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Abstract

In this thesis, the direct and inverse problems are considered for the scattering of electri
cally polarized waves by a two-dimensionally inhomogeneous dielectric cylinder of arbitrary
cross section embedded in free space. In the "direct" case, the excitation is either a tran
sient or a time-harmonic wave, generated at infinity (a plane wave) or by a line source in
the vicinity of the cylinder. The material inside the cylinder may be lossy. The aim of
the computation is to find the total electric field inside the cylinder and, subsequently, the
scattered field outside. In the "inverse" case, this scattered field is known on a circular
contour surrounding the cylinder. Now, the shape and the material composition of this
cylinder must be determined. For simplicity, the analysis is restricted to lossless objects
excited by time-harmonic waves generated by line sources.

The entire analysis is based on a contrast-type integral relation that expresses the electric
field in the actual configuration in terms of the field that would be generated in some
known reference configuration and a superposition integral involving the actual field, the
Green's function for the reference configuration and a contrast function. The latter func
tion corresponds to the difference in material parameters. This integral relation is used
in two ways: as a "field equation" describing the field inside the cylinder and as a "data
equation" relating the known scattered field on the circular contour of observation to the
unknown field and permittivity inside the cylinder.

In the forward problem we consider only the field equation, in which the reference medium
is chosen as simple as possible. Consequently, we take free space throughout, which leads
to closed-form expressions for the reference field (i.e. the incident field), and the Green's
function. The integral equation thus obtained is discretized spatially such that its con
volution structure is preserved. This allows the application of an iterative technique, the
so-called conjugate-gradient FFT method. In case of a varying frequency, angle of incidence
or other relevant physical parameter, this method is augmented by a special extrapolation
procedure.

In the inverse problem, the reference medium is chosen as close as possible to the actual
medium by taking the best approximation available at any stage in the reconstruction. The
data equation is linearized by replacing the exact field inside the cylinder with the field in
the reference medium. This leads to a, hopefully better, approximation of the unknown
configuration so that the procedure can be repeated until measured and simulated data
match. This is known as the distorted-wave-Born iterative technique. The resolution and
the dynamic range of this technique are investigated qualitatively by considering special
cases. Based on the results, the technique is generalized to a scheme for multiple-frequency
. .
mverSIOn.
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Chapter 1

Introduction

This report describes several aspects of electromagnetic scattering problems. There are ba
sically two types of electromagnetic scattering: direct (or forward) scattering and inverse
scattering. Direct scattering is the physical process of the scattering of a combination of
incident waves by an object. The scattering depends on the geometry of the object and
the material it is made of. Over the years, many techniques have been developed to model
direct-scattering problems.

Inverse-scattering techniques are used to retrieve information about an unknown config
uration of matter. This information is generally not available by direct measurements.
Therefore, the desired physical parameters have to be determined by processing data gath
ered at a location outside the object. In such a situation, the object of interest is not
affected by the measurement procedure in any tangible way. Areas in which these tech
niques are used include geophysics, medical diagnostics and radar (target recognition).

In Figure l.~. the situation is depicted for a dielectric cylinEer. The incident waves are
denoted by E' (r, s) and the scattered field is referred to as E8 (r, s). In the case of direct
scattering, the incident field and the permittivity and permeability distribution are known,
while in the inverse-scattering case, the incident field and the scattered fields are measured
and distribution some distributed material parameter has to be reconstructed.

There are several classes of inverse-scattering problems, depending on the physical prop
erties to be retrieved:

• Identification, in which we want to determine whether or not a specific object belongs
to a certain class of targets.

• Inverse profiling, in which we want to determine some spatial distribution of an
unknown material parameter, in which case the geometry of the configuration is
known.

• Inverse scattering, which is similar to inverse profiling, except that there is no a priori

2
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Figure 1.1: Illustration of the configuration of a dielectric cylinder in vacuum.

information regarding the geometry of the object. Inverse profiling is a specialization
of the general inverse-scattering problem.

• Shape reconstruction, where the material composition of a, usually homogeneous,
obstacle is known and its shape needs to be determined.

To understand the basic principles of inverse scattering we first examine its place in elec
tromagnetic theory. The elementary laws of physics (e.g. Maxwell's equations) apply to
both scattering types, but an inverse-scattering problem is generally far more difficult to
resolve, perhaps with the exception of the ones that are accessible with straightforward
Fourier-type techniques as used in radar imaging. A thorough introduction to various
methods for solving inverse scattering problems can be found in [Hopcraft, 1992].

In this thesis, the direct and inverse problems are considered for the scattering of electrically
polarized waves by a two-dimensionally inhomogeneous dielectric cylinder of arbitrary cross
section embedded in free space. In the "direct" case, the excitation is either a transient
or a time-harmonic wave, generated at infinity (a plane wave) or by a line source in the
vicinity of the cylinder. The material inside the cylinder may be lossy. The aim of the
computation is to find the total electric field inside the cylinder and, subsequently, the
scattered field outside. In the "inverse" case, this scattered field is known on a circular
contour surrounding the cylinder. Now, the shape and the material composition of this
cylinder must be determined. For simplicity, the analysis is restricted to lossless objects
excited by time-harmonic waves generated by line sources. The configuration is graphically
illustrated in Figure 1.3.
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Top view
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Cross-sectional plane
Figure 1.2: Three-dimensional view of a two-dimensional object.

4

The entire analysis is based on a contrast-type integral relation that expresses the electric
field in the actual configuration in terms of the field that would be generated in some
known reference configuration and a superposition integral involving the actual field, the
Green's function for the reference configuration and a contrast function. The latter function
corresponds to the difference in material parameters. This integral relation is used in two
ways: as a "field equation" describing the field inside the cylinder and as a "data equation"
relating the known scattered field on the circular contour of observation to the unknown
field and permittivity inside the cylinder.

In the forward problem we consider only the field equation, in which the reference medium
is chosen as simple as possible. Consequently, we take free space throughout, which leads
to closed-form expressions for the reference field (i.e. the incident field), and the Green's
function. The integral equaton thus obtained is discretized spatially such that its con
volution structure is preserved. This allows the application of an iterative technique, the
so-called conjugate-gradient FFT method. In case of a varying frequency, angle of incidence
or other relevant physical parameter, this method is augmented by a special extrapolation
procedure.

In the inverse problem, the reference medium is chosen as close as possible to the actual
medium by taking the best approximation available at any stage in the reconstruction. The
data equation is linearized by replacing the exact field inside the cylinder with the field in
the reference medium. This leads to a, hopefully better, approximation of the unknown
configuration so that the procedure can be repeated until measured and simulated data
match. This is known as the distorted-wave-Born iterative technique. The resolution and
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dielectric

object

receiver

line source

Figure 1.3: The two-dimensional inverse-scattering configuration.

the dynamic range of this technique are investigated qualitatively by considering special
cases. Based on the results, the technique is generalized to a scheme for multiple-frequency. .
mverslOn.

In the next chapter, we start by formulating the problem more extensively. The third chap
ter deals with the direct-scattering problem, in both the frequency and the time domain.
The fourth chapter handles the inverse-scattering problem. Finally, we will give some con
clusions regarding the techniques described in the previous chapters. Also, we will discuss
possible generalizations of the techniques and problems described in this report.



Chapter 2

Formulation of the problem

In this chapter, we will formulate an integral relation that expresses the electric fields
in a two-dimensional configuration representing the problem we want to solve. First, we
describe the two-dimensional configuration to which we limit our problem. Next, we spe
cialize Maxwell's equations to that configuration. For this geometry, we derive an integral
representation for the field scattered by our two-dimensional obstacle. In subsequent chap
ters, this integral representation will play an essential role in the solution of both the direct
and the inverse-scattering problem.

2.1 Description of the configuration

In this section, we describe the configuration for which we want to solve the direct- and
inverse-scattering problems. We consider a two-dimensional space Voo in which an object
is located in a two-dimensional cross-sectional area V2 • The object has a permittivity c (ji),
which differs from the vacuum value co, and a permeability flo. The permittivity inside V 2

depends on the position. The surrounding medium is denoted by VI. This medium has a
permittivity of co and a permeability of }lo, the constitutive parameters of vacuum. The
interface between V 2 and the surrounding medium VI is determined by a contour 8V2 ,

across which the permittivity is generally discontinuous. We limit our inverse-scattering
problem to a lossless dielectric cylinder. The direct-scattering problem is solved for a com
plex permittivity, so that losses can be accounted for.

In the case of inverse-scattering problems, the shape of the region V 2 and the permittivity
distribution c (ji) inside V 2 need to be reconstructed by performing measurements outside
V 2 • To make this possible, we need to identify some region in which the scattering object
is located. Therefore, we introduce the observational domain Vo. This domain completely
encloses the two-dimensional cross section of the dielectric cylinder, V 2 • The outline of the
domain V o is denoted by 8Vo' We define a vector in as the vector normal to 8Vo , directed
outward. The region outside domain V o is denoted by 'Do. With these definitions, we find
the following relations:

6
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• bD2 is surrounded by h'Do ,

• b'Do is surrounded by bDl'

Figure 2.1: The scattering configuration.

7

As shown in Figure 2.1, a right-handed Cartesian coordinate system is introduced with unit
vectors ix, ~ and iz in the x, y and z-direction, respectively. We also define a cylindrical
coordinate system with position vector r = pip(</» +ziz • Since we restrict our problem to a
two-dimensional space, the configuration is independent of the z-coordinate. We therefore
break up the position vector r into:

with p = 1P1,and p= pip(</», 0 < p < 00, and - 7r < l{J < 7r. (2.1 )
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The vector pdenotes the two-dimensional position in the entire region 'Doo •

8

We define the following two types of electromagnetic waves incident on the configuration
at hand:

1. A plane wave incident from 'Do. This wave may be regarded as originating from a
properly normalized line source at a large distance from 'D2 •

2. A cylindrical wave generated by a line source, located on 8'Do•

Both sources can generate either a time-harmonic signal or a transient pulse. For the
forward-scattering problem, we are interested in the scattered fields from either source
type. For the inverse-scattering problem, we limit our observations to the time-harmonic
line source.

We would like to calculate the fields within region 'D2 , as well as on the contour 8'Do and
in the far field. In the next section, we formulate the equations that describe the field in
our configuration.

2.2 The electromagnetic field equations and normal
ization

We start the mathematical formulation of the problem from the full three-dimensional
version of Maxwell's equations, in the time domain:

in which:

- v x if. (r, t) +at15 (r, t) + je (r, t) 

V x t (r, t) +OtB (r, t)

-:r (r, t),
_iCe (r, t) ,

(2.2)

(2.3)

V

t

at
t (r, t)

if. (r, t)

15 (r, t)

r - position vector [m]'

_ gradient operator [m-1
],

- time coordinate [s],

partial differential operator with respect to t [8-1],

- strength of electric field [V1m],

strength of magnetic field [Afm],
- density of electric flux [Cfm2j,
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B(r, t) 

je (r, t)

jc (r, t)
.... e

K (r, t)

density of magnetic flux [T],

volume density of external electric current [A/m2J,
volume density of induced electric current [A/m2

],

volume density of external magnetic current [V1m2
].

In these equations, script capitals denote time-dependent fields. In case a non-magnetic,
instantaneously reacting, isotropic medium is present, the constitutive relations are given
by:

with:

V(r, t)

B(r, t)

j\r,t)

c(ji) E(r, t),

po H(r, t),

a(p) E(r, t),

(2.4)

(2.5)

(2.6)

c(fl) COCr(fl) = permittivity [F1m],
co permittivity of vacuum [F1m],

cr(fl) - relative permittivity [],

po 41l" . 10-7 = permeability of vacuum [Him],

a(ji) conductivity [S/m].

In (2.4), (2.5) and (2.6), we have already accounted for the feature that our spatial con
figuration is two-dimensional. Furthermore, the following assumptions are made regarding
the volume current densities:

• As mentioned earlier in our discussion, we will look at electrically polarized waves
incident on the configuration in 'Do. These incident waves are excited by the volume
density of external current denoted by je (p, t). For electrically polarized incident
waves, the current is directed in the z-direction: je (p, t) = Jze (p, t) iz.

• We assume the external magnetic current density to vanish for all values of rand t:
i-e(r,t) = O.

Both in the formulation and in the solution of the direct- and inverse-scattering problems,
the frequency-domain counterpart of equations (2.2)-(2.6) plays an important role. To ar
rive at these expressions, we introduce the forward Laplace transformation, which converts
a causal function to the time-Laplace domain:
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00

E(r,s) = Jexp(-st)£(r,t)dt
to

in which:

s j3 + iw, f3, w E R, j3 ~ 0,

to initial instant before which £ (r, t) is identically zero.

10

(2.7)

For transient fields in passive media, the integral converges for all complex values of s,
Re(s) ~ O. We then have a frequency-domain representation of a time-domain signal.

The inverse Laplace transformation is defined as:

£ (r, t)
/3+ioo

2~i J exp(st)E(r,s)ds,
(3-ioo

exp (j3t) Joo (. ) E ( .... j3 .) dw
1r Re exp zwt r, + zw .

o

(2.8)

Equation (2.8) represents the transformation of a frequency-domain representation to its
time-domain counterpart. The inversion integral is also referred to as the Bromwich inte
gral, and the contour in the complex s-plane is known as the Bromwich contour.

When we apply the forward Laplace transformation (2.7) to Maxwell's equations in the
time domain, (2.2) and (2.3), we end up with:

- \7 x H(p, s) + sc:(ii)E(p, s) +a(ii)E(p, s)

\7 x E(p, s) + sJi-oH(p, s)

_ _Je(p, s),

O.
(2.9)

(2.10)

We now eliminate the magnetic field H (p, s), which is feasible since Ji- (p, s) = Ji-o. From
equation (2.10), we observe:

SJi-oH(p,s) = -\7 x E(p,s). (2.11)
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Also, we use the vector identity: \7 x (\7 x E) = \7 (\7 . E) - \72E. Since E(p, s) =

Ez(x, y, s )iz, the term 'V. E= O. Using this observation and introducing (2.11) in equation
(2.9), we obtain a scalar equation for the electric field Ez :

(2.12)

We have replaced the gradient operator \7 in (2.9) and (2.10) by its transverse part \7T,
since the electric field depends on the transverse coordinates only. The operator \7T rep
resents derivatives in the transverse plane. Since E(p, s) has a z-component solely, we
note from equation (2.11) that the only components in the magnetic field H(p,s) are the
transverse components: HAp, s) and Hy(p, s). Of the three nonvanishing field components
that we have left, we consider EzUl, s) as the fundamental unknown.

We now introduce the Laplace-transformed constitutive parameter relation:

~ u(ii) u(ii)
Cr(P,s) = cr(ii) +- = 1 + X(ii) +-,

COS COS
(2.13)

in which X (ii) denotes the dielectric susceptibility. Using (2.13), we obtain the modified
Helmholtz equation:

(2.14)

We now introduce dimensionless normalized field equations. The normalized quantities
correspond closer to the nature of both inverse and forward scattering problems and reduce
the values of the variables to values that are suitable for numerical computations. The
normalized quantities are given by:

s

u(fi)
€(ii)

Je(p,s)
E(p, s)

p/Po,
<jJ,

Pos/C<J,
Zou(ii)po = P,oC{)u(ii)po,

Cr(ii),

Zopo]e(p,s) = p,oCopo]e(p,s),

E(p,s),
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with:

12

po

Zo

radius of circular observation contour,
1

~the speed of light in free space [m/s],
colla

!iii = the wave impedance of free space [il].
V~

For further reference, we will omit the tildes unless this may cause confusion. Also, we
only use the normalized field quantities.

2.3 Integral representation

We will now formulate an integral representation for the electric field in Voo ' To this end,
we introduce two new definitions:

1. A reference configuration, in which the solutions to Maxwell's equations are assumed
to be known. Preferably, we will choose this configuration simple enough, so that
the reference solution is available in closed form.

2. A perturbation superimposed on the reference medium, which causes the solution of
Maxwell's equations in the actual problem to differ from the solutions found for the
reference medium.

We define:

Ere!(p, s) + b..E (p, s) ,

c;e!(p, s) +C (P, s) .

(2.15)

(2.16)

The reference electric field Ere! (p, s) is the field that would be present if the perturbation
was omitted. C (p, s ) (or b..c (p, s)) denotes the contrast function. The contrast func
tion represents the perturbation with respect to the reference medium. We assume that
C (p, s) only exists in V o' In region V o , the relative permittivity equals the reference value

c;e!(p, s) = 1. The contrast with respect to vacuum is denoted by Co (p, s).

We regard the normalized Helmholtz equation for the total electric field in our configura
tion:
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V~Ez (p, s) - S2 Cr (ii, s) E z (p, s) = sJ; (p, s) ,

which holds for all pE P oo • Substituting (2.16) in (2.17), we obtain:
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(2.17)

(2.18)

For the reference field E-;e!(P) in the reference configuration, in which the contrast C (p, s) =
0, we obtain the Helmholtz equation:

(2.19)

When we subtract equation (2.19) from (2.18), we end up with:

(2.20)

In equation (2.20), the right-hand side represents a contrast source density, which differs
from zero only in the region containing the contrasting medium, Va. On the left-hand
side of equation (2.20), E (p, s) - Ere! (p, s) denotes an electrically polarized wave which
propagates away from 1)0 at infinity.

We note that the field in equation (2.20) can be written as a linear combination (superpo
sition) of responses to unit sources in Va. We now introduce the two-dimensional Green's
function as the field that is generated by a unit-amplitude source in the reference medium.
This function satisfies the following second-order differential equation:

(2.21)

Of course, Cre! (p, jJ; s) represents an outgoing wave as IPI ~ 00. The Green's function

Cre!(p, jJ; s) is the response of a system to a time-harmonic unit source, located at p= jJ.
To express the field perturbation ti.Ez (p, s) in terms of this Green's function, we first
write the contrast source on the right-hand side of (2.20) as a continuous superposition of
elementary sources:

(2.22)
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Now, we can apply the superposition principle, which states that the effect of a superpo
sition of sources is the sum of the resulting fields, in (2.22). Thus, we obtain:

(2.23)

We recognize equation (2.23) as a general expression, suitable as an integral representation
for both the forward-scattering problem and the inverse-scattering problem. It represents
the exact, analytically derived fields for our two-dimensional configuration with a dielectric,
lossy cylinder, related to the corresponding fields in a given reference medium.

2.4 Considerations regarding field representation on
the observational contour 8'D0

We regard the configuration as depicted in Figure 2.1. In this configuration, the contour
8Vo is the boundary between an observational domain Va' containing a known (direct
scattering) or an unknown (inverse scattering) inhomogeneous permittivity distribution,
and a region that contains only a homogeneous reference medium, 7)0' We are looking for
a unique representation of the fields in terms of their value on the observational contour
8'Do . The incident field can be either a line source positioned on 8'Do , producing cylindrical
waves, or a plane wave originating from an appropriately normalized line source at p = 00.

The scattered field can be measured on 8Vo, or at any position in in 'Do. We now find the
following two representation theorems:

1. Any incident field in Va can be generated by a surface current density on 8Vo , or as
a combination of plane waves originating from Va.

2. The scattered-field distribution measured on 8'00 completely determines the scattered
field in Va.

The proof of these two theorems can be found in Appendix A. Section A.I describes the
first observation. The proof for the second theorem is found in Section A.2.

We observe from the two theorems mentioned above that we can limit our observations to
the scattered field measured on an observational contour 8Vo generated by incident plane
waves or incident fields caused by line sources positioned on the same contour.



Chapter 3

Solution of the forward-scattering
problem

Forward scattering (or direct scattering) is the physical process of scattering of an incident
electromagnetic wave by an object of given dielectric, magnetic and/or conductive matter.
In this chapter, we will examine the forward-scattering problem for our two-dimensional
configuration. We use the integral representation for the electric fields, as derived in the
previous chapter. In a forward-scattering configuration, the known quantities are the con
trast function and the incident field. The unknown quantity is the total electric field, inside
and outside the cylinder.

In the first section, we will define the specific configuration for which we solve the forward
scattering problem. In the second section, we describe the numerical evaluation procedure
for a single frequency. The third section contains an investigation of the time-domain
forward-scattering problem. In the fourth section, we introduce two canonical configu
rations, for which numerical results will be shown. Finally, a comparison between the
methods used in this chapter and other well-known techniques is made.

Throughout this chapter, we use the normalized quantities defined in the previous chapter.
We also omit the subscript z in the electric field and currents.

3.1 The forward-scattering configuration

In this section, we describe the configuration for which we will solve the forward-scattering
problem. As outlined in the previous chapter, we have limited our observations to a two
dimensional space. The scatterer is a known dielectric, lossy cylinder of infinite length,
which allows us to restrict our observations to a two-dimensional cross section 1)2. We now
define our reference medium as a vacuum. Figure 3.1 shows the configuration.

We derived the integral relation for the electrically polarized electric fields in Section 2.3

15
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Figure 3.1: The forward-scattering configuration.

for a configuration consisting of a (known) reference medium and a perturbation on that
reference medium (also known as the contrast). In the forward-scattering problem, both the
contrast function and the incident field are known quantities, whereas the scattered fields
have to be determined. We will utilize this integral relation (2.23) to find an expression
for the scattered fields in 'Doo . Equation (2.23) reads:

E(ji,s) = Eref(ji,s) - r s2C(jJ,s)E(p,s)CrefU;,p;s) dV (p). (3.1)
JT>o

We have chosen our reference medium to be vacuum. This means, that the value of

£~ef(ii, s) equals the value of the relative permittivity in vacuum: £~efUi, s) = 1, for
ji E 'Doo • We now introduce the two-dimensional Green's function for the reference medium,
as the Green's function in vacuum, denoted by Co (ji, jlj S)I:

cref (ji, Pj s) = Co (ji, p; s) = 2~](0 (sR), with R = lji - pi, IPI ~ Ipl, (3.2)

where I<o (x) denotes a modified Bessel function of the second kind, of order zero. Equa
tion (3.2) complies with the radiation condition (fields propagate outwards for p -+ 00).

lThe derivation of the two-dimensional Green's function for vacuum has been described extensively in
the literature, e.g. [Balanis, 1989] or [Sadiku, 1992].
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As we have seen in the previous chapter, the reference field is defined as the electric field
in absence of the contrasting medium. This electric field is the result of an excitation of
the reference medium (which is vacuum in our configuration) by a given external electric
current distribution in VI. The field can be either a plane wave caused by an appropri
ately normalized line source at p -+ 00, or a cylindrical wave generated by a line source on
bVo• In both cases, the incident field is electrically polarized. The fields that result from
either source type are incident on the contrasting medium in V z. We recognize the electric
field, resulting from the excitation of the configuration by the sources in the absence of the
contrasting medium, as the incident field, E i (p, s).

We now regard the Helmholtz equation for the reference field, equation (2.19), which reads:

(3.3)

in which we introduce Green's function in vacuum, equation (3.2):

We note that the field Ei (p, s) in our configuration is the incident field that is generated
by the external current sources in VI, the vacuum surrounding the contrast medium. With
this observation, and by substituting (3.2) and (3.4) in equation (3.1), we obtain:

E (p, s) = Ei (ii, s) - [ S2CO (p, s) E (p, s) -2
1

Ko(sR) dV (p) , (3.5)JV2 1f

in which we introduced Co (p, s) as the contrast function relative to vacuum, which is the

reference medium in this configuration. We use (2.16), with c~ef(p, s) = 1:

Co (p, s) = Cr (p, s) - 1 = X (,0) + (j (P) .
s

(3.6)

Equation (3.5) holds for all pE V oo ' The observational domain V o can be any region that
completely encloses V 2 • If we restrict our observations to V o , the integral representation
reduces to an integral equation of the second kind.
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3.2 Numerical implementation for a single frequency

So far, we have reduced the exact representation for the two-dimensional forward-scattering
problem to an integral equation of the second kind (equation (3.5)). Usually, we cannot
solve such an integral equation analytically. We therefore have to develop a numerical
scheme for solving this integral equation, for pE V 2 •

We start by discretizing the integrand on the right-hand side of equation (3.5) in space. We
would like to preserve the convolution-type structure, so that we can apply the conjugate
gradient method using Fast Fourier Transformations (see Appendix B). To this end, we
introduce a uniform spatial grid enclosing V 2 , which is the region containing the cross
section of the permittivity distribution. The corresponding spatial region, denoted by V,
consists of N x x Ny subregions, with mesh sizes h x h. The grid points of this mesh are lo
cated at those values of pfor which Pe.m = ix,xl + iy.Ym , with Xl = fh, f = 0,1, ... ,Nx and
Ym = mh, m = 0,1, ... ,Ny. The mesh size h is related to the grid size by h = ;:E = J",
with a,b being the grid length in the x- and y-direction, respectively. The space discretiza
tion is illustrated in Figure 3.2. The next step is to collocate the points where we evaluate
the integrals with the grid points. After that, we need to approximate the integral equa
tion by applying a combination of quadrature rules with abscissae at the grid points. In
doing this, we will maintain second-order (0 (h 2

)) accuracy. We now discuss some of the
considerations involved with the discretization process.

For p --+ 0, we can rewrite part of the integrand of equation (3.5) as follows 2 :

Ko (sp) = -In (p) +constant + 0 (p2Inp) (3.7)

This shows the singular behavior of the integrand for p --+ 0. Using the approximation
expressed in (3.7), we rewrite part of the right-hand side of equation (3.5) and obtain:

;:J](0 (sR) C (j/, s) E (j/, s) dA (p) =
'D2

2

;1r f {](o (sR) + In (R)) C (j/, s) E(j/, s) dA (j/)
'D2

2From [Abramowitz, 1965], the small-argument approximation for Ko (z), equation (9.6.13): Ko(z) =
- {In (~) + r} 10 (z) + (t): + CJ (z4) and for 10 (z), equation (9.6.12): 10 (z) = 1 + (%~5 + CJ (z4). Com

bining these two approximations, we obtain the small-argument approximation Ko (z) = -In (~) + r +
[-In (~) + r] z; + CJ (z4 Inz). For z ! 0, this amounts to (3.7).
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2

+ ;7r!ln(R) C(p,s)E(i!,s)dA(p),
V2

R = 1,0 - pl· (3.8)

In equation (3.8), the right-hand side is broken up into two parts: one with an almost
regular integrand and one containing a singular part proportional to In (R) as R LO. The
singularity found as R LOis now almost entirely confined to the multiplicative factor
In (R).

3.2.1 The regular part of the integrand

From now on, we will use a modified constitutive parameter distribution C2 (jJ, s), which
is the version of C (jJ, s) that holds inside V 2 and is extended into VI' The assumption
we make is that the permittivity distribution can be smoothly extended into the vacuum
surrounding the contrasting medium. In the case of a constant c within V 2 , the value of
the extended contrast function C2 (jJ, s) becomes: C2 (it, s) = Cr - 1. Moreover, bearing
in mind the fact that the tangential components of the electromagnetic fields are con
tinuous across the interface between V 2 and VI, we note that the electric field E (p, s),
and its normal derivative are continuous in the extended region. When using this extended
permittivity distribution, we will have to compensate for the error introduced by this mod
ification of the profile.
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We now regard the regular part Qfthe integrand on the right-hand side of (3.8):

S2 f- 271" {I<o (sR) + In (R)} C (1, s) E (p, s) dA (1)
'02

(3.9)

As mentioned in the previous section, we introduce a spatial grid that fully encloses the
contrasting region V 2 • This grid, denoted by V, consists of Nx x Ny cells, with a cell size
of h x h. The (Nx +1) x (Ny +1) intersections of the mesh have a position vector P = Pt,m,
in which the index f, m denotes the x, y-position of the grid point. We now restrict our ob
servations of the electric fields to the field values at the grid points 1 = P(,m, for p(,m E 'D.
The discretization is depicted in Figure 3.2.

We approximate the integrand in (3.9) by piecewise-bilinear interpolation, and we obtain:

Nz Ny

[Ko(sR) + In (R)] C2 (1, s) E(1, s) ~ L L [Ko(slpe,m - P(',m,l) + In (IPe,m - p(l,mll)] .
e'=o m'=O

'C2(Pt',m"s)E(P('lm"S) 4>(1 (x')4>m/(Y') +O(h2
), h-+O.

(3.10)

In (3.10), <I>k (z) is a triangular expansion function, that takes care of the linear interpola
tion:

<I> (z)={ 1-lz-khl/h, for(k~1)h::;z~(k+1)h,
k 0, otherwIse.

(3.11)

The principle of the bilinear expansion is depicted in Figure 3.3. The product term
4>e (x) <I>m (y) forms a basis function for the bilinear interpolation. The field value at
P= Pl,m is now found as the coefficient in front of this basis function.

In equation (3.11), we note that the bilinear expansion function <I>ll (x') . 4>ml (y') is unequal
to zero only in a limited range in V 2 , depending on the x- and y-position. This support
region is defined as the square of width 2h surrounding the grid point across which the
bilinear interpolation is performed. We define the support Vl,m corresponding to the grid
point Pe,m as the region for which the bilinear expansion factor is unequal to zero:

(3.12)
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expansion function •domain

Figure 3.3: Bilinear expansion function and its support.

When we observe the integral in (3.9), we note that the only remaining step is to integrate
the bilinear expansion function <Pe(x'),<Pm(y') over Ve,mnV2, for all grid points. Let us now
define a weighting coefficient that represents the integration of the expansion functions:

We,m = ~2 L2 <Pe(x') <Pm (y') dx'dy', (3.13)

in which the factor :2 has been taken out to make the range of We,m independent of the
cell size. When we approximate the boundary bV2 by piecewise-straight lines, of which the
end points coincide with the intersections of bV2 with the cell boundaries, we can obtain
the coefficients We,m through closed-form integration3

. The entire discretization procedure
is illustrated graphically in Figures 3.2 and 3.4.

We now introduce the discretized versions of the original functions as follows:

j{ (If - tl, 1m - m'l, s)

C(t,m',s)

[1
' (slpe,m - pe',m'l) +I (1-- _.... I)]\0 n pe m Pe'm' ,

Co "
(3.14)

(3.15)

For j{ (0,0, s) we use the limiting value for P 10 according to (3.7).

With definitions (3.14) and (3.15), we rewrite (3.10) and obtain for the approximated and
discretized regular part of (3.8):

3The closed-form integration procedure for the weighting coefficients has been described in
[Tijhuis, 1993], Appendix A.
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~

h •~h

Figure 3.4: Bilinear expansion function near 81)2 and equivalent expansion function zn
filtering procedure.

2h2 NT: Ny

- s211" L L J((lf-f'I,lm-m'l,s)C(e',m',s)E(Pl"m"s)+O(h2
).

/'=0 m'=O

(3.16)

We make two important observations regarding the weighting factors. First, Wl,m ranges
from 0 to 1, and the extreme values of Wl,m in this range are found when the support
region 1)l,m falls entirely within 1)2, (Wl,m = 1), and when 1)l,m falls entirely outside
1)2, (Wl,m = 0). Second, we can obtain the right-hand side of (3.16) in another way by
substituting:

N:z: Ny

L L k (If - £'1, 1m - m'l, s) 6 (e', m', s) wl',m,E (Pl',m" s) <Pl' (x') <Pm' (y') ,
/'=0 m'=O

(3.17)

into the left-hand side of (3.8), and integrating over 1)00 instead of 1)2 (see also Figure 3.4).
Regarded in this manner, (3.17) approximates the discontinuity of the contrasting medium
at the boundary 81)2 by a suitably chosen bilinear approximation. Seen in this light, the
weighting function procedure has a filtering effect.
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3.2.2 The singular part of the integrand

The second part of the right-hand side of equation (3.8), shown in (3.18), contains an
integrand with a singularity for R t O. For an efficient solution of (3.8), we need to find an
expression for (3.18) that maintains the convolution-type structure.

2

~ Jln (R) C (p, s) E (p,s) dA (p),
21r

7)2

R= Ip-pl. (3.18)

The equivalent procedure of the one outlined in Section 2.1 would run as follows. We
introduce the extended susceptibility distribution function C2 (Pl',m" s), extending the dis
tribution smoothly outside V 2 into VI' Also, we restrict the observation to the grid points
p= Pl,m' We now write the product C2 (p, s) E (jJ, s) as a piecewise-linear approximation.
Using the expansion functions, and the aforementioned approximation, we end up having
to determine the following integral:

~2 k2 In (IPi,m - pi) q>l (x') ~m (y') dA (p) , (3.19)

in which the observation is restricted to the grid points (Pl,m)' This integral can be deter
mined in closed form4 • However, the value of the integrals in (3.19) depends on the shape
of the cross section V 2 () Vl,m' This means that the result no longer is a function of f - f'
and m - m' only, and that the convolution-type structure is lost.

In order to restore the convolution-type structure observed in (3.8), required for the appli
cation of the CGFFT method (see Appendix B), we need to take a different approach. To
this end, we introduce a filtering procedure, which amounts to replacing C2 (p, s) E (jJ, s)
by the piecewise-bilinear approximation (3.16) and V 2 by V oo ' A quantitative estimate of
the effect of this operation can be found in [Tijhuis, 1993], Appendix C. Intuitively, we find
that the local effects of the low-pass filtering procedure cancel out if we look at the contri
bution of cells along the entire contour hV2 • From [Tijhuis, 1993], Appendix C, we obtain
a measure for the maximum error introduced by this filtering procedure: CJ [h2ln (h)], as
h t o.

Observing equation (3.19), we find a shifting property:

l (ll+l)h l(ml+l)h ( 2)
In V(x' - fh)2 + (y' - mh) q>ll (x') ~ml (y') dx'dy' =

(l'-I)h (ml-I)h

4Following the procedure outlined in [Tijhuis, 1993], Appendix B, integrals of the function (a + bx +
cy + dxy)ln(R) over an arbitrary polygon can be evaluated by reducing them to a contour integral over a
boundary fJV and a subsequent parameterization of the contour. The resulting integrals can be found in
closed form, and are readily available from standard integral tables.
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ihh i: In ( V[x' - (i - i') hJ2 + [y' - (m - m') h]2) ~o (x') ~o (y') dx'dy'.
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(3.20)

We use this property with (3.8) and find an approximation for the singular part of (3.8):

with:

b2 In (V[x' - (i - i') h]2+ [y' - (m - m') h]2) C2 (if, s) E (if, s) dA (if) =

N:r Ny

h2 L: L: L(i - f', m - m') Wl',m,c}l' ,m',sEz (Pi',m" s) + 0 [h2 1n (h)] ,
l'=Om'=O

(3.21 )

(3.22)

We note that in (3.21), L(i, m) and Wl',m' do not depend on the frequency. These integrals
are evaluated according to the procedure outlined in [Tijhuis, 1993].

3.2.3 Resulting system of equations

Thus far, we have derived expressions for the discretized regular and singular parts of the
integral on the right-hand side of (3.8). We substitute (3.19) and (3.21) in (3.8), and obtain
an expression for the discretized electric field, as a function of the incident field at the grid
points and the discretized (extended) contrast function:

E i (!it,m, s) El,m (s)
s2h2 N:z; Ny

+ 27r L L {I«!i-f'I,lm-m'l,s)+L(i-f',m-m')}
l'=O m'=O

'Wl',m,G (f', m', s) El',m' (s) , (3.23)

in which we have restricted the observation of the electric field to its values at the grid
points: P = !it,m' In equation (3.23), El,m (s) is the exact solution of the discretized
equation. When the discretization procedure is carried out, this solution is an approxi
mation of the electric field at the grid location p= !it,m. The incident field at grid point
P= Pl,m is denoted by E i (!it,m, s). Equation (3.23) now represents the discretized integral
equation. This equation expresses the electric field at !it,m in the form of a convolution
of the discretized Green's function with the product of the bilinear weighting function,
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the sampled extrapolated contrast function and the sampled field. We have to evalu
ate (3.23) for each location on the grid, f = 0 ... Nx , m = 0 ... Ny, so we end up with
(Nx + 1) x (Ny + 1) equations for the same number of unknown field values. We use the
conjugate-gradient (CG) method to solve this system of equations. The CG method itera
tively reduces a quadratic error term. For each iteration, the convolution-type summations
in (3.23) and in the corresponding adjoint equation have to be calculated. To this end, we
can use an FFT procedure, in which the convolution is replaced by a multiplication of the
Fourier-transformed counterparts. The combination of an FFT transformation with the
CG technique is known as the CGFFT method. Both the CG and CCFFT methods are
described in Appendix B

We expect the accuracy of the calculated, discrete electric field values Et,m (s) to be close to
the discretization error (if the numerical implementation of the conjugate-gradient method
has sufficient numerical accuracy). We have found that the discretization of the regular
part of equation (3.8) introduces a maximum error of 0 (h2 ). For the singular part of (3.8),
we found a discretization error of 0 [h2ln (h)]. Therefore, we conclude that the discretized
integral equation (3.23) incorporates a maximum error of 0 [h2ln (h)].

We now digress for a moment, to show the main differences between the method we use
to solve the forward scattering problem, and the Method of Moments (MoM). The MoM,
or Petrov-Galerkin method, is a commonly used technique to solve integral equations often
encountered in scattering problems. First, we summarize the procedure we followed:

1. Derivation of the integral equation.

2. Introduction of the grid.

3. Restriction of the observation to the grid points.

4. Approximation of the integrand.

5. Analytical integration of the approximated integrand.

6. Solving of the matrix equations.

For a typical MoM-type scattering solvers, we find the following procedure:

1. Derivation of the integral equation (IE).

2. Approximation of unknown field and contrast function separately.

3. Discretization of the IE into a matrix of equations, by introducing basis and weighting
functions.

5 A clear introduction to the Method of Moments and other variational techniques can be found in
[Sadiku, 1992], chapters 4 and 5.



CHAPTER 3. SOLUTION OF THE FORWARD-SCATTERING PROBLEM 26

4. Weighting of the integral equation in terms of basis functions (multiply by weighting
functions and integrate spatially).

5. Solve the matrix equation.

In our method, steps 2 and 3 are not approximations, but merely restrictions on the
variable of interest. We are free to locate the grid at any position in 'Doc, as long as it
completely encloses 'D2 • In step 4, we introduce a local polynomial approximation to the
largest portion of the integrand for which this is allowed. Only singular terms are factored
out. This leads to a much simpler analytic integration in step 5. Depending on the degree
of interpolation or, equivalently, the choice of basis functions, different degrees of accuracy
can be achieved. Here, there is no principal difference between both approaches.

The solutions of (3.23) are the approximate field values at the grid points in 'D, El,m (s).
We can obtain the scattered field outside the grid 'D, e.g. on an observational contour
b'Do , by returning to the integral representation (3.5) and applying a two-dimensional
trapezoidal rule. Once the field inside V 2 is known, we have the contrast-source density
C(p, s )E(p, 8) available, at least in discretized form. With the observation point outside 'D2 ,

no singularities are present and the integral can be evaluated with the procedure outlined
in Section 3.2.1.

3.3 Time-domain scattering

In this section, we examine the time-domain forward-scattering problem for a two-dimension
al configuration. In the previous section, we have described a numerical implementation
for determining the forward-scattering response at a single frequency. The purpose of this
section is to arrive at a solution for the time-domain forward-scattering response of the con
figuration to the excitation by a transient pulse. We calculate the time-domain response by
evaluating its frequency-domain counterpart and subsequently applying an inverse Laplace
transformation. We observe the limitations of this procedure, and arrive at a numerical
evaluation. In Section 3.5, we will calculate the time-domain response for some canonical
configurations of dielectric cylinders.

We start by introducing some essential definitions. Given a time-domain signal £ (p, t), we
define its Laplace transform as:

00

E(p,8) = Jexp(-st)£(p,t)dt,
to

(3.24)

with t = to being the point in time where £ (p, t) can be unequal to zero. The integral
converges for all complex values of s, Re(8) ~ O.
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The inverse Laplace transformation (or Bromwich inversion integral) is defined as:

£(p,t) = eXP;f3
t
) Re ]exP(+iwt)E(P,f3+iW)dw

o
(3.25)

where f3 ~ O. For f3 = 0, equation (3.25) represents a standard Fourier inversion. For
f3 > 0, this transformation is also referred to as Bromwich inversion.

From signal theory, we know that the response of a system to a time-harmonic excitation
is described by:

00

h(t)*p(t)= Jh(T)p(t-T)dT,
-00

(3.26)

in which h( t) represents the time-domain system response and p(t) denotes the transient
pulse. When we apply a Laplace transformation to both terms h(t) and p(t), we obtain
the frequency-domain counterparts H(s) and P(s), respectively. The convolution of (3.26)
now reduces to a multiplication of the frequency-domain representations and a subsequent
inverse Laplace transformation of the result.

3.3.1 Time-domain representation of a transient pulse

First, we examine the frequency-domain properties of some typical transient pulses. We
introduce the following pulse types:

1. A sin2-pulse, which is defined by:

P(t) = sin2 (~) [U(t) - U(t - T)],

which denotes a pulse starting at t = 0 and ending at t = T.

2. A Gaussian pulse. It is described by:

[
(t-4T)2]

P(t) = exp - 4T2 '

in which T denotes the Gaussian parameter.

3. A raised cosine pulse. Its definition is given by:

{ [
t - T /2 ]} [(t - T /2)]P(t) = 1 + cos r ·211" cos n1l" T ' n = 1,3,5, ...

for a < t < T, and zero otherwise.

(3.27)

(3.28)

(3.29)
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4. A unit-step pulse filtered by a Blackman window. The Blackman window is defined
by:

{

0 t < 0

P(t) = k~O bkcos (271"k~) 0 < t ~ T

o t > T

in which the Blackman coefficients bk are defined as:

(3.30)

bo = 0.35869
bi = -0.48829

b2 = 0.14128
b3 = -0.01168 (3.31)

We limit our observations to the Gaussian pulse and the raised-cosine pulse. In Figure 3.5,
we have depicted the time-domain representation of some pulses. Note that the frequency
domain representation of the transient pulses in (3.27)-(3.30) is limited in bandwidth, since
P(t) is continuously differentiable with respect to t. For instance, if a pulse is continu
ously differentiable twice with respect to t, we observe for the frequency representation:
F(w) <X ~3' W ---+ 00. This means, that there is a certain maximum frequency, for which
the effect of aliasing becomes negligible. Without defining the exact maximum frequency
fmax, we conclude that we can limit the calculation of the frequency response to a certain
maximum frequency.

We introduced a fixed space grid in our configuration, which does not suffice to obtain an
accurate frequency-domain solution. However, we have noted, that the frequency-domain
representation of the incident transient pulse decreases in value for increasing frequency.
This means that the increasing error of the calculated field at a higher frequency (due
to the increase in the relative difference between the wavelength and the cell size h) IS

compensated for by the decrease in the frequency content of the incident pulse.

3.3.2 Conversion between time- and frequency-domain repre-
sentation

The first component of the right hand side of equation (3.25), ex~(tJt), is implemented as
follows: For each discrete value of t, t = (To +n!:iT), a multiplication factor is created for
every discrete Fourier constituent of the inverse transform.

The integral part breaks down to the following equation, that has to be evaluated numer
ically:

1 00

f(t) = 271" JF(w)exp(iw(To+n~T))dw
-00

with n = 0,1,···,N (3.32)

with !:iT = (Tt~,ro), in which the time interval starts at To and ends at Tt . Two approxi
mations can be made in formula (3.32), to simplify the numerical implementation:
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• If it is assumed that F (w) vanishes for Iwl > Wmax , the integration domain of the
integral is taken as -Wmax < W < W max '

• Discretization of the equation by splitting up the frequency interval into N steps,
wi th a frequency step of ~w = 2WJ!JBX.

We will now use these approximations and equation (3.32) to derive a simple expression
for the values In of the time-domain response of the configuration at discrete time instants
t = To + n~t:

1 N-I [ kn21r]
In = ----r L Fkexp i-

NN2 k=O
(3.33)

Basically, we need to find an expression for the terms Fk in (3.33) based on the integral in
(3.32). Using the approximations given in the above and applying these to equation (3.32),
we find:

k-!:!..
In = ~. W

max E CkF(k~w)exp(ik~wTo)exp(ikn~w~T)
1r N N

k==-T

(3.34)

with C±!:!.. = ! and Ck = 1 for k ::/:- ±~. By comparing (3.33) and (3.34), we immediately
2

observe that the time and frequency steps must be related accoding to:

21r
~w~T = N'

since the exponential factors must be identical. With this, we find for ~w and ~T:

(3.35)

~W
21r 21r

(3.36)---
N~T Tt - To

~T
21r 1r

(3.37)= -----
N~w W max

Note that the time resolution of the time-domain response is determined by the maximum
frequency in the excitation. The number of frequency responses to be calculated is deter
mined by the length of the time interval.

We now apply the results from these derivations to equation (3.34), The result of the
application of sampling requirements on the ~w~T component applied to (3.34), while
transforming the limits of the summation to positive values:
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N

Wmax 1 ~ C ( ) [. 1 [.nk21r]in --1--:i"" L...J kF kt:1w exp zkt:1wTo exp Z-N (3.38)
1rN2 N2 k=O

+ Wma
: \ 'I=l Ck'-NF((k' _ N)t:1w)exp[i(k' _ N)t:1wTo]exp [i k

'n21r],
1rN2 N2 k'=!f N

where the last term in the previous equation has been derived from:

and:

[
i (k' - N) 21rn] _ [ik/21rn] [-Ni21rn]

exp N - exp N exp N ' (3.39)

[
-inN21r]

exp N = 1 for n =O,l, .. ,N. (3.40)

To simplify the different terms in equation (3.38), in order to obtain a simple expression
like equation (3.33), we define for terms Fk :

W
max

( ) [' 1 N--1 . F kt:1.w exp zkt:1wTo 0 :::; k < -2
1rN'i

:;t .Re (F (N~W) exp [iN~wTo]) k = ~

W
max

[' ( ) 1 N--1 . F ((k - N) t:1w)exp z k - N t:1.wTo -2 < k < N
1rN'i

and, since F(-w) = F*(w) and exp[-iwT] = exp[iwT]*, VT, also: FN - k = Fk. Using
these definitions, we arrive at the formula for the (discrete) time-domain we were looking
for:

1 N-l [ kn21r]in = --:i"" L Fkexp i--
N2 k=O N

(3.41)

So, recapitulating the procedure we have to follow:

• Given are N frequencies, and time-marks To and Tt (start and stop of the desired
time span).
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• From IlwllT = ~ follows: Ilw = T,~To and, with IlT = T'"N
To

, Wmax = T~;'o'

• Calculate the F (kllw) coefficients for 0 $ k $ If.
• Enter the FFT algorithm using the previously calculated Fk's as frequency domain

Fourier coefficients.

• The FFT returns the time-domain response of the system excited by a time-pulse
p (t) on discrete instances: f (To + kilT), for k = 0,1, .. , (N - 1) and time-step IlT =
Tc-Tg

N •

• Multiply every discrete value of f (To + kilT) by the expansion factor, defined in the
inverse Bromwich integral equation (3.25) as eX~(J3t), for t = (To + kilT).

This procedure is schematically illustrated in Figure 3.6.
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Figure 3.5: Transient pulses, time-domain representation.
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Figure 3.6: Flow chart of the transformation from the frequency domain to the time domain.



CHAPTER 3. SOLUTION OF THE FORWARD-SCATTERING PROBLEM 34

3.4 Implementation of the time-domain solver

In the previous sections, we described the implementation of a frequency-domain integral
equation solver, and the elementary techniques involved in calculating the time-domain
scattering response of a dielectric cylinder, excited by a transient pulse. In this section, we
will discuss a technique to use the single frequency solver derived in Section 3.2 to obtain
an efficient time-domain solution for our problem.

Given an incident pulse, represented in the time-domain by P (t). We then find its
frequency-domain representation P(s) by performing a forward Laplace transformation.
We note that, due to the lower intensity of the higher frequencies compared to the lower
frequencies, the high frequencies are less important in the calculation of the time-domain
response. We now introduce a space grid with mesh size h, that is independent of the fre
quency s = (3 + in~w. The justification for this step follows from the previously observed
decrease in intensity of the spectrum of the incident field for higher frequencies. Usually,
we would take a fixed number of samples (grid points) per wavelength, choosing the grid
size h ex: >.. Now, the decrease in intensity of E i (ii, s) compensates for the increase in error
introduced by the fixed grid size, provided that the incident field £i (p, t) is continuously
differentiable.

In this approximation, the introduction of a fixed space grid with mesh size h, for all fre
quencies, limits the amount of unknowns in the resulting set of simultaneous, linear equa
tions to (Nx + 1) (Ny + 1), for each frequency s = (3+inf}.w. As shown in Appendix B, the
proper choice of the initial estimate in the conjugate-gradient equations solving procedure
is crucial to the speed with which the solution to the system of equations is found. By
introducing the fixed grid, we can use the solutions to the system of equations in (3.23) at
previous frequency values to devise an initial guess for the field values at each grid point.
We do this by first calculating the 3-step-extrapolation coefficients:

3

L (AkXk-nIAkXk-n/) C~ = (AkXk-n\bk) ,
n'=l

with n = 1, ... ,3 (3.42)

and then extrapolate for the initial guess of the next value of the field at the grid point by
linear extrapolation:

(3.43)

where X2 is the initial guess for the kth frequency. Matrix A k is the left-hand-side equations
matrix, bk is the excitation vector (see also Appendix B).
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3.5 Canonical examples

In this section, we describe the verification of the forward-scattering solver we derived in
the previous sections. We define two different objects for which the scattered fields will be
calculated: a lossless homogeneous and a lossless inhomogeneous two-dimensional circular
cylinder. The numerical implementation of the forward-scattering solver is limited to a
lossless two-dimensional cylinder of arbitrary shape for simplicity reasons. The incorpora
tion of lossy media is quite easily accomplished.

First we describe the scattering mechanisms involved for either target. The next step we
take is to examine the frequency content of the incident transient pulse to see if it agrees
with the frequency-content condition. Then, we evaluate the time-domain response of the
system. The results are compared with the (theoretical) expectations and with data found
in the literature.

3.5.1 Description of the configuration

We start by examining the basic configuration. The discretization grid V is chosen to com
pletely enclose V 2 , which is the space containing the contrasting medium. The dielectric
cylinder is embedded in vacuum. The configuration is shown in Figure 3.7.

The incident field is a plane wave incident from the left-hand side of the configuration. It
can be considered as originating from a line source A at a suitably chosen distance from
the cylinder. The probes, at which we measure the scattered electric field, are placed at
positions 1,2 and 3.

The configuration we examine is one in which the contrast function is a circular cylinder.
We examine the forward scattering for two types of circular cylinders:

• a homogeneous one, for which the permittivity is constant throughout the cylinder:
C(P) = C2·

• an inhomogeneous one, for which the permittivity profile exhibits a radial symmetry:
C(P) = c2(P)·

Either permittivity distribution is discretized according to the procedure described in the
previous sections.

The reason we choose these two types of permittivity distribution is that there are some
interesting scattering mechanisms involved in either case. From literature, [Tijhuis, 1986],
we find two scattering mechanisms, that appear in circular cylinders:

• creeping waves, which are waves that "creep" along the outer boundary of the cylin
der, gradually radiating away their energy. The dominant part of the propagation
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a
E ~
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E

R

Figure 3.7: Configuration of the circular cylinder. A denotes a line source at a large
distance from the cylinder. The fields are measured at positions 1,2 and 3.

takes place outside the object, but a part of the field propagates close to the surface
inside the cylinder, decaying asymptotically towards the center of the cylinder.

• whispering-gallery modes. These are phenomena that are related to the existence
of a standing wave pattern, symmetrically in <p. The effect of the appearance of
whispering-gallery modes (in a time-domain scattering problem) is a "ringing" effect,
i.e. a pulse indefinitely propagating inside the cylinder. At certain positions in the
cylinder, this effect occurs as a field "burst" due to the interference of the fields at
that point.

These scattering phenomena are illustrated graphically in Figure 3.8.

Figure 3.8: Scattering mechanisms in a circular cylinder. a) Whispering-gallery mode.
b) Creeping wave.

We use the permittivity profiles suggested in the literature ([Tijhuis, 1986] and [Tijhuis, 1993]).
The homogeneous circular cylinder has a relative permittivity of tr = 2.25. For the inho-
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mogeneous circular cylinder, we find (from [Tijhuis, 1986]) a parabolic permittivity profile:
€r(P) = 6.25 - 4p2.

3.5.2 Incident transient pulses

We have described some types of transient pulses that we could use in our observations
of the forward-scattering problem. For the verification of the forward-scattering solver we
only use the Gaussian pulse. The incident transient pulse is shown in each graph as it
would be measured in the absence of the scatterer.

The transformation of these incident pulses to the frequency domain is done by a forward
Laplace transformation, as defined in (3.24). Using the parameters derived in the previous
section, we calculate the Laplace transform of the two transient pulses. The result of this
transformation is depicted in Figure 3.9. We observe the obvious decay in the frequency
content of both transforms, as outlined in the previous section. This means that we will be
able to utilize the extrapolation procedure, in which a fixed discretization grid is mandatory.
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Figure 3.9: Frequency-domain representation of the incident pulse.

We use the following parameters to calculate the time-domain and frequency-domain rep
resentations of the incident transient pulses:

• the (normalized) pulse duration: T = 3.
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• the (normalized) time span is chosen as: 0 $ t $ 80.

• the time step (i.e. the time resolution) is chosen as: tlt ~ 0.2.

3.5.3 Time-domain evaluation

The final step is to calculate the time-domain response of all configurations using the
frequency-domain data of the incident transient pulse and the system response we already
obtained. We use the discrete inverse Laplace procedure derived in Section 3.3. The
results are shown in Figures 3.10 through 3.15. The electric field is calculated for all three
probe positions, as illustrated in Figures 3.7. We compare the results with those found in
literature, [Tijhuis, 1986] and [Tijhuis, 1993].

In the case of a homogeneous circular cylinder we observe a response as expected. The
first probe measures the incident fields first and the pulse then propagates through the
cylinder. A certain amount of electromagnetic energy reflects from the transition between
the dielectric and the surrounding vacuum. At probes one and three (at the edge of the
cylinder), we see remains of the incident transient pulse for a larger period of time than
at the center of the cylinder. This indicates that the creeping-wave effect we mentioned
earlier clearly shows up in our simulations.

In the case of an inhomogeneous circular cylinder, we observe a similar behavior of the
fields inside the cylinder. However, we also see the ringing effect we expected to occur
at probe number one. This is caused by the round-going waves which "focus" due to the
difference in the contrast at the transition between the dielectric and the vacuum. The
fields propagate along the inside of the boundary both clockwise and counter-clockwise,
and arrive at the first probe simultaneously. Because of pulse dispersion, the shape of the
incident pulse is distorted, but the field pattern clearly shows distinguishable pulses. The
ringing effect we observe indicates that the pulse is largely confined to the inside of the
dielectric cylinder, with only a small amount of electromagnetic energy "leaking" away to
the vacuum outside. This "leaking" causes the fields inside the cylinder to decay to zero
eventually. At the second probe, the round-going waves arrive with a difference in the path
length of half of the total length of the outer boundary of the cylinder, so at that point the
pulses can no longer be distinguished individually. The field pattern at the center probe
shows the reflection of the incident pulse on the back and, after that, at the front of the
cylinder, while the fields decay rapidly due to the transmission of electromagnetic energy
into the surrounding vacuum. This field pattern also indicates that the pulse propagates
solely along the inner side of the outer boundary of the circular cylinder, since the fields
at the center probe are zero while the ringing effect still shows up at the front probe.

From these results, we conclude that the continuous-time discrete-space method we devel
oped in this chapter is eminently suitable for solving the forward-scattering problem for
two-dimensional electrically polarized fields. As a final example, we show the scattering
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inside a homogeneous circular cylinder which has a low contrast value: Cr = 1.1. This
so-called "weak"-scattering configuration is of interest in the following chapter on inverse
scattering. The resulting fields are shown in Figure 3.16. We note that a low profile height
indeed causes a low amount of scattering.
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Figure 3.10: Time-domain response of the homogeneous circular cylinder at the front.
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Figure 3.11: Time-domain response of the homogeneous circular cylinder at the side.
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Figure 3.12: Time-domain response of the homogeneous circular cylinder at the center.
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Figure 3,13: Time-domain response of the inhomogeneous circular cylinder at the front.
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Figure 3.14: Time-domain response of the inhomogeneous circular cylinder at the side.
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Figure 3.15: Time-domain response of the inhomogeneous circular cylinder at the center.
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Figure 3.16: Time-domain response of the inhomogeneous circular cylinder at probes 1 and
3, for a weak-scattering configuration. The normalized time-span is reduced to .4 o.



Chapter 4

Inverse scattering

In this chapter, we explore the inverse-scattering problem for our configuration. In Chapter
2, we described the two-dimensional configuration to which we limit our problem. We also
derived the integral representation of the electric fields that we will use to develop a method
with which we will try to solve the inverse-scattering problem. In the first section, we give
a description of this configuration and expand it to fit the inverse-scattering problem.
In the second section, we introduce the Born-type approximations and approximate the
integral relation that represents the known data in the inverse-scattering problem. We
define the error introduced by the application of these approximations. Then, we examine
the information content of the measured fields in terms of the spatial-frequency components
of the reconstructed profile. After that, we examine the Born error for a special case. The
numerical implementation of a single step is described, and an iterative, multiple-frequency
method is described. Finally, some examples of reconstructed profiles are given.

4.1 The inverse scattering configuration

In this section, we describe the configuration to which we restrict our inverse-scattering
problem. We limit our observations to a two-dimensional space, as we did for the solution
of the direct-scattering problem. The scattering object is a lossless dielectric cylinder with
an unknown permittivity profile and an unknown shape. The limitation of the inverse
scattering problem to a lossless dielectric profile simplifies the formulation as well as the
implementation, but it does not pose inherent limitations on the applicability of the theory.
For a lossless dielectric cylinder, u(ji) = 0, which means that the profile is frequency
independent.

The two-dimensional space is divided into two separate regions. The medium outside the
dielectric cylinder, also referred to as the surrounding medium, is defined as VI. The di
electric cylinder has a two-dimensional cross section that is denoted by V 2 • The boundary
between VI and V 2 is denoted by 8V2 • The permittivity has a value c(ji) = cr(ji)co with
Cr(ji) 2:: 1, where Cr(ji) may differ from one inside the cylinder, i.e. in V 2 , and Cr(ji) = 1

47
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Figure 4.1: The inverse-scattering configuration. The points on bVo indicated by P denote
possible positions for a line source or a receiver.

outside the cylinder, i.e. in VI. The permeability across the entire two-dimensional space
equals the value in vacuum, !-lo.

As we have explained before, the difference between an inverse-profiling and an inverse
scattering situation is determined by the availability of information regarding the boundary
bV2 • In the case of inverse profiling, we calculate the profile of the permittivity distribution
using a priori information regarding bV2 • In this study, we restrict ourselves solely to the
case of inverse scattering, for which the exact shape and location of bV2 is not known. We
now introduce an observational region Va' which completely encloses the unknown permit
tivity perturbation of the vacuum. This does not pose essential limitations since we can
choose Va arbitrarily, provided that the contrasting medium is located in a bounded area
and that we can measure the fields around that region. We also introduce the observa
tional contour, bVo, which coincides with the boundary between Va and the surrounding
medium. bVo is a circular contour, on which receivers (R) and sources (5) are positioned.
The configuration is graphically illustrated in Figure 4.1.

The sources and receivers on oVa are located at Ii = PS and P= PR, respectively. For
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further reference, we note that a subscript R denotes a receiver, and a subscript S denotes
a line source. As shown in Appendix A, Section A.I, we can generate all possible incident
fields inside 1)0 by an equivalent distribution of line sources on 61)0' We also prove in
Section A.2 that all scattered fields outside a contour Va are uniquely determined by the
total electric field on that contour. From these observations, we now conclude that we can
limit our observations of the scattered field to fields measured on 61)0 and generated by a
line source on 61)0'

Up to this point, we have defined the configuration for which we will investigate the inverse
scattering problem. In Chapter 2, we have derived an integral representation for the
electrically polarized electric field for a two-dimensional situation. This representation has
been given in equation (2.23), which is repeated here for completeness:

In equation (4.1), the integration domain denoted by V depends on the problem of in
terest. For the forward-scattering problem, in which the contrast function CUi) and the

incident field Ere!Ui, s) are known, the integration is performed over V 2 , the region con
taining the dielectric cylinder. In the inverse-profiling case, for which the shape of the
outer houndary of V 2 , 6V2 , is known, we also use V 2 as the domain of integration. For the
inverse-scattering problem, the size and shape of the cross section of the dielectric cylinder
are not known. This means that the integration domain is taken as Va' which we have
defined as the region that completely encloses V 2 •

We make one additional observation regarding equation (4.1). This equation is used to solve
both the direct-scattering problem and the inverse-scattering problem. For the inverse
scattering problem, we have two relations which are derived from (4.1): One in which the
observation of the fields is limited to positions in the observational region, pE Va. The
other relation expresses the known fields on the contour 6Vo in terms of the fields and
material parameters inside 1)0' The first equation is used to describe the direct-scattering
problem, whereas the second one is used to tackle the inverse-scattering problem. For
further reference, we omit the subscript z.

4.2 Born-type approximations

There are basically two unknown variables in the integral equation describing the two
dimensional inverse-scattering problem: E(p, s) and C(P). The electric field E(p, s) con-

sists of a reference field Ere!Ui, s) and a perturbation on that field, caused by the excitation
of the dielectric cylinder. This perturbation is also referred to as the scattered field when
the reference medium is a vacuum. Both unknowns C(P) and E(p,s) occur as a prod
uct in either equation, which means that these equations form a non-linear system. We
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now look for a method with which we can solve the inverse-scattering problem circumvent
ing the difficulty of the occurrence of two coupled unknown variables, through linearization.

We use the integral representation of (4.1) in the formulation of the forward-scattering
problem, as represented by (3.5), in which the contrast function is a known quantity.
This equation is also referred to as the field equation. For the inverse-scattering problem
we would like to determine the permittivity distribution by exciting the cylinder by a
known incident field E i (p, s) and subsequently measuring the field on an observational
contour 8Do. The resulting equation is also known as the data equation. We obtain two
coupled, non-linear equations expressing either scattering type, for the fields inside the
observational domain Do. We now need to find a way to solve this system in a convenient
way, by linearizing the kernel of the integral relations.

4.2.1 The classical Born approximation

The Born approximation has become one of the prevalent techniques for studying inverse
scattering and inverse-profiling problems, because of the ease of its implementation. Also,
its physical interpretation is straightforward. The basic strategy is to solve the inverse
scattering equation in terms of a power series in some parameter " which is a measure of
the strength of the electromagnetic interaction. If we terminate this power series at the
n'th term, we call the result the n'th Born approximation; if we evaluate only the first
term of this series, we call it the Born approximation. We note that the error introduced
by the truncation of the series should be limited to a 'nice' value, preferably close to the
maximum error introduced by any other approximations in the theory. We now regard the
following series expansion:

which € is the permittivity in the contrasting medium. We only use the first step of this
expansion procedure. For the electric field we find in a similar fashion:

E (p) = E[O) (p) + ,E[I) (1) +l E[2) (p) +." + ,nErn) (1) +... (4.3)

Here, E[O) (p) can be interpreted as the electric field present in the absence of the scat
terer, or as the incident field in vacuum. In a weak scattering configuration, where
IEs - Eil ~ IEil, it is possible to linearize (4.1) by using the first-order Born approxi
mation. For such a configuration, the dielectric contrast has to be low, i.e. C (ji, s) ~ O.
We now introduce the Born approximation in equation (4.1).

When we restrict the reference medium in equation (4.1) to a vacuum, we obtain:
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In (4.4), the reference field Ere!(ii, s) is found as the electric field that would be present
in the absence of the contrasting medium, i.e. the incident field denoted by E i (p, s). We
apply the first-order Born approximation to u~known fields in the integrand in equation
(4.1): E (p, s) ;::::: E i (p, s). Introducing this approximation in (4.4), we obtain:

When we restrict the observation of the scattered fields to positions on the observational
contour 8Vo , we finally obtain:

in which PR denotes a position vector on 8Vo • Equation (4.6) expresses the relation be
tween the incident field an the contrast. After the incident plane wave is synthesized by a
suitable linear configuration of line sources on 8Vo and a subsequent near-field to far-field
transformation of the scattered field is performed, equation (4.6) can be evaluated analyt
ically. Note that in the case of an inverse-profiling problem, for which the outline of the
cylinder, 8V2 , is known, we obtain the same expression, in which the domain of integration
is V 2 instead of V o •

4.2.2 The distorted-wave Born approximation

In the previous section, we derived the approximated integral representation for the scat
tered fields, measured on the observational contour 8Vo , using the Born approximation.
The limitation that is posed on the contrast medium restricts the applicability of this ap
proximation. We used a vacuum reference configuration, which means that the information
available beforehand is limited to the fields in the absence of the cylinder. Intuitively, we
expect the inverse-profiling procedure to be more versatile if we incorporate an initial guess
for the dielectric profile, and the accompanying Green's function. This Green's function is
the response of the estimated configuration, excited by an appropriately normalized unit
source. The initial estimate is the best known profile available, which can be obtained by
applying the following procedure:

• Perform measurements and carry out a reconstruction at another (lower) frequency.

• Apply the Born approximation, using vacuum as a reference medium.
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We are looking to find a technique that uses an appropriate initial guess of the dielectric
profile to allow for the solution of the inverse-scattering problem of configurations that
exhibit a larger contrast than is allowed in the classical Born approximation. We now
introduce a technique known as the distorted-wave Born approximation. We start by
reviewing (4.1), which reads:

E (p, s) = Eref(p, s) - fv S2C (p) E (p, s) aref (p, Pi s) dV (p) . (4.7)

in which the contrast C (P) is the difference between the permittivity profile and the best

estimate available. The function cref (p, Pi s) is the Green's function for this estimated
dielectric distribution.

We now use the reference configuration, i.e. the configuration in which the dielectric
contrast is the best estimate available, to approximate the direct-scattered electric fields
throughout V o ' To this end, we use the direct-scattering integral equation (3.5) for a con-

figuration with a permittivity distribution c~ef(P) that is excited by the known incident
field E i (p, s). Because of the reciprocity of the configuration, the Green's function of the
reference configuration can be related to the field distribution inside the reference config
uration generated by an appropriately normalized line source on oVo '

By calculating the direct-scattering response for the reference medium, we have obtained
the reference fields Eref(p, s) and the Green's function for the reference configuration

cref (p, j1 is). In the case of an excitation by a line source, the electric field and the Green's
function in the reference medium are identical except for a normalizing constant. We now
regard the contrast function C (P) as the difference between the unknown permittivity

distribution and the best estimate available: C (P) = Cr (P) - c~ef(P). Using a first-order

approximation for the electric field inside the observational domain (E(p, s) = Eref(p, s)),
we obtain:

in which we used the electric fields and the Green's function pertaining to the reference
configuration. Since we have located the receivers on the observational contour oVa, we
are interested in the electric fields on positions on oVa only. Rewriting (4.8) with P= PR,
we obtain:
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Equation (4.9) now describes the solution to the inverse-scattering problem using the
distorted-wave approximation. This equation generally cannot be solved analytically. How
ever, when the reference medium is chosen to be vacuum, (4.9) amounts to the equation
found for the inverse-scattering problem using the classical Born approximation. The so
lution to that integral equation can be obtained analytically.

4.2.3 Definition of the Born error

In this section, we will examine the error in the fields, introduced by the application of
either approximation type on equation (4.1). Both Born approximations are not exact and
will therefore lead to an error in the reconstruction of the profile. We first evaluate the
error that is introduced by applying the Born approximation to (4.1). The application of
the classical Born approximation resulted in the approximated relation (4.6) that describes
the fields at the receiver positions on o'Do , for a weak-scattering configuration. To verify the
validity of the classical Born approximation in our configuration, we substitute equation
(4.4) in itself, and obtain:

E(PR'S) = Ei (PR's) - S2 r Co (1) Ei (1,s) Go (PR,1;s) dV (1) +
11>0

S4 JJCo (1',s) E(p',s) Go (1,1';s) dV (1') Co (Is) Go (PR,1;s) dV (1). (4.10)
7)0 7)0

The first two terms on the right-hand side of equation (4.10) comply with our definition of
a Born approximation as specified in (4.6). This means that the third term in (4.10) can
be regarded as a Born-error term:

ERRB = S4 JCo (1) Go (PR' p; s) dV (1) JCo (p', s) E(1', s) Go (1,1'; s) dV (1') .
7)0 7)0

(4.11 )

The right-hand side of equation (4.11) is difficult to estimate. In Section 4.4.2, we evaluate
the Born error for the special case of a homogeneous lossless dielectric circular cylinder, as
a function of the frequency and the profile height. For this canonical configuration, both
the exact and the approximated solutions (using the Born approximation) can be found in
closed form.

For the distorted-wave Born approximation, we follow the same procedure and substitute
(4.7) in itself, obtaining:
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S4 f C(if)Gre!(PR,j/i S) dV(j/) f C(jf')E(j/',s)Gref(jf,j/'i S ) dV(j/').
Ir>o 11>0
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(4.12)

In this equation, we recognize the third term as the Born error, resulting from the ap
plication of the distorted-wave Born approximation. The first two terms amount to the
approximated integral representation for E(p, s) given in (4.9). The Born error term is
now defined by:

ERRDWB = 8
4 f C(j/)Cref(PR,j/is) dV(j/) f C(j/')E(j/',s)Cref(jf,j/'is) dV(jf').11>0 11>0

(4.13)

The expressions which we found for the classical and the distorted-wave Born approxima
tions in (4.2) and (4.13) cannot be used easily for a practical estimation of the error in a
general configuration. However, for the evaluation of the case of a homogeneous cylinder,
the Born error can be calculated. It is convenient to introduce the relative Born error. Since
we are measuring the fields on the observational contour {iVa only, we restrict observations
to position vectors: P = PRo We now find for the relative Born error:

for all positions on {iVa- For the distorted-wave Born approximation, we find:

ERR
_IE(PR,S)-EDWB(PR,S)I

DWB - I (... ) I .E PR, S ma.t:

(4.14)

(4.15)

The relative Born errors defined by (4.14) and (4.15) are local error criteria. This means
that the relative error depends on the location of observation. We are interested in finding
a global error criterion, that accounts for the Born error on the entire contour {iVa'

The receivers are positioned at p= PR, which depends on <p only. From energy considerations1
,

we can write:

1We define a contour C, which completely encloses the scattering object. The electromagnetic energy
through that contour is found as the integral over C of the local energy flow. We use this property to
define a global error term by relating the local error terms defined in (4.14) and (4.15) to an energy flux
through C.
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< ERRB >=

71"

J IE (PR' s) - EB(,oR, S) 1
2d<pR

-71"

71"

J IE (,oR,S) 1
2d<pR

-71"

(4.16)

and for the distorted-wave Born error:

< ERRDWB >=

71"

J IE (,oR,S) - EDWB (PR'S) 1
2d<pR

71"

J IE (,oR, s) 1
2d<pR

-71"

(4.17)

In equations (4.16) and (4.17), we see that the error criterion is defined as the radial
energy density of the difference fields across the contour oVo ' This is allowed since the
magnetic field exhibits the same local error term as the electric field at this contour. The
error is averaged over the entire contour oVo , which leads to a global error term. The error
introduced in (4.16) and (4.17) is also known as the root-mean-square error (R.M.S. error).

4.3 Information content

In this section, we examine the resolution of the reconstruction that can be achieved by
solving the inverse-scattering problem, using the classical Born approximation. We assume
that the Born approximation is exact. We first derive a far-field relation for the electric
fields scattered by a dielectric cylinder, excited by a single plane wave. Weak scattering
is assumed, which means that the wavelength is approximately the same throughout the
two-dimensional space. We then find an expression for the information content of the scat
tered field, resulting from the excitation of the reconstructed profile by an incident plane
wave. Finally, we consider the requirements for a suitable reconstruction.

We now proceed by evaluating the approximated integral relation in which the classical
Born approximation is applied. The Born error is assumed to be negligible, i.e. the
integral representation in which the Born error is used is assumed to be exact. We regard
the Born-approximated equation (4.6) which we derived in Section 4.2.1:

(4.18)

In (4.18), E i (,oR, s) denotes the incident field. We are interested in the scattered field on
the observational contour oVo only, ES(p, s) = £(,0, s) - Ei(p, s):
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Also, the Green's function Go (PR' Pj 8) is the Green's function in vacuum:
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(4.19)

(4.20)

Substituting (4.20) in (4.19), and restricting the integration domain to the cylinder 'D2 , we
obtain:

2

E'B (PR' s) = - 2
8

f 1<0 (8IPR - pi) Co (p) Ei (p, 8) dV (p) .
1r JV2

(4.21 )

The next step is to try to devise a method with which a suitable expression can be found
for the information content of the Born-approximated scattered field. The equivalence
theorem we derive in Appendix A, Section A.l, states that any incident field originating
from outside a contour 8'Do can be represented for PE 'Do by an equivalent line-source
distribution on 8Vo. This means that we can find an equivalent linear distribution of line
sources that generates an incident field equivalent to that of a plane wave. Since both
representations are fully equivalent as far as the incident field in 'Do is concerned, we may
choose whichever one is most convenient in a particular derivation or application. In the
present context, we consider the case of a single incident plane wave.

The representation of a plane wave, originating from infinity and incident on the configu
ration, is given by:

(4.22)

in which ie represents the unit vector pointing in the direction of the propagation of the
plane wave. We introduce (4.22) into (4.21), and find:

2

EB(PR'~' 8) = - 2
8

f I<o (8IPR - pI) Co (p) exp (-8~ .p) dV (p) .
1r JV2

(4.23)

The modified Bessel function of the second kind I<o (8IPR - prl) for large arguments can be
approximated by2:

2See [Abramowitz, 1965], equation 9.7.2, for SIPR - 1\ ~ 1.
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Ko (sR) = exp (-sR) J2:R [1 + 0 ((sRr
1
)] ,
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(4.24)

We note that the use of the large-argument approximation requires field values at a large
distance from the scattering object. This poses no limitations on the field values at the
observational contour 8'00 , since the far-field information is always included in the near-field
data. This follows from the second equivalence theorem derived in Appendix A. Rewriting
the position vector on 6'00 , where the scattered fields are measured, as IPRI = Poo (i.e. for
a large radius of the observational contour Va), we obtain:

EB(PR'~' s) = - ;: fv
2

exp (-sR) J2:R Co (p) exp (-sie . if) dV (if) ,

We rewrite the exponential term in (4.25), for large R, according to:

exp (-sR) exp (-sie. if) = exp (-spoo) . exp [s (ip - ~) • if] ,

in which we used:

(4.25)

(4.26)

R= Ip-ifl Jp2 + pI2 - 2p· fl
p'2 2 ....

- Poo 1 + -2- - - (fl· ip )
Poe poo

(4.27)

If we take lims_iw and observe the field at a large distance prx" we write for the far-field
amplitude of the electric field:

We introduce the two-dimensional spatial Fourier transform of cUi) as:

€(i) = ( exp(-ii· p) c(P) dV(P).IV2

(4.28)

(4.29)
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We now rewrite (4.25) to obtain an expression for the spatial information content of fields
measured on a contour at a large distance:

(4.30)

in which we recognize the spatial Fourier transformation, defined by (4.29). We now rewrite
(4.30):

(4.31)

We note that, since the permittivity distribution is real-valued, the generalized Schwartz
reflection principle is satisfied (f( -i?) = f(i?)*). This implies that:

(4.32)

Figure 4.2: Illustration of the available information in the K--plane. The vector ip is the

unit vector in the direction of observation, the vector ie is the unit vector in the direction
where the incident plane wave is heading. A circular contour with radius w is covered by
varying i p at a constant ie.
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Figure 4.3: Illustration of the information content in the K-plane. The information is
retrieved by considering multiple excitations, originating from various directions defined by
ie, for a single angular frequency w, measured all around the configuration.

In Figure 4.2, we see an illustration of how one of the two points in the II:-plane is con-'
structed. The other point is found in the same way, using (4.32). By varying the direction
of observation, determined by ip , for a given direction of the incident wave, ie, we obtain
the "information" on a circle with radius w in the K-plane, as shown in Figure 4.2. This
means that, as a result, we have obtained all Fourier components related to a single angular
frequency and a single incident plane wave. By using this procedure for multiple incident
waves (for varying angles of incidence) we acquire all information in the spatial-Fourier
domain within a circle with a radius of 2w. This is illustrated in Figure 4.3, for several
incident waves at different angles of incidence. We note that, because of the Schwartz re
flection principle as expressed in equation (4.32), we only have to cover half of the K-plane.
In our configuration, the direction of observation is determined by the position of the re
ceivers on oVa' The angle of incidence of the harmonic waves depends on the position of
the line sources on oVa'

The number of receivers on oVa depends on the sampling requirements associated with the
uniqueness theorem described in Appendix A. For the field-representation theorem to be
valid, the fields on oVa have to be sampled according to Shannon's sampling theorem. As
a consequence, increasing the number of receivers on oVa over the number determined by
Shannon's theorem does not increase the amount of retrieved information.

Another type of excitation than the time-harmonic (single-frequency) wave that we can
use in our configuration is the transient pulse. This type of pulse theoretically has infinite
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Figure 4.4: Illustration of the information contents in the K-plane. The information is
retrieved for a single incident transient pulse, and with the fields measured all around the
configuration. The transient pulse has infinite frequency content.

frequency content and therefore the maximum radius of the circle in the K-plane is in
finitely large. The maximum amount of information that can be retrieved by using a single
transient pulse incident on the configuration occupies half of the entire K-plane at best.
We can use the reflection argument given above to obtain the information in the other
half-plane. Therefore, it is possible to obtain all the information in the spatial-Fourier
domain necessary for a complete reconstruction of the profile by the measurement of the
response of the configuration to the excitation by a single incident transient pulse. An
illustration of the amount of information retrieved by the application of a single transient
pulse with an infinitely large bandwidth is depicted in Figure 4.4.

It is important to note that practical transient pulses are always band-limited. This means
that we can find a maximum angular frequency W max above which the contents of the
frequency-domain representation of the transient pulse are negligible. By using multiple
pulses, incident from different directions, we can obtain all the information in a circular
domain in the K-plane, in the same way as we discussed for the single frequency case. How
ever, less incident waves are necessary to obtain sufficient coverage of the spatial-Fourier
domain. In the case of a single angular frequency, where multiple incident plane waves
are used, we obtain the information within a circle of radius 2w at best. This means that
for a given maximum frequency Wmax , the information in the K-plane outside the circle
with a radius 2wmax is not accessible. We note that the absence of these high-frequency
components will 'smooth out' the reconstructed profile.
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Figure 4.5: Illustration of the information content in the ",-plane. The information is
retrieved for multiple band-limited incident transient pulses, measured all around the con
figuration. The maximum frequency W max in the frequency-domain representation of the
pulse determines the radius 2wmax of the contour within which the information is retrieved.

In Figure 4.5, the principle of multiple incident band-limited transient pulses is depicted.
We observe that, for each incident pulse, all information within a circle with radius W max

is retrieved. By applying multiple incident waves, each originating from an appropriately
chosen direction, we can obtain all the spatial information we need. For instance, when we
choose the number of incident waves to be four, we obtain most of the information in the
",-plane, within the circle 2wmax •

We now conclude that, for an exact reconstruction of the dielectric profile, we need to
completely obtain the information in the ",-plane. This is possible is by measuring the
fields around the configuration, as a function of incident plane waves originating from
multiple sources surrounding the configuration. We can limit the measurements to half
of the ",-plane, since the information from the other half can be obtained from symmetry
considerations. Also, the frequency contents of the incident transient pulses has to be
large if we want a reconstruction of the profile that is guaranteed to be adequate. The
latter requirement is met by choosing a time-limited transient pulse. However, the maxi
mum resolution of the reconstruction that can be obtained also depends on the mesh size.
Therefore, we will have to choose the mesh size according to the smallest spatial variation
of the permittivity, i.e. the resolution of the contrast, we want to reconstruct. If no infor
mation regarding the profile is available, we choose the mesh size according to a worst-case
estimate.
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The analysis of the information content of the measured fields on 8'Do has been done for
the classical Born approximation applied to the integral relation that describes the fields
in our configuration. In the case of the distorted-wave Born approximation, the analysis
becomes more tedious, but similar conclusions apply. There is however an additional
"super-resolution" effect that is caused by the shortening of the wavelength where the
local value of the permittivity is higher. The result is that permittivity variations smaller
than the grid size can still be detected and reconstructed. The consequences and the proof
of this super-resolution effect are rather elaborate and are outside the scope of the present
manuscript.

4.4 Analysis of the Born error for a special case

In the previous sections, we introduced the classical Born approximation and the distorted
wave Born approximation as convenient and powerful methods for finding approximate
solutions to the integral equation that we encountered in our inverse-scattering problem.
We noted that an error is introduced by the application of these approximations, known
as the Born error. In this section, we will examine the Born error for a canonical config
uration, of which the scattered fields can be derived analytically. Both the classical Born
approximation and the distorted-wave Born approximation will be used to find expressions
for the approximated scattered fields, after which the Born error will be examined as a
function of the frequency and the magnitude of the contrast in permittivity. The canon
ical example used in this section is a configuration consisting of a homogeneous, circular
cylinder embedded in free space.

4.4.1 Analytical derivation of the fields scattered by the homo-
geneous dielectric cylinder

We now specify the configuration for which we examine the behavior of the Born error.
The configuration we use consists of a homogeneous dielectric circular cylinder with a
permittivity £2 and a permeability po, embedded in free space. The value of Po is the value
of the permeability in vacuum. The cross section of the circular cylinder in the x, y-plane
is denoted by 'D2 • 'D2 is a circle with a radius a. The origin of the cylindrical coordinate
system is positioned in the center of the circular cross section V 2 • The unit vector in the
z-direction, iz , coincides with the symmetry axis of the cylinder. We introduce a unit
vector ip , as the unit vector in the direction of increasing radial coordinate p, and a unit
vector iep, being the unit vector in the direction in which <p changes. The configuration is
depicted in Figure 4.6. In this figure, the vector Ii is defined as Ii = p ip ( <p).

We observe from Figure 4.6 that the configuration exhibits a circular symmetry. As we
show in Appendix A, we can represent any incident field by a combination of line sources
on 8'Do or by an equivalent combination of plane waves. This means that we can restrict
the examination of the problem of the scattering to a single plane wave, incident on the
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Figure 4.6: The homogeneous dielectric cylinder configuration.

configuration from one particular direction, given by a value of cp. We will now solve the
exact problem analytically. We start from equation (2.14), which reads:

(4.33)

We introduce a cylindrical coordinate system (p, 'P, z), and rewrite the Laplace operator in
the transverse plane \7} in terms of cylindrical coordinates:

(4.34)

We substitute (4.34) in (4.33), omitting the subscript z, and obtain:

(4.35)

In this equation, we introduce the refractive index n (p), which equals the square root of

the relative permittivity profile: n(p) = Jcr (p). Since the dielectric object we use in
this analysis is a homogeneous cylinder, the refractive index is constant throughout the
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contrasting medium. We use the normalized fiel~ quantities introduced in Section 2.2, and
rewrite (4.35):

(4.36)

Because of the symmetry in cp, we write the solution of (4.36) in terms of a Fourier series.
The Fourier transformation with respect to the angle c.p is defined by:

00

E (p, If', s) = L exp (imcp) Em (p, s),
m=-oo

(4.37)

in which the electric field E (p, cp, s) is regarded as being comprised of individual solutions
containing a Fourier coefficient Em (p, s). The Fourier coefficients are defined by:

1r

Em (p,s) = 2~ Jexp (-imcp)E(p,c.p,s)dc.p
-1r

(4.38)

When we apply this transformation to equation (4.36), we obtain a one-dimensional dif
ferential equation:

for m E 7l, (4.39)

in which we have used the orthogonality of the terms in the angular Fourier representa
tion. Equation (4.39) is the differential equation that describes the radial behavior of each
Fourier coefficient with index m. The solutions of these equations,3 are Bessel functions
for all values of m.

The derivatives with respect to p in equation (4.39) are continuous for all p, p =I a. The
abrupt step in the dielectric profile at p = a, at the boundary SD2 , is handled by regarding
the following conditions associated with this configuration:

1. The scattered electric field E has to satisfy the radiation condition for p --+ 00.

2. The fields inside the dielectric are finite (boundedness condition).

3. The electric field E and its normal derivative apE are continuous across the boundary
p = a because the tangential field components Ez and Hcp are continuous at that
interface.

3In [Abramowitz, 1965], equation. 9.6.1, we find Bessel's equation: x2~ +x~ - (x2+ p2)y = O. The
solutions y(x) are written in terms of Bessel functions Ip(x) and Kp(x).
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We start by applying the conditions 1 and 2 to equation (4.39), for which we write the
solutions as:

(4.40)

In equation (4.40), we note that the first term of the expression for the field values outside
the dielectric profile, amlm(sp), represents the incident field. The second term, bmI<m(sp),
is recognized as the scattered field, resulting from the scattering of the incident field (the
first term) by the dielectric object. We calculate the coefficients {am(s)} directly by regard
ing the incident field, which is known in the inverse-scattering problem. In Appendix A
we do this for the case of a plane wave incident on the left-hand side of the configuration
depicted in Figure 4.6.

The aforementioned requirements for the tangential components of the electric field E
and the magnetic field H at the boundary 6V2 result directly from the observation of
Maxwell's equations. When we apply these boundary conditions to the electric field terms
at the discontinuity p = a, we arrive at these expressions:

and:

lim Em (p,s) = lim Em (p,s),
pta pTa

(4.41 )

(4.42)

We now have two linear equations with the coefficients {bm(s)} and {cm(s)} as unknowns,
and with the terms {am ( s)} obtained from the incident field. The next step is to express
the coefficients {bm(s)} and {cm(s)} in terms of {am(s)}. To this end, we substitute the
expression for the electric field components Em (p, s), equation (4.40), in (4.41) and (4.42).
When we apply the limits for pTa and p la, we find:

em (s)Im(sna)

nCm(s)I~ (sna)

= bm(s)I<m (sa) +am(s)Im(sa),

bm(s)I<;" (sa) +am (s)I;" (sa).

(4.43)

(4.44)

In these equations, the terms I~(x) and I<~(x) are the derivatives of the Bessel functions
Im(x) and I<m(x) with respect to their argument. These terms can be evaluated by the ap-
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plication of !?tandard recursion formulas. 4 We obtain for the scattering coefficients {bm (s)}:

(4.45)

In the determination of the coefficients em (s), related to the field strengths inside the
dielectric cylinder, we use the property:

in which W denotes the Wronskian. Using the recursion formulas and this observation, we
obtain:

(4.47)

In the case of an incident plane wave, originating from the left-hand side of the configu
ration as depicted in Figure 4.6, the angle cp, pointing towards the origin of the wave, is
equal to 1r. The coefficients am(s) are then found as: am(s) = (_I)m (see also Appendix A).

In the next section, we will use the expression found for the scattering coefficients bm(s)
to calculate the Born error. These coefficients correspond to the exactly known scattered
field.

4.4.2 The classical Born approximation applied to the homo
geneous dielectric cylinder

We evaluate the classical Born approximation and the error it introduces in the reconstruc
tion of the profile by first examining the different terms in the Born-approximated relation
(4.6), which reads:

(4.48)

in which Ei (PR' s) denotes the incident field at the location of the receivers P= PR, on
contour hVo ' In Appendix A, Section A.I, we derive an expression for the incident field in
terms of modified Bessel functions:

4In [Abramowitz, 1965], equation 9.6.26, we find for the recurrence relations: I:n(x) = Im +1(x) +
!flm(x) =Im- 1(x) - T1m(x) and a similar relation for K:n(x).
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00

Ei(p,s)= L exp(im<p)(-l)mIm(sp).
m=-oo
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(4.49)

In a similar fashion, we will obtain an expression for the Green's function in vacuum for
our cylindrical coordinate system. We recognize the Green's function for the reference
configuration as being equivalent to the field at location p outside V 2 generated by an
appropriately normalized source located at position iJ inside V 2 • The derivation of the
Green's function for the reference configuration closely resembles the method used in the
previous section for the analytical derivation of the exact electric fields for the configuration
of a homogeneous cylinder. We start by deriving an expression for the Green's function
for a general reference medium. First, we regard the normalized Helmholtz equation in
cylindrical coordinates, equation (4.36), which is modified to express the Green's function
for the reference medium:

in which we recognize the Green's function as the response to a Dirac pulse at p= iJ. In
this equation, n (p, s) is the refractive index of the reference medium. In a lossless medium,
n (p, s) = n (p). We write the Green's function for the reference medium as a Fourier series
III c.p:

cre!(p,jJ;s) = f: exp(ikc.p) e~e!(p,p';s),
k=-oo

and the Fourier coefficients e~e! (p, p'; s) are defined by:

11"

e~e! (p, p'; s) = 2~ Jexp (-ik<p') ere!(p, jJ; s) d<p'.
-11"

(4.51)

(4.52)

Substituting the Fourier representation of the Green's function in (4.50), we obtain a one
dimensional differential equation for the Fourier coefficients:

for k E 7l,

(4.53)



CHAPTER 4. INVERSE SCATTERING 68

in which we used the orthogonality of the individual terms involving G~ef. In the case of
the classical Born approximation, the reference medium is vacuum, which means that the
refractive index n(p) equals the value of the refractive index of vacuum: n(p) = 1. The
general solutions for the terms Gk (p,p';s), for p =J p', in (4.53) are then written as:

Gd '. s) =: {ak(S)h(SP) for p < p',
p, p, bk(s)Kk(sp) for p > p'.

In (4.54), we used the following properties:

• For p -+ 00 the electromagnetic waves propagate away or decay to zero.

• Inside 1)2, the field remains bounded.

(4.54)

The next step is to apply the boundary conditions to the general solutions of (4.54). We
note that Gk(p, p'; s) must be continuous at p =: p'. This is derived from the following
argument: if Gk(p, p'; s) were discontinuous at that point, applying the 8; operation on
the left-hand side would lead to a term containing h'(p - p'). Such a term cannot be
compensated by any of the other terms in (4.53). Therefore, the continuity at p = p' is
guaranteed when:

lim Gk(p, p'; s) = lim Gk(p, p'; s)
pTp' p!p'

and the general solution of the Fourier coefficients Gk(p, p'; s) becomes:

(4.55)

(4.56)

in which p< = min {p, p'} and p> =: max {p, p'}. The jump condition in the Green's
function at p = p' is expressed by the following requirement:

lim {OpGk (p, p'; s)} I::~~ =: -2
1

exp (-ikc.p') ,
h~ ~p

(4.57)

which follows from integrating the differential equation (4.53) across the point p = p'.
Using (4.57), we solve the constants Ck accordingly:

Ck{h(sp)I«sp)-I~(sp)Kk(sp)} = CkS{-(Sp)-l}

_1_ exp (-ikr.p') ,
2~p

(4.58)
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from which the constants Ck are found as:

Ck = ;1r exp(-ikcP').
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(4.59)

Now we introduce the expression for the constants Ck in the general solution for the Fourier
components Gk(p, p'; s), equation (4.56), for p > p':

Gk(p, p'; s) = ckh (sp') J{k(sp) = 2~ h (sp') J{k(sp) exp (-ikcp'). (4.60)

By using (4.60) in (4.51), we finally obtain the Green's function for a vacuum written in
terms of Bessel functions, for p > p' (i.e. for the observation outside the cylinder):

GoUi,jJjs) = ~ f: exp[ik(ep-ep')]J{k(sp)h(sp').
21r k=-=

(4.61 )

Limiting the integrations in (4.48) to the region containing the homogeneous dielectric
cylinder, we find for the dielectric profile C (fi):

(4.62)

With equations (4.49), (4.61) and (4.62), we rewrite (4.48) into an equivalent integral
representation that is adapted to our particular situation:

1 00

EB (p,ep,S)=-S2 f - L exp[ik(ep-ep')]J{k(Sp)h(sp')C2 ·
JV2 21r k=-=

=. L exp(imep')(-1)mlm(sp')dV(jJ).
m=-oo

(4.63)

We note that the circular symmetry of our configuration allows us to decompose the in
tegration over V 2 in (4.63) into an integration with respect to dp', from 0 to a, and an
integration over cp'. Using the orthogonality of the exponential functions {exp (imep)}, and
the observation we previously made regarding the integration domain, we obtain:

= a

EB(p,ep,s) = -S2C2 L exp (imep) J{m (sp)(-1)m JI?n (sp') p'dp'.
m=-oo 0

(4.64)
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The final step we now have to take is to determine the integral on the right-hand side
of (4.64), in order to obtain a closed-form expression for the Born-approximated scat
tered field. We recognize a symmetry property of the terms Im(x), I<m(x) and (_1)m
with respect to index m. Using this symmetry property and recognizing that cos(x) _
(exp(ix) +exp( -ix)) /2, we derive:

00 a

EB(p, <P, s) = -s2C2 L cos (m<p) (2 - Dm,o) I<m (sp) (_l)m JI?n (sp') p'dp' ,
m~ 0

(4.65)

in which the Kronecker symbol Dm,o occurs to compensate for the extra term in the cosine
for m = O. We solve the integral on the right-hand side of (4.65) analytically5:

a

JxI?n (sx) dx = ~a2 [I?n (sa) - Im-dsa) Im+dsa )] .
o

(4.66)

Introducing (4.66) into (4.65), we obtain the closed-form expression for the scattered field
using the classical Born approximation:

00

EB(p, <P, s) = -8
2C2 L cos (m<p)(2 - bm,o) I<m (sp) .

m=O

. (_l)m ~a2 [I?n (sa) - Im - 1 (sa) Im+1 (sa)] .

4.4.3 Error in the classical Born approximation: results

(4.67)

In the previous section, we obtained an expression for the scattered electric field, using
the classical Born approximation (i.e. Co(ji) ::::: 0) for a homogeneous circular cylinder. In
Section 4.4.1, we derived an expression for the exact scattered fields of the configuration
at hand. We will now examine the relation between the Born error and the expressions we
derived. The Born error of the classical Born method will be examined:

1. as a function of the normalized frequency,

2. as a function of the height of the dielectric profile.

The Born error that we are interested in is the global criterion, that expresses the root
mean-square error of the classical Born method:

SIn [Watson, 1952], page 134, we read: f xI;' (sx)dx =1/2. x2 [I;'(sx) - Im _l(Sx)Im +1(sx)]
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ERRRMs =
-11"
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(4.68)

In equation (4.68), the exact scattered field is denoted by Es (ii, s) and the Born-approximat
ed scattered field by EB(p, s). The integrations over 'P are evaluated analytically, which
means that a summation over all m remains. The configuration is depicted in Figure 4.6.
For the parameters a and po, we choose:

• The radius for the circular cylinder is taken as a = 1 m.

• The radius of the observation contour, on which the receivers are positioned, is taken
as po = 1.5 m.

We first calculate the global Born error as a function of the normalized frequency. The
normalized frequency is defined by: W n = wafCo, in which w is the angular frequency of
the incident wave and Co denotes the speed of light in vacuum. We examine the Born error
for several values of c of the dielectric cylinder. The result is shown in Figure 4.7.

III Figure 4.7, we observe that the Born error increases almost monotonically with the
normalized frequency. The rate of the increase is larger for higher values of the relative
permittivity. We also calculate the dependence of the Born error on the profile height, for
some frequencies. The Born error as a function of the profile height is depicted in Figure
4.8.

The Born error exhibits a monotonic increase as a function of the profile height, as we can
see in Figure 4.8. As we might expect, the rate of the increase depends heavily on the
normalized frequency of the incident plane wave.

The classical Born approximation requires the contrast to be close to zero, which shows
up in Figure 4.8. The Born error becomes large (over one-hundred percent) for low values
of the contrast (for values Cr > 1). However, the Born error becomes lower for decreasing
frequencies. This means that the classical Born approximation allows the reconstruction of
high contrasts at low frequencies, whereas the same contrast would lead to an unacceptably
large Born error at higher frequencies.
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Figure 4.7: The R.M.S. Born error as a function of the normalized frequency, for four
values of the relative permittivity Cr: Cr = 1.01,1.2,1.5,2.0.
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4.4.4 The distorted-wave Born approximation applied to the
homogeneous dielectric cylinder

We take a similar approach as described in Section 4.4.1 towards the examination of the
Born error that results from applying the distorted-wave Born approximation in the calcu
lation of the scattered electric fields. We use the same configuration as in the case of the
classical Born approximation. However, there is an important difference in that we need
to specify the reference profile C ref(P). We start by reexamining the distorted-wave Born
approximation, equation (4.8), which reads:

EDWB (ii, s) = Ere!(ii, s) - S2 f ere!(ii, jJ; s) c un Eref(jJ, s) dV (jJ) .IV2

(4.69)

In this equation, the terms with superscript ref pertain to a reference configuration. C(P)
is the contrast with respect to the reference configuration. We now choose this reference
configuration as a homogeneous cylinder with a permittivity that is close to the permit
tivity of the homogeneous cylinder in the actual configuration. This actual configuration
is also used to calculate the exact scattered fields. This means that the terms in (4.69)
related to the reference configuration are the exact solutions for the fields in the reference
configuration.

We recognize the contrast function as:

(4.70)

in which we used the homogeneity of the cylinder to omit the dependence on p. The refer

ence medium with permittivity c;ef is now used to calculate the Green's function and the
electric field in the reference medium needed for the distorted-wave Born approximation.
The electric field Eref(p, s) is found in exactly the same way as we used before, in Section
4.4.1:

Eref(p,s) = f: exp (imep) cm(s)/m (sn refp) ,
m=-oo

(4.71)

in which n ref is the refractive index of the reference configuration. The coefficients em (s)
are determined by equation (4.47), as:

(4.72)
am (s)

Cm(s) = am(s)Rm(s) = { (,f) f ( ,f ) }sa J(m+l (sa) 1m snreJa + nre 1m +! snreJa J(m (sa)
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in which Rm (s) is defined as a multiplication factor that does not depend on the incident
field.

The next step we take is to find an expression for the Green's function for the reference
configuration. When we follow the same procedure that was followed in Section 4.4.1 to
arrive at an expression for the electric field E (f), we end up with:

e ref (p, P'; s) = 2~ m~oo e:;:ef (p, p'; s) exp lim (<p - <p')], (4.73)

in which we recognize a similarity with the equations we found in Section 4.4.1. Applying
the same considerations regarding the boundary conditions at the discontinuity in the
dielectric profile as in Section 4.4.1, we obtain:

if p < a,

if p > a.
(4.74)

in which p< = min {p, p'} and p> = max {p, p'}. Using the aforementioned boundary
conditions, we obtain for the functions fm(s) and 9m(S):

1m (s) = n refI<m (sa) I<!m (snrefa) - I<!m (sa) I<m (snrefa) ,

I<:n (sa) 1m (snrefa) - nreiI:n (snrefa) I<m (sa)
(4.75)

and:

(4.76)
1

9m (s) = sa {nreiI:n (snrefa) I<m (sa) - I<:n (sa) 1m (snrefa)}'

So far, we have derived the exact solution of the electric field and the Green's function
for the reference field. We now introduce the exact reference field solutions and the exact
Green's function into the distorted-wave Born approximation, found in equation (4.69):

EDWB (p,<p) Eref(p,<p,s)_ ;2 i f 9m(s)lm (snrefp')I<m(sp)exp[im(<p-<p')]'
1r V 2 m=-OO

. f exp(im'<p')am,Rm,lm,(snrefp')dV(P'). (4.77)
m'=-oo
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As we have noted before, the terms {exp (imcp')} are orthogonal for all m. With this
observation, we rewrite (4.77) and obtain:

ex>

Ere!Ui, s) - S2 L gm (s) J(m (sp) exp (imcp) C (s)·
m=-ex>
a

'am(s) Rm (s) J1?n (snre!p') p'dp'.

°
We use the symmetry property of the terms 1m(x) and Km(x) in (4.78):

(4.78)

ex>

EDWB (p, cp) = Ere!(p,cp,s) - S2 L gm (s)(2 - 8m ,o) cos (mcp) J(m (sp) C (s) am (s)·
m=O

a

·Rm (s) Jr:n (snre!p') p'dp'.

°
(4.79)

As we have done in the evaluation of the Born error in the case of the classical Born
approximation, we carry out the integration over p' in equation (4.79) by applying (4.66)
and obtain:

j S2 a2 00

EbwB (p, cp, s) = Ere (p, cp, s) - -2- L (2 - 8m ,o) cos (mcp) gm (s) I<m (sp) C (s) .
m=O

'am(s) Rm (s) [1?n (snre!a) - 1m - 1 (snre!a) 1m+! (snre!a)] (4.80)

The scattered electric field EbwB (p, s) is found by the application of the distorted-wave
Born approximation, in which a known reference configuration is used with a dielectric
profile Cre! (or a refractive index nre!). Equation (4.80) thus is used to calculate the Born
error resulting from the application of the distorted-wave Born approximation.

4.4.5 Born error of the distorted-wave Born approximation
results

We have derived expressions for the exact scattered fields and the scattered fields found
using the distorted-wave Born approximation, for the canonical configuration of a lossless
dielectric cylinder. Similar to the procedure we followed in Section 4.4.3, we evaluate the
global Born error as a function of two physical parameters:
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1. The normalized frequency.

2. The height of the dielectric profile relative to the reference profile: C = Cr - c;ef

We use the expression for the global relative error, equation (4.68), which reads:

77

ERRRMS = (4.81 )

in which the exact scattered field is denoted by Es and the approximated field by EbwB'
The configuration we use allows us to choose the parameters a and Po, which we define
according to:

ref
• The reference profile: cr .

• The radius for the circular cylinder is taken as a = 1 m.

• The radius of the observation contour is taken as po = 1.5 m.

We first examine the Born error as a function of the normalized frequency. The Born error

is calculated for three values of Cr and a constant reference value c;ef. The Born error
is calculated for contrast values: C = 0.2,0.5 and 1.0, with a reference permittivity of 5.
Figure 4.9 shows the result.

We observe in Figure 4.9 that the relative Born error exhibits an increase for larger frequen
cies but, unlike in the case of the classical Born approximation, we notice an increase of an
oscillatory nature instead of a semi-monotonic one. The oscillations around the "trend"
of the graph are related to resonances caused by the occurrence of natural modes in the
cylinder. It is important to note that this non-monotonous increase implies that the Born
error can be unacceptably large for one particular frequency and may still be acceptable
for a slightly higher frequency.

The Born error as a function of the difference in permittivity of the actual profile and the
reference medium is illustrated in Figure 4.10. We observe that with a smaller difference
between the actual and the reference profile, the global Born error is lower. This means,
that for a good estimate of the profile, the Born error is small.

When we look at Figure 4.10, we see that the slope of the Born error depends highly on the
angular frequency. For low frequencies, the Born error is small even for large discrepancies
between the estimated profile and the current value of c, whereas for high frequencies, the
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Born error increases fast with. respect to .cr.- c;ef We finally ob1?eryeth",t the relation
between the global Born error and the angular frequency exhibits a trend that is almost
linear.
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4.5 Numerical implementation of a single step of the
distorted-wave Born method

In Section 4.2.2, we introduced the distorted-wave Born approximation and the integral
relation representing the inverse-scattering problem. In this section, we describe the nu
merical solution of the approximated integral equation, for a single frequency and for a
single step. In Section 4.6, we will describe an iterative method that uses the single-step
Born algorithm.

4.5.1 Discretization of the integral relation

We start by regarding the configuration we depicted in Figure 4.1. As we have noted
before, we measure the scattered field on the observational contour 81)0' as a function of
the excitation of the dielectric cylinder by line sources positioned on 81)0' We review the
integral representation (4.9) that we derived in Section 4.2.2, which represents the electric
fields as a function of reference fields and a reference medium:

(4.82)

In the configuration at hand we obtain the scattered field as a function of a number of
excitations. We now define the number of receivers on 81)0 as L R , and the number of
line sources on 81)0 by Lso We also choose an equally spaced distribution of the sources
and receivers on 81)0. Given this configuration of sources and receivers, we rewrite (4.82)
to reflect the dependence of a set of measured fields EDWB(PR, s) on the incident field
generated by a particular line source:

in which we introduced EbwB (PR'S) as the fields measured on 81)0 at a receiver located
at P = PR, generated by one line source denoted by index k. We use (4.83) as the data
equation to find an approximate solution for the dielectric contrast C (P). We use the
same discretization procedure that we introduced in Section 3.2 for the forward-scattering
problem. We first introduce the discrete position vector for the receivers and line sources
on contour 81)0:

a E 1... L R (4.84)
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_ jn which a denotes the ath receiver on 8Vo' For the position of the line source on 8Vo we
find the discrete position vector:

k E 1 ... Ls, (4.85)

The next step is to discretize the integrand on the right-hand side of (4.83) according to
the procedure we used in Section 3.2. We rewrite (4.83):

Ek.ref(Pa, s)
M:< My

L L S2C (pe,m) Ek,ref (ih.m, s) Gref(Pa, pe,m; s) w (f, m),
t'=Om=O

(4.86)

in which we introduced a mesh V of M x x My subregions called cells, each with a cell size
of h x h. The mesh completely encloses the yet unknown region V 2 , of which we only know
that it is entirely located in V o ' This is an additional restriction on the configuration to
which we limit the problem, but it does not pose essential additional limitations on the
theory. In Figure 4.11, a graphical illustration of the discretization is given. In the case
of inverse profiling, for which the boundary between the contrast medium and the vacuum
is known, the weighting function w (f, m) is equal to the weighting function introduced in
Section 3.2. For the general inverse scattering case, we do not know anything about 8V2

and we define the weighting function: w (f, m) = 1, except for the grid points at the edge
of the grid V, where w (f, m) = ~ and the corner points of the grid where w (f, m) = ~.

The bilinear expansion function, expanding the contrast distribution outside V 2 , is locally
integrated over a support region Ve,m. With this discretization procedure, the integral
equation for the field and the contrast is replaced by a discrete summation over the entire
grid.

We use equation (4.86) to obtain an estimate for the profile, as the first step in an iterative
procedure we are looking to develop. The second part of the Born iterative method is
the calculation of the forward-scattered fields that result from the excitation of the profile
as reconstructed in the first part of the iteration. We observe that, since these fields are
used in the inverse part of the iteration, the field equations have to be evaluated with a
numerical precision that is high enough to not affect the evaluation of the data equations
in a noticeable way. This means that the discretization step of the configuration used in
the forward field calculations has to be smaller. To this end, we increase the resolution
of the discretization by dividing up a single cell into a number of smaller subcells. The
number of subcells in a cell we used in the data equation is now Ncel/ x N cell , in which Ncell

is the number of divisions in either direction. The grid now consists of Nx x Ny subcells,
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Figure 4.11: Illustration of the discretization procedure for the inverse-scattering problem.
The grid 'D completely encloses the unknown object 'D2 •

Nx = Neel/Mx, Ny = NeellMy. Each of the subcells has a size of h' x h', h' = hiNeel/.
This grid is now used for the calculation of the forward-scattered fields. The subgridding
principle is illustrated in Figure 4.12. For the calculation of the forward-scattered fields we
use oversampling to construct a best estimate of the discretized permittivity distribution
using the reconstructed profile to guarantee sufficient accuracy.

When we introduce the subgrid in the field equation, we have to calculate the Green's
function and the permittivity profile we use in the forward-scattering solver. As indicated
before, we can use the electric fields on the grid points as the Green's function, apart from
a multiplying constant. By interpolation of the field values we found in the inverse step,
we find:

Nr Ny

E(p,8) = L L E(Pl,m,S) <Pt{x)<Pm(y).
l=Om=O

(4.87)

We also approximate the reconstructed contrast distribution with respect to vacuum ac
cording to:

M r My

Co (Pl,m) =L L Cp,q\lfp (Xl) Wq (Ym)
p=Oq=O

(4.88)

in which the product Wp (x) Wq (y) forms a bilinear expansion function, that has its base
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Figure 4.12: Illustration of the sampling of the contrast distribution in the forward
scattering part of the iteration. Ncell is the number of subcells in either direction (in this
ease, Ncell = 2).

on the grid points of the surrounding subcells. The reconstructed profile with respect to
vacuum is denoted by ep,q, in which (p, q) indicates the location on the grid. This oversam
pled contrast distribution is used in equation (3.23), to calculate the direct-scattered fields
for the best-known estimate of the reference profile with respect to vacuum. In equation
(3.23), the total number of subcells is Nx x Ny.

We note that in the inverse part of the single distorted-wave Born iterative step PR de
notes a position outside 'D2 , which means that we do not encounter a singularity like we
did for the forward-scattering problem. Therefore, the Green's function Gref(PR' ih.m; s)
is bounded and there is no need to split off a singular term. When we calculated the fields
for the best estimated contrast function available, we calculated the electric fields at the
grid points, for each line source. If we use appropriately normalized line sources, we find
that the fields correspond to the Green's functions for the reference medium. Also, the
reprocity property states that Gref(PR,ih.m;s) = are!(pl.m,PR;S), This means that we
do not have to carry out additional calculations to obtain the Green's functions for these
electric fields in 'D2 •

From the discretization procedure described in the above, we observe that, in general,
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LRLs ~ MxMy • This means that the resulting linear system of simultaneous equations,
described in equation (4.86), is highly overdetermined. Also, we note an ill-posedness
which may lead to large differences in the reconstructed profile C (ji), for small variations
in the electric fields EtwB (PR' s). This ill-posedness is caused by the way the information
content in the spatial Fourier domain is found: we choose the cell size Neell h' such that all
information within each single cell can be retrieved. Therefore, the system of equations
is locally overdetermined. This causes the linear system of equations to be ill posed.
Since the higher spatial-frequency components of the dielectric profile determine sharp
variations in the profile (e.g. the boundary between the contrasting medium and the
surrounding vacuum), these high-frequency components cannot be determined properly
unless the spatial Fourier coefficients have been retrieved for smaller values of the wave
vector K. This means that, in the initial steps of the reconstruction, we need to try for
the smoothest solution of the profile as possible, since that implies that the high-frequency
components of the reconstruction are suppressed until they become relevant. We introduce
a regularization procedure, which will be described in the next section.

4.5.2 Regularization of the inverse equations

As we stated in the previous Subsection, the matrix of equations that needs to be solved
is generally ill posed. This means that we need to devise a method with which the de
pendence of the reconstructed profile on small variations of the calculated electric fields
is compensated for. To this end, we introduce a second-order differential regularization.
This type of regularization filters out the higher-frequency Fourier coefficients of the spatial
Fourier domain, that exist, but cannot yet be determined from the system of equations in
(4.86). The regularization procedure can be shown to keep the solution of the discretized
integral equation as smooth as possible, if no better solution can be found.

We implement this regularization procedure as follows. The first step is to define a suitable
limitation on the contrast function. We do this by stating that, for each grid point of the
mesh 'D in the data equation, one or both of the following equations must be satisfied:

2Cl,m - Cl+l,m - Cl-I,m = 0

2Cl ,m - Cl,m+I - Cl,m-l = 0

lSfS(Mx -1),

1 S m S (My - 1). (4.89)

Equation (4.89) essentially imposes a limitation on the change in slope of the contrast
distribution between two adjacent grid points, in both the ix and the z:, direction. This
procedure is illustrated graphically in Figure 4.13. The effect of the regularization as
described by (4.89) is to minimize the distance d (see Figure 4.13), being the difference
between the actual value of the contrast at fie,m and the linearly interpolated value of
the contrast at Pi-I,m and Pt+l,m in the x-direction (and in between Pi,m-l and Pi,m+l in
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Figure 4.13: Principle oj the second-order difference regularization. For each grid point in
'D, in both the x- and y-direetion, an equation is added that minimizes the distance d.

the y-direction). This means that the change in slope of the dielectric profile during the
reconstruction is minimized in the regularization procedure. These equations are added to
the system of equations of the discretized integral relation and the total system of equations
is solved using the CGFFT method. The regularization procedure as described in (4.89)
is numerically implemented as follows:

M",-l My

,1/2 L E Xij,lm Gl,m = 0,
l=} m=O

M", M y -1

,1/2 E L Yij,lmGl,m = 0,
(=0 m=l

(4.90)

(4.91 )

in which

{

2 i = £ and j = m
X.. -1 i - 1 = f. and j = m

IJ,(m -1 i + 1 = £ and j = m
o for all other i,j.

{

2 j = m and i = f
-1 j - 1 = m and i = £

and Y;'l
']. m -1 j + 1 = m and i = f

o for all other i,j.

(4.92)

In equations (4.90) to (4.92), Xij,lm is the regularization matrix for the ix-direction. Yij,lm

is the matrix for the iy-direction. Equations (4,90) and (4.91), together with the expression
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found for the reconstructed profile Cp,q, constitute a system of equations. By applying the
congjugate-gradient method, we arrive at a solution of the system of equations by mini
mizing the total squared error.

We introduce a deformation of the profile by suppressing the high-frequency components
of the spatial Fourier transform of the contrast function. Since we want to control the
influence regularization has on the reconstruction of the dielectric profile, a parameter,
is added. For high values of " the influence of the regularization procedure is high in
suppressing the high-frequency components of the reconstruction. However, the deforma
tion of the profile introduced by the regularization is also high. For low values of " the
deformation of the contrast is less, but the high-frequency components of the profile are
less suppressed. This means that we have to choose the right value for the regularization
parameter, depending on the strength of regularization needed and, consequently, on the
amount of deformation of the reconstructed profile allowed.

We note that the value of, can be adjusted for every iteration step. If the initial guess of
the contrast function is a good approximation of the actual profile then the high-frequency
Fourier coefficients need only be suppressed up to the extent that oversampling occurred.
This means that the regularization parameter is taken very small. When the profile is yet
unknown, or an initial guess is used that is not close to the actual profile, the regulariza
tion has to kick in to reduce the error caused by the large number of unknowns. From
[Van Vliet, 1992], page 46, we quote that as a rule of thumb the value of, must be chosen
such that an increase of , with a factor of 5 results in a small difference in the solution
of the profile, whereas a decrease of , with a factor of 5 leads to large unwanted components.

4.5.3 Resulting system of equations

In this section, we recapitulate the procedure we followed and list the system of equations
involved in solving a single step in the distorted-wave Born approximated integral equa
tion. From the previous sections we know that the system of equations we need to solve
to obtain the solution of the data equation consists of Ls x L R times equation (4.86),
one for every receiver as a function of each incident wave generated by a line source on
bVa. Furthermore, the regularization of the reconstruction described by (4.90) and (4.91)
roughly adds two times Mx x My equations.

This system now describes the inverse problem in a rather large number of equations. This
large number of equations not only requires a computer with reasonable numerical capa
bilities, it is also demanding a lot of computer memory. This means, that given the large
system of equations, we need to concern ourselves with stability (e.g. build-up of round-off
error) and potential shortage of memory. Also, the regularization procedure adds a large,
sparse matrix to the total system of equations. Therefore, we use the CG equations solver.
This procedure can handle large systems of equations that are not required to be held in
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memory all the time. The CG and the CGFFT methods are described in Appendix B.
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For the forward-scattering part of a single Born iteration, we have to solve Ls times
equation (3.23), for each of the L R receivers on 'Do. Now, we use the CGFFT method to
obtain the scattered fields on 'Do and the fields on the grid 'D. These fields are then used as
the Green's function inside the dielectric. With the extrapolation procedure described in
Appendix B, this method converges in a few iteration steps for each new field computation.

4.6 Iterative distorted-wave Born method

In the previous section, we described the procedure we followed to solve a single step in
the distorted-wave Born-approximated integral equation. We now introduce an iterative
method with which we will try to generate a solution by subsequently updating the profile
and the field quantities until the field error of the most recent update become suitably
small. Schematically, the iterative procedure is given by:

1. The initial guess for the dielectric profile is set to vacuum, i.e. c:;ef (ji) = 1.

2. Calculate the forward scattered fields for the reference configuration. The reference
profile is the best guess of the actual profile available with respect to vacuum: C~(jj).

3. Calculate a correction profile 6,.Ci (ii) with the inverse algorithm, using the scattered
field data calculated in the previous step.

4. Use the correction 6,.Ci(p) to update the profile with respect to vacuum: C~+l(P) =
C!J(P) +~Ci(p).

5. Next iteration step: j -+ j + 1. Go to (2).

We now examine this iterative procedure in a more detailed manner.

The index j denotes a particular iteration step. For each new iteration step, the refer
ence configuration is taken as the best estimate available of the dielectric profile. This
means that the vacuum reference medium we used initially is replaced by the iteratively
determined profile. In the solution of the forward problem, the scattered fields are calcu
lated with a vacuum reference medium and the best reconstructed profile as the dielectric
medium.

For the first step in our iterative procedure, we calculate the direct scattered fields using
the incident field and a vacuum (reference) medium only. For the subsequent steps, we
define the contrasting medium used in the calculation of the forward-scattered fields in the
j-th iteration step as:

(4.93)
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The contrast with respect to vacuum, C~(j;), is used to calculate the direct scattered field.
It is substituted into the discretized direct-scattering integral equation (3.23), which reads:

N:r Ny

Ek,j (p, s) = Ek,i (p, s) - L L s2ct-1 ((h,m, s) Ek,j (Pl,m, s) Go (p, {h,m; s) W (R, m) ,
l=Om=O

(4.94)

in which the index j denotes the j-th iteration step. The term Ek,j (p, s) denotes the
incident field generated by the k-th line source on Va' We use (4.94) to calculate the
direct-scattered reference fields, that will be entered to calculate the profile update in the
data equation. We use (4.86) and rewrite it to accommodate the iterative distorted-wave
Born technique:

E k,j (-+ )
DWB Pa,S - Ek,j-l (Pa, s)

M r My

L L S2~cj (Pl,m) Ek,j-l (Pl,m, s) ej - 1 (Pa, Pl,m; s) w (R, m) ,
l=Om=O

(4.95)

in which we omitted the superscript ref and replaced it with the iteration number j. As
can be seen from (4.95), we use the direct-scattered field calculated at iteration step j - 1
and use it as a reference field for the inverse relation. The solution of (4.95) produces a
correction ~Cj ({h,m) for the contrast distribution. With:

Ci ( -+ ) C j - 1 (-+ ) ACi( -+ )o pl,m = 0 pl,m +L...l pl,m, (4.96)

we update the profile (with respect to vacuum) in subsequent steps to arrive at the desired
result. Hence the name iterative distorted-wave Born method.

As we have explained before, we use the conjugate-gradient method to solve the resulting
set of equations, which includes the regularization equations. In equation (4.95), the

reference electric field Eref(Pl,m) is the electric field inside the contrast medium. It is
subsequently updated for every iteration step by the forward-scattering solver. We note
that, analogous to the extrapolation procedure described in Section 3.4, we can use the
electric fields calculated in previous iteration steps to find an initial estimate for the electric
fields in this step. We use the method described in Appendix B, Section B.1.3, to derive the
extrapolation coefficients. By expansion of the fields found at previous iteration steps, we
greatly increase the speed with which the CG-method converges. This effect is particularly
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notic;;eable when the profile updates !1C (pi,m) are small relative to the estimated profile
height.

4.7 Multiple-frequency iterative Born method

In Section 4.3, we described the relation between the information content of the measured
fields as a function of a combination of incident fields and the quality of the reconstruction
of the dielectric contrast. We noted that the amount of information that can be retrieved
depends on the angular frequency of the incident waves. For a detailed reconstruction of
the profile, we need to use the high-frequency spatial Fourier-domain information. This
means that we have to measure the scattered field of the profile as caused by high-frequency
incident waves.

In Section 4.4, we examined the Born error as a function of the profile height and the
frequency for a known configuration of a homogeneous circular cylinder. The Born er
ror represents the error in the reconstruction introduced by the Born approximation. We
showed that, for low contrast values, the Born error is small even for high angular frequen
cies. For high contrast values, the Born error becomes large even for low frequencies. We
need to control the Born error to assure convergence of the iterative method described in
Section 4.6. The convergence of the iterative distorted-wave Born method is guaranteed
if the initial estimate with which the method is entered is reasonably close to the actual
profile.

We may be able to achieve a high-quality reconstruction of the dielectric profile by using
measurements at multiple frequencies. When we start with vacuum as an initial estimate
the iterative method will converge if the angular frequency is low enough, thus forcing the
Born error to be low. This can be concluded from the relation of the Born error to the
frequency, as shown for a special case in Section 4.4. The resulting reconstructed profile is
band-limited in its spatial Fourier contents.

We now increase the angular frequency and "measure" the scattered field on the observa
tional contour 81)0' With the profile reconstructed from low-frequency scattered data as
the initial estimate of the contrast function, we enter the iterative procedure again. The
profile will be updated and contain the extra spatial information due to the higher angular
frequency, provided that the iterative procedure converges. Whether the procedure con
verges depends on the height of the profile relative to the angular frequency. It has not
been possible so far to provide suitable criteria for the convergence of procedure in quan
titative terms. The Born error is denoted by ERRDwB, as the relative difference between
the measured scattered field and the direct-scattered field of the reconstructed profile.

With this procedure it is possible to increase the angular frequency of the measurements
and repeat the steps as described in the above, until the profile is reconstructed with an
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appropriate resolution. The maximum resolution achievable depends on the resolution of
the grid. This grid has to be chosen according to the resolution expected. As soon as
during the reconstruction the actual height of the profile at the interface with vacuum
is achieved within one step in the grid (in the case of a homogeneous cylinder), we have
maximum resolution.

So, recapitulating the entire multi-frequency distorted-wave Born method, we recognize
four iterative loops. The inner loop is the CGFFT procedure, that is used to evaluate the
approximate fields, as described in Section 4.5. These are encapsulated by the iterative
distorted-wave loop, in which the reconstruction is calculated for one angular frequency in
an iterative way, as described in Section 4.6. Within this loop, the direct-scattered field of
the reconstructed profile is calculated and a modification of this profile is computed with
the distorted-wave Born approximation, until an error criterion for the forward scattered
field is satisfied. The computation of the profile update in each iteration constitutes the
third loop. The final loop is formed by the multiple-frequency technique described in this
section.

4.8 Examples

In this section, we will present some examples of the distorted-wave Born approximation
and the multi-frequency technique. We start by showing the frequency limitations of the
iterative distorted-wave Born technique, for which the reconstruction of the profile depends
on the angular frequency of the measurements. For a frequency that is too large, the pro
file will not be reconstructed properly, since the Born error is too large. The frequency
at which this happens depends on the configuration and, more importantly, on the profile
height. We then examine the multiple-frequency technique, in which we force the Born
error to be low. The use of this technique ought to enable us to achieve a high resolution
of the reconstruction. This will be scrutinized.

We examine the results of the distorted-wave Born iterative method applied to a simple
configuration. It consists of a homogeneous lossless dielectric circular cylinder with a radius
of 0.6 meter embedded in vacuum: Co(ji) = 1 inside and Co(ji) = 0 outside the cylinder.
The center of the dielectric cylinder is displaced by 0.15 meters in both the x- and the y

direction from the center of the computational domain. The fields are measured all around
the configuration as a function of line sources positioned on the observational contour 8'00 ,

The radius of this contour is 3 meters. The number of receivers on 8Vo is 64 throughout
this procedure.

In Figure 4.14, an illustration is given of the actual profile that we use. When we try to
reconstruct this configuration by using a angular frequency that is too high, the dielectric
profile obtained will not be correct. The Born error in the first and subsequent iterations
is too high for a correct reconstruction. For instance, the Born error "explodes" if the first
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Figure 4.14: Illustration of the actual profile. The configuration consists of a homogeneous
dielectric circular cylinder located entirely inside the discretization grid. The profile height
is xU!) = 1. The fields are measured on a circular contour encircling the computational
domain.

iteration is done at 500 MHz.

We now start by attempting to reconstruct the profile at a lower frequency: f = 100 MHz.
The result is depicted in Figure 4.15 for a grid of 16 x 16 cells. We observe from this graph
that the reconstructed profile is smoothed out compared to the actual profile due to the
low angular frequency used in the procedure. When we use the reconstructed profile to
calculate the corresponding forward-scattered fields, the global field error equals some two
percent. This means that almost all available information has been accounted for.

We use the profile, reconstructed at 100 MHz, as an initial estimate for the reconstruction
at a higher frequency: f = 200 MHz. We expect the profile to be reconstructed with
greater detail. This means for our configuration that the edge of the dielectric, i.e. the
boundary between the dielectric cylinder and the surrounding vacuum, ought to be more
sharply defined. We note that, because of the higher frequency, the resolution of the
reconstruction is expected to be higher than in the first reconstruction. This means that
the number of cells of the grid in the inverse step in the iterative Born method could be
increased and the cell size decreased. Also, because of sampling requirements, the number
of cells used to calculate the forward-scattering response is increased to 32 x 32. The result
of the reconstruction is depicted in Figure 4.16.

In Figure 4.16, we observe a more detailed reconstruction of the profile. The global field
error is six percent. The final regularization parameter equals 10-5

, the same value as in
the first reconstruction. When we now use this improved reconstructed dielectric profile as
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Figure 4.15: Reconstruction at 100 MHz. N=M=16, 5 iteration steps and the resulting
(global) relative field error is 0.02.

Figure 4.16: Reconstruction at 200 MHz. M=16, N=32, 5 iteration steps and the resulting
(global) relative field error is 0.06.
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Figure 4.17: Reconstruction at 500 MHz. M=16, N=64, 5 iteration steps, I = 10-6 , and
the resulting (global) relative field error is 0.13.

an initial estimate for the inverse-scattering reconstruction at 500 MHz, we expect an even
better result. The reconstruction at 500 MHz, using the same resolution as in the case of
200 MHz, is depicted in Figure 4.17. Again, the sampling of the fields in 'Do is increased
to accommodate the increase in frequency. The forward-scattering response is calculated
with a grid of 64 x 64 cells.

In Figure 4.18, the result of the procedure is shown for a grid of 32 x 32 cells, for 500
MHz. The end value of the regularization parameter I during the reconstruction process
is set to I = 10-6

• As a result, the global field error of the forward-scattered fields of
the reconstructed profile is some eleven percent. This indicates that there is still some
information available in the field data. Therefore, we improve the reconstruction of the
profile by adapting the regularization parameter to: I = 10-7 • The result is illustrated in
Figure 4.19. In this case, the global field error reduces to approximately two percent.
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Figure 4.18: Reconstrudion at 500 MHz. M~32, N~64, 5 iteration stepS, 1 ~ 10-

6

, and

the resulting (global) relative field error is 0.11.

Figure 4.19: Reconstmction at 500 MHz. M~32, N~64, 5 iteration stepS, 1 ~ 10-

'

, and

the resulting (global) relatioe field error is 0.02.



Chapter 5

Conclusions and recommendations

In this chapter, we will discuss the results of the development of the forward- and the
inverse-scattering methods we described in the previous chapters. We will also examine
the consequences of the conclusions obtained in this discussion to the general applicability
of either of the two methods. In the second section, we will explore some possibilities to
expand the distorted-wave Born iterative technique.

5.1 Conclusions

In this report, we examined both the forward-scattering and the inverse-scattering prob
lems for a two-dimensional dielectric cylinder, for electrically polarized incident waves.
First, we developed an integral representation for the scattered fields caused by an inci
dent harmonic wave incident on a dielectric cylinder, surrounded by vacuum. The fields
are measured with receivers positioned on a contour encircling the configuration, or on the
discretization grid inside the dielectric. We specialized the integral representation to fit
the specific scattering mechanism to be described. Then, a discretization procedure was
introduced and implemented. The resulting system of equations was suited to allow the
application of the highly efficient CGFFT equation solver.

In the case of forward-scattered fields, the results are according to expectations. The nu
merical results comply with the data found in the literature.

For the inverse-scattering problem, we introduced Born-type approximations to linearize
the integral representation that expresses the fields inside and outside the unknown media.
We introduced the Born error and developed a suitable means of evaluating this error and
its effect on the reconstruction of the dielectric profile. The limitations of the classical
Born method were recognized and partly circumvented by applying the so called distorted
wave Born approximation. We developed the distorted-wave Born iterative method as an
improvement. We found, that the Born error in both the classical Born method and the
distorted-wave Born method is highly dependent on the angular frequency and the height

96
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of the dielectric profile.
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We also examined the information content of the scattered field. To this end, we introduced
the spatial Fourier transformation. To achieve a high-quality reconstruction, we have to
obtain the data in the wavenumber plane. This data can be found by using multiple inci
dent waves, and measuring the scattered fields around the configuration. For low angular
frequencies, the information content of the scattered fields is limited to the low-frequency
spatial Fourier components. For higher angular frequencies, the reconstruction process had
to be forced to calculate the low-frequency Fourier components first, by a regularization
procedure.

The results from examining the Born error of the integral representation and the frequency
content of the scattered field led us to the conclusion that the use of multiple-frequency
data could lead to a reconstruction of the profile at very high resolution. Since the Born
error is forced to be small at low frequencies, an initial guess of the dielectric profile can be
calculated, containing only low-frequency spatial Fourier components. This low-resolution
reconstructed profile is then used as an estimate of the actual profile at a higher frequency,
forcing the Born error to be low. Using this scheme, we can achieve optimum resolution.
During the application of this multi-frequency distorted-wave Born iterative method, the
regularization parameter has to be adapted accordingly.

The inverse-scattering mechanisms described in this report require considerable computa
tional resources, since the number of equations involved is very large. This problem needs
special attention, since the reconstruction process may very well exceed the limits of the
equipment available. Therefore, we have chosen to utilize one of the most powerful equa
tion solvers available: the conjugate-gradient method. This already powerful and resource
friendly technique has been tuned to perfection even more by forcing the discretization of
the forward problem into a convolution-type structure, thus allowing for the application
of FFTs in the conjugate-gradient method. An efficient extrapolation procedure further
enhances the computational efficiency of the CGFFT method.

5.2 Recommendations

The inverse-scattering technique discussed in this thesis is based on the use of multi
frequency scattering data to obtain a high-quality reconstruction of a two-dimensional
dielectric profile. The derivation of this theory is limited to a configuration with a two
dimensional, lossless cylinder with a vacuum surrounding media, for electrically polarized
incident waves. There are some improvements on this basic theory that will be discussed
here, without going into too much detail.

Firstly, we discuss some easy-to-implement modifications of the basic theory. We note that
the distorted-wave iterative Born technique has been developed for lossless media. We can
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easily implement the case of a lossy dielectric. In fact, the same considerations regarding
the Born error and information content of the sca-ttered field apply, with some minor and
straightforward modifications.

Also, the implementation of the theory requires the measurement of the scattered fields on
a circular contour encircling the unknown dielectric cylinder. As discussed in Section 4.3,
we only have to obtain the spectral information in one half of the K-plane. This information
can be acquired in more ways than the one we used, for instance by measuring the fields
on a straight line instead of a closed circular contour. This, of course, only applies to the
case of a lossless dielectric cylinder.

Secondly, we can use time-domain scattered-field data for the reconstruction of the dielec
tric profile. As we have noted in Section 4.3, most transient pulse types encountered in
a practical measurement situation contain frequency components up to a very high fre
quency. This means that it may be possible to devise a technique in which the frequency
information of the resulting scattered fields is used in the multi-frequency iterative Born
method described in Section 4.6. Also, if we use the frequency information available at
very low angular frequencies to calculate the initial estimate of the dielectric profile, we
may be able to obtain the spatial-Fourier components necessary without using the regu
larization procedure. To achieve convergence, a proper pulse shape will have to be chosen
that stresses the low-frequency information in initial iteration steps.

Furthermore, it is important to explore the performance of the distorted-wave Born itera
tive method using actual measured data. This data contains a certain amount of additive
noise. We can simulate a practical situation by applying additive noise (e.g.. Gaussian
noise) to the simulated scattered-field data. By adding well-defined amounts of noise to
the scattered-field data and using this in the inverse-scattering procedure, we can examine
to what level of noise the distorted-wave iterative Born method is applicable.

Finally, we can find ways to extend the basic configuration of the distorted-wave iterative
Born method beyond its essential limitations. In this respect, the use of magnetically
polarized instead of electrically polarized incident waves and the examination of the con
sequences this has for the various parts of the inverse technique described in this thesis
would be a logical next step. From the results of this expansion it may prove to be viable
to extend the configuration to a three-dimensional one. This would involve full vectorial
field computations. However, the two-dimensional method is already a powerful technique
to measure and reconstruct configurations that exhibit permittivity variations in two di
mensions only.



Appendix A

Basic theorems

The aim of this appendix is to investigate the possibilities of gathering information by
generating an incident field with sources on or in the region outside oVo, and measuring
the scattered field in the same domain. As far as the incident field is concerned, we consider
two sets of "elementary" excitations, i.e. by plane waves originating from outside V o and
by electrically polarized line sources on oVo' For the scattered field, our "elementary" data
are measurements on 0'00 , We are looking to devise a method that allows us to represent
the scattered fields in the exterior domain in terms of measured fields on oVo' In a similar
fashion, we want to represent the incident field in V o by an equivalent elementary source
distribution on oVo' To this end, we derive two theorems:

1. It is possible to regard each incident field inside V o as being generated by an equiv
alent current density l: (p, s) on oVo'

2. A unique representation of a scattered electromagnetic field measured outside V o

exists in terms of the field strength detected on oVo'

The case of plane-wave incidence is then obtained as a corollary of Theorem 1. With these
theorems, we can restrict our measurements to two sets of excitations and observations,
each of which depend on a single angular coordinate. We will now proceed to prove these
theorems. Throughout this appendix, we will use the normalized quantities introduced in
Section 2.2.

A.I The illuminating field generated by an equiva
lent surface-current density

The first theorem states that, inside V o , every incident field can be regarded as originating
from an equivalent surface current density l: (ii, s) on oVo' To prove this, we start with
the normalized wave equation, equation (2.17), in cylindrical coordinates. In Theorem 1,
we represent any possible incident field by an equivalent source distribution on oVo' In
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Figure A.I: Scattering configuration.

Theorem 2, we observe the scattered fields on 81)0' For both cases, the electric fields are
considered in free space. Therefore, we write this equation for Cr = 1:

We write the solution of this equation in terms of a discrete Fourier series:

00

Ez(p,<f>,s) = L exp(im<jJ)Em(p,s),
m=-oo

(A.l )

(A.2)

where the terms {Em(p, s)} are the Fourier coefficients. Differentiating Ez(p, <jJ, s) with
respect to if> now reduces to multiplying each individual Fourier coefficient by im. In a
similar fashion, we write the equivalent external electric current density on 81)0 as

00 00

J:(p,if>,s)= L J':r,(p,s)exp(imif» = p;;18(p-po) L bm(s)exp(im<f», (A.3)
m=-oo m=-oo

in which po denotes the radius of the circular contour 81)0' Substituting (A.2) and (A.3)
in the wave equation (A.1), and using the orthogonality of the terms {exp(im¢>)} leads to:
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for every m. The incident electric field is also written in terms of a Fourier series:
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(A A)

00 00

E~(p,¢>,s)= L E~(p,s)exp(im¢» = L: am(s)exp(im¢»Im(sp), (A.5)
m=-oo m=-oo

both inside and outside 'Do. In this equation, we have introduced Im(z), the modified
Bessel function of the first kind of order m. Each of the constituents in the sums in (A.2)
and (A.3) is as such a solution of the wave equation.

Now, our proof is complete if we can express the coefficients {bm (s)} in terms of the
coefficients {am(s)}. In that case, every incident wave in 'Do can then be regarded as being
generated by a specific equivalent current density J:(p, ¢>, s) of the form (A.3), radiating
in free space. To prove this, we rewrite (AA) as

(A.6)

for every m. The general solution for the field Em(p, s) in equation (A.6) is found as:

E ( ) {em(s)Im(sp) for p < po,
m p, S = dm(s)I<m(sp) for p > Po.

In (A. 7), we used the following properties:

• For p --+ 00 the electromagnetic waves propagate away or decay to zero.

• Inside 'Do, the field remains bounded.

(A.7)

From (A.7), we observe that Em(p,s) must be continuous at p = Po. This is derived
from the following argument: if Em (p, s) were discontinuous at that point, applying the a:
operation on the left-hand side would lead to a term containing 8'(p - Po). Such a term
cannot be compensated by any of the other terms in (A.6). Therefore, we can write:

(A.S)
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in which p< = min{p, Po} and p> = max{p, Po}. If we integrate (A.6) over p across the
boundary 8Vo, where p = Po, the 8-function generates a nonzero right-hand side. This
term must be compensated by the term 8;Em (p, s) on the left-hand side. Therefore, we
evaluate:

(A.9)

Calculating 8pEm (p, s) I:::~ and using the propertyl that:

(A.I0)

where W denotes the Wronskian, we obtain:

(A.ll )

When we now equate the Fourier coefficients in (A.5) and (A.8), for p < po, we end up
with:

(A.12)

provided that sand J(m(spo) do not vanish. According to (Abramowitz, 1965], J(m(z)
has no zeros for arg(z) :s; 1r /2, which is always the case since we need to satisfy causality
conditions.

As a special case, we now consider an incident, plane, time-harmonic wave in vacuum. To
find the coefficients {am} in (A.5), we write our incident wave as exp(-spcos(</> - </>0]),
where </> = </>0 is the direction in which this wave is propagating. Multiplying both sides of
(A.5) with exp(-if</» and integrating with respect to </> leads to:

1
11" 00 111"

exp( -if</> - spcos(</> - </>oD d</> = L amlm(sp) exp( -if</> + im</» d</>.
-11' m=-oo -11"

(A.13)

The integral on the left-hand side of (A.13) can be evaluated in closed form with the aid
of the expressions given in [Abramowitz, 1965], equations (9.1.21) and (9.6.3):

lIn [Abramowitz, 1965] we find (9.6.15): W[I<v(z),lv(z)] = Iv(Z)I<v+l(Z) + I<v(z)Iv+l(z) =~. With
the recurrence relations from (9.6.26) we obtain (A.I).
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i: exp( -inO - zcosO) dO = 211"(-lt In(z).
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(A.14)

The integral on the right-hand side of (A.13) vanishes if f =f:. m, and is equal to 211" for
f = m. Substituting () = </> - </>0 and z = sp reduces our initial equation to:

(A.15)

With this result, all coefficients {am} are now available, and a single plane wave has been
expressed as generated by an equivalent distribution of line sources on 8Vo'

Furthermore, we note that any incident field can also be represented by a set of incident
plane waves. To show this, we start with the equations (A.3), (A.5) and (A.12), in which
we replace aVo with a circle oVoo , that has a large radius Poo centered at the origin O.
Substituting (A.12) in (A.3), we obtain:

where the argument between square brackets can be identified as the current density cor
responding to a line source at p = poo and </> = </>'. We now invoke the superposition
principle, which states that the total field resulting from the excitation by a combination
of sources is equal to the sum of the responses for each individual excitation. The electric
field, generated by a line source, is found as E(p,<.p,s) = 2

s,J<0(slp - P'I). The incident
field inside V oo is now written as the field resulting from the equivalent distribution of line
sources on 8Voo described by (A.I):

E~(p,<.p,s) = j1r f: ;m/S
}) exp(im</>')2

s
I<o(s\p- P'\)d</>'.

-1r m=-oo S m spoo 11"

We use the large-argument approximation for the modified Bessel function:

(A.17)

(A.IS)
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J«(j(slp--pl) ~ J1r exp(-spoo+sp.l» ,
2spoo

in which we introduced the far-field approximation:
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(A.19)

with i1 = Poo . ipl

(A.20)

If we choose spoo large enough to allow the use of the asymptotic expansion of !{m(spoo),
we write the equivalent incident field as:

where

00

9(¢/,S) = L am (s)exp(im4>').
m=-oo

(A.21)

(A.22)

Equation (A.21) is a continuous summation of plane waves with direction vector ipl. Thus,
we have obtained a representation for any incident electric field in 'Do, as a continuous
superposition of incident plane waves (propagating in the direction -ipl).

A.2 The scattered electric field in terms of the elec
tric field on 8"00

The second theorem to be proven states that the scattered electric field in V o is uniquely
determined by the total electric field on 8Vo ' To show this, we divide the electric field into
the incident and the scattered field. These fields are related by:

Ez (p, s) = E~ (p, s) + E; (p, s) . (A.23)
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In this section, we restrict ourselves to the scattered field since the incident field is consid
ered to be known. The scattered field on avo can be written as a discrete Fourier series:

00

E;(Po,¢J,s) = L Pm(s)exp(im¢J).
m=-oo

(A.24)

The scattered field outside V o must satisfy the radiation condition, and can therefore be
written as:

00

E;(p, lP, s) = L qm(s)I<m(sp) exp(im¢J).
m=-(X)

At the boundary avo, these fields must be equal, and therefore we find:

00 00

L Pm(s)exp(im¢J) = L qm(s)I<m(spo)exp(im¢).

(A.25)

(A.26)
m=-oo m=-oo

Multiplying both sides with exp( -if¢) and performing an integration with respect to ¢,
over an interval of length 211", results in:

f E [-00,00] . (A.27)

We know that I«(z) cannot be zero when z has a nonnegative real part. These equations
show that, if we know the scattered field on the circle avo, we can calculate the coefficients
of I<m(spo). From these coefficients, and (A.2), the scattered electric field in Vo is then
uniquely determined.

The proof given above holds only for a circular contour of observation, avo, and is based
upon an expansion of the electric field in functions that correspond to the circular geom
etry of the exterior domain. For an arbitrary contour2

, such functions are generally not
available. In that case, the same result can be shown from energy considerations.

2In [Tijhuis, 1987], the equivalence theorems are reviewed for an arbitrary contour using field-energy
considerations. It is shown that all but the evanescent field components are uniquely determined by an
equivalent current distribution on an arbitrary contour, completely enclosing the scattering object(s).
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Solution of the system of equations

This appendix describes some techniques that can be used to solve systems of simultaneous
linear equations, and focuses on the method used by us, the conjugate-gradient method.
We will give a description of the conjugate-gradient method with the emphasis on the
practical implementation of the procedure.

B.l Equations solving methods

In Section 3.2.3, we have formulated an integral equation and rewritten it in order to mold
it into a form that can be solved numerically. To this end, the integral equation for the
electric fields has been discretized and now consists of a large number of linear equations
that can be written as:

A(s)X(s) = B(s), (B.1)

in which X(s) represents the unknown variables. A(s) is the matrix containing the coeffi
cients of the system of equations, and B(s) represents the solution to the set of equations.
The parameter s indicates the frequency dependence of the equations. We omitted the
vector signs for legibility. There are several techniques that can be used to solve (B.1), of
which the applicability depends on the number of equations in the problem, and on the
properties of the coefficient matrix.

Two categories of equation solvers exist: direct and indirect methods. Direct methods,
like Gauss's or Cholesky's method, are generally more versatile for linear problems, while
indirect methods are especially suitable for non-linear problems, or for linear systems with
very large dimensions. The direct, or elimination, methods can be used for relatively small
systems of simultaneous equations. The maximum number of equations that can be han
dled efficiently by these methods is in the order of N == 50, depending on the condition of
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the coefficient matrix and its structure.
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For very large systems of simultaneous equations, elimination methods become time con
suming and are subject to a considerable accumulation of roundoff error. Also, the nature
of these methods requires that the entire matrix is stored in memory during the procedure.
Therefore, indirect or iterative equation solvers provide an alternative. Iterative schemes
use successive iterations to arrive at a solution that agrees with some predetermined error
criterion. The simplest iterative technique is Jacobi's method, while techniques like the
Gauss-Seidel method and the relaxation method are slightly faster in convergence. These
methods belong to the class of stationary iterative methods, of which the most important
property is their straightforward implementation. A second category of indirect schemes
consists of the gradient-type methods. These equation-solving techniques have a major
advantage over stationary methods in that their convergence can be very fast, depending
on the condition of the matrix and on the availability of an initial estimate. This is very
useful for solving systems that consist of a large number of simultaneous equations.

B.l.I The conjugate-gradient method

The two most common gradient techniques are the steepest-descent and the conjugate
gradient methods. Both steepest descent and conjugate gradient work by virtue of the
same principles. In this section, we examine the conjugate-gradient method (CG).

We define the inner product of two vectors X and Y as:

N

(X\Y) ~f L x~Yn,
n=l

(B.2)

in which the asterisk indicates complex conjugation. The purpose of both of these methods
is to minimize the root-mean-square error defined by:

(A(s)X(s) - B(s)IA(s)X(s) - B(s)) (B.3)

The CG method is an iterative solution method in which a quadratic functional is min
imized along successive vectors. These vectors are chosen to satisfy a mutual conjugate
property, which is the most important difference between the CG method and the steepest
descent method. The most significant properties of the CG method are:

1. For an N x N linear system of equations, the CG method yields the exact solution
(in the absence of roundoff error) in no more than N iterations.
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.. 2. For g well-conditioned problem, an adequate solution is obtained in significantly
less than N steps. An ill-conditioned problem exhibits slower convergence, or no
convergence is obtained due to round-off error.

We now describe the conjugate-gradient method. In this appendix, we restrict our descrip
tion of the conjugate-gradient method to a schematic overview. Several papers have been
written on the derivation of this technique, e.g. [Van den Berg, 1985] and most chapters
in [Sarkar, 1991].

We start with an initial guess for the solution vector, Xo. We also define a maximum
allowable relative residual error 6. We now solve the system of equations in (B.1) by
applying the following procedure:

• Calculate the initial parameters:

1. Initial residual vector: Ro = B - AXo.

2. Initial direction vector: Do = AtRo.

• Enter the iterative procedure, for a maximum of N steps. The number of the present
iteration is denoted by the index i:

. _ II AtRiW
1. K, - IIADill2 '

2. X i+1 = Xi + KiDi, update of solution vector.

3. Ri+l = ~ - KiADt, update of residual vector.

4. Calculate the normalized error: Ei+1 = IIRif". If Ei+1 ~ 8, step out of the
algorithm. The vector Xi+1 now contains the solution to (B.1), with a relative
accuracy equal to or better than 8, provided that the condition of the matrix is
reasonable.

5 L· - IIAIR. t IW
. • - IIAfR, 112

6. Update the conjugate direction vector: Di+1 = AfRi+1 + LiDi.

7. Repeat for the next i = i +1.

The implementation of the conjugate-gradient method described in this section is highly
dependent on the way in which the operators are evaluated, and on the quality of the avail
able initial estimate. The built-in efficiency of the conjugate-gradient method in solving
large systems of equations can be greatly enhanced by finding a suitable initial estimate
for the solution vector.

B.1.2 Using FFT operations in the conjugate-gradient method

As we can conclude from the description of the conjugate-gradient method given in the
previous section, the most computationally intensive part is the multiplication of the ma
trix A and the approximate solution vector Xi, and of the adjoint of A with the residue
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~. If we can recognize a convolution-type structure in the matrix equation, we can greatly
reduce the number of operations involved. By applying a discrete Fourier transformation
to both the matrix A and the vector Xi, the convolution becomes a simple multiplication in
the discrete Fourier domain. An inverse Fourier transformation returns the desired result.

In order to implement this multiplication using an FFT-algorithm, we need to rewrite (B.l)
into a form that is in agreement with the structure of the discrete integral equations we
encounter in Chapters 3 and 4:

A(s)=I+C(s)·D(s). (B.4)

In this equation, I is the identity matrix, C (s) is a two-dimensional convolution and D (s)
is a diagonal matrix. We omit the frequency parameters for clarity, and rewrite equation
(B.l) into the structure defined by (B.4):

N:< Ny

x(j,k)+ L L c(lj-j'I,lk-k'l)d(j',k')x(j',k') - b(j,k), (B.5)
j'=Ok'=O

in which the indices j and k vary from O... Nx and O... Ny respectively.

In order to evaluate the convolution exactly, we need to expand the convolution matrix,
as described in Section B.2 of this appendix. In compliance with the criteria given in that
section, the convolution array C (s) in equation (B.4) is extended into an array C' (8):

c'(j,k) 

c' (Mx - j, k) 

c' (j, My - m) 
c'(Mx - j,My - m)

c(j,k)

c(j,k)

c(j,k)

c (j, k)

with Mx ~ 2Nx , My ~ 2Ny, the upper dimensions of the extended matrix C' (s). The
indices j and k range from 0 ... Nx and 0 ... Ny respectively, and all other components of
C' (8) are zero. The array D (8) X (8) is calculated by simple multiplication and extended
into an array of size Mx X My. In this array, defined as D' (s), all elements outside the
original range are set to zero, thus for j > Nx , k> Ny we have: d(j, k) = O.

After these preparations, we can step into the two-dimensional FFT algorithm and calcu
late the discrete Fourier transform of both C' (s) and D' (s). After multiplication of these
transforms, we perform an inverse Fourier transformation on the resulting product. The



APPENDIX B. SOLUTION OF THE SYSTEM OF EQUATIONS 110

inverse trg,nsformed array is of size Mx x My, and the final result is obtained by taking the
upper left part of the array, with indices j = O... Nx and k =0 ... Ny. This result is the
convolution, evaluated exactly through the use of Fourier transformations. The procedure
greatly reduces the number of multiplications that have to be executed, thus reducing the
total computation effort considerably.

The adjoint operator At (8) is handled in the same way. From equation (B.l), we find:

(B.6)

in which C t (8) and Dt (s) are the adjoint matrices of C (s) and D (s), respectively. Equa
tion (B.6) closely resembles equation (B.4), and it is obvious that the FFT-convolution
procedure described before can be used on (8.6) in a similar way. This modification of
the standard conjugate-gradient method, made possible by the convenient correlation-type
structure and the FFT multiplication procedure accruing, has lead to the designation
Conj ugate-Gradient Fast- Fourier-Transform method, or CGFFT.

B.1.3 Initial guess

The second important quantity that can reduce the computational effort is the initial
estimate of the solution, from which the conjugate-gradient procedure is started. The
initial guess influences the speed with which the CG procedure converges to the final
solution, determined by the error criterion. Usually, the initial guess is set to

Xes) = 0, (B.7)

which amounts to an error of 100 percent, or to the vector corresponding to the incident
field. This means that the first time the CG-procedure is entered, the estimate is 100
percent off, but certainly not more than that. If we can find an initial guess that excludes
some of the gradient directions, convergence is expected to be faster. Generally speaking,
this is difficult, and no initial estimate is better than an incorrect one. We know this to be
true, since the CG procedure then needs to compensate for the initial error and eliminate
the direction vectors related to that error. However, in our situation, we can try to find ini
tial estimates based on results calculated for previous values of the quantity being modified.

The initial guess is therefore found as the extrapolation of a number of previously found
solution vectors. For any extrapolation scheme, the initial guess is found as a linear
combination of these solutions:
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N

X~ = L enXk- n .
n=l
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(B.8)

In equation (B.8), the index k indicates the kth initial estimate, determining the kth time
the problem is solved for a new value of the frequency, angle or whatever physical quantity
is being varied. The coefficients {en} associated with the extrapolation process are called
expansion coefficients. These are usually calculated by a standard polynomial extrapola
tion procedure, giving fixed values of the coefficients for a specific type of interpolation
polynomial of degree /{ - 1. However, it has been shown in reference [Tijhuis, 1993] that
a substantial increase in efficiency can be achieved by choosing the coefficients {cn } such
that these minimize the squared error in (B. 1) for the new value of the physical parameter.
To this end, we need to solve the system of linear equations described by:

N

L (AkXk-nIAkXk-n') en' = (AkXk-nlbk) ,
n'=l

with n = 1, ... , N (B.9)

As can be seen in equation (B.9), the coefficients {en} are determined by minimization,
projecting the right-hand side vectors onto the space spanned by the (orthogonal) basis
vectors AkXk-n. With these coefficients, the resulting residual R!k will be orthogonal to
this space.

The best results are usually found for N = 3 (see [Tijhuis, 1993], page 751), which corre
sponds to local quadratic extrapolation. For N ~ 3, the previous solutions of the system
of equations Xk-n in (E.9) may become (almost) linearly dependent.

B.2 Evaluation of a discrete convolution

In many integral equations found in electromagnetic problems, it is possible to organize
the space discretization in such a way, that the evaluation of the discretized operator boils
down to evaluating expressions of the form:

N-l

I: f (i!) 9 (n - i!) ,
t=o

for n = 0, ... N - 1, (B.10)

with 9 (-n) = 9 (n) and N being the number of equations. This expression has to be
evaluated exactly for all values of f, f = 0, ... , N - 1. To this end, we go back to basic
signal analysis. The discrete Fourier transformation (DFT) of a discrete series f [n], n =
0, ... , N - 1 is defined as:
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N-l

F [£] = L exp (-27riRnJN) f [n] .
n=O
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(B.ll)

The DFT of 9 [n], n = 0··· N - 1 is found as G [1]. The inversion of F [£] assumes the
form:

1 N-l

f [n] = N L exp (27riRnjN) F [£] .
(=0

The derivation of these formulas is straightforward. l

(B.12)

We now investigate the circular convolution of two series f [n] and 9 [n], which is usually
defined as:

1 N-l

f *9 [n] = N L exp (21ri£njN) F [£] G [fl·
(=0

(B.13)

Let us now investigate what this implies in terms of f [nJ and 9 [n]. Substitution of the
definitions of F [£] and G [£] results in:

1 N-l N-l N-l

f *9 [n] = N L exp (27ri£njN) L exp (-27rifpjN) f [P] L exp (-27rifqJN) 9 [q].
(=0 p=O q=O

(B.14)

Now, again, we need to combine the exponential terms:

~ f [P]~ 9 [q] {~~ exp [2Hif (n - p - q) IN]}
N-l N-l 00

L f [P] L 9 [q] L h [n - p - q - kN],
p=O q=O k=-oo

(B.15)

in which 8 [k] represents the Kronecker delta symbol:

8 [k] = {O k:f:. 0,
1 k = O.

(B.16)

d rivations have been described extensively in the literature, e.g. [Brigham, 1988], Chapter 10.
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In (B.15), we introduced the following property:
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1 N-I

N L exp (27rimejN) -
l=O

which we have rewritten as:

1 exp (27rim) - 1
-

N exp (27rimjN) - 1

{
0 for m an integer and mjN not an integer,
1 for mjN an integer,

(B.17)

1 N-I 00

N L exp (27rimkjN) = L 8 [m - kN].
k=O k=-oo

Equation (B.18) was employed in the right-hand side of (B.15).

(B.18)

We now need to carry out the summation in (B.15). Let nand p be fixed. Then we should
find combinations of q with 0 ~ q ~ N - 1 and k E iZ such that:

q = n - p - kN. (B.19)

We distinguish two cases:

1. n - p ?: 0: In that case, we have 0 ~ n - p ~ n ~ N - 1, and, hence, the only case
where (B.19) holds, is for k = O.

2. n - p < 0: In that case, we have - N + 1 ::; -p ::; n - p ~ 0 and, hence, we find for
the only possible value for k: k = -1.

Using these results, we reduce equation (B.15) to:

n N-I

f *9 [n] - L f [P] L 9 [q] 8 [n - p - q]
p=O q=O

N-I N-I

+ L f [P] L 9 [q] 8 [n - p - q+ N],
p=n+l q=O

(B.20)

where the second summation over p is understood to vanish when the lower limit is larger
than the upper limit. This is the "generalized" definition of a discrete sum.
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Now we can carry out the summation over q by inspection:

n N-l

f *9 In] = L f [P] 9 [n - p} + L f [P] 9 [N +n - pl·
p=O p=n+l
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(B.21)

However, this is not what we wanted to compute. For 9 periodic with period N, we have:

9 [m + N] = 9 [m],

in which case (B.21) can be rewritten as:

N-l

!*g[n] = 2: f[p}g[n-p],
p=o

which has led to the designation" circular convolution" .

For 9 In] being a causal time series, we have 9 In] = 0 for n < 0, and hence:

N-l n

L ! [P] 9 [n - p] = L f [P] 9 [n - p] .
p=O p=O

In that case, the standard solution is straightforward. We choose:

(B.22)

(B.23)

(B.24)

and evaluate the sum:

j[n]

9 In]

= 1&[n]

9 [n]
= 0

o~ n ~ N -1,
N ~ n ~ 2N -1,
o~ n ~ N -1,
N ~ n ~ 2N -1,

(B.25)

1 2N-l _ _

- L exp (21rifnj2N) F [l] G If] ,
2N l=O

where F [f] and G[f] are the DFT of rank 2N of j [n] and 9[n]. This results in:

n N-l

j *9 [n] = L j [P] 9 [n - p] + L j [P] 9 [2N +n - p].
p=O p=n+l

(B.26)

(B.27)
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For p > n, and 0 :::; n, p :::; N - 1, we have -N + 1 :::; n - p < O. In that case, we have
9[2N + n - p] = 0, which implies:

N-l

j *9[n] = L j [P] 9[n - p],
p=O

for 0 ::; n < N. This is the result we were looking for.

(B.28)

In our situation, we find two difficulties compared to the general case described above:

1. The series 9 [n] is even in n.

2. The upper limit of the summation index is N instead of N - 1.

Both these problems can be circumvented by replacing (B.25) by:

j[n]

9 [n]
9 [2N - n]

{
f [n] 0 ~ n ::; N,
o N + 1 :::; n :::; 2N - 1,

- 9 [n] 0 5: n 5: N,
- 9 [-n] = 9 [n], 0 < n :::; N,

(B.29)

where both definitions of 9[N] overlap. Using the result of (B.27), we then have:

n N

L j (p] 9 [n - p] + L j [P] 9 [2N +n - p]
p=O p=n+l

n N

L f (P] 9 [n - p] + L f [P] 9 [n - p]
p=O p=n+l

N

L f [P] 9 [n - p],
p=O

(B.30)

for 0 ::; n ::; N. In deriving this result, we have used the fact that, for 0 :::; n < p :::; N,
we have - N 5: n - p < O. The restriction to an FFT of order 2N is not mandatory. We
can use any order M 2: ~N - 1 that best fits the numerical implementation, as long as the
remaining elements of f and 9 are taken equal to zero. When this condition is satisfied,
this method evaluates the discrete convolution exactly.

We note that, for a speedy evaluation of the DFT's, we have to choose N such that it
can be decomposed in integer prime factors of relatively low values (e.g. a combination of
factors 2, 3 and 5).
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