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Voorwoord 

Tijdens dit afstudeerwerk, dat bijna een jaar in beslag heeft genomen, is de evolutie van 
geïsoleerde wervels bij verschillende aspect-ratio (hoogte-diameter verhouding H / d) onder
zocht. De motivatie voor dit onderzoek wordt uitvoerig besproken in hoofdstuk 1; hier zal ik 
mij beperken tot enkele opmerkingen terzijde. 

Het afgelopen jaar, dat leidde tot de afsluiting van mijn studie Technische Natuurkunde, 
was leerzaam en in vele opzichten bijzonder boeiend. Dit werk had echter niet tot stand 
kunnen komen zonder de hulp en steun van vele mensen. Ten eerste gaat mijn dank uit 
naar GertJan van Heijst, mijn afstudeerbegeleider en hoogleraar, voor zijn supervisie over dit 
onderzoek, zijn steun en alle nuttige tips. Ook tijdens het schrijven van dit verslag was zijn 
commentaar onmisbaar. Ten tweede dank aan alle medewerkers, promovendi en medestuden
ten van werveldynamica voor al hun hulp bij het oplossen van de vele kleinere problemen, de 
nuttige discussies, maar ook voor de plezierige werksfeer en de gezelligheid. Een bijzonder 
woord van dank voor Gert van der Plas voor zijn hulp bij de diverse computerproblemen, on
dersteuning van Diglmage, zijn initiatief voor het studenten-overleg en zijn geduld betreffende 
mijn eeuwig gezeur over (het gebrek aan) diskruimte en (de traagheid van) het netwerk. 

Vervolgens speciale dank aan Paolo Orlandi en Roberto Verzicco voor het beschikbaar 
stellen van hun numerieke code en de uitleg daarvan, en voor hun gastvrijheid tijdens mijn 
verblijf in Rome. Tenslotte ben ik nog dank verschuldigd aan mijn familie, vrienden en uit
eraard aan mijn ouders, voor al hun steun en vertrouwen gedurende de afgelopen jaren. 

Maurice Satijn, 
Eindhoven, 15 oktober 1998 



Samenvatting 

In dit afstudeerwerk is de evolutie van monopolaire geïsoleerde wervels in een roterende 
vloeistof bestudeerd voor verschillende waarden van de aspect-ratio 11 (hoogte-diameter ver
houding; 11 = H/d). Dit is gedaan door het uitvoeren van zowel laboratoriumexperimenten 
als numerieke simulaties. De relevantie van dit onderzoek kan worden gezien in een ruimer 
kader, namelijk het beter begrijpen van geofysische stromingen in het algemeen. 

In het laboratorium werden de experimenten uitgevoerd in een roterende tank, waarin 
geïsoleerde wervels gemakkelijk geproduceerd kunnen worden met behulp van de 'roer'-metho
de. Deze wervels kunnen barotrope instabiliteit ondergaan, die ervoor zorgt dat deze wervels 
tranformeren naar multipolaire structuren zoals de tripooL Overigens zijn alleen cyclonale 
wervels bestudeerd, d.w.z. wervels met eenzelfde rotatiezin als de achtergrondrotatie. 

In laboratoriumexperimenten is waargenomen dat voor verschillende waarden van 11 het 
instabiliteitsgedrag verschillend is. Afhankelijk van de aspect-ratio 11 werden diverse evolutie
scenario's waargenomen, zoals tripoolvorming, dipool-splitsing, dipool-monopool splitsing en 
driehoekswervel- ofwel quadrupoolformatie. 

Het is gebleken dat bodemeffecten, ofwel de effecten van de daar aanwezige Ekman 
grenslaag, verantwoordelijk zijn voor deze verschillende evoluties. Door niet-lineaire Ekman
pompwerking kan de steilheid van een vorticiteitsprofiel van een wervel, een belangrijke param
eter in het instabiliteitsgedrag, verhoogd worden. Dit kan begrepen worden met behulp van 
de analytische vergelijkingen die dit probleem beschrijven. Uit partiele tracking experimenten 
bleek dat de verandering van deze steilheidsparameter inderdaad aspect-ratio afhankelijk is, 
hetgeen het optreden van de verschillende scenario's verklaart. 

Numerieke experimenten werden uitgevoerd met behulp van een 3D eindige differentie 
code die de mogelijkheid heeft stromingen aan no-slip wanden te simuleren. De effecten die in 
het laboratorium werden waargenomen, de aspect-ratio afhankelijke evolutie van de wervels, 
zijn ook te zien in de numerieke simulaties. Overigens lieten simulaties met een free-slip1 

bodem juist geen aspect-ratio afhankelijke evolutie zien, hetgeen bevestigd dat dit inder
daad een bodemeffect is. Ook in de simulaties werd het effect van aspect-ratio afhankelijke 
steilheidsverandering waargenomen. 

1 Alhoewel dit in principe een stress-free wand is, zal hier steeds de term free-slip worden gebruikt. 
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Abstract 

In this thesis the evolution of isolated monopolar vortices in a rotating fl.uid is studied with 
respecttotheir height-to-width aspect ratio 11 (=H/d). This was done by performing both 
laboratory experiments and numerical simulations. The relevanee of this research can be seen 
in a somewhat broader view, namely gaining more insight in geophysical fl.ows in generaL 

In the laboratory, the experiments were carried out in a rotating tank system, in which 
isolated vortices can be produced very easily by applying the 'stirring' method. The vortices 
created in this way may undergo barotropic instability which makes them transform to mul
tipolar structures such as the tripole. Besides, only cyclonic vortices, i.e. vortices with the 
same sense of rotation as the background rotation, have been studied. 

In the laboratory experiments the instability behaviour was found to be different for 
varying values of the aspect ratio 1-l· Depending on the value of /1, several evolution scenarios 
were observed, such as tripole formation, double dipole splitting, dipole-monopole splitting, 
and the formation of a triangular vortex. 

Bottom effects, i.e. the effects of the Ekman boundary layer, were found to be responsible 
forthese different behaviours. Due to non-linearEkman pumpingthe steepness ofthe vorticity 
profile, which is a very important parameter in the instability behaviour of these vortices, can 
be increased. This effect can be understood by consiclering the analytica! equations descrihing 
this problem. From partiele tracking experiments, the changing of this steepness was indeed 
found to be aspect-ratio dependent, which explains the different observed evolution scenarios. 

Numerical experiments were performed using a 3D finite difference code, which has the 
possibility of including no-slip walls. The effects seen in the laboratory, the aspect ratio 
dependent evolution of the vortices, was also observed in the simulations. Besides, simulations 
with a free-slip2 bottorn showed no aspect ratio dependent evolution, which confirms that 
this is indeed a bottorn effect. In the simulations, the effect of 11-dependent steepening of the 
vorticity profile was also found. 

2 Although this is in principle a stress-free boundary, it will he referred to as free-slip here. 
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Chapter 1 

Introduetion 

Vortex structures, sometimes called eddies, play an important role in nature. Vortices occur 
in a large range of sizes as well as in a large range of time scales. Within the context of 
geophysical fiuid dynamics, a substantial part of the research interest is devoted to the study 
of the dynamica! properties of vortex structures, whose motions are significantly infiuenced 
by the Coriolis force due to Earth's rotation. Due to this so-called background rotation, 
the large-scale motions in the atmosphere and the oceans can, in good approximation, he 
considered as two-dimensional. An important feature of such quasi-2D geophysical fiows is 
the existence of coherent vortex structures, which are important in the transport of e.g. salt, 
heat, biochemical components and pollutants. 

The most common vortex structure is the monopole, but more complicated structures, 
like dipoles and tripoles, do also exist. Examples of coherent vortices on Earth are high and 
low pressure areas in the atmosphere (monopoles) and Gulf Stream rings in the ocean. In 
figure 1.1 a satellite observation of a tripolar vortex in the Bay of Biscay1 is shown. A well
known example of an atmospheric vortex structure on another planet is the Great Red Spot 
of Jupiter, which is in fact a huge elliptical monopolar vortex. 

Over the past decades, a lot of research was devoted to coherent vortex structures in quasi-
2D fiows. This work consisted of laboratory experiments as well as numerical simulations, 
both aimed at gaining a better insight in for instaneetheir dynamics, their mutual interaction 
behaviour, instability properties and effects of bottorn topography. 

The present report describes a study of the evolution of barotropic vortices for varying 
values of the ratio of the vortex height H and width d, i.e. the vortex aspect ratio JL=H / d. 
The attention will he restricted to the evolution of so-called cyclonic isolated vortices, which 
are defined as circular vortex structures with zero net vorticity. Besides, a vortex is called 
cyclonic if it has the same sense of rotation as the background vorticity and anticyclonic if its 
rotation senseis opposite. A well-known property of axisymmetric isolated vortices, consisting 
of a core vortex surrounded by an annulus of oppositely signed vorticity, is the 2D barotropic 
instability which, under certain conditions, makes the initially monopolar vortex transform 
to several kinds of multipolar structures like, for instance, dipolar and tripolar vortices. 

The vortices are stuclied in a domain with a no-slip wall at the bottorn and a free-slip upper 
boundary (free surface). If now the value of the aspect ratio JL is decreased, one expects the 
infiuence of bottorn effects, and thus the infiuence of the Ekman boundary layer, to become 

1 Source: Pingree & Le Cann [18]. 
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Figure 1.1: Satellite infrared image of an anticyclonic tripolar vortex observed in the Bay of 
Biscay. From [19]. 

more and more important . For relatively high Rossby number Ro, the squeezing of vortex 
tubes of positive vorticity and the stretching of tubes with negative vorticity by the Ekman 
layer occurs at a different rate. As a consequence, the spin-down of positive and negative 
vorticity is different. For a cyclonic (anticyclonic) isolated vortex, in the case of non-linear 
Ekman dynamics, this results in higher (lower) gradients in the vorticity profile and thus to a 
changing steepness of the profile, which is an essential parameter in the instability behaviour. 

Labaratory experiments on the evolution of isolated vortices for an aspect ratio of about 
J.L=l.O were performed by Kloosterziel & van Heijst [12] in 1991. They found a remarkable 
difference in the behaviour of cyclonic and anticyclonic vortices. While a cyclonic vortex 
showed a barotropic wavenumber 2 instability resulting in the formation of a stabie tripole, 
the anticyclonic vortex split up into two dipoles. The two instability properties of these 
vortices which are responsible for this behaviour are barotropic instability, which has already 
been mentioned before, and centrifugal instability. In the laboratory, cyclonic vortices are 
usually centrifugally stable, while anticyclones are mostly centrifugally unstable. lt is the 
centrifugal instability which causes the anticyclone to show 'double dipole' instability instead 
of tripale formation. 

Orlandi & Carnevale [15] investigated the influences of centrifugal instability as wellas the 
influence of the Ekman boundary layer on barotropic instahilities in a numerical study. lt was 
already found that centrifugal instability enhances vorticity gradients and can thus trigger 
barotropic instability. The Ekman boundary layer was found not to he essential to these 
instabilities, although it can strongly modify the evolution. As mentioned before, a very 
important parameter in the evolution of isolated vortices is the vorticity profile steepness 
parameter a. Due to non-linear Ekman effects and centrifugal instability this value can he 
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changed as described before. For Ekman effects this will depend on the aspect ratio of the 
vortex, since the induced vertical velocity depends on the Ekman number, which is dependent 
on the height H of the fluid column. The fact that the evolution of the vortices due to the 
purely 2D barotropic instability is altered by essentially 3D effects, namely Ekman pumping 
and centrifugal instability, makes this problem very intriguing. 

The main goal of the present project is to investigate the vortex behaviour for varying 
values of the aspect ratio J-L, and to gain more insight in the underlying mechanisms. The 
investigation consists of a combination of laboratory experiments and numerical simulations. 
Laboratory experiments were carried out in a rotating tank system, in which isolated vortices 
were created by the so-called stirring method (see e.g. [11]). In the laboratory, the flow 
was visualised by using either fluorescent dye, to obtain qualitative information about the 
evolution of the flow, or tracer particles fioating on the surface of the fiuid, to obtain more 
quantitative data (using Diglmage software, see Dalziel [5]). 

In addition to the performed laboratory experiments, numerical experiments have been 
performed using a 3D finite difference code developed by Verzicco and Orlandi [23]. This 
code solves the Navier-Stokes equation in cylindrical coordinates using a third-order Runge
Kutta scheme. 1t has been used successfully for several kinds of numerical simulations, for 
instanee in studies of baroclinic and barotropic instahilities ([24],[15]). By performing the 
flow simulations, 3D visualisation of the flow field is possible, which is more difficult in the 
laboratory. Another advantage is that it allows perfect control over the initial conditions (e.g. 
initial Ro-number and steepness parameter a). 

The rest of this paper is organised as follows: chapter 2 treats the equations of motion 
in a rotating system, vorticity, potential vorticity and Ekman boundary layers. In chapter 
3, a model for the isolated vortex is discussed and the barotropic and centrifugal instability 
properties of isolated vortices are treated. A description of the experimental set-up, visuali
sation of the flow and the results of the performed laboratory experiments are presented in 
chapter 4. Some aspects of the numerical code are briefiy discussed in chapter 5, while the 
performed numerical experiments are described in chapter 6. Finally, conclusions and some 
recommendations are given in chapter 7. 
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Chapter 2 

Geophysical flows 

2.1 Introduetion 

Two essential features of geophysical flows, occurring in the atmosphere and the oceans, are 
the presence of background rotation and stratification. In the present investigation barotropic 
vortices will be studied, for which only the effects of background rotation are important; 
baroclinic effects will not be encountered, so density stratification (V' p # 0) will not be 
discussed here. 

In this chapter some of the basic properties of flows with background rotation will be 
discussed. First, in section 2.2, the equations of motion, circulation, vorticity and some 
important features of motions in a rotating system will be treated. Also the potential vorticity, 
a very important quantity in geophysical fluid dynamics, will be introduced here. Then, in 
section 2.3, the Ekman boundary layer, which is fundamentally different from a boundary 
layer in a non-rotating environment, and its influences will be discussed. A list of symbols 
which are commonly used in this and the following chapters can be found in appendix A, while 
some vector identities and integral theorems that will be used in some of the derivations are 
listed in appendix B. 

2.2 Governing equations 

2.2.1 Equations of motion 

In general, the motion of a Newtonian fluid is governed by the laws of conservation of mass 
and momentum. For an incompressible fluid conservation of mass gives: 

V'· v = 0. (2.1) 

This equation is commonly referred to as the continuity equation. The law of conservation 
of momenturn can be obtained by consiclering the acceleration of fluid elements by different 
farces and yields: 

av (- ")- ln n2- --+ v· v v=--vp+vv v+g. at P 
The latter equation is the well-known Navier-Stokes equation. 
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Figure 2.1: Rotating frame of reference. 

2.2.2 Equations of motion in a rotating frame 

As mentioned before, the background vorticity has an important effect on geophysical flows. 
For these flows, it is convenient to consider the equations of motion in a rotating system 
and thus to describe the flow in terms of motions relative to this background rotation. In 
a rotating frame of reference the equations of motion change. Consider an inertial frame I:' 
with position vector r'. If the position vector in a frame I:, rotating steadily with angular 
frequency !1 is r (see figure 2.1), the relationship between the veloeities v' and v yields: 

-+1 - -+ -v =v+!lxr. (2.3) 

Calculating the second time derivative gives the acceleration a I: 

a'= ddv + 2Ö x v + ö x ö x r =a+ 2Ö x v- V'( ~n2 r 2 ). 
t 2 

(2.4) 

Here, two additional terms arise: the term 2Ö x v represents the Coriolis acceleration and 
the term Ö x Ö x r, which can be written as (see B.2) -V'(~!12 r 2 ), with r the distance from 
the rotation axis, represents the centrifugal acceleration. It is useful to introduce the reduced 
dynamica! pressure PR, which is defined as: 

PR = P- Pstat 
1 2 2 

Pstat = -pil!gr + 2p!1 r · (2.5) 

It is clear that the reduced pressure PR is the pressure due to the relative motion, since Pstat 
is the pressure present in the case of relative rest. Substituting (2.4) and (2.5) into (2.2) gives 
the Navier-Stokes equation in a rotating frame: 

av ( _ ) _ r; _ 1 .,2 _ 
-
8 

+ V · \7 V + 2H X V = --\7 p R + V v V. 
t p 

(2.6) 

In order to gain more insight in the relative importance of each term, it is useful to non
dimensionalise this equation. This is done by using the following non-dimensional quantities 
(indicated by hats): 

i 
t =-n PR = p!lLUfJR, (2.7) 
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with L and H characteristic length scales in horizontal and vertical direction, respectively, 
and U a typical value of the velocity. Two different length scales LandHare used insteadof 
one, since these scales are not necessarily the same. It is useful to introduce an aspect ratio 
JL, which is defined as JL = H / L. The non-dimensional N avier-Stokes equation thus yields: 

-av - ".. - - - ,., "'2-
-A + Ro(v · V')v + 2k x v = -V'fJR + E\7 v. at (2.8) 

Here, kis the unit vector in z-direction, the axis ofrotation. Further, Ro and E are the Rossby 
and Ekman numbers, which indicate the relative importance of the inertial and viseaus farces 
to the Coriolis force, respectively, and are defined as: 

u 
Ro= OL 

V 

E = OH2. (2.9) 

Sametimes the Rossby number Ro is defined in a slightly different way, namely as the ratio of 
the relative vorticity of the flow and the 'vorticity' of the rotating system (Ro' = 20 = ~Ro). 

Now consider the following, more simple situation. In the case of stationary flow (%t = 0), 
a small Rossby number (Ro ~ 1) and small viseaus effects (E --t 0) the motion is described 
by: 

2k x v= -\lp. (2.10) 

Here, and further, the non-dimensional quantities -ö and p R are written as v and p (dropping 
the hats for brevity). A flow described by the latter equation is called 'geostrophic' and is 
obviously governed by a balance of the pressure gradient and the Coriolis force. Since these 
farces bath act perpendicular to the flow, the streamlines of these geostrophic flows coincide 
with isobars. By taking the curl of (2.10) one obtains: 

av 
8z = O. (2.11) 

The latter equation expresses that the flow is independent of the axial coordinate z and thus 
two-dimensional. This result is commonly known as the Taylor-Proudman theorem. As a 
consequence, any turbulent, initially three-dimensional motion introduced in such a rotating 
system will eventually become two-dimensional1 . This two-dimensionalisation of the flow 
results in the emergence of coherent colurnnar vortex structures. 

Another special type of flow arises for Ro » 1. In that case there is a balance between 
the pressure gradient and the centrifugal force. This balance is called cyclostrophic flow. For 
intermediate Rossby numbers Ro ~ 0(1) the situation is more complicated. In that case the 
flow will be governed by balances between all the three farces ( the Coriolis and centrifugal 
force and the pressure gradient). 

2.2.3 Circulation and vorticity 

Sametimes it is more convenient to describe the flow in terms of circulation and vorticity. 
The circulation r of a flow is defined as: 

r = fc v· ds, (2.12) 

1In principle, no time derivatives are included in the Taylor-Proudman theorem, so this two
dimensionalisation cannot be a direct consequence of the Taylor-Proudman theorem. However, this processis 
commonly explained this way. This problem was investigated by Carnevale et al. [3]. 
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with the integral evaluated along a closed material contour C. The vorticity w of a flow is 
defined as: 

w =V' x v. (2.13) 

This mathematically defined quantity can be physically interpreted as the sense of rotation of 
the individualfluid elements. The relationship between r and w can be obtained by applying 
Stokes' integral theorem (B.4) to (2.12) and (2.13), which yields: 

r = j L (w. ii)dA. (2.14) 

Here A is any surface enclosed by the contour C and ii is a unit vector perpendicular to that 
surface. Equation (2.14) expresses that the circulation of a flow with respect to a contour 
C equals the 'flux' of vorticity through the surface A enclosed by C. For an inviscid, non
rotating, barotropic flow the circulation is a conserved quantity, so: 

Df =O. 
Dt 

(2.15) 

The latter equation is known as Kelvin's circulation theorem, which expresses that, under 
the conditions mentioned above, an irrotational flow remains irrotational and also that a 
vortex tube has a constant strength. In general, the vorticity equation in an inertial frame, 
which describes the change of vorticity due to different effects, can be obtained by taking the 
curl of equation (2.2), and is given by: 

Dw ( _ 'tï) _ _'tï _ V' P x V'p 't""72 _ 
- = W · V V - W V • V + + V V W. 
Dt p2 

(2.16) 

The first two terms on the right hand side represent vorticity production due to stretching, 
squeezing and tilting of vortex tubes. The third term expresses baroclinic vorticity production 
and the fourth diffusion of vorticity due to viscous effects. 

As can be expected, the situation in a rotating frame is slightly different. The rate of 
change of r for inviscid, barotropic flows is now given by: 

Dr = -2 1 (n x v). ds. 
Dt Je (2.17) 

This equation expresses that, in general, a motion in a rotating system changes the circulation. 
For instance, for a low pressure area the Coriolis force will deflect the initial radially-inward 
motion and thus changes the circulation of the flow, which results in the emergence of a 
cyclonic motion. 

Now the vorticity equation in a rotating frame can be obtained by taking the curl of (2.6) 
and thus yields: 

Dwa _ (- . 'tï)- __ 'tï. _ \i'p x \i'p 't""72 _ 

D 
- Wa V V Wa V V + 2 + V V Wa· 

t p 
(2.18) 

Here Wa is called the absolute vorticity of the flow and is defined as the sum of the relative 
vorticity w and the background vorticity 2n, so that wa = w + 2n. The latter equation with 
Wa has the same form as the equation in a non-rotating frame with w (2.16). Note that, 
in a rotating, quasi-2D system, the vorticity has only an axial component: w=(O,O,w) and 
Wa=(O,O,wa) with Wa = W + 20. 
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r=O 

Figure 2.2: Parabalie shape of the free surface of a rotating fiuid. 

2.2.4 Potential vorticity 

An important quantity in geophysical fiuid dynamics is the potential vorticity q, which is here 
defined as: 

w+f 
q=~, (2.19) 

with f the Coriolis parameter. On Earth, a rotating sphere, the Coriolis parameter is depen
dent on the geographic latitude </J, according to: 

f = 20sin</J. (2.20) 

For relatively smali-scale motions ( < 100 km), f may assumed to be constant, which means 
f = Jo = 20 sin <Po, with <Po a reference latitude. For larger scales, a better representation 
is given by the ,8-plane approximation. In this case, the Coriolis parameter is expanded in a 
Taylor series around <Po, resulting in: 

f =Jo+ ,By, (2.21) 

with y the geographic latitude and ,8 given by ,8 = 20 cos <Po/ R. As can be seen, ,8 varrishes 
at the poles and the quadratic term has thus to be taken into account there. This results in 
the so-called ')'-plane approximation, with f given by f = Jo + ')'y2. 

Now return to the potential vorticity defined in (2.19) It is possible to prove that the 
potential vorticity, as defined above, is a conserved quantity (see, e.g. [7] or [17]), so: 

Dq = !!.__ (w + f) = O. 
Dt Dt H 

(2.22) 

The existence of this theorem allows the simulation of the planetary ,8-effect in the lab
oratory by using a topographic bottorn in a rotating tank configuration (see e.g. van Heijst 
[9]). In the same way, the second-order ')'-plane approximation is simulated by a parabolic 
topography. In the laboratory such a topography is provided by the parabolic shape of the 
free surface (see figure 2.2): 

(2.23) 

with Ho the fiuid depth for r = 0, i.e. the centre of the rotation. 
Another effect is that squeezing or stretching can have a different effect on a vortex tube 

than in a non-rotating system. For instance, if a vortex tube of negative vorticity is stretched 
in a non-rotating system, its vorticity will become more negative, while in a rotating system, 
stretching of an anticyclonic2 vortex tube will result in increasing (become less negative) its 
vorticity. 

2For smal! Rossby numbers Ro < 1. 

15 



boundary layer 
z=H 

interior flow 

z=O 

Figure 2.3: Flow between two rotating disks. 

2.3 Ekman boundary layers 

2.3.1 Ekman layer at asolid boundary 

At asolid boundary a flow has to satisfy the viscous no-slip condition, which means that the 
velocity at the wall equals zero. The usually thin layers, which provide the adjustment of 
the flow from the so-called interior flow to v = 0 at the wall, are called boundary layers (see 
figure 2.3). 

In this section the so-called Ekman boundary layers, which are very different from bound
ary layers in a non-rotating system, and their effects on the interior flow will be discussed. 
Note that in a laboratory situation also boundary layers at the vertical walls of the domain 
are formed, beside the Ekman layers at the horizontal walls of the domain. However, these 
so-called Stewartson boundary layers do not actively influence the geostrophic interior flow 
like Ekman layers do. Since the vortices are stuclied within the interior domain, Stewartson 
layers will not be discussed here. 

First, return to equation (2.8). In the case of stationary flow and a small Rossby number 
this equation simplifies to: 

(2.24) 

An illustrative example displaying the mechanisms in an Ekman boundary layer is the fol
lowing (see [7]): consider the flow between two infinite parallel disks at z = 0 and z = H 
rotating around the same axis with angular veloeities n and !1(1 + c), respectively, with a 
small Rossby number, i.e. c « 1 (see figure 2.3). At some distance of the disks the flow 
will be quasi-inviscid and will thus be, according to the Taylor-Proudman theorem (2.11), 
governed by: 

avr = 0 az PI= Pr(x, y). (2.25) 

The index I refers to the interior domain; the index E will be used to label quantities 
within the Ekman layer. At both disks the flow has to satisfy the no-slip condition, so Ekman 
boundary layers are formed as mentioned above. The boundary conditions for the relative 
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velocity at the bottorn disk are thus: 

{ 
z = 0 

z=8 

u=v=w=O 
U= U[ V= V[ W = W[, 

(2.26) 

with 8 the boundary layer thickness, which is aften very small, so the horizontal scale is much 
larger than the vertical scale. One can thus make the following approximation concerning the 
z-derivative: 

ä 1 
-rv-»1 
äz 8 

Using this approximation, equation (2.24), written in components, becomes: 

ÖPE ä 2uE 
-2VE = --+E--

Öx äz2 ' 

OPE Ö2VE 
2uE = - äy + E äz2 ' 

0-- OPE EÖ
2
WE 

- äz + äz2 ' 

OUE OVE OWE 
äx + äy + 8z = O. 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

(2.31) 

It is assumed that uE, VE = 0(1) so, in view of the matching conditions, equation (2.31) 
implies WE = 0(8) « 1 and thus WE « UE, VE. Now, camparing (2.30) with (2.28) and 
(2.29) gives that as: « as:, as:, so that the pressure PE = PE(x, y) in the Ekman layer is 

equal to that outside the layer. Using the geostrophic balance ( -2VJ = -~ and 2u1 = -~ ), 
the equations (2.28) and (2.29) can now be written as: 

(2.32) 

(2.33) 

To solve this problem, it is convenient to describe the flow in terms of a complex velocity <1?. 

Define this complex velocity as: 

<]? = (uE- UJ) + i(VE- VJ). (2.34) 

In terms of this complex velocity the equations (2.32) and (2.33) can be combined into one 
equation for <1?: 

()2<]? 
E äzZ - 2i<P = 0. 

Now, the transformed boundary conditions are: 

{ 
z = 0 
~ ---+ 00 
/i 

The salution of this problem in terms of <1? yields: 

<1? =-(ui+ iv1) 
<]? ---+ 0. 

[
-(1 + i)z] 

<1? =-(ui+ iv1)exp E~ . 
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Figure 2.4: Ekman spiral (a) and velocity profiles (b) for the simplified salution (2.40)-(2.41). 

Rewriting the solution in terms of u and v gives: 

U E = U I - [U I COS ( J) + V I sin ( J)] exp (- J) , 
V E = V I + [U I Sin ( J) -V I COS ( J)] exp (- J) . 

(2.38) 

(2.39) 

1 
Here, 8 = E2 is the typical thickness of the boundary layer, whereas the physical thickness 
is given by 8E = H8. 

2.3.2 Ekman pumping 

In order to gain more insight in the structure of the Ekman boundary layer, we simplify the 
problem by taking VJ = 0 for z > 8 (zonal flow). For this case the solution obtained in the 
previous section becomes more simple and is now given by: 

u E = u 1 [ 1 - cos ( J) exp (-J)] , 
VE = UJ [sin (J) exp ( -J)]. 

(2.40) 

(2.41) 

In figure 2.4.b the velocity profiles of UE and VE from this Ekman solution are plotted. The 
solutions show an oscillating behaviour for u and v approaching the interior flow conditions 
(u= U, v=O), which is damped by the exp( -J) term. Note that the fact that there is a 
VE at all is obviously a Coriolis effect. In figure 2.4.a the veloeities UE and VE are plotted 
against each other in aso-called hodograph, which shows the charaderistic Ekman-spiral. A 
characteristic feature of this hodograph is the angle of 45° which the curve makes with VJ. 

The axial velocity can now be obtained from the continuity equation (2.31). lt follows that: 

wE ( z) = w I la z exp (- J) sin ( J) ds, (2.42) 
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Figure 2.5: Ekman pumping for (a) cyclonic and (b) anticyclonic flow. 

with s only used as integration parameter. For z » 8 the integral equals ~ so that: 

(2.43) 

The latter equation shows that the Ekman boundary layer induces a vertical velocity of order 
E~ which is proportional to the interior vorticity w1 . In general this Ekman suction condition 
is formulated as: 

(2.44) 

Here w B is the relative 'vorticity' of the bottorn disk, which will always he zero in our case. 
However, in general, the induced vertical velocity WJ is thus proportional to the difference in 
vorticity between the flow and the bottorn disk. So, fora cyclonic flow, which means WJ > 0, 
a vortex tube will he compressed due to the upward induced flow (see figure 2.5.a), while 
an anticyclonic vortex tube (wi < 0) will he stretched (figure 2.5.b). These compression and 
stretching processes are often referred to as Ekman blowing and Ekman suction. 

Due to conservation of potential vorticity this stretching and squeezing of vortex tubes 
results in a spin-down of these vortices. For instance, if a cyclonic vortex tube is squeezed, so 
H decreases, the relative vorticity w will also decrease. Note that the Ekman theory above 
is only valid for suflident low Rossby numbers Ro ~ 1. For higher values of the Rossby 
number (Ro ~ 1 or larger) the evolution and decay properties of vortices will he altered by 
non-linear effects. This can result in a non-uniform spin down of a vortex and can thus cause 
a deformation of its vorticity profile. 
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Chapter 3 

Isolated vortices 

3.1 lsolated vortex model 

An isolated vortex is a vortex structure with zero net circulation (r = 0). As mentioned be
fore, only axisymmetric vortices with a circular core of positive/negative vorticity surrounded 
by an annulus of oppositely signed vorticity will be considered here. The isolated vortices, as 
described here, can be modelled by using the following vorticity profile (see e.g. Carton et al. 
[4]): 

(3.1) 

Here, Wz is the vorticity relative to the background rotation, wo the maximum vorticity 
at r = 0 and p = }ia with R = -/'i() the typical horizontal length scale of the vortex. It is 
easy to prove that this profile has indeed zero net circulation: 

f = fooo 27rTWzdr = 0. (3.2) 

Further, the quantity a is the so-called steepness parameter of the vorticity profile. For 
three different values of a the profiles are plotted in figure 3.l.a. As can beseen in this figure, 
for larger a the profile becomes steeper and the annulus of negative vorticity more narrow. 
The minimum value for Wz in the annulus decreases and the distance Tmin, associated with this 
minimum value, moves towards the centre. The vorticity Wz changes sign for r = -/2()(~) 1/a, 
which is of course also a-dependent. 

The velocity profile corresponding with this vorticity field, which falls off faster than 1/r, 
is given by: 

(3.3) 

The velocity profiles for the three values of a are plotted in figure 3.l.b. Note that the core 
of the vortex (r < 0.5) is in good approximation in solid-body rotation since vo ~ wr, as can 
beseen in this figure. For highervalues of a, the maximum velocity increases and the profile 
falls off faster. 
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Figure 3.1: Vorticity and velocity profiles of the isolated vortex for a=3, a=4 and a=S. 

3.2 Instability of isolated vortices 

3.2.1 Barotropic instability 

The pure two-dimensional instability that, under certain conditions, makes an initially monopo
lar, axisymmetric vortex transfarm to several kinds of multipolar structures such as tripales 
( m = 2 instability) and triangular vortices ( m = 3 instability), will be referred to as barotropic 
instability here. In principle centrifugal instabilities, which will be discussed in the next sec
tion, are also barotropic, but are essentially 3D. An illustration of the barotropic instability 
process of an isolated vortex is shown in figure 3.2, for two different modes (m = 2 and 

m = 3). 
The barotropic instability problem can be treated by so-called normal mode analysis. In 

such an analysis, a small perturbation with time dependenee of the form eikt, with k the 
frequency of the mode, is added to the mean azimuthal velocity profile. The condition for 
exponential growth of a mode is thus Jm(k) < 0. Before applying normal mode analysis first 
return to the expression of conservation of potential vorticity (2.22): 

Dq = !!_ (Wz + 20) = O. 
Dt Dt H 

(3.4) 

Now introduce the streamfunction \[! which is, for pure azimuthal flow, defined by vo = 
-~'; and related to the vorticity by Wz = -\72 \[J. Forthese purely azimuthal fiows in a 
cylindrical coordinate system, the material derivative and the Laplacian of the streamfunction 
take the following form: 

D a vo a 
Dt = at + -:;: ae 
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Figure 3.2: Barotropic m = 2 and m = 3 instability modes. 

Substituting the previous expressionsin (3.4) and using the height independenee of the prob
lem gives : 

( a vo a) [ 1 ] at+--;: ae Wrr- ;-'llr + 2D = 0. (3.6) 

Now, normal mode analysis can be applied by perturbing the streamfunction '11 in the following 
way (see e.g. Morel & Carton [14]): 

W = 'ÎÎ + 'lf' = 'ÎÎ + <f>(r)eim(O-ct), (3.7) 

with 'ÎÎ the unperturbed streamfunction, w' the perturbation streamfunction and further m 
the waverrumher of the perturbation, c the phase velocity and k = me the frequency. Note 
that the amplitude of the perturbation is a function of r. In principle, by substituting (3.7) 
into (3.6), the condition Im(k) < 0 now gives a condition for instability for the different 
modes which could be solved. As can be understood, this condition will be very complex and 
one is almost forced to study these barotropic instahilities by numerical simulations. 

In order to examine which of the modes grows under which condition, a numerical stability 
analysis for the vorticity profile of (3.1) was performed by Orlandi & Carnevale [15]. The 
barotropic instability was triggered by adding a specific perturbation to the velocity profile 
of waverrumher m with an azimuthal dependenee given by cos( mB). If a random perturbation 
is preferred this was dorre by adding the following type of perturbation, by replacing p by p': 

(3.8) 

with 0 < 17 < 1 random numbers, different for every p, and p=0.25 the amplitude of the 
perturbation. This perturbation has its maximum effect where the vorticity profile changes 
sign. Note that the vortex remains isolated if any perturbations are assigned. 

It was found that for small values of the steepness parameter a the profile is linearly stable, 
which means that the vortex does not show a transformation into any multipolar state. For 
highervalues of a (> 1.85), or steeper vorticity profile, the waverrumher 2 perturbation starts 
to grow, which results in the formation of a tripole or, if the profile is steep enough, in double 
dipole splitting. For a> 3 it is possible to observe a growing m = 3 instability mode, resulting 
in a triangular vortex, also called quadrupole. In general, the steeper the profile, the larger 
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the number of modes that can grow. If three-dimensional aspectsof the flow could be ignored 
the evolution would depend on a and the nature of the perturbation (specific wavenumber m 
or random, i.e. containing all wavenumbers). Besides, there would be no difference between 
cyclones and anticyclones. However, in practical situations (laboratory), three-dimensional 
aspects of the flow, like Ekman pumping and centrifugal instability, can not be ignored and 
will significantly alter the evolution of the vortex. 

3.2.2 Centrifugal instability 

While the instahilities discussed in the previous section are purely two-dimensional, centrifugal 
instahilities are essentially three-dimensional. This centrifugal instability is characterised by 
three-dimensional overturning motionsin the form of coaxial vortex rings endreling the care. 
These vortex rings alternate in sign along the vertical direction (see Orlandi & Carnevale 
[15]). 

Centrifugal instability may eventually result in an increase of a or, in other words, in 
a steepening of the vorticity profile. Due to adveetion of fluid between each of these 'rib' 
vortices, either toward or away from the care, the average velocity profile is found to become 
steeper. The centrifugal instability criterion for axisymmetric manapolar vortices in a rotating 
flow yields (see Kloosterziel & van Heijst [12]): 

(vo + rn)(wz + 2f!) > 0. (3.9) 

Using the vorticity profile of (3.1) the instability criterion for the isolated vortex discussed 
here becomes: 

(3.10) 

Here N is the rotation number, which is defined as N = zn. This instability criterion will be 
Wz 

satisfied for rotation numbers in the interval [15]: 

a ( a+ 2) -1 < N < "2 exp --a- . (3.11) 

As can be seen in (3.11) both cyclones and anticyclones will be centrifugally stabie for suf
ficiently high rotation number (or small enough Ro). However, in many practical situations 
(in the laboratory, Ro ~ 2), cyclones are mostly centrifugally stabie while anticyclones are 
not. 
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Chapter 4 

Laboratory experiments 

4.1 Experimental set-up 

4.1.1 Rotating tank 

All laboratory experiments were performed in a rectangular perspex tank, filled with water, 
mounted on a rotating table (see figure 4.1). The dimensions of the tank are 1 x 1.5 m 2 and 
the maximum water depth is 25 cm. The table rotates counterclockwise around its axis with a 
constant angular velocity 0, which is variabie in the range 0.0 to 2.0 radjs. For all performed 
experiments 0 was chosen 0.5 rad/s, so that the Coriolis parameter f = 20 = 1.0 radjs. 
Care was taken that the water in the tank was in complete rigid-body rotation before any 
experiments were started. For our configuration, the so-called spin-up process of the water 
in the tank, i.e. the adjustment from initially absolute rest to the final state of solicl-body 
rotation, takes about 30 minutes. The experiments were recorded from above by a video 
camera corotating with the tank, so that only relative motions are observed. For a good 
image quality, the tank was illuminated from all sicles by TL. 

~----- to VCR 

TL lighting 

Figure 4.1: Labaratory set-up, the rotating tank. 
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Figure 4.2: Streak photography with Diglmage; the tripolar vortex. 

4.1.2 Vortex production 

There are several ways of producing different types of vortices in the laboratory. For instance, 
non-isolated vortices can be created by applying the 'sink' method (see e.g. [10]). This method 
consists of withdrawing fluid through a sink, e.g. by syphoning it through a thin tube: the 
initially radial flow towards the sink is soon deflected by the Coriolis force, so that a cyclonic 
vortex arises. 

The isolated vortices, whose evolution will be studied here, can be produced very easily by 
stirring the fluid in a hollow cylinder (inner diameter d=20 cm or d=10 cm) with a thin rod. 
The vortex created in this way will be isolated, since the no-slip condition at the cylinder's 
side wall requires that the flow within the cylinder has zero net vorticity according to (2.12) 
and (2.14). Immediately after the stirring process the flow is quite turbulent, so one has to 
wait for a certain time before releasing the vortex (typically 60 s), for the flow to reorganise 
itself and become quasi two-dimensional. The vortex is then released by lifting the cylinder 
vertically. This has to be done very carefully, since any horizontal movement of the cylinder 
will give the vortex structure linear momentum, which would result in the formation of a 
dipolar vortex structure. Then, in the case of cyclonic stirring, which means stirring in the 
same direction as n, one obtains a vortex with a core of positive vorticity surrounded by an 
annulus of negative vorticity. In the case of anticyclonic stirring, the vortex will have a core 
of negative vorticity, surrounded by an annulus of positive vorticity. 

4.1.3 Visualisation of the flow 

Visualisation of the flow can be done in several ways, for instanee by using fluorescent dye. 
Before stirring, dye is injected in the cylinder. After releasing the vortex the motion of the 
fluid originally within the cylinder, and thus the evolution of the vortex, can be studied. As 
will be seen, the vortex instahilities can be visualised very nicely in this way. 

In order to obtain more quantitative data from the flow , it is also possible to visualise the 
flow by sprinkling tracer particles on the surface of the fluid . In this case the flow field in the 
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entire tank can be visualised. After the experiment, the obtained video imagescan be analysed 
using Diglmage software (Dalziel, 1992 [5]), which is specifically designed for analysing two
dimensional flows in the laboratory. The Diglmage system uses a frame-grabber which grabs 
images from the video tape. Then, a matching algorithm is used which matches the particles1 

on two subsequent video images. In this way so-called partiele velocity files (PV-files) can be 
obtained, from which the vorticity distribution and the streamline pattem can be calculated. 
This process is called Partiele 'fracking Velocimetry. Diglmage also has the possibility of 
producing streak patterns of the flow. An example of such a streak image is given in figure 
4.2, containing a photograph of a tripole. It is clear that in this way only two-dimensional 
features of the flow can be measured. For a more detailed description of partiele tracking 
with Diglmage the reader is referred to van der Plas [19]. 

4.2 Experiments 

An overview of the performed experiments, together with a briefdescription of the observa
tions, is given in table 4.1. Dye experiments with d=20 cm ( # 1,2,3,4) have been performed 
for three different aspect ratios; the corresponding partiele experiments ( # 5,6) only for two 
different aspect ratios. Additionally, three dye experiments have been performed for d=10 
cm. The observations of all the experiments will be discussed more extensively in the next 
section. The Rossby number in the dye experiments could not be determined directly and 
measures approximately Ro ~ 2 - 3. Note that here the definition Ro = 20 is used. Note 
that in all the experiments the vortex was created in the centre of the tank, where the ')'-effect 
(see section 2.2.4) is minimaL It is known that off-centre produced vortices show an unsteady 
behaviour (Velasco Fuentes et al. [22]), which would be quite disturbing in our case. 

# Experiment Aspect ratio Observation 
1 Dye >0.50 'fripole formation ( m=2 inst.) 
2 Dye 0.25< /1 <0.5 0 Double dipole splitting 
3 Dye 0.25 'friangular vortex formation ( m=3 inst.) 
4 Dye <0.50 Dipole-monopole splitting 
5 Particles 0.75 'fripole formation 
6 Particles 0.25 Double dipole splitting 
7 Dye 0.50 'fripole formation 
8 Dye 1.00 'fripole formation 
9 Dye 1.50 'fripole formation 

Table 4.1: Labaratory experiments on cyclonic vortices with d=20 cm(# 1-6) and d=10 cm 
(# 7-9). 

1 Strictly spoken, the partiele images are matched, but we will refer tothese images as particles. 
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Figure 4.3: Sequence of images of a dye experiment (# 1} on a cyclonic vortex with aspect 
ratio J-L=O. 75, resulting in the formation of a tripolar vortex. 

4.3 Results 

4.3.1 Dye experiments with d=20 

• Cyclonic tripolar vortex (# 1) For aspect ratiosof J-L = H/d >0.50 (here J-L=0.75) 
the isolated vortex was found to transfarm into a tripole. This process is illustrated by 
the sequence of six video images at different times (between t=O s and t=lOO s) shown 
in figure 4.3. At t=O s the vortex was just released by lifting the cylinder. As can 
be seen in this first picture, some three-dimensional turbulent motion is generated by 
lifting the cylinder. Due to these 3D turbulent motions a random perturbation, both 
in radial and in axial direction, is added to the mean azimuthal velocity profile. The 
perturbations decay and the barotropic most unstable mode starts to grow. Here, the 
following two images show a growing barotropic m=2 instability, resulting in a fully 
developed tripolar vortex for t=60 s. The tripale consists of a core of positive vorticity 
with an elliptical shape surrounded by two satellites of negative vorticity at its langer 
si des in a linear arrangement. Further, the satellites are connected to the co re by two 
filaments, as is clearly visible in the last two pictures. In the last picture entrainment of 
undyed fiuid between the core and the satellites is clearly visible. As a whole, the tripolar 
structure shows a rotation around its core axis with a constant angular velocity. The 
tripale formation was already observed befare and the characteristic features of tripolar 
vortices in a rotating fiuid are more extensively described by van Heijst et al. [8]. 

27 



t=Os t=15s t=20s 

t=25s t=30s t=40s 

Figure 4.4: Sequence of images of a dye experiment ( # 2) on a cyclonic vortex with 11=0.40, 
resulting in double dipale splitting. 

• Cyclonic double-dipole-splitting ( # 2) 

In contrast to the previously described transformation into a stabie tripolar vortex, 
the evolution of the isolated vortex for aspect ratios 11 = ~ < 0.5 was found to be 
completely different. In figure 4.4, containing again six images at subsequent times, 
now between t=O s and t=40 s, a typical example of the evolution in this case is shown. 
In this specific experiment, the vortex had an aspect ratio 11=0.4. 

As in the previous case a growing barotropic wavenumber 2 mode is observed from t=lO 
s to t=20 s, so at a somewhat reduced time-scale compared to the previous experiment. 
Although it seems that a tripole begins to form (t=lO s, t=20 s), this turns out to be an 
intermediate state: the two negative satellites have apparently become so strong that 
they tear the core apart (t=30 s). Finally, two dipoles emerge which travel away from 
each other. 

In previous laboratory investigations this behaviour, also referred to as 'double-dipole 
splitting', was common for anticyclonic vortices but not for cyclonic vortices ( except in 
one special case2 ). However, in a numerical study of Orlandi & Carnevale [15] it was 
found that for a sufficient high value of the vorticity profile steepness parameter a this 
behaviour is also shown for cyclonic vortices, and that there is no need for a separate 
instability of the core vortex to explain this behaviour. Insome experiments for 11 <0.5, 
the vortex splitted in a dipole and a monopole. This scenario will be discussed later. 

2Here, van Heijst et al. [8] claimed that this behaviour was due to an unstable core of the vortex. 
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t=Os t=lüs t=15s 

t=20s t=30s t=45s 

Figure 4.5: Sequence of images of a dye experiment ( # 3) on a cyclonic vortex with aspect 
ratio J-L=0.25, resulting in the formation and break-up of a cyclonic triangular vortex. 

• Cyclonic triangular vortex ( # 3) 

In one special case, for an aspect ratio of J-L=0.25 the evolution of the vortex shows 
a growing barotropic m=3 mode, resulting in the formation of a so-called triangular 
vortex. This process is illustrated by the pictures in figure 4.5. The cyclonic triangular 
vortex, also referred to as quadrupole, consists of a triangular shaped core of positive 
vorticity surrounded by three satellites of negative vorticity. As far as we know, this evo
lution of barotropic cyclonic vortices has never been observed in the laboratory before. 
However, an anticyclonic version of this vortex has been observed in the laboratoryin a 
few previous studies ([2],[12]), and its evolution is to some detail described by Beekers 
& van Heijst [1]. 

The quadrupale is fully developed after 20 seconds. Note that, similar to the case 
in which a tripale was formed, the satellites are connected to the core by filaments 
and fiuid is entrained between the care and the satellites. After the formation of the 
quadrupale (t=20 s), the further evolution of the cyclonic quadrupale here resembles 
the evolution in the anticyclonic case. Two of the three satellites start to merge and the 
merged satellites pair with the core forming a dipolar vortex, leaving behind a single 
monopole (the third satellite). Note that this final state is in principle the same as for 
dipole-monopole splitting, which will be discussed hereafter. 

The quadrupale is obviously an unstable structure, both in the cyclonic and the anticy
clonic case. It is likely that this instability occurs due to satellites of different strengths. 
As mentioned by Carnevale & Kloosterziel [2], a mix of different wavenumbers in the 
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t=Os t=lOs t=15s 

t=20s t=30s t=45s 

Figure 4.6: Sequence of images of a dye experiment ( # 4) on a cyclonic vortex with J.L=0.25, 
resulting in dipole-monopole splitting. 

perturbation may be responsible for this. Such a mix of wavenumbers might also be 
responsible for the dipole-monopole splitting behaviour. 

• Dipole-monopole splitting ( # 4) 

In some laboratory experiments at these lower aspect ratios, the behaviour of the vortex 
was slightly different. Although in the early stage of the evolution (i.e. the first 3 pictures 
in figure 4.4) the behaviour was the same as for double dipole splitting, in the next stage 
the core was not torn apart, but was observed to pair with one of the satellites. Finally, 
this results in a dipolar vortex leaving behind a single monopole ( the other satellite). 
An example of this asymmetrieprocessis given in figure 4.6 fora vortex of aspect ratio 
J.L=0.25. We will refer to this behaviour as dipole-monopole splitting. 

4.3.2 Remarks concerning the dye experiments 

The different evolutions of initially the same type of vortex3, indicate that the steepness 
parameter a is modified during the process of creating the vortex and hereafter in the early 
stage of the evolution. This modification of a, due to non-linear Ekman effects, was already 
mentioned by Orlandi & Carnevale [15], but in the present experiments the change in a 
seems to bedependenton the height of the fluid column, i.e. on the vortex aspect ratio J.L. In 
order to obtain more quantitative experimental data about this process, partiele experiments 

30f course, since the stirring is clone by hand, this process is never exactly but approximately the same. 
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Figure 4. 7: Contour plots of the streamfunction (a) and vorticity {b) from a partiele tracking 
experiment ( # 5) on a cyclonic vortex with aspect ratio tt=O. 75, transforming into a tripole. 

were performed for two different aspect ratios, tt=O. 75 and tt=0.25. These aspect ratios, 
the lowest and highest studied in the dye experiments, were taken in order to see sufficient 
(significant) differences in the early evolution of the vortices, when the initial a is modified. 
The experiments are described in the next section. 

4.3.3 Partiele Tracking experiments 

• Aspect ratio tt=O. 75 ( # 5) 

In the first partiele tracking experiment the vortex had an aspect ratio of tt=O. 75, so 
comparable to the one in dye experiment # 1. 

In figure 4. 7 contour plots of the streamfunction (a) and vorticity (b) are shown at three 
different times. For t=15 s, which means 15 sec after releasing the vortex, the vortex is 
still circular. The vorticity plot indeed shows a vortex with a core of positive vorticity 
surrounded by an annulus of negative vorticity. 

From the experimental data, the maximum vorticity for t=O sappears to be Wmax=3.4s- 1 , 

so that the Ro-number in the beginning of this experiment measures approximately 
Ro=3.4. For t=60 s a tripale has been formed and the vorticity is now concentrated in 
three separated patches. Above the core the remains of a filament is observed, which 
appears to be of positive vorticity. After it has been formed, the tripale simply decays 
due to viseaus Ekman damping effects. 

In a similar experiment specifically the first 30 sec of this process were studied, and 
contour plots and radial profiles of the vorticity Wz are shown in figure 4.8. This par-
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Figure 4.8: Contour plots and radial profiles of the vorticity Wz measured in an experiment 
on a cyclonic vortex with aspect ratio J.l=0.15 for t=10 s (a) and t=30s {b). 

ticular experiment was performed to study the steeperring of the vorticity profile due 
to non-linear Ekman pumping. The data points from the experiment have been fitted 
with the standard vorticity profile (3.1) by eye. The plots have been scaled with the 
peak vorticity Wmax at r=O and the typicallength scale CJ of the vortex. For t=10 s, so 
10 sec after the vortex was released, the steepness parameter of the vorticity profile is 
found to be approximately a=2.2, while it increases to roughly a=2.7 for t=30 s. This 
means that the average increase rate for a is !la/ tlt=0.025 s-1 . 

It should be noted that, although the vortex started to transfarm into a tripole, it is still 
possible to determine the parameter a. The only problem is some additional scatter of 
datapoints with less negative vorticity in the annulus. 

• Aspect ratio JL=0.25 ( # 6) 

The next performed partiele tracking experiment was dorre for an aspect ratio of JL=0.25. 
In figure 4.9.a six contour plots of the vorticity are shown at subsequent times. The 
maximum vorticity in the care was in this case Wmax=2.7s-l, so the Rossby number 
(Ro=2.7) is somewhat smaller than in the previous experiment(# 5) with JL=0.75. Just 
aft er release the vortex is still circular ( t=O s) but already aft er 10 sec two satellites 
have been formed. This timescale is in agreement with the equivalent dye experiments 
(e.g. # 2). For t=20 s the satellites have started to tear the care apart until it splits. 
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Figure 4.9: Contour plots and radial profiles of the vorticity from a partiele tracking experz
ment (# 6} on a vortex with JL=0.25, showing double dipale splitting. 
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The experiment results in two dipales travelling away from each other ( t=45 s, t=60 s) 
For this experiment also the radial vorticity profile in the early stage of the evolution 
was determined, and results are plotted in figure 4.9.b for t=O s and t=10 s. When 
the vortex was just released (t=O s), the profile is already steeper than the profile of 
the vortex with JL=0.75 for t=10 s. This may be caused by the fact that there is not 
only steeperring of the profile after releasing the vortex but also within the cylinder 
during the generation of the vortex. Just after the release (t=O s), the determined 
steepness is a=3.0 and after 10 sec it reached a value of approximately a=3.4. The 
average steeperring rate is thus b.a/ b.t=0.04/s, which is significantly higher than in the 
previous case with aspect ratio JL=O. 75. 

In the experiments described above it has been shown that the modification of a is indeed 
dependent on the vortex aspect ratio JL, as was suggested in section 4.3.2. However, it is 
also clear that the measurements do not have a high accuracy. Therefore, the process of 
JL-dependent steeperring of the vorticity profile will also be stuclied in numerical experiments 
(chapter 6). 

4.3.4 Dye experiments with d=lO 

In the last laboratory experiments discussed in this chapter, the horizontal dimensions of the 
vortex were varied. Insteadof using a cylinder with d=20 cm, vortices were now produced by 
using a cylinder with d=10 cm. As a consequence, the Re-number (Re=UvL) is then reduced 
by a factor 2. The experiments were performed for three different aspect ratios, JL=Ü.50, 
JL=l.OO and JL=l.50. In all these cases the vortex was found totransfarm into a tripole, while 
only the timescale of this event varied. For JL=Ü.50 it took 30 sec befare the tripale was fully 
developed. For larger JL this amount of time increases up to 180 sec for JL=l.50. These last 
experiments also confirm a JL-dependent steeperring of the vorticity profile, since in these cases 
it takes a langer time for the vortex to become unstable for subsequent larger aspect ratios. 
In the next section, this will be discussed further and an analytica! approach of the problem 
will be given. 

4.4 Analytica! description of the problem 

As mentioned in the previous sections, it is likely that the explanation of the different evolution 
scenarios lies in the non-linear Ekman effects. A theory for this non-linear evolution was first 
given by Wedemeyer [25], and then applied to the evolution of isolated vortices by Kloosterziel 
& van Heijst [13]. According to this theory, the decay of a vortex flow with azimuthal velocity 
vo(r, t) and relative vorticity wz(r, t) will be described by: 

ävo TE Öwz 
- = -(1 + wzRo)vo + ---. 
ät Td är 

(4.1) 

Here, TE and Td are the Ekman and the horizontal diffusion timescale, respectively, which 
are defined as: 

H 
TE=--
~ 

with L and H the horizontal and verticallength scales as introduced insection 2.2.2. 
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The first term in (4.1) ( -vo) represents linear decay, which would result in a uniform 
spin-down of the vortex (as described in section 2.3.2), without any changes in the form of 
the profile. 

The second term, proportional to the Rossby number Ro, causes the decay rate to increase 
for cyclonic vorticity (wz > 0), while for anticyclonic vorticity the decay rate will decrease. 
The effect ofthis is that, for an isolated vortex, a cyclonic velocity profile becomes steeper, or, 
in other words, its a increases. For an anticyclonic vortex, with a core of negative vorticity 
and an annulus of positive vorticity, the profile becomes less steep. Also, for cyclones, the 
maximum in vo moves to a larger radius. lt is clear that these effects become stronger when 
Ro is increased. 

However, the third term, representing horizontal diffusion, has also to be taken into ac
count. The ratio TE/Td, which is the coefficient for this term, can be written as: 

(4.3) 

This ratio thus depends on the aspect ratio of the vortex. Now consider for instanee the 
case that the diffusive time scale Td is smaller in some situation. This means that the ratio 
becomes bigger and of course, diffusive effects become stronger. The result is a competition 
between Ekman effects making the profile steeper and diffusive effects making the profile less 
steep. 

If now the aspect ratio J-t of the vortex is lowered, also the ratio of TE and Td decreases, 
as can be seen in (4.3). This lower ratio means that diffusive effects are less important 
and steepening of the vorticity profile is stronger in this case. In the dye experiments it is 
clearly visible that, for instance, the triangular vortex remains more compact than the tripole, 
indicating that diffusion is less important in the J-t=0.25 case. 

The analytica! description of the problem which has been discussed above, gives a good 
qualitative explanation of the observed evolutions, since it explains the J-t-dependent steepen
ing of a vorticity profile from an isolated vortex. It is however more difficult to obtain a more 
quantitative description of the problem in this way. 
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Chapter 5 

Numerical code 

5.1 Introduetion 

In addition to the laboratory experiments described in the previous chapter, numerical sim
ulations have been performed. These simulations do not exactly cover the same parameter 
space as that of the experiments in the laboratory. The reason for this is that some labora
tory conditions, especially the value of the Reynolds number Re, cannot be handled by the 
numerical code. 

The numerical code used in these simulations is essentially the same as the one used by 
Verzicco & Orlandi [23]. In this chapter a briefdescription of the integration scheme is given 
first, then some other aspects of the code, the stability condition and the definition of the grid, 
are discussed. The results of the performed experiments are presented in the next chapter. 

5.2 The numerical code 

5.2.1 Integration scheme 

Basically the code solves the Navier-Stokes equation in cylindrical coordinates, while obeying 
the continuity equation. The main problem of using a cylindrical coordinate system is the 
singularity at r = 0 for Vr· This problem is solved by using the vector q instead of v, with: 

Qr = rvr qo = vo (5.1) 

The singularity has thus been removed, since now Qr = 0 for r = 0. No problems occur for vo 
and Vz since these veloeities are not evaluated for r = 0 (see subsection 5.2.3). In terms of q 
the continuity equation becomes: 

(5.2) 

Now consider a timet= m for which all the flow parameters are known, with t = m + 1 
the next time step. lf the non-linear terms are computed explicitly and the viscous terms 
implicitly, the Navier-Stokes equation (2.8) in termsof q and with using the Reynolds number 
Ree instead of the Ekman number E, at time t = m + ~, can be discretised as follows: 

qi - qi + "~~ H(m) + p H~m-1) =-a \i'p(m+~) + Ctm \72 qi + qi . 
(m+l) (m) ( (m+l) (m)) 

tlt ,m t m t m Ree 2 (5.3) 
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Here Hi represents the non-linear terms and the numbers am, 'Ym and Pm are the coefficients 
of the Runge-Kutta scheme. Because the pressure term \7p(m+~) is unknown, it is assumed 
that it equals \7p(m), while iji is substituted for q~m+l) to account for the introduced error. 
Equation (5.3) then becomes: 

(5.4) 

From this equation iji can be solved. As mentioned before, the difference between q;m+l) and 
iji is due to an incorrect pressure gradient, so it is possible to introduce a scalar <i> which 

• A (m+l) · h .c 11 · proJects qi on qi m t e 10 owmg way: 

q~m+l) = iji- Cl!m~t\7il>(m+l). (5.5) 

Taking the divergence of the latter equation and using the continuity equation gives an elliptic 
equation for <1>: 

(5.6) 

Solving the latter equation is quite complicated and not described here. For more details 
on solving this equation one is referred to [20]. The computation of the pressure field at the 
next time step p(m+l) is dorre by taking the Laplacian of (5.5), then substituting this and 
equation (5.4) into (5.3), which gives the equation from which p(m+l) can be calculated. The 
pressure field for t = m + 1 is thus given by: 

p(m+l) = p(m) + q>(m+l) _ Cl!m~t\72q>(m+l). (5.7) 
2Rec 

The salution procedure as described above can be summarised as follows: 

• Solving equation (5.4) gives iii· 

• From the elliptic equation (5.6) q>(m+l) is calculated. 

• Equation (5.5) then gives the velocity field at the next time step q~m+l). 

• Finally, the new pressure distribution p(m+l) is given by (5.7). 

5.2.2 Stability condition and time-step calculation 

In principle, there are two ways of proceeding in time. The first is using a fixed time step 
dt small enough to maintain stability at all times. Another possibility is using a variabie 
time step, making the time step as large as possible, determined by the stability condition. 
For the 3rd order Runge-Kutta scheme used here, stability is determined using the Courant 
condition: CF L < V3, with CF L the Courant number which is defined as: 

CFL = ~t [max (M + ~ + ~)]. 
r~() ~r ~z 

(5.8) 

The maximum time step can now be calculated using the stability condition and is thus given 
by: 

(5.9) 
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(a) (b) 

Figure 5.1: Definition of veloeities and pressure on the grid fora grid cellat the axis (a) and 
within the domain (b). 

5.2.3 Grid and discretisation 

In this subsection the definition of the grid is explained as well as how the veloeities and 
pressure are defined on the grid. In figure 5.1 a sketch of two grid cells is drawn, one of a grid 
cell at the axis (a) and one of a grid cell in the domain (b). As can be seen in this picture, 
the pressure and <I> are defined at the centre of a grid cell, while the veloeities are defined on 
the centre of the plane which is perpendicular to that velocity component. 

The position on the grid is determined by three indices (ie, je, kc), which are counters in 
the 8, r and z-direction respectively. For example, for the 0-direction, ie= 1 ... N1, with N1 
the number of grid points in 8-direction and ie = n referring to the nth grid cell, ip = ie+ 1 
the successive point and im = ie - 1 the previous point on the grid. Since the variables are 
calculated on different points in the cell it is necessary to define two different radii: re, which 
is the distance from the axis to the beginning of the cell, and rm, which is the distance from 
the axis to the centre of the cell. Below an example is given of how termsof the Navier Stokes 
equation are discretised. Consider for instanee one of the non-linear terms. If one wants to 
solve the following term at a point C = (ie, je, kc), see figure 5.2 fora sketch of the grid in 
the (r-8)-plane, finite differences gives: 

1 q~IA- q~IB 
rm2 lc . L:lO 

(5.10) 

The 8-component at the points A and B is unknown, since the veloeities are not defined in 
the interior of the cell. The points C, D and E are used for interpolation and the qo are thus 
given by: 

2 1 2 
qoiA = 2(qolc + qoiD) , (5.11) 

2 1 2 
qoiB = 2(qolc + qoiE) , (5.12) 

and also: 
(5.13) 
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Figure 5.2: Sketch of the grid in the (r-0 )-plane. 

Using the previous expressions the full equation becomes: 

2_ 8q~ = ( [qo(ip,jc, kc)+ qo(ic,jc, kc}F - [qo(ic,jc, kc)+ qo(im,jc, kc)j2) 
r2 ae 4rm2(jc)fl0 . 

(5.14) 

After this example it should he clear how the different terms are discretised. More examples 
can he found in [20]. 

5.3 Initial conditions 

To study the evolution of isolated vortices the vorticity profile of (3.1) is assigned to the flow. 
The code uses the quantities wo and (}" as units of time and space, respectively, so the velocity 
profile of (3.3) becomes: 

(5.15) 

Important variables in the experiments which have to he set by the user are: 

• Reynolds number 
The Reynolds number in the code is defined as: 

(5.16) 

In termsof the Ekman number E and the Rossby number Ro, as introduced insection 
2.2, and an aspect ratio p/ =Hf(}", the Reynolds number is given by: Ree= /i;2 • 

• Rossby number 
In the code, the Rossby number Roe is defined in a different way as in section 2.2, 
namely: 

w 
Roe= 20' 
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Figure 5.3: Stretching of the grid in z-direction for N =65 grid-points. 

so that Ro = 2Roc. 

• parameter a 
As described in section 3.2, the vorticity profile steepness parameter determines which 
of the barotropic instability modes are able to grow. 

• Height of the domain 
Sirree the evolution of isolated vortices is stuclied with respect to their aspect-ratio, 
the height of the domain has to be set. The horizontal dimensions of the vortex are 
determined by the assigned vorticity profile. 

• Boundary conditions 
The boundary conditions at the bottom, top and radial wall of the domain have to be 
set by the user. These boundary conditions can be set either free-slip or no-slip. To 
resembie the situation in the laboratory, usually a no-slip condition is assigned to the 
bottorn of the domain, while free-slip1 conditions are assigned to the top and radial 
'wall' of the domain. 

• Grid stretching parameters 
Sirree there is a no-slip condition assigned to the bottorn of the domain, an Ekman 
boundary layer will be formed (for details, see section 2.3). To resolve this boundary 
layer well, the code has the possibility of grid transformations. With these transfor
mations it is possible to lie more grid points near walls, where viscous effects become 
important. An example of a tanh-stretching of the grid in axial direction, which is used 
in one of our simulations, is given in figure 5.3. 

1 Although this is in principle a stress-free boundary, it will be referred to as free-slip here. 
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• Perturbations 
Perturbations on the assigned velocity profile can be set in both radial and axial direc
tion. It is possible to add a random perturbation, which is dorre in our experiments, or 
a perturbation of a specific wavenumber m. 

A listing of all the parameters, tagether with an extended description, w hich have to be set by 
the user, can be found in appendix D. A listing of all the Fortran programs and the included 
subroutines, as well as a brief description of what every subroutine does, can also be found 
there. 
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Chapter 6 

Numerical simulations 

6.1 Introduetion 

As mentioned in the previous chapter, where the code was briefly discussed, numerical sim
ulations have been carried out in addition to the performed laboratory experiments. One of 
the advantages of these numerical experiments is that 3D flow visualisation is possible, which 
is more difficult in the laboratory. Also, determining e.g. the vorticity profile steepness in the 
early stage of the evolution of the vortex will be more accurate, sirree considerable scatter, 
as seen in the some partiele tracking experiments, will be absent here. Another advantage is 
that simulations allow perfect control of the initial conditions, which are difficult, if not im
possible, to control in the laboratory. In this chapter the results of the performed simulations 
are presented. 

In table 6.1 an overview of all the performed experiments is given first. All experiments 
are numbered and for every experiment the most important parameters are listed and a brief 
description of the observation in the experiment is given. In the next sections each simulation 
will be discussed more extensively. Visualisation of the results is mostly clone by showing 
contour plots of the vorticity in a horizontal plane. In these plots, solid lines represent 
contours of positive vorticity and dashed lines contours of negative vorticity. 

# Aspect ratio Parameters Observation 
1 1.00 Re=2500, a=5, R = 0.850" weak tripole formation (m=2 instability) 
2 0.50 Re=2500, a=5, R = 0.850" beginning m=3 instability 
3 1.00 Re=2500, a=5, R = J'iO" formation of an unstable tripole 
4 0.50 Re=2500, a=5, R = J'iO" formation of an unstable quadrupole 
5 0.25 Re=2500, a=4 weak m=3 instability 
6 0.50 Re=2500, a=4 double dipole splitting 
7 1.00 Re=2500, a=4 formation of a stable tripole 
8 0.25 ( # 5), free slip bottorn tripole formation 
9 1.00 ( # 7), free slip bottorn tripole formation 
10 0.25 Re=7500, a=3. 75 formation of triangular vortex 
11 1.00 Re=7500, a=3. 75 formation of a tripole 

Table 6.1: Overview of the performed numerical simulations. 
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Figure 6.1: Initial contour plot (a) and radial distri bution (b) of the vorticity for the fourth 
set of simulations ( # 10,11 )-

6.2 Initial condition 

In the simulations discussed hereafter the flow field for t=O will not be shown every time, 
sirree the principle of assigning the initial condition, already discussed briefiy in section 5.3, 
is the same in every case. Instead, a typical example of the initial condition is given here. In 
figure 6.1 a contour plot and the radial distribution of the vorticity Wz for t=O is given for the 
fourth set of simulations (# 10,11) with a=3.75. In these pictures the random perturbation 
assigned to the vorticity profile is clearly recognisable. Note that the perturbation is most 
active where the vorticity profile changes sign. 

6.3 Results 

6.3.1 Vortices with Re=2500 and a=5 

The results of the first four simulations which will be discussed here are shown in figure 6.2. 
The experiments were performed for relatively low Reynolds number (Re=2500) and a high 
value ofthe initial vorticity profile steepness parameter (a=5). The Rossby number was taken 
Ro=2 here. The only difference between these simulations was a different typical initiallength 
scale, which is clearly visible in the pictures for t=50. The larger typicallength scale for the 
second set of simulations ( ( c) and ( d)) can be seen as an effective increase of the Re-number 
by a factor 1.8. For this set of simulations the vorticity profile of (3.1) was used. 

In the first set of simulations, for an aspect ratio of JL=l.O (a) the vortex was found to 
transform into a weakly developed tripole. At t=50 the vortex was still circular, but for t=100 
a growing mode 2 instability is observed, resulting in an elliptical shape of the core vortex 
and the emergence of two satellite vortices of negative vorticity. For t=150 the tripole is fully 
(but weakly) developed. After i=150 this tripole simply decays due to viscous effects. 

In the next experiment only the aspect ratio was varied and now taken JL=Ü.5 (b). In 
this case a growing mode 3 instability is observed insteadof mode 2 for t=100. However, the 
satellites are apparently not able to develop further, which results inthemerger of two of the 
three satellites within the annulus of negative vorticity (t=150). lt is likely that the inability 
of the satellites to grow in case of mode 3 is due to a too small Re-number in combination 
withstrong Ekman damping, sirree viscous forces seem to damp the perturbation completely. 

The next two simulations show the evolution when the initial length scale of the vortex 
is increased as mentioned above. The thus effectively increased Re-number has a very big 
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Figure 6.2: Numerical simulations for a=S, Re=2500 and Ro=2; (a) and ( c): aspect ratio 
p, = H/d=1.0; {b) and (d): p, = H/d=O.S; different typical initiallength scales ((a) and (b): 

1 
R = 0.85o-; (c) and (d): R = 22o- ). 
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Figure 6.3: Vorticity profiles for t=50 for vortices with aspect ratio JL=0.5 and JL=i.O. The 
dots, which have been fitted, represent the experimental data; The line-drawn profile which is 
less steep, is the initial a=5 vorticity profile. 

influence on the evolution of these vortices. For JL=0.5 (see figure 6.2.d) the three satellites 
now fully develop, which results in the formation of a quadrupole, a vortex with a triangularly 
shaped core surrounded by the three satellites. This structure turns out to be unstable and 
two of the three satellites start to merge (t= 150). In principle, the evolution in this case is 
the same as in (b), but now with fully developed satellites. 

For aspect ratio J.l=l.O (see figure 6.2.c) a growing mode 2 is observed for t=100, although 
it seems that mode 3 is latently present, according to the small lobe of negative vorticity 
beneath the core next to the developed satellite. For t=150 the tripale is fully developed. 
This tripale turns out to be unstable (not shown in figure 6.2) and splits up into a dipale 
(left satellite and core) and a monopole (right satellite ). It is likely that this instability is the 
effect of the latent mode 3. 

For this set of simulations ( # 3,4), also the radial vorticity profiles were determined for 
t=50, when the vortices were still almast circular. These profiles are shown in figure 6.3. The 
line-drawn profile, which is less steep, is the initial a=5 profile. The experimental data from 
the simulation (dots) have been rescaled with the maximum vorticity Wmax for r=O at that 
moment and the current typical length scale of the vortex. By fitting the data the steepness 
after 50 sec can be determined. For the aspect ratio JL=0.50 vortex the steepness parameter 
increased from a=5.0 to a=6.2, so the rate of steepening, as introduced in section 4.3.3 is 
here !:::.af !:::.t=0.024. For the aspect ratio JL=l.O vortex the profile has not become that steep, 
so the rate of steepening is less in this case, which is in agreement with the earlier discussed 
analytica! model and the laboratory observations. The steepness after 50 sec is here a=5.6 
and the corresponding rate of steepening is thus !:::.a/ !:::.t=0.012. 

In the examples shown above it is clear that only changing the aspect ratio of a vortex 
can significantly alter its evolution. It is likely that these different evolutions are caused by 
a different ra te of steepening of the vorticity profile. However, the parameters chosen above 
are not very realistic if one wants to campare the results with the performed laboratory 
experiments. In the laboratory the initial a is much lower, as shown in the partiele tracking 
experimentsin section 4.3.3, and the Re-number much higher (Relab ~ 104 ). Therefore, the 
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Figure 6.4: Numerical simulations for o:=4, Re=2500 and Ro=3; contour plots of the vorticity 
(a-c) and distribution of passive scalar (d) for the experiment shown in (c); the aspect ratios 
are (a): J-l=H/d=0.25; (b): J1=0.5; (c) and (d): J1=1.5. 
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Figure 6.5: Numerical simulations with free-slip bottam for o:=4, Re=2500; (a): aspect ratio 
Jt=H/d=0.25; (b): aspect ratio Jt=l.O. 

next sets of simulations were performed for lower val u es of o: (all the following simulations) 
and higher Re-numbers (fourth set, # 10,11). 

6.3.2 Vortices with Re=2500 and a=4 

The next set of simulations were performed with a lower value of the steepness parameter 
o:=4, while the Re-number was not changed yet (Re=2500). The Rossby number however, 
was enlarged from 2 to 3 to increase non-linear effects. The results of these simulations are 
shown in figure 6.4. 

The first simulation (a) was performed for an aspect ratio of ~t=0.25. As in the case of 
the first set of simulations, a mode 3 instability starts to grow (t=lOO), and the core becomes 
slightly triangular. But also in this case two of the three satellites merged within the annulus 
of negative vorticity (t=150) and a fully developed triangular vortex is thus not formed. 

The next experiment (b) was performed for Jt=Ü.5. Here, a growing mode 2 instability is 
observed. For t=lOO the satellites have started to form and are here strong enough to tear 
the core apart (t=150). Finally, this process results in double dipale splitting. 

For Jt=l.5 the vortex was found to transfarm to a stabie tripale (c). In the last picture 
( t=150) it can be seen that the satellites are connected to the core by filaments of positive 
vorticity, which was also observed in a partiele tracking experiment. For this experiment also 
the distri bution of passive scalar is plotted ( d). The initial distri bution of passive scalar has 
the form of a ring, at the radius where the vorticity changes sign. Note that the passive 
scalar distri bution at t=150 resembles the distri bution of passive scalar ( dye) for a laboratory 
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Figure 6.6: Numerical simulations for a=3. 75, Re=7500 and Ro=3. 0; (a): contour plots of 
the vorticity for a vortex with p,=0.25; (b}: aspect ratio p,=1.0; (c): radial profiles of the 

vorticity Wz. 
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Figure 6.7: Contour plots of wo in the r-z planefor the simulations # 10,11 with (a): JL=0.25 
and (b): JL=1.0. 

tripole. It is likely that mode 3 did not fully develop in this set of experiments due to the 
relatively small Reynolds number. Therefore, the Re-number will be considerably increased 
in the next set of simulations, while leaving the Rossby number the same (Ro=3). 

However, before doing this, two of the simulations of this set (for aspect ratio JL=0.25 
and JL=l.O) will be repeated withafree-slip boundary condition at the bottorn instead of the 
no-slip bottorn used in the experiments described above. Sirree in this case there is only radial 
diffusion, no steeperring of the vorticity profile will occur. 

Diffusive effects do only depend on the horizontal dimensions of the vortex, so the decay 
rate of the vortices is expected to be the same. The results of these simulations are presented 
in figure 6.5. The two simulations show an exactly identical evolution of the two vortices, so 
that the evolution is indeed aspect-ratio independent here. Both the vortices show an m=2 
instability resulting in a tripolar vortex (t=150). These simulations confirm that the different 
evolutions for different aspect ratios are indeed a bottorn (Ekman) effect. 

6.3.3 Vortices with Re=7500 

The last set of simulations was performed for a very high Reynolds number (Re=7500), 
while the Rossby number was kept the same (Ro=3). Sirree one needs more grid points for 
simulations with high Re-numbers to resolve the flow well, the computational costs are high. 
For this reason this Re-number is the largest the code can handle here. 

In this set of experiments the steepness parameter was chosen a=3.75. Simulations were 
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Figure 6.8: Energy in the different barotropic modes for the simulations # 10, 11. 

performed for two different aspect ratios. The results are shown in figure 6.6.a and 6.6.b. For 
JL=0.25 (a) the vortex was again found to undergo m=3 instability. For t=lOO, the satellites 
have begun to form and in this case grow further until the triangular vortex has been fully 
developed (t=150). It can beseen that the triangular vortex is quite stabie here. The onset of 
the instability of the vortex, with two of the three satellites merging and subsequently pairing 
with the core, does not occur until t=200. 

The next set of pictures (b) shows the evolution of the vortex for an aspect ratio of JL=l.O. 
Camparing the first picture of this simulation (t=50) with the first picture of the previous 
(a), one observes some irregularities in the contours which indicates that the code has some 
problems by resolving the flow well. This is caused by the fact that the grid-density has 
decreased by a factor 4 in the axial direction. The further evolution shows a barotropic m=2 
instability resulting in a tripolar vortex for t=150. 

Finally from part ( c) of figure 6.6 the ra te of steeperring of the vorticity profile can be 
determined. The line-drawn profile which is less steep in these pictures is the initial a=3. 75 
profile. The dots are the experimental data for t=25 for the vortex with JL=0.25 (left) and for 
t=50 for the vortex with JL=l.O (right). The data has first been rescaled with the maximum 
vorticity and the typical horizontallength scale of the vortex at the corresponding moments, 
before fitting with the standard vorticity profile (3.1). The vorticity profile ofthe vortex with 
JL=0.25 for t=25 has been fitted with a profile of steepness a=5.6. The rate of steeperring is 
thus .6-a/ .6.t=0.074. The profile of the vortex with JL=l.O has been fitted with a steepness 
value of a=4.8 so the rate of steeperring in this case is .6-a/ .6.t=0.021. The values found here 
look realistic compared with the previously described partiele tracking experiments. For a 
vortex with JL=0.75 transforming into a tripale a value of 0.025/s was found there. 

In order to study some three-dimensional aspects ofthe flow, contour plots ofthe azimuthal 
vorticity wo have been made in the r-z-plane for 0=0. The plots are shown in figure 6.7 for the 
two different aspect ratios. It can be seen here that the flow is not completely two-dimensional, 
which could be expected. Instead, significant amounts of 3D secondary circulation are present. 
Note that high vorticity gradients exist near the no-slip bottorn wall. It is remarkable that 
this secondary circulation, which is believed to be set up by the Ekman boundary layer, does 
not have the form of one big vortical structure, but several more smaller structures, especially 
in the early stage of the evolution (t=25). Inthelater stages (t=50, t=lOO) of the evolution, 
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the amount of these structures subsequently reduces. Of course, the structures also become 
weaker at later times. 

For the last set of simulations, also the energy in the different barotropic modes was 
calculated. This was clone for the wavenumbers m=1, 2, 3 and 4. The results are shown in 
figure 6.8, where in part (a) the results for the tt=0.25 vortex are shown, while in part (b) 
the evolution is shown for tt=l.O. It can be seen in both 6.8.a and 6.8.b that the different 
modes possess an energy of the same order of magnitude, which means that the randomness 
of the assigned perturbation is quite good. For the vortex with tt=0.25, mode 3 is the fastest 
growing mode, which could of course be expected, according to the vortex evolution shown 
in figure 6.6. For the vortex with tt=l.O mode 2 is finally the largest, although the energy 
in mode 3 is only slightly smaller until t=80. Note that every mode plotted here grows, of 
course at a different rate, instead of only one growing mode. 

6.4 Validity of the results 

When performing numerical experiments, an important issue is of course the validity of the 
results obtained by these simulations. In this case, this is of special interest since a random 
perturbation is assigned to the flow field. Although it has already been shown that there is 
no problem with the randomness itself, it should be noted that, despite of the randomnessof 
this perturbation, the long term evolution of the vortex is expected to be the same. In this 
section two aspects of the validity of the results will be discussed, namely the reproducibility 
of the experiments and the grid convergence. 

6.4.1 Reproducibility 

In order to examine the reproducibility of the numerical experiments, one particular simu
lation was simply performed twice with exactly the same initial conditions, except for the 
random perturbation, of course. The triangular vortex formation described in the previous 
section was chosen to do this, since the conditions in this experiment were one of the most 
vigorous of all experiments (high Re-number, high Ro-number and relatively much steepening 
of the vorticity gradients. 

The results of this comparison are presented parts (a), (b) and (c) of figure 6.9. In 6.9.a 
contour plots of the vorticity from the originally performed experiment are given for t=75, 
t=125 and t=200. Figure 6.9.b shows contour plots of the passive scalar for the original 
experiment. In 6.9.c contour plots of the vorticity are given for the repeated experiment. As 
can be seen, the evolution of the vortices is almost exactly the same. Even details, like the 
exact shape of the contours within the core and the satellites, look approximately the same. It 
can thus be concluded that there will be no problems with reproducibility in the simulations 
discussed in this chapter. 

6.4.2 Grid convergence 

In order to check the grid convergence the simulation with the quadrupale formation, which 
was also taken to study the reproducibility, was performed another time with a lower density 
of grid-points. While in the original experiment (a,b) a grid of 97 x 129 x 129 was taken, in 
a repeated experiment the number of grid-points was reduced to 65 x 65 x 65. 
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Figure 6.9: Numerical experiments to check the reproducibility and grid convergence of the 
simulations; (a) and (b ): contour plots and distri bution of passive scalar of the original 
experiment; (c): repeated experiment (a); (d): experiment with lower grid density than (a). 
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The result of this experiment is shown in figure 6.9.d. The evolution of the vortex is 
approximately the same as in the original experiment, except for the timescales. In the 
original experiment, the triangular vortex started to become unstable at t=200. In the low
grid experiment however, the vortex has reached this stadium already after t=125. The factor 
of difference in speed between the processes seems to be the same as the factor by which the 
number of grid-points is reduced, which suggests that there would be an implicit coupling 
between length and time-scales in the code. It is however more likely that numerical diffusion 
causes the difference by making the profile in case ( d) relatively shallow. 
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Chapter 7 

Conclusions and Recommendations 

7.1 Conclusions 

In the previous chapters of this thesis, the evolution of cyclonic isolated vortices in a rotating 
fl.uid has been studied with respecttotheir height-to-width aspect ratio /L (=H/d). This was 
done by performing laboratory experiments, carried out in a rotating tank system, as well as 
numerical simulations. 

A well-known property of isolated vortiees is the fact that they can undergo barotropie 
instability, which causes a vortex to transfarm to multipolar structures. The laboratory 
experiments showed that the evolution of these vortices, or their instability behaviour, is 
different when the aspect ratio /L is varied. In fact, several possible evolution scenarios were 
found, such as tripale formation, which was the only observed scenario until now for cyclones, 
double dipole splitting, dipole-monopole splitting and, in one special case, the formation of 
a triangular vortex. Processes like double dipole splitting and even quadrupale formation 
need a much steeper vortieity profile than initially present (a ::::: 2) when creating an isolated 
vortex by applying the 'stirring'-method. 

The Ekman boundary layer was found to be responsible for these different behaviours, 
since non-linear Ekman dynamics can cause a cyclonic vortieity profile to steepen. This 
steepening was found to be tL-dependent in partiele tracking experiments, which could explain 
the different evolutions for varying aspect ratio. This aspect ratio dependent steepening can 
also be understood by consiclering the analytica! model for the non-linear Ekman dynamics. 
The principle of the mechanism which causes the vortex to show different evolutions, is the fact 
that there is a competition between Ekman effects, which make the vorticity profile steeper, 
and horizontal diffusion, which makes the profile less steep. These effects occur at different 
time-scales; the Ekman time-scale depends on the height H of the fl.uid column, while the 
ditfusion time-scale only depends on the horizontal dirneusion L of the vortex. Changing the 
aspect ratio /L thus results in a different rate of changing of the vortex steepness parameter 
a, and thus in a different evolution. 

Numerical simulations were performed with a 3D finite difference code, which has the pos
sibility of including no-slip walls. To resembie the situation in the laboratory, the simulations 
were performed with a no-slip wall at the bottorn of the domain and a free-slip wall at the 
upper surface. Note that this upper surface does not have a parabalie shape like the free 
surface in the laboratory. Since the angular velocity of the tank in the laboratory is relatively 
small and thus the effect of the parabalie shape relatively weak, this is not expected to cause 
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significant differences in the evolution. 
The vortices in the simulations also showed the j.t-dependent steeperring of the vorticity 

profile, resulting in different evolutions of the vortices. Simulations with a free-slip boundary 
at bath the bottorn and the top, did nat show the J.t-dependent evolution, which confirmed 
that this is in deed a (no-slip) bottorn effect. For larger Reynolds number Re the simulations 
resembied the conesponding laboratory experiments, i.e. a fully developed triangular vortex 
for low J.t and a barotropic waverrumher 2 instability for higher 1-"· 

Contour plots of the azimuthal vorticity wo showed that the secondary circulation, set up 
by the Ekman layer, did nat have the farm of one large vort ie al structure but several smaller 
ones. 

7.2 Recommendations 

In this thesis, certain aspectsof the problem have nat been stuclied due to the limited available 
time for a project like this. Also, every solved problem raises new questions ... In order to gain 
more insight in the problem described in this thesis further research is necessary. Therefore 
some recommendations are given here. 

• In this research only cyclonic vortices have been studied. It would be interesting to 
investigate what happens to the evolution of anticyclones when the aspect ratio is 
varied. In the laboratory, anticyclonic vortices usually show centrifugal instability, which 
causes the vorticity profile to steepen. For J.t ~ 1 this results in double dipale instability 
instead of tripale formation as for cyclones. Sirree non-linear Ekman pumping makes 
the vorticity profile less steep in this case, it might be possible to create a stabie tripale 
from an anticyclone in shallow water. Another possibility might be to create a stabie 
triangular vort ex for larger H / d. 

• It would be interesting to do some 3D flow visualisation in the laboratory, for instanee 
by using particles with the same density as water. With 3D-PTV or by using horizontal 
or vertical light-sheets, it is then possible to study the flow within the vortex, instead 
of using particles floating on the surface of the fluid. In this way, more information 
about the secondary circulation set up by the Ekman boundary layer, as shown in the 
numerical experiments ( # 10,11), can be obtained. 

• Here, only isolated vortices have been stuclied in a relatively shallow fluid layer. It could 
be interesting to study the behaviour of these vortices, but also the evolution of non
isolated vortices, for larger aspect ratios (J.t » 1). In this case, the axial perturbations 
of the vortex tube might become more and more important. 

• The equation for the non-linear Ekman dynamics ( 4.1) could be solved numerically for 
different TE/Td, initial a and Ro-number. Solving only this equation is more effi.cient 
than performing a full numerical simulation and could be helpful in studying certain 
aspects of this problem. 
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Appendix A 

List of symbols 

"( 

r 
8 
!:lt 
<P 
<Pgr 

p 
(} 

J-l 
V 

w 

A 
a 

CFL 
d 
E 

f 
g 
H 
k 
L 
m 
N 
p 

vorticity-profile steepness parameter 
strength of vortex 
circulation 
boundary layer thickness 
time step 
complex velocity 
gravitational potential 
density 
typical horizontal length scale 
aspect ratio H / d 
viscosity 
vorticity 
absolute vorticity 
angular velocity of rotating system 
streamfunction 
unperturbed streamfunction 
perturbation streamfunction 

area 
acceleration 
Courant number 
diameter 
Ekman number 
Coriolis parameter 
gravitational acceleration 
height 
frequency 
characteristic length scale 
wavenumber 
rotation number, number of grid-points 
pressure 
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PR red uced pressure 
r,B,z cylindrical coordinates 
Re Reynolds number 
Ro Rossby number 
t time 
Td diffusive time scale 

TE Ekman time scale 
q potential vorticity 
q,qi numerical velocity field 
u characteristic velocity scale 
u x-component of velocity 
V volume 
V y-component of velocity 
w z-component of velocity 
V(} azimuthal component of velocity 

Vr radial component of velocity 

Vz axial component of velocity 
x,y,z cartesian coordinates 
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Appendix B 

Vector analysis 

B .1 Vector identities 

(B.l) 

(B.2) 

v ( v<P) = ('\7 . v)<P + V'\7 </J. (B.3) 

B.2 Integral theorems 

• Stokes' integral theorems 

(B.4) 

• Gauss' divergence theorem 

(B.5) 
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Appendix C 

Diglmage settings 

Below a list with all the parameters for the Partiele Tracking experiments with Diglmage 
is given. For most settings the defaults were used. The setting var means: varies for each 
experiment. 

;US: 

;US B: 
D 
E 
F 
I: 
L: 
M 

N: 
P: 
R: 
T: 
w 
z 

> Set tracking parameters 

Background removal 
Display partiele paths 
Expt title 
Base file name 
Filter type 
Partiele location 
Max neY paths error 

NeY partiele behaviour 
Pricing policy 
Record background region 
Timings 
Windoy for tracking 
Limit on rms error for mapping 

;USL: > Partiele location 

;USL A 
B: 
c 
D: 
E 
M 
p 

R 
s 
T 
u 
V 
x 
y 

z 

Minimum average intensity excess 
Background intensity evaluation 
Area/Volume centroid 
Dynamic intensity calibration 
Ellipticity limit 
Upper limit on centroid mismatch 
Partiele polarity 
LoYer size limit 
Upper size limit 
LoYer threshold 
Upper threshold 
Number of threshold levels 
Minimum horizontal size 
Minimum vertical size 
Count particles in buffer 
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N 
M 
var 
var 
N 

2.000 
2.000 
Pixels 
L 

N 

.300 
1 retry 

2.00 

V 
N 
0.90 
4.00 
G 

4 
40 
var 
var 
8 
3 
3 

i> 

i< 
i> 

nnp< 
nnp< 



;USP: > Pricing policy 

;USP B Enable background intensity pr1c1ng N 
c Premium if two intensity steps 1.00 
D Premium if many intensity steps 1.00 
E Premium if ellipticity exceeded 3.00 
I Premium if faint partiele 2.00 

J New partiele joining fee 0.50 
M Maximum matching distance 1.00 

Pixel 
P: Policy type 2 

R Premium if partiele too small 2.00 

s Premium if partiele too large 3.00 
u Weighting on previous velocity 1.00 

V Weighting on previous acceleration 0.00 

;UST: > Timings 
;UST B Time to begin tracking .000 

I: Interlace filter N 
R Rewind in background s 
s Sample spacing .040 

T Total tracking time var 
I Video type S SVHS Video 
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Appendix D 

Numerical code 

Here, a brief description is given of all the Fortran programs and including subroutines of 
which the numerical code, developed by Verzicco & Orlandi [23], is build. The aim of this 
appendix is to familiarise anyone who is starting to work with this code with its structure. 
Other aspects, like the discretisation of the Navier-Stokes equation have already been dis
cussed in chapter 5. The code consists of 12 Fortran programs, a Fortran parameters file 
and a data file, in which different parameters are listed that have to be set by the user. All 
programs and files are listed below. 

param.f 
In this file all the required variables and arrays, which are used as commons in all the follow
ing programs, are declared and dimensionalised. 

tr3dfs.d 
In this data file all variables which have to be set by the user are declared. Below is a de
scription of all these variables. Variables which are listed in the file but not below are not 
used anymore. 

• N1,N2,N3 
N umber of grid points in the (), r and z-direction. 

• NSST 
This variabie determines the time advancement scheme used by the code: 

N SST= 1 for a Adams Bashforth scheme. 
NSST=3 fora Runge-Kutta scheme. 
For this project a Runge-Kutta scheme was used. 

• NWRIT 
Flag controlling whether a restart file is written: 

NW RIT=1 means that the code writes a restart file. 
NW RIT=O means it does not write a restart file. 

• NREAD 
Flag controlling whether new initial conditions are assigned: 

N READ=1 means that the code starts with the conditions of the restart file. 
N READ=O means that new initial conditions are created. 

63 



• NIP, N2P, N3P 
If these values equal 1 then all data is printed into arrays. Normally left as 1, unless 
there is a shortage of space. 

• NTST 
Maximum number of time steps. 

• NPRINT 
Number of time steps to print out. 

• NPIN 
The number NP IN determines how aften data is printed to files. 

• ALX3D 
Length of the domain in z-direction. 

• ISTR3, STR3 
I ST R3=0 gives a tanh-stretching of the grid in z-direction, dependent on ST R3. 

• RE 
Reynolds number of the flow. 

• DT 
Used when working with a fixed time step; DT is thus the size of the time step. 

• PR 
Diffusivity of passive scalar. 

• IRID,LAMB 
Flag cantrolling which part of the domain is studied: 

IRID=O means the whole domain is studied. 
I RI D=l means studying a part of the domain of 21r /LAM B. 

• INSLWS,INSLWN,INSLWR 
Boundary conditions at the bottorn (INS LW S), the top (INS LW N) and the radial 
wall ofthe domain (INSLWR). 

INS LW *=0 gives free slip condition. 
INS LW*= 1 gives no-slip condition. 

• ICFL,CFLC 
The fiag ICFL determines the time marching scheme which is used: 

IC F L= 1 means fixed courant number CFL (CF LC) and variabie time step. 
IC F L=O means fixed time step and variabie CFL. 

• TPIN 
Every T PIN information is printed on the screen. 

• TPRIN 
Every T P RIN an output file is written, which is used for visualisation of the results. 
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• TFIN 
The calculation stops at TFIN (final time). 

• ROS 
Rotation number of the flow(= 1/Ra). 

• ISTR,RMEDl,ETDP,STRB 
Parameters for grid stretching in the radial direction. 

• STRR 
Depending on the value of ST RR different types of stretching of the grid in r-direction 
are used. 

• REXT,RINT 
External and internal radius of the domain. 

• ALPHA 
Vorticity profile steepness parameter a. 

• IRANl,NAW 
Type of perturbation added to the initial velocity profile in radial direction: 

I RANl=l gives a random perturbation. 
I RANl=O gives a perturbation with a specific wavenumber N AW. 

• AMP 
Amplitude radial perturbation. 

• IRAN3,NAW3 
Type of perturbation in axial direction: 

I RAN3=1 gives a random perturbation. 
I RAN3=0 gives a specific perturbation with wavenumber N AW3. 

• AMP3 
Amplitude z-perturbation. 

tr3dfsts.f 
This program contains the main code in program main. The rest of the code are all subroutines 
which are called here. The input variables of file tr3dfs.d are read first. Then the coefficients 
for the time marching scheme are calculated and meanwhile some information is written to 
the screen (file 6). The program proceeds by calling the subroutines gcurv and tschem. 

• subroutine gcurv 
First this routine calls the subroutines which define the grid and calculate the indices 
and mesh size by calling the subroutines meshes, indic and cordin. Then, a time 
marching scheme is used dependent of IC F L and the initial flow field is read dependent 
of N READ. After that subroutine tschem is called. 

• subroutine tschem 
Here, the main steps for solving the Navier-Stokes equation are carried out. The non
linear terms of the equations are evaluated in the subroutines hdnll, hdnl2 and hdnl3 
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for the (}, r and z-component respectively. After this is dorre the other terms are 
calculated by calling the subroutines invtrl, invtr2 and invtr3. Next, the subroutine 
phcalc is called to solve the elliptic equation. The solenoidal velocity field is then 
calculated by subroutine updvp and finally, the new pressure field is calculated by 
calling subroutine prcalc. The equations are thus solved by the methad described in 
section (5.2.1). Below is a listing of the Fortran programs and a briefdescription of 
what every subroutine does. 

tr3dfsge.f 
This program contains the subroutines: 

• subroutine indic 
This routine calculates the indices ip, im, jp, jm, kp and km. 

• subroutine divg 
The divergence of the intermediate velocity field is calculated here. 

• subroutine divgck 
Here the calculated divergence from divg above is checked to see whether there are 
local residues. 

• subroutine cfl 
The courant number, which determines the stability condition, is calculated. 

tr3dfsnn.f 
This program contains the subroutines: 

• subroutine meshes 
Here the calculation of the mesh is performed. 

• subroutine cordin 
This routine evaluates the physical coordinates. 

• subroutine openfi 
Here all the output files used in the code are opened. 

• subroutine contwr 
The output files are written at every TPRIN. 

• subroutine inirea 
The input flow fields are read. 

• subroutine initia 
Zero initial conditions are assigned to the whole field. 

tr3dfstn.f 
This program contains the subroutines: 

• subroutine updvp 
This subroutine calculates the solenoidal velocity field. 
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• subroutine preale 
Here the pressure field is calculated. 

• subroutines solqlk, solqli, solqlj 
Solve qo for the e, r and z-direction. 

• subroutines solq2k, solq2i, solq2j 
Solve qr for the e, r and z-direction. 

• subroutines solq3k, solq3i, solq3j 
Solve qz for the e, r and z-direction. 

• subroutine psebo 
Here the fluxes of passive scalar at the upper and lower wall are assigned. 

• subroutine invtrps 
All terms for the passive scalar, except the non-linear ones are calculated here. 

• subroutines solpsj, solpsi, solpsk 
Solves the passive scalar. 

• subroutine invtrl, invtr2, invtr3 
Here, all the terms from the Navier-Stokes equation, except the non-linear ones, which 
are calculated in the hdnl-routines, are calculated here for the e, r and z-direction, 
respectively. 

• subroutine eoetar 
Here the coefficients for the integration m radial direction, accounting for the non
uniform coordinate transformation. 

tr3dfsin.f 
This program contains the subroutines: 

• subroutine inqpr 
This routine calculates the initial conditions for the flow. 

• subroutine ini 
The velocity /vorticity profile for the isolated vortex is assigned according to the speci
fications in the data file tr3dfs.d. 

tr3dfsio.f 
This program contains the subroutines: 

• subroutine prieor 
Coordinates are printed here. 

• subroutine outpf 
Output data files are written. 

• subroutine outh 
Some other output files are written here. 
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• subroutine vmaxv 
The maximum and minimum veloeities and vorticities in the flow field are calculated. 

tr3dfshn.f 
This program contains the subroutines: 

• subroutines hdnll, hdnl2, hdnl3 
These routines solve the non-linear terms for the B, r and z-direction, respectively, and 
store them in arrays. 

• subroutine hdnlps 
Here the non-linear terms for the passive scalar are calculated. 

tr3dfsphnu.f 
This program contains the subroutines: 

• subroutine fitqua 
Initialisation of arrays for Fast Fourier Tranforms. 

• subroutine phcalc 
In this subroutine the calculation of <I> is performed. 

• subroutine phini 
The coefficients of the Poisson equation for <I> are calculated. 

tr3dfstr.f 
This program contains the subroutines: 

• subroutine brtrj, brtrk 
Prepares the matrices. 

• subroutine tripvmy 
This routine vectorises the right hand side of the equation. Then it perfarms a forward 
elimination sweep and a backward one to solve the matrix. 

tr3dfstu.f 
This program contains the subroutines: 

• subroutine veltur 
This routine calculates the turbulent stress. 

• subroutine vorc,vortur 
The vorticity components wo, Wr and Wz are calculated here. 

ffts.f 
This program perfarms multiple Fast Fourier Transforms. 

fishpack.f 
Matrix inversion program. 
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