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Abstract 

In this report, the self-organisation of decaying quasi-2D turbulence has been studied 
by performing laboratory experiments in a rectangular container filled with a two-layer 
stratified fluid. Also the accuracy of two interpolation programs, namely CHIPP and 
DGP, has been investigated in order to interpret the experimental results correctly. 

The performance analysis of CHIPP and DGP showed that the best way to analyse 
the experimental data is to use a combination of the two techniques in order to calculate 
quantities such as vorticity and stream function. The integral quantities, such as energy, 
enstrophy and angular momentum, were calculated by DGP. 

The laboratory experiments showed that an initially small-scale, quasi-turbulent flow, 
created by stirring a grid of small vertical bars through the fluid, organised into a final 
state consisting of a row of vortices. Although the number of vortices roughly equals the 
aspect ratio ( ó = L / D with L the length and D the width of the container), the exact form 
of the final structure was unpredictable, especially for experiments with zero net angular 
momenturn in the initial flow. In such experiments small disturbances in the flow evolution 
can lead to a different final state. Most experiments showed a final state consisting of a 
row of vortices with alternating sign, while in some cases (with ó = 2) one strong vortex 
dominated the flow. Another problem arising during the experiments with zero net angular 
momenturn in the initial flow, was the appearance of internal waves. During this stage, 
the self-organisation process was generally very hard to abserve and the energy decay was 
enhanced. 

For experiments with a net amount of angular momenturn in the initial flow the final 
state was more consistent. For those experiments, the grid induced, beside the smali-scale 
vortices, also a large-scale motion which had a major influence on the self-organisation 
process. In these experiments, the final structure always consisted of a row of vortices with 
alternating sign. The number of vortices formed in the final state depended on the position 
where and whether the large-scale motion started to break up. 
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Chapter 1 

Introduetion 

The field of geophysical fluid dynamics studies the behaviour of large-scale flows in the 
atmosphere and the oceans on Earth [13, 29]. The importance of this subject lies in a 
variety of applications: e.g. the prediction of the paths of hurricanes, the spreading of 
pollutants in the atmosphere, and the understanding of periadie passage of warm water 
along the tropical Pacific and the western coast of South America: the well-known El Niîio 
effect. 

Large-scale geophysical flows are in good approximation two-dimensional. This two
dimensionality is caused by both the planetary rotation and the density stratification of the 
atmosphere ( due to thermal effects) and the oceans ( due to a combination of temperature 
and salinity differences). In addition, theEarth's atmosphere and oceans can be considered 
as relatively thin layers of fluid, in which the motions are approximately 'horizontal', i.e. 
locally parallel to the Earth's surface. 

Coherent vortex structures are common features of quasi-geostrophic or two-dimen
sional flows. In the oceans and in the atmosphere, vortices are abundant: the high and 
low-pressure areas on weather maps are in fact huge vortices embedded in the global zonal 
atmospheric currents. Satellite observations have revealed the occurrence of large- and 
meso-scale vortices in virtually all parts of the world's oceans. The horizontal dimensions 
of oceanic eddies have been observed to be 10 to 100 km, and their lifetime can in some 
cases extend to a couple of years. Oceanic eddies play an important role in processes like 
heat transfer and transport of salt and biochemica! components. Insight in the dynamics 
of geophysical vortices is important for a better understanding of the global elimate and 
the adveetion of pollutants, for instance, the atmospheric spreading of radioactive elements 
after the Chernobyl catastrophe. 

Also, some atmospheres of other planets show the occurrence of coherent long-lived 
vortex structures. Improved observation techniques from spacecraft have yielded important 
information about the behaviour of planetary vortices, such as Jupiter's Great Red Spot, 
first observed more than 300 years ago (see figure 1.1), and the Great Dark Spot of the 
planet Neptune. 
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Figure 1.1: Jupiter's Great Red Spot taken by NASA 's Voyager 1 spacecrajt on 25 February 
1979, from a distance of 9. 2 miltion km. 

The emergence of large-scale coherent structures in (quasi)-2D flows is a consequence of 
the so-called 'inverse energy cascade'. Due to the absence of vortex stretching in 2D flows , 
energy is transferred from smaller to larger scales. This mechanism is responsible for the 
self-organisation of initially chaotic flows into large, slowly dissipating vortex structures 
(see e.g. [11]). 'Inverse ' refers to the contrast with the more familiar behaviour of three
dimensional flows, where large structures are unstable and tend to break up into smaller 
and smaller ones, until their energy is dissipated by viscosity. One of the predominant 
mechanisms for the evolution of 2D flowsis the merger of like-signed coherent vortices. Two 
like-signed vortices merge if they are initially close enough to each other ( approximately 3 
times the radius of the vortices) [14]. The processof self-organisation in 2D turbulence has 
been demonstrated in numerical simulations with periodic boundary conditions [21, 27], 
and also in laboratory experiments in density-stratified fluids [2, 10], in rotating fluids 
[15], in soap films [7], in magnetically forced electrolyte solutions [33] and in magnetized 
electron columns [16]. 

More recently, numerical simulations [22, 23, 24] and experiments [25] of 2D turbulence 
in a circular geömetry with rigid boundaries have revealed that rigid no-slip boundaries play 
an important role in the flow evolution. This influence was also observed in a numerical 
study of decaying 2D turbulence on a square domain with rigid boundaries [5, 6]. The 
boundary layers, which are formed at the rigid walls, serve as sourees of small-scale vorticity, 
which is continuously advected into the interior of the flow domain. As a consequence, 
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the quasi-stationary 'final' state of 2D turbulence in a square or circular container differs 
completely from the quasi-stationary state emerging in a doubly-periodic domain. 

A remarkable phenomenon was observed in numerical simulations and laboratory ex
periments on 2D turbulence in a square container. An initially random distribution of vor
ticity, which contains nonet angular momenturn with respect to the center of the container, 
organises into one large domain filling vortex. During the process of self-organisation, the 
fluid obtains a net amount of angular momenturn due to normal and shear stresses exerted 
by the boundaries. This 'spontaneous spin-up' of the flow was not observed in simulations 
and experiments on 2D turbulence in a circular domain. In this latter case, the shape of 
the final structure depends on whether or not the initial state cantairred a net non-zero an
gular momentum. Experiments with a significant net amount of angular momenturn in the 
initial flow showed that the flow always evolved into one large central vortex. In contrast, 
experiments with no net angular momenturn in the initial state, showed the formation of 
a rather unsteady dipolar, or even quadrupolar structure. 

This report describes laboratory experiments on self-organisation of quasi-2D flows in 
a constrained stratified fluid in a rectangular container with varying aspect ratio {j = L/ D, 
with L the length and D the width of the tank. An initially small-scale, quasi-turbulent 
flow was created by stirring a grid of small vertical bars through the fluid. Experiments 
performed befare by Flór [10] show that the flow generally organises in one or more large 
cells with alternating circulations. The number of the cells depends on the aspect ratio of 
the tank, like in spin-up experiments [17]. 

The aim of the present project is twofold: (i) To obtain more information about the 
self-organisation process with respect to the following issues: How does the aspect ratio of 
the container affect the ultimate state? Does the final structure depend on whether or not 
the initial state cantairred a net non-zero angular momentum? What is the influence of the 
rigid boundaries on the flow evolution? (ii) To investigate the accuracy of two interpolation 
programs, namely CHIPP and DGP, to interpret the results. 

The remainder of this report is organised as follows: some general background theory 
of 2D flow dynamics is treated in chapter 2. A description of the experimental set-up 
and the visualisation of the flow is presented in chapter 3. In chapter 4 two techniques to 
analyse the data obtained from experiments are compared and discussed. The results of 
the performed laboratory experiments are described in chapter 5. Finally, conclusions and 
some recommandations are given in chapter 6. 

6 



Chapter 2 

Theory 

2.1 Intrad uction 

Two essential features of geophysical flows, occurring in the atmosphere and the oceans, 
are the preserree of stratification and background rotation. In the present investigation, 
self-organisation in a stably stratified non-rotating fluid will be studied. Therefore, the 
effects of background rotation will not be discussed here. 

In this chapter some of the basic properties of flows in a stable density stratification 
will be discussed. First, insection 2.2, the equations of motion, circulation and net angular 
momenturn will be treated. Then, in section 2.3, the phenomenon of self-organisation will 
be explained. Finally, in section 2.4, some properties of a density stratification will be 
discussed. 

2.2 Governing equations 

2.2.1 Equations of motion 

The flow of an incompressible fluid is determined by the equation descrihing conservation 
of mass ( often referred to as the continuity equation): 

\7 ·V= Ü, (2.1) 

and the equation expressing conservation of momentum: 

äv ( 1 2 - + v · V')v =--\lp+ v\7 v + g 
ät p 

(2.2) 

in which p is the fluid density, t the time, v the velocity vector, p the pressure, v the 
kinematic viscosity and g the gravitational acceleration. The latter equation is commonly 
referred to as the Navier-Stokes equation. 
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In some cases it is more convenient to describe the flow in terms of the vorticity w, 
which is defined as: 

W := \7 X V. (2.3) 

The vorticity equation can be derived by taking the curl of (2.2) and using the vector 
identity: 

1 
(v · V)v = (\7 x v) x v +-V(v · v). 

2 
We now find the vorticity equation: 

Dw \7 p x Vp 2 - = w · Vv- w\7 · v + + v\7 w. 
Dt ~ 

(2.4) 

(2.5) 

The first two terms on the right hand side express vorticity production due to stretching, 
squeezing and tilting of vortex tubes. The third term represents the vorticity production 
d ue to baroclinic effects (\7 p not 11 to \7 p) and the fourth term descri bes diffusion of 
vorticity due to viseaus effects. 

2.2.2 Equations of motion in 2D-flows 

For 2D flows the vorticity w has only a single component, and the vorticity equation thus 
takes a scalar form. In the case of a flow in a horizontal plane with velocity u= (u, v, 0), 
we have w = (0, 0, w), and the vorticity is governed by: 

Dw _ äw 2 
Dt = at + J ( w' 1/J) = V \7 w 0 

(2.6) 

Here, J is the Jacobian operator, which can be written as: 

J(w 1/J) = ä(w, 1/J) = IVw x \71/JI = äw Ö'l/J _ äw ä'ljJ 
' ä( x, y) äx äy äy äx ' 

(2.7) 

with (x, y) the Cartesian coordinates in the plane of motion, w the vertical component of 
the vorticity and 1/J the stream function, defined by: 

ä'ljJ ä'ljJ 
u = äy ' v = - äx . (2.8) 

By their definitions, the vorticity w and the stream function 1/J are related through: 

\721/J = -w. (2.9) 

For an inviscid, barotropic (\7 p 11 Vp) 2D flow, equation (2.6) becomes: 

Dw äw 
Dt = at + J ( w' 1/J) = O, (2.10) 

which expresses conservation of vorticity of a fluid parcel in an inviscid 2D flow. 
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2.2.3 Circulation 

A useful integral quantity characterising the flow is the circulation r defined as: 

f = f V· dr. (2.11) 
c 

The integral is evaluated along a closed contour C, and dr is a line element of that contour. 
The relationship between r and w can be obtained by applying Stokes' integral theorem1 

to (2.11). Using (2.3) this yields: 

f= jj wdA, (2.12) 
A 

where A is the surface enclosed by the contour C. Equation (2.12) expresses that the 
circulation of a flow along a contour C equals the flux of vorticity through the surface A 
enclosed by C. Note that, the circulation in a closed domain withno-slip walls equals zero. 

2.2.4 Net angular momenturn 

The net angular momenturn of the flow, defined with respect to the centre of the domain, 
is given by: 

XY 

L = j j (r x v)dA = j j (xv- uy)kdydx, (2.13) 
A 0 0 

in which v is the velocity vector, r the position vector, X and Y the length and width of 
the domain, respectively and k the unit vector in the z-direction. Substituting equation 
(2.8) gives: 

XY ( 81/J 81/J) Y X 81/J XY 81/J 
L =I I -x 8x - y 8y dydx =-I I x 8x dxdy- I I y 8y dydx. 

00 00 00 

(2.14) 

Partial integration with respect to x and y respectively, gives: 

Y XY X XY 

L = j [x1/J]; dy + j j 1/Jdydx- j [y1/J]~ dx + j j 1/Jdydx. (2.15) 
0 00 0 00 

Using the condition that 1/J is constant at the boundary of the domain (actually, 1/J = 0 at 
the boundary), one obtains: 

XY 

L = 2 j j 1/Jdydx = 2 j j 1/;dA. (2.16) 
00 A 

1Stokes' integral theorem states that: f v · dr = Jf(\l x v) · dA. 
C A 
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Figure 2.1: The evolution of the speetral distribution of the kinetic energy in a 2D flow: 
the peak which initially is at wavenumber k0 (a) moves to smaller k-values (b). 

2.3 Self-organisation 

From the inviscid vorticity equation (2.10) two other important conservation laws can be 
derived, namely those for the kinetic energy E and the enstrophy V, which is a measure 
of the total vorticity in the flow [19, 29]. This can be expressed as: 

dE 

dt 
0, 

dV 
dt = 0. 

Here Eis the kinetic energy (per unit density) defined by: 

and V is the enstrophy (per unit density) defined by: 

(2.17) 

~ j j (\l'ljJ) 2dxdy (2.18) 
A 

V = ~ j j w2dxdy = ~ j j (\1 2'1jJ) 2dxdy. (2.19) 
A A 

In order to derive some important implications from these conservation laws, it is useful 
to write the energy and the enstrophy in a speetral form using a Fourier transformation. 
This leads to the following expressions: 

00 

E j E(k, t)dk, (2.20) 
0 

00 

V = j k2 E(k, t)dk. (2.21) 
0 

Here, k is the wave number and E(k, t) represents the energy density in the wave-number 
interval between k and k + dk at time t. Now suppose that initially the energy spectrum 
has a peak around the wave number k0 , as shown schematically in figure 2.1 [12, 29]. As a 
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result of non-linear interactions of the flow, which is assumed to be the basic mechanism of 
energy transfer to other wave numbers, a redistribution of kinetic energy will take place. 
During this process the total amount of kinetic energy remains constant, i.e. broadening of 
the speetral distribution must result in alowering of the peak value. However, symmetrie 
broadening of the speetral distribution cannot take place because this would imply an 
increase of enstrophy, in vialation with (2.21). As a consequence there must be a larger 
speetral flux of energy to larger wavelengths than to smaller wavelengths, or, equivalently: 
energy is transferred to the large scales of motion. This phenomenon is commonly known 
as the 'inverse energy cascade' in 2D turbulence. In this 'inverse energy cascade' energy is 
transported to scales where molecular dissipation does not play a role . Even when viscosity 
is present these flows are only weakly dissipative, as opposed to 3D-flows where the energy 
transfer to smaller scales results in an efficient dissipation of kinetic energy. In Nature 
and in experiments we can abserve this 'inverse energy cascade' in the emergence of large 
coherent vortex structures, a process referred to as the self-organisation of 2D flows: energy 
initially distributed over both larger and smaller eddies eventually becomes concentrated 
in large coherent vortex structures, which give the flow an ordered appearance. 

(C' ) 1 " 16.5 (d) t=31 .0 

2l ,~, -~- I! Q -
I '~ •• 1 1 
i ~:· 

I I 

I 

.--=. 

!~, 

.. j! ·'· 

~' i ~- ~· 
' 0 . ~ 

~ '0 ~ 
i 

0 
Q 

i. 

Figure 2.2: The emergence of coherent vortex structures from an initially-mndom vorticity 
distribution in a 2D flow , as simulated numerically by Me Williams {27}. 
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Figure 2.3: Displacement of a fiuid parcel over a smalt distance (. 

The phenomenon of ordering in 2D turbulence is demonstrated by e.g. Flór [10] in 
experimentsin stratified fluids and in numerical simulations by e.g. McWilliams [27], Legras 
et al. [21] and Santangelo et al. [31]. Figure 2.2 shows the evolution of the vorticity field in 
a 2D flow, as simulated numerically by McWilliams [27]. Initially the vorticity is randomly 
distributed over a wide range of wave numbers, but in the subsequent stages the flow is 
seen to gradually organise itself in a number of larger vortices. 

2.4 Stratified flows 

Stratification plays an essential role in geophysical flows. Spatial density variations may 
be caused by temperature differences ( due to differential cooling or heating, or due to local 
adveetion of cooler or warmer fluid) or by concentration differences of solutes. The latter 
is the case in particular in the ocean, where both salinity and temperature differences may 
lead to a nonhomogeneous density field. 

The stable density stratification of the atmosphere and the oceans results in mainly 
horizontal flows. Also, the appearance of coherent vortices in experiments in stratified 
fluids suggests quasi-2D fluid dynamics. 

2.4.1 Basic dynamics of stratified fiows 

Consicier a fluid with a stable linear stratification, i.e. the density p decreases linearly with 
height z in the fluid (see figure 2.3) [13]. When a fluid parcel with density p moves in a 
direction parallel with the z-axis it enters an area with different density p + !J.p. Owing to 
the downward restoring gravity force g( '!fz (per unit volume) the parcel will experience a 

vertical acceleration ~, as expressed by the equation of motion: 

(2.22) 
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This equation can also be written as: 

d2( 2 
dt2 + N ( = 0, (2.23) 

with N the buoyancy (or Brunt-Väisälä) frequency defined by: 

(2.24) 

N 2 is a measure of the static stability of the fluid; if N 2 > 0 the fluid is stably stratified. 
For a statically stabie stratification N is real and has the dimension of a frequency. An 
initial vertical displacement of a fluid parcel in a stably stratified fluid results in vertical 
oscillatory motions. When viscous forces are taken into account, the motion would damp 
out. So, in a stably stratified density stratification vertical displacements of fluid pareels 
are suppressed. 

2.4.2 3D-effects in quasi-2D flows 

Although flows in a stratified fluid can be considered almost 2D, there are also some 3D 
effects, such as: 

• Vertical gradients (~: #- 0) in the planar flow 

In a stratified fluid, the velocity changes with depth. In the top and the bottorn 
layers of the fluid, the velocity is approximately zero, while in the interface between 
the two layers, the main motion appears. The viscous friction between the interface 
and the non stratified layers is highly dissipative [35]. As a result the horizontal 
velocity components in a strong stratification decrease faster than in the case of a 
weak stratification. However, the stronger the stratification, the stronger the 3D
processes, such as vortex stretching, are suppressed. 

• Internat waves 

A common wave motion in stratified fluids is the one that occurs at surfaces, with 
gravity playing the role of the restoring force. These waves are called surface gravity 
waves. Gravity waves at the interface between two fluids of different densities are 
called internal gravity waves. In geophysical situations the density difference between 
the two liquids is small ( 1:1p « p). Therefore internal waves have a smaller frequency, 
and consequently a smaller phase speed, than surface waves. Also the amplitude of 
internal waves is usually much larger than those of surface waves, if the same amount 
of energy is used to set off the motion. 

• Vertical dijjusion 

The vorticity equation in three dimensions is given by equation (2.5). Suppose that, 
for a quasi-2D flow, the vorticity can be written as: 
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w = ww(r, t)<P(z, t), (2.25) 

where ww(r, t) represents the horizontal vorticity distribution, satisfying the two
dimensional vorticity equation (2.6), and <P(z, t) is an amplitude function. 

By substitution of (2.25) in (2.5), one obtains a diffusion equation for the viseaus 
decay of <P: 

a<P B2 <P 
- = v--
at 8z2 . 

(2.26) 

It is assumed [34] that initially the vorticity is confined to a thin region according to: 

<P(z, 0) = <P 08(z), (2.27) 

with 8 the Dirac delta function. The salution of the vertical diffusion equation (2.26) 
is then given by: 

<1) 0 ( z
2 

) <P = y!Vtexp - 4vt · (2.28) 

Although this singular initial condition cannot be satisfied in the actual flow, it is 
assumed that the thickness of the vorticity distribution at t = 0 is relatively small, 
and at later times (2.28) still gives a reasonable description of the finite vertical 
vorticity distribution. 

The complete salution for the three-dimensional evolution of the vertical vorticity is 
then given by: 

<1) 0 ( z
2 

) w = ww(r, t) ;.:;exp -- . 
v vt 4vt 

(2.29) 

Note, however, that this equation only holds in a thin region around the mid-plane 
z = 0. 

The question remains whether this deduction is also valid for the performed labora
tory experiments in this report, because the initial forcing is generated over the full 
depth. So, initially the vorticity is not confined to a thin region. 
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Chapter 3 

Experiment al proeed ure 

3.1 Experimentalset-up 

The laboratory experiments are carried out in a rectangular container with horizontal 
dimensions 40 x 200 cm filled with a two-layer stratified fluid. Figure 3.1 represents a 
sketch of the experimental set-up. In a number of experiments the length (L) or width (D) 
of the working section is reduced by mounting a false wall in the tank so that the aspect 
ratio 6 = L/ D could be varied. This ratio 6 is varied in the range of 2 to 10. 

The density stratification is established by using salt as a stratifying agent. The two
layer stratification is obtained by carefully adding salt water (layer depth ~ 10 cm, density 
p2 ~ 1.1 gcm-3 ) underneath a layer of fresh water (layer depth ~ 10 cm, density p1 ~ 
1.0 gcm-3 ). Between those two layers, owing to mixing during the filling process and 
to vertical diffusion at later stages, an interfacial layer ( with a depth of typically a few 
centimeters) is formed (see figure 3.2). 

The flow is visualised with small polystyrene particles, a few millimetres in size, and 
a density of 1.04 gcm - 3 , so that they float near the interface. These tracer particles are 
illuminated by fluorescent strip lights. During the experiment, a CCD camera mounted at 
some distance above the container records the motion of the tracer particles in plan view. 

To produce a quasi-turbulent initial flow, a grid of thin cylindrical rods (each with 
a diameter of 3 mm) is towed through the fluid, from one side of the container to the 
opposite side. During the forcing, small vortices appear in the wake behind the rnaving 
rods. After the forcing is stopped, the grid is removed by vertically lifting it out of the 
fluid. Although the flow is generated over the full depth, one may expect that the motion 
outside the interfacial region shows a rapid decay due to 3D turbulence. In the interfacial 
layer the initial 3D motion collapses into a quasi-2D flow due to the stratification [9]. The 
energy of the vertical movement is partially transferred into potential energy which leads to 
internal gravity waves. These waves will gradually be dissipated. Eventually, all horizontal 
movements are thus concentrated in a thin sheet, and the vertical movements are damped 
out. In this quasi 2D flow, energy will be transferred from smaller scales to larger scales, 
leading to the formation of large vortices (see 2.3). At this stage, the fluid motion will 

15 



/ 
/ 

P2 

(a) 

L-- -----------------7 

(b) 

t 
I 

D 

I 

w 

Figure 3.1: (a) Sketch of the experimental set-up for the stratified experiments and (b) top 
view of the set-up. A grid of cylindrical rods is towed through a two-layer salt stratification, 
with fiuid densities p1 and p2 , in a rectangular container. 
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Figure 3.2: Evatution of the interfacial layer of a stratification. 
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Figure 3.3: Calculation of the initial net angular momentum: definition of FD, V and y. 

damp out mainly due to the vertical gradient (~: I= 0) in the planar flow and vertical 
diffusion ( see 2.4. 2). 

During the experiments, several grid configurations have been used. These configura
tions can be divided into two types: configurations without and configurations with net 
angular momenturn in the initial flow. The amount of angular momenturn (L0 ) induced 
on the fluid by the grid can be calculated in advance by using the drag force exerted by 
the fluid on each rod in the grid (see figure 3.3). The average drag force exerted on a 
cylindrical rod with diameter d and length l moving with constant speed V through a fluid 
with density p can be expressed as [32]: 

(3.1) 

where the value for the drag coefficient Cn is obtained from [1]. Sirree the rods move 
parallel and with constant speed, the angular momenturn ILrodl induced by one rod (per 
unit length and per unit density), defined with respect to the cent re of the domain, 1s 
proportional to the torque T exerted by this force: 

T 

L _ ~jTd _ FnyT _ FDyL rod - i - -
pl pl plV 

0 

(3.2) 

where t is the time and T the time duration of the forcing. The coordinate y is defined in 
figure 3.3 and the displacement L in figure 3.1.b. The net angular momenturn ILol induced 
on the fluid by the grid can be calculated by adding up the contributions of all rods. The 
contribution of a rod at position y cancels the contribution of a rod at position -y exactly. 

3.2 Processing the data 

When the fluid flow has been visualised by tracer particles, the obtained video images 
can be processed with the so-called Diglmage system (see [8]). This software program 
has been specially developed for 2D fluid flow analyses in the laboratory, and contains 
several functions for image processing. One of the most important functions of Diglmage 
is determining the Langrangian paths of tracer particles in a sequence of images: partiele 
tracking. The acquired data can be used for a number of purposes, e.g. mapping the 
partiele veloeities to a grid. 
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Figure 3.4: Diglmage set-up for partiele tracking {30}. 

The Diglmage set-up required for partiele tracking is shown in figure 3.4. A connee
tion between the video tape recorder and the computer allows the video images to be 
controlled, and automatically analysed by Diglmage. For this purpose, the system con
tains a framegrabber, which grabs the images from the videotape with equally spaeed time 
intervals. The positions of the particles are then located in each image, and from these 
locations the partiele paths are determined. Therefore, a matching algorithm is needed, 
which decides which particles in an image correspond to which particles in the next image. 
Several parameters for the partiele tracking can be set in the program, e.g. thresholds for 
the brightness of detected particles, the required size of the particles and their maximum 
ellipticity for detection. More information about the Diglmage system can be found in [30]. 
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Chapter 4 

Performance analysis of CHIPP and 
DGP 

4.1 Introduetion 

After Digimage has determined the partiele paths, interpolation programs can be used to 
calculate other quantities, such as the vorticity and the stream function of the flow. It is 
important to know the accuracy of those interpolation programs to interpret the results. 

In recent years, laboratory experiments performed in the Vortex Dynamics Group (the 
working group of the present investigation) have been processed using an interpolation 
program called DGP. This program is basedon a well-known spline-interpolation method, 
developed by Paihua Montes, which is frequently used in the literature [28]. Although this 
method gives reasonable results for experiments with isolated vortex structures, serious 
problems arise in determining the vorticity fields of decaying 2D turbulence, for which 
the whole domain of the container, including the flow near the boundaries, has to be 
monitored. Therefore, an alternative program, called CHIPP (Chebyshev Interpolation 
and Post Processing), has been developed for this kind of experiments. 

In this chapter, those two different techniques will be compared and contrasted for in
terpolating irregularly spaeed data onto a regular grid. The influence of several parameters 
on the performance of CHIPP and DGP has been investigated. 

The main difference between CHIPP and DGP is that CHIPP is based on a fitting 
technique, while DGP uses an interpolation technique (see figure 4.1). More information 

• 
(a) (b) 

Figure 4.1: 1D analogue: Di.fference between (a) curve fitting (CHIPP) and (b) interpola
tion (DGP). (• data points, - calculated function) 
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about the difference between curve fitting and interpolation can be found in [20]. Being 
based on a fitting technique means that CHIPP aims to find a smooth function through 
the data points with the differences in the data points between the measured values and 
the calculated values as smallas possible (least square method). DGP on the other hand is 
an interpolation technique. This means that DGP gives the exact measured values at the 
data points wherever they are located. In the rest of this chapter the word 'to interpolate' 
will be used, but keep in mind that for CHIPP this means 'to fit'. 

A problem of the data obtained from the performed laboratory experiments described 
in this report lies in the fact that there are almost no data points near the boundaries 
(Diglmage is not able to see the particles near the boundaries). However, the experiments 
obey the physical property that the velocity on the boundaries equals zero. This property 
can be used in both the techniques, by adding zero velocity veetors at the boundaries, in 
order to imprave the results. 

4.2 Interpolation 

4.2.1 CHIPP 

CHIPP is a fitting technique which uses Chebyshev polynomials to calculate an analytica! 
expression for the velocity field. For more detailed information about Chebyshev polyno
mials the reader is referred to [4]. 

Chebyshev polynomials 

Chebyshev polynomials are defined on the interval [-1,1] and are given by: 

Tk(x) = coske = cos(karccosx), ( 4.1) 

for k = 0,1,2, ... 
The trigonometrie relation cos( k + 1 )B +cos( k - 1 )e = 2 cos e cos kB gives the following 

recurrence relation for the Chebyshev polynomials: 

Tk+l(x) = 2xTk(x) - Tk-l(x), 

with T0 (x) _ 1 and T1(x) =x. 
The Chebyshev expansion of a function u EL~( -1, 1) is given by: 

00 

u(x) = L ûkTk(x). 
k=O 

CHIPP 

( 4.2) 

(4.3) 

Given a set of data points ({xJL,yJL,uJL,vJL} 1-L = 1, ... ,N), the program CHIPP calculates 
functions of the following form: 
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n,m 

u(x,y) L ÛkzTk(x)Tz(y), 
k,l ( 4.4) n,m 

v(x,y) - L VkzTk(x)Tz(y). 
k,l 

The Chebyshev coefficients Ûkz and 'Ûkz are calculated so that 2:::1-L lv 1-L - v(xi-L, yi-L) 12 is min
imised. The smoothing of the function depends on the number of Chebyshev polynomials 
used in the expansion ( n, m). This number can be chosen by hand. 

Once the coefficients Ûkz and Vkz are known, the values of u and v can be calculated in 
any point (x, y) of the domain, for example the mesh points of a regular grid. 

Equation ( 4.4) can be analytically differentiated to yield the vorticity w and the diver
gence at any point: 

äv au 
w 

äx äy' 
( 4.5) 

\7. V 
au äv 
- + äx äy" ( 4.6) 

The stream function can be calculated by an analytica! integration of equation (2.8). Also, 
some integral quantities, like the energy (E = ~ JJ(u2 + v2)dA), the enstrophy (V = 
~ JJ w2dA), the angular momenturn (L = JJ(xv- uy)dA = 2 JJ 'lj;dA) and the L2-norm of 
the divergence of the velocity field (D2 = *(ff(\7 · v) 2dA)) can be calculated analytically. 

4.2.2 DGP 

In contrast to CHIPP, DGP is an interpolation technique. The veloeities for points at which 
no measurements were taken, are obtained from a spline interpolation methad developed by 
Paihua Montes [28]. The interpolating function for each velocity component is an analytica! 
expression, the coefficients of which are calculated in order to minimise the second-order 
derivatives. 

The interpolated velocity components u and v at any points (x, y) are calculated by 
the relations: 

N 

u(x,y) a1 + b1x + c1y + L:el(i)d7lnd7, 
i=l (4.7) 
N 

v(x,y) = a2 + b2x + c2y + L:e2(i)d7lnd7, 
i=l 

where di is the distance between the position (x, y) and one ofthe N points ofmeasurement. 
The first three terms correspond to a least-square linear fit for each velocity component. 
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Figure 4.2: Definition of h = W' /W, a and b. 

The coefficients ej(i) (with j = 1, 2) are calculated by solving the linear system of N 
equations obtained by applying ( 4. 7) to the N measured points. 

N ext, the velocity veetors are calculated from equation ( 4. 7) at the mesh points of a 
square grid of 30 x 30 points. 

Here also, the vorticity and divergence at any point can be determined by analytica! 
differentiation of equation ( 4. 7) and the stream function can be calculated by solving the 
Poisson equation (2.9). 

4. 3 Error analysis 

In order to get an estimation of the errors made by CHIPPand DGP and to investigate the 
influence of several parameters on the performance of CHIPP and DGP, the two programs 
are tested on artificial velocity fields. Later on, also the performance of CHIPP and DGP 
on real experimental data is investigated. 

4.3.1 Error functions 

The performance of CHIPP and DGP depends on six parameters, being: 

N number of data points 
G number of grid nocles 
Z number of zero velocity veetors added at one boundary 
h fraction of domain containing data (see figure 4.2) 
n, m number of used Chebyshev polynomials in x- and y-direction, respectively. 

If a global measure of the interpolation error is taken, such as the root mean square 
(RMS) of the difference between the true data field and its interpolated values at the grid 
nodes, this quantity will be a function of these six parameters. Hence, 

RMSE = F(N,G,Z,h,n,m). ( 4.8) 
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In the case of an artificial velocity field the number of Chebyshev polynomials to be 
used in the x- and y-direction are known. These are equal to the highest powers of x 
and y in the artificial velocity field, respectively. So, the RMSE is now a function of four 
variables. The infiuence of those parameters on the errors made by CHIPP and DGP 
are shown in several graphs. In each graph the RMSE is presented as a function of two 
parameters, while the other two parameters are kept constant. This may be expressed in 
the following three intuitive forms: 

RMSE 
RMSE 
RMSE 

f(N, G), 
g(Z, N), 
k(h, Z). 

(4.9) 

In the present investigation the RMSE of the velocity and vorticity field have been 
investigated. The RMSE of those fields is defined as: 

t::.u = ( 4.10) 
1 G 
G L(ui(x, y)- Uan;(x, y)) 2 , 

i=l 

with Uan(x, y) the analytica! value at position (x, y) (t::.v and t::.w are defined in a similar 
way). 

In order to obtain an estimation of the relative error on the measured quantities, these 
quantities are divided by typical scales, being: 

i:::. u t::.v t::.w 
(4.11) 

[i!'[i!'{if' 
where A is the area of the domain. 

Furthermore, the errors of some integral quantities ( divergence, energy, enstrophy and 
angular momentum) are calculated. These errors only depend on three parameters, being 
N, Z and h. This may be expressed, in the same way as for the RMSE, in the following 
two forms: 

CJ = g(Z, N), 
(J = k(h, Z). ( 4.12) 

The relative errors of E, V and L are defined as the difference between the calculated 
value and the analytica! value, divided by the analytica! value: 

J:::.E = IE-Eanl J:::.V = IV-Vanl J:::.L = IL-Lanl (4.13) 
Ean ' Van ' Lan 

The relative error of the divergence cannot be defined in a similar way, because the ana
lytica! value of the divergence equals zero. Therefore, the divergence is divided by another 
scale, being: 

t::.D ( 4.14) 
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Figure 4.3: (a) The analytica[ function w(x, y) and (b) the analytica[ function 1/J(x, y) of 
field 1 and (c) a randomly-chosen sample (N = 200, h = 1) of velocity data points in the 
fiow of (a). 

4.3.2 Error analysis procedure 

The artificial velocity fields have to satisfy several conditions: (i) the field has to be diver
gence free and (ii) the veloeities on the boundaries have to be zero. These are the same 
circumstances as in the laboratory experiments. 

Two different velocity fields have been used to test the two techniques. First, a large 
scale field ( containing one single vortex) has been used. This function ( called field 1) is 
defined as: 

1/J1 (X, Y) 

The velocity field is then: 

-4~ ( ~ - I) (I -G -I)')' (I - ( t -I)') , 
4~ G- I) (I- (~-I)') (I- (~-I)')' 

where Cis a constant, and a and b as defined in figure 4.2. 

( 4.15) 

( 4.16) 

Varying numbers of velocity veetors were distributed about this velocity field, at loca
tions determined by a random number generator. The distribution of the vorticity w(x, y), 
the stream function 1/J(x, y) and an example of randomly-located velocity samples in this 
field are shown in figures 4.3.a, 4.3.b and 4.3.c, respectively. 
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Figure 4.4: (a) The analytica[ function w(x,y) and (b) the analytica[ function '1/J(x,y) of 
field 2 with f3 = 100. 

Second, a more complicated field has been used. This field is complicated in several 
ways. First of all, it contains more vortices. Secondly, the field contains large velocity 
gradients near the domain boundaries, similar to boundary layers. This field (field 2) is 
defined by the following stream function: 

. X. y X 2 Y 
'ljJ2 (x, y) = sm(27r;) sm(27rb )(1-exp( -/3(1- ( ~ -1) ) ) )(1-exp( -/3(1- ( b -1 )2

))) ( 4.17) 

where f3 defines the thickness of the boundary layer and a and bare as defined in figure 4.2. 
The thickness of a laminar boundary layer in a horizontal flow over a fiat plane is given by 
[32]: 

4.9 
Do_gg = Rel/2 x, ( 4.18) 

in which x is the distance from the beginning of the plane. In order to create a boundary 
layer of the same thickness as a boundary layer in an experiment with Re = 2000 for 
x = 2.5, f3 should be chosen equal 100. The distribution of the vorticity w(x, y) and the 
stream function '1/J(x, y) (with f3 = 100) are shown in the figures 4.4.a and 4.4.b, respectively. 

4.4 Performance analysis of CHIPP and DGP 

Sirree there are many parameters infiuencing the results of CHIPP and DGP, it is not 
possible to expose all the results in one single graph. Therefore, different series of graphs 
have been made, each emphasizing one aspect of the performance of CHIPP and DGP. In 
this section a few examples will be shown to illustrate the main trends, while appendix A 
contains the complete series from the tests. 

25 



100 + 50 + 
+ 05 + 

225 x 100 x 10 x 
G 40o * N2oo * Z2o * 

50 + 625 D <oo D " D 900 • "" . 50 • 

x + + 

<0 

= 
+ • + 

~" 
;l 

+ 
;l" + + + D + 

+ c::t, " x ...!< x x x 

I+ x x x ,. • x + x x 
ili + ,. lil I x + 

ili + 10 

,. ,. ,. 
* * 

= ili D D D I ili D D D I + 
10 I 11 • • • • • • 
0 0 0 

0 300 <00 0 0., 0., 0.< 05 " 0., " " 1 

(a) N (b) z (c) h 

100 + 50 + 05 + 
225 x '"' x 10 x 

1<0 G <00 * N 2()0 * + z" ,. 
625 0 

"" D + " D 900 • 000 • 50 • 

x + 

* + 
100 lil + • 

~ ~ 
3 50 

+ 
+ " ...!< D 

i + + 
+ ~ illi x 

+ + ; + + + IE • x + 
îli i x x x x x x ili I 

~ * ,. 
* * * * ili ili ili D 

~ 11 11 • lil lil 
0 0 0 

0 100 "'' 000 <00 500 000 0 "' " 50 0., 0., 0.< 0.5 0.0 OJ " " 1 

(d) N (e) z (f) h 

Figure 4.5: CHIPP performance analysis of field 1. RMSE functions f, g and k in u and 
w as function of the number of data points N, the number of grid nodes G, the number of 
zero velocity veetors Z and the fraction of the domain containing data h. Each point is an 
average of 5 tests. (a) fu (Z = 0, h = 1), {b) 9u {G = 900, h = 1), {c) ku {N = 200, 
G = 900), {d) fw, {e) 9w and (J) kw. 

4.4.1 CHIPP interpolation errors 

Figure 4.5 shows the RMSE functions J, g and k (equation (4.9)) in u and was function 
of the number of data points N, the number of grid nocles G, the number of zero velocity 
veetors Z and the fraction of the domain containing data h for the velocity field of the 
vortex of figure 4.3.a, computed for CHIPPon randomly distributed velocity samples1 . As 
can be seen from the figures 4.5.a and 4.5.d the number of grid nocles ( G) has almost no 
influence on the performance of CHIPP. Only when there are a few grid nodes, the error 
becomes larger. This is just a matter of definition: in the case of a few grid nodes, there 
are relatively many grid nocles on the boundaries. Since the errors on the boundaries are 
the largest (see figure A.5), the average error increases. From these figures it can also 
be seen that the errors decrease with increasing number of data points. Expressing the 

1 For a regular distributed velocity field, the results are completely different (as can be seen in Ap
pendix A.3). In this case the errors are much smaller and one obtains the best results when no zero 
velocity veetors are added at the boundaries. 
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Figure 4.6: CHIPP performance analysis of field 1. Error functions g and k in D, E, V 
and L as function of Z and h. Each point is an average of 5 tests. (a) 9D,E,V,L (with 
N = 200, h = 1), (b) kD,E,V,L (with N = 200, Z = 15). 

RMSE as a function of the number of zero velocity veetors ( Z) for different numbers of 
data points (N) in the figures 4.5.b and 4.5.e, one can see that the error decreases when 
zero velocity veetors are added at the boundaries. If one keeps adding zero velocity veetors 
at the boundaries, however, the error will increase again. Apparently, there is a number of 
zero velocity veetors that gives a minimum error, depending on the number of data points. 
This infiuence is large in the case of a low number of data points. When too many zero 
velocity veetors are added to the boundary, CHIPP tries to fit a function through the zero 
velocity vectors. So in the extreme case (just a few data points and a lot of zero velocity 
veetors) one gets a zero velocity field as the best result. In the figures 4.5.c and 4.5.f the 
RMSE is shown as a function of the fraction of the domain cantairring data ( h) for different 
number of zero velocity veetors (Z). As can beseen from these figures, the results are the 
best when the data are spread out over the whole domain, but as long asthereare enough 
zero velocity veetors added to the boundaries, the error will be small, even when parts of 
the domain contain no or only a few data points. In other experiments, it can happen that 
there are data missing in the centre of the vortex. This has almast no infiuence, in the 
tests, on the maximum vorticity value at the centre of the vortex. The errors are in the 
same range as for the tests with data in the centre of the vortex. 

In figure 4.6 the error functions g and k (equation (4.12)) in D, E, V and L are shown 
as function of N, Zand hof field 1 (see also figure A.2). The quantities E, V and L show 
the same behaviour as u and w as function of Z. First the error decreases with increasing 
number of zero velocity vectors, but later on the error increases with increasing number 
of zero velocity vectors. The error of the divergence (D) keeps decreasing with increasing 
number of zero velocity vectors. The errors of D, E, V and L stay small as long as there 
are enough zero velocity veetors added to the boundaries when data is missed near the 
boundaries. The error of the angular momenturn calculated via the velocity field (L2 ) is 
smaller than the error of the angular momenturn calculated via the stream function (L1). 
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Figure 4.7: CHIPP performance analysis of field 2. (RMS) error functions g and k in u, 
v, w, D, E, V and Las function of N and h. Each point is an average of 5 tests. (a) 9u,v,w 
(with G = 900, Z = 20 and h = 1), (b) ku,v,w {with N = 400, G = 900 and Z = 20), 
(c) 9D,E,V,L and (dj kD,E,V,L· 

In figure 4.7 the (RMS) error functions g and kin u, v, w, D, E, V and Las function 
of N and h are shown for field 2. For field 2, the errors are larger than or equal to the 
errors of field 1. Especially the error of the vorticity is very large. The reason for this is 
that CHIPP is not able to reproduce the large gradients near the boundaries2

. From the 
figures 4.7.a and 4.7.b can beseen that the infl.uence of the number of data points and the 
fraction of the domain containing data for the velocity is the same as for field 1. For the 
vorticity, however, the influence of the number of data points is different. Here the error 
increases with increasing number of data points. This can easily be explained by taking a 
look at the distribution of the errors across the data field. In the case of a few data points 
the errors are spread out over the whole surface, while in the case of many data points, 
there are large errors near the boundaries (larger than in the case of a few data points) ( see 
also figure A. 7). So, in an average, the error for a few data points is smaller than the error 

2For a regular distributed velocity field, CHIPP reproduces the large vorticity gradients near the bound
aries better. 
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Figure 4.8: DGP performance analysis of field 1. RMSE functions in u and w as function 
of N, Z, G and h, as for CHIP P, above. 

for many data points. From the figures 4.7.b and 4.7.d can beseen that the error increases 
slowly as h decreases, but suddenly (at h = 0.7), the error increases drastically. This can 
be explained by the fact that when the area containing data becomes small, there are no 
langer data points in the vortices near the boundaries so that it is hard to reproduce the 
right analytica! values in that area. The integral quantities show the same behaviour as u, 
v and w as function of N and h. 

4.4.2 DGP interpolation errors 

A similar performance analysis for DGP3 is displayed in the figures 4.8, 4.9 (field 1) and 
4.10 (field 2). The figures 4.8.a and 4.8.d show the RMSE function (Jin equation (4.9)) 
of the number of data points N, for different number of grid nocles G, for the velocity 
and vorticity fields, respectively. In both cases there is a slight dependenee on the number 
of grid nocles used. The more grid nodes, the better the result (a smaller error). Here 
also (see figure A.5) the error made on the boundaries is the largest. The dependenee on 

3For DGP there is no difference in the results between a random distributed velocity field and a regular 
distributed velocity field. 
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Figure 4.9: DGP performance analysis of field 1. Error functions in D, E, V and L as 
function of N, Z and h, as for CHIPP, above. 

the number of data points is obvious. Expressing the RMSE as given by g (in equation 
(4.9)), figures 4.8.b and 4.8.e show this function for the velocity and the vorticity fields, for 
varying number of zero velocity veetors Z and number of data points N. DGP does not 
have the same dependenee on Z as was observed for CHIPP. Adding some zero velocity 
veetors at the boundaries decreases the error, but adding more zero velocity veetors at the 
boundaries does not change the error. The reason for this difference is that, in the case of 
DGP adding more zero velocity veetors to the boundaries does not affect the result in the 
interior (as is the case in CHIPP). So the error on the boundaries becomes smaller if one 
adds some zero velocity vectors, but the number of zero velocity veetors does not matter. 
In the figures 4.8.c and 4.8.f the RMSE (kin equation (4.9)) is shown as function of the 
fraction of the domain containing data h for different number of zero velocity veetors Z. As 
can be seen from these figures, there is a clear dependenee on h. The larger h, the smaller 
the error. For DGP, the maximum vorticity value at the centre of the vortex decreases a 
little in the tests, when there is data missing in the centre of the vortex. This is not as 
much as observed by de Bruijn [3], who tested this with experimental data. He found a 
drastical decrease of the maximum vorticity value at the centre of the vortex when data is 
missing in the centre of the vortex. 

In figure 4.9 the error functions g and k (equation (4.12)) in D, E, V and L are shown 
as function of N, Z and h (see also figure A.4). The quantities D, E, V and L show the 
same behaviour as u and w as function of Z and h. The error decreases when zero velocity 
veetors are added to the boundaries, but the number of zero velocity veetors does not 
matter very much. Also the error decreases when the fraction of the domain containing 
data increases. 

The (RMS) error functions g and kin u, v, w, D, E, V and L as functions of N and 
h for field 2 are shown in figure 4.10. Here the errors are larger then for field 1, especially 
the error of the vorticity is very large. DGP also is not able to reproduce the big gradients 
near the boundaries. The influences of N and h on the performance of DGP for field 2 are 
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Figure 4.10: DGP performance analysis of field 2. (RMS) error functions in u, v, w, D, 
E, V and L as function of N and h, as for CHIPP, above. 

the same as for field 1. 

4.4.3 CHIPP vs. DGP 

In terms of the interpolation error performance on artificial velocity fields composed of 
single vortices, inspeetion of the figures 4.5, 4.6, 4.7, 4.8, 4.9 and 4.10 reveals some differ
ences in the two techniques. CHIPP is much more sensitive to the number of zero velocity 
veetors (Z) added to the boundaries than DGP. If there are too many zero velocity vee
tors added to the boundary, the error in CHIPP will increase again from a certain level. 
DGP improves with zero velocity veetors on the boundaries, but the number of zero ve
locity veetors does not matter. On the other hand, the fraction of the domain containing 
data (h) has a more significant infl.uence in DGP than in CHIPP. For CHIPP the error 
almost remains constant (above a certain level) if h is decreased, while for DGP the error 
significantly increases with decreasing h. 

Operating under the same conditions, the (RMS) errors made with DGP are in most 
cases smaller in comparison with CHIPP as long as h is big enough, especially for field 1. 
For small h the error of CHIPP becomes smaller. For experimental data, h is never too 
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Figure 4.11: Results of vorticity, stream function and divergence (from left to right) for 
the velocity veetors in figure 4-3-c (N = 200, h = 1} for (a) CHIPP (Z = 0}, (b) DGP 
(Z = 0}, (c) CHIPP (Z = 10} and (d) DGP (Z = 10}-

32 

20 

20 

20 

20 



(a) 

(b) 

0.1 1.2 0.06 

0.04 
0.05 0.8 

3 0 ~ 0.6 
Q 0.0~ 

0.4 

0.2 -0.02 
-0.05 

-0.04 

-0.1 -0.2 -0.06 

20 20 

0.1 0.8 0.06 

0.6 0.04 
0.05 0.4 0.02 

3 0 ~ 0.2 Qo 
0 

-0.2 -0.02 
-0.05 

-0.4 -0.04 

-0.1 -0.6 -0.06 

20 20 

Figure 4.12: Results of vorticity, stream function and divergence (!ram left to right) for 
N = 200, h = 0.7 of field 1 for (a) CHIPP (Z = 15} and (b) DGP (Z = 15). 

small and on these grounds, DGP is thus clearly superior. 
Apart from the absolute value of the RMSE, it is worthwhile to investigate the distribu

tion ofthe errors across the data field. To illustrate this point, isometrie surfaces of w(x, y), 
1/J(x, y) and D(x, y), tagether with contour plots, interpolated from data of figure 4.3.c by 
CHIPP and DGP (for different number of zero velocity veetors and different fractions of 
domain cantairring data) are shown in the figures 4.11 and 4.12. Both interpolation tech
niques give acceptably accurate shapes for w, 1jJ and D. Only for CHIPP the extreme values 
of the vorticity are too high ( especially when there are no zero velocity veetors added to 
the boundaries), while for DGP there is some offset in the stream function. This is not 
an error of DGP, but just a matter of definition. For the divergence, CHIPP spreads out 
the error on the whole surface, while for DGP there are only errors on the boundaries. It 
is important to notice that in the case that there are no data points near the boundaries, 
CHIPP does not work without adding zero velocity veetors at the boundaries (see also 
figure A.6.a). 

In figure 4.13 results of vorticity, stream function and divergence for velocity fields of 
field 2 are shown. Fr om these figures ( see also the figures A. 7 and A.8) can be seen that 
nor CHIPP, nor DGP are able to reproduce the big vorticity gradients near the boundaries 
very well. DGP also has a problem to reproduce the analytica! field when data are missing 
near the boundaries. In the case that there are no data points in the vortices near the 
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Figure 4.13: Results of vorticity, stream function and divergence (from left to right) for 
velocity fieldsof field 2 for (a) CHIPP (N = 400, Z = 20, h = 1) and (b) DGP (N = 400, 
Z=20,h=0.7). 

boundaries, DGP does notreproduce those vortices, while CHIPP does. However, CHIPP 
does reproduce the shape of the vortices, but there are big errors in the analytica! values. 
Also, for this testing function, CHIPP reproduces the shape of the analytica! field better, 
but the question is whether there are always vortices in that area in a real experimental 
field. Taking this into account it is hard to conclude which of the two programs is better. 

So far, only exact velocity fields (without errors) have been used, but the data from the 
experiments contain errors. Therefore, also some tests with noise on the velocity veetors 
have been dorre. It can be concluded that CHIPP is much more capable to handle the 
noise than DGP (see also the figures of appendix A.4). The errors of CHIPP are almast 
the same as for velocity fields without noise, while the errors of DGP increase drastically 
when there is noise on the velocity vectors, especially for the vorticity. The error of the 
vorticity even increases with increasing number of data points. Figure 4.14 shows the 
results for a velocity field with 10% noise. Both interpolations give an acceptable accurate 
result, but from a qualitative point of view one is much more likely to be satisfied with the 
CHIPP result ( especially for w and D). There are much more spurious oscillations in the 
DGP results. This can be explained by the fact that DGP uses an interpolation technique, 
while CHIPP uses a fit technique (see figure 4.15). The more data points there are, the 
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Figure 4.14: Results of vorticity, stream function and divergence (from left to right) for 
a velocity field with 10% noise on the velocity veetors (N = 200, h = 1) of field 1 for 
(a) CHIPP (Z = 10) and (b) DGP (Z = 10). 
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Figure 4.15: Explanation of the fact that the error of the vorticity increases with increasing 
number of data points for DGP: (a) a few data points, (b) many data points. 
(• data points, - calculated function.) 
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(a) (b) x (m) 

Figure 4.16: (a) Typical partiele streak image recorded during a self-organisation experiment 
with aspect ratio 2 and (b) velocity veetors for this field computed with Diglmage. 

closer they are tagether and because DGP uses the exact values at the data points, the 
gradients become larger and the error in the vorticity increases. 

4.5 Example application 

It is important to verify the conclusions from numerical simulations in real experimental 
data, where sourees and farms of noise are usually less uniform and predictable. 

A typical experimental velocity field recorded during a self-organisation experiment 
with aspect ratio 2 is shown in figure 4.16. Figure 4.17 compares the calculated results of 
CHIPPand DGP for this field. The number of zero velocity veetors added to the boundaries 
is in both cases 40 in the x-direction and 20 in the y-direction. The interpolated velocity 
fields (figure 4.17.a) look quite similar for the two programs. The vorticity distribution 
(figure 4.17.b) looks rather different in the two cases, although in both cases the three 
big vortices can be recognized. The result of DGP, however, has much more spurious 
oscillations. The reason is that CHIPP fits a smooth function through the data points, 
while DGP gives the exact measured values at the data points, including all the noise 
and the wrong velocity veetors revealing from mismatches. Finally, the stream function 
of DG P is better than the stream function of CHIPP. CHIPP has some strange stream 
lines which are not closed, but end on a boundary. This was also observed in the tests 
with artificial velocity fields. Another problem arising with CHIPP is the question how 
many Chebyshev polynomials are needed. CHIPP has a routine that calculates the error in 
the data points. Then the minimum error is determined and the corresponding number of 
Chebyshev polynomials are used. For the data of figure 4.16 the right number of Chebyshev 
polynomials is rather easy to determine, but for other data fields it is sametimes a complete 
disaster, especially at the beginning of an experiment. In those cases, CHIPP is almast 
useless. 

Keeping in mind, however, the fact that CHIPP gives much better results for data 
on a regular grid, the idea arose to combine the two techniques. This gave surprisingly 
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Figure 4.17: (a) Interpolated velocity field, (b) vorticity and (c) stream fun ction for CHIPP 
(lejt) and DGP (right) of the data from figure 4.16. (- negative--- positive) 
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good results. How are the two techniques combined? First, zero velocity veetors are 
added to the boundaries; secondly, the interpolated velocity field is calculated by DGP 
and, finally, this interpolated velocity field is used as an input for CHIPP to smooth the 
function. Figure 4.18 shows the results of this technique used for the data of figure 4.16. 
The problem arising during the last step is again the question of how many Chebyshev 
polynomials are needed. Using not enough polynomials will smooth the calculated function 
too much, while using too many polynomials will take too much noise into account in the 
calculated function. The number of needed Chebyshev polynomials is determined from 
the graph of the error in the data points plotted against the number of used polynomials 
(see figure 4.19). For simplicity the number of Chebyshev polynomials used in the x
and y-direction are chosen equal. This was also checked for a few experimental fields 
and on the first sight there was no difference between the situation with equal number of 
Chebyshev polynomials in both the directions and the situation with different numbers of 
Chebyshev polynomials. The stream function calculated by DGP is still better than the 
stream function calculated by CHIPP. 

4.6 Conclusions 

In terms of the interpolation error performance on artificial velocity fields composed of 
single vortices, there are some differences in the two techniques. CHIPP is much more 
sensitive to the number of zero velocity veetors (Z) added to the boundaries than DGP. 
lf there are too many zero velocity veetors added to the boundary, the error in CHIPP 
will increase again from a certain level. DGP improves with zero velocity veetors on the 
boundaries, but the number of zero velocity veetors does not matter. On the other hand, 
the fraction of the domain with data (h) has a more significant influence in DGP than 
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in CHIPP. For CHIPP the error almost remains constant (above a certain level) if h is 
decreased, while for DGP the error significantly increases with decreasing h. 

Operating under the same conditions, the (RMS) errors made with DGP are in most 
cases smaller in comparison with CHIPP as long as h is big enough, especially for the 
single vortex. For small h the error of CHIPP becomes smaller. For experimental data, h 
is never too small and on these grounds, DGP is thus clearly superior. 

Investigating the distribution of the errors across the data field, CHIPP spreads out 
the errors over the whole surface, while for DGP there are only errors near the boundaries. 
Also, in general CHIPP reproduces the shape of the analytica! field better than DGP, 
also in the case that there are no data points in the vortices near the boundaries, but the 
question is whether there are always vortices in that area in a real experimental field. 

Real experimental data contain errors, so also some tests with noise on the velocity 
veetors have been performed. It can be concluded that CHIPP is much more capable 
to handle the noise than DGP. The result of DGP has much more spurious oscillations. 
This is also observed by checking the results in a real experimental field. The reason is 
that CHIPP fits a smooth function through the data points, while DGP gives the exact 
measured values at the data points, including all the noise. 

From the tests on real experimental data the idea arose to combine the two techniques 
and this gave good results. The condusion can be drawn that the experimental data can 
be best analysed by the following steps: (i) add zero velocity veetors to the boundaries, 
(ii) use DGP to calculate the interpolated velocity field and the stream function and (iii) 
use the interpolated velocity field of DGP as an input for CHIPP to smooth the function 
and to calculate the vorticity distribution. The integral quantities can be best calculated 
by DGP, because DGP is faster than CHIPP and the values are also more accurate. 
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Chapter 5 

Results of Iabaratory experiments 

5.1 Introduetion 

In this chapter the results of laboratory experiments on decaying quasi-2D turbulence in 
a rectangular container will be presented. The experiments were performed for several 
values of the aspect ratio ó = L/ D with L the length and D the width of the container. 
A description of the experimental set-up can be found in chapter 3. First, in section 5.2, 
the results of experiments with aspect ratio ó = 2 will be given, in section 5.3 the results 
of experiments with ó = 3 will be discussed and finally, in section 5.4, the results for 
experiments with larger aspect ratios (ó = 4, 5 and 10) will be described. 

The initial forcing of the fiuid could be varied by changing the translation speed and 
the contiguration of the grid ( see section 3.1). An overview of the initial conditions of 
the laboratory experiments described in this chapter is given in table 5.1. The Reynolds 
number of the flow is defined as: 

Re = D <u> 
2v 

(5.1) 

Table 5.1: Overview of the initial conditions of the described laboratory experiments. 
ó = aspect ratio, V = translation speed of the grid, Re = Reynolds number and !Lol 
initial net angular momenturn induced by the grid on the flow. 

11 Nr. I ó I V (mmjs) I Re IILol (cm4 /s) 11 

1 2 200 ± 10 1933 ± 50 0 ± 100 
2* 2 150 ± 10 1574 ± 50 0 ± 100 
3 2 150 ± 10 847 ± 50 468 ± 100 
4 3 200 ± 10 2897 ± 50 0 ± 100 
5 3 300 ± 15 1468 ± 50 9828 ± 100 
6 3 200 ± 10 33696 ± 100 
7 4 200 ± 10 2882 ± 50 0 ± 100 
8 4 400 ± 20 2113 ± 50 17472 ± 100 
9 5 250 ± 10 0 ± 100 
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(a) t = 0 s t = 15 s 

(c) t = 60 s (d 

(e) t = 300 s t = 600 s 

(g) t = 900 s (h 

(i) t = 1500 s (j) t = 1800 s 

Figure 5.1: Streak images of experiment nr.l at several times (8 = 2, V = 200 mm/ s, 
Re= 1933 and [Lol = 0 cm4 /s). The tails of the streaks represent the displacementsof 
the tracer particles during an interval of (a) 2.5 sec, (b) 2.5 sec, ( c) 10 sec, ( d) 10 sec, 
(e) 102 sec, (!) 214 sec, (g) 214 sec, (h) 214 sec, (i) 214 sec and (j) 214 sec. 
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with D the width of the container, < u > the r.m.s. velocity of the initial flow ( defined as 

<u>= ji!, with E the energy (per unit density) and A the area of the container) and 
v the kinematic viscosity of water. The net angular momenturn jL0 j induced by the grid 
is obtained from equation (3.2). Note that in all experiments the grid moved from right to 
left ( except for one experiment indicated with an * for which the grid moved from left to 
right) and that only integer aspect ratios have been used. 

5.2 Experiments with aspect ratio 8 = 2 

Figure 5.1 shows digital streak images of an experiment with aspect ratio 6 = 2 (experiment 
nr.l), in which the rods of the grid were arranged in such a way that no initial net angular 
momenturn was induced on the :Huid. The time t = 0 s is defined just after the grid 
has reached the opposite side of the domain. The streaks are produced by the image 
analysis program Digimage, which displays the subsequent positions of each partiele during 
a certain prescribed time interval. The length of the tails corresponds to the displacement 
of the particles during this time. Sirree the velocity of the particles decreases during 
the experiment, this time has to be increased gradually to provide a clear visualisation 
of the partiele displacements. Figure 5.l.a shows the flow at t = 0 s. In this picture, 
small vortices, which are formed in the wake of the rods, can be seen. Furthermore, the 
displacement of the grid is still visible. Figure 5.l.b shows the evolution of the small scale 
vortices according to the usual behaviour of 2D turbulence: like signed vortices merge, 
opposite signed vortices form dipoles, and all vortices grow in size. In all experiments with 
an initially zero net angular momentum, strong internal waves emerged about one minute 
after the forcing. An indication of this phenomenon can be seen in figure 5.l.c. During 
this stage, it is generally very hard to abserve the self-organisation process. The waves 
generally disappear after about five minutes (see figures 5.l.d and 5.l.e). At this stage, 
the vortices have almast reached their maximum size. In this experiment the final state 
consists of three vortices with alternating signs. These vortices gradually damp out due to 
viseaus dissipation. 

The contour plots of the vorticity and the stream function of the same experiment 
are shown in the figures 5.2 and 5.3, respectively. From the vorticity pietmes it can be 
seen that when a vortex approaches a wall, oppositely signed vorticity is formed near the 
boundary, owing to the no-slip boundary conditions (see for example the positive vortex in 
the upper left corner of figure 5.2.d). Note that one should be careful in interpreting the 
calculated vorticity gradients near the boundaries in figures 5.2.a and 5.2.b. The question 
is whether those gradients are really formed during the experiment, or whether they are 
an artefact of the interpolation methad (see chapter 4). In spite of the preserree of internal 
waves during some time of the experiment, the vorticity plots still show some structures at 
that stage (see figures 5.2.c, 5.2.d and 5.2.e). The stream function plots (figure 5.3) show 
the same qualitative behaviour as the streak images. 

In figure 5.4 the time evolution of the circulation, the energy and enstrophy divided 
by their initial values and the net angular momenturn of the same experiment are shown. 
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Figure 5.2: Contour plots of the vorticity of the same experiment as in figure 5.1 with ~w 
= (a) 0.3, (b) 0.3, (c) 0.05, (d) 0.02, (e) 0.01, (f) 0.005, (g) 0.002, (h) 0.002, (i) 0.001 
and (j) 0.001. (- positive, --- negative) 
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Figure 5.3: Contour plots of the stream function of the sa me experiment as in figure 5.1, 
with /:::,.1/J =(a) 0.5, (b) 0.5, (c) 0.2, (d) 0.2, (e) 0.1, (f) 0.1, (g) 0.05, (h) 0.05, (i) 0.02 
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Figure 5.4: Time evolution of several integral quantities of experiment nr.l. (a) circulation, 
(b) normalised energy and normalised enstrophy and (c) angular momentum. 

In figure 5.4.a it can be seen that the circulation oscillates around zero. In theory the 
circulation should be exactly zero, because of the no-slip boundaries. Due to errors in 
the vorticity and velocity fields, the value of the circulation differs from zero, especially 
at the beginning of the experiment. The normalised energy and normalised enstrophy are 
plotted versus time in figure 5.4.b. In the beginning of the experiment the decay rate of 
the enstrophy is higher than the decay rate of the energy. From t ~ 700 s the decay rates 
of the two quantities are almost equal and linear. At this stage the size of the coherent 
structures has increased up to the order of the width of the container. At the end of the 
experiment, the viscous term of the vorticity equation becomes stronger than the non
linear term, which is responsible for the self-organisation process. The exponential decay 
at the end of the experiment in figure 5.4.b may indicate the preserree of so-called viscous 
eigenmodes in the final state [6, 18]. Finally, figure 5.4.c shows the time evolution of the 
net angular momentum. For this experiment the angular momenturn fluctuates around 
zero in the beginning of the experiment, but from t ~ 700 s it remains almost constant. 

In the rest of this chapter, the circulation, energy and enstrophy will not he shown 
anymore, because for all experiments the behaviour of these quantities is similar as in the 
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(a) t = 15 s (b 

(c) t = 600 s (d) t = 1200 s 

Figure 5.5: Streak images of experiment nr.2 at several times ( 8 = 2, V = 150 mm/ s, 
Re= 1574 and ILol = 0 cm4 /s). The tails ofthe sireaks represent the displacements ofthe 
tracer particles during an interval of (a) 2.5 sec, (b) 20 sec, (c) 214 sec and (d) 214 sec. 

experiment described above. 
In other experiments with ILo I = 0, the flow evolution is slightly different . The fig

ures 5.5 and 5.6 show the digital streak images and the contour plots of the vorticity, 
respectively, of an experiment (nr.2) with ILol = 0. The initial flow again contains a more 
or less homogeneaus distribution of smali-scale vortices (figure 5.5.a), which organise into 
larger structures, leading to a final state consisting of two vortices which rotate in the 
same direction. However, this is not the only difference between this experiment and the 
experiment described above. Figure 5.7.a shows the time evolution of the angular momen
tum. In contrast to the previous experiment, the net angular momenturn does not remain 
constant, but changes with time. At t ~ 300 s the flow mainly rotates in one direction (see 
figure 5.5.b), leading to an increase of the net angular momentum. From t ~ 800 s the 
angular momenturn decreases slowly. At this stage, the flow consists of two decaying var
tices with the same direction of rotation. Another interesting quantity to be investigated 
is the average wavenumber k defined as: k = Jif, with V the enstrophy and E the energy 
(see equations (2.20) and (2.21)). It can be observed from figure 5.7.b that the average 
wavenumber decreases with time, meaning that the size of the vortices increases. From 
t ~ 400 s the value of k remains almost constant, indicating that the vortices have reached 
their maximum size. The smallest wavenumber that fits into a container with a width of 
40 cm is k ~ 0.16. 

Altogether, for laboratory experiments with ILo I = 0 in a container with aspect ratio 
8 = 2, the final state of the self-organisation processis unpredictable. Performing the same 
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Figure 5.6: Contour plots of the vorticity of the same experiment as in figure 5.5 with 
6w = (a) 0.1, (b) 0.01, (c) 0.005 and (dj 0.002. (- positive, --- negative). 
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Figure 5.7: Time evolution of several integral quantities of experiment nr.2. (a) angular 
momenturn and (b) average wavenumber. 
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(a) t = 15 s 

(c) t = 150 s (d) t = 300 s 

(e) t = 600 s (f) t = 1200 s 

Figure 5.8: Streak images of experiment nr.3 at several times (8 = 2, V = 150 mm/ s, 
Re= 847, !Lol= 468 cm4 /s). The tails of the sireaks represent the displacementsof the 
tracer particles during an interval of (a) 5 sec, (b) 10 sec, (c) 102 sec, (d) 214 sec, (e) 
214 sec and (f) 214 sec. 

experiment twice can give two different final states. Of eight performed experiments with 
8 = 2, two experiments show a final state consisting of three vortices with alternating signs, 
two experiments show a final state consisting of two vortices rotating in the same direction 
and four experiments show intermediate states (like one strong vortex, three vortices with 
the middle vortex very weak, etc). This behaviour is also observed in numerical simulations 
of purely 2D decaying turbulence in a rectangular container with 8 = 2 and no-slip bound
ary conditions [26]. In most cases there is one strong vortex accompanied by one or two 
weaker vortices. Also, insome experiments the net angular momenturn remains constant, 
while in other cases the angular momenturn changes with time. Whether or not the net 
angular momenturn changes depends on the final state. In cases that the final state consists 
of vortices with alternating sign the net angular momenturn remains constant. When one 
direction of rotation dominates in the final state the net angular momenturn changes with 
time. A problem arising in the laboratory experiments with !Lol = 0 is the appearance of 
internal waves. Due to these waves the self-organisation process is sametimes very hard to 
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Figure 5.9: Contour plots of the vorticity of the same experiment as in figure 5.8 with 
6w = (a) 0.05, (b) 0.02, (c) 0.01, (d) 0.005, (e) 0.005 and (f) 0.002. 
(- positive, --- negative) 

observe and the energy decay is enhanced. 

For experiments with ILo I # 0 the situation is slightly different. For those experiments 
the results are more consistent and no internal waves are observed in such laboratory exper
iments. Figure 5.8 shows the streak images of an experiment (nr.3) with !Lol = 468 cm4 

/ s 
for aspect ratio ó = 2 at several times. Figure 5.8.a shows again the small-scale vortices, 
which are formed in the wake of the rods. As in the previous experiments, merging of like
signed vortices results in the formation of larger vortices. However, beside the formation 
of the small-scale vortices, the grid also induced a large-scale motion superimposed on the 
small vortices, as can be seen in figure 5.8.c and 5.8.d. This large-scale motion has a major 
infiuence on the flow evolution: it leads to the formation of a circular vortex at the centre 
of the domain. From the vorticity plots (figure 5.9) it can be seen that this large-scale 
motion induces oppositely signed vorticity in the lower left and upper right corners (see 
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Figure 5.10: Time evolution of several integral quantities of experiment nr. 3. (a) average 
wavenumber and (b) angular momentum. 

figures 5.9.d and 5.9.e). This induced vorticity is advected into the interior of the domain 
and leads to the formation of the vortices at the end sicles of the domain, resulting in a 
final structure consisting of three vortices with alternating sign. From the lengths of the 
tails, one can infer from figure 5.8.f that the central vortex is stronger than those at the 
ends. This is most likely caused by the initial forcing which induced this vortex, while the 
end vortices are formed during the self-organisation process. 

The evolution of some integral quantities of this experiment are shown in figure 5.10. 
Figure 5.10.a shows the time evolution of the average wavenumber. This evolution does 
not differ from the previous experiments. The average waverrumher decreases with time 
until the final structure is formed. Figure 5.10.b shows the time evolution of the net 
angular momentum. The calculated values of the angular momenturn in the beginning of 
the experiment are larger than the amount of net angular momenturn induced in the initial 
flow by the rods (I L 0 I = 468 cm4 

/ s). This discrepancy might indicate that the net angular 
momenturn is increased suddenly during the first few seconds of the experiment or during 
the period in which the grid moved from one side of the tank to the other side. However, 
due to the large errors made in the beginning of the experiment one should be careful to 
interpret these results. At t ~ 300 s the net angular momenturn starts to decrease. This 
is due to the fact that the large-scale motion starts to roll up and the vortices at the ends 
of the container are formed and start to become stronger. When the final state is obtained 
( t ~ 800 s) the net angular momenturn re rnains almast constant. 

Other experiments performed with ILol =1- 0 for aspect ratio 15 = 2 show a similar 
behaviour. All experiments have a final state consisting of three vortices of which the 
middle vortex is formed due to the roll up of the large-scale motion induced by the grid. The 
end side vortices are formed due to the adveetion of oppositely signed vorticity generated 
near the boundaries. A similar behaviour is observed in spin-up experiments for small ~0 
[17] and in experiments in which the initial forcing was clone by jets [10]. 
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Figure 5.11: Contour plots of the vorticity of experiment nr.4 at several times (8 = 3, 
V = 200 mmjs, Re = 2897, ILol = 0 cm4 /s) with ~w = (a) 0.05, (b) 0.03, (c) 0.02, 
(d) 0.01, (e) 0.01 and (f) 0.005. (- positive,--- negative) 

5.3 Experiments with aspect ratio 8 = 3 

For aspect ratio t5 = 3, the experiments with ILol = 0 show the same problems as the 
experiments with aspect ratio 8 = 2, i.e. the appearance of internal waves and the unpre
dictability of the final structure. Figure 5.11 shows contour plots of the vorticity of the 
self-organisation process of an experiment (nr.4) with ILol = 0 for t5 = 3 at subsequent 
stages. For this experiment the final structure consists of three vortices with alternating 
sign. Figure 5.12 shows the evolution of the average wavenumber and the angular mo
mentum as function of time. The average wavenumber decreases with time, representing 
the growing of the vortices. At t >=::::: 400 s the vortices have reached their maximum size 
and the average wavenumber remains constant. The evolution of the average wavenumber 
is the same as in the previous experiments for aspect ratio 2, but the smallest average 
wavenumber is smaller than in experiment nr.3, meaning that the final vortices are larger. 
This can clearly be observed by camparing figure 5.9.f and figure 5.1l.f: in both cases the 
final structure consists of three vortices, but in figure 5.11.f the aspect ratio is larger and 
the vortices can become bigger. The angular momenturn (figure 5.12.b) remains constant 
during the experiment. 

However, also for 8 = 3 the fin al state of experiments with I L0 I = 0 is un predictable. 
Performing the same experiment twice can give different final states. Of eight performed 
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Figure 5.12: Time evolution of several integral quantities of experiment nr.4. (a) average 
wavenumber and (b) angular momentum. 

experiments with ó = 3, three experiments show a final state similar as shown in figure 5.11, 
but five experiments show different final states, such as five vortices with alternating signs 
of which some are stronger and other weaker and which are not nicely organised in a row. 
In those cases the self-organisation process happens slower than in the experiment shown 
in figure 5.11, probably due toa lower translation speed of the grid. In one experiment the 
final state consists of three vortices of which the middle and the right vortex have the same 
direction of rotation. In this experiment the angular momenturn does not remain con
stant, but changes with time. In the beginning of the experiment the angular momenturn 
fluctuates around zero but when one direction of rotation starts to dominate the flow, the 
angular momenturn increases, showing a maximum when the vortices are clearly arranged 
as described above. 

The experiments with ILo I # 0 for aspect ratio ó = 3 show differences with respect to 
the experiments with Lol # 0 for aspect ratio ó = 2, although also for ó = 3 the grid induced 
a large-scale motion in the flow, superimposed on the smali-scale vortices. For ó = 3 the 
final state of experiments with ILo I # 0 is still better predictabie than for experiments 
with ILol = 0. Figure 5.13 shows the vorticity distribution of a self-organisation processof 
an experiment (nr.5) with ILol = 9828 cm4 /s. For this experiment, the large-scale motion 
superimposed on the smali-scale vortices does not roll up as observed in experiments with 
ó = 2, but breaks up into two vortices as can be seen in figure 5.13.c, leading to a final 
structure consisting of four vortices with alternating sign. Figure 5.14 shows the time 
evolution of the average wavenumber and the angular momenturn for this experiment. 
Again, the average wavenumber decreases with time, but the smallest value of the average 
wavenumber is larger than in the previous case. This can be understood from the fact that 
the final structure consists of four vortices in the same domain and so the average size of 
the vortices is smaller than in the previous experiment (nr.4), see figure 5.11.f. The angular 
momenturn decreases with time until t ~ 300 s, the time at which the final structure is 
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Figure 5.13: Contour plots of the vorticity of experiment nr.5 at several times (8 = 3, 
V= 300 mmjs, Re= 1468, ILol = 9828 cm4 /s) with ów =(a) 0.05, (b) 0.02, (c) 0.02, 
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Figure 5.14: Time evaluiion of several integral quantities of experiment nr.5. (a) average 
wavenumber and (b) angular momentum. 
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Figure 5.15: Dye visualisation of an experiment with JLol = 0 at several times. 

formed. Other experiments for ó = 3 with JL0 J i- 0 show a similar behaviour, although one 
experiment (nr.6) with JL0 J i- 0 shows a different final state. In this experiment the final 
state consistsof three vortices with alternating sign, as in experiment nr.4. This is probably 
due to the large value of net angular momenturn induced in the flow (JL0 I = 33696 cm4 / s ). 
In this case, the large-scale motion does not break up, but rolls up into one vortex, as was 
observed in experiments with aspect ratio 2. 

In order to find an explanation for the difference between experiments with JL0 J = 0 
and experiments with JL0 J i- 0, some fluorescent dye has been injected in the fluid in 
a line along the right short wall of the container, at the side where the grid starts to 
move (see figures . 5.15.a and 5.16.a, note that in the left part of the container some dye 
from a previous experiment is still visible. This dye will disappear by mixing during the 
forcing). The dye was injected just before the start of the forcing. For the experiment with 
JL0 J = 0 the dye remains along the wall for a long time (see figures 5.15) . The dye starts 
to move into the interior of the domain after the large scale vortices have been formed. 
This indicates that for experiments with I L0 I = 0 the self-organisation process takes place 
locally in the domain. In such experiments small disturbances in the flow evolution can 
lead to a different final state, which could probably explain the unpredictability of the final 
state. However, for experiments with JL0 I =/= 0 the situation is completely different, as can 
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Figure 5.16: Dye visualisation of an experiment with ILol =/= 0 at several times. 

be seen in figure 5.16. Because of the large-scale motion superimposed on the small-scale 
vortices, dye injected at one side of the domain is transported fast to the other side. In 
this case the self-organisation process takes place more globally and the initially induced 
large-scale motion determines the final state of the flow. 

5.4 Experiments with larger aspect ratios ( 8 
and 10) 

4, 5 

As in the previous experiments, the experiments with 8 > 3 and ILol = 0 show several 
different final structures. However, for those large aspect ratios also the final structure of 
experiments with ILo l =!= 0 is not predictable. 

Figure 5.17 shows contour plots of the vorticity of an experiment (nr.7) with ILol = 0 
for aspect ratio 8 = 4 at several times. Figure 5.17.a shows the small-scale vortices, which 
are formed in the wake of the rods. Here also, merging of like signed vortices results in the 
formation of larger vortices , leading in this casetoa final structure consisting of five vortices 
with alternating sign. Other experiments with ILol = 0 show other final structures such 
as six vortices with alternating sign or four vortices of which three vortices have the same 
direction of rotation. Figure 5.18 shows the time evolution of the net angular momenturn 
for experiment nr.7. Although the errors made in the beginning of the experiment are 
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Figure 5.17: Contour plots of the vorticity of experiment nr. 7 at several times (ó = 4, 
V = 200 mm/s, Re = 2882, ILol = 0 cm4 /s) with ~w = (a) 0.1, (b) 0.05, (c) 0.02, 
( d) 0. 02, ( e) 0. 01 and (f) 0. 005. (- positive, - - - negative) 
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Figure 5.18: Time evatution of the angular momenturn of experiment nr. 7. 
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Figure 5.19: Contour plots of the vorticity of experiment nr.8 at several times (ó = 4, 
V= 400 mm/s, Re= 2113 and !Lol= 17472 cm4/s) with ~w =(a) 0.05, (b) 0.025, 
(c) 0.02, (d} 0.02, (e) 0.01 and (f) 0.01. (- positive,--- negative) 

large due to several reasons, like internal waves and the small number of particles found 
by Diglmage, this figure gives the impression that the net angular momenturn increases in 
the beginning of the experiment. This impression is also given by figure 5.17.c in which 
one direction of rotation dominates, indicating the preserree of a net angular momentum. 

Figure 5.19 shows contour plots of the vorticity of the self-organisation process of an 
experiment (nr.8) with !Lol= 17472 cm4 /s for ó = 4. As for the previous aspect ratios 
wi th I L 0 I =I= 0, a large-scale motion is su perim posed on the small-scale vort i ces and this 
large-scale motion breaks up, leading to a final structure consisting of five vortices with 
alternating sign of almast equal strength. However, also final states consisting of four 
strong vortices and one small vortex have been found. 

For experiments with aspect ratio 5 and 10 only qualitative results have been obtained. 
For those experiments the distance between the camera and the container is very large 
and Diglmage is not able to locate many particles. Figure 5.20 shows the streak images 
of the self-organisation process of an experiment (nr.9) with !Lol = 0 for ó = 5. For this 
experiment the final structure consists of six vortices with alternating sign. However, other 
experiments with !Lol = 0 formed a final state consisting of, for example, five vortices with 
alternating sign, seven vortices with alternating sign or four vortices of which three had 
the same direction of rotation. 

The experiments wi th I L 0 I i 0 for ó = 5 formed a fin al structure consisting of an 
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Figure 5.20: Streak images of experiment nr.9 at several times (ó = 5, V= 250 mm/ s and 
ILol = 0 cm4 /s) . The tails ofthe sireaks represent the displacements ofthe tracer particles 
during an interval of (a) 2.5 sec, (b) 5 sec, (c) 10 sec, (d) 102 sec and (e) 214 sec. 
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Figure 5.21: Streak images of an experiment with aspect ratio 10. The tails of the streaks 
represent the displacements of the tracer particles during an interval of (a) 3 sec, (b) 10 sec, 
(c) 20 sec, ( d} 214 sec and (e) 214 sec. 

integer number (four, five or six) of vortices with alternating sign. For those experiments 
the grid also induces a large-scale motion superimposed on the small-scale vortices. This 
large-scale motion breaks up into in several vortices. The number of vortices formed in the 
final state depends on the position where the large-scale motion starts to break up. 

Finally, some experiments with aspect ratio 6 = 10 have been performed. The grid 
could not be used to obtain a final structure, because all energy was lost in the internal 
waves. After the internal waves had disappeared the motion of the fl.uid in the interface 
was very weak, and no final structure was formed. In order to obtain a final structure, the 
fluid was stirred with one or two rods by hand, making a zigzagging motion. Figure 5.21 
shows the streak images of such an experiment for 6 = 10. Here also, merging of small
scale vortices results in the formation of large-scale vortices leading, in this case, to a final 
structure of thirteen vortices with alternating sign. All experiments performed by this way 
show a final structure consisting of a row of vortices with alternating sign, but the number 
of vortices is different . 
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Chapter 6 

Conclusions and Recommendations 

6.1 Conclusions 

The aim of the present project was twofold: (i) to investigate the accuracy of two computer 
programs which were used to interpolate the experimental results; (ii) to obtain more 
information about the self-organisation process in a rectangular container with aspect 
ratio (j =I= 1. The following issues have been addressed: How does the aspect ratio of the 
container affect the ultimate state of the flow? Does the final structure depend on whether 
or not the initial state cantairred a net non-zero angular momentum? What is the influence 
of rigid boundaries on the flow evolution? 

Performance analysis of CHIPPand DGP 

Quantitative experimental data, such as the partiele paths and velocity fields obtained by 
partiele tracking, need to be interpolated on a regular grid in order to calculate quantities 
such as vorticity and stream function. For a elear interpretation of the results, it is impor
tant to know the accuracy of the used interpolation technique. Therefore, the influence of 
several parameters on the performance of two interpolation programs, namely CHIPP and 
DGP, has been investigated. 

The main difference between CHIPP and DGP is that CHIPP is based on a fitting 
technique using Chebyshev polynomials, while DGP is an interpolation technique using a 
spline interpolation method. The benefit of CHIPP is its capabilty to smooth experimental 
noise. A disadvantage of this technique lies in the fact that for a randomly distributed ve
locity field largeerros are made near the domain boundaries. DGP is much more accurate, 
but causes many spurious oscillations in the vorticity. 

The best results are obtained by using a combination of the two techniques. Therefore 
the following procedure has been used to analyse the experimental data: (i) add zero 
velocity veetors to the boundaries, (ii) use DGP to calculate the interpolated velocity field 
and the stream function on a regular grid and (iii) use the interpolated velocity field of DGP 
as an input for CHIPP to smooth the function and to calculate the vorticity distribution. 
The integral quantities, such as energy, enstrophy and angular momentum, are calculated 
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by DGP (for more details see chapter 4). 

Self-organisation of 2D-turbulence 

The self-organisation of decaying quasi-2D turbulence with rigid boundaries has been stucl
ied by performing laboratory experiments in a rectangular container filled with a two-layer 
stratified fluid. The aspect ratio 8 ( = L / D with L the length and D the width of the 
container), the Reynolds number of the flow and the amount of net angular momenturn 
induced in the initial (ILol) flow have been varied. 

After initially forcing the fluid with a grid, the flow organises into a linear array of 
vortices. The number of vortices in this configuration roughly equals the aspect ratio of 
the container. However, for all experiments with ILol = 0 the exact form of the final state 
appears to be unpredictable. In such experiments small disturbances in the flow evolution 
can lead to a different final state. Most experiments show a final state consisting of a 
row of vortices with alternating sign. In these cases the net angular momenturn remains 
approximately zero. In some cases (with ó = 2) one strong vortex dominates the flow 
and the net angular momenturn grows with time. This spontaneous growth of angular 
momenturn has also been observed in numerical simulations of decaying 2D turbulence 
in a square container with no-slip boundary conditions [5]. Another problem arising in 
the experiments with zero net angular momenturn in the initial flow is the appearance of 
internal waves. During this stage, the self-organisation process is generally very hard to 
abserve and the energy decay is enhanced. 

For experiments with ILo I =I= 0 the results are different. For those experiments the final 
structures are more consistent and no internal waves are observed. Beside the formation 
of small-scale vortices the grid induces a large-scale motion in the fluid, which has a major 
influence on the flow evolution. For aspect ratios 8 = 2 and ó = 3 (if the amount of net 
angular momenturn in the initial flow is large enough) the flow evolution results in a final 
structure consisting of three vortices with alternating signs of which the middle vortex is 
formed due to the roll up of the large-scale motion. The other two vortices are formed 
due to the adveetion of oppositely signed vorticity generated near the boundaries, owing 
to the no-slip boundary conditions. In other cases (aspect ratio 8 = 3 with a low net 
angular momenturn and higher aspect ratios) the large-scale motion does not roll up into 
one vortex, but breaks up into several vortices. The number of vortices formed in the final 
state depends on the position where the large-scale motion starts to break up. Also, the 
net angular momenturn decreases with time. After the large structures are formed the net 
angular momenturn remains constant. 

Dye visualisations have shown another difference between experiments with ILol = 0 
and !Lol =I= 0. For the experiment with ILol = 0, dye injected in alinealong the short wall 
of the container, remains along the wall for a long time. The dye starts to move into the 
interior of the domain after large-scale vortices have been formed. For the experiment with 
ILol =I= 0 the situation is different. Because of the large-scale motion superimposed on the 
small-scale vortices, dye is transported fast to the other side of the container. 
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6.2 Recommendations 

In this report, certain aspects of the problem have not been stuclied due to the limited 
available time for a project like this. Also, every solved problem raises new questions. 
In order to gain more insight in the problems described in this thesis further research is 
necessary. Therefore, some recommendations are given here. 

• A question remairring after this project is whether the observed final states are only a 
consequence of the self-organisation process or a combination of the self-organisation 
process and the decay of viscous eigenmodes [6, 18]. Further research is necessary to 
distinguish those two phenomena. 

• From previous studies [10], it was expected that the position of the vortices in the 
final state should oscillate. This oscillation of the vortices has not been observed in 
the experiments. Further research is necessary to explain this difference. 

• A problem arising during the performed laboratory experiments was the appearance 
of internal waves during the experiment. Owing to this it was sametimes very hard to 
see the self-organisation process during this period. The appearance of internal waves 
can be avoided by just stirring with one or two rods, making a zigzagging motion. 
Then the self-organisation process can be observed during the whole experiment. 

• For the performed laboratory experiments the initial disturbance was not instanta
neous. Other possible experimental set-ups, such as experiments in which the flow is 
forced by magnets, can disturb the initial flow instantaneously. 

• A quasi-two-dimensional flow can also be generated in the laboratory in a fluid that 
is brought into a solid-body rotation. In this case one has to deal with surface 
gravity waves in spite of internal gravity waves. Those waves disappear much faster. 
However, background rotation causes other 3D problems, such as Ekman boundary 
layers and secondary circulation. 

• In this research only integer values of the aspect ratio 6 have been used. It would 
be interesting to investigate the influence of non-integer aspect ratios on the flow 
evolution. Alsoother shapes of the container, like an elliptical container, can be used 
to investigate the self-organisation of 2D turbulence. 
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Appendix A 

Graphs 

A.l Contents 

In the following sections the complete series of the graphs, which have been obtained from 
the tests of CHIPP and DGP will be given. From these series some examples have been 
shown in chapter 4. 

The graphs presented in section A.2 illustrate the effect of different number of data 
points ( N), different number of grid points ( G), different number of zero velocity veetors 
(Z) and different fractions with data points (h) on the performance of CHIPP and DGP 
for the velocity (u, v ), the vorticity (w ), the divergence (D), the energy (E), the enstrophy 
(V) and the angular momenturn (L) for randomly-located velocity vectors. Insection A.2.1 
the results of CHIPP are shown and in section A.2.2 the results of DGP. In section A.2.3 
CHIPP is compared with DGP. 

The graphs presented in section A.3 illustrate the effect of different Z and different h 
on the performance of CHIPP fora regularly distributed velocity field (N = 225, G = 900). 

In section A.4 the results for a velocity field with 10% noise ( G = 900, h = 1) are 
presented. First the results of CHIPP (section A.4.1) are shown, next (section A.4.2) the 
results of DGP and in section A.4.3 the results of CHIPP and DGP are compared. 
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A.2 Tests with randomly-located velocity veetors 

A.2.1 Results of CHIPP 
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Figure A.l: CHIPP performance analysis of field 1. RMS error functions f, g and k (!ram 
left to right) in u, V and w (from top to bottom} as a function of N, Z, G and h. Each 
point is an average of 5 tests. 
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A.2.2 Results of DG P 
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Figure A.5: Results of vorticity, stream function, divergence, b.u, b.v and b.w for the 
velocity veetors in figure 4.3.c (N = 200, h = 1) for (a) CHIPP (Z = 0}, (b) DGP 
(Z = 0}, (c) CHIPP (Z = 10} and (d} DGP (Z = 10}. 
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Figure A.6: Results of vorticity, stream function, divergence, 6..u, 6..v and 6..w for N = 200 
and h = 0. 7 of field 1 for (a) CHIPP (Z = 0}, (b) DGP (Z = 0}, (c) CHIPP (Z = 15) 
and (d) DGP (Z = 15). 
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Figure A.7: Results of vorticity, stream function, divergence, ~u, ~v and ~w for velocity 
fields of field 2 for (a) CHIPP (N = 100, Z = 20, h = 1), (b) DGP (N = 100, Z = 20, 
h = 1), (c) CHIPP (N = 400, Z = 20, h = 1) and (dJ DGP (N = 400, Z = 20, h = 1). 
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Figure A.8: Results of vorticity, stream function, divergence, 6.u, 6.v and 6.w for velocity 
fieldsof field 2 for (a) CHIPP (N = 400, Z = 20, h = 0.7), (b) DGP (N = 400, Z = 20, 
h = 0.7), (c) CHIPP (N 400, Z = 20, h = 0.5) and (d) DGP (N = 400, Z = 20, 
h = 0.5). 
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A.3 Tests with regularly distributed velocity veetors 

A.3.1 Results of CHIPP 
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Figure A.9: CHIPP performance analysis of field 1. (RMS) error function k zn u, v, 
w, D, E, V, L1 and L 2 as function of h and Z for a regularly distributed velocity field 

(N = 225, G = 900). 
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Figure A.lO: Results of vorticity, stream function, divergence, ~u, ~v and ~w for a 
regularly distributed velocity field (N = 225, h = 0.6) of field 1 for (a) CHIPP (Z = 0} and 
(b) CHIPP (Z = 10}. 
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A.4 Tests with 10% noise on the velocity veetors 

A.4.1 Results of CHIPP 
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Figure A.ll: CHIPP performance analysis of field 1. (RMS) error function g in u, v, w, 
D, E, V, L1 and L2 as function of N and Z for a velocity field with 10% noise. Each 
point is an average of 5 tests (G = 900, h = 1). 

81 



A.4.2 Results of DG P 
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A.4.3 CHIPP vs. DGP 
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Figure A.13: Results of vorticity, streamfunction, divergence, Llu, Llv and Llw fora velocity 
field with 10% noise on the velocity veetors of field 1 (N = 200, h = 1} for (a) CHIPP 
(Z = 0}, (b) DGP (Z = 0}, (c) CHIPP (Z = 10} and (d) DGP (Z = 10}-
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Appendix B 

Technology Assessment 

The field of geophysical fiuid dynamics studies the behaviour of large-scale fiows in the 
atmosphere and the oceans on Earth. Large-scale geophysical fiows are in good approxima
tion two-dimensional. Coherent vortex structures are common features of quasi-geostrophic 
or two-dimensional fiows. In the oceans and in the atmosphere, vortices are abundant. The 
importance of this subject lies in a variety of applications: e.g. the prediction of the paths 
of hurricanes, the spreading of pollutants in the atmosphere, for instance, the atmospheric 
spreading of radioactive elements after the Chernobyl catastrophe and the understanding 
of periodic passage of warm water along the tropical Pacific and the western coast of South 
America: the well-known El Niîio effect. Also, some atmospheres of other planets show 
the occurrence of coherent long-lived vortex structures. 
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