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Summary 

In this paper we consider a linear switching beam system is considered that switches on the 
sign of the displacement at the middle of the beam. For this 3-DOF non-linear beam system 
control laws have been developed to stabilize periodic solutions. However, these control 
laws require knowledge of the entire state vector. As there are only four measurements 
available, namely: the displacement at a quarter and at the middle of the beam, as well 
as the accelerations at both these positions, state reconstruction will be used to  obtain the 
unknown state variables of the 3-DOF model. 

Two cases of state reconstruction can be distinguished. The first case deals with filters 
based on linear error dynamics whereas the second case deals with filters based on non-linear 
error dynamics. All observers in this paper have the same structure. They are based on a 
copy of the model with an additional term, that can be determined freely. In the case of 
linear error dynamics, this additional term is used in two ways. First, it compensates for the 
non-linearity that would appear in the error dynamics. Second, it provides a feedback of the 
measured and estimated output, multiplied with a gain that further has to be determined. 

To arrive at linear error dynamics, two types of observers are considered, namely: a 
deterministic state reconstruction and a Kalman filter. The Kalman filter differs from the 
deterministic state reconstruction in the sense that the gain will be determined in an optimal 
manner, i.e. these will be accounted for a certairi level of disturbances and measwement 
noise. 

In practice however, it is unlikely that the non-linearity will be compensated entirely. If 
this compensation fails, non-linear error dynamics are obtained. In that case other techniques 
will be needed to analyse stability. One of those techniques, that will be used in this paper, 
is based on the properties of the error dynamics which enable the usage of Linear Matrix In- 
equalities (LMI’s). With these LMI’s, stability is derived based on the existence of a quadratic 
Lyapunov function. Two kind of LMI-based observers are considered. An observer containing 
a non-switching gain matrix and switching observers that use different gain matrices depend- 
ing on the position of the middle of the beam. A last type of observer that is considered and 
also leads to non-linear error dynamics, is a sliding observer. This observer does account for 
model inaccuracies. 

For the examined observers as descibed above, simulations as well as experiments were 

... 
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conducted. Differences in performance can be noted from the simulations. In practice, the ob- 
servers could all be used for reconstruction, however they hardly showed significant differences 
in performance. 



Samenvatting 

In dit rapport wordt een lineair schakelend balk systeem, ook wel ‘beam system’ genoemd, 
beschouwd. Het schakelen wordt bepaald door het moment waarop de waarde van de ver- 
plaatsing van het midden van de balk van teken verandert. Voor dit niet-lineaire beam system, 
bestaande uit 3 vrijheidsgraden, zijn regelstrategieën ontwikkeld om periodieke oplossingen 
van het systeem te stabiliseren. Voor deze regelconcepten echter, is kennis van de gehele 
toestandsvector nodig. Daar slechts vier metingen beschikbaar zijn, die bestaan uit posi- 
tiemetingen ter plaatse van een kwart en in het midden van de balk, alsmede de versnellingen 
op deze posities, is toestandsreconstructie noodzakelijk om de onbekende toestandsvariabelen 
te verkrijgen. Twee gevallen van toestandsreconstructie kunnen worden onderscheiden. In 
het eerste geval worden filters gebruikt, die gebaseerd zijn op het verkrijgen van lineaire fout- 
dynamica. In het andere geval zal het gebruikte filter tot niet-lineaire foutdynamica leiden. 

De gebruikte waarnemers, in het vervolg ‘observers’ genoemd, hebben in dit verslag 
dezelfde structuur. Ze zijn gebaseerd op een kopie van het model met daaraan een extra term 
toegevoegd, die vrij te bepalen is. In het geval van lineaire foutdynamica zal deze additionele 
term tweezijdig gebruikt worden. In de eerste plaats om de niet-lineariteit te compenseren, 
die anders in de foutdynamica terecht zou komen. En in de tweede plaats kan de additionele 
term gebruikt worden om een terugkoppeling te geneneren. Deze terugkoppeling zal bestaan 
uit het verschil tussen gemeten en geschatte toestanden van het system, vermenigvuldigd met 
een bepaalde versterkingsfactor. Deze versterkingsfactor zal nader bepaald dienen te worden. 

Dit 
zijn een deterministische toestandsreconstructor en een Kalman filter. Het verschil tussen het 
Kalman filter en de deterministische toestandsreconstructor zit in het felt dat de versterkings- 
factor van het Kalman filter in optimale zin bepaald wordt. Dit wil zeggen dat bij de bepaling 
van deze versterkingsfactor er rekening mee wordt gehouden, dat er meet- en systeemruis op 
het systeem aanwezig is. 

Om tot lineaire foutdynamica te komen, zijn twee soorten observers beschouwd. 

In de praktijk echter zal het zelden voorkomen dat de niet-lineariteit volledig gecom- 
penseerd wordt. Indien deze compensatie niet volledig is, zal er niet-lineaire foutdynamica 
verkregen worden. Om nu stabiliteit voor deze foutdynamica te kunnen bepalen, zullen an- 
dere technieken gebruikt moeten worden dan in het lineaire geval. Een van deze technieken is 
gebaseerd op het gebruik van lineaire matrix ongelijkheden, in het Engels afgekort als LMI’s. 

V 



vi Samenvatting 

Deze techniek kan worden toegepast door de structuur van de niet-lineaire foutdynamica. Met 
de LMI’s kan stabiliteit aangetoond worden, gebaseerd op het bestaan van een kwadratische 
Lyapunov functie. Er worden in dit verband twee soorten observers beschouwd. In één geval 
zal er een versterkingsfactor bepaald worden die altijd dezelfde waarde zal hebben, ongeacht 
waar het midden van de balk zich bevindt. In het andere geval zullen er twee versterkings- 
factoren zijn die, afhankelijk van het teken van de verplaatsing in het midden van de balk, 
toegepast worden in de observer. 

Tenslotte wordt er een observer behandeld die rekening houdt met modelfouten. Deze 
observer wordt een ‘sliding mode observer’ genoemd en zal ook tot niet-lineaire foutdynamica 
leiden. 

Voor de hierboven beschouwde observers zijn zowel simulaties als experimenten uitgevoerd. 
In simulatie kunnen onderlinge verschillen in prestatie tussen de observers opgemerkt worden. 
In de praktijk kunnen alle observers gebruikt worden voor toestandsreconstructie. Maar de 
verwachte verschillen bleken nauwelijks aantoonbaar. 
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Chapter 1 

Introduction 

Frequently, difficulties can occur in non-linear mechanical systems that are being excited 
harmonically. Difficulties in the sense that undesired high amplitude vibrations occur that 
can damage the system as a whole. As an example, one can think of systems such as gear 
boxes, suspension bridges and ships colliding at fenders. 

Looking at the characteristics of these non-linear systems, it can be observed that several 
different periodic solutions appear at the same value for the system parameters; for example 
at a fixed excitation frequency. Some of these so-called coexisting solutions appear as large 
amplitude vibrations. When it is possible to stabilize one of the coexisting periodic solutions 
by using control, for example the one with the small vibration amplitude, one can prevent 
damage and wear. Moreover, the control effort may be kept small because once the system 
vibrates in the low amplitude response, no further control effort will be needed. 

Often when feeldback control systems are designed, it is assumed that the entire state 
vector of the considered system is available (i.e. through measurement). Because in most 
cases only a part of the state is measured, a state observer is required in order to enable an 
implementation of the controllers. The design of such state observer is the subject of this 
thesis. 

1.1 Beam System with One-sided Spring 

As a practical example, that characterizes a certain class of non-linear dynamical systems, a 
beam with one-sided spring (see Figure 1.1) is considered in this thesis. This system can, for 
simplicity, be related to a suspension bridge [Doole and Hogan, 19961 (see Figure 1.2). The 
beam which is a large flexible structure can be compared to the roadbed, which is suspended at 
both ends by leaf springs. This system, the beam together with the leaf springs, is accurately 
modeled by applying a linear multi-DOF model. In the middle of the beam, a one-sided 
spring, with stiffness k,i, is placed which represents a non-smooth local non-linearity. This 
spring has been constructed as a shaft assembled on a second beam. Also at the middle of the 
beam, the beam is being excited harmonically by means of a rotating mass unbalance which 

1 



2 Introduction 

produces a sine-shaped force v(t) .  A possibility to interact with the dynamics of the beam 
system comes from a control force u@), generated by an actuator, that can be applied at a 
quarter of the beam. By analogue with the suspension bridge, the one-sided spring can be 

T i 

Figure 1.1 - Schematic drawing of beam with one-sided spring. 

interpreted as one of the cables that are attached to the roadbed. When the wind is exciting 
the bridge towers, the roadbed itself can be lifted up. This can cause the cables, which are 
attached to it, to hang loose. On the other hand, when the roadbed is moving downwards 
from its position in rest, the cables will be tightened and additional force will be applied to 
the roadbed. 

Figure 1.2 - Suspension bridge as a practical example. 

1.2 Non-Linear Dynamical System Model 

For a observer design, a model of the beam is required. A simple model is preferable as long 
as it has sufficient accuracy. A 3-DOF model, that among other things can be used to study 
the displacement at the actuator position qact(t) and at the middle of the beam q m i d ( t ) ,  has 
been derived by [Fey], see also Figure 1.1. 

The equations of motion of the non-linear beam system, based on this 3-DOF model, can 
be formulated as: 
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Mq(t) + Bq(t) + Kq(t) + Fnl ( ~ ( t ) )  = h 2 ~ ( t )  + h ~ u ( t ) ,  (1.1) 
T 

where q( t )  = [ qact(t) qmid(t) q&) ] and hi is a 3 x 1 column which contains zeros except 
for the ith entry, which equals the value of one. 

Looking at equation (l.l), one can see that it contains a mass matrix M ,  a damping matrix 
B,  and a stiffness matrix K which are all positive definite. The values of these matrices deperid 
OE the positior, where the ixput ~ ( t )  is applied. Iri the expwimefital setiq (see Figure 1.3)> 

/ I . exciter 

leaf spring, I x h x w = O O9 x O 001 x O 075 [m] 

- -  

Figirïe 1.3 - Experimental setap cf beam with one-sided spring. 

the input can be applied at many positions between the leaf spring and the middle of the 
beam, but will only be applied at a quarter of the beam. 
The one-sided spring force Fnl(q), is given by: 

where knl represents the stiffness of the one-sided spring. Also at the middle of the beam, the 
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excitation force v(t) is applied, represented by a known function of time 

v(t)  = Aezc COS(2nfezct>, Aexc = Aexc(fezc) = c (2xjezcl2 7 (1.3) 

where A,,, represents the amplitude of the excitation force and faC the excitation frequency. 
See Appendix A for used numerical values of the 3-DOF model. 

The equations of motion of (1.1) can be written in state-space form as: 

In Figure 1.4 the periodic behavior of the uncontrolled beam system (u(t) = O) is plotted as 

1 o-z 

1 o3 

- E 
Y 

x m 
E 
0 
E 

- 

u - 
1 o4 

1 o< 

I I I I l 

o = expenmental 

I I I I I 
38.2 57.3 76.4 1 O0 12.7 19.1 

fexc [Hzl 

Figure 1.4 - Periodic behavior of the uncontrolled beam (u@) = O) with the actuator placed 
at a quarter of the beam. 

a function of the excitation frequency [Fey] , [v.d. Vorst]. In this figure, the maximum absolute 
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values of the periodic displacements for the middle of the beam Iqmid(t)Imax are shown (both 
numerically and experimentally), together with the periodic behavior of the linear model, 
i.e. without the one-sided spring. Looking at this figure some remarkable differences can 
be noticed between the linear and the non-linear model. One of them is that the natural 
frequency of the linear model can be found at a lower frequency compared to the harmonic 
resonance frequencies of the non-linear model. This is due to the additional stiffness of the 
one-sided spring in tine latter case. Furthermore, it caa See2 seen t h t  coexistkg n-periodic 
solutions, n E {2 ,3,  ...} occur for the non-linear model at certain frequencies. Finally, it can 
be mentioned that when different periodic solutions coexists, the 1-periodic solution (which 
is not always stable) has the smallest vibration amplitude in absolute value. Looking at 
this characteristic behavior, it therefore seems reasonable to stabilize the 1-periodic solution 
to obtain vibration amplitude reduction, which has been done in [Heertjes et al., 19991 and 
[Heertjes and v.d. Molengraft, 19981. 

1.3 Report Setup 

Observer design for the non-linear beam with one-sided spring will be considered in this thesis. 
This consists of two parts. The first part deals with filters based on linear error dynamics 
whereas the second part deals with filters that are based on non-linear error dynamics. In 
the former case we will consider a deterministic state reconstruction and the Kalman filter, 
see Chapter 2 and 3 respectively, whereas in the latter case we will consider switching filters 
and a sliding observer, see Chapter 4 and 5 respectively. Finally, Chapter 6 contains the 
conclusions and recommendations. 

Throughout the design of observers, the corresponding stability analysis will be very 
important. In this regard, special attention will be given to the stability result obtained for 
the switching filters which will be based on Linear Matrix Inequalities (LMI’s). 





Chapter 2 

Deterministic State Reconstruction 

The dynamics of an observer are in a way free to choose by the designer. For example, one 
could choose the structure of the observer to be the same as the model of the beam system 
(see equation (1.4)), which gives: 

Hence, for the controlled beam system one can derive the error dynamics, where e( t )  is 
introduced as the difference between the real and estimated value of the state vector, i.e. 
e( t )  = q( t )  - @(t) by substraction (2.1) from (1.4), or 

&(t) = { A  (x( t ) , t )  - A (Ii(t),t)} e@). (2.3) 

To guarantee stability of the observer, the error dynamics of equation (2.3) ought to be 
stable at the equilibrium point e( t )  = &(i) = O. This is, however, difficult to prove due 
to the non-linearity present in these error dynamics. In Section 2.1, it will be shown that 
by compensating this non-linearity, linear error dynamics will be obtained which can easily 
shown to be stable [Franklin et al., 19941. Improving the rate of convergence of this observer 
by pole placement will be considered in Section 2.2. 

2.1 Linear Error Dynamics by Compensation 

From (1.4), one can see that A ( ~ ( t ) )  is composed of a linear and non-linear part which can 
be written as: 

7 
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where 

and E ( q m i d ( t ) )  is defined as in equation (1.2). 

term ( ( t )  in the observer, i.e. 

- l o  arrive at linear error dynam-ics, this non-linear part is compensated by an additional 

Choosing 

which, after subtraction from equation (1.4), gives: 

As A0 is Hurwitz, i.e. all the eigenvalues of A0 are lying in the left-half plane (LHP), the 
error dynamics of equation (2.9) are stable. Of course, it will be assumed that w(t ) ,  u(t) and 
the non-linear part E ( q m i d ( t ) )  Alz(t)  can be compensated exactly. The consequence of this 
assumption in practice will reveal the limitations of this observer design. To demonstrate 
the ability to reconstruct the state variables of the 3-DOF model of the beam system with 
this observer design, the following example is considered. Looking at the periodic behavior 
of the uncontrolled beam (see Figure 1.4), it can be seen that near 57 Hz the beam system 
has two stable periodic solutions, namely a 1-periodic solution and a %periodic solution. 
Depending on the initial conditions, each solution may be encountered in practice. In this 
frequency region, the necessity of proving stability can be demonstrated. For example when 
[(t)  = O, the system and the observer may be attracted by different periodic attractors, i.e. 
the solution e( t )  = O is only locally stable. However, when ( ( t )  = 4 (t,  emid(t)), the stable 
error dynamics will cause the error state e(t) to converge to zero as shown in the upper part 
of Figure 2.1, i.e. the solution e( t )  = O is globally stable. At t = O, ( ( t )  changes from ( ( t )  = O 
to <(t) = 4 (t,  emid(t)). The error at the actuator location has been depicted in the lower part 
of Figure 2.1. 
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Figure 2.1 - System and observer behavior of the non-linear beam system at 57 Hz. 

2.2 Rate of Convergence of the Error Dynamics 

So far, it has only been investigated whether the deterministic observer guarantees stability. 
In this section it will be investigated whether the rate of convergence of the error dynamics 
(2.9) can be improved by pole piacement. Heme [(t) is exterided with an additima! term 
that changes the properties of the linear system matrix & in (2.9), or 

c(t)  = E (qmid(t)) Alz( t )  - 6 (Qmid(t)) Ai2(t) + G (y(t) - C?(t)) '1 (2.10) 

where y ( t )  = Cx(t)  represents the measured output, based on the displacement measurements 
at the middle and at a quarter of the beam, and G represents a proportional gain matrix. 
Substitution of (2.10) in the observer equation (2.6) and subtracting it from (1.4) gives the 
error equation 

k ( t )  = (A0 - GC)e(t), (2.11) 

which has a similar structure as (2.9). Note that the observed system is constant, i.e. the 
matrices Ao, G and C are not depending on time t. 
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. 5.49.102 6.84- lo1 - 
6.84 - lo1 5.43 * lo2 

-6.07 lo3 5.10 - lo2 
-1.37. io4 4-72 - io4 
2.75 - io4 -1.68. io4 

-6.16- lo6 6.01.105 - 

To a certain extent G can be chosen such that A. - GC has reasonable fast eigenvalues. 
This depends on the number of poles that can be placed and the shape of the root-loci. The 
number of poles that can be placed arbitrarily depends on the number of measurements, 
i.e. when 2 measurements are available, 2 poles can be placed arbitrarily. Thus the rate of 
covergence of the deterministic observer design can be improved, compared to the open-loop 
dynamics determined by AC,. To improve the rate of convergence, the poles have to be chosen 
faster than the ones of the open-loop dynamics. If these poles are chosen too fast, however, 
the measured errors in y ( t )  may be amplified, which is in general undesirable. 

The rate of convergence can be studied by means of the settling time, i.e. the time needed 
for the system to arrive within a certain bound around the steady state value after a certain 
initial condition. The settling time is determined by the slowest (dominant) poles of the 
system, i.e. the poles that are nearest to the imaginary axis in the complex plane. In order 
to have small settling times, it seems reasonable to choose the poles as far as possible in the 
left half plane. In Figure 2.2 two responses of e,id(t) are plotted for different settings of the 
poles, i.e. for different choices for G, namely: 

. G =  

- l . l l - l O 1  1.48*101 
1.48 . lo1 2.13. lo1 

-5.80 * 10' 4.74.10' 
1.70. lo2 2.66. lo2 
2.12. lo2 3.35.102 

- -1.47.103 -5.58. i o 2  

and G = 

In the left part, the response resulting from choosing the poles properly can be seen clearly. 
Basically one is likely to prefer the response belonging to the case where the poles are chosen 

2 

,c 
E 
u 

W ._ 
E al 
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Figure 2.2 - Responses of e,;,j(t) for two different settings (left part) and steady state behavior 
of the different responses due to disturbances (right part). 

to be fast; case 1. However, so far we have only been looking at the case where continuous 
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disturbances like noise are absent. As depicted in the right part of Figure 2.2 one can see 
that the steady-state behavior of the two responses under a certain degree of disturbances 
no longer favors the setting with the fastest poles (case i), instead, case 2 seems favorable. 
Thus, although dynamical systems with fast (dominant) poles have quick responses, they also 
suffer from greater dependence on the level of noise; the response almost completely tracks 
the noise signal. Instead for the setting with the slowest poles, the response is smoothing 
o ~ t  the  noise. Basica!ly, under the influence ef =eiSe, we hzxe the need to deal with non- 
deterministic properties in tuning the observer parameters. To arrive at an optimal setting 
in a non-deterministic environment, the gain matrix G will be derived, in an optimal sense, 
in the next chapter by means of a Kalman filter. 





Chapter 3 

Kalrnan Filter 

In the deterministic case of the previous chapter, the gain matrix G could, in a way, be 
chosen arbitrarily as long as the system remained stable. In this chapter, we will determine 
an optimal gain matrix G in face of certain disturbances and measurement errors (noise). 
Optimal will be viewed in the sense of minimizing the variance of the estimation errors as 
derived in the Kalman filter [Gelb, 19741. In Section 3.1, an optimal Kalman filter will be 
determined whereas, as an example, the special case of a 1-DOF non-linear beam system will 
be considered. This filter will be used in Section 3.2 based on the 3-DOF system of the beam 
system. 

3.1 Derivation of an Appropriate Kalman Filter 

Similar to the previous chapter, linear error dynamics 

il(t) = (A0 - GC) e( t )  (3.1) 

where e( t )  = ~ ( t )  - 2(t)  can be obtained by choosing an observer structure as: 

.(t) = AoZ(t) + E ( G m i d ( t ) )  Ai?(t) + b2v(t) + blu(t) + [(t) ,  (3.2) 

where 

In face of disturbances and measurement noise, the 3-DOF beam system can be written as: 

13 
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Substitution of (3.6) in (3.2) and subtracting it from (3.4) gives: 

where w( t )  and v(t)  are assumed to be white noise signals. 
Due to the inability of Matlab’s ODEfunction to handle continuous white noise processes, 

a pulse-train approximation of a white-noise process has been implemented. Before continuing 
our investigation on the optimal Kalman filter, i.e. how to choose G in an optimal sense, first 
some justification of our discrete white-noise implementation will be given. 

3.1.1 Discrete White-Noise Properties 

In our discrete implementation of a white-noise process we define the statistical properties 
such as: the expected value, the intensity and the autocorrelation function, in terms of a 
discrete time-interval At. Within each of these time-intervals, a particular realization of a 
white-noise process is assumed to be of constant value; see the left part of Figure 3.1. This 
enables the implementation of the white-noise signals in Matlab’s ODE solver. 

I-1 

t t 

T 
area=l 

ia V,A !- I -%A! z %At 

Figure 3.1 - Discrete white-noise properties. 

The statistical properties of the discrete white-noise process that will be used throughout 
this thesis are given by: 

E { W ( t k ) l  = o, (3.8) 

which represents the expected value or mean of w ( t k )  and which equals zero, 
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which represents the variance of the noise and which is defined to be the quotient of the 
intensity Vo and the time interval At, which implies: Vi = &At, and finally 

where 
i if -+At<T<$At  
O otherwise i A(7) = 7 (3.11) 

which represents the autocorrelation function, which is based on the assumption that w (tk) 
and w(tk + 7 )  are uncorrelated for 7 # O. In the middle part of Figure 3.1, it can seen that 
the autocorrelation consists of a block-shaped function between -+At and +At with height 
&. If At -3 O then the autocorrelation function can be written as: 

&Uw(T) = voA(7) = vow, (3.12) 

where S(7) equals the Dirac function. Thus, the autocorrelation function is a pulse with 
intensity Vo (see right part of Figure 3.1). 

3.1.2 Influence Settings with Respect to Estimation Error and Variance 
Matrix 

Using the discrete version of the white-noise process, the optimal value of G based on the 
Kalman filter approach, is given by: 

G = &CTVP1, (3.13) 

where Q is the variance matrix which follows from the so-called stationary Riccati equation 

AoQ + &AC; + Vw - QCTVJICQ = O ,  (3.14) 

see [Gelb, 19741. Matrix C depends on the measurements; as an example, it is assumed 
that only the displacement at the middle of the beam is measured. Measuring only the 
displacement at the middle of the beam is for the special case that a 1-DOF model for the 
beam has been considered. This 1-DOF model is obtained by substitution of the following 
matrices in (3.4): 

T 
and where x( t )  = [ q(t) Q(t) ] , q(t) = qmid( t ) .  In equation (3.15), m represents the mass, 
d the viscous damping, k the stiffness and k,l the additional stiffness of the one-sided spring; 
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see also (1.2), (1.3) and Appendix A. In Figure 3.2, time responses are depicted for the 
uncontrolled 1-DOF model at 35 Hz. The non-linear behavior of this model can especially be 
seen in the lower left plot by means the acceleration. Note that every time the displacement 
(upper left plot) changes sign, the acceleration shows an abrupt change. 
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Figure 3.2 - Time responses for the uncontrolled 1-DOF beam system at 35 Hz. 

For the 1-DOF model, the matrices V, and V, in (3.13) and (3.14), represented by the 
so-called intensity matrices, are chosen as: 

(3.16) 

where Vwo and VVO represent the noise intensity of the system and the measurement noise 
respectivily. By choosing the first diagonal term of V, equal to zero, one assures that no 
uncertainty on the derivative of the position is accounted for, i.e. &(t)=z(t). To obtain a 
realistic estimate of the noise intensities, a comparison has been made between computed 
signals with the 3-DOF model and measured signals from the setup of the beam system. 
From this comparison, the measurement noise as well as the system noise have been chosen 
at a 5%-level of the maximum amplitude of the displacement level and the acceleration level 
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respectively; see Figure 3.3. In this figure, the time-interval At has been set at 0.002 seconds 
which corresponds to a sample frequency of 500 Hz. It can be seen in this figure that although 

, x IO3 
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I 
-0.021 t t+0.1 
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I 
t t+0.1 -5 ' 

time [sec] 

Figure 3.3 - Simulated 2-periodic time responses for the 1-DOF uncontrolled non-linear beam 
system (containing noise) and observer at 35 Hz, based on the displacement measurement at the 
middle of the beam. 

the equations of motion are corrupted with noise generated from our discrete white-noise 
process, the Kalman filter seems able to observe the system state variables properly. Note 
that although only the displacement is measured, the unmeasured velocity and acceleration 
are reconstructed reasonably. 

To qualify the thus obtained Kalman filter, i.e. to quantify its ability to reconstruct the 
system state variables, the measure trace E e(t)e*(t)}] will be used. Namely if the trace of 

the Riccati matrix Q has the same value as the trace [E { e ( t ) eT( t ) } ] ,  then it will be concluded 
that the choice for the filter parameters is optimal. 

[ {  

For the considered 1-DOF model, numerous realizations have been considered. From these 
realizations, it can be shown that indeed the trace E e( t )eT( t )}]  approximates the trace of 
Q. Namely, it is obtained that 

[ {  
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1.3461 . lop7 3.1747. 
2.0474. 1.1075. 2.0884. lop9 1.3461 . 

' 1 E {e ( t ) eT( t ) )  = [ 1.1075. 

r r  i.e. traceiE < e ( i ~ e ~ ( i ~ 1 1  = 3.4859 10-5 whereas i race!~]  = 3.1749 .:OP, wkiich are inore 
or less equal to each other. Note that increasing the number of realizations will probably 
improve this result. Besides increasing the number of realizations, also decreasing At, which 
gives a better approximation of the continuous white-noise process, will probably give better 
results. 

L I  J J  

So far, only one setting has been derived, namely the one with optimal values for Vwo and 
VVO. In this case one presumes to know the level of disturbance. For this assumption, the 
optimal gain has been calculated. However, if the real level of disturbance differs, it can be 
expected that the trace of Q no longer equals the trace of E {e( t )eT( t )}  for all settings. To 
analyze this, 23 different settings of Vwo and VVO have been compared with the optimal ones, 
for a large number of realizations with the same intensity of noise: see Figure 3.4. In this 

are not equal to 1, the figure it can been seen that if the ratios y, = and yv = vv"o VWO 

VWO-opt "O-opt 

V W V W 

Figure 3.4 - Difference in absolute value for the separate trace components of Q and E (e ( t ) eT( t ) } ,  
for different settings of Vwo and VVO in relation to Vut,-,,, and respectively. Q11 represents 
the first component of trace[Q], Q22 the second. The first component of trace[E { e ( t ) e T ( t ) } ]  is 
given by ell,  the second by e22. 

difference in absolute value of the trace components of Q and E e( t )eT( t )}  are not minimal. 
Therefore, it may be concluded that the optimal value of the gain matrix G strongly depends 
on the knowledge of the disturbance. Hence, if the intensity matrices V, and V, do not match 
the disturbance, no optimal gain will be obtained. This, in general, is the main problem with 
tuning the Kalman filter, because in practice the disturbances are rarely known. 

{ 
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3.2 Implementation of the Kalman Filter 

In the previous section, the settings for an optimal gain in the case of white-noise disturbances, 
have been determined. In practice, however, the disturbances can have, in contrast to pure 
white-noise signals some coherence, i.e. pure white-noise processes are rarely encountered. 
Moreover, in practice, one often encounters the presence of certain deterministic processes, for 
example 50 Hz components contained in the mains voltage of electrical equipment. These non- 
white-noise disturbances prohibit an optimal setting for the Kalman filter such that tuning 
of the Kalman filter may still be based on trail-and-error. 

dynamics of this 3-DOF model can be written as: 
This tuning will be preformed for the 3-DOF model of the beam system. The error 

6 ( t )  = (A0 - GC) e( t )  + Giw(t) - Gv(t). (3.17) 

It is assumed that only the displacement at the middle of the beam, q m i d ( t )  and the displace- 
ment at a quarter of the beam, qac-(t) will be measured. Note that both the accelerations 
measurements will not be used in this case. The matrices V, and V,, see (3.13) and (3.14), 
can be written as: 

this is similar to the previous 1-DOF example. For V,, it will be assumed that the measuring 
errors are of the same order as the measurement accuracy of the used sensors, represented 
by linear variable differential transformers with an accuracy of N [m]. This resulted 
in intesity values for x0-l and VWo-2 to be after tuning the Kalman filter. For V, 
values were obtained by comparing computed accelerations to measured ones. This resulted 
in Vwo-, and Vwo-, being equal to 1, i.e. V, and V, are given by: 

V, = diag [ 1. 1 .  1 ,  V, =diag [ O O O 1 1 1 1 .  (3.19) 

To express one’s confidence in either the model or the measurements, the matrices V, and 
V, can be chosen differently. Note that especially the ratio between both matrices is of 
importance. If there is a lot of confidence in the model, the values of V, can be chosen high 
in relation to those of V,. On the other hand, if there is not so much confidence in the model, 
the inclination to hold on to the measurements results in larger values of V, compared to 
the values of V,. A reasonable compromise for the 3-DOF model is given by (3.19). This 
is shown in Figure 3.5,  where results of the stationary Kalman filter is depicted. Although 
only the displacements at a quarter as well as at the middle of the beam have been measured, 
the acceleration is reconstructed reasonably well, see the lower part of Figure 3.5. This can 
be compared with the experimental values of the acceleration at a quarter of the beam. In 
the middle left part, the reconstructed velocity is depicted, which can be compared with 
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the numerical values as a kind of reference. Looking at the upper part of Figure 3.5,  the 
experimental and reconstruced values of the displacement axe depicted as well as the error 
between these values. The error is 5.10-2 smaller than the maximum displacement of the 
actuator position. In the middle right part of Figure 3.5, the innovation is depicted. The 
innovation v( t ) ,  obtained by multipying this error with the optimal gain, or in general 

v( t )  = u {(.y@) + t@;; - cqq>, (3.20) 

will however be large. This is due to the high gain values of G. This implies that the 
used model for the observer is not so good. The reason for these differences may be due 
to unmodelled dynamics, or uncertainty in the exact time instance at which the beam will 
impact on the one-sided spring. Hence, the dynamics of the one-sided spring have not been 
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Figure 3.5 - Experimental as well as reconstructed time responses for the uncontrolled beam 
system at 35 Hz, based on the displacement measurements at actuator position as well as at the 
middle of the beam. 

taken into account. Note that the Kalman filter is based on linear error dynamics, where 
it is assumed that the real and the reconstructed midpoint displacements concide, i.e. the 
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moment of impact is equal in both cases. Differences between these displacements result in 
error dynamics which will not be linear anymore. Hence, stability, in general, cannot be 
proved beforehand. 

In addition to the previous derivation, we will now include both measured accelerations in 
the Kalman filter design. Measuring the acceleration at the actuator position as well as at the 
midpoint position has been realized with piezo-electric accelerometers which have an accuracy 
of x iov2 [ms-2], respectively. Naturally, the intensity matrices have to  Se adapted. Hence, 
Vu will now consist of four diagonal terms instead of two, because now four measurements 
will be used. 

Similarly, V, has to be adapted, i.e. all diagonal terms will now be chosen non-zero. The 
reconstruction of the velocity with this filter can be done in two ways: either by differentiating 
the position or by integrating the acceleration. In this filter, some kind of averaging between 
both ways has to be chosen. Both ways are considered equally important if all diagonal terms 
in V, are chosen equal to 1. 

Initially, it was expected that additional measurements would improve the reconstruction 
capabilities of the considered filter. However no better performance was obtaind. Besides, 
the considered filter turned out to be sensitive to changes in G in the sense that it became 
unstable. The reason for this instability may be due to unmodelled (higher order) dynamics 
or non-modelled disturbances. 

As many errors with the considered filter are due to problems caused by compensation of 
non-linear terms, the next chapter will focus on the case where this compensation is omitted. 
Hence, we will deal with non-linear error dynamics instead of the so far considered linear 
error dynamics. 





Chapter 4 

LMI-based Observer Design 

Compensation of the non-linearity as described in Section 2.1, can be effective, as long as 
the non-linear term, i.e. the one-sided spring, is exactly known. If not, the non-linearity can 
not be entirely compensated and the derived error dynamics will become non-linear. In that 
case, other techniques will be needed to analyse stability. One of these techniques is based 
on the properties of the error dynamics which enable the usage of so-called Linear Matrix 
Inequalities, abbreviated as LMI’s. With these LMI’s stability will be derived based on the 
existence of a quadratic Lyapunov function. In Section 4.1, two types of LMI-based observers 
will be distinguished. In Section 4.2 a non-switching observer based on LMI’s will be derived. 
This observer will be based on a constant, i.e. non-switching, gain matrix G. In Section 4.3, 
switching filters will be considered, i.e. filters that use different gain matrices, depending on 
the position of the middle of the beam. 

4.1 Types of LMI-based Observers 

For the non-linear beam system, two linear regimes can be distinguished. One for the position 
q m i d ( t )  5 O, and one for position qmid ( t )  > O, i.e. depending on the regime, stiffness of the 
one-sided spring will be added to the stiffness of the beam itself. The equations of motion for 
the beam system can be written as: 

k( t )  = (A0 + E (qmid(t)) Al) z(t)  + b 2 4 t )  + blU( t ) .  ( 4 4  

Like in the previous chapters, we want to derive stable estimation error dynamics, i.e. a 
stable observer. To this extent, the observer is chosen similar to the previous chapters, see 
e.g. (3.2), or: 

k( t )  = (A0 + E ( & i d ( t ) )  AI) g ( t )  + h v ( t )  + + <(i>- (4.2) 

A difference, however, is the fact that ( ( t )  will, in this case, not be used to  compensate the 
non-linearity 4 (t,  emid(t)), i.e. this non-linearity will appear in the error dynamics. In this 
chapter, [(t)  will only be used as a feedback on the output error, or 

23 
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The function G (z( t ) ,  2 ( t ) ) ,  i.e. the gain matrix, will be given three different structures, which 
can be distinguished into: 

case 1: G(z(t),i?(t)) = G 
GI if ~ ( t )  5 O 
G2 if ~ ( t )  > O . 
GI if 22(t) 5 O 
G:! if &(t) > O 

case 2: G (z( t ) ,g( t ) )  = 

case 3: G(z(t) ,2( t ) )  = 

(4.4) 

First, it can be seen that when G (z ( t ) ,  2( t ) )  is chosen equal to zero, no interaction will exist 
between the model and the observer, i.e. the model and the observer can have different 
periodic solutions independently from each other; this has already be shown in Chapter 2. 
Secondly, it can be seen that only in case 1 no switching occurs. Hence, only in this case, a 
single gain matrix will be used which leads to a non-switching observer. The difference with 
the two switching observers, i.e. case 2 and case 3, is caused by the fact that switching will 
occur; for case 2 on the measured midpoint displacement and for case 3 on the reconstructed 
midpoint displacement. Note that if G ( ~ ( t ) ,  2(t))  = G exists, we can always solve case 2 and 
case 3, namely: GI = Ga = G is a solution. 

First, an observer will determined, based on case 1, i.e. G(z(t) ,2(t))  = G. The observer 
based on switching gains will be discussed in Section 4.3. 

4.2 A Non-Switching Observer 

In this section, firstly, quadratic stability will be determined of the non-switching observer. 
Secondly, the filter’s performance will be improved and thirdly, a graphical version of the 
stability analyses will be given. 

4.2.1 Quadratic Stability 

To analyse the stability of the observer, we will consider the error dynamics, which is obtained 
by subtraction of (4.21, with (‘(i) = G ( y ( t )  - Cg(t>), from (4.11, or 

Equation (4.5) can be re-written as the piecewise linear system consisting of 4 regimes, i.e.: 
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(A0 - GC)e(t) = Aee(t) if z2(t) 5 O, &(t)  L O 
(A0 - GC)e(t) - A12(t) = A;e(t) - Alz(t) if zq(t) 5 O, &(i) > O 
(A0 - GC)e(t) + Alz(t) = A:e(t) + Alz(t) if q ( t )  > O, &?(i) 5 O 
(A0 + A1 - GC)e(t) = A;e(t) if m(t) > O, ii.g(t) > O 

’ (4‘6) k ( t )  = 

with A0 and Al according to (2.5). Note that ~ ( t )  equals q m i d ( t ) ,  22(t) equals & i d ( t )  and 
the error dyriamics for regime ~ ( t >  5 G ,  k2(t) > @ are re-written in the comination of the 
variables e(t) and z(t), instead of the combination of the variables e(t) and 22(t), based on 
e(t) = z(t)  - i?@). 

Although in each regime, a stable differential equation may be obtained, in general no 
guarantees can be given for the stability of the overall system. Moreover, asymptotic stability 
for (4.6) can be guaranteed, if there exists a quadratic Lyapunov function of the following 
form: 

v (e(t)) = e(tlTPe(t), P > O ,  (4.7) 

that decreases along every non-zero trajectory of the closed-loop system (4.6). The derivative 
of V (e@))  is given by: 

if ~ ( t )  5 O, &(i) 5 O 

- ~ ( t ) ~ F z ( t )  if z2(t) 5 O, 22(t) > O 
d t  + ~ ( t > ~ F z ( t )  if z2(t) > O, &(t) 5 O 7 (4.8) 

if ~ ( t )  > O, 22(t) > O 

where Knl is given by (2.5) and a1 is derived from alzz(t) = Alz(t) .  From (4.8) it follows that 
in the regimes where ~ ( t )  and 22(t) have opposite signs, their conditions can be re-written 
as e;(t)ea(t) > z;(t)z2(t). This transforms (4.8) into: 

T { A ~ P  + PA:) e(t> if ~ ( t )  5 O, X p ( t )  5 O 

if e?(t)e2(t) > z?(t)z2(t) , 

if z2(t) > O, S.q(t)  > O 
(4.10) 

where ez(t) = zz(t) - 22(t). However, condition e?(t)ez(t) > z?(t)q(t) can also be written 
as the inequality: 

e(t>T { A ~ T P  + PA;) e(t> - z ( t ) ~ ~ Z ( t >  

e(t>T ( A ~ T P +  PA:} e(t> + . z ( t > ~ ~ z ( t )  
T { A;TP + PA;} e(t> 
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G =  

z ( q T H z ( t )  < o, (4.11) 

- 1.75. lo3 5.23. lo3 
-1.61.104 6.55. io3 

-5.13. io7 3.28, io7  
- 4.80.109 -2.88. io9 

1.68 9 lo6 -7.58. lo5 
3.82. lo6 -1.69 * lo6 

where 

(4.12) 

in this form, a sLiGcient conditioïì for qmdrâkiz stability caz he  cbt2hed by applying the 
S-method; see [Boyd, 19941. The conditions for quadratic stability now require the existence 
of P > O, X 2 O and G. 
from: 

and 

These conditions, provided that there exists a P ,  a X and a G, follow 

< o, (4.13) 

(4.14) 

where AZ = A0 - GC and AZ = A0 + Al - GC. To solve the inequalities (4.13) and (4.14), 
P and G should appear as a convex combination. To obtain a convex combination, a change 
of variables Y = PG is applied. This results in: 

h2hT O [ 0 o ]  -A < O ,  (4.15) 
(A0 + A1)TP + P(A0 + AI) - yTCT - CY + X 

-aTP 

provided that Y ,  P > O and X 2 O exists. Solving the thus obtained LMI's in (4.15) and 
(4.16), where C is based on both the measurement of the displacement at the middle of the 
beam as well as at a quarter of the beam, results in the values for A, P and Y .  Using the fact 
that G = P-IY give 

(4.17) 
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Hence global asymptotic stability of the error dynamics is guaranteed, i.e. stability of the 
observer mentioned in (4.2), with [(t)  = G ( y ( t )  - Cit(t)), is obtained, Moreover (4.17) 
consists of large gains, which multiplied with the output error, see (4.3), gives large deviations 
in the error dynamics. Although these gains result in fast estimator response, the sensitivity 
to sensor noise will increase. 

4.2.2 Improving Observer Performance 

Large values for the matrix G will cause large errors in the case of sensor noise, which is not 
desirable. One can increase the filter's performance, i.e. decrease the gains in G, by using the 
freedom that is still available in the derived LMI's. This can be done by adding additional 
restrictions. Taking the condition 

(4.18) 

one demands that the largest singular value of GTG will be smaller than p, which can be 
minimized, i.e. with condition (4.18) one is restricting the magnitude the gain matrix G. 
However, by our knowledge, this condition cannot be written as a convex combination with 
the derived LMI's (4.15) and (4.16). Therefore, an alternative condition has been used to 
reduce the values of G, which is given by: 

(4.19) 

Note that (4.19) has actually no physical interpretation, but there will be an averaging between 
P and G that still has to be smaller than the value of p. With this choice, the conditions 
for quadratic stability, as given with (4.15) and (4.16), are now extended with minimizing p 
subjected to the existence of P > O, X 2 O, ,u > O ,  Y such that 

and [ y  .,'],o. (4.22) 

The derivation of (4.22) can be found in Appendix B. Both (4.20), (4.21) and (4.22) result 
in the existence of P,  Y ,  X and p which guarantees global asymptotic stability. Similar to 
(4.17) the gain matrix G can be calculated by substitution of G = P-lY, or 
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G =  

- 1.44. lo2 8.62.10' 
9.26 . 10' 2.14. lo2 
1.02 . io4 -7.28. io3 
1.25 .i04 2.80.104 

-3.92. io3 3-71 - io4 
- 1.87- lo6 3.56- lo5 

(4.23) 

Note that the gains of (4.23) are considerably smaller compared with the gains of (4.17). 
Xence, an improvement of iû4 can be obtained for certain gains. Tnis: in generai, conservative 
nature, can be illustrated by considering a graphical version of the stability analyses known 
as  the circle criterion. This criterion will be used to give a graphical interpretation of the 
question in what amout the gain matrix can be decreaed so that the error dynamics remain 
stable. 

4.2.3 

Stability proof for non-autonomous error dynamics that contain a sector bounded non-linearity 
can be shown with a frequency-domain technique called the circle criterion [Khalil, 1996, Slo- 
tine, 19911. For this criterion, it is assumed that the error dynamics can be written as a feed- 
back connection composed of a linear time-invariant system, together with a sector-bounded 
non-linearity (see Figure 4. i). By changing the linear system, stability for the overall dynam- 
ics can be obtained. 

Stability Analyses using the Circle Criterion 

Figure 4.1 - Feedback connection of a linear system and a non-linear element 

For the beam system, the error dynamics of (4.5) can be written as: 

= + 4 (ti ern&)) , (4.24) 

which is derived by choosing <(t) in the observer (4.2) equal to zero. From (4.24) the following 
state space form can be written: 

(4.25) 
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where 

- l l k n , d  
I, 

-4l @,!At)) = Ic,zc ( !?rnid( t ) )  Q r n i d ( t )  - h L l E  (Grnid(t)) G m i d ( 4 -  (4.27) 

From (4.25), the frequency-response function ~ ( j w )  between the input u(t) and the output 
y(t) can be obtained as: 

(4.28) 

Under the assumption that ~ ( j w )  has no eigenvalues on the imaginary axis, the non-linearity 
4' (t, emid(t)) is sector bounded and that the error dynamics for an arbitrary stiffness ki E 

[O, knl] are globally asymptotically stable, the circle criterion can be used to  investigate 
whether e( t )  = O is a globally asymptotically stable equilibrium point. The circle criterion 
guarantees stability when the inequality 

1 
Re { ~ ( j w ) )  > -- 'd w E R, 

k,l 
(4.29) 

is satisfied. Here, Re{X(jw)) represents the real part of the complex values of ~ ( j w ) .  

The graphical representation of inequality (4.29) is given in Figure 4.2. Stability is guar- 
anteed if ~ ( j w )  remains to the right of the vertical line through point -&, O in the complex ( nl ) 
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Figure 4.2 - Graphical representation of the circle criterion 
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plane. As can be seen in the left part of Figure 4.2, ~ ( j w )  does not remain right to the vertical 
line through point -&,O . In this case, stability of the error dynamics cannot be proved 
with the circle criterion. This is analogue to what we have noted before. Where there is no 
feedback, i.e. [( t )  = O such that the system matrix A0 remains unchanged and more that one 
periodic solutions can exist. 

o 
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There are two ways to assure that ~ ( j w )  to remain to the right of the restricted line. 
Firstly we can decrease the value of knl, which results in a shift of the vertical line to the left. 
However, this value of k,l is, more or less, in many cases physically determined and has to be 
considered as a given fact. Secondly we can change the dynamics of the linear time-invariant 
system by a feedback of the difference between measured and the estimated values of the 
displacements, i .e. 

(4.30) 

which lead to the new system matrix A0 - GC. Reasonable values for G may assure inequality 
(4.29) to be satisfied, which guarantees the global asymptotic stability of the error dynamics. 
In the right part of Figure 4.2, the stability result based on the gain matrix G of (4.23) has 
been shown. As can be seen, global asymptotic stability of the error dynamics with this gain 
matrix can be proved, because ~ ( j w )  remains right of the line ( -& ,O) .  It can also be seen 
that, the values of G can be chosen smaller. Hence, as long as ~ ( j w )  does not cross the line 
(-&-, O) , stability will be guaranteed. 

4.2.4 Simulations with the Non-Switching Observers 

With the non-switching observers, simulations have been performed based on the two different 
gain matrices: (4.17) and the improved matrix (4.23). In Figure 4.3, the difference between 
these two gain matrices is shown. In the upper left part, the displacement at the middle 
of the beam is depicted, whereas in the right part, the velocity is depicted. Note that the 
system and the observer are, initially, represented by different periodic solutions; the system 
is attracted by the 1-periodic solution, whereas the observer is attracted by the 3-periodic. At 
t = O [SI, the gain matrix is switched on and due to this, the displacement of the observer will 
converge to the displacement of the system. Note that both settings of G lead to convergence 
(as expected) as can be seen in the lower ieft part of Figure 4.3. Setting 1 represents the gain 
matrix according to (4.17), i.e. the gain matrix with high gains, whereas setting 2 represents 
the gain matrix according to (4.23), i.e. with the improved gains. Note that although setting 
1 has higher values, setting 2 shows a faster convergence to e,,,j(t) = O. It can also be seen 
that due to the high gains of setting i, a pulse-shaped response occurs, which can lead to 
large errors in case of measurement noise. 

4.3 Switching Observers 

In this section, switching observers or switching filters, as mentioned in Section 4.1, will be 
determined that prove to  be stable. These observers will contain two separate gains, GI and 
Gz, depending on the position of the middle of the beam. One can guarantee in advance 
that such switching filter will exist, due to the fact that the observer based on one gain is 



4.3 Switching Observers 31 

stable, i.e. the special case GI = G2 = G holds. This can be noticed as a special case of the 
switching observer. 
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Figure 4.3 - Time responses for the system at 57 Hz. 

4.3.1 

First, the case when switching will occur on the measured displacement at the middle of the 
beam, i.e. 

Design based on the Measured Midpoint Displacement 

(4.31) 

will be considered. Similar to the previous section, the error dynamics can be written into a 
piecewise linear system consisting of 4 regimes, i.e. 

(Ao - GiC)e(t) = Aeie(t) if z2(t) i O, 22(t) 5 0 
(Ao - GiC)e(t) - Airt.(t) = Aele(t) - Al+) if 22(t) 5 O, 22(t) > 0 
(Ao - G2C)e(t) + Aiz(t) = Ae2e(t) + Alz(t)  if ~ ( t )  > O, iCz( t )  5 O 
(Ao + Ai - GzC)e(t) = Ae2e(t) if a ( t )  > O, Z2(t) > 0 

. (4.32) 6 ( t )  = 
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Note that also now the error dynamics for regime ~ ( t )  5 O, 22(t) > O are re-written in the 
combination of variables e( t )  and z(t). Asymptotic stability for this linear switching system 
can be guaranteed, if there exists a quadratic Lyapunov function: 

v (e( t ) )  = e( t )TPe(t) ,  P > O ,  (4.33) 

that decreases along every non-zero trajectory of the closed-loop system (4.32). The derivative 
of (4.33) is given by: 

if zp(t) 5 O, ?,(i) 2 O 

- ~ ( t ) ~ F z ( t )  if ~ ( t )  5 O, 22(t) > O 
dt  + z ( t )TFz( t )  if ~ ( t )  > O, 22(t) L O 7 (4.34) 

if ~ ( t )  > O, 22(t) > O 

where z ( t )  and F according to (4.9). In the regimes where zp(t) and 22(t) are of opposite 
sign, the conditions can also be given by: e;(t)ez(t) > zT(t)z2(t), which transforms (4.34) 
into: 

e(t)T {AeTP + PA:,} e( t )  I e(t)T {ALFP + PA:,} e ( t )  

if z2(t) 1. O, &(t) 5 O 

if e;(t)e,(t) > xT(t)z2(t) . 

if zz(t) > O, 2 2 ( t )  > O 
(4.35) 

e(t)T {ALTP + PA:,} e ( t )  - z ( t )TFz ( t )  

e(t)T {A:;P + PA:,} e ( t )  + ~ ( t ) ~ F z ( t )  

d -V(e( t ) )  = or 
d t  

Re-writing the condition eT(t)eq(t) > zif(t)zz(t) as the inequality 

z( t )THz(t)  < o, (4.36) 

with H according to (4.12), one obtains a sufficient condition for quadratic stability by apply- 
ing the S-method; [Boyd]. The conditions for quadratic stability now require: the existence 
of a GI, G2, P > O, X >_ O such that 

AeYP + PA:, < O ,  (4.37) 

and 

Ai l  P + PA:, + X 

-aTP 

A:; P + PA:, + X 

I 
a l p  

(4.39) 
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1.2843 * lo2 6.4549 * 10' - 
9.5678. lo1 1.6033. lo2 
7.9073. lo3 -5.4715. lo3 
6.5090. lo3 1.6359. lo4  
7.9442. lo3 4.8600 * lo4 
1.3105. lo5 -2.0555. lo6 - 

and 
A;;P + PA:, < O ,  (4.40) 

where AZl = A0 - GlC, A& = A0 + A1 - GlC, AZ2 = A0 - G2C, AL2 = A0 + Ai - G2C 
and a1 according to (4.9). These conditions are not convex in the variables P ,  GI and G2, 
but with change of variables Y1 = PG1 and Y2 = PG2 the following equivalent conditions to 
(4.37), (4.38), (4.39) and (4.40) are obtained: solve 

(4.48) . 

T T  A ~ P  +  PA^ - c y1 - Y'C < o, 
and 

9.8945. lo1 8.4736 * lo1 - 
4.8478 . lo1 1.7666 . lo2 
8.2158. lo3 -4.3378 . lo3 
2.2205- 103 2.1210.104 

-3.7535. io3 -2.8568. io3 
5.8280. lo5 2.8728. lo6 - 

and 

and 

, G2 = 

(4.41) 

(4.42) 

(4.43) 

(4.44) 

provided the existence of P > O, X 2 O ,  Y1 and Y 2 .  To improve the observer performance, the 
values of the gain matrices will be reduced by adding the following constraints: 

which can be written as the following LMI's: 

and 

[ 'y1 y ]  > o ,  

[ $1 y ]  > o .  

(4.46) 

(4.47) 

Solving the LMI's as mentioned in (4.41), (4.42), (4.43), (4.44), (4.46) and (4.47), with min- 
imizing pl and p2 and where C is based on measurement of both the displacement at the 
middle of the beam as well as at a quarter of the beam, gives values for A, P,  Y1, Y2, pi 
and p2, which guarantee stability of the switching observer. The computed gain matrices are 
given by: 

G I =  
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4.3.2 Experimental Results 

In Figure 4.4, experimental results are depicted for the switching observer as derived in the 
previous subsection. In the upper left part of this figure the measured and reconstructed 
values of the displacement at the actuator position are depicted. Note that at t = O [SI, the 
observer has been switched on and will converge to the 2-periodic solution at 35 Hz, to which 
the beam system is attracted. In the right upper part the differences between the measured 
and reconstructed values are given. In the lower plot of Figure 4.4, the reconstructed and 
numerical values of the velocity at a quarter of the beam are depicted. Reconstruction of the 
displacement and velocity is satisfactory and the magnitude of the errors are in the same order 
a s  in experiments with the Kalman filter. Reasons for the errors can be given by modelling 
errors or unmodelled higher-order dynamics. 
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Figure 4.4 - State reconstruction based on a switching ñlter 
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4.3.3 Design based on the Reconstructed Midpoint Displacement 

Until now, there has been looked at a filter that switches on the measured displacement at the 
middle of the beam. However, it is also possible to design a switching observer that switches 
on the estimated value of ~ ( t ) ,  i.e. .2(t). In this case, G (z( t ) ,k( t ) )  is given by: 

(4.49) 

Like in Subsection 4.2.1, stability of the non-linear error dynamics can be guaranteed. Hence, 
the observer dynamics are also stable. The derivation of the LMI’s that guarantee the exis- 
tence of a quadratic Lyapunov function (4.33), which is analogue to the derivation in Sub- 
section 4.2.1, will not be given. We will give the conditions that guarantee such existence 
directly, i.e.: minimize pi and p2 based on the existence of P > O, X 2 O ,  pl > O, p2 > O ,  Y1, 

Y2 such that 

and 

and 

[ $1 Fj > o ,  

and 

[%I  z] > o ,  

where A0 and Al according to (2 .5 ) ,  al according to (4.9), Y1 = PG1, Y2 = PG2 and C is 
based on measurements of both the displacement at the middle beam as well as at a quarter 
of the beam. Computation gives values for A, P,  ,ul, p2, Y1 and Y2. This guarantees stability 
for the non-linear error dynamics as well as the observer dynamics, given by: 

(4.50) 

(4.51) 

(4.52) 

(4.53) 

The gain matrices as in (4.54) can be calculated according to: GI = P-l f i  and G2 = 

and are given by: 
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- 1.0003-102 8.3626.10' - 
6.1558 * 10' 1.6712 lo2 
7.2481 lo3 -3.6735. lo3 
4.2167 3 lo3 2.3190. lo4 

-6.2769. lo3 -9.1620 . lo3 
1.0447- IO6 3.6496. lo6 

' G2 = 

1.2477. lo2  6.3378 . 10' 
9.9277 * 10' 1.5211 * lo2  
7.1471 . lo3 -4.9259. lo3 
6.7105. lo3 1.6831 . lo4 
8.8087. lo3  4.7171 . lo4 
8.4976. lo4 -1.8769. lo6 

4.3.4 Design based on the Kalman Filter 

The LMI's in this chapter have been used to calculate gain matrices that guarantee stability 
for the non-linear error dynamics and for the (switching) observers. However, the opposite is 
also possible. Hence, when an arbitrary gain matrix is provided, stabiIity resulting from this 
matrix can be analyzed if this gain will lead to stability. In this sense, the LMI's can be used 
to check if a gain matrix assures stability. 

To improve reconstruction of the states, one can derive a switching Kalman filter based 
on Chapter 3. This implicates that specific gain matrices can be developed based on the 
knowledge of the intensity of the disturbances, i.e. in each of the two regimes a Kalman- 
based gain matrix can be derived. After having derived such gain matrices, stability can be 
checked with the use of the derived LMI's. 



Chapter 5 

Sliding Observer 

So far, the considered observers did not explicitly account for model inaccuracies. Model 
inaccuracies due to neglecting higher order modes of the linear beam system, or due to 
assuming the one-sided spring to be quasi-static, may result in the need for robust observers, 
such as the sliding observer, which will be considered in this chapter. 

The outline of this chapter will be as follows. First, the concept of a sliding observer 
represented by its sliding behavior will be considered. Then, a sliding observer will be derived 
for a 1-DOF case on a numerical basis only. This observer will be extended to the 3-DOF 
case and will be applied in the experimental setup. 

5.1 The Concept of Sliding Observers; Sliding Behavior 

Sliding observers originally stem from sliding controllers. Besides showing sliding behavior, 
sliding observers, such as the observers derived for the beam system, do not exploit the entire 
system state. This is because, in practice, the entire state in often not available through 
measurement. To illustrate the usage of sliding behavior in this case, two examples, such as 
given by [Siotine et al., 198’91, wiii be considered. On the basis of these examples, two features 
of sliding behavior, namely the shearing effect and the sliding patch, will be explained. As a 
first example, consider the following system: 

(5.1) 
kl(t) = z2(t) 
k:z(t) = -hzsign(zi(t)) ’ 

where h2 is a positive constant and sign represents the sign-function according t o  

i if q ( t )  > O i -i if x:l(t) < O 
sign(zl(t)) = O if zi(t) = O . 

Essentially for the derived sliding observers in this chapter, the sign-term should be present. 
Note that in (5.1) this sign-term is only a function of the state-variable zl(t), because it is 
assumed that za(t) will not be available by measurement. The addition of the sign-term in 

37 
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(5.1) does not result in sliding behavior as can be seen in the left plot of Figure 5.1, which 
shows that the desired equilibrium point zl(t) = q ( t )  = O is marginally stable. To obtain 
global stability of this equilibrium, an additional sign-term is added to equation (5.1); this 
results in the equations: 

kl(t) = za@) - hlsign(xi(t)) 
2 2 ( t )  = -h2sign(zl(t)) 7 

(5.3) 

where hl and h2 are both positive constants. The behavior of these equations is shown 
in the middle and right plot 

L 
O 

if Figure 5.1, where the two features of sliding behavior are 

I 

zoomed 
I 

O O 

Figure 5.1 - Second order system with switching terms based on xi@); sliding behavior, 
shearing effect and sliding patch. 

shown: the shearing effect and the sliding patch. Note that the phase-plane trajectories of 
system (5.3) can be constructed from the left plot by shifting the trajectories on the right-half 
plane upwards by a quantity hl and on the left half-plane by -hl. Thus, starting from an 
arbitrary initial condition, the shearing effect results in convergence to the sliding patch. For 
trajectories starting on the z2-axis, the patch will be reached within a time interval smaller 
than w. Once in a bound 

this sliding patch assure stability of the equilibrium point ~ ( t )  = z ~ ( t )  = O. In the article 
of [Slotine et al., 19871 it is claimed that once (5.4) is satisfied, q ( t )  converges to zi(t) = O, 
and hence, the assumption k l ( t )  = O is justified after some time. We have not been able to 
show this claim other than by simulation. An intuitive explanation about this claim goes as 

follows. 

The first equation of (5.3) can be written as: 
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which has a similar structure as the equations generally derived in sliding controllers, i.e. 
ki(t)+hisign(zi(t)) = O. To obtain this form, ~ ( t )  in (5.5) should be bounded by Izz(t)l < hl. 
Namely, in this case ~ ( t )  can be written as: 

z2(t)  = a(t,zl(t))sign(zl(t)) for ~ ( t )  # O, 

with -hl < a(t) < hl. Substitution of (5.6) in (5.5) gives 

(5.6) 

+ (h - a(t, Zl(t)))  sign (4)) = o, (5.7) 

with O < (hl - a(t ,z l ( t ) ) )  = @(t,zl(t)) < 2h1, i.e. p(t,z,(t)) represents a positive-valued 
variable. Hence, stability can be shown with the candidate Lyapunov function 

1 v (Zl(t))  = p ( t ) 2 ,  

and its derivative 

Or with in the bound Iz2(t)l < hl, convergence to ~ ( t )  = O seems to be guaranteed. Note 
that (5.6) is based on the assumption that q ( t )  # O. 

Once on the sliding patch, i.e. q ( t )  = O, the dynamics can be derived from Filippov’s 
solution concept [Slotine and Li, 19911. This concept states that on the patch the dynamics 
can only be a convex combination of the dynamics on each side of the discontinuity surface 

kl(t) = y (z2(t) + hl) + (1 - y) (z2(t) - hl) (5.10) 

From the above, (5.8) and (5.9), it is concluded that q ( t )  converges to zero. Therefore, it is 
assumed that kl( t )  also converges to zero. Substitution of kl( t )  = O in the first equation of 
(5.10) results in a specific value for y which is only a function of ~ ( t ) .  Hence, this function 
substituted in the second equation of (5.10) gives the following exponential behavior for ~ ( t ) :  

= yh2 + (1 - y) ( 4 2 )  

k&) = o =3 k:,(t) = -%2( t ) ,  
h,l - 2 t  ~ ( t )  = e  hl  to). 

(5.11) 

Therefor, after having reached the sliding patch, z2(t) will exponentially decrease to zero 
with a time constant 2. This behavior can be clearly be observed in Figure 5.2, where a 
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numerical example is depicted for the system (5.3), with hl = O, h2 = 40, zl(t = O) = O and 
z2(t = O) = 4.3. In the upper left part the phase-plane trajectory of the system is plotted, 
which clearly illustrates the shearing effect and the sliding patch. In the lower left part, 
the condition (5.9) is plotted. This condition only leads to convergence on the sliding patch 
(zi(t) = O) if z2(t) remains within the bandwidth of f h l .  In the lower right part of Figure 
5.2, ~ ( t )  is plotted as a function of time. One can see that after t = 0.2 [SI, z2(t) does no 
longer leave the bandwidth. At t = 0.23 [SI, the sliding patch has been reached (see the upper 
right part, where zl(t) is plotted as function of time) and the dynamics on the patch itself 
are determined by ~ ( t )  = e-40t. This can be seen in the lower right part of Figure 5.2, where 
~ ( t )  decreases exponentially to zero. 
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Figure 5.2 - Result of a simulation for system (5.3), where hl = 1, h2 = 40, zl(t = o) = 0 
and ~ ( t  = O )  = 4.3. 

To increase the region of direct attraction, i.e. to increase the band ]zz(t)l 5 hi, system 
(5 .3)  can be modified into: 

(5.12) 
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which gives sliding towards the sliding patch in the extended region 

n ( t )  5 h + g ~ z i ( t )  if zi(t) > 0 (5.13) 
~ ( t )  2 -hl + g I z i ( t )  if zl(t) < O 

The value of 9 2  has only effect on the capture phase contrary to the term gizi(t) ,  which 
increases the region of attraction. The dynamics on the patch remain unchanged. System 
(5.12) will be the observer structure as will be used in the sequel for the observer of the beam 
system. In Figure 5.3,  the advantage of this structure can be compared with the previous 
structure (see (5.3)). 

6 ,  I 

I I 

-41 I 
-0.05 O 0.1 

Figure 5.3 - Increase of the region of attraction according to system (5.12), compared with 
system (5.3); initial settings: see numerical example as depicted in Figure (5.2) with g1 = 20 and 
92 = 1. 

Besides increasing the region of attraction, numerical problems can be avoided by replacing 
the sign-function with a saturation function. One of these problems, known as chattering, 
can be viewed in the right part of Figure 5.4. By using saturation functions instead of sign- 
functions, chattering will be avoided. This may avoid large calculation times and this allows 
the gain of q ( t )  to be smaller. The saturation (sat) function is defined as: 

(5.14) 

(see Figure 5.5). This function results in a boundary layer around the switching surface with 
thickness 2cp. If cp is not too small, q ( t )  will remain inside the boundary layer. In the left 
part of Figure 5.5 the phase-plane trajectories are depicted for the sign-function and the sat- 
function with cp = 0.005. As can be seen, the sat-function smooths out the course around 
zl(t)  = O. Note that for Izz(t)l 5 hl, the trajectory stays within the boundary layer. In the 
right part, it can be seen that chattering does not occur. Hence from a computational point 
of view, the saturation functions are to be preferred. Therefore in the following applications 
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saturation functions will be used instead of sign-functions. 
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Figure 5.4 - Difference between the sign and sat-function; initial settings: see numerical 
example as depicted in Figure (3.2) with p = 0.005. 

Figure 5.5 - Graphical representation of the saturation function. 

5.2 Sliding Observer; a 1-DOF Case (Numerical) 

In the previous section, sliding behavior, consisting of the shearing effect and the sliding 
patch, has been shown for a relatively easy example. In this sectioIi we will apply this idea 
on an observer for the 1-DOF non-linear beam system. We consider the 1-DOF beam system 
as given by equation (1.4) and the matrices (3.15), or: 

This can be written as: 

.i@) = z2(t) 

.@) = f (+)) + $J(t) +u@) ’ 

(5.15) 

(5.16) 
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Based on the results of the previous section, we use an observer structure of the form: 

.i@) = .2@) - hlsign(el(t)) -glel(t) (5.18) 
&(i) = f ( g ( t ) )  + $v(t) + u(t) - hasign(ei(t)) - gael(t) ’ 

where el(t) = q ( t )  - &(t),  f (?(i)) represents the estimated value of f ( z ( t ) ) .  Hence, it 
is assumed that only the displacement q ( t )  is available from measurement. Similar to the 
previous section, sliding behavior is obtained by adding sign-terms to  both equations in (5.18). 
Moreover, two additional error terms with gains g1 and 92 are used. These terms are based 
on the Kalman observer as given in Chapter 3. Note that without the sign-terms, the thus 
obtained observer exactly represents the Kalman filter as derived in Chapter 3. The additional 
gain terms are used to extend the region of attraction, and are expected to handle the obvious 
presence of noise in the experiments. The resulting error dynamics can be written as: 

(5.19) 

In these equations, the term Af is introduced. This term represents the uncertainty, Af = 

f ( z ( t ) )  - f (ii(t)), which depends on the modelling errors; this uncertainty is assumed to be 
bounded. Similar to Section 5.1, the sliding patch will be attractive if 

h( t )  = e2(t) - hsign(ei(t)) - glel(t) 
& 2 ( t )  = Af - haSign(ei(t)) - g2e1(t) 

. 

whereas, the dynamics on the patch can be written as: 

h2 
e2(t) = Af - -e,@), hl 

(5.20) 

(5.21) 

see also equation (5.11). The behavior on this patch can be influenced by varying the ratio 
2. The constant hl can be viewed as the desired accuracy on ea(t), whereas the value of h2 

can be viewed as a measure for the modelling errors, i.e. h2 > Af. Basically, hl not only 
defines size of the sliding patch, but also determines the convergence on the patch. If hl is 
reduced, the speed of convergence will increase, however, the patch will become smaller and 
may possibly increase the sensitivity to measurement noise. In case of arbitrary measurement 
noise (i.e. el(t) becomes el(t) + v( t ) ) ,  system (5.19) cannot remain in a pure sliding mode. 
Hence, this would require the use of infinite large gains hl and h2. However, when it is 
assumed that the measurement noise is bounded by some constant vo, the system will remain 
in a vicinity of width vo near the e2(t) axis. This is shown in [Slotine et al., 19871. 

The derived sliding observer (5.18) is more robust for parameter uncertainty compared 
to the Kalman filter. This is shown by comparing both observers by means of simulations; 
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see Figure 5.6. In this figure, the switching gain hl is chosen as a bound on the steady-state 
estimation error e2(t), whereas h2 is chosen to be larger than the modelling errors. This gives: 

In the upper left part of Figure 5.6, the estimation error ei( t ) ,  i.e. the difference between the 
real and estimated value of the displacement, is plotted. In this figure, it can be seer, that the 
sliding observer shows a faster convergence to a certain steady-state error (due io disturbing 
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Figure 5.6 - Simulation of a sliding observer compared with a K h a n  ñlter based on dis- 
placement measurement only, fezc = 35 Ez. Initial values: q ( 0 )  = O [m], 340) = O [m]. Initial 
estimated values and parameters: &(O) = [m], &(O) = -0.2 [m], 7i2. = 0.75m, d = ?.5d and 
k: = 1.025k. Kalman gains g1 and g2 based on VVo = 1.77 . (discrete, 
At = 2 . 

and Vwo = 3.2 - 
[s]). Sliding observer based on saturation switching term with p = 1 . lo-*. 

noise) in comparison with the Kalman filter. This steady-state error is considerably smaller 
for the sliding observer, as can be seen in the upper right part of Figure 5.6. In the lower 
part of Figure 5.6, the estimation error of the velocity is depicted. Also in this case, the 
sliding observer shows a faster convergence, although this difference is not as clear as for the 
displacement. It should be noted that for the sliding observer, the initial error e2(t) is much 



5.3 Sliding Observer; a 3-DOF Case (Experimental) 45 

larger, compared to the Kalman filter due to the high gain ha. Hence, even if there remains 
a small initial estimation error, the sliding observer will react strongly to this difference. 
This can also be seen in the steady-state error depicted in the lower right part of Figure 5.6. 
While the Kalman filter smooths out the disturbances, the sliding observer reacts fiercely. 
However, if h2 is chosen smaller than the modelling errors, both the convergence time and 
the steady-state estimation error will increase. 

In general, it is concluded that the sliding observer shows a seemingly better peïfoïmance 
due to the fact that it is more robust to parameter uncertainty. However, noise can cause a 
high frequent response. This response may have a large effect on the system as a whole when 
exciting higher-order modes. This may be of importance in the following example of a 3-DOF 
observer for the beam system. 

5.3 Sliding Observer; a 3-DOF Case (Experimental) 

So far, a sliding observer has been considered for the 1-DOF model. With this knowledge, a 
sliding observer can be derived for the 3-DOF model, or 

k( t )  = A (2( t ) )  2(t)  + b2u(t) + biu(t) + G ( y ( t )  - C2(t))  + HI,, (5.22) 

where y(t) = CX@) is based on the measurements of the displacement at q m i d ( t )  and qact(t). 
G and H are gain matrices and 1, is a vector represented by: 

1, = [ sat (ei(t)<p;l) sat (e2(t)<pz1) I T  (5.23) 

where 
e@> =y&) - c i X i ( t ) ,  (5.24) 

and ci is the ith row of the C matrix. Note that the sign-functions in (5.18) are replaced 
by the computationally advantageous saturation functions; see the discussion at the end of 
Section 5.1. Subtracting equation (5.22) from (1.4), gives: 

6 ( t )  = Af - Ge(t) - Hl,, (5.25) 

where 
Af = A ( ~ ( t ) )  ~ ( t )  - A (2( t ) )  2( t ) .  (5.26) 

In equation (5.25), the matrix G represents the Kalman gain matrix; see equation (3.13) in 
Chapter 3. The matrix H can be written as: 

(5.27) 
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where hll and h 2 2  are chosen as the desired accuracy in e4(t) and e5(t)  respectively; h41 and 
h 5 2  are chosen to be equal to the expected model errors. 

Experiments with the 3-DOF sliding observer are shown in Figure 5.7. In this figure, 
three different settings of the sliding observer (see Table 5.1) are plotted for the midpoint 
displacement and velocity. In these settings, the influence of the (Kalman) gain G is neglected, 
i.e. G has been chosen equal to zero. At t = O [SI, the observer is switched on. A comparison 
of the different settings shows that setting 1 and 3 have a faster convergence time compared 
to the second setting (see left part of Figure 5.7). Besides the steady-state error for this last 
setting is considerably larger than for the other two settings, which are comparable to each 

setting h l 1  h22 lLL1 h52 41 9 2  
1 1 1 1.103 1.103 1 .  l - l o - L  

Table 5.1 - Sliding mode settings. 

other. The reason for these differences can be found in the 'low' value of h 5 2  for setting 2. In 
the right part of Figure 5.7, one can see the influence of the parameter h 2 2  representing the 
desired accuracy of the estimation error in the velocity at the middle of the beam. Namely, at 
a low value of this parameter smaller errors are observed. However, h 2 2  cannot be decreased 
infinitely to  obtain better results. This is shown in setting 2, where h 2 2  is chosen lo2 times 
smaller compared with setting 1. This comparison shows no essential difference in & d ( t ) .  

x lo4 
,setting 1 ,seiüng 3 0.12 

I -la! 1 O 0.2 
time [SI time [SI 

Figure 5.7 - Experimental results of e,id(t) and k,,(t) for 3 different settings of the sliding 
observer at 35 Hz. 

Based on the experiments, setting 1 seems to give the best results. This can also be 
shown for the other degrees of freedom, which are not depicted. For the reconstruction of 
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the acceleration, however, no differences could be found. Moreover, additional measurements 
such as the acceleration at the actuator position and at the middle of the beam, did not allow 
for an improvement in the behavior of the sliding observer. Surprisingly, this has also been 
concluded with the Kalman filter in Chapter 3. 

Using the Kalrnan gain of Chapter 3 in combination with setting 1 of the sliding observer 
does not lead to much further improvement compared with using the Kalman filter only. A 
reason for this result couici be that the present presumed modelhg erïoïs aïe very sinall. 
Another reason can be the non-modelled dynamics, such as higher order dynamics caused by 
the one-sided spring which has been neglected. 





Chapter 6 

Conclusions and recommendat ions 

Many of the available control schemes require knowledge of the state of the system. Because 
in practice often, only part of the state is measured, a state observer is required in order to 
enable an implementation of the controller. Throughout this report, several concepts of state 
reconstruction have been discussed, which can be subdivided into two categories, namely those 
that will lead to linear error dynamics and those that will lead to non-linear error dynamics. 
All observers seemed to be stable in simulation as well as in experiment. Despite the fact 
that in practice, the non-linearity may not be compensated entirely. If this compensation 
fails, non-linear error dynamics will result that does not have to be stable. The reason that, 
in practice, these type of problems have not been encountered may be explained by the fact 
that the used gain matrices lead to stable non-linear error dynamics. Hence, it can be shown 
that these gain matrices guarantee the existence of a quadratic Lyapunov function by using 
the LMI’s as derived in Chapter 4. In case of non-linear error dynamics, the gain matrices 
cannot be chosen arbitrarily small, which has been shown by means of the circle criterion in 
Subsection 4.2.3. When these gain matrices are chosen to small, stability of the non-linear 
error dynamics cannot be assured. In practice this means that the system and observer can 
have different periodic solutions. 

In general, it is assumed that additional information, obtained through measurement, will 
lead to better reconstruction of the system’s states. However, in the experiments the use 
of the two additional acceleration measurements at the middle as well as at a quarter of 
the beam did not lead to significant improvements of the state reconstruction. Moreover, in 
practice they could even lead to instability. One of the reasons for this observation may be the 
presence of high-frequent oscillations in the acceleration measurements. These high-frequent 
oscillations were partly caused by neglected higher order modes of the beam. However the 
3-DOF model of the beam did not account for these oscillations. Moreover, in this model, 
these oscillations may be viewed as additional disturbances. 

Surprisingly, the Kalman filter, the switching filter and the sliding observer did not show 
significant differences despite the presence of noise, disturbances and modelling errors. A 
reason for these negligible differences may be found in the quality of the used model, which 
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seems to be sufficient when only using two displacement measurements. Nevertheless, the 
model may, for example, be improved by accounting for the dynamics of the one-sided spring. 
This may improve the quality of the state reconstruction and may lead to noticeable differences 
between the observers in practice. Another option is to add extra degrees of freedom to the 
model. This may advocate for the usage of the two acceleration measurements which now 
may lead to improvement in the observer design. 

Tne fact that, in practice, no significant diiferences were obtained, does not mem that 
the used observers are capable of providing the same performance. For another system, these 
differences in performance may turn out to be much more important. The used Kalman 
filter is capable of taking the system and measurement disturbances into account, whereas 
the sliding observer is also capable of dealing with parameter uncertainties. Hence, if para- 
meter uncertainties play an important role, the difference between both observers are likely 
to increase. Also differences with respect to the computational effort can be of importance. 
The stationary Kalman filter as well as the switching observers only consist of stationary gain 
matrices. However, the sliding observer does also contain a hard non-linearity represented by 
a sign-term. This term will lead to large computational effort. Therefore, from a computa- 
tional point of view the former observers ought to be preferred. For the beam system, the 
compromise between performance and computational effort favors the use of an LMI-based 
observer is to be preferred. 

Throughout this report, it is assumed that the actuator measurement will take place at 
a quarter of the beam. The use of this measurement, together with the one at the middle 
of the beam, proved to be sufficient to stabilize the non-linear error dynamics. However, in 
case the actuator measurement would have been taken place at any other location along the 
beam, stability of the non-linear error dynamics could also be guaranteed. This is shown 
in simulation, practical results, however, are not available so far. An interesting question, 
within this respect, is the search for optimal sensor locations. Questions arise like: does it 
matter where the actuator measurement is performed on the beam, and if so, which actuator 
locations ought to be preferred. These questions may be part of future research. 

To further extend the applicability of the LMI’s, i.e. to decrease the conservatism induced 
in the stability result, one may argue about the usage of piecewise quadratic Lyapunov func- 
tions, see [Johansson and Rantzer, 19961. Up till no=, only quadratic Lyapunov functions have 
been used to prove stability. Either numerically based on LMI’s, or theoretically/graphically 
based on the circle criterion. A difficulties that may occur is that the piecewise quadratic 
Lyapunov functions have to be continuous over the regimes. Another interesting point in this 
context, may be the search for optimal values for the gain matrices in presence of measurement 
and system noise. 
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Appendix A 

Numerical Values 

The numerical values of the used 3-DOF model of the non-linear beam are: 

1 2.49171266 10' -7.39353071 lo-' 1.00670592 
M =  [ -7.39353071 lo-' 4.70207355 10' -2.55145832 lop2 

1.00670592 2.55145832 2.78179792 

1 9.13975994 10' -5.46796875 10' 3.12421552 lo-' 
-5.46796875 10' 7.30340017 10' -3.54360794 10-1 
3.12421552 10-1 -3.54360794 lo-' 1.08926256 low2 

1 3.82896231 lo5 -2.59390789 lo5 -9.78184925 
K =  [ -2.59390789 lo5 2.10586254 lo5 2.65589609 

-9.78184925 2.65589609 loF7 6.10747501 10' 

knl= 196560 [Nrn-l] 

A,,, = Cew2, where C, = 9.39810-4 [Ns2] and w = 2~ fezc 

The numerical values of the used 1-DOF model are: 

M = 5.15 [kg], B = 16.84 [Nms-'1, K = 34410.56 [Nm-'1 

knl 196560 [Nm-'1 and A,,, = ceW2, where Ce = 9.398 [Ns2] and w = 2~fexc [s-'1 
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Appendix B 

Derivation of Optimizing condition 

In this appendix, the derivation of the optimizing condition I1 GTPG I/ < p into LMI structure 
will be given. Writing the optimizing condition as: 

1 
where PTT = P i .  The Euclidean norm of a certain term 1 1 . 1 1  is equivalent to minimizing this 
term, which can be written as: 

Using G = YP-' we can write 

Rewriting gives: 

YTP-lY < p. (B.5) 

Now we have to change the structure of this inequality in such way that it can be written in 
LMI structure, as described in [Boyd, 19941. This is done by the following steps. 

p I  - YP-lY > o, P.7 )  

which leads to  the LMI: 

where p > O and the extra condition to minimize A. 
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Supplement 

The objective of this supplement is to show under which conditions the line zl(t)  = O will be 
attractive as claimed by equation (5.4) in Chapter 5. 

For the given system 

“(i) = Z 2 ( i )  - Wgn(z1(t))  
= -hzsign(zl(t)) 

it is desired to know which arbitrarily chosen points within the bandwidth Izs(t>l 5 hl will 
converge to the line zl(t)  = O. Suppose an arbitrarily point ( z1(0) ,~2(0) )  is chosen on a 
specific line within the bandwidth Izz(i)l I hl where q ( 0 )  < O and ~ ( 0 )  > -hl, see Fibme 
(0.1). This specific chosen line will still just lead to convergence, i.e. every point left of this 

O 

Figure 0.1 - Graphical representation of the area in which convergence to q ( t )  = O will take 
place, without leaving the bandwidth Izz(t)l 5 hl. 

line will not lead to q ( t )  = O, under condition Izz(t)l 5 hl , but will actually leave the 
bandwidth. All points between the right of this line and q ( t )  = O will converge to q ( t )  = O, 

I~Cn(t)l I hl. 
Under the conditions q ( 0 )  < O and ~ ( 0 )  > -hl, system (0.1) can be written as: 



Supplement 

which, after integrating, can be written as: 

(0.3) 
zi(t) = ih2t2 + 52ot + hit + ~ 1 0  

z2(t) = h2t + 5 2 0  

At i 1  = O, q ( t )  equals -hl. Substitution of this given in the second equation of (0.3) gives 
the value for 5 2 0 ,  or 

5 2 0  = -hl. (0.4) 

The line through (q(O),z2(0)) may not leave the bandwidth, so after a certain time the 
maximum value of z2(t) equals hl. The time t 2  to arrive at this line is given by: 

When z2(t) = hl, q ( t )  has to equal zero, otherwise no convergence will be obtained. Using 
the first equation of (0.3), together with (0.4) and (0.5), gives the value for 510, or 

With (0.4) and (0.6), equation (0.3) becomes 

The equations of (0.7) d e h e  the line through ( q ( O ) ,  52(0) ) ,  that will just guarantee conver- 
gence to q ( t )  = O. 

So far, the left line in Figure (0.1) has been defined. Analogue to the previous derivation, 
the eqxiatioris that defGe the right line are given by: 

The lines given by (0.7) and (0.8), together with 5 2 ( t )  = -hl and ~ ( t )  = hl define an area 
in which every arbitrarily point ( q ( t ) ,  ~ ( t ) )  will converge to ~ ( t )  = O without leaving the 
bandwidth I 5 2 ( t ) l  5 hl. 



Observer Design for a Beam System with One-sided Spring 
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ti 0 difference between measured and estimated outputs, 
A beam system with one-sided spring can be 
considered i!s i! simp!ified model for a complex 
macücal example such as a suspension bridqe. Due 

i-e. 

z(t) = G(Y(f), Yl;t))(y(f) - Ci(f)), 
to excitation by wind or earthquakes, large-amplitude 
vibrations of the roadbed can occur, that can cause 
the bridge to collapse. To avoid these vibrations, 
control schemes have been developed that require the 
entire state. Therefore, the objective of this project 
was to design state observers for the beam system. 

A 3-DOF model is considered represented by the 
following equations of motion: 

x(t) = A(x(f))x(t)+b*v(t)+b,~(f), 

with A(x(0) the system matrix, v(t) the excitation force 
étrir;i ti@ the antro! form. The obseri,er is chosen 
similar to this model with the exception of an additional 
term z(Q, or 

af) = A(at))at) + b,v( f) + b, U( t )  + Z( t). 

Depending on the choice of z(Q, two classes of 
observers can be distinguished: one based on linear 
and one based on non-linear error dynamics. In the 
first class, the non-linearity caused by the one-sided 
spring will be compensated. In the second class, this 
compensation will be omitted. Besides compensation, 
both classes wiil always contain a feedback of the 

with y(t)=Cx() the measured output and G a gain 
matrix which has to be determined. This matrix will be 
derived from four types of observers: a deterministic 
observer, a Kalman filter, an LMI-based observers and 
a sliding observer. 

An experimental result for one of these observers 
(LMI-based) is shown below: 

O 
- t v  

-0.1 
time rsi 

0.2 

At !=O Es!, the obsemer is switched on. from thzt time 
the estimation error rapidly decreases to a certain 
steady-state error. 

The considered types of observers can be used for 
state reconstruction for the non-linear beam system. 
Differences expected on the basis of simulations are 
not clearly encountered in practice. An explanation for 
this result can be found in neglected higher order 
dynamics. Apparently, modelling errors are the main 
problem for the observer to deal with, regardless of 
the observer type chosen. 
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