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Time domain performance based nonlinear state
feedback control of constrained linear systems

R.J.M. de Jong, W.H.T.M. Aangenent,Student Member, IEEE,M.J.G. van de Molengraft and M. Steinbuch
Member, IEEE

Abstract— This paper describes a method to design a nonlinear
state feedback controller that meets a set of time-domain specifi-
cations. Using a constrained polynomial interpolation technique,
an input signal is computed that satisfies the desired time-domain
constraints on the input and state-trajectories. The computed
input is constructed by nonlinear combinations of the states,
such that a nonlinear state feedback law is obtained. Stability
of the resulting closed-loop polynomial system is analyzed using
sum-of-squares techniques. An illustrative example is presented,
showing that the proposed nonlinear controller outperforms its
linear counterpart. To validate the proposed method, experiments
on a fourth-order motion system have been carried out.

Keywords - Nonlinear state feedback, constrained systems,
polynomial approach, LMI, sum-of-squares

I. I NTRODUCTION

FUNDAMENTAL limitations on the performance of feed-
back systems with known linear plant dynamics is a topic

that has been widely discussed in literature. These limitations
are partly linked to the plant dynamics on the one side and
partly to the plant acting in combination with conventional LTI
feedback controllers. The open-loop system requires sufficient
bandwidth and high gain at low frequencies in order to obtain
a fast response and good settling behavior. On the other hand,
to suppress residual vibrations and sensor noise, the gain
needs to be low at high frequencies. It is well known that
this performance trade-off is defined by Bode’s gain/phase
relation [1], which limits how fast the open-loop gain can cross
unity gain while maintaining closed-loop stability. In order
to obtain a performance that is superior to an LTI feedback
system, several nonlinear ’tricks’ are used in industry (e.g.
[2]). It may appear a step backwards to intentionally introduce
nonlinearities into an otherwise essentially linear system, but
the introduction of nonlinear elements to control linear systems
is motivated by the desire to overcome the limitations that are
inherent to linear control systems.
In [3], the implementation of a PID controller with a non-
linear gain and a SPAN-filter is considered to investigate the
possibilities of improving the step response. It is shown that a
controller with nonlinear elements can improve performance
with respect to overshoot and settling-time when compared
to an LTI controller. However, a general performance based
systematic approach for nonlinear controller synthesis for
linear systems is still lacking.
The goal in this paper is to systematically design a nonlinear
full-state feedback controller that steers a given linear motion
system from an initial position to a desired position as fast

as possible and meets constraints originating from physical
limitations.
Several control design techniques allowing time-domain con-
straints have been presented in literature. In [4] a controller is
constructed such that the closed-loop system yields a desired
response and satisfies imposed constraints on the in- and
output. However, only linear controllers can be designed, so
the fundamental performance limitations cannot be overcome
using this approach.
In predictive control theory, (non)linear controllers can be
formulated that satisfy hard constraints on the controls and
states. Model predictive control (MPC) [5] is based on a
control action that is obtained by solving an infinite horizon
optimization problem. In [6], the concept of on-line reference
management based on predictive control theory is addressed. A
nonlinear device called command governor (CG) is added that
modifies the input to avoid violation of the constraints. The
CG is implemented on a primal control system that consists of
a linear plant with a stabilizing linear state feedback control,
which performs satisfactorily. A drawback of these predictive
control concepts and optimization based methods in general is
that they cannot be implemented on high-performance motion
systems for which high sampling rates are required, because
of the great amount of computational effort that is involved.
Nonlinear optimal control [7] - [14] provides a systematic
synthesis of nonlinear state feedback controllers that can be
implemented in high-performance motion applications. Glob-
ally stable nonlinear full-state feedback controllers can be
obtained that respond faster to larger state deviations, resulting
in a closed-loop system that is superior to a linearly controlled
motion system with respect to time-domain performance. The
general problem is that of minimizing nonquadratic perfor-
mance criteria of the type

J =
∫ ∞

0

h(x(t), u(t))dt (1)

where h(x(t), u(t)) is a positive semidefinite homogeneous
multivariate polynomial form of even degree. Nonlinear op-
timal control problems rely on minimization of (1), where
selection of the performance criterion establishes the resulting
performance. The question arises which performance criterion
(and weightings) should be chosen to result in a control law
that meets certain desired output constraints, such as minimal
rise-time, settling-time and overshoot. Inverse nonlinear con-
troller design problems allowing time-domain specifications
have not yet been presented in literature.
In this paper, an approach is presented to synthesize nonlinear
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full-state feedback controllers for linear systems when the
performance requirements are given directly in time-domain.
The controller synthesis consists of three parts. In the first part
a control signal is computed that meets certain constraints on
the in- and output signals for a given linear system, following
the approach from [15]. By the implementation of a bisection
method, a control signal can then be obtained that results in
minimal rise- or fall-time (regulation), overshoot and settling-
time. The second part is the design of the nonlinear full-state
feedback controller. Since all the desired state-trajectories are
known from the optimization problem, the computed control
signal can be approximated by a polynomial function of the
state-trajectories, such that a nonlinear full-state feedback law
is obtained. Stability analysis of the resulting closed-loop
system is the third part of the controller synthesis. Since the
closed-loop system is polynomial, sum-of-squares techniques
can be used to analyze its stability properties [16] - [20].
The contributions of this paper are: (i) present a method to
synthesize nonlinear full-state feedback controllers for con-
strained linear systems based on time-domain performance
optimization (ii) showing that the proposed nonlinear full-state
feedback controller outperforms its linear counterpart and (iii)
practical evaluation of the proposed method on a fourth-order
motion system.
The paper is organized as follows. In order to compute an
input signal that meets certain time-domain constraints, the
methodology as presented in [15] is reviewed in Section
II. Section III discusses the construction of the nonlinear
full-state feedback law and the (local) stability analysis of
the resulting closed-loop system. A method is presented to
compute Lyapunov-functions with which estimates of the
region of attraction can be obtained. An illustrative example
is given in Section IV and a comparison is made between
the best linear and nonlinear full-state feedback controllers
showing that the proposed nonlinear controller is superior with
respect to regulation performance. Furthermore, an equivalent
error-space approach is presented, where it is shown that by
changing the state-variable, the presented method can also be
used to drive a linear system to a final position other than the
origin. The proposed method is validated on a fourth-order
motion system in Section V.

II. COMPUTATION OF THE TIME-OPTIMIZED INPUT SIGNAL

FOR A GIVEN CONTROL TASK

T HIS paper focusses on full-state feedback, where the
regulation performance of linear systems is considered.

The goal is to drive the system from a given initial condition to
its equilibrium as fast as possible without violating additional
constraints. To this purpose, a control signal can be computed
that meets the imposed time-domain constraints using a con-
strained polynomial interpolation technique. The approach as
described in [15] is reviewed here for completeness.

A. LMIs for constrained polynomial interpolation

Consider a linear time-invariant (LTI) system in state-space
description:

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t), (2)

wherex(t) ∈ Rn is the state-vector,u(t) ∈ Rm is the control
input-vector, y(t) ∈ Rl is the output vector andA,B, C
andD are matrices of proper dimensions. System (2) can be
expressed as a left coprime polynomial matrix fraction in the
Laplace domain:

y(s) = A−1
l (s)Bl(s)u(s), (3)

whereu(s) andy(s) are the input and output signals, respec-
tively.
A control signalu(t) in the time-intervalt ∈ [t0, tf ] can
be computed such that the systems inputu(t), output y(t)
and their respective derivativesu(k)(t), y(k)(t) meet the
interpolation and bound constraints:

u(kj)(t)|t=tj = uj

y(kj)(t)|t=tj
= yj

for j = 0, . . . , M, (4)

ulow
i ≥ u(ki)(t) ≥ uup

i

ylow
i ≥ y(ki)(t) ≥ yup

i

for i = 0, . . . , N, (5)

where ki, kj ≥ 0 are given integers,
uj , yj , u

low
i , uup

i , ylow
i , yup

i are given real numbers and
M and N are the number of interpolation and bound
constraints, respectively.
Since only the initial and final values on the states are known,
a large amount of freedom exists on the allowable trajectories.
In order to avoid overshoot or to limit the operating area of
the system, bound constraints on the states are imposed. To
avoid actuator-saturation, bound-constraints on the input are
prescribed as well.
The left coprime polynomial matrix fraction (3) can also be
represented by a right coprime polynomial matrix fraction
using the relation

A−1
l (s)Bl(s) = Br(s)A−1

r (s). (6)

Under the coprimeness assumption on the pair(Ar(s), Br(s))
there exists a polynomial matrix solution pair(Xl(s), Yl(s))
to the Bézout identity

Xl(s)Ar(s) + Yl(s)Br(s) = I. (7)

The internal state, which is the flat output [21] of system (3)
is defined (in Laplace-domain) by

x(s) = Xl(s)u(s) + Yl(s)y(s), (8)

which makes it possible to represent all system signals as
linear combinations of the internal statex(s).
Using (7) and (8), the in- and output signals are obtained as
follows:

u(s) = Ar(s)x(s) = (
∑

k Ar,ksk)x(s)
y(s) = Br(s)x(s) = (

∑
k Br,ksk)x(s), (9)

or, equivalently in time-domain:

u(t) = (
∑

k Ar,k) d
dtk x(t)

y(t) = (
∑

k Br,k) d
dtk x(t),

(10)

where Ar,k and Br,k are thekth column of Ar and Br,
respectively. As a consequence, algebraic constraints on the
vectorsu(t) andy(t) are translated into algebraic constraints
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on the internal state-vectorx(t), which is a polynomial of
given degreeµ of the form

x(t) =
∑

µ

xµtµ, (11)

whereµ depends on the number of imposed constraints. The
interpolation constraints (4) can then be written as linear
constraints on coefficientsxµ of polynomialx(t):

∑
k Ar,kx(kj)(t)|t=tj

= uj∑
k Br,kx(kj)(t)|t=tj = yj .

(12)

The set of all interpolation constraints is then given by:

Fx = f, (13)

whereF is a given matrix,f is a given vector andx denotes
the column vector consisting of the coefficientsxµ that need
to be determined.
Bound constraints (5) as a function of the internal state are
denoted by:

ulow
i ≤ ∑

k Ar,kx(ki)(t) ≤ uup
i

ylow
i ≤ ∑

k Br,kx(ki)(t) ≤ yup
i

(14)

which are converted into non-negativity constraints:

gi(t) ≥ 0, t ∈ [t0, tf ], i = 1, 2, . . . , 2N, (15)

on a set of scalar polynomialsgi(t) whose coefficient vectors
gi depend linearly on coefficient vectorx, denoted by:

Gix = gi, i = 1, 2, . . . , 2N, (16)

for given matrices Gi. The original trajectory planning
problem with bound constraints can therefore be cast into an
equivalent constrained polynomial interpolation problem [15]:

Problem1: Given matricesF , Gi and vector f , find
the polynomial coefficient vectorx satisfying polynomial
positivity constraints (15), as well as linear constraints (13)
and (16).

It turns out that finding polynomials of even and odd degree
that satisfy (15) can be formulated as an LMI problem [15],
as stated in the following lemma’s.

Lemma1: even degree polynomialConsider a given poly-
nomial g(t) = g0 + g1t + g2t

2 + . . . + gntn of even degree
n = 2m. In accordance with Markov-Lukacs theorem,g(t) is
non-negative along the intervalt ∈ [t0, tf ] if and only if there
exist polynomialsqi(t), ji(t) of degreem = n/2 such that

g(t) =
∑

i

q2
i (t) + (t− t0)(tf − t)

∑

i

j2
i (t). (17)

Equation (17) holds if and only if there exist symmetric
matricesQi = QT

i º 0, Ri = RT
i º 0 of dimensionsm + 1

andm respectively, solving the LMI problem

gi = traceQiH
m+1
i

+ traceRi

(
(t0 + tf )Hm

i−1 − (t0tf )Hm
i −Hm

i−2

)
,

i = 0, 1, . . . , n,

(18)

whereHr
i ∈ Sr is the ith Hankel matrix,

Hr
i (k, l) =

{
1, if k + l = i + 2
0, otherwise

, (19)

if i < 0 or i > 2(r−1) thenHi is the zero matrix of dimension
r.

Lemma2: odd degree polynomialA given polynomial
g(t) = g0 +g1t+g2t

2 + . . .+gntn of odd degreen = 2m+1
is non-negative along the intervalt ∈ [t0, tf ] if and only if
there exist polynomialsqi(t), ji(t) of degreem = (n− 1)/2
such that

g(t) = (t− t0)
∑

i

q2
i (t) + (tf − t)

∑

i

j2
i (t), (20)

which in turn holds if and only if there exist symmetric
matricesQi = QT

i º 0, Ri = RT
i º 0 of dimensionm + 1

solving the LMI problem

gi = traceQi

(
Hm+1

i−1 − t0H
m+1
i

)

+ traceRi

(
tfHm+1

i −Hm+1
i−1

)
, i = 0, 1, . . . , n,

(21)

whereHr
i ∈ Sr is the ith Hankel matrix,

Hr
i (k, l) =

{
1, if k + l = i + 2
0, otherwise

, (22)

if i < 0 or i > 2(r−1) thenHi is the zero matrix of dimension
r.
For the proof of Lemma 1 and 2, see [15].
The set of linear equations (21), (18) fork = 1, 2, . . . is given
by

gi = H(Qi, Ri), (23)

where gi is the coefficient vector of polynomialgi(t). The
main result of [15] is stated in Theorem 1.

Theorem1: Coefficient vectorx solves Problem 1 if and
only if there exist semidefinite symmetric matricesQi, Ri

solving the LMI problem:

Gix = H(Qi, Ri)
Fx = f.

(24)

B. Time-optimization

An input signal can now be computed for a specific control
task over a fixed interval[t0, tf ] that satisfies (12) and (14).
In order to optimize the regulation performance with respect
to time, the minimaltf needs to be determined such that the
constraints are still satisfied. Constraints on the in- and output
signals as a function of the final-timetf are denoted by:

u(tf ) = (
∑

k Ak) d
dtk x(tf )

y(tf ) = (
∑

k Bk) d
dtk x(tf ),

(25)

and it can be seen that optimization of the minimal timetf is a
non-convex problem. In this case, computation of the minimal
tf can be done by a bisection method.
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III. N ONLINEAR STATE FEEDBACK AND STABILITY

This section focusses on the design of a nonlinear state
feedback law, based on the computed time-optimized input-
and state-signals. Stability of the closed-loop system is verified
using Lyapunov-theory and sum-of-squares techniques.

A. Construction of the nonlinear state feedback

The computed input signal, according to the method of the
previous section, can be applied to the system in order to
obtain the desired response. However, to make the perfor-
mance and stability more robust to plant uncertainties and
disturbances, a closed-loop setup is considered. The computed
input signal is constructed from the available state-trajectories
to obtain the feedback law. Beforehand, it is unknown what
combination of the states is required to create the input signal.
Design of the feedback based on the desired trajectories can
be done in several ways. In this paper, a polynomial feedback
law is considered since a polynomial has the advantage of
its simple structure, it is a smooth function that is easily
evaluated. Furthermore, every continuous function can be
uniformly approximated as closely as desired by a polynomial
function, as stated by the Weierstrass approximation theorem.
Besides these advantages, stability properties of polynomial
(closed-loop) systems can be evaluated in a systematic way, as
will be discussed in Section III-B. To compute the polynomial
state feedback law, a least-squares data-fitting problem is
considered:

min
θ

1
2
‖F (θ, x1, . . . , xn)− u‖22 =

1
2

∑

i

(F (θ, x1(i), . . . , xn(i))− u(i))2, (26)

where the indexi is used to specify each data-point andn
represents the number of states. The functionF (θ, x1, . . . , xn)
contains all possible monomials inn states for a given degree
d, and the coefficientsθ need to be computed such that this
function matches the input as close as desired. For example,
if n = 2, the functionF (θ, x1, x2) is described by

F (θ, x1, x2) =
d∑

p=0

d∑
q=0

θpqx
p
1x

q
2 − 1. (27)

The resulting closed-loop system that satisfies the design
constraints is given by

ẋ = f(x), x(t0) = x0, x(tf ) = xe, (28)

wheref(x) is a vector-polynomial of degreed.

B. Stability analysis using sum-of-squares programming

Closed-loop system (28) is completely described by polyno-
mial differential equations. For a given control task a feedback
law can be designed, but stability has not been considered yet.
Stability of nonlinear systems can be analyzed in various ways.
For second-order systems a phase portrait can be drawn to gain
insight in the closed-loop dynamics. Furthermore, simulations
can be performed in order to investigate the time-response and
stability of equilibria can be verified by linearizing (28) around

these equilibria.
A more general approach is based on finding Lyapunov-
functions to prove global or local stability. In the latter case,
an estimate of the stability domain or region of attraction can
be obtained. Since the closed-loop system is designed for a
specific control task (for a certain region of the state-space), it
is highly unlikely that the system yields global asymptotic
stability since no stability constraints have been imposed
during the design of the nonlinear state feedback control law. A
powerful tool to compute Lyapunov-functions and estimates of
the region of attraction for polynomial systems is the so-called
sum-of-squares (SOS) method [16]. Some important properties
of SOS-polynomials are reviewed here. Proving stability of the
origin of (28) using Lyapunov-functions, is based on finding a
positive definite functionV (x) in some regionD of the state
space that contains the equilibrium point and satisfies [16]:

V (x) > 0 ∀ x ∈ D \ {0} andV (0) = 0 (29)

V̇ (x) =
∂V

∂x
f(x) ≤ 0 ∀ x ∈ D. (30)

In the linear case, a Lyapunov-function is given byV (x) =
xT Px for a system of the forṁx = Ax, whereP is a positive
definite matrix such thatAT P + PA is negative definite.
It should be noted that bothV (x) and V̇ (x) are SOS. A
multivariable polynomialp(x) = p(x1, ..., xn) is called a SOS,
if it is possible to find a set of polynomialsfi, i = 1, . . . , m
such that:

p(x) =
m∑

i=1

f2
i (x) . (31)

From the above expression it is clear that all SOS-polynomials
are nonnegative for allx ε Rn, howeverp(x) ≥ 0 does not
imply thatp(x) is SOS. The SOS-condition (31) is equivalent
to the existence of a decomposition of the form

p(x) = ZT (x)QZ(x), (32)

where Q is a positive semidefinite matrix andZ(x) is a
properly chosen vector of monomials [20]. For systems with
polynomial vector fields, a Lyapunov-functionV (x) is con-
structed that is also polynomial inx. Then the conditions
(29) and (30) become polynomial nonnegativity conditions,
where the attention is now restricted to cases in which these
admit SOS-decompositions. An additional difficulty lies in the
fact thatV (x) needs to be positive definite, not just positive
semidefinite. This is overcome by the introduction of a shaping
function ϕ(x) that assuresV (x) > 0 instead ofV (x) ≥ 0:

ϕ(x) =
n∑

i=1

d∑

j=1

εijx
2j
i , (33)

such that
m∑

j=1

εij > β ∀ i = 1, . . . , n, (34)

with β a positive number andεij ≥ 0 for all i and j. Then,
the condition

V (x)− ϕ(x) is a SOS, (35)
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guarantees positive definiteness ofV (x) [16]. When a globally
valid Lyapunov-function cannot be found, local stability anal-
ysis can be performed, by searching for a Lyapunov-function
in a specific region of the state space that includes the initial
condition, defined by

a(x) ≤ 0. (36)

A local Lyapunov-function is found using the following
Corollary [19]:

Corollary 1: Suppose for system (28) and the inequality
constrainta(x) ≤ 0 there exist a polynomial functionV (x)
and SOS polynomialsp1(x), p2(x) such that:
V (x) + p1(x)a(x)− ϕ(x) is SOS,
−∂V

∂x f(x) + p2(x)a(x) is SOS,
then the zero equilibrium of the system is asymptotically stable.

An estimate of the region of attraction of the equilibrium can
now be established. The region of attraction determines the
set of initial conditions that converge to the equilibrium point
and is defined by [22]

RA = {x ε a(x) | φ(t, x) → 0 as t →∞}, (37)

whereφ(t, x) is the solution of (28) that starts at initial state
x0 at time t = 0. An estimate for the region of attraction is
then given by

Ωγ = {x ε Rn | V (x) ≤ γ}, (38)

which assures that a trajectory starting in the positively
invariant setΩγ remains for all future time in the set. Now
the goal is to find aγ > 0 such thatΩγ is bounded and
strictly contained ina(x). Then Ωγ is an estimate of the
region of attraction, which can be found by a SOS-approach
as stated in Corollary 2 [19].

Corollary 2: Given V (x), a(x), maximizeγ and find a
non-negative integer q and a polynomialp(x) such that
(
∑N

i=1 x2
i )

q(V (x)− γ) + p(x)a(x) is a SOS. In order to find
good estimates of the region of attraction one has to iterate
betweenV (x) and a(x).

If a maximum value forγ is found such that (38) describes
a region that includes the initial state values for which the
control task has been designed, it can be concluded that
starting from these values, the system will always end up in
the origin. Hence, the nonlinear closed-loop system is stable
for the set of imposed time-domain constraints for which the
controller has been designed.

IV. I LLUSTRATIVE EXAMPLE

I N this section the proposed method is illustrated with
a simple example. Operations on polynomials were per-

formed with the Polynomial Toolbox 2.5 [23], whereas the
LMI problems were solved with SeDuMi 1.05 [24].

A. Constrained polynomial interpolation

Consider the dynamical systemmẍ(t) = F (t) in state-space
notation:

ẋ(t) =
[

0 1
0 0

]
x(t) +

[
0
1

]
u(t), x(t0) =

[
1
0

]
, (39)

where the state-vectorx(t) = [x1(t) x2(t)]T consists of the
position and velocity of the mass in[m] and[m

s ], respectively.
Furthermore,m = 1 [kg] and the inputu(t) is the force
F [N ]. We assume that the actuator can deliver a force with
a maximum of10 [N ]. The goal is to drive the system from
its initial condition to the zero equilibrium as fast as possible
without overshoot. The required input for this control task is
computed using the approach as described in Section II-A.
The interpolation constraints (4) are:x1(0) = 1, x2(0) =
x1(tf ) = x2(tf ) = u(tf ) = u̇(tf ) = 0, where the final time
tf is to be minimized. To make sure no overshoot occurs and
the computed input does not saturate, the following bound
constraints (5) are added:

0 ≤ x1(t) ≤ 1
−10 ≤ u(t) ≤ 10,

which can be written as four non-negativity constraints (15). In
order to cope with the interpolation and bound constraints, an
internal state polynomial of ninth order (11) is constructed.
Optimization of tf results in a minimal final timetf =
0.83 [s].

The state-trajectories and required input are depicted in Fig.
1. From the response, it can be seen that no overshoot occurs
and the initial position and velocity as well as the conditions
at time tf are satisfied. Furthermore, for this time-optimized
control objective, the actuator-signal does not violate the
imposed saturation-constraint. It can be concluded that all
interpolation and bound constraints are satisfied.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
-10

0

10

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
-4

-2

0

2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0
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o
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Fig. 1. State-trajectoriesx1(t), x2(t) and required inputu(t)

B. Construction of the nonlinear state feedback

A nonlinear state feedback law can now be obtained by
fitting the desired state trajectories on the computed input
signal. In this case, a satisfying fit was found consisting of
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all possible monomials of degree 1 to 5, described by (27) for
d = 5. The resulting nonlinear state feedback law consists of
20 terms and is given by

f(x) = −116.53x1 − 28.232x2 + 43.859x2
1 − 3.2071x1x2−

27.000x2
2 + 39.006x3

1 + 19.394x2
1x2 + 8.3457x1x2

2−
21.397x3

2 + 26.547x4
1 + 13.825x3

1x2 + 12.307x2
1x2

2+
6.0256x1x3

2 − 7.2784x4
2 − 1.1292x5

1 − 1.6559x4
1x2+

7.6888x3
1x2

2 + 6.8941x2
1x3

2 + 2.6510x1x4
2 − 0.76859x5

2.

(40)

Fig. 2 shows the implementation of the feedback law into the
control scheme.

r(t) = 0 u(t)

x(t)
f(x)

+
-

ẋ(t) = Ax(t) + Bu(t)

x(t0)

Fig. 2. Control scheme

A closed-loop system has now been obtained that is de-
signed for a specific regulation performance optimization
problem and is completely described by the polynomial dif-
ferential equations:

ẋ1 = x2

ẋ2 = f(x). (41)

Stability properties of (41) are investigated in the next subsec-
tion.

C. Stability analysis

By linearizing (41) and computing the eigenvalues, or by
investigating the phase-portrait as depicted in Fig. 3 it can be
seen that the origin is a stable focus, but it is not a globally
stable equilibrium. Fig. 3 also shows that starting from its

-3 -2 -1 0 1 2 3
-3
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-1

0

1

2

3

x
2

x1

Fig. 3. Phase portrait (arrows), nullclines (solid),x(t0) (cross)

initial condition the system ends up in the origin, which is

verified using Corollary 1 and 2.
First of all, a Lyapunov-function needs to be computed on
the region of the state space (36) for which the design was
made. As stated in Corollary 2, iteration is required between
the order of the Lyapunov-function and the shape ofa(x). For
this example, the best results were obtained using ellips-like
regions of the form

a(x) = (
x1

b
)m + (

x2

c
)m − 1, (42)

which is related to the shape of the level-sets ofV (x).
Parametersb and c represent the maximum range inx1-
andx2-direction, respectively. By adjusting the powerm, the
ellipse is transformed into a more rectangular area. The order
of V (x), the order of the SOS-polynomials and the region
defined bya(x) greatly influence the estimate of the region of
attraction. Unfortunately, no standard procedure is available to
find the maximumγ, iteration over the parameters is required
to find the best estimate. In this case, the parametersb, c andm
in (42) are set to 1.04, 2.6 and 6, respectively. A Lyapunov-
function of twelfth order was found ona(x). Fig. 4 shows
that V (x) ≥ 0 for all x ∈ D, so (29) is satisfied, where
the regionD is in this case given bya(x). Furthermore, the

-5 -4 -3 -2 -1 0 1 2 3 4 5
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3

4

5
x

2

x1

Fig. 4. Lyapunov-functionV (x) on a(x): V (x) > 0 (dark),a(x) (dash-dot)

time-derivative of the computed Lyapunov-function is negative
semidefinite ona(x) as can be seen in Fig. 5.
With the proposed Lyapunov-function, the region of attraction
of the origin can be estimated. The goal is to find the largest
region that contains the initial conditionx(t0). Settingq = 1
in the procedure from Corollary 2 and searching for SOS-
polynomials of second order, the largest level set withina(x)
is given by V (x) < γ = 3686. The functionV (x) = γ is
plotted in Fig. 6, showing three level-sets that all have the
same value ofγ, which is caused by the fact thatV (x) is
not monotonically increasing. This is not of great importance,
since we are only interested in a valid Lyapunov-function
within a(x). Furthermore, it can be seen that the region of
attraction includes the initial statex(t0). The estimated region
of attraction is defined by the following set:

Ωγ = {x ∈ R2 : V (x) < γ = 3686, (
x1

1.04
)6 +(

x2

2.6
)6 ≤ 1}

(43)
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Fig. 5. Time-derivativeV̇ (x) on a(x): V̇ (x) > 0 (dark), V̇ (x) < 0 (light),
a(x) (dash-dot)

and proves that starting anywhere in the region defined byΩγ ,
system (41) ends up in the origin.
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Fig. 6. Region of attraction,V (x) = γ (solid), a(x) (dash-dot),x(t0)
(cross)

D. Linear vs. Nonlinear state feedback

A closed-loop system has been obtained, which guarantees
that starting from an initial condition, the system returns to
the origin as fast as possible, without violating the constraints.
The computed input signal and desired state-trajectories (see
Fig. 1) cannot be mapped onto a linear state feedback. It is
now interesting to see what the actual benefit of this nonlinear
state feedback controller is compared to a linear state feedback
controller. The linear state feedback controller must satisfy the
input-constraint|u(t)| = | − Kx(t)| ≤ 10 [V ] and is to be
optimized to fall-time, settling-time and overshoot. The fall-
time (which is used for regulation), settling-time and overshoot
of the responsey(t) are defined by

Tfall = min(T | y(t) ≤ 0.1 for t ≥ T )−
min(T | y(t) ≤ 0.9 for t ≥ T ) [s]

Tsettle = min(T | |y(t)| ≤ 0.02 for t ≥ T ) [s]
Os = |min(y(t))| · 100 [%].

(44)

In order to find the best linear state feedback controller
that satisfies the input constraint and has the smallest fall-
time, settling-time and overshoot, trade-off curves [25] can be
created. For our example (39), no analytical relation between
the fall-time and overshoot can be derived. The trade-off plot
between fall-time and overshoot is depicted in Fig. 7 and
was obtained by varying the pole-locations of the closed-loop
systemẋ(t) = (A−BK)x(t), where only the controllers that
satisfy the actuator constraint are admitted. The best linear
state feedback controller was determined by calculating the
minimal distance to the origin (in 3-D) of the scaled time-
domain specifications, resulting in an optimal solution with
respect to the three performance constraints. The response
to the initial conditionx(t0) = [1 0]T , together with the
input is shown in Fig. 8. Implementation of the optimal
linear controller results in a minimal fall-time of 0.78[s],
minimal settling-time of 1.19[s] and a minimal overshoot of
1.6 [%]. The proposed nonlinear controller gives a fall-time
of 0.40 [s], a settling-time of 0.66[s] and 0 [%] overshoot
(as desired). From these figures it can be concluded that the
proposed nonlinear state feedback controller outperforms its
linear counterpart.
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Fig. 7. Trade-off plot between fall-time and overshoot: linear state feedback
controllers (dots), best linear state feedback controller (star), best nonlinear
state feedback controller (cross)

E. Error-space approach

Until now, only regulation of the states has been considered,
where the setpointr(t) = 0 (see Fig. 2). By writing the state-
equations in terms of the error, it is also possible to track
a constant reference signalr(t) 6= 0. The goal is now to
regulate the error as fast as possible to the zero equilibrium
and consequently the control setup must be altered.
For the second-order system (39) a time-optimized input
signal is computed that satisfies the following interpolation
constraints:x1(0) = x2(0) = x2(tf ) = u(tf ) = u̇(tf ) = 0
andx1(tf ) = 1, subject to

0 ≤ x1(t) ≤ 1
−10 ≤ u(t) ≤ 10.

Since all the states and their reference trajectories are known,
a full-error feedback is investigated. This means that the
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computed input signalu(t) is constructed by a nonlinear
feedback of the form

F (θ, e1, e2) =
d∑

p=0

d∑
q=0

θpqe
p
1e

q
2 − 1, (45)

wheree1(t) = r1(t)− x1(t), e2(t) = r2(t)− x2(t), r1(t) =
1 and r2(t) = 0. The time-optimized state trajectories and
corresponding input are depicted in Fig. 9. The control-loop
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Fig. 9. State-trajectoriesx1(t), x2(t) and required inputu(t) open-loop
(dotted), closed-loop (solid)

is shown in Fig. 10, where the nonlinear feedback control law

r(t) u(t)

x(t)

f(e(t))
+

-

ẋ(t) = Ax(t) + Bu(t)
e(t)

Fig. 10. Control-loop for tracking a constant reference signal

is a function consisting of all possible monomials ine1(t) and
e2(t) for d = 5 in (45), such that the closed-loop system in

terms of the error is given by

ė1(t) = −x2(t)
ė2(t) = −f(e(t)). (46)

The simulation results are also plotted in Fig. 9, which
shows that the response resembles the computed and desired
state-trajectories very accurately. Stability can be verified by
searching for Lyapunov-functions that are a function of the
error. In this case, the region of attraction should include the
initial error e(t0) = [1 0]T to prove stability of system (46).

V. EXPERIMENTAL RESULTS

I N this section experimental results on a fourth-order dual
rotary motion system are presented. The system consists

of two masses that are connected by a flexible bar, see Fig.
11. The first mass is driven by a motor and the positions of
both masses are measured by encoders. In order to obtain a
state-space model that is required for this method, frequency
response measurements have been performed, followed by
parametric identification. The resulting state-space represen-
tation is given by

ẋ(t) =




0 1 0 0
−48977 −2.4291 48977 2.4291
0 0 0 1
61965 3.0733 −61965 −3.0733


 x(t)+




0
4918.9
0
0


 u(t),

with x(t) = [θ1(t) θ̇1(t) θ2(t) θ̇2(t)]T the positions and
velocities of the two masses in[rad] and [ rad

s ] respectively
and the inputu(t) in [V ]. The frequency response function
for the transfer from the input tox1 and x3, together with
the identified model are depicted in Fig. 12 and Fig. 13,
respectively. In order to design a nonlinear state feedback
that drives the system from its initial position to the zero
equilibrium, an input must be computed with the constrained
polynomial interpolation technique. The following interpo-
lation constraints are imposed:x1(0) = x3(0) = 100,
x2(0) = x4(0) = x1(tf ) = x2(tf ) = x3(tf ) = x4(tf ) =
u(tf ) = u̇(tf ) = 0, where the final timetf needs to be
optimized, subject to the following bound constraints that
make sure no overshoot and actuator saturation occurs:

0 ≤ x1(t) ≤ 100 [rad]
−2.5 ≤ u(t) ≤ 2.5 [V ].

An 11th-order internal state polynomial was found, with an
optimized final time oftf = 0.46 [s]. The state-trajectories
have been fit by a functionf(x) that contains all possible
monomials in the four state-variables of second degree:

f(x) =
−0.171x1 − 0.862 · 10−2x2 − 0.171x3−
0.857 · 10−2x4 + 0.135 · 10−2x2

1 + 0.699 · 10−4x1x2−
0.309 · 10−4x2

2 + 0.113 · 10−2x1x3 − 0.115 · 10−2x2x3+
0.716 · 10−3x2

3 + 0.219 · 10−2x1x4 + 0.685 · 10−3x2x4−
0.947 · 10−3x3x4 − 0.627 · 10−3x2

4.
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Fig. 11. Fourth order motion system
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Fig. 12. Measured frequency response function (dotted) and identified model
(solid) from the input tox1
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Fig. 13. Measured frequency response function (dotted) and identified model
(solid) from the input tox3

This nonlinear state feedback law is implemented on the
experimental setup. Unfortunately, only the positions of the
two masses can be measured and since full-state feedback is
considered, the two velocities have to be reconstructed. For
this purpose a linear full-state observer is designed to obtain
an estimate of both velocities. The results of this experiment,
together with the designed state-trajectories and input signal

are depicted in Fig. 14. As can be seen, the system is regulated
to the origin from its initial position in the optimized final time
tf , without overshoot and the actuator constraint is satisfied.replacemen
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Fig. 14. Calculated system signals (dotted) and experimental results (solid)

Some slight differences occur between the experimental and
calculated system signals. The main reason lies in the fact that
the nonlinear state feedback has been designed for an initial
condition equal tox0 = [100 0 100 0]T , which in practice
can only be reached with a certain accuracy. Because of this
difference the initial input signal is influenced, and of course,
this results in a slightly different response. Furthermore, an ob-
server is implemented to provide anestimateof the velocities.
Although this gives a good approximation, it will not exactly
resemble the computed velocity profile. Another explanation
of the differences is that the system is represented by a linear
model, so no friction is taken into account. In reality there is
some friction, even though it may be small.

VI. CONCLUSIONS AND RECOMMENDATIONS

In this paper, a time-domain performance based approach
in nonlinear state feedback controller design for linear sys-
tems has been presented. Earlier results on the design of
nonlinear state feedback controllers are based on minimization
of a higher order performance index. However, all of these
methods depend on the choice of a performance criterion and
the relation between this criterion and the resulting system
performance in time domain is not obvious.
In order to design a controller that meets certain time-domain
specifications an approach has been presented that is based on
a constrained polynomial interpolation technique as presented
in [15]. An input signal is computed by solving an LMI-
problem that meets certain time-domain constraints for a spe-
cific control task. By applying a time-optimization the in- and
output of a linear system are computed that meet the desired
performance expressed in interpolation and bound constraints.
At the expense of global asymptotic stability, a nonlinear
state feedback control law is obtained for which the closed-
loop system is locally stable. Stability is verified afterwards
using SOS techniques, where the polynomial property of the
closed-loop system is exploited. The SOS method is used to
compute local Lyapunov-functions with which estimates of the
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region of attraction are obtained and (local) stability is proven.
Unfortunately, there is no standard procedure, so to obtain a
good estimate, one has to iterate over the different parameters.
An illustrative example of a second-order motion system has
been presented for which it is shown that the proposed non-
linear state feedback controller outperforms the optimal linear
state feedback controller with respect to fall-time, settling-time
and overshoot. Furthermore, experiments on a fourth-order
motion system have been performed to assess the practical
value of the proposed method.
The method that is presented in this paper can be applied to
pick-and-place tasks where the goal is to drive the system
from a given start point to a given endpoint as fast as possible
without overshoot. It is possible to drive a system from an
initial position to a final position other than the origin by
formulating the problem in error-space. An interesting future
research topic is to investigate the possibility of tracking
different reference signals (other than pick-and-place actions)
with the proposed method.
Furthermore, computation of the nonlinear state feedback
could be combined with the construction of a Lyapunov-
function during the design such that stability is guaranteed.
However, this should not affect the resulting time-domain
performance.
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subject to time-domain constraints with polynomial pole placement and
LMIs, IEEE Trans. Autom. Cont., Vol. 50, no. 9, pp. 1360-1364, 2005.

[5] D.Q. Mayne, J.B. Rawlings, C.V. Rao and P.O.M. Scokaert,Constrained
model predictive control: stability and optimality, Automatica, Vol. 36,
pp. 789-814, 2000.

[6] A. Bemporad, A. Casavola and E. Mosca,Nonlinear control of con-
strained linear systems via predictive reference management, IEEE Trans.
Autom. Cont., Vol. 42, no. 3, pp. 340-349, 1997.

[7] Z.V. Rekasius,Suboptimal design of intentionally nonlinear controllers,
IEEE Trans. Autom. Control, Vol. AC-9, no. 5, pp. 380-386, 1964.

[8] J. Sandor and D. Williamson,Design of nonlinear regulators for linear
plants, IEEE Trans. Autom. Control, Vol. AC-22, no. 5, pp. 47-50, 1977.

[9] J. Sandor and D. Williamson,Nonlinear feedback to improve the transient
response of a linear servo, IEEE Trans. Autom. Control, Vol. AC-22, no.
5, pp. 863-864, 1977.

[10] P.J. Moylan and B.D.O. Anderson,Nonlinear regulator theory and an
inverse optimal problem, IEEE Trans. Autom. Control, Vol. AC-18, no.
5, pp. 460-465, 1973.

[11] R.W. Bass and R.F. Webber,Optimal nonlinear feedback control derived
from quartic and higher-order performance criteria, IEEE Trans. Autom.
Control, Vol. AC-11, no. 3, pp. 448-454, 1966.

[12] S.J. Asseo,Optimal control of a servo derived from nonquadratic
performance criteria, IEEE Trans. Autom. Control, Vol. AC-14, no.3,
pp. 404-407, 1969.

[13] D. S. Bernstein,Nonquadratic cost and nonlinear feedback control, Proc.
ACC., pp. 533-538, Boston, MA, June 1991.

[14] W.M. Haddad, V. Chellaboina and J.L. Fausz,Robust Nonlinear Feed-
back Control for Uncertain Linear Systems with Nonquadratic Perfor-
mance Criteria, Systems and Control Letters, Vol. 33, pp. 327-338, 1998.

[15] D. Henrion and J.B. Laserre,LMIs for constrained polynomial inter-
polation with application in trajectory planning, Proc. CACSD, Taipei
(Taiwan), 9p, 2004.

[16] A. Papachristodoulou, S. Prajna,A tutorial on sum-of-squares techniques
for systems analysis. In Proc. ACC, 2005.

[17] S. Prajna, A. Papachristodoulou and P.A. Parillo.Introducing SOS-
TOOLS: A general purpose sum-of-squares programming solver. In Proc.
of the IEEE Conf. on Decision and Control, 2002.

[18] S. Prajna, A. Papachristodoulou and P.A. Parillo.SOSTOOLS
- sum-of-squares optimization toolbox, user’s guide. Available at
http://www.cds.caltech.edu/sostools , 2002.

[19] A. Papachristodoulou.Scalable analysis of nonlinear systems using con-
vex optimization. PhD thesis, California Institue of Technology, Pasadena,
CA, 2005.

[20] P.A. Parillo. Structured semidefinite programs and semialgebraic ge-
ometry methods in robustness and optimization. PhD thesis, California
Institute of Technology, Pasadena, CA, 2000.

[21] J.Levine and D.V. Nguyen,Flat output characterization for linear
systems using polynomial matrices. Systems and Control letters, Vol. 48,
pp. 69-75, 2003.

[22] H. K. Khalil, Nonlinear systems. Macmillan publishing company, New
York, 1992.

[23] PolyX, Ltd.The polynomial toolbox for Matlab. Prague, Czech Republic.
Version 2.5, 2000. Seehttp://www.polyx.cz .

[24] J. Sturm,Using SeDuMi 1.02, a Matlab toolbox for optimization over
symmetric cones, Optimization Methods and Software, Vol. 11-12, pp.
625-653, 1999.

[25] S. Boyd and C. Barratt,Linear controller design: limits of performance,
Prentice-Hall, 1991.



JOURNAL OF LATEX CLASS FILES, VOL. 1, NO. 1, DECEMBER 2006 12

APPENDIX

This appendix does not belong to the main paper, but
its purpose is to provide some background on the existing
literature about nonlinear optimal control. Furthermore, the
software (installation) that is available on the cd is discussed
to make sure the results from the main paper can be reproduced
by future users. It is also shown that it is possible to reject
input disturbances with the proposed nonlinear regulator and
some techniques for tracking with state feedback are given
that can be used for future research.

A. Literature overview

This section gives an overview of the existing literature
about nonlinear state feedback controller design for linear
systems, as stated in the introduction of this paper.

Suboptimal design of intentionally nonlinear controllers
[7]

Rekasius was the first to present a method of designing
nonlinear controls for stationary plants by formulating the
problem as an optimization of a nonquadratic performance
index. He presented an algorithm for the construction of a
value function to optimize linear plants subject to performance
indices of the type

J =
∫ ∞

0

[u2(t) + g(2)(x(t))g(4)(x(t))]dt,

which is defined as the value of the performance index for
the initial statex0 and the optimal controlu(t). The value
function is given by

V (x) = xT P0x + +
m∑

i=1

(xT Pix)2,

whereP is obtained by solving an algebraic Riccati equation
and the matricesPi by solving

H(4)
max(x) = 0, x 6= 0.

Then, the suboptimal control law is given by

u(x) = −xT Px− 2
m∑

i=1

xT PixxTPiB.

Furthermore an example is provided in which it is shown that
a position regulator can be designed that avoids high-velocity
amplitudes.

Optimal nonlinear feedback control derived from quartic
and higher-order performance criteria [11]

The nonlinear control input is obtained from the minimization
of a performance index, just as in linear optimal control theory,
where quadratic performance criteria lead to linear feedback.
This paper shows that minimization of integrals containing
quartic or hexadic terms in the state variables lead to cubic or
quintic feedback. The idea behind higher order state feedback
is that large state deviations contribute more to higher order
performance indices than in quadratic performance measures.
For small system disturbances the closed-loop system response
is dominated by the linear part of the state feedback. This

paper addresses a closed-form solution by applying a mean-
square constraint on the control law. It also provides a globally
valid Lyapunov-function.
The system evolves in time according to

ẋ(t) = Ax(t) + Bu(t), x(0) = x0,

and the general problem is that of minimizing performance
criteria of the type

J =
∫ ∞

0

ξ2ν(x(t))dt,

whereξ2ν is a positive semidefinite homogeneous multinomial
form of even degree. For quadratic performance criteria the in-
put is chosen such that the performance indexJ is minimized,
subject to a mean-square amplitude constraint of the type

1
2

∫ ∞

0

u2(t)dt ≤ ρ1 = const.

which is equivalent with the unconstrained minimization of

J1 =
1
2

∫ ∞

0

xT (t)Qx(t) + u2(t)dt.

It is well known that the optimal solution of this problem is
given by

u(t) = −BT Px(t) = −Kx(t),

where P is the solution of the algebraic Riccati equation.
Furthermore it is shown that the Lyapunov equation

PAcl + AT
clP = −(Q + KT K),

takes the form of the differential equation

Aclx(t) · ∂φ2(x)
∂x

= −ξ2(x(t)),

where φ2(x) = xT (t)Px and ξ2(x) = xT (t)Qx(t) +
(Kx(t))2. This is a classic Lyapunov theorem that can be
extended to a partial differential equation of arbitrary order:

Aclx(t)φ2ν(x)
∂φ2(x)

∂x
= −ξ2ν(x(t)).

A closed form solution is obtained by applying a mean square
amplitude constraint of the type

1
2

∫ ∞

0

[u2(t) + uNL]2dt ≤ ρ2 = const.

where it turns out a posteriori that the nonlinear feedback
agrees with the nonlinear terms in the optimal feedback law.
An equivalent unconstrained problem is formulated as that of
choosing the control lawu(t) that minimizes the performance
criterion

J2 =
∫ ∞

0

{ξ2ν(x(t)) +
1
2
u2(t) +

1
2
(u2

NL(t))}dt.

The physical meaning of the constraint is that the mean
amplitude of the square of the linear and the square of the
nonlinear terms in the optimal control law must be a priori
bounded. It is shown that the nonlinear control law yields
asymptotic stability of the origin. Furthermore, a constructive
procedure is given to calculate the coefficients of the higher-
order state feedback, together with a numerical application
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which, shows an effective reduction of overshoot as compared
to linear optimal control.

Design of nonlinear regulators for linear plants [8]

A linear time-invariant plant

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t),

is considered for which the goal is to design an asymptotically
stable nonlinear feedback control law of the form

u(x(t)) = −Kx(t) + uNL(x(t)).

The gainK is chosen such that the closed-loop system

ẋ(t) = (A−BK)x(t) = Aclx(t),

is asymptotically stable. SinceuNL(x) is nonlinear and homo-
geneous,u(x(t)) ∼= −Kx(t) for "small" x(t) and hence this
term dominates the system response for "small" disturbances.
As stated in [11] the controller design can be approached by
minimizing the performance index

J =
∫ ∞

0

[m(x) + uT (t)u(t)]dt,

with
m(x) = ξ(x) +

1
4
||BT∇xφ(x)||2,

andφ(x) a Lyapunov-function. Again, the performance index
is minimized subject to a mean square constraint onuNL(x).
A guideline for the choice ofξ(x) is given by the fact that it
should contain those state variables which should be penalized
in a nonlinear way to give the desired magnitude dependent
loop-gain effect.
This paper gives a more convenient method to compute the
nonlinear state feedback law as opposed to [11]. It turns out
that it can be written as:

uNL(x) = −1
2
BT

m∑

j=2

(
∂x[j]

∂x
)T Pjx

[j],

wherePj is the solution of the Lyapunov equation

AT
cl[j]Pj + PjAcl[j] = −Qj , j = 2, 3, . . . , m,

with the properties ofAcl[j] andx[j] as described in [1] (see
separate reference-list of this appendix).
As drawbacks of the proposed method the large numerical
effort and the implementation of the resulting control law (due
to the large number of products) are mentioned. Furthermore
an example is presented where it becomes clear that the choice
of parameters of the controller is lacking of freedom to adjust
the resulting performance. As a conclusion it is stated that
the proposed nonlinear feedback controller may be used in
a specific application as a starting point for investigating the
possible advantages of implementing nonlinear controllers.

B. Software requirements

To perform all the calculations and obtain the results as
presented in this paper four different Matlab add-ons are re-
quired. These different parts are discussed and the installation
procedure is given.

1) Yalmip: Yalmip can be used for convex linear, quadratic
and semidefinite programming as well as non-convex
quadratic and semidefinite programming (both local and
global). It provides an interface entirely based on Matlab-
code for rapid prototyping of optimization problems. The
so called SOS and moment based approaches to polynomial
programming is implemented, which is based on the internal
machinery for semidefinite programming. By changing the
solver options it is very easy to switch from the built-in
global solver to a local solver. Yalmip is developed on a
Windows machine and supports Matlab versions 6.1, 6.5.1
and 7.0.4. The code should work on any platform, but has
been tested extensively on Windows XP. Results in this paper
were obtained on a Windows 2000 machine and no problems
have been detected.

Installation
To install Yalmip, make sure any older versions
are removed. Download the file yalmip.zip from
http://control.ee.ethz.ch/ ∼joloef/yalmip.php
and unzip it to a local directory. This creates the following
directories:
- /yalmip
- /yalmip/extras
- /yalmip/demos
- /yalmip/solvers
Now, add the directory (with its subdirectories) to your
Matlab path, by choosingFile → Set Path . . . →
Add with subdirectories and then save the path. You can
test if everything works by running the file "yalmiptest" from
the Matlab command prompt.

2) SeDuMi: SeDuMi stands for Self-Dual-Minimization,
which implements the self-dual embedding technique for
optimization over self dual homogeneous cones. The self-dual
embedding technique makes it possible to solve optimization
problems in a single phase, leading to an optimal solution or
a certificate of infeasibility. This Matlab toolbox for solving
optimization problems over symmetric cones can be used
to solve optimization problems which have linear, quadratic
and semidefiniteness constraints. Complex valued data and
variables can also be handled by SeDuMi, whereas large scale
optimization problems are solved efficiently by exploiting
sparsity. Matlab versions 6.1 and 6.5 are both supported, but
the target platform is Matlab 7. SeDuMi has been tested on a
great number of platforms without any problems.

Installation
In this paper SeDuMi-1.05R4 has been used, which
can be downloaded from the official SeDuMi website:
http://sedumi.mcmaster.ca . To acces the download
area you first have to register and log in. In the download
area go to SeDuMi archive and download the file
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SeDuMi105R4.zip. Unzip this file to a local directory
and add this directory to the Matlab-path.

3) Polynomial Toolbox:The polynomial toolbox for Matlab
is a package for analysis and design of systems, signals and
control based on advanced polynomial methods. Polynomials
and polynomial matrices occur in modeling multivariable
linear systems by sets of differential equations in the input
u(t) and outputy(t) of the form: A( d

dt )y(t) = B( d
dt )u(t),

where A and B are matrices in the differential operator
d
dt in time-domain or thes-operator in Laplace-domain.
The transfer matrix can then be expressed in polynomial
matrix fraction (pmf) form: F (s) = A−1(s)B(s). Using
the polynomial toolbox, it is very easy to implement these
polynomial matrices and it provides a powerful additional tool
besides the well-known state-space and frequency-domain
descriptions. The polynomial toolbox is fully compatible
with Matlab versions 5.x and 6.x and the supported platforms
include both Windows and Linux.

Installation
Contact PolyX Ltd. (seehttp://www.polyx.com ) to
order the Polynomial toolbox for Matlab. Copy the entire
’polynomial’ directory from the cd to your local directory
and add this directory to your Matlab-path.

4) SOSTOOLS:Sum-of-squares polynomials frequently oc-
cur in control theory, for example searching for Lyapunov-
functions to prove stability of a dynamical system or to
stabilize a nonlinear system. SOS-programs can be solved
by SOSTOOLS, which is a free, third-party Matlab add-on.
Semidefinite programming (using SeDuMi) is used to effi-
ciently compute SOS-decompositions for multivariate polyno-
mials in order to solve SOS-programs (SOSPs). SOSTOOLS
can be used with Matlab version 6.0 or later on Windows or
Unix workstations. SOS-programs are solved by reformulating
them as semidefinite programs (SDPs), which is automated by
SOSTOOLS [17], [18]. It converts a SOSP to SDP, calls the
SDP solver (SeDuMi 1.05 [24]) and converts the SDP solution
back to the solution of the original SOSP. The whole process
is depicted in Fig. 15.

SOSP

SOSTOOLS

SDP

SDP

SeDuMi

SOSTOOLS

SOSP

SolutionSolution

Fig. 15. Process of solving a SOSP using SOSTOOLS

Installation
To obtain SOSTOOLS, go to
http://www.cds.caltech.edu/sostools and

download the zip-file which is compatible with your Matlab
version. Again, unzip it to a local directory and add this
directory to the Matlab-path.

C. Use of the m-files

In order to compute the required input to achieve the
desired response for a linear system, fitting a nonlinear state
feedback and analyzing its closed-loop stability, 3 different
m-files are available to perform these steps. An overview on
how to use these files is given here.

• LMI-optim.m

This file is developed to implement the methodology as de-
scribed in Section II for various LTI-systems. All the required
steps are discussed briefly.

1) At first the user must insert the state-space matrices
that describe the linear system. The left- and right
polynomial matrix fractions, which are functions of the
Laplace transform operators, are computed automati-
cally. Depending on the number of entries it might be
useful to rename the elements of the polynomial matrix
fractions, which makes it easier to create the symbolic
in- and output signals (step 5).

2) Depending on the problem, the initial parameters can be
adjusted. Make sure that the right initial conditions are
supplied for the optimization.

3) When the in- and output signals are bounded by (phys-
ical) constraints, this is the place to enter them. These
are converted into non-negativity constraints as in (15).

4) Depending on the number of bound- and interpolation
constraints, a suitable order of the polynomial must be
given. For example, if a total of 10 constraints have
been entered, then a polynomial of at least ninth order
is required to be able to cope with these constraints. By
giving the minimal order of the polynomial, the internal
state-vector (8) is created.

5) Both the in- and output are expressed as functions of
the internal state (also called ’flat output’), where the
polynomial matrix fractions (step 1) come into play.

6) The interpolation constraints must be given inside the
optimization-loop, since the final-time parametertf is
optimized and the interpolation constraints must be cal-
culated at the start of every iteration (bisection method).

After every iteration the feasibility of the program is checked
and the solver-output (output of SeDuMi) is printed on the
screen. Once the optimization has ended the coefficients of
the internal state-vector are known and the in- and -output
signals are computed, plotted and stored in a .mat-file (for
further use in the fitting-procedure).
• Inputfit.m

In order to create a nonlinear state feedback that gives the
system the desired closed-loop behavior, the computed input
must be fit by nonlinear combinations of the state-trajectories,
which are also known when the optimization is completed
successfully. Since it is unknown beforehand which order of
state feedback fits the computed input best, this is an iterative
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procedure. The user can adjust the order of the fit, the fitting-
type and fitting algorithm (built-in Matlab-functions). The first
fitting-option is to fit the computed input with all possible
combinations of the state-variables. For example, a third order
fit for a second-order system looks like:

f(x, θ) = θ1x1 + θ2x2 + θ3x
2
1 + θ4x1x2 + θ5x

2
2+

θ6x
3
1 + θ7x

2
1x2 + θ8x1x

2
2 + θ9x

3
2,

whereθi are the fitting parameters.
The second fitting-option is to choose a nonlinear state feed-
back that consists of the state-variables and their powers, so
no cross-terms are involved, which offers less flexibility than
the first option. Typically, a third order fit inx1 and x2 can
be written as:

f(x, θ) = θ1x1 + θ2x2 + θ3x
2
1 + θ4x

2
2 + θ5x

3
1 + θ6x

3
2.

After the fitting-function has been chosen, the parametersθi

can be estimated using different types of algorithms. The
built-in function nlinfit.m is a nonlinear least-squares data-
fitting algorithm that is based on the Gauss-Newton method.
Furthermore,lsqcurvefit.mcan also be used, which solves
nonlinear curve-fitting problems in a least squares sense.
Finally, the functionfmincon.mcan be implemented, especially
when specific constraints must be met. All the files require a
separate function in which the structure of the fit is described
and is evaluated during the fitting-procedure. The two latter
functions are more sensitive to the quality of the initial guess
for the fitting-parameters. A good way to check the outcome
of the fitting-algorithm is by looking at the squared 2-norm of
the residual, which has to be small.
For a planar systemInputfit.m also provides a utility for
drawing phase-portraits of the resulting closed-loop system
(checkgrid.m[2]). This gives an indication of the stability-
properties. For higher order systems, drawing a phase-portrait
is very difficult. Therefore it is better to verify the stability
by performing a simulation. A Simulink-model is created
automatically, which makes it very easy to analyze the system.
• Lyap-roa.m

Generally, the origin of the closed-loop system (in case of
regulation) will not be globally (asymptotically) stable when
the nonlinear state feedback is implemented. This can be
checked by trying to find a Lyapunov-function for a given
order with the functionfindlyap.mthat is provided with the
SOSTOOLS-package. Since the state feedback is designed for
a specified trajectory, it is very likely that the closed-loop
system is only stable in this region. This asks for a local
Lyapunov-function search method that can also be used to
obtain estimates of the region of attraction of equilibria. The
function Lyap-roa.mthat implements the theory as described
in Section III, can be very helpful for this purpose.
This function can be used for systems of any order, although it
should be noted that it is more difficult to visualize Lyapunov-
functions and regions of attraction for systems other than
planar. Since the user can specify the region of interest, a good
way to analyze the local stability of higher order systems is
to check for feasibility. In other words, check if a Lyapunov-
function (of prescribed order) can be found on this region. The
function is explained in the following steps:

1) First of all, the user must specify the state-variables
symbolically. The SOS-program can then be initialized.

2) According to Corollary 1 the polynomial that describes
V (x) and the SOS-polynomialsp1(x), p2(x) need to
be defined. Therefore, these vectors have to be created
with the built-in functionmonomials.m. The order of the
Lyapunov-function has to be specified.

3) The region in which a Lyapunov-function search is
performed has to be entered at this step. The region is
described as an inequality constraint, so by adjusting the
parameters of (42) the user can choose between circular
or ellips-like regions.

4) In order to assure that the Lyapunov-functionV (x) > 0
instead ofV (x) ≥ 0 a shaping function is required,
which is created automatically.

5) Since the vectors for the polynomial function have
been made, the decision variables corresponding to
V (x), p1(x) and p2(x) can now be created and added
to the SOS-program.

6) An explicit expression for the time-derivative of the
Lyapunov-function is required for use in the SOS poly-
nomial of the next step.

7) The requirements as stated in Corollary 1 are:

- V (x) + p1(x)a(x)− ϕ(x) is SOS,
- −∂V

∂x f(x) + p2(x)a(x) is SOS,
- p1(x) is SOS,
- p2(x) is SOS.

These expressions must be given as inequality con-
straints, since a constraint of the typef(x) ≥ 0 in a
SOS program means thatf(x) is a SOS.

8) All the variables and constraints are declared and added
to the SOS-program, so now the program can be solved.
The feasibility of the program can be checked by using
a second output-argument for the SOSP-solver.

9) The decision variables can be obtained by extracting
the solution from the SOS-program. Furthermore, all of
the inequalities can be checked afterwards, but the most
important variables are, of course,V (x) and its time-
derivative. The functioncheckgrid.m[2] can be used to
evaluate the Lyapunov-function on a specific region.

10) To obtain an estimate of the region of attraction (find
the largest level set within the regiona(x)) a second
SOS-program needs to be solved. So, givenV (x) and
a(x), γ is the parameter that needs to be optimized (see
Corollary 2), which has to be added to the existing
symbolic SOS-variables. The extra decision variable
p(x) must also be declared and added to the SOS-
program.

11) The extra inequalities that have to be satisfied are (see
Corollary 2):

- (
∑N

i=1 x2
i )

r(V (x)− γ) + p(x)a(x) is SOS,
- γ ≥ 0,

the latter is just to make sure SOSTOOLS comes up
with a realistic value forγ.

12) The objective is to maximizeγ, but SOSTOOLS can
only handle minimization problems, so to maximizeγ
is equivalent with minimizing−γ.
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13) Now the program needs to be solved and the solutions
can be extracted from the SOS-program for further
evaluation.

D. Example

In order to clarify the described method, the illustrative
example from Section IV of the paper is worked through
to show how the results were obtained. The system under
consideration is described by the differential equationF (t) =
mẍ(t) where the massm is 1 [kg] and the input is the force
F in [N ], which is constrained by|u(t)| ≤ 10 [N ].
The state space description is given by (39) and the interpola-
tion constraints are:x1(0) = 1, x2(0) = x1(tf ) = x2(tf ) =
u(tf ) = u̇(tf ) = 0. To prevent overshoot and actuator
saturation the following bound constraints are imposed:

0 ≤ x1(t) ≤ 1,
−10 ≤ u(t) ≤ 10.

From (39) a left and right polynomial matrix fraction is
obtained using the polynomial toolbox [23]. For this example
the left- and right polynomial matrix fractions are:
Ar(s) = Al(s) = −s2,
Br(s) = Bl(s) = −1.

In order to deal with the constraints, a ninth-order internal
state-polynomial is constructed:

x(t) = x0+x1t+x2t
2+x3t

3+x4t
4+x5t

5+x6t
6+x7t

7+x8t
8+x9t

9.

Now, the interpolation constraints on the in- and output are
converted into constraints on the internal state-vector by using
the polynomial matrix fractions. Since the in- and output are
related to the internal state (flat output) by

u(t) = (
∑

k Ar,k) d
dtk x(t),

y(t) = (
∑

k Br,k) d
dtk x(t),

the interpolation constraints are written as
B0x0 = 1,

B0x1 = 0,

B0(x0 + x1tf + x2t
2
f + x3t

3
f + x4t

4
f+

x5t
5
f + x6t

6
f + x7t

7
f + x8t

8
f + x9t

9
f ) = 0,

B0(x1 + 2x2tf + 3x3t
2
f + 4x4t

3
f + 5x5t

4
f+

6x6t
5
f + 7x7t

6
f + 8x8t

7
f + 9x9t

8
f ) = 0,

A2(2x2 + 6x3tf + 12x4t
2
f + 20x5t

3
f+

30x6t
4
f + 42x7t

5
f + 56x8t

6
f + 72x9t

7
f ) = 0,

A2(6x3 + 24x4tf + 60x5t
2
f+

120x6t
3
f + 210x7t

4
f + 336x8t

5
f + 504x9t

6
f ) = 0,

where A2 = −1 and B0 = −1. The complete set of
interpolation constraints is then given by:

Fx = f,

with

F =




B0 0 B0 0 0 0
0 B0 B0tf B0 0 0
0 0 B0t

2
f 2B0tf 2A0 0

0 0 B0t
3
f 3B0t

2
f 6A0tf 6A0

0 0 B0t
4
f 4B0t

3
f 12A0t

2
f 24A0tf

0 0 B0t
5
f 5B0t

4
f 20A0t

3
f 60A0t

2
f

0 0 B0t
6
f 6B0t

5
f 30A0t

4
f 120A0t

3
f

0 0 B0t
7
f 7B0t

6
f 42A0t

5
f 210A0t

4
f

0 0 B0t
8
f 8B0t

7
f 56A0t

6
f 336A0t

5
f

0 0 B0t
9
f 9B0t

8
f 72A0t

7
f 504A0t

6
f




T

,

x =
(

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

)T
,

and
f =

(
1 0 0 0 0 0

)T
.

Matrix F is generated automatically, since a symbolic expres-
sion for the internal state-vector is implemented from which
expressions for the in- and output signals are derived. Then,
the interpolation constraints are entered by simply substituting
the desired values in the symbolic expressions. This is very
helpful, because then it is easy to perform calculations on
various orders of the state-vector polynomial. Both bound
constraints must be written as non-negativity constraints:

g1(t) = y(t) − ylow ≥ 0,
g2(t) = −y(t) + yup ≥ 0,
g3(t) = u(t) − ulow ≥ 0,
g4(t) = −u(t) + uup ≥ 0,

where, in this caseylow = 0, yup = 1, ulow = −10 anduup =
10. The coefficient vectorsg1, . . . , g4 of g1(t), . . . , g4(t) de-
pend linearly on coefficient vectorx :

Gix = gi, i = 1, 2, 3, 4,

with
G1 = I10,

G2 = −G1,

G3 =




0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

2A2 0 0 0 0 0 0 0
0 6A2 0 0 0 0 0 0
0 0 12A2 0 0 0 0 0
0 0 0 20A2 0 0 0 0
0 0 0 0 30A2 0 0 0
0 0 0 0 0 42A2 0 0
0 0 0 0 0 0 56A2 0
0 0 0 0 0 0 0 72A2




T

,

and
G4 = −G3.

All of these step are automated for a given order of internal
state-polynomial and a bisection method is implemented in
order to obtain the optimal final timetf . The optimization is
terminated when the time between two iterations falls below
a prescribed level, meaning that the final-time is accurate to
a few decimal numbers. After 47 iterationstf = 0.83 [s] is
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returned. Now, the in- and output signals (the state-trajectories)
are known and can be used in the fitting-procedure.
Fitting the input with the computed state-trajectories can
be done for various orders. One has to iterate to find the
best possible fit, where it is also possible to make use of
different built-in Matlab fitting-algorithms. In this case the
lsqcurvefit-algorithm is used to fit a polynomial of the type
(27) of degreed = 5 on the computed input. The phase-
portrait of the resulting closed-loop system, as well as a
Simulink model and the equilibria appear. The choice has been
made to verify stability afterwards, in order to obtain a best
possible fit without imposing (stability) constraints. When the
simulation shows a stable response to the initial disturbance,
it is interesting to look for theoretical foundations to prove
stability. As discussed in the main paper, the fact that the
computed input is fit by a polynomial in the state-variables,
results in a closed-loop system that is described by polynomial
differential equations. SOS-programming is a powerful tool in
analyzing the stability properties of such systems.
The first step in the stability analysis is finding a Lyapunov-
function which is valid in a specific region, described by the
computed state-trajectories. Graphical analysis is only avail-
able for second-order systems, because for a planar system
the (value of the) Lyapunov-function can be added as a third
dimension. The example under consideration is a second-
order system, where the maximum absolute values ofx1

and x2 are 1 [m] and 2.38 [m
s ] respectively. Since the order

of the Lyapunov-function is unknown, start with a quadratic
Lyapunov-function and a quadratic description of the region
of interesta(x) = (x1

1 )2 + ( x2
2.38 )2 − 1. SOSTOOLS is able

to find a quadratic Lyapunov-function on this region, but the
level set does not include the initial condition. Now, one can
start iterating, so raise the order and adjust the regiona(x) by
looking at the shape of the level sets. If a level set is found that
includes the initial state values, it is proven that starting from
a point that lies within this level set, the system always ends
up in its stable equilibrium point, which is the origin. Finding
the largest region of attraction is an iterative procedure, where
the order of the Lyapunov-function and the shape of the region
of interest (adjust powers ofa(x) to create a more rectangular
area) must be adjusted. The largest region of attraction for this
example is found using a twelfth-order Lyapunov-function and
is defined by (43).

E. Experimental results on a2nd-order motion system: input
disturbance rejection

In order to verify the proposed method and investigating
its disturbance rejection properties the theoretical approach is
verified by a practical example. A second-order motion system
is obtained by removing the flexible bar from the setup as
depicted in Fig. 11. Then, the motor drives the first mass
and its position is measured by the encoder. The equation of
motion is

J1θ̈m(t) = T (t),

whereJ1 is the moment of inertia in[kgm2

rad ]of the first mass,
θ̈m(t) is the angular acceleration in[ rad

s2 ] and the torqueT (t)
in [Nm] is the input. In reality, the input is a voltage that is

sent to a current amplifier that provides a current to the motor
which is converted into a torque. This conversion is modeled
by a gainkt = kakm whereka is the current amplifier gain
(in [ A

V ]) and km is the motor torque constant (in[Nm
A ]). In

state-space description, where the motor torque constant and
current amplifier gain have been absorbed in parameterJ1, the
system is represented by

ẋ(t) =
(

0 1
0 0

)
x(t) +

(
0
1
J1

)
u(t),

where x(t) = [θm(t) θ̇m(t)]T and u(t) is the input in [V ].
The parameters have been identified by fitting this model to
the measured frequency response function, see Fig. 16.
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Fig. 16. Frequency response function (dotted) and identified model (solid)

The objective is to drive the system as fast as possible, with-
out overshoot from the initial conditionx0 = [θm0 θ̇m0]T =
[100 0]T to the zero equilibrium. The following constraints are
imposed on the polynomial interpolation problem:x1(0) =
100, x2(0) = 0, x1(tf ) = 0, x2(tf ) = 0, u(tf ) =
0, u̇(tf ) = 0. The computed (time-optimized) input signal
is fit by a third-order polynomial formed by all possible
monomials in the two state variablesx1 and x2 of degree
1, 2 and 3.
Since in the experiment only the position of the first mass is
measured an observer is implemented to obtain an estimate of
the velocity. Now it is shown that the nonlinear state feedback
control law can also be used for disturbance rejection with
the controller that has been designed for regulation from an
initial condition. A controller that is purely based on input
disturbance rejection cannot be designed with the proposed
method. This is because of the fact that for a specific input
disturbance it is unknown what the state-trajectories will be
(open- and closed-loop), though they are required for the
construction of the state feedback law. However, for this
example a feedback law has been obtained that results in a
closed-loop system that is stable for a certain region of the
state-space, that can be reached by a class of inputs. To verify
the disturbance rejection properties, an input disturbance of
2.5 [V ] is applied att = 2 [s] and removed att = 3 [s].
Results of both the simulation and experiment are given in
Fig. 17. It can be seen that, when the disturbance is removed
at t = 3 [s] the system returns to its equilibrium as fast as
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Fig. 17. Results of simulation (dotted) and experiment (solid)

possible without overshoot and without violating the imposed
constraints.
Looking at the response it can be seen that the system responds
smooth to a step-input, so it is interesting to investigate the
possibilities of a design that is based on the step-response
instead of regulation response. As stated in the main paper,
a different approach is required for this purpose, which is
discussed in the next part of the appendix.

F. Tracking with state feedback

In order to investigate the proposed method on the possi-
bilities of tracking reference signals, the linear state feedback
with a reference input is discussed first.
A reference inputr(t) is introduced in the control-loop, such
that the closed-loop system is described by the following
equations:

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
u(t) = −Kx(t) + r(t),

where the feedback gainK has been designed by, for example,
a linear technique such as pole-placement or by solving an
optimal control problem subject to some performance measure.
To investigate the relation between setpointr(t) and output
y(t) both the statex(t) and the inputu(t) must be elimi-
nated. By doing so and switching to the Laplace-domain, the
following relation is obtained:

y(s) = [(C −DK)(sI −A + BK)−1B + D]r(s),

Since, in generaly(t) 6= r(t), a common practice to achieve
this is by introducing a matrixN to scale the reference input
in order to achieve a zero steady-state tracking-error:

y(s) = [(C −DK)(sI −A + BK)−1B + D]Nr(s).

By setting N = [(C − DK)(sI − A + BK)−1B + D]−1,
y(t) = r(t) results. Of course, this is only true when the model
of the system is accurate. Therefore it might be better to look
at a different approach which is robust to model inaccuracies
and additional disturbances [3], which is pointed out in the
next section.

Robust tracking

To give a control system the ability to track a reference
input (with zero steady-state error) and to reject a disturbance
the control problem should be solved using an error-space
approach. The goal is to assure that the error approaches zero
even if some parameters change (robustness property).
Suppose that the system is described by:

ẋ(t) = Ax(t) + Buu(t) + Bww(t)
y(t) = Cx(t) + Du(t),

where the feedthrough matrixD = 0. The reference and
disturbance signals are assumed to satisfy specific differential
equations:

r̈(t) + α1ṙ(t) + α2r(t) = 0,
ẅ(t) + α1ẇ(t) + α2w(t) = 0,

(the method can also be extended to more complex equations).
The tracking error is defined as:

e(t) = y(t)− r(t).

Tracking r(t) and rejectingw(t) is similar to the design
of a control law to provide regulation of the error even in
the presence of "small" perturbations of the original system
parameters. In practice a perfect model of the plant cannot
be obtained, so robustness is always very important. To make
the conversion to error space,r(t) = y(t) − e(t) needs to be
substituted in the previous equations:

ë(t) + α1ė(t) + α2e(t) = ÿ(t) + α1ẏ(t) + α2y(t) =
Cẍ(t) + α1Cẋ(t) + α2Cx(t).

Replacing the plant state-vector with the error-state defined
by:

ξ(t) , ẍ(t) + α1ẋ(t) + α2x(t),

and the control with the control in error-space defined by:

µ(t) , ü(t) + α1u̇(t) + α2u(t),

which is replaced by:

ë(t) + α1ė(t) + α2e(t) = Cξ(t).

The state equation forξ(t) is given by:

ξ̇(t) =
...
x(t) + α1ẍ(t) + α2ẋ(t)

= A ẍ(t) + α1ẋ(t) + α2x(t)︸ ︷︷ ︸
ξ(t)

+Bu ü(t) + α1u̇(t) + α2u(t)︸ ︷︷ ︸
µ(t)

+

Bw ẅ(t) + α1ẇ(t) + α2w(t)︸ ︷︷ ︸
0

= Aξ(t) + Buµ(t),

such that, in standard state-variable form the overall system in
error-space is described by:

ż(t) = A1z(t) + B1µ(t),

wherez = [e ė ξT ]T and

A1 =




0 1 0
−α2 −α1 C

0 0 A


 andB1 =




0
0

Bu


 .



JOURNAL OF LATEX CLASS FILES, VOL. 1, NO. 1, DECEMBER 2006 19

The error system(A1, B1) can be given arbitrary dynamics by
state feedback if it is controllable. Then, there exists a control
law of the form:

µ(t) = − [
K2 K1 K0

]



e(t)
ė(t)
ξ(t)


 = −Kz(t),

which is expressed in terms of the statex(t) and the actual
control (u(t)(2) meansd2u(t)/dt2):

(u(t) + K0x(t))(2) +
2∑

i=1

αi(u(t) + K0x(t))(2−i) =

−
2∑

i=1

Kie(t)(2−i).

The implementation for trackingconstantinputs can be seen
in Fig. 18. In this case the equation for the reference input is

r(t) e(t) u(t)

x(t)

y(t)

−K0

Plant−K1

−

+

+

+

1

s

Fig. 18. Block diagram

ṙ(t) = 0. Then, the control law reduces to:

u̇(t) + K0ẋ(t) = −K1e(t).

After integrating with respect to time the control law reads as:

u(t) = −K1

∫ t

e(t)dτ − K0x(t).

This approach requires an integrator in the outer loop, which
acts on the error between setpoint and output. Since in the
presented method all state-trajectories are known, we would
like them to be followed as closely as possible. Therefore, also
a different control setup is discussed where a reference signal
for all the states is used.

In [9] a method is presented where nonlinear feedback is
implemented to improve the transient response of a linear
servo. The assumption is, that a "suitable" linear controller for
a plant has been designed, for which the transient response for
relatively small initial tracking errors meets some desired crite-
ria. Translating this into the method that has been discussed in
the main paper, this can be seen as guaranteeing local stability
of the (linearized) closed-loop system by computing the linear
feedback gains beforehand, by (for example) pole-placement.
For a reference step input, the nonlinear servo is given by

ẋ(t) = Aclx + BuNL(e(t))−B(CT A−1
cl B)−1r(t),

and its structure is given in Fig. 19. It is shown that for
tracking an input step the amount of overshoot is maintained
with little resulting loss in rise-time or settling-time by adding
the nonlinear controlleruNL(e(t)).

r(t)

(CA
−1

cl
B)

−1 ẋ(t) = Aclx(t) + Bu(t)

uNL(e(t))

A
−1

cl
B

C
-

-

+

-

e(t)

xr(t)

Fig. 19. Nonlinear servo system

Tracking and nonlinear state feedback

An error-space approach in order to investigate the time-
domain performance with respect to a step input reference
signal is presented in the main paper in Section IV-E where
the equivalence between regulation of the states and error
becomes clear.

Remarks on tracking different reference-signals

Only pick-and-place control tasks have been investigated
where the performance improvement has been visualized. The
question arises whether different references can also be used
in the presented approach. Suppose that an input must be
computed to follow a sine-wave reference, which requires
a high order internal state-vector (11). A great number of
interpolation constraints must be given in order to ensure that
an exact sine-wave is represented at given sample times. This
can be overcome by evaluating the sine-wave over a given
number of samples at the start of every iteration by adding a
loop in the iterative process, but when an error-space setup is
considered, the reference is a sine wave and such is the desired
output, so the error which is defined bye(t) = r(t)− y(t) is
then equal to zero. To compute a feedback law based on the
error is then not possible, because in theory there is no error.
So, the conclusion can be drawn that the presented method can
only be used for finding optimized state trajectories subject to
constraints for pick-and-place tasks. The reference trajectory
must be a signal that is the ultimate control goal, which in
reality cannot be realized, but can only be approached by
finding an optimum within the prescribed set of constraints.
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