
 Eindhoven University of Technology

MASTER

The modelling of a truck tyre

de Bruyn, R.F.S.

Award date:
1997

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/00d83107-2e4f-480f-bf7e-74ae86be2ff8


The modelling of a truck 
tyre 

R.F.S. de Bruyn 

EUT, Faculty of Mechanical 
Engineering 
Report No. WFW 97.049 

Master's thesis 

Professor: prof.dr.ir. J.J. Kok 
Coach : ir. T.T.J. Meijlink 

Eindhoven, June 1997 

Eindkovem Umiversity of Technology (EUT) 
Faculty of Mechanical Engineering 
Department of Fundamentals of Mechanical Engineering 



Abc tract 

The global objective of the CASCOV project is the improvement 
of the dynamic behaviour of heavy duty trucks. The investiga- 
tions, presented in this report, form a part of this project, 
and focus on tyre behaviour in vertical direction, with res- 
pect to deterministic road inputs. The object of this investi- 
gation is the development of a tyre model and the acquisition 
of the model parameters of a radial-ply truck tyre. 
In vehicle models, used for simulation, the tyre is commonly 
modelled as a parallel spring-damper combination. Road contact 
occurs in a single point, vertically beneath the wheel center. 
With this model, which is called the point contact tyre model, 
sharp obstacles in the road surface give rise to high accele- 
ration peeks, which is not a realistic situation. 
In literature other, more sophisticated tyre models were 
found. Some of these models take account of a contact area 
rather than a single contact point, others make use of a 
single contact point, which is not restricted to lie vertical- 
ly beneath the wheel center. Three tyre models were evaluated 
as a submodel in quarter vehicle model and simulations were 
performed, with a strip as road input. 
Subsequently, measurements were done with a truck on the 
external drum tyre tester for identification: tyre deformation 
of a 295/80 R 22.5 tubeless tyre was measured to determine 
parameters such as tyre stiffness for variable speed for the 
various models, with no road input. 
Finally, steel strips were attached to the drums to generate a 
road input signal. Tyre deformation as well as axle displace- 
ment was measured for model verification. 
One of the models, the radial spring tyre model, shows a good 
accordance with the measurements, at the cost of only a small 
increase in computing time with respect to the point contact 
tyre model. 

i 
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1 Introduction 

The investigation described in this report is a part of the 
CASCOV project (short for: Controlled Axle Suspension for 
COmercial Vehicles). The global objective of this project is 
to improve the dynamic behaviour of heavy-duty trucks, by 
means of novel primary suspensions. Project partners are DAF 
Trucks NV, Monroe Belgium, ContiTech Formteile GmbH and the 
Eindhoven University of Technology. Research areas comprise 
passive, adaptive and (semi - ) active suspensions and the use of 
preview of the road irregularities. 
Computer simulation using an analytical vehicle model is an 
important tool for evaluating the dynamics of a vehicle opera- 
ting on different types of road. Usually an analytical model 
is set up with the basic components as shown in Fig.1. 

Suspension 

I 
i 

Fig.1. Basic road-vehicle simulation model. 
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For each subsystem, a choice has to be made from two conflic- 
ting demands: a complex, accurate model, resulting in long 
computing times, or a simple, less realistic model. In this 
stage, two main groups of tyre models can be distinguished. 
The first group includes all models, where tyre-road interac- 
tion occurs in a single point, the  second comprises al1 models 
where tyre-road contact takes place in an area, the so-called 
footprint. The latter generally requires substantially longer 
computing time than the former. 
In most vehicle models used for simulation, the tyre is model- 
led as a linear spring with one end point connected to the 
wheel axle, whereas the other end point follows the road 
profile [1,21. Variations of this model are combinations of 
the spring with a parallel damper and models that can take 
wheel hop (tyre lift-off) into account. With these models, 
contact between tyre and road is always restricted to a single 
point, vertically beneath the wheel center. 
In Chapter 2, the subsystems body, suspension and road will be 
modelled. A basic tyre model is outlined. All submodeis, 
except the tyre model, will be kept as simple as possible 
since our main interest is in the behaviour of the tyre. 
In Chapter 3 ,  the rigid ring tyre model, as proposed by Cap- 
tain et ai.[l], will be discussed. Then, the radial spring 
tyre model [3,51 is described. Finally, the curved beam tyre 
model, which was proposed first by Böhm 161, will be discus- 
sed. This model has proven to be valuable for calculating 
eigenfrequencies, standing waves and critical velocities of 
passenger car tyres [lo]. Here, with a few modifications, the 
model is applied to truck tyres. 
In Chapter 4 measurements, performed at the external drum tyre 
tester, are described. In Chapter 5, tyre parameters are 
obtained from measurements with no road input. With these 
parameters, the models are evaluated for a block-shaped road 
input signal. Simulation results and measurement data are 
compared. Conclusions and recommendations for further investi- 
gations are presented in Chapter 6. 
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2 System modelling 

2.1 Introduction 

For experiments, a Daf-truck with no rear suspension was 
available. The rear of this truck was placed on the external 
drum tyre tester. See Fig.2.l. In this chapter, the subsystems 
vehicle body, suspension and road will be modelled and a basic 
tyre configuration will be outlined. 

drum 

Fig.2.i The truck. 

2.2 The vehicle body 

The vehicle body is modelled as a mass q, the so-called sprung 
mass, representing the mass of the chassis and the load of the 
vehicle. Since our main interest is the behaviour of the 
vehicle in vertical direction, the vehicle body has one degree 
of freedom (DOF): the vertical displacement yz. 
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2.3 The suspension 

Since the vehicle body is connected directly to the wheel 
axle, no suspension can be modelled. Now the vertical diplace- 
ment of the âxle yi eyi;als the vertical displac~ment of the 
vehicle body, y,. 

2.4 The tyre 

When the tyre is in contact with the road, the contact pressu- 
re at the footprint generates a horizontal (F,) and a vertical 
(F,) tyre force. These two forces are transmitted by the tyre 
to the axle. See Fig.2.2. The tyre mass is lumped and combined 
with the axle mass, resulting in a mass m,. Since there is no 
rear suspension, mass m, and mass rn, are rigidly connected and 
therefore combined to a total mass m,. 
In this framework, each of the tyre models, that will be 
discussed in the next chapters, can be substituted. The tyre 
models differ in the way in which the forces Fh and F, are 
calculated. 

r o a  c o n t a c t  p ressure  

.acement y1 

Fig.2.2 Basic tyre configuration. 
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2.5 The road 

With the external drum tyre tester, two types of road profile 
can be generated: a planar profile and a block shaped profile. 
The planar prefile wil1 he used to identify tyre parameters 
such as vertical stiffness. The drum diameter is approximately 
twice the tyre diameter. When the tyre contacts the drum and 
developes a footprint of about 0.2 m., the footprint is not 
planar but curved in such a manner, that there is a difference 
in height of 5 mm. between footprint-middle and footprint- 
ends. A decrease in tyre stiffness of 13% is to be expected 
(Pacejka 191) .  
The block-shaped road profile will be used to obtain a deeper 
insight in the unrolling of the tyre. For the external drum 
tyre tester, two steel strips of heights 8 and 12 mm. are 
available. Length of the strips is 200 mm. As the angular 
velocity of the drum is variable, any horizontal velocity v 
can be realised from O up to 20 m/s. 
Since our main interest is in the behaviour of the axle in 
vertical direction, the horizontal tyre force F, is left out of 
consideration and the relevant equation of motion for the 
vehicle in vertical direction is given by: 

In the next chapter three tyre models will be described. 
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3 Tyre modelling 

3.1 Introduction 

In contrast to some decades ago, radial-ply tyres instead of 
cross-ply tyres are commonly used nowadays. A radial-ply tyre 
consists of a carcass of steel cables and a three-layer belt, 
also made of steel cables. The carcass is covered with a thin 
layer of rubber, the belt is covered with a thick, durable 
layer of rubber. See Fig.3.1. 

Fig.3.1. Cross section of a radial-ply tyre 

3.2 Rigid ring tyre model 

In this model, the  tyre is modelled as a rigid ring with a 
radius equal to the undeflected tyre radius R. As the ring 
rolls over the road profile, it moves as a rigid body and the 
trajectory of the center of the ring is registered. The center 
of the ring is connected to the wheel axle by means of a 
spring-damper-combination, with linear stiffness k and damping 
b. Then, the trajectory of the center of the ring can be taken 
as a filtered road profile and act as an input signal for a 
point contact tyre model. A schematic diagram of the rigid 
ring tyre model is shown in Fig.3.2. With this model, the 
contact point between road and tyre in general does not lie 
vertically beneath the wheel center. 



+ y1 

r ea r  ax le  
7 

road prof i le  / 
Fig.3.2 The rigid ring tyre model. 

3.3 Radial spring tyre model 

The radial spring tyre model consists of a large number (NI of 
radial elements. This model was evaluated by Davis C31 and by 
Bernard et al. [51.  They choose a linear spring for each ele- 
ment. In this chapter, a parallel spring-damper-combination 
with linear stiffness k and damping b is chosen for the ele- 
ment. A schematic diagram of the radial spring tyre model is 
shown in Fig.3.3. 

Fig.3.3 Radial spring tyre model. 
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As the tyre passes over the road profile, each element can 
deflect, independent of its neigbouring elements, and generate 
a force on the axle. In this model, tyre deflection is re- 
stricted to take place in the lower half of the tyre, and only 
radially inward deflections can be considered. The total 
deflection of the tyre is then easily calculâted by finding 
the intersection of the undeflected tyre with the road profi- 
le. On a planar road surface, the radial deflection ai for 
element i is given by (see Fig.3.4): 

6 i = R -  ( R-y, t ) (3.3.1) 
cosq, 

where the static tyre deflection yst is given by: 

Y,, = R-(Y , -Y , )  (3.3.2) 

--- 

Fig.3.4 Calculation of öi 

With the radial inward deflection 6i, the radial force from 
element i, acting on the axle, can be calculated as follows: 

Fi = k * a i + b * b i  ( 3 . 3 . 3 )  
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The resulting tyre force is calculated by summing the indivi- 
dual forces of each element. 

( 3 . 3 . 4 )  

3.3.1 Connecting the elements 

In the preceeding, neighbouring elements were unconnected. 
Hence, the radial tyre deflection will contain disconti- 
nuïties when a sharp obstacle is encountered by element i but 
not yet by element i+l. These discontinuïties in the tyre 
deflection can be smoothened [51 by means of some sort of 
adjustment algorithm, to represent a more realistic situation. 

The algorithm works as follows: 

for each element i, the radial deflection öi 
is calculated 
a maximum allowable difference m=f(N,R) in radial 
deflection between two neighbouring elements is 
specified 

fori=N-1 step -1 until 1 & 

for i=l step 1 until N-1 & 
if < ai - m then = 6i - m 
if 6i+1 > 6i + m then ai = Bi+l - m  - 

This procedure is called 'adjustment up', respectively 'ad- 
justment down'. Many other methods for adjustment can be used, 
e.g. first or higher order difference equations, imposing 
demands on the first derivative of the radial deflection. 
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3.4 Curved beam tyre model 

This tyre model was initially developed by BÖhm [61 for non- 
rotating tyres, and extended by Krapf [ l o l  for rotating tyres. 
The model is very ~sefull for calculation of the tyre elgem- 
frequencies, modes, standing waves and critical speeds. In the 
elabouration of this model in this paragraph, concentrated 
forces are considered instead of distributed loads on the tyre 
model. 

3.4.1 Modelling 

The tyre belt is seen as a curved beam with radius R, bending 
stiffness EI, Young's modulus E, cross-section A and mass 
density m. The heigth and width of the beam are small with 
respect to its length. The tyre mass is not lumped on the 
axle. The curved beam is connected to the axle by an elastic, 
continuous foundation with radial foundation stiffness k, and 
tangential foundation stiffness k,, radial damping d, and 
tangential damping d,. The axle rotates with constant angular 
velocity Q, and a rotating coordinate system connected to the 
axle is chosen. In this coordinate system, radial displacement 
of the center liner of the beam is denoted by w, tangential 
displacement by v. The material angular coordinate along the 
center liner of the beam is denoted by s. 
The internal pressure p generates a tensile force To in the 
belt. External forces per unit length, acting on the tyre are 
p, in radial direction and pt in tangential direction. A sche- 
matic diagram of this tyre model is shown in Figure.3.5. 

For the description of beam deformations, considered in the 
rotating coordinate system, with relation to the linear theo- 
ry, the following differential equations can be derived (See 
Appendix B): 



PI, E, A, EI - 

Fig. 3.5. Curved b e a m  tyre m o d e l .  

EA m(-C-2QW+S)i2v) +- (v"+w') -k,v-d,Y=-p, (3.4.la) 
R2 

EA 
R2 R4 

rn(W-2BY-Q2(w+R) ) +- (v '+w) +EI (wI"+2w=I+w) 

T* 
R2 

-- ( w"+w) +kIw+dKW=pK (3.4. lb) 

with: 

and 



3.4.2 Solution for a non-rotating tyre 

Solving the differential equations for w ( 0 ,  t) and v(0,  t) 
reqüires â great analytical effort. With the foll~wing 
assumptions 

only small deformations are considered; the effect of the 

there is no strain in the center liner of the beam: vr=-w, 
only a radial force P is applied to the beam, 

tensile force To has a negligable effect on the radial 
equilibrium of the beam, 

at 0=n, 
the tyre is non-rotating, Q=O and all time-derivatives in 
equations 3.4.la and 3.4.lb are set to zero, so only 
stationairy situations are considered, 

a simplified version of this tyre model is drawn in Fig.3.6. 

Fig.3.6 The curved beam tyre model. 
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The differential equation for w(8) becomes: 
P (3.4.2) - EI(wrv+2w1r+w) +kIw=-- 6 (8-n;)  

R4 R 

:&ere 6 is the ~irac-function. 

A s  a general solution w(9) to this equation, a periodic 
function is proposed [lo]: 

with: 

A .=-- PR3 c o s ( j K )  (3.4.4) 
1 n E I  k,R4 

(y-1) 2+- 
E I  

g j = o ;  j = î , 2 , .  . . . 
since the solution is symmetric with respect to 8 .  
It follows that AO=O, and 

Lu 

sin í j e )  
- PR3 cos ( j n )  

) 
- -c  K E I  j= i  k,R4 

j ( (j2-1) 2+- 
EI 

(3.4.6) 

For a given radial force P the radial deformation is calcula- 
ted and shown in Fig.3.7. The shape of the deformation curve 
only depends the combination of k,, R and EI. Two extremes are 
to be considered. When EI is relative small, mainly local 
deformations of the beam occur in the region of the applied 
force (solid line). On the other hand, for relative large 
values of EI, the beam will move as a rigid body, while the 
foundation deforms (dashed line). The former effect is in 
agreement with the tyre deformation according to the radial 
spring tyre model, while the latter corresponds to deformati- 
ons, observed from the rigid ring tyre model. 
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radial displacement w [m] 0.04 I 
I I 

, 
1 2 3 4 5 6 7 O 

-0.04 

theta [rad] 

Figure 3.7. Radial deformation. 

Although the curved beam tyre model is not suited for repea- 
tedly calculating deformations, caused by a continuously 
varying road profile, it could be used for calculating tyre 
forces, generated by a given road profile, for low vehicle 
velocities. 

3.4.3 Principle of superposition 

In this paragraph, the principle of superposition is used to 
calculate the tyre force generated by a given road profile, 
for a fixed vertical position of the rear axle, for quasi- 
static situations. 
First, the radial spring tyre model is used to calculate the 
radial deflection öi. Where öi has a maximum, a radial concen- 
trated force P can be thought. As the tyre rolls across the 
road and encounters an obstacle, two (or more) maxima in öi may 
arise. In that case, two (or more) radial forces support the 
tyre. See Fig.3.8. 
Then, the principle of superposition is applied to the curved 
beam tyre model; the radial deflection ö(0 , )  is a result of 
forces P, (0,) and P, (8 , )  , or 

6 (8,) =cll*Pl+c12*P, 

6 (8,) =C2,*P1+C2,*P2 
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Fig.3.8. Principle of superposition. 

The elements C,, through C,, can be calculated with Eq.3.4.5, 
when the parameters EI and k, are known. Cij is an inverse 
stiffness, that is a function of ei, ûj, EI and k,. Solving the 
above equations for P yields PI and P,. 
From there, the resulting vertical tyre force F, is Calculated 
by summing the individual vertical components. 

For a given road profile and a given vertical position of the 
rear axle, tyre force can be calculated in this way. This 
procedure is used to calculate vertical equilibrium positions 
for the rear axle. Now, quasi-static simulations can be per- 
formed with the curved beam tyre model, in this case the 
slowly traversing of a strip. 
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4 Measurements 

The presented tyre models are to be evaluted by measurements. 
In this chapter, the asproach for these measurements is des- 
cribed. Instead of using an axle with a single tyre a complete 
truck is used here. 
The main objective of the measurements is to obtain the tyre 
parameters that are used in the models. Therefore, measure- 
ments are done for various vehicle velocities on a flat road. 
Axle load and tyre deflection are measured and radial stif- 
fness can be calculated for the rigid ring tyre model and the 
radial spring tyre model. For the curved beam tyre model, 
additional parameters have to be determined from measurements 
in the tyre belt. Finally, measurements are done with metal 
strips as road input, for verification purposes. 

4 . 1  The external drum tyre tester 

The external drum tyre tester at the Eindhoven University of 
Technology is used. This test rig consists of a large axle 
with two steel drums. The drums have a diameter of 2 m. and 
are driven by an electromotor. The tyre under test is positio- 
ned on the drum surface and vehicle velocities up to 20 m/s 
can be attained. The surface of the drums is very smooth. 
Steel strips of length 200 nun. can be mounted to the drums. 

4 . 2  The truck 

A DAF-truck was available. The rear axle of this truck, eqyip- 
ped with two Michelin 295/80 R 22.5 tubeless tyres, is placed 
on the drums. The rear axle is connected rigidly to the chas- 
sis to eliminate all non-linear elements. From the front axle, 
the dampers are removed and the axle is connected rigidly to 
the chassis. Steel cables are’ used to suppress several de- 
grees -of - freedom of the truck: any horizontal movement of the 
truck is suppressed and only the rear axle is free to move in 
vertical direction. In Figure 4.1. a schematic diagram of the 
external tyre tester and the truck is drawn. 
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Fig. 4.1 The test rig. 

The rim of one of the tyres was split. Flanges were welded to 
the rim parts. Bolts and a rubber O-ring were used to obtain 
an air-tight connection. Now the inside of the tyre is acces- 
sible and measuring equipment can be mounted easily. 
To simulate vehicle load, concrete blocks of 1000 kg. can be 
put on the chassis, directly above the rear axle. 

4.3 Signals 

For a non-rolling tyre, the tyre pressure was determined with 
a manometer. under nonna1 conditions, tyre pressure is ap- 
proximately 8 bars. Care is taken to inflate both tyres to the 
same pressure. With a load-o-meter the tyre preload was deter- 
mined at approximately 1190 kg. for each tyre. Here again, 
care is taken to load both tyres with the same preload. Now, 
if the tyres are symmetriccally excited by the steel strips, 
there will be no roll-movement of the chassis. For parameter 
identification and model verification, a number of signals has 
to be measured from the rolling tyre: the velocity of rotation 
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of the drums is measured by an encoder, from which the 'hori- 
zontala velocity of the drums is calculated, which, assuming 
there is no slip, equals the rhorizontall velocity of the 
tyre. Without the steel strips, there is no road input signal. 
When the strips are mounted, an inductive sensor is used to 
meas~re the sositicn cf the striss. 
The rear axle displacement is measured by an inductive displa- 
cement transducer. Tyre deflection is calculated from the rear 
axle displacement and the road input signal. Another method 
for obtaining tyre deformation wiil be discussed in the next 
paragraph. 

4.4 Measuring principle 

Several methods for measuring tyre deflection over the whole 
tyre were examined. In 191 a method for measuring radial 
deflection is described: a spring loaded flexible cable was 
fastened to the inside of the tyre belt, while the other end 
of the cable was connected to a potentiometer, mounted in the 
rim of a tubeless tyre. This method appeared to be unreliable 
for measuring high-frequent signals and was too complicated. 
An optical method was also examined. A laser connected to the 
rim and a mirror attached to the inside of the tyre belt, can 
be used to reflect a laser beam. An array of photo-cells can 
be used to detect the reflected beam. The dimensions of the 
photo-cells, the construction of the mirror and the alignment 
of the laser beam were motives to abandon this method. 
Here, a tri-axial accelerometer is mounted to the tyre belt on 
the inside of the tyre to measure radial, axial and tangential 
accelerations in one point of the tyre. See Fig. 4.2. 

Fig.4.2 Accelerometer on the inside of the tyre 
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This method 
rolls over a 
result in a 
ration of a 
given by: 

has been used before by KrapfL101. As the tyre 
planar road surface, subsequent measurements will 
total acceleration pattern. The radial accele- 
point of the center liner of the tyre belt is 

where v, the 'horizontal' velocity of the axle, is expected to 
remain constant. Eq. (4.1) is combined with the expression for 
the curve radius p1 as derived in Appendix B.1. An Euler- 
Cauchy-algorithm is used to convert the curve radius into 
radial displacement. When the tyre is rolling over a planar 
road surface, points in the upper part of the tyre will expe- 
rience a more or less constant acceleration a, 

V2 a=-  
R 

whereas points in the lower part of the tyre will experience 
variable acceleration, due to deformation in the footprint. 

a 

Since the accelerometer is a piëzo-electric type, constant and 
low-frequent (<1Hz.) accelerations will not be detected. The 
measured accelerations will have to be corrected for this. 
Secondly, the accelerometer is rotating in the gravitational 
field. Therefore, an extra acceleration is expected to be 
measured, which is a harmonic signal with an amplitude g. 
Specifications for the accelerometer are given in Appendix A. 
The reconstruction of the tyre deflection from measured acce- 
lerations is described in Appendix C. 

The signals from the accelerometer are to be transferred from 
the rotating tyre to (non-rotating) signal processing equip- 
ment. First, a set of FM-transmitters and receivers was used, 
but the bandwidth of this telemetric system was too small for 
the high-frequent acceleration signals to be transmitted 
properly. Sliding-contacts are used instead. 
All signals are processed and stored by a computer, equipped 
with DIFA. With this equipment, 18 signals can be sampled 
simultaneously, manipulated and stored into data files, which 
can be read directly into MATLAB. 
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5 Identification and verification 

5.1 Identification 

In the  first part of this chapter, tyre parameters will be 
determined from measurements with no road inpdt. Tyre pressure 
was set to 7.0 bar. The truck was loaded with two concrete 
blocks, yielding a total tyre load of 21500 N. Axle displace- 
ments of about 0.04 m. were measured, so that the maximum 
negative tyre deflection of 0.09 m was not exceeded. The 
results of these measurements are listed below in Table 5.1. 

Number 

Table 5.1. Measurement data 

In the last column the axle amplitude is shown. Although, for 
this type of road input a constant axle displacement is expec- 
ted, a high-frequent signal was superimposed on the axle 
displacement signal. This extra signal is likely to be caused 
by the tyre profile: for 2.8 m/s the frequency of the signal 
was about 105 Hz., while 135 profile blocks were counted on 
the tyre circumference. 
Tyre damping could not be determined from measurements with no 
road input. 

5.1.1 The rigid ring tyre model 

The linear radial tyre stiffness k in the rigid ring tyre 
model is defined as the ratio of the static tyre force and the 
vertical axle displacement. Since k is linear in this model, 
one load-deflection combination is sufficient for the determi- 
nation of the value of k. For various speeds this ratio was 
determined and results are shown in figure 5.1. 
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Fig.5.1. Radial tyre stPfEness. 

5.1.2 The radial spring tyre model 

Again, the radial tyre stiffness is determined by the static 
tyre force and the vertical axle displacement, as well as by 
the number of radial elements N. With Eq.3.3.3 and Eq.303.4, 
the radial stiffness k is 8.8*103 N/m per element, with 720 
elements in the tyre model. Since tyre-road interaction is 
restrained to take place in the lower half of the tyre, only 
360 elements are used in calculations. For this planar road 
surface, no adjustment algorithm was necessary. 

5.1.3 The curved beam tyre model 

Examination of a cross section of the tyre belt showed three 
Payers of steel cables. c he cables have a diameter of 1 nun. 
and are twisted from smaller cables. The top-layer consists of 
74 cables, the middle-layer of 68 and the bottom-layer of 50.  
The distance between the layers is 3 mm. Assuming that the 
bending of the belt takes place around the middle layer, the 
bending stiffness of the tyre belt is only determined by the 
steel cables and the Payers remain at 3 nun. distance of each 
other, an upper bound for the bending stiffness is 180 Nm’. 
Assuming that the layers are unconnected and can bend indepen- 
dent o€ eaekother, a lower bound for the bending stiffness 
would be 2 Nm2. The bending stiffness of the rubber was not 
considered. 
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A 32 cm. long and 24 cm. wide piece of tyre belt was sawn out 
and submitted to a three-point bending test, yielding a nearly 
constant bending stiffness EI of 20 Nm2 up to a deflection of 5 
cm. This value of EI will be used here. Senger [71 obtained 
with a similar experiment a value of 8 Nm2 for the bending 
stiffness EI ~f a radial truck tyre. 
For the determination of the radial foundation stiffness k,, 
the radial deflection is calculated from the measured accele- 
rations, as shown in Appendix C. For a number of velocities, 
tyre deformation is measured and reconstructed. The results 
for v=14 m/s are shown in Fig.5.2. The measured radial accele- 
ration is plotted as a function of 8 .  Subsequently, this 
signal is corrected, regarding the extra acceleration signal, 
that is caused by rotating the accelerometer in the gravitati- 
onal field. From there, the curvature Ps calculated. FOP 8=0, 
the curvature equals 2 (=l/R), around B=n: the curvature clear- 
ly corresponds to the drum curvature of -1. Finally, the 
radial deflection w(8) is shown. 
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Fig.5.2 Measurement nieSUltS. 
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From Table 5.1 it can be seen that the average rear axle 
displacement was about 0.041 m., whereas from the last graph 
in Fig.5.2 the radial inward displacement of the tyre belt in 
û=n is 0.031 m. It is assumed that the difference between the 
measured axle displacement and the reconstructed radial de- 
flectior, in $=E is c a s e d  by a r ig id  body movement of the tyre 
carcass, in upward direction. For the combination of these two 
phenomena, the tyre deformation is shown in Fig.5.3., where 
the solid line represents the situation of pure radial defor- 
mation, whereas the dashed line represents the situation of 
radial deformation and rigid body movement, for v=10 m/s. 

9 

Fig.5.3. Tyre deformation. 

For velocities below 3.1 m/s, the gravitational component in 
the acceleration signal was too low-frequent (<lHz.) to be 
measured correctly. Measurement ns.1 was left ou t  of conside- 
ration for the determination of parameters for the curved beam 
tyre model. For the remaining measurements, rigid body move- 
ment was calculated as done above. Measurement and calculation 
results are shown in Table 5.2. 
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Table 5.2. 

With an average radial deflection w(n) of 3 cm., a tyre load 
of 21500 N., a bending stiffness of 20 Nm2, the radial founda- 
tion stiffness k, for the curved beam tyre model is calculated 
in MATLAB with Eq.3.4.5., resulting in k, = 4.0*106 N/m2. 

5 . 2 Verification 
5.2.1 The rigid ring- and the radial spring tyre 

model 

For verification purposes, steel strips of heigth 8 mm. are 
mounted to the drums. From the measured rear axle displacement 
an estimation can be made for the damping in the rigid ring 
tyre model (RRTM) and the radial spring tyre model (RSTM). For 
this measurement, the vehicle velocity was 1.9 m/s. The obtai- 
ned model parameters were substituted in the tyre models and 
simulations were performed. Results are shown in Fig.5.4.: 
Fig.5.4a. is a representation of measurement results. The road 
input signal yo (dashed line) and the rear axle displacement yi 
(solid line) are plotted. High-frequency components (> 60Hz.) 
were filtered out of the rear axle displacement signal. 
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Fig.5.4a. Measurement results: v=1.9 m/s. 

In Fig.5.4b. simulation results for the rigid ring tyre model 
(RRTM) are shown, where the solid line represents the filtered 
road input signal and the dashed line the rear axle displace- 
ment. A realistic value for the damping was chosen: b=2000Q 
Ns/m, radial stiffness k=5.25*105 N/m. Although for this 
simulation an overshoot is seen, the natural frequency for the 
model is in good accordance with the measurements (about 2.5 
Hz.). In Fig.5.4~. simulation results for the radial spring 
tyre model (RSTM) are presented. Again the road input signal yo 
and the rear axle displacement y1 are plotted. No overshoot is 
seen here, and the natural frequency for the radial spring 
tyre model ( 3  Hz.) is in even better accordance with the 
measurements (3  Hz.). Radial stiffness k was 8.8*103 N/m per 
element, radial damping was 100 Ns/m per element. 

Fig.5.4b,c. Simulation results: v=1.9 m/s, strip=8 nun. 
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With the strips of height 12mm., measurements were also per- 
formed. The vehicle velocity was reduced to 1.5 m/~: for 
higher velocities, the front axle of the truck started moving 
with considerable amplitude ( 3  mm.).  Results from the measure- 
ments and simulations are shown in Fig.5.5. In Fig.5.5a. the 
measured road input signal v A o. (dashed ïine) and the measured 
rear axle displacement yi (solid line) are shown. 

v=î.5 m/s 

o-o2 i 

I I I I 
O 1 2 3 4 5 -0.02 ' 

Fig.5.5a. Measurement results: v=1.5 m/s. 

In Fig.5.5b. simulation results for the rigid ring tyre model 
(RRTM) are shown, where the solid line represents the filtered 
road input signal and the dashed line the rear axle displace- 
ment. Again the value of 20000 Ns/m for the damping was cho- 
sen, the radial stiffness k was 5.25*105 N/m. Again, an over- 
shoot is seen and the natural frequency for the model bs 2.5 
Hz. In Fig.5.5~. simulation results for the radial spring tyre 
model (RSTM) are presented. Again the road input signal yo and 
the rear axle displacement y1 are plotted. No overshoot is seen 
here, and again the natural frequency for the radial spring 
tyre model (3.2 Hz.) is very good accordance with the measure- 
ments ( 3  Hz.). Radial stiffness k was 8.8*103 N/m per element, 
radial damping was 150 Ns/m per element. 
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Fig.5.5b,c. Simulation results: v=1.5 m/s, strip=l2 mm. 

5.2.2 The curved beam tyre model 

For the verification of the curved beam tyre model, model 
parameters and measurements from paragraph 5.1.3 are used. For 
EI a value of 20 Nm2 was obtained, k, is 4*106 N/ma and R is 
0.51 m. With these parameters for the curved beam tyre model, 
a quasi-static simulation is performed for the traversing of 
the strip of 12mm., as suggested in paragraph 3.4.3. For each 
horizontal position x, of the rear axle, the vertical equili- 
brium position y, of the rear axle is calculated by successive 
approximations. The result of these calculations is shown in 
Fig.5.6., where the rear axle displacement yi is plotted as a 
function of the horizontal axle position x,. The strig is also 
drawn (dashed line). 

I 0.03 I I I I 
I I 

I I I 
I I I 

0.5 O. 6 O. 7 0.8 0.9 1 1.1 -O.Obg O. 4 

Fig.5.6 The traversing of a strip: 12m. 
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Fig.5.6. does not represent a realistic situation. Possibly 
the value for the bending stiffness EI was still too small, or 
other, not-modelled effects, play an important role here. 
Simulations with a much higher value for EI (2500 Nm2 ) yielded 
results that were in good accordance with previous measure- 
ments, obtained f r ~ a  the external drum tyre testes, using the 
12 mm. strips 141. The measured rear axle displacement is 
shown below in Fig.5.7. A 12 mm. strip was slowly traversed, 
the tyre was loaded with 25600 N .  and tyre pressure was set to 
7.75 bar. 

Fig.5.6. Rear axle displacement. 
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6 Conclusions and recommendations 

The rigid ring tyre model can very well be used as a road 
input filter. The algorithm used here calculates the trajecto- 
ry of the center of the rigid ring as it rolls over the road 
surface. Since discrete steps are taken in this calculation, 
this filtered road profile is not smooth for a planar road 
surface, but it is constructed of small arcs. In simulations 
this was not noticeble. The filtered road profile is then used 
as an input signal for a point contact tyre model. With a 
strip as a road input signal, an overshoot is predicted by the 
model, which is not in accordance with the measurements. 

The simulations, performed with the radial spring tyre model 
are in good accordance with the measurements. Although the 
elements in the model have a linear stiffness and damping, the 
load-deflection relationship for the tyre is not linear for 
this tyre model, which is a realistic situation. 

For the curved beam tyre model, the radial displacement w(8) 
is theoretically approximated by an infinite series. In prac- 
tice however, a value of 30 for jend is sufficient. 

For the determination of the bending stiffness EI in the 
curved beam tyre model by a three-point bending test, the 
contribution of the side-walls of the tyre was not taken into 
account. Therefore, the obtained value for EI is too small. 

The measurement of tyre deformation with a tri-axial acceler- 
ometer appears to be reliable. There is a good resemblance 
with measurements, performed by Krapf [ l o l  and 181. Calculati- 
on of the radial deformation from the measurements by perfor- 
ming a double integration on the acceleration signal are in 
correspondence with [19!. 

6.2 Recommendations 

The main advantage of the three examined tyre models over a 
point-contact tyre model is apparent if larger road input 
signals are used. Simulations with a 0.05 m high strip clearly 
demonstrate the movement of the rear axle, when the beginning 
of the strip is not yet vertically beneath the axle center. 
Measurements with this heigth of strip could not be performed 
at the external drum tyre tester. 
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For vehicle velocities higher than 3 m/s, the disturbance in 
the rear axle displacement was not damped out enough when the 
strip arrived the next time at the tyre. For even higher velo- 
cities, the front axle started moving in vertical direction 
with a substantial ( 3  nmel amplitude. The test rig will have 
to adjusted when higher velocities are to be measured. 

In literature [l], a variant of the radial spring tyre model 
was found, where the (constant) tyre pressure p is a model 
parameter. This model was expanded to a variable pressure tyre 
model. With the calculation of the radial deflection, the tyre 
volume was obtained. When adiabatic compression is assumed, 
the tyre pressure variation was smaller than 3%, having a 
negllgable effect on the rear axle movement. In the split rim, 
a pressure transducer is mounted. Future measurements will 
have to show whether the pressure varies considerably when the 
tyre traverses a small obstacle. 

The rigid body movement of the tyre carcass is calculated from 
measurements: a optical displacement transducer, connected to 
the chassis, directly above the tyre, can be used to measure 
this quantity. 

With the measurements, the radial deformation of the center 
liner of the tyre belt was determined for stationary situati- 
ons, in this case a planar road surface. A method for determi- 
ning the deformation as the tyre traverses an obstacle, is 
currently being examined. In this method, a fixed position of 
the strip, contacting the tyre, should be used to trigger the 
measurement of the accelerometer. Since the circumference of 
the drum is not a multiple of the circumference of the tyre, 
the accelerometer will, at each successive moment of trigge- 
ring, be at a different position in the tyre circumference, 
while the strip is at the same position at each successive 
moment of triggering. Subsequent measurements will yield 
information on the radial deflection of various point of the 
tyre belt. Care should be taken to allow the rear axle move- 
ment to damp out enough, before another sample is taken. In 
this way, a general view of tyre deformation can be obtained 
when the tyre is contacting an obstacle. 
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Appendix A: Specifications of the accelerometer. 

lSQTRON@ Accelerorr 

Model 2258A-10 
and -100 

LOW impedance Output 
0 Triaxiai, Hermetically Sealed 

Light Weight (15 gm) 
Outstanding S/N 
Modal Applications 
Ground Isolated 

DESCRIPTION 
The ENDEVCOa Model 2258A is a small triauial 
piezoelectric accelerometer with integral elecrron- 
ics. designei! specifcallv for measuring vibration in 
tiree orthogond a.yes on small structures. The 

transducer features three 10-32 receptacles for 
output connecrion, and can be screw or adhesive 
niounring. I t s  tight weight ( 1  5 p) effecnvelv 
mininuzes niass loading effects 

The Model 2258A features ENDEVCOI 
PIEZITE' Type P-8 crystal sliniints, operating 
in annular shear mode, Lvhiih exhibit exsillrnt 
output sensitivity stabili? o w r  tiiiie. T h i i  
acceleroriieter incorporates three stand-doni. 
low noise iiiternal hybrid signal conditioners, 
e x h  operating in a wo-wire system. I t s  low 
iiiipedance voltage outputs x e  connected to the 
same cables t h ~ t  supply the required constarit 
current power. Signal grounds are isolated fioin 
each other and the mounting surface. A model 
number suffis indicates acceleratioii sensitivity 
in iiiV/g: i.e.. 2Z58A-10 features output 
sensitivity of 10 niV/g. 

-- 
NDEVCO Signal Conditioner Model<'+ IbU, 

102.27928,2793,2775A or CCASTM a r T L  
reconmiended for use with this acceleroiiieter. 

TYPICAL AMPLITUDE RESPONSE 

, I 

O >W ,mm 
FREOUENCY IN HERTZ 

ieter EIYDEVC 
NiBDEi 
2258A-1( 

-1 ( 

33 
TYPICAL TEMPERATURE RESPONSE 

-33 
-M IW i80 ZM 

iJI1 I-il (381 I821 v27) 
TEMPERATURE OF ('C) 

MEGGITT ET AEROSPACE T 
ENDEVCO 



INDEVCO 
AQDEL 
9258A-10 

-1 00 

resonance. Shock level above the sinusoidal vibration limit 
may produce temporary zeroshift which will result in erroneous 
velocity or displacement data after integration. 

ISOTRON@ Accelerometer 

- .. - w 1- 

v " O 
Unbiased Output Biased Output 

1 1 

SPECIFICATIONS 
The following performance specifications conform to SA-RP-37.2 (1964) and are typical values, referenced at +75'F (+24'C). 4 mA, and 
1 O0 Hz. unless otherwise noted. Calibration data, traceable to National Institute of Standards and Technology (NIST). is supplied. 

DYNAMIC CHARACTERISTICS Units -1 o -100 

RANGE 9 t500 i.50 
VOLTAGE SENSITIVITY mV/g 10 1 O 0  
?I 0% 
FREQUENCY RESPONSE 
RESONANCEFREQUENCY kHz 75 

See Typical Amplitude Response 
- -- 

AMPLITUDE RESPONSE Hz 1 to 5000 2 to 5000 
f5% 
TEMPERATURE RESPONSE See Typical Curve 
TRANSVERSE SENSITIVITY % < 5  
AMPLITUDE LINEARITY % 1 to 500 g 1 to 40 g, 2 at 50 g 

OUTPUT CHARACTERISTICS 
OUTPUT POLARITY Acceleration applied in the direction of the arrow 

on the unit produces positive output. 
DC OUTPUT BIAS VOLTAGE Vdc +8.5 to +I 1.5 
OUTPUT IMPEDANCE R 5 200 
FULL SCALE OUTPUT VOLTAGE V t 5  
RESIDUAL NOISE equiv. g rms 0.001 
2 Hz to 30 kHz, broadband 
GROUNDING Each sensor is shielded by a transducer case 

connected to signal ground, but isolated from the 
other signal grounds and the triaxial housing 

POWER REOUIREMENT 
SUPPLY VOLTAGE Vdc + I 8  to i24 

+2 to +20 SUPPLY CURRENT mA 
WARM-UP TIME sec < 5  
To within 10% of final bias 

ENVIRONMENTAL CHARACTERISTICS 

HUMIDITY 
TEMPERATURERANGE -67°F to +257"F (-55°C to +125"C) 

Hermetic 
SINUSOIDAL VIBRATION LIMIT 9 Pk 1 O00 1 O00 
SHOCK LIMIT [I] 9 Pk 2000 2000 
BASE STRAIN SENSITIVITY 
X and Y Axis equiv q pkípstrain O 0004 
2 Axis eouiv n DWustrain -1- a r  r - 
THERMAL TRANSIENT SENSITIVITY equiv g pb'F (1°C) 
ELECTROMAGNETIC SENSITIVITY equiv g rmslgauss 

2 Axis equiv. g pkípstrain 0.004 
THERMAL TRANSIENT SENSITIVITY equiv g pb'F (1°C) 0.1 (0.18) 
ELECTROMAGNETIC SENSITIVITY equiv g rmslgauss 0.0001 

PHYSICAL CHARACTERISTICS 
DIMENSIONS See nitti inn Drawinn 

WEIGHT gm (oz) 15 (0.53) 
CASE MATERIAL 
CONNECTOR 

Nickel iron alloy case, anodized aluminum housing. 
Coaxial, 10-32 thread, mates with Endevco 3000 
series cable. 

MOUNTING TORQUE Ibf-in (Nrn) 8 (1) 

Continued product improvement necessitates that Endevco reserve the right to modify these specifications without notice Endevco maintains a program of 
constant surveillance over all products to ensure a high level of reliability This program includes attention to reliability factors during product design the support 
of stringent Quality Control requirements. and COmpUlSory corrective action procedures These measures together with conservative specifications have made 
the name Endevco synonymous with reliability 

ENOEVCO CORPORATION 30700 RANCHO VIEJO ROAD SAN JUAN CAPISTRANO CA 92675 USA (714) 493-8181 fax (714) 661 7231 0195 



Appendix B: Equations of motion for the curved beam 
tyre model. 

In this appendix the equations of motion for the 2-dimensional 
curved beam tyre model are derived. The geometry of a thin, 
curved beam in a 2-dimensional plane, described by position 
vector r, is considered. The parameter s indicates the length 
~f the curve, measured from a fixed point on the  curve. See 
figure B.1 .  

Fig.B. 

x1 

1. Curved beam in a 2-D plane 
With 

()L- d 
ds 

the first derivatives of the unit vectors become 

t'/=Lñ=,Î? (B.4) 
P 

Now let point S on the curve undergo a displacement p and let 
index 1 indicate the deformed situation. See figure B.2. 



Fig.B.2. Displacement vector 

f i=  (PE) t'+ (Cd) d ( B .  6) 

3, = 3+p (B.7) 

The strain in the beam is defined as 
ds, - ds 

e, = ds ( B .  8) 

resulting in 
d3, 

(B.9) + dZ, - 
t,=- ds, - (l+e,) ds 

or 
-. 

- drl = El (1+e,) =y;  (B.10) 
ds 

With the derivative of Eq.(B.7) 

3; = p + p /  ( B .  11) 

Eq. (B.lO) becomes, after rearranging 

S, ( 1 +eo ) = [ 1 + (5 t') ' - x  (53) 3 t'+ [ (513 ' +x  (PE) I 5 ( B  12 

resulting in 

(B.13) 

or, in a linearized form 

E, zz ($8 1-x (pd,  ( B .  14) 



To calculate the curvature of the deformed beam, the noma1 
vector n, of the deformed beam 

- d2 Ï1 
n,=p- 

ds12 
( B .  15) 

is substituted in the second derivative of Eq.(B.7), yielding 

(1+eJ2 - --+- d2r' d2P' (B.16) 
P i  ds2 ds2 "i 

With Eq.(B.6), and after rearranging, this results in 

After linearizing, the curvature is given by 

- 1 =xi =x+ (5") / I + x 2  (pn) +xl<pE, 
Pi 

( B .  18) 

for the given tyre model resulting in: 

d2 (fin) ] ( B .  19) 1 1 1  
P1 R R2 d28 
- = x i s - + -  [ (55) + 

With the former derivations, an expression for the elastic 
energy U and the kinetic energy T will now be derived. 
Consider a cross section of the beam as shown in fig.B.3, 

Fig.B.3.Cross section of the beam 



The strain, imposed on an element in the beam is given by 
e=eo+ (X-X1)Y (B.20) 

With the linear theory, the elastic energy U ia found from 
s* 

u=z f h 2 d A d s  (B. 21) 
2 0 A  

where s* is the length of the undeformed beam, E the modulus of 
elasticity and A the (constant) cross section. For a conve- 
nient choice of origin and bending axis this results in 

S* S* 

U== 1 eo2ds + (B.22) 
2 o  

where I is the moment of inertia of the beam about the x-axis. 
To calculate the kinetic energy, the position vector rl(s)  of a 
deformed beam element is differentiated with respect to time, 
resulting in a velocity vector: 

(B.23) 

With mass per unit length  l.^, the kinetic energy is given by 

(B.24) 

The Lagrangian function is by definition 
L =  T-V ( B .  2 5 )  

Hamilton's principle states that the motion of the system 
under consideration takes place in such a manner that 

In this equation, Q is a differential operator with dimension 
force per unit length. Q contains generalized forces, that can 
not be derived from the potential energy: radial and tangenti- 
al forces from the elastic foundation, radial components of 
the tensile force in the tyre belt and external forces. Execu- 
tion of the variation leads to Lagrange's equations of motion 
for the curved beam tyre model. For more details, the reader 
is referred to Krapf [ l o l .  



Appendix C 

In this appendix is shown, how the tyre deformation is recon- 
structed from the measured acceleration of the tyre belt. 

It is assumed that tyre deformation consists of local defor- 
mation, in the area around the imposed force and rigid body 
mmmment of ths tyre carcass. 

If the local curve radius of the tyre belt is denoted with p, 
and the tyre rotates with constant speed v, the radial accelera- 
tion, measured by an accelerometer mounted on the inside against 
the tyre belt, is given by: 

V2 ar= - 
P 

By measuring the acceleration, the curve radius p can be calcula- 
ted when v is known. 

Let: 

Then : 

e(8 )  R2 =R+w"+w 

which is a second-order differential equation. 
With the transformations: 
w=p, &z=pl, wI/=& 

the following two first-order differential equations are obtai- 
ned : 

.&O) = e (8) R ~ - R - ~  (8) 



with p(O)=O and z(O)=O. 

The above equations are solved with an Euler-Cauchy-integration- 
algorithm. 

Two practical problems arose. The first problem is caused by the 
fact that a piezo-electric accelerometer is used. This device can 
not reproduce constant OF low-frequent signals. The constant 
acceleration of v 2 / R  is not measured and will therefore have to 
be compensated for. 
The second problem consists of an extra acceleration, caused by 
rotating the accelerometer in the gravitational field. For this 
can be compensated easily because the amplitude and frequency of 
this extra signal are known. 
The maximum radial displacement in 8=n did not equal the rear 
axle displacement. This implies that the tyre moves as a rigid 
body. The rigid body movement can not be reconstructed by the 
accelerometer. 
Finally, as a check, the circumference of the undeformed tyre and 
the circumference of the deflected tyre were calculated. 
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