
 Eindhoven University of Technology

MASTER

Approximation of mathematical functions and their inversion by artificial neural networks

van Unen, R.F.

Award date:
1992

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/d9f34c7b-7599-453d-92d4-99aef7e12e96


STUDENT REPORT 

JANUARY 1992 

STUDREP. 91.129 

APPROXIMATION OF MATHEMATICAL FUNCTIONS 
AND THEIR INVERSION 

BY ARTIFICIAL NEURAL NETWORKS 

BY 
R.F. VAN UNEN 

(TECHNISCHE UNIVERSITEIT EINDHOVEN) 

Th is report is intended to document student thesis work. 



Student Report December, 1991 
RKSR.91.129 

Approximation of Mathematica! Functions 
and Their Inversion 

by Artificial Neural Networks 

by 

Robert F. van Unen 
Eindhoven University of Technology 

dr. W.J.M. Epping 
Koninklijke/Shell Exploratie en Produktie Laboratorium 

Department of General Research 

prof. dr. A.J. van der Wal 
Eindhoven University of Technology 
Department of Physical Engineering 

Period of work: September, 1990- October, 1991 



SUMMARY 

Artificial neural networks with the multi-layered perceptron (MLP) architecture 
were trained with the commonly used backpropagation procedure to approximate 
and invert a synthetic mathematica! function. This function was a continuous 
or discrete mapping from a two-dimensional input space to an one-dimensional 
output space. 
The influences of the size of the training set, the MLP topology and the discrete
nes& of input and output parameters on the accuracy of the neural approximation 
were inversigated. For the problem considered, it appeared that the accuracy in
creases, as the size of the training set and the number of hidden units increases. 
Effects of overlearning were hardly observed on the used noiseless data. 
In general, two-hidden-layer MLPs performed better than single-hidden-layer 
MLPs. For instance, with 160 training patterns, a two-hidden-layer MLP with 
10 hidden units in total achieves an average accuracy of 0.23% ± 0.05% and a 
single-hidden-layer MLP with 10 hidden units achieves 1.0% ± 0.7%. Averaging 
the outcomes of an ensemble of single-hidden-layer MLPs improved results (0.2% 
vs. 0.4% ± 0.1%). The effects of discretisation of the input and output parame
ters resulted in a better (0.12% ± 0.03%) and worse (17% ± 2%) approximation, 
respectively. 
For a classification task, the smallest classification error observed was 16% ± 1%. 
It appeares that the best output encoding scheme Is the one that takes into 
account the underlying probability distribution. 
To get insight in the neural black box, the network's internal computations and 
representation were investigated and visualised for the continuous input-output 
mapping. It appeared that the hidden units formed clusters that represent the 
features of the mathematica!_ function. 
Once the MLP approximated the forward input-output relation to a sufReient 
degree, it can he employed to invert this relation. Inversion may he used to find 
a (new) set of input values that results in an output value that is more desired 
than the current one. To help preventing the procedure from getting stuckin local 
minima, noise was added to the updates analogously to simulated annealing. The 
result was that for an optimal parameter setting, the inverted neural network 
was able to find the global maximum of the considered mathematica! function 
in 64.2% ± 0.6% of the cases. For classification, the desired class was found in 
94.0% ± 0.3% of the cases. 
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PREFACE 

This investigation is the :final master thesis project by Robert F. van Unen to 
graduate at the Department of Physical Engineering of the Eindhoven University 
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en Produktie Laboratorium (Shell Research B.V.), Rijswijk, the Netherlands and 
took place at the Mathernaties and Information Technology Group of the General 
Research Department (KSEPL- RR/11). 
The period covered by the research project, including the writing of this report, 
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The interest and problem de:finition arose by a previous study carried out by 
dr. W.J.M. Epping (KSEPL - RR/11). He showed that a neural network with 
the Multi Layer Perceptron (MLP) architecture trained by the backpropagation 
algorithm is able to classify the productivity of gas wells toa score of 98% correct. 
In contrast, a score of 79% had been obtained with discriminant analysis. To 
classify the productivity of a gas well, a MLP with eight input parameters and 
three output classes was applied. The eight input parameters were chosen to he a 
variety of physical well-speci:fic parameters. The three output classes represented . 
the productivity of the gas wells. 
I would like to thank my fellow students at KSEPL Albert 1 '!stelle, Rutger van 
Hoogstraten and Ran van der Boom for having a great time during the last year 
and making a lot of fun. I would also like to thank my graduation professor at 
the university prof. dr. A.J. van der Wal who initiated the contacts with KSEPL. 
Last but certainly notleast I'm greatly indebted to my supervisor at KSEPL dr. 
Willem J .M. Epping, not only for his outstanding way of supervising the entire 
project, the enormous amount of time he spend with me discussing and trying 
to refute the (preliminary) results but also for correcting the semi-draft to what 
you are reading right now. 
Finally I would suggest all students who read this report to consider to do their 
:final master thesis project in an industrial environment, since a lot of aspects and · 
facilities hardly to by found at the university will broaden your view. 

Robert F. van U nen 
The Hague, December 1991 
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1. INTRODUCTION 

Artificial neural networks are a new and promising tooi to perform tasks in the 
field of, for instance, pattem recognition, combinatorial optimisation and data 
classification. Although the concept of artificial neural networks is inspired by 
the human brain, the goal of using artificial neural networks in industry is not 
to simulate the human brain function (the human brain has approximately 1012 

neurons), but to use them for practical applications which are hard to solve with 
conventional techniques. 

A neural network consists of a number of simple processing units, called neurons, 
which perform a (non-)linear operation on a weighted sum of the incoming input 
signals. U sually, the number of neurons does not exceed 103

• The units are con
nected by adaptive weights and are often arranged into discrete input, hidden and 
output layers. When the network is connected in a {eed-forward way ( so informa
tion passes the network from the input layer via the hidden layer( s) to the output 
layer), the networkis called a Multi Layered Perceptron (MLP).1 The network 
is trained by providing it with a series of examples, which are representative for 
the underlying problem to he learned. The input-output relation is taught to 
the network by adapting the weights according to the back-propagation learning 
algorithm.1•

2 The use of non-linear transfer functions makes the neural network 
a powerful tooi to learn non-linear relations. 

Non-linear MLPs with at least one hidden layer have been shown to he able to 
approximate a continuous mathematica! relation to any desired degree of accu
racy, depending on the. number of hidden units.3 •4 •5 •6 •23 •25 •29 The hidden units 
extract relevant features of the input-output relation.7 •8 •9 •28 

In case the MLP uses only linear transfer functions, its operation ( depending 
on the topology and applied learnhig procedure) is mathematically equivalent 
to multivariate statistica! techniques such as principal componen'ts analysis10 •11 , 

multiple regression and linear discriminant analysis12 • 

Once the input-output relation of the problem is learned by the network to a 
desired accuracy, the learning phase is stopped. Then the weights in the network 
are frozen, so that they are no longer adaptive and the network can he used for 
recall. 

Once the feed-forward input-output relation has been learned by a neural net
work, this network may he used to invert this relation.13 •32 •33 Inversion may he 
a means to search for a set of new input parameters that would change an out
put parameter to another, more desired value. Since the inverse mathematica! 
relation (mostly from a lower-dimensional output to a higher-dimensional input 
doinain) will in general he ill-defined, constraints are added to guide and restriet 
the search in input space. To prevent the procedure getting stuckin local minima, 
techniques inspired by simulated annealing14•15 are applied. 16,l 7 

In a previous study, a non-linear MLP appeared to classify the productivity of gas 
wells better than linear discriminant analysis did.18 An inverse neural network 
procedure offers the facility to adjust and tunetheinput parameters of a gas well 
to obtain a possibly better well-productivity. lntegration ofthis inverse procedure 
as a computation module into a user-friendly diagnosis system, 19 will make this 
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new technique available to weli-engineers for improving well-productivity. 

The aims of the present investigation are: 
• to assess the relation between the accuracy of the neural network approx

imation on one hand and the size of the training set and the topology of 
the MLP on the other hand, 

• todetermine the feature-extracting properties which are developed by the 
hidden layer(s), 

• to compare the performance of neural networks and linear discri~inant 
analysis for classification tasks, 

• to study the influence of the discreteness of input and output parameters 
and the incorporation of additional constraints, 

• to develop a robust and reproducible neural network procedure to invert 
mathematica! relations, 

• to implement the inverse neural network procedure as a module in a diag
nosis system for the improvement of well productivity. 

The developed procedures were tested on an artificial mathematica! relation. 
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2. METHOOS 

2.1 THEORY 

Artificial neural networks consist of a number of simple processing units. These 
processing units, called neurons, receive and transthe weighted input signals from 
other neurons (internal inputs) or from outside the network (external inputs). 
The output signa! of a neuron is then sent toother neurons inside the network, 
to serve as their internal input, or outside the network, as the network's result. 
A neuron adds a threshold or bias to the sum of weighted inputs, resulting in the 
net input. Then a (non-)linear transfer function is applied to the net input (Fig. 
1), resulting in the neuron's output: 

Oj = f (f W;;i; + 9;) 
a=l 

where: 

Oj 

f 
N 

Wiï 
'I. i 

Oi 

the activation (output) of neuron i 
the transfer function 
the number of inputs 
the conneetion strength between neuron i and i 
the activation of the input of neuron i 
the threshold of neuron i 

OUTPUT 

INPUT 

Figure 1: Schematic representation of a single neuron. 

(1) 

(2) 
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In a MLP, the neurons are organised into discrete layers: 

• input neurons, which receive external input, 
• hidden or internal neurons, which are not directly visible from outside, 
• output neurons, which present the network's result to the outside world. 

An example of a MLP network with one hidden layer is shown in Fig. 2. There 
is only a single input and a single output layer; the number of hidden layers 
may vary ( and may be zero). The input layer serves to pass the external inputs 
to the neural network and will in general consist of neurons with linear transfer 
functions. 

OUTPUT 
LAYER 

8 

HIDDEN 
LAYER 

Figure 2: A neural network of the MLP type. 

INPUT 
LAYER 



Possible transfer functions a neuron may use are shown in Fig. 3: 

f(x) 

+().5 

-------1 -0.5 

HARD LIMITER 

f(x) 

THRESHOLD LOGIC 

f(x) 

+0.5 

-0.5 

LINEAR 

f(x) 

SIGMOID 

Figure 3: Four types of frequently used transfer functions. 
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2.2 EXPERIMENTAL SETUP 

N eural networks were simulated in software in the programming language C and 
run on a SUN4 UNIX workstation. In-house written software was preferred to 
commercial packages because the former offers a greater flexibility in the devel
oping and testing phase. The neural networks developed in this project, howev
er, can he implemented with commercial software packages, for instance, Neu
ralWorks Professional 11.24 The implementation of the inverse procedure might 
cause some problems, since the addition of constraints and cost terms is not yet 
a standard option in those packages. 

This section consistsof two parts. In the first part, the procedure will he described 
to learn a {eed-forward relation with MLPs and to investigate its performance and 
dependency on the size of a training set. The results of the feed-forward proce
dure are necessary to determine an adequate data set and topology of the MLP. 
Subsequently, this knowledge about the relation between the MLPs topology, the 
size of the training set and accuracy of the approximation will he used in the 
inverse procedure. In the second part, the implementation of the inversion of the 
MLP will he described. 

2.2.1 FEED-FORWARD PROCEDURE 

2.2.1.1 Data Generation 

To illustrate the neural network procedure to learn {eed-forward relations and to 
visualise and understand its internal processes, the network was applied on an 
artificial mathematica! function f : !R2 ---.. !R: 

-(~2 + y2) 

(3) 

This function, which has local and global extrema, consists of a 4th-degree poly
nomial function to which a gaussian heil with charaderistics (A, u) is added. The 
input and output parameters of the MLP were scaled to the range [ -0.5, +0.5]. 
The output was multiplied with an extra reduction factor !red to facilitate at
taining target values for the back-propagation algorithm. The sealing is linear: 

· (t _ (fmaz; fmin)) 

J = fred J J maz- min 
(4) 

which maps f to +0.5 *!red for f = fmaz and to -0.5 *!red for f =!min· 
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For all the simulations, the A, u, !red, fmaz and !min are chosen as follows: 

A - 10.0 
(7' 0.1 

fred - 0.9 (5) 
fmaz - 10.0 (exact value) 
fmin - -0.25 ( approximated value) 

The simulations were done for four different input-output tasks. The four different 
tasks, labeled I, 11, III and IV, correspond to different combinations of continuous 
or discrete input and output parameters: 

INPUT OUTPUT 

task I CONTINUO US CONTINUO US 

task 11 DISCRETE CONTINUO US 

task Ill CONTINUO US DISCRETE 

taskiV CONTINUO US CLASSIFIER 

The input and output parameters might need further processing depending on 
the specHic task, as will he explained below. 

Task I. The input parameters z and y of the training sets are created by ran
domly and independently selecting z and y values from a 2 dimensional 
uniform distribution in (-0.5, +0.5] x [-0.5, +0.5]. The output param
eter z is computed according to Eqs.(3-5). For the other tasks, a similar 
procedure was foliowed with some modifications. 

Task 11. The input parameter z ( created as described for task I) is discretised 
in the following way: 

z= 

-0.5 if -0.500 :s ;z; < -0.167 

0.0 if -0.167 :s ;z; < +0.167 

+0.5 if +0.167 :s ;z; :s +0.500 

(6) 

Now the input parameters z and y and the output parameter z are 
presented to the network. Note that for every discrete z value there are 
approximately the same amount of training patterns, since the original 
z and y values were distributed uniformly in ( -0.5, +0.5] x [ -0.5, +0.5]. 

Task 111. The output parameter z ( created as described for task I) is discretised 
in the following way: 
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z.= 

-0.45 if -0.500 s z < -0.416 

0.00 if -0.416 s z < -0.331 

+0.45 if -0.331 s z s +0.500 

(7) 

The boundaries -0.416 and -0.331 were chosen such to obtain an ap
proximately equal amount of training patterns for the three different 
output values. 

Task IV. The MLP is used as a classifi.er with 3 output units. The three discrete 
output parameter values created in task lil are now represented by 
three separate output units instead of only one. This corresponds to a 
three-dimensional output vector ( z = z1, z2, za): 

( +0.45, -0.45, -0.45) if -0.500 s z < -0.416 

(z17 z2, za) = ( -0.45, +0.45, -0.45) if -0.416 S z < -0.331 (8) 

( -0.45, -0.45, +0.45) if -0.331 s z s +0.500 

The boundaries -0.416 and -0.~31 were chosen such to obtain approx
. imately equal ~ priori class probabilities. 

2.2.1.2 Neural Network Topology 

Runs for several topologies of the MLP and sizes of the training sets were done. 
The topology is presented by a code which represents the number of units counting 
from the input layer to the output layer. For example: topology 2 * 10 * 1 means: 
two input units, one hidden layer with 10 units, 1 output unit. The topologies 
and sizes of the training sets are listed below. There are 25. combinations in tot al: 

TYPES OF RUNS 

MLP TOPOLOGYt # PATTERNS 

2*2*1 20 

2*5*1 40 

2*10*1 80 

2*15*1 160 

2*20*1 320 

t lncase the MLP is used as classifier, there are 3 output 
units, so 2*2*3, 2*5*3 ... 2*20*3. 
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For every type of run the MLP is trained for ten different training sets, encoded 
a through j, consisting of the same amount of training patterns, but generated 
with different random seed numbers. To refer to a specific run, a code will he 
introduced, descrihing the MLPs topology, the number of patterns in the training 
set and the random sequence used. This code is: 

MLP _2_A_B_C_D (9) 

where: 
A - 2,5,10,15,20 # of hidden units 
B - 1,3 # of output units 
C - 20,40,80,160,320 # of training patterns 

(10). 

D - a,b,c,d,e,f ,g,h,i,j : random sequence code 

So, for instance, MLP _2_10_L160_i means a MLP with 2 input units, 10 hidden 
units and 1 output unit, which was trained with a set of 160 patterns generated 
by random sequence code- i. From the context it should he clear which task the 
MLP is performing. 

2.2.1.3 The Learning Algorithm 

The standard back-propagation algorithm minimises a sum squared error EBP 

by adjusting the weights in the MLP. This error EBP is defined as: 

Np No 

EBP = ~ L L (tpk- Opk)
2 

(11) 
p=lk=l 

the number of patterns in the training set 
the number of.output units 
the target or desired activation for output unit k, 
using training pattern p 
the actual or computed activation for output unit k 
using training pattern p 

(12) 

To make a comparison of different types of runs possible, a modified error is 
defined for both the training set and test set. This error is the error of the 
standard back-propagation algorithm divided by Np times N 0 • The modified 
error E for the training set is: 

(13) 
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where: 

the value of function ik from the training set (target activation) 
the :v-coordinate from the training set 
the y-coordinate from the training set 
the computed value of function ik (actual activation) 

(14) 

To get a better interpretable criterion, a normalised error NE is computed, which 
e:ffectively is a scaled version of the modified error Etrain: 

Np No 

2:2: (ik(zp, Yp)- Î k(zp, Yp)) 
2 

p=lk=l 

(15) 

NN 
p 

0 * 100% 
Np No 

2:2: (!k(zp, Yp)) 
2 

= Etrain * (16) 

p=lk=l 

For the test set, the criteria E and NE were evaluated on an equidistant grid. 
The error E for the test set is: 

where: 

N z: number of grid points in z-direction 
N y: number of grid points in y-direction 

The NE fora test set is: 

N:r:NyNo 

2:2:2: (fk(zi, Yi) - Î k(zi, Yi) r 
i=lj=lk=l 

. (17) 

(18) 

(19) 
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Etest * NxNyNo 
Nx Ny No * 100% 

~~{;(!.(z;,y;))' 

(20) 



2.2.2 THE INVERSE PROCEDURE 

The MLPs used in the feedforward procedure were able to establish the fo~ward 
relationship between the input and output parameters of the training set. Once 
the accuracy of the approximation has reached a desirabie degree for a specific 
MLP topology and training set size, the weights and biases in the MLP are frozen, 
i.e. they are no longer adaptive. Then, a trained network remains for reealL 
With this trained MLP, the inverse relationship can he examined. The inverse 
procedure is used to search for that set of (new) input parameters that produces 
(more) desirabie values of the output parameters than the current values: 

"i( i)- r 1 < c: (21) 

where "i( i) is the reconstruction of the input-output relation learned in the {eed
forward procedure, which is a· function of the input vector i. The vector t is the 
target output vector (in general the more desired output parameters), and the 
parameter c: gives the toleranee between the MLPs output and the target vector. 
In genera!, the feedforward procedure is to establish a mapping from a higher
dimensional input space to a lower-dimensional output space. Since the inverse 
procedure has to find a mapping from a low-dimensional to a high-dimensional 
space, constraints (for instanee in input space) have to he implemented to guide 
and .restrict the search in input space. The search for finding new input pa
rameters is rather analogous to the search for optima! conneetion weights in the 
feedforward procedure, namely backpropagation of errors. To achieve this, a se
quence of inp"ut veetors ~, i 1, i 2, ... , iN is to he found to minimise the error E 
made in the output layer: 

(

.... ....\ 2 
E = z(i)- t1 (22) 

According to the backpropagation algorithm, the successive input veetors ii are 
computed from an initia! input vector ~. The change in the sequence of elements 
ii is expressed by: 

... i+t .... i 8E 
z = z -"'a .... · :z:Z 

where"' is the learning rate. 

(23) 

lnstead of changing the activations mi (the components of the vector ë) of the 
input units, the changes for the inverse procedure are to take place in their net 
inputs neLinpi. This automatically implies that the input units also need activa
tion functions. Note that the MLPs considered thus far used linear input units. 
These units just passed the external inputs to the networks hidden layer without 
any further processing. 
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The activation function for an input unit is fi, thus: 

zi = fï( neLinpi) (24) 

Initially, the error E is computed for the input parameters ZO producing the 
output parameters ZO. The error is propagated back to the input units, since the 
weights in the MLP are no longer adaptive: 

N; 8zi 
Di = L Dj wji 

8 
t . i 

i=l ne _tnp 
(25) 

where Dj are the backpropagated error signals to the hidden units in the layer 
just above the input layer, zi and neLinpi are the activation and net input of 
the i-th input unit. 
For the activation function of the input units, it is obvious that: 

azi !'( . i) ---.-~. = i neLtnp 
8neLtnp1 

and the update of the net input results in: 

ó.neLinpi = 17DdH neLinpi) 

Note that for a linear transfer function the last term is: 

fi(neLinpi) = 1 

and for a sigmoid one: 

fi(neLinpi) = ~- ff(neLinpi) 

(26) 

(27) 

(28) 

(29) 

To prevent the inverse procedure getting stuck in local extrema, noise is added 
to the updated activations of the input units at each iteration step. The noise is 
chosen to be gaussian. Each noise sample /3i is drawn randomly and independent
ly from a multi-dimensional gaussian distribution with mean zero and standard 
deviation I::: 

-t 
I:: = CTu • e Tu • I (30) 

where u0 is the noise amplitude at time t = 0 ( the iteration steps can be con
sidered as time), Tu is the charaderistic time and I is the identity matrix. For 
reasons of simplicity all noise components have the same standard deviation. Note 
that the noise amplitude is decreasing in time. So, an updated input vector ii is 
distorted by: 

(31) 

This way of distorting the original updates according to the pure backpropagation 
update shows a great similarity to simulated annealing techniques14•15 •16 . The 
learning rate 17 determines the step size when moving in input space. As the 
iteration process goes on, a smaller learning ra te prevents oscillatory behaviour, 
so 17 is also chosen to be decreasing in time: 

(32) 
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where 1/o is. the learning rate at time t = 0 and T11 is the charaderistic time. 
Experiments showed that the setting of Tu ~ kiN and T 11 ~ ~IN, where IN 
denotes the total number of iteration steps performed, gives reasonable results 
for large enough IN. The influence of the noise should he negligible when a 
solution is almost reached, but TJ has to he large enough to he ahle to make 
updates to really reach the solution. 
The final updates in the input space consisting of a gradient descent part and 
a noise part have to he kept in the input domain [ -0.5, +0.5]. Therefore, the 
function s(:z:i) is applied to guarantee that the input parameters remain in the 
desired domain: 

{ ~' -n if _l + n < :z:i < l + n· for even n 
s(:z:i) = . 2 - 2 ' (33) 

n- :z:~ if _l + n < :z:i < l + n· for odd n 
2 - 2 ' 

where :z:i is a component of zi. This function reflects the updates outside the 
input domain back into the input domain, and the effect can he considered as 
that of completely reflecting boundaries. 

Summarising, the inverse procedure is characterised by the following parameters: 

the type of transfer function for the input units 
the total numher of iteration steps 
the initia! learning rate 
the characteristic time of the learning rate 
the initia! standard deviation of the gaussian distribution 
the characteristic time of the standard deviation of the 
gaussian distribution 

r the target activation vector 

(34) 
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3. RESULTS 

3.1 FEED-FORWARD PROCEDURE 

In this section the results for the tasks I, II, III and IV are presented. All results 
are obtained after training the neural network for 100,000 epochs. During this 
learning phase a constant learning rate of TJ = 0.3 and a constant momenturn 
term of a = 0.9 is used. The weights in the various networks are initialised 
with values selected randomly and independently from an uniform distribution 
in [ -0.5, +0.5]. Task I, will he described somewhat more extensively to give an 
idea of how MLPs generate their solutions. 

3.1.1 TASK 1: CONTINUOUS INPUT / CONTINUOUS OUTPUT 

The artificial mathematica! function: 

-(z2 + y2) 

f(z,y) = z2y2 (z2y2- 1) + 10.0 * e 2 * (0.1)2 

is scaled such that the output parameter z is in [ -0.5, +0.5]: 

z = z(z,y) = 0.9 * (f(z,y)- 4.375) 
10.25 

(35) 

(36) 

The function z( z, y) is the function to he learned by the neural network, and is 
referred to as the original funct~on. The output of the MLP is refer'red to as the 
reconstruction z( z, y ). 

A three dimensional representation of the original function z(z, y) is given in Fig. 
4. This function is the input-output relation to he learned in the {eed-forward 
procedure for task I. The function values were computed at a grid net of 81 
equidistant points in both the z-direction and y-direction. Only every fourth 
grid line in both the z-direction and y-direction is drawn. The contour lines are 
drawnat intervals of 0.1 in the scale of the z-axis, so at z E { -0.5, -0.4, ... +0.5}. 
In addition, the projection of the function z( z, y) on the input plane is displayed. 
The z-values are represented as a grey shade as a function of z and y. 

An example of a neural network reconstruction z(z,y) is shown in Fig. 5. 
This· is the reconstruction obtained by MLP _2_10_L160_i. Note that the run by 
MLP __2_10_L160_i is only one of the 250 runs performed (5 sizes of the training 
set, 5 topologies of the MLP and 10 random sequences ). 

Oomparing Fig. 4 and Fig. 5 shows that the reconstruction is very good, except 
for the top of the gaussian heli and the corners. The MLP obviously has some 
problems with reconstructing regions with high activation values. Furthermore, 
the reconstruction shows some wrinkles, which can he observed quite clearly from 
the plot of the di:fference between the original and reconstruction (Fig. 6). 
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Figure 4: 
3D grey-shaded plot of the original function z( :z:, y) for task I. The up per panel 
shows the projection of z(:z:,y) onto the input plane. 
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Figure 5: 
3D grey-shaded plot of the reconstruction .Z(:z:, y) by MLP ..2_1Q_Ll60_i for task 
I. The upper panel shows the projection of .Z(:z:, y) onto the input plane. 
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Figure 6: 
3D grey-shaded plot of the difference between the original function z( x, y) and 
the reconstruction .î( x, y) by MLP _2_10_Ll60_i for task I. The upperpanel shows 
the projection of .î(x, y) onto the input plane. 
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3.1.1.1 RELATION BETWEEN PERFORMANCE, MLP 
TOPOLOGY AND TRAINING SET SIZE 

To minimise the error of the training set Etrain, the backpropagation algorithm 
adapts the weights in the neural network. Since the backpropagation algorithm 
is a steepest deseend method, the error Etrain is decreasing in time ( the number 
of training epochs can he considered as time). To follow the performance as a 
function of learning time, the normalised error of the training set (N Etrain) is 
computed every 100 learning epochs. The generalisation capacity of the neural 
network is expressed by the normalised error of the test set (N Etest), which is 
computed simultaneously with the N Etrain· The test set during learning was a 
grid of 11 equidistant points in both the z-direction and y-direction ( 121 points 
in total). N Etrain and NEtest are displayed as a function of the number of 
learning epochs in Fig. 7 and Fig. 8 respectively. There are 50 curves in each 
figure, representing the normalised errors for the runs performed with a 2 * 10 * 1 
MLP. This MLP was trained with training sets of 5 different sizes (20, 40, 80, 160 
and 320 training patterns), and ten runs were performed for each size (random 
sequence a through j). 
In genera!, training a MLP with a small sized training set will go faster ( expressed 
in termsof pure iterations) and better (expressed in termsoftheN E). This is 
due to the fact that there is less to he learned (see Fig. 7). The performance 
on the test data however will show the opposite tendency (see Fig. 8). The use 
of a training epoch as a unit of time has the disadvantage that larger training 
sets automatically have a larger time unit. This makes conclusions about the 
performancebasedon the number of training epochs somewhat ambiguous. 
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Figure 7: 
The normalised error of the training set (N Etrain) during 100,000 learning e
pochs. 50 curvesfora 2 * 10 * 1 MLP are displayed, consisting of 5 sets (specific 
size of the training set: 20, 40, 80, 160 and 320 training patterns) of ten curves 
(random sequences a through j). 

24 



-~ 0 

z 
:::. 

E+02 

a: E+01 
0 
a: a: 
w 
c w en 
~ E+OO 
~ 
a: 
0 z 

E-01 

20 
;o;.OC~~HU~UB(OH 40 

80 

160 

320 

E-02~--~~~~~~--~--~~~~--~--~~~~ 

E+02 E+03 E+04 E+05 
# TRAINING EPOCHS 

Figure 8: 
The normalised error of the test set (N Etest) during 100,000 learning epochs. 50 
curves for a 2 * 10 * 1 MLP are displayed, consisting of 5 sets (specific size of the 
training set: 20, 40, 80, 160 and 320 training patterns) of ten curves (random 
sequences a through j). 
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The quality of the neural network simulations was examined as a function of 
the size of the training set and the MLP topology. Therefore, after the network 
has been trained for 100,000 training epochs, the average over ten runs (random 
sequences a through j) for each size of the training set (20, 40, 80, 160 and 320 
training patterns) and topology of the MLP (2, 5, 10, 15 and 20 hidden units) 
was computed. The average and standard deviation of the NE is shown for the 
training set ( cf. Eq. (15)) and the test set ( cf. Eq. (19)) in Fig. 9 and Fig. 10 
respectively. 
A light grey bar represents the average of the NE for a speci:fic combination 
of the size of the training set and the topology of the MLP. A dark grey bar 
represents the standard deviation of the NE. The amount of points considered 
for computation of the NE ( cf. Eqs. (15,19)) are the number of patterns in the 
training set (so 20, 40, 80, 160 or 320) for N Etrain and 81 equidistant points in 
both the z-direction and y-direction (6561 point in total) for N Etest· 

Fig 9. shows that the neural network is able to learn the training sets within 
100,000 training epochs, except for the 2 * 2 * 1 MLP topology. This is due to 
the fact that the two hidden units in this MLP are only able to give a very rough 
reconstruction of the original function, so a relatively large normalised error will 
always remain. 
Fig. 10 shows that NEtest will not decrease much further beyond a topology of 
2 * 10 * 1 and a size of the training set of 160 training patterns. A larger topology 
and training set size would require a substantially longer training time. Therefore 
a 2 * 10 * 1 MLP and 160 training patterns are a rather optimal configuration for 
the problem considered. 
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Figure 9: 
Overall performance for task I on training data for different sizes of the training 
set and MLP topologies. A light grey bar represents the average, a dark grey bar 
the standaid deviation. 
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Figure 10: 
Overall performance for task I on test data for different sizes of the training set 
and MLP topologies. A light grey har represents the average, a. dark grey har the 
standard deviation. 
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3.1.1.2 INTERNAL REPRESENTATION 

For the run by MLP _2_10_L160_i, the inner computations of the neural network 
were examined more extensively. The weights and the biases of the trained MLP 
(i.e. after 100,000 training epochs) are presented in Fig. 11. In this figure, the 
value of a weight between two units is placed in the line connecting the units. 
The bias of a unit is placed inside the unit (represented as a circle). Since the 
input units only serve to pass the external input to the network, they have no 
biases. 
The activation val u es of the ten hidden units of this 2 * 10 * 1 MLP are presented in 
Fig. 12. For that purpose, the activation values of all hidden units were computed 
at a grid of 81 equidistant points in both the z-direction and y-direction (6561 
points in total). The contour lines are drawn at intervals of 0.1 (scale of the 
z-axis), so at z E { -0.5, -0.4, -0.3, ... , +0.5}. 
To examine the in:fluence of a hidden unit on the single output unit, the contri
bution of each hidden unit to the output unit is visualised in Fig. 13. For that 
purpose, the output bias was distributed evenly over the ten hidden units. Figs. 
12 and 13 try to give insight into the action of the neural network ( cf. Fig. 11). 
Fig 12. shows that the activation values of the hidden units are sigmoid planes. 
This is explained by the fact that a hidden unit in this type of MLP topology 
is a sigmoid transfer function applied to a linear combination of the two input 
parameters z and y and the bias. 
The visualisation in Fig. 13 shows that the in:fluence of a hidden unit on the 
output unit is also a sigmoid plane. This is explained by 'tlie fact that a sigmoid 
function is applied to a scaled version ( scaled by the weight to the output unit) 
of a sigmoid plane and a fraction of the bias of the output unit. 
One way of interpreting an activation pattern of a (hidden) unit is to find the 
zero-activation region separating high and low activation values, i.e. when a 
transfer function with output domain [ -0.5, +0.5] is used where the activation 
values equal zero. For a MLP with only one hidden layer this can he comput
ed mathematically from the weights and biases of the MLP (Appendix C). The 
projection of the zero-activation regions on the input plane is presented in Fig. 
14 for the hidden unit themselves as well as for the in:fluence of the hidden units 
on the output unit. The zero-activation regions are straight lines, since the ac
tivation patterns were sigmoid planes. The black triangles represent the relative 
magnitude and the direction of the gradient of the activation pattern at the zero
activation region. The triangles can point in the direction of the center of the 
input domain or away from it. 

From Fig. 14 it can he concluded, that six hidden units are used for reconstruction 
of the gaussian heil at the center of the mathematica! function ( cf. Fig 5). All 
black triangles point in the direction of the center, where the top of the heil is 
located. Three units are concerned with the three corners ( triangles pointing away 
from the centre), and one counts for the offset of the entire reconstruction. The 
reconstruction of the fourth corner will obviously result from the combination 
of all ten hidden units. This figure also makes clear that looking at the zero
activation region of the hidden units themselves gives less information about 
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their influence on the neural networks output than the output zero-activation 
region, since negative weights from hidden to output units alter the direction of 
the gradient and the bias of the output units translates the zero-activation region. 
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Figure 11: 
The weights and biases of run MLP _2_10_Ll60_i after learning, displayed in a 
schematic iepresentation of the 2 * 10 * 1 MLP. 
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Figure 12: 
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The activation of the 10 hidden units in the 2 * 10 * 1 MLP, for the run by 
MLP _2_10_L160_i. 
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Figure 13: 
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The contribution of the 10 hidden units to the output unit in the 2 * 10 * 1 MLP, 
for the run by MLP _2_10_L160_i. 
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Figure 14: 
a) Schematic representation of the hidden units ( cf. Fig 12). 
b) Schematic representation of the contribution of the hidden units to the output 
unit ( cf. Fig 13). 
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3.1.2 TASK 11: DISCRETE INPUT / CONTINUOUS OUTPUT 

A three dimensional representation of the original function z( :z:, y) with a discrete 
:z: input parameter is presented in Fig. 15. This function is the input-output 
relation to be learned in the {eed-forward procedure for task 11. The function 
values were computed at a grid of 3 equidistant points in the :c-direction and 81 
equidistant points in the y-direction. The contour lines are drawn at intervals of 
0.1 in the scale of the z-a.xis, so at z E { -0.5, -0.4, ... + 0.5}. 
The quality of the neural network simulations was examined as a function of 
the size of the training set and the MLP topology. The average over ten runs 
(random sequences a through j) for each size of the training set {20, 40, 80, 160 
and 320 training patterns) and topologies of the MLP {2, 5, 10, 15 and 20 hidden 
units) was computed. The average and standard deviation of the NE is shown 
for the training set { cf. Eq. {15)) and the test set { cf. Eq. (19)) in Fig. 16 and 
Fig. 17 respectively. A light grey bar represents the average of the NE for a 
specific combination of the size of the training set and the topology of the MLP. 
A dark grey bar represents the standard deviation of the NE. The amount of 
points considered for computation of the NE ( cf. Eqs. (15,19)) are the number 
of patterns in the training set {so 20, 40, 80, 160 or 320) for N Etrain and 3 
equidistant points in the :c-direction and 81 points in the y-direction {243 point 
in total) for N Etest· 

Fig. 17 shows that an 'optimum' regien ofthe NEtest is reached with a topology 
of 2 * 5 * 1 and a size of the training set of 80 training patterns. This is an 
optimum in the sense that the average and the standard deviation of the NEtest 

will not decrease much more if either the topology or the size of the training set 
is enlarged. This size increase enlargement would require a much longer training 
time. Note that the 'optimum' requires a less complex MLP topology and a 
smaller size of the training set that for task I. The reconstruction problem for 
task 11 can therefore be considered as an easier problem than the reconstruction 
problem for task I. 
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Figure 15: 
3D grey-shaded plot of the original function z( x, y) for task II. 
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Figure 16: 
Overall performance for task II on training data for different sizes of the training 
set and MLP topologies. A light grey bar represents the average, a dark grey bar 
the standard deviation. 
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Figure 17: 
Overall performance for task II on test data for different sizes of the training set 
and MLP topologies. A light grey bar represents the average, a dark grey bar the 
standard deviation. 
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3.1.3 TASK 111: CONTINUDUS INPUT / DISCRETE OUTPUT 

A three dimensional representation of the original function z( :v, y) with a. discrete 
z output parameter is presented in Fig. 18. This function is the input-output 
relation to he learned in the feecl-forward procedure for task 111. The function 
values were computed at a grid net of 81 equidistant points in both the :v-direction 
and y-direction. In the upper panel of Fig. 18, the projection of the function 
z(:v,y) on the input planeis displayed. The z-values are represented as a grey 
shade as a function of :v and y. As an example of the neural network simulation, 
the reconstruction z(~,y) is shown in Fig. 19. This is the result for the run 
MLP ..2_10_L160_i. 
The quality of the neural network simulations was examined as a function of the 
size of the training set and the MLP topology. The average over ten runs (random 
sequences a through j) for each possibility of size of the training set (20, 40, 80, 
160 and 320 training patterns) and topologies of the MLP (2, 5, 10, 15 and 20 
hidden units) was computed. The average and standard deviation of the NE is 
shown for the training set (cf. Eq. (15)) and the test set (cf. Eq. (19)) in Fig. 
20 and Fig. 21 respectively. 
A light grey bar represents the average of the NE for a speci:fic combination 
of the size of the training set and the topology of the MLP. A dark grey bar 
represents the standard deviation of the NE. The amount of points considered 
for computation of the NE ( cf. Eqs. (15,19)) are the number of patterns in the 
training set (so 20, 40, 80, 160 or 320) fortheN ~train and 81 equidistant points 
in both th.e ;z:-direction and the y-direction (6561 point in total) for the N Etest· 

Fig. 21 shows that an 'optimum' region of the NEtest is reached with a topology 
of 2 * 10 * 1 and a size of the training set of 160 training patterns. This is an 
optimum in the sense that the average and the standard deviation of the NEtest 

will not decrease much more if either the topology or the size of the training set 
is enlarged. This size increase enlargement would require a much longer training 
time. 
Note that the 'optimum' requires the samecomplex MLP topology and the same 
size of the training set that for task I. The normalised error of the test set is 
larger than that for task I. The reconstruction problem for task 111 can therefore 
he considered as a more difficult problem than the reconstruction problem for 
task I. 
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Figure 18: 
3D grey-shaded plot of the original function z(x, y) for task lil. The upper panel 
shows the projection of z(x, y) onto the input plane. 
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Figure 19: 
3D grey-shaded plot of the reconstruction z(z,y) by MLP_2_10_L320_e for task 
lil. The upper panel shows the projection of .î(z, y) onto the input plane. 
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Figure 20: 
Overall performance for task III on training data for different sizes of the training 
set and MLP topologies. A light grey bar represents the average, a dark grey bar 
the standard deviation. 
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Figure 21: 
Overall performance for task III on test data for different sizes of the training set 
and MLP topologies. A light grey bar represents the average, a dark grey bar the 
standard deviation. 
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lnstead of looking at the NE as a performance criterion, task 111 can also he 
seen as a classification task. The training set consists of continuous x and y 

input parameters and a discrete z output parameter that can attain only three 
values. These three discrete values, can he considered as clàsses. The way of 
looking at it as a classification task, actually leads to the determination of the 
classification correct score. For that purpose, the neural network output, which 
will he continuously distributed (fig. 19), will he post-processed to attain dis
crete values. The class boundaries were chosen to he halfway the target values 
( -0.450, 0.000, +0.450), i.e. at z = -0.225 and z = +0.225. 
Fig. 22 shows 2D grey-shaded plots of the original function z(x,y), the recon
struction z( x, y) by MLP _2_10_L320_e and the classification of this reconstruction 
with classification boundaries z = -0.225 and z = +0.225. 
The classification correct score is computed by counting the number of patterns 
(for both training and test set) which are ending up in the same class as they 
originally were. 
The reconstruction of the function becomes better as the topology becomes more 
complex and the size of the training set increases (see Fig. 21). The classification 
correct will also become better, so its complement, the classification incorrect 
will show the same tendency as the overall performance plots. The classification 
incorrect, or the classification error is displayed in Figs. 23 and 24 for the training 
and the test set, respectively. 
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Figure 22: 
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2D grey-shaded plot of the original function z( :e, y) for task III, the reconstruction 
.î( :e, y)) by MLP _2_1Q_L320_e and the classification of this reconstruction with 
boundaries z = -0.225 and z = +0.225. 
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Figure 23: 
Overall classification error for task III on training data for different sizes of the 
training set and MLP topologies. A light grey bar represents the average, a dark 
grey bar the standard deviation. 
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Figure 24: 
Overall classification error for task lil on test data for different sizes of the training 
set and MLP topologies. A light grey har represents the average, a dark grey bar 
the standard deviation. 
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3.1.4 TASK IV: CONTINUDUS INPUT / CLASSIFICATION 
OUTPUT 

A three dimensional representation of the functions z 1 ( :c, y), z2 ( :c, y) and z 3 ( :c, y) 
(output unit 1, 2 and 3 respectively) is presented in Figs. 25, 26 and 27. The 
function z( :c' y) is the input-output relation to he learned in the feecl-forward 
procedure for task IV. The function values were computed at a grid net of 81 
equidistant points in both the :c-direction and y-direction. 
The quality of the neural network simulations was examined as a function of the 
size of the training set and the MLP topology. The average over ten runs (random 
sequences a through j) for each size of the training set (20, 40, 80, 160 and 320 
training patterns) and topology of the MLP (2, 5, 10, 15 and 20 hidden units) 
was computed. The average and standard deviation of the NE is shown for the 
training set ( cf. Eq. {15)) and the test set ( cf. Eq. (19)) in Fig. 28 and Fig. 29 
respectively. -
A light grey bar represents the average of the NE for a specific combination 
of the size of the training set and the topology of the MLP. A dark grey bar 
represents the standard deviation of the NE. The amount of points considered 
for computation of the NE ( cf. Eqs. (15,19)) are the number of patterns in the 
training set (so 20, 40, 80, 160 or 320) fortheN Etrain and 81 equidistant points 
in both the :c-direction and y-direction (6561 point in total) for the N Etest· 

·Fig. 29 shows that an 'optimum' region of the NEtest is reached with a topology 
of 2 * 20 * 1 and a size of the training set of 320 training patterns. This is an 
optimum in the sense that the average and the standard deviation of the .N Etest 

will not decrease much more if either the topology or the size ofthe training set 
is enlarged. This size increase enlargement would require a much longer training 
time. 
Note that the 'optimum' requires a more complex MLP topology and a larger 
size of the training set that for task I. The normalised error of the test set is 
larger than that for task I. The reconstruction problem for task IV can therefore 
he considered as a far more di:ffi.cult problem than the reconstruction problem for 
task I. 
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Figure 25: 
3D grey-shaded plot of the original function z1 (x, y) (output unit 1) for task IV. 
The upper panel shows the projection of z1(x,y) onto the input plane. 
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Figure 26: 
3D grey-shaded plot of the original function z2(x,y) (output unit 2) for task IV. 
The upper panel shows the projection of z2(x, y) onto the input plane. 
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Figure 27: 
3D grey-shaded plot of the original function z3 (x,y) (output unit 3) for task IV. 
The upper panel shows the projection of z3 (x,y) onto the input plane. 
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Figure 28: 
Overall performance for task IV on training data for different sizes of the training 
set and MLP topologies. A light grey bar represents the average, a dark grey bar 
the standard deviation. 
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Figure 29: 
Overall performance for task IV on test data for different sizes of the training set 
and MLP topologies. A light grey bar represents the average, a dark grey bar the 
standard deviation. 
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Instead of looking at the NE as a performance criterion, the classification correct 
is taken as the performance criterion. The output unit with the highest activation 
value determines the output class. 
The reconstruètion of the function becomes better as the topology becomes more 
complex and the size of the training set increases (see Fig. 29). The classification 
correct will also become better, so the complement, the classification incorrect 
will show the same tendency as the normalised error plots. The classification 
incorrect, or the classification error is displayed in Figs. 30 and 31 for the training 
and the test set respectively. 
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Figure 30: 
Overall classification error for task IV on training data for different sizes of the 
training set and MLP topologies. A light grey bar represents the average, a dark 
grey bar the standard deviation. 
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Figure 31: 
Overall classification error for task IV on test data for different sizes of the training 
set and MLP topologies. A light grey bar represents the average, a dark grey bar 
the standard deviation. 
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3.1.5 OTHER OUTPUT ENCODING SCHEMES FOR 
CLASSIFICATION 

When the MLP is used as a classifier (task IV), the target activations of the 
three output units for the training patterns have to attain values which eneode 
the different classes. This encoding can he done in various ways. The combination 
of the classes and their related target activations is called the output encoding 
scheme. For task IV the output encoding scheme is: 

OUTPUT ENCODING SCHEME A 

TARGET 1 TARGET 2 TARGET 3 

CLASS 1 '+' ' - ' ' - ' 
CLASS 2 ' - ' '+' ' - ' 
CLASS 3 ' - ' ' - ' '+' 

where '+' represents a high and '-'a low target activation. This scheme shows 
that if a training pattern belongs to class 1 the target activation for output unit 
1 is set to a 'high' value and the target activation for output unit 2 and 3 is set 
to a 'low' value. 
This scheme shows that the three output units are directly representing the three 
different classes. This way of output encoding shows a great similarity to the 
discretisation of the single output unit for task III, when this task is seen as a 
classification task. Task III however imposes a ranking upon the three discretisa
tion levels ( class 2 is in between class 1 and class 3). The output encoding scheme 
A initially used for task IV is lacking this ranking (all classes have a Hamming 
distance of 2). This ranking can he introduced by other output encoding schemes, 
for instance: 

OUTPUT ENCODING SCHEME B 

TARGET 1 TARGET 2 TARGET 3 

CLASS 1 '+' '+' ' - ' 
CLASS 2 ' - ' '+' ' ' -

CLASS 3 ' - ' '+' '+' 

and 

57 



OUTPUT ENCODING SCHEME C 

TARGET 1 TARGET 2 TARGET 3 

CLASS 1 '+' ' - ' ' - ' 
CLASS 2 '+' '+' ·' - ' 
CLASS 3 '+' '+' '+' 

The output encoding schemes B and C both have a Hamming distance 2 b~tween 
the classes 1 and 3. The Hamming distance between the classes 1 and 2 and the 
classes 2 and 3 is 1. These output encoding schemes are more ana.logous to the 
ranking in task 111. Remark that for output encoding scheme B the second output 
unit a.lways has a high target activation. The first output unit a.lways has a high 
target activation when output encoding scheme C is applied. 

The class assignment for all output encoding schemes is based on high and low 
output activations, according to the applied scheme. For instance, a neura.l net
work using output encoding scheme B assigns a pattern to class 1 if the activations 
of output units 1 and 2 are both positive or zero and the activation of output 
unit 3 is negative. For all output encoding schemes some patterns may remain 
unclassified and thus contribute in the classification error. 

Figs. 32, 33 and 34 show the target activations of the three output units for 
output encoding scheme A, B, and C respectively. 
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Figure 32: 
3D grey-shaded plots of the target activations of the three output units for output 
encoding scheme A (task IV). The upper panels show the projection of the target 
activations for each output unit onto the input plane. 

59 



Figure 33: 
3D grey-shaded plots of the target activations of the three output units for output 
encoding scheme B ( task IV). The upper panels show the projection of the target 
activations for each output unit onto the input plane. 
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Figure 34: 
3D grey-shaded plots of the target activations of the three output units for output 
encoding scheme C (task IV). The upper panels show the projection of the target 
activations for each output unit onto the input plane. 
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For the 10 runs by MLP _2_10_3_160_a through MLP _2_10_3_160_j the average and 
standard deviation of the the classification error and normalised error on both 
the test and training set are computed for the three output encoding schemes. 
The amount of points considered for computation of the NE ( cf. Eqs. ( 15,19)) 
are the number of patterns in the training set (so 20, 40, 80, 160 or 320) for 
N Etrain and 81 equidistant points in both z-direction and y-direction (6561 
points in total) for N Etest· The same amount of points are used for computing 
the classification error. 

classification error (in %) normalised error (in %) 

test set training set test set training set 

p, (J' p, (J' p, (J' p, (J' 

SCHEME A 22.54 2.92 4.25 2.53 47.913 6.336 8.122 3.661 

SCHEME B 15.72 5.34 1.88 3.58 20.856 8.742 3.426 5.329 

SCHEME C 13.78 2.19 0.88 1.39 17.896 3.461 1.930 2.040 

This table shows that output encoding scheme C leads to the best results. 
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3.1.6 NEURAL NETWORK ENSEMBLES 

Thus far, results ·have been ohtained for individual neural networks. In this 
section it is investigated whether it is advantageous to use the average result of 
an ensemble of neural networks21 • For that purpose ten neural networks with the 
2 * 10 * 1 MLP topology, but with different weight initialisations, were trained 
on the sametraining set with 160 patterns for task I. After training the MLP for 
100,000 training epochs, their outputs were averaged. Results for two training sets 
were compared. The first set (generated from random sequence b) was chosen, 
because it was a rather difficult one for a single MLP to he learned ( almost 
the greatest normalised error on the test set). The second set (generated from 
random sequence i) was chosen because it was the easiest one for a single MLP 
( the smallest normalised error on the test set). 

normalised error (in %) 

sequence test training 

a 0.430 0.221 

b 1.933 0.231 

c 0.644 0.309 

d 0.819 0.094 

e 0.930 0.206 

f 0.406 0.190 

g 0.821 0.561 

h 2.413 0.238 . 
0.346 0.147 I . 
1.471 0.183 J 

J.l. 1.021 0.238 
(T 0.698 0.127 

For these two sets, ten runs were done with weight sequences 1 through 10. The 
resulting NEtest and N Etrain are listed below. Note that the runs for weight 
sequence 1 are the same as the original runs for task I (the individual runs). The 
average and standard deviation of NEtest and N Etrain arealso computed. 
Out of the ten runs for a specific training set size, training set sequence and 
MLP topology, an ensemble can he formed. This means that the results of the 
separate runs are combined into one result, namely the result of the ensemble. The 
ensemble reconstruction ie ( z, y) consists of a weighted sum of the reconstructions 
i1(z,y) through zîu(z,y): 
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lU 
1 L -ii(z,y) 

A i=l ei 
Ze(z,y) = -----

10 1 

2:;: 
i=l 1 

(37) 

The factors 1/ ei express the relative importance of one of the separate runs to 
the ensemble. The most straightforward way is to set these factors equal to one. 
More sophisticated is to scale according to the accurateness of the runs. N ote 
that the relative importance for a run with a small NE is greater than that with 
a large NE. Since for this artificial problem both the N Ete 8 t and N Et1·ain are 
known, the choice of setting ei = N EteiJt,i or ei = N Etrain,i can he made. For 
practical applications, ei = N Etrain,i may he more relevant, since it is difficult 
to define a 'good' test set. The results are listed below: 

normalised error (in %) 

MLP ...2_10_L160_i MLP ...2_10_L160_b 

sequence test training test training 

1 0.346 0.147 1.933 0.231 

:IJ 0.292 0.147 1.601 0.427 

3 0.347 0.138 1.326 0.237 

4 0.486 0.204 1.898 0.447 

5 0.364 0.169 0.970 0.204 

6 0.365 0.169 2.230 0.259 

7 0.630 0.296 1.029 0.162 

8 0.479 0.280 1.090 0.176 

9 0.487 0.193 0.638 0.189 

10 0.513 0.264 0.507 0.239 

p. 0.431 0.201 1.322 0.257 
(J' 0.104 0.059 0.578 0.100 

ei l 
1 0.242 0.116 0.615 0.142 

N Etrain i 
' 

0.230 0.109 0.539 0.128 

N EteiJt,i 0.228 0.109 0.447 0.138 

64 



For the sets i and b the average and standard deviation of the normalised error 
for both the test and training set are computed from the runs for the ten different 
weight initialisations ( 1 through 10 ). The normalised error on test and training 
set of the three different ways of forming an ensemble are also computed. The 
normalised errors of the ensembles are smaller than those for the average, as was 
to be expected. Sealing with ei = N Etrain,i or ei = N Etest,i even reduces the 
normalised error further. 
To illustrate the effect of an ensemble, a three dimensional representation of the 
ensemble reconstruction ze(:z:, y) of MLP _2_1Q_Ll60_b is presented in Fig. 35. 
The reconstruction z1 ( :z:, y) ( this is the individual run by MLP _2_1Q_Ll60_b) 
is shown is Fig. 36. The reconstruction Ze ( :z:, y) is much smoother than the 
reconstruction z1 ( :z:, y). Also the missing right corner is reconstructed in the 
ensemble reconstruction. 
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Figure 35: 
3D grey-shaded plot of the ensemble reconstruction ie(x, y) for task I. The upper 
panel shows the projection of ie(x,y) onto the input plane. 
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Figure 36: 
3D grey-shaded plot of the reconstruction i 1(x,y) for task I. The upper panel 
shows the projection of i 1 (x, y) onto the input plane. This is the individual run 
by MLP _2_1Q_Ll60_b 
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3.1.7 MLPs WITH TWO HIDDEN LAYERS 

To investigate the usefulness of multiple hidden layers, MLPs with two hidden 
layers were trained on task I. To make a fair comparison between the performance 
of one and two layered MLPs, the number of adaptive weights should be in the 
same range. Only MLPs with the same amount of hidden units in both the first 
and second hidden layer were considered. The number of weights in the various 
MLP topologies are listed below: 

2 * H * 1 MLP topology 

H 2 I 5 I 10 I 15 I 20 

# adaptive weights 
11 

9 I 21 I 41 I 61 I 81 
11 

· 2 * H1 * H2 * 1 MLP topology 

2 3 4 5 6 

2 3 4 5 6 

# adaptive weights 
11 

15 I 25 I 37 I 51 I 67 
11 

The quality of the neural network reconstructions were examined as a function 
of the size of the training set and the MLP topology. The average over ten runs 
(random sequences a through j) for each size of the training set (20, 40, 80, 160 
and 320 training patterns) and topologies of the MLP (2, 3, 4, 5 and 6 units in 
both hidden layers) was computed. The average and standard deviation of the 
NE is shown for the training set ( cf. Eq. ( 15)) and the test set ( cf. Eq. ( 19)) 
in Fig. 37 and Fig. 38 respectively. A light grey bar represents the average of 
the NE for a specific combination of the size of the training set and the topology 
of the MLP. A dark grey bar represents the standard deviation of the NE. The 
amount of points considered for computation of the NE ( cf. Eqs. ( 15,19)) are the 
number of patterns in the training set (so 20, 40, 80, 160 or 320) for N Etrain and 
81 equidistant points in both z-direction and y-direction (6561 points in total) 
for N Etest· 

Fig. 38 shows that an 'optimum' region of the NEtest is reached with a topology 
of 2 * 5 * 5 * 1 and a size of the training set of 160 training patterns. This is an 
optimum in the sense that the average and the standard deviation of the NEtest 

will not decrease much more if either the topology or the size of the training set 
is enlarged. This size increase enlargement would require a much longer training 
time. 
The complexity ofthe 2*5*5*1 MLP topology (51 adaptive weights) is in between 
the 2*10*1 and 2*15*1 MLP topologies (41 and 61 adaptive weights respectively). 
The average NEtest for the runs MLP _2_5_5_L160_a through MLP _2_5_5_L160_j 
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(the two-hidden layer MLP) is 0.228% ± 0.056%. This is less than the NEtest of 
the single-hidden layer MLP, which gives a NEtest of 1.021% ± 0.698% (2 * 10 * 1 
MLP topology) and 0. 759% ± 0.611% (2 * 15 * 1 MLP topology )_. 

For the run by MLP _2_5_5_L160_c, the inner computations of the neural network 
were examined. The activations of all the hidden units and the output unit are 
presented in Fig. 39. For that purpose, the activations of the five hidden units 
in both the first and second hidden layer and the output unit were computed at 
81 equidistant points in both z-direction and y-direction. The layout of Fig. 39 
resembles the used 2 * 5 * 5 * 1 MLP topology. The activations of the units in the 
first hidden layer resembles those of the single hidden layer MLP. The activations 
of the units in the second hidden layer shows a more complex structure. Fig. 
40 displays the reconstruction by MLP _2_5_5_L160_c in more detail. It is clear 
that this is an even better reconstruction than the reconstructions by the MLPs 
with a single hidden layer (see for instanee Fig. 5). The reconstruction of the 
corners and the gaussian heil is better and the entire reconstruction suffers less 
from wrinkles. The fact that these MLPs are able to attain higher activation 
values (for the corners and the gaussian heil) is of special interest. 

69 



1oo.o 

"o.o 

".-, 
tJO·o !i; 
AO·o :::~i~ 

§rEi 
~o.o 

o.o 

Figure 37: 
Overall performance for task I on training data by a MLP with two hidden lay
ers for different sizes of the training set and MLP topologies. A light grey bar 
represents the average, a dark grey bar the standard deviation. 
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Figure 38: 
Overall performance for task I on test data by a MLP with two hidden layers for 
different sizes of the training set and MLP topologies. A light grey bar represents 
the average, a dark grey bar the standard deviation. 
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Figure 39: 
The activations of the five units in both hidden layers and the output unit in the 
2 * 5 * 5 * 1 MLP, for the run by MLP _2_5_5_Ll60_c. The bottorn row represents 
the five units in the first hidden layer. The middle row represents the five units 
in the second hidden layer. The top row represents the output unit. 
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Figure 40: 
3D grey-shaded plot of the reconstruction .Z( x, y) by MLP _2_5_5_Ll60_c for task 
I. The upper panel shows the projection of z(x,y) onto the input plane. 
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3.2 INVERSE PROCEDURE 

3.2.1 TRANSFER FUNCTIONS FOR THE INPUT UNITS 

To determine the preferabie type of transfer function to he used for the input 
units, the inverse procedure was applied for task I ( continuous input / continuous 
output). Linear input units and sigmoid input units were used. The target 
activation of the single output unit was set to t = ( +0.50). This means that 
the inverse procedure has to search fortheinput parameters that correspond to 
the maximum output parameter. The learning rate was kept constant during 
the inversion (so not decreasing in time), but the inverse procedure was run for 
various magnitudes of the learning rate. Since the addition of noise would make 
the comparison more difficult, the addition of noise is omitted for the moment. 
The instanee MLP ..2_1Q_L160_i (normalised error on test set of 0.346 %) was 
selected to make the comparison. The initial input parameters~ were placed at 
a grid of 11 equidistant points in both the z-direction and y-direction (121 points 
in total). 

For linear input units, the inversion parameters were set to: 

h(e) - e 
IN - 200 

1'/0 - 0;003 

T11 - disabled (38~ 
<Tu - 0.00 
Tu - disabled .... 

t - tl = +0.5 

The 121 traces ~ ... i2°0 are shown in Fig. 41. The initial input parameters 
~ are represented as large grey dots. Each update of the input parameters is 
represented as a small black dot, the successive updates are connected by lines. 
The input parameters resulting after 200 iteration steps ( i2°0

) are represented 
as white circles. The contour lines of the reconstruction by MLP _2_10_L160_i 
are projected at intervals of z = 0.1 onto the input domain ( cf. Fig. 5). Fig. 
41 shows that the linear input units perform a pure gradient search for a small 
enough step size (proportional to the learning ra te). Within 200 iteration steps, 
almost all traces are en ding in one of the four corners ( the loc al maxima) and 
at the top of the gaussian heil (the global maximum). Some traces however will 
need more iteration steps to reach one of these maxima. The backpropagated 
error signals for these traces obviously are to small to make a quick escape from 
their initial positions. For instance, the trace with starting location ( +0.3, -0.1) 
does not end in one of the maxima, but more iteration steps will make this trace 
ending in the global maximum. Note that the updates around the zero-activation 
region of the reconstruction (i.e. the output unit) are the largest ones. This is 
explained by the fact that the :first derivative of the sigmoid transfer function of 
the output unit ( which is the :first reduction factor of the backpropagated error 
signals) is maximal there. 
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Figure 41: 
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The 121 traces $Ü .•• i 200 for inversion according to the parameter setting of Eq. 
(38) for task I. The run by MLP _2_10_L160_i was used as the trained MLP. 
The points $Ü are marked as large grey dots, the points i 200 as white circles. 
Successive updates forming a trace are represented as small dots and are shown 
connected. 
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To illustrate the behaviour for a larger learning ra te ( T/o has been set to a ten 
times larger value) the same procedure was repeated for the following setting of 
the inversion parameters: 

li(e) e 
IN - 200 

T/O - 0.03 
TTf - disabled (39) 
O'o - 0.00 
Tu disabled ... 

t - tl = +0.5 

Fig. 42 shows the 121 traces ~ ... r 00 computed by this setting. In this example, 
all traces are ending in one of the local and global maxima. The oscillatory 
behaviour becomes apparent near the boundaries of the input domain and at 
the top of the gaussian heil. The maxima are never reached completely. The 
updates to the input parameters directs the new found input parameters back 
and forth, and an oscillatory behaviour results. This behaviour shows the needof 
a time decreasing learning rate, which will reduce the overshoot when the traces 
approach i 200

• 

For sigmoid input units, the inversion parameters were set to: 

li(e) 1 1 -
1 + e-~ -2 

IN - 200 

T/O - 0.3 
(40) 

TTf - disabled 
O"o - 0.00 
Tu - disabled 
t tl = +0.5 

The 121 traces ~ ... r 00 for this setting are shown in Fig. 43. Note that the 
value of the learning rate is a hundred times larger than the value of the learning 
rate than for setting of Eq. (38). Oomparing Fig. 43 with Fig. 41 shows 
that for sigmoid input units it is no longer a pure gradient search, because the 
updates are not always orthogonal to the contour lines of the reconstruction 
z( z, y ). The direction of the updates is determined by the multiplication with 
the first derivative of the transfer function of the input unit, which depends on 
the position in the input domain. Remember that the first derivative is computed 
at the point of the net input to an input unit, this means that the inverse function 
of the transfer function is involved here. To determine the first derivative of the 
sigmoid transfer function if only the activation zi of that unit is known, it is 
obvious that the net input can he computed by the inverse transfer function: 

neLinpi = ffnv(zi) (41) 

and the first derivative now becomes: 

76 



Jfnv(neLinpi) = l- (fi (ffnv(zi)))2 

= ! _ (zi)2 
4 

(42) 

For instance, the starting point ZO located at ( +0.40, +0.10) will receive an ef
fectiveiy Iarger backpropagated error signal in the y-direction ( muitipiication by 
JI(Jfnv(0.10)) = 0.24) than in the z-direction (multiplication by JI(ffnv( +0.40)) 
= 0.09) Therefore this trace is stretched in the y-direction and ends in the Iower 
right corner instead of en ding in the giobal maximum (as was the case for the 
linear input units, cf. Fig. 41) Remember that the input to an input unit has to 
attain an almost infinite value (plus or minus) to produce an activation of approx
imateiy ±0.50, so this effect will be even Iarger on or very near the boundaries 
of the input domain~ . 
Another problem is that the sigmoid transfer function can not attain the activa
tion values ±0.50. Therefore, these values have to be repiaced by some nearby 
values of, for instance, ±0.4999. 
The in:fluence of this multiplication becomes even more clear when looking at the 
121 traces iU ... i2°0 computed by the setting: 

!ï(e) 1 1 -
1 + e-e -2 

IN - 200 
TJo - 0.03 

(43) 
r." - dis a bied 
tTo - 0.00 
Tu - disabled 
l - tl = +0.5 

The traces are dispiayed in Fig. 44. Here the in:fluence of the multiplication 
by the first. derivative of the transfer function is very clear. The updates near 
the corners are too small to reach these corners. Every update towards a corner 
reduces the backpropagated error signal even more, since both the activation 
values of the input parameters goes to ±0.50, resulting in a muitiplication by a 
derivative which is approximateiy zero. 
The average value of JI(neLinpi) equals ~' when fï(neLinpi) is assumed to attain 
the values in the interval ( -0.50, +0.50) with equal probability. This implies that 
the backpropagated error signals will have an average reduction of a factor 6 at 
each Iayer they pass (counting from the output layer totheinput layer). 
Gomparing Figs. 41, 42 and 44 confirms this average reduction. The step size 
when sigmoid input units are applied is larger in the center, but smaller near the 
boundaries. 
This makes the choice of a linear input units preferabie to the sigmoid input units, 
since the problem requires no preferabie update direction in the input domain. 
Both :z; and y input parameter have to be treated in the same way. 
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Figure 42: 
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The 121 traces ZO •.• i 200 for inversion according to the parameter setting of Eq. 
(39) for task I. The run by MLP _2_10_L160_i was used as the trained MLP. 
The points ZO are marked as large grey dots, the points i 200 as white circles. 
Successive updates forming a trace are represented as small dots and are shown 
connected. 
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Figure 43: 
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The 121 traces ZO ... i 200 for inversion according to the parameter setting of Eq. 
( 40) for task I. The run by MLP _2_1Q_Ll60_i was used as the trained MLP. 
The points ZO are marked as large grey dots, the points i 200 as white circles. 
Successive updates forming a trace are represented as small dots and are shown 
connected. 
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The 121 traces ZO ... i 200 for inversion according to the parameter setting of Eq. 
( 43) for task I. The run by MLP _2_10_L160_i was used as the trained MLP. 
The points XI' are marked as large grey dots, the points i 200 as white circles. 
Successive updates forming a trace are represented as small dots and are shown 
connected. 
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3.2.2 THE ADDITION OF NOISE 

Since the aim of the inverse procedure is finding the glohal maximum of the 
output parameter insteadof only doing a pure gradient search, noise is added to 
the updates from error hackpropagation. To illustrate the effect of the addition 
of noise, the inverse procedure was run for the following setting of the inversion 
parameters: 

Ji(e) - e 
IN - 200 

1'/0 0.03 
TTf - 100 (44) 
O'o - 0.10 
Trr 40 - (ti)= ( +0.5) t 

Note that hoth the learning rate and the amplitude of the gaussian distrihution 
are now decreasing in time. In Fig. 45 the traces ZO ... i2°0 are presented for 8 
starting points ZO located on the houndary of the input domain. 
When comparing the traces in Fig. 45 to the traces with the same starting points 
ZO in Figs. 41 and 42, it is clear that the top of the gaussian heli can now he 
reached in some cases. 
That addition of noise does not always lead to the maximum output, is illustrated 
hy the tràce starting and ending in the point ( +0.5, -0.5). Note that all traces 
with starting points ZO located on the houndary Figs. 41 and 42 were ending in 
one of the four corners ( the loc al maxima). 
These 8 traces are determined hy the choice of a random sequence from which 
the gaussian noise samples were produced. Another rando~ seque~ce would 
presumahly produce different traces. 
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The 8 traces zo ... i 200 for inversion according to the parameter setting of Eq. 
( 44) for task I. The run by MLP _2_10_Ll60_i was used as the trained MLP. 
The points zo are marked as large grey dots, the points i 200 as white aircles. 
Successive updates forming a trace are represented as small dots and are shown 
connected. 
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3.2.3 INVERSION FOR TASK I 

To examine the performance of the inverse procedure more extensively, the value 
of the output parameter of each trace is monitored during the inverse procedure 
{instead of the values of the input parameters). For this purpose, the starting 
points ~ were placed at a grid of 21 equidistant points in both the z-direction 
and y-direction ( 441 points in total). The number of grid points was increased 
to do better statistics. The inverse procedure was run for the following setting of 
the inversion parameters: 

fi(e) - e 
IN - 1000 

Tlo - 0.03 
TT/ - 500 {45) 
cro - 0.0 
Tu - disabled .... 

(tt) = {+0.5) t -
Note that the total number of iteration steps IN is 1000 now. To visualise the 
performance of the inverse procedure, the continuous valued output parameters 
z(?) were computed every 100 iteration steps and plotted as a function of the 
continuous valued initia! output parameters z( ~ ). Fig. 46 shows the distri bution 
of the 441 output values at iteration steps Io, ltoo, l2oo, ... , ltuou (the inversion 
output) as a function of the output values at iteration step 10 ( the reconstruction 
output). 
It is obvious that the distri bution at iteration step zero ( 10 ) is a straight line, since 
there has not been done any inversion yet. Note that this way of representation, 
only allows a dot to move up or down in the vertical direction, since its output 
value at 10 {the reconstruction output) does not change, but the output value at 
Ii ( the inversion output) might change. Fig. 46 shows that after 1000 iteration 
steps the inverse procedure groups the output parameters into 4 more or less 
discrete output-value regions. These four regions correspond to the output values 
of the five maxima in the reconstruction. These local and global maxima are: 

The local and global maxima 

z-in put y-in put z(z, y)-output 

-0.500 -0.499 -0.192 

-0.499 +0.500 +0.094 

-0.010 +0.004 +0.311 

+0.499 +0.497 -0.194 

+0.499 -0.499 +0.128 

lower left corner 

upper left corner 

top of gaussian heil 

upper right corner 

lower right corner 
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struction output). Inversion was clone according to the parameter setting of Eq. 
( 45) for task I. The run by MLP _2_1Q_Ll60_i was used as the trained MLP. 
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This output distribution is not the desired one if the inverse procedure is to 
find the maximum valued output parameter. Therefore with addition of noise, 
according to the setting of the inversion parameters: 

fi(Zi) - Zi 

IN - 1000 
TJo - 0.03 
r." - 500 (46) 
O"o - 0.50 
Trr - 200 ... 

(ti) = ( +0.5) t -
the output distri bution is presented in Fig. 4 7. This figure also shows the dis
tribution of the 441 output values at iteration steps Io, I10o, I2oo, ... , I10oo ( the 
inversion output) as a function of the output values at iteration step / 0 ( the re
construction output). Comparing Figs. 46 and 47 shows that this is no longera 
pure gradient search. This is due to the addition of noise which allows the points 
moving up and down in the vertical direction. Note that the parameter setting 
of r." and Tu in Eq. (46) is almost perfect, since at iteration step 1000 (/1000 ) 

there is only a slight oscillatory behaviour. More iteration steps would make the 
levels sharper (i.e. more discrete), since there is still a little bit noise added to the 
updates. A parameter setting where the number of iteration steps IN is increased 
and the parameters r." and Tu are changed proportionally, might eventually lead 
to more and more pointsending in the highest output-value region. To illustrate 
this, the parameter setting: 

fï(:xi) - Zi 

IN - 10000 
TJo - 0.03 
r." - 2500 ( 47) 
O"o - 0.50 
Tu - 1000 .... 

(ti) = ( +0.5) t -
gives the output distribution as presented in Fig. 48. Note that the output-value 
regions have become much sharper, and the lowest region has disappeared. The 
infl.uence of the addition of noise is represented by the percentages of the points 
ending in the 4 discrete output-value regions: 
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Distribution of discrete output regions (in %) 

with the parameter setting of 

Eq. ( 45) Eq. (46) Eq. (47) 

34.2 60.8 65.8 

20.9 17.0 15.6 

20.4 18.6 18.6 

14.5 3.6 0.0 

highest region 

upper middle region 

lower middle region 

lowest region 
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The distri bution of the 441 output values at iteration steps ! 0 , ! 100 , l2oo, ... , 11000 

(inversion output) as a function of the output values at iteration step [0 (recon
struction output). Inversion was done according to the parameter setting of Eq. 
( 46) for task I. The run by MLP _2_1Q_Ll60_i was used as the trained MLP. 
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The distribution of the 441 output values at iteration steps Iu,liuuu, l2uuu, ... , 
[ 100011 ( inversion output) as a function of the output values at iteration step [0 

( reconstruction output). Inversion was done according to the parameter setting 
of Eq. (47) for task I. The run by MLP _2_1Q_Ll60_i was used as the trained 
MLP. 
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When looking at intervals of the output-value regions, an average performance 
of the inverse procedure can he computed. To facilitate this, the continuously 
valued output values were divided into ten intervals of width 0.10. This way of 
representation gives the relative distrihution in the inversion output intervals of 
i( i 1000

) for a starting point ZO from a specific reconstruction output interval. 
To ohtain a statistica! more reliahle overall performance of the inverse procedure, 
the average result of ten runs with different random sequences for the gaussian 
noise is presented in Fig. 49 for the parameter setting of Eq. ( 46). 
To enhance the contrast of Fig. 49, each column was scaled in such a way that the 

· maximum column element attains the grey-shade black. Note that the interval 
[+0.4, +0.5] does not contain any reconstruction output values or inversion output 
values, since the highest output activation value produced hy the reconstruction 
hy MLP _2_10_Ll60_i was +0.311 ( the reconstruction of the top of the gaussian 
heil). The initia! output distrihution plots are omitted, since they form the trivia! 
diagonal distrihution. 
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Figure 49: 
The relative distribution of ten runs for different random sequences for the gaus
sian noise at iteration steps Iloou,I2oou,I3ouu, ... ,I1ouuu (inversion output) as a 
function of the output values at iteration step 10 (reconstruction output). Inver
sion was done according toparameter setting of Eq. (47) for task I. The run by 
MLP _2_10_Ll60_i was used as the trained MLP. 
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3.2.4 INVERSION FOR TASK IV 

The aim of the inverse procedure for task IV ( continuous input / classifi.cation 
output) is finding the (new) input parameters leading to an assignment to class 
'3', the highest class. Remember that the MLP for task IV classifi.ed a pattern 
to class '1 ', '2' or '3', or to an unspecified class '?'. To examine the perfor
mance of the inverse procedure, the classification is monitored for the instanee 
MLP _2_10_3_320_g (normalised error and classification error on test set of 26.4% 
and 15.2% respectively). For this purpose, the starting points ~ were placed at 
a grid of 21 equidistant points in both the z-direction and y-direction ( 441 points 
in total). The inverse procedure was run for the following parameter setting 
(without addition of noise): 

Ji(e) - e 
IN - 1000 

T/0 - 0.03 

TT/ 500 (48) 
O"o - 0.0 
Tu disabled - (t1,t2,ta) = (-0.5,-0.5,+0.5) t 

N ote that the target vector t now is a three-dimensional vector, representing the 
target activations of the three output units. 
Fig. 50 shows the distribution of the class assignment at iteration steps 1100,1200 , 

1300 , ••• , 11000 ( the inversion class) as a function of the class assignment at 
iteration step / 0 (the reconstruction class). To enhance the contrast, each column 
was scaled in such a way that the maximum column element attains the grey
shade black. The initia! class assignment plots are omitted, since they form the 
trivia! diagonal distribution. Note that the inversion process has already reached 
its final solution after approximately 100 iteration steps. This is explained by the 
fact that the MLP used for a classifi.cation task creates a r~latively steep internal 
behaviour, which is expressed by the large weights in the network. This means 
that the backpropagated error signals will also be larger, thus larger (i.e. faster) 
updates in input space are done. Since the majority of the patterns from class 
'1' remain in class '1' after inversion for this parameter setting, noise is added to 
the updates. To see the effect of noise, inversion by the parameter setting: 

fï(e) - e 
IN - 1000 

T/u 0.03 

TT/ - 500 (49) 
O"o - 0.10 
Tu 200 - ( t1, t2, ta) = ( -0.5, -0.5, +0.5) t 

is done. To obtain a statistica! more reliable overall performance of the inverse 
procedure, the average result of ten runs with different random sequences for 
the gaussian noise is presented in Fig. 51 for the parameter setting of Eq. 
( 48). Fig. 51 shows the distribution of the class assignment at iteration steps 
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1100 , 12uo, 1aoo, ... , 11ooo ( the inversion class) as a function of the class assignment 
at iteration step 1o (the reconstruction class). Now almost all starting classes are 
classified into class '3' aft er inversion. No assignment to the classes '1' and '2' 
is done, only the unspecified class is reached in some cases, which is partly due 
to the very rigid classi:fication assignment. Experiments showed that the average 
performance did nobenefit from a larger noise value. 
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The relative distribution of ten runs for different random ·sequences for the gaus
sian noise at iteration steps I wo, l2oo, Iaoo, ... , I wou ( inversion class) as a func
tion of the classification at iteration step [0 ( reconstruction class). Inversion 
was done according to parameter setting of Eq. (48) for task IV. The run by 
MLP _2_10_3_320_g was used as the trained MLP. 
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The relative distribution of ten runs for different random sequences for the gaus
sian noise at iteration steps /1uo, l2uu, /3uu, ... , /1uoo ( inversion class) as a func
tion of the classi:fi.cation at iteration step / 0 ( reconstruction class ). Inversion 
was done according to parameter setting of Eq. (48) for task IV. The run by 
MLP _2_10_3_320_g was used as the trained MLP. 
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DISCUSSION 

A. FEED-FORWARD PROCEDURE 

First the reconstruction of the continuous mapping ( task I) will he descri bed. 
Then, the complexity of the other mappings ( task 11, task III and task IV) will 
he compared to that of the continuous mapping, resulting in a ranking based 
on the reconstruction quality. The MLPs considered had linear input units and 
sigmoid hidden and output units. 

A single-hidden-layer MLP was able to give a good reconstruction of the contin
uous mapping, except for the high output activation values. Several fundamental 
investigations22 •23 •27•30 provide clues about the optimum number of hidden units 
given a problem. Their results, however, are hard to apply for the present artificial 
problem, because of the assumptions and restrictions made in their derivations. 
Since the accuracy also turns out to depend on the size of the training set, the 
optimal configuration (i.e. the MLP topology in combination with the size of the 
training set) is determined empirically. 

The di:fficulty with the reconstruction of the high output activation values ( oc
curring at the corners and the top of the gaussian heil) is explained by the non
uniform distribution of the output values. The input values parameters of the 
training set are picked randomly from a uniform distribution. This implies a non
uniform distribution of the output parameter, because the output parameters are 
computed from the non-linear input-output relation (the function z(:c, y)). The 
high output activation values are very sparse in this distribution and therefore 
the relative penalty in the overall backpropagation error is small. In addition, the 
features representable by the MLP only consist of the addition of sigmoid planes, 
which makes it di:fficult to reconstruct very complex features as, for instance, 
the top of the gaussian heil. The sigmoid output unit enlarges the previous
ly described effects even more. A linear output unit would therefore he more 
preferable. Furthermore, a better approximation may he obtained by making the 
probability of presenting an individual input-output example dependent on the 
error it adds to the total backpropagation error34 • 

The two-hidden-layer MLPs, and in general the multiple-hidden-layer MLPs, are 
able to extract and reconstruct more complex features, resulting in a better re
construction, even for the high output activation values. Although the topology 
seems more complex, the number of adaptive weights can he smaller than for the 
single-hidden-layer MLPs. This means that less training patterns are needed to 
obtain suflident accuracy, resulting in less computations. 

Ensembles of neural networks give a betterand smoother reconstruction, but are 
still depending on the output distribution, which is expressed by the di:fficulty 
with the reconstruction of high output activation values. By using various transfer 
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fundions in the hidden layer, for instanee a combination of linear, sigmoid and 
radial basis functions, the features could he extracted and thus reconstructed 
better25 • 

The reconstruction for task II involves only three one-dimensional regionsin input 
space insteadof a complete two-dimensional input space. Obviously, task II is a 
less difficult task than task I. 

Task III and IV both are reconstructions of a discrete mapping. Since the MLP 
generates a continuons approximation of these discrete mappings, relatively large 
deviations are remaining at and near the transitions of the various discrete levels. 
This automatically introduces larger errors, making the tasks more diffi.cult. Task 
III comprises an implicit ranking of the output classes, which can be simulated 
by other output encoding schemes for task IV. Task IV, with three output units, 
actually has to perform three mappings, having different sets of adaptive weights 
for each mapping between the hidden and output layer, but only one set between 
the input and hidden layer. For the initially applied output encoding scheme A, 
task IV is more difficult than task III. Both tasks will obviously become more 
difficult if there is no approximately. equal a priori class probability ( resulting in 
a non-uniform output distribution). 

In summary, the ranking in complexity is~ task 11, task I, task lil, task IV. 

Instead of having a classification network, a discrete output unit can also do the 
job, and even better. However, when more output ,classes· are used, the MLP 
corresponding to task IV will presumably perform better. A MLP corresponding 
to task III will rapidly confuse the various discrete output levels when more levels 
are taken into account or the implicit ranking disappears. In contrast, carefully 
chosen output encoding schemes for task IV will still he able to handle more 
classes, introducing or re:flecting an implicit ranking. 

For practical applications the results may be different from the results obtained 
for the present artificial problem. For this problem, in principle a test and training 
set with as many patterns as desired can he generated, covering the entire input 
and output domain. In practice, however, the training set willoften contain noise 
on both the input and output parameters. Since for some applications it will be 
difficult to define a test set, a part of the training set has to be used, which 
reduces the size of the training set. Another aspect is the unfavourable sampling 
conditions in many practical applications, which means that only parts of the 
(multi-dimensional) input and output values are re:flected by the data. This may 
lead to very good results for data resembling the training data, but worse results 
slightly different data. 

The neural network's internal representation, as was investigated for task I, may 
give a clue to the minimal number of hidden units needed for an optima! config
uration and may reveal the function of a specific hidden unit. Also the feature 
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detecting properties of the hidden units for problems with a higher dimensionality 
may benefit by this representation. 

For task IV, when output encoding schemes B or C are used, one of the three 
output units has a desired activation value of +0.45 for all training patterns. 
Hence, for the training set, this output parameter is uncorrelated with the input 
parameters. It appeared that the real output of this unit was always very close 
to the desired one after training. The weights leading to this unit were set to 
approximately zero by the backpropagation procedure, except for the bias weight. 
Thus the bias of the considered output unit had to attain a value equal to the value 
of the inverse transfer function applied to the desired high activation value. Along 
the same lines of reasoning, observation of the weights may he used to determine 
the most relevant input parameters of a mapping35 • For example, a third input 
parameter which might he correlated with the other two input parameters but not 
with the output parameter, should ideally get very small weights. An example of 
choosing this third input parameter is outlined in appendix B. 

B. INVERSE PROCEDURE 

In this section a comparison between the inversion for the I and task IV will he 
made. A suggestion for implementation of the inversion for task II and task III 
will he given. 

Since the inversion for task I without the addition of noise is a pure gradient 
search, the percentage of the trials ending in the global maximum is determined 
by gradient locally encountered. Addition of noise increases the performance, 
but the distribution of the output parameter saturates at higher output values. 
It is known that simulated annealing procedures14•15 •16 •17 with a slow decaying 
noise infl.uence (temperature) will relax into the (nearly) optimàl solution. To 
obtain the global maximum of the output parameter, the parameter setting has 
to he chosen differently from the ones used in the present study. For instance, 
increasing the number of iteration steps and the characteristic times might give 
better results. Another solution inspired by simulated annealing might he to sud
denly increase the amount of added noise during the iteration process a number 
of times, making the amount of added noise resembling as a saw tooth which 
decreases as a function of time. 

In contrast, the results for inversion of task IV do not increase by the addition of 
a larger amount of noise. Also the desired output class was reached within less 
iteration steps than for task I. This is partially explained by the fact that the 
trained network contains relatively large weights, resulting in effectively larger 
backpropagated error signals (thus larger updates). Another explanation is the 
larger fl.exibility because of the three output parameters instead of one, probably 
resulting in a richer variety of updates of the input parameters. 

97 



To invert task 11, restrictions have to he implemented to make one of the input 
parameters end up in one of the discrete regionsin input space. Restrictions which 
become more strict as a function of time are presumably the most effective. Task 
111 is analogous to the inversion of task IV, because of the large weights in the 
network, and only has three discrete output levels instead of two. 

For practical applications, the cost function which takes into account the magni
tude of the changes of the input parameters have to he implemented. An optimal 
output parameter for which t}_te input parameters have to he changed a lot, will 
in general he less useful (or cost effective) than a good (but not optima!) output 
parameter involving only small changes in the input parameters. 

98 



CONCLUSIONS 

• MLPs with one hidden layer are able to give a ·good approximation of a 
mathematica! relationship, provided the number of hidden units is suffi
cient. 

• The ratio of the number of patterns in the training set and the number of 
adaptive weights in the neural network should he approximately five. 

• MLPs with two hidden layers are more powerlul for reconstruction than 
one hidden layer MLPs. 

• Ensembles of neural networks give a better reconstruction than the indi
vidual neural networks provide. 

• To guarantee a good reconstruction, not only the distribution of the input 
parameters should he as uniform as possible, but also the distribution of 
the output parameters. 

• U sage of too many hidden units with respect to the number of patterns in 
the training set may lead to overfitting, i.e. poor generalisation behaviour. 

• Studying the role of hidden units is only possible if their influence on the 
output units is examined. 

• Classification output units ( or discretisation of the output unit) implies 
larger weights and biases in the network than for continuous output units. 

• The inverse procedure requires a learning rate and an amount of added 
noise which decrease as a function of time. 

• The inverse procedure is more sensitive to the parameter settings for a 
continuous mapping than for a classification mapping. 

• The results of the inverse procedure are better for the classification map
ping than for the continuous mapping. 

• For inversion, linear input units are preferabie to sigmoid ones if there is 
no preferenee for specific regions in the input space. 
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A THE BACK-PROPAGATION PROCEDURE 

Learning proceeds by the presentation of a set of pairs of input and output pat
terns from the training set. The neural network first uses the input vector to 
compute an output vector (the forward pass). This output vector is then com
pared to the desired output vector, also called the target vector. If there is a 
di:fference, learning takes place by adjusting the weights in the neural network, 
so that the squared di:fference is minimised (the backward pass). 
The erro.r Ep due to a pattern pin the output layer with No output neurons with 
activation Opk is defined by: 

1 fVo 2 

Ep = 2 L ( tpk - Opk) 
k=l 

and the overall error E due to all the Np training patterns by: 

(50) 

(51) 

The net input to a neuron k is a weighted ( weights Wk;) sum of the activations 
of the Nh neurons i in the previous layer ip;: 

rvh 
netpk = L Wk;ip; 

i=l 

and its activation Opk is the activation function f applied on its net input: 

Opk = ik ( netpk) 

(52) 

(53) 

By using the chain rule, the derivative of the error function Ep with regard to 
the weights Wkj is: 

8Ep _ 8Ep 

8Wkj 8netpk 
(54) 

The second part can he written as, with Nh neurons ip; in the previous layer: 

8netpk 8 ~ . 
aw . = aw . L.J wkiZpi 

k} k} i=l 

The first part is defined as: 

8E 
hpk = ----

8netpk 

thus: 

8Ep c . 
- 8Wkj = OpkZpj 

The adaptation of the weights includes a step size or learning rate T/= 

(55) 

(56) 

(57) 
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Ap Wki = T/5pkipj (58) 

Using the chain rule again, leads .to an expression for Ópk: 

5pk =- 8Ep 
8netpk 
8Ep 8opk 

= - 8opk · 8 netpk 

(59) 

The second part of the previous equation leads to: 

8opk 1 ( ) 

8 
=Ik netpk 

netpk 
(60) 

which is the derivative of the activation function. The :first part leads to: 

8Ep ( ) -
8 

= - tpk - Opk 
Opk 

{61) 

which gives 5pk for the weights connecting the output units with the previous 
layer: 

(62) 

Using the chain rule for the units Ïpj which are connected to the N 0 output units 
with 5pk: 

~ 8Ep . 8netpk = ~ 8Ep . ~ ~Wk·i . 
Li 8 t 8 . Li 8 t 8 . Li 2 pt ne pk 'l.pj ne pk 'l.pj . 
k=l k=l t=l 

No 8E - L p Wk· 
- k=l 8netpk 1 

No 

=- L5pkWkj 
k=l 

(63) 

which gives 5pj for the weights connecting the units inside the network to a layer 
just below that layer: 

No 

5pj = Ij ( netpj) L 5pk Wkj 
k=l 

The change in weight is expressed by: 

Ap Wii = T/5pjipi 

where 5pk in the output layer obeys: 

5pk = (tpk- Opk) I~ (netpk) 

and is determined recursively in the hidden layer( s): 

Nh 

5pj = Ij ( netpj) L 5pk Wkj 
k=l 

(64) 

(65) 

(66) 

(67) 
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The weights to the output layer are adapted by directly using the error measure 
in the output layer. In contrast, the adaptation of the weights to the hidden 
layer( s) are determined recursively from the backpropagated error signal, and 
consequently have no direct error measure. These adaptations also include a 
multiplication with the derivative of the transfer function. When applying the 
sigmoid transfer function: 

1 1 
f(z) = 1 + e-z 2 (68) 

its derivative can be expressed in terms of the function itself: 

f'(z) = (/(z) + l) (l- f(z)) 
1 

-+ 0 < !' ( z) < + 4 (69) 

Assuming the function f(z) is uniformly distributed on [-1/2, +1/2], the ex
pectation values E[/'(z )], E[f'(z )] 2

, ... , E[f'(z )t, are 1/6, 1/36, ... , (1/6t. 
This shows that the backpropagated error signals will differ in magnitude for the 
various hidden layers, making the learning speed effectively smaller in the hidden 
layers further away from the output layer31

• 

THE MOMENTUM TERM 

The new value of weight Wji at time t is calcula;ted from the previous value of 
Wji at time t - 1 and the update A Wji at time t: 

(70) 

Incorporating a fraction of the previous update AWji computed at time t- 1, 
yields: 

(71) 

where a is called the momenturn term. If the update AWji(t) is in the same 
direction as A Wji( t - 1) was, it may benefit from the previous update. The 
update at time t however is the most accurate, thus the momenturn term should 
be in the interval a E [0, 1). To understand this, note that if in total n updates 
are done, all those updates contribute to the current value of Wji: 

Wii(t) =Wjï(t- 1) + AWii(t) + aAWii(t -1)+ 

+ a 2 AWji(t- 2) + ... + anAWji(t- n) 

Since 0 ::; a < 1, previous updated are extinguishing in time. 

(72) 

The addition of the momenturn term may speed up learning. When moving in 
the multi dimensional weight space, updates in the same direction are accelerated 
by the momenturn term. This can be seen as moving faster on a flat hyperplane 
in weight space than in more complex regions. When a new update alters this 
direction, it will be slowed down by the momenturn term. This makes changes in 
direction to be examined more carefully. 
The momenturn term also makes it possible to escape from small local minima, 
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or if the acceleration is high enough to step over such minima. The main effect 
of the momenturn term is to damp oscillations (low-pass behaviour ). 
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B CORRELATED INPUTS 

To examine the in:B.uence of a (extra) correlated input unit on the network, a 
third input unit is added, named the w-input unit. For simplicity, this unit only 
has a correlation with the x-input unit. When the w-input unit is a copy of the 
x-input unit, there is a 100% correlation between them, Eq. (1). 

w=x r=1 (73) 

where r is the correlation coeffi.cient. 
When uniformly distributed noise is added to the copy of the x-input, a correlation 
less than one will result, which will he determined by the amplitude of the noise. 

w=z+n 

Since z is uniformly distributed with J.l.z = 0: 

Uz = J E[z2]- E 2 [z] 

=~ 
This leads to the expres si on of uw: 

Uw= J E[(z + n) 2
] 

= J E[z2] + 2E[z · n] + E[n2
] (E[z · n] = 0) 

=Ju;+ u~ 
The correlation between the w-input unit and the x-input unit now reads: 

E[z·w] 
r = --=----=-

and expressed in terms of u n and u z only: 

u2 
z 

r = ---;=== 

u z V u; + u~ 
1 

-R n 
2 
z 

(74) 

(75) 

(76) 

(77) 

(78) 

Eq. (6) shows that the correlation is gouverned by the fraction un/Uz. So, for 
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example, by choosing the standard deviation of n distribution equal to that of 
the :z: distribution, a correlation of r = 1/ vf2 results. 
The constraint that the :z: and y input. parameters are in [ -0.5, +0.5] x [ -0.5, +0.5] 
is extended to :z:, y and w in [ -0.5, +0.5] x [ -0.5, +0.5] x [ -0.5, +0.5] by sealing 
w into [ -0.5, +0.5]. This sealing does not effect the correlation between w and 
:z: as can heseen in Eq. (6). Here the advantage of uniformly distributed noise n 
turns out, since its boundaries are exactly known. 
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C THE ZERO-ACTIVATION REGIONS 

In the derivation in this appendix the transfer function: 

1 1 
f(z)=1+e-:r: 2 (79) 

is applied. The derivative of f(x) can he written in terms of f(x) itself: 

!' ( z) . ~ - f 2 
( z) ( 80) 

which will he frequently used. 
The derivation of the zero-activation regions of the hidden units and of the influ
ence of the hidden units on the output units is done for a MLP with one hidden 
layer. The MLP consists of Ni input units with activa ti on i i, N h hidden units 
with activation hj and No output units with activation Ok. The weights between 
the input layer and hidden layer are denoted as Wji, those between hidden layer 
and output layer as Wkj· The biases of hidden and output units are ()i and ()k 

respectively. 
The activation of hidden unit hj is given by: 

hj = f ( neLinphi) 

(81). 

The activation of output unit Ok is given by: 

Ok = f ( neLinpo,.) 

= I (t. w.;t ( neLinph;) + 8•) 

(82) 
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The partial derivative of hidden unit hj with regard to input unit ii is given by: 

~~: = f' ( netjnphi) Wji 

(83) 

The partial derivative of output unit Ok with regard to input unit ii is given by: 

Nh 

~~~ = f' (neLinp 0 J L Wkj/
1 

( neLinphi) Wji 
~. j=l 

(84) 

= G- /2 (net_inp,.)) t.w.; G- !' ( neLinph;)) W;; 

Now only enable one hidden unit hj to be active, so all signals coming in via the 
other hidden units are disabled. Since the bias of the output unit Ok is computed 
for the sum of all hidden units, eaëh hidden units can he thought of having an 
equal part of this bias: 

o, = J ( w.;J (t,J:V;;i, +8;) + ~} 

(85) 

= f ( Wkj/ ( neLinphi) + ~) 
The partial derivative of output unit Ok with regard to input unit ii now becomes: 

~:; = f' ( Wkj/ ( neLinphi) + ~) Wkj/
1 

( neLinphi) Wji (86) 

When the net input to hidden unit hj is zero, the activation automatically is zero. 
The activation as a function of the input space is thus divided in high activation 
and low activation regions, by the zero-activation regian. This zero-activation 
region can easily be computed. 

Ni 

neLinphi = L Wjiii +Bi 
i=l 

=0 

(87) 
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Obviously the activation is: 

hj = f (0) 

=0 

and the partial derivative with regard to input unit ii is: 

ohi = !' (0) W·· a• JZ 
~i 

1 
= -Wii 

4 

(88) 

(89) 

The point with minimum distance to Ö of the zero-activation region in ~he input 
domain is computed: 

Equivalently for output unit Ok, when only hidden unit hj is active: 

neLinp0 ~< = Wkj/ (~ Wjiii + (Jj) + ~k 
i=l h 

=0 

thus: 

Wkj/ ( netinPh;) + ~h = 0 

requires that: 

(90) 

(91) 

(92) 

(93) 

Note that this condition to he able to find a zero-activation region not always can 
he fulfilled, since f has been choosen to he in ( -0.5, +0.5). 
Obviously the activation is: 

Ok= f(O) 

(94) 
=0 
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and the partial derivative with regard to input unit ii is: 

~:; = !' (0) Wkif' (tinv ( W~:~h)) Wii 

= !wk. (!- ( -Bk )
2

) w .. 
4 } 4 wkiNh }I 

The point with minimum distance to Ö of the zero-activation region in the input 
domain is computed: 

-Bi+ Jinv ( -Bk ) 
."i = ( N; w)kiNh wii 

~w]i 
a=l 

(96) 

Moving perpendicular to the zero-activation region of hidden unit hi in the input 
domain towards Ö: 

iÀ = } } + } ... -8· (W·1) .\ (-w'l) 
. (WJl + WJ2) Wi2 JwJl + WJ2 -Wi2 

(97) 

gives the distance Àh; of the zero-activation region to Ö of: 

I-Bil 
Àh. = -r====== 

J I 2 2 v wil+ wi2 
(98) 

Moving perpendicular to the zero-activation region of output unit Ok in the input 
domain towards Ö: 

(99) 

gives the distance À0 A: of the zero-activation region to Ö of: 

18i _ ,inv ( w~:~h) 1 

JwJl + wi~ 
(100) 
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D THE TRAINING SETS 

u 
CD 
u 
5i a. 
= ~~~-+~~+-+-~~ 

CIS 

CD 

i a. 
= ~~~-+~~+-+-~~ 

0 0 q aq 
0 9 

SIXV-A 

-

CD 

CD u c 

~ 
CD • 

0 
10 
d 

0 ~ 0 ..: d I x 

0 
10 

9 

CD u 
5i a. 
CD • 

.c 
CD u c 

~ 
CD • 

Figure D.l: Distributions of the x and y values of the training sets consisting of 
20 training patterns eaçh, generated from random sequences a through j. In the 
distributions the contour lines of the original function are drawn. · 
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Figure D.2: Distributions of the x and y values of the training sets consisting of 
40 training patterns each, generated frorn random sequences·a through j. In the 
distributions the contour lines of the original function are drawn. 
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the distributions the contour lines of the original function are drawn. 
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