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Summary 

By using approximation models for objective function and constraints as a coupling 
between an optimization algorithm and the analysis software, structures can be optimized with less 
computational effort. These approximation techniques are employed in the total design space or in 
a large part of this area. The points used for fitting the models are selected by experimental design 
techniques. The accuracy of the models is determined by some statistical measures. Only global 
and mid-range approximations are evaluated. 

These approximation tools are tested on structural and aerodynamic optimization problems, 
especially on aerofoil shape optimization problems with one or two design variables. Emphasis is 
put on demonstrating useful features of the tools. 

The global tool is valuable for smoothing the real behaviour and locating the global 
optimum which can be improved by zooming in on interesting areas. At first the mid-range tool 
proved to depend strongly on the starting design of the optimization. These problems were tackled 
by implementing a more sophisticated move-limit strategy, resulting in improved convergence 
properties. 
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Greek characters: 

a: Initial move-limit factors 
ai, a Move-limit factors 
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(Pi, 0 2  Reduction factors 
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Chapter 1 

Introduction 

Optimizing structures by using finite element methods normally takes time-consuming and 
expensive analyses. Using a direct coupling between optimization algorithm and the analysis 
software takes for every evaluation a finite element analysis. A more efficient method is generating 
explicit approximation models for objective function and constraints in some part of the design 
space. Three different approximation methods exist; local, global and mid-range approximations. 
These approximate models can be used by the optimization algorithm to compute the objective 
function and constraint values in a less expensive way. The approximations can be seen as a 
coupling between the optimizer and the analysis software. The development and implementation of 
the global and mid-range approximation tools are respectively described by Van Houten (1 994) and 
Kessels (1994). Test and validation of these tools is subject of this report. This work is part of the 
Brite-Euram project OPTIM which is outlined in the first section. The approximation methods 
which are used are described in short in section 1.2. 

The tests of the global and mid-range methods are performed on structural and 
aerodynamic optimization problems. First the global tool was applied to a ten-bar truss problem to 
demonstrate especially the iterative model building process and selection techniques for design 
points (Rikken, Houten v., 1995). In that report the global tool is used to solve the shape 
optimization problem of an aerofoil (Holden, 1994). Emphasis is put on demonstrating useful 
features of the tool for the cases of one and two design variables. 

1.1 OPTIM. 

This research is part of the Brite-Euram project OPTIM, entitled "Shape Optimization Tool 
for Multidisciplinary Industrial Design". Participating partners are Sirehna (hydrodynamics), British 
Aerospace (aerodynamics), SAMTECH (software architecture), Université de Liege (optimization 
methods and local approximations) and Eindhoven University of Technology (global and mid-range 
approximations). 
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The main objective of the project is the development of software which will: 
reduce design time, 
reduce design and manufacturing costs, 
improve the quality of the final product, 

in fields requiring fluid and structure computation, by using validated computational fluid 
dynamics (CFD) and finite element codes, coupled with reliable numerical optimization methods 
and integrated into an open general architecture. 

The industrial application can be found in the aircraft industry, shipbuilding, offshore, 
space, railway, etcetera. For transport indwtry the process can lead to vehicles which zre more 
comfortable, faster, lighter, stronger, economical and less polluting. 

The task of Eindhoven University of Technology within the OPTIM project is to develop 
global and mid-range approximation tools which can be used as an interface between the 
optimization algorithm and the analysis software. Applications in hydro- and aerodynamics are 
tested and the results of the aerodynamic testproblems are presented in this report. 

1.2 Approximation methods. 

According to the ranges of applicability in the design space the approximation methods can 

- local approximations 
- global approximations 
- mid-range approximations 

be divided into three categories (Barthelemy, Haftka, 1993 and Etman, Schoofs, 1993): 

Only the global and mid-range approximation methods are evaluated in this report. 

1.2.1 Local approximations. 

Local approximations of objective function and constraints are in general derived from 
function values and first-order derivatives in one design point of the design space. Computation of 
higher order derivatives usually requires very much CPU-time. Local function approximations are 
variations on the Taylor's series expansion, such as linear, reciprocal and conservative 
approximations (Barthelemy and Haftka, 1993, Haftka and Gürdal, 1992). 

The local approximations are only valid in the vicinity of the current design point. Within 
this region an optimum is located. In this optimum new approximations are derived while the 
approximations of the previous steps are discarded. The search region is adjusted and a new 
optimization is performed. This iterative process is called "sequential approximate optimization" 
(Etman et al., 1994). 

Local approximation methods with use of relatively simple functions offers an advantage 
over global methods as far as the total number of analyses is concerned when the dimensionality of 
the design space becomes large. Local approximations are in general the most popular methods in 
optimization. Originally these techniques were designed for mechanical design fields. However 
their applications can be extended to hydro- and aerodynamic designs. 
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Zhang and Fleury (1993, 1994) used a convex linearization method (CONLIN) which 
combines the linearization approximation with the reciprocal approximation to formulate a type of 
mixed approximation. Direct variables are employed when corresponding first order derivatives are 
positive, and reciprocal variables are adapted when first order derivatives are negative. 

The advantage of convex optimization problems is that these problems only have one 
optimum solution which corresponds to the minimum of the primal problem. Convex 
approximation methods are used to construct and solve a sequence of subproblems in which 
convex approximations are used to expand the objective function and constraints in explicit form 
(Zhang et al., 3995). 

A first order convex approximation method used by Zhang and Fleury is the generalized 
method of moving asymptotes (GMMA). The purpose of the GMMA optimizer is to solve 
optimization problems without equality constraints by using intermediate variables instead of direct 
and reciprocal variables. Each design variable in each function also has its proper asymptote 
parameter. For example, moving asymptotes can be largely relaxed for linear inequality constraints 
and tightened for nonlinear ones. Zhang and Fleury also made an attempt to exploit a two-point 
approximation scheme to approximate higher order derivatives. 

1.2.2 Global approximations. 

Global approximation methods for objective function and constraints are valid for the 
whole design space or large regions of it. The global approximations are generated by using 
response surface techniques (Box and Draper, 1987): The function is sampled at a number of 
points and an analytical expression, the response surface, usually a polynomial, is fitted to the data. 
The points used for fitting are selected by employing experimental design techniques. A survey of 
the different techniques is given in section 2.1.1. 

In order to determine the accuracy of the approximate model, this model is evaluated in a 
number of test points and statistical tests are performed as described in section 2.1.2. If the 
accuracy is not satisfying, the process is restarted by performing some more experiments or by 
removing and/or adding terms to the models. So this is an iterative process in which the user must 
have some basic knowledge of the relation between design variables and responses. A schematic 
representation is given in figure A.l, appendix A. 

The solution of the approximate optimization problem can be used as a final solution, or 
as a high-quality starting point for a local method. The global approximation method in general 
leads to a reasonably well approximation in the area in which the real optimum is located. 
Therefore this method could also be used for explorative investigation. 

Global approximations are attractive because of the ability to search for the global 
minimum or for several local optimum. Also the fact that the choice of using sensitivities is 
optional and the smoothing properties if a problem contains noise, makes this approximation model 
an attractive tool in optimization. 
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1.2.3 Mid-range approximations. 

The main purpose of mid-range approximations is to improve the accuracy of the 
approximations and to reduce the number of iterations needed to solve the optimization problem by 
using existing data as much as possible. The region in which the mid-range approximations are 
valid is larger than the validity region of local approximations but smaller than those of global 
approximations. Methods which use data from more than one design point to construct 
approximation functions in a rriinor part of the total design space, are called mid-range 
approximztion methods. So simpler function models than for global methods can be used for 
modelling the relation between design variables and responses. The models that are used are 
described in chapter 3. A mid-range approximation can be seen as an attempt to give global 
qualities to local approximations. Depending on the number of points generated in each cycle, the 
mid-range approximations can be divided into single-point-path (SPP) and multi-point-path (MPP) 
strategies. 

A single-point-path approximation uses data, function values and sensitivities, from single 
points along the iteration path in the design space. These points are the solutions of the sequential 
optimization subproblems. 

A multi-point-path strategy generates one or more extra points around each solution of an 
optimization subproblem. Therefore the approximation can be based on data computed in more 
design points compared with the single-point-path method. No sensitivities have to be used since 
enough data is available. This makes the approximations more accurate. 

The subregions of the design space used for the mid-range approximations are defined by 
move-limits. The move-limit strategy implemented by Kessels (1994) is based upon the method 
according to Toropov et al. (1993). In that strategy the choice of the size and location of the search 
subregion is determined by the accuracy of the models of the previous cycle. 

The mid-range approximation method is a popular method because of the maximum 
efficient use of computed data. Approximations based on data computed in more than one design 
point have a wider range of validity than approximations based on information at a single point. If 
sensitivities can not, or not accurate enough, be computed, mid-range multi-point approximations 
are preferred above finite difference sensitivities. Another attractive feature of mid-range multi- 
point approximations is the ability for smoothing problem functions if many local optimum are 
present. 
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Chapter e 

Global function approximation tool 

For the development of the global function approximation tool (Van Houten, 1993) the 
response surface technique is selected. This technique can be used to build a global picture of the 
problem. The approximate models need to be sufficiently complicated to approximate the main 
features of the data without being so complicated that unnecessary effort is required in estimating 
too many parameters. An attractive feature of the global approximation tool is the fact that all 
response data remain valuable with respect to the approximations and that no sensitivity 
information is required. 

In the first section of this chapter a survey is given of some model building and point 
selection techniques. These techniques are used in the following sections to perform some tests on 
an aerofoil (Holden, 1994). A global description of the main features of an aerofoil is given in 
section 2.2.1. The results of the tests are outlined in the sections 2.2.2 and 2.2.3. 

Response surface models based on function values only showed to be valuable for 
smoothing the real behaviour and locating the area where possibly the global optimum can be 
found, indicating suitable starting points for a local or mid-range method. Zooming in on 
promising areas and constructing globally valid function models in these areas closely resembled 
the real behaviour of the responses. 

2.1 Model building and point-selection techniques. 

The model building and point-selection techniques are important factors in the optimization 
process, since by these factors the number of analysis is in general determined. The number of 
analyses, i.e. the selected points, depends on the complexity of the posed models and the interest in 
detecting local or global behaviour. If one is only interested in global behaviour less analyses are 
required compared to the interest in local behaviour. The order of the model and the number of 
design variables also play an important role, since with the data obtained in the design points all 
unknown parameters in the model should be estimated. Thus the model building and point- 
selection techniques are strongly related to each other and to the number of analyses that is 
required for the optimization process. Therefore in this section a survey is given of the used 
techniques for model building and point-selection. 
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2.1.1 Experimental designs. 

An experimental design is a list of experiments, i.e. numerical analyses, with which the 
model parameters and responses can be estimated. The experimental design is represented by a set 
of points in the design space which are called candidate points. The objective is to determine a 
numbzr of points in the design variable space from the list of candidate points. With data obtained 
in the design points the unknown parameters must be estimated, hence the number of design points 
should be equal or greater than the number of unknown parameters. 

In principle all real design varizble values within the design variable bounds are allowed 
for a candidate point. However for the purpose of efficiency only a very limited number of discrete 
values is allowed. These discrete values of every design variable are called levels. The number of 
levels for a certain design variable depends on the order of the variable in the assumed 
approximate model. A point in the design space represents the set of levels assigned to the design 
variables. A quite commonly used set of candidate points contains all possible combinations of the 
levels of the variables. This is called a "complete" design. 

The accuracy of the approximations increases with the number of experiments but also 
depends upon the location of the design points in the design space. So if one is interested in 
detecting local behaviour in a large part of the design space, more analyses are required than if one 
is only interested in the global behaviour. 

Selecting a suitable type of experimental design depends on the complexity of the 
approximate model functions and the number of design variables. Several types of experimental 
designs exist, of which the full factorial, fractional factorial, Latin hypercube and D-optimal 
experimental designs are implemented (Houten v., 1994). The emphasis in this report is put on the 
full and fractional factorial designs. These designs are the more general type of experiments. 

A full factorial design means that each level or combination of levels of the design 
variables is used as a design point. So all possible combinations of the levels of the design 
variables are investigated (Van Houten, 1994, Box and Draper, 1987). When the response can be 
modelled by a simple approximation model or when a systematic search of the design region is 
needed it is useful to apply full factorial designs. The advantage is that these designs are more 
efficient than one-factor-at-a-time experiments and allow the effects of the design variables, also 
called factors, to be estimated at several levels of the other factors, which lead to conclusions that 
are valid over a range of experimental conditions. 

However if the number of design variables or the number of levels increases, a full 
factorial design may be too large. Then it is possible to determine a fraction of the full factorial 
design which can be used as a reasonable set of candidate points, a so-called fractional factorial 
design. In this case not all combinations of variables can be estimated. For example, for four 
design variables a fraction can be generated by constructing a full factorial design for three design 
variables. Using a combination of these three variables the fourth variable can be obtained. The 
disadvantage is that either this fourth variable or the combination should be removed from the 
function model because these values can not be estimated independently (Box et al., 1978). 

A Latin hypercube design places on each level of the design variables only 1 design point 
in random order. The number of design points equals the number of levels, which should be the 
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same for every design variable. An advantage of this design appears when one of the design 
variables is of no importance (Van Houten, 1994). In that case more levels remain valuable 
compared with the factorial designs so more complicated models can be fitted in the remaining 
variables. 

A D-optimal design determines a number of points from a much larger set of candidate 
points in such a way that the variances of the estimated parameters are minimized. The advantage 
of this design over the previous designs is that if only a few extra points are needed, these points 
are searched for in an optimal way taking into account the previous obtained design points. A 
disadvantage is that a D-optimal design is function dependent. Chmglng a function model, the 
previous obtained design may not be optimal any more for this new model. 

2.1.2 Model building. 

The model building process for a given system or structure is an iterative process in which 
the following questions play an important role: 
1. Which design variables have important influence on the responses ? 
2. What is their range of interest ? 
3. What type of model function is suitable to approximate the objective function and constraints ? 

The first step in the model building process is to decide on a model form which expresses 
the response as a function of the design variables in the process. This model provides the basis for 
new experimentation, which in turn may lead to a new model, and the entire cycle is repeated. The 
selection and fitting of function models is the first step in the determination of an optimum. 

At the beginning stage of an optimization process it is not known what the shape of the 
function is. Starting with the simplest form of model, the number of experiments required as well 
as the cost of the experimentation can be kept to a minimum. If it is assumed that the function can 
be approximated reasonably well by a first degree model, a first order polynomial is fitted to the 
data. This is also done if the experimenter is screening for the most important factors. Another 
reason for keeping function models as simple as possible is that the number of unknown 
parameters increases rapidly with growing number of design variables and increasing complexity of 
the models. The models should be sufficiently complicated to approximate the main features of the 
data without being so complex that unnecessary effort is involved in estimating a multitude of 
parameters. A model which is too complex can cause the optimizer to fail in finding a suitable 
solution for the approximated optimization problem. 

The postulated model functions can be polynomial functions which have the ability to: (1) 
smoothen noisy response behaviour caused by numerical or physical aspects of the problem, and 
(2) avoid many local optimum. If the functions to be approximated are smooth enough, and if 
sensitivities can be efficiently computed then these sensitivities can be used as cheap extra data to 
enhance the approximation or to lower the number of required numerical analyses. However if the 
sensitivities contain discontinuities or the functions have a noisy behaviour, the approximation 
process will be disturbed. Sensitivity information namely provides strictly local information and 
could in these cases disturb the global picture thus is therefore not desired to be included. 
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After an experimental design is generated, response data is collected, followed by 
estimation of the parameters and evaluation of the models. This process is visualized in figure A.1, 
appendix A. After evaluation of the models some statistic parameters can be observed to find out if 
the model makes a good approximation of the real function. The most important values are the R- 
squared value and the F-ratio. 

The R-squared value: 

SSR R 2 = -  
SST 

is the ratio of the 
squares (SST): 

SSR 

sum of squares due to regression of the fitted model (SSR) and the total sum of 

rn 

SST = ( y ,  - y), (2.3) 
i=l 

Where m is the number of observations, i.e. the number of design points, Bi are the regression 

model estimates and y the mean of the responses yi: 

- 1 "  
m i=l 

Y = - c y i  

The F-ratio: 

MSR F = -  
MSE 

is basically a comparison of two estimates of variances, namely the mean square regression (MSR) 
and the mean square residual (MSE): 

where q is the number of parameters in the modelfunction and SSE the sum of squares for 
residuals (errors): 

m 

SSE = (yi - y,)' = SST - SSR 
i=I 
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Source of Sum of 
variation squares 

regression SSR 

residual SSE 

total SST 

A large F-value ( > lo3 ) does at least assure that the model is feasible. However this does 
not mean that the model is in any way optimal. It could be that one term in the model is providing 
the bulk of the sum of squares for regression while other terms are quite irrelevant. If the F-value 
is small ( < 10' ) there should be doubts about the postulated model function. 

A R-squared value of unity means that all of the variability in the observed response 
values can be explained by the variables and their interactions. A value of zero indicates that none 
of the variability in the response is accounted for by the model. For a good fit of the models to the 
data the desired values are a large F-ratio and a R-squared value equal to one. With these values 
the model can be used to predict the responses. 

From the ANOVA table and by looking at the relative and absolute deviations of the 
observed values from the predicted values the following questions can be answered: 
- Are the models valid ? 
- Are the estimated parameters accurate enough ? 
- Are the model predictions accurate enough for the relevant region of the design space ? 

Another question that is important in the model building process is which parameters are 
significantly different from zero and which parameters can be dropped without affecting the 
predictive ability of the model too much ? An effective algorithm for selecting the significant 
parameters is the stepwise regression algorithm developed by Efroymsom (1960). Stepwise 
regression is a combination of forward selection and backward elimination. Forward selection starts 
with the most significant parameters and adds significant parameters successively. Backward 
elimination means starting with a full model and subsequently removing the nonsignificant 
parameters in successive steps. 

In the stepwise regression procedure, at each step before determination of the next variable 
to be added, the statistics for significance of the already chosen coer'ficients are examined to see if 
a variable elimination may be in order. A variable which entered the regression, may be removed 
in a later stage when it becomes insignificant. Therefore only significant variables are included in 
the final regression. The determination of which variables are removed or entered in the stepwise 
regression procedure is done by looking at the specified F-levels: FINC and FDEL. If the F-level 
value of a variable is lower than FDEL, i.e. the variance contribution is insignificant, the variable 
is removed from the regression. If the F-level value is higher than FINC the variable is included in 
the regression since this will lead to a variance reduction. In general FINC=3.0 and FDEL=0.2. 

Degree of Mean square F-level R-squared 
freedom 

q-1 MSR=SSR/(q-1) MSIUMSE SSWSST 

m-q MSE=SSE/(m-q) - 

m- 1 - 
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If the answers on the above stated questions are not satisfactory the models can be 
improved by removing and/or adding terms to the model, changing the experimental design or 
changing the bounds on the design variables, i.e. zooming in. Next the optimization process can be 
restarted. 

2.2 Test results global tool. 

In this section the global tool is used to solve the shape optimization problem of an 
aerofoil as described in section 2.2.1 and in Holden (1994). Both one and two design variable 
cases are considered and emphasis is put on demonstrating useful features of the tool. 

-O 3~ O O 1  0 2  03 O4 O 5  06 07 O8 O9 

Figure 2.1: Original aerofoil, 20 poles. 

Defining the aerofoil shape 20 poles are used (figure 2.1). The design variables are the 
positions of these poles. The aerofoil shape is in general obtained by fitting B-splines through the 
poles. At first only one design variable will be modified during the optimization. The most 
important poles to influence the drag coefficient of the aerofoil are the poles at the trailing edge of 
the aerofoil (figure 2.1). Only pole 19 and pole 2 will be analyzed seperately beginning with some 
lower order models in a large design space. And afterwards, as a consequence of the results, 
raising the order of the models or decreasing the design space to make the models more accurate. 
Next pole 2 and pole 19 will be optimized at the same time. 

2.2.1 Aerofoil description. 

Any body which, when set at a suitable angle to a given airflow, alss called angle of 
attack, produces much more lift than drag, is called an aerofoil (Clancy, 1975). Such an aerofoil is 
subjected to an infinite parallel flow of velocity V and density p. This body should be shaped, in 
section, something like the section shown in figure 2.1. The leading edge is rounded to ensure 
smooth flow. The trailing edge is sharp so that the wake is kept thin and any region of separated 
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flow is kept as small as possible. These features help to achieve high lift and low drag. The 
reference straight line which is drawn through the centres of curvature of the leading and trailing 
edges is called the chord line. The chord length, c, is the distance between the points of 
intersection of the chord line with the leading and trailing edges. 

a _  

When an aerofoil is placed in a moving stream of air, it in general experiences an 
aerodynamic force, i.e. a force which is created by virtue of the relative motion. In incompressible, 
inviscid flow this form is proportional to pV2Sj where S is a representative area in a body of given 
shape and aititude. The aerodynamic force acts along a line whose intersection, C, with the chord 
line is called the centre of pressure of the aerofoil (figure 2.2). This force may be resolved into two 
components, one normal and one parallel to the free stream direction. These components are 
respectively called lift, L, and drag, D. The fact that these forces are proportional to pV2S can be 
expressed by using non-dimensional coefficients, respectively called the lift coefficient, C,, and the 
drag coefficient, C,, of the aerofoil. 

(2. IO) 1 
2 

D = C, * -pV2S 

The lift and drag can be represented by translating the resultant force to a fixed point on the chord 
line together with a moment about this point, M, which is called the pitching moment (figure 2.2). 

M 

Figure 2.2: Forces on aerofoil. 

In the same way as the lift and drag coefficient, a non-dimensional pitching moment 
coefficient, denoted by C, is defined. The additional factor c, the chord length, in this equation is 
introduced because M is dimensionally equal to force times distance. 

An optimization is performed on an aerofoil as described in Holden (1994). The starting 
shape to be optimized is the NACA0012 aerofoil (Eppler, 1990), which is also used as analysis 
code. Defining this shape 20 poles are used (figure 2.1). The design variables are the positions of 
these poles. By choosing a different number of poles as design variables the complexity of the 
optimization can be changed. The aerofoil shape is in general obtained by fitting functions through 
the poles of which the positions are determined by the optimization process. In figure 2.1 these 
functions are chosen linear which is sufficient for getting a global view of the shape. 

17 



The optimization problem is stated as: 
Minimise the drag coefficient C, at a specified lift coefficient C,=0.5, which is the value 
of C, in cruise, 
subjected to: 
- constraint on non-dimensional section area: 0.08 12 < A < 1 .O 

(The lower limit on A is for some tests equal to 0.08 instead of 0.0812.) 
- constraint on non-dimensional zero lift pitching moment coefficient: -0.1 < C, < 0.02 

In an tierofoil optimization problem small values iind differences are very importmt for 
finding the optimum design. The relative deviation between objective function values in the total 
design space is less than 10%. Thus for finding an optimal design point in this design space, the 
requested deviation from the real optimum should be much lower than lo%, otherwise all points 
are satisfactory. 

2.2.2 Aerofoil optirnlzat%m: 1 design variable. 

A first aerofoil optimization with 1 design variable is performed on pole 19 (see figure 
2.1). The design variable is the vertical position of pole 19, ~ 1 9 .  The optimum values reported by 
Holden (1994) are x1,=0.0281 and C,=9.25.10-3. A Latin hypercube design with 8 design points is 
used as starting design. Bounds on the design variable are: 3.21.10-4 e x19 < 0.0585. In this 
problem no sensitivities are used. Stepwise regression (FINC=3.0, FDEL=0.2) is applied to see 
which terms are important. The models for constraints and objective function are chosen to be of 
3'order with all terms included. The initial input value for the design variable in the optimization 
is chosen to be 0.0294. This model and following models are presented in table C.1. Optimization 
has lead to the results presented in tables C.2 and C.3, see appendix C. 

The models for the constraints on A and C, have a very small maximum relative 
deviation and a R-squared value of 1.0. These values indicate a good fit of these models to the 
data. The approximation of the objective function for pole 19 has a maximum relative deviation of 
less than 0.5% (table C.2), the R-squared value R2=0.86. Also indicating a good fit of the model. 
From the results of stepwise regression it can be concluded that A is a linear function of x19, since 
all higher order terms are removed from the model. C, can be approximated with even a first 
order model because this constraint plays no role in the optimization and will not become active 
(state is free (FR), see table C.2). However in this optimization a third order model is used. For the 
objective function model also the higher order terms are important, showing a more complex 
behaviour. 

With these models an optimum is reached. In this optimum the value of the design variable 
is 0.0295 and the optimal objective function value C, (at C,=0.5) = 9.36.10-3. In this optimum 
none of the constraints is active. Results found in this optimum are compared to the exact values 
as given in table C.3. 
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From these results it follows that the model for the constraint on A makes a perfect fit. 
The zero lift pitching moment constraint model has a larger deviation but this is of less importance 
because this constraint will not become active. Comparing the optimal objective function value to 
the exact values gives a relative deviation of 0.84%. For the global approximation this car, be 
regarded as a good approximation of the found optimum. Compared to the optimum found by 
Holden (1994) the deviation from this optimum is relatively large. 

~ e x t  the mode! for the objective fi'fiction is chosen to he of &hader  (mode! 2 trh!es C.I 
and C.2) to see whether or not the same optimum will be reached. From the same stwting point 
the optimization results in an optimal value x,,=0.0294 and the objective function value 9.33.10-3. 
Starting from different starting points yields the same optimum. The model accuracy of the 4"- 
order model for the objective function is higher than in the case of third order. A graphical 
representation of the objective function value as a function of the vertex position is shown in 
figure D.l, see appendix D. 

Having found this optimum the design space is decreased to a small area around the 
optimum: 0.02 < xI9 c 0.04. The models are chosen to be of third order with starting point 
x,,=0.0294 (model 3 tables C.l and C.2). These settings resulted in the optimum x,,=0.0277 and 
C,=9.3O.1U3. Once again raising the order of the objective function model to 4 leads to an 
improved optimum depending on the choice of the starting point. If the same starting design is 
chosen, than the optimum reached will be on the boundary of the design space and will have a 
higher C,-value than the global optimum which is found by starting in, for example, x,,=0.0201. 
This global optimum is found at x,,=0.0287 at which the value of CD=9.29-10-3. The graphical 
presentation of these models can be seen in figure D.2. 

The relative deviation of the objective function model has a maximum value of 0.30% and 
a R-squared value R2=0.88. The deviation between the approximated and the exact values, table 
C.3, is lower than in the complete design space. So the models are improved and according to 
these results the optimum found with these models can be regarded as the final optimum. 
Increasing the number of design points (model 5 )  or using sensitivities (model 6) in this case will 
not lead to an important improvement of the found optimum as can be seen in tables C.l and C.2 
(models 5 and 6) and in figures D.3 and D.4. 

Next pole 2 is optimized while pole 19 is kept constant. The global optimum for this pole 
as reported by Holden (1994) is found at x,=-0.029 where CD=9.24-10-3. However Holden also 
found a local optimum (x,=-0.056, C,=9.47-10"). The following tests are performed to find both 
optimum. The experimental design to start with is once again a Latin hypercube design with 8 
design points. The bounds on the design variables in this case are: -0.0593 < xz < -0.001 1. For this 
optimization problem no sensitivities are used; stepwise regression is applied to see which terms 
are important in the models. As a start the models are chosen to be of third order. The initial input 
value for the optimization is x,=-0.0206. This model and following models are presented in table 
C.4. Results achieved with these models are presented in tables C.5 and C.6. 
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Just like the models of pole 19 for the constraints on A and Cmo, the models of pole 2 have 
a relative deviation of 0.0% and a R-squared value of 1.0. This indicates once again a very good 
fit of these models to the data. The third order objective function model for pole 2 has a maximum 
relative deviation and a R-squared value which indicate a good model (model 7, table C.5). The 
constraint on A can in this case also be approximated by a linear model. For C,, and the objective 
function some higher order terms are important. Because C,, will not become active a third order 
model is sufficient to approximate this constraint. 

With these models an optimum is reached at x2=-0.028 and an objective function value at 
this point CD=9.33-10 -3. In this optimum only the constraint on minimum section area is active. 
Starting the optimization in some other points leads to the same optimum with the same state of 
the constraints. Comparing these results with the exact values as done in table C.6, indicates very 
good results for both constraints and a deviation of only 0.80% for the objective function value. 

Next the order of the objective function model is raised to 5 resulting in the same optimal 
design variable value but with a lower %-value CD=9.31-10”. This optimum does not have large 
deviations from the values found with a third order model for the objective function. Therefore it 
can be concluded that in this design space the best approximation of the real optimum is achieved. 
Figure D.5 shows a graphical presentation of these models. Lowering the lower bound for the 
constraint on A to 0.08 still resulted in an active constraint value for A but a different $-value, not 
resulting in an improved optimum (model 9 tables C.4 and C.5). 

Around the found optimum a smaller area is analyzed: -0.04 e x, < -0.02. A Latin 
hypercube design with 16 points and a 4-order model for the objective function are used. If the 
lower bound on A equals 0.0812 then this constraint will still be active in the optimum found with 
these settings (model 10). This is not the case if the lower bound is chosen to be 0.08. With two 
different starting points the same optimum is reached as can be seen in table C.5 and figure D.6. 

The value of the design variable in this optimum, x2=-0.028, leads to a CD-value at this 
point equal to 9-27-10 -3. In this optimum none of the constraints is active. The model of the 
objective function has a relative deviation and a R-squared value which indicate a good fit of the 
model to the data (table C.5). The deviation of the approximated CD-value to the exact value is 
now only 0.06% so this is a large improvement compared to the model in the complete design 
space. From these results it follows that this optimum is the final optimum. 

According to Holden (1994) it was expected that the optimization of pole 2 would result in 
a global and a local minimum. This is not confirmed by the results reached with the tests as 
described before. From these tests just one optimum can be found which corresponds to the global 
optimum found by Holden. This shows a valuable feature of the global approximation tool. The 
ability to step over local optimum and to smoothen functions, enables this tool to find the optimum 
that is of interest. The other optimum can possibly be found by using a mid-range or local 
approximation tool, but one is only interested in the global optimum. 
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Comparing the results of pole 19 and pole 2 lead to the following characteristics. Looking 
at figures D.1 and D.5, which have the same area length for the vertex position, it can be 
concluded that pole 19 has a more obvious optimum than pole 2. The objective function of pole 19 
has a parabolic curve while the curve for pole 2 is more linear and because of this the objective 
function for pole 2 will decrease further after the found optimum, as can be seen in figure D.5. 

Comparing figure D.2 with D.6 it can be seen that the decrease to the optimum for pole 2 
is as large as it is for pole 19. However the increase after the optimum is much larger for pole 19 
than it is for pole 2 because the curve of pole 2 will once again start decreasing after the optimum 
as was seen in figure D.5. 

2.2.3 Aerofoil optimization: 2 design variables. 

In the following optimization pole 2 and pole 19 are moved together. So in this case there 
are two design variables, the positions of pole 2 and pole 19. Starting in a large design space the 
influence of the order of the objective function mode1 is examined to see which model is best to 
use. Next the design space will be adjusted to be the same area as in Holden (1994). As a 
consequence of the results achieved with these settings the design space will again be changed. 
The graphical representation of the exact objective function is given in figure F.l (appendix F). In 
this figure it can be seen that the objective function has two areas with local minimum. The 
following approximations are performed to find these minimum. 

A first aerofoil optimization with two design variables is performed by using a full 
factorial design with user defined levels. In this case for both design variables 10 levels are used 
resulting in a total number of design points of 100. As a start a large design space is chosen: 

-0.03 < x2 < 0.005 
0.005 c x,, < 0.06 

These bounds are chosen so that the upper and lower surface do not cross. No sensitivities are used 
and stepwise regression is applied to see which terms are important in the models for objective 
function and constraints. From the results of the 1 design variable optimization it is already known 
that the constraint on A is a linear function of the design variables so this model is chosen to be 
linear. At the beginning the models for objective function and the constraint on C,, are chosen to 
be of 4th-order resulting in fifteen terms for each model. The starting point for this optimization 
x,=-0.01 and x1,=0.045. The graphical representation of the results of this optimization is given in 
appendix E, figure E.l. The dashed line in this figure represents the constraint on the non- 
dimensional section area A. 

Because the model for A is linear, which is an exact approximation, the maximum relative 
deviation for this constraint is 0.0%. For the constraint on C,, this maximum relative deviation is 
approximately 22%. However this large deviation only appears in one design point and is a result 
of the fact that in this point the value of C,, becomes small (lo-’) compared to the values in the 
other 99 points (lo-’). Because of this lower value the relative deviation will be larger. In the other 
points the relative deviation is less than 1.3%. This deviation, the F-level value and the R-squared 
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value indicate a good fit of this model to the data. The objective function model has a maximum 
relative deviation of approximately 1%. These models lead to an optimum in x,=0.00208 and 
x,,=0.0539 at which the objective function value C,,=9.22.10 -3. The deviation of this value from 
the exact value is 0.31%. 

These results are also given in table G.l (appendix G) and are compared with the results 
achieved by using a S*-order (figure E.2) and a 6&-order (figure E.3) objective function model. All 
the other settings are kept the same. 

A 5 ~ - ~ r d e r  modd leads to an optimal objective function value of 9.21.10 -3 with a 
deviatior, compared to the exact value which is as small as it was for the 4*-order model. The 
maximum relative deviation of the objective function model is decreased to 0.8%. The optimal 
objective function value for a 6-order model is 9.20-10 -3 with a deviation from the exact value of 
-0.30%. For all three models the constraint on A is active in the optimization process. Only the 
model of the objective function is changed which has no effect on the accuracy of the constraint 
models. So this accuracy is still the same as it was when using a 4*-order objective function. 

The important terms in the models for the objective function can be found by looking at 
the results of stepwise regression. By looking at the remaining terms it can be seen that q is only 
important as a linear variable, without interaction or in interaction with xi9 or x,,” where n is the 
order of the objective function model. However, x19 appears only as a linear variable in the 
interaction with x, and appears in the other important terms only as a higher order variable. 

From this consideration it can be concluded that keeping xi9 constant will lead to a linear 
curve for x,. This is confirmed by the results achieved with the 1 design variable optimization for 
pole 2, see figure D.5. The same can be done for pole 19, keeping x, constant will result in a 
parabolic curve for pole 19 which was also seen by the 1 design variable optimization for this 
pole, figure D.l. 

The lowest exact value is found by using a S*-order model as can be seen in table G.l. So 
the following optimizations are done by using a 5-order objective function model. The models for 
the constraints are kept the same. Comparing this approximated function (figure E.2) with the real 
function (figure F.1) only a small resemblence can be seen. Although the design space of the 
approximation is already smaller than the total design space, it is still too large to make an 
accurate approximation. 

For the next optimization the bounds on the design variables are decreased: 
-0.04679 < X, < -0.01479 
0.01343 < xI9 < 0.04543 

The starting point used within these bounds is: 3=-0.03 and x,,=0.045. Again 100 design points 
are analyzed. This optimization leads to an approximated optimum in x,=-0.0148 and x,,=0.0393 
(figure E.4). This part corresponds very well with the same part in the total desing space of the 
real objective function (figure F.l). The optimal value of the objective function in this point 
CD=9.21-10-3. The deviation of this value from the exact value is 0.18%. The maximum relative 
deviation of the objective function model is 0.6% with a R-squared value of 0.93 indicating a good 
fit of the model. In this optimum none of the constraints are active but the optimum found is on 
the upper bound of x,. Therefore the next step should be expanding the design space. However in 
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this case the real optimum is known and therefore it can be concluded that expanding the design 
space will not lead to better results. The problem is that the design space is already too large to 
make an accurate approximation. For the next optimization the design space will be decreased to 
allow a more accurate approximation. 

The following optimization is performed in a smaller area around the real optimum (figure 
ES). A full factorial design with user specified levels is still chosen to be the experimental design 
lmt EOW ûdy 36 p ~ i m  2re ~ d y z e d .  ri.e bom& GY? the design variahles are: 

-0.01479 < X, < 0.005 
0.04 < xi9 < 0.06 

The starting point is changed to x,=-0.005 and x,,=0.055. This optimization resulted in an optimal 
value of the objective function C,,=9.18.10 -3 in x2=-0.00268 and xl9=O.0491, see figure E S  and 
H.l (appendix E and H). In this point the constraint on A is active. The deviation of this optimum 
from the exact value is 0.44%. The constraint on A is exact approximated and the constraint on 
C,, has a maximum relative deviation of 0.03%. Just like figure E.4 the approximated function in 
this part of the design space corresponds very well with the real Objective function in figure F.1. 

Looking at figure E.4 it can be seen that in the upper left corner of the design space the 
values of the objective function are starting to decrease a little. To see how far this is going 
another optimization is performed in this area (figure E.6) by using a fuíl factorial design with 36 
design points: 

-0.06 < X, < -0.04 
0.04 < xI9 < 0.06 

This optimization resulted in an optimal objective function value of 9.47.10 -3 in the lower right 
corner of this design space, see figure E.6. From this figure and the real objective function it can 
be concluded that the small decrease in the objective function value as was seen in figure E.4, is a 
consequence of the second area with local minimum as was seen in figure F.1. 

From these optimizations can be concluded that both areas can be found with multiple 
local optimum in it. The optimum which is found depends on the bounds on the design space and 
on the starting point. Performing an optimization with a new starting point can be done easily 
because the models do not change. So only the optimization module has to be run and no extra 
analyses have to be performed. The second area with local optimum which was found by Holden 
(1994) is also found in these tests with the global approximation tool. However this area is not as 
obvious as in the real function. 

In the total design space the real objective function can not be approximated accurately. 
However zooming in has lead to very good approximations of the objective function. This can be 
seen in figures E. 1 to E.6 compared with the real objective function in figure F. 1. 

The results of the 2 design variables optimization compared to the results of the 
optimizations with 1 design variable for pole 2 and pole 19 show that the found optimal value of 
x, is not the optimum that was found by the 1 design variable optimization but is in fact a point 
lower on the curve in figure D.5. The value found for xI9 by the optimization with 2 design 
variables is totally different from the value found by the optimization with just one design variable. 
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This is a result of the interaction between pole 2 and pole 19 if both poles are used as design 
variables. A variation of the position of one pole will have some influence on the optimal position 
of the other poles. Optimizing an aerofoil with just 1 or 2 design variables will therefore not result 
in the optimal shape of the aerofoil. Using more poles as design variables will possibly lead to 
other optimal positions of, for example, pole 2 and pole 19. 
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Chapter 3 

Mid-range function approximation tool 

In the mid-range approximation tool some different approximation models are implemented 
by Kessels (1994). These models are outlined in section 3.1. Kessels (1994) also programmed an 
automatic model selection mechanism since some models have limitations on design variable or 
function values and thus can not be used for all problems. However for the tests performed in this 
research only the linear model is used because there are still some problems with the other models 
and the linear model is applicable in all test cases. 

The move-limit strategy used by this approximation tool is the strategy implemented by 
Kessels (1994). The choice of the size and location of the search area is determined by the 
accuracy of the models. If the approximations are not within the feasible accuracy the size of the 
search subregion will be reduced to enable a more accurate approximation in a smaller portion of 
the search area. This reduction is the same for a l l  directions. If one or more of the move-limits are 
satisfied as equalities then it is assumed that the optimum is not yet reached and the search will 
continue. If none of the move-limits are met and the approximations are within the feasible 
accuracy then the search subregion will be reduced significantly since it is assumed that the area 
containing the optimum is reached. 

The search direction is in all cases determined by the values of the design variables in the 
current and previous cycle. The search subregion is moved in the direction q(k) - xl(k-l), where k 
is the current cycle number and x, the ith design variable value at the optimum. 

For the single-point-path method the starting design of every cycle is placed in the middle 
of the search subregion. However in the multi-point-path method the initial design is placed in one 
of the corners of the subregion depending on the earlier mentioned search direction since some 
additional points are placed in the same subregion. 

In a similar way as for the global tool the mid-range tool is tested on some aerofoil shape 
optimization problems with 1 or 2 design variablets). The results of these tests are respectively 
given in section 3.2 and 3.3. From these tests it followed that the final optimum found depends on 
the starting design and the convergence behaviour is not as smooth as it should be. 
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3.1 Mid-range approximation models. 

In the mid-range approximation tool five different approximation models are available 
(Kessels, 1994): (1) a linear model, (2) a reciprocal model, (3) a second order Taylor’s series 
expansion, (4) a posynomial model and ( 5 )  an extended posynomial model. 

The most simple model is the linear model: 

Y(x,a) = a,  + a,+,x, 
i=l 

where Y is the approximated function, xi the ith design variable value and aj the parameters of the 
approximate model. This model is preferred if a function is known to be linear in the design 
variables. There are no limitations necessary on the values of the design variables or on the 
function values, so it is always applicable. 

The reciprocal model: 

n 

Y(x,a)  = a, + a,+,- 1 
i=, xi 

(3.2) 

Ay linear in 
the reciprocal of the design variables. However this reciprocal model can not be used if for one of 
the design variables both positive and negative values occur in the search subregion. 

is used when the objective func ion or a constraint is known to be linear or approxima 

The third approximation method is to develop second order Taylor’s series expansions of 
objective function and constraints, based on existing data or on data gathered earlier in the 
optimization process, by estimating as many parameters as the number of available design points 
allows: 

1 
2 

Y(xO,a,x) = Y(x0) + (x - x0)TVY + -(x - xO)TH(x - x0) (3.3) 

where xo is the design variable value of the starting point in the current cycle, V Y  is the gradient 
of the approximated function and H the Hessian matrix at xo. If sensitivities are available, more 
parameters can be computed from the same number of design points. If data from only one design 
point is available the linear model can be used since this will give the same results. The Taylor’s 
expansion needs at least two design points to be evaluated. As in the linear model, no limitations 
are set to the design variables or the function values. 
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Another model in mid-range approximations is the posynomial model, also called multiplicative 
model: 

n 

Y(x,  a)  = a, nxiQ,+l 
i-1 

(3.4) 

This model takes only a limited number of parameters that need to be estimated and is, therefore a 
useful tool to approximate the functions in a subregion of the design space. However the 
disadvantage is that oniy positive or only negative design variabie values can ‘oe us&. These 
models are not able to describe parabolic functions because posynomiais are aiways either 
continuous increasing or decreasing in each coordinate direction. Thus a posynomial model is only 
suitable for approximating constraints and not for objective functions. 

By adding one more parameter to the posynomial function of equation (3.4) both positive 
and negative values can be used. This new model is called the extended posynomial model: 

n 

Y(x,a) y a, + a,nxiQf** 
i-1 

(3.5) 

The set of nonlinear equations of the model can not be solved by means of a standard least-squares 
method, since this requires initial guesses for the parameters which must be quit close to the 
solution. However there is no prior knowledge about the parameter values, so an ad-hoc method 
must be applied as described in Kessels (1994). That method works well oniy if sensitivities are 
not used. 

The preferred model can be specified in advance by the user. If the preferred model is not 
applicable for the specified function in an arbitrary cyle, an automatic model selection mechanism 
(Kessels, 1994) choses another model. This choice is based on the restrictions of the other models 
as described above. The models are placed in a hierarchy as shown in appendix B, figure B.1. This 
hierarchy determines which model is applicable to replace the preferred model for the specified 
function. 

Negative design variable values will replace the posynomial, extended posynomial and the 
reciprocal function by the Taylor’s series expansion. Negative function values can not be used in 
the posynomial model so if there is sufficient data the extended posynomial model will be tried. If 
the available data is insufficient and some function values are negative then the Taylor’s 
expansion or the linear model will be used depending on the amount of data. 

3.2 1 Design variable case. 

The following optimizations are performed by using a single-point-path strategy with the 
use of sensitivity information. The used models for objective function and constraints are chosen to 
be linear. At first only one design variable, xI9, is optimized. The bounds on this design variable 
are: 0.02 < x,, < 0.06. 
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The bounds on the constraints are as follows: 
- constraint on non-dimensional section area: 0.08 < A < 1.0 
- constraint on non-dimensional zero lift pitching moment coefficient: -0.1 < C,, < 0.02 

I 
0.8 
0.001 
O. 8 
O. 3 
0.00001 
0.05 
0.01 
0.01 

The initial starting point is chosen to be xl9=0.O4. For the mid-range approximation tool some 
other parameters are important (Kessels, 1994). The values of these strategy parameters for the 
optimization of pole 19 are given in the next table: 

Move-limit factors a, 
Minimal move-limit factor 
Reduction factor (pi 

Reduction factor <pz 
Approximation accuracy criterion 
Plan point rejection factor 
Design point screening factor 
Constraint screening factor 

The move-limit factor determines the size of the search subregion (MLLENG) in relation 
with the current starting point: 

This factor is adjusted during optimization, by multiplying this factor with one of the reduction 
factors cpi or cpz depending on the deviations in the optimal design point found in the previous 
search subregion. The implemented convergence criterion depends on the requested approximation 
accuracy. If the relative change in the objective function is lower than the requested accuracy then 
the optimum is found. A plan point rejection factor is only used in a MPP strategy and checks if 
existing points can serve as plan points. This is done to prevent redundant analyses at points that 
are close together within the move-limits. The design point screening factor is part of a criterion 
that excludes points that are outside the search subregion and whose distance to the nearest move- 
limit exceeds that criterion. These points namely could disturb the approximation in the search 
subregion. The constraint screening factor determines which constraints are approximated, namely 
those constraints that may become active somewhere in the search subregion. 

Using the values in the table above, the optimum is reached after 16 analyses at x,,=0.0277 
with an objective function value of CD=9.24.10 -3. The deviation from the exact value is 
approximately -0.2%. in this optimum none of the constraints is active. The optimal C,-vdue 
found by this optimization is lower than the one found by Holden (1994), C,=9.25-10 -3 at 
x1,=0.0281. The iteration history of the objective function shows a curve that is not smooth as can 
be seen in figure 1.1, appendix I. This is a consequence of the move-limit strategy which is used in 
the mid-range approximation tool. 
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By changing some of the parameters it is possible to decrease the number of analyses to 
reach an optimum. If the reduction factor (pi is reduced to 0.7, and the other settings are kept the 
same an optimum is reached after twelve analyses. This optimum is found at xlg=O.0278 to be 
9.26.10”. The deviation from the exact value is now only 0.01%. It can be concluded that this 
optimum is not as low as it was when using a reduction factor q1=0.8. This namely results in 
different models and thus another optimum. Adjusting some other parameters has not lead to a 
better optimum. Comparing the found optimum to the one found by the global approximation tool, 
x,,=0.0287 and C&=9.29.10 -3, shows that the objective function value reached with the mid-range 
tool is smaller than the value found by the global tool. This is partially a result of lowering the 
bound on A to 0.08 instead of 0.0812. Also the fact that mid-range approximation models are used 
instead of global models result in a more accurate approximation of the optimum. So it can be 
concluded that the mid-range tool gives better results for the optimization with one design variable. 

3.3 2 Design variable case. 

The following optimizations are performed on an aerofoil with two design variables, the 
positions of pole 2 and pole 19. These optimizations are performed by using a SPP strategy with 
linear models and sensitivity information. The bounds on the constraints are kept the same as in 
the case with only one design variable. The design space is: 

-0.05 < X, < 0.005 
0.007 < xI9 < 0.06 

As a starting point x2=-0.02 and x1,=0.O4 is chosen. The strategy parameters have the values as 
given in the next table: 

Parameter 

Move-limit factors a, 
Minimal move-limit factor 
Reduction factor (pi 

Reduction factor (p2 

Approximation accuracy criterion 
Plan point rejection factor 
Design point screening factor 
Constraint screening factor 

~~ 

Value 

O. 8 
0.001 
0.7 
0.3 
0.0001 
0.05 
o. 1 
o. 1 

These parameters lead to an optimal objective function value C,,=9.17.10” at x2=-0.0075 
and xlg=O.0465 with a deviation from the exact objective function value of 0.08%. To reach this 
optimum just 10 analyses were needed. In this optimum none of the constraints is active. 

To take a look at the influence of the initial starhg point on the optimum which is 
reached, the design space is increased: 

-0.06 € ~2 < 0.005 
0.01 < xI9 c 0.08 
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The comers and the centre of this design space are respectively used as starting point for 
the optimization. The results of these optimizations are given in appendix J, table J.l and figure 
J.1. From these results it can be seen that the choice of the starting point has a big influence on the 
optimum reached. Starting on the left side of the design space will result in a local optimum with a 
relative large objective function value. Starting on the right or in the centre of the design space 
results in an area with local optimum which was also found by the global tool. Comparing figure 
J.l with the graphical representation of the real objective function in figure F.l a reasonably well 
resemblence can be seen. Optimum 1 and 3 (figure J.l) are located in the first -re2 with !sc2! 

minimum, optimum 2, 4 and 5 are located in the second area. From these results it can be 
concluded that the real function is quit well approximated by the mid-range tool. 

The fact that the found optimum is depending on the start design is probably a 
consequence of the fact that a single-point-path strategy uses sensitivities. These sensitivities are 
not used by the global tool. Using mid-range approximations it is best to use a multi-point-path 
method because this method does not need sensitivity information. However the multi-point-path 
method had some problems with the move-limit strategy and was not used at this point yet. 

Next the strategy parameters are adjusted trying to reach a lower optimum. The move-limit 
factor is set to 0.7 and reduction factor cpi to 0.8. The design space is changed to the area in which 
the first optimum was found. The starting point is also the same. The optimum with these settings 
is reached after 15 analyses at x,=-0.005 and x,,=0.0468. The optimal objective function value in 
this point CD=9.12-10-3 with a deviation from the exact value of approximately -0.3%. The iteration 
history of the objective function is given in figure 1.2. Just as in the optimization with 1 design 
variable (figure 1.1) this convergence is also not smooth as a consequence of the move-limit 
strategy. 

Comparing the found optimum to the optimum found with the global tool, CD=9.18.10”, 
shows that just as in the case with 1 design variable, the mid-range method gives better results. 
From these results it can be concluded that the global tool results in an optimum which can be 
used as a starting point by local or mid-range approximations. As a consequence of these results 
the move-limit strategy should be adjusted. The purpose of this adjustment is to improve the 
convergence behaviour and to reduce the number of iterations needed in a mid-range method to 
reach the optimum. In chapter 4 the adjustments of the move-limit strategy are explained and some 
tests are performed to show the improvements in the optimization of truss structures and an 
aerofoil. 
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Chapter 4 

Move-limit strategy 

Most optimum found, with the old move-limit strategy, were located in the area where the 
real optimum can be found (see chapter 3). However in the previous chapter it was seen that the 
convergence behaviour was not smooth and the number of iterations needed to solve an 
optimization problem sometimes was large. It is believed that a more sophisticated move-limit 
strategy can improve this behaviour and reduce the number of iterations. 

So a new move-limit strategy is developed in this chapter and tested on some truss 
structures which has led to some good results and improvements compared with the previous 
move-limit strategy (Kessels, 1994). 

Move-limits are the allowable changes in design variables during the optimization of the 
approximate problem. The determination of move-limits is intuitive and problem and experience 
dependent. Move-limits which are too large will cause oscillations and eventually the solution 
process fails to converge. Move-limits which are too small either form no feasible region or slow 
down the convergence rate. The current design variable value xo should always be larger than or 
equal to the lower move-limit x/ and smaller than or equal to the upper move-limit x,": 

I O  xi I xi I xiu , i = l ,  ..., n (4.1) 

where n is the number of design variables. The value of the current design variable does not have 
to be exactly in the middle of the move-limits. In general, the distances (xi0 - xi') and (x: - xi") are 
different. 

If the move-limits are small enough to guarantee a good approximation within these move- 
limits the approximated optimum will be closer to the real optimum within the move-limit area. 
Without a proper choice of move-limits, the process may never converge. Move-limits are expected 
to decrease as the design approaches the optimum solution since the accuracy of the approximation 
is required to be higher when the design gets closer to the optimum. Being far from the optimum 
design, the gains that are made during each cycle can be large when significant errors are tolerated 
and progress is made towards the optimum. The advantage of large steps in the early stages of the 
process is the ability to escape local optimum. Reduction of the move-limits early in the process 
may unnecessarily slow down the convergence, especially if the starting design is far from the 
optimum solution. 
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The improvements of the move-limit strategy compared to the strategy by Kessels (1994) 
are explained in the first section. In the second section this new move-limit strategy is tested on 
some truss structures. Comparing these results with the results achieved by Kessels shows that the 
improved strategy leads to a more accurate optimum in an equal or even lower number of 
evaluations. In the third section a last test is performed with the new move-limit strategy on a 
shape optimization problem of an aerofoil. 

4.1 Impr~ved strategy. 

The move-limit strategy should be able to derive the state of convergence from the 
optimization history, combining the available information such as design variable values, function 
values and approximation errors. From this information the search direction and the reduction 
factors of the search subregion has to be determined. The size of the search subregion, also called 
the move-limit length (MLLENG), is related to the initial bounds on the design variables using 
move-limit factors (a,) for every design variable: 

MLLENG(i) = ai * I ( 0 . 5 ( x i u 0 - x ~ ) )  I , i = l,.-.,n (4.2) 

where n is the number of design variables. 
The values of the move-limit factors are bounded by a minimal and a maximal value: 

MLFMIN I ai I 1.0 , i = 1 ,..., n (4.3) 

In every cycle a minimal (xi') and a maximal value (xi") of the design variables are determined, 
depending on the search direction. 
If the search direction is positive (design variable value increases): 

(4.4) 
xi' = X; - p *MLLENG( i) , i = 1, ..., n 
xiu = xo + (1 - p)*MLLENG(i) , i = 1, ..., n 

where p is the extrapolation factor, which is in general chosen between 0.1 and 0.5 (Kessels, 
1994). If the search direction is negative (design variable value decreases): 

(4.5) 
xi" = xo + p *MLLENG( i )  , i = 1, ...,y2 
xi' = xo - (1 - p)*MLLENG(i) , i = 1, ..., n 

Compared to the strategy of Kessels, this new strategy uses different move-limit factors for 
every design variable. Kessels only used one factor, which was the same for every design variable 
in that cycle. The advantage of this new strategy is that a small search area for one design variable 
can be combined with a large search region for another variable. If, for example, one variable has 
reached its optimal value, the search area for this variable can be decreased, not depending on the 
values of the other variables. In the strategy of Kessels a reduction for one design variable resulted 
in the same reduction for all other variables. 

32 



The move-limit factors are determined at each iteration and their values are expected to 
shrink when approaching the optimum solution. At the first iteration these factors are given an 
arbitrary value, a:, which is the same for every design variable. If a: is chosen large (1.0) the size 
of the search subregion will also be large. A small ct:, for example 0.2, results in a small search 
area in which the approximations are applied. For subsequent iterations the move-limits are 
successively adjusted. This adjustment could be performed by an increase or a reduction of the 
move-limit factors. For a reduction, the move-limit factors are multiplied with one of the reduction 
fxtors cpí or cp2. In czse of rn increase in the move-hits the mu!tiF!ier wil! be (2-qi) or (2-qJ. 
The proper choice of the factors cpi and cp2, between zere and unity, controls the conve,g ence rate 
as well as the success of the optimization process. Before starting an optimization run the user has 
to determine the initial input values of the move-limit factors and the reduction factors. At early 
iteration stages large move-limits may quickly lead the design to the neighbourhood of some local 
minimum points. 

. .  . .  

D Y > D Y w ?  

The values of the move-limit factors in the successive cycles are determined by looking at 
the available data such as constraint violation, design variable and function values and the 
maximum approximation error. This information is also used to set a new search direction for the 
search area. A schematic representation of the total strategy is given in figure 4.1. 

and CQ qaint violation 
R < b a n d  m%uon > 0.005 and 

not active. side constraints 
not active ? 

> 0.002 ? side constrapts 

I current point feasible? I 

I previous point feasible? I 

direction 

Figure 4.1: Move-limit strategy. 
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The first important decision is depending on the current design point, which can be feasible 
or infeasible. If the point is infeasible, the same question arises for the previous point. This leads 
to a decision about the search direction. If the previous point was feasible but the current point is 
not, the search direction for every design variable will be reversed in order to return to the feasible 
region. The size of the search subregion is then determined by the constraint violation. A violation 
larger than 0.2% will result in a large increase of the search area compared to the previous cycle, 
otherwise a small increase will be performed. Both cases will lead faster to the feasible region and 
a larger nfl. Y of the sea& z e 2  wi!! he h this A-,a r 4 n n  -*-* 

If both points are infeasible the search direction is determined for every design variable 
seperately and set to the direction in which the most violated constraint decreases for that variable. 
This will also lead to the feasible region but will take some more cycles compared with the 
previous cases. If the constraint violation is larger than 0.5% and the side-constraints are not active 
the search subregion is reduced in size. This is only a small reduction and leads to more accurate 
models. If the side-constraints are active a reduction is not preferred since the search area will not 
significantly move away from the bounds. In case of a low constraint violation it is not that 
important to make the models more accurate by reducing the search area since in the next cycle 
possibly a feasible point is found. In these cases the size of the search subregion will be kept the 
same. 

The other possibilities occur if the current point is feasible (see figure 4.1). In this case the 
next decision depends on the optimum found in the current and in the previous two cycles. If the 
change in a design variable from the previous (k-1) to the current cycle (k) has the same sign as 
the change from cycle (k-2) to the previous cycle (k-l), Dx,,,Dx,,~ > O, then the search direction 
will be set to the direction in which the current optimum (xnew) was found compared to the starting 
point position (x,,~). Since the last two optimum were found in the same direction it is expected 
that the next optimum will be found in the same direction. This is seperately determined for every 
design variable. The search subregion is increased if the approximation error is lower than a 
boundary value Rbnd which becomes more accurate, i.e. lower, when the number of cycles 
increases. This is also applied to the relative deviation of the objective function value in the current 
cycle from the value in the previous cycle DY which should be larger than a given value DY,,,. 
Furthermore the side-constraints should not be active otherwise the search subregion wil be kept 
the same size. In that case an increase of the search subregion is not desired. If the relative 
deviation of the objective function is small it is possible that the final optimum is almost reached. 
If the approximation error is larger than Rbnd, increasing the search area will make the 
approximation error still larger. Active side-constraints do not allow the area to be increased. 

The last case occurs when DXnewDXold I O: in two successive cycles the change in a design 
variable has different signs. The search direction will then be defined by the direction in which the 
object function decreases. Since the current point is feasible this is the fastest way to move to the 
optimum. The change in size of the search subregion is now only depending on the relative 
deviation, DY, of the objective function. Is this deviation larger than or equal to DY,,, a small 
reduction is applied else the reduction will be larger. This is done because the optimum is almost 
reached and in a smaller area the approximation will be more accurate and the final optimization 
faster. Whether or not the final optimum is found is determined by the convergence criterion. 
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The convergence criterion is determined by the relative change in the objective function 
from the previous to the current cycle. If this percentage is lower than a requested accuracy, the 
constraint violation lower than 1.0% and the approximation error lower than 5.0% convergence has 
occured and an optimum is found. Another criterion for having found the final solution is by 
looking at the size of the search subregion; If the size of the- search subregion is not changed 
during the last four cycles and the relative change of the objective function value is lower than the 
requested accuracy then convergence will be assumed, independent from the constraint violation 
md the tipproximatien errer. 

4.2 Test results. 

4.2.1 Two-bar truss. 

The first problem tested with the new move-limit strategy is the two bar truss problem, as 
shown in figure 4.2. The design variables are the cross-sectional areas of both bars x, (cm,) and 
half the distance between the bottom nodes x, (m). The vertical distance between the top and the 
bottom nodes is kept constant. The structure is loaded in the top node by a force of 2.0.105 N, 
where the ratio of the horizontal component to the vertical component of this force is 19.  The 
stress should not exceed 100 N/mm2. 

2 2  

Figure 4.2: Two bar truss problem. 
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The optimization problem is formulated as: 
Minimize the mass of the structure, 
subjected to: 
- constraints on the design variables: 

- constraint on stress: -1.0 I ol I 1.0 

0.2 I x1 5 4.0 
0.1 I x2 5 1.6 

Where ol is the stress in the left bar since the stress in this bar will always be larger than the stress 
is the right bw. n e  ccrrpnutation of q is ~djustp,c! so the b~ilnds z e  equal to +I.@. Yoiing's 
modulus of elasticity of the tïuss E=2.1.1@11 N/mz md the weight density p=7.8-103 kg/m3. 

This structure is optimized by using a SPP and a MPP method. The initial design xo = [1.5 
0.51. The functions are approximated by linear models. Optimizations are performed by varying the 
initial move-limit factor between 0.2 and 1.0. From several tests it follows that for the SPP method 
the final optimum is found in maximal 10 cycles, slightly depending on the values of the strategy 
parameters. These parameters are explained in section 3.2. 

Parameter 

Minimal move-limit factor 
Reduction factor (pi 

Reduction factor (pz 

Approximation accuracy criterion 
Plan point rejection factor 
Design point screening factor 
Constraint screening factor 

Value 

0.05 
0.5 
0.2 
0.001 
0.05 
0.1 
0.2 

The fastest results are achieved with the parameters as given in the table above, and are 
presented in appendix K, table K.1. Comparing these results with the results achieved by Kessels 
(1994), it can be seen that for the SPP method the results are approximately the same. 

Using a MPP strategy with the same strategy parameters needs more analyses compared 
with the SPP method since in every cycle some extra design points are evaluated. However 
compared to the results achieved by Kessels the number of analyses is approximately the same but 
with this new strategy the final optimum is found not depending on the values of the strategy 
parameters. These values only influence the convergence rate. For example, comparing test 8 with 
test 13 (table KI) ,  the optimum is almost the same but the number of analyses is significantly 
different. In that case only the first reduction factor and the point screening factor are a factor 0.1 
enlarged. 

The iteration history of the objective functions of two tests, numbers 3 and 8 (table K.1) 
are graphically represented in respectively figures L.l and L.2 (appendix L). The SPP method 
(figure L.l) shows at first a relatively large reduction followed by a steady increase towards the 
optimum. A MPP method (figure L.2) shows some more peaks and a slower convergence since 
also the extra points, which are presented by the single dots, are evaluated. The solid line connects 
only the found optimum in every cycle, which is also the starting point in the following cycle. 
Comparing this line with the results in the plan points (dots) it can be seen that in the first 20 
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analyses the distances between the dots and the line sometimes are large. This is a result of the 
fact that the search area is still large so the plan points are placed further away from the starting 
point then later in the optimization. After 20 analyses the distance is namely reduced, indicating a 
smaller search area. 

The approximation errors and constraint violations are small, approximately lo-’- 1 O-3, and 
the true optimum is found in all cases. The maximum approximation error occurs in the constraint 
on the stress in the left bar. This is the only active constraint in this optimization and it is active 
CE the q p e r  heiind of the search subregion. 

In this test case there is no important difference in results between a SPI’ and a MPP 
strategy. Probably the accuracy of the approximations is not significantly enlarged by placing two 
extra points in the search area. This only leads to more analyses and not to a more accurate 
optimum. As can be seen in figures L.l and L.2 the new move-limit strategy has lead to a smooth 
convergence for this problem. 

A classical example in structural optimization is the three dimensional pyramid-shaped 
structure shown in figure 4.3. This structure consists of four bars which cross-sectional areas are 
the design variables (in?). The structure is loaded by a force at the top node (figure 4.4). 

Figure 4.3: Four bar truss problem. 
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The optimization problem is stated as: 
Minimize the mass of the structure, 
subjected to: 
- constraints on the design variables: 0.1 I xi I 10.0, i=1, ..., 4 
- constraints on stresses: -25000 I oi I 25000 , i=1, ..., 4 
- constraints on displacement of node 5 in z-direction: -0.3 I v5 I 0.3 

Where oi is the stress (lbhn.’) in bar i and v5 the vertical displacement (in.) of node 5. Young’s 
modu!uv of eksticity ef thz t m s s  E=I.o-!o~ !bh?  und the weight density p=O.I M n .  . 3 

n 
Figure 4.4: Loading conditions four bar truss 

(units in kpsi). 

This problem has at least two optimum (Fleury, 1987). These optimum were both found by 
using a SPP or MPP method with linear models. Only the results of the global optimum are 
presented in this section and in appendix K. The initial design x0=[2.4 2.4 2.4 2.41. 

The SPP method gives the best results with the same strategy parameters as the tests on the 
2 bar truss structure. A higher accuracy level (0.0005) is required otherwise most optimization runs 
lead to a local optimum around an objective function value of 143. However this higher accuracy 
is no guarantee for reaching the global optimum since this still depends on some other strategy 
parameters, for example the first reduction factor. If (pi is 0.5 the SPP method gives good results 
but the MPP method depends strongly on the combination of initial move-limit factor and first 
reduction factor. Using the MPP method it is preferred to set the point screening factor on 0.9. A 
lower factor will mostly lead to an error message since the modelfitting module will then not have 
enough active design points to make a good fit with the available data. All points that are outside 
the search subregion and whose distance to the nearest move-limit exceeds a criterion in at least 
one coordinate direction, are excluded. This criterion depends on the point screening factor. In a 
SPP method a PSFACT equal to 0.1 is enough since this method also uses sensitivity information 
which is not used by a MPP strategy. 

The best results are presented in tables K.2 and K.3 and in figures L.3 to L.6 a graphical 
presentation of these results is given. From these tests it follows that a MPP strategy more often 
leads to the local optimum around 143 compared with the SPP method. However both strategies 
are able to find the global optimum around an objective function value of 120. Which minimum is 
found depends on the values of the strategy parameters. Kessels (1994) needed respectively 
reciprocal and Taylor’s series expansions to find the local and global optimum. The advantage of 
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the new move-limit strategy is that now also the linear model can be used with no restrictions on 
design variable and function values. 

In table K.2 some results are presented achieved by a SPP method. It seems that the 
optimum is reached in a number of analyses varying between 10 and 30, depending on the initial 
move-limit factor. A MPP strategy needs more analyses since in this test case, four extra design 
points are placed around the starting point in every cycle. Now the number of analyses is varying 
between _+50 and +175 for the best results. Other values of the strategy parameters may need more 

The optirnwn found reasonably well corresponds with the optimum found by Fleury 
(1978). The approximation errors and constraint violations in this optimum are small. 
In this minimum two constraints are active: stress constraint in bar 3 and the displacement 
constraint of node 5 in z-direction. 

Both SPP and MPP iteration histories are also presented in respectively figures L.3 and L.4 
for the objective function and figures L.5 and L.6 for the design variables. The objective function 
shows, just as the two bar truss, first a relatively large reduction and next a smooth development 
towards the optimal value. In figures L.5 and L.6 the iteration history of every design variable is 
seperately given and also the iteration history of the move-limits in every design variable direction 
is presented. These figures show that in the first analyses the search area is still quit large and the 
size of this area decreases when the optimal value of a design variable is approached. So at first 
large steps are taken to approach the optimum and to escape local minimum, later the size is 
reduced to make the approximations more accurate and to determine the final optimum. 

r n ; U I I Q P Q  J to rzctch ct2 optimi?m. 

4.2.3 Ten-bar truss. 

Another optimization problem to test the new move-limit strategy, is the 10-bar truss 
problem as shown in figure 4.5. The problem is to choose the cross-sectional area of each member 
of the truss to minimize its weight. So these cross-sectional areas are design variables. In this case 
the objective function is a linear function of these design variables. In nodes 2 and 3 this structure 
is loaded by nodal forces P=l.0.105 lb, also shown in figure 4.5. 

This optimization problem is stated as: 
Minimize the mass of the structure, 
subjected to: 
- constraints on stresses: -25000 I oi I 25000 , i=1, ..., 10 
- constraints on displacements for the four free nodes: 

- lower and upper bounds on the design variables: 0.1 I xi I 35 , i=1, ..., 10 

-2 I uj I 2 , j=2,3,4,5 
-2 I vj I 2  , j=2,3,4,5 

Where oi is the stress (lb/in.2) in bar i, uj is the horizontal displacement (in.) and vj the 
vertical displacement (in.) of node j. Young’s modulus of elasticity E=l .0-107 1b/ia2, weight 
density p=O.1 lb/in.3 and the bar length L=360 in.. The initial design q0=20 in.2 for i=1, ..., 10. 
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L L 

Figure 4.5: Ten bar mss. 

The values of lower and upper boundary limits are chosen because both local and global 
optimum are located in this region (Fleury, 1978). The locations of these optimum are given in 
table L.6. Some tests are performed to find these optimum by using the mid-range approximation 
method with the improved move-limit strategy. Kessels (1994) has found the local optimum by 
using a SPP method with reciprocal models (5079.9 in 14 cycles) and the global optimum by using 
a MPP strategy (5059.1 in 11 cycles). 

The results achieved with the improved strategy are given in figures L.7 to L.9 and tables 
K.4 to K.7. These results are not only achieved by using linear models. Two tests (no. 5 and 6) are 
performed by using reciprocal models for the constraints in a SPP strategy. 

Just as the four bar truss, this structure needs a point screening factor of 0.9 in the MPP 
strategy otherwise there are not enough active design points. Tests with a SPP and a MPP method 
show that for this structure the optimum found and the convergence rate strongly depend on the 
strategy parameters. A change in one of the parameters may lead to premature convergence and 
thus a totally different minimum. This especially happens when using linear models. Reciprocal 
models, only tested in a SPP strategy, mostly reached the local or global optimum. These models 
namely corresponds more with the real constraint functions, which are depending on the reciprocal 
cross-sectional areas of the bars. Thus a better optimization can be performed. 

It can be seen in table K.5 and figure L.9 that both optimum are found in respectively 16 
and 17 analyses with, as shown in table K.6, small deviations of the design variables in the 
optimum from the values found by Fleury (1978). These deviations are somewhat larger when 
using linear models. Then the number of analyses lies around 25 to 40 for a SPP strategy and 
around 200 for a MPP strategy. The MPP strategy only found the global optimum and did not 
converge to the local minimum. Both optimum were found by the SPP strategy. The active 
constraints in these optimizations are the vertical displacements in nodes 3 and 4 in the SPP 
strategy and in the MPP strategy the vertical displacement in node 4 and the stress in bar 6. 
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In table K.6 the best optimum found are presented with their design variable values and 
can be compared with the values found by Fleury. It can be seen that the results achieved with 
reciprocal models (test no. 5 and 6) resemble these last results very good, especially the local 
minimum. However also the tests with linear models show a relatively good approximation of the 
true optimum. Using these results as a start design in local methods will probably lead to the exact 
real optimum. In table K.7 the iteration history of the objective function of a local and a global 
optimum, found by using linear models in respectively a SPP and a MPP strategy, are given. In 
this table the chaige of the objective function vahe in every cyde c m  he ohserved. After a fast 
reduction in the first cycles a small increase occurs followed by a smooth decrease towards the 
optimum, which also could be seen in figures L.7 and L.8. 

A conclusion from the tests on these three truss structures with the new move-limit strategy 
is an improved convergence behaviour. The number of iterations is in general decreased, a more 
accurate optimum is found and the development towards the optimum went more smoothly 
compared to the old strategy. 
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Chapter 5 

Conclusions 

Global and mid-range approximation concepts were tested on classical truss structures and 
aerodynamic shape optimization problems. A new move-limit strategy was developed to improve 
the convergence behaviour and to reduce the number of iterations needed to reach an optimum. 

As the global tool is not intended or designed for an accurate location of the optimum 
design, it is useful for detecting interesting areas in the design space. Starting from these areas, a 
local approximation method could be able to locate a suitable optimum within a few analyses. 
Especially if the response behaviour is not smooth and contains multiple local minima, response 
surface models can be used to smoothen the disturbances on the response functions which 
otherwise may disarrange the optimization process. In addition, zooming in around possible optima 
gives the designer a better idea of the real behaviour of the structure to optimize. All this is 
possible with a moderate number of analyses which is in control by the designer by means of 
experimental design techniques. 

Although for the mid-range method not all models are fully operational yet, optimum 
solutions found were close to the ones reported earlier. In some cases, multiple optimization runs 
with different starting points were necessary to find a satisfying optimum. The improved move- 
limit strategy showed a smoother convergence and a more accurate optimum was reached in a 
reduced number of iterations. The results achieved with this new strategy were less depending on 
the start design. Since this move-limit strategy was the problem when optimizing an aerofoil with 
the mid-range tool, a new test could be performed on the same aerofoil with the improved strategy. 

Future enhancements should include a more structured choice of the initial move-limit 
factors and the reduction factors in the mid-range tool. These factors are problem dependent and 
therefore could not be given a constant value. Another option could be the position and the number 
of extra design points used in a multi-point-path strategy. However, before these adjustments are 
performed its first important that the other models in the mid-range approximation tool are made 
fully operational. Especially the Taylor’s series expansion since the other models fall back upon 
this Taylor’s expansion if the criteria for these models are not satisfied. 
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APPENDIX A: Schematic representation of function approximation and optimization. 

Data collection 

Modelfitting 

Testing 

1 
values 

I 

.1 
Approximation tool k 

Estimation of model ! parameters 

Evaluation of 

No 
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Figure A.l: Schematic representation of global and MPP function approximation and optimization. 
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APPENDIX B: Schematic representation of model selection mechanism. 
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Figure B.l: Model selection mechanism. 
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APPENDIX C: Modelinput and results for a 1 design variable aerofoil optimization. 

Order 
of 
obj. 
fun. 

Model 

L 
1 

2a 
2b 

3 

4a 
4b 

5 

6 

Number 
of variable 
design 
points 

min. max. min. max. 

1 

2a 
2b 

3 

4a 
4b 

5 

6 

- 

4 

4 

Pole 19 

16 2.00E-2 4.OOE-2 8.12E-2 0.1OEl 

8 2.00E-2 4.OOE-2 8.12E-2 O.lOE1 

FR 

I s  4 

FR FR 0.935821E-2 

3.21E-4 5.85E-2 8.12E-2 O.lOE1 

0.25% 

-0.40% 

-0.30% 

-0.38% 

0.96027 2.944224E-2 
2.94423OE-2 

0.82520 2.768995E-2 

0.88138 4.OOOOOOE-2 
2.870928E-2 

0.88439 2.86354OE-2 

Table C.l: Modelinput pole 19. 

-0.36% 

Sens. I Starting 

0.79859 2.852107E-2 FR FR FR 0.929386E-2 

point 1 I 
2.94E-2 

2.94E-2 
5.50E-2 

2.94E-2 

2.94E-2 
2.0 1 E-2 

No 1 2.01E-2 

Yes I 2.01E-2 

Model accuracy Design variable 

rel. dev. Value 

-0.46% I 0.85578 I 2.948725E-2 

f I i ~ f I 0.933284E-2 
0.933284E-2 

0.929747E-2 

UL 0.938526E-2 
F R I ~  1 ~ ~ 1  0.928840E-2 

FR 1 FR 7 FR I 0.928748E-2 

Table C.2: Results optimization pole 19 (LL=lower limit, FR=free, UL=upper limit). 
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7a 
7b 
7c 

8 

9 

10 

1 l a  
1 lb  

~ 

0.935821E-2 

8.17603 1E-2 

Design variable 

2.948725E-2 0.9280 19E-2 

8.17603 1 E-2 

2.8709 1 SE-2 0.928841E-2 

8.16073OE-2 

-5.566338E-4 

Order 
of 
obj. 
fun. 

0.926354E-2 

8.16073OE-2 

-5.552473E-4 

3 

Number 
of 

5 

Bounds on design 
variable 

Bounds on A 

3 

design 
points 

min. max. 

4 

min. max. 

4 

8 

A 

-5.93E-2 -1.10E-3 8.12E-2 O.lOE1 NO 

Approximation I Exact 

8 

8 

-5.93E-2 -1.lOE-3 8.12E-2 0.10E1 NO 

-5.93E-2 -1.lOE-3 8.OOE-2 0.1OE1 NO 

Deviation 

0.84% 

0.00% 

1.74% 

0.27% 

0.00% 

0.25% 

Table C.3: Deviations in optimum pole 19. 

Pole 2 

Sens. Starting 
point 

-2.06E-2 
-5.9OE-2 
-0.5OE-2 

-2.06E-2 

-2.06E-2 

-2.06E-2 

-2.06E-2 
-4.00E-2 

Table C.4: Modelinput pole 2. 
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1' 
1 l a  
1 lb  

Model accuracy Design variable A C,, C, at C,=0.5 

rel. dev. 

-0.44% 

0.26% 

-0.44% 

-0.29% 

-0.29% 

0.933265E-2 
0.933265E-2 
0.933265E-2 

R2 Value State State State 

0.97264 -2.804563E-2 FR LL FR 
-2.804563E-2 FR LL FR 
-2.804563E-2 FR LL FR 

0.98933 -2.804563E-2 FR LL FR 

0.97264 -2.205138E-2 FR LL FR 

0.95957 -2.804563E-2 FR LL FR 

0.95957 -2.797108E-2 FR FR FR 

0.93 1 198E-2 

-2.797118E-2 

0.930030E-2 

FR FR FR 0.926556E-2 

0.926557E-2 

0.926556E-2 

Table C.5: Results optimization pole 2 (LL=lower limit, FR=free, UL=upper limit). 

Table C.6: Deviations in optimum pole 2. 
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APPENDIX D: Graphical representation of results 1 design variable optimization. 

9.4; 

O 0.01 0.02 0.03 0.04 0.05 
vertex position 

)6 

Figure D.l: Objective function in complete design space (pole 19). 

t 5 9.34 

I 

9.28 g.3L 0.02 I I I I 

vertex position 

- 

Figure D.2: Objective function around optimum (pole 19). 
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Objective function value (pole 19) y 10" 

9.4 

I I i i 

vertex position 

9.28' 

x lo9 
I I 1 1 

Figure D.3: Objective function by using 8 and 16 points (pole 19). 
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Figure D.4: Objective function by (not) using sensitivities (pole1 9). 
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x Objective function value (pole 2) 
9.61 ! 1 I ! I 

o 9.35 o " I  
9.31 

9.2 

9.15' I I I I I 

-0.06 -0.05 -0.04 -0.03 -0.02 -0.01 O 
vertex position 

Figure D.5: Objective function in complete design space (pole 2). 

1 9.28 

I I 
9.26' I I I I 
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Figure D.6: Objective function around optimum (pole 2). 
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APPENDIX E: Graphical representation of results 2 design variables optimization. 

Figure E.l: 4"-order objective function (100 pts.), constraint on A (--). 

Figure E.2: Sh-order objective function (100 pts.), constraint on A (--). 
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pole 2 

Figure E.3: 6'h-order objective function (100 pts.), constraint on A (--). 

pole 2 

Figure E.4: 5"-order objective function, smaller area (100 pts.). 
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pole 2 x IO3 

Figure E.5: Sth-order objective function (36 pts.), constraint on A (--). 

,00948 

Figure E.6: 5"-order objective function (36 pts.). 
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APPENDIX F: Graphical represeiitat.ion of real objective function. 

pole 2 

Figure F.l: Exact objective function (pole 2 and pole 19). 
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APPENDIX G: Results optimization aerofoil, 2 design variables. 

Design variables in optimum 
objective 

x19 

2.079141E-3 5.392220E-2 

6.8164OOE-3 5.25OOOOE-2 

5.OOOOOOE-3 5.689600E-2 

Objective function value in optimum 

Approximation Exact Rel. dev. 

9.222725E-3 9.19386OE-3 0.31% 

9.204571E-3 9.175837E-3 I 0.31% 

9.198483E-3 9.226198E-3 -0.30% 

Table G.l: Results optimization aerofoil, pole 2 and pole 19 (100 pts.). 
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APPENDIX H: Original and optimized aerofoil. 

Original (--) and optimized (-) aerofoil 

0.2 

I I I I I I 1 1 1 1 

O 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Figure H.l: Results optimization aerofoil (pole 2 and pole 19). 
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APPENDIX I: Objective function during mid-range optimizations. 

1 I I I I 

2 4 6 8 10 12 14 16 
9.25' 

O 
Number of analyses 

Figure 1.1: Objective function (design variable: pole 19). 

g.4. 

I I 

5 10 
Number of analyses 

9.1 ' 
O 3 

Figure 1.2: Objective function (design variables: poles 2 and 19). 
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APPENDIX J: Iiifliieiice of starting point on optiniurn (mid-range tool). 

0.05 z 
a> 
O Q 
- 
0.04 

0.03 

0.02 

starting point (o) and found optimum (+) 
I I i 

- 

- 
35 

- 

- 

3 .505E-2 

0 5  + 4  

+ 5  

O. 5 OE-2 
8.00E-2 

-2.75E-2 
4.50E-2 

0 
0.Old ’ 
-0.06 -0.05 -0 .O4 -0.03 -0.02 -0.01 

pole 2 

-0.982E-2 9.19E-3 
4.500E-2 

-1.837E-2 9.24E-3 
4.044E-2 

Figure J.l: Found optimums with different starting points. 

Starting point Optimum C,-value 

-6.00E-2 -5.162E-2 9.45E-3 
11 11 1.00E-2 I 3.625E-2 I 1.00E-2 3.625E-2 

OSOE-2 -2.515E-2 9.20E-3 
1.00E-2 3.246E-2 

-6.00E-2 -5.112E-2 9.40E-3 1 I :S;X):2 ~ 

-2.515E-2 1 9.20E-3 
3.246E-2 

-6.00E-2 -5.112E-2 9.40E-3 

Table J.1: Found optimums with different starting points. 
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APPENDIX K: Results new move-limit strategy. 

test initial number 
no. move-limit of 

factor analyses 

~ ~~ 

2-Bar Truss: SPP, linear models, (pi = 0.5, (pz = 0.2, PSFACT = 0.1 

max. rel. max. rel. design variables obj. fun. value 
approx. constr. 
error viol. X1 x, approx. exact 
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- 
test 
no. 

- - 
1 

2 
- 

0.2 I IO 

0.4 23 

3 

4 
- 

7 .5~-2  2 . 5 ~ 4  e.! I 3.968 I 0.747 

1.2E-1 I 5.6E-4 0.1 3.855 0.747 

5 

Fleury 

4-Bar Truss: SPP, linear models, cpi = 0.5, cpz = 0.2, PSFACT = 0.1 

19 0.1 3.893 0.74’7 

I ini. I no. I max. I max. design variables 

0.6 I 17 I 2.2E-1 I 2.2E-3 I 0.1 I 3.807 I 0.746 

0.8 I 11 I 6.1E-3 I 3.8E-5 I 0.1 I 3.963 I 0.747 

1.0 I 26 I 2.9E-1 I 1.4E-3 I 0.1 I 3.759 I 0.744 

I obj.fun. 
value 

~ 

2.404 I 120.77 

2.532 1 120.71 

2.556 I 120.54 

2.467 120.78 + 2.593 120.65 

2.510 I 120.73 
I 

Fleury I l9 I I 0.1 I 3.893 I 0.747 

71 value fun* 

2.424 I 120.97 

2.503 1 121.04 

2.510 I 120.73 

Table K.3: Results four bar truss (MPP). 
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I1 10-Bar Truss: SPP, linear models II 
test ini. cpi cpz PSFACT ACCUR. 
no. mv-lim. 

fact. 

1 0.6 0.5 0.4 0.2 0.0001 

2 0.4 0.7 0.5 0.2 0.0001 

3 0.9 0.7 0.5 0.2 0.0005 

no. max. max. 
of approx. constr. 

anal. error viol. 

39 2.9E-2 1.2E-4 

25 9.9E+1 8.33-4 

42 6.7E-1 2.6E-3 

obj. 

value 

5076.9 

5060.6 

1 

1 r:r 1 ini. cpl cpz PSFACT ACCUR. no. max. max. 
of approx. constr. 

anal. error viol. 
mv-lim. 

fact. 

Table K.4: Results ten bar truss with linear models (SPP and MPP). 

0.4 

obj. 

value 

5056.21 0.3 0.9 0.0005 210 3.7E+2 3.OE-3 

10-Bar Truss: SPP, reciprocal models 

1 :“T 1 
R 

ini. <pi cpz PSFACT ACCUR. no. max. max. obj. 
of approx. constr. fun. 

anal. error viol. value 
mv-lim. 

fact. 

0.7 0.5 0.2 0.0001 16 7.2E-5 0.0 5076.7 o:: 0.9 0.6 0.2 0.001 17 0.3 3.1E-3 5058.4 

Table K.5: Results ten bar truss with reciprocal models (SPP and MPP). 
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x2 

x3 

x4 

XS 

'6 

x7 

'8 

X9 

x10 

Ten bar truss: test no. 

30.813 

1 1 2 1 3 1 4  I I 

30.952 29.993 30.827 30.729 30.767 

~~ 

23.912 I 24.478 I 23.024 I 23.686 I 23.943 I 23.838 

~~ 

8.5386 

0.100 

14.837 I 14.820 I 15.420 I 14.217 I 14.734 I 14.854 

8.4206 7.5444 7.4798 8.5403 7.8734 

0.100 0.100 0.100 0.100 0.100 

0.100 I 0.100 I 1.0774 I 0.8315 I 0.100 I 0.49313 

0.100 I 0.100 I 0.100 I 0.100 I 0.100 I 0.100 

0.100 I 0.100 I 0.100 I 0.100 I 0.100 I 0.100 

21.037 I 21.540 I 21.377 I 20.659 I 20.948 I 20.771 

20.632 I 19.773 I 21.082 I 21.746 I 20.837 I 21.007 
~~ 

5076.2 I 5076.9 1 5060.6 I 5056.2 I 5076.7 I 5058.4 

Fleury (1978) 

0.100 0.100 

0.100 o. 100 

20.951 1 21.036 

8.540 7.457 

0.100 0.100 

20.836 I 21.528 

G q G G  
Table K.6: Optimal design variables ten bar truss. 
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Objective function values 

cycle 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

test no. 2 

8392.9 
7344.8 
6953.7 
5886.6 
6044.3 
6146.9 
5974.3 
5938.7 
5875.3 
5754.3 
5670.7 
5600.1 
5576.0 
547 1.6 
5455.6 
5329.7 
527 1.3 
5220.5 
5182.1 
5092.2 
5082.5 
5073.3 
5078.0 
5077.1 
5076.9 

test no. 4 

8392.9 
5833.9 
5607.6 
5844.1 
5707.0 
5405.7 
5078.3 
4842.0 
5310.5 
5249.8 
5277.9 
5167.3 
5158.5 
5143.9 
5093.5 
5122.8 
507 1.2 
5062.9 
5055.2 
5056.2 

Table K.7: Iteration history ten bar truss. 
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APPENDIX L: Graphical representation results new move-limit strategy. 

Object function 
1.7 

1.6 

2 3 4 5 6 7 8  1.4' 

analyses 

Figure L P :  2-Bar truss, SPP 

Object function 

l E 0 1  

Figure L.3: 4-Bar truss, SPP. 

Object function 

3 <  

z./ : . 

Figure E.2: 2-Bar truss, MPP 

Obiect function 

*o/ . : . , 

10 20 30 40 50 
analyses 

60 

Figure L.4: 4-Bar truss, MPP. 
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variable xl 

4 -  
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a, 
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23 
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a, 
Q 
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1 

I 
5 70 

cycles 

variable x3 

variable x2 
I 

5 10 
o o 

cycles 

variable x4 

- 1  I 

cycles cycles 
Figure L.5: Iteration history design variables (--) in bounds (-), 4-BT, SPP, test no. 4. 

variable x l  variable x2 

cycles cycles 

variable x3 variable x4 

cycles cycles 
Figure L.6: Iteration history design variables (--) in bounds (-), 4-BT, MPP, test no. 8. 
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Object iunction 

8500m 

k 
test no 3 

5000' , , \ , , ,  test no 2 
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analyses 

Figure L.7: 10-Bar truss, SPP. 

Object function 

7500 

test no. 4 
5500 - 

5000 - 
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analyses 

4500; 
O 

Figure L.8: 10-Bar truss, MPP 

test no.5 

4500 
O 2 4 6 8 10 12 14 16 18 

anatvses 

Figure L.9: 10-BT, SPP, reciprocal models. 
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