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Abstract 

A theory of quasipartiele tunnelling in inhamogeneaus configurations of 

superconducting materials is presented. The analysis is based on the Bogoliubov 

equations, in which bath the coupling constant .1 = .1(x) and the effective potential 

U= U(x) can be position-dependent. The equations are numerically solved using a 

matrix-multiplication methad in an approximation with piecewisely constant .1 and U. 

Bath normal-electron tunnelling (in 3-D) and quasipartiele tunnelling (in 1-D) is treated. 

Especially Andreev-reflection phenomenon is extensively analyzed in terms of the 

various quasipartiele excitations. Application of the theory toa recent high- Tc tunnelling 

experiment yields good agreement only, if we accept the pressnee of narrow gold 

channels perterating the insulating barrier region and penetrating into the 

high-~ crystal. 



Chapter 1 Introduetion 

One of the most important ditterences between a normal metal and a 

superconductor below the critica! temperature concerns the single-electron states near 

the Fermi energy EF. In a metal many electrans with energy close to the Fermi energy 

are present and, in tact, are al most completely responsible for the typical sleetrical and 

magnatie properties of a metal. In a superconductor, on theether hand, there are no 

electrans with energies close to EF at all. This is due tothefact that all electrans within 

a symmetrie energy gap of width E
9
ap around EF have been turned into Cooper-pairs, 

where each Cooper-pair, consisting of two electrans with opposite k-vector and spin, 

behaves as a boson. This allows the graundstate to farm a Bose-Einstein condensate 

which can persist up to the critica! temperature Tc. In a superconductor this 

condensate dominatas the sleetrical and magnatie properties. 

With respect to single particles like electrans and holes, the above-mentioned 

range E9ap acts as a torbidden gap in which penetratien toa certain extent, and thus 

also tunnelling through a finite section, is possible. Outside this E
9
ap region stationary 

quasi-partiele states exist. Each quasipartiele consists of an electron-part and a 

hole-part and behaves as a fermion. Quasiparticles can be considered as single 

particles in the superconductor, like electrans or holes in a normal metal. The 

existence of quasipartiele states in the superconductor apparently implies that the 

Cooper-pairing mechanism also imposes two-particle (electron-hole) correlation to 

states outside the E9ap region. In chapter 3 we will examine the quasipartiele states 

and their properties in detail. 

In chapter 4 we will theoretically analyse the quanturn machanical behaviour of 

single "particles" in an inhomogeneous contiguration of superconducting materials. In 

our approach we consider a metal as a special case of a superconductor with E
9
ap = 0 

and the electrans and holes in the metal as degenerata quasiparticles. An 

inhamogeneaus contiguration is then characterized, among ether parameters such as 

the energy of the conduction band minimum, by a position-dependent tunetion E
9
ap(r). 

One important example is the MS-junction, a flat interface between a normal 

1 



metal and a superconductor. Examining the propagation of single particles in such a 

ju netion is instructive to comprehend the Andreev-reflection process, i.e. the reflection 

of an electron, incident from the metal into the superconductor, as a hole in the metal 

due to creation of a Cooper-pair in the superconductor. In this process the excitation 

of quasiparticles in the superconductor plays an important role. 

In chapter 5 we apply our theory to a more general inhomogeneous 

contiguration and calculate the sleetrical properties (e.g. the conductance). Next, we 

confront our theory with recent experimental findings of [Schevicoven] concerning the 

conductance of Au-Bi2CaSr2Cu20 8+cS junctions below ~· In these samples, the 

insulating top layer of the superconductor BiCaSCO, consisting of Bi02 , acts as a 

potential barrier. Tunnelling occurs from the gold contact layer through the barrier into 

the High Tc materiaL Only after assuming the presence of short-cutting quanturn point 

contacts penetrating the barrier into the BiCaSCO-crystal we can explain the 

experimental data. 

lt turns out that for higher voltages (I VI >> 1 0 me V) the conductance of a 

junction with a tunnelling barrier that is not to low can be well explained by 

normal-electron tunnelling. This is because at the higher energies involved the 

influence of the relatively small energy gap ("" 5 to 10 me V) on the conductance can 

be neglected. For that reason, but also from didactica! considerations, we will first 

examina (in chapter 2) the normal-electron tunnelling in metal-insulator-metal (M-1-M) 

heterojunctions. 
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Chapter 2 Normal Electron Tunnelling 

2.1 General considerations 

In this chapter we will derive an expression for the electrical current through a 

metal-insulator-metal (M-1-M) heterojunction when a constant bias voltage Vis applied. 

The conductance of the junction is then defined as the derivative of the current with 

respect to the applied voltage. 

In the MIM-heterojunction the insuiator acts as a barrier, while each metal is 

modelled as a reservoir of free electrens with respective chemica! potantials fl1,0 and 

fl2 0 , where the index '0' indicates that the two chemica! potantials are bulk values, 

measured with respect to the conduction band minimum as indicated in Fig. 2-1.a. The 

respective workfunctions, i.e. the minimum energy sufficient to remove an electron 

from the bulk to tree vacuum, are denoted by <ho and <1> 2.0. In Fig. 2-1.b we assume 

that the two reservoirs have approximated each other sufficiently close to ensure a 

state of thermadynamie equilibrium, forcing the two chemica! potantials at the same 

level fl, but without effectively changing fl1,0 and fl2,0 (charge neutrality). An effective 

barrier has now been formed as indicated. Since in many cases, it is not really a 

energy E lfiS8fVOir 1 bsrriiJr I'8S8fVOir 2 

reservoir 1 vacuum 0 reservoir2 ---------------- ------------

tl2,o 
~.o 

~ol 

Pt,O 

Fig. 2-t.a Energy diagram of two 

reservoirs separated by a vacuum. 
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Fig. 2-t.b Energy diagram of the MIM

junction in thermadynamie equilibrium. 
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vacuum barrier, but rather an oxide-layer barrier, we replace <l>ïo by <l>ï• denoting the 

usually much smaller effective workfunctions eerrasponding to lifting an electron trom 

the reservoir to the conduction band minimum in the insulator. We simply assume in 

Fig. 2-1.b that the effective potential feit by an electron in the barrier, can be 

represented by a linear interpolation between these effective workfunctions. 

Classically, an electron cannot cross the barrier when its energy is smaller than 

the barrier height. Quanturn mechanics tells us that, if the barrier is thin enough, there 

is a finite probability for the electron to tunnel through the harrier. This is exclusively 

due to the wave nature of the electron. 

The respective equilibrium distributions in the left- and right-hand reservoir are 

given by the Fermi-Dirac distribution functions: 

1 
f ( E) = ----------....,..._.,..--=""" 
' 1 + exp [ ( E -llJ I k8 'T;] 

(2-1) 

where ka is Boltzmann's constant. The energy E and chemica! potential lli are 

measured with respect to the same level. We will only be interestad in situations in 

which the whole system is inthermal equilibrium, i.e. ~ = T2 = T, even when a voltage 

ditterenee is applied. lf there is no such voltage difference and if the barrier is thin 

enough, the tunnelling electrens will establish the situation of dynamic equilibrium with 

one common chemica! potentialll as in Fig. 2-1.b. 

On the other hand, when a voltage is 

applied, nonequilibrium electron populations 

will be generated in principle. But as long as 

the partiele current remains relatively small, 

each separate reservoir can still be treated in IJ.+ 

equilibrium so that the distribution functions of 

electrens incident on the barrier are given by 

equilibrium Fermi functions with chemica! 

reservoir 1 barritJr 

potential ll + eV when incident from the left x 

reservoir 2 

and ll when incident trom the right and where Fig. 2-t.c Effect of an applied 

eis the electron charge (e = -1.6·1 o-19 C). The voltage on the structure of the 

situation with V-:~: 0 is sketched in Fig. 2-1.c. MIM-heterojunction. 
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lt is assumed that, after leaving a reservoir, an electron propagates fully 

coherently in the barrier. The probability for tunnelling through the barrier can then be 

determined by solving the time-independent Schrödinger equation. From this 

probability we straightforwardly obtain the electrical current through the junction. 

Let us consider the current conservalion law which can be derived from the 

time-dependent Schrödinger equation: 

(2-2) 

where m is the electron mass. lf we define P(r,~ to be the probability density for 

finding at time t an electron at position r, one easily derives from (2-2) the continuity 

equation [GasiorowiczJ: 

àP 
- + V·J = 0 at · 

(2-3) 

where we have defined the flux: 

(2-4) 

Multiplying the flux by the electron charge e, we obtain the current density: 

(2-5) 

In case of flat tunnel junctions, we are in particular interestad in 

one-dimensional stationary-state solutions of the Schrödinger equation because the 

tunnelling takes place in the direction perpendicular to the layers. The continuity 

equation for the stationary case then reduces to: 

(2-6) 

which implies that the x-component of the current is uniform through the entire junction 

structure and can therefore be calculated on either side of the barrier, yielding the 

same result. 
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2.2 One-dimensional tunnelling 

In Fig. 2-2 our model for the tunnel ju netion is shown. An electron of energy E 

(measured with respect to Jl, see Fig. 2-2) is incident at the left side of the potential 

barrier with a given finite potential energy U. The electron will either be reflected or 

reservoir 1 bllrrier reservoir 2 
E Iu . 
.... ·-···-···----·----- ·-··-------·--···--------·---· _____ l __________________ ·---·--···-··---·--·-···-···-· -···-···-···-··--···-

s 

Fig. 2-2 Potential barrier in the tunnel junction. 

transmitted through the barrier. Restricting for the time being to a one-dimensional 

situation (x-dependencies only), the wave tunetion for an electron at the left side and 

incident on the barrier can be written: 

(2-7) 

with 

(2-8) 

(Ex is the energy of the electron in the tunnel direction, measured with respect to Jl.) 

Equation (2-7) expressas the fact that an incident electron (first term) will always be 

accompanied by a reflected part (second term). Even without explicitly solving the 

Schrödinger equation in the barrier, we al ready know that the wave tunetion part at the 

right side corresponding to (2-7) is given by: 
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( outgoing wave only) , (2-9) 

with 

~.x = };2 V Ex+ ~2 (2mJ2 

(2-10) 

The amplitudes r1 and ~ of the reflected and transmitted waves must be 

determined by solving the Schrödinger equation in the barrier for the wave tunetion 

and by applying appropriate conneetion rules at the interfaces. Appropriate means that 

the wave tunetion and its derivative are continuous at the interfaces between the 

reservoirs and the barrier. 

ft will turn out very useful to introduce the following diagram (see diagram (1 )) 

summarizing the situation described by the wave functions (2-7,9): 

Ie ft barrier right 

1 1 ... ... 

.. 
Diagram 1 Diagram 2 

Each arrow corresponds toa travelling wave. A similar diagram describes the situation 

of an electron incident from the right (see diagram (2)) and if both diagrams refer to 

the same energy eigenvalue, the diagrams will not be unrelated to each ether. This 

ratatienship can be established by using the current uniformity proparty at both sides 

of the barrier. For the current carried in diagram (1) we obtain: 

(2-11) 
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where the left-hand side (right-hand side) is the current evaluated left (right) of the 

barrier. We can also calculate the current flowing trom 2 to 1, corresponding to 

diagram (2). This yields: 

(2-12) 

Because of microscopie reversibility, a property that will be derived in the next 

section, we have lrl = lrl. Wethen see trom (2-11) and (2-12): 

(2-13) 

Therefore, unless k1 x= k2 x, the transmission quantities I ti and 1~1 2 are different. . . 
When we want todetermine the total current through the junction, we have to subtract 

the current flowing to the left trom the one flowing to the right. This may become 

complicated when ltl ~ ltl. In many papers, this ditterenee is neglected but we 

emphasize that the sleetrical current formula then obtained is only valid for situations 

in which the kinetic energies in both reservoirs are almost equal, i.e. same Fermi 

energies and smal! voltages. 

2.3 One-dimensional electrical current 

In this paper we want to perform, within a given model, exact calculations of the 

tunnel current without making any further approximations. So we will be able to deal 

with situations in which the isolated reservoirs have different chemica! potantials and 

we will not restriet ourselves to smal! voltages. 

The general situation with respect to the potantials involved in the tunnelling is 

sketched in Fig. 2-3. First we want to derive trom first principles the microscopie 

reversibility property. For this we need time reversal symmetry, i.e. absence of 

magnetic fields. In that case the time-independent Schrödinger equation is a real 

equation and for every solution 'I' also '1'. is a solution. This means that the following 

four diagrams are all related to each other. Diagram (A) and (B) are similar to the 

ones considered in the previous section, but (C) and (D) are associated with the 
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CD 

® 

Fig. 2-3 General structure of the potentials involved in the tunnel/ing. 

Ie ft 

1 

barrier right 

Diagram (A) Definition of r1 and t2• 

1 ~· 

Diagram (C) e.c. of (A). 

1 -
Diagram (8) Definition of r2 and t1• 

1 -
Diagram (D) e.c. of (8). 

complex conjugate wave functions (i.e., with reversed arrows!). Now, diagram (C) can 

also be built up as a "linear combination" of diagram (A) and (B) (note, 
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[(A) - ;, (B)} r; " ( C) ) , th us i mplyi ng a relationshi p between r,, r,, t,, t, and r, ·, t,'. 

Working out this relationship and using the current uniformity property, we find: 

,,1, = ,,2, = ,,, ; 

jrj 2 + t1t; = 1 

k1t1 = ~t2 . 

(2-14) 

These are the desired relations. The first relation represents microscopie reversibility: 

the probability that an electron is transmitted through the barrier from reservoir 1, i.e. 

1 - lrl, is the same as the probability for the reversed process in which an electron 

is transmitted through the barrier from reservoir 2, i.e. 1 - lrl. 
Defining R = 1~2 as the reflection coefficient, the current (in the x-direction) in 

reservoir 1 carried by an electron with energy Ex canthen be written as: 

(2-15) 

(L 1 is the distance between two consecutive electrans with energy Ex, i.e. 1/L1 

equals the electron density at Ex) 

where we have multiplied the current by the Fermi-Dirac distribution function. The 

latter denotes the probability that the energy state Ex is occupied by an electron. 

The current carried by all electrans in reservoir 1 may be determined by 

integrating (2-15) over all states and summing over both spin directions. This results 

in a one-dimensional current in reservoir 1: 

(2-16) 

When a voltage Vis applied to reservoir 1 relatively to reservoir 2, we find tor the total 

current in reservoir 1 flowing towards the barrier: 

10 



(2-17) 

We equally derive the current in reservoir 2 flowing towards the barrier: 

(2-18) 

The net one-dimensional tunnelcurrent is equal to the difference between (2-17) and 

(2-18): 

co 

lx(V) = ..!!...fdEA1 - R(Ex))[f1(Ex-eV)- f2 (Ex)] 
1t'h 

-Jl, 

(2-19) 

in which -J.li = max{ -JJ.1 + eV, -JJ.2 }, because electrans with energies Ex < ·J.li incident 

from one reservoir upon the barrier are totally reflected because there are no energy 

states in the other reservoir available. 

lt will be instructive to derive formulas tor T = 0, since these are aften quite 

simpterand appropriate for qualitative choices. The factor ~(Ex·e\1) - f2(Ex) in (2-19) 

then reduces to: 

f1 (Ex- eV) - f2 ( E) = 1 

~(Ex-eV)- f2 (Ex) = 0 

0 < Ex< eV , 

else . 

Substituting this into (2-19), we find tor the tunnelcurrent at T = 0: 

eV 

IAV) = ..!!._ fdEx(1 -R(Ex)) 
7t'h 0 

(2-20) 

(2-21) 

Globally, if we assume that the reflection coefficient only slightly depends on Ex, the 

current depends linearly on the applied voltage as can be seen by integrating (2-21) 

with R(J;) = R = constant: 

11 



2 
JAV) = _:_(1 -R)V . 

1t'h 
(2-22) 

However, in this paper we will make exact calculations of the tunnelcurrent by 

integrating equation (2-21) numerically, taking into account the energy dependenee of 

the reflection coefficient. 

This concludes the one-dimensional problem. Si nee a tunnel ju netion is actually 

a three-dimensional configuration, we also have to include the lateral motion of the 

electrans to obtain the total tunnelcurrent. This will be done in the next section. 

2.4 Three-dimensional tunnelcurrent 

Coming out of the reservoir, electrans also propagate in the plane parallel to 

the barrier. For the total current we must take into account this lateral motion. 

Therefore, we must solve the three-dimensional Schrödinger equation. Because the 

potential U(() varies only in the tunnel direction, we can separate the Schrödinger 

equation into a one-dimensional equation, describing the transversal tunnelling motion 

through the barrier, and an equation for the lateral motion: 

(2-23) 

where E1 denotes the kinatic energy of the electron corresponding to its lateral motion. 

This equation can be solved by trying plane-wave solutions with waveveetors kv and 

k2 , satisfying the relation: 

'h
2 ( 2 2) E1 =- ky + kz , 

2m 
(2-24) 

where E1 = E- Ex with E the total energy of the electron. 

The lateral motion by itself gives no contribution to the current, but it increases 

the effective density of states involved in the one-dimensional tunnelling. The total 

tunnelcurrent is obtained by summing the one-dimensional tunnelcurrent over all 

possible states associated with the lateral motion of the electrons. That is, we multiply 

12 



the one-dimensional tunnelcurrent contribution at Ex with the two-dimensional density 

of states, i.e. mA , where A is the contact area between each reservoir and the 
2x'h2 

barrier. Finally, we realize that in ~ and t2 we now must replace Ex by the total energy 

Ex + E,, and then integrate over all possible energies E,, obtaining: 

As mentioned above, the reflection coefficient Ris only determined by the motion of 

the electron in the tunnel direction, so R = R(Ex). We can perfarm the integration over 

E, yielding a rather complicated expression for the tunnelcurrent at T '# 0 

[Schevicoven]. 

However, as in sectien 2.3, it is more instructive to derive an expression for the 

tunnelcurrent at T = 0. To that end, we must insert the Fermi-Dirac functions at T = 0 

in the equation of the tunnelcurrent (2-25) before performing the integration over E,. 

As in (2-20), the factor [~(Ex + E,- eV) - t2(Ex + E1)] equals unity only for 

0 < Ex+ E1 < eV and vanishes else. Since E1 is positive (see (2-24) this condition 

implies: 

-Ex< E1 < eV- Ex 

0 < E1 < eV- Ex 

tor-~< Ex< 0 

tor 0 < Ex< eV 
(2-26) 

In fact, these energy ranges define the integration intervals in the expression for the 

tunnelcurrent (2-25). Pertorming the integration over E1 , we obtain: 

(2-27) 

The tunnelcurrent consists of two terms. The first term arises from electrans with 

negative I;, which still can contributs to the net tunnelcurrent due to their large E1. 

The secend term arises from electrans with positive Ex. 

13 



Globally, the first term depends linearly on the applied voltage, while the secend 

term implies a quadratic dependance. Th is can be seen by integrating (2-27) over E;, 

assuming R(Ex) = R = constant: 

(2-28) 
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Chapter 3 Quasiparticles 

3.1 lntroducing the Bogoliubov equations 

In the previous chapter we have examined electron tunnelling in 

MIM-heterojunctions and we have calculated the tunnalling probability by solving the 

time-independent Schrödinger equation for this contiguration at various different 

energies. lf one of the metals is replaced by a superconductor (S), we obtain an 

MIS-heterojunction, for which the /-V characteristics (for T < ~) will be different 

because of the energy gap typical for the superconductor. 

To calculate the current through an MIS-heterojunction, we need nat only to 

know the probability density for tunnelling of one electron, but also for the 

corresponding partner electron needed to form the Cooper-pair in the superconductor. 

This secend electron, when taken out of the metal Fermi sea, leaves behind a hole, 

travelling in the opposite direction. Therefore, the tunnelling electron is accompanied 

by a "reflected" hole. This explains, tagether with the name of the Russian physicist 

[Andreev] who first predicted this effect, why the name Andreev reflection was given 

to this phenomenon. 

In fact, the picture in which two correlated electrans tunnel from the metal 

region into the superconductor is completely equivalent to the picture of one electron 

which apart from tunnelling in the ordinary way is simultaneously reflected as a hole. 

In this latter picture, the hole is treated as a response on the electron. One might think 

that two Schrödinger equations must be solved now: one for the electron and one for 

the hole. This turns out to be correct provided that one takes into account the coupling 

between the electron and the hole imposed by the Cooper-pairing. 

lt was Bogoliubov (see [de Gennes]) who derived two coupled Schrödinger 

equations describing the excitations in a superconductor. Cooper-pairs, being part of 

the superconductive condensate, are not excitations themselves. Therefore, the 

Bogoliubov equations do not describe Cooper-pairs, but rather the correlated 

electron-hole pair in the above sense. 

15 



where 

The time-dependent Bogoliubov equations can be written as [de Gennes]: 

( ~ ~(r)l'J . a('] ~·(r) -~ g = t'hat g ' 

'h2 
~ = --V2 + U( r) - EF 

2m 

(3-1) 

(3-2) 

is the Hamiltonian of an electron in a potential U(tj relatively to the Fermi energy EF 

in the superconductor. Furthermore ~(r) is the coupling constant, which might be 

chosen real1 [Parks]. The salution vector (;),of these coupled equations describes 

a quasiparticle, where f denotes the elec ron part and g the hole part of the 

quasiparticle. 

Both the Hamiltonoperator ~ and the coupling constant ~ can depend on 

position. For instance, in the bulk of a metal no energy gap exists, implying ~ = 0, 

whereas in the bulk superconductor ~ = ~ = constant:~: 0. In case of an MS-junction 

the proximity effect [Son] tells us that ~ will gradually increase from zero in the bulk 

metal to its final value ~ in the bulk superconductor. For the sake of simplicity one 

could also model this situation by an abrupt step from 0 to ~ at the interface. 

Also the potential and the chemica! potential can be position dependent (see 

Fig. 3-1 ). Although, in thermal equilibrium there must be one chemica! potentialJl 

throughout the entire structure (which we can substitute for EF in (3-2)), the bottorn of 

the conduction band may be different in different areas. In case of an applied voltage 

bias, the chemica! potantials at both sides of the barrier will differ and we substitute 

for EF the chemica! potential lls in the superconductor. 

1The existence of the phase in a uniform superconductor which is in a stationary 
state is connected with the indefiniteness of the number of Cooper-pairs. Different 
phases correspond to different descriptions of the same state, and this can be 
exploited to obtain states with a definite number of Cooper-pairs. There is no virtue, 
however, in using statas with definite number of Cooper-pairs, so we shall fix the 
phase of ~ so that ~ is real. 
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"metal" "insulator" "superconductor" 

U(t) 
~=0 "-

( 
.------- J.ls + ~ 

Jls 
.....__ _____ J.ls - ~ 

Fig. 3-1 11/ustrating the position-dependent quantities occurring in the 

Bogoliubov equations. 

In the normal-metal case there is no coupling (~ = 0) and the equation 

corresponding to the upper row in (3-1) reduces to the usual Schrödinger equation for 

an electron described by the wave tunetion t. Simultaneously, the lower row in (3-1) 

reduces to the time-reversed Schrödinger equation. A partiele satisfying the 

time-reversed Schrödinger equation (in the absence of magnatie fields) moves in the 

opposite direction of a partiele satisfying the original Schrödinger equation with the 

same momentum. This proparty also applies to a hole. 

To see this, consider a one-dimensional metal whose energy levels are all 

occupied up to the Ferm i level at T = 0. In Fig. 3-2 the dispersion re lation of this metal 

is shown. All levels with positive and negative k are equally occupied, so I, k = 0. An 

electron with momenturn nk > 0 will propagate in the positive x-direction, because the 

direction of its group velocity is determined by the slope of the dispersion relation 

which is positive. Suppose this electron is taken away trom the Fermi sea. The total 

momenturn of the Fermi sea is now equal to -'hk and this momenturn will be attributed 

to the hole. But the hole, as a matter of course, still moves in the same positive 

direction as the original electron would have done. Furthermore, when an electron with 

energy -E relatively to the Fermi level is taken away trom the Fermi sea, the total 
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k 

Fig. 3-2 Dispersion relation tor electrans (heavy) and holes (solid) in a normal 

metal. The hole 0 is created by taking away an electron e trom the Ferm i sea. 

energy of the Fermi sea that is left equals E and this energy will be attributed to the 

hole. Fig. 3-2 also shows the dispersion relation for holes. 

3.2 Quasiparticles in a homogeneaus bulk superconductor 

In a superconductor the coupling between an electron and a hole is described 

by f1 (> 0) and the quasiparticles correspond to solutions of (3-1 ). Si nee U(r) and fi(r) 

are time-independent, we consider the stationary Bogoliubov equations. Substituting 

(; J- (~;;}-~·in (3-1), we obtain 

( ~ f!(r)J(u(r)J = E(u(r)J (3-3) 
f!(r) -~ l v(r) l v(r) 

with E = 'hro is the energy of the quasipartiele relativa to EF. 

Assume first U and f1 constant, independent of r (l.c. we will deal later with 

more general cases). We are then interestad in one-dimensional plane wave solutions 

of (3-3) of the ferm: 
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(u(x)J = (UoJeïkx , 
v(x) v0 

(3-4) 

describing a freely moving quasipartiele (~:) with wavenumber k. Substituting (3-4) in 

(3-3), we obtain an eigenvalue problem with eigenvalue E and corresponding 

eige~functions (~:} Solving the eigenvalue equation yields !he dispersion relation lor 

quasrpartrcles: 

or, equivalently, 

Ir~ (~~r J EF- U±/E
2
-A

2 

In Fig. 3-3 this dispersion relation is shown . 
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Fig. 3-3 Dispersion relation tor electron-like (K) and hole-like (k) 

quasipartie/es in a superconductor (solid). Also shown is the 

dispersion relation tor electrans (dashed) and holes (dotted) in a 

normal metal. 
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Si nee in the Bogoliubov formalism we describe excitations, we will consider the 

case E > 0 only. We see that an energy gap has been established: there are no 

solutions for E < .1 of the simple farm (3-4) with real valued k. For E >> .1, the 

dispersion relation approximates the one for uncoupled electrans and holes (see 

Fig. 3-3). In the intermediate region, E > .1, electrans and holes are coupled in 

electron-like (k+) and hole-like (k) quasiparticles. Again the slope of the dispersion 

relation determines the group velocity of the quasiparticles. We see that an 

electron-like quasipartiele with positive momenturn r.k+ moves in the positive x-di reetion 

(like an electron) while a hole-like quasipartiele with positive momenturn r.k· moves in 

the negative x-direction (like a hole). 

Furthennore, the eigenstales (~:I corresponding to the eigenvalue E can be 

determined by insartion of (3-4) and (~6) in (3-3), and, additionally, imposing the 

normalization condition: 

(3-7) 

The general salution of (3-3) fora plane wave propagating in the x-di reetion can 

then be written as a sum over the tour stationary states corresponding to the 

waveveetors ±Ir, i.e. 

(3-8) 

with 

(3-9) 

(3-10) 

The first and second term in (3-8) describe electron-like quasiparticles, moving to the 

right (first term) and to the left (second term). The third and fourth term in (3-8) 
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describe hole-like quasiparticles moving to the left (third term) and to the right (fourth 

term). 

In the normal-metal case,~= 0, the electrans and holes are uncoupled. But we 

can still write their wave functions in the two-element column vector notatien of (3-8). 

Substituting ~ = 0 into (3-9) and (3-1 0), we obtain: u0 = 1 and v0 = 0. Thus, an electron 

is represented by a column vector ( ~ ) and a hole by a column vector ( ~). In this 

case, (3-8) can obviously be written m the form . 

(3-11) 

where (substitute ~ = 0 in (3-6)) 

(3-12) 

is the wavevector of an electron outside (ko + > kF) or inside (ka- < kF) the Fermi sea. 

The first (second) term in (3-11) describes an electron rnaving to the right (left) and 

the third (fourth) term describes a hole rnaving to the left (right). 

We will now examine the quasipartiele excitations in a superconductor in more .. 
detail. Let us examine first the electron-like quasipartiele described by the "spinor" 

( ~: 'le;,., and alter that the hole-like quasipartiele described by the spinor ( ::} e-;h 

In Ya~t, these terms will turn out to be the only relevant terms in the situations studied 

by us. We reeall that in a superconductor there is a certain probability that an electron 

with energy Ee > ~ (relatively to EF) and wavevector ko + farms a Cooper-pair with a 

second electron, taken from the Fermi sea of electrons (see Fig. 3-4.a). At the position 

of the removed electron a hole is left (see Fig. 3-4.b). Si nee a Caoper-pair has energy 

(relatively to EF) equal to zero, conseNation of energy requires that this second 

electron must have energy -Ee. Since in the Caoper-pair the electrans have opposite 

momenta, this second electron must have a negative wavevector, i.e. -ko-. The hole 

that is left then has the opposite, i.e. positive, energy and wavevector. 
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(a) (b) (c) • 
----------------------~-----------------------------· 

Fig. 3-4 11/ustrating the excitation of an electron-like quasiparticle. 

This shows that we can consider the Fermi level to define a mirror-plane: an 

electron with energy Ee above the mirror-plane couples with an electron with the same 

energy below the plane. Note, in passing by, that this is precisely the reason for 

measuring the energy of all particles with respect to the Fermi level. 

Since the probability that a Caoper-pair is created is equal to lvi [de Gennes], 

there will be established a stationary state in the superconductor, consisting of a hole 

(fraction lv0 j2), which has been created due to the formation of a Cooper-pair, and an 

electron (fraction 1 - lv0l2 = lui) (see Fig. 3-4.c). This combined electron-hole pair is 

referred to as electron-like quasiparticle. (Th is is connected tothefact that lui> 1 vi). 
The sum of the electron-fraction and the hole-fraction of the quasipartiele is equal to 

lui+ lv012 
= 1, as it should in accordance with the normalization condition (3-7). 

We reeall that the above-described creation of a hole-fraction goes hand in 

hand with the creation of a Caoper-pair fraction adding to the superconducting 

condensate. However, in the quasipartiele description this Caoper-pair will not be 

explicitly dealt with. lf we excite an electron-like quasipartiele by inserting an electron 

with Ee > .1 in a superconductor (for instanee through point-contact injection from a 

normal metal in an MS-junction [Blonder]), we must bear in mind that parallel to this 

electron-like quasipartiele also a Caoper-pair fraction is being created. 

The expression for the wavevector K of our quasipartiele has already been 

derived (see (3-6)). This can be rewritten as: 
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(3-13) 

where we have substituted J E 2 -ll2 = E( I u0 1
2 

- I v0 1
2

}. lt may be challenging to try 
an interpretation of equation (3-13), in termsof the contributions of the electron- and 

hole-fractions to the kinatic energy of the quasiparticle. Ganservation of energy then 

implies that the "internal kinatic energy" of the Caoper-pair must be given by: 

(3-14) 

Next we will examina more closely the hole-like quasipartiele described by the 

spinor (:: }e~;h_ A hole with energy E, > Li and wavevector ~~<.· can be created by 

taking an electron with energy -Eh and wavevector ko- from the Fermi sea (see 

Fig. 3-5.a). In a superconductor, there is a certain probability that a Caoper-pair is 

annihilated, while simultaneously the hole recombines with one of the two electrans 

in the pair, i.e. the electron with positive momenturn (see Fig. 3-5.b). Ganservation of 

energy requires that the second electron has energy Eh (because the other electron 

of the pair will have an energy -Eh in the Fermi sea) and a negative wavevector, i.e. 

-ko·. 

(b) 

Fig. 3-5 11/ustrating the excitation of a hole-like quasiparticle. 

Si nee the probability that the Caoper-pair is annihilated is equal to I v01
2 

[de Gennes], a stationairy state will be established in the superconductor, consisting 

of an electron (fraction 1 vi), which has been created due to the annihilation of a 

Caoper-pair and a hole (fraction 1 - lv012 = lul) (see Fig. 3-5.c). This combined 
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electron-hole pair is the hole-like quasiparticle. Again the sum of the hole-fraction and 

the electron-fraction of the quasipartiele is equal to ene. 

We remark that parallel to the above-described hole-like quasipartiele creation, 

there is also a Cocper-pair fraction lvl annihilated from the condensate in the 

superconductor. Therefore, if we excite a hole-like quasipartiele by inserting a hole 

with Eh> .1 in a superconductor (or, equivalently, by subtracting an electron with 

energy -Eh trom a superconductor), we must bear in mind that apart trom this hole-like 

quasipartiele there will be simultaneously annihilated a Cocper-pair fraction. 

Rewriting the expression for the wavevector K of the hole-like quasipartiele 

(3-6), we find for its kinatic energy: 

(3-15) 

In the special case E = .1, the quasiparticles consist of halfan electron-fraction 

and half a hole-fraction. This is concluded from the fact that lu0l2 = lv0l2 = Y2 when 

E = .1. Furthermore, we obtain for this case from (3-6): 

(3-16) 

Therefore, at E = .1, the quasiparticles are neither electron-like nor hole-like. However, 

it still makes a difference as to how the quasipartiele has been created. This can be 

done in two different ways, i.e. by injecting either electrens or holes. In the case of 

electron injection, two electrens make up ene additienat Cooper-pair, whereas in case 

of hole injection, two holes annihilate ene Cooper-pair. In any case, the two rasuiting 

quasiparticles carry no memory with respect to the way they were created. 

In the above we have examined the quasipartiele excitations with energy E ;;=: .1. 

What happens if 0 < E < .1? To determine this, we first remark that in that case the 

term J E 2 -.12 in the expression for the wavevector of the quasiparticles (3-6) will be 

imaginary and we can reptace it by iJ .12
- E 2 

• The wavevector is thus complex tor 

E < .1. Furthermore, k" and K are complex conjugates of each ether: 
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k' = K± iK = (2h~ J J Er U±iJt.' -E' 

Using this to determine u0 and v0 , we find: 

where 

<P = ~ arcca{ ~) . 

(3-17) 

(3-18) 

(3-19) 

(3-20) 

Apparently, the electron-fraction (lui= Y2) is equal to the hole-fraction (lvi = %) 

throughout the gap region. The phase angle <p will be explained in the next section. 

The general solution of the stationary Bogoliubov equation (3-3) for 0 < E < ~ can now 

be written as: 

The imaginary part K of the wavevector gives rise to a factor e±KX. For E < ~. we thus 

have plane-wave solutions for f and g which grow infinitely for x ~ ± oo. They can 

therefore describe a physical situation only in a finite region of space. 
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3.3 Quasipartiele currents 

We can deduce from the time-dependent Bogoliubov equations a conservation 

law for quasiparticles. To that end, define P(r,~ as the probability density for finding 

at time t a quasipartiele at position r. 

P(r,t) = I fl2 + lgl2 . 

Using (3-1) to evaluate a Plat we find (for U real): 

aP 
- + V·JP = 0 , 
at 

where we have defi ned a quasipartiele flux Jp 

JP = ~[ lm(t•Vf) - lm(g•Vg)] . 
m 

(3-22) 

(3-23) 

(3-24) 

We interpret (3-23) as the conservation law for quasiparticles. There are two 

contributions: one associated with t, i.e. the electron part which the quasipartiele is 

composed of, and one associated with g, i.e. the hole part. Note that the hole part 

enters the flux (3-24) with a sign eppesite to that of the electron part, justas it should 

fora "time-reversed" particle. 

Let us calculate the one-dimensional time-independent quasipartiele probability 

density P(x) and flux Jp(x) for an electron-like quasipartiele with E ~ L\ described by the 

spinor (~:}elk· x. lnserting the f and g components of this spinor in (3-22) and (3-24 ), 

we obtain: 

(3-25) 

(3-26) 

We see from (3-25) that lal2 denotes the density of these quasiparticles in the 

superconductor. Furthermore, (3-26) shows that the electron-fraction (lu0l2) of one 
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quasipartiele moves with velocity r.k+ to the right, while the hole-fraction (ivi) moves 
m 

with the opposite velocity to the left. The group velocity of the electron-like 

quasipartiele as a whole is now equal to the velocity of the "centre of mass" of the 

two-particle system, i.e. 'hk+ ( ju0 j2 - jv0 j2 ), which is positive: an electron-like 
m 

quasipartiele with positive wavevector k+ thus moves to the right (just as one would 

expect for an electron). 

Equivalently, fo r a hole-like quasipalti cle descri bed by the spinor ( ::} e-or x we 

obtain for E;:: A: 

(3-27) 

(3-28) 

He nee iöl2 denotes the density of these quasi particles in the superconductor. However, 

now the hole-fraction (lui) moves with velocity r.k- to the right and the 
m 

electron-fraction (I vi) with eppesite velocity to the left. The group velocity of the 

hole-like quasipartiele as a whole is again positive: a hole-like quasipartiele with 

negative wavevector -k thus moves to the right (just as one would expect fora hole). 

Notice that for E =A the group velocity of the quasiparticles is equal to zero, 

while the electron-fraction and hole-fraction still move in eppesite direction. 

Wh en studying electrical conductance, a conservation law for the quasipartiele 

charge is of more importance. Let us fellow [Blonder] and assign a negative unit 

charge e (= -1.6·1 o-19 C) to the electron and -e to the hole. The net charge density 

Q(r,t) of a quasipartiele is then defined to be: 

(3-29) 

Equivalently, using equation (3-1) to evaluate 'dOI'dt, we find: 

()Q + V·JQ = 4eA lm(f*g) , 
at r. 

(3-30) 

where we have defined the quasipartiele current density J0 
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J
0 

= e'h [ lm( f•Vf) + /m( g·Vg)] . 
m 

(3-31) 

Both the electron and hole contributions to the quasipartiele current enter with the 

same sign in equation (3-31 ): the hole moves in a direction opposite to the electron 

with an opposite charge -e contributing, therefore, a net charge e to the quasipartiele 

current. 

The term on the right in equation (3-30) is a souree or drain term tor 

quasipartiele charge: it describes the creation respectively the destructien of 

quasipartiele charge density per unit of time at position r. Si nee total charge is always 

conserved, the destructien (creation) of quasipartiele charge density is accompanied 

by the creation (destruction) of Cocper-pair charge density. Using the right term in 

(3-30) we can thus write tor the change in the Cocper-pair charge density dQ
5
(r) 

during a time dt 

(3-32) 

This change in the Cocper-pair charge density is associated with a change in the 

current density J5 carried by the superconducting condensate as expressed by the 

relation: 

V·J = dOS 
s dt ' 

(3-33) 

which is in tact a creation law tor Cocper-pair charge. Combining (3-32) and (3-33) we 

obtain the following relation determining the current density J5 : 

(3-34) 

For stationary solutions of the Bogoliubov equations, we have ()QJ()t = 0 and 

(3-30) reduces to (using (3-34)): 
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(3-35) 

Therefore, the total sleetrical current density J0 + J5 is uniform in the entire system. 

For an MS-junction this implies that we can determine the current either in the metal 

or in the superconductor, in both cases yielding the same result. Since in the metal 

J5 = 0 (because .1 = 0 in the metal), it will obviously be much simpler to calculate the 

current in the metal than in the superconductor. 

Let us calculate the one-dimensional time-independent quasipartiele charge 

density Q(x) and current J0 (x) for an electron-like quasipartiele with E;::: .1 described 

by the spinor ( ~:} e;,.,. lnserting the f and g components of this spinor in (3-29) and 

(3-31 ), we obtain: 

(3-36) 

(3-37) 

Equation (3-37) shows that we can assign a net charge e to the electron-like 

quasiparticle, moving with positive group veloctity 'hk+ to the right. 
m 

Equivalently, tor a hole-like quasipartiele described by the spinor (:: }e-;'"' we 

obtain: 

(3-38) 

(3-39) 

Hence we can assign a net charge -e (i.e. a hole) to the hole-like quasiparticle, moving 

to the right, or a net charge e (i.e an electron), moving to the left. 

lt is important to note that, for E = .1, the sleetrical current carried by the 

quasiparticles does not vanish, although the group velocity of the quasi particles equals 

zero. 
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Furthermore, we can compute that, for both an electron-like and a hole-like 

quasipartiele with E;;:: ~. the right-hand term in (3-30) vanishes which implies that the 

electrical current is entirely carried by the quasiparticles themselves. The Cooper-pairs, 

which are created or annihilated when these quasiparticles are excited, apparently do 

not contribute to the sleetrical current. 

Let us now calculate in exactly the same way P(x), Jp(x), Q(x) and J0 (x) for 

quasiparticles with 0 < E < ~. For quasiparticles described by one of the spinors in 

(3-21), in example (V2/2 ei<plaeiKxe-KX, we obtain: 
V2/2 e-t<p, 

p = la 12 e-2Kx , (3-40) 

(3-41) 

(3-42) 

(3-43) 

We see that both Jp and Q are equal to zero since the electron-fraction and 

hole-fraction of the quasiparticles contributs each in the opposite way to these 

quantities. Further, P exponentially decreasas with x. Therefore, we may say that the 

quasiparticles are located in a small region (order (2KY1
) in the superconductor near 

the interface (x= 0) between the superconductor and, in example, a normal metal. 

The electrical current J0 carried by the quasi particles a lso exponentially decreasas with 

x, hence it is mainly restricted to this reg ion. Outside this reg ion, for x >> (2K)-1
, it will 

be carried by the Cooper-pairs in the condensate. 

To see this, substitute the components f and g of the quasiparticles in (3-34). 

This yields: 

(3-44) 
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lntegrating this over x and setting Js(O) = 0 (since there are no Cooper-pairs entering 

the superconductor from the normal-metal side) we find aftersome manipulations: 

(3-45) 

Gomparing this with (3-43) we see that for increasing x the disappearing quasipartiele 

current reappears as a current carried by the Cooper-pairs. 

One might wonder: why do Cooper-pairs, accompanying quasiparticles with 

E < ..1, give rise to a Cooper-pair current Js, while Cooper-pairs, accompanying 

quasiparticles with E > ..1, do not? To answer this question, we notice that, as 

described by the creation law (3-33), a Cooper-pair current arises only when a 

Cooper-pair charge density dQs(x) is created during a finite time dt. Since both for 

E < ..1 and E > ..1, a Cooper-pair charge density is created, the actual appearance of 

the Cooper-pair current is determined by the time during which the Cooper-pair charge 

density is created. To answer the above posed question, we thus have to find an 

expression for dt. 

To that end, we examina the right term in (3-44) in detail. Combining (3-34), 

from which we derived (3-44), with (3-32), we conclude that this term equals dQs(x)/dt, 

where dQs(x) is the Cooper-pair charge density accompanying the specific 

quasiparticles, which are described by the spinor ~Y2{'i e;<r> Ja éKx e-Kx. lf wedetermine 
V2[2 e-i<p 

explicitly an expression for this charge density d s(x), we can extract from (3-44) an 

expression for dt. 

As mentioned earlier, each of these quasiparticles is accompanied by a 

Cooper-pair fraction 1 vi = Y2. Si nee the charge of one Cooper-pair is 2e, the charge 

of this Cooper-pair fraction equals Y2·2e. Furthermore, we see from (3-40) that the 

probability density for finding at x quasiparticles described by this spinor equals 

ja 12 e-hx. He nee the accompanying created Cooper-pair charge density at x during 

dt is given by dQ5(x) = Y2·2e·jaj 2 e- 2 'a. Combining this with (3-44) we may conclude 

that this charge density apparently is created during a time: 
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v/12- E2 
where we have substituted sin(2<p) = ~--

11 

(3-46) 

To explain this expressiontor dtfrom another point of view, we will examina the 

effect of the phase factor <p appearing in the spinor (%/2 eirp]aeiKxe-Kx. lt is a general %/2 e-irp 
feature for plane waves which describe particles, that an dditional phase factor <1> 

between the incident and reflected waves corresponds to a time delay t between 

incidence and reflection, given by (see [Cohen]): 

t = 'h~ 
"dE 

(3-47) 

In our case, there is a relativa phase shift -2<p between the wave tunetion 

descrihing the electron-fraction and the wave tunetion descrihing the hole-fraction in 

the superconductor. This phase shift imposes, as a matter of course, a same phase 

shift -2<p between the wave tunetion descrihing the incident electron in the metal and 

the wave tunetion descrihing the reflected hole in the metal. Using (3-47), we find for 

the associated delay timet: 

(3-48) 

where we have differentiated <p = V2arccos(E/11). Thus it takes a timet before the hole 

is reflected into the metal. Physically, this delay is due to the fact that the probability 

of pressnee of quasiparticles with E < 11 in the superconductor is not zero, since they 

are described by evanescent plane waves. lt can be said that they spend a time of the 

order t in the superconductor. 

Since electron-like quasiparticles create Cooper-pairs, there is during this time 

talsoa created Caoper-pair charge density 0 29{x) (corresponding to Cooper-pairs with 

charge 2e) present in the superconductor. This yields a created Cooper-pair charge 

density per unit of time equal to 0 29(x)/t. After the time t, the hole is reflected into the 

metal, while no quasiparticles are left behind in the superconductor. Furthermore, the 
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created Cooper-pair charge density has now increased the Cocper-pair current as 

expressed in (3-33). 

In the above we have derived an expression for dQ5 (x), denoting the creation 

of Cooper-pair charge density during time dt corresponding to Cooper-pair fractions 

with charge e. Hence dQ5 (X) = Y2029(x). The charge density dQ5(x) increases the 

current Js with the same amount as Q29(X) does, provided that it is created during a 

time dt = Y2t, since then d05(x)/dt = Q29(x)/t. Gomparing (3-46) with (3-48), we indeed 

find dt = Y2t, justifying our assumption about dt (3-46). 

Frem (3-48) we find: t ~ oo for E ~ .1. This means that if E ~ .1 the time the 

quasiparticles spend in the superconductor befere the hole is reflected increases. 

Since for E ~ .1 the wave function describing the quasiparticles is less evanescent 

(K ~ 0), the quasi particles can penetrate further in the superconductor and thus spend 

more time in the superconductor. From (3-44) we find for E ~ .1: aJ/ax = 0, hence 

J5 (X) = constant = J5 (0) = 0 (since no current Js enters from the metal). Thus J5 

decreasas for E ~ .1. 

Until now we have explained why a current Js arises for quasiparticles with 

E < .1. For E > .1, electrens incident frem the metal onto the superconductor are either 

directly reflected as normal electrens or holes in the metal, or they excite 

quasiparticles in the superconductor. These quasiparticles are now described by 

travelling plane waves, hence they can propagate in the superconductor and, if we 

assume that the superconductor is very large, they can spend an infinite time in the 

superconductor and they are not reflected as holes in the metal. This means that the 

created charge density per unit of time at x, i.e dQ5 (x)/dt, vanishes for E > .1, hence 

no current Js results. Frem (3-25) we conclude that for E > .1 the quasi particles are 

uniformly distributed over the ent!re superconductor. This then also applies for the 

created Cooper-pairs. 
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Chapter 4 Metal To Superconductor Tunnelling 

4.1 Introduetion 

We will now examine the coherent tunnelling of electrens and holes through a 

barrier in a metal-insulator-superconductor (M-1-S) heterojunction. Similar to an 

MIM-heterojunction (see chapter 2), we model the metal as a reservoir of free 

electrans with chemica! potential f..l1.0 and the insuiator as a potential barrier, 

approximated by a linear interpolation between the effective workfunctions of the metal 

and the superconductor. We refer to chapter 2 for an extensive discussion on the 

potential barrier. The superconductor is characterized by an energy gap of width 

E
9

ap = 2~: for energies within this gap, there are no free electron states (see Fig. 4-1 ). 

metal banier superconductor 

E 

Fig. 4-1 Energy diagram of the MIS-heterojunction in thermadynamie 

equilibrium. 

However, in the center of this gap at the chemica! potential fl2.o of the isolated 

superconductor, we have a Bose-Einstein condensate of coupled two-electron states, 

i.e. the Cooper-pairs. In the groundstate of the superconductor we have a "valence 

band" (semiconductor model) tilled with electrans for energies below the gap. But if 

we excite an electron to an energy above the gap, it will be unstable against the 
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formation of an electron-like quasiparticle. At the same time, there is a hole excited 

when the electron is removed. This farms a hole-like quasiparticle. Therefore, we have 

to describe the energy states outside the gap in termsof quasiparticles whenever we 

deal with the superconductor in an excited state. 

The respective equilibrium distributions of electrons, holes and quasiparticles 

in each of the two reservoirs are again given by the Fermi-Dirac distribution functions. 

lf the system is in thermal equilibrium and no voltage is applied, the tunnelling 

electrans and holes will establish a situation of dynamic equilibrium with chemica! 

potentiaiJl, if the barrier is thin enough. On the other hand, when a voltage is applied, 

we again assume (as in chapter 2) that each reservoir will still be in its own equilibrium 

state, so that the Fermi-Dirac distribution functions, one in each reservoir, can still be 

used. 

lt is assumed again, as in chapter 2, that after leaving the metal an electron or 

a hole propagates fully coherently in the barrier. When an electron (hole) with energy 

E > 0 arrives at the superconductor, an electron-like (hole-like) quasipartiele is excited. 

Each quasipartiele consists, in fact, of a coupled electron-hole pair. In the previous 

chapter we have seen that the wave propagation of these quasiparticles in the 

superconductor is described by the Bogoliubov equations. We have solved these 

equations in the bulk superconductor, where ~ = L\, = constant. 

In this chapter we will examina the coherent propagation of a quasipartiele from 

a region where ~ = 0 (i.e. a metal or a barrier) into a region where ~ = L\, (i.e. a 

superconductor). 

4.2 The matrix method 

Let us consider an electron with energy E > 0 incident from the metal on the 

barrier. Th is electron will either be reflected ( normal-electron reflection) or transmitted 

to the superconductor, where it will be Andreev-reflected into a hole to a certain 

extent. To determine the normal-electron reflection coefficient and the 

Andreev-reflection coefficient as observed in the metal, we have to solve the stationary 

Bogoliubov equations with ~ = ó(x), describing the one-dimensional quasipartiele wave 

propagation in the entire structure: 
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'~'~2 a2 
---+U(x)-~5 2max2 

~(x) 

(4-1) 

where U(x) describes the energy-level of the conduction band minimum in the system 

and ~s is the chemica! potential of the superconductor (see Fig. 4-1 ). The energy E 

of the guasiparticles is measured with respect to U5 • 

lt may be clear that this equation can not be solved analytically for arbitrary .1(x) 

and U(x). Therefore we will make an assumption about ~(x) and U(x): divide the region 

of the structure where these two functions vary with x in sufficiently small steps and 

assume that we can replace in each step the functions by constants. In other words, 

we replace ~(x) and U(x) by multistep functions of x (see Fig. 4-2), where the number 

of steps will be chosen sufficiently large so as to obtain accurate results. 

1 2 3 

Fig. 4-2 Representation of an arbitrary tunetion f(x) by a multistep function. 

We can now solve the Bogoliubov equations step by step. For one given step, 

the problem has already been treated in chapter 3. The general solution in each step 

is a coherent mixture of the four eigen-solutions in that step (i), with coefficients ai, ~i• 

'Yi and ~: 

(u(x)J = (Uo,;)a.ék;x + ~-e-ik;x} + (Vo,;)y.eik,-x + B.e-ik,-x} 
V(X) V. . I I U . I 1 

OJ ~~ 

(4-2) 
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Since we assume coherent propagation of the wave tunetion throughout the 

structure, the solutions in two adjacent steps must be connected by the boundary 

conditions: both the wave tunetion and its derivative are continuous at the interface 

between the two steps. (These boundary conditions can be derived trom the 

time-independent Bogoliubov equations (4-1 ).) 

Let us apply these boundary conditions to the wave functions in two adjacent 

media (1) and (2) attached at x= a. lf we write this in the tollowing matrix 

representation, where (a1 ~1 y1 81) and (~ ~2 y2 82) denote, in fact, the wave tunetion 

in media (1) respectively (2) at x= 0: 

a2 a1 

~2 ~1 (4-3) 
= ~~2 

'Y2 'Y1 

82 81 

the matrix Y1 ~2 describes the re lation between the four coefficients in medium (1) and 

(2). lt can be expressed as a product of three multiplied matrices: 

(4-4) 

where 

uo,2 - vo.2 
Uo,2 vo.2 

k; k; 

uo.2 vo.2 uo.1 Uo,1 vo.1 vo.1 
Uo,2 - vo.2 -

= M2.
1 

M1 
1 k; k; vo.1 vo,1 Uo,1 Uo,1 

M21 = 
2 ( u;,2 - Vo.2) 

- Vo,2 Uo,2 - vo.2 uo.2 uo.1 k1. - U0,1 k1• vo.1 k1- - vo.1 k1-

k2. k2. Vo 1 k1+ - vo,1 k; Uo1 k1 - U0 1 k1 

- vo.2 Uo,2 
vo.2 Uo,2 

k2. k2. 

and 
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eik; a 0 0 0 

0 e-ik,'a 0 0 
T = t,a 

eik,-a 0 0 0 

0 0 0 e-ik,-a 

We interprete (4-4) as fellows: the translation matrix ~.a translates the wave 

tunetion in medium (1) at x= 0, i.e. (a1 ~1 y1 Ö1), to the interface at x= a between the 

two media. The matrix M21 describes the conneetion of the wave functions in 

medium (1) and (2) at x= a and, finally, the inverse translation matrix 12.~ translates 

the wave tunetion in medium (2) from x= a back to x= 0. 

We thus have found a matrix formalism to calculate the coefficients of the wave 

tunetion in medium (2) if the eerrasponding coefficients in medium (1) are known. Let 

us apply this formalism to the wave tunetion in each step (see Fig. 4-2). lt is obvious, 

that when performing the matrix multiplication (4-3), using (4-4), at each interface 

between two adjacent steps we finally arrive at the four coefficients (a5,~5 ,"f5 ,Ö5) in the 

superconductor expressed in termsof the four coefficients (<Xm.~m.'Ym•öm) in the metal: 

as am 

~s ~m 
= ~ot 

'Ys 'Ym 

(4-5) 

ös Öm 

where 

(4-6) 

The calculations where done using a computer-program. 

We will explicitly deal with situations in which an electron with energy E is 

incident from the metal on the barrier. This incoming electron can produce outgoing 

particles only. This implies am = 1, öm = 0, ~s = 0, 'Ys = 0, hence the wave tunetion in 

the metal can be written as: 
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(u(x)J (1 J ik· x (1 J -ik· x (0} ;k-x 
v(x) = 0 e m + 0 ~me m + 1 me m 

(4-7) 

and in the superconductor as: 

(4-8) 

where the respective coefficients ~m• Ym• as and Ö5 denote at x= 0 the amplitude of the 

wave tunetion of the reflected electron in the metal (~m), of the Andreev-reflected hole 

in the metal (Ym), of the transmitted electron-like quasipartiele in the superconductor 

(~) and of the transmitted hole-like quasipartiele in the superconductor (Ö5). 

Equation (4-5) assumes now the following form: 

as = ~1 + ~2 ·~m + Y13 "Ym 

0 = y21 + Y22 • ~m + Y23 "Ym (4-9) 
0 = y31 + Y32 ·~m + Y33 "Ym 

os = y41 + Y42 • ~m + Y43 "Ym 

The amplitudes ~m and Ym can be determined from the second and third equation in 

(4-9). We find: 

~m 
y23. y31 - y33. y21 

= 
y22. y33 - y;3. y32 

Ym 
y32. y21 - y22. y31 

= 
y22. y33 - y23. y32 

Substituting these in the first and fourth equation in (4-9), we find: 

as = ~ 1 + ~ 2 • ~ m + ~ 3 • y m 

Os = Y41 + Y42 ·~m + Y43 "Ym 

(4-1 0) 

(4-11) 

From these amplitudes, we can now determine the respective reflection and 

transmission coefficients R, A, C and D of the four possible processes. These 

coefficients are defined, respectively, as the probability that the incident electron is 
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reflected as a normal electron (R) or as a hole (A) in the metal, or that it is transmitted 

as an electron-like quasipartiele (C) or as a hole-like quasipartiele (0) in the 

superconductor. From the conservation law of quasiparticles (3-23), which requires 

that in the stationary case the quasipartiele flux in the metal and in the superconductor 

is the same, we derive the following relations: 

1 - R - A = C ( u~ - Va ) + D ( u~ - Va ) 

1-R-A=O 

(E > ~) 

(E < ~) 

(4-12) 

where we have defined the normal-electron reflection coefficient R = l~ml2 , the 

Andreev-reflection coefficient A= 1Yml2(km-/km .. ), the electron-like quasipartiele 

transmission coefficient C = lal(~ .. lkm .. ) and the hole-like quasipartiele transmission 

coefficient D = loi(~-lkm .. ). These coefficients depend, for a given structure, on the 

energy E of the incident electron. (In the next section we will examina them as a 

tunetion of E for some specific structures.) Equation (4-12) describes a re lation 

between them, regarding conservation of quasiparticles. 

Equivalently, we can derive a re lation between the coefficients on account of 

conservation of sleetrical current density. We have seen in chapter 3 that the sleetrical 

current density in the metal and in the superconductor is the same, provided that we 

include the current Js carried by the condensate in the superconductor. This yields the 

following relation: 

1 - R + A • C - D + 2u0 v0 [ k; :~ k; )Re(ö·ae''';•k;>x) 

1-R+A=C-D 

(E > ~) 

(E < ~) 

(4-13) 

Equation (4-12) tagether with (4-13) will be used when examining the reflection 

and transmission coefficients of the four processas in specific structures (see next 

sections). 

Let us now determine the sleetrical current through an MIS-heterojunction. For 

convenience, we will determine the current in the metal-side. Substituting (4-7) in 

(3-31) we can derive, similarly as in chapter 2, an expression for the one-dimensional 

sleetrical current at T = 0: 
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eV 

/(V) = ~ JdE(1 - R(E) + A(E)) 
1t~ 0 

(4-14) 

Gomparing this with the one-dimensional sleetrical current in an MIM-heterojunction 

(2-21 ), we see that there is now an excess current due to the Andreev reflection. 

Differentiating (4-14) with respect to V, we obtain for the corresponding 

conductance: 

2 

C(V) = _!_(1- R(eV) +A(eV)) 
1t~ 

(4-15) 

In the next chapter we will use these expressions to calculate the current 

through an MIS-heterojunction and, in addition, to calculate the conductance of such 

a junction. In this chapter we now discussin the following sections the reflection and 

transmission coefficients of some specific structures in detail. 

4.3 MS-junction, without a potential step 

Consider a metal-superconductor (M-S) junction, without a potential barrier 

between the metal and the superconductor. lf no voltage is applied and the system is 

in thermadynamie equilibrium, there will be a potential step at the interface between 

the metal and the superconductor if the conduction band minima of the metal and the 

superconductor are different. This will usually be the case if the metal and the 

superconductor have different bulk chemica! potentials. 

Let us first, for our convenience, examina the case in which the bulk chemica! 

potential of the metal and the superconductor are the same, hence there is no 

potential step. An electron incident from the metal on the superconductor will not be 

reflected because there is no potential step upon which it would reflect. Therefore the 

electron willenter the superconductor, where it will excite an electron-like quasipartiele 

with electron-fraction lui and hole-fraction 1 v0l2, as described in chapter 3. The current 

carried by this quasipartiele is equal to the current carried by one single electron 

(charge e), hence until now there is no excess current whatsoever. However, we must 

also consider the propagation of the hole-fraction just created in the superconductor. 
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This hole-fraction propagates in the opposite direction (see chapter 3), hence it 

propagates towards the interface between the superconductor and the metal. lt enters 

the metal when a second electron, taken from the Fermi-sea in the metal, enters 

simultaneously the superconductor. This second electron excites a second 

electron-like quasipartiele in the superconductor, while, clearly, a hole is left in the 

metal, propagating away from the interface. Summarizing, the incident electron is 

reflected as a hole, while there are two electron-like quasi particles excited. The current 

carried by the electron and the hole in the metal or, equivalently, the current carried 

by the two electron-like quasiparticles in the superconductor is, as a matter of course, 

equal to the current carried by two single electrans (charge 2e), hence an excess 

current arises. 

In the stationary situation, the Andreev-reflection coefficient A and the 

electron-like quasipartiele transmission coefficient Care interrelated in such a way, 

that the conservation laws (4-12) and (4-13) are satisfied. Using R = 0 and D = 0, 

these relations can be rewritten as: 

1 - A = C(u~- Vo) 
1 -A = 0 

1 +A= C 

(E>.1) 

(E<.1) 

all E 

(4-16) 

Fig. 4-3.a to 4-3.d show the respective reflection and transmission coefficients, 

calculated by the above explained matrix method. We see that in agreement with the 

above simple picture R == 0 and D == 0. In fact, there is always a little normal-electron 

reflection, since the wavenumber of the electron in the metal and the electron-like 

quasipartiele in the superconductor are not precisely the same. 

Furthermore, for E < .1 we find from (4-16) that A = 1 and C = 2, hence the 

electron is practically totally reflected as a hole, while two electron-like quasiparticles 

are excited, tagether contributing a Caoper-pair fraction 21 vi = 1 to the condensate 

in the superconductor. For E > .1, the hole-fraction of an electron-like quasipartiele is 

smaller than the electron-fraction, hence A decreasas (A= v0
2lu/). Consequently, 

there are less "secondly-excited" electron-like quasiparticles, thus C decreasas 

(C = 1/U0
2
). In the limit E >> .1, lui~ 1 and lvi ~ 0, and there will be no Andreev 

reflection since there are no hole-fractions created in the superconductor. In that case, 
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Fig. 4-3 Reflection and transmission coefficients tor an MS-junction without a 

potential step at the interface. 

electron-like quasipartiele is just one single electron. Thus tor E >> .1 electrons can 

propagate freely trom the metal to the superconductor and C = 1. 

4.4 MS-junction, with a potential step 

lf the bulk chemica! potantials of the metal and the superconductor are different, 

a potential step arises at the interface. An electron incident trom the metal on the 
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superconductor will be reflected at this potential step. Therefore, the probability 

decreasas that the electron will enter the superconductor, while exciting there an 

electron-like quasiparticle. Consequently, the Andreev-reflection coefficient decreases. 

1\ 
(a) (b) 

a: 0.5 c( 0.5 

lJ 
00 2 3 4 5 00 2 3 4 

El~ El~ 

4 4 

(c) (d) 

3 3 

0 2 0 2 

1lJ 
2 3 4 5 3 4 

Fig. 4-4 Reflection and transmission coetticients tor an MS-junction with a 

potential step at the interface. 

Fig. 4-4.a to 4-4.d shows the tour reflection and transmission coefficients for 

such a junction. We indeed cbserve the decrease of A and C and the increase of R 

for both E > ~ and E < ~. For E = ~. there is a transmission resonance which will be 

discussed in detail in the next section. 
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From Fig. 4-4.d we see that the hole-like quasipartiele transmission coefficient 

D is nonzero, thus hole-like quasiparticles, described by the spinor ( vo ~s e-ik;x, are 

excited in the superconductor. To explain this, consider an electron-lik~0duasiparticle, 
excited in the superconductor by an incident electron. The hole-fraction of this 

quasipartiele consists, in fact, of holes with wavevector ka-, moving to the interface of 

the MS-junction. Such a hole is either reflected or transmitted at the potential step at 

the interface. The transmitted hole contributes to the Andreev reflection in the same 

way as described in the previous section. The reflected hole (with wavevector -ka-) 
moves back into the superconductor and can thus be regarded as a hole incident in 

the superconductor trom the metal-side. We explained in chapter 3 that a hole with 

wavevector -ka- incident in a superconductor can excite a hole-like quasipartiele 

described by the spinor ( vo l8
5
e-ik;x. Summarized, the hole-like quasi particles are 

excited in the superconà~~or by reflection of the hole-fraction of electron-like 

quasiparticles at the potential step in the MS-junction. Similarly, the electron-fraction 

of such a hole-like quasipartiele is either reflected or transmitted at the potential step. 

The transmitted electron contributes to the normal-electron reflection of the 

MS-junction, while the reflected electron excites, again, an electron-like quasiparticle. 

Rewriting the relations (4-12) and (4-13) (where we neglect the last term in 

(4-13), since in the superconductor IÇ::::: k5-), we obtain Rand A expressed in terms 

of C and D: 

A = 1 - R = Y2( C - D) ( E < .1) 

A = c~ - ou; 
R = 1 - ( Cu; - D Va) } 

(4-17) 

(E>.1). 

We see that the creation of electron-like quasi particles decreasas the normal-electron 

reflection and increases the Andreev reflection. On the other hand, the creation of 

hole-like quasiparticles increases the normal-electron reflection and decreasas the 

Andreev reflection. 

In the limit E >> .1, electron-like quasiparticles are just single electrens without 

a hole-fraction, hence there will be no Andreev reflection (A= 0) and no hole-like 
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quasiparticles are excited (D = 0). From (4-17) we then find: 1 - R = C, since 

lui~ 1. Thus, for E >> ~. Cwill denote the normal-electron transmission coefficient 

corresponding to an MIM-heterojunction in which the superconductor is replaced by 

a normal metal. 

4.5 MIS-heterojunction 

Finally, we discuss the reflection and transmission coefficients of an 

MIS-heterojunction, in which an intermediate-layer (I) acts as a potential barrier 

between the metal and the superconductor. Let us assume that the height of this 

potential barrier is constant and is specified by a parameter <I>· For <1> > 0, this 

parameter describes the effective werktunetion of the superconductor, which fixes the 

conduction band minimum in the intermediate-layer (see Fig. 4-S.a). In this case, we 

can regard this layer as an insulator. However, to include other similar structures, the 

parameter <1> might also be negative. In such a structure, the intermediate-layer can 

be regarded as a metal with Fermi energy 1<1>1 or, equivalently, as a highly n-doped 

semiconductor with Fermi level in the conduction band (see Fig. 4-S.b). 

me tal barrier me tal 'barrier' superconductor 
E 

.. -- __ L 

(b) 

Fig. 4-5 Energy diagramsof MIS-heterojunctions with <1> > 0 (a) and <1> < 0 (b). 

Before we proceed, it is important to reeall at this point that we only deal with 

situations in which electrens are incident from the metal on the left with a positive 
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energy E relativa to the chemica! potential of the superconductor, since the Bogoliubov 

equations are only solved for E > 0. 

Unless the barrier is very small (order nm), electrens incident from the metal 

with E < <1> will be totally reflected at the barrier (R = 1) and do not reach the 

superconductor. Thus there is no Andreev reflection (A = 0). lf the barrier is small 

enough, a few electrens tunnel through the barrier and excite electron-like 

quasiparticles in the superconductor. Since only a few quasiparticles are excited and, 

additionally, the hole-fractions of these quasiparticles are almost entirely reflected at 

the barrier, only a very small number of holes tunnel through the barrier back into the 

metal and contributs to the Andreev reflection. 

Electrens incident from the metal with E > <1> > 0 can propagate without 

tunnelling through the barrier and excite electron-like quasiparticles in the 

superconductor. However, the created holes tunnel through the barrier, since they are 

created by taking away electrens with energy -E from the Fermi-sea in the metal and 

they still pursue the course of these electrons! So, although one might expect 

appreciable Andreev reflection here, the opposite is true: in fact no substantial 

Andreev reflection will occur in this case. In Fig. 4-6.a to Fig. 4-6.d the reflection and 

transmission coefficients are shown for an MIS-heterojunction with <1> = Vz~. 

(b) 

a: 
0.5 

<( 

0.5 

Elä Elä 

Fig. 4-6.a and b Reflection coefficients for an MIS-heterojunction with <1> = Y2~. 
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0 
0.5 
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Fig. 4-6.c and d Transmission coefficients tor an MIS-heterojunction with 

<!> = ~~-

In Fig. 4-7.a to Fig. 4-7.d the retlection and transmission coetticients are shown 

tor an MIS-heterojunction with negative <p = -2~. We notice that, in this junction, holes 

corresponding to electrens incident with E < 2~ propagate without tunnelling through 

the barrier. We see trom these tigures that tor E > ~ both the electron-like 

quasipartiele transmission coefficient and the Andreev retlection coefficient 

0.8 0.8 
(b) 

0.6 0.6 

a: 0.4 c( 0.4 

0.2 0.2 

olA 
1 2 3 4 5 

El A El A 

Fig. 4-7.a and b Reflection coefficients for an MIS-heterojunction with <1> =-U. 
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Fig. 4-l.c and d Transmission coefficients tor an MIS-heterojunction with 

<I> = -211. 

rise at certain discrete energy values. This effect is not specifically related to the 

excitation of quasiparticles in the superconductor. lt is also observed in similar 

configurations where ~ = 0 (see [Gasiorowicz]), i.e. MIM-heterojunctions, and is 

described as a transmission resonance. 

In MIM-heterojunctions it is due to a destructive interterenee between the 

electron-wave reflected at x= 0 (interface metal-barrier) and the electron-wave 

reflected once, twice, thrice, ... at x= S (interface barrier-metal). The corresponding 

resonance condition is in that case (see [Gasiorowicz]): 

(4-18) 

where ~ denotes the wavenumber of the electron-wave in the barrier. This re lation is 

just a round-trip condition that specifies that after one round-trip in the region between 

x= 0 and x= S, the phase of the electron-wave has been shifted by 27t times an 

integer number n. 

To obtain a resonance condition tor an MIS-heterojunction the correlated 

electron-hole waves must be considered simultaneously. In this paper, we do not 

attempt to obtain this resonance condition. However, we fix our attention to another 

kind of resonances, of which the appearance in an MIS-heterojunction is directly 
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related to the excitation of quasiparticles in the superconductor and, hence, to the 

Andreev reflection in the metal. Therefore, in a similar contiguration with ~ = 0 they 

do not appear. 

These resonances only appear for E < ~. in case no quasiparticles can be 

transmitted into the superconductor in a stationary state. In this case, however, we 

may regard the Andreev-reflected hole in the metal as a "transmitted" partiele and 

each incident electron is either reflected as an electron or "transmitted" as a hole. We 

reeall that the relation R +A= 1 holds (see (4-17)). As can beseen from Fig. 4-8.a 

and Fig. 4-8.b, both Rand A display very narrow peaks. For certain discrete energies, 

R drops while A rises. Evidently, this effect describes a transmission resonance of 

holes into the metal. The corresponding energie values are determined by an 

appropriate resonance condition. 

1~r--- -----,........., (b) 

a: <( 

0.5 0.5 

(a) 

.1\ A ..l.k 00~~~~~~~~--~~~ 
0.2 0.4 0.6 0.8 0.4 0.6 0.8 

Fig. 4-8 Transmission resonances tor E < ~in M/5-heterojunction with <1> = -~. 

To obtain a resonance condition forthese resonances, we first express the 

resonance condition (4-18) for an MIM-heterojunction in a more general formulation. 

This tormulation of a resonance condition we will then apply to determine the 

corresponding energie values. 

We can rewrite the resonance condition (4-18) by substituting ~ = 27t/~, where 

~ is the wavelength of the waves in the barrier. We then find: 
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A.b 
n- = S . 

2 
(4-19) 

This means that in an MIM-heterojunction there is a transmission resonance when 

there is an integer number n of half-wavelenghts spanning the region between x= 0 

and x= S (see Fig. 4-9). In ether words, the resonance condition (4-19) corresponds 

to the values of Àt, for which a system of standing waves can exist in this region 

([Cohen]). These waves vanish at x= 0 and x= S (see Fig. 4-9), hence they vanish 

at the interfaces at which electrens are incident respectively transmitted. 

X=O X=S 

Fig. 4-9 Standing waves between x = 0 and x = S. 

From these considerations we conclude that we can formulate the resonance 

condition in an MIM-heterojunction as: there is a transmission resonance if a standing 

wave can exist in a region between two interfaces at which particles are incident 

respectively transmitted. 

Th is tormulation of a re sananee condition we now apply to the above mentioned 

transmission resonances of holes into the metal in an MIS-heterojunction. We notice 

that forthese transmission resonances the interfaces at which electrens are incident 

and holes transmitted coincide at x= 0 (interface metal-barrier). In fact, the region 

"between" these incident and transmitted particles consists now of both the barrier and 

the superconductor. 

Since we are looking forstanding waves in this region, we rewrite the wave 

functions in the barrier (3-11) and the superconductor (3-8) in termsof sine and eosine 

functions with real coefficients. We then obtain for the wave functions in the barrier: 
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ub(x) = asin(k;x) + bcos(k;x) 

ub(x) = asinh(K;x) + bcosh(K;x) 

vb(x) = csin(kbx) + dcos(kbx) 

vb(x) = csinh(Kbx) + dcosh(Kbx) 

(E > ~) 

(E < ~) 

( -E > ~) 

( -E < ~) 

(4-20) 

where JÇ = (~'; J J±E- ~ denotes the wavevector ofthe electrons (+) and holes(-) 

in the barrier and K! = ( 20~ J J .E + ~ • For the wave lunetion in the superconductor 

we find: 

U
5
(X) = [psin(K

5
X+<p) + qCOS(K

5
X+<p)]e-K•x 

V
5
(X) = [psin(K

5
X-<p) + qcos(K

5
X-<p)]e-K•x 

(4-21) 

where 1Ç ± hes denotes the complex wavevector of the quasiparticles in the 

superconductor. We cbserve from (4-21) the phase shift -2<p between the wave 

tunetion describing the electron-fraction and the wave tunetion describing the 

hole-fraction. 

As a matter of fact, the wave functions in the barrier and the superconductor 

must be properly connected at the interface (x = S) between the barrier and the 

superconductor. This means that the wave tunetion of the electron-fraction (u(x)) and 

the hole-fraction (v(x)) and their respective derivatives must be continuous at x= S, 

yielding four conditions for the coefficients of the waves. 

The resonance condition imposes two additional conditions: both u(x) and v(x) 

must vanish at x= 0. Substituting u(O) = 0 and v(O) = 0 in (4-20), we find b = d = 0. 

Applying the conneetion rules at x = S to the wave tunetion u( x) yields a value for the 

quotient p/q, denoted by re. On theether hand, applying the conneetion rules at x= S 

to the wave function v(x) yields another value for this quotient, denoted by rh. In the 

superconductor, however, the wave functions u(x) and v(x) are described by the same 

coefficients pand q (see (4-21 )), hence re must actually equal rh. Calculating re and 

rh as a tunetion of E, the intersections of the curves re(E) and rh(E) specity the 
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energies for which re equals rh, hence forthese energies all conditions are satisfied 

and there is a transmission resonance. 

lt turns out that even in MIS-heterojunctions in which bath electrens and holes 

tunnel through the barrier these transmission resonances are observed. In such a 

ju netion there is just ene transmission resonance (see Fig. 4-1 0), while in junctions in 

which the electrens and holescan propagate through a barrier without tunnelling there 

are saveral transmission resonances (see Fig. 4-8). 

(b) 

c( 

0.5 0.5 

(a) 

~.9 0.92 0.94 0.96 0.98 ~.9 0.92 0.94 0.96 0.98 

Fig. 4-10 Transmission resonance tor E < L\ in MIS-heterojunction with <1> = 2fl. 

In the special case that there is no barrier but only a potential step, i.e. an 

MS-junction as eensidared in sectien 4.3, we can also apply the resonance conditions 

at x= 0 (which denotes now the interface metal-superconductor). Substituting U8 (0) = 0 

and V8 (0) = 0 in (4-21 ), we obtain: 

U5 (0) = 0 = psin<p + qcoscp 
(4-22) 

V5 (0) = 0 = psin(-<p) + qcos(-<p) 

which has only non-trivia! solutions for <p = 0. We reeall that <p = 0 at E = L\ si nee 

<p = Y2arccos( EIL\). Therefore, in an MS-junction with a potential step there is a 

transmission resonance for E = L\ (see Fig. 4-4.a to Fig. 4-4.d). 
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Chapter 5 Application To An Experiment 

We will apply the theory of the previous chapters to an experiment in which the 

conductance of a Au-Bi2CaSr2Cu20 8...s ju netion has been measured at T = 4.2 K (see 

[Schevicoven]). At this temperature, BiCaSCO is a superconductor, the surface of 

which consists of a small oxide layer (order nm) which is not superconducting. This 

layer will act as a potential barrier. To perferm measurements on the superconductor, 

strips of gold at which centactscan be soldered were deposited on a single-crystal 

sample with free cut along the o-axis. The conductance measured pertains to the 

combined structure consisting of the gold metal, the insulating barrier and the 

superconductor. 

We model the system as an MIS-heterojunction. However, it turns out that the 

conductance of the sample for high voltages (V>> Ale) can be well explained if we 

model the system as an MIM-heterojunction. Namely, as treated in chapter 4, the 

electron-like quasi particles in the superconductor are for E >> ~ just single electrons. 

Furthermore, the sleetrical current in the sample is tor V>> Ale mainly determined by 

electrens with these energies (lateral density of states argument). Therefore, we can 

use the theory of three-dimensional normal-electron tunnelling in MIM-heterojunctions 

(see chapter 2) to explain the conductance of the sample for V>> Ale. 

In Fig. 5-1 the experimental conductance curve of the Au-BiCaSCO junction 

is shown as a tunetion of the applied voltage, where we have applied a negative 

voltage Vto the metal with respect to the superconductor. In this case, the sleetrical 

current is determined by a net flow of electrens incident from the metal on the barrier, 

and the corresponding reflected and transmitted particles. This situation we also 

examined in chapter 4. In Fig. 5-2 the conductance of a corresponding 

MIM-heterojunction is shown. We see that for "high" negative voltages (V< -10 mV) 

the experimental curve resembles the theoretica! curve. This implies that for these 

voltages the conductance is determined by three-dimensional tunnelling of electrens 

through the barrier. 
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Fig. 5-1 Measured C-V characteristic Fig. 5-2 Calculated conductsnee of a 

of the Au-BiCaSCO junction. MIM-heterojunction. 

However, there are two important ditterences between the theoretica! 

conductance resulting from normal-electron tunnelling and the experimental 

conductance: 

(1) A substantial conductance offset (-= 382 mS) is present. 

(2) A narrow peaked structure occurs at V= 0 (excess conductance). 

Therefore our simple model will be inadequate when applied to the 

Au-BiCaSCO junction. To explain the conductance of the Au-BiCaSCO junction 

completely, we have to extend our model. We assume that, apart from normal-electron 

tunnelling through the potential barrier, there is a secend process by which 

quasiparticles propagate in the junction, contributing an extra conductance. The total 

conductance of the junction is then the sum of the two contributions. 

The presumed second process must yield bath the excess conductance of the 

junction near V= 0 and the offset in the conductance. We suppose that this offset is 

constant over the entire measured voltage range since it appears that, if we add a 

constant conductance to the theoretica! conductance in Fig. 5-2, the high-voltage part 

of the experimental conductance is explained by three-dimensional normal-electron 

tunnelling. 

We believe that the excess conductance near V= 0 is due to Andreev 

reflection. As considered in chapter 4, Andreev reflection appears only in MS- or 
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MIS-heterojunctions in which the normal-electron reflection coefficient is small. This 

is the case when the potential energy in the junction depends only slowly on x. For the 

Au-Bi CaSCO junction, this would imply that if Andreev reflection is to occur for small 

voltages the conduction band minimum in the junction must change gradually from its 

bulk value in the metal to its bulk value in the superconductor. This is sketched in 

Fig. 5-3. 

In such a structure, quasiparticles will propagate coherently from the metalto 

the superconductor without sizeable reflection and, hence, with substantial Andreev 

reflection. This is the secend process we believe occurs in the Au-BiCaSCO junction, 

but the question then immediately arises as to how two seemingly contradicting 

conduction mechanism, i.e. tunnelling through a barrier and reflection-free propagation, 

can be present in one single device. The answer to this question will result from the 

following observations: The offset in the conductance can only be explained if we 

assume that the quasiparticles propagate one-dimensionally in stead of 

three-dimensionally in this process. Namely, it is a general feature of 

three-dimensional coherent tunnelling of particles through a junction that the 

corresponding conductance globally increases with applied voltage (late ral density of 

states argument, see chapter 2). However, if the particles propagate 

mBtal suptHCOnductor ITI8ta/1 barriBr mBta/2 

E 

Fig. 5-3 Model tor reflection-free Fig. 5-4 Model tor tunnelling through 

propagation of quasiparticles. a potenrial barrier. 
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one-dimensionally, the conductance of the junction is globally constant (see 

chapter 2 and 4 ). 

In chapter 4 we have derived an expression for the conductance due to 

one-dimensional quasipartiele propagation, which reads: 

2 
C(V) = _:_(1- R(eV) +A(eV)) 

7t'h 
(5-1) 

The virtue of the tact that A~ 0 when V~ 2Ne, and assuming negligible reflections, 

the conductance (5-1) will become a constant for high applied voltages. In fact this 

constant is the well-known conductance quanturn e2/1t'h. We believe that with this 

constant conductance, the conductance offset of the Au-BiCaSCO junction can be 

explained. 

Summarizing, we assume that the conductance of the Au-BiCaSCO junction 

consists of two parts, one rasuiting from three-dimensional normal-electron tunnelling 

(as modelled in Fig. 5-4) and the ether rasuiting from one-dimensional quasipartiele 

propagation without rafleetien (as modelled in Fig. 5-3). We can understand that both 

mechanisms occur simultaneously in the Au-BiCaSCO junction, by assuming that in 

the oxide layer in the Au-BiCaSCO junction small metallic-like channels exist to be 

seen as narrow sleetrical short-cuts through which quasiparticles can propagate 

one-dimensionally almest without reflections. These channels may be due to ditfusion 

of gold atoms through the insulating layer, some of them well sticking into the crystal. 

Fig. 5-5 shows our view of the Au-BiCaSCO junction, including the channels in the 

barrier. quanturn point cantacts 

lnterrnediate Layer 

single aystal 
B~&Sf2CtJA 

Fig. 5-5 Our view of the Au-BiCaSCO junction. 
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The conductance of one such channel is given by (5-1 ). lt involves the 

conductance quanturn e2/rcn, modified by the factor 1 - R +A. Channels that are so 

narrow that quantization of conductance occurs, are called quantum-point-contacts 

(QPC) [Wees]. We believe that our sample has many QPC's penetrating the barrier 

layer. In Fig. 5-6 the conductance of one single QPC, as modelled in Fig. 5-3, is 

shown. 
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Fig. 5-6 Conductance of single quantum-point-contact. 

For high applied voltages, the conductance of one QPC equals e2/rcn. To 

explain the offset in the experimental conductance, we thus need N parallel channels, 

where: 

N = int (offset) . 
l e2/rcn 

(5-2) 

The total conductance of these channels is ju st N times the conductance of a single 

channel. 

The QPC can also be in an "excited" state. In an excited state, the conductance 

of one QPC consists of several conductance quanta. This would obviously decrease 

the number of channels necessary to explain the offset conductance. Therefore, the 

number N in (5-2) is only an effective number. 

For low voltages, the conductance of one QPC increases due to Andreev 

reflection. For V= Ne, the conductanceis maximal because A(.1) = 1 and R(.1) = o. 
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However, the experimental excess conductance has a peak around V= 0 (see 

Fig. 5-2). Th is suggests that we have to take~ = 0 in the superconductor todetermine 

the excess conductance for low voltages. Th is leads to a contradiction, si nee for ~ = 0 

there is no Andreev reflection at all, hence there would be no excess conductance. 

Therefore we have to look for another choice for ~. 

lt turned out that the only way to obtain this peak in the excess conductance 

is assuming that the coupling constant ~ in the superconductor is not the same for 

all QPC's. This suggests that some QPC's penetrate less in the superconductor than 

others do and thus each QPC encounters a different value for ~ in the 

superconductor. This means that we still can model the quasipartiele propagation in 

one QPC as shown in Fig. 5-3, but ~ has not the same value for all QPC's. Let us 

denote the maximal (i.e the bulk) value of the coupling constant in the superconductor 

by ~.max• thus 0 < Ll0 < ~.max· lf dN is the number of QPC's in the 

Au-BiCaSCO junction for which the coupling constant in the superconductor is 

between ~ and ~ + d~. then we assume a Gaussian distribution of the quotient 

dN/d~ over the range of possible values for ~ (see Fig. 5-7). The distribution is 

chosen in such a way that the integral of the curve in Fig. 5-7 over ilo equals the total 

number N of QPC's in the junction. With such a Gaussian distribution of the QPC's 

over a range of values of the coupling constant, we find that the total conductance of 

N QPC~s has the desired peak for the excess conductance near V= 0 (see Fig. 5-8). 
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Fig. 5-7 Gaussian distribution of QPC's Fig. 5-8 Corresponding conductsnee 

over a range of ~0• of N QPC's. 
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We notice that if we had chosen ~ = ~(x), i.e. due to the proximity effect [Son] 

the coupling constant gradually decreasas in the QPC from a constant bulk value 

.Ll = ~ in the superconductor to ~ = 0 in the metal, we do not obtain the desired peak 

for the excess conductance around V= 0, as can be seen from Fig. 5-9. 
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Fig. 5-9 Conductance tor a QPC in which due to the proximity effect~= ~(x). 

Th is concludes our mainly qualitative theoretica! explanation of the conductance 

of the Au-BiCaSCO junction. To perferm more quantitative calculations to obtain the 

exact form of the experimental conductance, weneed some parameters specifying the 

Au-BiCaSCO junction in detail. The bulk chemica! potential of the metal and the 

superconductor are given by [Schevicoven]: llm,o = 4 eV respectively lls,o = 0.15 eV. 

Other parameterscan be found by fitting the theoretica! calculated conductance with 

the experimental data. In particular, we can fit the three-dimensional conductance of 

an MIM-heterojunction to the experimental "high-voltage" (V< -10 mV) conductance. 

Th is yields the width Sof the potential barrier, the effective workfunction <l>m and <l>s of 

the metal respectively the superconductor and the effective 3-D current carrying area 

A of the junction. We found, after many calculations, that the fit was best if we choose 

values for S, <l>m and <l>s which where not constant over the entire area A. lt turned out 

that a Gaussian distribution of S, <l>m and <l>s over A yields convenient results for the 

conductance up to V"" -200 me V. These values are: S = 3.5 nm, <l>m = 9 me V, 

<l>s = 10 meV and A= 7·104 nm2
• From Fig. 5-1 we can determine the offset in the 

conductance, yielding: offset= 382 mS. Substituting this in (5-2), we then find 
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N = 4930 channels. Finally, we estimate from Fig. 5-1, that ~.max .. 10 me V, si nee for 

V< -10 mV the effect of the energy gap in the superconductor on the conductance of 

the Au-BiCaSCO junction is dominant. 

In Fig. 5-10, the total theoretically determined conductance of the 

Au-BiCaSCO junction is shown, where we have used the above mentioned 

parameters. To compare this with the experimentally measured conductance of the 

junction, Fig. 5-11 is shown in parallel. Since the measured conductanceis apparently 

symmetrie around V= 0, we also show the theoretica! curve symmetrie around V= 0, 

although we calculated the conductance only for negative voltages. 
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Fig. 5-10 Calculated C-V characteristic Fig. 5-11 Measured C-V characteristic 

of the Au-BiCaSCO junction. of the Au-BiCaSCO junction. 
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Chapter 6 Conclusions 

We have presented a theory describing the quasipartiele tunnelling in 

inhomogeneous configurations of superconducting materials. The analysis is basedon 

the Bogoliubov equations, in which both the coupling constant !l = /l(x) and the 

effective potential U = U(x) can be position-dependent. The equations are numerically 

solved using a matrix-multiplication method in an approximation with piecewisely 

constant !l and U. 

We have applied the theory to an experiment, in which the conductance of a 

Au-Bi2CaSr2Cu20 8+5 ju netion was measured as a tunetion of the applied voltage. Within 

a certain model for the Au-BiCaSCO junction (see Fig. 5-5), we can explain the 

experimental conductance curve very well. Our model implies that, apart from some 

three-dimensional normal-electron tunnelling through the barrier, the conductance is 

mainly determined by one-dimensional reflection-free propagation of quasiparticles 

through short-cutting quanturn point contacts, penetrating the barrier into the Bi CaSCO 

materiaL 

The quasipartiele propagation in quanturn point contacts has been modelled 

using the one-dimensional Bogoliubov equations. The three-dimensional quasipartiele 

tunnelling was approximated by three-dimensional normal-electron tunnelling only. lt 

would be more consistent when, in a succeeding analysis, the three-dimensional 

Bogoliubov equations are used for all tunnelling mechanisms to properly account for 

the three-dimensional quasipartiele tunnelling aspects. In our present approach, we 

have chosen for a pragmatic tackling of the problem, avoiding tedious problems 

associated with three-dimensionality combined with unidirectionally varying /l. 

Apart from presenting a theory from which the measured conductance of a 

Au-BiCaSCO junction can be explained, we have also studied in detail some of the 

characteristic superconductivity related processas which appear in configurations with 

superconducting materials. Specifically, we have examined for MS-junctions the 

excitation of quasiparticles in the superconductor due to incident electrans and the 

rasuiting reflection of holes (Andreev-reflection) in the metal. We have seen that when 
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U is constant in the junction (no potential step at the interface), only electron-like 

quasiparticles are excited and only holes are reflected (no normal-electron reflection). 

However, in case of a potential step electrens can be normally reflected at this step 

and, due to reflection of the hole-fraction of excited electron-like quasiparticles at this 

step, also hole-like quasi particles will be excited. Furthermore, we have considered the 

creation of Cocper-pairs in relation to the excitation of quasiparticles by studying the 

general solutions of the Bogoliubov equations for position-independent ~ and U. The 

excitation of electron-like quasiparticles increases the number of Cocper-pairs in the 

condensate, while the excitation of hole-fractions just decreasas this number. 

A case of special interest is the situation that an electron is incident with energy 

E < ~. since in that case there are no stationary quasipartiele states in the 

superconductor present. Nevertheless, we have tried to ferm a picture about what 

happens in this situation. In that context, we have explained why Cooper-pairs, created 

by electrens incident with such an energy, contributs to the sleetrical current, while for 

E > ~ the created Cocper-pairs do not contributs and the sleetrical current is entirely 

carried by quasiparticles. 

Finally, we have numerically observed that in the normal-electron rafleetien 

coefficient and simultaneously in the Andreev-reflection coefficient of 

MIS-heterojunctions, narrow peaks appear for E < ~. In fact, for the discrete energy 

values for which these peaks appear there is a "transmission" resonance, where the 

Andreev-reflected hole is considered as a "transmitted" particle. We have presented 

a simple resonance condition from which we can determine the eerrasponding energy 

values. Unfortunately, the actual determination is complicated, but can easily be done 

numerically. 

We are convineed that it is possible to set up an experiment in which these 

resonances can be measured, either directly or indirectly ([Schevicoven, p.c.]). 
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Appendix Wave Packets 

In chapter 3 we have solved the one-dimensional time-independent Bogoliubov 

equations for ~ and U constant, yielding plane-wave solutions of the farm: 

(u(x)J = (UoJeikx . 
v(x) v0 

(A-1) 

Taking into account the time evolution of these waves, i.e. the factor e-icot, we obtain 

travelling plane waves as solutions of the one-dimensional time-dependent Bogoliubov 

equations. The general salution of these equations can be expressed as a 

superposition of travelling plane wave solutions with amplitudes G(k): 

(
f(x,t)J = (UoJ_1_ jdkG(k)ei(kx-ro(k)tJ 
g(x,t) Vo V21C -oo 

(A-2) 

where we have included the constant 1 I J2rc to normalize the wave function. We can 

superpose the plane waves in a special way, obtaining wave packets, i.e. waves that 

are strongly located in a given spatial region, and vanish almast completely outside 

this region. With these wave packets we can describe the propagation of individual 

particles. 

Following (Cohen] we use for G(k) a Gaussian tunetion centsred at k = ko as 

shown in Fig. A-1: 

(A-3) 

Here ~k denotes the width of G(k), i.e. when k varies from ko to ko ± ~k, G(k) is 

reduced by a factor of 1/e. Substituting this in (A-2), it can beseen that bath f(x,~ and 

g(x,~ describe Gaussian wave packets; The corresponding probability densities of the 

electron- and hole parts of the quasiparticle, i.e. lf(x.~l2 and lg(x,t)l2, then have 

bell-shaped farms, similar to the Gaussian tunetion in Fig. A-1. Summing lf(x.~l2 and 

lg(x.~l2 , we obtain the probability density P(x,t) for the quasipartiele as a whole (see 
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G(k) 

k 

ko + 2t.k 

Fig. A-1 Gaussian tunetion G(k). 

chapter 3). We can interpret this tunetion P(x,t) as describing the propagation of a 

quasipartiele in a superconductor where, as a matter of course, .1 and U are constant. 

In an MS- or an MIS-heterojunction, however, we have .1 = .1(x) and U= U(x), 

hence we can not use plane waves to solve the time-independent Bogoliubov 

equations in the entire junction. But, in the bulk metal and superconductor both .1 and 

U have a fixed value and thus we still can use plane waves to describe the solutions 

of the Bogoliubov equations in these regions. This means that we can describe only 

the propagation of electrans and holes in the bulk metal and the propagation of 

quasiparticles in the bulk superconductor as Gaussian wave packets of the form (A-2) 

where we have substituted (A-3). 

In chapter 4 we have examined situations in which an electron is incident from 

the metal into the superconductor. We have shown that in this case the total wave 

tunetion in the metal (4-7) consists, generally, of three plane waves, corresponding to 

an incident electron, a normally reflected electron and an Andreev-reflected hole. The 

wave tunetion in the superconductor (4-8) consists, generally, of two plane waves, 

corresponding to a transmitted electron-like quasipartiele and a transmitted hole-like 

quasiparticle. The respective amplitudes of the reflected and transmitted waves can 

be determined by solving the Bogoliubov equations in the entire junction using the 

matrix methad explained in chapter 4. These amplitudes depend, fora given structure, 

on the energy of the incident electron. 
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Superposing, with coefficient G(k), wave functions expressed by (4-7) we obtain 

for f(x,t) (describing electrens in the metal) and for g(x,~ (describing holes in the 

metal) a Gaussian wave packet. Equivalently, superposing with coefficient G(k) wave 

functions expressed by (4-8) yields Gaussian wave packets for f(x,t) and g(x,t), now 

describing the electron part respectively the hole part of quasiparticles in the 

superconductor. In order to describe the wave packets f(x,~ and g(x,t) by expressions 

valid for all values of x, hence valid both in the metal and in the superconductor, we 

can use the Heaviside "step function" t}(x) defined by: 

'(}(x) = 0 

t}(x) = 1 

tor x< 0 , 

tor x> 0 

The wave packet f(x,~ canthen be written as: 

.., 

f(x,t) = t}(-X)-1 -JdkG(k)é(k~x-wt) 
{2ië 0 

.., 

+ t}(-X)-1-fdkG(k)~(k)e-i(k~x+wt) 
{2ië 0 

.., 

+ t}(x- S)-1-JdkG(k) u
0
a(k) ei(k;x-wt) 

..j2it 0 
00 

+ t}(x- S)-1-JdkG(k) V
0
Ö(k) e-i(k;x.wt) 

J21t o 

and the wave packet g(x,~ as: 

00 

g(x, t) = 1'}( -X)-1-fdkG(k)y(k) ei(k;"x-wtJ 
..j2it 0 

00 

+ t}(x- S)-1-JdkG(k) v
0
a(k)ei(k;x-wt) 

{2ië 0 
00 

+ t}(x- S)-1-JdkG(k)U
0
Ö(k)e-i(k;x•wt) 

J21t o 

(A-4) 

(A-5) 

(A-6) 

Since the incident electron has a positive wavenumber we reduce the integration 

interval in (A-5) and (A-6) to positive k. 

In this paper we have examined situations in which an electron is incident on 

a structure with a given energy E0 and we have not specified this electron with its 
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wavenumber. Therefore, in agreement with the rest of this paper, we change the 

integration variabie in (A-5) and (A-6) trom k to E by substituting (3-12), i.e. 

k(E) = ( ~~':' r J Er U+ E (E, is the Fermi energy and U is the conduction band 

minimu~ in the metal). 

To perferm the integrations in (A-5) and (A-6) numerically it is useful to note 

that the integration interval can be reduced drastically. The tunetion G(k) is namely 

only appreciable in a restricted region around ko (see Fig. A-1 ). We see trom (A-3) that 

when k varies trom ka to ka± 2/lk (corresponding to an energy region E0 ± 2/lE), the 

tunetion G(k) is reduced by a factor 1/e4
"" 0.018. We now assume that we can reduce 

the integration interval to the region E0 ± 2/lE and that the contribution of energies 

outside this region to the integrals can be neglected in a good approximation. 

Let us finally examina torsome specific structures, i.e. the junctions discussed 

in sectien 4.2, 4.3 and 4.4, the propagation of the wave packets describing the 

incident, reflected and transmitted particles in the bulk metal and superconductor 

(where !land U constant). We have developed a computer program todetermine f(x,~ 

and g(x,~ numerically fora given structure. Wethen plot the absolute square of either 

of these functions, i.e lf(x,t)l2 respectively lg(x,t)l2
, as a tunetion of x tor successive t. 

To examina the creation of the reflected electron and hole in the metal and the 

electron- and hole part of the quasiparticles in the superconductor separately, we will 

plot the tunetion -lg(x,tW, i.e we plot the wave packet of the hole part upside-down. 

Note that, in order to describe the propagation of a quasipartiele as a whole in 

the superconductor, we in tact have to plot the tunetion P(x,~ = lf(x,~l2 + lg(x,~l2 , 

describing a wave packet that propagates with the group velocity of the quasiparticle, 

defined by v
9 
= aE!a("''lk). The separate functions lf(x,~l2 and lg(x.~l 2 describe wave 

packets propagating with the same group velocity v9, hence they describe individual 

propagation of the electron- and hole parts of the quasipartiele in the superconductor. 

However, the electrens and holes the quasiparticles consist of propagate with a much 

larger velocity in mutual opposite direction (see chapter 3). In the metal electrens and 

holes are individual particles and thus in the metal lf(x,~l 2 describes a wave packet 

that propagates with the group velocity of the electrens and !g(x,~l2 describes a wave 

packet that propagates with the group velocity of the holes. 
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Fig. A-2 to A-4 show both l~x,t)l 2 and -lg(x.~l2 tor an MS-junction without a 

potential step, an MS-junction with a potential step and an MIS-junetion (see sectien 

4.2, 4.3 and 4.4). For each junction we plot these functions as well for E0 < L\ as for 

E0 > L\. The width L\E of the wave packets is chosen sufficiently small (L\E""' 0.1 me V), 

hence the wave packets describe particles with approximately a fixed energy Eo and 

the width L\x (""' 103 nm) of the wave packets is very large in comparison with the width 

S (""' 5 nm) of the potential barrier. 

We see that for E0 > L\ stationary quasipartiele states are excited in the 

superconductor. For E0 < L\ there is also a small probability that quasiparticles are 

excited in the superconductor, but these can not propagate in the superconductor and 

spend only a finite time in the superconductor. Furthermore, we see from Fig. A-2 that 

if there is no potential step or barrier in the junction, the incident electron is totally 

reflected as a hole in the metal, while we see from Fig. A-3 and A-4 that in the 

presence of a potential step or barrier there is always normal-electron reflection in the 

metal. In the case of a potential barrier (see Fig. A-4) there is even only 

normal-electron reflection. Note, interterenee of the incident and the normally reflected 

electron yields strong oscillations in the wave packet of the electron in the metal. 

Additionally, interfere nee of the electron-like and hole-like quasiparticles yields strong 

oscillations in the wave packets of the electron- and hole parts of the quasiparticles 

in the superconductor. Th is latter interterenee appears, si nee the electron parts of the 

electron-like and hole-like quasiparticles propagate in opposite direction in the 

superconductor (see chapter 3). This also applies to the respective hole parts. 

Unfortunately, at the scale Fig. A-2 to A-4 are plotted these interterences can not be 

observed. 
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metal s.c. 

V 
Fig. A-2.a MS-junction without a potential step; E0 = 0.311. 

metal s.c. 

Fig. A-2.b MS-junction without a potential step; E0 = 1.111. 
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metal s.c. 

-

Fig. A-3.a MS-junction with a potential step; E0 = 0.3t1.. 

metal s.c. 

--

J\J ~ h -- - --- -

Fig. A-3.b MS-junction with a potential step; E
0 

= 1.1t1.. 
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metal bar. s.c. 

Fig. A-4.a MIS-heterojunction; E0 = 0.5d, S = 3 nm, <1> = 0. 

me tal bar. s. c. 

Fig. A-4.b MIS-heterojunction; E0 = 1.01d, S = 3 nm, <1> = 0. 
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