, 4.9) mass matrix is used. This is in 
agreement with Schreyer (1983). These figures show that when the degree of 
approximation is increased and the total number of nodes is fixed, the amplitude of the 
oscillations (due to dispersion) in the approximate solution will decrease. Also the 
maximum amplitude of the wave is more accurate when the order is increased. This 
effect can also be seen when the number of elements is increased. However, increasing 
the degree of approximation is more efficient in reducing dissipation and dispersion 
errors than increasing the number of elements. If the two quadratures are compared for 
the same number of nodal points and the same order of approximation, it is obvious 
that LGL-integration scheme obtains a more accurate solution and shows smaller 
dissipation and dispersion errors. The numerical schemes considered introduce non- 
physical dissipation and dispersion. Dissipation and dispersion can be reduced 
effectively by applying LGL-quadrature and high order elements. 

31 



x - +  x +  

Fig. 4.5 Gauss integration, n = 2 & n,,, = 32 
Exact and amroximate solution 

Fig. 4.6 LGL integration, n = 2 & n,, = 32 
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Fig. 4.7 Gauss integration, n = S & n,, = 32 
Exact and approximate solution 

Fig. 4.8 LGL integration, n = S & n,, = 32 
Exact and approximate solution 
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Fig. 4.9 Gauss integration, n = 2 & n,, = 64 
Exact and approximate solution 

Fig. 4.10 LGL integration, n = 2 & n, = 64 
Exact and approximate solution 
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Fig. 4.1 1 Gauss integration, n = 8 & n,, = 64 
Exact and approximate solution 

4.1.7 Conclusions 

It is evident that with increasing the order of approximation, the costs increase 
exponentially (figure 4.2) and spectral convergence is obtained (figure 4.1 & 4.4). With 
respect to accuracy and efficiency, the high order elements are preferable up to n = 8. 
For higher degree of approximation, the solution is more accurate but also more 
expensive. The gain in accuracy does not counterbalance the gain in computer time. 
Furthermore, the LGL-integration is in any case cheaper than the Gauss-integration. 
The LGL-integration method combined with the CD inethod is slightly more accurate 
than this method combined with the Newmark-P method and is less expensive. 

A disadvantage of the explicit time integration methods is that they are conditionally 
stable and therefore the time step has to satis@ the CFL-criterium. Since wave 
propagation problems contain high frequencies, many time steps are necessary to 
obtain a certain accuracy. Therefore the conditional stability of explicit methods 
becomes less severe and the advantage of the unconditionally implicit methods reduces 
since the costs per time step are more expensive. In general, explicit time integration 
methods are applied to wave propagation problems (Bathe, 1996; Belytschko, 1983). 
In conclusion, the LGL-integration and the CD method should be applied to the wave 
problem. This is in agreement with Bathe (1996) who concludes that “if the explicit 
Central Difference method is used, a lumped mass matrix should be employed”. 

A higher degree of approximation will reduce dissipation and dispersion errors 
introduced by the numerical schemes more efficiently than does increasing the number 
of elements. Thus, the use of higher order elements is preferable ( n = 4 or 8). When n 
= 4, many more elements are necessary to obtain a certain accuracy (table 4.3) which 
results in a more severe critical time step. Thus n = 8, explicit time integration, LGL- 
integration is the most optimal numerical scheme for wave propagation since the 
scheme shows spectral convergence and is the most efficient scheme of the schemes 
considered, accurate, conditionally stable, and needs less computer storage (lumped 
mass matrix). 
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4.2 Wave propagation in the head impact model 

4.2.1 Introduction 

The numerical results of wave propagation in the head impact model is considered. In 
appendix 1, the model is described and the governing nondimensional equations are: 

where a compressible fluid is considered in the cylinder. This model is presented by Liu 
and Chandran (1975) whose goal was to gain more insight into parameters realistic to 
the head injury problem. Therefore, they took the Laplace transform of these equations 
to determine expressions for the pressure, displacement, and the acceleration of the 
fluid-filled cylinder. They applied also the residue theorem to obtain an infinite series 
representation of the pressure, displacement, and the acceleration. The infinite series 
solutions converge to the same values as those computed by the Laplace transform. 
However, extreme precaution should be taken during the computation to prevent 
overflow in the computer according to them. In this study, FEM and the SEM are 
compared with respect to several aspects. 

4.2.2 Incompressible fluid in closed cylinder 

The governing equation for an incompressible fiuid in the cylinder is given in the 
following nondimensional form: 

u, + 2acoflut i- conu= o (4-4) 

with initial conditions: 
u(t = O) = o; 
COn = Q2 /( 1+& 

ut(t = O) = v 
a= < /( l+p)% 

This special case is also considered to compare the numerical results for varying 
damping factor a with the results of Liu and Chandran (1975). In figure 4.12, the 
acceleration of the cylinder is shown. This figure is similar to figure 2 of Liu and 
Chandran (1975). When the damping factor is increased from zero, the maximum 
acceleration is decreased to a minimum of 80 percent of A,, (the maximum acceleration 
for a = O) and then increases to A, at a = 0.5. For a 2 0.5, the maximum acceleration 
increases proportional to a and this maximum acceleration occurs at the instant of 
contact. 
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The acceleration is minimal for a = 0.25. The results for the incompressible case, 
especially the acceleration of the cylinder, give more insight in the compressible case 
according to Liu and Chandran (1 975). 

X=J 
i 
I 

I \ .  
-10 ,o 20 30 40 50 ;o 70 80 90 

t 

Fig. 4.12 Acceleration of the cylinder as a function of time and for 
varying a. The fluid within is incompressible; K = 0.01; p = 0.5 

Since these numerical results are in agreement with Liu and Chandran (1975), the 
explicit discretization that has been applied is assumed to be accurate enough. 

4.2.3 Compressible fluid 

Since a coupled set of equations is considered, the acceleration of the cylinder is also 
discretized as is described in chapter 2. The variable " f "  in equation (1-1) can now be 
replaced by this acceleration and the followed procedure of the discretization is 
applied. To solve this coupled set of equations ((4-2) & (4-3)), an iterative procedure 
is applied (appendix I). The derivative of the approximate solution (relative 
displacement of the fluid) is calculated to obtain the acceleration of the cylinder (4-3). 
This calculated acceleration is then used to obtain the solution for the following time 
step. In appendix 1 (table i), the maximum error of this derivative is determined when 
the acceleration is prescribed. This error may influence the numerical results, especially 
when the wave is close to x = O and x = 1. One should be aware of this when 
considering the numerical results of wave propagation in the head impact model. 

Furthermore, the bulk modulus for the fluid (p = 2.07 x lo6 kPa) used by Liu and 
Chandran is extremely high. This bulk modulus is also applied by Goldsmith (1972) 
studying biomechanics of head injury. He considered a closed fluid-filled shell, where 
the skull is considered as rigid and the fluid as water with the same bulk modulus. It is 
expected that this represents the bulk modulus of the brain (without the cerebrospinal 
fluid). Sauren and Claessens (1 993), who gave a review of papers in the last decade, 
shows a bulk modulus for the brain of 2.19 x lo3 kPa. This bulk modulus may result 
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when one takes the flow of fluid into and out the head into account. In this study, the 
bulk modulus determines the velocity prior to impact Vas follows: 

V 

C = = v c  
(4-5) 

with v, = 1.27 d s ,  the critical velocity given by Liu and Chandran (1975). In this study 
the bulk modulus p = 2.07 x 10' Pa is applied for the compressible case since the 
numerical results obtained for this bulk modulus can be scaled with a constant factor to 
the results for p = 2.19 x lo3 H a .  Figure 4.12 is not influenced by the bulk modulus 
since the acceleration presented in the figure is divided by (cuv). The results of the 
acceleration for the compressible fluid are shown in figure 4.13. 

A shape similarity between the acceleration obtained by the FEM and the SEM can be 
seen. It is obvious that the acceleration determined by the SEM shows more 
fluctuations than the acceleration deteimined by the FEM. This fluctuations are in 
agreement with Liu and Chandran (1 975). To analyze if these fluctuations are 
representative for the physical system or introduced by the numerical scheme, the 
Fourier transform of the acceleration is determined. 

Fig. 4.13 The relative acceleration variations for the incompressible 
fluid in the cylinder determined for SEM, n = 8 (left) and 
for FEM, n = 1 (right) and n,,, = 64, At = lo-*. 

In figure 4.14-4.15, the frequencies in the results (figure 4.13) are shown. In figure 
4.14, it is obvious that the FEM does not contain frequencies above 8 Hz. Using the 
same numerical scheme, the SEM (figure 4.15) obtains higher frequencies up to 17 Hz. 
If the numerical schemes introduce frequencies which are not present in the physical 
system needs further investigation. To obtain the frequencies of the physical system 
under consideration, the time step should be chosen such that it is lower than l/f (f = 

physical frequency). When higher order elements are applied, higher frequencies will be 
obtained compared to a similar numerical scheme using low order elements (figure 
4.14 and 4.15). 
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Fig. 4.15 n,, = 64, At = 

For = O. 1 and 0.5, p = 0.5, K = 0.01, the numerical results show good 
approximations of the wave propagation. Wand h-convergence can be seen in 
appendix 5.5, figure 5.6-5.11. The total number of nodal points (ntot = 64) is fixed and 
increasing the degree of approximation shows N-convergence. Quadratic elements 
perform much better than do the linear elements in the approximation. When elements 
of order 16 (n,,, = 32) are applied, the procedure is more expensive than for n = 8 and 
nt, = 32 & 64 without obtaining a more accurate solution. This is the result of a too 
large time step applied to the numerical scheme. Increasing the number of elements 
and/or increasing the order of elements requires a more severe time step. This is in 
agreement with the results of the Gauss pulse (figure 4.4). The accuracy of the 
approximation with 64 quadratic elements is considerably the same as for eight 
elements of order n = 8 (ntot = 64). Also the costs of these approximations are similar. 
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The approximate solution for 32 quadratic elements is less accurate than for n = 8 & 
ntot = 32 or 64, but the costs of the procedure is then lower. The numerical schemes for 
n = 1 & nto, = 64, n = 8 & ntot = 64, n=16 & ntot = 32, show discontinuities at the 
boundary which may be the effect of the error in the derivation of the approximate 
displacement of the fluid. Also the position of the nodal points is different for the 
several elements and the results at the boundary are therefore different. 

In appendix 1 (table i), the maximum error of the derivative necessary as input for the 
deterrination of the acceleration of the cylinder (4-3), is cleteriiiined when the 
acceleration is prescribed. The maximum error of the derivative is found to arise 
around the maximum amplitude of the wave. When the damping factor applied in the 
results is such that the maximum acceleration occurs at the instant of the contact, an 
larger error will be introduced in the wave propagation problem and will be transmitted 
into the interior (appendix 2). In section 1.2, the importance of mathematically well- 
posed auxiliary conditions is mentioned. The numerical results of the head impact 
model show that the derivative is not well approximated. Fortunately, solely the 
derivative at the boundary is necessary for the simulation of wave propagation and the 
error is of not much influence since the acceleration of the cylinder is much larger. 
Furthermore, when head injury criteria are proposed often the pressure and 
acceleration are used as index of impact severity (Liu and Chandran, 1975; Goldsmith, 
1972; Ward et al., 1980). Also a extremely high bulk modulus is applied to the head 
impact model which can be seen as an almost incompressible fluid (the obtained 
displacements are in that case extremely small). The acceleration of the cylinder is in 
these cases more important than the relative displacements of the fluid. The equations 
(4-2) and (4-3) which in this study are weakly coupled (iteratively), can be decoupled 
in that case. The acceleration of the cylinder for the incompressible fluid can be used as 
boundary condition for equation (4-2) and the derivative of the approximate solution is 
not used. 
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5. Conclusions 

The major difference between spectral methods and FEM is the choice of the 
expansion functions for the approximate solution. Spectral methods use global high 
order basis functions. In FEM, the domain is divided into elements and the expansion 
functions clre specified in each element; are !om1 in character and in general of first and 
second order. Spectral (exponeritia!) convergence is obtained for spectral methods (and 
SEM) due to the high order representation. The SEM combines the accuracy of the 
spectral method with the geometrical flexibility of the FEM by simple application of the 
spectral method per element. N- and h-convergence are obtained in all the applied 
problems. The results show that by increasing the degree of approximation in stead of 
increasing the number of elements, spectral convergence is obtained. 

The boundary conditions are imposed on the interpolation points located on the 
boundary which are for the SEM and the FEM the LGL-points. LGL-integration 
should be applied in wave propagation problems since the LGL integration points 
include the boundary points of the element which is of importance for the element 
coupling. Gauss integration points are all in the interior of the element and therefore 
applying Gauss integration, the numerical solution is less accurate. Furthermore, when 
LGL-integration is applied, optimal use of the orthogonality of the test and trial 
functions is made and a diagonal mass matrix will result. The LGL-quadrature is thus 
more accurate and more efficient than the Gauss quadrature (consistent mass matrix 
will result), 

Since the frequency content of wave propagation problems is high, many time steps are 
required to obtain an accurate approximation. Explicit time integration methods are 
preferable since the costs per time step are low when a lumped mass matrix is applied. 
The implicit methods have no advantage of their unconditional stability since small time 
steps are required to obtain the approximate solution accurately. Furthermore, the 
costs per time step are large in comparison with explicit methods. 

The numerical schemes introduce phenomena that are not present in the physical 
system. Non-physical dissipation and dispersion errors in the approximate solution can 
be reduced when the combination of the time and spatial discretization are considered 
simultaneously. The errors of a lumped mass matrix (LUL-quadrature) with explicit 
time integration and the errors of a consistent mass matrix (Gauss quadrature) with 
implicit time integration are compensatory. Also the relevant frequencies in wave 
propagation problems should be presented in the numerical solution. Therefore the 
time step should be chosen appropriately or can be determined when the response of 
the physical system is known. Increasing the degree of approximation will be more 
efficient to describe these relevant frequencies than refining the mesh. Problems which 
can be solved analytically and/or experiments are necessary to validate the numerical 
approximations and to assure that the observed dispersion in the numerical result is a 
realistic representation of the physical characteristics and not a result of the applied 
numerical scheme. 
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When high order elements are applied, the critical time step is more severe than the 
CFL-criterium (appendix 5.5)  and an increase in costs is shown. However, the total 
number of nodes is reduced to obtain a comparable accuracy in the approximate 
solution which will reduce the costs on the other hand. However, when the degree of 
approximation n = 16, the increase in the costs do not counter balance the increased 
accuracy in wave propagation problems. 

The computational efficiency of the numerical scheme (LGL-quadrature combined with 
CD method) for order n = 2 and n = 8 is comparable for the approximation ofthe 
Gauss pulse (table 4.3) as well as for the wave propagation in the head impact model. 
The higher order approximation is slightly more accurate for both problems but is more 
expensive in case of wave propagation in the head impact model. However, these 
numerical schemes comprise a good accuracy with minimal costs. 

The numerical results in this study show that the numerical scheme applying high 
degree of approximation (n = S), explicit time integration, and a lumped mass matrix, is 
preferable with respect to convergence (spectral convergence is obtained); accuracy; 
computational efficiency (since less elements are necessary to obtain the approximate 
solution accurately); geometrical flexibility (this is obtained by applying the spectral 
method per element). If FEM needs to be applied, the numerical scheme should consist 
of explicit time integration, lumped mass matrix, and quadratic elements. However, the 
high degree of approximation is preferable when describing wave propagation in the 
head impact model since the non-physical phenomena in the numerical solution are 
reduced and higher frequencies can be obtained with less number of nodes than for 
quadratic elements. 

The governing set of equations which describe wave propagation in the head impact 
model can be decoupled. The acceleration of the cylinder with incompressible fluid will 
be used as boundary condition to describe wave propagation in the head impact model; 
the cylinder is filled with compressible fluid. Another advantage is that the derivative of 
the displacements of the compressible fluid which is not approximated accurately, is 
eliminated. However, the numerical results of wave propagation in this impact model 
should be compared with experimental observations since the numerical scheme 
introduces also non-physical phenomena. 
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6. Recommendations 

To describe wave propagation accurately, the material behaviour and the relevant 
frequencies describing the observed behaviour ofthe physical system should be known. 
In the paper ofLiu and Chandran (1975), the materid properties are not all presefited 
and no comparison had been made with experimental observations. The frequencies 
shown in the head impact model (also in this study) may be a representation of physical 
characteristics but can also be introduced by the numerical schemes. Comparison with 
experiments are therefore necessary to gain more insight into the physical system. 
Furthermore, they considered an extremely high bulk modulus which is expected to 
correspond with brain material. Only 20 percent of the volume of the head consist of 
brain material. Several researchers have used in their models a bulk modulus which is a 
factor 1000 lower. So, further investigation in the material properties of human head is 
still required. Also studying the initial boundary conditions during a collision will be 
interesting. 

If2- or 3-dimensional models are considered to describe wave propagation, the 
proposed spectral element scheme should be again analyzed with respect to accuracy, 
convergence, and efficiency. The geometrical flexibility of the SEM needs further 
investigation. Cohen et al. (1995) constructed and analyzed new families of triangular 
finite elements which fulfill the same requirements as spectral quadratic and cubic 
elements. Other numerical techniques and elements may be applied to describe wave 
propagation and the results can be compared with the results of the SEM. 

Other physical problems than wave and flow problems may be approximated more 
accurate and efficient applying the SEM. Timmermans (1 994) showed that for 
convection diffusion problems the SEM should be applied since it shows also spectral 
convergence, obtains accurate solutions and is efficient. Also wave propagation in the 
human head under extreme loading conditions is still an interesting subject for 
investigation. 

Implicit in the model of Liu and Chandran (1975) is that the contact with the wall is 
maintained. When the contact is lost can be determined according to them. These 
results are not presented in their paper but it might be of interest in simulation head 
impact. The proposed model by Liu and Chandran (1975) and the proposed injury 
criteria may be further developed. 
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APPENDIX 1: HEAD IMPACT MODEL 

The second order wave equation and the equations of motion are derived which 
describe wave propagation in the model of the human head. 

VO - 
x = o  I dx X = L  I 

t = O  

d 

I 
I : x  

+ F k  

t = t+ 
i 
I 

I 
I 

I t- Fd 
I 
I 
I 
I 
I 
I 
I 

3 
L 

I 

Fig. 1 Head impact model (after Liu and Chandran, 1975). 

The system under consideration is presented and shown in figure 1. The rigid cylinder 
represents the skull of mass m containing an elastic solid (brain and cerebrospinal fluid) 
and is attached to a spring k and damper d in parallel. The spring and damper represent 
the composite elastic and dissipative properties of the hair, skin, skull, helmet, and the 
real wall (Liu and Chandran, 1975). The problem is idealized as the impact of a fluid- 
filled, rigid cylinder attached to a spring-dashpot element striking a rigid wall. 

The velocity of the cylinder prior to impact is vo; E( x, t) is the displacement of the fluid 
at location x relative to the cylinder; u is the rigid body displacement of the cylinder; L 
is the length of the cylinder, A is the cross-sectional area of the cylinder; t is the time; 
co is the wave speed in the fluid; p is the bulk modulus of the fluid; p is (constant) 
density of the fluid; Q, is the natural frequency of the skull; 5 is the damping factor of 
the skull; p is brain to skull mass ratio; K is the skull to brain stiffness ratio. The 
associated initial and boundary conditions are, respectively: 

S(X,O) = u(0) = o; 
S(0,t) = S(L7t) = o; 

St(X,O) = 0 
ut(0) = vo 

where the usual subscript notation is used for partial differentiation. 
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The governing nondimensional equation can be derived as follows: 
Consider a part of the fluid which has been moved from time t to the situation as is 
shown in figure 1 at time tf . 

I dm=pAdx 

The following equation can be derived: 

-- &I = dm. [a + u] = pA& . [a + u] 
Lilx 

(Al - 1) 

and with the constitutive equation 

this will be: 

Then the local equations of motion will be: 

2 
,xT - c o  . c,xT 

c + u = - - c  P - 

P 
The nondimensiona! governing equation will be: 

(Al-3) 

(Al-4) 

c+u= e,* (Al-5) 
- 

~ 

where the (tilde) quantities in (Al-5) are related in terms of the physical variables as 
follows: 
L=C/L; u = u / L ;  x = x / L ;  t = c t / L ;  c=(P/p)" 

V = v,/ c; Cl2  = o:L2/ c2; = d / 2mo,; p = PAL / m 

o, 2 = k / m ;  C l ' = p k L / p A = ~ p ;  K = k / k f ;  k f = P A / L  (Al-6) 
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The values of these parameters are (Liu and Chandran, 1975; Sauren et al., 1993; 
Ward et al., 1980): 

J3 = 2200 W a  or 

6 = 0.1; 

p = 2.07 x lo9 Pa; 

p = 0.5 

p = 1040 kg/m3; v, = 1.27 m / s  
m = 0.15 kg; L = 0,2 m; A = 4.0 m2; K = 0.01 

Equation (Al-5) is discretized in time: 

(Al-7) 

where the variables are dimensionless and the acceleration utt(t) in (Al-7) is calculated 
as follows. 
The resulting load in positive x-direction can be shown as follows: 

This is the result of the force of the moving fluid on the cylinder at time t. 

The resulting load in positive x-direction on the cylinder: 

(Al-8) 

(Al-9) 

46 

























5.1 INTEGRATION OF THE APPROXIMATE COSINE FUNCTION 

The cosine function has been approximated as follows: 

x2 x4 x6 xs XI0 cos(x) = 1 - - + - - - + - - - 
2 !  4! 6 !  8!  lo! 

(A5-1) 

has been integrated by the Legendre-Gauss and the LGL-integration method. The 
exact solution is given as: 

(A5-2) 

Table 1.1 Discrete maximum error I u - uh I m,lgl for the integration of the 
approximate cosine function with varying degree of approximation and 
varying number of elements. 

Table 1.2 Discrete maximum error I u - uh I 
approximate cosine function with varying degree of approximation and 
varying number of elements. 

for the integration of the 
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5.2 INTEGRATION OF THE COSINE FUNCTION 

n 
1 
2 

The function: 

Legendre-Gauss Integration 
ntot = 16 ntot = 32 ntot = 64 ribt = 128 
1.3 x 3.3 10" 8.2 2.0 
7.0 4.2 2.6 x 10" 1.6 

f(x) = 6cos(6x) (A5-3) 

4 
8 
16 

has been integrated by the Legendre-Gauss and the EGE-integraticm method. 

2.9 x lo-' 8.7 io-' 3.2 x 1.2 10-l~ 
5.0 x 10-l' 5.6 x IO-'' 6.7 x 3.3 x 10-l' 
2.0 10-l~ 2.2 x 10-l6 4.4 x lo-'' 4.4 x 10-l' 

Table 2.1 Discrete maximum error I u - uh I m,lgl for the integration of the cosine 
function with varying degree of approximation and varying number of 
elements, and the total number of nodes in the interval is constant. 

Table 2.2 Discrete maximum error I u - uh I m,lgl for the integration of the cosine 
function with varying degree of approximation and varying number of 
elements, and the total number of nodes in the interval is constant. 
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5.3 INTEGRATION OF THE ONE-DIMENSIONAL DIFFUSION EQUATION 

The elliptic problem considered in this study is the steady 1-D difision problem given 
by: 

where the right hand side will be: 

f ( x )  = cos(x) 

and thus the exact solution will be: 

u(x) = co+) 

(A5-4) 

(A5-5) 

(A5-6) 

The boundary conditions are: 

u(0) = 1 
u(.) = 1 

The elliptic PDE has been discretized by the FEM and the SEM with respect to the 
space variable. The numerical scheme has been implemented in the computer package 
SEPRAN. 

Table 3.1 Discrete maximum error I u - uh I m,lgl for the integration of the 
diffusion equation with varying degree of approximation and varying 
number of elements, and the total number of nodes in the interval is 
constant. 
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Table 3.2 Discrete maximum error I u - uh I ai,lgl for the integration of the 
diffusion equation with varying degree of approximation and varying 
number of elements, and the total number of nodes in the interval is 
constant. 

1 
2 

ne= 128 
5.3 x 
1 o-o 

128 0.41 0.41 
64 0.42 0.42 

Table 3.3 CPU time for the integration of the diffusion equation with varying 
degree of approximation and varying number of elements, and the total 
number of nodes in the interval is 128. 

8 
16 

I n I ne I Legendre-Gauss-Lobatto Integration I Legendre-Gauss Integration 

16 0.47 0.49 
8 0.55 0.61 

14  132 I 0.45 I 0.45 I 
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5.4 DIFFUSION ACROSS A MEMBRANE 

The 1-D difision problem considered is a parabolic second order equation: 

(A5 -7) 

and describes difision across a membrane. The problem is defined as follows. 
Consider a membrane system which both sides have concentration u1 and, at time zero, 
the concentration of the right bath is instantaneously increased to u2 (Starzak, 1984). 
Particles will enter the membrane from the right bath until the linear, steady-state 
condition is reestablished. Because the baths are large, the concentration at the 
interfaces will not change with time. Therefore the boundary conditions for the 
membrane system are: 

= u1 = o 
u(x=L) = u2 = 1 

Because the concentration on both sides of the membrane is u1 at time zero, the 
concentration in the membrane must be also UI. 

u(x,O) = u1 for all x 

The initial distribution in the membrane and the final steady-state are illustrated in 
figure 4.1. 

Fig. 4.1 Initial and final concentrations in a membrane in which the 
concentration u2 > u1 (Starzak, 1984). 

The exact solution of this problem is given by (Starzak, 1984): 

u(x, t )  = u, + (u, - u,)  * (x I L )  + 

with Fourier coefficients 

exp[-(nx 1 L) ,  t ]  * A, sin(nm / L )  (A5-8) 
n 

A, = ( 2 /  z)*(u,  - U , ) *  - C‘-:)2 I (A5-9) 
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where L is the space interval O I x 5 L. For long times, the exponential terms will 
decay to zero for each n, and u(x,t) will approach its steady-state value. 

n 
1 

2 

4 

8 

16 

The parabolic PDE has been discretized by the FEM and the SEM with respect to the 
space variable and by the Euler implicit method with respect to the time variable. The 
numerical scheme has been implemented in the computer package SEPRAN. 

Legendre-Gauss Integration 
n e = l  n , = 2  n , = 4  n e = 8  n,=16 ne=32 n e = 6 4  ne=128 

o. 12 3.03 x 7 . 6 9 ~  1 . 9 4 ~  
1 o-2 10” 10” 

4 . 1 7 ~  1 . 0 4 ~  2.61 x 6 . 5 2 ~  
1 o-2 1 o-2 10” 1 

1 . 2 5 ~  3 . 1 2 ~  7 . 7 7 ~  1.93 x 
1 o-2 10” 1 1 

4.31 x 1 . 0 7 ~  2.62 x 6.73 x 
10” 10” 1 1 

1 . 5 4 ~  4.13 x 1 . 1 5 ~  4.73 x 
10” 1 1 1 

I Table 4. i Discrete maximum error i u - uh [I m,igl for tiie integration of tiie 
diffusion equation with varying degree of approximation and varying 
number of elements. The number of time steps is 128. 

Table 4.2 Discrete maximum error I u - uh I m,lgl for the integration of the 
diffusion equation with varying degree of approximation and varying 
number of elements. The number of time steps is 128. 
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5.5 NUMERICAL RESULTS OF WAVE PROPAGATION IN ELASTIC SOLIDS 

The numerical results of wave propagation in elastic solids are presented. The wave 
equation: 

(A5-!O) 

with the boundary conditions: 

u(0,t) = o 
u(1,t) = o 

and the exact solution, a Gauss pulse, are implemented in the computer package 
SEPRAN. The Gauss pulse u(x,t) is defined as follows: 

- ( x  - c i -  x o  ) 2  

u ( x , t )  = u o e  s z  

with 
u. = amplitude of the pulse 
c = wave velocity 
xo = is position of the maximum of the pulse at time t = O 
s = measure of the width of the pulse, 

i f s  -+ O then u(x,t) + &function (u$(x-ct-x,)) 

(A5-11) 

The initial pulse (t = O) is centred around x,, = 0,25 m; x = [O, i]; t = [O, 11, and has a 
constant velocity c = 0.5 m / s  and standard deviation s = 0.05. The initial solution 
(condition) is the Gauss pulse. The Gauss pulse travels from x = 0.25 m to x = 0.75 m 
f o r O < t <  1. 
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Maximum error, Total number of nodal points is 16 

# elements 
8 

Table 5.1 Discrete maximum error I u - uh I m,~gl for the integration of the wave 
equation, degree of approximation n = 1. 

Explicit time integration 
~~~ 

# time steps LGL Gauss LGL Gauss 
128 0.3 1 0.61 0.36 0.43 

Table 5.2 Discrete maximum error 1 u - uh I m,~g~ for the integration of the wave 
equation, degree of approximation n = 2. 

25 6 
5 12 
1024 

0.32 0.53 0.34 0.46 
0.33 0.54 0.34 0.50 
0.33 0.54 0.34 0.52 

10.000 

I I 2048 I 0.33 I 0.53 I 0.33 10.53 I 

0.33 0.53 

Table 5.3 Discrete maximum error I u - uh 1 ,,,lg1 for the integration of the wave 
equation, degree of approximatior, n = 4. 

I 10.000 I 0.23 I 0.47 
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Table 5.4 Discrete maximum error I u - uh I m,~gl for the integration of the wave 
equation, degree of approximation n = 8. 

Explicit time integration 
# elements # time stem LGL I Gauss 

Implicit time integration 
LGL 1 Gauss 

12  I 128 I 0.36 I 0.34 I 0.41 10.41 
256 
5 12 
1024 

0.38 0.37 0.40 0.41 
0.38 0.38 0.39 0.40 
0.38 0.39 0.39 0.40 

2048 

1 o. O00 

Table 5.5 Discrete maximum error i u - uh 1 oo,~gl for the integration of the wave 
equation, degree of approximation n = 16. 

0.39 0.39 0.39 0.39 

0.39 0.39 

# elements 
1 

Explicit time integration Implicit time integration 
# time steps LGL Gauss LGL Gauss 
128 0.29 0.3 1 0.29 0.27 
256 0.29 0.3 1 0.29 0.28 

I 10.000 I 0.29 I 0.30 I 

5 12 
1024 
2048 
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0.29 0.30 0.29 0.29 
0.29 0.30 0.29 0.30 
0.29 0.30 0.29 0.30 



Maximum error, Total number of nodal points is 32 

Table 5.6 Discrete maximum error I u - uh I m,lgl for the integration of the wave 
equation, degree of approximation n = 1. 

Table 5.7 Discrete maximum error I u - uh I m,~gl for the integration of the wave 
equation, degree of approximation n = 2. 

Table 5.8 Discrete maximum error I u - uh I 
equation, degree of approximation n = 4. 

for the integration of the wave 
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Table 5.9 Discrete maximum error I u - uh I m,~gl for the integration of the wave 
equation, degree of approximation n = 8. 

Table 5.1 O Discrete maximum error I u - uh I m,lgl for the integration of the wave 
equation, degree of approximation n = 16. 

68 



Maximum error, Total number of nodal points is 64 

# elements 

Table 5.1 1 Discrete maximum error I u - uh I co,~gl for the integration of the wave 
equation, degree of approximation n = 1. 

Explicit time integration Implicit time integration 
# time steps LGL I Gauss LGL I Gauss 

256 
5 12 
1024 
2048 

I 64 1 128 10.15 I unstable I 0.16 1 0.26 I 
O. 15 unstable 0.15 0.27 
0.15 unstable 0.15 0.28 
0.15 unstable O. 15 0.28 
0.15 0.28 O. 15 0.28 

2048 

I 10.000 I 0.15 I 0.28 

2.06 x loT2 5.61 x 2.07 x 5.59 x 

Table 5.12 Discrete maximum error I u - uh I m,~gl for the integration of the wave 
equation, degree of approximation n = 2. 

I 10.000 I 0.02 I 0.06 I 

Implicit time integration 
~~ 

Table 5.13 Discrete maximum error I u - uh I m,~gl for the integration of the wave 
equation, degree of approximation n = 4. 

# elements 
16 

# time steps LGL Gauss LGL Gauss 
128 8.77 x 10” unstable 2.14 x 1.62 x 
256 1.97 x 1 O” unstable 6.24 10” 5.61 10” 
5 12 1.56 x 10” unstable 2.51 1 0 - ~  5.13 10” 
1024 1.57 10 -~  5.58 10-~  1.61 10” 5.30 10” 
2048 1.59 5.45 10” 1.60 10” 5.37 10” 

10.000 
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Table 5.14 Discrete maximum error I u - uh I a>,lgl for the integration of the wave 
equation, degree of approximation n = 8. 

# elements 
4 

Table 5.15 Discrete maximum error I u - uh I m,~gl for the integration of the wave 

# time steps LGL Gauss LGL Gauss 
128 unstable unstable 1.94 x 1.92 x lo-* 
256 2.45 x 10” unstable 4.90 10” 4.84 10 -~  
5 12 6.09 x unstable 1.24 10 -~  1.20 10” 
1024 1.57 1 0 - ~  2.12 1 0 - ~  3.28 3.16 1 0 - ~  

equation, degree of approximation n = 16. 

10.000 

I Extilicit time integration I Imtilicit time integration 

8.42 10” 7.53 10” 

I 

I2048 I 8.42 10-~ I 9.94 1 0 - ~  I 9.95 10-~ I 1-33 10-4 1 
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Maximum error, Total number of nodal points is 128 

Table 5.16 Discrete maximum error I u - uh I m,lgl for the integration of the wave 
equation, degree of approximation n = 1. 

# elements 
128 

Explicit time integration 
# time steps LGL Gauss 
128 3 .O6 x lom2 unstable 

5 12 
1024 
2048 

1 10.000 I 0.04 I 0.08 

4.03 x unstable 
4.08 x unstable 
4.09 x unstable 

Implicit time integration I 

# time steps 

4.22 x I 8.18 x I 

Explicit time integration 
LGL I Gauss LGL I Gauss 

Implicit time integration 

- .  - 

Table 5.17 Discrete maximum error I u - uh I m,lgl for the integration of the wave 
equation, degree of approximation n = 2. 

128 
256 
5 12 
1024 

Table 5.18 

1 .O0 x unstable 2.00 x 1.99 x 
2.50 x 10” unstable 4.98 x 10” 4.95 10” 
6.19 x unstable 1.25 10” 1.21 10” 
1.49 x unstable 3.18 10-~  2.83 1 0 - ~  

Discrete maximum error I u - uh I m,lgl for the integration of the wave 
equation, degree of approximation n = 4. 

128 I32 I 1 .O0 x I unstable 1 2 . 0 0 ~  I 1 . 9 9 ~  I 

E 
256 
5 12 
1024 

2.50 x 10” unstable 4.98 io-” 4.95 x io-” 
6.19 x unstable 1.25 10” 1.21 10” 
1.49 x unstable 3.18 10-~  2.83 1 0 - ~  

10.000 1.59 x 10-~ 5.41 10‘~ 

2048 I 4.06 x I unstable I 8.49 10” I 7.18 IO-’ I 
I I I 
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Table 5.19 Discrete maximum error I u - uh I m,~gl for the integration of the wave 
equation, degree of approximation n = 8. 

I Explicit time integration Implicit time integration 

# elements # time steps LGL Gauss LGL Gauss 
8 128 unstable unstable 2.00 x 2.00 x 

256 unstable unstable 4.95 10” 4.95 10” 
5 12 6.19 x unstable 1.23 1.23 10” 

I 1024 1.55 x unstable 3.07 3.07 10 -~  
2048 3.87 x 1 O” unstable 7.68 x lo-’ 7.68 x lo-’ 

Table 5.20 Discrete maximum error I u - uh I m,lgl for the integration of the wave 
equation, degree of approximation n = 16. 

10.000 1.62 x 1.62 x 
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CPU time, Total number of nodal points is 64 

Table 5.21 CPU time for the integration of the wave equation, degree of 
approximation n = 1. 

Table 5.22 CPU time for the integration of the wave equation, degree of 
approximation n = 2. 

Table 5.23 CPU time for the integration of the wave equation, degree of 
approximation n = 4. 
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Table 5.24 CPU time for the integration of the wave equation, degree of 
approximation n = 8. 

Explicit time integration 
# elements # time stem LGL I Gauss 

Table 5.25 CPU time for the integration of the wave equation, degree of 
approximation n = 16. 

Implicit time integration 
LGL I Gauss 

4 128 8.25 12.06 
256 14.38 15.98 23.79 
5 12 28.41 3 1.64 47.01 
1024 56.08 86.78 63.07 93.57 
2048 

10.000 
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CPU time, Total number of nodal points is 128 

# elements 
64 

Table 5.26 CPU time for the integration of the wave equation, degree of 
approximation n = 1. 

Explicit time integration 
~~~ 

# time steps LGL Gauss LGL Gauss 
128 4.17 6.07 5.89 

Table 5.27 CPU time for the integration of the wave equation, degree of 
approximation n = 2. 

256 
5 12 
1024 
2048 

10.000 

8.18 12.11 11.45 
15.51 25.79 22.21 
30.63 62.36 44.73 
62.53 160.61 88.29 

266.13 296.27 

Explicit time integration 
~~~ 

# elements # time stem LGL I Gauss 

Table 5.28 CPU time for the integration of the wave equation, degree of 

LGL I Gauss 

approximation n = 4. 

32 128 7.63 11.58 10.85 
256 14.98 22.85 21.15 
5 12 29.16 44.09 41.24 
1024 58.41 89.01 8 1.97 

10.000 

12048 1 118.63 I 1 175.94 1 165.48 I 

525.14 562.20 
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Table 5.29 CPU time for the integration of the wave equation, degree of 
approximation n = 8. 

Explicit time integration 
~~~ 

# elements # time steps LGL Gauss LGL Gauss 
8 128 26.08 32.08 

256 51.58 62.28 

Table 5.30 CPU time for the integration of the wave equation, degree of 
approximation n = 16. 

5 12 
1024 
2048 

78.51 103.49 124.44 
158.07 200.95 247.96 
3 12.60 409.33 508.70 

I I 10.000 11527.25 12061.60 I 1 
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Figures to compare the numerical schemes 

~ ~ 

Degree of approximation n = 1, ntoot = 64 

Number of time steps 

+LGL & CD 

+G&CD 
+LGL & New 

+G & New 

Figure 5.1 Discrete maximum error I u - uh I m,lgl for 
the integration of the wave equation. 

Degree of approximation n = 2, ntot = 64 

1 
1 8 256 512 1024 2 

+G & CD 

+LGL & New 

o 
L L 

0,l a 
I 
m 

0,Ol 

Number of time steps 

Figure 5.2 Discrete maximum error I u - uh I m,lgl for 
the integration of the wave equation. 
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Degree of approximation n = 4, ntot = 64 

1 
1 

L 0,l 
O 
a 
L L 

0.01 

I -  
0,001 ' I 

Number of time steps 

+ LGL & CD 
+G&CD 

+ LGL & Nel 

+G & New 

Figure 5.3 Discrete maximum error 1 u - uh I m,lgl for 

the integration of the wave equation. 

Degree of approximation n = 8, ntot = 64 

1 
1 

O,' 1 I 
2 I I 

L L I 
I 0,Ol 5 I I I 

0,0001 

Number of time steps 

+LGL & CD 
+G&CD 
+LGL & New 
+G & New 

Figure 5.4 Discrete maximum error I u - uh I m,lgl for 
the integration of the wave equation. 
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Degree of approximation n = 16, ntot = 64 

1 
1 

I i 

L 0,o L 
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Figure 5.5 Discrete maximum error I u - uh I m,lgl for 
the integration of the wave equation. 
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Figures, displacement of the fluid in the cylinder 

The value of the amplitude of the wal-es is obtained more accurate for increased degree 
of approximation and increased total number of elements. 

X 4 

Fig. 5.6 n = 1, ntot = 64, 4 = 1/2 Fig. 5.7 
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+ 

Fig. 5 .8  n = 2, ntot = 32, < = % Fig. 5.9 
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Fig. 5.10 n = 8, ntot = 32, 6 = % Fig. 5.11 

4 

n = 8, nlot = 64, 6 = % 
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