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Abstract 

During this graduation project, supported by the European Comunity (Flodac project) 
and by Gasunie N.V., the aero-acoustical behaviour of diffusers, a gradual expansion in a 
pipe system has been studied. By means of a multi-microphone method reflection coeffi
cients of diffusers are obtained. 

Two different diffusers (with diverging angles of 14° and 28°, typical for industrial dif
fusers) have been examined in two different configurations: placed at the exit of a pipe, 
and placed in a long pipe. Also the dependency on the amplitude of the acoustic pertur
bations is studied. 

Two theoretica! quasi-stationary models have been developed: one without flow separation 
in the diffuser, and one with flow separation in the diffuser. Also a low-Machnumber ap
proximation is presented for the diffuser, basedon a generalisation ofthe Webster-Lagrange 
equation for a situation with mean flow. 

The experiments show spectacular oscillations in the enthalpy reflection coefficient RB, 
corresponding to sound production and absorption at specific Strouhal numbers, which 
cannot be accounted for by these theories. A Vortex-Sound theory which takes into ac
count the interaction between the vorticity of the flow field and the acoustic perturbations 
can explain the observed phenomena. These vortices are formed by modulation of the 
shear layers, generated by flow separation in the diffuser. 

The experimental results indicate that the vortex-induced sound production is strongest 
for the 28° diffuser placed at the end of a pipe. When this diffuser is placed in a long pipe, 
the effect persists though weaker. The effects for the 14° diffuser are weaker. 

The sound production increases with decreasing relative pulsation amplitude I ;fa I, with u' 
the acoustic velocity and U0 the velocity ofthe main flow. The effects becomes independent 
ofthe amplitude for amplitudes 1~:1::::; 0.1. At high amplitudes (I~: I= 0(1)) the diffusers 
become astrong sound absorber. 

Strong flow pulsations, as in the case of for example closed side branches, cannot be driven 
by diffusers. Diffusers are on the other hand unstable elements in pipe systems and show 
a complex, non-linear behaviour. As a remedial measure to avoid sound production, a 
cut-off of the diverging diffuser wall is proposed, thus fixing the separation point at the 
sharp edge and increasing the initial sound absorption upon vortex shedding. 
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Chapter 1 

Introduetion 

The study of instahilities in gas transport systems has been an important research area for 
the past decades. A gas transport system is in general a very complex manifold of pipes of 
various cross-sections, including all kinds of elements. Elements that appear everywhere in 
the distribution system are for instanee bends, side branches, valves contractions and ex
pansions. A voiding self-sustained flow instahilities driven by acoustical resonances in such 
a network is an important but difficult subject, especially at large scales. Sites with large 
length scales, high pressure and high velocity flow (for instanee compressor stations) where 
problems are most likely to occur, contain in general many bifurcations and have there
fore many resonance-frequencies. To predict possible problems in such systems in order 
to develop design and construction rules requires a thorough knowledge of the behaviour 
of the different elements contained in the manifold. A manifestation of instability was 
found in 1977 in the compressor station of the Dutch Gas Distribution Company Gasunie 
N.V. in Ommen, where due to flow-induced pulsations in coupled side branches resonance 
oscillations occured with an amplitude of several bar (Gorter et al.[l]). Such strong pulsa
tions can induce severe damage to distribution devices. The importance of understanding 
the behaviour of the flow and possible sound production in different elements is becoming 
increasingly important since the gas distribution capacities need to be increased in the 
next decades, due to a growing demand. This means that in the existing facilities larger 
amounts of gas will be transported, at higher velocties. An increase of the mean velocity 
in compressor stations from 20 m/s to veloeities up to 70 m/s is expected1

. It has been 
shown by Hirschberg [2] that for moderate amplitudes I~~ I = O(lo- 1

) the pulsation levels 
in dosed si de branches scale with JU0 1

2 , with U0 the mean velocity of the flow in the main 
pipc; so an increase of the mean flow velocity with a factor 4 can have dramatic consc
quences. 

The research area of ftow induced pulsations is stuclied at various institutes. This gradua
tion project has been supported by Gasunie N.V. and experiments have been carried out 

1 In measurement and control stations veloeities up to 70 m/s will be encountered. In compressor 
stations only an increase to a velocity of 50 m/s is expected. 



at the Eindhoven University of Technology (TUE) and at the Laboratoire d'Acoustique de 
l'Université du Maine (LAUM) in Le Mans, France. The work performeel at the TUE has 
also been supported by the European project for Flow Duet Acoustics (Flodac). 

The physical principle responsible for the generation of the pulsations described above is 
the coupling between the flow field and the acoustic field. The discipline studying this 
principle and its related phenomena is called Aero-acoustics. This principle has been 
described in the literature by for example Howe [3], Powell [4], Hirschberg [5] and others, 
who provide a rather qualitative discussion of the phenomena. It can be shown that when 
vorticity is generated, for example at a sharp edge, the vorticity can induce an energy 
transfer from the flow field to the acoustic field or vice versa. The vorticity generateel can 
then induce a sound production or a sound absorption, respectively, at critical Strouhal 
numbers2 Sr = 1r6~. As will be shown, the vorticity acts as an external force (Coriolis
force) on the acoustic potential field and the work performeel by this force depends on the 
strength of the vorticity, the orientation of the acoustic velocity and the orientation of the 
flow velocity. In section 3.3 this theory will be examined in more detail. In the literature 
this theory has been applied to certain geometries, like the Whistier nozzle and the Horn 
[ 6], [5], [7]. 

In this graduation project the main topic has been the study of a diffuser. A diffuser is 
a gradually eliverging duet, used in gas transport systems to slow down a flow. In a dif
fuser the high velocity of the gas inflow (kinetic energy) is converteel into a pressure rise 
(potential energy). The situation is sketched in figure l.I. Due to the adverse pressure 
gradient backflow in the boundary layers at the eliverging wall can occur. This backflow 
is called flow separation and depends strongly on the eliverging anglc () of the wall and on 
the inflow conditions. The di verging angle () of typical industrial diffusers is almost always 
larger than the critica! angle ()c of approximately 8 degrees, above which separation occurs. 
Therefore a situation with flow separation will almost always be encountered in practice. 
This flow separation results in a vorticity generation and it can be expected that sound 
production and absorption occurs in a diffuser at specific Strouhal numbers. 

Besides this possible sound production (" whistling") another problem caused by the large 
eliverging angle of industrial diffusers are flow instabilities, resulting in a non ideal dif
fuser behaviour. Experimentsperformeel by Kwong and Dowling [8] show different modes 
of unsteadiness and stress that the diffuser's performance is strongly determined by the 
acoustics of surrounding dcvices and the infiow conditions. 

During this project two different diffuscrs have been studied. Both have a diverging angle 
H > He: (} = 14° and (} = 28°, which is quite representative for typical industrial diffus<~rs. 

2 The Strouhal number Sr exprcsses the importance of the effects of unstea.dy incrtia forccs relativ<~ to 
t lH~ convective effects and is defincd as Sr = w11" = rrlf!IJ, with w thc angular frequency of thc oscillations, a 

() () . 
t Iw pi pc radius, f the frcquency of thc oscilla.tions and [) the diameter of thc pi pc. []0 is again th<~ nwa11 

flow VQ!ocity. The role of thc Strouhal nuntlJ<~r wil! cxpaincd furthcr in chapter 2. 
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Figure 1.1: Diffuser geometry and typical flow separation, inducing vortex shedding. 

The ratio of the downstream and upstream cross-sections is 25/9. Different surrounding 
pipe configurations have been examined: a diffuser at an open pipe termination and a 
diffuser in a (infinitely) long pipe. 

Quantitative information is obtained from reflection coefficient measurements of the reflec
tion of the acoustic wave incident from the upstream side of the diffuser. A limited number 
of micropbones is sufficient because at low frequencies as considered here only plane waves 
propagate in the pipe. In principle 2 micropbones are sufficient. However, a measurement 
procedure for 5 micropbones has been developed, which provides more accurate results. 
This experimental procedure has been tested on a few well-known configurations, such as 
a closed pipeend and an open pipeend in the presence of a mean flow. 

In order to give a better interpretation of the observed phenomena sorne lirniting cases in 
the flow behaviour in a diffuser have been examined theoretically: the wave propagation 
of srnall acoustic disturbances in the diffuser have been calculated for a situation with and 
without flow separation by means of a quasi-stationary, cornpacta, comprcssible model. 
Furthermore a non-compact acoustical model (which takes into account the geornetry of 
the eliverging region) without flow separation has been considered in a low-Mach number 
approxirnation, which implies that mean flow density gradients are neglcctcd. Thc actual 
behaviour of the flow eau be expressed as a combination of the two limiting cases: with and 
without flow separation. It is believed that especially at high-amplitude perturbations this 
intermediate model is valid; during one half of the oscillation perioei the acoustic accdcra
tion of thc particles is collaborating with the rnean flow ( thus sappressing flow scparation) 
and one half of the asciilation period the accderation is munterading thc mean flow ( t.lms 

:l Compact mcans smalt comparcd to the wavelength. 



enhancing flow separation). These considerations make it plausible that the flow behaviour 
in a diffuser depends on the relative amplitude of the acoustic perturbations :fo. This im
plies a non-linear behaviou~. Consequently, the ratio of acoustic velocity u' and mean flow 
velocity U0 is an important parameter in this study. 

As a test case for the quasi-stationary theory with flow separation (Ronneberger [9]) the 
calculated reflection coefficients will be compared with the measured reflection coefficients 
for an abrupt cross-section change. The results agree very well, even for relatively high 
Strouhal numbers 0(1), where the quasi-stationary theory is expected to fail. 

Comparison of the theoreticallimiting cases with the measurements performed on the dif
fusers show that the propagation of the perturbations in a diffuser do not simply match 
with one of the limiting cases. When the velocity of the mean flow is varied, spectacular 
oscillations in the reflection coefficient of a diffuser are observed, indicating sound produc
tion and absorption at specific Strouhal numbers4 Sr = ka/ M. These oscillations cannot 
be accounted for by the limiting cases outlined above. With the Vortex-Sound theory 
mentioned above this behaviour can be explained qualitatively. It is also observed that the 
sound production is strongly non-linear. 

Other interesting phenomena at very low mean flow veloeities are observed and can be 
partially explained by a Reynolds number5 dependency of the boundary layer structure. 
These will be discussed in more detail insection 5.5.1. 

First it is attempted to understand the complex phenomena that occur in a diffuser when 
acoustic perturbations propagate through a diffuser in the presence of a mean flow. At 
the end of this study a simple modification in the design of the diffuser is proposed as a 
remedial measure to reduce the flow instability. 

The main results of this graduation project are summarized in an artiele submitted for 
pubheation by the Joumal of the Acoustical Society of America. This artiele is given in 
appendix E. 

During this graduation project measurements were also performeel to study the aero
ac:oustic response of 90° bends in pipe systems. Three different bends were stuclied by 

rneans of both a two-load rnethod ( to investigate the Mach number dependenee) and a 
two-sourcc metbod ( to investigatc the frequency dependenee). The results were compared 
with theoretica} and numerical results by Dequand. A report by Dequand et al. with an 
overview of the main rcsults is given in appendix F. 

1 The reftection coefficient is measured as a function of the mean flow Mach number M = ~, with c 
tlw speed of souneL The relevant parameter dcscribing the oscillations, however, is the Strouhal rmmher. 
which can be written in terms of the Mach number, using the wave nurnber k = "/: 

5 Thc Reynolds number Re = UoD givcs a mcasure for the ratio of inertial forces and viscous forces i!l 
1 he flow ( v is the kinematic viscosi

1

ty). 

G 



Chapter 2 

Duet acoustics 

In this chapter the wave equation which describes the frictionless sound propagation in a 
duet will be derived starting from the conservation equations. This leads at low frequencies 
to simple d 'Alembert plane wave solutions, characterized by the wave number k0 = w / c. 

The occurrence of damping in a duet results in a modified, complex wave number k. In the 
presence of a mean flow the wave numbers in upstream and downstream direction, k+ and 
k-, wilt be different due to the asymetry of the situation (Doppler shift). As a next step 
discontinuities in the duet wilt be considered; the reflection coefficient R and the impedance 
Z are introduced. As an example an open pipe termination is considered. Finalty the 2-
port-formulation is introduced as a convenient description of discontinuities. The scattering 
matrix and the physical meaning of its elements wilt be discussed. 

2.1 Basic equations 

Thc derivation of the basic acoustic equations starts with the conservation equations for 
mass, momenturn and energy. In general these equations read [10]: 

• Conservation of mass 

~ +V'. (piJ) = 0, 

often referred to as continuity cquation with 

- p density 

- 'iJ velocity; 

• Conservation of momenturn 

with 

d
~ ~ V ~ 

p-
1 

= pg- V'p + V'('r/V' · û) +V'· (2rJD), 
( t 

7 

(2.1) 

(2.2) 



fit = Xt +iJ· V', the total derivative 

fi acceleration of gravity 

- p pressure 

ry dynamic viscosity (first viscosity coefficient) 

ry' second viscosity coefficient 
--< 

- D = ~(\i'iJ + (\i''Ü)T) (rate of deformation tensor), 

In the case of thermadynamie equilibrium Stokes' hypothesis is valid: 3ry' + 2ry = 0. 

• Conservation of energy 

with 

ds ~ :: 
pT- =V'· (~\i'T) + cjJ + 2ryD: D + ry'(\7. iJ) 2

, 
dt 

- T temperature 

- s entropy per unit mass (specific entropy) 

~ heat-conductivity coefficient 

cjJ heat souree per unit volume 
--< --< 

D : D = trace(DD). 

(2.3) 

After the introduetion of the following thermadynamie constitutive relationships a com
plete system of equaticms for the 8 unknowns1 (p, iJ, p, e, s and T) is obtained; 

e = e(s,p) (2.4) 

T = (ae) as p 

(2.5) 

( ae ) 
p = - 8(1/ p) s 

(2.6) 

with c the internal energy per unit mass of the medium. 

These conservation equations can Iw written in different forms. In gasdynarnics, viscous 
effects can often bc negleeteel and compressibility effects play an essential rolc: with these 
assumptions thc eontinuity, momenturn and energy cquations rednee to thc Euler equa
tions: 

1 We assurne that thc transportcodficients 11 and K are known functions of thc thcrmodynarnic variables 

8 



~ + \7 . (piJ) = 0, 

diJ 
p dt =-\lp, 

ds 
pT dt = 0, 

(2.7) 

(2.8) 

(2.9) 

which describe the entire flow regime, except for small regions near the walls (boundary 
layers), where viseaus effects are dominant. 

In fluid mechanics the equation of Bernoulli is often used. Different variants of this 
equation can be derived as follows. First, a decomposition of the vector field iJ is made in 
a rotational and an irrotational part (Helmholtz decomposition): 

(2.10) 

with cp the scalar potential and ~ the stream function. A flow described only by cp is 
called a potential flow. Since \7 · (\7 x ~) = 0 it is seen from equation (2.7) that the 
compressibility of a flow is described by cp. Using the total derivative djdt = ojot +iJ· \7: 

(2.11) 

which stresses that the flow related to an acoustic field is an irrotational flow because 
density changes are an essential feature of acoustic waves. On the other hand, the stream 
function ~ describes the vorticity of the flow, defined as w = \7 x iJ: 

w = \7 x (\7 x ~) = - \72 ~, 

where the relationship \7 · ~ = 0 is used2 . 

As a next step the specific enthalpy i is defined as: 

. p 
7, = e + -. 

p 

(2.12) 

(2.13) 

Fora homentropie flow (constant and uniform entropy ds = 0), using the thermodynarnic 
rdationship: 

Tds =de+ pd(p- 1 
), (2.11) 

it is scen that els = 0 implies: 

<As v has 3 components, there is a degree of freedom in thc choice of qy and q;, which is removed by 
t.lw "gauge" relationship V' · I]) = 0. 

9 



di= dp. 
p 

The equation of Euler (2.8) can now be written as: 

d -+ 
V . 

- = -\lz 
dt ' 

(2.15) 

(2.16) 

where still the assumption is made that external forces are absent. When the total specific 
enthalpy B is defined as: 

B = ~lvl2 +i, 

the Euler equation (2.8) can be written as: 

äv n -+ -+ 

ät =-V B- w x V. 

(2.17) 

(2.18) 

To obtain this result (also known as the equation of Crocco-Vazsonyi), the vector iden
tity (iJ· \l)v = ~ \7lvl 2 + w x v has been used. 

From equation (2.18) the differentvariantsof Bernoulli can be derived. For an irrotational 
( v = \7 cjJ), homentropie flow: 

aqy acj> 1 -+ 2 I dp ( ) - + B = - + -lvl + -=ct , 
ät ät 2 p 

(2.19) 

where c( t) is a function determined by the boundary conditions. In particular we have for 
the (quasi-)stationary case: 

B = B0 , (2.20) 

in the entire flow field. This equation will be used when quasi-stationary models for the 
diffuser are derived. 

In acoustics it is common to consider the unknown quantities X (p, p, v ... ) as an equilib
rium state X0 with a small perturbation X': 

with 

X= X0 +X', 

X' - « l. 
Xo 

(2.21) 

(2.22) 

Equation (2.21) can be substitutcd into thc conservation equations. Fora medium rnov
ing at a uniform rnean velocity U0 the following cxpression is obtaincd for thc prcssurc 
disturbance aftcr linearization (Hirschberg & Rienstra [ll]): 

10 



d 2 I 
~ _ 2\72 I_ Q 
dt2 co p - ' (2.23) 

with 

• !fit = Ït + Ü0 · \7, the total derivative in the case of a mean flow Ü0 

• c0 isentropic speed of sound 

• Q souree terms 

The isentropic speed of sound is a thermadynamie variabie which can be calculated from 
the equation of state (2.4) by using the definition: 

2 _ (ap) Co- ap 
s 

(2.24) 

The souree terms Q of this inhamogeneaus wave equation (2.23) are a consequence of vis
eaus effects, non-linear effects and non-isentropie behaviour. In the inviscid, isentropic case 
in the absence of mean flow, equation (2.23) reduces to the well known homogeneaus wave 
equation and in this case perturbations will travel undisturbed with the speed of sound c0 . 

If equation (2.23) is supplemented by the appropriate boundary conditions fora cylindrical 
pipe the acoustic field in the pipe can in principle be solved. 

Before proceeding with the salution of the wave equation for a pipe the most important 
cquations will be written in dimensionless form in order to recognize the important dimen
sionless nurnbers that characterize the acoustic behaviour. 

In the case without mean flow U0 = 0 equation (2.23) can be written in dimensionless forrn 
as follows (a hat ( ') denotes a non-dirnensionalized value): 

(2.25) 

where He is the Helmholtz number defined as He = ~' with L a eharaeteristic length 

seale for the souree region (where Q =/:- 0), and À = c0 / f is the characteristic acoustical 
wavelength eorresponding to a eharacteristie frequency f. Wh en He « 1 the effects of 
wave propagation in the souree region can be ignored and the souree is said to be compact. 
Another cornrnon approxirnation in fluicl dynamics is the incompressibility supposition 
which states that the density fluctuations can be ignored in the flow dornain; p = p0 . 

[ntroducing the Mach number M as the ratio of tbc velocity u and the speed of sound co 

it can be shown that for M 2 « 1 the incornpressibility approxirnation is reasonable within 
a compact region ([12]). The rnass conservation equation (3. 7) in a compact souree region 
then rechices to: 

V'·'Ïi=O. (2.26) 

11 



The incompressible momenturn equation in dimensionless form is: 

aiS __, A __, A 1 A 2 __, 
·Sr-A+ (v. V)v = -Vfi+ -V v. at Re 

(2.27) 

In this equation two important dimensionless number appear: the St.rouhal number Sr 
and the Reynolds number Re defined respectively as; Sr = # and Re = ~, with f uo V 

a characteristic frequency, U0 a typical velocity and v = !l the kinematic viscosity. The 
p 

St.rouhal number is a measure of the importance of unsteady inertia farces relative to the 
convective term. The Reynolds number is a measure of the importance of the convection 
term relative to the viseaus farces. If Sr « 1 the flow can be considered quasi-stationary 
and if Re » 1 the bulk of the flow can be considered inviscid. 

2.2 Plane wave propagation 

As a first step equation (2.23) will be solved for the homogeneons case without mean flow; 
the souree terms Q are assumed to be negligibly smal! and U0 = 0, yielding: 

a2p 2 2 at2 - co V p = 0, (2.28) 

in which the primes have been droppeel for convenience. It can be shown for a straight 
pipe of uniform cross-section (see for example Dowling & Ffowcs Williams [13]) that for 
frequencies below a certain cut-off frequency fc the only non-vanishing modes are a super
posit.ion of two plane waves, traveling in axial direction. For waves traveling in a cylindrical 
tube the cut-off frequency is given by: 

co 
2Jr Je= 1.8412-, 

a 
(2.29) 

with a the radius of the tube. During the measurements radii of 0.03 and 0.05 m have been 
used, yielding cut-off frequencies of 6. 7 kHz and 4.0 kHz, respectively. The frequencies of 
the acoustic signals used in the experiments were always much lower (about 290Hz) than 
these limits so only plane wave solutions will be examined. 

In general the salution of equation (2.28) will be a superposition of two waves; onc travcling 
to thc right and one traveling to thc left (see tigure 2.1). From now on thc ftow wil! he 
considercd (quasi-)one dimensional, thus reducing \72 to 8

82
2 • The solution of thf~ 1-D 

x 
inhomogeneons wave equation can bc written as (known as d'Alembert solution): 

( 2.:30) 

0Jow a harmonie time dependenee is supposed and the expressions for p 1 and p lH~comc: 

(2.:31) 

12 
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p~ 

Figure 2.1: Travelling plane waves in a tube; definition of coordinate system. 

(2.32) 

with fit and p0 the complex amplitudes at x = 0 of the waves travelling to the right and to 
the left, respectively3 . Substitution of equations (2.31) and (2.32) into the wave equation 
(2.28) yields: 

w 
k+- k-- k -- - 0- . 

co 
(2.33) 

Now it is common to split the complex amplitude in a position-dependent and a time
dependent part: 

p(x, t) = p(x)eiwt, (2.34) 

with 

(2.35) 

After superposition of the two travelling waves a standing wave pattem in the duet will 
be observed, cicpending on the mean flow velocity, the damping of the waves and the 
conditions at the end of the duet. These influences will be examined in more detail in thc 
next sections. 

3When using further thc complex notation we wil! implicitly assume that only thc rcal part of the 
rcsults is physically relevant. 
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2.3 Wave propagation in the presence of mean flow 

In the absence of mean flow and in a situation without damping the wave numbers k± = ko 
will be real and equal due to the symmetry of the problem. When the medium is rnaving 
the wave numbers k± will still be real but the geometry is not symmetrie anymore and the 
wave numbers will be different. The wavenumbers are found by including the mean flow 
velocity in the d' Alembert solution: 

p(x, t) = p+(x- (co+ U0 )t) + p-(x +(co- U0 )t). (2.36) 

The wavenumbers descrihing the wave propagation in upstream (k+) and downstream (k-) 
direction in the absence of damping are: 

ko 
l±M' 

(2.37) 

with k0 = ~ and M = !l!l. the mean flow Mach number. These expressions can be substi-
co co 

tuted in the plane wave salution in equation (2.35). 

2.4 Damping in ducts 

When the souree terms Q in the wave equation are taken into account the wave numbers 
will become complex; the waves will be damped in this case. In general the wave numbers 
can be written as: 

k± = R(k±) + iCS(k±). (2.38) 

With this inserted in equations (2.31) and (2.32) it is seen that: 

(2.39) 

(2.40) 

Thc expressions at the right side of the square brackets represent undamped travelling 
waves, whilc the expressicms in brackets represent attenuation factors. The attenuations 
codficients rv± are now introduccd as: 

(2.41) 

2.4.1 Damping without mean flow 

When a situation without mean flow is considered, approximatc expressions for k ( = k+ = 
k ) can bc obtained rclatively easy, in constrast with thc much more difficult situation with 
mcan flow. Thc boundary conditions at thP wa.Jl of thc tube for the velocity ('ûfr=a = 0) 
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and the temperature (T = constant) induce large velocity- and temperature gradients in 
a thin boundary layer near the wall. The velocity gradients induce viseaus dissipation in 
the boundary layer and t~e temperature gradients induce a transfer of heat between the 
flow and the wall. Both processes cause energy losses, decreasing the acoustic energy of 
the wave. It has been shown that this results in non-zero souree termsin equation (2.23), 
yielding a damped plane wave salution (Pierce [14]). 

The effects of heat conductivity are assumed to be significant only in a small layer near 
the wall, the thermal boundary layer. The temperature differences between the wall and 
the bulk of the flow (T- Tw) are assumed to besmallso linear theory can be applied. The 
thermal boundary layer is defined as the region near the wall where the rate of increase of 
internal energy is just balanced by the net rate of heat conduction. This yields: 

Ór = J 2"' 
wp0cP' 

(2.42) 

with "' the heat conductivity coefficient. With the one-dimensional conservation laws the 
temperature profile can be calculated. From this it is possible to calculate the deviation 
between the density fluctuations in the boundary layer and the density fluctuations outside 
the boundary layer. This excess density Pe = p- ~ has to be supplied by a fluid flow 

co 
towards the wall at the edge of the boundary layer. An observer outside the boundary 
layer can interpret the velocity of this flow ( û00 ) as due to a displacement dr of the rigid 
wall in a hypothetical fluid without heat conduction. The work performed by this "virtual" 
wall displacement corresponds to the sound dissipation by the thermal conduction in the 
boundary layer. 

For an isothermic wall (Tw = 0) the expression for the wall displacement due to heat 
conduct ion is ( see appendix C): 

A 1 . /- 1 Poo 
dr = -(1- z)Jr---. 

2 1 Po 
(2.43) 

The effects of viscous attenuation of the waves can be described in a similar way as the 
tAhermal effects, using a displacement thickness dv of the wall. This displacement thickness 
dv is defined as the fictitious wall position for which the acoustical mass flux of a uniform 
flow with velocity Ü00 is equal to the actual mass flow. This implies: 

A 1 
dv = -2(1- i)6v, 

whcre Óv is thc viscous boundary layer defined by1: 

( 2. 15) 

1 Pr· is thc munber of Prandtl defined as Pr = upc" which has a value 0.71 for air at room temrwrature. 
h·, ' 
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With the displacement thicknesses dr and dv the mass conservation equation, integrated 
over the pipe cross section, can be written as: 

(2.46) 

with S the pipe's cross section and Lp the pipe's perimeter. After linearizing this equation 
and after elimination of Û00 with the momenturn equation in the bulk, a linear equation 
for p00 is found. If the mass conservation law (2.46) is to be satisfied, then the following 
dispersion relation for the wavenumber k is obtained: 

k2 
- s +Hl- i)( I- l)LpbT 

k5 S- ~(1 - i)Lpbv 
(2.47) 

For small dr and dv this yields a first order expression for k: 

k= w +(1-i)V2Wv [1+ ,-I]' 
c0 2ac0 VPr (2.48) 

This result was derived by Kirchhoff in 1868. The wavenumber k is complex as a conse
quence of visco-thermal effects, representing damped waves. The dampingcoefficient a is 
described by the imaginary part of equation (2.48): 

a = J2Wv (1 + r - 1) ' 
2ac0 VPr (2.49) 

Tijdeman [15] and Kergomard [16] give a more accurate expression for k, including higher 
order terms. In the present work, expression (2.48) has been used, assuming the higher 
order terms to be negligibly small. 

2.4.2 Damping with mean flow 

As remarked above an important number that characterizes the behaviour of the flow is the 
Reynolds number Re = 2a:o with u0 the velocity averaged over the tubes cross-section. For 
Rcynolds numbers in excess of 2300, the pipe flow will be turbulent. In our experiments 
this critica! point is reached for veloeities of the order of 1 mjs, or M ~ 0.003; the veloeities 
used in our cxperiments were always larger than this value so only a turbulent flow will 
be considered. In a tube a turbulent core and a viseaus sub-layer 61 near the wall will be 
observcd. This situation is sketched in figure 2.2 for the case of a large viscous sub-layer Ö1 

and a relatively small acoustic boundary layer Öac· The definition of the acoustic boundary 
layer is gi ven by5 : 

(2.50) 

5In our experiments the thickness of the acoustic boundary layer Óac ::::::: 10-4 m. 
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and the viscous sub-layer is defined as: 

with 

6 
_ 12.5v 

l- * l u 
(2.51) 

u* = ffi, (2.52) 
V Po 

the friction velocity, with r 0 the mean shear stress due to the turbulent velocity profile. 
Measurements of r0 as a function of the Reynolds number are available from the litera
ture. In this report the empirica! formula of Blasius (2.53) has been used to calculate u* 

(Schlichting [17]): 

(V) 1/8 
u* = 0.182400 

718 
-;;, , (2.53) 

with U0 the mean flow velocity, averaged across the pipe's cross section. This expression 
is valid for Re < 105 . 

Furthermore the lengthscale 5+ = ;. is introduced, and is used to obtain a dimensionless 
length. A nondimensional quantity is indicated by a plus-sign, for instancé: 

(2.54) 

The ratio ~ is very important to characterize the strengthof interaction between the shear 

wave and the turbulent core of the mean flow. For ~ « 1, the shear wave completely 
damps out within the viscous sub-layer and no interaction is expected. Measurements 
indeed confirm that for ~ « 1, the damping a agrees with the solution found in the pre
vious section and hence equation (2.48) describes this particular limiting case accurately. 

For 6t
1
c » 1 the shear wave generated at the wall by the acoustic field encounters a sudden 

discontinuity due to the transition from laminar flow in the viseaus sublayer to turbulent 
core flow. Turbulence enhances dramatically the momenturn transfer which results into 
a dramatic increase of effective viscosity. A simple model, called the Rigid-Plate model, 
assumes that this effective viscosity is so strong that the turbulent core can be considered 
as a rigid plug. The shear wave reflects completely at the boundary between thc plug 
and the "laminar" flow (see figure 2.3). With this very simple assumption, the resulting 
velocity profile and next the resulting wall impcdanee can be calculated (Reijnen [18]). It is 
seen that qualitatively the behaviour of the wall impcdanee is quite well described by this 
simple model. The depth of the minimum, occuring at 6ac :::::::: 6~, however is not accurately 
predicted. A simple modification of the model can compensate for this. It is assumed that 

6For our experimental conditions the following Rule-of-the-Thumb is given for the relation between thc 
Mach number and the nondimensional acoustical boundary thickness: ötc ~ 110M7 ;s. 
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viseaus sublayer 

wal I 

Figure 2.2: Turbulent care with a viseaus sub-layer Ót. 

the reileetion of the shear wave at the turbulent core is associated with a phase shift; upon 
reileetion a delay time Tturb is supposed of the order (see Rebel & Ronneberger [19] and 
Peters [20]): 

V 
Tturb ~ 100-2 u* 

(2.55) 

The agreement between this modified Rigid-Plate model and the experiments of Rou
neberger and Ahrens is surprisingly good, given the very crude assumptions that were 
made. I nel u ding turbulent "memory-effects" gives a better agreement with experimental 
data and indicates that it is important to include time delay effects when descrihing the 
interaction between the acoustic shear wave and the turbulent flow core. 

For the treatment of the experimental data a fit of Peters' measurements has been used to 
calculate the wave numbers. The real and imaginary parts of the wavenumbers k+ and k
as a function of the Mach number are shown in figure 2.4. 
It has been shown that the damping effects are represented by the irnaginary part of the 
wavcnurnbers. At the experimental frequency (289Hz) it is seen from equation (2.48) that 

the damping is only a small effect: ~~~l ~ 0.6% at M = 0 and ~~~l ~ 2.5% at lvf = 0.~~-

2.5 Discontinuities in ducts 

As long as a duet with uniform cross section (no cxpansion, contraction or curvature) 
is considercd, equation (2.3G) describes the wave propagation. Whcn discontinuities are 
introduccd, for instanee in tbc case of a diffuser, this approach is in principle correct, 
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shearwave reflected shear wave 

turbulent core 

wall 

Figure 2.3: Turbulent care with a viseaus sub-layer 61• Now Óac > Ót and refiection of the 

shear wave occurs. 

..···· 

3~--~----------~ 
0 0.1 0.2 

M 
0.3 

Figurc 2.4: Real and irnaginary parts of wavenurnbeTs k+ and k- as a function of the Mach 

nurnber·. Left: the real paTt of k±. Right: the irna.g·inary pa.Tt of k±, devided by cro, tlu: 
value at A1 = 0, acconiing to equation (2.48). Fit of Peters' data {20}. f = 289 Hz mul 
T = 20°C. 
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Figure 2.5: Reflection and transmission at a discontinuity. 

but due to the changing geometry the wave numbers k± will depend on the position (x
coordinate). At the transition a part of the incident wave will be reftected and another 
part will be transmitted (see figure 2.5). 
With the appropriate conservation equations at the boundary these reftected and trans
mitted fractions of the incident wave can be calculated. The reftection coefficient R( x) at 
a certain position x is defined as: 

R(x) = ~i(x)' 
Pu (x) 

and the transmission coefficient T(x) is defined as: 

~+ 

T(x) = l~d. 
Pt 

(2.56) 

(2.57) 

The indices" u" and "d" refer to the region upstream and downstreamof the discontinuity, 
respectively, as sketched in figure 2.5. With equation (2.35) the expression for R can be 
written as: 

(2.58) 

Wh en the reftection coefficient is calculated at the reference point :r = 0 the syrnbol R0 , 

or sirnply R will be used: R 0 = R(:r = 0). When the reftection coefficient is exprcsscd at 
a g<~neral pos i ti on :r: i: 0 the symbol Rx wiJl be used. 

Another quantity that is often used to describe the behaviour of a pipe systcrn Is the 
impcdanee Z, defined as: 

z ( :r) = ~~ (:r:) l 

u(:r) 
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with p and û the complex amplitude of the acoustic pressure disturbance and the acoustic 
velocity disturbance, respectively. With equation (2.30) and the following relations the 
impedance Z can be written,in the absence of friction, in termsof the reflection coefficient 
R: 

1 
û = û+ + û- = -(p+- p-), (2.60) 

PoCo 
with p0 the mean density and c0 the speed of sound of the medium. The following relation 
is thus obtained: 

(
1 +R) Z = 
1 

_ R PoCo. (2.61) 

For different limiting cases the impedance has the following values: for a closed pipe ter
mination the impedance goes to infinity (Zctosed-+ oo); foranopen pipe termination the 
impedance goes to zero (Zopen -+ 0); for an infinitely extended, straight uniform pipe the 
impedance takes on the constant value p0 c0 . 

Instead of the reflection coefficient R that describes the reflection of the pressure distur
bance, the enthalpy reflection coefficient R 8 is often used. This quantity represents the 
reflection of the total enthalpy B, which can be written in the homentropie case as: 

(2.62) 

When in the region upstream of the discontinuity the entropy fluctuations are negligibly 
small, the generation and absorption of sound in a diffuser can be expressed conveniently 
in terms of the reflection and transmission of the acoustic total enthalpy B' = U0 u' + 
IL. This enthalpy reftection coefficient R8 corresponds to the square root of the energy 
Po 
reftection coefficient RE· From now on always the total enthalpy reflection coefficient 
R8 will be used. The relation between R and R8 can be described with the following 
relationship: 

(
1- M) 

Rs = 1 + M R, (2.63) 

with M the mean flow Mach number. This relationship is valid only in thc absence of 
friction. Since thc damping is only a small effect, equation (2.63) is accurate to first order. 

In section ~).2 thc c:alculations of RB wil! be performeel for different limiting cases for a 
diffuser (expansion of duet). As an example another discontinuity will be considered: an 
abrupt termination of thc duet with a closed and and an open end. 

2.5.1 Closed pipe termination 

This is a very sirnple case; the terrnination is a perfect reflecting wal! and all of the cncrgy 
is Tcflected. At the tcrrnination a pressure maximum (anti-node) occurs so the phasc of 
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the pressure doesn't change sign u pon reflection: p+ = p-. The reflection coefficient will 
be real and equal to 1: 

R=l. (2.64) 

Very small deviations resulting from heat exchange with the wall are expected. Since these 
deviations are only of the order of (10-5 ) the closed pipe termination has been used in the 
experiments to calibrate the microphones; see section 4.4. 

2.5.2 Open pipe termination 

The description of the termination of an open pipe is less simple than in the case of a 
closed pipe. There are several effects that influence the reflection at the termination. 

In first order, the pressure disturbance can be neglected at the exit (P~xit ~ 0) and thus 
the disturbance changes sign upon reflection (phase shift of 180°). So now p+ = -p- and 
the reflection coefficient will be ( again) re al and equal to -1: 

R = -1. (2.65) 

Now the higher order correction termsof R will be examined. First, there is the flow pattem 
at the exit that is more complicated than the closed exit; the acoustic flow pattem spreads 
out. The influence of this so-called acoustic radiation has been stuclied by for example 
Levine & Schwinger [21] and tums out to be a negative correction for the amplitude of the 
pressure reflection coefficient. For free space conditions7 and in the absence of mean flow 
this correction is given by: 

IRI = 1 - (k;)
2

) (2.66) 

with k the wave number .!ó!.. and a the pipe radius. 
co 

Second, there is a correction to account for convective effects of a mean flow (in the case 
of a perfectly closed termination a mean flow is not possible). These convective effects 
account for a positive correction of jRj. Cargill [22] [23] proposed to write this correction 
as follows: 

IRI = 1 +AM, (2.67) 

and derived expressions for A for thc case that a full Kutta-condition is imposed at the 
pi pc edge8

. The Kutta condition appears to provide the best agreement with experirncnts 
(Peters [20]). In this report a fit of the rneasurements by Peters, proposed by Hofmans [7], 
is used. The expression for the fitteel function are given in appendix B. 

7 Pipe erncrging in free space. 
H Fixcd tangential flow separation at the edge of thc pi pc exit. 
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As mentioned above, in general a phase shift will occur upon reileetion and the reileetion 
coefficient R will be a complex quantity: 

(2.68) 

with the phase shift <P expressed in terms of an end correction Oend: 

<P = -2kOend· (2.69) 

In general it is very difficult to obtain analytical expressions for the end corrections of an 
open pipe. The end corrections for an open pipe have been measured by Peters [20] and 
have been fitted by Hofmans ([7]: see appendix B). This fit has been used to calculate the 
phase of the reileetion coefficient. The resulting expression for R is now: 

(ka) 2 

R = -(1- -)(1 + AM)ei<P. 
2 

(2.70) 

The measurements of Peters [20] show that the measured reileetion coefficient is for certain 
values of ka (for certain frequencies) significantly lower than the theoretica! freespace re
ilection coefficient. This is due to the acoustic response of the laboratory hall. At certain 
frequencies resonances occur in the room and a strong sound absorption is observed. This 
behaviour depends on the position of the pipe exit in the laboratory. During the present 
measurements this behaviour has also been observed; measured reileetion coefficients ( am
plitudes) are of the order of 1 % lower than the theoretica! prediction for free space. This 
effect can be quantified by comparison of experimental data with the theory at M = 0. 

2.6 Matrix representation of discontinuities 

A convenient and often used method to describe discontinuities is ducts is the scattering 
matrix formulation. The discontinuity is represented as an acoustic two-port or "black 
box". The wave upstream of the discontinuity is split in an incoming wave (p~)and an 
outgoing wave (p;;). The same decomposition is made downstream; an incoming wave pd, 
and an outgoing wave Pd· The "black box" is represented by a 2x2 matrix that relates 
the outgoing quantities and the incoming quantities. The situation is sketched in figure 
2.6. The matrix equation is now: 

( ~I ) = ~ ( ~~ ) . 
(2.71) 

The scattering matrix S_ has four elements: 

(2. 72) 
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acoustic 

two-port 

X=Ü 

Figure 2.6: Definition of an acoustic two-port. 

The physical meaning of the elements R+, R-, r+ and r- is simple: R+ and r+ are the 
refiection and transmission of a wave incoming from the left for a situation where the down
stream termination is anechoic (P-:i = 0). R- and r- are the refiection and transmission of 
a wave incoming from the right for a situation where the upstream termination is anechoic 
(p~ = 0). A different choice of state variables is possible, resulting in a different matrix. 
The relatively simple physical interpretation of the elements of the scattering matrix is a 
great advantage and makes the scattering matrix formulation a widely used one. 
In order to determine experimentally the 4 elements of the scattering matrix, two indepen
dent measurcments are required. Each measurement gives two equations for p-;;_ and P1 in 
terms of p~ and P-:i. If we label the two experiments with subscript A and B, respectively, 
the following system of 4 equations for the 4 unknowns R+, R-, r+ and r- is obtained: 

(p~)A = R+ (p~)A + r- (P-:i)A, 

(P!)A = r+(p~)A + R-(P-:i)A, 

(p~)B = R+(p~)B + r-(P-:i)s, 

(p!)n = r+(p~)B + R-(pd,)s, 

(2.73) 

(2.74) 

(2.75) 

(2. 76) 

Thc two measurements must be performeel in two independent acoustical states. If the two 
statcs A and B are dependent the system of equaticms to determine R+, R-, r+ and r- is 
singular ancl the rnethod fails. 

In the literature onc cncounters in general two different rncthods to deterrnine the matrix 
coefficicnts: the 2-source rnethod and the 2-load method. In the 2-source metbod the 2 
independent acoustic states are obtained by using two sourccs; one souree upstream of thc 
discontinuity and one souree downstrearn of thc discontinuity. For each of thc two rnca
smements a different souree is usecl. The advantage of this rncthod is that one docsn't nccd 
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Figure 2.7: left: 2-source method, right: 2-load methad 

to modify the geometry of the experimental setup during the experiments, thus reducing 
the possibility of changing parameters, such as temperature and flow velocity. 

The other possible method is the 2-load method: a single souree upstream is used. The two 
independent states correspond to two different acoustic loads downstream of the system. 
In practice this means that the first measurement is performeel with a certain pipe length 
downstream of the discontinuity. For the second measurement an extra pipe length, corre
sponding to a quarter of a wave length, is added. It is evident that in the case of an added 
pipe length, corresponding to one half of a wave length the method fails, because the two 
acoustic states are almost identical. The disadvantage of this method is that, while adding 
the extra pipe length, the experimental conditions may change. Advantage is of course 
the fact that one doesn't need a second souree module. In figure 2. 7 the two methods are 
summarized. 
During this graduation project both methods have been used: at TUE the 2-load method 
has been used to study the behaviour of 90° benels (Mach number dependency) and at 
LAUM the 2-source metbod has been used to investigate the frequency dependency of the 
same bends. 
Another often used matrix formulation is the transfer-matrix formulation: in this case the 
state variables are the aeoustic pressure and the acoustic velocity. The tranfer matrix 
relates the state vector at the entrance to the state vector at the exit of the discontinuity: 

( Pu ) = T ( Pr1 ) . 
'!Lu - 'Ud 

(2. 77) 

The advantage of this representation is the fact that one doesn't need to decompose the 
wave to obtain the right- and left-traveling waves; p and ·u are in principle direetly rnea
surable. On the other hand the physical interpretation of the matrix elements is not so 
obvious. This representation will be used to obtain theoretica! pn:dictions of reftec:tion 
codficients. 
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Chapter 3 

Diffuser characteristics 

This chapter is devided in 3 parts: in the first part the instationary behaviour of a diffuser 
is discussed. ft appears that there are different regimes in the performance of a diffuser. 
The aceurenee of different regimes depends on many factors, such as the diverging angle, 
inflow conditions and Reynolds number. The important phenomenon of flow separation is 
discussed. In experiments, performed by K wang 8 Dowling, different modes of unsteadi
ness are observed. These modes can be accounted for by relatively simple models, assuming 
that the oscillation frequency corresponds to an acoustic resonance of the system. 

After this qualitative discussion of unsteady features, in the second part, different station
ary descriptions of a diffuser are investigated quantitatively. First, the situation without 
flow is considered, in the compact and the non-compact case, respectively. The Webster
Lagrange equation is derived and an analytica[ salution for a conical diffuser is obtained. 
Next the situation with flow is examined. After the compact case without flow separation, 
a quasi-stationary description of the situation with complete flow separation is given. ft 
is argued that at high-amplitude acoustic perturbations, the behaviour of a diffuser can be 
described by assuming that the situations with and without flow separation are alternating 
each half acoustical oscillation period. 

In the third part, finally, the interaction between the instationary features (flow separa
tion) and the acoustic field are discussed qualitatively in terms of a Vortex-Sound theory. 
Three geometries are considered: an open pipe exit, a diffuser at the exit of a pipe and 
a diffuser placed in a long pipe. It is argued that, for certain critica[ Strouhal numbers, 
an energy transfer frorn the flow field to the acoustic field or vice versa is expected. This 
transfer· can result in a net sound production ar a net sound absorption, depending on the 
Stnmhal number. The situation in a d~ffuser is difficult to describe quantitatively because 
the separation point is nat .fixed due to non-linear effectc;. 
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3.1 Instationary behaviour 

In the handhook for fluid 1ynamics by Blevins [24] a diffuser is described as a diverging 
element of a pipe system, used to slow down a mean flow. Kinetic energy (the velocity 
Uu of the incoming medium) is converted in potential energy (pressure rise from Pu at the 
upstream side to Pd at the downstream side of the diffuser). In industrial applications 
the performance of a diffuser is often characterized by a pressure recovery coefficient CP, 
defined as the pressure difference !:lp across the diffuser, divided by the upstream dynamic 
pressure ~ puu 2 : 

C = Pd- Pu (3.1) 
P .!.pu2 ' 

2 u 

where Uu is the mean flow velocity at the upstream side. An efficient diffuser, or a diffuser 
with a good performance, is one which couverts the highest possible percentage of kinetic 
energy into potential energy within the given restrictions of diffuser length and expansion 
area. Low values of Cp thus indicate a poor diffuser performance. Blevins describes dif
ferent regimes in the flow behaviour in a diffuser, which are sketched in figure 3.1. For low 
mean flow and low diverging augles the flow is said to be in the unstalled regime (ideal 
diffuser). 

ldeal diffusers have an opening angle of about so which for typical area ratios between 2 
and 3 used in the industry would imply very long devices which are expensive and difficult 
to handle and to stock. Therefore, in industrial applications, diffusers with typical opening 
augles between 15° and 30° are preferred. 
For higher diverging augles the boundary layers thicken due to the strong deceleration and 
regions with backflow are observed (" appreciable stall"). Further increase of di verging an
gle results in unstable st all motion ("large transitory st all"); in a quasi-periodic way st all 
regions are formed and washed out. For greater diverging angles, the stall regions become 
stabie (" fully developed stall"), the flow separating at the inlet of the diffuser forming a 
free jet. In this final regime the pressure recovery is very poor. In general the best perfor
mance (maxima! Cp) is obtained for augles just above the limit between appreciable and 
transitory stall ( for rectangular diffusers), and for augles just below this limit (for conical 
diffusers). 

From this it can beseen that in practice, where the optimum performance is used, unsteady 
phcnornena such as flow scparabon and stall motion are always encountercd. Th(~se two 
partienlar phenornena will be exarnined briefly in the next two scctions. 

3.1.1 Flow separation 

In the measurements that have been performeel the Reynolds nurnber is of the order: 

Re= DUo ~ 2 · 101 - 2 · 105 , 
I/ 

27 

(:3. 2) 



1 . Uns talled 

2. Appreciable Stall 

3. Large Transitory Stall 

4. Fully Developed Stall 

5. Jet Flow 

~ 

Fig;ure 3.1: Diff"erent flow regimes in a diffuser ( reprad u eed from Blevins "A pplied Flmd 

Dynamics Handbook"). 
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indicating that the viscous effect are of negligible importance in the bulk of the flow. For 
most phenomena this is indeed a valid approximation. The flow in a diffuser can then be 
described by the inviscid Euler-equations as long as separation does not occur. In small 
regions near the wall, however, the viscous forces are dominant in order to satisfy the no
slip condition at the wall (ûlr=a = 0). To describe the behaviour of these boundary layers, 
the viscous termsneed to be included and now the complete Navier-Stokes equations have 
to be used. To understand the phenomenon more quantitatively the momenturn equation 
(in axial direction) is considered: 

au au au 1 ap a2 u 
-+u- +v- = ---+v-
at ax ay p ax ay2 ' 

(3.3) 

with u the velocity in axial direction, v the radial velocity, x the axial coordinate and y 
the radial coordinate with y = 0 at the wall. The influence of transversal wall curvature 
is negleeteel in the discussion of the separation of boundary layers. When the medium is 
flowing through a eliverging pipe, flow separation is likely to occur. This occurs when due 
to the adverse pressure gradient the flow can no longer follow the wall contour and reversed 
flow occurs near the wall as can be seen from figure 3.2. The separation point is defined 
as the point where the reversed flow starts. At the wall the velocity is equal to 0 so that 
reversed flow near the walls (u(y) < 0) requires ~~ < 0 at the wall. Fora steady flow then 
the onset of separation is defined by: 

(~u) = 0. 
y y=O 

(3.4) 

From the Navier-Stokes momenturn equation then, again for a steady flow, there IS an 
equilibrium at the wall between the pressure gradient and the viscous term: 

(3.5) 

In order to have a salution u(y) that satisfies the conditions in a separated flow, a necessary 
condition is that v ~:~ > 0 at the wall. Th is can only be true if !J/!c > 0, or in the case of an 
adverse pressure gradient. So flow separation can only occur in a situation with a negative 
pressure gradient, or equivalently, in a slowing flow. This argument can also be used more 
intuitively: In the boundary layers near the wall the fluid particles move more slowly than 
tlw particles in the core of the flow. An adverse pressure gradient can in general not return 
the direction of the flow in the core, but the slow particles in the boundary layer don't have 
enough initial kinetic energy to overcorne the adverse pressure gradient along the wall and 
will return, thus inducing backflow if they are not dragged by viscous interaction with thc 
rnain flow. 

A quantitative theoretica! description of flow separation is difficult for rnany reasons. Near 
the separation point the boundary layer thickness inc:reases rapidly. This is an indication 
that the assumption of a quasi-tangential flow in the boundary laycrs is not valieL In 

29 



separation pointS / 

Figure 3.2: Flow separation of a flow along a curved wall. S is the separation point. 

general it is nat possible to describe the flow far downstream of the separation point with 
boundary layer equations. Furthermore the problem is highly non-linear because the main 
flow is strongly affected by the separation phenomena. 

3.1.2 Stall motion 

As mentioned above the regions with backflow (stall-cells) are in general not stable. One 
of the few quantitative discussion on this subject is given in an artiele by Kwong and 
Dowling [8]. On of their main conclusions is that the instationary behaviour of the flow on 
the diffuser depends strongly on the geometry of the diffuser and the aerodynamic blockage 
at the inlet. A weaker dependenee on Reynolds number, Mach numher, velocity profile 
and turbulence level is found. The experiments of K wong and Dowling show two different 
modes of unsteadiness associated with the stall cells. Onc mode is oscillation of thc cdls 
in strcamwise direction. This mode is relativcly strong and has an oscillation frequency of 
typically a few Hertz. A rnuch weaker oscillating effect is the alternate appearance of stall 
cdls at thc top and bottorn of the diffuser inlet 1

. This effect has a larger timescale and is 
less re gul ar. K wong and Dowling considered only the first oscillation mode and devclopcd 
a theory which reasonably prediets the oscillation frequency as a function of inlet veloei ty 

1 This alternation is instantane: a situation without a stal! region is not observecl. This can be c:oncludr~d 
form the fac:t that the pressure recovery is always much less than the ideal value for a casP without fjr;w 
separation. 
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and geometrical dimensions. The main condusion is that the asciilation frequencies are 
determined by the acoustic resonances of the environment al devices. K wong and Dowling 
only investigate a diffuser located at the end of a pipe. In this report the same situation 
will be investigated, but also a diffuser placed in a long pipe. This last geometry is also of 
great practical importance. 

3.2 Theory 

After having gained some insight in unsteady phenomena in the previous sections, these 
phenomena will be discarded in the next section, where steady flow theory will be applied 
to the diffuser. First the attention will be focussed on the case without mean flow, and 
next the situation with flow will be considered. 

3.2.1 Compact diffuser without mean flow, step 1 

The most simple case is a compact diffuser without mean flow. The compactness as
sumption requires that the dimensions of the diverging region are small compared to the 
wavelength (He= L~t ~ 1); in this case compressibility effects (volume ofthe diffuser) can 
be neglected, and the diffuser behaviour reduces to an abrupt expansion. The downstream 
termination of the duet is assumed to be anechoic, so pd, = 0. At the expansion (x = 0) 
continuity of mass flow and continuity of pressure is assumed. With the definition of the 
ratio of cross-section areas a: 

sd 
a--, 

Su 
(3.6) 

the continuity equations of mass flow and pressure, with (2.60) reduce to: 

(3.7) 

(3.8) 
·- ·+ 

Solving for R = ~ and T = ~ yields the reflection and transmission coefficients: 
Pu Pu 

1-a 
(:~.9) R=--, 

1+a 
and 

T= _2 __ (3.10) 
1+a 

It is easily seen that when the wave is incident frorn the right instead of incident frorn 
thc lcft, the reversed reflection and transmission coefficient are the same as in equations 
(3.9) and (3.10), but now with a replaced by ~- Furthennore when a ----+ 0 the reflection 
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coefficient R --+ 1 of a closed pipe end is obtained, while in the limit CJ --+ oo the ideal open 
end behaviour R --+ -1 is found. 

3.2.2 Compact diffuser without mean flow, step 2 

In the previous section a possible frequency dependenee was not taken into account in the 
calculation of the reflection and the transmission coefficient. This was due to the fact that 
we supposed continuity of pressure and mass flow. In this section this assumption will be 
generalized in the following way: a pressure and velocity discontinuity are introduced in 
equations (3.7) and (3.8). The physical interpretation of these discontinuities is a phase 
jump in the pressure and the acoustic velocity. Equations (3. 7) and (3.8) now read: 

P~- fJ-;; =CJP!+ pocoL\u(w), (3.11) 

p~ + p-;; = fJ! + L\p(w), (3.12) 

with p0c0 L\u originates from the discrepancy between the acoustic velocity upstream and 
downstream of the diffuser ( compressibility effects) and L\p is a possible phase jump in the 
pressure across the diffuser. In appendix A frequency-dependent expressions for p0c0L\u(w) 
and L\p( w) are derived. The results are: 

with V the diffuser volume, and 

_ iwV(~+ ~-) 
pocoL\u- -

8 
Pu + Pu , 

u Co 

L\ _ iwLdif ( c) ( ~+ ~-) P - - . r,:; 1 - V CJ Pu - Pu , 
coyCJ 

(3.13) 

(3.14) 

with Ru and Rd the upstream and downstream pipe radius and Ldif the diffuser length. 
From equations (3.13) and (3.14) the reflection and transmission coefficient can be solved, 
once the boundary condition on the downstream side is given. It can be seen from the 
salution for RandT that in the compact limit (Ldif --+ 0 and V--+ 0) reduce to the simple 
expressions of equations (3.9) and (3.10). 

3.2.3 Non-compact diffuser 

In the previous sections the diffuser was considered as an abrupt expansion; in this section 
the gradual expansion of a diffuser will be considered explicitely. The Webster-Lagrange 
approximation will be used in which the the flow at the cross section of the diverging pipe 
is assumed to be uniform ( quasi-1D). The equation descrihing the wave propagation in 
the expanding duet follows from the conservation equations applied to a control volume 
sketched in figure 3.3. 
The continuity equation reads: 
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x x dx 

apex 

Figure 3.3: Control volume for a conical diffuser and x-coordinate definition. 

op a 
S öt = Öx (Spu), 

with S = S(x) the eross-seetion area of the duet. The momenturn equation reads: 

Du 1 Öp 
-+--=0 
Dt pöx ' 

(3.15) 

(3.16) 

whieh is the same as the momenturn equation for a uniform duet. These two equations are 
supplemented by the isentropie relation: 

(3.17) 

whieh yields a systcm of 3 equations for p, p and u. Eliminating u and p yields a third 
order diffcrential equation [25], which can be solved only numerieally. When the medium 
is stationary, conesponding to a situation without mean flow, and with the assurnption 
that p is uniform over the eliverging regi(m, a rnodified wave equation for p, the so called 
Webster-Lagrange equation is obtained: 

(3.18) 

\Vith the usual substitution for harmonie time-dependenee p(.T, t) = p(:r:)eiwt this yields: 

d2p 1 dS dp 2 -. + ---+kop= 0, 
d:r: 2 S eb: d.T 

(3.19) 

33 



with k0 = !::!_ the wave number. This equation can be solveel analytically for certain specific 
co 

shapes, or certain S(x), such as conical and hyperbalical expansions. Fora conical duet, 
the cross-section area S(x.) is proportional to x2

, with x the elistance from the hypothetical 
apex (see figure 3.3): 

(3.20) 

so that 

1 dS 2 

Sdx x 
(3.21) 

With this substitution, equation (3.19) becomes: 

d2p 2 dp 2 
-+--+kop=O. 
dx2 x dx 

(3.22) 

With the substitution p = qjx, the following equation is obtained: 

d2q 2 

dx2 + ko q = 0, (3.23) 

with salution 

(3.24) 

and hence 

p(x, t) = t ( Cle~ikox + C2eikox) eiwt. (3.25) 

From the momenturn equation (3.16) and equation (3.17), the salution for u(x, t) can be 
derived: 

(3.26) 

The problem is now solveel in principle. In practice the salution is often writtcn in a 
matrix forrn; the transfer matrix T is determined as follows: equations (3.25) and (3.26) 
are writüm at the entrance and exit of the diffuser (.1: = :r 1 and x= :r2 , respectively). The 
constants C 1 and C2 are eliminateel anel tbc resulting matrix expressimt is: 

(3.27) 

with 

T = ( ~~: ~~~ ) . 0.28) 

The matrix elements are ealculated in Munjal [26]. Thc results are: 
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x2 1 . 
Tu =-cos( koLdiJ)- -k- sm(koLdif ), 
. x1 ox1 

ZCo X 2 . 
T12 = -

5 
- sm(koLdif ), 

d X1 

T21 = iSdxl (1 + 2
1 ) sin(koLdiJ)- _i_ (1- x1 cos(koLdif)), 

co x2 k0 x1x2 k0x 2 x2 

T22 = -k 
1 

sin(koLdif) + x1 
cos(koLdif) . 

ox2 x2 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

In section 3.2. 7 these expressions will be generalized for the situation with mean flow. 
From the transfer matrix elements the reileetion and the transmission can be calculated, 
given an appropriate boundary condition at the downstream side of the diffuser. This is 
illustrated in appendix B. In tigure 3.4 the three models discussed in the previous three 
sections are summarized; the absolute value of the reileetion coefficient is plotted as a 
funetion of frequency. It is seen that in the low-frequency limit (compact limit) the reilee
tion coefficient of the models described in sections 3.2.2 and 3.2.3 approaches the constant 
value ~~: (3.9). Flirthermore it is seen that the differences between the modelsis relatively 
small (less than 0.5 % for f = 290 Hz). The approximation described by equations (3.11) 
and (3.12) clearly is an overestimation, as can be seen after comparison with the exact 
solution. The three models, however, are consistent within the experimental accuracy, as 
will be seen in the next chapters. 

3.2.4 Compact diffuser with mean flow without flow separation 

In the next sections the situation with flow will be considered. In the presence of mean 
flow it is convenient to use the total enthalpy B as an acoustic variabie (see equation 
(2.17) with u2 = lvl 2

): 

1 2 . 1 2 J dp 
B = 2u + z = 2u + p' (3.33) 

where, for the last equality, the flow is assumed to be homentropic. The mass flux <I>m is: 

<I>m =puS. (3.34) 

The Bernoulli equation can be written in the following form: 

äcp 1 2 . 1 2 . - + -u + z = -uo + zo 
ät 2 2 ' 

(3.35) 

or equivalently, 

äcp 
ät + B = Bo, (3.36) 
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Figure 3.4: Hefteetion coefficient of a diffuser with (]" = 25/9 and () = 28° as a function 
of the frequency with an anechoic pipe termination downstream. Solid line: compact limit 
(3.9}; Dotted line: salution of equations (3.11-3.14); Dashed line: salution of the Webster
Lagrange equation (3.18). 

with B0 a known stationary reference state. 

The acoustic potential cjy can be estimated as follows: 

cjy = j Jl · ds ';:;:; Lu, (3.37) 

with L a characteristic length scale. If the <Jif term is small compared to the term B: 

then tbc Stremhal number satisfies: 

) wL 
,T=-«1. 

'//, 

(3.38) 

When this condition is satisfied, thc acoustic enthalpies at two different point on a strcarn
linc are (~qual: B 11. = Br~ and the state is said to be quasi-stationary. For the rnodels 
used in this scction and the next section (sections 3.2.4 and 3.2.5) these quasi-stationary 
assumption will be made. 

In figure 3.G the compact diffuser is representcd as an abrupt cxpausion. 
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~------

Figure 3.5: Compact diffuser without flow separation; quasi-stationary modelling. 

The flow is considered compressible: Pu is in general not equal to Pd· To calculate Pd, ud and 
Pd, given Pu, Uu and Pu, three independent equations are required. The first one describes 
the continuity of mass flux ((<I>m)u = (<I>m)d): 

(3.40) 

The second equation is the equality of the enthalpies (Eu = Ed). First the term i is 
rewritten in terms of p and p, using the isentropic gas relation: 

( )

lh 

P = ~ Pref' 
Pref 

(3.41) 

with again 1 = !2!.. the ratio of specific heats at constant pressure and at constant volume, 
cv 

respectively. This is substituted in the expression for i, yielding: 

. J dp P~~~ ;· dp P~~~ P-Ih+ll 
Z = P =Pref P1h =Pref (-1/1+ 1)1. 

Again with equation (3.41), thc resulting expression for i is: 

so the second equation (Eu = Br1) is: 

. I P 
l- ---

- I- 1 p' 

1 2 I Pu 1 2 I Pd 
-;-'llu + --- = -nd + --. -. 
2 I - 1 P11 2 I - l Pil 
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The third equation that supplements the system is simply the isentropic gas relation (3.41). 
Together with equations (3.40) and (3.44) the following non-linear system of equations is 
obtained: 

<Pm = PuUuSu = PdudSd, 

Pu(Put 1h = Pd(Pdt 1h, 

1 2 "f Pu 1 2 "f Pd Bo = -Uu + --- = -ud + ---. 
2 "f - 1 Pu 2 "f - 1 Pd 

(3.45) 

(3.46) 

(3.47) 

Because this system is non-linear, a simple analytica! solution cannot be obtained. It is 
possible, however, to eliminate ud and Pd and to express Pd in termsof the known quantities 
Pu, Uu and Pu: 

1 <P 2 
-~ -2 + _"f_ Pu 1-1 = B 
2 Si Pd "f- 1 Pu' Pd O· 

(3.48) 

A non-linear procedure has been used to calculate Pd, given the quantities Pu, Uu and Pu· 
The results have been compared with results for compressible gas relations from the litera
ture [24] and an excellent agreement was found. After the calculation of Pd the expressions 
for Pd and ud are easily obtained: 

(3.49) 

(3.50) 

The solution of the "steady state" is now complete. In the following discussion this steady
state solution will be given an index "0": 

(3.51) 

N ow the calculation of the transfer matrix T is discussed. While analytica! expressions eau 
be obtained for the transfer matrix (see Boot [27]), in this report it is more convenient to 
use a numerical procedure. As remarked in section 2.6, the experimental determination of 
the 4 elements of the matrix requires two independent measurements. For the numer-ical 
calculation of the elements the same is true. This results in a procedure similar to thc two
source method; two different choices for the input perturbations p~, u;

1 
and p;

1 
are made 

and from the two different outputs p~, u~ and p~ the matrix elements can be calculated. 
The first choice for the perturbations, conesponding to a pressure node upstream of the 
expansion and labeled with "A" is: 

(3.52) 
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and 
(3.53) 

with E « 1; in this case E ~ 10-5
. These perturbations are superposed on the initia! steady

state (p~ + (p~)A, u~+ (u~)A and p~ + (p~)A) and the resolution of the non-linear system is 
repeated to obtain the downstream variables. From the solution thus obtained, the steady 
state solution (p~, u~ and p~) is substracted, yielding the perturbations at the downstream 
side ((p~)A, (u~)A and (p~)A). Thus two of the 4 required equations are supplied: 

(p~)A = Tu(P~)A + Tr2(u~)A, 
(u~)A = T2r(P~)A +T22(u~)A· 

(3.54) 

(3.55) 

The other two equations are supplied by the alternative perturbations choice, corresponding 
to a pressure anti-node upstream of the expansion and labeled with "B": 

(p~)B = C~(p~)B = E * p~, (3.56) 

and 
(3.57) 

The same procedure (superposition of perturbation and initia! steady state, resolution and 
substraction of the steady state solution) yields the downstream perturbations (p~) 8 , (u~)s 

and (p~) 8 . With the additional two equations, 

(p~)s = Tu(P~)s + Tt2(u~)s, 
(u:Js = T2r(P~)B + T22(u~)B, 

(3.58) 

(3.59) 

the elements T11 , T12 , T21 and T22 can easily be calculated, and from these elements the 
refiection and transmission coefficient (in appendix C the calculation of R and T from the 
elements of the transfer matrix is illustrated). This has been done for the contiguration 
that was used during the experiments (see chapter 4), as a function of the Mach number, 
corresponding to the incoming mean flow u~. The results for the matrix elements are 
plotted in figure 3.6. 
To veri(y if the results of this "theoretica! two-source method" gives reliable results, a 
zeroth order estimation of the matrix elements is now performeel and compared with the 
calculated re~mlts for the limit M ---+ 0. 

For M = 0: 

( ~: ) = ( ~ ~ ) ( ~~:: ) ' 
(:3.60) 

or Pu = PrL (pressure eontinuity) and 'Un = it;ur1 ( rnass flux continuity). A mor<~ rcfined 
model, based on continuity of mass flux and Berr10ulli's equation, yields tbc following 
cxpression for tbc off-diagonal element T12 : 
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Figure 3.6: Transfer- matr-iJ: elements r-esulting fmm the theor-etica! two-sour-ce methad for
a diffu8eT with a= 25/9 (solid line). A quasi-stationar-y theor-y without flow sepamtion is 
used. The da8hed line cor-r-esponds to a .fir-st or-der- incompr-essible flow appmximation and 
serves as a ver-'i.fication of the calculation method. 
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Figure 3. 7: Compact diffuser with flow separation; quasi-stationary model/ing. 

(3.61) 

with M 11 the Mach number of the flow upstream. At M = 0 the results without flow, as 
discussed in section 3.2.1, are found. It is seen that this calculation methad gives good 
agreement with known analytica! results. In the next section the sameprocedure has been 
applied to a model that takes into account a situation with flow separation. 

3.2.5 Compact diffuser with mean flow with flow separation 

In this section, again a compact diffuser with mean flow is considered, but now the flow 
is assumed to separate at fixed separation points at the beginning of the pipe expansion. 
This situation is sketched in figure 3. 7. 
Again thf~ acoustic variables B (acoustic enthalpy) and <I>m (mass flux) are used, and again 
3 cquations are needed to calculate p, u and p. The rnass and energy conservation cquations 
provide the sarne results as without flow separation: (<I>rn)

11 
= (<I>m)d (3.40) and I3 11 = f3rt 

(3.44) if it is assurned that there is no heat transfer nor work performeel on the ftuicl. Thr 
isentropic gas relationship between Pu, Pd, Pu and p11 is not valiel anymore, becausc ent rop\' 
is generated, due to the dissipation in the turbulent mixing region downstream of the ftow 
separation. Instead of this isentropic equation (3.41), the momenturn conservation lav\' 
applied to the turbulent region is used, as proposcel by Ronneberger [9]: 

(TG2) 
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in which the crucial assumption is made that the pressure upstream and the pressure in 
the free jet are equal (Pu = pj)- This explains the first term on the left-hand side. The 
total non-linear system fot a situation with mean flow is now: 

<I>m = SuPuUu = Sdpdud, 

Po= SdPu + SuPuUu
2 

= SdPd + Sdpdu/, 

1 2 'Y Pu 1 2 'Y Pd Bo = -Uu + --- = -ud + ---, 
2 'Y - 1 Pu 2 'Y - 1 Pd 

(3.63) 

(3.64) 

(3.65) 

where <I>m, Po and B0 are now constauts because the state (Pu, uu, Pu) is assumed to he 
known. It is convenient to eliminate Pd and Pd and to express ud in terms of the known 
quantities Pu, Uu and Pu: 

( 1 - -"~-) <I>mui + -"~-Poud- Bo<I>m = 0. 
"(-1 "(-1 

(3.66) 

This quadratic equation is even simpler than equation (3.48) and the solutions are: 

_ __:]_Po± j(__:]_Po)
2 
+ (4- .-!L) Bo<I>m2 

-y-1 -y-1 -y-1 
u - --------~------~----------------
d- 2- .kL<J> 

-y-1 m 

(3.67) 

The plus sign corresponds to the subsonic case. The expressions for Pd and Pd are obtained 
simply: 

(3.68) 

(3.69) 

\Vith these relations, and the appropriate choice of the initial state (Pu, uu, Pu), the steady
state salution is complete. With the same choices of perturbations as in the previous 
paragraph, the transfer matrix elements can be determined numerically. These results 
are not vcrified with a simple theory but are compared with cxperimental data. The 
rcflection coefficients calculated from the matrix elements are compared with measured 
reileetion cocfficients of an abrupt cxpansion with the same cross-section area ratio as the 
two diffusers that were examined. 

3.2.6 Combination of two quasi-stationary limiting cases 

Th(~ situations discussed in sections 3.2.4 and 3.2.5 are limiting cases. The actual behaviour 
in a diffuser will be an interrnediatc case: for diffuser with a elivcrging anglc () > 8° 
no ideal behaviour without flow separation will be obscrved. On the othcr hand, thc 
separation point in a diffuser will not be fixed as in an abrupt expansion but will move 
along thc eliverging walls, depending on the <Hlvcrse pn~ssure gradicnt. It is obvious that. 
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this intermediate behaviour will depend on the amplitude of the acoustic perturbations. 
For weak perturbations the behaviour will resembie the steady state behaviour. Forstrong 
perturbations however, tpe behaviour will alternate between the two limiting cases each 
half oscillation period. The instationary momenturn equation, 

(3.70) 

shows that when the acoustic acceleration 88~' points in the same direction as the mean 

flow, the acoustic pressure gradient ~ counteracts the stationary adverse pressure gradient. 
The separation point is then expected to move downstream. When the perturbation u' is 
strong enough, the counteracting pressure gradient can be sufficient so that the separation 
disapears completely. 
One half of an oscillation period later the acoustic acceleration changes sign and now the 
stationary adverse pressure gradient is enhanced by the unsteady pressure gradient. In 
this case the separation point will move upstream, and for strong enough perturbations 
the separation will be complete, startingat the diffusers inlet. This situation corresponds 
to a description with complete flow separation. 

This combined behaviour can be described quantitatively if it is assumed that the fluc
tuations remain harmonie. In this case, it is expected to be just the geometrical mean 
of the two situations. This is represented in figure 3.8 where the absolute value of the 
enthalpy reflection coefficient Rs is plotteel as a function of the Mach number upstream. 
The dotted line will describe the behaviour for pulsating flow, where the amplitudes of the 
perturbations are of the sameorder of magnitude as the mean flow (I~~ I = 0(1) ). 
The results of these quasi-stationary models do not take into account the specific diffuser 
geometry: the only important geometrical parameter is the ratio of cross-sections ~- In 
the next section a generalisation of the Webster-Lagrange equation for a situation with 
mean flow will be derived. This equation does take into account the dimensions of the 
expanding area. It turns out that for low Mach numbers (M « 1) an analytica! salution 
can bc obtained. 

3.2. 7 Diffuser with mean flow; low Mach number approximation 

The derivation of a generalized Webster-Lagrange equation starts with the same conserva
bon equations as insection 3.2.3. For mass conservation equation (3.15) is written as (sec 
Eashwaran and Munjal [28]): 

Dp op ou pudS 
-+u- +p- + -- = 0 ot o:r: ox s dx ' 

and for momenturn conservation equation (3.16) is written as: 

(
au Du) op 

p - + u-,- + -, = 0. ot iJ:r: ä:r 
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Figure 3.8: Refiection coefficient of a diffuser with a= 25/9, f =289Hz and an open pipe 
termination of length L = 1.2558 meter placed downstream of the diffuser. Results obtained 
by two quasi-stationary models: without flow separation (solid line}; with flow separation 
(dashed line) and the intermediate salution {dotted line). 

Fora stationary rnean flow U(:c) these equations read: 

and 

dU PoU elS 
Po-d, + -S -d, = o, .r .r 

dU dp0 
PoU-+- =0. 

dx dx 

(3.73) 

(3.74) 

Now the steady state is perturbed p =Po+ p', p = p0 + p', and u= U(x) +u'; p0 and Po 
are assurned not to depend on the position x. Terrns with second order perturbations are 
ncglected. After substracting the stationary equations (3. 73) and (3. 7 4) and after dropping 
thc primes for convenience this results in: 

Dp iJu np0 elS 
-+po-+--= 0, 
Dt iJ:r S d.T 

(3.75) 

and 

Du iJp dU 
Po-

0 
+ ~ + pou~1~ = 0, 

t (J:J: ( 1: 
(3. 76) 

with 
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(3.77) 

It is convenient to define the acoustic pressure and the acoustic velocity in terms of a 
potential function cjy: 

(3.78) 

(3.79) 

With this definition the momenturn equation (3. 76) is automatically satisfied. Now these 
definitions of p and u are substituted in the continuity equation (3. 71) and the relation 
dp = ~ for a homentropie flow is used. Thus a generalized wave equation is obtained: co 

::~ + ( ~ ~~ - ~~ :t) ~~ - c~2 ~:~ = O, (3.80) 

which results in the familiar wave equation for M -t 0 (no mean flow) and ~; -t 0 
(uniform duet). With a harmonie time dependenee cjy(x,t) = f(x)eiwt, and using k0 = ~' 
the position-dependent part f (x) satisfies: 

d
2 J ( 1 dS . ) dj 2 

dx2 + S dx - 2zkoM dx + ko J = 0. (3.81) 

This expression is very similar to the Webster-Lagrange equation (3.18), and will bt~ re
ferred to as the generalized Webster-Lagrange equation. 

For a conical diffuser Sis proportional to the distance x from the apex (see figure 3.3): 

and 

(
x )2 S(x) = Su - , 
xl 

M(:r) = Mu (x1
)

2 

:r; 

(3.82) 

(:3.83) 

With these expressions inserted in equation (3.81) a secoud-order differential cquation is 
obtained for f (:r). In appendix D this differential equation is solved after two variabie 
transfonnations. Thc results are valiel for low Mach numbers (M « 1) and are writtcn in 
tJw forrn of a transfer matrix. With the matrix elements the reflection coefficients can bc 
calculated. These are plotteel for the two different diffusers (0 = 14° and {) = 28°) in tigure 
3.9, together with the quasi-stationary solutions with and without flow separation. 
Thc quasi-stationary model is only valiel for low Stremhal nurnbers, or high Mach nurnbers, 
and the low Mach nurnber model is of course only valiel for M < 0.2. The two models 

4G 



0.94 

-cJ>.92 
a: 

0.9 

0.88 

0.86 

0 0.05 0.1 0.15 0.2 
Mach number 

0 
6. 0 

6. 0 
6. 0 

6. 0 
6. 

6. 

6. 

0.25 0.3 

Figure 3.9: Theoretica[ refiection coefficients Rs as a function of the upstream Mach num
ber· for two diffusers. The same configuration as in figure 8. 8. 6 14° diffuser; o 28° 
diffuser with low Mach number approximation. quasi-stationary model without .flow 
separation; - - - - - quasi-stationary model with flow separation. 
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ov nB ( _. _.) l -+v =-wxv +-ot p' 
(3.87) 

with B = ~u2 +i the total enthalpy as insection 3.2.4 (equation (3.33)). Fora potential 

flow (w = 0) and in the absence of external forces (/ = 0) the equation reduces to a 
situation with an acoustic flow superposed on a steady potential flow. The first term 
(associated with the rotational part of the flow) on the right-hand side, the Coriolis force, 
acts as an "external" force on the acoustical flow field: 

Ie= -p(w x v). (3.88) 

At low Mach numbers, following Howe [3], the time averaged power transfer < P > from 
the vorticity field to the acoustic field is simply the time averaged integral of the work 
performed by the Coriolis force on the acoustic field per unit time: 

< P > = < fv 1: · û dV >, (3.89) 

with V the souree volume where w f 0; the brackets < > indicate a time average over one 
oscillation period. If wave propagation effects in the souree region are neglected, then the 
compact vortical souree region can be represented in the 1-D case as a time-dependent 
discontinuity tlBs in the total enthalpy B, which can be calculated by substracting the 
enthalpy in the case of a irrotational potential flow Bpat from the actual enthalpy: 

tlB8 = B - Bpat. 

and the expression for < P > is then: 

< P > = < iJ>mf:lBs >, 

(3.90) 

(3.91) 

with iJ>m the mass flux, which is assumed to be constant during these calculations. This 
last equation (3.91) is referred to as "energy corrolary" [3]. The formulation of the energy 
transfer stresses that the vortices are a dipole souree of sound. In other words: vortices can 
only induce an effective energy transfer if the acoustic velocity 11 f 0. In pipe flows, strong 
standing waves are often encountered. In that case, if aero-acoustic sound generation is 
to be observed in experiments, the experimental contiguration has to be chosen in such a 
way that in the region where ftow separation occurs, a velocity anti-node (or equivalently 
a pressure node) must be achieved. 

As an illustration of this formalism thrce different configurations are consiclere(f1
. As a first 

step a pipe termination is considered. At the pipe exit a pressure node occurs, so a strong 
interaction between vortical structures and the acoustic field are expected. Furtherrnore, 
the acoustical streamline pattem shows a singularity at the sharp edge (streamlincs make 
a 180° turn at the edge). This implies a vcry large acoustic velocity i7 at the sharp edg(~. 

2 These contiguration correspond to the geometries that have been investigatcd experirnentalh· 
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At a distance of the order of a, the pipe radius, the acoustical flow is already close to 
a spherical symmetrical flow, decreasing quadratically with the distance to the exit. In 
the situation without mean flow the inertia of the acoustic flow induces a change in the 
scalar potential, often expressed in terms of an end correction Óend, equation (2.69). In 
the case with mean flow a free jet is formed with a shear layer of high vorticity separating 
the jet from the stagnant environment. The acoustic perturbation causes a disturbance in 
the vorticity of the shear layer. For low amplitudes this induces a shear layer instability 
resulting in an exponential increase of the magnitude of the vorticity perturbation with the 
distance from the sharp edge. For higher amplitudes the description of exponential growth 
is not adequate: the growth is limited by non-linear saturation effects. A breakdown of 
the shear layer into discrete vortical structures, called vortices, is observed. Every acoustic 
period a new vortex is shed and the vorticity generated at the sharp edge accumulates 
into this vortex: during this accumulation the vorticity increases approximately linearly in 
time: 

(3.92) 

as illustrated in figure 3.13. After an asciilation period T a new vortex is shed, while 

the "previous" one is convected away with a constant circulation r ~ u~r. The vort i ces 
are shed at the moment that the acoustic velocity turns from pipe inwards to pipe outwards. 

The key-point is now that the acoustic velocity changes sign from pipe outwards to pipe 
inwards every half period of oscillation, while the direction of the main flow and the var
ticity remain unchanged. At the edge, inspeetion of the signs of J, w and v shows that 
the work performed by the Coriolis force per unit time < P >= -p(w x iJ) · J < 0. 
This corresponds to an energy transfer from the acoustic field to the main flow field (sound 
absorption). This isn't surprising: vorticity is generated at the cost of the acoustic field 
during flow separation. When this vortex is considered halfan asciilation period later the 
acoustic veloei ty has changed sign. In this case - p( w x v) · J > 0 so energy is transferred 
from the flow field to the acoustic field (sound production). This production of sound, how
ever, is weaker than the initial absorption for two reasons. First, the acoustic velocity 7"// 
is weaker when the vortex is further away from the pipe exit (n' ex 1/r2

) in addition to the 
fact that thc singularity is now absent. Second, the scalar product (w x iJ) ·v! is proportiemal 
to cos e, thc angle between the veetors w x 'V and 't?. At the edge, these veetors are parallel 
so thc scalar product is rnaxirnal. Further away, the angle (} deercases frorn 1r to 7r /2 so thc 
scctlar prod uc:t deercases monotonically. The power transfer P of this single vortcx is plot
tcdas a function of the (travcling-)tirne on the right sidc of figure. It is obvious that thc 
time-avcrag<~d power transfer < P > is negative, corresponding to a net sound absorption:l_ 

:JThe fact that a net sound ahsorption occurs can also he seen after calculating thc enthalpy reflection 
cocfficient RB. The result for anideal openpipeend is: R13 = i+~~, which is a negative corn~ction to thc 
non-absorbing case Rn = 1. 
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Figure 3.10: Left: the streamline pattem of an open pipe termination with mean flow; 
or·ientation of iJ, w and J. Right: energy transfer P from the flow field to the acoustic field 
as a function of t for a single vortex convected away from the pipe exit. 
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Now the geometry of a diffuser is considered, as depicted on the left side of figure 3.11. 
The differences with the open pipe termination are apparent: the singularity at the point 
where the vortices are formeel is less strong then the 180° singularity of the sharp edges of 
a pipe exit. Furthermore it can beseen that just after the separation point the streamlines 
of the potential flow are bend in the direction of the main flow. As argued above this 
red u ces the acoustical work performeel by the Co riolis force significantly (cos 0 ~ 0). So 
the initial absorption is much weaker than in the case of an open pipe. Again, the effect 
of sound production occurs when the acoustic velocity changes sign ( one half oscillation 
perioei later). The production will be signicantly larger than the initial absorption if the 
vortex has just traveled the elistance between the separation point and the point where the 
pipe emerges in freespace in precisely T /2. If so, the vortex will be close tothesharp edges 
of the pipe exit when 1) changes sign and the effect of sound production will be maximal 
(for the same reasons mentioned above). The result for P fora single vortex as a function 
of time is plotteel on the right of figure 3.11. It is seen that now a net energy transfer from 
the flow field to the acoustic field is observed: < P > is positive, or a net sound production. 

Fora fixed relationship between the acoustic perioeiTand the travel time of the vortices it 
is necessary that the elistance between the separation point and the pipe exit is constant. 
This indicates that the separation point where the vortices are shed must be (reasonably) 
fixed. From the discussion in paragaph 3.2.6 it is concluded that the applied acoustic 
amplitudes must not be to large, since then the separation point will be moving along the 
eliverging wall. This is an extra condition on the acoustic amplitudes. The amplitudes 
must be strong enough to disturb the shear layer to form discrete vortical structures, and 
on the other hand the amplitudes must be small enough to have a reasonably fixed scpa
ration point on a eliverging wall. These two restrictions on the amplitudes are summarized 
by Bruggeman [29] in the qualification of moderate amplitudes. 

The final contiguration that will be considered is a diffuser placed in a long pipe. This 
is shown in figure 3.12. The pipe is considered as an infinitely long pipe, so no effects at 
the exit are taken into account. This approximation is valiel when the length of the pipe 
is large compared to the diameter of the pipe, so that all vortical structures have heen 
washeel out by turbulence. Again the singularity at the separation point (and hence the 
sound absorption) will be relatively weak (as in figure 3.11). The sound production after 
halfan oscillation period can not be enhanced by a singularity (as in figure 3.11) si nee the 
pipc is supposed to be infinitely long. There is, however, another effect that can enhance 
the sound produc:tion. As menticmeel above, the vorticity increases about linearly in time, 
sec tigure 3.13. When the vortex has traveled downstrearn during a time T /2 it has a 
higher circulation and hence a higher vorticity w than the vortex at the separation point at 
t, = 0. This is only a srnall effect. It also contributes to the sound production in a diffuser 
placed at the end of a pipe (figure 3.11) but it is in that case only a rnarginal contribution. 
In the case of a diffuser in a long pipe it is virtually the only contribution, as can bc sccn 
frorn the right side of tigure :3.12. This effects is nmch wcaker than the effect in Ligure 3.11 
but it is significant, as contirmeel by cxpcrimcnts. 
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Figure 3.11: Left: the streamline pattem of a diffuser placed at a pipe end. Right: energy 
transfer P from the flow field to the acoustic field as a function of t for a single vortex 
convected away from the separation point. 
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Figure 3.12: Left: the streamline pattern of a diffuser placed in an infinitely long pipe. 
Right: energy transfer P from the flow field to the acoustic field as a function of t for a 
single vortex convected away from the separation point. 

Sound can be produced in a diffuser for specific ratios of the asciilation perioei T = 1/ f 
and the traveling timé of the vortices [;c, with l the elistance from the separation point to 
the sharp edge of the pipe. This ratio is just the Strouhal number. When the main flow 
velocity U0 is decreased higher order modes can occur. In this case two or more vortices 
travel within the diffuser during one half oscillation period. These higher order modes are 
called hydrodynamic modes and have been observed experimentally. 

For simplicity it was assumed that the scparation point in the diffuser is fixed. By doing 
so, it was possible to preeliet a global behaviour of different important geometries. To make 
quantitative predictions about the Strouhal nurnbers where sound production occurs, or the 
corresponding; averagcel power transfer < P > is very difficult. In practice the behaviour of 
the diffuser is expected to be amplitude-dependentor non-linear. This possible arnplitud<:
<kpcnclency will bc exarnined experimentally in chaptcr 5. 

1 Ur is the convection velocity of the vortic<~s in the collar of the diffuser, which is lower than 1!,~ due to 
Uw slowing inftuence of image vortices. ~ 
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Figure 3.13: Circulation as a function aft: linear accumulation and saturation of vorticity 
for moderate and strong amplitudes. 
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Chapter 4 

Experimental metbod 

In this chapter the practical aspects of this project are discussed. In the first section the ex
perimental set-up and its individual components are presented. The calculation of the mean 
flow Mach number is discussed in the second paragraph. In the third section the methad used 
to measure the reflection coefficients is described. The well-known two-microphone methad 
is described and an extension to a multi-microphone method, with which the reflection co
efficients can be calculated in a least-square sense, is presented. Finally the calibration of 
the pressure transducers is discussed. 

4.1 Experimental set-up 

The experimcntal set-up is sketched in figure 4.1. 
The high pressure supply system (A) provides air at a reservoir pressure Pr which can be 
chosen between 1 and 15 bar (absolute pressure). The air coming from this high pressure 
supply systern is dry ( dewpoint -40°C), so effects of hurnidity on for instanee the velocity 
of sound are not taken into account. 
With the rednetion valve (B) the pressure can be reduced further to the desired level. 
The flow turbine meter (C) measures the volume flux of the air flow and senels per cubic 
meter 12156 electric pulses to a pulse counter. From this the total volurne flow and hence 
the velocity of the air can be calculated (see next paragraph). 
To rednee the influence of possible acoustic perturbations caused by the valves placed 
upstrearn of the siren (D) a section with damping material is placed just upstream of the 
siren. The sirenis the souree of acoustic perturbations. It is a very efficicnt souree of sound, 
compared to an ordinary loudspeaker which carmot produce high intensities, especially at 
low frequencies. A siren consists of a hollow cilinder into which air is pumped under high 
pressure (see figure 4.2). Thc cilinder has three holes (with diameter 10 rnm) in its wall 
a.nd is rotateel with a constant angular frequency. It is seen that air is supplicd periodically 
to the tube. With a variabic bypass ( deviation of the air arcmnd thc rotating cilinder) the 
amplitude of the perturbations can be modified relativc to tbc rnain flow (I;~;> I). 
A manometer (E) is used to rneasure the static prcssurc (pn~cision approximatcly 0.1%) 
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Figure 4.1: Experimental set-up: (A) high pressure supply system; (B) reduction valve; 
(C) fiow meter; (D) siren; (E) manometer; (F) thermometer; (G) piezo-electric pressure 
transducer; (H) charge amplifier; (I) data-acquisition system ( J) computer. 

I f(~ ---Gf.l--) I f(~ 
~~~ 

a b c 

Figure 4.2: Configuration of the sir·en: a) .flow b) no.flow c) variable bypass 
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Figure 4.3: Positioning of the PCB pressure transducers at the wall. 

near the flow meter. The static pressure at the measurement section is measured with a 
mercury nanometer, with a precision of approximately 0.05%. 
The temperature is measured near the flow meter and near the measurement section (F). 
Since the temperature of the tube wall is measured, which differs from the temperature 
of the flowing air, a correction must be made. This is clone in the next section where the 
calculation of the flow velocity is illustrated. The precision in the absolute temperature is 
approximately 0.03%. 
In the measurement section the pressure signals are measured at different positions in the 
tube by means of piezo-electric pressure transducers (G), type PCB 116A. These pressure 
transducers are aften referred to as microphones. The dimensions of the pressure trans
ducers (diameter of 10.3 mm) are too large to mount the transducer flush to the wall. 
Instead the wall of the tube is perforateel with a small hole above which the transducer 
is positioneel (see tigure 4.3). The positioning of the transducer is very important: if the 
cavity between the wall and the pressure tranducer is too large, disturbing wave reflections 
can occur. When on the other hand the cavity is too small, undesired viseaus effects may 
occur which influences the pressure measurement. The first effect has been shown to be 
of negligabie importance (precision « 0.01%). The fin al effect can be campensateel by a 
relative calibration of the microphones. How this is clone will be described in paragraph 
4.4. The signals of the pressure transduc:ers are amplified by charge amplifiers (H), type 
Kistier 5011. 
The signals from the charge amplifiers are sent to the data-acquisition systern (I), type 
HP3566A. With this system the transfer functions of the microphone pairs (~, t!,:i, ... ) are 

PI PI 

calculated, with a frequency discretisation of 0.06 Hz. This choice was a compromise be-
tween accuracy and measuring time. 
Thc transfer functions are transporteel to the computer (.J), where with a Matlab-code thc 
rd!ection coefficients are calculated. 
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4.2 Determination of the Mach number 

To determine the velocity or the Mach number of the flow, pressure and temperature 
measurements must be performeel at two different sites of the tube system: near the flow 
meter and in the measurement section. The integral mass conservation law is used: 

with: 

• PJ density near the flow meter 

• <I> f volume flux measured by the flow meter 

• p0 density of the air in the measurement section 

• S0 cross-section area in the measurement section 

• u0 averaged flow velocity in the measurement section 

With the ideal gas law, equation (4.1) yields: 

with: 

M _ uo _ p f To <I> f 1 
- co - Po Tf So co' 

(4.1) 

(4.2) 

• p1, p0 static pressure near the flow meter and in the measurement section, respectively 

• T1, T0 temperature near thc flow meter and in the measurement section, respectively 

fJJ,fJo, T1 and T0 are measured. For dry air c0 can be calculated with the following by using 
the property for an ideal gas c0

2 = "(RgasT, yielding: 

( 4.3) 

The temperatures Tf and T0 are obtained from measurements at the tube wall and C-ref = 

343.2042 is the reference speed of sound at T = 293.15K. The temperatures in the core 
of the flow and at thc wall are not exactly thc same. Thc diffcrence is described by the 
following relationship [30], supposing an adiabatic heat transfer between the wall and the 
flow: 

1 + 0.18M2 ' 
( 1.4) 

where PT = 0. 71 is the Prandtl number. Taking into account all the possible sourees of 
errors it is concludcd that thc Maeh number is deterrnincd with an error of lcss than 2%. 
Thc largest influcnce is the unccrtainty in tbc volume flux rneasurernent with the flow 
mder ( approximately 1%). 
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4.3 Two-microphone metbod 

The reflection coefficient' is defined as the ratio of the complex amplitudes of the upstream 
and downstream travelling waves (R = C ). Two measurements of the pressure signal 

p+ 

must be performed, therefore, in order to determine the ratio of the components p+ and 
p-. This is done by measuring the transfer function between two microphones, defined as: 

p(xi) PÓ e-ik+x; +Po eik-x; 

Hij= p(xj) = fióe-ik+xj + fioeik-xj, 

where equation (2.35) has been used. Dividing by fiÓ gives: 

or, more general, with equation (2.58): 

e-ik+(x;-x) + Rxeik-(x;-x) 

Hij= e-ik+(xj-X) + Rxeik (xj-X). 

Equation ( 4. 7) and can now be written in terms of the reileetion coefficient, yielding: 

e-ik+(x;-x) - H e-ik+(xj-X) 
R = . lJ . 

x Hijelk (xj-X) - elk-(xi-x) ' 

and in partieldar the reflection coefficient at x = 0: 

(4.5) 

( 4.6) 

(4.7) 

(4.8) 

(4.9) 

The wave numbers k± are calculated theoretically; see paragraphs 2.4.1 and 2.4.2 and the 
transfer function Hji = 1/ Hij is measured with a spectrum analyzer. 

It is easily seen that if lxi- :1;jl = n~ the denominator in equation (4.9) equals zero in the 
case without damping and without flow (k+ = k- = 2

;). Obviously, the two-microphone 
metbod to cictermine R fails for l:.ci -xjl = n~. When a situation with flow and with mean 
flow is considcred, equation ( 4.9) is strictly spoken not singular, but both experimental 
observations and error analysis show that when l:ri - :rj I = n~ the accuracy of thc n~sults 
is very poor [31] [32] [18]. On tbc other hand the results of the two-microphone metbod 
are most accurate when the elistance between the two micropbones equals a quartcr of a 
wavdcngth 1 l:.ci - :r71 = ~- This can also be explained more intuitively: calculating 
thc rcftection coefficient is equivalent with decomposing the wave in an upstrcam and a 
downst.ream traveling wave. To obtain the two wave components p± two independent pres
sure measurements must bc performeeL For l:ri - :r; I = n1 these two measurcments are 

1 The more general requircrnent l:r; - J::i I = (2n + 1) ~ could be made in principle. I-I owever, it has 1 H~(~Jl 
shown by Abom [31] [32] that tlw accuracy decreases rapidly wit.lt incwasing n. 



effectively only one since the two acoustic states at Xi and Xj are the same (Hij = ±1). For 
lxi - Xj I = ~ the two acoustic states are independent and the results for R are very accu
rate. The positions of the two microphones in the standing wave pattem are also important 
for the accuracy. It has been observed by Peters [20] that the most accurate results are 
obtained when one microphone is placed in a pressure node and the other microphone in a 
pressure anti-node. Such an optimal configuration cannot always be achieved. Therefore, 
the experiments have been performed with more than two microphones. 

During the experiments 5 microphones have been used simultaneously. For the system of 
5 microphones equation ( 4. 9) can be generalized to: 

(4.10) 

with microphone 1 as the reference microphone. The least square salution for R is now 
simply: 

(4.11) 

which was calculated with a Matlab code. It is believed that the positioning of the 
microphones is less critica! when this procedure is used. Still large errors occur when 
I x 1 - x i I = n ~, for a specific microphone. In such cases the microphone was removed and a 
salution was obtained by using the remaining microphones. The positioning with respect 
to pressure nodes and anti-nodes is less sensitive than for a system with only two micro
phones. In general this procedure is more rubust for measuring objects like a diffuser, 
which have a quite complex influence on the standing wave pattern. As will be shown 
in the next chapter, this least-square procedure yields reflection coefficient measurements 
with an accuracy of approximately 0.7 %. 

4.4 Calibration method 

In section 4.1 it was mentioned that the mmmting of the microphones near the wall is 
important, and that with a small volurne of the cavity (see figure 4.3) viscous effects may 
influencc the pressure measurement. Also thc sensitivity of the different micropbones rnay 
be different and even the conneetion devices between the pressure transducers and the 
data-acquisition system (charge amplifiers, cables) can inducc significant systcrnatic errors 
in the measured transfer function Hii. Si nee in the calculation of the reflection cocfficicnt 
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Figure 4.4: Configuration of the calibration of the pressure transducers. 

only tranfer functions are involved, it is sufficient to perfarm a relative calibration. In other 
words: one microphone is chosen as a reference and the signals of the other micropbones 
are calibrated relative to the reference microphone. The contiguration for calibration is 
shown in tigure 4.4. The microphone that is to be calibrated (index i) is placed as closely 
as possible near a closed pipe end, which has a known reflection coefficient Rc1osed of 1 with 
an accuracy better than 10-4

. The reference microphone (index j) is placed as closely as 
possible to microphone i. 

The transfer function Hji for this contiguration can be calculated with equation ( 4.6), with 
x 1 and :x:J known and R = 1. For the wavenumbers the expression in equation (2.48) is 
used. Since there is no mean flow k = k+ = k-. This theoretica! transfer function ( Hji)theo 

is compared with the measured transfer function (Hji)exp· The calibration coefficient T}ji is 
now detined as: 

(Hji)theo 
TJji = ( ) . 

Hji exp 
(4.12) 

The rnicrophone used as a reference during the calibration is not necessarily thc sarne as 
the reference microphone during the measurements. If another microphone is used as a 
rd(~r<~nce during the measurements the new calibration coefficients read: 

1 
T/ij = -, 

TJji 

T/ij 
TJ,:k = -·. 

T}kj 

(4.13) 

The calibration has been performeel within a frequency range of 5 Hz around thc C(~Jltral 
frcquency of 289 Hz. The calibration c.ocfficients have been fitteel by a second order polv-
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Figure 4.5: Fitted calibration coefficients of three microphones (a 1987; x 1459; <> 2147 ), 
relative to 1513. 

nome. Since the two microphones are placed closely together, the tranfer function will 
be approximately 1 with only a small phase difference. When the microphones are more 
widely spaeed the results of the calibration will be less accurate, due to larger uncertain
ties in the positions of the microphones and non uniform temperature. The calibration 
coefficients are expected to be close to the real value 1. The results for three different 
microphone pairs are plotted in figure 4.5. 
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Chapter 5 

Results 

In this chapter the experimental results are presented. In sections 5.1 and 5. 2 the results 
of reflection coefficient measurements on an closed pipe and an open pipe with mean flow 
are presented and compared with data from the literature. In section 5.3 values for 0:, 

the mean attenuation coefficient of the tube are obtained from the measurements at an 
open pipe with mean flow. These values for ëi are compared with data from the literature. 
After these results, which were a testcase for the measurement method, the measurements 
on the elements with varying cross-section (abrupt expansion and diffuser) are presented. 
After the results without mean flow the measurements with mean flow are discussed. In 
section 5.4 the measurements on an abrupt expansion are shown to give a good agreement 
with the predictions of the quasi-stationary theory with flow separation at a fixed point. 
The measurements of the enthalpy reflection coefficient of two diffuser with diverging angle 
() = 14° and 28° are presented in paragraph 5.5. ft is seen that the two quasi-stationary 
models discussed in sections 3.2.4 and 3.2.5 cannot account for the spectacular oscillations 
in Rs that are observed. In this paragraph also the influence of the pipe configuration 
downstream of the diffuser is investigated. ft is seen that even in a long pipe "whistling" is 
observed for the diffuser with di verging angle () = 28°. Finally in section 5. 6 it is shown that 
the aero-acoustic behaviour of a diffuser depends strongly on the amplitude of the acoustic 
perturbations. 

5.1 Reflection coefficient measurements on a closed 
pipe termination 

After the calibration of the microphones, described in paragraph 4.4, the reflection coef
ficient of a closed pipe termination has been performeel as a first testcase for the multi
microphone method. Effectively, 5 micropbones have been used during the experiments. 
The position of the micropbones have been chosen randomly; the positions are given in 
figure 5.1. 

The measurcments have been performeel for different pipe lengtbs placed between the pipe 
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Figure 5.1: Microphone positions for the measurement on a closed termination. 

termination and the microphones. In the case of a closed pipe termination a situation 
with mean flow is obviously not possible. Therefore it is not possible to use the siren 
for these measurements. As in the calibration measurements, the sound souree used is 
a loudspeaker1

. The results are plotted in figure 5.2. The solid line is the theoretica! 
reflection coefficient ( equation (2.58)) which reduces to the following expression for the 
modulus of R: 

(5.1) 

with L the distance between the pipe termination and the reference point. The value of a is 
calculated with equation (2.48) and is 0.0332 m- 1. The results forshort lengtbs (L < 0.1m) 
are accurate within 0.2%. For greater lengtbs the accuracy decreases to valnes of 1%. The 
fact that the accuracy decreases with increasing pipe length could be an indication for a 
systematic error in the damping a. 

It is known that equation (2.48) does not take into account viscous damping effects that 
take place in the core of the flow. This "axial" damping has been negleeteel in this report. 
These viscous effects in the bulk of the flow, however, might account for an increase in the 
effectivc viscosity and hence for an increased damping. This phenomenon, described by for 
instanee Pierce [14], has been verified experimentally by Peters [20] who founcl an incrcased 
viscosity due to bulk effects of 1.5 %. Since o: ex fo this corresponds to an incrcase in o: 

1 In principle it is possible to use thc siren for mcasurernents on a closed pipe end, by leavinp, a smal! 
spacc open in the pipe between the siren and the test scction, through which the rnain flow can "escape". 
The disadvantage, apart from flow instahilities at the junction, is the fact that the siren provides high 
amplitudes, which induce ternperature gradients along the pipe. 
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Figure 5.2: Refiection coefficient IRI as a function of the distance L between the pipe exit 
and the reference point. The solid line is the theoretica! value for R from equation ( 5.1). 
The dashed line is the best fit of the data and corresponds to a value a = (1 + 0.032)ao. 

of 0.8 %. The present experiments have been performeel at a higher frequency. Pierce [14] 
gives an expression for the viscothermallosses in the bulk of the flow. It is seen that this 
damping depends on the frequency according to: abutk ex: P. This should correspond to an 
increase in the bulk-effects of a factor 3 to 5, compared to the data of Peters. Iudeed the 
least-square fit of the data, represented as the dasheel line in figure 5.2, implies a damping 
which is 3.2 % higher than the damping predieteel by Kirchhoff's formula (2.48). 

5.2 Reflection coefficient measurements on an open 
pipe termination with mean flow 

The closed pipe termination is removed from the pipe exit and a short pipe segment with 
vcry sharp edges is put at the exit of the tube. This is the same sharp edged termination as 
used by Peters [20], so the results can be compared with his experimental results, which are 
knowu to be very accurate. The positions of the micropbones is unchanged, with respect 
to the measurements on a closed pipe termination. First a measurement without rnean 
flow is performeel to invcstigate the intlucnee of the acoustics of the laboratory hall. It was 
four1d that this reftection coefficient without flow R0 is low(~r than thc expression obtained 
from the theoretica! preelietion (formula (2.G6)) by approxirnately 0.2% ([20]). The Mach 
nurnber is variecl frorn 0.03 up to 0.2, corresponcling. with Stremhal numbers w

1
.n frorn 0.4 up 
Jo 

to 2.2. According to the discussion in paragraph 2.5.2 the reftection coefficient is written 
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Figure 5.3: Convective amplification factor A as a function of the Strouhal number ~~. 
• present measurements; 6 measurements of Peters. The dashed line is the theory of 
Cargill with a K utta-condition applied at the pipe exit. 

in the following form: 

JRJM = (1 + AM)JRoJ, (5.2) 

with Ro the calculated reflection coefficient in the absence of mean flow. The convective 
amplification factor A has been determined and is plotted in figure 5.3, tagether with the 
experimental results of Peters [20] and the theoretica! results of Cargill [22] [23]. 
It is seen that for high Strouhal numbers ( or low Mach numbers) the largest deviations 
occur. However, since in this regime the amplifcation factor A is multiplied with a small 
Mach number the deviations in R are small: at M = 0.03 the error in A is 22% but 
the relative error in R is only 0.7%. For low Strouhal numbers (or high Mach numbers) 
the error in A is much smaller: at M = 0.19 the error in A is 4%, yielding a relative 
error in R of the same order (0.6%). We can conclude that for these measurements the 
absolute accuracy in R is 0. 7%; the reproducibility is 0.1 %. It should be remarked that 
for the data in figure 5.3 the reflection coefficient in the absence of mean flow R0 has been 
calculated with equation (2.66). This means that the influence of room acoustics has not 
been taken into account. Therefore a detailed quantitative comparison with the theory or 
the measurements by Peters is not very useful. 
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5.3 Determination of the averaged attenuation coef
ficient 

Another measurement on an open pipe has been performed but this time with a long tube 
(length ~ 6m) added between the microphones and the pipe exit. The reflection coeffi.cient 
is again calculated at the reference point (where in the previous paragraph the open pipe 
exit was located). The relationship between R0 at the reference point x = 0 and RL at the 
pipe exit is determined by the damping in the tube. The expression for R0 measured at 
the reference point can be written as follows: 

(5.3) 
with R~=o the reflection coefficient measured in the case without flow (M = 0). In this 
way it is not possible to determine both a+ and a-. Instead, the mean damping coeffi.cient 
a is calculated: 

(5.4) 

which is a very useful quantity, when one is interested in the modulus of the reflection 
coefficient. In principle, it is possible to calculate in this way the mean waverrumher 
k = ~(k+ + k-) by using the more general formula: 

(5.5) 
However, this procedure has the disadvantage that also the phase of the reflection coeffi
cient has to be measured, which is much more difficult than the modulus. Furthermore, 
the correction on the real part kr of k due to convective effects kr = !:l... + k~(M) is small 

co 
and has only a weak influence on the phase. There it was not attempted to obtain the 
mean waverrumhers k experimentally, but the attention was focussed on determination of 
the mean attenuation coefficients Ci. 

This procedure todetermine Ci has some weak points. First of all Rft=o has been obtained 
from a measurement at the reference point and not at the pipe exit, because this can 
induce large errors (see figure 5.2 for Lpipe > 1 m). To obtain the reflection coefficient 
at the exit (x = 0) this reflection coefficient was multiplied by a factor e+2aL, according 
to equation (5.4) with a obtained from equation (2.48). For the case without flow this 
relation is assumed to be accurate within 0.3% (see figure 5.2 for Lpipe < 0.1 m). 
Another inconvenience is that, in order to calculate R at the reference point, the wave 
numbers in the measurement region ( that is in the region where the microphones are 
placed) must be known, and thus a+ and a-. Since the aim of this measurement is just to 
obtain these wavenumbers, this seems to be a case of circular reasoning. However, when 
a theoretica! estimation of the waverrumhers is made as an initial guess, the reflection 
coefficient can be calculated, and next the damping coefficient. In order to do so it is 
assumed that the damping effects in the long tube (L ~ 6 m) are dominant over the 
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Figure 5.4: Mean damping coefficients 0: as a function of the non-dimensionalized acoustic 
boundary thickness 6d:c· The damping is divided by a 0 , the value resulting from Kireh
hoff's expression for M -+ 0. The dashed line is the initia[ estimation (5.6); o present 
measurements; 6 measurements by Peters. 

dam ping effects in the measurement section ( L ~ 0. 7 m). The theoretica! estimation used 
for the wave numbers is: 

k± = k 
1±M' 

(5.6) 

with k according to equation (2.48). Using equation (5.3) and using a fit of the values of 
A, measured by Peters, 0: can be calculated with the following expression: 

0: = -1 ln [ I Ro I 1 l 
2L IRfi=ol (1 +AM) . 

(5.7) 

The rc~mlts are plotted in tigure 5.4 as a function of the acoustic boundary thickness Öac 

(equation (C.17)), non-dimensionalized according to equation (2.54). It is seen that at 
b:C: ~ 12.5, or Óac ~ r51, 0: has a minimum, consistent with the rigid plate model (sce 
paragraph 2.4.2). The measurements of 0: exhibita discrepancy with the measurerrwnts of 
Ronneberger [33] and Peters [20]. These differences are presumably due to the non-ideal 
contiguration to determine wave numbers. The expressions for k+ and k~, obtained from 
equation (2.48), clearly underestimate the damping at high velocities. For the treatrnent 
of the data a fit of Peters' measurements bas been used. 
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5.4 Abrupt expansion with mean flow 

In the previous sections the experimental method has been tested on a few well-known 
cases (closed end, open eU:d, damping in a pipe) with an absolute accuracy of 0.7% and 
a reproducability of 0.1 %. This method will now be applied to diffusers and other cross
section changes. In the next sections the results of measurements on elements with variabie 
cross-section (abrupt expansion and diffusers) will be given fora= 25/9. 

First, the abrupt expansion has been examined. A measurement without flow is performeel 
(again with a loudspeaker) for two different configurations: 

• for an expansion at the end of the tube 

• for an expansion with a downstream tube (L 
with an acoustic wavelength (.X= 1.19 m) 

1.2558 m) of a length comparable 

These measurements without flow are an indication for the influence of absorption due to 
acoustic resonances of the laboratory hall. 

Reflection coefficient measurements for the first configuration with flow is expected to yield 
approximately the same results as for an open pipe termination, possibly with a modified 
end correction. This is expected because the jet flows out of the pipe and becomes insta
bie only downstream of the termination of the pipe (see figure 5.5). This configuration 
has not been examined experimentally. The second configuration, however, is very inter
esting. After the jet flow has become unstable a turbulent mixing zone is expected and 
far downstream of the expansion the flow has become stabie again ( see figure 5. 5). Since 
the pipelength L = 1.2558 m, or 50 times the radius of the pipe, this situation can be 
described by the quasi-stationary model with flow separation, described in section 3.2.5. 
Measurements on this abrupt expansion are therefore an interesting testcase for the quasi
stationary theory. 

Figure 5.6 shows the results of the reflection coefficients RB· It is seen that RB decreases 
with M at the same rate as the predictions of the quasi-stationary theory. Furthermore 
it is observed that the room acoustics of the laboratory has a significant influence on the 
reflection coefficient as can be seen after comparison of the limit M -t 0 of the model and 
the measurements. The model is expected to be valid for Sr ~ 1 but it is seen that at 
relatively high Strouhal numbers Sr = 0(1) the quasi-stationary theory still gives good 
results. A strange low Mach number effect is observed at M ~ 0.03. This effect will also 
be observed in the case of the diffuser hut is not understood in the case of an abrupt 
cross-section change. In the case of the diffuser a significant Reynolds number dependency 
of the flow separation below this Mach number is expected. 
After the eneauraging results of the quasi-stationary theory in the case of an abrupt ex
pansion, the results for the diffuser will now be discussed. 
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Figure 5.5: Two configurations for an abrupt expansion a) expansion placed at the pipeend 
(L = 0.0237 m); b} expansion placed in a long pipe (L = 1.2558 m). 
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Figure 5.6: Enthalpy refiection coefficient IR8 I as a function of the Mach number at an 
abrupt expansion with fJ = 25/9; Lpipe = 1.2558 m; f = 289 Hz. The solid line is the 
solution of the quasi-stationary model with flow sepamtion. 
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Figure 5. 7: Enthalpy reflection coefficient IR8 I at the diffuser entrance as a function of 
the Mach number for the 28° diffuser. Measurements are performed with f = 289 Hz and 
I~~ I ~ 0.1. __ quasi-stationary model without flow separation; · · · · · quasi-stationary 
model with flow separation; - - - - - low-Mach number approximation. 

5.5 Ditrusers with mean flow 

First, measurements are performed for thc situation without flow, as in the previous para
graph. Also in this case different geometries have been examined: two different diffuser 
have been studied: one diffuser with a diverging angle () = 28° and one with a diverging 
angle () = 14 o: both diffusers have a di verging angle () > 8°, so in both cases flow separation 
is likely to occur. The area expansion ratio is the same for both diffusers: a = 25/9. As 
in the case of the abrupt expansion, the diffusers are placed at the pipe end and placed in 
a long pipe (analog to figure 5.5). These two configurations will be discussed in the next 
two sections (5.5.1 and 5.5.2). 

5.5.1 Diffuser at the pipe exit 

This seetion deals with a diffuser at the pipeend (with L = 0.0237 m, see figure 5.5a). In 
this case flow separation in the diffuser is expected. The reflection coefficients are measured 
for pulsations with a frequency of 289 Hz and amplitudes I~~ I = 0(10-2

). The results for 
R 8 for the diffuser with di verging angle () = 28° are plotted in figure 5. 7. Also the different 
theories ( quasi-stationary and low-Machnumber approximation) are illustratcd. 

Spectacular oscillations of the order of 5(/il in RH are observed , indicating sound produc-
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Figure 5.8: Enthalpy reflection coefficient IRBI as a function of the Mach number for the 
14° diffuser. Experimental conditions and theories as in figure 5. 7. 

tion and absorption. The sound production is clearly indicated by the values of RB at 
M ~ 0.1 and 0.18, exceeding unity. The local maxima in RB occur at (upstream) Strouhal 
numbers Sru = w~v. of 1.6, 0.9 and 0.44, conesponding to three hydrodynamic modes in 
the diffuser. These Strouhal numbers correpond to the values observed by Powell [4] and 
Peters [20] for a horn. 

In tigure 5.8 the results of the measurement of the reflection coefficient RB of the second 
diffuser (0 = 14°) are illustrated. The experimental conditions (pulsation frequency and 
pulsation amplitude) were similar to the measurement of the first diffuser. It is seen that the 
effects are less spectacular than for the first diffuser, but the oscillatory ( ~ 2%) behaviour 
is the same. The reflection RB does not exceed 1 in this case and only two maxima are 
observed, namely at Sr= 1.1 and at Sr= 0.61. 
Again it is seen that the results without flow are lower than the theoretica! limit for M ----t 0. 
This demonstrates once again how important it is to take the acoustics of the laboratory 
into account in interpretating the results. The influence of these absorptions is small if the 
dimensicms of the laboratory are large: for small rooms the deviations will be larger. Thc 
effects at M ~ 0.03 rnay be explained by the dependency of the boundary layer-thickncss 
on the Reynolds number. At low Reynolds numbers 0(104

), or M :S; 0.05 the diffuser 
performance deercases ( earlier flow separation) with decreasing Rcynolds number. This 
implies a permanent flow separation at very low Mach numbers which is indeed confirmed 
by camparisou with the dotted line which represents the theory with flow separation. Above 
a critica! value of the Reynolds number, which for conical diffusers is approximatdy 5·HY1

, 
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Figure 5.9: Enthalpy reflection coefficient jR8 j as a function of the Mach number for the 
28° diffuser with two different pipelengths: o L = 0.7049 m; __ L = 1.2558 m. 

the diffuser performance becomes independent of the Reynolds number ( see Blevins [24]). 
This could be the reason for the change in behaviour around M = 0.05 observed in both 
tigures 5. 7 and 5.8. 

5.5.2 Diffuser In a long pipe 

The contiguration in the previous section (diffuser at an open pipe termination) corresponds 
to the situation investigated by Kwong and Dowling [8]. It is also very interesting to know 
whether a marginal flow separation can also produce sound when the diffuser is placed in a 
long pipe, as is often the case in practice. As has already been noticed, vortex sound sourees 
have a dipole character, which means that they are only efficient when the local amplitude 
of the acoustic velocity is large. In the experiments, therefore, a contiguration was chosen 
in which a pressure node was found at the diffuser, corresponding to an anti-node in 
the acoustic velocit,y. Two different pipelengths were chosen which are approximately an 
integer multiples of a half wavelength. For the wide diffuser (0 = 28°) this resulted in a 
tube of L = 0.7049 mand a tube of L = 1.2558 m (À= 1.18 m). Again the measurernents 
were performeel with a pulsation frequency of 289 Hz and a pulsation amplitude I;;~ I ~ 0.1. 
The results are plotteel in tigure 5.9. 
It is seen that the whistling effect (sound production at a specitic Stremhal number) persists, 
though much weaker than in the case when the diffuser is placed at the pipe end. This 
rnight be due to interaction of vortices shcd at the diffuser with the open pipe terrnination. 
It is clear, however, that the magnitude of the effect is approximately the samc for the two 



lengths, which correspond to 28 and 50 times the pipe radius, which indicates that the 
sound production is localized at the diffuser. This implies that even in a long pipe (weak) 
sound production can occur when marginal flow separation occurs in a diffuser. When the 
reflection coefficient is measured for the narrow (14°) diffuser, the effect disappears, even 
though some flow separation occurs. The strength of the vortex shedding, depending on 
the diverging angle (} is therefore an important parameter. 

5.6 Amplitude dependency ofthe whistling phenomenon 

Insection 3.2.6 is was pointed out that the behaviour of the diffuser will in general depend 
on the relative amplitude I~~ I of the acoustic perturbations. In the previous sections the 

measurements were performed at moderate or low amplitudes I ~0 I :::; 0.1. In this section 

the amplitude will be changed systematically in the range 0(10-2
) < I~: I < 0(1) by 

changing the strength of the bypass of the siren (see figure 4.2). Since the units for the 
bypass are arbitrary ones (a scale from 0 to 10), first I~~ I as a function of the bypass 
position was determined. The amplitude of the signal from the charge amplifier, connected 
with the microphone 5, was measured by means of a voltmeter. With the sensitivity 
(Pa/V) of this microphone the amplitude of the pressure fluctuations was obtained. The 
acoustic (pressure-)field has been calculated, given the reflection coefficient Rx

5 
at the 

position x 5 = -0.7335 m where the measurement of the voltage was performed. With 
these quantities the up- and downstream travelling part of the pressure disturbance was 
calculated: 

p' 
P+_ ---

-1 +R ' xs 
(5.8) 

- p'Rxs 
p = . 

1 + Rx5 

(5.9) 

Now the velocity disturbance u' can be calculated, using equation (2.60): 

1 p+ - P- p' ( 1 - Rx5 ) 

u = PoCo = PoCo 1 + Rxs ' 
(5.10) 

so the relative acoustic velocity amplitude reads: 

(G.ll) 

The mean velocity U0 is determined as described in paragraph 4.2. The results as a 
function of the mean flow velocity U0 = M c0 are plotted in figure G.10. The inclination 
of the fitted first order polynomials are the relative amplitudes I;~;) 1- It eau br secn that 
saturation effects occur: for higher amplitudes these saturation effects occur at lowcr rnean 
flow velocities. It is seen that for U0 > 100 m/s the relative amplitudes for bypass settings 
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Figure 5.10: Velocity fluctuation u' as a function of the mean flow velocity U0 , for different 
bypass positions. The values for u' are determined from microphone 5 and are corrected 
forthestanding wave pattem in the tube. o I~~ I~ 1.0 (bypass 0}; 6 I~~ I~ 0.7 (bypass 

1}; \] I~~ I ~ 0.4 (bypass 2}; x I ~o I~ 0.1 (bypass 4); o I~ I~ 0.06 (bypass 6}. 

2 and 4 are approximately the same. Th is is confirmed by figure 5.11, where the reflection 
coefficients for these two different amplitudes coincide for higher mean flow velocities. 
It is seen that the highest amplitudes are of the order of the mean flow velocity (I~~ I = 
0(1)), thus resulting in a pulsating flow. The lowest amplitudes are a few percent of the 
mean flow. 

To investigate the influence of the perturbation amplitude, reflection coefficient measure
rncnts were performeel on the 28° diffuser with a long pipe (l = 1.2 m) placed downstream. 
This was clone for different amplitudes. The results for three choices (I ~o I ~ 0.1, 0.4 and 
1) are plotted in figure 5 .11. 
It is secn that the oscillatory behaviour of Rs indeed depends strongly on the amplitude. 
For wcak amplitudes I~~ I = 0(10- 1

) the maximum at M = 0.13 is the most distinct ( devi
ation in IRsl is frorn the theory without flow separation is 3%). For moderate amplitudes 
I ;~;1 I ~ 0.4 the sound production is lowcr (deviation in IRsl 1.5%). When the relative 
amplitude is clecreased below the value 0.1, the sound production becornes independent of 
the amplitude, yielding the sameorder of oscillations as for I;;~ I = 0.1. The deercase in 

sound production with increasing amplitude can be cxplained for 0.1 ':S I ;~;1 I ':S 0.4 bv a 
saturation of the sound souree due to discrete vortex formation. Becausc due to thc forma
tion of discrete vortices thc total enthalpy differcnce !::.B across the diffuser is amplitude 
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Figure 5.11: Amplitude dependenee of IR8 1 for the 28° diffuser with a long pipe (l = 1.2 m) 
placed downstream. x I~: I ~ 0.1; o I ~0 I ~ 0.4; + I ~0 I ~ 1 (theories as in previous 
figures). 

independent, the acoustic energy dissipation b..I = (p0u' +p'U0 )b..B depends approximately 
on u' according to: 

b..I Uo 
-rv-

J+ u'' 
(5.12) 

with J+ ex 1i/
2 the intensity of the incident acoustical wave where we made use of the fact 

that we are close to a pressure node (p' ~ 0). This (u')- 1-dependency seems plausible 
given the experimental results, but a more systematic approach is needed to obtain a more 
quantitive experimental basis to verify equation (5.12). 

For stronger pulsation amplitudes I ~0 I = 0(1) the behaviour is different. As mentioned in 
section 3.2.6 during one half of the oscillation period when acoustic acceleration is encoun
tered flow separation may be suppressed, while in the deceleration phase complete flow 
separation will be observed. This results in a phase shift between the acoustic oscillation 
and the triggering of vortex shedding, thus reducing the vortex shedding to about half of 
the period. Kriesels [34] [35] indeed observed that, in the case of closed side branches, the 
simple Vortex-Sound model, assuming vortex shedding at the zero crossing of u' (from flow 
upwards to downwards), fails for high pulsation amplitudes. 

It can be seen from figure 5.11 that also in the case of diffusers a change in behaviour oc
curs for high amplitudes. No sound production is observed, but instead a relatively strong 
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absorption. For M ::=; 0.04 the absorption corresponds roughly to the absorption predicted 
by the quasi-stationary theory with permanent flow separation ( dotted line). For higher 
Mach numbers (0.04 ::=; M, S 0.1) the Mach number dependenee of the absorption becomes 
less strong and the absorption corresponds roughly to the intermediate case, discussed in 
section 3.2.6. 

This behaviour of a diffuser at high amplitudes is quite different from the observation 
made by Hofmans [7] of the high-amplitude response of a horn. In the case of a horn the 
whistling phenomenon persists at high amplitudes I~~ I = 0(1), which is plausible since in 
a horn vortex shedding will always occur at a reasonably fixed separation point due to the 
stronger divergence compared to the diffuser. 

It is interesting to note that a diffuser has very particular characteristics. With the limiting 
geometry of an abrupt expansion it shares the absorbing features (at high amplitudes) and 
with the other limiting case of a smoothly di verging horn it shares the vortex-induced sound 
generation (at low amplitudes). The combination of these two aero-acoustical features 
makes the diffuser a difficult, but fascinating element in pipe systems. 
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Chapter 6 

Conclusions and remedial 
recommendations for flow 
instahilities 

Comparison of the experimental data for the enthalpy reflection coefficient RB with the 
theory fora ideal diffuser clearly demonstrates that at low and moderate pulsation ampli
tudes I~: I ~ 0.1 a diffuser is a souree of sound at critica} Strouhal numbers. A diffuser 

with ~ = 25/9 and diverging angle () 2: 14° placed close to an open pipeend is a powerful 

sound souree which can drive pulsations of moderate amplitudes p' = O(~pU02 ). A diffuser 
with () 2: 14° placed in a longpipeis a much weaker sound souree but can induce some flow 
instahilities by coupling of vortex shedding with acoustical resonances. At high pulsation 
amplitudes (I ;fa I = 0(1)) a diffuser becomes a sound absorber. In the case of moderate 
and high pulsation amplitudes the behaviour of the diffuser seems to be explained by a 
flow separation at a fixed point. Because the initia! sound absorption associated with the 
vortex shedding is very weak there is a net sound production (see paragraph 3.3). Due 
to saturation of the aero-acoustic souree (formation of discrete vortices) at moderate am
plitudes I~~ I = 0(10-1

) the acoustical energy production scales with I~~ I while a fixed 

valuc of the enthalpy reflection coefficient would correspond with a I ~0 12 dependence. This 

implies a deercase of the effect of the aero-acoustic souree on RB with increasing I~~ I at 

moderate amplitudes. At lower amplitudes 10-2 ~ I ~o I ~ 10-1 the reflection coefficient 
R8 is independent of the amplitude. 

The flow separation point can further be fixecl by using a cut-off of the divergent part 
of the diffuser using an abrupt pipe wielening at the end of the diffuser (sec tigure 6.1). 
Vortex shedding at the sharper edge will now incluce a stronger initia! absorption, reclucing 
the net sound procluction. This moclifiecl geometry is an alternative to prevent the use of 
expensive narrow cliffusers. Such a moclified g<~ometry can only be used, however, whcn 
the diffuser is placed in a long pipe. When thc diffuser is at a pipe termination it is more 
logica} to use a shorter diffuser. Close to a pipe termination the contiguration of figun~ 6.1 
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__ __,)~ 
separation points 

\._-v ___ -v __ -v __ _ 

Figure 6.1: Modified diffuser geometry to fixe the separation points. 

would act as a whistler nozzle! 
As our experiments were limited to moderately high Reynolds numbers (ReD = u~D ::; 

2 x 105
) it would be interesting to carry out experiments at higher Reynolds numbers 

relevant for gas transport systems. A full scale test is therefore recommended befare using 
a new diffuser design. 
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Appendix A 

Calculation of the density and 
pressure discontinuities 

To obtain a approximation for the acoustic velocity discontinuity tlu across a compact 
diffuser the mass conservation equation is used in the following linearized form: 

(A. I) 

with Uu and Ud the mean flow veloeities up- and downstream, p0u and p0d the mean den
sities up- and downstream, u' u and u' d the acoustic veloeities and p' u and p' d the density 
fluctuations up- and downstream. 

A situation without mean flow Uu = Ud = 0 is considered and furthermore, in the terms 
on the left hand side the mean densities are assumed to be the same up- and downstream 
(Pou ~ Pod ~Po). This results in: 

I 1 d ~ -Supou u- Sdpou d ~- pdr ~ iwV p', 
dt V 

(A.2) 

with (l the mean density fluctuation and V the volume of the diffuser1 . This mean density 
fluctuation is now supposed to be equal to the density fluctuations at the diffuser entrance 
(15' ~ p',J. If this equation is written in the form of equation (3.11), thus in terms of p~ 
and fJ;; the expression for tlu can be obtained: 

' ' iwV ' SuPo'llu- Sdpoud = - 2-pu, (A.3) 
co 

so when thc disturbances are split in an upstream and a downstream traveling comporwnt 
( applying an anechoic tennination p;; = 0): 

Sn(' + _) Sr1 _ iw V ( + , _ 
- Pn - Pu - - - -2- Pu + Pu ) · 
co co co 

(A.!J) 

--------------------------
1 The volume V of a diffuser is k1r ( (x2 )3 - (:r 1 r3), with :r 1 thc distance between the apex and t.IH' 

diffuser entrance and x 2 the elistance between tlw apex and tlw diffuser exit: sec fignrc 3.3 
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After comparison with equation (3.11) it is seen that: 

( ) _ iwV ( + _) 
PoCotlu w - -5 Pu + Pu · 

dco 
(A.5) 

A first order estimation of the pressure discontinuity (phase jump) can he obtained by 
using the time-dependent Bernouilli equation: 

(A.6) 

which is valid if the compactness condition is satisfied. This condition can he formulated 
as He = L~;J « 1. In the case of the 28° diffuser He ~ 0.04 and for the 14° diffuser 
He~ 0.07. 
Integrating this expression yields: 

a rLdif 
Po at Jo u'dx = -p(L) + p(O), (A.7) 

where p(O) and p(L) represent the pressure ftuctuations at the diffuser's entrance and 
the diffuser's exit, respectively. Now, u' in the integral is multiplied by ~ and since Su 
is constant ( conservation of mass) accross the diffuser we pull a factor Su u~ out of the 
integral and obtain: 

(A.8) 

In this equation a harmonie time dependenee of the accoustic disturbances is supposed 
eiwt; differentiation with respect to t is then equivalent to multiplication with a factor iw. 
Now the factor JoLdiJ s~:) is calculated fora conical diffuser (see figure A.1): 

a (x) = au + u x' (
ad- a ) 

Ldif 
(A.9) 

which yields: 

( )

2 
ad- au 

S (X) = 7r au + .T 
Lrtif 

(A.10) 

Whcn a ncw variabie y = r is introduced the integral takes the following form: 
~111 f 

(-,J,f ~ = Ldif e dy 

lo S(x) 1ra~ lo (1 + (~ -1) v) 2
. 

(A.ll) 

An integral with this form can easily he calculated; 

{l dy 

./o ( 1 + ny )2 
1 

1 +er' 
(A.12) 
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X=Ü X=l 

Figure A.l: Diffuser geometry. 

so the following expression is obtained for the pressure discontinuity: 

6.p(w) = p(O)- p(L) = -iwpou~Ldif (::- 1). (A.13) 

With a= (P:.il.)
2 

and u~= -1-(p~- p;;) the final expression is: 
au poco 

) 
_ iwLdif '- + _ 

6.p(w -- fo (1- va)(pu- Pu)· 
c0 a 

(A.14) 
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Appendix B 

Calculation of the reflection 
coeflicient from the transfer matrix 
elements 

Starting from the transfer matrix elements, defined by the relation: 

(B.1) 

it is now shown how to calculate from T11 , T12 , T21 and T22 the refiection coefficient Rn at 
the diffuser entrance for a contiguration conesponding to one used in the experiments, as 
shown in figure B.1 
With equation (2. 70) the refiection at the pipe termination (x = Xend) is calculated: 

R2 = -(1 - (k;)
2 

)(1 + AM)eirl>_ 

In this expression a fit of Cargill's theory has been used: 

with 

( 

Sr2 

A(Srd) = td-1 
3 

0.9 

0:::; Srd < 1 
1 :::; Srd < 1.85 
1.85:::; Srd 

(B.2) 

(B.3) 

Srd = wRd. (B.4) 
ur1 

This fit was proposed by Hofmans [7]. For the end correction ( cp = 2kr5enrt) experimental 
results of Peters [20] have been used, represented by the following fit: 

0.2 + 0.4:r2 0:::; Srd < 1 
0.6 1 :::; :r 

(B.5) 
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RZ R1 z1 
~ \ 

--~~~~ -----------
X= Xend 

Figure B.l: Theoretica[ determination of the refiection coefficient R at the entrance of the 
diffuser. 
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With the following relation the reflection coefficient R1 at the diffuser exit (x = Xexit) is 
calculated: 

(B.6) 

with L the length of the pipe. Now the reflection coefficient R at the diffuser entrance is 
calculated in terms of R1 . To do so, the impedance at the diffuser exit Z1 is written in 
termsof R 1 (equation (2.61)): 

1 +R1 
Z1 = 

1 
_ R

1 
PoCo. 

Next the transfermatrix relation is written: 

Pu = TuPd + T12ud, 

Uu = T21Pd + T22Ud, 

and the impedance at the diffuser entrance Z is written ( equation (2.59)): 

z = Pu = Tupd + T12ud. 

Uu T21Pd + T22Ud 

Dividing by ud yields an expression for Zintermsof the known impedance Z 1: 

(B.7) 

(B.8) 

(B.9) 

(B.lO) 

(B.ll) 

and finally the expression for R, the desired reflection coefficient at the diffuser entrance, 
lS: 

R = Z- poco. 
Z +poco 

(B.12) 
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Appendix C 

Calculation of the wall displacements 

C.l Thermal boundary layer 

The boundary layer flow is described by the one-dimensional conservation laws in linearized 
form: 

• A dû 
zwp = -podx' (C.l) 

d A 4 d2û 
o A p 
zwpou = -- + -1]o-, 

dx 3 dx2 
(C.2) 

A dû d2Î' 
iwcvpoT = -po dx + K, dx2 . (C.3) 

An ideal gas is assumed with equation of state: 

fJ P i' 
-= -+-. 
Po Po To 

(C.4) 

With the following boundary conditions: 

Î'(O) = tv, û(O) = 0, 
1- 1 Poo 

I Po 
(C.5) 

the problem is completely specified. We also used Poisson's constant 1 = r:P/ cv, the 
ratio of heat capacities at constant pressure and constant volume, respectively. Thc wall 
tcrnperature ftuctuations tv vanish in the case of au isothermal wall. The velocity 'IÎ is 
dirninated frorn the energy equation (C.3), using the rnass conservation law (C.l). Then 
the density p is elirninated using the ideal gas law (C.4) and the resulting expression for 
tbc pressurc p is: 

. ( t 1 - 1 fl ) d
2 

( T ) 'lW ----- =(o- -
. 1(l I Po d:r 2 To ' 

(C.G) 
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with Ç0 = _!S..._ the heat diffusivity coefficient. In terms of the excess density this result 
poep 

becomes: 

·. Pe d
2 (p~) 1- 1 d

2 
( p) 

zw Po = Çodx2 Po - Ço-,-dx2 Po . (C.7) 

Combination of the mass and momenturn equations (C.1) and (C.2) yields: 

2 A d2p 4 d3û 
w p = - dx2 + 31Jo dx3 . (C.8) 

Now it is assumed that the effect of the viscosity is not dominant - which can be checked 
from the salution to be obtained - so that: 

- - ~--=---
d

2 
( p) wp w2r p 

dx2 Po Po c6 Po · 
(C.9) 

w2o2 
Now terms of order ~ are neglected and the second term on the right hand side of 

co 

equation ( C. 7) vanishes. Th is yields the following equation for Pe: 

iwPe = Ço d2 (p~) ' 
Po dx2 Po 

(C.10) 

with salution 

Pe _ [Pel ((1 + i)x) -- - exp 
Po Po w Ör ' 

(C.ll) 

and 

r- 1 Poo T 

r Po Ta 
(C.12) 

Using the mass conservation law, the velocity at the edge of the boundary layer ( -Ör) is 
given by the integral of the density across the boundary layer: 

û(O)- û(-8r) = -iw/
0 

p. 
-!ir Po 

(C.13) 

The difference between this velocity and the velocity in the absence of heat conduction 
-iw(poo/ p0 ) can be interpreAted as a fictitious wall velocity ûT, which is rclated to the 
fictitious wall displacement dr: 

0 A A 0 A 

, . dA . ! P- Pood . ! Pr 
'l.lT = ZW 7' = ZW X = J,W -. 

-óT Po -oo Po 
(C.14) 

Substitution of the salution for Pe (C.ll) yields the wal! displacement rl7< 
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A 1 . [Pel dr = - ( 1 - z) Ör - . 
2 Po w 

(C.15) 

For an isothermic wall ('Î'w = 0) the final expression is: 

A 1 . "(- 1 Poo 
dr = -(1- z)Ör---. 

2 'Y Po 
(C.16) 

C.2 Viscous boundary layer 

The effects of viseaus attenuation of the waves can b~ described in a similar way as the 
thermal effects, using a viseaus displacement thickness dv of the wall. The wave propagates 
in the y-direction (normal to the wall) and induces an acoustical velocity parallel to the 
wall; in the bulk of the flow û = Û00 and at the wall Ûw = 0 (no-slip condition). The 
viseaus boundary layer thickness Öv satisfies: 

(C.17) 

with Pr = vpocp Prandtl's number (Pr = 0.71 for air at room temperature). 
K, 

The velocity profile û(y) in the boundary layer is calculated with the x-momentum equation 
in the boundary layer (x is the direction normal and positive towards the wall): 

• A d2û 
zwp0u = TJod 

2
, (C.18) 

x 

in which terms of the order of w
2

~~ have been neglected, as in the previous paragraph. 
co 

This equation has exactly the same form as (C.10). The boundary conditions are in this 
case: 

û(O) = Ûw = 0, û(x) -t Û00 if xföv -t -oo. (C.19) 

The solution for û is then: 

(C.20) 

The displacement thickness clv is now defined as the fictious wall position for which the 
acoustical mass flux of a uniform flow with velocity Û00 is equal to the actual mass How. 
This implies: 

A lnoo {}, 1 
dv = (1- -A )d:r = -~(1- i)öv, 

. 0 U 00 2 
(C.21) 

which is called the Stokes layer. 
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C.3 Mass conservation and dispersion relation for 

Thc flow in the bulk can pe described by the linear Euler equations: 

1 A iwt-ikx 
Poo = Pooe , 

iwp0u'oo = ikfirx)J 

(C.22) 

(C.23) 

where k is a complex wave nu!llber, tpe imaginary part expressing the attenuation. When 
the displacement thicknesses dr and dv are incorporated into the mass equation, integrated 
over the pipe cross section, it is seen that: 

(C.24) 

with S the pipe's cross section and Lp the pipe's perimeter. For a harmonie wave this 
becomes in linear approximation: 

(C.25) 

With the expressions for dr (C.l6) and dv (C.21) this results, after elimination of Û00 with 
Euler's equation (C.23), in a homogeneaus linear equation for p00 • This gives the following 
dispersion relation for k: 

k2 
_ S + ~(1 - i)('y- l)LpöT 

k5 S- Hl- i)LpÖv 
(C.26) 

Expanding this relation for small Ör and Öv gives: 

(C.27) 

or 

w . v'2(;W [ 1- 1] k =- + (1- z)-- 1 + -- , 
co 2aco VJ5r (C.28) 

This is a general requirement for the wavenumber k if the mass conservation equation is 
to lw satisfied. 

92 



Appendix D 

Solution of the generalized 
Webster-Lagrange equation 

In paragraph 3.2. 7 a generalization of the Webster-Lagrange equation when a mean flow 
is present is derived: 

d
2 
j ( 1 dS . ) dj 2 

dx2 + S dx - 2zkoM dx +kof= 0. (D.1) 

Fora conical diffuser the cross-section S(x) and Mach number M(x) can be expressed as: 

(D.2) 

The second term on the left hand si de can be calculated to be 2/ x so the equation is written 
as follows: 

d2f (1 . ) dj 2 - + 2 - - zkoM - + k f = 0. 
dx2 x dx 0 (D.3) 

The factor (1/x) is taken out by the substitution f(x) = g(x)jx, proposed by Davies [36]. 
The equation then reads: 

d2g . dg ( 2 . ) 

cl 
., + -2zk0 M- + k0 + 2zk0 M g = 0. 

xL. dx 
(D.4) 

Finally the term dg/dx can be removed by an integrating factor substitution: 

g = exp [/ q(.r)ch] l(x:) with q(x:) = ik0 M = ik0 (.rt/x) 2 Mu. (D.5) 

Now the equation for l(.r) reads: 

d2l 2( 2) 
d.r 2 + k0 1 + M l = 0. (D.G) 



The crucial step is now the low Mach number approximation: the term M 2 is assumed to 
be negligably small, compared to 1. In this case equation (D.6) reduces to: 

(M « 1). (0.7) 

Now k0 is taken wjc0 with c0 the speed of sound, which is supposed to be independent of 
x. The solution for l is easily found: 

l(x) = zteikx + tr;e-ikx_ 

Substitution of the solution l(x) in equation (0.5) yields g(x): 

g(x) = Gteikx(-1-M) + G()eikx(1-M)
1 

and the solution for f(x) is obviously: 

j(x) = g(x) =Ct eikx(-1-M) +Go eikx(1-M)_ 
x x x 

(0.8) 

(0.9) 

(0.10) 

In principle, the problem is now solved: by using the potential function <P = f(x)eiwt and 
equations (3.78) and (3.79) the acoustic pressure p and the acoustic velocity u can be 
obtained: 

p(x, t) = p~~o e-ikoMx [ct (ik0x(1- M)- M) e-ikox + G0 (ik0x(1 + M)- M) eikox] eiwt, 

(0.11) 

u(x, t) = x~e-ikoMx [ct (1 + iko(1- M)x) e-ikox +er; (1- iko(1 + M)x) eikox] eiwt. 

(0.12) 
To eliminate the constants Ct and G0 the two equations (D.ll) and (0.12) are written 
twice: for the pressure and velocity at the diffuser inlet (Pu and uu) and for the pressure 
and velocity at the diffuser exit (Pd and ud)· From the 4 equations the constants ct and 
G0 can be eliminated, resulting in an expression of Pu and Uu in terms of Pd and 'Ud. This 
is exactly the transfer matrix formulation: 

(0.13) 

The transfermatrix elements are given by (see [28]): 
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F [ ( iL X2 ) . ( Mu Mu . (X2 1 ))] T2I = - cos( koL) --k 2 +-(Md- Mu) + sm(koL) -k- + -k - + z - + k2 2 , 
Co oXI XI oXI oX2 XI oXI 

(D.16) 

T22 = FCJ [cos(koL) (xi - iMk d~) + sin(koL) (-
1
- +i ~d2 -i (Mu- Md))] , (D.17) 

x2 ox2 k0x2 k0 x 2 

with 

(D.18) 

The following symbols have been used: 

• ko = wfco 

• XI = distance from apex to diffuser inlet 

• x2 = distance from apex to diffuser exit 

• L = :r2 - x 1 = diffuser length 

• CJ = Sd/ Su cross-section ratio 
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Aero-acoustics of diffusers: an experimental study of typical 
industrial diffusers at Reynolds numbers of 0(105). 

Abstract 

L.van Lier, S.Dequand and A.Hirschberg 
Eindhoven University of Technology 

Postbus 513 
5600 MB Eindhoven, The Netherlands 

October 1, 1999 

Diffusersas used in gas transport systems have an optimal pressure recovery but are unstable 
due to marginal flow separation. Coupling of diffuser flow asciilation with acoustic modes 
in a pipe has been demonstrated in a recent work by Kwong and Dowling [1] to drive flow 
unsteadiness. We consider here in addition to the diffuser at a pipe termination the aeroa
coustic response of a diffuser in a long pipe. In both cases reileetion coefficient measurements 
show that at moderate and low amplitudes of the acoustical partiele velocity compared to 
the main flow velocity diffusers are aeroacoustic sourees similar to the whistler nozzle and the 
horn. This confirms the observations of Kwong and Dowling. At higher acoustical velocity 
amplitudes diffusers become strong absorbers, which can be explained in terms of a quasi
stationary flow model. Finally we provide an indication for possible remedial measures when 
a stabie flow is needed. 
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Introduetion 

Typical gastransport systems have been designed for low flow veloeities (Uo < 20 m/s). There 
is a strong tendency to increase this velocity in existing manifolds of compressor stations, 
mixing stations and measuring stations. Veloeities up to 80 m/s are allowed locally to increase 
the capacity of existing facilities. Such changes might induce strong selfsustained pulsations 
of the flow due to coupling between vortex shedding and acoustical standing waves. In earlier 
studies closed side branches have been identified as crucial elements forming both perfect 
reflectors at specific frequencies and as sourees of sound (Bruggeman [2], Kriesels [3][4], Ziada 
[5], Hofmans [6]). Quantitative models have been obtained to describe the sound production. 
These theories have led to the design of spoilers (sharp edges) placed at the upstream side 
edge of the junction between the closed side branch and the main pipe ([2]). Reduction 
of the pulsation levels by 60 dB were observed when strong pulsations occured. Such strong 
pulsations correspond to acoustic velocity amplitudes u' of the order of the mean flow velocity 
Uo. The corresponding pressure amplitudes p' are of the order of PoCoUo with p0 the mean 
gas density and Co the speed of sound. Such strong pulsations are not common. In most cases 
one observes pulsations with amplitudes of the order of the dynamic pressure !poUJ. It is 

obvious that with an increase in Uo by a factor 4, moderate amplitude pulsations can become 
a major problem. Typical diffusers have a ratio ~ of the downstream and the upstream cross 
sectional areas of about 2 and are therefore not very effective acoustical reflectors, in contrast 
with closed side branches. However, optima! diffusers, i.e. in the regime of maximal pressure 
recovery, show marginal flow separation and are therefore rather unstable (Blevins [7]). The 
work of K wong and Dowling [1 J has demonstrated that typical diffusers placed at the end of 
a pipe can sustain significant pressure fluctuations. In their experiments the sound souree at 
the diffuser corresponds to 5% fluctuation in dynamic pressure. Coupled to a resonator with 
a quality factor Q of the order of 10 this would result in amplitude fluctuations of the order 
of the mean dynamic pressure !pUJ. The study of Kwong and Dowling is limited to the self
sustained oscillations observed for a diffuser at an open pipe termination. This corresponds 
in gas transport systems to diffusers at the junction of a pipe with a reservoir or with a pipe 
of a much larger cross section. In gas transport systems diffusers are aften placed significantly 
upstream of such junctions. In this paper we investigate the aero-acoustic response of two 
diffusers which are typically used in gastransport systems as shown in figure 1. Both diffusers 
have an area ratio ~ = ~. The first has an opening or diverging angle () = 28° and the 
second has () = 14°. 
The reflection coefficient of three diffuser fpipe combinations was measured. Comparison of 
these results with the theoretica! reflection coefficient for a diffuser /pipe combination without 
flow separation provides quantitative information about the energy production or absorption 
at the diffuser. 
We investigate both the response of the diffuser to moderate amplitudes ~~ = 0(10-2 ) and to 

high amplitudes ta = 0(1). The results present unexpected aspects related to the essential 
non-linearity of the aero-acoustic behaviour. This effect will be discussed in terms of a quasi
stationary model. Finally we will propose a remedial measure. 



Experimental metbod 

The experimental set-up used is essentially the set-up described by Peters [8] and Hofmans 
[6]. The upstream main pipe diameter is Du = 3.0013 cm with a wall roughness of the 
order of 0.1 t-.Lm and a wall thickness of 5 mm. A siren placed 200 diameters upstream 
of the diffuser is used as a souree of sound. A fixed pulsation frequency f = 289 Hz was 
used in all experiments. The Strouhal number Sr = 1rg~1 was varied by changing the flow 
velocity. The amplitude of the pulsation velocity u' at the diffuser was determined by using 
a variabie bypass of the siren. The flow Mach number was varied in the range 0 < M < 0.3 
corresponding to Reynolds numbers Uo!ju up to 2 x 105 . The flow velocity Uo upstream of 
the diffuser was determined from volume flow measurements by means of a turbine meter 
corrected for pressure and temperature changes. The accuracy in the velocity is of the order 
of0.5 %. Dry air was used (dewpoint -40°C). The atmospheric pressure was measured within 
100 Pa by means of a mercury manometer. The flow temperature was calculated from wall 
temperature measurements with an accuracy of 0.1 oe assuming an adiabatic wall turbulent 
recovery factor. The acoustic pressure was measured by means of piezo-electrical gauges, 
placed randomly within 1 meter upstream of the diffuser. These gauges (type PCB 116A) 
were coupled to charge amplifiers (Kistler type 5007) with a bandwidth 0.1 Hz < f < 3 kHz. 
The positions X i of the micropbones was measured within 0.2 mm. The signals were transfered 
to a HP 35658 data acquisition system. FFT transfarm was carried out with a frequency 

L 
---~~~~--
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x= 0 x= ~lf 

Figure 1: Diffuser geometry. 



discretisation of !:lf ::; 0.06 Hz and a Hann window. This provided the transfer functions 
Hij = t between microphones at positions Xi and Xj. Only data with a coherence equal to 

one within the accuracy of the measurement (lo-4 ) were used. The reflection coefficient R 
just before the diffuser x = 0 was determined by using microphone j as reference and using 
the formulae: 

(eik-xi _ Hjieik-x;)R = ( Hjie-ik+x; _ e-ik+xi), 

where k+ and k- are the wave numbers calculated by means of the formula: 

(1) 

k± = - 1
-( w - iaoZ) (2) 

1±M c0 ' 

where M = ~ is the mean flow Mach number, ao is the damping without mean flow (Kirch
hoff) and Z is the wall impedance as measured by Ronneberger [9] and Peters [8]. We used 
for Za fit of Ronnebergers data proposed by Aurégan [10]. 
The set of 4 equations (1) for R was solved in the least-square sense. The reference micro
phone and the amount of microphones used were determined by trial and error to achieve the 
optimalleast-square fit (typical standard deviations are of the order of 0.008). Typical repro
ducability of the data in R is better than 0.2 %. The absolute accuracy in R was confirmed by 
measurements on closed pipes of different lengths and is about 0.2%. The pipe downstream 
of the diffuser has a diameter of Dd = 4.99 cm and a quality similar to the pipe upstream 
of the diffuser. Special care was taken to have a sharp-edged open pipe termination allowing 
to use the experimental data of Peters [8] and the theory of Cargill [11],[12] to predict the 
reflection coefficient R at the open pipe termination. Three pipe segments of different lengths 
were used downstream of the diffuser: 

• (Ldh =0.0237 m or (Ld)l/ Dd = 0.5 

• (Ld)2 =0.7049 m or (Ld)2/ Dd = 14 

• (Ldh =1.2558 m or (Ldh/ Dd = 29 

In the first configuration we are close to a pipe terminated by a diffuser as in the work of 
Kwong and Dowling [1]. The two other pipe lengths have been chosen closetoa half and to 
one wavelength, respectively, so that the diffuser is in a pressure node of the acoustic standing 
wave pattern. In that case we expect an optimal interaction between vortex shedding at the 
diffuser and the acoustic field. 

Theory 

Prediction of the reileetion coefficient 

Rather than the pressure reflection coefficient R we represent data for the reflection coefficient 
Rs of the acoustic "enthalpy" as defined by Howe [13] which is given by1: 

(3) 

1 Strictly spoken when entropy variations occur, as we expect with flow separation, the acoustical variable 

B' = Uo111 + ~ used here is not the enthalpy fluctuation (Aurégan [10]). 



The square (RB )2 of this reflection coefficient corresponds to an energy reflection coefficient. 
We compare the measured data with a theoretica! value of (RB)th obtained by assuming a 
frictionless quasi-onedimen.sional flow in the diffuser. The transfer matrix for acoustic waves 
across the diffuser is calculated by means of the low Mach number approximation ( ~ )2 « 1 
proposed by Eashwaran and Munjal [14] and by means of a quasi-stationary approximation 
assuming an abrupt pipe expansion at arbitrary Mach numbers. The modulus of the reflection 
coefficient Rout at the open pipe termination is calculated from: 

IRiout = (1 + AM)(1- -
2
1 

( f Dd )2 ), 
co 

where A is a fit of the theory of Cargill [11][12] proposed by Hofmans [6]: 

with 

0 ~ Srd < 1 
1 ~ Srd < 1.85 
1.85 ~ Srd 

(4) 

(5) 

(6) 

the Strouhal number for the wide pipe downstream of the diffuser. The end corrections 
(j ~ 0.3Dd measured by Peters [8] were used todetermine the phase of the reflection coefficient 
at the pipe termination. 

Flow separation 

Before continuing we give some information a bout flow separation in a diffuser (Blevins [7]). 
Flow separation is due to the low kinetic energy ~pu2 of fluid particles in the thin boundary 
layer near the wall. In first approximation these particles undergo the same pressure gradient 
in the flow direction as particles in the main flow. Due to the adverse pressure gradient in 
a diffuser, particles near the wall would not be able to travel in the flow direction if they 
were not dragged by viscous forces exerted by the particles in the mean flow. Herree viscous 
forces responsible for the reduction of ~pu2 in the boundary layer are also preventing flow 
separation in a diffuser. When the boundary layer thickness increases as we travel downstream 
the viscous drag by the mean flow decreases and a crucial position is reached where the flow 
at the wall stops and turns into the main flow. This flow separation results into vorticity 
injection in the main flow. The position of the flow separation is also determined by the 
strength of the acoustic pressure gradient: 

au' au' ap' 
Po( at + Uo ax) = - ax. (7) 

The acoustical pressure gradient can prevent separation or enhance separation, depending on 
its sign, which changes each half oscillation period. 



Results 

Short pipes ((Ldh) 

We present in figure 2 and 3 the data measured for ~~ = O(lo-2 ) for both diffusers, terminated 
by a short pipe segment (Ldh· The wide diffuser (diverging angle (} = 28°) shows spectacular 
oscillation of RB with maxima at critical Strouhal numbers 7rt~u corresponding to the values 
observed by Powell [15] and Peters [8] fora horn. We clearly see maxima at Sr u= 1.60, 0.90 
and 0.44 corresponding to three hydrodynamic modes of the diffuser. In particular for the 
secoud hydrodynamic mode Sru = 0.90 the sound production is obvious because the RB 
exceeds unity. For other modes comparison with the theory for an ideal diffuser (Eashwaran 
([14]) and quasi-steady model) also clearly demonstrates sound production. For the narrow 
diffuser (0 = 14°) we abserve a similar, but less spectacular effect. Only two hydrodynamic 
modes can he observed and RB remains smaller than unity. This sound production at critical 
Strouhal numbers can he explained conveniently by the vortex sound theory of Howe [13]. For 
whistler nozzles and horns a discussion is given by Hirschberg [16] and Dupère and Dowling 
[17] assuming that: 

• the separation point, where the vortices are formed, is fixed 

• the formation of a new vortex is triggered each time the acoustical velocity passes 
through zero turning from pipe inwards to pipe outwards. 

The same criteria were used quite succesfully for closed side branches (Bruggeman [2]) and 
Helmholtz resonators (Nelson [18],[19] Hirschberg [20]). 

The difference between theory and experiments at M = 0 is expected to he due to acoustic 
resonances in the laboratory, as observed by Peters [8]. 

At low Mach number we abserve that measured values are significantly lower than theoretica! 
prediction. This could be due to relatively low Reynolds numbers 0(10-4 ) for M :::; 0.05. At 
such low Reynolds numbers diffuser performance decreases with decreasing Reynolds number 
[7]. The difference between theory and experiments is of the order of the difference between 
theory with and without flow separation. We therefore expect that there is permanent flow 
separation at those low Mach numbers. As a reference we give results of the quasi-steady 
theory assuming flow separation at an abrupt pipe expansion [21]. 

While the diffuser behaviour at an open pipe termination observed by Kwong and Dowling 
[1] is similar to our previous experience we would like to know whether a marginal flow 
separation can induce sound production at a diffuser in a long pipe. As we expect from the 
dipale character of vortex sound sources, a condition for vortex sound production is a large 
acoustic velocity. We choose therefore pipe lenghts Ld downstreamof the diffuser which are 
integral multiples of halfan acoustic wavelength (~ ~ 0.5 and 1). As shown in figure 4 
we abserve for a wide diffuser ( (} = 28°) at both pipe lengths roughly the same asciilation in 
RB indicating sound production for ~~ :::; O(lo-1) independent of the distance from the pipe 
termination. This is therefore clearly a sound production localized at the diffuser. 
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Figure 2: Enthalpy reflection coeficient RB of the 28° diffuser as a function of the mean 
flow Mach number. f = 289 Hz and t~ ~ 0.1. x measurements: quasi-stationary 
compressible theory without flow separation : . . . . quasi-stationary compressible theory 
with flow separation : - - - analytica[ low Mach number theory. 

We further found that the reileetion coefficient RB is independent of the amplitude t~ in the 

range 10-2 ::; t~ ::; w- 1 . At moderate amplitudes t~ = O(lo-1) a significant decrease of the 
oscillations in RB with increasing amplitude is observed (see figure 5). This can be explained 
by a saturation of the sound souree due to discrete vortex formation. In other words because 
the asciilating total enthalpy defect tlB across the diffuser is amplitude independent, the 
acoustical energy dissipation tl.I = (p0u' + p' U0 ) tl.B is linear in u': 

2 tl.I U0 1- RB =-,....,-
J+ u'' 

(8) 

where J+ is the intensity of the incident acoustical wave. 
As observed by Kriesels [4] at higher pulsation amplitudes t~ = 0(1) the simple model 
mentioned in the previous paragraph fails for closed side branches. The vortex formation 
shifts in phase relative to the acoustic oscillation. In the case of a marginal flow separation 
we expect that at high acoustic amplitudes t~ = 0(1) the positive acoustic pressure gradient 
upon acoustic acceleration can even supress flow separation while flow separation certainly 
becornes dramatic in the acoustic deceleration phase. This can induce a phase shift of ~ of the 
intialization of vortex shedding and limits the vortex shedding to about half the asciilation 
period. Iudeed we do abserve in figure 5 a dramatic change in the behaviour of RB for 
amplitudes t~ = 0(1). In the limit of separated flow during the entire oscillation period we 
can calculate RB by using the theory proposed by Ronneberger [21]. We indicate the results 
of this theory in figure 5. 
This strong absorption at high amplitudes is quite different from the behaviour of a horn as 
observed by Hofmans [6]: in the case of the horn the whistling phenomenon persists at high 
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amplitudes. 

Conclusions and proposed remedial measures 

Comparison of our experimental data for the enthalpy reflection coefficient RB with the 
theory for a ideal diffuser clearly demonstrates that at low and moderate pulsation amplitudes 
t~ S 0.1 a diffuser is a souree of sound at critica! Strouhal numbers. A diffuser with ~ = 25/9 
and eliverging angle (J ;::=: 14° placed close toanopen pipeend is a very powerful sound souree 
which can drive pulsations of moderate amplitudes p' = 0( !pU0

2
). A diffuser with (J ;::=: 14° 

placed in a long pipe is a much weaker sound souree but can induce some flow instahilities 
by coupling of vortex shedding with acoustical resonances. At high pulsation amplitudes 
(~0 = 0(1)) a diffuser becomes a sound absorber. In the case of moderate and high pulsation 
amplitudes the behaviour of the diffuser seems to be explained by a flow separation at a fixed 
point. Because the initial sound absorption associated with the vortex shedding is very weak 
there is a net sound production (see Hirschberg [16]). Due to saturation of the aero-acoustic 
souree at moderate amplitudes ~o = O(lo-1 ) the acoustical energy production or loss scales 

with t~ while a fixed value of the enthalpy reflection coefficient would correspond with a 

( t~ )2 dependence. This implies a deercase of the effect of the aero-acoustic souree on R 8 

with increasing t~ at moderate amplitudes. At lower amplitudes 10-2 S ;;~ S 10-1 the 
reflection coefficient RB is independent of the amplitude. 

The flow separation point can further be fixed by using a cut-off of the divergent part of 
the diffuser using an abrupt pipe widening at the end of the diffuser ( see figure 6). Vortex 
shedding at the sharper edge will now induce a stronger initial absorption, reducing the 



Figure 6: Modified diffuser geometry to fixe the separation points. 

net sound production. This modified geometry would prevent the use of expensive narrow 
diffusers. Such a modified geometry can only be used, however, when the diffuser is placed 
in a long pipe. When the diffuser is at a pipe termination it is more logica! to use a shorter 
diffuser or a narrower diffuser. For narrow diffusers (5° ::; ()::; 10°) and area ratios ~ ::; 2 flow 
separation is not observed, even in a pulsating flow (Roozen [22]). As our experiments were 
limited to moderately high Reynolds numbers (Rev = U~D ::; 2 x 105 ) it would be interesting 
to carry out experiments at higher Reynolds numbers relevant for gas transport systems. 
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Appendix F 

The aeroacoustic behaviour of 
bends: main results 

Abstract 

Aeroacoustical response of 90 degree sharp-edged bends 
Task 2.11 - 2.13 

Sylvie Dequand (TUE), Steve Hulshoff (TUE), 
Yves Aurégan (LAUM), Avraham Hirschberg (TUE) 

(April 1999) 

Experimental and analytica] data for 90° sharp-edged bends have been compared to 
numerical calculations basedon the Euler equations. The aim of the study is totest 
and validate the Euler code. 
In the absence of a main flow, the Euler code accurately prediets the experimental 
data and the 2-D analytica! results obtained by means of a mode expansion. 
In the presence of a main flow, the prediction of the reflection coefficient gives 
eneomaging results. The Euler code does not accurately predict the transmission 
coefficient because of difficulties in extracting acoustical data downstream of the 
bend. An additional aeroacoustical analogy (Lighthill analogy) will be soon 
implemented in the code. 
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1. Introduetion 

The study of the aeroacoustical response of 90 degree sharp-edged bencts is carried 
out within the framework of task 2.11 and 2.13. The two 90 degree sharp-edged bencts 
considered in the study are shown in figure 1. Both bencts are mitre bends. In the first 
bend (bend 1), the outer wall has a sharp edge. In the second one (bend 11), the outer 
wall is rounded with ·a radius of curvature equal to the pipe diameter. 

2 

(a) Bend I : mitre bend with 
sharp edges 

(b) Bend 11 : mitre bend with 
rounded outer wall 

Figure 1 : 90 degree sharp-edged bends considered in the study 

We restriet our study to the aeroacoustic response of the bencts at frequenciesfbelow 
the cut-off frequency fc. This implies that only plane waves propagate along the 
straight pipe segments (1 upstream and 2 downstreamof the bend). Furthermore, we 
neglect the non-coherent sound generation of the flow due to turbulence. 

As we restriet ourselves to frequencies below the cut-off frequency, the bend response 
can be expressed in terms of the scattering matrix : 

(1) 

Where p: and p~ are the amplitudes of the upstream and downstream incoming 

waves, respectively. The scattered waves have the amplitudes pr and PI· The 

reileetion coefficient R + and the transmission coefficient y+ correspond to the 

reileetion and transmission of p: when the downstream pipe segment is anechoic so 

that p~ = 0 . We call them the upstream anechoic reileetion and transmission 

coefficients. The coefficients R- and y- have a similar physical interpretation and 
will be called the downstream anechoic reileetion and transmission coefficients. 
For pipes with square cross sections, some analytica! models are available. In the 
absence of a main flow, we can obtain an approximate solution based on a mode 
expansion as proposed by Miles [1]. At low Strouhal numbers JD/U

0 
<< 1 we can use 

a quasi-stationary theory as developed by Hofmans [2] and Durrieu [3] for the orifice. 
Furthermore, we have a numerical code based on the Euler equations for frictionless 
flow. One of the aims of our research is to explore the potential of such a code (task 
2.11 ). 



In practice, most pipes have circular cross sections, and the bend flow is not two
dimensional. At the present time the use of a three-dimensional numerical code would 
imply excessively high computational power. We therefore explore the possibility of 
using a two-dimensional approximation. We assume that 2-D and 3-D data for equal 
Mach number M =U0 /c0 , Strouhal number Sr= JD/U0 and dimensionless frequency 

f / fc correspond toeach other. In the case of a 2-D planar flow, Dis the channel 
height. In the case of the circular pipe cross section, it is the diameter. 
In order to check the vàlidity of the Euler code, some measurements have been carried 
out both at the LAUMand at TUE (task 2.13). The two-source metbod used at the 
LAUM enables measurements at a very broad range of frequencies ( 30 ~ f ~1000Hz) 
but at low Mach number ( M ~ 0.07 ). Theset-upis described by Ajello [5] and Durrieu 
[3]. The two-load metbod used at TUE enables us to measure at relatively high Mach 
numbers ( M ~ 0.3 ) but the procedure implies that we could only obtain data at a single 
frequency. Theset-upis described by Peters [6], Hofmans [2] and Durrieu [3]. These 
two measuring methods are both carried out on pipes with circular cross sections. The 
set ups are compatible so that measurements are carried out on the same bends. These 
bends are made in massive brass with an accuracy of the order of 10-s m. 
Experimental data from literature arealso available; especially, experimental data 
obtained by Lippert for pipes with square cross sections (in the absence of a main 
flow) which we will compared to our analytica! and numerical results. 

We will focuse first of all on the mitre bend with sharp edges (bend I) (fig. 1.). Then, 
the results obtained for the mitre bend with rounded outer wall (bend 11) (fig. 1.) will 
be presented. 

2. The mitre bend with sharp edges 

2.l.Response in the absence of a main flow 

The acoustical response of a sharp-edged mitre bend (bend 1), as shown in fig. 1., has 
been studied for pipes with square cross sections by Lippert [4] for frequencies up to 
the cut-off frequency. In the absence of a main flow we have : 

(2) 

And 

(3) 

Furthermore, from the equation of energy conservation, we have : 

(4) 

In figure 2, we compare the data of Lippert [ 4] for R and T with the results of the 
mode expansion truncated after ten modes and the Euler calculations performed with 
40 mesh points per acoustical wave length. 

We see that the experimental data are accurately predicted by both the analytica! and 
numerical solutions. For reference, we also show the mode expansion truncated after 
the first mode which was used by Lippert [4] in his paper. lt is clear that the more 
extended mode expansion yields a better prediction of the experimental data. 
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Figure 2 : Mitre bend with sharp edges - Comparison of data of Lippert 
(M=O)( --(>-) and prediction ofthe Euler code(*) with results of mode 

/ . 
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(a) Amplitude of the reflection and transmission coefficients, 

(b) Phase ofthe reflection and transmission coe.fficients (in a non-dimensional 
form). 

In figure 3, we compare the analytic two-dimensional results (from the mode 
expansion) with experimental data obtained at the LAUM by means of a two-source 
method. The experimental set-up and the procedure are described by Ajello [5] and 



Durrieu [3]. In contrast with Lippert, the measurements are carried out on pipes with 
circular cross sections (rather than square cross sections). 
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Figure 3 : Response of a mitre bend with sharp edges in a pipe with circular 
cross section compared to the analytic two-dimensional results at Mach zero 
(mitre bend). 

We see that the experimental data respect both the symmetry conditions (2) and (3). 
The (3-D) reflection coefficient is accurately predicted by the (2-D) theory when we 
assume that points with equal 1/ Ie correspond to each other. The predicted 
transmission coefficient deviates from the experimental data, which implies that it 
doesnotrespect the energy conservation law (4). 

The damping coefficient a calculated by means of the formula of Kirchhoff for 
straight pipe [6] varies, for the experimental data presented, in the range 

3 x 10-4 <aD< 2 x 10-3 
. Hence, the observed dissipation in the bend is of the order of 

magnitude of the visco-thermal dampingfora tubelengthof one diameter D. By 
definition of boundaries 1 and 2 of the bend (see figure 1), the bend center line has a 
length of one diameter D. The dissipation is about a factor three higher than aD, 
which is expected to be due to the strong viseaus dissipation at the inner edge of the 
bend where the acoustical flow is singular. 



2.2. Influence of a main flow 

In figure 4, we compare experimental data obtained at the LAUM by means of the 
two-source method with the results of the Euler calculations at a fixed Mach number 
(M=0.03). 
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Figure 4 : Mitre bend with sharp edges - Strouhal number dependenee of the 
reflection and the transmission coefficients (Jor a fixed Mach number 
M=0.03). Comparison between experimental data(=) and prediction ofthe 
Euler code (0 ). 

We see that the magnitude of the reflection coefficient is accurately predicted by the 
Euler code. However, the amplitude of the transmission coefficient is overestimated. 
Concerning the phase, the predicted numerical data deviate significantly from the 
experimental results. This is not yet understood. 

At a higher Mach number (figure 5), the results show a rather similar behaviour but 
the deviation between numerical and experimental data is much more important. 
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Figure 5 : Strouhal number dependenee of the reflection and the transmission 
coefficients (jor afixed Mach number M=0.06). Comparison between 
experimental data ( ............. ) and prediction of the Euler code ( 0 ). 

At the present time, we cannot explain such differences. Apparently, the difference 
between 2-D Euler calculations and 3-D experimental data increases with increasing 
flow velocity. 

In figure 6, experimental data obtained at TUE by means of a two-load methad are 
compared with numerical results. The TUE set-up is described by Peters [6], Hofmans 
[2] and Durrieu [3]. The two-load methad is discussed by Ábom [7] and Durrieu [3]. 
In a first serie of measurements the bend was placed half a wave-length upstream 
from an open pipe termination. The second set of measurements was obtained after 
extending the downstream pipe segment by a quarter wave-length. The scattering 
matrix is obtained from the analysis of these two sets of data ([7], [3]). This particular 
choice of Ioads provides an optima! accuracy. However, this implies that we could 
only obtain data at a single rather low frequency ( f /I = 0.043 ). 

The numerical data for 1{ + ( l- M ) obtained from theEuIer code are in good 
l+M 

agreement with the experiments. The absolute value of the predicted transmission 



coefficient ly+l appear to be in reasonable agreement with the experiments, in spite of 

difficulties in extracting the acoustical data from the downstream region, where 
vortices induce non-acoustical pressure fluctuations. Similar problems are actually 
encountered in experiments when the micropbones are placed too close to the bend. 
However, the Euler cod~ does not predict correctly the phase of the transmission 
coefficient. 

f= 0.043 
0.15 

IR"±"{ l+MJ 
/iJ * I'PI "" * 

l"±"M * 0.95 liE 

0.1 liE 

* 
0.9 liE 

* 
0.05 )!(, 

~ 0.85 
_;' 

0 0.8 
0 0.1 0.2 0.3 0 0.1 0.2 0.3 

Mach number Uo/co Mach number Uo/co 

2.2 2.6 

<I>R <f>.r 
2 1t * * 2.4 1t 

* * 1.8 2.2 

* liE 
1.6 liE 

2 * 
1.4 * * 

1.8 
1.2 

0 0.1 0.2 0.3 0 0.1 0.2 
Mach number Uo/co Mach number Uo/co 

Figure 6 : Mitre bend with sharp edges - Mach number dependenee of the 
scattering matrix atf/fc = 0.043 (j =289Hz). Comparison between 
experimental data(+, (i: upstream and downstream anechoic coefficients 
respectively) and numerical results (* : upstream anechoic coefficient ). 

The comparison of experimental and numerical data with the results obtained by 
means of a quasi-steady theory is still in progress. 

2.3. Condusion 

The results of analytica! techniques and a numerical metbod for the Euler equations 
have been compared to ex perimental data for the acoustical response of the mitre 
bend with sharp edges (bend I, fig. I.). 

In the absence of a main flow, the Euler code accurately prediets the available 
experimental data from the literature and the two-dimensional analytic results 
obtained by mode expansion. When scaled with the cut-off frequency, the two
dimensional analytic and numerical predictions also agree with experimental data for 



pipes with circular cross-sections measured by means of a two-source method. This 
confirms that the Euler code is able to predict acoustic wave propagation phenomena. 

In the presence of a main flow, numerical predictions were compared with 
experimental results. The preliminary results obtained are encouraging. The 
prediction of the Mach number M dependenee of the coefficients of the scattering 
matrix by a quasi-stèady theory has to be improved and a further study is undertaken. 
At higher Strouhal numbers, the measured anechoic reflection coefficients were found 
to approach the values found in the absence of a main flow. The Euler code accurately 
prediets the upstream anechoic reflection coefficient but difficulties in separating 
acoustical from hydrodynamic pressure fluctuations downstream of the bend make the 
corresponding prediction of transmission coefficient unreliable. Such effects can be 
studied by using a Lighthili analogy in order to extract aeroacoustical data from the 
numerical results. The Lighthili analogy has been presented in an earlier report. lt 
should now be implemented in our numerical program. 

3. The mitre bend with rounded outer wall 

3 .l.Introduction 

Analytic models for the bend 11 shown in figure 1 are much more complicated to 
develop than for the mitre bend I. In the present time, such theoretica] solutions are 
not available. Experimental data will be therefore only compared to the results of 
Euler calculations. 

3.2.Response in the absence of a main flow 

As for the mitre bend I, Lippert has measured the acoustical characteristics of a mitre 
bend with rounded outer wall (bend 11) in a pipe with square cross-sections. 

In figure 7, experimental data of Lippert (pipes with square cross-sections) and 
experimental results obtained with the two-source metbod at the LAUM (circular 
cross-sections) are compared to the results of Euler calculations performed with 30 
mesh points per acoustical wave Iength. 

We see that experimental data of Lippert for the reflection coefficient are accurately 
predicted by the Euler calculations. A deviation of the results occurs however for the 
transmission coefficient. This implies that experimental results of Lippert do not 
respect the energy conservation law (4). The experimental data obtained by means of 
the two-source method (at the LAUM) respect both the symmetry conditions (2) and 
(3). The measured transmission coefficient is in rather good agreementwith the 
prediction of the Euler code. However, a small deviation appears in the results of the 
retlection coefficient. This might be due to the difference between 2-D calculations 
and 3-D experiments. 
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Figure 7: Mitre bend with rounded outer wal/ - Responses of a bend in pipes 
with circular cross-sections (=) (LAUM) and square cross-sections ( +) 
(Lippert) compared to the prediefion ofthe Euler code (o). 

3.3. Influence of a main flow 

Figures 8 and 9 show the Strouhal number dependenee of the scattering matrix for 
two different Mach numbers (M=0.03 and M=0.06 respectively). 

In contrast with the case of the mitre bend with sharp edges (bend I) (figures 4 and 5), 
experimental and numerical data seem in better agreement for the higher Mach 
number. But, in genera!, The 2-D Euler code does not predict accurately the 3-D 
experimental data. 

Experimental results obtained at TUE with the two-load metbod are compared with 
numerical results in figure I 0. For the amplitudes of the reflection and transmission 
coefficients, the results are similar to those obtained with the mitre bend I. The 
reflection coefficient data are better predicted than the transmission coefficient data. 
As shown in figure 11, the comparison of the results obtained for the phases shows 
differences between the two bends. 
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