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Summary 

In this study long-wave radiative transfer is investigated in order to get a better under
standing of water vapor satellite imagery. First the basic physical principles and processes 
important in the context of radiative transfer are presented. The fundamental differential 
equation governing radiative transfer, the Schwarzchild equation, is solved for long-wave 
radiation travelling in a vertically upward direction. The salution describes a radiance 
profile that specifies the intensity of the radiation as a function of the vertical co-ordinate. 
The analytica} salution is numerically implemented, yielding the 'analytica} model'. Using 
this numerical model, it is investigated how the different terms in the model contribute to 
the radiance. Introducing a parameterization, the numerical model is tuned to yield the 
same radiance profiles as a validated narrow band model, showing that radiative transfer 
may be understood in terms of the Schwarzchild equation. The analytica} model is used 
to produce a synthetic water vapor satellite image from analyzed data. By camparing this 
synthetic image to the conesponding real image, it is shown that the radiance field may 
be interpreted in terms of the topography of the moist layer. 
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Chapter 1 

Introd uction 

Satellite imagery is used by meteorologists as a convenient tool to imprave the reliability of 
weather forecasts. By deducing, for instance, types and extent of clouds from the satellite 
imagery, meteorologists can get a better picture of the current weather situation and of 
possible future developments. Also, the shape and exact location of weather systems in 
the imagery may be compared to those predicted by the model, and model output may be 
corrected in case of mismatches. 

The satellite imagery is provided by both orbiting and geostationary satellites. In this 
study, imagery of the METEOS AT -7 geostationary satellite, located over the Greenwhich 
meridian, is used. The satellite provides imagery through four spectal channels: two visible 
channels (VISl and VIS2), one infrared channel sensitive in the atmospheric window region 
(IRl) and one infrared channel channel sensitive to radiation emitted in the water va por 
band (WV2). 

Through the visible channels solar radiation that is scattered by the earth and its 
atmosphere is detected. The visible image provides information only about the dimensions 
of objects and structure. Thus from visible imagery determination of quantities such as 
sea-ice extent and determination of cloucl-types is possible. 

An infrared image shows the intensity of infrared radiation emitted by the earth and 
its atmosphere. The satellite's infrared sensor detects radiation in a long-wave speetral 
band centered at ll.5J.Lm. Since this band is located in the atmospheric window region, 
the radiation emitted by the earth's surface and clouds is not absorbed by atmospheric 
constituents in the gaseaus state. The fact that this long wave radiation originates from the 
earth-atmosphere system itself, provides us with a means to determine the temperatures 
of radiating objects and structures within this system. Indeed, the Planck law allows us to 
associate the intensity of the radiance emitted (radiance for short) with the temperature 
of the emitter. Thus one is able to determine, for instance, the temperature at theearth's 
surface and the elevation and vertical extent of clouds if the temperature field of the 
atmosphere is known. 

Through the water vapor channel, finally, infrared radiation is detected in the water 
vapor speetral band which is centered at 6.3 J.Lm, outside the atmospheric window. In 
this speetral interval, water vapor absorbs and emits radiation very efficiently. Thus, in a 
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2 CHAPTER 1. INTRODUCTION 

water vapor satellite image, apart from the clouds (water in a condensed state), water is also 
visible in its gaseous state. Radiation emitted from theearth's surface, however, as well as 
from the atmosphere up to about 700 hPa does not appear on the satellite image, because 
it is fully absorbed by the water vapor at higher levels. The radiances measured by the 
satellite again provide information about the temperature of the emittor. However, since 
the distribution of water vapor in the atmosphere does not form opaque structures with 
well defined boundaries, the exact altitude to which the temperature should he assigned 
is, in general, unclear. Still, if the temperature field in the atmosphere is known, a general 
impression of the topography of at least the upper extremity of the moist layer can he 
obtained by deducing temperatures from the radiance field. Also, since water vapor is an 
efficient tracer, water vapor imagery can he used to get an impression of the flow patterns 
in the atmosphere, especially when time series of subsequent images are used. 

So far, satellite imagery is described as being supplementalto the actual weather fore
casts produced by numerical models. Especially water vapor satellite imagery, however, 
can have a much more active role. From this kind of imagery, namely, the structure of the 
moisture field in the atmosphere can he obtained. Investigations [16] have shown, that, 
provided certain conditions have been fulfilled, the structure of the moisture field should 
match the structure of an important dynamica} field, namely the potential vorticity field. 
Thus, mismatches between the measured moisture field and the computed potential vor
ticity field can he used to trace errors in the analyzed meteorological fields. The analyzed 
fields that will he used as input for a next run of the weather forecasting model, could he 
modified to 'repair' such mismatch es, thus improving the accuracy of the initial fields and, 
perhaps, the reliability of the model predictions. This matching procedure, however, does 
require accurate knowledge of the humidity fields in the atmosphere and thus knowledge 
as to how to interpretate the water vapor satellite imagery from which the moisture fields 
should he derived. 

It is in the view of this last requirement that this study has been undertaken. Of course, 
a lot of research has been clone. On the one hand, Weldon and Holmes [23], for instance, 
present a large number of instructive case studies in which radiance calculations based on 
radiosonde measurements are compared to radiances measured by satellites. These case 
studies serve to show how the radiance fields measured by satelites can he understood in 
terms of the moisture distributions in the atmosphere. It does however, not provide a fun
damental theoretica} basis relevant to the subject. Goody [8], does provide the theoretica} 
basis, but not within the context of water vapor satellite imagery. 

It is the goal of this study to offer a combined approach, in which the interpretation 
of satellite imagery will he directly linked to the theoretica} basis. The approach can he 
divided into four steps. First basic theoretica} knowledge of the physical concepts and 
processes relevant to water vapor radiative transfer will he provided. Second, a radiative 
transfer model will he constructed, using these concepts and processes as the basic ingre
dients. Once validated ( third step), this radiative transfer model will finally ( fourth step) 
he used to give insight in the interpretation of satellite imagery. 

Thus-disussing the four steps in four consecutive chapters-in chapter 2 the basic 
physical principles underlying the emission and absorption of radiation will he explained, 



3 

regarding the atmosphere as a system in local thermadynamie equilibrium. Also, the 
atmospheric radiation budget will be discussed, investigating the balance of incoming short
wave solar radiation and emitted long-wave terrestrial radiation. Then the focus will be 
narrowed to the specific radiative properties of water vapor, introducing basic terminology 
in radiative transfer in the last section. 

Chapter 3 will focus on the fundamental equation governing radiative transfer, the 
Schwartzchild equation, which describes the changes in intensity due to absorption and 
emission ofradiation travelling through an absorbing medium. U pon solving the Schwarzchild 
equation for a vertical path through the atmosphere, an analytica} salution is found that 
expresses the intensity of the upwelling long-wave radiation as a function of pressure. By 
evaluating a numerical implementation of this integral equation the behaviour of its differ
ent terms is investigated, thus gaining insight in radiative transfer. 

Radiative transfer models are discussed in the first section of chapter 4, focussing on the 
MODTRAN3 narrow band model. By parameterizing speetral quantities in the analytica! 
salution of Chapter 3 in such a way that its radiance profiles correspond to those computed 
by MODTRAN3, a radiative transfer model is developed, called the analytica[ model, since 
it is a direct implementation of the analytica! solution. 

In Chapter 5 the analytica! model is used to perfarm two case studies, that both aim 
at a better understanding of the interpretation of water vapor satellite imagery. In the 
first study the radiance patterns of an artificial moist layer at different relative humidities 
will be investigated. In the second case study an artificial water vapor satellite image is 
derived from ECMWF analyzed fields and compared to the actual image. 



Chapter 2 

Atmospheric Radiation 

In this chapter, the physical background of the radiation processes in the earth's atmo
sphere will be given. The atmosphere will be described as a system in local thermadynamie 
equilibrium, so that some of its basic radiative characteristics can be derived. Then we 
will analyze theearth's radiation budget, descrihing how incoming shortwave and emitted 
longwave radiation balance. N ext the focus will be narrowed to the actual absorption pro
cesses, which govern longwave radiation transport. Special attention will be given to the 
6.3J.tm band of water vapor. Data used in this chapter is, unless noted otherwise, taken 
from Liou [15]. 

2.1 LTE and black-body radiation 

A physical object is said to be in thermadynamie equilibrium (TE) if it is perfectly insulated, 
that is, no thermal or radiant energy is allowed to either enter or escape the specific object 
and if the entropy is at a maximum. However, the atmosphere as a whole can never be 
in thermadynamie equilibrium, since radiation is both received from and emitted out to 
space. Therefore, it is assumed that a state of TE exists only in volume elements of limited 
extent, in other words that the atmosphere is in laeal thermadynamie equilibrium (LTE). 

In those volume elements, the speetral intensity of the radiation field is given by the 
Planck law 

2hc2v3 

Bv(T) = (ehcv/kT- 1)' (2.1) 

where T is the unique temperature that may be assigned to a volume element, h is the 
Planck constant, c is the velocity of light, k is the Boltzmann constant and v denotes the 
wavenumber that is defined as 

1 
V= '3:' (2.2) 

where À is the wavelength of the radiation. The speetral intensity of radiation, or speetral 
radiance, is defined as the flux of energy in a given direction per unit of time, per unit of 
wavenumber-range and per unit of solid angle (dimension W m-2 sr-1 (cm-1)-1). 

4 



2.2. ATMOSPHERIC RADJATION BUDGET 5 

The wavenumber of maximum speetral radiance Vm increases with temperature, and is 
given by the Wien displacement law [18] 

where a is a constant 1 . 

1 a 
T ' Vm 

(2.3) 

The total amount of radiation per unit of time and unit of solid angle is given by the 
Stefan-Boltzmann law 

1
oo a-T4 

B(T) = Bv(T)dv = -, 
0 7r 

(2.4) 

where (j is the Stefan-Boltzmann constant. 
Kirchhoff 's law [18] is also valid, which states that the for a volume in LTE and for 

a given wavenumber v, the emissivity (ratio of the emitted radiance and the black-body 
radiance, given by the Planck function (2.1)) is equal to the absorptivity (the ratio of the 
absorbed radiance and the Planck function), that is 

(2.5) 

2.2 Atmospheric radiation budget 

As can heseen from the energy spectrum in Fig. 2.1, the spectrum of radiation present in 
the atmosphere can he divided into two speetral subranges with negligible overlap, one of 
short-wave solar radiation with wavenumbers up to 50000 cm-1 (>. > 0.2J.tm) and one of 
long-wave terrestrial ( thermal infrared) radiation emitted by the earth and its atmosphere 
with wavenumbers up to 2500 cm-1 (>. > 4J.tm). In radiative transfer, the two speetral 
ranges may be treated separately. 

2.2.1 Solar radiation 

The short-wave solar radiation incident on the earth is emitted from the sun's photosphere 
which has a mean temperature of 5900 K. As can be seen from Fig. 2.2 (a) radiation is 
emitted with wavenumbers up to 50000 cm-I, while the maximum intensity occurs at Vm 

= 11.3 103 cm-I, according to Wien's displacement law (2.3). The solar radiation that 
reaches the earth, results in an average solar flux at the top of the atmosphere of about 
341 W m-2• 

This solar flux will interact with the earth-atmosphere system in a number of ways, as 
illustrated in Fig. 2.3. Of the total incident solar radiation (100%) on the average 43% is 
incident on clouds and subsequently scattered backtospace (17%), absorbed by the clouds 
(4%) or transmitted (22%) to the earth's surface. More than half (52%) of the incident 

1The value o: = 0.5100 cm K has been used, since the value of Wien's constant o: = 0.2897 cm K, used 
by Liou [15], is valid only for computing the maximum of B>. (the Planck function with the wavelength as 
independent variable), which differs in magnitude from Bv through the relation B>. = v2 Bv [14). 
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Figure 2.1: Absorbed solar energy and emitted terrestrial energy bath sketched as functions 
of the wavelength >.. It is assumed that bath solar and terrestrial radiation are emitted 
conform the Planck function at the respective mean temperatures (see Fig. 2.2). ft is 
required that bath graphs have equal areas, since the absorbed and emitted energies should 
balance. The overlap around 4 Jl.m (2500 cm- 1

) is negligble. Adapted from Peixoto and 
Oort {18} ( although in this figure the values for the average temperatures as used by Liou 
{15} are inserted, nat those used by Peixoto and Oort). 
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Figure 2.2: Planck functions corresponding to the mean temperature of the sun (a) and to 
the mean temperature of the earth (b). 
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radiation interacts with the cloud-free air, 7% being scattered back to space, 22% being 
absorbed, while the remainder (23%) is transmitted to the surface. Ofthe original amount, 
only 5% reaches the surface without interacting with the atmosphere. Of the total of 50% 
reaching the surface, 6% is scattered backtospace while the remainder (44%) is absorbed. 

Summarizing, we conclude that of the total incident radiation 30% is scattered back, 
corresponding to an albedo of 0.3, while 70% is absorbed by the earth-atmosphere system, 
about one-third by the atmosphere and about two thirds by the earth's surface. 

Due to the absorption of solar radiation, the total amount of energy in the earth
atmosphere system might increase, giving rise to an increase of the mean temperature 
( elimate drift). The mean temperature, however, is observed to be fairly constant at about 
255 K, which indicates that, as described in the following section, energy is emitted by the 
earth-atmosphere system at the same rate at which it is absorbed. 

2.2.2 Terrestrial radiation 

The earth's surface, at a mean temperature of about 288 K, releases its absorbed energy 
through radiative as well as non-radiative processes. It emits an equivalent of 115% of the 
incident solar radiation asthermal infrared radiation that is subsequently re-absorbed in the 
atmosphere. It also releases energy into the atmosphere by means of sensible heat transfer 
(6%) through conduction and convection as well as by means of latent heat release (23%) 
due to condensation. The latter two contributions are clearly non-radiative processes. 

The energy, gained by the atmosphere through absorption of solar radiation, radiation 
from the earth's surface as well as through non-radiative processes, is emitted as thermal 
infrared radiation. An equivalent of 100% (two-thirds by clouds and one-third by clear 
atmosphere) is emitted back to the earth's surface, while an equivalent of 70% (one half 
by clouds, the other half by clear atmosphere) is emitted back to space. It is the latter 
contribution that causes the earth-atmosphere system to loose its absorbed energy and 
maintain an equilibrium. An impression of the intensity of the emitted thermal infrared 
radiation as a function of the wavenumber can be obtained from the Planck function for 
T = 255 K, the mean temperature of the earth-atmosphere system (Fig. 2.2 (b)}. The 
emitted radiation has wavenumbers up to 2500 cm-1 and an intensity peak at 500 cm-1 . 

2.3 Absorption in the atmosphere 

In the previous section, the radiation budget was discussed. The sun's and the earth's 
emission and absorption spectra were considered to corr·espond to the Planck function at 
the respective mean temperatures. 

In reality, the situation is much more complex, due tothefact that the atmosphere con
sists of a number of gases with different absorption characteristics, of which the radiatively 
most active, water vapor, is not uniformly mixed. 
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Incident Solar Flux' 341 W m-2 

Reflected Solar Flux t 102 W m-2 

22% 5% 23% 

= +100% 

= -30% 

= +70% 

= +26% 

6% = +44% 

Figure 2.3: Interaction of short-wave solar radiation with the earth and its atmosphere. 

Thermal Infrared Flux t 239 W m-2 = -70% 

36% 34% t 
. . . . . . . . . . . . . . . . . . . . . . . . . ............ t ................................. . 

= -70% 

(@:::~:::::::::::::::::::::::@) = -26% 

' ' 1 SH 1 LH I I 

115% 67% 33% 6% I 23% 1 = -44% 

Figure 2.4: Emission of long-wave radiation by the earth and its atmosphere 
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2.3.1 Atmospheric composition 

Permanent constituents 
Constituent % by volume 
Nitrogen (N2 ) 78.084 
Oxygen (02 ) 20.948 
Argon (Ar) 0.934 
Carbon dioxide (C02 ) 0.034 
Methane (CH4 ) 1.7 x 10-4 

Nitrous oxide (N20) 0.3 x 10-4 

Carbon monoxide (CO) 0.08 x 10-4 

Variabie constituents 
Constituent % by volume 
Water vapor (H20) 0-0.04 
Ozone (03) 0-12 x 10-4 

Table 2.1: Average composition of the earth 's atmosphere. Apart from the jour most 
abundant permanent constituents (N2, 02 , Ar and C02), only those constituents relevant 
for this study are mentioned. Adapted from Liou {15}. 

A general idea of the composition of the atmosphere can be obtained from Table 2.1. The 
permanent constituents are uniformly mixed throughout the atmosphere. The three most 
abundant ones, nitrogen, oxygen and argon, fill 99.93 % of the atmospheric volume. The 
variabie constituents, of which only water vapor and ozone are mentioned, are found in 
small but varying amounts. 

Of all water vapor in the atmosphere, 50% is found below 850 hPa, while more than 
90% is found below 500 hPa. The concentration of water vapor in the stratosphere is 
very small, only 3-4 ppmv2 in the lower stratosphere. Ozone concentrations vary strongly 
with both space and time, but are in general highest at altitudes between 15 and 30 km. 
Although the amounts of the latter two gases are relatively small, they are of extreme 
importance for infrared radiative transfer, water vapor being the most important radiative 
element in the atmosphere. 

The precise mixture of gases will determine both the absorption and scattering of 
short-wave solar radiation as well as the absorption and emission of long-wave terrestrial 
radiation. As mentioned before, the short-wave and long-wave regions may be treated 
separately. 
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solar irradiatio•1 curve outsidc atmosphere 
solar irradiation curve at sea level 

'r- curve for black body at 5900 K 
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Figure 2. 5: Emission spectrum of the sun outside of the atmosphere and at the surface for 
a clear atmosphere. (Here the irradiance is plotted, which is the radiance integrated over 
all directions.) Adapted from H oughton {11}. 

2.3.2 Short-wave spectrum 

The solar emission spectrum (Fig. 2.5), as observed outside the atmosphere, closely matches 
a 5900 K Planck curve for wavelengtbs in the visible and near-infrared regions (>. > 0.4J.Lm 
or v < 25000 cm-1 

), where fiuctuations are due to the different elements in the sun's 
photosphere (see Fig. 2.5). The strong deviations in the ultra-violet region (>. < 0.4J.Lm or 
v > 25000 cm-1

) are due to sunspot variations [14]. The spectrum of solar irradiance as it is 
observed at theearth's surface (see Fig. 2.5), indicates how the solar radiation is (partially) 
absorbed or scattered by the atmosphere at some wavelengths, while at others the solar 
radiation is fully transmitted. The depletion of solar radiation in a clear atmosphere ( that 
is, free of clouds and aerosols) is mainly due to atomie and molecular nitrogen (N, N2) and 
oxygen (0, 0 2) in the ultra-violet region, ozone (03) and molecular oxygen (02) in the 
visible region and water vapor (H20) in the near-infrared region. 

2ppmv = partsper million by volume 



2.3. ABSORPTION IN THE ATMOSPHERE 

2.3.3 Thermal infrared spectrum 
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Figure 2.6: Absorptances for different atmospheric gases in the infrared region. Adapted 
from Liou {15}. 

The thermal infrared part of the radiation budget is governed by absorption and emission of 
long-wave radiation by various atoms and molecules (Sec. 2.2.2). The absorption spectra 
of the most dominant species are depicted in Fig. 2.6, where the lower plot shows the 
aggregate absorption. It can be clearly seen that water vapor (H20 and HDO) plays a 
dominant role in the aggregate absorption spectrum. It can be seen how from about 5 
to 7 J-Lm (2000-1400 cm-1 ) water vapor causes full absorption. The range from 8 to 12 
J-Lm (1250-850 cm-1) of relatively low absorptance, mainly by water vapor, is called the 
atmospheric window region. In it, the distinct ozone (03) 9.3 J-Lm (1075 cm-1) absorption 
band is very prominent. 

It is easily understood (Kirchhoff's law (2.5)), that absorptance profiles plotted might 
be interpreted as emittance profiles, since absorptance and emittance have the same value 
for a given wavenumber v. Thus the aggregate absorption may be interpreted as the 
aggregate emission. 

Using the latter interpretation, the earth's thermal infrared emission spectrum Fig. 2. 7 
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may be understood. It is clearly seen that the thermal emission does not correspond to 
that of a black-body at the mean temperature of 255 K. Rather, for different wavenumber 
intervals, the emission profile corresponds to Planck curves for different mean temperatures. 

The radiation in the atmospheric window region, for instance, appears to be emitted 
conform a black-body at a mean temperature of 290 K. The height of this temperature 
indicates that the radiation must be emitted by theearth's surface. This radiation emitted 
will not undergo substantial absorption in the atmosphere, since the wavenumbers are 
within the atmospheric window region, and reach the top of the atmosphere. 

If absorption is much stronger, however, as in the 6.3 J.Lm (1590 cm-1) water vapor 
absorption band, the radiation is emitted conform a black-body radiator at a temperature 
of only 225-250 K. Thus, most of the radiation reaching the top of the atmosphere must 
be emitted from higher, and thus colder, atmospheric levels. What happens is that the 
radiation emitted by the earth is first absorbed in the dense and warm levels near the 
surface. The radiation subsequently emitted from those levels will not be able to reach 
the top of the atmosphere since, due to the high absorptance, the lesser densities of the 
layers located higher in the atmosphere are still sufficient to cause strong absorption in 
those higher layers. This process of absorption of radiation originating from a lower layer 
of a certain higher temperature and subsequent emission from a higher layer at a lower 
temperature, may continue until the absorber density at higher layers is small enough to 
allow the radiation to be transmitted to the top of the atmosphere. 

As it turns out, the amount of radiation from a given level that reaches the top of the 
atmosphere is determined by the absorptance weighted by the total amount of absorber 
between the given level and the top of the atmosphere. That is, the mount of radiation 
that reaches the top of the atmosphere is determined by the absorptance weighted by the 
density integrated from the top of the atmosphere to the emitting level along the path of 
the emitted radiation. In Sec. 2.4.1, this quantity will be introduced in mathematica} terms 
and called the optical depth. As we will see in that same section, the amount of radiation 
transmitted decreases with increasing optical depth, conform our observations above. 

Now that a concise picture of the atmospheric radiation budget and the behavior of 
short-wave as well as long-wave radiation is obtained, it is time to narrow our focus and 
investigate the aforementioned 6.3 J.Lm water vapor absorption band more thoroughly. 

2.4 The 6.3 J-lm water vapor absorption band 

In this section we will fist give a very general description of the physical basis of the 6.3 
J.lm water vapor absorption band. Then the line spectrum in a small interval of this band 
will he discussed and expressions for the absorption coefficient and the optical depth will 
be derived. 
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Figure 2. 7: Thermal infrared emission spectrum of the earth and Planck intensity curves. 
Adapted from Liou {15}. 
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Figure 2. 8: The vibration modes of the H2 0 molecule. Adapted from Liou {15}. 
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2.4.1 A bsorption and emission by water va por 

In general, a molecule has two different forms of energy, quantized internal energy and 
continuous translational energy. The internal energy, in turn, can be divided into three 
kinds, rotational, vibrational and electronic energy. We thus write 

(2.6) 

For a molecule in a certain energy state, a transition might take place to another energy 
state. 

Changes in rotational energies3 are very small, of the order of 1 cm-1 ( microwave and 
far infrared spectrum), whereas changes in vibrational energy are generally greater than 
600 cm-1 (intermediate infrared spectrum). Changes in electronic energy often are in the 
order of 104 cm-1 (ultra-violet and visible spectrum), or a few electron volts. 

Since the kinetic energy is of the order of 400 cm-I, collisional processes will only cause 
rotational and, toa lesser degree, vibrational transitions. Electronic transitions are caused 
by radiative processes only. 

From the relative magnitudes of the energies involved in the different transitions it may 
be anticipated [8] that rotational and vibrational transitions accompany electronic ones, 
while rotational transitions accompany vibrational ones. The latter combination gives rise 
to vibrational-rotational absorption bands in the infrared spectrum. 

Water vapor has a pure rotational band from 0 to 1000 cm-1 (wavelengths > 10 J,tm). 

Due to the water molecule's shape of a obtuse isosceles triangle, it has three fundamental 
vibration modes, as sketched in Fig. 2.8. The symmetrie and antisymmetrie modes form 
two fundamental vibrational-rotational bands near 2.7 J,tm (3700 cm-1

). The bending mode 
v2 forms a fundamental band centeredat 6.3 J,tm (1590 cm-1 ), which is the most important 
vibrational-rotational band of water vapor. 

2.4.2 Beer-Bouguer-Lambert law 

The intensity of monochromatic radiation in the water vapor band, that travels in a verti
cally upward direction through the atmosphere, will be attenuated by absorption by water 
vapor. If emission by the atmosphere is neglected, we may write the attenuation in terms 
of the intensity lv as 

dlv(z) = -Iv(z)kv(z)pv(z)dz, (2.7) 

where Pv is the density of water vapor and kv is the speetral absorption coefficient. Intro
ducing pressure coordinates using the hydrastatic equation 

we write 

dp = (Pd(z) + Pv(z))gdz = p(z)gdz, 

dp 
dlv(P) = lv(P)kv(P)Pv(p)-( -) , ppg 

(2.8) 

(2.9) 

3Transition energies, in units of he, are aften specified as the corresponding wavenumber, where that 1 
cm-1 ~ 0.123 x 10-3 eV. 
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where g denotes the gravitational acceleration, Pd denotes the density of dry air and p the 
total density of dry air and water vapor combined. Assuming the souree of the radiation 
to he theearth's surface, we may integrate the above equation to yield 

Iv(P) = Iv(p*) exp {~ /.* pkv(P')q(p')dp'}, (2.10) 

where p* is the pressure at the earth's surface and we have introduced the specific humidity 
(See App. C.2) 

Introducing the optica! depth 

Pv q=---
Pd + Pv 

Tv(p* ,p) = -- kv(P')q(p'}dp', lip 
g p* 

Eq. (2.10) may he written as 

Further rewriting, we obtain the Beer-Bouguer-Lambert law [14] 

Iv(P) = Iv(p*)Tv(p*,p), 

where Tv (p*, p) denotes the speetral transmittance 

Tv(p*,p) = e-Tv(p*,p). 

Equation (2.14) describes the radiance as a function of the vertical coordinate. 

2.4.3 Optical depth and transmittance 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

In the previous subsection, the optical depth was introduced. In general, it may he written 
as 

Tv(p',p) =-~lp kv(P")q(p")dp". 
g p' 

(2.16) 

The optical depth is a measure of the total absorption of monochromatic radiation travelling 
vertically upwards through an absorbing layer from a level p' to a level p. It is thus a 
measure of the 'effective' depth with respect to absorption of radiation. Using the optical 
depth as the argument of an exponential function, we obtain the transmittance 

T,_,(p',p) = e-Tv(P',p)' (2.17) 

which is a measure of the transmission of a path through an absorbing layer. 
The optical depth can he seen to increase with increasing integration path, with in

creasing absorption coefficient and with increasing specific humidity and vice versa. The 
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H218Q 
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Relative 
Abundance (%) 
99.73 
0.20 
0.04 
0.03 

Table 2.2: Water vapor isotapes and relative abundances. Data obtained from the 
HITRAN96 speetral database {19}. 

transmittance, in turn, is seen to decrease with increasing optical depth and increase with 
decreasing optical depth. 

The influence on the radiance of, for instance, increasing optical depth can be seen if 
we consider Eq. (2.14). Indeed, computing the radiance at higher levels p in an absorbing 
atmosphere (kv =I 0, q =I 0), the integration path and thus the optical depth will increase. 
This leads to a decrease of the transmittance and thus of a decrease of the radiance at level 
p. If, on the other hand, the specifîc humidity is taken to be zero, the optical depth will 
be zero and the transmittance will have a value of one. The radiance will thus be equal to 
the radiance at the earth's surface for all pressures p. 

In order to determine the transmittance of a certain path through an absorbing layer, 
the amount as well as the speetral absorption characteristics of the absorber (i.e. water 
vapor) have to be known at each level within the atmosphere. The amount of absorber 
is specified by the specific humidity. The specific humidity is easily determined from 
e.g. radiosonde measurements. 

The absorption characteristics are specified for each wavenumber by the speetral ab
sorption coefficient, a quantity of quantum-mechanical nature. The values ofthe absorption 
coefficient for a great number of atmospheric absorbers and for a wide wavenumber range 
have been determined in laboratory experiments, and have been stored in databases such 
as the HITRAN speetral database [19]. The absorption coefficient is discussed in the next 
subsection. 

2.4.4 Absorption Coefficient 

The total speetral absorption coefficient of the 6.3 J.-lffi water vapor absorption band of water 
vapor may be described in terms of a superposition of speetral absorption coefficients (see 
Eq. (4.1)), that each describe the absorption due to one discrete vibrational-rotational 
transition at a specific wavenumber v0 . Due to quantum-mechanical effects, absorption 
does not only occur at that specific wavenumber, but in a small wavenumber interval 
around v0 as well, causing the absorption coefficients of different transitions to overlap. 

The speetral absorption coefficient corresponding to a certain transition may thus be 
described as a function of the wavenumber in terms of an absorption line of certain width 
and strength. Absorption lines within a small interval of the 6.3 J.-lffi absorption band have 
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been plotted in Figs. 2.9 and 2.10. The lines belong to transitions in four different isotopes 
of water vapor (Table 2.2). The H2

160 isotope has by far the largest abundance, so that 
absorption lines of that isotope will dominate in an actual absorption process. 

Each line has a symmetrie shape, centered around the wavenumber v0 . The shape is de
scribed by the line shape factor f, that is a function of wavenumber, pressure and absolute 
temperature. The strengthof a line is determined by the line intensity S, that is a function 
of the absolute temperature only. The speetral absorption coefficient corresponding to a 
specific transition is thus given by the product 

kv(P, T) = S(T)f(v- Vo,p, T). (2.18) 

Thus in order to determine the speetral absorption coefficient, the line shape and line 
intensity will have to be determined first. 

Line shape 

It will be assumed that the line is broadened by collisions only. This condition is known 
as pressure broadening and leads to the Lorentz line shape 

1 a 
f ( v - vo, a) = ( )2 2 , 1r v- vo +a 

(2.19) 

where a is the half-width. The typical shape of the Lorentz line is evident from Fig. 2.10. 
The pressure-broadened half-width a, which is inversely proportional to the mean free 

time between collisions, depends on pressure and temperature according to [15] 

(2.20) 

where ao is the half-width measured in the reference state (Po = 1013 hPa, T0 = 296 K). 
In the case of H2 0 the value n = 0.64 is chosen [15]. 

Line intensity 

The absorption characteristics of a certain line are determined not only by the line shape, 
but also by the line intensity S, that depends only on temperature. This dependenee may, 
in a simplified form, be expressed as [15] 

( T. ) 
3

1
2 

[ E ( 1 1 ) l S(T) ~ S0 ; exp -k T - To , (2.21) 

which is valid for non-linear molecules such as H20. The value in the reference state is indi
cated by a 80 , while E denotes the energy of the lower state of the transition corresponding 
to the speetral line. 
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The line-intensity S may be combined with the line shape factor f to yield the speetral 
absorption coefficient 

S(T) a(p, T) 
k,_,(p, T) = S(T)f(v- vo,p, T) =-( )2 ( T) 2 ' 

7r v - Vo + a p, 
(2.22) 

that fully determines the absorption characteristics of a speetral line. 
Now that we have a clear picture of the physical background of especially the long-wave 

radiation in the atmosphere, we will continue in the next chapter to derive the equations 
governing the radiative transfer. 



Chapter 3 

Radiative Transfer 

Having dealt with the general background of atmopheric radiation in the previous chapter, 
in this chapter we will focus on the equation that actually governs the transfer of radiation: 
the Schwarzchild equation. First its formal salution will be derived, which turns out to 
contain an integral that cannot, in general, be solved analytically. Thus it is computed 
numerically, by a straightforward discretization of the integral. Using this analytica! model, 
as it will be called, the specific behavior of the salution to the Schwarzchild equation is 
investigated. 

3.1 Solution of the Schwarzchild equation 

As was done in Sec. 2.4.2, we will consider a pencil of vertically upward travelling radiation. 
However, from now on, next toemission by theearth's surface, emission by the atmosphere 
will be included as well. 

The atmosphere will be descibed as a system in local thermadynamie equilibrium (LTE, 
see Sec. 2.1) so that the speetral radiance field is given by the Planck function (2.1). Since, 
by Kirchhoff's law (2.5), for each wavenumber the emittance is equal to the absorptance, 
we can describe the emission by water vapor analogously to the absorption by using the 
speetral absorption coefficient kv as an "emission coefficient". We may, analogously to 
Eq. (2.7), write for the change in radiance due to emission by water vapor 

(3.1) 

where Bv denotes the Planck function. 
The change in radiance in case both absorption and emission processes are included is 

thus given by 

dlv(z) = -dlv,a(z) + dlv,e(z) = -Iv(z)kv(z)pv(z)dz + Bv(z)kv(z)pv(z)dz. (3.2) 

This equation, the Schwarzchild equation [14], is the fundamental equation governing in
frared radiative transfer in the atmosphere. 

20 
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Following the sameprocedure as in Sec. 2.4.2 we introduce pressure coordinates, which 
yields 

dfv(P) 
kv(p)q(p)dpjg = -fv(P) + Bv(p). (3.3) 

This equation may be integrated (see App. B) fora path extending from the surface p* to 
a level p to yield 

Iv(P) = Bv(p*)Tv(p*,p) + 1P Bv(P')Wv(p',p)dp', 
p* 

where p* denotes the surface pressure and the transmittance (2.17) 

Tv (p'' p) = e-T" (p' ,p)' 

and its derivative, the weighting function 

w ( 1 ) _ 8Tv(p',p) 
V p ,p - apl l 

are inserted. 

(3.4) 

(3.5) 

(3.6) 

Equation (3.4) is the formal solution ofthe Schwarzchild equation (3.2). It describes the 
radiance of vertically upward travelling monochromatic radiation as a function of pressure, 
if both absorption and emission by the atmosphere are included. 

Comparing this result to the Beer-Bouguer-Lambert law (2.14), that includes emission 
by theearth's surface only, we see that including atmospheric emission introduces an extra 
term into the solution. This extra term is an integral over pressure of the atmospheric 
contribution, which is the Planck function times a transmittance, to the total radiance 
at level p. In the next section, the precise way in which this integral contributes to the 
radiance will be examined. 

3.2 The different terms in the integral 

In this section, attention will be given to exactly how the different terms in Eq. (3.4) con
tribute to the radiance Iv(P) for different values of p. Since it is not possible to solve the 
integral in Eq. (3.4) analytically, the integral was discretized (see App. E) and computed 
numerically. Some approximations regarding the absorption coefficient had to be made. 
Discussion of those approximations, however, will be deferred to section 4.2. The atmo
sphere will be approximated by a single isentropic layer (see App. C), extending from 1000 
to 100 hPa, with a potential temperature of 296 K. 

3.2.1 Optical depth 

This dimensionless parameter is a measure of the total absorption along a certain path. As 
can easily be seen from Eq. (2.16), it will increase with increasing absorption coefficient, 
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with increasing specific humidity and with increasing layer height. It is the latter effect, 
that is represented in Fig. 3.1 (a). In this figure, the optica} depth is plotted as a function 
of pressure for moist layers of different vertical extent1 . The profiles represent the optica} 
depth with respect to a sensor at the 100 hPa level or higher (e.g. a satellite) for radiation 
travelling in the upward direction. By observing the different profiles it can be seen how 
the absorption coefficient depends on both the vertical extent of the moist layer and the 
exact location within the layer. 

It is easy to find out what the height is of the moist layer that a certain profile belongs 
to. Since the optica} depth is necessarily zero at the top of the moist layer, the height of 
the moist layer is given by the pressure at which the profile yields an optica} depth equal 
to zero. Once a layer is identified, the optica} depth from the top of that moist layer to 
anywhere within the moist layer can be extracted from the plot. 

lf we focus our attention on the moist layer that extends up to 805.3 hPa, we see that 
the optica} depth for radiation emitted from the 900 hPa level within this moist layer is 
2.0. The optica} depth for this layer as a whole is 5.1, since this is the value of the optica} 
depth at the surface. Taking the next higher layer which extends up to 639.3 hPa, we see 
that the optica} depth of this layer at 900 hPa is 4.0, whereas the optica} depth of the layer 
as a whole is about 7.2. Thus we see how the optica} depth increases with increasing layer 
height, as expected. 

3.2.2 Transmittance 

The transmittance (Eq. (3.5)) denotes the relative amount of radiation, emitted from a 
certain level within a moist layer of certain extent within the atmosphere, that will reach the 
top of that moist layer. Transmittance profiles have been calculated for the same moist 
layers for which the optica} depth profiles were calculated. Each of the transmittance 
profiles in Fig. 3.2 (b) thus corresponds through Eq. (3.5) to an optica} depth profile in 
Fig. 3.2 (a). The pressure at the top of the layer, that a profile belongs to, can now be 
found by looking up the point where the transmittance reaches the value 1. It is interesting 
to see, that for the thicker layers (Ptop < 700 hPa) the transmittance at the surface is zero, 
meaning that no radiation from theearth's surface reaches the top of the layer. 

3.2.3 Weighting and contribution functions 

The derivative of the transmittance is the weighting function (Eq. (3.6) ). The weighting 
function serves, as can beseen from Eq. (3.4), to weigh the black body radiation emitted 
from a certain layer at pressure p', so as to yield the contri bution of that layer to the total 
radiance at a pressure p. This quantity also depends on the layer thickness and the exact 

1 Just a selection of the 55 levels (Tahle E.l) for which computations were made is plotted, so that 
individuallines can he discerned. The four highest layers extend up to 100.0, 382.7, 639.3 and 805.3 hPa, 
respectively, while a further ten levels helow 850 hPa are shown that have a linearily decreasing extent. 
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Figure 3.1: Evaluation of the (different terms in) the integrand of Eq. (3.4) for isentropic 
layers at () = 296 K and with a relative humidity of 10%. Each separate line belongs to a 
moist layer of specific height and gives the values of the quantity below the graph for that 
layer. See Sec. 3.2 for further explanation. 
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location within the layer. Profiles of the absolute2 value of the weighting function-for the 
same layers as before---have been depicted in Fig. 3.1 (c). The relationship with the trans
mission profiles in Fig. 3.1 (b) through Eq. (3.6) is obvious. For layers not extending above 
600 hPa, the absolute value of the derivative of the transmission with respect to pressure 
is seen to increase with decreasing pressure. This corresponds to monotonous increase 
with decreasing pressure of the profiles in Fig. 3.1 ( c). For the two layers extending above 
600 hPa, however, the magnitude of the derivative reaches a maximum and subsequently 
decreases, as can be seen from both Figs. 3.1 (b). For the weighting function, this results 
in a characteristic bell shaped curve. 

A physical significant quantity is obtained by multiplying the weighting function by the 
Planck function (Fig. 3.1 ( d)). Th is results in the so-called contribution function, which 
may be expressed as 

Cv(p',p) = Bv(P')Wv(P',p), (3.7) 

and forms the integrand in Eq. (3.4). 
The contri bution function is shown in Fig. 3.1 ( e). It can be seen that for each layer 

height, the contribution function reacl1es a maximum somewhere within the layer. It is 
from that specific altitude that the largest amount of radiation is contributed. 

3.2.4 Total radiance 

In view of Eq. (3.4), in order to calculate the total radiance at a certain pressure p, it is 
necessary to add the contributions, evaluated for the pressure p, of both the surface and 
the atmosphere. 

The surface contribution is easily calculated as the black body radiation at the surface 
times the transmittance of a path extending from the surface to the upper boundary of 
the moist layer at pressure p. A general idea of the magnitude and pressure dependenee 
of the transmittance of a the total layer can be obtained by observing the value of the 
transmittance at the surface pressure p* as indicated for different layer heights in Fig. 3.1 
(b). 

The atmospheric contribution is approximated (see also App. E) by a sum over N 
distinct pressure intervals of the contribution function (Eq. (3.7), Fig. 3.1 (e)) at each 
pressure interval times the thickness of that interval ~p. Thus we may approximate the 
speetral radiance at the top of a layer extending to pressure p 

N 

lv(P) ~ Bv(p*)Tv(p*,p) + l::Cv(Pi,P)~p. (3.8) 
i=l 

The total radiance for a specific wavenumber interval is obtained by integrating the 
speetral radiance over that interval. For now, we will assume that the total speetral 

2Both the weighting and the contribution function have negative values for all pressures, hence minus
signs are inserted in the expressions below the respective plots. However, since dp in the integral in Eq. 3.4 
is also negative, the integral is positive, increasing the total radiance. 
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radiance is independent of wavenumber, and write for an speetral interval of width f::::.v, 
centered around iJ 

(3.9) 

The above equation has been evaluated fora wavenumber D = 1492 cm-1 and a band
width of 5 cm-1 and for the same layer heights as in the earlier figures. The results have 
been plotted in Fig. 3.2. 

The interpretation of this figure is best explained by consiclering an example. Consider 
the moist layer that extends up to 805.3 hPa. The total radiance, emitted by this layer, is 
indicated by the diamond ( <>) at a pressure of 805.3 hPa. It is thus seen that the radiance 
at the top of this layer is almast 0.1 W m-2 sr-1. 

The atmospheric contribution, as given by the sum f::::.v E!1 Cv(Pi,p)f::::.p in Eq. (3.9), 
is plotted for each i as a solid line starting at zero radiance at the surface and ending 
near 0.1 W m-2 sr-1 at the top of the layer. The line thus specifies at each pressure 
Pi, the atmospheric contribution to the radiance at the top of the layer produced by the 
atmosphere up to that level Pi· 
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Figure 3.2: Radiance profile, indicated by the dashed line, for an isentropic layer with a 
potential temperature of() = 296 K and 10% relative humidity. The diamonds (<>) denote 
total radiances, calculated at the top of the layers specified in Sec. 3.2.1, using Eq. (3.9). 
The solid lines indicate the atmosperic contributions to the radiance at the top of a moist 
layer, evaluated as a function of pressure for those same layers. 
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At 900 hPa, for instance, this atmospheric contribution is 0.015 W m-2 sr-1 . This 
means that only 15% of the radiance at the top of the layer is contributed by the lower half 
of the moist layer. A radiance of 0.05 W m-2 sr-1 is reached at about 850 hPa, indicating 
that the upper 25% of the moist layer contributes 50% of the total radiance. 

The total atmospheric contribution at the top of the moist layer is equal to the total 
radiance indicated by the diamond. This means that for this layer theearth's surface does 
not contribute to the radiance at the top of the layer. 

If we consider the layer that extends to just below 900 hPa instead, we see that the total 
radiance is about 0.125 W m-2 sr-1 . The total atmospheric contribution, however, is about 
0.115 W m-2 sr-1 , indicating a contri bution of the earth's surface of 0.01 W m-2 sc1 • The 
extent of the horizontal gap between the diamond and the endpoint of the corresponding 
atmospheric contribution line thus indicates the earth's surface contribution. This latter 
contribution is clearly seen to increase for layers of lesser vertical extent, as might be 
expected. 

We may combine the calculations of the total radiance made for each of the individual 
moist layers by connecting the diamonds in Fig. 3.2. This results in a radiance profile, 
that describes the pressure dependenee of the total upwelling radiance within a moist layer 
extending from the surface to the uppermost diamond, in this case up to 100 hPa. 

Now that we have a model in terms of which we are able to understand radiative 
transfer, the next task is to test the validity of its output. Thus, in the next chapter, the 
profiles calculated by the simple analytic model will be compared to those calculated by 
MODTRAN3, a state-of-the-art, validated radiance code. 



Chapter 4 

Radiative Transfer Models 

The main objective of this chapter will be to validate the analytica} model, derived in 
the previous section, by camparing its output to the output of the MODTRAN3 radiative 
transfer code. A general discription of both line-by-line and narrow band radiative transfer 
models is given. Then a discription is given as to how the analytica} model is changed to 
be able to apply it toa frequency band insteadof just one frequency. This process involves 
introducing a tuning parameter, which has to be tuned in order to make the profiles of 
MODTRAN3 and the analytica} model match. By performing this matching at different 
potential temperatures, a polynomial descrihing the tuning parameter's dependenee on the 
potential temperature is found. 

4.1 Line-by-line and narrow band models 

In order to compute the optica} characteristics of a whole speetral band consisting of a 
large number of lines, there are two basic approaches. The first is to consider every line 
within that band separately, and subsequently add all contributions. This is called a line
by-line model. In the second approach, in ordertosave computation time, the bandunder 
consideration is subdivided into a number of narrow bands. The speetral characteristics 
are averaged for each of those narrow bands and all narrow bands combined form a narrow 
band model. 

4.1.1 Line-by-line models 

Suppose a certain band contains N lines. In order to compute the absorption coefficient 
we may write 

N N 

kv(P, T) = L kv,j(p, T) = L Sj(T)Jv,j(p, T). (4.1) 
j=l j=l 

Thus, the speetral absorption coefficient at wavem1mber IJ is expressed as a sum of the spec
tral absorption coefficients at wavenumber IJ of each individual line. The monochromatic 
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transmittance (2.17) can now be expressed as 

(lp N d ") N 
Tv(p',p) = exp p' f; kv,j(p", T(p"))q(p") : = g Tv,j(p',p), (4.2) 

where Eq. (2.16) has to be used to calculate the optica! depth. If the Planck function 
can be assumed constant for a band of width .6.v around D, we may average the radiance 
(Eq. 3.4) over the band and write 

Iv(P) = Bv(p*)Tv(p*,p) + ~.~ Bv(P') ~ Tv(p',p)dp', (4.3) 

where 

fv(p) = Al r Iv(p)dv 
L.J.V } f:J.v 

(4.4) 

is the averaged radiance and 

Tv(p',p) = } r Tv(p',p)dv 
uV } f:J.v 

(4.5) 

is the averaged transmittance. 
The line-by-line models are the most accurate models presently available. Their ac

curacy, however, strongly depends on the accuracy of the available speetral data. These 
data may be obtained from data bases like the HITRAN96 speetral database [19]. The 
line intensities of the H20 speetral lines, for instance, are known to a precision of only 5 
to 10% [22]. 

The specific representation of the line shapes, especially those of the far wings, also 
poses a problem. The shapes of the line wings (see Fig. 2.9) are sametimes parameterized 
but most often just neglected in the calculation, due to the fact that the precise shapes 
are not known. This latter approach suffices in many cases, but not in the case of water 
vapor, for instance, where the effects of wings of distant lines may even dominate local 
lines ( continuurn absorption) [7]. 

4.1.2 Narrow band models 

In a narrow band model the speetral range for which the radiance is to be calculated, is 
subdivided into a number of narrow bands ( or bins). For each of those bands the radiance 
is computed. The calculations are simplified by averaging the physical quantities to yield 
the so-called band model parameters. A veraging takes place over the different lines of a 
specific absorber, different absorbers and optica! path. 

Many different, complex averaging schemes are applied in a large number of different 
narrow band models. In the following, we will make use of the MODTRAN31 narrow band 

1The MODerate resolution TRANsmittance code, developed by the Philips Laboratory/Geophysics 
Directorate of the United States Department of Defense. 
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radiative transfer model (13]. In MODTRAN3 four narrow-band parameters descrihing 
average line strength, average line-width, average line spacing and average line-tail contri
butions, respectively. From these parameters the transmittance may be calculated using 
statistica} methods. Once the transmittance is obtained, the radiance may be calculated. 

A detailed discussion, however, is complicated and unnecessary in the present context. 
For general information on narrow band models, one can refer to Goody [8]. SpecHic 
information on the MODTRAN3 radiative transfer code is provided in a paper by Kneizys 
et al. [13]. 

4.2 MODTRAN3 and analytica! model compared 

In the following section, radiation profiles calculated by the analytica} model described 
in Sec. 3.2.4 will be compared to those calculated by MODTRAN3. Calculations will be 
made for isentropic layers of different potential temperatures and with a relative humidity 
of 100%. A 5-cm-1 interval, extending from 1489.5 to 1494.5 cm-\ in the water vapor 
6.3J.tm band was chosen quite arbitrarily. The different absorption lines are plotted in 
Fig. 2.9. The width of the interval was chosen big enough to contain a considerable amount 
of speetral lines and small enough to keep calculation time at a minimum. 

In order to apply the analytica} model described in App. E toa speetral band, however, a 
parameterization defining the absorption coefficient of a speetral band has to be developed. 

4.2.1 Analytica! model 

The idea is to model the behavior of the speetral band of width t6.v, consisting of a 
number of lines, by a single line of width t6.v with a rectangular shape. In other words, 
we will assume the absorption characteristics to be uniform across the speetral band. 
The absorption characteristics are assumed to be described by those of a Lorentz line 
(Eq. (2.22)) evaluated at the central wavenumber iJ, which is taken equal to the band's 
central frequency. 

The absorption coefficient of a single Lorentz line is given by Eq. (2.22) 

S(T) a(p, T) 
kv(P, T) =-( _) 2 + ( T) 2 . 

7r V- V a p, 
(4.6) 

If the absorption coefficient is evaluated at the central wavenumber iJ, we may write 

S(T) 1 
ko (p, T) = - ( T) , 

7r a p, 
(4.7) 

which may be rewritten as 

So S(T; E) A 

ko(P, T) =-A( T ) = kok(p, T; E, n), 
nao a p, ; n 

(4.8) 
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where ko denotes the value of the absorption coefficient in the reference state (p0 , T0 ) and 
the hatted quantities S and & denote the dependendes on temperature and pressure of the 
intensity and half-width, respectively. 

Thus, the band transmission in terms of the analytica! model may be written as 

(4.9) 

The radiance profile at the band's center D is determined by Eq. (E.1), where the above 
equation is used to determine the transmittance. Since the absorption characteristics are 
assumed to be uniform over the whole band, multiplying the radiance values by the band 
width !::J.v will yield the band's total radiance profile. This profile may be compared to 
that produced by a MODTRAN3-run of the same band. 

To obtain the best possible match, both the coefficients k0 and E have to be fine-tuned. 
The coefficient n (Eq. (2.20)) and lower level energy E (Eq. (2.21)) are different for each 
separate line. The coefficient n is usually taken to be 0.64 [15]. The energy E, however, 
varies strongly: for the absorption lines depicted in Fig. 2.10, E/hc ranges from 102 to 105 

cm-1
. Investigations show that a value of 103 cm-1 yields the best results. 

4.2.2 Results 

The results of four different experiments are shown in Fig. 4.1. It can immediately be seen 
that the 100 and 50% relative humidity profiles compare relatively well for altitudes above 
700 hPa. For lower altitudes and lower relative humidities however, two different kinds of 
deviations occur. 

The first is due to limitations of the numerical implementation of the analytica! model. 
It turns out that, due to numericallimitations, for lower levels (below 700 hPa) the vertical 
resolution of the model can no longer be made high enough to yield an accurate approx
imation Eq. (E.1) of the integral equation Eq. (3.4). This causes the profiles to diverge 
towards the earth's surface whereas they should really converge to the same unique radi
anee corresponding to the surface temperature. This effect can be clearly seen in Fig. 4.1 
(d). 

This numerical error affects the computations for the lower levels (below 700 hPa), but 
not the whole profile. As desribed in Sec. 3.2.4, the radiance profile is constructed by 
connecting data points representing radiances at different pressures. Those radiances were 
calculated separately for each pressure (see App. E). This means that the calculation of the 
radiance at one pressure does not infiuence the outcome of calculations at other pressures. 
Thus the fact that, under certain circumstances, the calculations at the lower levels are 
unreliable, does not infiuence the reliability of the calculations at higher levels. 

The second effect is due to a limitation of the MODTRAN3 program, which was never 
intended as a research tooi. It is thus very difficult to modify, for instance, the specific 
atmospheric composition. Thus, in each of the MODTRAN3 calculations, absorbers other 
than water vapor are present. This can be seen from the 0% relative humidity profiles. 
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Figure 4.1: Comparison of MODTRAN3 profiles (solid lines) and profiles produced by 
the analytica[ model ( dotted). Four different cases are plotted each of different potential 
temperature. For each case, profiles have been plotted for layers of different ( 100, 50, 20, 
10 and 0%, left to right) constant relative humidity extending from 1000 to 100 hPa. In 
each plot, the values of the relative humidity for each MODTRAN profile are indicated 
by the upper set of numbers, while the values for the profiles of the analytica[ model are 
indicated by the lower set of numbers. 
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Figure 4.2: Absorption coefficient as used in the analytica[ model. The fit-equation is given 
by k0 (T) = 0.0803571 T 2 - 52.4821 T + 8737. 

The analytica! profiles show a constant radiance, whereas the radiance decreases with 
height in the MODTRAN3 calculations. Since this background contribution is expected 
to be weak at high relative humidities, the k0 coefficients were determined by matching 
the 100% relative humidity profiles. Also, in this view, the deviation of the 20 and 10% 
relative humidity profiles in Fig. 4.1 can be regarcled as due to the (with increasing relative 
humidity decreasing) background absorption. 

Determining the coefficient k0 for a large number of temperatures by fitting 100% rel
ative humidity profiles, yields the graph in Fig. 4.2. It can be seen that the coeffi.cient 
decreases with temperature. This comes as no surprise; Although in the derivation for a 
single Lorentz line (Sec. 4.2) the coefficient k0 was taken to be independent oftemperature, 
it can easily be imagined that an ensemble of lines does show an extra temperature de
pendence due to the fact that the different energy states influence one another. Applying 
a second order least-square fit to the data of Fig. 4.2 yields the coefficient as a function 
temperature, k0(T). 

To find out how the values for the absorption coefficient campare to the real values, 
that is, the values of the individuallines within the 5 cm-1 interval, we can have a look at 
Fig. 2.9 in which the absorption coefficient for each individualline is depicted. The values 
range over 12 decades from 10-6 to 106 cm2 g- 1 . An approximate value of the effective 
absorption coefficient for the whole interval may be computed analogously to Eq. (4.1). By 
summing the maximum values of the absorption coefficients of each line, weighted by the 
relative width (half-width devided by the width of the interval) and the relative abundance 



4.2. MODTRAN3 AND ANALYTICAL MODEL COMPARED 33 

Ai of each line (values obtained from HITRAN96 database [19]) 

(4.10) 

we obtain a value of about 3500 cm2 g-1 . This value strongly depends on the exact choice 
of the (weighting) factors in Eq. (4.10), while the values used in the model depend on the 
structure of the model itself as well as on the choice of other tuning parameters such as the 
lower state energy E (see Sec. 4.2). Thus, all values being uncertain to some degree and 
at the sametime quite similar ( differing by a factor of ten within a much larger range), we 
may still conclude that the values used in the model are indeed sensible ones. 

Summarizing, we conclude that the analytica! model, combined with the experimentally 
determined function k0(T) gives a reliable radiance profile for the wavenumber band from 
1489.5 to 1494.5 cm-1 for a moist atmosphere of constant relative humidity, except for 
lower (below rv700 hPa) regions. 

In the next section we will use the analytica! model to study the radiance emitted from 
a artificial humid layer over Europe, and to compute a radiance field from analyzed fields 
and compare it to a water vapor satellite image. 



Chapter 5 

Case Studies 

In this chapter the concept of the interpretation of water vapor satellite imagery in terms 
of the topographic interpretation will be discussed. Two case studies will be presented that 
serve to prove the validity of the topographic interpretation. 

5.1 Humid Isentropic layer over Europe 

The aim of the first case is to illustrate the effect of the separate surface and atmosphere 
contributions (cf. Sec. 3.2.4) to the total radiance. An isentropic layer over Europe was 
extracted from a long numerical simulation with a two-layer isentropic primitive equations 
model developed by Verkley [20]. 

The lower and upper bounds of this humid lower layer are shown in Fig. 5.1. The 
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Figure 5.1: Topography of the bottorn and the top of the 280 K isentropic layer. The 
isolines denote pressure (hPa), while the absolute temperature (K) is shaded. 
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topography of the bottorn of the layer is determined by the topography of the earth, the 
height in pressure coordinates being the same as the earth 's surface pressure. In Fig. 5.1 
(a) the pressure is indicated by isolines, while the corresponding temperature (through 
Eq. (C.1)) is given by the shading. It can be clearly seen how the Alps, Pyrenees and Atlas 
Mountain Range show up. The topography of the top of the layer is depicted in Fig. 5.1 
(b). 

The layer has been filled with different amounts of water vapor and radiances have been 
computed in each case. The results are shown in Fig. 5.2. Six different cases are depicted, 
the constant relative humidity increasing from 0 to 100%. At 0% relative humidity (Fig. 5.2 
(a)), the radiation emitted by theearth's surface is not absorbed by the atmosphere. Thus, 
the radiance field is seen to match perfectly with the surface pressure field, owing to the 
one-to-one correspondence of pressure, absolute temperature and radiance (through the 
Planck function (2.1)). When moisture is introduced into the layer, the radiation emitted 
by the earth is absorbed and subsequently re-emitted by the atmosphere, as described in 
Sec. 2.3.3, so that the radiance decreases (Fig. 5.2 (b)). The radiance is, however, still 
lowest over the high mountain ranges. 

As the relative humidity is increased {Figs. 5.2 ( c)- ( e)) the radiance field is more and 
more determined by the topography of the upper (colder, leading to an overall decrease 
in radiance) part of the layer (instead of by the lower part , the topography of which 
corresponds to that of the earth). In fact, for relative humidities above 5%, the radiance 
field has the same shape as the pressure field of the top of the layer. Thus, the radiance 
field is determined by the topography of the top of the moist layer. This means that, in this 
case, for relative humidities above 5%, the radiance field may be interpreted in terms of the 
topography of the top of the moist layer. This is the so-called topographic interpretation. 
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Figure 5.2: Radiances (W m-2 sr- 1
) over Europe, computedfor different relative humidities 

in an isentropic layer. In Figs. (a) and (!) isobars at respectively the bottam and the top 
of the isentropic layer have been drawn in. 
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5.2 ECMWF analysis 17 October 1998 12 UTC 

In a second experiment, the aim was to campare a real satellite image to a radiance 
field that was computed from ECMWF1 data using the analytica} model. The water 
vapor satellite image is shown in Fig. 5.3. The meteorological convention is followed: light 
greyshades denote low radiance levels whereas dark greyshades denote high radiance levels. 
The satellite image shows some clear features. Off to the west of Ireland the cyclonic vortex 
belonging to a low pressure area can be seen, while off the east coast of Great Britain a 
front in north-south direction can be seen. The intense white, mostly ragged structures 
which can beseen in allpartsof the image are clouds as can be concluded from the lower, 
atmospheric window infrared satellite image. 

In order to calculate the radiance field from the ECMWF data some severe assumptions 
concerning the distribution of moisture and the temperature structure of the atmosphere 
are made. 

First of all, it is assumed that only a single layer in the atmosphere, namely the tro
posphere, contains moisture. The relative humidity is assumed to be 100% within this 
layer and 0% outside. The lower boundary of this layer is defined by the earth's surface. 
The top of the moist layer is the tropopause which in mid-latitudes may be defined by 
the 3-PVU2 iso-potential-vorticity surface [2]. The height of this surface can be computed 
from the ECMWF data. This defines the structure of the moist layer. The topography of 
its upper boundary, i.e. of the 3-PVU surface is shown intheupper plot in Fig. 5.4, where 
pressure values are indicated by the upper colorbar. 

Second, the moist layer is assumed to be an isentropic one, in order to be able to 
apply the analytic model straightforwardly and have an conceptual clear picture. This 
means that a single potential temperature has to be assigned to the troposphere. This is 
clone by taking the average, in each gridpoint, of the potential temperatures at the upper 
and lower boundaries of the troposphere and subsequently averaging those values over the 
whole layer, resulting in a potential temperature of 315 K. From this value the absolute 
temperature field at the 3-PVU surface can be calculated from the pressure by Eq. (C.1). 
The values of this field are denoted by the lower colorbar in the upper plot in Fig. 5.4. 
Although the temperature range of this field is larger than that of the original ECMWF 
field (lower plot), the structure is very much the same. 

Applying the analytica! model to the isentropic layer as discussed above, yields a radi
anee field as depicted (according to the meteorological convention) in Fig. 5.5. The upper 
plot shows the full range of radiances, the lower plot shows radiances up to 18 W m-2 

sr- 1 only, in order to reveal additional details. From the upper plot it is evident that 
many features in the northern half of the area shown are nicely represented. Especially the 
cyclonic vortex, as well as the high radiance areas over Iceland, Siberia and north of Great 
Britain are easily identifyable. The lower plot shows stretched structures present over the 
Atlantic Ocean, especially the filament-like ones around the low pressure area and off the 

1The European Centre for Medium-Range Weather Forecasts, Reading, United Kingdom. 
2 1 PVU = 1 Potential Vorticity Unit = 10-6 K m2 s-1 kg-1 . 
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coast of Portugal and Morocco. The long front over Europe is also visible. 
The various structures in both plots in Fig. 5.5 show strong correspondence to the 

pressure field in the upper plot in Fig. 5.4, indicating that indeed the topographical inter
pretation is valid here. What is more, especially in the northern half of the area depicted, 
the computed radiance structures are remarkably like those the real satellite image. This 
indicates that also in reality, only radiation from the up per part of the moist layer is emitted 
out to space. It also indicates that, at least in the northern latitudes, the approximation 
of the tropause by a surface of constant potential vorticity is a valid one. 
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Figure 5.3: METEOBAT 7 satellite images of 17 October 1998 12 UTC. The upper image 
of infrared radiation in the water vapor 6. 3 11m band shows bath strong absorbing water 
vapor and cl ouds, while the earth 's surface remains obscured. The lower image of infrared 
radiation in the atmospheric window region shows cold clouds against the background of 
the warm surface of the earth. 
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Figure 5.4: Th e upper plot shows the ECMWF analyzed pressure field (upper colorbar) on 
the 3-PVU isentropical surface. The corresponding temperatures calculated for a 315 K 
potential temperature through Eq. ( C. J) are shown by the lower colorbar. The lower plot 
shows the ECMWF analyzed temperature fi eld that shows a smaller range of temperatures 
but a structure camparabie to the structure in the upper plot. 
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Figure 5.5: Radiance field (W m-2 sr- 1
) as computed for an isentropic layer at 315 K 

with a lower boundary at the ECMWF analyzed surface pressure ( rv 1000 hPa) and a upper 
boundary given by the 3-PVU isentropical surface (see Fig. 5.4 , upper plot) . In the lower 
plot the greyscale has been adjusted to reveal additional details. 



Chapter 6 

Discussion and Conclusions 

The goal of this study, set in the introduction, was to offer a combined approach, in which 
the interpretation of satellite imagery was to be directly linked to the theoretica! basis. 
The approach was divided into four steps. 

The first step was to introduce the physical concepts and processes relevant to long
wave radiative transfer. It was found that the atmosphere can be described as a system 
in local thermodynamica! equilibrium and that the Planck function desribes the intensity 
of the emitted long-wave radiation. An expression was found for the absorption coeffi
cient as a function of pressure and temperature, that describes absorption and emission 
characteristics of water vapor. 

In the second step, a model descrihing radiative transfer had to be constructed from 
the general physical concepts and processes found during the first step. It was found that 
the model could be based on the Schwarzchild equation, the fundamental differential equa
tion descrihing monochromatic long-wave radiative transfer. This equation was vertically 
integrated, yielding an analytica! solution descrihing the monochromatic radiance of ver
tically upward travelling radiation as a function of pressure. This analytica! solution was 
numerically im plemented yielding the 'analytica! model'. 

Radiance profiles were calculated using the analytica! model and it was analyzed how 
the differenttermsin the model contribute to the radiance. It was found that the radiance 
at the top of the atmosphere consists of a contri bution emitted by the earth's surface and 
a contribution emitted by the atmosphere. The contribution of the earth's surface is just 
the Planck function times the transmittance of the atmosphere, while the contribution of 
the atmosphere is just a integral over the vertical co-ordinate of the Planck function times 
a weighting function. 

The third step was to compare the analytica! model to state-of-the-art radiative transfer 
models. It was decided to use the MODTRAN3 radiative transfer code to make a compari
son fora 5 cm-1 band centered around 1492 cm-1 . To be able to apply the monochromatic 
analytica! modeltoa finite interval, however, the absorption coefficient had to be parame
terized as a constant reference value times a standard pressure and temperature dependent 
term (the sameterm as used in MODTRAN3). Radiance profiles were computed by both 
MODTRAN3 and the analytica} model for isentropic layers at different potential tempera-
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tures and different constant relative humidities. The radiance profiles were seen to compare 
well, especially for 100 and 50% relative humidity, proving that infrared radiative transfer 
can be understood in terms of the Schwarzchild equation. 

It turned out that the parameterization constant used to parameterize the absorption 
coefficient for the partienlar interval under consideration, has to be parameterized itself as 
a function of temperature. This means that, for every temperature and for every speetral 
interval, a new parameterization constant has to be chosen. A lso, the behavior of the model 
has only been tested for layers of constant relative humidity. These arguments indicate 
strong limitations as to the flexibility of the analytica! model, so that use of more advanced 
and flexible radiative transfer codes (Iike MODTRAN3) will be preferred in most practical 
cases. 

In the fourth step, in a first experiment the radiance field at 100 hPa was calculated for 
a artificial moist isentropic layer of constant relative humidity over Europe. It was shown 
how the amount of water vapor in and the orography of the horizontal boundaries of the 
moist layer influence the structure of the radiance field. It was concluded that for moist 
layers with constant relative humidities above 5% the radiance field is fully determined by 
the orography of upper boundary of the moist layer, in other vvords, that the topographical 
interpretation is valid. 

In a second experiment, the pressure field at the 3-PVU constant potential vorticity 
surface over Europe was calculated from an ECM\iVF analysis. Identifying this surface with 
the tropopause and thus interpreting it as the upper limit of the moist layer, the radiance 
field was calculated. Upon camparing the radiance field with the corresponding water 
vapor satellite image, it turned out that most features at mid-latitudes were represented 
correctly. Although this condusion depends on the assumption that the tropopause may be 
identified with a surface of constant potential vorticity, we may infer that the topographical 
interpretation is valid in this case. 



Appendix A 

Co-ordinate Transformation 

In order to simplify the calculations in radiative transfer, the independent variabie is often 
changed from pressure to optical deptl1. The optical depth for a path extending from the 
observer (i.e. the satellite) at Pobs down to a level p is given by 

1Pobs dp" 
Tv(P,Pobs) = - kv(p", T(p"))q(p")-. 

p g 
(A.l) 

lt follows, that the optical depth is zero at the abserver's leveland increases with increasing 
pressure (that is, increasing layer thickness) as long as the absorber, water vapor, is present 

We subsequentlly define 

dp 
dT = kv(p)q(p)--. 

g 
(A.2) 

(A.3) 

indicating the optical depth, referred to the observation level Pobs, at levels p, p' and the 
surface level p*, respectively. The results are summarized in Fig. ( A.l). 

Pobs 

p 

p' 

p' + dp' 

p* 

0 

T
1 + dr' V V 

r* 
V 

Figure A.l: Relation between p' and T~ coordinates conform Eq. (A.l). 
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Appendix B 

Schwarzchild's Equation 

In this chapter, Schwarzchild's equation (3.3) 

dfv(P
1

) ( 1) ( 1) 

kv(P1)q(p1)dp' /9 = - Iv p + Bv p (B.l) 

will he integrated along a vertical path through the atmosphere extending from p1 = p to 
p1 = p*, as indicated by the light-grey area in Fig. ( A.l). The result is an equation giving 
the radiance Iv at pressure p. 

To simplify the calculations we may use the optical depth as the independent variabie 
( cf. Chap. A) 

dl V ( T~) = I ( I ) - B ( I ) 

d 
v Tv v T11 · 

Tl 
V 

(B.2) 

and formulate the following boundary condition 

(B.3) 

assuming the lower boundary T~ = T~ (i.e. the earth's surface) to he a blackbody radiator 
at surface temperature T8 • 

Equation (B.2) may now he re-arranged and multiplied by a factor 

(B.4) 

to yield 

(B.5) 

Rewriting the left-hand side and integrating yields 

(B.6) 
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so that, using boundary condition (B.3) and rewriting 

I_ 

fv(Tv) = BI;(T1~)e-(T:-Tv) + l~::~v Bv(T~)d (e-(T~-Tv)). 
V V 

(B.7) 

We may change the independent variabie back to pressure p, using that 

(B.8) 

and 
T~- Tv= Tv(p',p), (B.9) 

as can easily be deduced using Eq. (A.l) and definitions (A.3). Using the above equations 
and changing variables conform Fig. (A.l) we write 

p'=p 
fv(P) = Bv(p*)eTv(p*,p) + 1 Bv(P')d (e-Tv(p',p)). 

p'=p* 
(B.lO) 

This result may be rewritten using the definitions 

Tv(p',p) = e-Tv(P1 ,P), (B.ll) 

which is the transmittance and 

w ( I ) - BTv(p',p) 
V p ,p - 8p' l 

(B.l2) 

which defines the weighting function, to yield 

Iv(P) = Bv(p*)Tv(p*,p) +lP Bv(P')Wv(p',p)dp'. 
p* 

(B.13) 

This equation yields the radiance at a pressure p for an atmosphere that extends upwards 
from p*. Note that this result does not depend on the location Pobs of the observer. 



Appendix C 

Vertical Stucture of an Isentropic 
Layer 

C.l Pressure and temperature profiles 

We may define the potential temperature () for an isentropic layer extending from z1 to Zu 

(C.1) 

The potential temperature will be constant since the entropy [11] 

s = Cp ln () + constant (C.2) 

is constant in an isentropic layer. 
Taking the z-derivative ofEq. (C.1) and assuming hydrastatic equilibrium we may write 

where we define 
H Cp(). 

g 

This result may be integrated to yield 

T T 7l Zt- z 
Tr =e=e+~, 

(C.3) 

(C.4) 

(C.5) 

i.e. a linear relationship of the absolute temperature with height. Using the ideal gas law, 
pressure and density may be written in terms of the above ratio 

P (T)~ 
Pr = Tr 

(C.6) 
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and 

(C.7) 

The different quantities discussed in this section have been plotted with both the geomet
rical height z and the pressure as independent vertical co-ordinate (Fig. C.1). 

C.2 Humidity profile 

The maximum amount of water vapor a "dry" atmosphere can contain is determined by 
the saturation pressure Ps· To derive an equation expressing the saturation pressure as 
a function of height, an equation relating saturation pressure and temperature is needed 
first. For the water-water vapor equilibrium this is the Clausius-Clapeyron equation [12] 

dlnp8 --
dT 

(C.8) 

where lv is the latent heat of condensation and Ru is the gas constant of water vapor. 
For the latent heat we can write [12] 

(C.9) 

which, assuming the heat capacities at constant pressure of water vapor cPv and water Cw 

to be constant with temperature, yields on integration 

(C.10) 

where C1 is an integration constant, which can be obtained by evaluating Eq. (C.lO) at 
T = 273 K. Combining equations (C.8) and (C.10) and integrating, we have 

(C.ll) 

In case of SI-units, this may be rewritten as 

[ 
6.819 x 103 l Ps(T) = y-5.131 exp - T + 55.57 ; (C.12) 

where the value of the saturation pressure at 273 K has been used to determine the constant 
c2. 

The distribution of moisture within the atmosphere is most aften given in terms of the 
specific humidity, defined as 

Pv q = ----=--
Pd + Pv 

(C.13) 



C.2. HUMIDITY PROFILE 
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Figure C.1: Profiles of different variables in a () = 315.001 K is entropie layer. The 
magnitudes of the dependent variables are indicated as fractions of the maximum values: 
Zmax = H = 32,282 m, Pmax = 1000 hPa, Tmax = () = 315.001 K, Pmax = 1.106 kg m-3 

and qs,max = 50.62 g kg- 1
. In this case, the pressure at the lower boundary of the layer Pl 

is taken to be equal to the reference pressure Pr. 
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Since within the atmosphew the density of air, (Pd), is usually much smaller than the 
density of water vapor (Pv) [12], we may approximate 

"'"' Pv q "-' -. 
Pd 

Using the ideal gas law, we may rewrite 

Pv Rd q---
- PdRv' 

(C.l4) 

(C.l5) 

so that in case of an atmosphere saturated with respect to water vapor we may write 

Rd T-5
·
131 

[ 6.819 x 103 l 
qs(T) = Rv Pd(T) exp - T + 55.57 . 

The relative humidity, finally, is defined as follows 

T = .2_ X 100%. 
qs 

(C.l6) 

(C.l7) 

The profile of the saturation specific humidity q8 for a 315 K isentropic layer has been 
plotted in Fig. C.l. 



Appendix D 

Potential Vorticity and Ertel 
Theorem 

Following Pedlosky [17], the vorticity equation may be expressed as 

Dwa \lp X \lp :F -- = w ·Vu- w \1 ·u+ + \1 x -Dt a a p2 p' (D.l) 

where Wa is the total (background plus relative) vorticity, u is the velocity field and :F 
denotes the nonconservative forces acting on the fluid 1 . 

Now suppose we have a scalar fluid property À for which the equation 

(D.2) 

with w denoting a souree function, holds. In that case wc may use the vorticity equation 
(D.l) and the continuity equation 

to write 

lDp 
\l·u= --

pDt' 
(D.3) 

.!}_ [Wa. \lÀ] = Wa. \1\ll + \lÀ. [\lp x \lp]+ \lÀ. [v x :Fl· (D.4) 
Dt p p p3 p p 

Defining the potential vorticity 
p = Wa. \lÀ 

p 

the Ertel theorem states that the potential vorticity is conserved 

if 

DP 
-=0 
Dt 

(D.5) 

(D.6) 

1 For instance, frictional farces. Fora Newtonian ftuid we may write :F = J.L\12u + ~\1(\1· u), where J.L 
is the molecular viscosity (assumed to be constant) and u is the velocity [17]. 
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(1) À is a conserved quantity ( ~~ = 0), 

(2) nonconservative forces are negligible (:F = 0), 

and either 

(3a) the fluid is barotropic (\7 p x \lp= 0), 

or 

(3b) À can be considered to be a function of pand p only (\7 À· [\7 p x V'p] = 0). 

It is important to note that to arrive at the above result, apart from the friction forces 
being zero, no approximations have been made, so that it is valid for adiabatic, three
dimensional, nonhydrastatie motion [1 0]. 



Appendix E 

Numerical Computation of the 
Ra dianee 

Due to its complex mathematica} structure, Eq. (3.4) eannot be integrated analytically, 
but has to be computed numerically. To compute the radiance at a certain pressure p, 
the atmosphere between the surface and that level is divided into N = P~~P thin layers of 
thickness !:ip (Fig. E.l). It is then possible to approximate the integral (3.4) as a sumover 
these different layers 

N 

fv(P) "'Bv(p*)Tv(p*, P) + L Bv(Pi)Wv(Pi, p)f1p, (E.l) 
i=l 

where the integrand is evaluated at the bottom of each individuallayer, that is, at pressures 

Pi =p*- (i -1)!1p, i= 1, ... ,N. 

P ~fMiW.!tlMJMiliW&tit:::::::::::::::::::tm:~::r::::r:m:::::::;m::r:~:::::~:~:::~:::::~::::::::~:::::::::::::::q::::::::::::::::::::r:m::=ttiltii::~:r:: P N 

• • 

• • • 
p* ~MifiHWWW.Z!HMM!IIII'i'M'II'f!i!11111 ~~~~((}}( ? 'if???ti:i'i{:(@!!Iiff!if Pl 

(E.2) 

Figure E.l: The model atmosphere is divided into N = P~~P layers of equal thickness !:ip. 

In order to evaluate the integrand, however, it is necessary to calculate the optica} 
depths for the pressures Pi, first. We may appoximate the optical depth (Eq. (A.l)) of a 
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path extending from the bottorn of layer Pi top on the same grid of Fig. (E.l) as a sum of 
the optical depths of the separate layers 

(E.3) 

where special care has to be taken regarding the signs, since the integration-path is being 
reversed. We write analogously to Eq. (3.5) 

(E.4) 

and derive, using Eqs. (3.6) and (A.1) 

( ) öJ: (Pi, p) 1 ( ) ( ) [ ( )] Wv Pi,P = 
0 

=-kv Pi q Pi exp -Tv Pi,P . 
Pi g 

(E.5) 

Both the above results may now be approximated using Eq. (E.3) 

[ 

j=N f:1pl 
J:(pi,P) = exp - ~ kv(Pj)q(pj)- , 

J=Z g 
(E.6) 

1 [ j=N f:1pl 
Wv(Pi,P) = -;/v(Pi)q(pi) exp - ~ kv(Pi)q(pi)g . (E.7) 

In order to obtain a radiance profile as shown in Sec. 3.2, Eq. (E.1) is evaluated at 
55 different levels shown in Table E.1. The levels used are the same as those used in the 
MODTRAN3 input interface, designed by Bunskoek [5]. Since this interface was designed 
to assimilate radiosonde hurnidity data, which show high variability close to the earth's 
surface, the distance between the levels is small up to 870 hPa. Low variability above this 
level allows the distance between the levels and thus computation speed to be increased. 

A value of the discretization step !:1p (see Fig. E.1) is chosen depending on for which 
levelp the radiance is computed. These values are also shown in Table E.l. Investigations 
show that !:1p could be increased for higher levels whithout loss of accuracy but with an 
increase of computation speecL 

A numerical scheme of the computation resulting in a radiance profile is given in 
Fig. E.2. A total of 55 iterations is made, in each of which the pressure level p and 
the discretization step !:1p are set (according to table E.1) and the radiance Eq. (E.1) at 
level p is computed. 
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'l p D.p 'l p D.p z p 6p 'l p D.p 

1 996.5 1.0 15 948.5 1.0 29 902.1 1.0 43 805.3 1.0 
2 993.0 1.0 16 945.1 1.0 30 898.9 1.0 44 772.8 1.0 
3 989.5 1.0 17 941.8 1.0 31 895.6 1.0 45 732.8 1.0 
4 986.1 1.0 18 938.4 1.0 32 892.4 1.0 46 688.9 1.0 
5 982.6 1.0 19 935.1 1.0 33 889.2 1.0 47 639.3 1.0 
6 979.2 1.0 20 931.7 1.0 34 886.0 1.0 48 582.7 1.0 
7 975.7 1.0 21 928.4 1.0 35 882.8 1.0 49 520.9 1.0 
8 972.3 1.0 22 925.1 1.0 36 879.6 1.0 50 454.0 2.0 
9 968.9 1.0 23 921.8 1.0 37 876.4 1.0 51 382.7 5.0 

10 965.4 1.0 24 918.5 1.0 38 873.2 1.0 52 307.6 5.0 
11 962.0 1.0 25 915.2 1.0 39 870.0 1.0 53 232.3 5.0 
12 958.6 1.0 26 911.9 1.0 40 866.9 1.0 54 162.5 5.0 
13 955.2 1.0 27 908.7 1.0 41 860.6 1.0 55 100.0 5.0 
14 951.9 1.0 28 905.4 1.0 42 835.7 1.0 

Table E.l: Pressure levels p {hPa) at which the radiance is determined in order to construct 
a radiance profile and corresponding values of 6p (hPa). 

START 
i= 1 

SET p,D.p 

COMPUTE, 
i=i+1 

END 

Figure E.2: Numerical scheme according to which the radiance profile is calculated. 
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