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Summary 
A mixture of nitrogen and water vapour is expanded to supersonic speeds inside a 

Laval nozzle. The very rapid expansion will result in a supersaturated state of the vapour, 
after which condensation sets in. Latent heat emanates from this phase transition, which 
has its effects on the flow and the droplet formation process. When the heat actdition 
becomes severe, unsteady flows originate. 

The aim of this project is to characterize the droplet cl oud, which arises in a La val 
nozzle flow. Droplet size measurements have been carried out for one nozzle at an initial 
temperature of 31 OK and atmospheric initial pressure. These measurements are done by 
means of speetrallight extinction. A new set-up has been developed for this purpose. 

The efforts to extract the properties of the droplet cloud from the ex perimental data 
have been successful, though there is a considerable margin in the results due to the 
smallness of the droplets: the droplet radii are below 150 nm. However, the solutions that 
were obtained initially cannot be realized physically, since the liquid mass exceeds the 
total vapour mass that is present in the mixture. This is due to the large spread in droplet 
sizes in these solutions. When the spread is lowered, the liquid mass is brought into 
conformity with the total vapour mass. 

The experimental results have been compared with numerical results. The 
agreement is quite reasonable. 
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1 Introduetion 

In the thirties investigators of air flows in nozzles were startled when they observed 
shock-like disturbances which occurred downstream the nozzle. Prandtl[l8] showed at the 
VoltaCongressin 1935 a schlieren picture of aso-called X-shock, that appeared in a nozzle 
flow. After that attention was drawn to this peculiar phenomenon and many theoretica! and 
experimental investigations followed. Soon afterwards it was explained that these 
disturbances are the result of heat release of condensing water vapour in the nozzle. These 
disturbances are commonly referred to as 'condensaton shocks', even though they are not 
always true shocks. The first systematic observations were done by Herman[8], who showed 
that these flow disturbances were indeed the result of heat release due to water vapor 
condensation. For low humidities it appeared that these condensation shocks remained at a 
fixed position in the nozzle, but for higher humidities unsteady flows were observed in which 
shocks are moving in the nozzle[21]. 

At the Eindhoven University of Technology (EUT) droplet size measurements are done 
in supersonic nozzle flows with condensation, by means of light extinction. Droplet size 
ineasurement itself is hampered by the fact that both high time and space resolution is 
required in order to analyse unsteady experiments successfully. These droplet size 
measurements are carried out in combination with flow visualisation measurements by means 
of holographic interferometry. Via these experiments it is hoped to gain more insight in the 
complex interaction of flow disturbances with the nucleation and droplet growth processes in 
the nozzle. The experiments are carried out with nitrogen as a carrier gas and water vapour as 
the condensable component and are done in cooperation with Stork Product Engineering. The 
experimental results can be useful for the design of a separator of condensable vapours. 

Also at EUT a time-accurate Euler solver has been developed, basedon the workof 
Mündinger[16]. This solver makes it possible to simulate nozzle flows with condensation 
numerically. The numerical results can be helpful in understanding experimental results and, 
reversely, the correctnessof the numerical solver in simulating nozzle flows with 
condensation has to be affirmed by the experimental results. 

In this project droplet size measurements are carried out with a new light extinction set
up. The experimental results are analysed critically and a comparison is made with the 
numerical results, obtained with the Euler solver. 
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2 Supersonic nozzle flow with 
condensation 

In this chapter a review is given of supersonic nozzle flow with condensation. First the 
theory of nozzle flow without condensation is presented. Subsequently the effects of 
condensation on the supersonic flow are taken into account. Also the subjects nucleation and 
droplet growth are discussed and the build-up of the numerical Euler solver is treated 
concisely. 

2.1 Supersonic nozzle flow without condensation 

In this section the steady one-dimensional adiabatic relations of a perfect gas running 
through a Laval nozzle are presented. 

2.1.1 Laval nozzle 

A Laval nozzle is a convergent-divergent duet as shown in figure 2.1. 

dA<O throat dA>O 

A+dA 
p+dp 
p+dp 
v+dv 
T+dT 
M+dM 

Figure 2.1: A Laval nozzle. 

The change in cross-sectional area of the nozzle causes variations in flow properties like 
speed, density, pressure and temperature. 

2.1.2 Mach number and speed of sound 

An important quantity in compressible flowsis the Mach number, which is defined as: 

M =!!.. (2.1) 
c 

where u is the speed of the flow, c is the speed of sound defined by 

c
2 =(~p J 

p ,\' 
(2.2) 

with p the pressure and p the density of the gas. 
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2.1.3 Perfect gas relations 

Some of the most frequently used relations in this section, valid for a perfect gas with 
constant specific heats, are listed here for quick reference. 

equation of state p = pRT (2.3) 

speed of sound 

intemal energy 

enthalpy 

specific heats 

c 2 =yRT 

e=cT 
V 

h=c T p 

R=cP -cv 

CP r=-
cv 

c =_l_R 
p y-1 

1 
c =--R 

V y-1 
y-1 

isentropic equations T2 = ( p 2 Jr-J = (!!..3._ Jr 
Tl P1 P1 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

In these equations T represents the temperature, Cp and Cv represent the heat capacities of the 
gas at constant pressure and constant volume respectively, and R represents the specific gas 
constant. 

2.1.4 One-dimensional compressible flow equations 

We shall restriet ourselves heretoa quasi 1-D treatment.This simplification is justified 
in a flow through a nozzle whose centerline does oot have a large curvature and whose cross
section does oot vary abruptly. 

Continuity of mass 

Conservation of mass in a steady flow requires the mass flux <I>m through an arbitrary 
cross-section in the nozzle to be constant: 

<I> m = pA u = constant 

with A the cross-sectional area somewhere in the nozzle. 
or in differential form: 

dp + dA + du =O 
p A u 

Energy equation 

(2.12) 

(2.13) 

Consicter an arbitrary control volume V within the nozzle. The boundaries of this 
volume are formed by the walls of the nozzle and two cross-sections in the nozzle. Cross
section 2 is further downstream than cross-section 1. Now the integral form of the energy 
equation is applied to this control volume: 
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:) +)vl' }v+ f[e)~' }v•dA~W+Q (2.14) 

where dA=ndA, with dA the area of the infinitesimal boundary surface and n the unit normal 
vector of this boundary surface directed outward, v the velocity vector, W the work done on 
the boundary surfaces per unit time and Q the heat added to the gas inside the control volume 
per unit time. 

When steady state is assumed, the first term on the left vanishes. The second term on 
the left can be written as: 

J(e+rL}v•dA=<I> (e +~-e -~J (2.15) l 2 m2 2 I 2 

The work done at the control surfaces per unit time is: 

W =u,p,A, -u2p2A2 =<l>m(f!J__.!2_) 
p, P2 

The amount of heat added per unit time to the control volume is: 

Q = <l>mq 

with q the heat added per unit mass between points 1 and 2. 
Using the definition of enthalpy h=e+p/p, equation (2.14) transfarms into 

2 2 
u 2 u1 h2 +-=h, +-+q 
2 2 

(2.16) 

(2.17) 

(2.18) 

This is the energy equation, which is valid even if there are frictional or nonequilibrium 
conditions (shock waves). This equation says that when the flow is adiabatic (q=O), the sum 
of enthalpy hand kinetic energy u2/2 remains constant. In differential form the energy 
equation can be written as: 

dq = dh + udu (2.19) 

Momenturn eguation 

For inviscid flows, the steady form of the momenturn equation is the Euler equation: 

udu + dp = 0 (2.20) 
p 

lntegrating along a streamline, we get the Bemoulli equation: 

~+ Idp =o 
2 p 

(2.21) 

which is only valid if the entropy is constant. 

Stagnation properties 

A very useful reference state for compressible flows is the stagnation state, in which the 
velocity is zero. The stagnation properties at a point in the flow are defined as those that 
would be obtained, if the local flow were imagined to slow down to zero velocity 
isentropically. The stagnation properties are denoted by a subscript zero. 

The stagnation enthalpy is defined as: 
u2 

h0 =h+- (2.22) 
2 

which follows directly from the energy equation (2.18). 
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Substituting expression (2.6) into equation (2.22) yields: 
u2 

cPT0 =cPT+-
2 

(2.23) 

which de fin es the stagnation temperature T 0. The combination of the definition of the Mach 
number (2.1) and the perfect gas equation forthespeed of sound (2.4), gives: 

u 2 =M 2c 2 =M 2yRT (2.24) 

Using (2.9),(2.23) and (2.24), we obtain the relation 

To = 1 + y -1 M 2 (2.25) 
T 2 

The stagnation pressure and density can be calculated with the following expressions, 
which can be derived from the equations (2.23) and (2.11 ): 

r 

~=(I+ r;I M' r (2.26) 

I 

~ ++ r;I M' r (2.27) 

In a general flow the stagnation properties can vary throughout the flow field. However, 
for an adiabatic (but not necessarily isentropic) flow h0,T0,c0 are constant. If the flow is not 
isentropic, po and p0 will decrease. 

Area-velocity and area-Mach number relations 

If a flow is isentropic, the Euler equation (2.20) can be written as follows: 
dp dp 2 dp 

udu = ---= -c - (2.28) 
dp p p 

where we have used the definition of the speed of sound (2.2). Substituting this expression 
into the differential continuity equation (2.13), gives: 

du 1 dA 
(2.29) =---

u M 2 -1 A 
From this formula we can draw the following conclusions: 
(i) If the flow is subsonic everywhere, then the flow accelerates in the converging part of 

the Laval nozzle and decelerates in the diverging part. 
(ii) If the flow is supersonic everywhere, then the flow decelerates in the converging part 

and accelerates in the diverging part. 
(iii) If the flow accelerates everywhere, then the flow must be subsonic in the converging 

part and supersonic in the di verging part. The sonic condition (M= 1) in this situation 
can only be attained at the throat of the nozzle. The singularity, that arises in the right 
part of (2.8), then disappears. 

(iv) If the flow decelerates everywhere, then the flow must be supersonic in the converging 
partand subsonic in the diverging part. Also here the sonic condition is attained at the 
throat. 

Which case is appropriate depends on the conditions under which the nozzle is operating. 
In the experiments we impose conditions, so that case (iii) is applicable. 

Now we want to derive arelation between Mach number and cross-sectional area. The 
differential form of equation (2.25) for an adiabatic flow ( dT 0=0), is: 
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dT -(y-1)M 2 dM 
=-"'----

T 1+y-1M2 M 
2 

Differentiation of (2.24) yields: 
dM du 1 dT 

M u 2 T 
Combination of the equations (2.29),(2.30) and (2.31) gives: 

1+y-1M2 
dM 2 dA 

=---=:'---
M M 2 -1 A 

(2.30) 

(2.31) 

(2.32) 

So when the cross-sectional area A is known as a function of the axial coordinate x, M as a 
function of x can be obtained as well, by integration of (2.32). When the flow is choked, 
which means that the Mach number in the throat is unity, an algebraic relation betweenMand 
A can be obtained directly, without using equation (2.32): 

A _ p*u* _ p*c* _ p* Po c* c 
-. --------- (2.33) 
A pu pu Po p c u 

In this formula sonic properties are denoted by an asterisk. In the first step of the derivation 
continuity of mass (2.12) is used. Applying (2.4),(2.25) and (2.27) to (2.33) gives finally: 

y+l 

4 = _1 (-2- + r - 1 M 2 )2<r-'> (2.34) 
A M y+1 y+l 

If A as a function of the axial coordinate x is known, then M as a function of x is known 
as well via equation (2.34). When M as a function of x is known, it is possible to derive 
equations of p,p and T as a function of x via equations (2.25),(2.26) and (2.27). The graphs of 
M,p,p and T versus x for an arbitrary Laval nozzle are given in figure 2.2. In this situation the 
flow changes from subsonic in the converging part to supersonic in the diverging part. 

throat 

M 

1 ---------

o: 
I 

T 

p 

x 

p 

throat 

o: 
I 
I 
I 

Figure 2.2: Relations for isentropic nozzle flow. 
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2.1.5 Non-isentropie flow: shock waves 

All relations in the previous subsection, except for the temperature-Mach number 
relation (2.25), are valid for an isentropic flow only. The flow can beregardedas isentropic, if 
there is no friction at the walls, no (viscous) dissipation and no heat exchange with the 
environment. When the effects of friction at the walls, viscosity and heat exchange can be 
neglected, the question whether the flow Is isentropic or not is completely determined by the 
conditions that are imposed upon the nozzle. For a range of exit pressures it is possible that 
the flow becomes nonisentropic by the presence of aso-called shock wave in the system. The 
thickness of such a wave front is of the order of micrometers, so that the properties vary 
almost discontinuously across a shock wave. The shock wave relations can be found in any 
basic treatment of gas dynamics. 

If the flow is subsonic in the entire nozzle, there is a minimum pressure that can be 
attained at the exit before a shock wave comes into existence. This minimum pressure is PA in 
figure 2.3. In this situation the flow is choked: on further reduction of the back pressure the 
flow upstream of the throat does not respond anymore and a shock wave arises in the flow 
downstream of the throat. lts position and strength depends on the back pressure that is 
imposed. lf this pressure is lowered further to p8 , the shock is at the exit and the flow is 
supersonic in the entire part downstream of the throat. On further reduction of the exit 
pressure the flow in the entire nozzle does not respond anymore and the flow is isentropic (so 
all the relations of the previous subsection can be applied). This is the experimental situation 
(when condensation of water vapour is disregarded of course). 

A 

Po - - - - - - - - - - - -

B 

P/Po 

----~s 

0~------------~----------~==~ x x 

Figure 2.3: Various operating modes of a Laval nozzle. 

2.2 Supersonic nozzle flow with heat addition 

In this section the effects of heat actdition to a flow are discussed. In the experiments 
this heat emanates from condensation of water vapour. 

Consicter a perfect gas running through a control volume inside the nozzle (figure 2.4 ). 
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A A+dA 
p p+dp 
p p+dp 
v v+dv 
T T+dT 
M M+dM 
ho h0+dh0 

dq 
Figure 2.4: Heat addition toa flow. 

The heat released in this volume is dq. Applying the energy equation (2.19) to this volume 
yields: 

dq = dh + udu = dh0 (2.35) 

The stagnation enthalpy will rise by an amount dq due to heat addition. In a diabatic flow all 
stagnation conditions will change. Equation (2.35) in combination with the equations of 
continuity of mass (2.13) and momenturn (2.20) applied to the control volume, the equations 
(2.1) and (2.4) and the equation of state (2.3) yields[27]: 

r-1 2 

dM= 
1
+-2-M [dA _1+}M

2 
dh0 ] ( 2.36) 

M M 2 -1 A 2 h0 

So the change in Mach number is the result of a change in cross-sectional area and of heat 
addition. Heat actdition acts qualitatively as an area reduction. When no heat actdition is 
present (dh0=0), relation (2.36) will change into relation (2.32). 

lf we leave the effects of area change out of consideration, equation (2.36) reduces to: 

(
1 + r -1 M 2 r 1 + JM 2 Î 

dM 2 _ 2 jdhu 
M =- M 2 -1 hu 

(2.37) 

From this equation we can draw the following conclusions: a subsonic flow is accelerated and 
a supersonic flow is decelerated by heat addition. 

When Mach number one is attained as a result of heat addition, the flow is called critical 
or thermally choked. The amount of heat that can be added before thermal choking occurs, 
can be calculated by integration of equation (2.37). lf heat actdition takes place between points 
1 and 2 we obtain: 

h" ~ 2M 2' ( 1 + 7 M 2 2 J. (1 + JM' 2 )2 ~ e(M 2 ) 

hol (l+JM/Y 2M 2(1+ r-1 M 2J e(M~) 
I 

2 
I 

For the heat added between points 1 and 2 it follows: 

~ ~ h02 - h,. ~ ho{ :1:: i -1) 

(2.38) 

(2.39) 

Thermal choking occurs when Mach number one is attained at point two. So for critical heat 
actdition we finally get: 
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óq* (M1
2 -1Y 

hm 2(r + 1 { 1 + r ~ 1 M'' r'' (2.40) 

This expression is plotted in figure 2.5. 

2 

Y= 1.40 

1.5 

0.5 

0 
0 0.5 1.5 2 

M 
Figure 2.5: Critica[ heat addition versus Mach number. 

If the heat addition exceeds flq * , it is termed supercritical. Wh en supercritical heat 
actdition takes place, a smooth flow can no longer be maintained and a shock wave comes into 
existence. If the heat actdition strongly depends on the flow itself, such as in case of 
condensation, unsteadiness may originate and a self-sustained periadie oscillation of the flow 
can arise in the nozzle, as discovered by Schmidt[21]. 

In this treatment the effect of wall curvature was neglected. When these effects are 
taken into account, the quantitative results will be different, but from a qualitative point of 
view the situation is identical. The effects of area change on a flow with heat addition are 
discussed by Zierep[27]. 

2.3 Condensation 

Let the gas flowing through the nozzle be a mixture of nitrogen and water vapour. The 
water vapour condenses due to the change in flow properties resulting from the adiabatic 
expansion of the mixture. In this section the process of condensation is scrutinized. 

The process of condensation in the absence of foreign particles can be subdivided into 
two separate stages: homogeneaus nucleation and droplet growth. Both stages will be treated 
briefly. Also a few frequently used models for nucleation and droplet growth will be 
presented. A far more detailed treatment about nucleation and droplet growth can be found in 
the thesis of Luijten[ 15], which forms the basis of our treatment. 

In the next subsection the concept of saturation is introduced. This quantity is important 
in nucleation and droplet growth models. 
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2.3.1 Saturation 

Usually when phase changes take place the phases are not far from equilibrium. 
However, when conditions change rapidly, for instanee in supersonic nozzle flows, a 
departure from equilibrium conditions can become significant. This departure is expressed by 
the saturation factorS, which is defined by: 

s = ____!!_:;__ ( 2.41) 
Ps (T) 

where Pv is the actual water vapour pressure and p5(T) is the saturation pressure which 
depends on the temperature. Phase equilibrium corresponds toS equals unity. In the (p,T) 
state diagram of figure 2.5 the coexistence line corresponding to S= 1 is plotted. 

P. coexistence line 
P.(T) 

S>1 S<1 

liquid -· 
B 

Pv.c 
c ----....................... ·~-

vapeur 

Tc T 
Figure 2.5: Pressure-temperature state diagram. 

This coexistence line is described by the Clausius-Clapeyron equation: 
dps _ L(T)ps 

dT RT 2 
V 

(2.42) 

where L is the latent heat of condensation and Rv the specific gas constant of the water 
vapour. Integration of equation (2.42) and the use of a reference state (p5,T), yield the right 
expression for the coexistence line. 

Depending on the initia! conditions, this line can be crossed during an isentropic 
expansion (dashed line in figure 2.5). lf the expansion is fast enough, the (in equilibrium) 
liquid region is entered, while still no condensation takes place. The saturation factor is then 
larger than one and can become as large as twenty in the case of water vapour, before 
condensation starts. After the onset of condensation relaxation to a point on the coexistence 
line occurs. 

2.3.2 Homogeneons nucleation 

Nucleation is the process of formation of tiny clusters of water molecules out of water 
vapour in consequence of random collisions of water vapour molecules. lf this formation of 
clusters takes place without the assistance of foreign nuclei, the nucleation is called 
homogeneous in contradistinction to heterogeneous nucleation, where foreign nuclei play an 
important role. In this subsection only attention is paid to homogeneous nucleation, since this 
is the dominating form of nucleation in the ex perimental environment. 

Several homogeneous nucleation theories exist. The oldest theory is the classica! 
nucleation theory. This theory is basedon the capillarity approximation: clusters of several 
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molecules are assumed to have the thermadynamie properties of macroscopie liquid droplets. 
In this subsection classica! nucleation theory is treated briefly. 

Classica! nucleation theory 

If the formation of clusters out of water vapour occurs at constant pressure and 
temperature, the thermadynamie potential of interest is the Gibbs free energy. 
Thermadynamie theory says, that a system attains a minimum value of the Gibbs free energy 
in stabie equilibrium. According to classica! nucleation theory, the right expression for the 
Gibbs free energy of the formation of a cluster consisting of i molecules, out of vapour, is: 

2 

!J.G; = -ikT ln S + CJa0i 3 (2.43) 

with k the Boltzmann constant,cr the surface tension at the cluster's surface, ao=(367t) 113(vi13 

and v1 the volume occupied by one molecule in the cluster. 
When S> 1 this function has a maximum at 

·* ( 28 ]
3 

1 
= 3lnS 

(2.44) 

with 8=crao/(kT). The corresponding value of the formation energy is given by 

!J.G* 4 0 3 

kT 27 (lnsY 
(2.45) 

A cluster consisting of i molecules, is called the critica! cluster. Since !J.G is maximum at this 
point, the vapour is in unstable equilibrium with the cluster. Clusters larger than the critical 
size will tend to grow and become stable, whereas clusters smaller than the critical size will 
tend to shrink and disappear. The presence of this maximum is fundamental in nucleation 
theory and represents the free energy activation harrier that has to be conquered before 
condensation can take place. The radius of the critica! cluster can be calculated to be 

• 2av1 

rd = kT In S (2.46) 

The concentration ni of i-clusters up to the critica! size, obeys a Boltzmann distribution 
law in equilibrium [ 1 ;7]: 

- !1G; 

n. = n e kT 
I 

with n the concentration of water vapour molecules. 

(2.47) 

The nucleation rate J is defined as the number of stabie clusters that are formed per unit 
time per unit volume. The impingement rate <I>n is defined as the rate at which vapour 
molecules arrive at the cluster's surface and stick to it. From kinetic theory it follows for the 
impingement rate <I>n of vapour molecules at the surface of a droplet of critica! size: 

<l>n =4n(r;Y Pv 1 (2.48) 

(2mnkT)2 
with m the mass of a vapour molecule and Pv the partial pressure of the water vapour. This 
expression is based on a Maxwellian velocity distribution of the incoming vapour molecules. 
In actdition it is assumed that every vapour molecule that hits the cluster, sticks to it. 
Taking the simplest possible view, the nucleation rate equals the product of critica! cluster 
concentration and the impingement rate of vapour molecules into the critica! cluster: 

4 e' 
] =<l>nn* =4n~;} Pv 1 ne-27(1ns? 

(2mnkT)2 
(2.49) 

12 



Later it was recognized that the equilibrium distri bution of clusters mentioned above, is 
purely hypothetical.This resulted in the introduetion of a non-equilibrium but steady-state 
distribution of clusters up to the critica} size. Expression (2.49) bas to he multiplied by a 
correction factor, the so-called Zeldovich factor, that takes into account that the steady-state 
concentration of critica} clusters is lower than the equilibrium concentration and that 
supercritical clusters still may re-evaporate. The final expression for the nucleation rate J is: 

2 .!. 4 8 3 

J =(:~) (: J v,e~"<•st (2.50) 

This is the Becker-Döring-Zeldovich nucleation law. Nowadays it is generally believed, that 
equation (2.50) bas to he multiplied by an extra factor 1/S, yielding: 

.!. 4 8 3 

J = (}!_y_ Y .E!._ Y 2cr )2 v e- 27 (ms? (2.51) 
kT A kT A 1rm I 

A problem with this classical expression is its limiting consistency. Inspeetion of (2.43) 
shows, that the free energy of formation of a monomer (i= 1) is not zero for S= 1. A possible 
correction is given by Girshick and Chiu. According to them equation (2.51) can he 
multiplied by e9 to gain consistency: 

.!. 4 8 3 

J = (}!_y_ Y .E!._ Y 2cr )
2 
v /-27 {lnsf (2.52) 

kT A kT A 1rm I 

This is the intemally consistent classica! nucleation law. 

2.3.3 Droplet growth 

When a stabie cluster bas been formed, it will grow to a macroscopie size. The droplet 
growth process involves transfer of mass towards the droplet and the transfer of energy (latent 
heat) away from the droplet The mechanisms of these transfer processes will depend largely 
upon the Knudsen number, which is defined as: 

A 
Kn =- (2.53) 

d 
with d the droplet diameter and À the mean free path of a vapour molecule before it loses a 
considerable amount of its momentum. In this treatment we will restriet ourselves to the 
presentation of three droplet growth laws. Energy transfer will not he discussed bere. For a 
detailed treatment of these growth laws the reader is referred to Luijten[15]. 

For high Knudsen numbers (Kn>> 1) the dropiets grow in a free molecular environment. 
For this condition the rate of growth is determined by the impingement rate of vapour 
molecules at the droplet surface. From kinetic theory it follows that the net rate of vapour 
molecules that enter the droplet is: 

<I> = P v - P d • 4nr • 
n -J2mnkT d 

(2.54) 

with Pd the pressure at the droplet surface and Pv the vapour pressure at infinity. 
The pressure Pd is the pressure needed to maintain local chemica} equilibrium between 

the liquid and the vapour phase at the surface.This equilibrium condition can be written as: 

Jlt (pi)= Jlv (p d) (2.55) 

with ~1 and ~v the chemica} potentials of the liquid and the vapour phase respectively and PI 
the pressure inside the droplet The pressure Pd is not equal to the saturation pressure due to 
the Kelvin effect: if a liquid surface is curved the partial pressure at the droplet surface that is 
needed to maintain equilibrium is greater than that for a flat surface. The relation between Pd 
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and Ps can be obtained by appliance of the Gibbs-Duhem relation and the Laplace equation to 
the equilibrium condition (2.55). The result is: 

20" 

pd = Psep,R,Trd (2.56) 

with Rv the specific gas constant of the vapour. 
The mass flux to the droplet can be calculated using: 

dM =<I> m 
dt n 

(2.57) 

with M the mass of the droplet Combining equations (2.54) and (2.57) yields an expression 
for the rate of growth drd/dt: 

drd 1 dM (p.- pJm Pv- Pd 
.....::.....:.-;::::=::::::::::::= = 

dt Jm 4rcr}p1 dt p1.J2mnkT p1 ~2nRJ 
(2.58) 

This is the Hertz-Knudsen growth law. The most important feature ofthis law is that droplet 
growth is only weakly dependent on the droplet radius. 

For low Knudsen numbers (Kn<<1) growth doesn't depend on the rate of random 
molecular collisions but on the rate of diffusion of molecules to the droplet surface. The 
diffusion-controlled droplet growth equation can be shown to be: 

drd D(p.- Pd) = ----'---'-- (2.59) 
dt de R.Tp1rd 

with D the binary diffusion coefficient. Droplet growth is inversely proportional to the droplet 
radius. 

The above laws are simplified laws for isothermal situations and are only applicable in 
the limiting cases Kn<<l and Kn>> 1. A droplet growth model that describes droplet growth 
in the transitional regime (Kn=O(l)) is provided by Gyarmathy. He uses an interpolating fit 
between the free molecular and diffusion-controlled regime with the result: 

drd drd 

drd dt Jm dt de 
= -----,--'------:--

dt Gyar _dr_d + _dr_d 
(2.60) 

dt fm dt de 

2.3.4 Droplet size distributions 

When condensation occurs inside a nozzle, a distribution of dropiets will arise at an 
arbitrary place downstream of the place where nucleation sets in. The shape of this 
distribution will depend on how many nucleation zones a material element of gas mixture 
passes on its way through the nozzle. 

lf the element passes only one nucleation zone, a good approximation of the droplet 
distribution downstreamof this zone is given by the zeroth-order log-normal (ZOL) 
distribution function: 

1 
F(rd)= ~ e 

-..;21Cêrm 
(2.61) 

with rm the modal radius,E the relative width of the distribution.This function is normalized, 
so that F(rct)drct represents the fraction of dropiets with radius between rct and rct+drct. 
Multiplication of F(rct)drct with the droplet density nct (total number of dropiets per unit 
volume) yields the droplet density of dropiets with a radius between rd and rct+drct. The ZOL 
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function has the advantage that it is defined for rd>O and F(rd)~O when rd~O,which agrees 
with physical reality. The ZOL functions have an increasingly skewed shape with increasing E 

(figure 2.6A). When e~O, the ZOL function approaches the normal distribution[22]. 
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Figures 2.6A and B: Manomadal and bimodal ZOLfunctions. 

lf the material element passes two nucleation zones, it will become advantageous to 
specify the distribution function as the sum of two separate ZOL functions: 

G(rd) = aF1 (rd) + (1- a)F2 (rd) (2.62) 

with a (0 ~ a ~ 1) the parameter that determines the distri bution of particles between the first 
and second ZOL-function (figure 2.6B). Each ZOL function corresponds with one of the 
nucleation zones. The function G(rd) is called the bimodal ZOL function. 

In theory it would be possible that a material element passes more than two nucleation 
zones before it reaches the droplet size measuring point, but since no evidence for this 
scenario is found in the numerical flow simulations, it will be left out of consideration. The 
ZOL-function and bimodal ZOL-function can be used as trial functions for the droplet size 
measurements in this project. 

2.4 Numerical flow simuiatien 

A numerical flow simulation program bas been developed by Prast[19]. The build-up of 
this simulation program will be treated briefly in this section. 

The nozzle is divided in a grid (figure 2.7) and a set of differential equations is solved 
for each grid cell in combination with appropriate boundary conditions. 
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Figure 2. 7: The body-fitted grid in the physical domain. This is transformed to a rectangular 
grid in the computational domain. 

The problem of condensation in transonic flows can be solved with the inviscid flow 
equations. The Reynolds numbers of these flows under atmospheric conditions are very high 
and can beregardedas infinity. In this case friction is restricted to thin boundary layers and 
the Navier-Stokes equations are reduced to the Euler equations. These Euler equations are the 
equations for conservation of mass,momentum and energy. 

These flow equations have to be completed by an equation that describes the change of 
liquid mass fraction g, (this is the mass of liquid water per unit mass of the mixture) along a 
trajectory of a material element. The expression used, is given by [ 16]: 

dg 1 _ 4 ( .)3 1 ft 4 I(r) arAt,r) *( )d c2.63) ---np1 rd -+ np1-( ) rd t,r r 
dt 3 p -= p r at 

In equation (2.59), the first term of the right half side represents the liquid mass change by the 
formation of dropiets with critica! radius rd * at time t with liquid density p1• The number of 
critica! dropiets formed per unit volume and time is the nucleation rate J. The second term 
represents the growth of dropiets which were formed at an arbitrary time 't. 

An exact numerical evaluation of equation (2.63) would be too time-consuming. 
Therefore, the integral is replaced by a set of so-called moment-equations. Following Hili [9], 
Prast introduces four momentsof the size distribution function F(rd): 

(2.64) 

with n=0,1,2,3. The zerothorder moment pQ0 equals the number density of droplets. The 
third order moment Q3 is related to the liquid mass fraction as: 

(2.65) 

lf the droplet growth is independent of radius rd, equation (2.63) is equivalent with the 
following moment equations. 
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p-=-trpt Jrd +3p Qz-dg 4 ( *3 árd J 
dt 3 dt 

P dQz = 1,-z + 2P Q árd 
dt d I dt 

(2.66) 
dQ1 1 • Q drd 

p--= rd +p o-
dt dt 

p dQo =1 
dt 

The average droplet radius rd is defined as 

(2.67) 

The moments can be determined simultaneously with the flow variables. The total set of 
differential equations can be written in vector form as 

au+ aF+ aG =S 
at ax ay 

The veetors in this equation are now represented by 
0 

p pu pv 0 
pu pu2+p puv 0 
pv puv pv2+p 0 
pE (pE+ p'p, (pE+ p)v 

int{ Jr*3 +3pQ ~) U= F= G= S= 
pg pgu pgv 3 2 dt 

pQ2 pQ2u pQ2v J/2 + 2pt;;4 ~ 
pt;;4 pt;;4u pt;;4v 

dt 
]* pQárd 

,oQ) ()(;1u ()(;1v 
r+ -

) dt 
1 

(2.68) 

(2.69) 

with the total energy E=e+(u2 +v2)/2. The released latent heat is accounted for in the intemal 
energy represented by 

e=cv0T+g(RvT-L(T)) (2.70) 

with L(T) the latent heat of condensation dependent on the temperature. The specific heat at 
constant volume Cvo of the mixture is given by 

Cvo = (1- gmax )cvg + gmaxcvv (2.71) 

where Cvg is the specific heat of the carrier gas and Cvv of the vapour, respectively. gmax is the 
initia! vapour mass fraction and consequently the maximum liquid mass fraction that can be 
attained. 

The results of the simulation heavily depend on the choices of the nucleation and 
droplet growth laws that are made. The influence of different models is currently investigated 
by Prast. The results of a few simulations will be presented together with the experimental 
results of this project in chapter 5. 

2.5 Moments of distribution 

Analytica! solutions of the integral in formula (2.64) can be obtained in the case of a 
ZOL function. The resulis for the lowest four moments are: 
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PQo =nd (2.72) 
3 2 -e 

pQI =ndrme2 (2.73) 
2 4e 2 

pQ2 =ndrm e (2.74) 
15 2 

3 -e 
pQ3 = ndrm- e 2 (2.75) 

Combination of the equations (2.65) and (2.75) gives an expression for the liquid mass 
fraction as a function of the ZOL parameters: 

4 15 2 

_ P1 3 2e 
g 1 --7C-ndrm e (2.76) 

3 p 

With equations (2.72)-(2.74) the ZOL parameters rm and E can be expressed in termsof 
the lowest three moments, yielding: 

Q4 
- I 

rm- Qo2Q2~Q0Q2 
(2.77) 

and 

(2.78) 

When rm and E have been calculated from the lowest three moments, it is possible to 
calculate a theoretica! Q3 with equation (2.75), which equals the numerical Q3 in the case of a 
ZOL distribution of the dropiets in the simulation. This fact is used in the deviation parameter 
8, defined as: 

8 = (Q3tm 
(Q3 )theor 

(2.79) 

8 is unity in case of a perfect ZOL distribution of the numerical droplet cloud. Equations 
(2.72),(2.77),(2.78) and (2.79) will be used in the analysis of the numerical results. Relation 
(2.76) is employed to calculate the liquid mass fraction in the experiments. The densities p 
and PI will be estimated on the basis of numerical results. 

18 



3 Droplet sizing by light extinction 
In this chapter the optica} characterization of a water droplet cloud immersed in a carrier 

gas is treated. Characterization of the cloud implies, that the mean droplet size and (if 
possible) the droplet size distri bution of the cl oud at a eertaio place in the nozzle has to be 
determined as accurate as possible. In this project it is tried to determine droplet sizes by 
means of light extinction. 

Light extinction means that energy is removed in the forward direction (the propagation 
direction of the incident light wave).This extinction of light is the result of scattering of light 
by the dropiets and absorption of light in the droplets. The magnitude of the extinction 
depends on the ratio of the droplet size and the wavelengthof the light used. By measuring 
the extinctions for different wavelengtbs information about the droplet cloud is acquired. 

If it is assumed that the dropiets are perfectly spherical, it is possible to apply a theory 
that is usually referred to as Mie theory: this theory provides exact solutions of a plane 
electromagnetic wave that is scattered by a spherical homogeneaus droplet These exact 
solutions are analytica! solutions of the Maxwell equations with the appropriate boundary 
conditions. The results of Mie theory can be found in appendix A. 

To understand these results, it is important to have knowledge of somebasic scattering 
theory, which will be presented insection 3.2. This sectionis preceded by a discussion of the 
limitations of the scattering theory as it is treated in this chapter. The hooks of Bohren and 
Huffman[2], Kerker[12] and van der Hulst[lO] haveservedas a souree for the content of this 
chapter. 

3.1 Limitations 

(i) A first restrietion is that it will always be assumed that the scattered light has the same 
frequency as the incident light. This is called elastic scattering and excludes 
quantummechanical effects. 

(ii) A second limitation is that it is assumed that the particles are many and their separations 
random, which implies incoherent scattering. The consequence is that the intensities of 
the scattered waves of the various particles can be added without re gard to phase. 

(iii) A third limitation is that only single scattering is considered: the number of particles is 
sufficiently small and their separation sufficiently large so that in the neighbourhood 
of any partiele the total field scattered by all the particles is small compared with the 
external field. In our measurements multiple scattering effects can be appreciable. 
That they have no effect on our extinction measurements will be shown in section 
where the multiple scattering process is simulated. 

3.2 Basic scattering theory 

In accordance with the limitations imposed upon our subject in the first subsection, we 
will consider a single partiele of arbitrary size and shape that is exposed to a plane harmonie 
electromagnetic wave. We will inquire into the properties of the scattered light at a large 
di stance from the particle. The most important property of the scattered wave for our purposes 
is its intensity. By intensity we will understand the energy flux per unit area. The additional 
properties of the incident and scattered waves are state of polarization and phase. 
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3.2.1 Intensity 

Let Io be the intensity of the incident plane light wave, I the intensity of the scattered 
wave in a point at a large distance r (kr>> 1) from the partiele, k the wave number of the light, 
defined by k=27t/À., where À is the wavelength in the surrounding medium. The direction of 
scattering, that is the direction from the partiele to the point of observation, is characterized 
by the scattering angle 8 with the direction of propagation of the incident light and an azimuth 
angle q>. Using these definitions the intensity I at the point of observation can be written as: 

I= IoF(8,q>) (3.1) 
er2 

where F(8,q>) is a dimensionless function of the angles 8 and q> which depends on the 
orientation of the partiele with respect to the incident wave and on the state of polarization of 
the incident wave. The exact form of F(S,q>) in the case of a spherical partiele and unpolarized 
incident light is presented in subsection 3.2.4. 

3.2.2 Cross sections and efficiency factors 

The total energy scattered in all directions can, by definition, be put equal to the energy 
of the incident wave falling on an area Csca· Then it holds that 

Csca = k\ f F(8,q> }im (3.2) 

where dm=sin8d8dq> is the element of solid angle and the integral is taken over all directions. 
The energy absorbed inside the partiele can by definition be put equal to the energy 

incident on the area Cabs and the energy removed from the original beam can be put equal to 
the energy incident on the area Cext· Application of the law of conservation of energy yields 

cext = csca +cabs (3.3) 

The quantities Cext.Csca,Cabs are called the cross sections of the partiele for 
extinction,scattering and absorption respectively. 

When the effect of absorption can be neglected completely in comparison with the 
effect of scattering, which is justified for water dropiets and visible light, we obtain 

cext = csca (3.4) 
The efficiency factors for extinction, scattering and absorption can be derived directly 

from the corresponding cross sections. These factors are dimensionless quantities and their 
definitions are 

Q = cext 
ext G (3.5) 

Q = c,,·ca 
sca G (3.6) 

Q = cabs (3.7) 
ah.1· G 

where G is the geometrical cross section of the relevant partiele. A sphere with radius rct has 
G=ml. The efficiency factors obey the relation 

(3.8) 

In the present study, we will restriet ourselves to situations in which absorption can be 
neglected. 
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3.2.3 The amplitude scattering matrix 

z 

........ 

x 111~ 
incident beam 

Figure 3.2: Scattering by an arbitrary particle. 

Consicter an arbitrary partiele that is illuminated by a plane harmonie wave (figure 3.2). 
The direction of propagation of the incident light defines the z-axis, the forward direction. 
The origin of the rectangular Cartesian coordinate system (x,y,z) is chosen somewhere in the 
partiele and the x and y axes are orthogonal to the z-axis but are otherwise arbitrary. The 
orthonormal basis veetors ex.ey,ez are in the directions of the positive x,y and z axes. The 
scattering plane is the plane defined by the scattering direction er and the forward direction ez. 
The scattering planeis uniquely determined by the azimuthal angle q> except when er=±ez. In 
these cases any plane containing the z-axis is a suitable scattering plane. lt is convenient to 
resolve the incident electric field Ei, which lies in the xy-plane, into components parallel (Eli) 
and perpendicular (En) to the scattering plane: 

E; = (E
10

eu + E,
0
e,; )ei(kz-crx) = (Eueu + E,;e,;) (3.9) 

where k=2mn!À. is the wave number in the medium surrounding the partiele, m is the 
refractive index of that medium and À is the wavelength of the incident light in vacuo. The 
orthonormal basis veetors eu and eri can be expressed in terms of the basis veetors ex,ey and ez: 

eri = sin q>ex -cos q>ey en =cos q>ex +sin q>eY (3 .10) 

Similar relations can be formed for the components E1i and En: 

E1; =coscpExi +sincpEy; E,; =sincpExi -coscpEy; (3.11) 

At sufficiently large distances from the origin (kr>> 1), inthefar-field region, the 
scattered field Es is approximately transverse (er·E5=0)[11]. Inthefar-field region the 
scattered field may therefore be written as 

(3.12) 

with ets=ee ,ers=-e<p and ersX ets=er. 
The linear character of the boundary conditions of the Maxwell equations at the 

partiele's surface makes it possible to form a linear re lation between the incident and the 
scattered fields. This relation is conveniently written in matrix form: 

Is 2 3 lt (3.13) (E J eik(r-zl (S S IE. J 
E,.,. - -ikr s4 SI E,; 

where the elements S1,S2,S3 and S4 of the amplitude scattering matrix depend, in general, on 
the partiele, the scattering angle 8 and the azimuthal angle q>. 
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3.2.4 The Stokes parameters 

The Stokes parameters fully determine the state of polarization of a light wave at a 
certain location. These parameters are defined by: 

I= (E1E1 * +E,E, *) 
Q =(El El - E,E, *) 
U= (E1E, * +E,Et *) 
V= i(EtE, * -E,Et *) 

(3.14) 

The brackets indicate that the quantities within should be averaged in time. The first 
parameter I represents intensity. The other parameters have the same dimension. The 
multiplicative factor mv'(Eof~) is omitted here. 

The relation between incident and scattered Stokes parameters follows from the 
amplitude scattering equation (3.13) and the definitions (3.14): 

Q. 
= 

1 

sll S12 S13 S14 Ii 

s21 s22 s23 s24 Qi 

k2r 2 S S S S U 31 32 33 34 i 

~,. s41 s42 s43 s44 V; 

(3.15) 

The elements Sij of this matrix can be expressed in terms of the elements Si of the amplitude. 
scattering matrix. The relations are given by Bohren and Huffman[2]. 

If the incident light is unpolarized it holcts that Qi=Ui=Vi=O. Since Is is the only 
interesting quantity of the scattered wave for our purposes, we onl y need to know S 11 in the 
case of unpolarized incident light: 

sll =_!_~s~1 2 
+lsl +IS31

2 
+lsl) 

2 
(3.16) 

Moreover, S3=S4=0 for spherical particles. So for the special case of spherical particles and 
unpolarized incident light the form of F(8,<p) ( equation 3.1) can be written down at once: 

F(8,cp)=_!_(i1 +i2 ) (3.17) 
2 

with i 1= I S1 1
2 and i2= I S2 1

2
. The expressions for S1 and S2 in the case of a homogeneaus 

sphere can be found inthereview of Mie theory (appendix A). 

3.2.5 The fundamental extinction formula 

For spherical particles it holcts that S1(0)=S2(0). This value is denoted by S(O) without 
index. It can be proved that the extinction efficiency Qext obeys the relation 

4 
Qexr =-2 -2 ReS(O) (3.18) 

k rd 

Formula (3.19) is called the fundamental extinction formula for spherical particles and an 
arbitrary state of polarization of the incident wave. The presence of S in this formula shows 
that the actual extinction process is not a blocking of the incident wave but a subtie 
interference phenomena of the incident and scattered wave which results in a decrease of 
energy flux in the forward direction. The analytica! expression for Qext given by Mie theory 
can be found in appendix A. This expression depends only on the parameter a which is 
defined as 2mctiÀ and the refractive index m (=1.33 for water in nitrogen). Here we confine 
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ourselves toa plot of Qext fora homogeneous spherical water droplet as a function of a 
(figure 3.1). 

3 

x 02 

10 20 30 40 50 

a(=27tr/J..) 

Figure 3.1: The extinction efficiency Qexdor a homogeneaus spherical water droplet as a 
function ofthe parameter a (m=l.33). 

It is possible to distinct two limitsin this graph. For a<<l scattering occurs in the 
Rayleigh regime, where Rayleigh theory is applicable. With Rayleigh theory it can be proved 
that 

Qext =ca4 (3.19) 

with c a proportionality constant which only depends on the refractive index of the scatterers. 
When a>> 1 the scattering processis described by Fraunhofer diffraction theory. In this limit 
it holds that Qext is two. 

3.2.6 Extinction by a cloud containing many particles 

When a plane light wave with intensity I falls on a thin slab of particles of infinitesimal 
thickness the extinction dl can be calculated with 

dl= -{3/dz (3.20) 

where 

(3.21) 

A slab of finite thickness can beseen as the succession of infinitesimal slabs. lf f(a) is the 
same everywhere on the pathof the originallight beam, then integration of equation (3.10) 
yields: 

(3.22) 

In this formula I represents the geometrical path length. This is the distance that the attenuated 
light beam travels through the droplet cloud. 

This relation is only valid for ~1<<1, when multiple scattering effects are negligibly 
small. When multiple scattering effects are strong, we must realize that light that is scattered 
and taken away from the original beam can be brought back in the original beam by a second 
scattering event and no distinction can be made between this scattered light and the attenuated 
light of the incident beam. However, equation (3.22) can still be applied in the multiple 
scattering regime if a detector is used with a finite field of view. This will be shown insection 
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3.2.5. In the next section the eperating principlesof a detector with a finite field of view will 
be treated. 

3.3 Detection with a finite field of view 

Scattered light in the forward direction cannot always be separated from the attenuated 
light of the original beam. The separation quality depends on the detection system. In the 
measurements of this project a detection system with a fini te field of view is used. This 
detection system consistsof three parts (figure 3.3): a positive lens with focal distance f, a 
pinhole with diameter d, placed in the focal plane of the lens, and an ordinary detector that 
accepts all incident light regardless of the direction of propagation.The Ludwieg tube is the 
tube that contains the droplet cloud (see chapter 4). 

Ludwieg tube 

detector 
Figure 3.3: Construction of the detector with a fini te field of view. 

Only the light that is incident on the lens with a direction of propagation that lies within 
a certain maximum angle 8max around the optical axis of the lens, will be detected by the 
system (figure 3.3). lt is obvious that this maximum angle 8max obeys the relation 

e = !!__ (3.23) 
max 2f 

This detection system reduces the effect of scattering drastically when 8max is chosen small 
enough.The influence of scattered light on the extinction measurement is the subject of 
section 3.5, where the scattering processis simulated numerically. 

3.4 Droplet sizing 

The aim of this project is to determine the mean droplet size and the droplet number 
density as accurate as possible at alocation downstream of the nozzle throat for various initial 
conditions. This determination is done by inspeetion of the extinction spectrum: during an 
ex perimental run a number of n extinction coefficients is recorded corresponding with n 
different wavelength intervals. 

3.4.1 The inversion technique 

The inversion problem of obtaining information about the droplet size distribution from 
its spectrum is tackled in the following way. First, an assumption about the droplet size 
distri bution is made. The trial function used is the ZOL distribution. A set of theoretica! betas 
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corresponding with these wavelengtbs can be calculated, if parameter values for the ZOL 
function are chosen: 

( 
21trd ) ooJ 2 ( 21trd \. ~theor,i T,•P = 

0 

1trd Qext T'm J (rd; p)drd i= 1, ... ,n (3.24) 

with p the parameter vector consisting of the ZOL parameters. 
In order to find the best choice of parameters of the trial function, the sum of squares of 

the theoretica! ~' s and corresponding ex perimental ~' s is minimized. Here, the sum of squares 
f (not to be confused with the distribution function) is defined as: 

n 2 

J = L (ptheor,i - f3exp,i) (3.25) 
i=! 

where n is the number of extinction coefficients measured at n different wavelengths. In this 
way the combination of parameter values of the trial function is found for which the set of 
theoretica} extinction coefficients is ciosest to the experimental ones. The minimization is 
carried out by a routine in the Fortran NAG library. 

When the routine has finished its job it returns the minimum value of f (fmin), that has 
been achieved and thesetof parameter values that correspond with this minimum value. Now 
it has to be decided whether the trial function is a good approximation of the real droplet 
distribution or not. It must be realized that a minimum value of zero for f can almost never be 
obtained as a direct result of physical noise. The measured intensities I are afflicted with 
physical noise. The most dominant noise is the detector noise. By equation (3.22) a variation 
in I is related toa variation in~· For this deviation in the experimental ~ from its expectation 
value J..L(~) (these betas would be obtained after averaging the results of a large series of 
identical measurements), we can write: 

f3exp,i = f.l{J3exp,i )+ f1/3exp,i (3.26) 

To calculate the standard deviance from fmin. the following equation is used: 

a 1 = ~ 4(fJ..,,,, - f3.,.J
2 
a p"' ~ zf;; ~~a p"' (3.27) 

where cr~.i is the standard deviation in ~i and (~theor,i-~num,i)2 is estimated at f/n for each i. 
When statistica! theory is applied properly, expression (3.27) contains J..L(~exp,i) insteadof ~exp,i 
and crr then represents the standard deviation from J..L(fmin) instead of fmin· But since J..L(~exp,i) 
and J..L(fmin) cannot be determined, we use equation (3.27), for lack of a better altemative. 

lf the trial function matches the real distribution perfectly, the minimization is optimum 
when 

{3 theor ,i = f.l {J3 exp,i ) (3.28) 

The corresponding value of fis: 
n 2 

J perfect = L (11{3 exp,i ) (3.29) 

The expectation value J..L(fperfect) of fperfect can be calculated by taking the expectation value of 
equation (3.29), yields: 

!l(r "'"'J= I'( ~L1f3 .. ,/ )= ~!l(L1f3 .. ,,, 2 )= ~(5 p, 2 (3.30) 

So the expectation value J..L(fperfecD can be calculated if cr~ is known for each detector. Via 
equation (3.22) cr~ is related to cr1. This relation can be written as: 

1 
(J{J=ll(Jl (3.31) 
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The determination of cr1/l is explained insection 4.3.5. The fmin's that are attained in the 
minimization procedure are compared with f..L(fpertect) to establish the quality of the fit. 

3.4.2 The ~-plane 

lf as a distribution function the ZOL function is chosen and the number of wavelengths 
n equals three, then the Ws and ZOL parameterscan be displayed in an orderly way in one 
diagram, the so-called ~-plane (figure 3.4). 
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Figure 3.4: The {3-plane. Wavelengths: A-1=543.5 nm,A-2=632.8 nm and A-3=815 nm. These are 
the wavelengths used in an old three-wavelength extinction set-up. The dashed lines are lines 

of equal r m.• the solid lines of equal e .. 

Note that ratios of betas are taken, so that the droplet number density nct is eliminated in this 
way. In the ~-plane the possible solutions are indicated by curves of constant rm and E. 

For 0.5 J..lm< rm <1.5 f..Lm, the curves formanopen web and the experimental ~·s give 
full information on the droplet size distribution. For rm > 1.5f..1m the curves move spirally 
towards the point (1, 1) with increasing rm. This is the result of the extinction coefficient that 
damps to the value 2 in this region. 

At the other end, for rm < 0.5 J..lm, the curves form a tail towards the Rayleigh limit R. 
This limit is a point in the ~-plane with coordinates ([À2/ÀJ] 4,[À2/À3]

4)=(1.84,0.36). Since the 
resolution is very low in the tail of the diagram, it is impossible to determine the ZOL 
parameters accuratelyin this region. 

3.4.3 The Rayleigh parameters 

In the Rayleigh limit the extinction efficiency will be proportional to À-4 according to 
equation (3.8). This means that also the extinction coefficients will obey the same 
proportionality. This fact is used in the so-called Rayleigh parameters, which indicate how far 
the situation is removed from the Rayleigh limit. These parameters can be helpful in 
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determining whether analysis can be successful and meaningful or not.The Rayleigh 
parameters are defined as: 

f3 .À,4 
R l l • 2 

;1 =--
4 

t= , ... ,n 
{JIÀI 

(3.32) 

in which Ài+I<Ài. These parameters approach the value of one in the Rayleigh limit and will be 
smaller than one when the situation is removed sufficiently from this limit (figure 3.5). 
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3.5: The Rayleigh parameters as a function of droplet size. 

The great advantage of these parameters is, that they give immediate information about the 
size of the droplets, without any difficult analysis. 

3.5 The influence of scattering on the extinction measurement 

The extinction of light in a cloud of water dropiets is solely the result of scattering of 
light when effects of absorption can be neglected. Scattering in the forward direction cannot 
be separated from the attenuated light of the original beam.Therefore it is important to 
estimate the effects of forward scattered radiation on the extinction measurement. 

3.5.1 Single scattering 

Single scattering occurs if the major part of the scattered light in the droplet cloud will 
not undergo a second scattering. The condition for single scattering to take place is ~1<<1. lf 
this condition is not satisfied multiple scattering will become significant. Smolders'[22] 
derived an equation for the contribution of single scattering to the extinction signal. 

Consider a beam of unpolarized light with a cross-sectional area A and an intensity 10, 

incident perpendicular to a slab of dropiets with thickness 1. The dropiets have a radius rct and 
a number density nct. The attenuation of the light beam is measured with a detector having a 

half angle of detection Smax· 

At a location bebind the slab, the intensity of the scattered light due to a droplet at a 
depth ~x in the slab, is: 
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(8 << 1) (3.33) 

Then, the power scattered by the droplet and received by the detector follows to be: 

PI- I -{31 !!_. f \a 2- I -{31 2 io(a,m)(}2 (3.34) 
s - oe k2 lo\a,mpdet - oe 7rrd a2 mat 

provided that the angle of detection is small. In this equation 
i0(a,m)=i1(a,m,8=0)=h(a,m,8=0). The power given by equation (3.34) is independent ofthe 
position of the droplet Therefore, the total received power due to single scattering can simply 
be obtained by multiplying the power scattered by one droplet with the volume of the 
illuminated slab and the number density of the droplets: 

p = All -{317rr2 i0(a,m) 8 2 
s nd oe d a2 max (3.35) 

When we use the expression 
Pe = AI0 e-{3l (3.36) 

for the power of the attenuated light beam, then combination of equations (3.35) and (3.36) 
yields the final expression 

P_,= l 2 i0(a,m) 8 2=R[ i0(a,m) (} 2 

nd 7rr 2 max fJ { \,..,2 max 
.pe a Qext\a,mp 

(3.37) 

lf the condition of single scattering is not satisfied, Ps will not equal the total scattered 
power that is detected, but in this case Ps can beseen as the single scattering contribution to 
the total multiple scattering. We will use equation (3.33) in the next section, where the 
multiple scattering process is simulated, to see when deviations from single scattering become 
apparent 

3.5.2 Multiple scattering 

In this section we investigate the influence of multiple scattering on extinction. The 
total detected power will be the sum of scattered power Ps and attenuated power Pe of the 
original beam.The parameters that influence these powers are the extinction cóefficient ~' the 
size parameter a, the detector distance ddet, defined as the distance the attenuated light beam 
has to bridge between the end of the cl oud and lens, the lens diameter d1ens, the geometrical 
path length 1 and the maximum acceptance angle 8max of the detector. Some of these 
parameters are indicated in figure 3.6. 

To calculate the ratio PsfPe as a function of these parameters a Monte Carlo simulation 
of the scattering and extinction process in the tube is developed. 
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Fig 3.6: Photon's paths in the Ludwieg tube. 

The simulation is basedon the workof Bucher[4]. In order to understand and evaluate the 
results of the simulation its mathematica! model must be known. The simulation program 
assumes a homogeneous cl oud ( equal droplet density and radius everywhere ). The cl oud is 
contained in a tube with a square cross-section (figure 3.6).The side of this square has a length 
1. In the simulation photons are leaving from an identicallocation and in an identical direction 
towards the tube, so the effects of beam width and beam divergence are not accounted for. 
Each pboton represents the same amount of energy. lf the ray is scattered inside the tube it 
will be detected if it passes the lens and if the exit angle, which is defined as the angle 
between the final propagation direction of the pboton and its initial direction, is less than 8max· 
These photons contribute to the scattered power P5• lf the pboton leaves the tube undisturbed, 
it is detected and it contributes to the power Pe of the attenuated original beam. 

The distance d that a ray travels between two successive scatterings is randomly 
selected with a probability density 

p(d) = f3e-f3d (3.38) 

The choice of this probability density function is made plausible in appendix B. When a 
scattering event takes place a scattering angle 8 and an azimuthal angle <p are chosen 
independently. The angles 8 and <p bere, have the same meaning as in formula (3.1): they are 
the angles in a spherical coordinate system whose origin is the direction of the ray. The 
azimuthal angle <p is randomly selected with a constant probability between 0 and 27t. This 
uniform distri bution is the direct consequence of the assumption of spherical scatterers. The 
8-angle probability density function depends on the scattering mechanism. In our case the 
correct expression for this function is given by equation (3.18): 

~ ) (il + i2 )sine P e = _____;:...:____;:_cc__ __ 

7r 
(3.39) 

J (i1 + i2 )sin 8d8 
0 

where i1 and h follow from Mie theory (appendix A). 
The scattered rays that are detected and the undisturbed rays are counted separately, so 

that the ratio between these numbers yields the power ratio P siP e· In the ex perimental 
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environment, this should be close to zero since we only want to measure attenuation of the 
incident light. The power ratio P JP e depends on a number of parameters that are mentioned 
earlier in this section. The results of a few simulations with regard to P/Pe will be presented 
in the remaining part of this section. P JP e is calculated as a function of one parameter while 
the other parameters are kept constant. The values of these constant parameters are the exact 
or representative values for our experimental conditions. 

0.015 r----------------, 0.02 .----------------, 

0.01 

(j) 

Q_ -en 
Q_ 

0.005 

omax=7mrad 

dlens=8rrvn 
1=10cm 

d.,,=5an 

mun!ple scattering (sirrulation) 

srngle scattering (Smolders) 

CX=1 

0"""=7mrad 

d1,ns=8mm 
0.015 1=10cm 

d.,,=5an 

(j) 

Q_ 

"è{' 0.01 rrultiple scattenng (strrulation) 

SIOQie scattenng {Smolders) 

0.005 

,' 
,, 

0 ~~~~-----=~~~~~ 0 ~~~~~--~--~--~~ 
0 20 60 80 0 5 10 15 20 25 30 

A B a 
Figures 3.7A and B: The effects of f3 and a on the power ratio P/Pe. 

From figures 3. 7 A and B it fellows that the effect of scattered power cao be neglected 
when a<5 and ~<30. These conditions are satisfied during the experiments. The scattered 
power P s will then be less than 0.1 % of the attenuated power of the original beam P e· For 
~<30 the effects of multiple scattering are oot apparent. Another important parameter is the 
acceptance angle 8max· Increase of 8max will have a dramatic effect on the power ratio P/Pe 
(figure 3.8). 
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Figure 3.8: The effect of 8rrwx on the power ratio P/Pe. 
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4 Experimental set-up 

The droplet size measurements are carried out in a so-called Ludwieg tube. A mixture 
of nitrogen gas and water vapour is expanded in a nozzle placed in the Ludwieg tube and a 
cloud of dropiets is formed. The objective is to characterize the droplet cloud that is 
produced.This is done with a light extinction set-up. In this chapter the operating principlesof 
the Ludwieg tube and the light extinction set-up are discussed. 

4.1 Ludwieg tube facility 

The Ludwieg tube (fig 4.1) is 12 minlengthand has a square cross section of 0.01 m2
• 

The tube is filled with a gas mixture consisting of nitrogen, which is used as a carrier gas, and 
water vapour. A vacuum vessel V is attached to the tube. Tube and vessel are separated by a 
membrane. A circulation tube is attached to the Ludwieg tube, so that it is possible to 
circulate the gas with the circulation pump CP in order to form a homogeneaus mixture. The 
circuit can be heated up toa temperature of 310K and is insulated to minimize heat exchange 
with the surroundings. 

LT: Ludwieg tube 
LN: Laval nozzle 
V: vacuum vessel 

CP: circulation pump 
VP 1, VP2: vacuum pumps 

V 

H: humidity meter 
PK1,PK2: dynamic pressure sensors 

M: membrane 
P 1: barace ll 

P2: barometer 

VP2 

Figure 4.1: Schematic drawing ofthe Ludwieg tube set-up (not on scale). 

On the left side of the membrane a La val nozzle is mounted. The La val nozzle is 
employed togeneratea supersonic flow. Figure 4.2 shows the geometry of the nozzle that is 
used in the measurements. The nozzle is 50 cm long, has a throat of 2 cm and an isentropic 

31 



exit Mach number of 2.0. The radii of curvature upstream and downstream of the throat are 30 
and 400 cm, respectively. The nozzle has a rectangular cross-section, so that a 2D-flow is 
generated. 

0.2 

0.1 

-0.1 

·0.2 

-0.2 -0.1 0 

x(m) 
0.1 0.2 

Figure 4.2: The geometry ofthe nozzle (scale-drawing). 

At the end of the nozzle two quartz windows W are placed in the opposite walls of the 
tube for the light extinction measurement. The optical axis of the light extinction set-up will 
be at a distance of 25 cm from the nozzle throat. 

The experiment is started with the rupture of the membrane and an expansion wave runs 
into the Ludwieg tube. This means that the gas is accelerated in the direction of the vessel. 
The position of the expansion wave in time is indicated in the (x,t)-diagram of figure 4.3. 
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C: position of the closed end of the tube 

Figure 4.3: The position ofthe expansion wave in time. 

When the membrane at position A is broken (t=O), an expansion wave travels to the left, at 
t=t1 it passes point B and travels further to the left. At t=t 2 the wave is reflected at the closed 
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end of the tube (position C), the wavefront reverses and travels back. At t3 it passes B for the 
second time. In the time interval [t1,t3] between the first and second passage the conditions 
over the nozzle, at B and A, can be regarded as stationary except for slight unsteadiness due 
to condensation. 

There are two pressure sensors mounted in the wall of the Ludwieg tube: PK1 (Kistler 
5011A-10) and PK2 (Kistler 5001SN) as indicated in figure 4.1. PK1 is placed 1m upstream 
of the nozzle entrance and PK2 is placed 0.5m downstream of the nozzle exit. Figure 4.4 
shows typical pressure signals from PK 1 and PK2. These pressure signals are recorded by a 
transient recorder (LeCroy 8013A). The first pressure drop of PK1 is used to trigger the 
experiment and the second pressure drop marks the end of the experiment. 
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Figure 4.4: Pressure signals recorded by PKJ and PK2 during an experiment. 

The pressure value of the first plateau of PK1 (between ta and tb), which lies around 8.8·104 

Pa, can be taken to calculate the stagnation properties of the flow. From ta until tb, at which 
the wavefront reaches PK1 again, the pressure at the nozzle entrance can beregardedas 
stationary. 

4.2 Preparatiens for an experiment 

There are some preparations that have to be done before it is possible to conduct an 
experiment. First the Ludwieg tube and circulation system have to be evacuated with vacuum 
pump VP 1 (Pfeiffer duo 0 16B; see figure 4.1) to eliminate all the impurities in the tube. The 
evacuation is stopped when the pressure in the tube, measured by barocell P1, doesnotdrop 
anymore.The vacuum vessel is also evacuated with pump VP2 (Speedivac ISC 450B) to 
minimize the pressure difference between the tube and the vacuum vessel, since a pressure 
difference could be destructive to the membràne. 

Subsequently water vapour is supplied to the tube and immediately after that nitrogen 
gas is added, which is used as a carrier gas. During the filling procedure, the circulation pump 
CP(Verder VDE 0530) is tumed on to stimulate the formation of a homogeneaus 
water/nitrogen mixture in the whole system. 

The filling has to be stopped, when the pressure in the tube equals the outside pressure. 
The overpressure of the gas mixture with respect to the outside pressure is measured with 
barometer P2. Another barometer, which is notpart of the Ludwieg tube set-up, is used to 
measure the absolute pressure in the Iabaratory. In order to minimize the pressure differences 
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between the Ludwieg tube and the vessel at all time, the vacuum vessel also has to be filled 
during the filling of the Ludwieg tube. A humidity and temperature transmitter H (Humicap 
Vaisala HMP234) is used to measure the initial saturation and temperature. 

When the situation in the tube is stationary (humidity and temperature are constant) the 
circulation pump CP is shut off and the vacuum vessel is evacuated. Finally, the room is 
obscured and the transient recorders are put in the eperating mode. A detailed checklist of the 
preparations is given in appendix C. 

4.3 Multi-wavelength light extinction set-up 

The multi-wavelength light extinction (MWLE) set-up is placed in front of the quartz 
windows W in the Ludwieg tube (figure 4.1 ): the direction of the optical axis of the extinction 
set-up is perpendicular tothese windows. The MWLE set-up is used to measure the droplet 
sizes at the end of the nozzle. If the distri bution of the dropiets has to be determined, it is 
advantageous to have the extinction spectrum for as many wavelengtbs in the desired 
wavelength range as is possible. In the MWLE set-up that was used for this project seven 
extinction coefficients corresponding to seven different wavelength intervals were measured. 
Theset-upis described in the following subsections. Analysis of these experiments must 
show if it is indeed possible to measure accurately the droplet size distribution. 

4.3.1 Description of the MWLE set-up 

A schematic drawing of the multi-wavelength light extinction set-up is given in 
figure 4.5. The focallengths f of the lenses and the diametersdof the diaphragms arealso 
given in this figure. 

Ll: f=50 mm 
L2: f=50 mm 
L3: f=lOOmm 
L4: f=25 mm 

Ludwieg 
D2 tube 

Dl L3 

I optica! axis 

referen!1 
detector 

Dl: d=l mm 
D2: d=2 mm 
D3: d=0.35mm 

L4 
D3 

detection system 

Figure 4.5: Multi-wavelength light extinction set-up (nat on scale). 

A Xenon lamp (Oriel 6261; 450 W) is used as a light source. The speetral irradiance of 
the lamp is given in appendix G. The lamp is integrated in a box with two lenses L1 and L2, 
which image the lamp at diaphragm D 1. Th is diaphragm is placed in the focal plane of lens 
L3. From L3 a beam is projected onto diaphragm D2. This beam will be almost parallel, since 
the diameter of D 1 is small compared to the focal di stance of L2. The di vergence of this beam 
is characterized by an angle a=d 1/2f3. Of course it is possible to make this angle as smallas 
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possible, but this will be at the expense of the power of the beam. D2 determines the beam 
diameter for the extinction measurement (2mm). The beam diameter must be small in order to 
attain a high space resolution. The beam passes the Ludwieg tube at the position indicated in 
figure 4.1. Lens L4 focuses the beam on the entrance diaphragm of the spectrograph. The 
path of the light is then determined by the position of the different optical components (the 
mirrors Ml,M2 and the grating G) in the spectrograph. A detailed description of the 
spectrograph is given in section 4.3.2. 

4.3.2 Spectrograph and detection system 

The spectrograph and detection system of theset-upare used to measure the extinction 
coefficients at different wavelengths. The spectrograph (Oriel Multispec) is depicted in figure 
4.6. 

Micrometer 

12345 6 7 
detectors 

Spectrograph: Oriel Multispec 77400 
Grating: Oriel77417 
- Speetral range: 400-1100 nm 
- Resolution: 1.0 nm 

Figure 4.6: The spectrograph. 

In this figure the path of a light ray that enters the spectrograph is drawn. The beam that 
enters the spectrograph is focused on the entrance diaphragm D3. The ratio of the sizes of the 
object at Dl and the image at D3 (see figure 4.5) is the ratio between the focal distauces of L3 
and L4. This ratio is Fl/F2=100mm/25mm=4. The diameter of the object is lmm (diameter of 
D 1 ), so the diameter of the image at D3 is 250Jlm. D3 is placed in the focal plane of mirror 
M 1. The beam passing at D3 is made parallel by mirror M 1. This parallel beam is directed 
towards the grating G. This grating is suitable for wavelengtbs in the range 400nm-11 OOnm. 
The grating resolves the parallel beam of white light into a spectrum. The grating compasses 
constructive interference for every wavelength in a separate direction.The whole spectrum 
propagates towards mirror M2, which images the spectrum in the exit plane of the 
spectrograph. Every wavelength now corresponds with a unique position in the exit plane. 
The angular position of the grating cao be adjusted by changing the position of the 
micrometer. The result is that the position of the whole spectrum in the exit plane changes. 
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When a detector is placed at a certain location in the exit plane of the spectrograph, the 
intensity in a certain wavelength interval is measured. With a CCD-camera that was designed 
to use in combination with the spectrograph, it would be possible to measure the whole 
extinction spectrum. However, the response time of CCD-camera is 1 ms, which means that 
this camera is too slow for our purposes, since the physical phenomena under investigation 
are characterized by a frequency of a few kHz. Therefore, a different detection system had to 
be developed to acquire a higher time resolution. 

wavelength spectrum,l8mm -------7 

... - ' ' 
' ' -,_. 
' ' ' ' 

0.4mm 

- - - -
Figure 4. 7: Veteetion takes place at seven equidistant locations in the spectrum. 

The new detection system (figure 4.7) is developed by Ad Holten. lt consistsof a plate 
with seven slits at equidistant locations and seven photodiodes (Siemens BPW 34), that are 
placed behind these slits. The detectors can handle frequencies of the incident light up to 100 
kHz without any problem.The distance between two consecutive slits is 3mm and the slit 
width is 400 J.Lm. The plate is positioned in the exit plane of the spectrograph. 1t is now 
possible to measure the extinction signals in seven different wavelength intervals. All 
extinction signals are recorded by a transient recorder (LeCroy 8013A). The sample frequency 
of the recorder is adjusted at 200 kHz.The responsivity of the photodiodes is given in 
appendix G. 

4.3.3 Calibration of the detection system 

Todetermine what part of the spectrum each detector receives, it is necessary to 
calibrate the different detectors. The calibration, executed by Vervoort[25], was done in the 
following way: first a laser beam is aligned on the entrance diaphragm of the spectrograph 
(figure (3.6)). Now the positions of the micrometer are determined at which a maximum 
signal is detected for each of the seven detectors. This procedure is executed for four different 
lasers (A=543.5 nm, A=632.5 nm, A=670 nm and A=780 nm). 

From these data it is possible to form a linear relation between wavelength and position 
of the micrometer for each of the detectors. These relations can be found in appendix E. Now 
it is possible to calculate the wavelength interval that is received by the detectors (7.5 nm). 
The central wavelengtbs of the intervals can be calculated, if the position of the micrometer is 
known.The position of the micrometer for all the experiments was 2.038. This corresponds 
with the following central wavelengths: 

Detector number Central waveleng_th (nm) ±1nm 
1 772 
2 715 
3 663 
4 605 
5 551 
6 491 
7 435 
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4.3.4 Reference detector 

The power of the Xenon lamp varies in time. The extinction signals are influenced by 
this variation. To diminish the effects of this power variation, a reference detector is placed in 
the set-up (figure 4.5). The extinction coefficients are now calculated with the expression: 

1,,0 I(t) _131 --=e (4.1) 
I,(t) /0 

Here Ir (t) is the signal that is measured by the reference detector during the experiment. Ir,o is 
the time-average of lr(t). l(t) is the signal that is measured by one of the detector. Io is the 
time-average of l(t), before condensation sets in. 

4.3.5 Noise in the extinction signal 

To calculate the expectation value of Jl(f) (see section 3.4), it is necessary to know the 
noise in the extinction signal for different levels of intensity. 

Since extinction can be considerable, which results in low detector signals, detector 
noise will be important. Another problem is that the reference signal is measured with a 
detector that receives a broad range of wavelengths, whereas l(t) is measured only in narrow 
wavelength intervals. For different intensity levels (these levels can be adjusted by changing 
the power of the light souree) the intensity is measured during a short time interval, while 
there was no flow in the Ludwieg tube, so B=O and e-~I = 1. 

The relative standard deviation cr{I is calculated from the left half side of equation 
(4.1). To cr1/I and the detector signal (the voltage that is supplied to the recorder) hyperbolic 
fits are applied for each detector. These relations can be found in appendix E. 
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5 Results 

A series of experiments has been conducted, at an initia} temperature of 31 OK, 
atmospheric pressure and initia} saturation ratios So (the saturation ratios at the start of the 
experiment) in the range from 0.21 up to 0.73. Higher saturations couldn't be obtained due to 
water condensation at the windows during preparation. A total review of the initia} conditions 
can be found in appendix E. 

Almost all the conducted experiments are unsteady (unsteadiness originates at a 
humidity of circa 0.25). This unsteadiness is also apparent in the extinction coefficients. Three 
extinction coefficients of experiment 50 (So=0.595) are plotted in time in figure 5 .1. 
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Figure 5.1A and B: Extinction coefficients and Rayleigh parameters in time. 

The minimization (see section 3.4) is carried out by the routine E04JAF in the Fortran 
NAG library. This routine is a quasi-Newton algorithm for finding a minimum of a function, 
subject to upper and lower bounds of the independent function parameters. The function to be 
minimized is the sum of squares expression (3.24). Por a certain measuring point the 
experimental ~·s are fixed and the sum of squares only depends on the droplet size 
distri bution function that is used to calculate the theoretica} ~' s and the values of the 
distribution parameters. As a first trial function the ZOL function is chosen. The specified 
range of the ZOL parameters are: 

E: 

lower bound: 
1 *109 m-3 

5nm 
0 

upper bound: 
1 *1019 m-3 

lflm 
0.5 

These bounds follow directly from the outcome of simulations. The minimization procedure 
is applied to the data of experiment 50 (So=0.595), and the results with regard to the ZOL 
parameters are plotted in figure 5.1A and B. 
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Figures 5.1A and B: The analysis of experiment 50 with e as afree continuous parameter. 

At almost each measuring point the minimization routine ends with the message that the 
maximum amount of minimization steps has been reached, but that no minimum bas been 
found. Ho wever, the quality of the fit is not poor when we compare the time-averaged value 
for fmin with the corresponding value for J..L(f): fmin=3.7* 10-2 m-2 versus J..L(f)=2.7* 10-2 m-2

• The 
reason that the routine has difficulties in finding a minimum, is that we are measuring in the 
near-Rayleigh regime, since the droplet sizes are in magnitude smaller than the lowest 
wavelength that is used. In this regime the B's are very insensitive to the width parameter E, so 
that the routine is not able to determine this parameter accurately in the presence of noise. 

This insensitivity is demonstrated by applying constant ê fits (this means that E is kept 
constant in the minimization procedure) in the range ê=O to E=0.5, with steps of ~ê=0.05 to 
the experimental data of experiment 50. The time-averaged values for fmin are plotted versus E 
in figure 5.2. 
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Figure 5.2: The time-averaged values for the constante fits, continuous e fit and discrete e 
fit. The horizontal axis is only appropriate to the constant e fits. 
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From these constant E fits it is possible to construct a free E fit, with E now oot as a 
continuous parameter, but as a parameter that cao attain only eertaio discrete values. The 
construction is done by determining for each measuring point, which discrete E corresponds 
with the lowest fmin and storing the conesponding ZOL parameters. Also it is possible to 
select at each point maxima and minima for each of the ZOL parameters, so that the lower 
and upper bounds of the parameters become apparent. These bounds are selected within 
fmin,lowest and fmin.lowest+crr.The results of this discrete E rninirnization for experiment 50 is 
plotted in figures 5.3A and B. 
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Figures 5.3A and B: The analysis of experiment 50 with e as afree discrete parameter. 

Comparison between figures 5.3 and 5.1 shows that both methods yield almost identical 
results with respect to the ZOL parameters. Therefore, also the qualities of the fit are 
comparable in magnitude (see figure 5.2). The quality is slightly better for the discrete E 

method. This cao be explained by the fact that in the discrete metbod we are analysing the 
whole range of e's, and as a consequence it is more likely to find a global minimum than in 
the continuous method, where the odds to get stuck in some local minimum are higher. Also 
the discrete metbod is a lot faster than the continuous one ( +1- 6 hours to analyse 5 ms of the 
experiment versus a whole week). Therefore we will use the discrete metbod to analyse the 
experiments. 

The equations presented insection 2.5, will be used todetermine the ZOL parameters in 
the simulations. As said before, the outcome for this parameters willlargely depend on the 
nucleation and droplet growth models that are used. In 1997 the models that were used by 
Prast, were the classica! nucleation (CNC) law (equation 2.50) in combination with the Hertz
Koudsen droplet growth (HZKDG) law (equation 2.58). In 1998 these models were replaced 
by the intemally consistent classica} nucleation (ICCT) law (equation 2.51) and the 
Gyarmathy droplet growth (GYARDG) law (equation 2.60). Simulations have been 
performed for both cases. The results are depicted in figures 5.4A, B and C. The initial 
conditions are taken from experiment 70 (So=0.709). 
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Figures 5.4A, B and C: Comparison of ZOL parameters for different nucleation and droplet 
growth models. 

In the case of CNT/HZKDG less dropiets are formed, that will grow toa larger size. 
The experimental results will be compared with the ICCT and GY ARDG models. 

In the next figures (5.5A to G) the results of a series of experiments and simulations are 
plotted. The quantities of interest are time-averaged and are plotted versus the initia! 
saturation S0. The liquid mass fraction §I is calculated with expression (2.76), with PI and p 
estimated at 9.8*103 and 2.2*10-1 kg/m, respectively. 
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Figures 5.5A toF: The results ofthe analysed experiments and simulations. 
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The experimental solutions for rm and nd are in reasonable conformity with the 
numerical ones. However, for E and g the deviations are considerable. A problem is that the 
experimental g, exceeds the initial vapour mass fraction, which almost equals the numerical gl 
for all simulations, so that the experimental solutions cannot be realised physically. This is the 
result of the high ex perimental e: what happens if we keep the epsilon value fixed at 0.1, is 
shown in figures 5.6A toE. The bounds are now selected within fmin-crf and fmin+crf. 
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Figures 5.6A toF: Experimental solutions, e confined to 0.1, and numerical solutions. 

Since these experimental solutions are physically realizable, we adopt them as the 
solutions, although the fit is not optimum. 

Another interesting quantity is the oscillation frequency of the flow (figure 5.7). This 
frequency is obtained by determining the main frequency in one of the ~' s by Fourier 
analysis. 
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Figure 5. 7: Frequency of the oscillation. 
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6 Conclusions 
The main objective of this project was to characterize the droplet cloud in a humid 

supersonic nozzle flow as accurate as possible. A new extinction set-up has been developed 
for this purpose. 

The amount of distartion of scattered light on the extinction measurements has been 
estimated with means of a Monte Carlo simulation of the scattering and extinction process. 
The outcome was that the effect of scattering can be neglected completely when a.<5 and 
~<30, conditions which are satisfied in the experimental environment. 

A series of experiments have been conducted at an initial temperature of 31 OK, 
atmospheric initial presssure and a wide range of initial humidities. For all the experiments 
the analysis was hampered by the fact that the dropiets are nanosized and significantly smaller 
than the wavelengths used. An exact determination of the droplet size distribution is not 
possible, since in this case the result is insensitive to the distribution function that is chosen. 
However, a determination of the global properties of the cloud has been done. The discrete E 

method provides good fits for the simple ZOL function to the experimental data, but a 
considerable margin in the results is present. However, the solutions that are obtained in this 
way cannot be realized physically, since the liquid mass exceeds the initial amount of vapour 
mass. Therefore, the experimental E had to be lowered, thereby altering the solutions for all 
the parameters. The experimental results show reasonable agreement with the numerical 
results, as long as in the numerical simulation the intemally consistent nucleation law and the 
Gyarmathy droplet growth law are adopted as models. 

The effects of nozzle geometry and temperature on the droplet size are not studied here. 
The set-up is not suitable to study the effect of temperature thoroughly, since the temperature 
range that can be attained is insufficient. For the time being these effects have to be studied 
numerically. 
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Appendix A: Review of Mie theory 
This appendix contains the expressions for the efficiency factors and the amplitude 

functions, which were defined in chapter 3, in the case of a homogeneous sphere. 

The intensity of the scattered wave Is, in the case of unpolarized incident light, is: 

I,(a,m,O)=; ( :r J (4(a,m,O)+i2 (a,m,O)) (Al) 

The intensity functions h and h are defined as: 

i1 (a,m,O)= jS1 (a,m,O f 
i2 (a,m,O)= jS2 (a,m,0) 2 

with the complex amplitude functions given by: 

SI (a,m,O )= t ~n + \[an (a,m)n-n (cosO)+ bn (a,m}r n (cosO)] 
n=l n n + 1 

S2 (a,m,O )= t ~n + 
1 )[an (a,m}r n (cosO)+ bn (a,m)n-n (cosO)] 

n=l n n + 1 
In the above equations, 1tn en 'tn are defined as: 

trn(z)=~P;(z) 
smu 

rn(z)= :e P;(z) 

with Pn1 the associated Legendre functions. 

The coefficients a0 and bn in equation (A3) are ·given by: 

with 

~ ) VI~ (ma )/In (a)- mVIn (ma )I'~ (a) 
an a,m =VI~ (ma )Çn (a )-mVIn (ma )Ç~ (a) 

b ( )= mVI~(ma)l'n(a)-VIn(ma)l'~(a) 
n a,m mVI~(ma}Çn(a)-V~Jma}Ç~(a) 

VIn (z)= ~Jn+It2(z) 

Sn (z)= ~H~+It2(z) 

(A2) 

(A3) 

(A4) 

(A5) 

(A6) 

In these equations Jn and Hn represent the Bessel functions of the first kind and the second 
Hankel functions, respectively. The expressions for the Bessel, Hankel and Legendre 
functions in the above equations are given by Kreyszig[13]. 

Expressions for the efficiency factors are: 
2 = 

Qexr(a,m)=-2 L(2n+ 1)Re[an(a,m)+bn(a,m)] 
a n=I 

Q,ca(a,m)=__;_ Î(2n+l)[an(a,mf +lbn(a,mf] 
a n=I 

Qahv (a, m) = Qext (a, m )- Q,ca (a, m) 
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Appendix B: Probability density function for 
distance 

In this appendix a derivation is given of the probability density function p(x) for the 
distance between two successive scattering events. This function is used in the Monte Carlo 
simulation. 

Let x be the lengthof a photon's path in the droplet cloud. Let qdx be the chance that 
the pboton is scattered within x and x+dx, if it already reached a path length x without being 
scattered. The probability that a pboton is scattered within x and x+dx is then (1-P(x))*qdx, 
with P(x) the chance that the pboton is scattered before having bridged a path length x in the 
cloud. For P(x) the following equation holds: 

x 

P(x) = J (1- P(x')}Jdx' 
0 

which can be written in differential form as: 

dP(x) = (1- P(x))q 
dx 

The solution to this equation is: 
P(x)= 1-e-qx 

The propability density p(x) function, corresponding with P(x) is: 

p(x) = dP(x) = qe-qx 
dx 

(B1) 

(B2) 

(B3) 

(B4) 

The mean free path <x> of a pboton between two successive scattering events can now be 
expressed in terms of q: 

= 1 
(x)= J xp(x}lx =-

o q 
(B5) 

so 
x 1 --

p(x)=-e (x) 
(x) 

(B6) 

To get an expression for <x> we must answer the question, how many dropiets a ray 
will hit over a very long di stance 1. This number of dropiets will be 1 *m2*nct with nct the 
droplet concentration. However, the ray will not 'see' the geometrical cross section 1tr2 but the 
extinction cross section Qext*7tr2

, which equals the scattering cross section in the absence of 
absorption. The real number of hits will consequently be Qext*l*m2*nct. The average distance 
between two successive scatterings will then be: 

l 1 1 (x)= = =- (B7) 
Qextndm-

2
[ Qextnd'm"

2 {3 
Substitution of this expression into equation B6 yields: 

p(x) = {3e-f3x 
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Appendix C: Checklist MWLE set-up 

Before it is possible to perfonn an experiment with the multi-wavelength light 

extinction set-up, there are some preparations that need to be done. This checklist gives a 

stepwise description of the actions that must be taken to perfonn an experiment. 

Prepara ti on: 

0. Switch on: 

• the lamp (and ventilator ! ! !) 

• the power supply for the 7 intensity detectors and the power supply for the reference 

detector 

1. Change membrane. 

2. Check the two wires that will break the membrane. 

3. Close shock tube. 

4. Turn on the power supply that we need later to break the membrane. 

5. Empty expansion vessel: 

• switch the vacuum pump on 

• open the valves 

6. Empty shock tube and circulation system : 

• open the valves between the shock tube and the circulation tube (at the beginning and 

end of the tube). 

• switch the vacuum pump on and open the valves to the pump (after a few minutes 
switch the yellow button from 1 --7 0). 

Wait until the pressure in the shock tube becomes steady(about 0.02 V on the barocel) 

7. Close valves to expansion vessel and switch off the pump 

8. Close valves to the shock tube vacuum pump and switch off the pump. 

9. Start the circulation pump and inject water slowly (The voltage on the barocel is 

an indication for the relative hurnidity in the shock tube: ê=lOO% at 37°C 

corresponds toa voltage of 4,7V) 

10. Fill the tube with nitrogen (keep the pressure difference between the tube and the 

inserted nitrogen at ~p = 200 mbar) until the pressure in the tube equals the 

pressure of the surrounding air. (lf necessary release the overpressure.) 

* Procedure 6 and 7 will decrease the temperature in the tube. Check before you start your 

experiment that the temperature has increased at the initial value. 
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Checklist multi-wavelength light extinction set-up ( continued) 

11. Open the valve of the expansion vessel (the vessel is filled 

with air ~ Pexp.= Psurrounding). 

Wait for about 20 minutes for a homogeneaus gas mixture to be formed. 
12. Switch off the circulation pump and wait for humidity and temperature to be 

stationary 

Experiment: 

13. Empty expansion vessel (See [5]) and switch off the pump. 
14. Write down: 
• experiment number, date and time 

• temperature Voltage at the Humidity sensor (V T ) 

• relative Humidity Voltage at the Humidity sensor (V RH) 

• pressure (Po) 

15. Close the valves between the circulation system and the shock tube. 

16. Switch: 

• remote control off 

• pressure sensors to the remote mode 

• computers and LeCroys on 

17. Start catalist from PC with: 

C:\CAT\CAT.BAT 

Type L6 to change the settings (load: jp) for both PCs 

18. Obscure the room. 

19. Remote control of the pressure sensors on. 

20. LeCroy program on single trigger. 

21. Press set to break membrane. 

22. Save the pressure and extinction signals. 

Kistier 1: PK1E { number experiment} .RA W 

Kistier 2: PK2E { number experiment} .RA W 

Detector 1: DET 1 E { number experiment} .RA W 

Detector 2: DET2E { number experiment} .RA W 

Etc. 
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Appendix D: Experimental conditions 

In this appendix a total review of the initia! conditions of all the conducted experiments 
ts gtven. 

Definition of symbols: 

Num.exp: 
VT,hum: 

Vs,hum: 

To,hum: 

So,hum: 

po: 
Po,exp: 

number of the experiment. 
voltage supplied by the Humicap before the start of the experiment 
(Humicap in temperature mode). 
voltage supplied by the Humicap before the start of the experiment 
(Humicap in humidity mode). 
temperature at the Humicap before the start of the experiment 
(calculated with the equation To,hum=253+ lO*VT.hum). 
saturation ratio at the Humicap before the start of the experiment 
( calculated with equation E) 
saturation ratio in the Ludwieg tube stream upward of the nozzle 
entrance before the start of the experiment. This does not equal So,hum 
due to a temperature difference: the temperature stream 
upward of the nozzle entrance is 310 K, while the temperature at the 
humicap is approximately 307 K. The correction of So,hum is done by 
the equation: 
So=ps(To,hum)lps(To)*Shum 
For Ps(T) the expression in appendix F is used. 
initial pressure before the start of the experiment. 
pressure at the nozzle entrance after passage of the expansion wave (first 
plateau pressure as measured by PKl). This pressure can betaken to 
calculate stagnation conditions. 
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Num.exp. Vr,hum(V) Vs,hum(V) To,hum(K) So,hum To(K) So 

37 5.451 6.354 307.66 0.628 310 0.552 
38 5.463 8.132 307.78 0.805 310 0.713 
39 5.389 5.595 307.04 0.553 310 0.47 
40 5.355 3.938 306.7 0.388 310 0.323 
41 5.375 6.206 306.9 0.614 310 0.517 
42 5.381 7.346 306.96 0.727 310 0.615 
43 5.375 7.287 306.9 0.721 310 0.608 
44 5.38 8.271 306.95 0.819 310 0.692 
45 5.389 5.139 307.04 0.507 310 0.431 
46 5.39 8.696 307.05 0.861 310 0.732 
47 5.379 6.503 306.94 0.643 310 0.543 
48 5.48 4.29 307.95 0.423 310 0.378 
49 5.587 6.79 309.02 0.672 310 0.637 
50 5.429 6.929 307.44 0.686 310 0.595 
51 5.381 4.433 306.96 0.437 310 0.37 
52 5.389 6.848 307.04 0.677 310 0.576 
53 5.389 7.874 307.04 0.78 310 0.662 
54 5.483 6.906 307.98 0.683 310 0.612 
55 5.42 7.022 307.35 0.695 310 0.601 
56 5.374 6.822 306.89 0.675 310 0.569 
57 5.387 8.612 307.02 0.853 310 0.724 
58 5.395 7.388 307.1 0.731 310 0.623 
59 5.402 7.625 307.17 0.755 310 0.646 
60 5.397 5.561 307.12 0.549 310 0.469 
61 5.392 5.09 307.07 0.502 310 0.428 
62 5.397 5.286 307.12 0.522 310 0.445 
63 5.404 6.046 307.19 0.598 310 0.512 
64 5.405 5.624 307.2 0.556 310 0.476 
65 5.399 5.804 307.14 0.574 310 0.49 
66 5.38 4.106 306.95 0.405 310 0.342 
67 5.41 4.334 307.25 0.427 310 0.367 
68 5.418 5.017 307.33 0.495 310 0.428 
69 5.376 4.849 306.91 0.478 310 0.404 
70 5.395 8.4 307.1 0.832 310 0.709 
71 5.402 8.105 307.17 0.803 310 0.687 
72 5.403 8.155 307.18 0.808 310 0.691 
73 5.415 7.741 307.3 0.766 310 0.661 
74 5.401 2.554 307.16 0.25 310 0.214 
75 5.39 3.41 307.05 0.335 310 0.285 

58 



Num.exp. P0(mmHg) P0(Pa) Pexp(Pa) 

37 766.8 102231.6 86648.5 
38 766.6 102204.9 86866.7 
39 757 100925 85665.3 
40 756 100791.7 85452.8 
41 754.3 100565.1 85420.4 
42 754 100525.1 85521.9 
43 755.5 100725 85632.8 
44 755 100658.4 85709.9 
45 756.4 100845 85639.1 
46 755.5 100725 85705.1 
47 755.3 100698.4 85618.7 
48 900 119990.1 102086.2 
49 1084 144521.4 123473.5 
50 752.1 100271.8 84858.4 
51 758.3 101098.4 85635.9 
52 758.2 101085 85991.3 
53 758.1 101071.7 85829.3 
54 1109 147854.5 126427.9 
55 1112 148254.5 126670.7 
56 758.8 101165 85812.3 
57 758.8 101165 85957.1 
58 760 101325 86062.5 
59 760 101325 86059.7 
60 762.8 101698.3 86124.2 
61 762.9 101711.6 86133.5 
62 762.4 101645 86169.1 
63 759.8 101298.3 85816.7 
64 759.3 101231.7 85622.7 
65 759 101191.7 85687.1 
66 758.8 101165 85649.1 
67 758.6 101138.3 85717.5 
68 758.6 101138.3 85689.9 
69 760 101325 85895.3 
70 760 101325 86119.8 
71 760.3 101365 86143.7 
72 758.9 101178.3 86025.5 
73 759.2 101218.3 86108.8 
74 759.3 101231.7 85790.6 
75 760 101325 85897.4 
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Appendix E: Calibrations 
The calibrations of the dynamic pressure meters PKl and PK2, the humidity meter H 

and the detectors DET1-DET7 are listed here. 

PK 1: dp= 1.02 * 1 02* .1. V 

PK2: .1.p=9.55*101*.1.v 

with dv in mV and dp in Pa. 

H: So hum=9.95* 10-2*V s hum-4.21 * 10-3 
' ' 

with Vs.hum in V. 

DETl: ~ = 285.9. p + 189.5 

DET2: A2 = 281.2 · p + 141.9 

DET3: A3 =285.1· p+81.5 

DET4: A4 = 290.3 · p + 13.2 

DET5: A5 = 284.5 · p - 28.8 

DET6: A6 = 293.7 · p -108.1 

DET7: ~ = 290.4. p -157.3 

(El) 

(E2) 

(E3) 

(E4) 

(E5) 

(E6) 

(E7) 

(E8) 

(E9) 

(ElO) 

with À the central wavelength in nm and p the position of the spectrograph 
micrometer. 
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The relations which where used to calculate the ratio cr1/l are listed here for all detectors. 

DET 1: (J I = 1.43 - 2.23 ·10-4 

I v-vd 

DET2: CJ 1 = l.l 2 +7.12·10-4 

I v-vd 

DET3: (J I = 1.33 + 2.74 ·10-4 

I v-vd 

DET4: CJ 1 = 1.
66 

-5.05 ·10-5 

I v-vd 

DET5: CJ 1 = l.48 + 1.33 ·10-4 

I v-vd 

DET6: CJ 1 = 1.
72 

-5.21·10-4 

I v-vd 

(Eli) 

(E12) 

(E13) 

(E14) 

(EIS) 

(E16) 

DET7: :!...!._ = 1.90 -2.88 ·10-3 (E17) 
I v-vd 

with v the supplied voltage and v d the supplied voltage in the absence of incident 
light (dark value). Both voltages in mV. 
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Appendix F: Physical properties 
This appendix summarizes the physical properties, that are used by Prast in the 

numerical simulation (october 1998). These data are foliowed by their units. 

Nitrogen: 
Cp=1004 
Cv=717 
y=1,40 
R=287 

Water vapour: 
Cp=1859 
Cv=1398 
y=l.32 
R=461 

[ -5.1421ln(-T- }6828.77(.!_-_l_ )] 
Ps (T) = 610.8. e 273.15 T 273.15 

P1 (T) =I (Bi (T- 273.15Y) 
i=O 

Î [ei (T- 273.15Y] 

Pt (T)= 1 + ~~~16 ·10-2 (T- 273.15) 

with B0=9.998·102 

Bt=8.6 -10-2 

B2=-L08 -10-2 

Co=9.998 ·102 

C1=1.822 ·101 

c2=-7.922 -10-3 

C3=- 5.545-10-5 

C4= 1.498 . 10-7 

Cs=- 3.933-10-10 

(T < 273.15 K) 

(T > 273.15 K) 

JK-1kg-1 
JK-1kg-1 

JK-1kg-1 

JK-1kg-1 
JK-1kg-1 

JK-1kg-1 

Pa 

a(T) = 1.272 -10-' -1.898 ·10-4 · T N/m 

L(T)= 461·l6.094 ·103 + 2.458 · T- 2.725-10-2 
• T 2 + 3.371·10-5 

• T 3 J Jlkg 
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Appendix G: Specificatiens 
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Figure GJ: Speetral irradiance ofthe Xenon lamp (Oriel6261; 450 W) at a distance of0.5 m. 
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Figure G2: Responsivity ofthe detectors (Siemens BPW 34). 
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Signal response of diode array multispec 
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Figure G3: Response times ofthe detectors. 
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