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SUMMARY

A model for ionized impurity scattering with the Partial Wave method has been imple
mented in an existing Monte Carlo program to simulate electron transport in SiGe. The
Partial Wave method is a method based on Quantum Mechanics. It describes the scattering
mechanism of a charged particle scattered by a potential due to for instance an ionized
impurity in a semiconductor. The incoming and scattered particle are described with
respectively an incoming plane wave and a scattered spherical wave. The amplitude of the
scattered spherical wave in a certain direction is a description of the scattering probability
in that particular direction.
As a result of this method the signs of the potentials influence the scattering angle
distributions. Because the potentials of n-type and p-type semiconductors have opposite
signs, it is now possible to distinguish between a n-type and a p-type semiconductor in
mobility calculations. With the previous model this was not possible.
The ionized impurity scattering model calculates scattering angle distributions. These
distributions are a function of the doping level, the kinetic energy of the electron, the
temperature and the Ge fraction in the SiGe. The Monte Carlo program uses these
scattering angle distributions in the simulations of electron drift and Hall mobilities.
To keep the calculation time short a method is used to approximate the scattering angle
distribution with a fit function. With three fit parameters, obtained from a precalculated
table, it is possible to simulate the scattering angle distribution in a fraction of the time
that is needed to calculate such a distribution. Before a Monte Carlo simulation can be
started the user has to calculate these fit parameters. For this purpose software has been
developed. Input parameters are: the temperature, the Ge fraction and the minimum and
maximum doping level and kinetic energy.

Monte Carlo simulations of drift and Hall mobilities with the new ionized impurity
scattering model show a strong dependence of the doping level and the Ge fraction. If the
Ge fraction is increased, the influence of the doping level decreases. Deformation of the
lattice, called strain, also influences the mobility. If strain occurs there will be a difference
in mobility in different lattice directions. Monte Carlo simulations also show this effect.
A disadvantage of the Monte Carlo method is the excessive computer time that is needed
to produce reliable data for Hall mobility simulations. Fast computer systems should be
used to overcome this problem.
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INTRODUCTION

I. INTRODUCTION

The last part of my study Electrical Engineering at the Eindhoven University of Technol
ogy I did at the group of Electronic Devices (EEA) of this university. The EEA group
does research mainly in microwave electronics, opto electronics, III-V semiconductor
technology and to a lesser extent also in Si based materials and devices. This group has its
own III-V laboratory where they are able to produce components like MESFET's,
HEMT's and DBRTD's.
One of the tasks of the EEA group is modelling of semiconductor materials. In the past
years this group developed a program to simulate electron transport in SiGe with the
Monte Carlo Method. The Monte Carlo Method is a statistical method which can be used
to solve the Boltzmann transport equation. In paragraph 1.2 we will give a brief overview
of the Monte Carlo Method. In the next paragraph the subject of my final assignment will
be discussed.

1.1 Description final assignment

The subject of my final assignment was ionized impurity scattering. My task was to
implement an ionized impurity scattering model in an existing program which was
developed to simulate drift and Hall mobilities in SiGe. The purpose of an ionized
impurity scattering model is to calculate the scattering angle as a function of the doping
level and the energy of the scattered particle. It is also possible to study other effects like
the influence of the temperature and the effects of changing the semiconductor from pure
Si into SiGe. The new ionized impurity scattering model uses the Partial Wave method
instead of the presently used Born approximation model. Using this method we get a
scattering angle probability instead of a single scattering angle. As we will see in chapter
II, one of the advantages of using the Partial Wave method is that it is possible to
distinguish between a n-type and a p-type semiconductor. With the present model it is not
possible to distinguish between these two.
The new ionized impurity model should be implemented in an existing Monte Carlo
program which is developed to simulate electron transport in semiconductors. With this
program it is possible to simulate the drift and Hall mobility in SiGe. In the next para
graph a brief overview of the Monte Carlo method will be given.
In chapter II the theory of ionized impurity scattering will be discussed. First some old
models are briefly discussed and in the second paragraph the Partial Wave theory is
treated. Examples of scattering angle distributions and a method of connecting the Partial
Wave scattering angles to the existing Monte Carlo program are also discussed in chapter
II. In chapter III some extra effects influencing the scattering angle in semiconductors are
discussed. Chapter IV contains results of drift and Hall mobility simulations with the
Monte Carlo program including the new Partial Wave ionized impurity scattering. These
results are also available in tables in appendix 4 and 5. Not all possible mobility simula
tions are made because it would take a lot of time to get them all. The theory of the
Monte Carlo Method to simulate mobilities is discussed by Peter Konijn in his work about
a Monte Carlo program to simulate mobilities in GaAs [21].
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INTRODUCTION

1.2 The Monte Carlo method

The Monte Carlo method gets its name from the use of random numbers to solve a
mathematical problem. Jacoboni and Lugli [22] gave an example of this method in their
book about the Monte Carlo method. We could for example use the Monte Carlo method
to solve an integral I:

b

I=Jf(x) d(x)
a

O<f(x)<M (1. 1)

With the Monte Carlo method the computer generates random pairs of numbers (xr,yr),
with a<xr<b and O<Yr<M. The fraction of points that fall below the curve Yr::;f(x) gives the
fraction of the area x=[a,b] and y=[O,M] that belong to the integral 1. This example shows
that it is possible to use random numbers to solve a well defined mathematical problem.
The number of pairs (xr,yr) determines the precision of the result of the calculation. If we
want to get a more precise result, we need to take a higher number of pairs (xr,yJ
Because the Monte Carlo method is based on random numbers, we never get an exact
result, but a result interval with a probability. The uncertainty of the result will decrease if
we increase the number of calculations (in the example the number of pairs (xr,yr) ). The
time needed to get a result will also increase with the number of calculations. Therefore
the user has to make a choice between reliability of the result and time. With the availabil
ity of faster computers the calculation speed will increase, and less time is needed to get a
reliable result.

As we have mentioned before we want to simulate electron transport in SiGe. One possible
way of doing this is solving the Boltzmann transport equation. Peter Konijn discussed the
Boltzmann transport equation in his work about a Monte Carlo program to simulate
mobilities in GaAs [21]. The Boltzmann transport equation describes the movement of a
charged particle under influence of an electrical field or a magnetic field (figure 1.1). The
Boltzmann transport equation is defined as:

of(k,r,t) =_okV .f(k r t) - or. V f(k t r) _ of(k,r,t) Iotot k " 0 t r " 0 t se.

(1. 2)

f(k,r,t) is the distribution function and is defined as the occupation probability of a state
characterized by a wavenumber k at a position r and at a time t. The second term of
(1.2) describes the external forces. The third term describes the influence of diffusion and
the last term describes all possible scatter processes.

-2-
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figure 1.1: Path of a positively
charged particle in an electric
field C*' is a scatter process).

In this text we only will discuss briefly what the Monte Carlo program does in connection
with ionized impurity scattering. More information about the Monte Carlo method and the
Boltzmann transport equation is described in the work of Peter Konijn [21].
A number of different scattering mechanism act on a charged particle in a semiconductor.
These scattering mechanisms are [22]:

-acoustic scattering
-acoustic scattering with piezoelectric interaction
-optical phonon scattering with deformation potential interaction
-optical phonon scattering with polar interaction
-intervalley phonon scattering
-ionized impurity scattering
-neutral impurity scattering
-carrier carrier scattering
-surface scattering
-generation recombination and impact ionization

The Monte Carlo program chooses randomly one of these scattering mechanisms and uses
it to calculate the scattering angle 0 (figure 1.1). If the program chooses ionized impurity
scattering it generates a random number r (O<r<I). This number corresponds with a
scattering angle 0(r). As mentioned earlier we use Quantum Mechanics to describe the
ionized impurity scattering and therefore we have a scattering angle distribution P(0).
P(0) is a function of the donor or acceptor concentration in the semiconductor, the initial
momentum k of the electron and the temperature. Also other mechanisms have their
influence on the scattering angle distribution. They will be discussed later on. The
scattering angle 0 is distributed between 0=0 and 0=n. The ionized impurity scattering
model has to calculate the scattering angle 0, using the scattering angle distribution P(0).
The output of the ionized impurity model to the Monte Carlo program is the scattering
angle 0. The program uses this angle to simulate semiconductor behaviour like drift and
Hall mobilities. In chapter IV some results of these simulations with the new ionized
impurity scattering will be discussed.

-3-
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II. IONIZED IMPURITY SCATTERING THEORY

2.1 Introduction

In the last decades a number of attempts have been undertaken to make a model of ionized
impurity scattering in semiconductors [1],[2],[3],[5],[7]. In this section we will discuss two
earlier ionized impurity scattering theories. One of these theories is used to develop the
model used in the Partial Wave method [9],[15]. The Partial Wave method is the subject
of the next paragraph.

Figure 2.1 shows the geometry of an ionized impurity scattering. Because the ion mass is
much larger than the electron mass, we may assume the scattering is elastic. A particle in
initial state with wavenumber k is scattered through an angle e into a final state with
wavenumber k'. In a Monte Carlo calculation we need to know the probability of
scattering into a range ~e around e.

k'

___k__~ ~_:'-~~~~_~ _
,

/ • Ion
figure 2.1: scattering
of an electron

Because we discuss elastic scattering, the absolute value of the wavenumber k is constant.
An ionized impurity is responsible for a Coulombic scattering potential VCr):

V(r) = 0 1 02

41tEr
(2.1)

Q, is the charge of the electron and Q1 the charge of the ionized impurity. E is the
dielectric constant and r the distance between QI and Q2.
The disadvantage of a Coulombic potential is that its influence only disappears when r
becomes infinite. This gives problems in integration equations containing the potential
which are needed to calculate the scattering angle e (see next paragraph).
Conwell and Weisskopf [1] found a solution for this problem.
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They assumed that the scattering potential is Coulombic for a restricted area, and that it is
zero if r>bmax :

V(r) == 01 02 br:5: max
41tEr

v (r) == 0 r> b max

(2.2)

(2.3)

bmax=D/2, and D is the average distance between the impurities. The meaning of this
theory is that an electron is only scattered by the nearest impurity (ion) within distance
D/2. So the effect of all other impurities is negligible because they average out to zero.

A disadvantage of the Conwell-Weisskopf theory is that cutting off the scattering potential
is artificial. An other ionized impurity scattering theory was developed by Brooks and
Herring [2]. They used a screened Coulomb potential. A potential VCr) caused by an ion
will be influenced by other neighbouring particles of opposite charge (holes/electrons).
Therefore the influence of such a potential VCr) is not endless as in expression (2.1), but
decreases rapidly after r reaches a certain value, called the screening length roo We can
approximate this effect if we multiply the potential VCr) with an exp factor which
decreases VCr) rapidly if r>ro' Thus VCr) will decrease with r- I until r reaches the neigh
bourhood of the screening length roo If r>ro the exp factor strongly decreases VCr) with
exp(-r/ro):

V(r) == 0 1 02 e- r / rO

41tEr

ro is the screening length or the Debye length:

r =~ <k8 T
a 2Ne 5

(2 .4)

(2.5)

Here Ns is the equilibrium carrier concentration usually put equal to the donor or acceptor
concentration (Na or Nd). kB is the Boltzmann constant and T is the temperature. In the
Partial Wave theory in the next paragraph we will use a screened potential VCr). A
comparison of a Coulombic potential and the potentials of
Conwell-Weisskopf and Brooks-Herring is. given in figure 2.2. In this figure we see the cut
off of the Conwell-Weisskopf potential at bmax=1.1O-9 m, and the screening of the Brooks
Herring potential with a screening length ro=1.1O-9 m.

The above scattering potentials were used to calculate drift and Hall mobilities. A review
of these mobility calculation methods is given by Chattopadhyay and Queisser [10]. A
disadvantage of using these methods is that it is impossible to distinguish between an
attractive and a repulsive scattering potential, because the used formulas are independent of
the sign of the potential. It is therefore impossible to see a difference in electron mobility
between a n-type semiconductor (attractive scattering potential) and a p-type semiconduc-
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tor (repulsive scattering potential). In the next paragraph we will see that with the Partial
Wave method this is not the case.

potential VCr) in Si
'-'-'-'-'-'-'-'

.............. . .' .

, ': Coulombic potential
'-': Conwell-Weisskopf pot.
'-.-.-.-': Brooks-Herring pot.

21.518.5

",-
I

/

I
I
I
/
I
(

I

8

-8.2
I""l

j
III -8.4....

,..,
So -8.G....
j

...
III -8.B...
+l
l:
III -1+l
0
ll.

-1.2

-1.4
8

distance r [mtl

figure 2.2: Comparison of different
potential theories

2.2 The method of Partial Waves

As we already announced in the introduction the method we will use for our ionized
impurity scattering model is based on Quantum Mechanics. In this text we only will give a
brief review of this method. For a more theoretical discussion we recommend a good book
about Quantum Mechanics, for example Schiff [4] or Bransden and Joachain [6].

We start with the time independent Schrodinger wave equation in spherical coordinates:

[- ;~ V'2 + V (r) ] u ( r, e, <1» = E u ( r, e, <1» (2 • 6 )

We want to find a solution for the wave function u(r,e,~).

E is the total energy in the system and VCr) is a screened spherically symmetric potential
energy (Brooks-Herring potential independent of (e,~) ), which is described in paragraph
2.1, formula (2.4) ).
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I.l is the reduced mass:

(2.7)

ml is the mass of the electron and m2 the much larger mass of the ionized impurity.
The gradient operator Y' in (2.6) can be expressed in spherical coordinates (r,e,~). We can
develop u(r,e,~) into a set of spherical wavefunctions:

u (r , e, <1» = L R 1 (r) Y1 , m (8 , <I> )
1,m=O

(2.8)

1 is the orbital angular momentum quantum number and m the magnetic quantum number.
We get 1 when the differential equation for the tangent part Y1m(e,~) is solved. These
solutions are called spherical harmonics or Legendre functions. They are orthogonal.
The resulting equation for the radial part Rlr) of (2.6) can be written as [6]:

[
- fl2(~+~~)+1(l+l)fl2+v(r)]Rl(r) =ER1(r) (2.9)
2~ dr 2 r dr 2~r2

After the elastic collision we get the general solution:

u (r , e, <1» -- u (r , e, <1» inc + U(r , e, <1» sc
r- oo

or:

(2.10)

(2.11)

The first term of (2.11) represents a plane wave moving in the posItIve z direction
(electron moving towards the ionized impurity). The second term of (2.11) represents a
wave moving radially outward away from the ionized impurity (the scattered electron).
The factor A is a normalisation factor and f(k,e,~) is the scattering amplitude. Figure 2.4
gives a picture of the solution of u(r,e,~).

figure 2.4: solution wave
function u(r,e,~)
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Since the potential VCr) is spherically symmetric (independent of E> and ~), the line trough
the ion, parallel to the line of approach of the electron, forms an axis of symmetry and
there is no ~ dependence. Therefore we can write u(r,E» as:

u(r,e) =LR1 (k,r)P1(caSe)
1=0

(2.12)

The terms in the series (2.12) are called partial waves. PI is the lth Legendre polynomial.
The scattering amplitude now becomes:

f(r, k, e) = L f 1 (k) P1 (case)
1=0

(2.13)

In free space (V(r)=O) we can solve (2.13) analytically. The second term of (2.11)
disappears and we get:

u (r, e, <1» zAe ikz =Aeikcos6 =AL i 1 (21 +1) j 1 (kr) P1 (case)
1=0

(2 . 14 )

jICkr) is the spherical Bessel function. For large values of r, we can use the asymptotic
result:

j 1 (kr) -_ .... ~sin (kr- 1rc )
r .... oo kr 2

(2.15 )

When V(r):;t:O the solution is not a spherical Bessel function, but in the large r limit there
is still an asymptotic solution:

A 1 · 1rc S.)R1 (r) -- .... -sln(kr--+u1
r .... oo kr 2

(2.16)

()j is called the lth phase shift. The series of phase shifts completely describes the ionized
impurity scattering mechanism.

In this case the scattering amplitude f(k,E» can be expressed in () as follows [6]:

f(k,e) = ~kt (21+1) (e2i~L1)P1(caSe)
2~ 1=0

(2.17)

we can write exp(2i()l) as (cos(()I)+i.sin(()1))2 and we get:

f(k,e) = ~kt (21+1) [cas(ol) +isin(ol)]2-1)P1 (case) (2.18)
2~ 1=0

or:

-8-
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00

1 .~
f(k,e) =- L (21+1) sin(ol) e~ lP1 (case)

k 1=0

The differential scattering cross section cr(e,lj» is defined as:

(2.19)

(2.20)

If we substitute expression (2.19) for f(k,e) into the scattering cross section cr(e,lj» we
get:

00

1 .~

a(k,e) =-2 L (21+1)sin(ol)e~ lP1 (case)
k 1=0

The collision cross section crc is given as:

Tt

ac=2~Ja(e)sin(e)de
o

2

(2.21)

(2.22)

Because of the orthogonality of the Legendre polynomials PI' the last expression can be
reduced to:

00

a =~a(k e) = 4~L (21+1)sin2 (ol)
c 21+1 ' k21=0

The scattering angle probability distribution pee) is defined as:

p(e) = a (e) sin (e)
a c

(2.23)

(2.24)

pee) describes the probability that a collision scatters an electron through a polar angle e
(o<e<~). Figure 2.5a shows a typical plot of pee).

-9-
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figure 2.5: (a) A typical plot of P(0) (b) A typical plot of 0(r)

If we know P(0) we can calculate r as a function of 0:

e
Jp(e) de

r==_o _
1t

Jp(e)de
°

=> e==F(r) (2.25)

r (0~S;1) is a random number generated by the Monte Carlo program (see chapter I). If
0=0 than r=O and if 0=n than r=1 (figure 2.5b). We can get 0(r) by taking the inverse of
r(0) (2.25). We need 0(r) to calculate the ionized impurity scattering angle 0 as a
function of the random number r.
In paragraph 2.3 we will discuss P(0) and 0(r) as a function of the doping concentration
N j and the wavenumber k.

In the next paragraph a method to calculate the phase shifts 01 will be discussed.

-10-
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2.3 Calculation of the phase shifts

In the last paragraph we saw that the series of phase shifts 81 completely describes the
scattering mechanism of the ionized impurity scattering. In this paragraph we will give a
method developed by Connor [8] to calculate the lth phase shift.

Connor developed an expression for lth phase shift:

() 1 (k) =fk 1 (k, r) dr -
al

k1 is defined as:

(2.26)

(2.27)

at is the turning point. At r~al the expression for k1 is real. 1.1 is the reduced mass. For 1.1
we can use the effective mass m* of an electron:

m * = (m m m ) 1/3
1 t t

(2.28)

In Si the longitudinal effective mass m,=O.916 and the tangential effective mass ~=O.191.

This gives an effective mass m*=O.322-me•

The integrals in expression (2.26) can be calculated with numerical methods (see appendix
1). Both integrals in (2.26) are infinite but their difference is finite and asymptotically
approaches the lth phase shift as the integration limit goes to infinity.

The wavenumber k is given by (we assume a parabolic band):

k= {2iiI*E1; ,

-11-
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At longer distances r the influence of the second term under the root of the expres-sion for
k[ (2.27) is very small. We can write (2.27) as:

1 -(k 2 - (1 +1/2) 2)-1 21l V(r)
r 2 1;2

(2.30)

When we use the approximation (1-x)Y,~I-'li'x if Ix I«I we get:

k1(k,r):::: I k 2- {1+1/2)2 -~V(r)(k2- {1+1/2)2)-i
~ r 2 1;2 r 2

(2.31)

This expression can be used in (2.26) instead of (2.27). The result is an approximated
expression for the phase shift:

1 dr
{1+1/2)2

r 2

(2.32)

In this expression the turning point a[ has been substituted with (l+Y2)/k. The approxima
tion (2.32) is called the Born approximation. The Born approximation is valid when
abs(8])<0.5 rad.
A disadvantage of the Born approximation is that it cannot distinguish between an
attractive and a repulsive potential V(r). And the Born approximation is not valid in higher
donor or acceptor concentrations (Nj>1017 cm-3

).

One advantage of the Born approximation is its calculation speed because now only one
integral has to be calculated while (2.26) contains two integrals.

2.4 Examples of the Partial Wave method

In this paragraph some examples of calculations of the scattering angle distributions P(E»
and E>(r) are given. P(E» (2.24) and E>(r) (2.25) are functions of the donor or acceptor
concentration Nd or Na, the wavenumber k, the temperature T and some semiconductor
constants like Er and !-lr' The temperature in these examples is T=300K and the semicon
ductor is bulk Si.

V(r) is an attractive potential. Because a donor loses an electron and therefore is a
positively charged ion, a donor causes an attractive potential for electrons. Thus an n-type
semiconductor causes an attractive potential for electrons and a p-doped semiconductor a
repulsive potential.
The first effect we will discuss is the influence of the donor concentration Nd on the
scattering distribution P(E» and the scattering angle E>(r). The wavenumber is kept
constant at k=5.108 m-I. In the next figures P(E» and E>(r) are given for three different
donor concentrations.

-12-
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Conparison of scattering angle distribution.
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If we have calculated pee) we can find r(e) with (2.25). 8=0 if r=0 and e=n (180
degrees) if r=1 (figure 2.7).
In figure 2.6 we see that the chance P for a scattering angle e<50 degrees is the highest
for the lowest donor concentration Nd=1017 cm-3

• If we increase the donor concentration
Nd, P will spread out more over all scattering angles between 0 and n. An explanation of
this effect is that at lower donor concentrations the distance between the impurities is
relatively high (figure 2.8a). In this situation a relatively low potential VCr) influences a
big area around the ion, and therefore the chance of an electron to be scattered over a
small angle is greater than at higher doping levels. If the doping level is increased the
distance between the impurities decreases (figure 2.8b). The effect is that the potentials
now influence a smaller area around the ions, but their strength is higher because r is
smaller. Therefore the electrons have a higher chance to be scattered over a larger angle.

(a) potentials VCr) for a
relative low doping level

~
.

• • •
• •

(b) potentials VCr) for a
relative high doping level

figure 2.8: Ionized impurity scattering in a semiconductor.
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The next effect we will discuss is the influence of the wavenumber k on P(0) and 0(r).
The doping level is kept constant at Nd=lOl7 cm-3

• In figure 2.9 P(0) is given for three
different wavenumbers k. In figure 2.10 0(r) is given.

Conparison of scattering angle distribution.
1. 4 .-------,.---------,.----------r-----,

'--' : k=107 m- l

,------' : k=5.108 mol
'-.-.-.-' : k=109 m- l
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Figure 2.9: Influence of wavenumber k
on P(0), Nd=10l7 cm-3

, T=300K.
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Figure 2.10: Influence of wavenumber k
on 0(r), Nd=lOl7 cm-3

, T=300K.
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IONIZED IMPURITY SCATTERING THEORY

In figure 2.9 we see that for a relative low wavenumber k=107 m-\ the chance P is spread
out over all scattering angles 8. If we increase k the chance P for lower scattering angles
(8<50 degrees) will also increase. This effect can be explained by the difference in time
an electron is scattered by a potential VCr) of an impurity. An electron with a low
wavenumber has a lower speed than an electron with a high wavenumber. The time an
electron with a low wavenumber is under the influence of the impurity potential is
therefore longer than the corresponding time for an electron with a high wavenumber.
Thus the chance P for a scattering angle 8>50 degrees is higher for an electron with a low
wavenumber.

The last effect we will discuss is the difference between an attractive potential, a repulsive
potential and the Born approximation. The doping level and wavenumber are kept constant
at N j=1018 cm-3 and k=5.108 m-1

• In figure 2.11 and 2.12 P(8) and 8(r) are given for these
three different type of potentials.

'--' : attractive
,------' : repulsive

, : Born approx.

potential:

158188

scattering angle distribution.

58

-".::;:...:...--.:..:.8L- ---'- -'-- =-=~~_...J
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8.1

8.85

COfllparison of
8.25 f\

{ \
I \
I \
I \

8.2 ( \
I \
( \
I \

,.., I \
III 8.15 I ~
;J I

Q)
,l:;
;J

'"ll.
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Figure 2.11: Difference in P(8) between
an attractive potential, a repulsive potential and
the Born approximation. N j=1018 cm-3

, k=5.108 m-1
•

T=300K.
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,------' : repulsive
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r

Figure 2.12: Difference in 0(r) between
an attractive potential, a repulsive potential and
the Born approximation. N i=1018 cm-3

, k=5.108 m· l
•

T=300K.

The difference between an attractive and a repulsive potential VCr) gives a small difference
in the calculated phase shifts <>, (2.26). Thus there is also a difference in the scattering
angle distributions P(0). In figure 2.11 we see that the chance P with a repulsive potential
has a higher peak for 0~20 degrees than with an attractive potential. If we use the Born
approximation, the chance P for 0~20 degrees is almost equal to the value we get if we
use an attractive potential. If we compare the P(0) and 0(r) for an attractive and a
repulsive potential in figure 2.11 and 2.12 we can conclude that it is possible to distinguish
between a n-type and a p-type semiconductor. In chapter IV we will see that as a result of
this difference in 0(r), mobility simulations including ionized impurity scattering will also
show a difference between n- and p-type semiconductors.
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2.5 Calculation of the scattering angle in practical situations

If we want to use the partial wave method for ionized impurity scattering in a Monte
Carlo program, a lot of calculations have to be made. If the program chooses ionized
impurity scattering as scattering mechanism, a e(r) has to be calculated and a large
number of phase shifts are needed. If we want to calculate a phase shift with expression
(2.26), two integrals have to be calculated numerically. This consumes a lot of computer
time and therefore it is not practical to calculate the needed e(r) in real time. The best
way to overcome this problem is to use an approximated function. Kay [16] solved this
problem by using an approximated p'(e) which can be used to produce a e(r) curve. To
approximate pee) Kay used a truncated sine curve:

P'(8) =Asin(8) 0<8<a

p l (8) =0 a<8<1t

The factor A in (2.33) is obtained from the condition:

7t IX

!pl(8) d8=A!sin(8) d8=1
a a

(2.33)

(2.34)

(2.35)

Figure 2.13 shows an example of a calculated pee) and the corresponding approximated
p'(e).

scattering angle distribution
8.25,---~--~---~-__,

8.2

'; 8.15..
o

'"..
;;:: 8.1

8.85

I
I

I
I

I
I

I
I

(
I

I
I

,II
,I I

I I
I I

/ I
I I

I I
I I

f I
I
I
\
I
I
I
I
I
I

I
I
I

'-': pee)
,-----': p'(e)

8 "----__~____'____~__---'--":==-_..J

8 58 188 158

theta [degrees]

figure 2.13: approximation of pee) based on a truncated sine curve

It is obvious that if we first approximate pee) with (2.33) and (2.34) and than construct
the e(r) curve with expression (2.25), we possibly introduce a high error in the scattering
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angle 0. Direct approximation of 0(r) without the extra step Kay uses can result In a
smaller error in the scattering angle.

We will now discuss a method to approximate the 0(r) curve directly. With a small
number of fit parameters in a look up table, it is possible to create an approximated 0'(r)
curve for a number of impurity concentrations N j and wave numbers k. The only thing the
Monte Carlo program now has to do is to look up in a table the fit parameters that
correspond with the doping level N j and two wavenumbers k\<k<k2• The fit parameters are
then linearly interpolated between the two wavenumbers and the 0'(r) curve can be
calculated. This yields a good approximation for the scattering angle 0 corresponding to
the random number r.

With a function based on tan(x) it is possible to create an approximation of the 0(r) curve
(figure 2.14). The approximated function is called 0'(r). We use three fit parameters, a, B
and y. On five different points the approximated function 0'(r) is fitted to the calculated
function 0(r):

point 1:
point 2:
point 3:
point 4:
point 5:

r=O ==> 0=0
r=0.2 ==> tan(x)=B, d0'(r)/dr = d0/dr for 0<r<0.5
FO.5 ==> 0=a,
r=0.8 ==> tan(x)=y, d0'(r)/dr = d0/dr for 0.5<r<1
r=1 ==> 0=7t

tan(x)

"0 ,

: ,
: ,
: ,

--...;.------,cb--j----===C-----+-+- x
,,/2

~-------------------------- 5

8(r)

u-==--;.---+---+--+- r
o 0.2 0.5 0.8 1.0

figure 2.14: approximation of 0(r) based on tan(x)
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For the approximation expression e'er) we use:

8' = a+otan(p)

with:

O<r< ~ 0= p, p=arctan(-p) +2r'arctan(p)

1 s:. 1t-a2"<r<l u=-y-' p=arctan(-y) +2r·arctan(y)

(2.36)

(2.37)

(2.38)

The fit parameters can be calculated automatically with a computer program. This program
produces a table with fit parameters as a function of the doping level N j , the wave number
k, the temperature T and some semiconductor constants. It is also possible to use some
extra effects, like the Friedel Sum Rule (chapter 3).

The fit files can be generated with the program PH_RUN (PHase-shift RUN). Appendix 7
gives a flow diagram of this program. PH_RUN calculates the scattering angle distribu
tions using the Partial Wave Method. The program asks for the min. and max. doping
levels and wavenumbers, the temperature T, the fraction Ge, the doping type (n- or p-) and
if one wants to include the Friedel Sum Rule (and some other effects, see chapter 3).

The program PH_RUN generates a file called "fit.dat". The columns in this file look like:

a 13 y abs(error)

If, for example, the user wants to simulate mobilities for n-type SiGe with a fraction Ge of
0.1, he has to use PH_RUN to generate a fit file. The Monte Carlo program will read this
fit file and uses the fit parameters a, 13 and y to calculate the ionized impurity scattering
distribution.

Table 2.1 gives an example of a table with fit parameters. The last column this table gives
the total average absolute error between the calculated e(r,Nj,k) and the approximated
e'(r,Nj,k). This error is an indication of the fit quality. We can use this error if we have to
choose program constants like the integration step in the numerical calculation of the phase
shifts (2.26).
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1.DDDOL+21 1.DDDDL+D8 4.DDDDL+DD 1.DSSDL+DD 2.S8D4L+D1 1.SDS3L+DD
1.DDDDL+21 1.SDDDL+D8 3.DDDDL+DD 1.DDDDL-D2 S.9484L+D1 8.7888L-D1
1.DDDOL+21 2.DDDDL+D8 2.DDDDL+DD 1.D38DL+DD 8.D127L+D1 S.87D1L-D1
1.DDDOL+21 2.SDDDL+D8 2.DDDDL+DD 1.D38DL+DD 1.2D82L+D2 S.713DL-D1
1.DDDDL+21 3 .DDDDL+ 08 1.DDDDL+ DO 1.3837L+D2 1.2131L+02 S.4S39L-D1
1.DDDOL+21 3.SDDDL+D8 1.DDDDL+DD 1.3837L+D2 1.2131L+D2 8.4247L-D1
1 .DDDDL +21 4 .DDDDL+ 08 1.DDDDL+ DO 1.3837L+D2 1.2131L+02 7.8SSDL-D1
1 .DDDOL +21 4 .SDDDL+ 08 1.DDDDL+ DO 1.3837L+D2 2 ,4287L +02 3.4117L-D1
1.DDDDL+21 S.DDDDL+D8 1.DDDDL+DD 1.3837L+D2 2,4287L+D2 3.3131L-D1
1.DDDDL+21 S.SDDDL+D8 1.DDDDL+DD 1.3837L+D2 2,4287L+D2 3.S927L-D1
1.DDDDL+21 8.DDDDL+D8 1.DDDDL+DD 1.3837L+D2 2,4287L+D2 3.8181L-D1
1.DDDDL+21 8.SDDDL+D8 1.DDDDL+DD 1.3837L+D2 2,4287L+D2 4.1832L-D1
1.DDDDL+21 7.DDDDL+D8 1.DDDDL+DD 1.3837L+D2 2,4287L+D2 4.4849L-D1
1.DDDDL+21 7.SDDDL+D8 1.DDDDL+DD 1.3837L+D2 2.4287L+D2 4.7499L-D1
1.CCCCL+21 Il.CCCCL+Cll 1.CCCCL+CC 1.::IB::I7L+C2 2.42B7L+C2 4.!3444L-C1
1.DDDDL+21 8.SDDDL+D8 1.DDDDL+DD 1.3837L+D2 2.4287L+D2 S.218DL-D1
1.DDDDL+21 9.DDDDL+D8 1.DDDDL+DD 1.3837L+D2 2.4287L+D2 S.3DDSL-D1
1.DDDDL+21 9.SDDDL+D8 1.DDDDL+DD 1.3837L+D2 2,4287L+D2 S,4991L-D1

table 2.1: example of a fit parameter table

Figure 2.15 gives an example of the function e'er) for three different sets of fit parame
ters.

fitted thetaCr)

'--' : set 1
,----- ': set 2
,-.-.-': set 3
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figure 2.15: examples of e'er)
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input fit parameters:

set 1: a=90 degrees, 13=5 degrees, y=5 degrees
set 2: a=45 degrees, 13=1 degrees, y=10 degrees
set 3: a=10 degrees, 13=1 degrees, y=100 degrees

If we use input set 1 we can recognize the tan(x) curve. If a is smaller than 90 degrees
the curve transforms and the angle 0'(r=0.5) which corresponds with a also decreases. We
use the parameters 13 and y to bend the 0'(r) curve for the best approximation of 0(r). The
parameter 13 for r<0.5 and y for r>0.5.

In the next figure an example of 0(r) and the approximated function 0'(r) is given. In this
example we used an attractive potential, a donor concentration Nd=1017 cm-3 and a
wavenumber k=5.108 m- I

•

188

lG8

.... 148
'-' : 0(r)

II
,
----': 0'(r)

Ql
Ql 128
~
~ fitQl
~ 188 parameters:~

,.. 88 a= 9.000
~ 13= 0.647'"III G8 y= 18.337.pi
Ql

..s:
48.pi

28

8
8 8.2 8.4 8.G 8.8 1

r

figure 2.16: comparison of 0(r) and 0'(r)

Figure 2.16 shows that with the discussed fitting method it is possible to produce a good
approximation of the 0(r) curve with a relative simple model and only a few parameters.

Examples of a(k), 13(k) and y(k) for a donor concentration Nd=1017 cm-3 are given in the
next three figures. As we have seen in paragraph 2.4 (figure 2.10) the scattering angle
distribution 0(r) lowers when k increases. Therefore a ( =0(r=0.5) ) also decreases when
k increases. The curve bendings become sharper when k increases, and therefore 13
decreases and y increases when k increases.
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Attractloe potential. Hd=le17 ceA-3

figure 2.18: B(k)
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figure 2.17: a(k)
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figure 2.19: y(k)

In the next chapter we will discuss some methods which alter the screening length ro (2.5)
to make it more physically reliable. In chapter IV some the effects of altering ro on
mobility simulations with the Monte Carlo program will be discussed. We will see that not
all of these altering effects produce physically reliable results.
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III. THE SCREENING LENGTH

In this chapter we will discuss some physical mechanisms to adjust the screening length ro
(formula (2.5) ). In the first paragraph a summation condition, called the Friedel Sum Rule
will be discussed. The next paragraph treats wavenumber depen-dence of the dielectric
constant Ep called dielectric screening. In the last paragraph the influence of multi-ion
screening is discussed.

3.1 The Friedel Sum Rule

Due to screening in a semiconductor a charge centre has to appear charge neutral at long
distances. This means that at long distances of a ionized impurity the potential VCr) has to
be zero. The potential has to be totally screened when r is infinite. To fulfil this condition
certain restrictions must be imposed on the phase shifts. These restrictions take the form of
a summation condition, the Friedel Sum Rule, which must be satisfied [15]. The Friedel
Sum Rule is defined as:

Z= -k
2 Jfo (l-fo) Sz (Nil E) dE= ±1

1t ETo
(3 . 1 )

Z is the total screening charge per impurity centre. SzCNj,E) is the weighted sum of the
phase shifts:

S z (Ni I E) = L (21 + 1) {, 1 (Ni I E)
o

and fo is the Fermi-Dirac electron distribution function:

(3 .2)

(3 .3)

The parameter which is responsible for changes of the phase shifts is the screening length
ro of the potential VCr) (formula (2.5) ). If we change this screening length, the weighted
sum of the phase shifts Sz will also change, and therefore the total screening charge Z will
change. To satisfy the Friedel Sum Rule (FSR) we must change the screening length with
a factor such that we get Z=1 for an attractive potential, or Z=-1 for a repulsive potentia!")
or the Born approximation.

'J Because the screening length is an effect which is caused by electrons, we only have to calculate the
fsr factors for an attractive potential (majority electrons). These scaling factors must also be used for a
repulsive potential.
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The positive and negative signs of Z for an attractive and a repulsive potential are caused
by the sign of Sz in expression (3.1). If we have an attractive potential the phase shifts are
positive, so Sz will also be positive. A repulsive potential or the Born approximation will
result in negative phase shifts and therefore Sz will be negative too.

It would take a lot of computer time to calculate Sz in (3.1) in real time. Kay [16,17] sug
gested the following method to overcome this problem:

1. Calculate Sz with expression (3.2) for different donor concentrations Nd (attractive
potential) and wavenumbers k (which corresponds with different energies E). Collect these
SzCNd,k) in a file. When we calculate the Friedel Sum (3.1) we use the normal screening
length (Debye length (2.5) ). We also can include extra effects on the screening length like
dielectric screening (paragraph 3.2), a fraction Ge in the SiGe, or a different temperature.

2. Now we can calculate the Friedel Sum (3.1). The sums SzCNd,E) are looked up in the
precalculated file. When the energy E is in between E] and E2 (E]<E<E2) we can approxi
mate the corresponding sum SzCNd,E) with linear interpolation,
so SzCNd,E])<SzCNd,E)<SzCNd,E2). This is of course only possible if E2-E] is not to large
and therefore if the error in the interpolation is small.

3. If the total screening charge Z*1 (attractive potential) we alter the Fermi level energy
EF until we get Z=1. The sums Sz are not changed. With the altered Fermi level energy EF2

it is now possible to calculate the new concentration of electrons in the conduction band.
The concentration of electrons in the conduction band can be calculated with the following
method:

n =Ns = f g(E) fa (E) dE
Ec=O

geE) is the density of states, for a parabolic band:

3

(E) = 41t (2m*) "2 (E-E ) i
g h 3 c

(3.4)

(3 • 5)

We make the assumption that at the edge of the conduction band the energy level is zero:
Ec=O eV. This new found screening concentration Ns' corresponds with a different Debye
length. In other words the screening length ro is changed with a scaling factor to get the
new screening length ro'.
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We call this scaling factor the fsr factor:

fSI (3.6)

Appendix 2 contains fsr factors as a function of N j , k and the fraction Ge in SiGe. These
scaling factors can be used for attractive and repulsive potentials.

To get some understanding about the effect of the Friedel Sum Rule the total screening
charge Z is calculated as a function of the doping level N j when no scaling factor is
applied. Z is given for an attractive potential, a repulsive potential and the Born approxi
mation. The temperature is 300K.

FSR: screening length = DeBye length

1.4

1.2

,..,
N..,

1(III
,l:l
iU

0.8

0.6

1014

potential:

'-' : attractive
,----' : repulsive
,-.-.-' : Born approx.

figure 3.1: total screening charge without scaling

In figure 3.1 we see that Z';:j1 for low donor or acceptor concentrations, Z begins to
deviate from Z=1 for higher doping levels.
In chapter IV the influence of the Friedel Sum Rule on mobility simulations with the
Monte Carlo method will be discussed. There we will see that for low temperatures
(T<lOOK) and high doping levels (Nd>1018 cm,3) it is sometimes not possible to obey the
summation condition Z=1. Therefore the Friedel Sum Rule cannot be used in these
situations.

-26-



(3.7)

THE SCREENING LENGTH

3.2 Dielectric screening

In this paragraph we will discuss the wavenumber dependence of the dielectric constant E
r
•

Because the screening length ro (formula (2.5)) is a function of EV" ro will change if the
wavenumber of the electron changes. This effect is called dielectric screening. Resta
[12,13,14] researched dielectric screening in semiconductors. In this text we only give the
result of his work. Resta developed the following formula for Er(k):

q2+ (k') 2e (k) = -----=-----==-------'--:-'----
~ sin (k'R) + (k') 2

e(O) k'R

This expression has been normalized in the following way:

11=1 (3 • 8)

It is therefore necessary to use the reduced wavenumber k' instead of k in the expression
of E(k). With:

o .707 *ao
1 uni t = --4-.-4-4------=- (3 .9)

an is the lattice constant (in Si an=5.43.1O-1o m). The factor 0.707 is used to get the closest
neighbour distance in a face centered cubic crystal, and the factor 4.44 is the constant used
by Resta.
The Fermi sphere radius kF is defined as:

and q is a helping factor:

(3 .10)

_( 4k~)~q--
1t
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We get R with:

sinh(qR) =e(O)
qR

Si: R= 4.71
q

(3.12)

(3.13)

When we know E(k) it is possible to calculate the effective EefrCk) for doped semicon
ductors in the following way:

e =e =e(k)+~
I eff 2 2

Iok

ro is the Debye length (2.5) calculated with E=E(0)=l1.8 for Si.

In the next two figures E(k) and EerrCk) are given for Si for two donor concentrations
(T=300K). When EerrE(O) we took the value of E(O), because Eeff cannot exceed E(O). The
figures show that the effect of ErCk) only occurs at low doping levels (figure 3.2).
At lower doping levels EefrCk) begins to drop if k>108 m-I. If we increase the doping level
this effect starts at higher k values. Because these high wavenumber values are not
common in a semiconductor, the effect of E(k) will not be very important in our ionized
impurity scattering model. In chapter IV we discuss the effect of E(k) in mobility
simulations for SiGe.
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3.3 Multi-ion screening

At higher doping levels the screening length ro is much shorter than the average distance D
between the impurities. Therefore the neighbouring ion potentials do not overlap signifi
cantly. Meyer and Bartoli [15] found that instead of using a spherically symmetric
screened electrostatic potential VCr) of a single ion, a better description for higher doping
levels is gained when a linear superposition of single ion potentials VT(r) is used. In [15]
Meyer and Bartoli described a method to adjust the screening length ro with a factor
M_factor> 1. The new multi ion screening length rM is longer than the single ion screening
length because it describes the screening length of a charge which is a superposition of
multiple ion charges.
In the next section a brief description of this method is discussed.

The Multi-ion screening factor can be calculated by comparing two expressions:

r = r 0
2

= (Debye length*fsr-factor) 2

1 2 r 2r M M

Z 00

q 1/2

f _z- f dz+fz -1/2 f dzzoo
r = 0 q Zq

2

f Z -1/2 fodz
o

(3.14 )

(3 . 15)

r\ and 1 2 must be equal. With this demand we can get the Multi-ion screening length
rM=M_factor1"oo
The Fermi-Dirac distribution function fo is defined as:

(3.16 )

EF is the Fermi level energy which is a function of the donor or acceptor concentration Nd

or Nao
Z is defined as:

(3.17)

and Zq is:

(3.18 )
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g is the fraction of the electron charge within a sphere of radius D around the ionized
impurity:

(3.19)

and D is the average distance between the ionized impurities (average interdonor separ
ation):

_( 41tNi )-1/3
D- --

3
(3.20)

The total screening length ro we get is the Debye length (2.5) multiplied with the Multi-ion
screening factor M_factor. This M_factor also includes the Friedel Sum Rule. In appendix
3 tables of the M_factors as a function of the donor or acceptor concentration are given.
In chapter IV some results of the effect of Multi-ion screening on the drift mobilities will
be discussed. What we already can conclude is that because the M_factors are relative
high, the screening lengths are longer than the original Debye lengths calculated with
formula (2.5). Therefore the simulated mobilities will also be higher than those without the
Multi-ion screening. (A low impurity concentration corresponds with a relatively long
screening length and a high mobility).
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IV. MOBILITY SIMULATIONS IN SIGE

The program SIGEX is developed to simulate properties of electron transport like drift and
Hall mobilities, in SiGe with the Monte Carlo method. This program is adjusted to include
ionized impurity scattering with the Partial Wave method. In this chapter some results of
simulations with SIGEX are presented. In the first paragraph we review theory. In the
second paragraph we discuss the drift mobility in bulk Si. In this paragraph also the
influence of the Friedel Sum Rule, dielectric screening and multi ion screening will be
discussed. Simulations of the drift and Hall mobilities in SiGe are treated in respectively
paragraph 4.3 and paragraph 4.4.

4.1 Theory

With SIGEX it is possible to choose the direction of the electric- (E) and magnetic (B)
fields. Table 4.1 shows the directions which are available with SIGEX, and in figure 4.1
some of these directions are drawn.

P
E- and B-fields with SIGEX

simulation: direction direction
E-field: B-field:

1 <100> <010>

la <100> <001>

2 <010>

3 <001> <100>

4 <111>

5 <110>

6 <101>

7 <011>

8

table 4.1: ossible directions

Si and Ge have different lattice constants ao. As a result there is a difference between the
lattice constants of Si and SiGe. If we grow a SiGe layer on a Si substrate in the positive
z-direction «OOI>-direction), the lattice near the border between the Si and the SiGe layer
will be deformed. In figure 4.2 shows an example of a SiGe layer grown on a Si substrate
in the <001 >-direction. The deformation of the lattice as a result of different lattice
constants for Si and SiGe is called strain. We will now discuss the effect of strain on the
electron mobility.
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<001>

eGh~
<100>

figure 4.1: possible directions
E- and B-fields

SiGe

Si

figure 4.2: a SiGe-layer on a
Si substrate

In strained SiGe there is a difference between the mobilities calculated in the <100>- and
in the <OOl>-direction. Kay [16] gave an explanation of this effect in his work about the
Monte Carlo method. Because this effect is not only a result of ionized impurity scattering
but also includes more scattering mechanisms (chapter I),
we will only give a brief explanation of the theory. For a more theoretical treatment we
suggest Kay [16]. Thomas Vijverberg will also discuss this theory in his work about
mobility simulations in SiGe with the Monte Carlo method.
The difference in mobility between the <100>- and <OOl>-direction is caused by changes
in the E(k)-curves which alter the effective mass. The effective mass is defined as:

(4.1)

In figure 4.3a an example of a E(k), a v(k) and a m*(k)-curve is given. Figure 4.4 shows
the six (3-dimensional) E(k)-valleys in Si.

m1*····
m2*

..... ;.,
...~ ...

v:,

,,.,.,.,
.,
.;..

k

k

Ex,Ey

!?,.
,,,,

kx,ky

kz

'-': no strain
,---- ': strain

figure 4.3b:
changing in E(k)
curves under influ
ence of strain and
E-f1eld

figure 4.3a: E(k), v(k) and m*(k)
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<010>

<1

kx

ky----j---+---,lL--+----

If we subject the semiconductor to an
electric field, the electron states on the
E(k) curve will shift (figure 4.3a). The
effective mass will therefore also change
from value mI· to m2•• If we realize that in
a practical situation the wavenumber k has
three dimensions, kx' ky and k., we have to
consider also three E(k) curves (figure
4.4). If we grow a SiGe layer in the posi-
tive z-direction «001» on a Si substrate,
strain will occur. The effect of figure

strain is that the E(k) curves will
shift. In figure 4.3b we see that strain
in the positive z-direction will shift the

E(k) curves in the x- and y-direction to a lower curve, and the E(k) curve in the z
direction to a higher curve. Therefore in the z-directions there will be a few electrons left
and nearly all electrons will be concentrated in the xy-plane. Thus in the x- and y-direc
tions the E(k) curves will be filled up with more electrons than without strain, while in the
z-directions only the low E-values are filled up. If we now put an electric field on the
semiconductor in the x- or y-direction, the electron distribution on the E(k) curve will shift
also a little (figure 4.3a), and therefore the effective mass mx• will increase. This effective
mass is called mi· (longitudinal effective mass). In Si ml·=0.916. The same effect occurs in
the y-direction. Because only the lower E-values in the z-direction are filled the effective
mass mz• will stay low if we put an electric field in the z-direction. This effective mass is
now called mt• (transversal effective mass). In Si mt·=0.191. The effect is that electrons
will accelerate easier in the z-direction ( <OOI>-direction) than in the x- or y-direction (
<100>- or <010>-direction). Therefore the mobility in the <OOI>-direction will also be
higher than the mobility in the <100>-direction or the <010>-direction.

4.4: E(k) Valleys in Si

An other effect of changing from a Si- to a SiGe semiconductor is the changing of the
dielectric constant Er• If we want to simulate Sil_xGex we have to adapt this constant.
Because a Sil_xGex-lattice behaves like a Si-Iattice for x<0.85, we keep other semiconduc
tor parameters like the effective mass m· equal to the values for Si. There are parameters,
like the bandgap Eg, which change if x>O, but they are less important in ionized impurity
scattering and the Monte Carlo program alters them automatically. Er(X) is now defined as
(O<x<I):

(4 .2)

The values of Er for Si and Ge are respectively 11.8 and 16.0. The screening length ro is a
function of Er

Y
' (formula (2.5) ) so it will increase if we increase the Ge fraction.
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4.2 Drift Mobility Simulations in bulk Si

In this paragraph drift mobility simulations with the Monte Carlo program SIGEX are
presented. All simulations are performed inclusive the new implemented ionized impurity
scattering model. We also discuss the influence of the Friedel Sum Rule, dielectric
screening and multi ion screening.

The input parameters for the Monte Carlo program SIGEX used in the next simulations of
this paragraph are summarized in table 4.2:

p p
drift mobility simulations with SIGEX

Input parameters: Value: Comment:

Compositional parameter: 0 fraction Ge
(O:S;x:S;1)

Strain induced effects [TIP]: false no strain

E-field [kV/cm]: 1

Direction E-field: <100>

B-field [T]: 0 no Hall
mobility

Direction B-field: -

Number of testparticles: 5000 number of elec-
trons

Crystal temperature [K]: 300

Impurity concentration [cm-3
]: 1015<N.<1019

I

Delay time [ps]: 0

Simulation time [ps]: 20

Total number of sample intervals: . 100

table 4.2: III ut- arameter lIst for

Thomas Vijverberg will give a detailed explanation of this input parameter list in his work
about mobility simulations in SiGe with the Monte Carlo method.
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simulation A:

Attractive potential VCr) (corresponding with a majority electron mobility and an-type
semiconductor).

' ......0 .. ·..·' : drift mobility
inclusive the Partial
Wave Method
with FSR

'-0-' :experiment')

'-.0.-' :drift mobility
inclusive the Partial
Wave Method

'--0--' :drift mobility
with old Brooks
Herring model

2BB
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najority nobility in Si, E-field in <1BB> dir.
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figure 4.5: drift mobility simulations
for an-type Si semiconductor

The simulations of figure 4.5 show that using the Partial Wave Method for ionized
impurity scattering results in a smaller error in de mobility comparing to the simulations
made with the old Brooks-Herring model. The mobility for donor concentrations higher
than 1016 cm-3 are still too high compared with the values found by Dick Klaassen [18].
The Friedel Sum Rule gives a little improvement for a donor concentration of 1016 cm-3

•

•) For the experimental drift mobility values we used the values found by Klaassen [18].
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simulation B:

Repulsive potential VCr) (corresponding with a minority electron mobility and a p-doped
semiconductor).

Minority Mobility in Si , E-field in <188> dir.
1488 (~_--r-"""T"'""1--rTTTn---.--.--r"TT1rTTT""-.,....,r-r-f""TT',.,.,----,---r"""T"T"TTTTI

( -----..
-"'"'<:.l....

,., 12881.:.-:-: -.-.6l,.'
~ ....• ", >:-,
N ...~~
< 1888 ".:--",
~ ...."''=!~
... 888 -,
~ ,
~ .,.
: '"... 688 ".0.
~ ~"

o ~~.
~ "

~ 488 "'-,,:- I
...
~ 288

figure 4.6: drift mobility simulations
for a p-type Si semiconductor

, -0-' : experiment')

'--0--' :drift mobility with
old Brooks-Herring model

'-.0.-' :drift mobility
inclusive the Partial
Wave Method

' ......0 .... ' : dri ft mobility
inclusive the Partial
Wave Method with FSR

This simulation shows that the Partial Wave Method gives a smaller error in de drift
mobility for acceptor concentrations below 1016 cm·3 compared with the simulations made
without the Partial wave method. The mobility for acceptor concentrations higher than 1016

cm·3 are still too high compared to the values found by Dick Klaassen. The Friedel Sum
Rule gives a little improvement for acceptor concentrations below 1016 cm-3

•

OJ For the experimental drift mobility values we used the values found by Klaassen [18].
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simulation c:

Attractive potential V(r).
In this simulation we compare the different theories discussed in chapter III wich adjust
the screening length and therefore will influence the mobility.

Majority Mobility in Si, E-field in <188) dir.
1488 .----.----,--,""TTlrrrr--,---,---"--,-",,-----,-----.-.,,.,-.rn~___.__._._TTTTT1
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"
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+l

... G88

..c
0

E
488

+l

'"...
~ 288=

8
1815

··n.

" n.

'/1.•

'-0-' : exclusive FSR and
dielectric
screening

'--0--' : inclusive FSR

'-.0.-' : inclusive
dielectric
screening

' ......0 ...... ' : inclusive Multi-ion
screening

, *' :experiment' J

figure 4.7: drift mobility simulations
for an-type Si semiconductor

Simulation C shows that the Friedel Sum Rule gives a better fit with the experiment for a
donor level of Nd=1016 cm-3

•

Mobilities simulated with dielectric screening (paragraph 3.2) are too low. This effect is a
result of decreasing of the dielectric constant E if the wavenumber k is increased. Because
the screening length ra is a function of Ell" it will also decrease. A small screening length
corresponds with a high ionized impurity concentration. If we have a high ionized
impurity concentration, the chance of an electron to be scattered over a large angle is
greater than at lower impurity concentrations, and therefore the mobility will be low. Thus
if we use dielectric screening, the mobility will decrease as if the ionized impurity
concentration is increased. Dielectric screening is therefore not reliable in the ionized
impurity scattering model.

') For the experimental drift mobility values we used the values found by Klaassen [18].
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Mobilities simulated with the Multi-ion screening condition (paragraph 3.3) are too high.
This effect is caused by increasing of the screening length due to superposition of multiple
single ion screening lengths. A long screening length corresponds with a low ionized
impurity concentration, and therefore with a high mobility. So if we use Multi-ion
screening, the mobility will increase as if the ionized impurity concentration is decreased.
Multi-ion screening is therefore also not reliable in the ionized impurity scattering model.

According to the results of this simulation we can get the most reliable mobility simula
tions compared with experiments if we only use the Friedel Sum Rule.
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simulation D:

An advantage of SIGEX with the Partial Wave Method (PWM) is that it is now possible
to distinguish between an attractive potential (majority electron mobility, n-type) and a
repulsive potential (minority electron mobility, p-type). In figure 4.8 a comparison is made
between the experiment and the simulations made with SIGEX, with and without the
PWM.

Mobility in Si , E-field in <188> dir.
1488 .,or.-...---,----,-,."-r,,----------,---.--r.--rTTTT---.---,--,-,.,...,..,,..,------,-----,-.-rTTTTl

488

(

... ()..~~.
III 1288 ~.. _.
~ "< ' .., ~ .
N " .....
< 1888 " ''';':'''
E " '~'"
u " '~I
~ " '~'"

888 " "." " ' .....
~ " ".... "l~ " .....
... 88 " '" ".... G ~ ". 0.

~ ".~"'"o ~
E

~ 288

Hi [c","-3] T=388K

figure 4.8: drift mobility simulations
for a n- and a p-type Si semiconductor

, - 0 -' : experiment')
maj. mob.

• - -0- -' : experiment ')
min. mob.

, - .0. -' : SIGEX
inclusive
PWM maj. mob.

• ......0 ...... • :SIGEX
inclusive
PWM min. mob.

.*. :SIGEX
exclusive PWM

Figure 4.8 shows that especially in the higher doping regions (Nj>1017 cm-3
), the difference

between the majority and the majority electron mobility is visible, which is also known
from experiments, This is what we expect because if we increase the doping level the
influence of ionized impurity scattering also increases. Only for doping levels below
N j<1016 cm-3 the minority electron mobility is too low. One expects that in lower donor
concentrations the majority and minority electron mobility are equal because the influence
of the ionized impurity scattering on the total drift mobility is small . This error probably
occurs because the accuracy in the simulation is to low as a result of the relative small
number of electrons in the simulations (5000).

•) For the experimental drift mobility values we used the values found by Klaassen [18].
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simulation E:

Test of influence of number of testparticles on simulated drift mobility with SIGEX.

To demonstrate the difference in simulated drift mobilities between two different numbers
of testparticles, a comparison of two different input parameters for SIGEX is made. The
simulations are made without the Partial Wave Method. Figure 4.9 shows the results of
these simulations. The input parameters of simulation a and b are summarized in table 4.3.

nobility in Si , E-field in <188> dir.
1488 1r--r-...,.....,.""T"T1rrrr-,...-,---"--rrt,.,....-----r---.-.,,..,TTn----.-..-rTTTTTJ
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'\
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< 1888
E
u....
" 888
+'...

. -0-' : input a:
15000 electrons

'--0--' : input b:
5000 electrons

.....
~
o
E

+'

'"...

£188

488

~ 288

figure 4.9: drift mobility simulations
without Partial Wave method
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Figure 4.9 shows that the drift mobility values of both simulations are more or less the
same. As a result of the smaller number of testparticles in simulation b, the accuracy in the
velocity of the electrons in the direction of the electric field «100» is smaller than the
accuracy of simulation a. Therefore the result of simulation a is more reliable. As we
already discussed in chapter I the disadvantage of a large number of test particles is the
increase of the calculation-time. In table 4.3 the simulation times needed for a doping
concentration of Nj=1015 cm-3 are given. We see that we need four times more computer
time to get a result. The computer time decreases when the doping concentrations N i

becomes higher. The needed calculation time also decreases when we take a smaller
simulation time. Therefore the user has to make a choice between reliability and speed.

p p

Input parameters: input a: input b:

Compositional parameter: 0 0
(Osxs1)

Strain induced effects [TIF] : false false

E-field [kV/cm]: 1 1

Direction E-field: <100> <100>

B-field [T]: 0 0

Direction B-field: - -

Number of testparticles: 15000 5000

Crystal temperature [K]: 300 300

Impurity concentration [cm-3
]: 1015<N<1019 1015<N.<1019

1 I

Delay time [ps]: 0 0

Simulation time [ps]: 30 20

Total number of sample intervals: 200 100

simulation time for Ni=1015 cm-3
: (com- 11.8 hour 2.9 hour

puter: HP 715/75)

table 4.3: In ut arameters SImulatIOn a and b tor SIGEX

-42-



MOBILITY SIMULATIONS IN SIGE

4.3 Drift Mobility Simulations in SiGe

With the Monte Carlo program SIGEX it is possible to simulate drift and Hall mobilities
for unstrained and strained Si1_xGex' The deformation of the lattice as a result of different
lattice constants for Si and SiGe is called strain. x is the fraction Ge and therefore x has to
be in the interval [0,1]. In practical situations we choose x<O.4.
In this paragraph we will discus simulations with SIGEX of the electron drift mobilities as
a function of the doping level N j and the fraction Ge. The temperature for all simulations,
except simulation G and H, is T=300K. In table 4.4. the used input parameters for these
simulations are summarized.
All simulations are performed including the Partial Wave Method with the Friedel Sum
Rule. Other effects like dielectric screening and multi ion screening are not included.

The input parameters used in the simulations of this paragraph are given in the next table:

yp P
with SIGEX, T=300K.

Input parameters: Value: Comment:

Compositional parameter: O<x<O.4 fraction Ge
(O::;x::;l)

Strain induced effects [TIF]: T&F strain

E-field [kV/cm]: 1

Direction E-field: <100>&<001>

B-field [T]: 0 no Hall
mobility

Direction B-field: -

Number of testparticles: 5000 number of elec-
trons

Crystal temperature [K]: 300

Impurity concentration [cm-3
]: 1015<N.<1019

1

Delay time [ps]: 0

Simulation time [ps]: 20

Total number of sample intervals: 100

table 4.4: In ut arameters drift mobiht SImulatIOns
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We will only discuss the drift mobility in two directions <100> and <001> in the SiGe
lattice. Tables of the simulated drift mobilities are given in appendix 4. The average error
in the simulations is lower than 5%. If one wants better results the number of electrons
and the simulation time have to be increased (but the calculation time will also increase!).

The results of the next simulations are presented in a figure fl(Ni) and a figure flex).
Therefore both figures contain the same result of the simulation.
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simulation A:

Majority electron mobility, unstrained SiGe, T=300K, E-field in <100> direction.

Hajority Hobility in SiGe, E-field in <188} dir.
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figure 4.10: drift mobility simulations
for an unstrained n-type SiGe semiconductor
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figure 4.11: drift mobility simulations
for an unstrained n-type SiGe semiconductor
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simulation B:

Majority electron mobility, strained SiGe, T=300K, E-field in <100> direction.

Majority Mobility in SiGe, E-field in <188> dir.
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figure 4.12: drift mobility simulations
for a strained n-type SiGe semiconductor
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figure 4.13: drift mobility simulations
for a strained n-type SiGe semiconductor
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simulation c:

Majority electron mobility, strained SiGe, T=300K, E-field in <001> direction.
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figure 4.14: drift mobility simulations
for a strained n-type SiGe semiconductor
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figure 4.15: drift mobility simulations
for a strained n-type SiGe semiconductor

-47-



MOBILITY SIMULATIONS IN SIGE

The simulations A, Band C show that the influence of the Ge-fraction x on the drift mob
ility disappears if the doping level Nd increases. Therefore for doping levels Nd>1018 cm-3

the mobility is nearly independent of the fraction Ge in SiGe. This can be explained by the
fact that at higher fractions of Ge other scattering mechanisms like alloy scattering*) have
more influence on the mobility than ionized impurity scattering. Therefore the influence of
the doping level becomes less important if we increase the fraction of Ge.

According to the theory of paragraph 4.1, the <OOI>-direction is the "fast" direction. If we
compare the drift mobilities in the <OOI>-direction (simulation C) with those calculated in
the <100>-direction (simulation B) we see that the mobilities in the <001> direction are
higher.
Figure 4.16 shows the results of simulation A (unstrained (bulk) SiGe, E-field in <100»,
B (strained SiGe, E-field in <100» and C (strained SiGe, E-field in <001» for a donor
concentration of Nd=1016 cm-3

•
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'--0--': simulation B
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figure 4.16: drift mobility simulations
for a strained n-type SiGe semiconductor

If we compare simulation A, Band C we see that with strain the mobility in the "fast"
<OOI>-direction is higher than the mobility in the unstrained case. With strain the mobility
in the "slow" <100>-direction is lower than the mobility in the unstrained case.

0) In these simulations we used an alloy potential Ualloy =0.7 eV. This parameter is still a subject of
investigation.
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simulation D:

Minority electron mobility, unstrained SiGe, T=300K, E-field in <100> direction.

Minority Mobility in SiGe, E-field in <lBB> dir.
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figure 4.17: drift mobility simulations
for an unstrained p-type SiGe semiconductor
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figure 4.18: drift mobility simulations
for an unstrained p-type SiGe semiconductor
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simulation E:

Minority electron mobility, strained SiGe, T=300K, E-field in <100> direction.
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figure 4.19: drift mobility simulations
for a strained p-type SiGe semiconductor
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figure 4.20: drift mobility simulations
for a strained p-type SiGe semiconductor
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simulation F:

Minority electron mobility, strained SiGe, T=300K, E-field in <001> direction.
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figure 4.21: drift mobility simulations
for a strained p-type SiGe semiconductor
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figure 4.22: drift mobility simulations
for a strained p-type SiGe semiconductor
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The simulations D, E and F show that also for a repulsive potential the influence of the
Ge-fraction x on the drift mobility disappears if the acceptor concentration Na is increased.
Therefore for acceptor concentrations of Na>1018 cm-3 the mobility is nearly independent of
the fraction Ge in SiGe.

The difference in mobility for strained SiGe between an E-field in the <100>- and an E
field in the <OOI>-direction, as discussed in paragraph 4.1, also occurs for a repulsive
potential (p-type semiconductor). If we compare the drift mobilities in the <OOI>-direction
(simulation F) with those calculated in the <100>-direction (simulation E) we see that the
mobilities in the "fast" <001> direction are higher.
Figure 4.23 shows the results of simulation D (unstrained (bulk) SiGe, E-field in <100»,
E (strained SiGe, E-field in <100» and F (strained SiGe, E-field in <001» for a acceptor
concentration of Na=1016 cm-3
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figure 4.23: drift mobility simulations
for a strained p-type SiGe semiconductor

If we compare simulation D, E and F we see that with strain the mobility in the "fast"
<OOI>-direction is higher than the mobility in the unstrained case. With strain the mobility
in the "slow" <100>-direction is lower than the mobility in the unstrained case.
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Drift Mobility Simulations for T=77K

In the next simulations we will discuss simulations with SIGEX of the electron drift
mobilities as a function of the doping level N i and the fraction Ge. The temperature is held
constant at T=77K. In table 4.5 the used input parameters are summarized.
All simulations are performed including the Partial Wave Method and without the Friedel
Sum Rule. The Friedel Sum Rule is not used because in the higher doping levels it was
not possible to satisfy the summation condition (3.1) (see paragraph 3.1). Other effects like
dielectric screening and multi ion screening are also not included.

Input parameters: Value: Comment:

Compositional parameter: O<x<O.4 fraction Ge
(O~x~l)

Strain induced effects [TIF]: T strain

E-field [kV/cm]: 0.1

Direction E-field: <100>

B-field [T]: 0 no Hall
mobility

Direction B-field: -

Number of testparticles: 10000 number of elec-
trons

Crystal temperature [K]: 77

Impurity concentration [cm-3
]: 1015<N.<1019

I

Delay time [ps]: 0

Simulation time [ps]: 50

Total number of sample intervals: 100

table 4.5: mputparameters dnft mobIlIty SImulatIOns
with SIGEX, T=77K.

For the simulations with T=77K, we used a longer simulation time, a lower E-field and
more testparticles than in the simulation with T=300K (see table 4.4). These values are
changed because otherwise the accuracy in the mobility would be too low.
Figure 4.24 and 4.26 both show that the drift mobility increases if the doping level N j=1019

cm-3
• It is possible that if we increase the number of testparticles and the simulation time,

will effect will disappear. Because it will also increase the calculation time SIGEX needs,
these simulations are omitted.
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simulation G:

Majority electron mobility, strained SiGe, T=77K, E-field in <100> direction.
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figure 4.24: drift mobility simulations
for a strained n-type SiGe semiconductor
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figure 4.25: drift mobility simulations
for a strained n-type SiGe semiconductor
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simulation H:

Minority electron mobility, strained SiGe, T=77K, E-field in <100> direction.
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figure 4.26: drift mobility simulations
for a strained p-type SiGe semiconductor
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figure 4.27: drift mobility simulations
for a strained p-type SiGe semiconductor
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4.4 Hall Mobility Simulations in SiGe

If we want to simulate Hall mobilities we have to put also a magnetic field on the
semiconductor. Figure 4.28 shows the three different situations possible with SIGEX to
simulate the Hall mobility. The directions are also summarized in table 4.6.

p

simulation: direction E-field direction B-field Hall mobility

1 <100> <010> <001>

2 <100> <001> <010>

3 <001> <100> <010>
table 4.6: OSSI ble dIrectIOns E- and B-field In SIGEX

~ B E

~B~~ ~~
E E B

sim 1 sim 2 sim 3

<001>

<100J-. <010>

figure 4.28: possible directions E- and B-fields in SIGEX

The inputparameters we used for these Hall mobility simulations are summarized in table
4.7.
We used a rather high B-field of 1 Tesla in this simulations. This high B-field is chosen
because otherwise the "noise" in the results would be to high, and they would not be
reliable.
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table 4.7: mputparameters Hall mobIlIty sImulatIOns WIth SIGEX

Input parameters: Value: Comment:

Compositional parameter: 0<x<0.3 fraction Ge
(0::;x::;1)

Strain induced effects [T/F]: T strain

E-field [kV/cm]: 1

Direction E-field: <100> & <001> table 4.6

B-field [T]: 1 Hall mobility

Direction B-field: <100>, <010> and - table 4.6
<001>

Number of testparticles: 15000 number of elec-
trons

Crystal temperature [K]: 300

Impurity concentration [cm-l 1016<Nd<1 019

Delay time [ps]: 0

Simulation time [ps]: 150

Total number of sample intervals: 1000
..

The first simulation we discuss are Hall mobility simulations for strained n-type SiGe as a
function of the donor concentration (simulation A). Figure 4.29 shows the results of
simulation A.
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simulation A:

Majority electron Hall mobility, strained SiGe, T=300K.
E-field in <100> direction, B-field in <010> direction.
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figure 4.29: Hall mobility simulations
for a strained n-type SiGe semiconductor

Figure 4.29a, b, c and d show the results of the Hall mobility simulations. These figures
also contain error bars of the simulations. The bars represent the Monte Carlo noise in the
results of the simulations. They are an indication of the accuracy in the simulations. If we
increase the number of testparticles and the simulation time, these bars become smaller.
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figure 4.29: Hall mobility simulations
for a strained n-type SiGe semiconductor

The Monte Carlo noise in the results can be expressed as:

!:J. =Iveloci ty spread [m/ s] I [cm2/Vs] (4.3)
~ (x,y, Z) veloci ty [m/ s] . ~ (x,y, Z)

(x,y,x)

The velocity spread (accuracy) and the velocity in the X-, y- and z-direction are summar
ized in the output file of the Monte Carlo program. If we are interested in the noise of the
Hall mobility in the <OOl>-direction, we have to take the accuracy and the velocity in the
z-direction in formula (4.3). The Monte Carlo noise is caused by the Monte Carlo method
and is not a physical mechanism.

If we study figure 4.29, we see that with exception of a donor concentration of
N j=1O'7 cm-3, the values of the Hall mobilities show a strong deviation of what we expect.
We expect decreasing Hall mobilities if we increase the fraction Ge or the donor concen-
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tration. The reason of this deviation is possibly caused by the low accuracy of the
simulations. The simulations are made with the maximum number of testparticles (15000)
and a long simulation time (150 ps). As a result one single simulation of a mobility value
took almost 2 days with a HP 715/75 workstation! (The calculation of all values of
simulation A took about a month!). With the available computer capacity it was therefore
impossible to reduce the error in the result by increasing the number of particles or the
simulation time.
The conclusion of simulation A is that if we increase the fraction Ge, the Hall mobility
will decrease. This effect disappears if we increase the donor concentration Nd•
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simulation B:

Majority electron Hall mobility, strained SiGe, T=300K, Nd=10 17 cm-3
•

Comparison of Hall mobility simulations 1, 2 and 3 of table 4.6.
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figure 4.30: possible directions E- and B-fields in SIGEX
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figure 4.31: Hall mobility simulations
for a strained n-type SiGe semiconductor
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If we compare the simulations 2 and 3 in table 4.6, we see that the directions of the Hall
mobility are both in the <01 O>-direction. However the values of these two simulations are
not the same, because simulation 2 has an E-field in the "slow" <100>-direction, and in
simulation 3 the E-field is in the "fast" <OOI>-direction (figure 4.30). The Hall mobilities
in strained SiGe for a fraction Ge>O% in simulation 2 will therefore be lower than those in
simulation 3. Figure 4.31 shows the results of this simulation. In this figure we see the
influence of the direction of the E-field. The difference between the Hall mobilities of
simulations 2 and 3 (table 4.6) decreases if the fraction Ge is increased.
The simulated Hall mobility value of simulation 2 for a Ge fraction x=0.3 is too high.
This is probably a result of the low accuracy of the simulation. If we increase the simula
tion time or the number of testparticles this error will probably decrease.

With the results of simulation A and B we now can compare the drift and Hall mobilities
of SiGe. We use the following equation, called the Hall scattering factor:

IH(Nitx) = I-LHall (Nitx)
I-Ldrift (Ni t x)

The results of (4.4) used on the Hall mobilities of simulation A and the drift mobilities of
paragraph 4.3 (simulation B) are summarized in table 4.8.

Majority electron mobility
strained SiGe, E<100>, B<010>, T=300K

fraction Ge x=O x=O.1 x=0.2 x=0.3

Nd [cm'3]

1016 1.17 1.81 1.41 2.90

1017 1.06 1.86 1.92 1.58

1018 1.06 1.80 2.72 0.45

10 19 0.70 2.71 1.58 1.73

table 4.8: Hall scattermg factor rH(Ni'x)

If we study the results of (4.4) we see that rH is not a constant, but a function of the
doping level Ni and the fraction x of Ge (at a constant temperature). The values of rHseem
to increase if we increase the fraction of Ge. As a result of the low accuracy of the
simulated Hall mobilities it is not possible to give an exact result of the influence of x and
N i·
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If we study the results of this paragraph we can conclude that the Monte Carlo method can
be used to simulate Hall mobilities in SiGe. A disadvantage of using this method for Hall
mobilities is the long calculation time needed to produce a result with a high accuracy. If
we want to use these simulations in practical situations (for instance in a device simulator),
we need a powerful workstation (and a lot of time). However if we are not interested in
exact results and we only want to study the effects on the (Hall) mobility of changing
some semiconductor parameters, the Monte Carlo method can be very useful in getting
more understanding in the matter.
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V. CONCLUSION

A model for ionized impurity scattering with the Partial Wave method is implemented in a
Monte Carlo program. This Monte Carlo program can be used to calculate drift and Hall
mobilities in SiGe. With the new ionized impurity scattering model it is possible to
distinguish between n- and p-type semiconductors. This was not possible with the existing
model. Semiconductor parameters like the Ge fraction in the SiGe, the temperature T and
the doping level Ni can be adjusted if needed.

More reliable scattering angles are calculated if an extra condition called the Friedel Sum
Rule is used. This summation condition adjusts the screening length roo The screening
length describes the radius of a sphere. Outside this sphere the potential, caused by an
ionized impurity, decreases exponentially. The Friedel Sum Rule adjusts the screening
length in such a way that at long distances of the ionized impurity the charge centre
appears charge neutral. Thus the influence of the potential caused by an ionized impurity
disappears at long distances.

Two other investigated conditions, dielectric screening and Multi-ion screening, show less
reliable results if we use them in mobility calculations.
Mobilities calculated with dielectric screening are too low. If dielectric screening is used,
the dielectric constant E decreases if the wavenumber k is increased. Because the screening
length ro is a function of EYi

, it will also decrease. A small screening length corresponds
with a high ionized impurity concentration. With a high ionized impurity concentration the
chance of an electron to be scattered over a large angle is greater than at lower impurity
concentrations, and therefore the mobility will be low. Thus if dielectric screening is used
the mobility decreases as if the ionized impurity concentration is increased.

Mobilities calculated with the Multi-ion screening condition are too high. This effect is
caused by the increase of the screening length. The screening length is increased because it
describes the screening length of a charge which is a superposition of multiple ionized
impurity charges. A long screening length corresponds with a low ionized impurity
concentration, and therefore with a high mobility. So if we use Multi-ion screening the
mobility will increase as if the ionized impurity concentration is decreased.

The less reliable results of the mobility simulations that we get if we use dielectric
screening or Multi-ion screening are not caused by physical mechanisms. They are a result
of using the new ionized impurity scattering model in the Monte Carlo program. Therefore
only the Friedel Sum Rule should be used in these simulations.

The method of precalculation of the scattering angle probabilities to save computer time
works well. With a small number of fit parameters in a table the Monte Carlo program is
able to calculate the ionized impurity scattering angle without calculation of the integrals
needed with the Partial Wave method.
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The ionized impurity scattering model is used in an existing Monte Carlo program
intended to calculate drift and Hall mobilities in SiGe. The calculated mobilities show a
strong dependence of the Ge fraction in SiGe. If the Ge fraction is increased, the influence
of the doping level decreases.

A disadvantage of the Monte Carlo method is the high amount of computer time that is
needed to calculate Hall mobilities. In future calculations this kind of simulations should
be carried out on a fast system.
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APPENDIX

APPENDIX 1: Numerical calculation of the phase-shifts

The integrals in the expressions for the calculations of the phase shifts ()I in chapter 2
consume a lot of computer-time. In order to calculate ()I efficiently we use Gaussian
quadrature (GauB(Legendre». In literature [20] an integration interval [-1,1] is used:

1

I = !.f{x)dx ~ wJ{x1)+wJ{x2) +...
-1

With the next expression the integration interval can be recalculated into [a,B]:

1 p

!.f{x)dx => !.f{x)dx
-1 ex

!.f{X)dx = ~ ~ -a wi ~ -a x
i
+ ~ +a)

i=1 2 jI ~ 2 2
ex

(I)

(II)

(III)

The points Xi are symmetrical round x=o. The next table contains the points Xi and the
weights Wi-

XI = X 7 = -0.9491079123427585

X 2 = X6 = -0.7415311855993944

X 3 = Xs = -0.4058451513773971

X = 0.04

WI = w7 = 0.1294849661688696

W 2 = w6 = 0.2797053914892766

w3 = W s = 0.3818300505051189

w = 0.41795918367346934

In the program used to calculate the phase shifts the integrals are calculated with the
following method:

I = ~ [~~wi~Xi+~)]
1 i=1 2 jI ~ 2 2
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The Number of integration steps N is defined as:

A _IV t N rston-rstartp .... = rs ep, =_--'r'------__

rstep

The start-values for the integration are:

IX =rstart , p=rstart+rstep

(V)

(VI)

With every integration-step a and 13 are increased with r_step, until 13=r_stop.
The Gaussian quadrature method is more efficient than a simpler method like the Midpoint
method. A disadvantage is that it takes more programming steps.

The summation of I in formula (IV) can be stopped when the expression within the []
signs of (IV) smaller is the a certain value, so it doesn't count no more in the total sum 1.
This saves a lot of computer-time.
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APPENDIX 2: Tables Friedel Sum Rule

T=300K
Si (0% Ge)

Nd [m-3
] EF2 [meV] fsr factor

1014 -277.56 1.0016

1015 -218.18 1.0045

1016 -159.04 1.0125

5.1016 -117.77 1.0205

1017 -100.24 1.0301

5.1017 -58.45 1.0411

1018 -39.86 1.0457

3.1018 -6.65 1.0259

1019 +64.4 0.7937

T=300K
Si (10% Ge)

Nd [m-3
] EF2 [meV] fsr factor

1014

1015 -218.13 1.0035

1016 -158.93 1.0103

5.1016 -117.73 1.0198

1017 -99.99 1.0252

5.1017 -58.34 1.0389

1018 -39.32 1.0355

3.1018

1019 +74.6 0.7140
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T=300K
Si (20% Ge)

APPENDIX

N d [m-3] EF2 [meV] fsr factor

1014

1015 -218.12 1.0034

1016 -158.9 1.0097

5.1016 -117.68 1.0188

1017 -99.93 1.0240

5.10 17 -58.24 1.0370

1018 -39.20 1.0333

3.1018

1019 +75.50 0.7088

T=300K
Si (30% Ge)

N d [m'3] EF2 [meV] fsr factor

1014

1015 -218.12 1.0034

1016 -158.88 1.0093

5.1016 -117.64 1.0180

1017 -99.87 1.0228

5.1017 -58.14 1.0351

1018 -39.10 1.0314

3.1018

1019 +76.3 0.7042
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T=300K
Si (40% Ge)

APPENDIX

Nd [m-3
] EF2 [meV] fsr factor

1014

1015 -218.11 1.0032

1016 -158.86 1.0089

5.1016 -117.60 1.0172

1017 -99.83 1.0220

5.1017 -58.04 1.0331

1018 -38.98 1.0292

3.1018

1019 +77.30 0.6986
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T=77K
Si (0% Ge)

APPENDIX

N j [m-3
] EF2 [meV] fsr factor

1014 -57.79 1.0081

1015 -42.70 1.0228

1016 -27.83 1.0565

1017 -12.99 1.1161

1018 +6.69 1.0155

3.1018

1019 +970.0 0.11232
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APPENDIX 3: Tables Multi-ion screening

T=300K

N j [m3
] EF [meV] M factor M factor M factor M factor

without FSR with FSR with FSR with FSR
aUrac. repuls. Born ap.

1014 -277.4 1.266 1.266 1.266 1.266

1015 -217.9 1.430 1.431 1.430 1.430

1016 -158.0 1.724 1.725 1.722 1.721

1017 -98.7 2.262 2.272 2.252 2.251

1018 -37.3 3.101 3.125 3.042 3.046

3.1018 -5.0 3.435 3.452 3.275 3.271

1019 +40.0 3.394 3.162 2.521 2.147
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APPENDIX 4: Tables simulated drift mobilities

,

fraction Ge x=O x=O.l x=0.2 x=0.3 x=O.4

Nd [cm-3
]

1015 1329.1 671.3 466.0 371.6 308.7

1016 1144.4 576.8 420.9 351.0 319.3

1017 850.1 501.3 335.3 315.5 282.2

1018 484.0 313.4 256.3 219.8 206.6

1019 272.4 183.4 181.4 197.9 156.5

Majority electron drift mobility in Si [cm2Ns], unstrained SiGe,
T=300K, 5000 electrons, simulation time 20 ps.
E=l kV/cm E-field in <100> direction

,

fraction Ge x=O x=O.l x=O.2 x=0.3 x=O.4

Nd [cm-3
]

1015 1305.8 520.8 380.8 355.0 303.5

1016 1134.5 519.4 373.9 286.9 269.4

1017 863.6 467.1 267.2 274.7 218.1

1018 459.3 303.4 216.1 211.7 199.4

1019 257.5 179.2 149.5 144.8 126.6

Majority electron drift mobility in Si [cm2Ns], strained SiGe,
T=300K, 5000 electrons, simulation time 20 ps.
E=l kV/cm E-field in <100> direction
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,

fraction Ge x=O x=O.l x=O.2 x=0.3 x=O.4

Nd [cm-3
]

1015 1343.6 803.6 623.0 524.4 472.4

1016 1167.5 797.9 582.9 460.0 441.6

1017 831.1 595.8 515.2 423.5 398.4

1018 475.7 436.2 384.4 390.8 308.4

1019 286.0 300.2 249.5 231.3 240.6

Majority electron drift mobility in Si [cm2Ns], strained SiGe,
T=300K, 5000 electrons, simulation time 20 ps.
E=l kV/cm E-field in <001> direction
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,

fraction Ge x=O x=O.1 x=0.2 x=0.3 x=O.4

Na [cm-3
]

1015 1247.4 594.1 487.6 327.4 328.1

1016 1154.2 587.7 397.0 322.5 325.1

1017 903.4 473.7 388.4 368.5 312.8

1018 578.4 340.3 284.5 206.2 197.0

1019 310.4 237.4 224.5 200.2 155.1

Minority electron drift mobility in Si [cm2Ns], unstrained SiGe,
T=300K, 5000 electrons, simulation time 20 ps.
E=l kV/cm E-field in <100> direction

,

fraction Ge x=O x=O.1 x=0.2 x=0.3 x=O.4

Na [cm-3
]

1015 1334.0 496.3 346.8 296.7 304.4

1016 1150.1 516.1 391.5 292.5 296.5

1017 886.5 470.8 330.5 313.8 268.4

1018 544.2 312.7 225.6 208.5 160.1

1019 264.6 200.0 177.0 149.7 148.7

Minority electron drift mobility in Si [cm2Ns], strained SiGe,
T=300K, 5000 electrons, simulation time 20 ps.
E=1 kV/cm E-field in <100> direction
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,

fraction Ge x=O x=O.1 x=0.2 x=0.3 x=O.4

Na [cm-3
]

10 15 1333.0 616.2 436.4 371.6 317.6

1016 1178.1 560.9 445.1 403.1 292.7

1017 923.7 478.3 355.6 304.5 301.7

1018 550.9 400.3 305.5 214.9 211.6

1019 292.3 237.2 217.0 180.5 176.1

Minority electron drift mobility in Si [cm2Ns], unstrained SiGe,
T=300K, 5000 electrons, simulation time 20 ps.
E=1 kV/cm E-field in <001> direction

,

fraction Ge x=O x=O.1 x=0.2 x=0.3 x=O.4

Na [cm-3
]

1015 1336.9 855.4 637.1 526.3 434.1

1016 1173.6 845.0 653.4 471.5 440.2

1017 881.3 683.5 491.2 465.5 396.2

1018 577.8 506.9 394.7 294.2 321.7

1019 294.6 310.7 267.5 222.9 231.0

Minority electron drift mobility in Si [cm2Ns] , strained SiGe,
T=300K, 5000 electrons, simulation time 20 ps.
E=1 kV/cm E-field in <001> direction
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Majority electron drift mobility in Si [cm2Ns], strained SiGe,
T=77K, 10000 electrons, simulation time 50 ps.
E=O.1 kV/cm, E-field in <100> direction.
NO FRIEDEL SUM RULE

fraction Ge x=O x=O.1 x=0.2 x=0.3 x=O.4

N d [cm·3]

1015 9707.7 1594.7 990.0 771.0 738.9

1016 5187.7 1292.2 696.7 744.6 702.6

1017 1770.2 917.2 675.3 501.1 495.4

1018 774.5 553.4 457.8 341.2 382.0

1019 2079.0 1089.4 683.5 677.8 494.5

Minority electron drift mobility in Si [cm2Ns], strained SiGe,
T=77K, 10000 electrons, simulation time 50 ps.
E=O.1 kV/cm, E-field in <100> direction.
NO FRIEDEL SUM RULE

fraction Ge x=O x=O.1 x=0.2 x=0.3 x=O.4

N a [cm'3]

10 15 9960.4 1550.4 968.6 737.3 653.0

10 16 5565.2 1312.8 811.5 780.1 687.8

10 17 2487.7 1008.0 650.8 586.6 433.8

1018 1196.3 558.0 414.2 538.3 384.1

1019 2046.1 974.1 676.1 695.4 653.0
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APPENDIX 5: Tables simulated Hall mobilities

,

fraction Ge x=O x=O.l x=0.2 x=0.3 x=O.4

Nd [cm-3
]

1015

1016 1326.5 941.1 528.1 830.9

1017 913.2 870.1 512.5 433.5

1018 488.4 545.9 587.5 95.6

1019 181.2 486.4 236.5 250.5

Majority electron Hall mobility in Si [cm2Ns], strained SiGe,
T=300K, 15000 electrons, simulation time 150 ps.
E=l kV/cm, B=1.0 T.
E-field in <100> direction B-field in <010> direction

Monte Carlo noise ~IlH [cm2Ns] in Hall mobility simulation,
calculated with formula (4.3)

fraction Ge x=O x=O.1 x=O.2 x=0.3 x=OA

Nd [cm-3
]

1015

1016 28.66 77.54 112.02 134.78

1017 39.36 91.62 121.26 151.04

1018 73.22 134.30 183.30 188.86

1019 128.18 217.18 260.96 275.48
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, ,

direction x=O x=O.1 x=0.2 x=0.3 x=O.4
fields

E<100> 913.2 870.1 512.5 433.5
B<010>

E<100> 873.9 398.0 230.3" 285.7"
B<OOI>

E<OOI> 874.1 582.4 395.4" 343.4"
B<100>

Majority electron Hall mobility in Si [cm2Ns], strained SiGe,
T=300K, 15000 electrons, simulation time 150 ps.
E=l kV/cm B=1 0 T Nd 1017 cm-3

OJ To avoid low accuracy in the results we used an increased B-field of 1.5 T, and a longer
simulation time of 200 ps.
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APPENDIX 6: Material parameters

APPENDIX

llo 5.43.10-10 m. lattice constant Si

Er 11.8 (Si) relative permittivity

Er 16.0 (Ge)

Eo 8.85418'10-12 permittivity in vacuum

.
0.322 me (Si)m

me 9.1095'10-31 electron rest mass

1t 3.141592654

h 6.62617 '10-34 Planck constant

h-dash h/(2'pi)

kB 1.38066'10-23 Boltzmann factor

e 1.60218'10-19 elementary charge
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APPENDIX 7: Flow diagram PH RUN

ble FSR factors

culate
R factors

input I

Ni=Nimin
k=kmin

I end Ni<Nimax INO
YES

k<kmax I Iincrease Ni ~INa
YES

cal
FS

calculate
screening-length ..... ta
rO(Ni,E,T,q)

calculate
phase-shift 6(k,Ni)

calculate P(S) (O<S<7f) I
calculate r (S) I

calculate fitparameters
a,lS and 'Y

ad fitparameters
to file fit.dat

increase k I
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