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Abstract 

The Ariane 5 solid propellant booster, with a propellant mass of 230 tons 
and a thrust of 7500 kN, is the largest ever built in Europe. It is comprised of 
a hemispherical head, active only during the first part of the combustion, and 
two cylindrical segments, which are active throughout the entire cambustion 
time, and are separated from each other by means of restrietars or inhibitors. 
Inside the cambustion chamber of this motor, as well as other solid propellant 
rockets like the Titan IV and Space Shuttle boosters, flow instahilities have 
been observed. These instahilities cause thrust fluctuations of about 0.5%, 
and are believed to be the result of coupling between self-sustained vortex 
shedding from the inhibitors and chamber acoustics. 

A plane two-dimensional incompressible flow model implementing the 
Schwarz-Christoffel transformation, has been developed to study the vortex
nozzle interaction. The chamber with nozzle is modelled as an infinitely long 
channel with a step. Calculations using the geometry of the 2-D cold flow 
experimental facility MICAT, predict the order of magnitude of the observed 
pressure fluctuations. 

Experiments have been conducted with an axial symmetrie cold flow 
model. First, acoustic characterisation without flow of three configurations, 
with chamber lengths of L = 231mm, L = 292.5mm and L = 405.5mm, gave 
the first and second harmonies associated with the lengths of the set-ups, with 
deviations from theoretically expected values being of the order of 5%. With 
a porous plate placed at the inlet of the test section, it was shown that sonic 
conditions could be obtained in the nozzle, tagether with a sufficient pressure 
drop across the porous plate, thus ensuring that the test section was acous
tically closed. Finally, experiments were conducted to see if it was possible 
to identify acoustic coupling. This was done with three configurations, with 
totallengths L = 231mm, L = 405.5mm and L = 405.5mm, and a restrictor
to-nozzle distance of l = 115.5mm, l = 115.5mm, and l = 290.0mm, respec
tively. Harmonie series were found in the latter two configurations. With 
L = 405.5mm and l = 115.5mm, the ground frequency of the harmonies was 
equal to the acoustic frequency, which is an indication of acoustic coupling. 
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Chapter 1 

Introd netion 

The Ariane 5 solid propellant booster, with a propellant mass of 230 tons and 
a thrust of 7500 kN, is the largestever built in Europe. The booster, sketched 
in figure 1.1, is comprised of a hemispherical head, active only during the 
first part of the combustion, and two cylindrical segments, which are active 
throughout the entire cambustion time, and are separated from each other by 
means of restrietars or inhibitors. During the combustion, hot gas emanates 
radially from the cylindrical segments, before being accelerated towards the 
nozzle. 

lnside the cambustion chamber of this motor, as well as other solid pro
pellant rockets like the Titan IV and Space Shuttle boosters, flow instahilities 
have been observed [2], [3], [4]. These instahilities result in thrust oscillations 
with a magnitude of the order of 0.5%. 

Flandra and Jacobs [5], first suggested acoustic mode excitation by pe
riodic vortex shedding from the restrictors, protruding into the flow during 
the combustion, as a souree for these pulsations. Numerical simulations by 

~ 
~ restrictor 

~!______JJ-1 I 
soHd propeilani block 

Figure 1.1: A sketch of the Ariane 5 solid propelZant booster. The motor consists 

of a hemispherical head, active only during the first part of the cambustion time, 

and two cylindrical segments, of solid propellant. The segments are separated by 

restrictors. 
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Figure 1.2: The acoustic feedback loop. A vortex is generated at the inhibitor. 

Upon interaction with the nozzle, a pressure wave is created with one of the cham

ber's acoustic modes ( acoustic excitation). This, in turn, drives the vortex gener

ation ( acoustic feedback). 

Vuillot [1] demonstrated the occurrence of vortex-nozzle interaction during 
self-sustained oscillations of a solid propellant roeket motor. Experiments 
conducted by Dunlap and Brown [3] with a subscale cold flow model of the 
Titan booster, showed that vortex-induced pulsations can occur in such mod
els. In this case, six restrietars were placed along the cambustion chamber, 
which indicates that vortex interaction with restrietars could be an important 
souree of sound. In the MI CAT experiments [6], with a two-dimensional cold 
flow model of the Ariane 5 booster, vortex-induced self-sustained pulsations 
are also observed, whereby vortices are shed from the downstream restrictor 
and vortex-nozzle interaction is the souree of sound. 

The occurrence of self-sustained vortex shedding in this case is explained 
by the theory of acoustic feedback, which can be summarised in a feedback 
loop as depicted in figure 1.2 ([1],[2]). 

The fundamental steps are: 

1. A shear layer is generated at the inhibitor and rolls up into a vortex, 
which is convected towards the nozzle. 

2. As the vortex travels through the nozzle, an acoustic pulse is generated 
and travels back upstream. 

3. The acoustic pulse reaches the inhibitor and perturbs the shear layer 
to contribute to a subsequent vortex. 

Using the distance l between vortex generation and impingement points, 
the vortex shedding frequency f and the mean flow velocity U at the gener
ation point, a Strouhal number Sr1 can be defined as 

fl 
Sr1 =-u (1.1) 
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Figure 1.3: Dependenee of the Strouhal number Sr1 on the Mach number M as 

observed by Dotson. The mode number m is the number of vortices present between 

the vortex generation point (the inhibitor) and nozzle. 

The dependenee of Sr1 on the Mach number M as found in a full scale 
firing test Dotson [2], is depicted schematically in figure 1.3. The mode 
number m is the number of vortices present over the distance l. It shows 
that for low mode numbers, pulsations are observed at contant Strouhal 
numbers, while for higher modes the frequency remains constant. Amplitude 
maximums of the pulsations are observed when the frequency matches the 
acoustic resonance frequency (lower modes), or when a critical value of the 
Strouhal number is reached (higher modes). In the case of Dotson, critical 
Strouhal numbers are observed with 

Sr1 = 0.56m, (1.2) 

which indicates that the vortex velocity is about half the mean flow velocity 
U. 

An important drawback in many cold flow simulations is the porous mate
rial often used in those experiments, where air is injected through a porous 
wall in order to simulate the radial inflow that exists in case of combustion. If 
the pressure drop across the porous wall is not high enough, a strong acous
tic coupling occurs between the test section and the gas supply system, thus 
making it impossible to observe self-sustained oscillations. This problem has 
been indicated in e.g. [7]. 
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The objective of the graduate research project presented here, was to de
velop a plane two-dimensional incompressible model in FORTRAN in order 
to simulate the travelling of the vortex over a step, representing the nozzle 
inlet, and use this to gain some insight into the vortex-nozzle interaction. 
The incompressibility assumption is based on a division of the vortex-nozzle 
interaction into an approach phase and an ingestion phase, where the vortex 
moves through the nozzle, together with the presumption that the relevant 
low frequency sound is produced mainly during the approach phase, where 
the flow is subsonic and can be treated as incompressible. 

Furthermore, preliminary experiments were to be conducted with a new 
cold flow facility at VKI, being a 1/30th axial symmetrie scale model of the 
Ariane booster, which will be used for the investigation of acoustic coupling 
in the coming years [8]. 

The report is built up as follows. First, an overview of the relevant theory 
for the numerical model will be given, such as the complex potential flow 
theory [10], and the Schwarz-Christoffel transformation together with the 
Routh-correction [11], which are implemented in the computational model. 
Furthermore, the vortex sound theory derived by Howe ([12], [9]) will bede
scribed briefly, and a model of the reponse of the acoustic field in the booster 
due to the souree induced by vortex-nozzle interaction [9]. Then, the pro
gram and the performed calculations are discussed. Finally, the experimental 
set-up, the conducted experiments and their results will be treated, followed 
by a discussion of the results obtained in both the computational modeland 
the experiments, together with the conclusions that can be drawn from these. 
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Chapter 2 

Theory 

In order to gain a theoretica! understanding of the phenomenon of pressure 
oscillations induced by vortex-nozzle interaction within a solid propellant 
roeket motor, a 2D incompresible potential flow model was developed, with 
the booster simplified as an infinitely long channel with a step represent
ing the nozzle. Calculations were performed by implementing this model 
in a FORTRAN program, which also makes use of the Schwartz-Christoffel 
transformation. In the following, a short summary of the Schwartz-Christoffel 
transformation and complex potential flow theory will be given, foliowed by 
a description of the model. 

2.1 The Schwartz-Christoffel transformation 

A potential flow bounded by a closed polygon in a complex plane z =x+ iy 
is often extremely difficult to analyse directly. For example, when one or 
more vortices are present in the flow, an infinite number of mirror vortices 
can arise in order to satisfy the condition of zero normal velocity at the 
boundary. In such cases, it proves to be very helpful to convert the complex 
physical domain of the flow to one where the method of images can be ap
plied more conveniently. The Schwarz-Christoffel transformation is such a 
mapping function. It transforms the physical flow field to a computational 
or canonical plane w = ( +iÇ, usually the complex upper half-plane or a unit 
disk. The polygon defining the boundary of the physical flow field is hereby 
mapped onto the boundary of the canonical plane. 

Here, the upper half plane is considered, withits real axis Ç = 0 the image 
of the physical boundary of the flow, as illustrated in figure 2.1. 

For an n-sided polygon, the derivative of the transformation function 
z( w), often also referred to as the transformation function itself, is given by 
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Figure 2.1: The Schwartz-Christoffel transformation maps the physical domain 

z(x,y) of a flow (a) onto a computational or canonical domain w((,Ç) (b). The 

polygon bounding the physical flow lies on the real axis in the canonical domain. 

The prevertices an are the images of the vertices an. 

[10] 

dz ~-1 ~-1 12!.-1 
dw=C(w-ai)" ·(w-a2)" · ... ·(w-an)". (2.1) 

where C is a constant and the internal angles f3n obey the relation 

(2.2) 

with f3n > 0. The images of the vertices an of the polygon, the prevertices 
an, lie on the real axis é, = 0 according to 

(2.3) 

The position of any three of the prevertices can be chosen freely, leaving the 
remairring n - 3 points to be calculated. 

Under an analytic transformation function, the Schwartz-Christoffel trans
formation is a conformal mapping, and on infinitesimal scale angles are pre
served. The complex velocity potential is left unchanged under the transfor
mation, so that at each position in the physical plane its value is equal to the 
corresponding position in the canonical domain. This implies that when the 
condition of zero normal gradient of the potential is met at the boundary of 
the canonical plane, it is also satisfied in the physical plane. 

2.2 Complex potential flow 

An incompressible, two-dimensional flow can be described using the stream 
function 'ljJ, defined as 

Ö'l/J 
u= äy' 

Ö'l/J 
v=--

äx 
(2.4) 
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with u and v the Cartesian x- and y-components of the velocity v. As a 
two-dimensional flow is considered, of the vorticity 

.... 
w=\lxv, (2.5) 

only the z-component Wz is non-zero. Using (2.4) equation (2.5) can thus 
be written as 

.... 2 
\1 'Ij;= -Wz (2.6) 

It follows from (2.5) that for an irrotational flow (w = 0) a velocity potential 
cp can be introduced as 

V= Vcp. (2.7) 

Both the stream function 'Ij; and the velocity potential cp satisfy the Laplace 
equation, and are related through 

&x &y ' &y &x ' 
(2.8) 

implying that cp and 'Ij; form an orthogonal system, which means that lines 
with cp = constant and 'Ij; = constant interseet everywhere at right angles. A 
complex velocity potential <I> can now be defined as 

<I>(z) = cp(x, y) + i'lj;(x, y), (2.9) 

in which z = x + iy is a complex coordinate. The derivative with respect to 
z of <I> gives the two components (u, v) of the flow velocity: 

d<I> 
dz =u-w, 

with the magnitude U of the flow speed given by 

d<I> =u 
dz · 

(2.10) 

(2.11) 

If a mapping of the flowfield is applied, such as the Schwartz-Christoffel 
transformation, the velocity (u, v) at point z in the physical plane can be 
obtained with the potential defined in the w-plane and the transformation 
function (2.1) 

d<I> d<I> dw 
dz dw dz · 

(2.12) 
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Figure 2.2: (a) The model of the booster with the nozzle. He and Hn are the heights 

of the channel and the nozzle, respectively. A souree is placed at z = ( -oo, t He) 
and a sink at z = ( +oo, He + t Hn). Uc and Un are the respective uniform flow 

speeds in the channel and nozzle. A point vortex travels through the channel over 

the step. (b) The flow in the canonical domain. The souree is placed at w = 0, 
the origin z = 0 at w = (1, 0), the corner of the step at w = Wc and the sink at 

w = ( +oo, 0). The vortex is mapped onto w = Wv, with a mirror vortexpresent at 

w =w~. 

Where a singularity exists in the potential, a correction has to be made to 
(2.12) in order to remave the singularity. In case of a point-vortex, this 
correction is given by the Routh-correction [11]. For a point vortex with 
strength r located at z = Zv, the velocity at its position is (see A.1): 

- z - hm -+- --+--- --dif? . { ( dif? if 1 ) dz if d
2 
z I ( dz) 

2

} 

dz ( v) - w_,_wv dz 27r w- Wv I dw 47r dw 2 dw . (2.13) 

For an irrotational flow, the relation between pressure and flow velocity 
for the entire flow field is given by the Bernoulli equation, which, in the 
unsteady and incompressible case, takes the form: 

ac/J 1 2 1 - + -U + -p = c(t) at 2 P ' 
(2.14) 

with p the density of the medium and c(t) a constant that may be dependent 
on time. As the vorticity of a point vortex is concentrated in its core, equation 
(2.14) still holds for a flow containing point vortices, whereby the relation 
can be applied to the entire flow field apart from the vortex positions. 

2.3 The model 

In reality, the flow in the booster is very complex. Hot gas emanates radially 
from combusting propellant placed against the side of the booster, and is 
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accelerated in the direction of the nozzle, where it reaches sonic conditions. 
Here, however, this radial inflow is ignored, along with friction and density 
variations. Further, the compound geometry of the nozzle is simplified as a 
step, and a 2D flow is considered. This leaves the model depicted in figure 2.2, 
a two-dimensional, infinitely long channel with a step, with frictionless and 
incompressible flow. The height of the channel is He, the height of the nozzle 
is Hn· A souree is placed at z = ( -oo, ~He), asinkat z = ( +oo, He+ ~Hn), 
while a point-vortex is positioned at z = Zv. The uniform flow speeds in the 
channel and nozzle, related to He and Hn through the continuity equation, 
are Uc and Un, respectively. Using the Schwarz-Christoffel transformation 
(2.1), this geometry is mapped onto a complex upper half-plane, where the 
souree a1 is placed at the origin w = 0, vertex a2 at w = (1, 0), a3 at Wc 
and the sink a4 at infinity. The transformation function (2.1) then takes the 
following form 

dz = C Jw- Wc 
dw w w -1' 

(2.15) 

where C and Wc are two unknown constauts that can be deduced from the 
boundary conditions. In contrast to the physical domain, the vortex has but 
one single mirror vortex in the canonical domain, located at w = w~, where 
the asterisk denotes the complex conjugate, and of the source/sink pair only 
the souree remains. The complex flow potential <I>( w) in the canonical plain 
is hence given by: 

<I>(w) = -ln(w)- -ln Q if (w- Wv) 
27!" 27!" w- w~ 

(2.16) 

with r the vortex strength or total circulation and the souree strength Q 
equal to 2UcHc. The flowspeed at point z then is 

d<I> _ d<I> / dw _ 
dz - dw dz -

{ 
Q if ( 1 1 ) } w ~ 

27rW 27!" w- Wv w- w~ cV~' 
(2.17) 

valid everywhere except at the position of the vortex. There, the Routh
correction (see 2.13) must be applied, which leads to 

d<I> 
dz (zv) = 

{ 
Q if ( 2Wv Wv (Wc - 1) ) } 1 [§;v - 1 -+- -1+ - . 
27!" 47!" Wv- W~ 2(wv- 1)(wv- Wc) C Wv- Wc 

(2.18) 
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The constant C and the coordinate Wc can be found by imposing the con
ditions for the flow speed in the nozzle, where, with z ---+ ( +oo, Hn + ~He), 
w goes to ( +oo, 0) and the flow velocity goes to Un, and in the channel, for 
z ---+ ( -oo, ~He) and w ---+ 0 and the flow speed becomes Uc. With (2.17) one 
obtains 

(2.19) 

(2.20) 

The pressure difference between any two reference points z1 and z2 is 
given by the Bernoulli-equation (2.14) 

(
a(h a(h) 1 ( 2 2) 

6,.p = P2- P1 = P 8t- at + 2P ul - u2 . (2.21) 

The pressure difference induced solely by the interaction of the vortex with 
the step can be obtained by correcting the calculated total pressure difference 
6,.pt for the pressure difference 6,.ps existing in a steady flow, i.e. without a 
vortex present: 

(2.22) 

2.4 Vortex sound 

An idea of where a vortex travelling through a channel as described above 
will generate acoustical pressure oscillations, can be obtained from the vortex 
sound theory derived by Howe [12]. Fora continuously distributed vorticity 
field in an incompressible flow, the rate of production of acoustic energy is 
given by: 

P(t) = p fv (w x v) · ÛacdV (2.23) 

where V is a compact volume containing the vorticity, iJ is the local flow 
velocity and the acoustic flow velocity Ûac is defined as the irrotational, non
stationary part of iJ. In the case of a single point vortex with strength r 
located at z = zv, and moving with speed Vv, (2.23) can be written as 

(2.24) 
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Figure 2.3: A vortex travels through the channel in positive x-direction. When 

the vort ex r is far from the step, it will only be infiuenced by the mirror vort ex - r 
in the negative plane, which will merely slow it down. Close to the step, however, 

the mirror vortex in the step will push it downwards, causing the vortex to deviate 
from the steady flow streamlines. 

with iï the normalto the z-plane. 
Thus, sound is produced when iï x Vv is not normal to Uac, or, in other 

words, when the vortex path is not parallel to the steady potential flow 
streamlines. In the case of a step in a channel, it can be expected that sound is 
produced when the vortex is swept over the step. When the vortex is far from 
the step, it will only be influenced by its mirror vortex in the negative plane, 
which will merely induce a time-independent induction velocity parallel to 
Uac, merely slowing down the vortex (figure 2.3). Close to the step, however, 
the mirror vortex in the step will tend to push the vortex downwards, causing 
it to deviate from the steady flow streamlines. 

2. 5 Acoustic field 

Due to the pressure difference induced by the vortex (2.22), pressure waves 
will travel into the chamber and nozzle. The resulting acoustic field in the 
case of standing waves is derived with two different models, one with an 
infinitely long subsonic nozzle (section 2.5.1), and one based on a quasi
stationary mass flow response of a sonic nozzle due to a change in pressure 
ahead of the nozzle [9] (section 2.5.2). 

13 
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Figure 2.4: The infinitely long nozzle subsonic model used for the study of the 

acoustic field in the booster. At x=O a souree tlpv exists due to vortex-nozzle 

interaction, and gives rise to acoustic waves in both the chamber ( region I) and 

the nozzle (region IJ). At the throat of the nozzle, x= Ln, the flow is choked. 

2.5.1 Model 1: Infinitely long nozzle 

With the pressure difference given by (2.22), the resulting acoustic field is 
derived with the model sketched in figure 2.4. The booster is divided in two 
regions, named I and II. Region I, the chamber, ranges from x = -Lc to 0 
and has height He· Region II, the nozzle, represented as a step, extends from 

PI = P[ ei(wt+kx) + Pf ei(wt-kx), 

P - p- ei(wt+kx) + p+ ei(wt-kx) 
II- II li ' (2.25) 

with k = w / c0 , where c0 is the speed of sound, the wave number and pt, 
i = I, IJ, the wave amplitude. Assuming a standing wave in region I, the 
boundary condition of zero velocity at x = - Lc leads to 

(2.26) 

At x = 0, a pressure difference between the two regions is induced by the 
vort ex: 

P[ + Pf + llpv = P/1 + Pf1· (2.27) 

The volume flow continuity condition over the nozzle region gives 

(2.28) 

As the nozzle is infinitely long, no reflection occurs in the nozzle, herree p[1 

is equal to zero, and for given tlpv, the system of equations (2.26) to (2.28) 
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Figure 2.5: The quasi-stationary model of a sonic nozzle. At x= 0 a souree !:lpv 
exists due to vortex-nozzle interaction, giving rise to acoustic waves in the chamber 

(region I). At the throat of the nozzle, x= Ln, the flow is choked, with constant 

Mach number Mn. 

contains three unknowns. Solving for the acoustic pressure at p~=-Lc one 
obtains: 

' =Re . u v . eiwt = 
{ 

2 Ap eikLc } 

P-Lc (1 - e2zkLc) Z: - (1 + e2zkLc) 

(2.29) 

2.5.2 Model 2: Quasi-stationary mass flow response 

In the quasi-steady model of the nozzle, the Mach number M is assumed to 
remain constant under small perturbations in pressure. Thus, 

(u) u' u 
d ~ = --;; - c2 c' = 0, (2.30) 

leading to 

u 

c' r- 1 p' 
---

c 21 p 
(2.31) 

u' 

Hence 

I pCU f- 1 I 
pcu =---p 

P 2r 
(2.32) 

so that, with p = pc2 /r, 
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Since 

~-1 
pcu1 =p1M--. 

2 

.....:ct.!.._ 

M ( 1 ; 1) 
2

h-
1

l ( 1 _ 1; 1 M 2
) = ~:' 

which for M « 1 gives 

.....:ct.!.._ 

rv Hn ( 2 ) 2(-y-1) Mrv- --
He I+ 1 

Equation 2.33 can now be written as 

with 

.....:ct.!.._ 

H "'- 1 ( 2 ) 2
h-

1
l H 1 1 n 1 IK n pcu =p--- -- =p -

He 2 1 + 1 He' 

.....:ct.!.._ 

I - 1 ( 2 ) 2(-y-lJ 
K=-- --

2 1+1 

For air, with 1 = 1.4, a value for Kis found of K = 0.116. 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

(2.37) 

The mass flow fluctuations (2.5.2) in the chamber will be identical to 
those near the nozzle, but there will be a pressure difference l:l.p between the 
chamber and the nozzle due to the presence of the vortex. At x = 0 at the 
side of the nozzle, the pressure variation thus is (figure 2.5) 

P~I = Pf + P[ + i::l.p 

so that the mass flux variation there becomes 

1 _ 1 '"Hn_(+ _ )Hn 
pcuuu- Pul"\ -H - PI +PI + l:l.p H · 

e e 

At x= 0 in the chamber, the mass flux variation translates as 

g1vmg 

At x= -Le 

H 
Pf- P[ = (pj + P[ + i::l.p)K; 

e 
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(2.39) 

(2.40) 

(2.41) 



PI = p+ e +ikLc + p- e -ikLc 
-k I I ' (2.42) 

which, tagether with the condition 

I Pt e+ikLc - P[ e-ikLc 
u_L = 0 = _:._ ___ ....::....::. __ _ 

c pc (2.43) 

leads to 

+ 
PI = e-2ikLc 

p[ 
(2.44) 

Solving for the pressure p'_Lc gives 

p~ L, = Re {i sin( kL,) t: cos( kL,("'} · (2.45) 

which is the same expression as derived in section 2.5.1, but for the factor 
K. 

For the fundamental acoustical mode of the chamber, the wave number k 
can be written as 

(2.46) 

This gives 

I 

P-Lc = ~Pv (2.47) 

which can be expected, as there is no attenuation of waves present. 
The dependenee of the amplitude of the ratio Pxo;:-,Lc on the angular fre-

'-'-Pv 

quency w is plotted in figure 2.6, for both models. It shows that for small 
aspect ratios or area ratios AR= Hn/ He, only the acoustical modes will be 
excited. Furthermore, the quasi-stationary model gives a lower admittance. 
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I 

Figure 2.6: The dependenee of IPx~-,Lc I on w, for both the subsonie model and 
Pv 

the quasi-stationary model ( denoted by * ). The frequeney wo eorresponds to the 

aeoustie ground frequeney f = ej2Lc, with e the speed of sound and Lc the ehamber 

length. For smaller aspect ratios AR= Hn/ He only the standing wave modes are 

exeited, and the quasi-stationary model prediets a lower admittanee. 
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Chapter 3 

Calculations 

3.1 The program 

A program was written in FORTRAN77 to numerically calculate the vortex 
trajectory over a step in a channel and calculate the pressure difference over 
the step induced hereby. A listing of the program is included in Appendix 
A.4. 

Figure 3.1 shows the various steps in the program. First, given the initial 
position of the vortex and the two reference points in the z-plane, the cor
responding points in the canonical domain are calculated. With the vortex 
position in the w-plane now known, its velocity in the z-plane is computed 
using (2.18), from which the new z-position at the following time-step can 
be deduced. Then, the corresponding new w-coordinate is calculated, and so 
on. After each time-step, the pressure difference !:ipv (2.22) is computed, for 
which the time-derivative of the velocitypotentialis needed. In the following 
section, the calculation methods used in these steps and their accuracy are 
treated. 

3.2 Methods of calculation and accuracy 

The two reference points used in the computation of the pressure fluctuation 
llpv (2.22), were put at z1 = (-10,Hc) and z2 = (+lO,Hc), thus ensuring 
that the flow at these points was one-dimensional. 

The initial position of the vortex and the coordinates of the reference 
points z1 and z2 in the w-plane, were calculated by stepwise integration 
from a known starting point to the final position with 

(3.1) 
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---- -- --------~---· ------·-9 
give coordinates of reference points and 
initia! vortex location in z-plane 

calculate coordinates of reference points 
and initia! position of vortex in w-plane 

-------------- ' ------1 calculate velocity potential in -- -1 

I reference points at t=O -
---~-- ---r--------

1 ---- --__ -- ---=1 

I 
calculate vortex position in j 
z-plane at t=t+M 
- --- --- -------~----~-

calculate vortex position in J 
w-plane at t=t+l1t 
-~-------- ----- ----~-·- .,-·-·- ---

--------- ------'---- ---

1 

calculate velocity potential in J 
_ reference points at t=t+l1t 
-------------·r·--------------

--- -----~j_ ___ --·----
calculate pressure difference 
at t=t+l1t 

Figure 3.1: The vanous steps zn the computation of the vortex path and the 

induced pressure difference. 

where the subscript n denotes the n-th step in the iteration. The vortex 
position was calculated starting from z0 = 0 with w0 = (1, 0). Since at w 0 

the derivative dw / dz is equal to zero, a value of 10-10 was subtracted from 
w0 , in order to be able to leave this point. The coordinates of w1 and w 2 

were obtained by starting from Zv with Wv and z1 with w1 , respectively. The 
latter was done to be able to ensure that the imaginary value of wk was kept 
equal to zero throughout the process, as the integration took place along 
Ç = 0, and in doing so obtain a higher accuracy. The value of dz is given by 
(zJinal - Zstart)/l, with l the total number of steps used. After each step in 
the integration, the relative error RE of the newly obtained point, given by 

(3.2) 

with Wn the recalculation of point Wn at the n-th step, was calculated by 
reducing the step size with a factor of two, and recompute the coordinate. 
Thus, the number of steps l could be chosen to obtain errors below a desired 
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I AR I point in z-plane I calculated w-coordinate I RE I TE 
0.50 Zv = ( -4, 1) (1.235 . 10 5' 5. 750. 10 3) 1.04. 10 11 1.04. 10 5 

0.50 Z1 = ( -10, He) ( -4.640. w- 7 , o) 2.28. w-11 3.32. w-5 

0.50 Z2 = ( + 10, He) ( -2.967. w+14, o) 9.87. w-10 1.02. w-3 

0.10 Zv = (-4, 1) (6.886. w-1, 1.233. w-1) 2.12. w- 13 2.12. w-7 

0.10 Z1 = ( -10, He) ( -1.87. 10 1' 0) 3.91 . w-12 4.12. w-6 

0.10 Z2=(+10,Hc) ( -8.097. 10+15 , o) 9.869 . w-10 9.91. w-4 

Table 3.1: The numerically obtained values for the coordinates of the initia[ po

sition of the vortex Wv and of the reference points w1 and w2, for area ratios 

AR = Hn/ He equal 0. 50 and 0.1 0. Given are the maximal relative error (RE) for 

one iteration step and the total relative errors (TE) = l · RE. The calculations 

were performed with l=106
. 

tolerance. In table 3.1 results are given obtained with l equal to 106 . Two area 
ratios were compared. It shows that a slightly higher accuracy is obtained 
with a smaller aspect ratio. Also, the coordinates Wv and w1 are numerically 
more friendly in this case. 

A relative error was obtained in the order of 10-11 for Wv and w1 , and of 
w-9 for w2 (see Table 3.1). This gives total relative errors of l ·RE of the 
order of 10-6 for Wv and W1, and 10-3 for W2. 

As the velocity of the vortex is given in termsof u and v, the speed in the 
physical plane, as a function of the position of the vortex in the canonical 
plane according to (2.18), it was necessary to switch back and forth between 
these while calculating the vortex path. Thus in the time-integration, errors 
arise both in the integration in the physical plane, as in the integration in the 
w-plane. The time-integration in the z-plane is clone with a fourth-order 
Runge-Kutta scheme: 

with 
k*- d<P (z w ) 

1 - dz v,n, Z·v,n ' 

k; = ~~ (zv,n + ~k1~t, Wzv,n+~k1llt), 

k; = ~~ (zv,n + ~k2~t, Wzv,n+~k2 llt), 
k: = ~~ (zv,n + k3~t, Wzv,n+k3llt)· 

21 

(3.3) 



where the ~t is the time-step and the asterisk ( *) denotes the complex con
jugate. 

Again an error calculation was done as described above, by reducing the 
time step ~t withafactor two and recalculate the coordinate. A truncation 
error En for the Runge-Kutta scheme was used here, which in the n-th 
integration step is 

E = IYn- Yn I 
n 2-k- 1 (3.4) 

where kis the order of the Runge-Kutta scheme, which is equal to four here. 
The coordinates Wv of the vortex in the canonical plane were calculated using 
the values of the previous time step. 

The time-derivative of the velocity potential cp( w) at the reference points 
was calculated using a first-order derivative approximation, given by 

ociJ( w) 
1 

= c/J( w )t - c/J( w )t-t::.t 
at t ~t · (3.5) 

3.3 Tests 

3.3.1 Vortex velocity 

The Schwartz-Christoffel transformation and the Routh-corrected velocity 
(2.18) was tested by putting the heigth of the step to zero (Hn = He), and 
the channel height He to 1000. This resembles a half plane, for which the 
vortex speed is equal to the speed of the background flow plus the induced 
velocity by the mirror-vortex: 

r 
Ur = Ue + 41rh' (3.6) 

in which Ur is the speed of the vortex, Ue the speed of the background 
flow and h the distance of the vortex to the boundary. This was done for two 
values of the vortex strength, with two different values for h. The conditions, 
computed results and the theoretically expected values, are summarised in 
table 3.2. It shows that an accuracy is obtained of at least 4 figures. 

3.3.2 Comparison to Panel Methad 

The performance of the program was also validated by comparison of the 
results to calculations done with a panel method computation, using a vortex
blob [13]. In the panel method, the geometry of the flow field is divided into 
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I r I h I Uc I Uv calc 
' I Uv th 

' 
-1 0.5 0 -1.59155 . 10-1 -1.59155 ° 10-1 

-1 0.5 1 8.40845 ° 10-1 8.40845 ° 10-1 

-1 5 0 -1.59148 ° 10-2 -1.59155 . 10-2 

-1 5 1 9.84086 . 10-1 9.84085 ° 10-1 

-10 0.5 0 -1.59155 -1.59155 
-10 0.5 1 5.91548 ° 10-1 509155 ° 10-1 

-10 5 0 -1.59155 . 10 1 -1.59155 ° 10-1 

-10 5 1 8040858 ° 10-1 8.40845 ° 10-1 

Table 3.2: Test results for the calculation of the vortex velocity. Given are the 

calculated values Uv,calc along with the theoretica! values Uv,th for ei reulation r =-1 

and -10, and height h=0.5 and 5. 

I H~ I H~ I U~ I U~ I zv,o I r' I ~t lt I 
11 I 8.5. 10 2 11 111.1 I (-4.oo;o.4o) I -0.44 110 3 11oo I 

Table 3.3: The geometry, vortex strength and integration steps used in the val

idation of the model based on the Schwartz-Christojjel methad against the panel 

method. 

straight panels, at each of which the flow velocity and pressure is calculatedo 
A thorough description of this method can be found in [13]. 

In this case a number of steps of 1491 was used, with panel sizes of the 
order of 5 · 10-3 near the edge of the step. The de-singularisation of the 
vortex was 0.0001, and a fourth-order Runge-Kutta scheme was used for the 
time integration. 

The geometry wasbasedon MICAT (see section 3.4), and is given in table 
3.3. The area ratio H~/ H~ = 8.56-10-2

, with H~ = 1 and U~ = 1. The vortex 
strength r' = -0.44. Integration steps of ~t = 10-3 and l = 100 were used, 
with which maximal relative errors were obtained of T E(zv) = 0.97 · 10-6 

and TE( wv) = 0.59-10-5 in each timestep, and an amplitude of the pressure 
pulse calculated with the Schwartz-Christoffel (SC) method converged to a 
constant value with an error of less than 1%. 

The vortex paths calculated with both methods are shown in figure 302, 
where for each method the y-coordinate of the vortex is shown against the 
respective x-coordinate. The trajectmies are virtually identical. Figure 3.3, 
where the difference in x- and y-positions between the Schwarz-Christoffel 
and the panel method are plotted against time, however, shows that the 
point-vortex in the SC-method moves faster, and differences increase quickly 
near the step. 
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The calculated pressure pulses are depicted in figure 3.4, against the 
x-coordinate of the vort ex (a) and time (b). The trace of the signal is 
similar in both cases, with sharp peaks at identical positions. The positive 
amplitudes, however, differ about 20%, with the SC-method giving the lower 
value. From (b) it is again evident that the vortex in the panel method lags 
behind compared to the Schwarz-Christoffel method. This may explain at 
least a part of the difference in the pressure signals. As will be seen in section 
3.4.3, a bigger value for the vortex strength f' gives a higher amplitude of the 
pressure signal. Sirree the vortex in the Schwartz-Christoffel method moves 
faster, and f' is scaled as f' = f/UH, it can be said that the "effective" 
vortex strength in SC is slightly smaller, and thus also the induced pressure 
pulse. From figures 3.3 and 3.4 (b), the difference in velocity can be esti
mated to be around 10%, which would then also be the difference in ~Pv· 
Furthermore, errors in the vortex velocity can arise in the panel-method if 
the panels are too large, especially near the corner of the step, where the 
vortex comes close to the wall. Here, the panel sizes near the corner are of 
the order of 5-10-3 , and the vortex-to-wall distance is approximately 5 -10-2. 

Hence, the vortex is 10 panel-sizes away from the wall, which would normally 
not induce large errors. 

3.4 MICAT 

3.4.1 Sealing 

With the accuracy of the model verified, an attempt was made to predict 
the results of the experiments dorre with the MICAT cold flow experimental 
facility of ENSMA [6]. Like the model presented here, it is a two-dimensional 
representation of the actual booster. However, in MICAT, a radial inflow was 
used, the flow was compressible, and sonic conditions were met at the throat 
of the nozzle. Because of the incompressibility assumption in the model, it 
wasn't possible to have the same velocity distribution as in MICAT. The 
choice was made to respect the geometry, and have the velocity depend on 
this. Lengths are scaled with respect to the height of the nozzle, veloeities 
with respect to the speed in the nozzle. Thus, both the height H~ of and the 
velocity in the nozzle area U~ are equal to 1, tagether with the Mach number 
M in the nozzle (sonic condition). In the following, accents will be used to 
indicate dimensionless quentities. With Hn,M and Hc,M the heights of the 
nozzle and channel in MICAT, the area ratio AR is defined as 

AR = Hn,M = 8.56 · 10-2 . 

Hc,M 
(3.7) 
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As the flow is assumed to be incompressible, conservation of mass gives 

U~H~ = U~H~ = 1, (3.8) 

and the non-dimensional flowspeed u~ is 

with 

U1 =AR c 

Hl= _1_ 
c AR 

(3.9) 

(3.10) 

The vortex-strength r was non-dimensionalised with respect to Un and Hn, 
g1vmg 

(3.11) 

The pressure difference tlpv induced by the vortex, was scaled with the dy
namic pressure ~ pU?, so that 

1 tlpv ( ) 
tlpv = 1 U2 · 3.12 

2P c 

The frequency f2L of the first oscillation mode in MICAT is given by 

CM 
!2L = -:;:y;-· (3.13) 

c,M 

with Lc,M the length of the channel in MICAT. With the Mach number M 
in the nozzle equal to 1, and the channel length scaled as L~ = Lc,M / H n,M, 

the scaled frequency becomes 

I 1 
!2L = 2L' 

c 

(3.14) 

The initial height h1 of the vortex is derived from the obstacle height in 
MICAT, giving 

h1 = hM. 
Hn,M 

(3.15) 
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t:.t 0.05 0.02 0.01 0.005 

!::.p~ 4.603 4.532 4.504 4.491 

Table 3.4: The time-step b.t and the calculated pressure difference b.p~. lts value 

converges to 4.50. 

HnM 3.08 · 10-3m H' 1 r' -0.44 , n 
Hc,M 36 · 10-3m H' c 11.7 ~~L 2.48. 10-3 

Lc,M 621 · 10-3m L' 202 AR = 8.56 · 10-2 -c 

hM 14.4 · 10-3m h' 4.68 - -

Table 3.5: The geometry of MI CAT (a) and the non-dimensional quantities used 

in the computational model. 

3.4.2 Calculations 

The geometry of MICATand the derived non-dimensional quantities used in 
the model are listed in table 3.5. Since there was no information available 
on the vortex strength in the MICAT experiments, its value was estimated 
from the geometry and flow speed (Appendix A.2), leading to f' = -0.44. 

For the time-integration, a step-size !::.t = 0.01 tagether with l = 10 was 
determined to give a !::.p~ converged to a constant value with an error of less 
than 1% (table 3.4). The total relative errors in the calculation of the vortex 
position at each step were below the given toleranee of 10-4

. 

The calculated vortex trajectory and pressure oscillation are shown in 
figure 3.5. For the maximum of the pressure difference, a value of !::.p~,max = 

4.5 is obtained. The maximum of the pressure oscillation at the fundamental 
frequency f2L observed in MICAT was !::.pvJ2L,M/Po ~ 7 · 10-4

, or !::.pv,M ~ 
1 · 102 Pa, at a mean flow velocity Uc,M = 42mç1 and T = 298K. Sealing 
with respect to the dynamic pressure yields !::.p~J2L,M ~ 7 · 10-2

. 

The corresponding Fourier component of the pressure pulse depicted in 
figure 3.5, belonging to f~L' was obtained by repeating the signal with a fre
quency f~L' and calculate the Fourier component belonging to this frequency. 

For the standing wave frequency f~L, this gives !::.p~ f' = 3 · 10-2
, which 

' 2L 
is of the right order of magnitude. 

3.4.3 Influence of h' and f' on ~P~ 

Using the same model as in the section above, the influence of the restrictor 
height, or initial height of the vortex, h' and the vortex strength r' on the 
induced pressure difference !::.p~ was investigated, where !::.p~ m is taken to 
be the maximum amplitude of the pressure pulse. Figure 3.6 '(a) shows the 
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dependenee of 1/ !:lp~,m on h'. The pressure difference is found to be inversely 
proportional to h'. Interesting is the point where the the h'-axis is crossed. 
This value, h' = 2.352, corresponds to an infinitely large !:lp~ m· A test with 
h' = 2.352 showed that in this case the vortex does not make it over the step, 
but is pushed downwarcis and turned into the opposite direction, as shown 
in figure 3. 7. Apparently, starting at this low height, the vortex approaches 
the boundary of the step to closely, so that the induced velocity of its mirror 
vortex in the wall becomes sufficiently high to push the vortex downwarcis 
and back into the chamber. 

The dependenee of !:lp~,m on f' is depicted in figure 3.6 (b). 
It appears that for higher values of the vortex strength the dependenee 

becomes exponentional. For f' > 0.9, the vortex is again pushed back up
stream. This behaviour could explain the fact that in Ariane 5, pulsations 
are observed that correspond to a number of vortices between the restrictor 
and the nozzle of n = 5 or higher. Assuming that all the vorticity gener
ated within one period is concentrated in a single vortex, the vortex strength 
f' would increase with decreasing n. Thus, for less than five vortices, the 
strength may be too high and the vortices are refiected by mirror-vortices in 
the wall of the nozzle. 
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-- panel-method 
---·-·- Schwarz-Christoffel 

0.8 

0.6 

0.4 1--------------~ 

0.2 

0~---L---~---L---~---L---L---~ 

·3 ·2.5 ·2 ·1.5 ·1 -05 0 0.5 

x 

Figure 3.2: The vortex paths as calculated with the panel methad and with use 
of the Schwarz-Christoffel transformation. AR =8.56·10- 2 , r' =-0.44, h' =0.40, 

b.t=0.001, l =100. 

0.12 .-----.-----.,.------,------,-----,------, 
--dif(x) 
-··-·-· dif(y) 

0.1 

0.08 

0.06 

0.04 

0.02 

0 -- ·--·-··-- -··-
3 3.2 3.4 3.6 3.8 4 4.2 

Figure 3.3: The difference in x- and y- coordinates of vortex paths calculated 
with the Schwarz- Christoffel transformation and the panel methad as a function of 

time. AR =8.56·10-2 , r' =-0.44, h' =0.40, ó.t=0.001, l =100. 
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3.-----~------.-----~-------.------.-----~----~ 
-- panel-method 
------- Schwarz-Christoffel 

2.5 

2 

1.5 

0.5 

0~--------------------------------------

-0.5 

-1 ~-----L------~----~------~------L------L----~ 
-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 

x 

3r-------.--------.------~~------.--------.------~ 
-- panel-method 
------- Schwarz-Christoffel 
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I 
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0.5 :I 

0 l--------------------------------------~1---=-----1 

~ 
-0.5 

-1 ~------~------~--------~------~------~------~ 
3 3.2 3.4 3.6 3.8 4 4.2 

Figure 3.4: The pressure pulses induced by the vortex while travelling over the 

step, calculated with the Schwartz- Christoffel and the panel method, against the 

x- postion of the vortex (upper graph) and time (lower graph). AR =8.56· 10-2 , 

r' =-0.44, h' =0.4o, b..t=o.oot, 1 =too. 
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------- vortex Irajeetory 
-------------
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Figure 3.5: The vortex trajectory (upper graph) and pressure pulse (lower graph} 

obtained with the MICAT configuration. AR =8.56·10- 2 , f' =-0.44, h' =4.68, 

6.t=0.01, l =10. 
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~Pv'(h) 

0.6 -~----- ----1 4 - ------~---------. 
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Figure 3.6: The dependenee of the maximum of the pressure difference ~p~ on 

the restrictor height h' (a) and the vortex strength r'. 
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-- vortex Irajeetory 
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Figure 3.7: The vortex path {upper graph) and pressure signa[ {lower graph) in 

the case of h' = 2.352. The vortex does not move past the step, but is defiected 

downwards and moves upstream. The maximum of the pressure difference Dop~ ~ 

87. AR =8.56·10-2 , r' =-0.44, h' =4.68, D.t=0.01, l =10. 
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Chapter 4 

Experimental investigation 

4.1 Experimental set-up 

The experimentalset-up at the Von Karman Institute, consistedof a test sec
tion, being the model of the booster, and a complex of pipes and valves con
necting the test section to a high pressure air supply. The whole is sketched 
in figure 4 .1. 

The air was fed to the test section from a 12bar tank with a volume of 
9.8m3 , which in its turn was filled from a 40bar compressor. The airflow 
was regulated by either one of two pneumatic valves, one for pressures up to 
approximately 0.4bar, and one for pressures up to 3bar. Both valves were 
connected to a lm3 control tank of 7bar. A control knob was at one side 
connected the high pressure side of the valves, and with the other to the 
low pressure side of the pneumatic valve in use. By turning the knob, the 
pressure difference over the connected valve could bein-or decreased, thereby 
closing or opening the valve. At the time of the experiments, only one flow 
regulator was available, so that it was only possible to use just one valve at 
a time. The air wasthen led through an orifice plate, which made it possible 
to measure the mass flow. Finally, a manually operated emergency valve was 
placed near the test section. 

The test section was comprised of a selection of 6 metal cylinders with 
an inner diameter of 76mm and heights of 30mm, 55mm and 85mm, and 
a sonic hole with an inner diameter of 30mm. From these segments, three 
different configurations could be assembled with totallengths Lc of 23l.Omm, 
282.5mm and 405.5mm, respectively. An inhibitor with an inner diameter 
of 58.1mm could be positioned between any two segments. 

At the inlet of the test section, the possibility existed to place a porous 
plate. The preserree of this plate is believed to be essential. It's purpose is 
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Figure 4.1: The experimental set-up. 
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safety 
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to close the test section acoustically from the connections, preventing that 
spurious waves carried with the air flow pollute the acoustic measurements. 

The test section was instrumented with PCB piezo-electric pressure me
ters of Piezotronic Inc., and Validyne pressure meters. The PCB's were 
placed along the length of the test section, and were used to measure pres
sure oscillations. With the Validyne meters the static pressure just before 
and after the porous plate and the pressure difference across the orifice plate 
were measured. 

All data was collected by use of the DAS20 acquisition program, devel
oped at VKI, which ran on a PC (386). In this program, it is possible to 
choose the sampling rate with which the data is collected and the total num
ber of points that is to betaken at each measurement, with the limitation of 
a maximaltotal number of points of 32766. 
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Figure 4.2: The set-up for the acoustic characterisation. A loudspeaker is placed 

on top of the test section. The PCB 's along the length of the test section are clearly 

visible. 

The sensitivity of the PCB's was determined through calibration with a 
PCB Calibrator of Piezotronics Inc. The results are listed in Appendix A.3. 

4.2 Acoustic characterisation 

As explained in section 1, flow acoustic coupling is characterised by a vortex 
shedding frequency equal to one of the standing wave frequencies of the flow 
chamber, expected to be either the first or second harmonie. Thus, before 

I Configuration and length (mm) I f (Hz) I f (Hz) I f (Hz) I f (Hz) 
I L = 231.0 142 ± 1 774 ± 1 1582 ± 1 1226 ± 1 
II L = 292.5 138 ± 1 624 ± 1 1233 ± 1 1230 ± 1 
III L = 405.5 98 ± 1 455 ± 1 884 ± 1 1238 ± 1 

Table 4.1: The results of the acoustic characterisation. Listed are the three con

figurations and their respective lengths, with the experimentally observed standing 

wave frequencies. The frequencies listed in the second and third columns are the 

first and second harmonies associated with the length of the test section. The fre

quencies in the first column are probably Helmholtz resonator frequencies. The 

values in the last could nat be explained. Data acquisition: number of channels: 7, 
number of points per channnel: 4096, sampling rate: 28000H z. 
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being able to show if acoustic coupling takes place, it is necessary to deter
mine which would be the driving frequencies of the vortex shedding in case 
acoustic coupling occurs or, in other words, which are the fundamental modes 
of the test section. Therefore measurements have been dorre to determine the 
frequencies of these modes and construct the form of the associated waves. 

This was carried out by placing a loudspeaker on top of the test section, 
with a space of approximately 2mm left in between the sonic hole and the 
loudspeaker (4.2), which was necessary to assure a proper functioning of the 
speaker. To be certain that the test section was acoustically closed at the 
inlet, the porous plate was replaced with a metal one. This also allowed for 
placing a PCB at this position, which was fixed to the metal plate. The 
loudspeaker was driven by a signal analyser (HP 35660A). First, a random 
noise signal with a frequency range of 10Hz - 1.61kH z was generated. The 
signals from the PCB located just above the restrictor and the one placed 
at the bottom, were analysed directly with the spectrum analyser, so that 
an immediate determination of the standing wave frequencies was possible. 
The data from all the PCB'swas analysed later, for which the FFT package 
in XMGR (v4.1.1) was used. The error in the frequency after the FFT is 
given by the sampling rate per channel, in these cases 4000, divided by the 
number of points per channel, here 4096, giving an error of l.OH z. 

Three different configurations have been tested, with lengths L = 23l.Omm 
(configuration I), L = 292.5mm (configuration II), and L = 405.5mm (con
figuration III). In all cases, a restrictor with an inner diameter of 58mm was 
placed halfway the length of the test section. Six PCB's have been used, 
where in configuration I one PCB was placed directly opposite another PCB 
, so that information on the phase difference could be obtained. The dif
ferent configurations with the observed standing wave frequencies for each 

Configuration fi (Hz) fi (Hz) r.d. 12 (Hz) 12 (Hz) r.d. 
and length ( mm) exp. theory (%) exp. theory (%) 
I L = 231.0 774 ± 1 742 4.4 1582 ± 1 1485 6.5 
II L = 292.5 624 ± 1 586 6.4 1233 ± 1 1173 5.1 
III L = 405.5 455 ± 1 423 7.6 884 ± 1 846 4.5 

Table 4.2: The results of the aeoustie eharaeterisation. Listed are the three eon

figurations with the observed frequeneies of the ground frequeney ar first harmonie 

h, the seeond harmonie h, the respeetive theoretieally expeeted values h = ej2L, 
h = cj L with c the speed of sound, and the relative deviations (r.d.} from these. 

Experimental eonditions: T=19.5°C. Data aequisition: number of ehannels: 7, 
number of points per ehannnel: 4096, sampling rate: 28000H z. 
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L 

Figure 4.3: The test section modelled as a Helmholtz resonator. The length of the 

test section is L, the volume V. The speed of sound is c. The area of the sonic 

hole is At. 

are listed in table 4.1. The frequencies in the second and third columns can 
be identified as the first and second harmonies associated with the length 
of the test section, as shown in Table 4.2, where they are compared to the 
theoretically expected values, defined as fi = c/2L and f 2 = cj L, with c the 
speed of sound and L the configuration length. The relative deviations from 
these are of the order of 5%. All the measured values of the standing wave 
frequencies lie above the theoretically expected values. This is unexpected, 
sirree the preserree of the restrictor would have an infiuence on the frequen
cies. Fora thin, circular diaphragm with diameter D, an "effective length" 
Leff exists with Leff ~ 0.8D [15]. This increase in length would cause a 
decrease in the observed frequencies. For example, for configuration I, and 
with D = 58mm, the expected ground frequency f 1 would become 618Hz. 
A significant shift from 742Hz, where 774Hz is measured. 

Returning to Table 4.1, the 1.2kH z frequency inthelast column appears 
to be independent of the test section length, and therefore could possibly be 
associated with a transversal mode. For a two-dimensional cylindrical pipe, 
the Helmholtz equation in po lar coordinates ( r, ()) is 

\72p(r) + k2p(r) = 0, (4.1) 

where k = 21r f / c is the wave number. This has the salution 

p(r, ()) = Jn(CY.nmr)e-inO'fiknrnx, (4.2) 

where ln denotes the nth order Bessel function, and CY.nm = j~m/ R, with 
j~m the m-th non-negative non-trivial zero of J~m' satisfying the boundary 
condition ([15]) Applying the rigid body condition at r = R, where R is the 
radius of the test section, 
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a 
arp(R, B) = 0 ( 4.3) 

leads to 

( 4.4) 

J~ is the derivative of the Bessel function with respect to knR. The first zero 
of J' occurs at kR = 1.841 [15]. With R = 38mm and c = 343ms-I, the 
first transversal mode would be 2.6kH z, which leads to the condusion that 
the observed 1.2kH z frequency is not a transversal mode. The frequencies 
in the first column of Table 4.1 show a dependency on the length L, and an 
explanation of these values could be that the test section acts as a Helmholtz 
resonator. If the test section is modelled as sketched in figure 4.3, with 
length L, volume V and a circular aperture with area An, the fundamental 
frequency of this Helmholtz resonator is given by 

w 
Wo = 21f Jo = y Uv (4.5) 

where 6 is the "effective length" of the aperture [15]: 

6 = ~ (An)! 
31f 1f 

( 4.6) 

For configuration I this leads to Jo = 281Hz, a factor two higher than the 
unexplained frequency of 142Hz. For configurations I and II, the Helmholtz 
frequencies are 253Hz and 212Hz, both again approximately a factor two 
higher than the observed frequencies. However, this is a very crude approxi
mation, as the preserree of the loudspeaker can increase the effective length 6 
of the aperture significantly, and the dependenee of the observed frequencies 
on VI indicates that these are indeed Helmholtz resonator frequencies. At 
any rate, such resonances will not be present under sonic conditions. In order 
to reconstruct the standing wave forms, sound signals with fixed amplitude 
and frequency, each being one of the observed standing wave frequencies, 
were imposed on the test section. After analysis, the wavefarm of the ground 
frequency and the first harmonie were reconstructed. They are shown in fig
ure 4.4. The pressure values are scaled with respect to the pressure measured 
by the PCB at the metal plate, while the relative distance is the distance 
from the metal plate divided by the length of the test section. The resulting 
wave forms agree well with what is theoretically expected. 
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Figure 4.4: The reconstructed standing wave farms for configurations I 

(L=231mm), IJ (L=282.5mm) and JIJ (L=405.5mm). The pressure is scaled 

with the pressure measured at x=O, x with the total length of the respective con

figuration. The symbols denote the experimental data, the solid line the theoretica[ 

wave farm. Experimental conditions: T=19.5°C. Data acquisition: number of 

channels: 7, number of points per channnel: 4096, sampling rate: 28000H z. 

4.3 Acoustic quality of the set-up 

A major concern in acoustic measurements is pollution of the pressure field 
that is measured by waves coming in from outside the test section. It is 
apparent that it be assessed if any measured pressure signal inthetest section 
can be ascribed to a process occurring inside the test section itself, instead 
of having entered from the connections or the laboratory. Two ways through 
which noise can enter the test section are the nozzle and the inlet. The 
nozzle is acoustically closed when it is critical, as a pressure signal cannot 
be transmitted upstream when the flow velocity attains the sonic value. The 
inlet poses a bigger problem, sirree it obviously cannot be closed. A possibility 
is to place a porous plate at the beginning of the test section. lf the pressure 
drop across the plate is high enough ( usually a pressure drop equal to the 
pressure Ps in the test section is considered to be sufficient) this too will be 
closed for acoustic waves. Of course, this also is a necessary condition for 
standing waves to form. To assess if the test section is acoustically closed, 
measurements have been taken on the mass flow and the pressure drop across 
the porous plate. 
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Figure 4.5: Compressible flow through a converging nozzle. The pressure in the 

test section is p8 , Patm is the atmospheric pressure and At is the area of the throat. 

4.3.1 Mass flow rate 

A study of the mass flow rate through the test section was carried out to 
assess if sonic conditions could be reached with the presence of the porous 
plate at the entrance of the test section. This was less obvious as it might 
seem. Firstly, the maximal pressure difference that the plate could withstand 
lay around 1.5bar. Secondly, the maximal pressure that could be obtained 
with the high pressure pneumatic valve was expected to be around 3bar. 
To obtain sonic conditions a pressure of approximately 2bar was needed in 
the test section, for which too high a pressure of 3.5bar would have to be 
applied. This also rendered the option to use two plates placed after each 
other impossible. Therefore a study of the mass flow was needed to conclude 
if it was possible to both attain sonic conditions at the nozzle and use the 
porous plate. This also allowed for a check on the calibration of the orifice 
plate. 

For a one-dimensional steady flow through a convergent nozzle ( figure 
4.5), and with neglect of viseaus effects, the mass flow rate mis given by [16] 

(4.7) 

where Ps and C8 are the density and sonic velocity in the test section, respec
tively, and At the area of the throat. Further, Z is a function of the pressure 
ratio Patm/Ps, with Patm the pressure downstream of the throat, being the 
atmospheric presssure, and the ratio of specific heats '"'!, and is defined as 

( 4.8) 

With the relationship 
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c=f! (4.9) 

( 4. 7) can be written as 

( 4.10) 

The function Z will reach a maximum at the critical pressure ratio 

( 4.11) 

For air, the ratio of specific heat '"'( = 1.40, which gives a critical pressure 
ratio of 0.528. Under this condition, Z has to remain constant, and m is 
given by 

__:r±L_ 

Ps ( 2 ) 2(-y-1) 
m='"'(-At --

C8 '"'( + 1 
( 4.12) 

A reduction of the back pressure Patm will not have any effect on the mass 
flow now, but it can be increased by increasing the pressure Ps in the test 
section. A non-dimensional mass flow m' is now be introduced as 

( 4.13) 

which returns Z under non-critical and the constant 

(
_2 )~ 
'"'!+1 

(4.14) 

equal to 0.58 for air under critical conditions. 
The mass flow rate can also be determined by consiclering an orifice plate, 

as drawn in figure 4.6. The mass flow is given in terms of the pressure drop 
across the plate [16]: 

(4.15) 

with K the discharge coefficient. The value of K depends primarily on the 
area ratio A/ a, and usually lies between 0.60 and 0.62. For the orifice plate 
used in the experiments, a value of 0.61 was given. This leads to 

(4.16) 
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A test was dorre with configuration I (L = 231mm), with the porous plate 
placed at the inlet. The results are shown in figure 4.7a. The mass flow m' 
calculated according to both (4.13) and (4.16), is shown against the pressure 
ratio Patm/Ps· The pressure P2 in (4.16) was taken to be equal to pressure 
just below the porous plate. Sirree for p2 the inner diameter of the orifice 
plate had to be considered, which measured 75.91mm, compared to the inner 
diameter of 76mm of the test section, the error introduced here is less than 
1%. Also error introduced by the fact that with the Validyne meters the 
static pressure is measured instead of the total pressure is negligible, as the 
error is ~pU2 . The porous plate consistedof a 3.0mm thick plate of Poral60, 
fabricated by Sintertech. 

Above the critical pressure ratio, the data should follow the curve drawn 
by Z, according to (4.7) and (4.8). Below this value, m' is constant (4.12) 
and equal to 0.58. Here, Ps is the pressure in the test section and Patm the 
atmospheric pressure. It can be seen that the experimental values are in 
agreement with what is theoretically expected, and that sonic conditions are 
reached in the test section below the cri ti cal pressure ratio given by ( 4.11). 

It also shows that with only for three values of the pressure ratio sonic 
conditions are obtained. With a divergent placed on top of the sonic throat, 
it is possible to obtain sonic conditions at lower pressures. Consiclering the 
situation when the critica! pressure is reached at the throat of the nozzle, the 
mass flow ra te m is given by ( 4. 7) as in the case of the sonic throat. With 
critica! conditions prevailing at the throat, the value of function Z will be 
the maximum value Z1 corresponding to the critica! pressure ratio ( 4.11), 
and m may be expressed as 

( 4.17) 

Figure 4.6: The orifice plate is a plate with circular aperture placed in the flow. 

The area of the flow tube and of the aperture are A and a, respectively. Upstream 

of the plate the pressure and density are Pl and Pl, downstream P2 and P2· 
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Figure 4. 7: The experimentally obtained values for the mass flow m' = 

(mco)/bPoA) compared to the theoretica[ values. The symbol '+' represents the 

values calculated with (4.16, the solid line the function Z (4.8). (a) Configuration 

with sonic hole. Below the critica[ pressure ratio ( cpr) of Patm/Ps =0. 528 m' re

ma ins constant, indicating that sonic conditions are met. Experimental conditions: 

Patm = 1. 004bar, Tatm = 19. (/'. (b} Configuration with converging-diverging nozzle. 

Now the mass flow m' is constant from the new critica[ pressure ration cpr'. 

lf isentropic flow conditions prevail in the di verging part of the nozzle beyond 
the throat from section (1) to the exit section (2), (4.7) can still be applied 
and leads to 

m = PscsA2Z2. (4.18) 

It follows that the values of Z at sections (1) and (2) are related by 

z1 At 

z2 A2. 
( 4.19) 

With conesponding diameters Dt = 30.0mm and D2 = 31.6mm, the max
imum value of Z2 becomes 0.52. This gives a critical pressure ratio for the 
Laval tube of 0.73. Thus, for non-critical conditions, the non-dimensional 
mass flow rate m', given by (4.13), will be the same as fora sonic throat. 
However, sonic condition is reached at the higher pressure ratio of 0. 73. 
Figure 4. 7b shows the experimentally obtained values according to ( 4.16) to
gether with the theoretica! curve for the Laval nozzle. It can indeed be seen 
that m' remains constant from the new critical pressure ratio cpr' = 0. 73 as 
derived above, which means that sonic conditions are now reached fora test 
section pressure of approximately 1.4bar instead of 1.9bar before (with an 
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Figure 4.8: The pressure drop ,6.p across the porous plate is plotted against the 

velocity upstream of the plate (4.20). Shown are: earlier calibration measure

ment (<>), configuration without sonic hole(+), with sonic hole (o), and with the 

convergent-divergent nozzle (x). 

atmospheric pressure of lbar). However, the pressure drop across the porous 
plate in this region remains the same, and is too small to assure acoustic 
dos ure. 

4.3.2 Porons plate 

The properties of the used porous plate (Poral 60), were tested and compared 
to factory data and earlier tests done at VKI [8]. 

The flow velocity upstream of the plate is defined as 

m 
Uplate = ----

AplatePplate 
( 4.20) 

with m the mass flow, Aplate the area of the porous plate and Pplate the den
sity of the flow upstream of the plate. First, a test was done whereby the 
sonic hole was removed, foliowed by one with sonic hole and one with the use 
of the divergent. Since the possibility existed that the porous plate would 
brake, the PCB's were removed to prevent any damage tothem in case this 
would happen. The mass flow m was calculated with ( 4.15). For Pplate in
formation on the flow temperature is needed. However, at the time of the 
experiments temperature measurements in the set-up weren't possible. To 
have some idea, the temperature of the flow just above the nozzle was mea
sured and found to beT= 276.5K, which wasthen assumed to be equal to 
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Figure 4.9: The FFT of the pressure signals taken just upstream and downstream 
of the porous plate. Tests were taken with configuration I (L=231.0mm} with 

the sonic throat. The sensitivity of the used PCB's were S=(12.60±0.87}PajmV 
(downstream) and S=(12.42±0.06}PajmV (upstream}. (a): pressure ratio 

Patm/Ps = 0.66, upstream of plate; (b): Patm/Ps = 0.66, downstream; (c}: 

Patm/Ps = 0.50, upstream; (d): Patm/Ps = 0.50, downstream. 

45 



the temperature inthetest section. Sirree the flow originally is decompressed 
from a 40bar pressure tank, this is assumed to be a fair estimate. In figure 
4.8, for all tests the pressure drop ~p across the porous plate is shown as 
a function of Uplate, and compared to an earlier test clone at VKI (without 
sonic hole). The pressure drop was measured with a Validyne meter. With 
each measurement, 4095 points were acquired. The plotted values for ~p are 
the average these. The difference between the new results and the original 
calibration may be caused by the measurement method, sirree at the cali
bration only one value of the presure was measured for each point. Another 
explanation might be that a different plate was used for the the calibration 
than the other measurements. Both were cut from the same sheet, but as 
Poral is an extremely inhomogenous material and during production differ
ences in thickness and density can easily occur, this could have a significant 
influence on the pressure drop. 

As stated before, the purpose of the porous plate is to obtain acoustic 
dosure of the test section from the connections. Figure 4.9 shows the fre
quency spectra obtained with PCB's placed just upstream and downstream 
of the porous plate. The measurements were taken with configuration I 
(L = 23l.Omm) with the sonic throat, on two different pressure ratios, to 
wit Patm/Ps = 0.62 and Patm/Ps = 0.50, where sonic condition has been 
reached. It clearly shows that upstream of the porous plate high level low 
frequencies (0- 400Hz) are abundant, and that these are diminished sub
stantially after the porous plate. Also the levels of the other frequencies are 
reduced considerably. The peaks around 500Hz and 1700Hz visible in the 
signals upstream of the plate are possibly a result of vortex shedding at the 
inhibitor, and will be discussed in the next section. 

4.4 Frequency analysis 

Confident that the porous plate would withstand the pressure drop needed 
for sonic conditions to be reached, and reduces the noise carried with the 
airflow considerably, experiments were conducted to see if it was possible to 
identify vortex shedding and acoustic coupling. 

Measurements were taken with configuration I (L = 23l.Omm), and 
configuration III (L = 405.5mm), as sketched in figure 4.10, all with the 
convergent-divergent nozzle. The position of the inhibitor in configuration I 
was halfway the setup, or 115.5mm from both the porous plate and the exit 
of the nozzle. In configuration IIIa, it was placed 115.5mm from the throat, 
in configuration IIIb 115.5mm from the porous plate, or 290mm from the 
nozzle. In this way, compared to configuration I, in IIIa,b only the length of 

46 



\ ( ) I ) ( rj 
1=115.51 

\ 
t 

1=11 ·t I 

! 

) 
..... -----· ! ... -· 1=290.0 
Di 

L=231.0 
Di 

LJ. 
L=405.5 

·~---~--· 
D, -

I Di 
i 115.5 

D,=76.0 I 

Di=58.1 
_______ __j• 
... ____ .., 

•:PCB D, D. 

I ne Illb 

Figure 4.10: The different configurations used in the experiments. 

the test section, and thus the standing wave frequencies, was changed, while 
the only difference between lila and Illb was the position of the inhibitor. 

In figures 4.11 to 4.13 the FFT's of the signals measured with the PCB's 
just upstream of the porous plate and the inhibitor are shown for the three 
configurations. In all three cases, the pressure ratio Patm/Ps = 0.50, thus 
sonic conditions are reached. The signals supplied by the PCB's were first 
filtered with a low pass filter (3kH z), sirree earlier experiments had indicated 
the necessity of this. The depicted graphs are taken directly with a signal 
analyser (HP 35660A), with an average time of 15s. The error in the fre
quency is 8H z. Note that the scales on the amplitude axes in the various 
figures are not identical. 

Starting with lila, peaks are found at 410Hz, 618Hz, 802Hz, 1.25kHz 
and 2.6kH z. The upwarts-pointing arrows indicate peaks that can be iden
tified as subsequent harmonies. In section 4.2, the ground frequency of the 
test section was found to be 455Hz, but the 410Hz can be identified as the 
standing wave frequency. The acoustic characterisation was dorre without 
flow, at a temperature of 19.5°C. Here, flow is present, with a gas tem
preature of approximately 3.5°C. If this change in temperature is taken into 
account, the theoretica! ground frequency fi/2L = 410Hz. In the case if 
configuration I, the ground frequency would shift from 742Hz to 721Hz, 
where 746Hz is measured. The 2.6kH z frequency that is found in all cases 
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is the fundamental transverse mode of the test section, as derived in section 
4.2. 

Camparing the signals measured with the figures of PCB 1 (just down
stream of the po rous plate) for the three configurations, a series of harmonies 
is found for IIIa and IIIb, but not for I. In IIIa, with the inhibitor downstream, 
the ground frequency of the harmonies is equal to the acoustic frequency 
(410Hz), whereas in IIIb, the ground frequency is 322Hz. 

The harmonies series represent the vortex shedding frequency and its 
higher harmonies. In the case of IIIa, the harmonie series coincide with the 
acoustic frequencies, and the same harmonies series are found with the PCB 
near the porous plate as well as just downstream of the inhibitor. These 
are indications of the occurrence of acoustic coupling. In configuration IIIb, 
the first harmonie f = 322Hz, is close to the acoustic frequency. The fact 
that acoustic coupling does not occur in this case, can be understood by the 
fact that at the restrictor, flow separation occurs. A recirculation region is 
formed downstream, foliowed by a turbulent reattachment layer where the 
flow gradually reeovers its equilibrium. When the restrictor-to-nozzle dis
tanee is too large, as in case IIIb with l = 290mm, coherent vortex structures 
are destroyed before they reach the nozzle, as has been observed in [7]. 
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Chapter 5 

Discussion & Conclusions 

The computational model implementing the Schwarz-Christoffel (SC) trans
formation works properly. Accurate results are obtained in tests for the 
velocity of a vortex rnaving in a half-plane. For the flow over a step in a 
channel, comparison to calculations with a panel method shows that the vor
tex paths and trace of the pressure signals obtained with the two methods 
are in good agreement, but that the SC method gives a higher vortex veloc
ity, especially near the step, and a smaller amplitude of the pressure signal. 
These differences may be due to the extreme area ration (8.56 · 10-2) used in 
this case. It isn't clear in which methods errors arise. 

Calculations with the MI CAT geometry give an amplitude of the pressure 
fiuctuation for the acoustical ground frequency of the chamber that is of the 
same order of magnitude as observed in the experiments. 

Improvements of the model could be made by rounding off the corner of 
the step. However, of each point added to the geometry, its position in the 
canonical domain will have to be obtained. The relations necessary might be 
of too high a complexity. 

Acoustic characterisation of the the various configurations delivered the 
expected standing wave frequencies based on the test section length, with 
deviations of the order of 5%. Next to these, frequencies were found that 
are most likely due to Helmholtz-resonance of the test section. Another 
frequency, being f = 1.2kH z for all configurations, could not be explained. 

Furthermore, it was assessed that both sonic conditions and a suflident 
pressure drop across the porous plate could be reached, thus ensuring that 
the test section was acoustically closed. 

Finally, in the experiments that were conducted to see if it was possible 
to identify acoustic coupling, only in one of the three tested configurations 
indications exist for the aceurenee of acoustic coupling. An experiment that 
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could substantiate this, is to decrease the diameter of the inhibitor in such a 
way, that the vortex shedding frequency lies above the acoustic ground fre
quency. Acoustic coupling should then occur at its second harmonie, leading 
to an increase of the amplitude of the peak corresponding to this frequency. 

It should be stressed that the experiments presented here were the first 
experiments conducted with this set-up. They were a preliminary investiga
tion, assessing the characteristics of theset-upand developping experimental 
techniques, in order to provide a basis for experiments that will be carried 
out in the next two years. With this in mind, strong conclusions cannot be 
drawn from the experimental results. 
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Appendix A 

Appendix 

A.l Routh-correction 

If conformal mapping is used to simplify a flow field, the velocity at any 
point of the fluid in the physical plane can be abtairred by transforming this 
point to the canonical plane, calculating the velocity at this transformed 
coordinate, and returning this velocity to the physical plane according to 

. d<P d<P dw 
u-zv=- = --. 

dz dw dz 
(A.l) 

However, if at the point at which the velocity is to be calculated a vortex is 
located, d<P / dw is singular and the return to the z-plane should be aceom
parried by the Routh-correction, which can be derived as follows. 

As the potential is invariant under the transformation from the physical 
to the canonical plane and vice versa, 

ir ir 
<PzJz)-

2
1T ln(z- Zv) = <Pwv(w)-

2
1T ln(w- Wv), (A.2) 

where <Pzv and <Pwv are the potentials at Zv and Wv due to all causes but the 
vortex located at those positions, and the logarithmic terms the contribution 
of the vortex to the total potential. Then 

(A.3) 

Taylor expansion around z = Zv gives 

Z = f(w) = f(wv) + (w- Wv)J'(wv) + ~(w- Wv) 2 J"(wv) + O(w- Wv) 3
, 

Z- Z1 = (w- Wv)J'(wv) + ~(w- Wv) 2 J"(wv) + O(w- Wv) 3
, (A.4) 
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with f' = dzldw and f" = d2zldw2 . From (A.3) follows 

<Pzv(z) = <l>wv(w) + ~~ ln { [j'(wv) + ~(w- Wv) 2J"(wv) + O(w- w1) 2
}, 

(A.5) 
Thus, 

d<Pwv I dz + if { ~J"(wv + O(w- Wv)} I dz = 
dw dw 27r f'(wv + O(w- wv) dw 

d<Pwv 1dz if [1 "( ( )] 1 [ )] 
dw dw + 27r 2/ Wv + 0 w- Wv j'2(wv) 1 + O(w- Wv . (A.6) 

For z -+ Zv and w -+ Wv this yields 

(A.7) 

where the second term on the right-hand side is the Routh-correction. 

For the flow field given in figure 2.2, section 2.3, the complex velocity 
potential <I>( w), including the contri bution of the vortex, is 

<P(w) = g_ln(w)- if ln (w- Wv). 
21r 21r w- w~ 

(A.8) 

The derivative of the transformation function is 

dz = C Jw- Wc 
dw w w -1' 

(A.9) 

so that the second derivative is given by 

dz C vW-Wc d2z C vW-Wc C We-l [W="1 
dw=w w-1 'dw2 =-w2 w-1 +2w(w-1)2y~· (A.lü) 

Eliminating the vortex contribution to <I>, and inserting (A.8) to (A.lü) 
into (A.7), yields 

d<P { Q if 1 } w ~-1 - z - --+- - + dz ( v)- 27rW 27r W-W~ C W- Wc 
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if { C ;w -w, C w, - 1 ~} w2 w - 1 
+ 47r - w2 w - 1 + 2w ( w - 1 )2 V ~ C 2 w - Wc' 

(A.ll) 

which, for z ---+ Zv and w ---+ Wv, gives: 

{ 
Q if ( 2wv Wv (Wc - 1) ) } 1 IR:v - 1 -+- -1+ - . 
27r 47r Wv- W~ 2(Wv- 1)(wv- Wc) C Wv- Wc 

(A.12) 

A.2 Derivation of the vortex strength r' 
Under the assumption that the vortex velocity Ur is half the mean steam 
velocity Uc, the vortex strength r is given by: 

(A.13) 

with 

(A.14) 

The number of vortices N present between the restrictor and the nozzle is 
given by the time needed by one vortex to cover the distance l times the 
frequency f of the vortex-shedding: 

(A.15) 

Thus 

d= Uc 
2f (A.16) 

and 

f= -l~· (A.17) 

For the Micat configuration Uc = 17.3 mÇ1
, f = 278 Hz, leading to 

(A.18) 

Non-dimensionalizing with respect to the channel height He (= 36 · 10-3m) 
and Uc gives 

' r r = --- = -0.44. 
UcHe 

(A.19) 
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I PCB I Sensitivity (PafmV) I 
1 12.54 ± 0.64 
2 12.50 ± 0.01 
3 11.72 ± 0.42 
4 12.23 ± 0.02 
5 12.60 ± 0.87 
7 12.42 ± 0.06 

Table A.1: The sensitivity of the various PCB 's obtained through calibration with 

a Piezotronics Inc. PCB calibrator. PCB 6 was only used for determining the 

phase of the signal, and hence a calibration wasn't performed. 

A.3 PCB calibration 

In table A.1 the sensitivity of the PCB's used during the experiments are 
listed. The PCB's were calibrated using a Piezotronics Inc. PCB Calibrator 
and a HP35660A Dynamic Signal Analyzer. The calibrator gives a tone of 
250Hz with fixed amplitude. The signals from the PCB's were analysed with 
the signal analyser, averaging the signal over 30 seconds. The amplitude of 
the observed peak gave the response R, from which the sensitivity S could 
be deduced. 

A.4 Program listing 

On the following pages, a listing is given of the program as it was used in 
the MICAT calculations. 

59 



VARIABLES 

AR: area ratio 
b: step height 
C: constant, dependent on H and b 
deltap: pressure difference between Feference points 1 and 2, 

corrected for deltapS 
deltapS: pressure difference in case of uniform flow 
DphiDt1,2: function, derivate to time of real vlecity potential in 

refernence points 1 and 2 
DphiDw: function, derivative to z of the complex velocity 

potential in w-plane 
DphiDwS: function, derivative to z of the complex velocity 

potential in w-plane, without preserree of vertex 
DphiDzr: function, calculates vortex velocity 
dt: timestep 
DzDw: function, derivative to f transformation function z=z(w) 
errorwv: total relative error in calculation of wvO 
errorw1,2: total relative error in calculation of w1,w2 
g: vortex strength 
He: channel height 
Hn: nozzle height 
yvO: initial y-position of vortex 
i: complex number, root of -1 
J: loop counter 
lref: number of steps in subroutine 'Wpos' to calculate w-coordinates of reference 

points and initial vortex position 
lpath: number of steps in subroutine 'Wpos' to calculate ws 
maxerror: maximal total relative error in wv 
maxpatherror: maximal total relative error in zv 
phi1,2: real velocity potential in reference points 1 and 2 
PhiFlow: function, complex velocity potential in w-plane 
pi: equal to 3.1415 ... 
Q: souree strength 
rho: density 
RungeKutta: subroutine, calculates vortex position in z-plane at t=t+dt 
time(m): timestep m 
tol: toleranee used in integration 
U1,2: flow speed in reference points 1 and 2, in presence of vortex 
U1S,2S: flow speed in reference points 1 and 2, without presence of vortex 
Uc: flow speed in channel 
Un: flow speed in nozzle 
vpos: coordinates of vortex position in z-plane 
w1,w2: coordinates of reference points 1 and 2 in w-plane 
wc: coordinate of point wc, belonging to ze 
Wpos: subroutine, calculates w-coordinate belonging to z-coordinate 
ws: duromie for wv in subroutine 'Wpos' 
wv: coordinate of vortex in w-plane 
wvO: initial position of vortex in w-plane 
z1,z2: coordinates of reference points 1 and 2 in z-plane 
zv: coordinate of vortex position in z-plane 
zvO: initial position of vortex in z-plane 
zs: duromie for zv in subroutine 'Wpos' 

PROGRAM SCHEME 

1) calculate initial position of vortex and of reference points 
in w-plane 

2) calculate flow potential in reference points 
3) calculate pressure difference 

a) calculate time-derivative of phiflow (artikel) 
b) calculate pressure (Bernoulli) 

4) calculate new vertex position in z-plane 
a) calculate vortex velocity with Routh-corrected potential 
b) use fourth order Runge Kutta methad for integration of 

vertex position 
5) calculate new vortex position in w-plane 
6) go back to 2) 

*----------------------------------------------------------------------* 
c 
c 

c 
c 

c 

c 

c 
c 

c 

c 
c 
c 

PROGRAM STEP 

implicit none 

integer J,lref,lpath,rn,n,cor 
parameter (m=100000) 

double complex DzDw,DphiDw,DphiDwS,DphiDzr,PhiFlow, 
& vpos(m) ,zl,wl,z2,w2,zvO,wvO,zv,wv,zs,ws,wc,i 

double precision time(m) ,phi1(m) ,phi2(m),DphiDt1(m) ,DphiDt2(m), 
& deltap(m),deltapS(m) ,U1(m),U2(m) ,U1S(m) ,U2S(m), 
& AR,Hn,Hc,Un,Uc,b,C,Q,rho,g,xvO,yvO,dt, 
& tol,errorwv,errorwl,errorw2,maxerror,maxpatherror, 
& pi 

i=dcmplx(0,1) 
pi=4*atan(1.) 

open(unit=1,file='yt01g044h04dat.dat') 
open(unit=2,file='yt01g044h04tpos.dat') 
open(unit=3,file='yt01g044h04ppres.dat') 
open(unit=4,file='yt01g044h04tpres.dat') 

*------- Defining geometry and initial flowfield 
c 
c 
c 

c 

c 

c 

AR=1./11.7 
write(*,*)AR 
Hn=1. 
Hc=Hn/AR 
b=Hc-Hn 
C=Hn/pi 
Un=1. 
Uc=AR 

Q=2*Uc*Hc 
rho=1. 

g=-0.44 

xv0=-40 
yv0=(11.7-7.02) 



c 

c 

c 
c 

zvO=dcmplx(xvO,yvO) 

wc=dcmplx((Hc/Hn)**2,0) 
write(*,*) 'wc=' ,wc 

zl=dcmplx(-lO,Hc) 
z2=dcmplx(5,Hc) 

•------- Setting conditions 
c 

c 
c 

dt=O.Ol 
lref=lOOOOOO 
lpath=lO 
tol=l./10000 

*----------------------------------------------------------------------* 
c 
•------- l.a. Calculating the initial position of the vertex 

in the w-plane 
c 

c 

c 

c 

c 

vpos(l)=zvO 

zv=zvO 
zs=dcmplx(O,O) 
ws=dcmplx(l.OOOOOOOOOOl,O) 

cor=O 
CALL Wpos(lref,cor,zs,ws,zv,wc,C,tol,maxerror) 
zv=zs 
wvO=ws 

wv=wvO 
errorwv=lref*rnaxerror 
write(*,*) 'zv=' ,zs 
write(*,*) 'wvO=' ,wvO 
write(*,*) 'errorwv=' ,errorwv 

•------- l.b. Calculating the coordinates of wl and w2 
c 
c 

c 

c 
c 

c 

maxerror=O 
zs=zv 
ws=wv 
cor=O 
CALL Wpos(lref,cor,zs,ws,zl,wc,C,tol,maxerror) 

wl=(ws+dconjg(ws))/2 
errorwl=lref*maxerror 
write(*,*) 'zl=' ,zs 
write(*,*) 'wl=' ,wl 
write(*,*} 'errorwl=' ,errorwl 

rnaxerror=O 
zs=zl 
ws=wl 
cor=l 
CALL Wpos(lref,cor,zs,ws,z2,wc,C,tol,maxerror) 

w2=(ws+dconjg(ws))/2 
errorw2=lref*maxerror 
write(*,*) 'z2=' ,zs 
write(*,*) 'w2=' ,w2 

c 
c 

write(*,*) 'errorw2' ,errorw2 

*----------------------------------------------------------------------* 
c 
c 
•------- write geometry, initial flowfield and conditions to file 
c 

c 

write(*,*) 
write(l,' (1Al,lA7,1Gl7.7) ') '*', 'Hn=' ,Hn 
write(l,' (1Al,lA7,1Gl7.7) ')'*','He=' ,He 
wri te ( 1, ' (lAl, lA 7, 1Gl7. 7) ' ) '•' , 'b=' , b 
write(l,' (1Al,lA7,1Gl7.7) ') '*', 'Un=' ,Un 
write(l,' (1Al,lA7,1Gl7.7) ') '*', 'Uc=' ,Uc 
wri te ( 1, ' (lAl, lA 7, lGl 7 . 7) ' ) ' • ' , 'Q=' , Q 

write(l,' (1Al,lA7,1Gl7.7) ') '*', 'rho=' ,rho 
wri te ( 1, ' (lAl, lA 7, 1Gl7. 7) ' ) '•' , 'g=' , g 
wri te ( 1, ' (lAl, lA 7, lGl 7. 7) ' ) '*' , 'C=' , C 
write(l,' (1Al,lA7,2Gl7.7)') '*', 'wc=',wc 
write(*,*) 
write(l,' (1Al,lA7,2Gl7.7) ') '*', 'zvO=' ,zvO 
write(l,' (1Al,lA7,2Gl7.7) ') '*', 'wvO=' ,WVO 
write(l,' (1Al,lA7,1Gl7.7) ') '*', 'errorwvO=' ,errorwv 
write(l,' (lAl, 1A7,2Gl7. 7) ') '*', 'zl=', zl 
write(l,' (1Al,lA7,2Gl7.7) ') '*', 'wl=' ,wl 
write(l,' (1Al,lA7,1Gl7.7) ') '*', 'errorwl=' ,errorwl 
write(l,' (lAl, 1A7,2Gl7. 7) ') '*', 'z2=' ,z2 
write(l,' (1Al,lA7,2Gl7.7) ') '*', 'w2=' ,w2 
write(l,' (1Al,lA7,1Gl7.7) ') '*', 'errorw2=' ,errorw2 
write(l,' (1Al,lA7,1Gl7.7) ') '*', 'dt=' ,dt 
write(l,' (1Al,lA7,1Il7.7)') '*','lref=',lref 
write(l,' (1Al,lA7,1Il7.7) ') '*', 'lpath=' ,lpath 
wri te ( 1, ' (lAl) ' ) '•' 

•------- write geometry, initial flowfield and conditions to screen 
c 

c 

write(*,*) 'Hn=' ,Hn 
write(*,*) 'c=' ,He 
write(*, *} 'b:=' ,b 
write(*,*) 'Un=' ,Un 
write(*,*) 'Uc=' ,Uc 
write(*,*) 'g=' ,g 
write(*,*) 'zvO=' ,zvO 
write(*,*) 'wvû=' ,wvO 
write(*,*) 'errorwvO=' ,errorwv 
write(*,*) 'C=' ,C 
write(*,*) 'wc=' ,wc 
write(*,*) 'zl=' ,zl 
write(*,*) 'wl=' ,wl 
write(*,*) 'errorwl=' ,errorwl 
write(*,*) 'z2=' ,z2 
write(*,*) 'w2=' ,w2 
write(*,*) 'errorw2=' ,errorw2 
write(*,*) 'dt=' ,dt 
write(*,*) 'lref=' ,lref 
write(*,*) 'lpath=' ,lpath 
write(*,*) 

*----------------------------------------------------------------------* 
Calculation of the vertex trajectory and pressure pulse 

*----------------------------------------------------------------------* 
c 
c 
c 

time(l)=O 



c 

c 

c 

c 

c 
c 

J=O 

maxpatherror=O 
maxerror=O 

cor=O 

DO 10 n=1,m,1 

J=J+1 

•------- 2. Calculate PhiFlow in reference points z1 and z2 (w1 and w2) 
c 

c 

c 
c 
c 

phil(J)=dreal(PhiFlow(wl,wv,Q,g,i,pi)) 
phi2(J)=dreal(PhiFlow(w2,wv,Q,g,i,pi)) 
Ul(J)=abs(DphiDw(wl,wv,Q,g,i,pi)/DzDw(wl,wc,C)) 
U2(J)=abs(DphiDw(w2,wv,Q,g,i,pi)/DzDw(w2,wc,C)) 

UlS(J)=abs(DphiDwS(wl,Q,pi)/DzDw(wl,wc,C)) 
U2S(J)=abs(DphiDwS(w2,Q,pi)/DzDw(w2,wc,C)) 
deltapS(J)=rho*(UlS(J)**2-U2S(J)**2)/2 

•------- 3. Calculate pressure difference between z1 and z2 (w1 and w2) 
c 
c 

c 

c 
c 

> 
> 
> 

IF (J.GE.2) THEN 
DphiDt1(J)=(phi1(J)-phi1(J-l) )/dt 
DphiDt2(J)=(phi2(J)-phi2(J-l))/dt 

deltap(J)= 
( ((DphiDt1(J)+rho*(Ul(J)**2)/2)
(DphiDt2(J)+rho*(U2(J)**2)/2)) 
-deltapS(J) )/(rho*(Uc**2)/2) 

*------- write time, vertex position and pressure difference to file 
c 

c 

c 
c 

write(2, '(4G24.11) ')time(J),vpos(J),deltap(J) 
write(3, '(2G24.11) ')vpos(J) ,deltap(J) 
write(4, '(5G24.11) ')time(J) ,deltap(J) 

END IF 

•------- 4. Calculate new vortex position in w-plane on t=t+dt 
c 
c 

c 
c 

CALL RungeKutta(lpath,zv,wv,wc,dt,Q,g,i,pi,C,maxpatherror,cor,tol) 
vpos(J+l)=zv 

*------- 5. Calculate new vortex position in w-plane on t=t+dt 
c 

c 
c 

zs=vpos(J) 
ws=wv 
cor=O 
CALL Wpos(lpath,cor,zs,ws,zv,wc,C,tol,maxerror) 
wv=ws 

IF (real(zv) .GE.3.0R.real(zv) .LT.-41) THEN 
goto 40 

c 

c 

c 

c 
c 

10 

END IF 

IF (J.EQ.m) THEN 
goto 40 

END IF 

time(J+1)=time(J)+dt 

continue 

*------- write integration errors to file 

c 

c 

c 

c 
c 
c 
c 

40 write(1,' (1A1,1A7,2G17.7) ') '*', 'rkerror=' ,maxpatherror 
write(1, '(1A1,1A7,2G17.7) ') '*', 'werror=' ,maxerror 

close(1) 
close(2) 
close(3) 
close(4) 

write(*,*)J 
write(*,*)zv 
write(*,*)maxpatherror 
write(*,*)maxerror 

END 

*----------------------------------------------------------------------* 
*----------------------------------------------------------------------* 

Subroutines and Functions 
*----------------------------------------------------------------------* 
*----------------------------------------------------------------------* 
c 
c 
c 

SUBROUTINE Wpos(l,cor,zs,ws,zv,wc,C,tol,maxerror) 
• calculates the position of the vortex in the w-plane 
* from its postion in the z-plane with toleranee 'tol', using 
• w[k+1]=w[k]+ Dw/Dz(w[k] )*deltaz 
c 

c 
c 

c 

c 

c 

c 

c 

implicit none 
double complex wc,zv,zs,zsb,zsf,zsn,zso,ws,wsb,wsf,wsn, 

& wso,DzDw,dz,dze 
double precision C,error,maxerror,tol 
integer n,l,p,r,cor 

dz=(zv-zs)/1 

zsb=zs 
wsb=ws 

r=l 

DO 22 p=l,l,1 

r=1 
error=l 
zso=zs 
wso=ws 



c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 
c 

c 
c 

23 

24 

22 

ws=ws+dz/DzDw(ws,wc,C) 
zs=zs+dz 

IF (dimag(ws) .LT.O) THEN 
ws=(ws+dconjg(ws) )/2 

END IF 

IF (cor.EQ.l) THEN 
ws=(ws+dconjg(ws) )/2 

END IF 

zsn==zs 
wsn=ws 

IF (error.GT.tol) THEN 

zsf=zsn 
wsf=wsn 

dze=dz/2 
r=r*2 

zs=zso 
ws=wso 

DO 24 n=l,r,l 
ws=ws+dze/DzDw(ws,wc,C) 
zs=zs+dze 

IF (dimag(ws) .LT.O) THEN 
ws=(ws+dconjg(ws))/2 

END IF 

zsn=zs 
wsn=ws 

CONTINUE 

error=abs(wsn-wsf)/abs(wsn) 
GOTO 23 

END IF 

IF (error.GT.maxerror) THEN 
maxerror=error 

END IF 

ws=wsf 
zs=zsf 

CONTINUE 

END 

*----------------------------------------------------------------------* 
c 
c 

SUBROUTINE RungeKutta(l,zv,wv,wc,dt,Q,g,i,pi,C,maxpatherror,cor,tol) 
* calculates new vortex position zv in z-plane on t=t+deltat with toleranee 'tol' 
c 

irnplicit none 
double complex i,zv,wv,wc,DphiDzr 

c 
c 

c 

c 

c 

c 

c 

c 

c 

c 
c 

c 

c 

c 

c 

c 

c 

c 

62 

double complex zvo,zvf,zvn,zvs,zvsn,wvo,wvn,wvs,wvsn,kl,k2,k3,k4 
double precision Q,g,pi,C,error,tol,maxpatherror,dt,dte,dto, 

& rnaxerror 
integer m,n,l,r,cor 

error=l 
dto=dt 
r=l 

wvs=wv 
wvo=wv 

kl=(dconjg(DphiDzr(wvs,wvs,wc,Q,g,i,pi,C))) 

zvsn=zv+dt*kl/2 
zvs=zv 
wvs=wv 
Call Wpos(l,cor,zvs,wvs,zvsn,wc,C,tol,maxerror) 
k2=(dconjg(DphiDzr(wvs,wvs,wc,Q,g,i,pi,C))) 

zvsn=zv+dt*k2/2 
zvs=zv 
wvs=wv 
Call Wpos(l,cor,zvs,wvs,zvsn,wc,C,tol,maxerror) 

k3=(dconjg(DphiDzr(wvs,wvs,wc,Q,g,i,pi,C))) 

zvsn=zv+dt*k3 
zvs=zv 
wvs=wv 
Call Wpos(l,cor,zvs,wvs,zvsn,wc,C,tol,maxerror) 
k4=(dconjg(DphiDzr(wvs,wvs,wc,Q,g,i,pi,C))) 

zvf=zv+dt*(k1+2*k2+2*k3+k4)/6 

IF (error.GT.tol) THEN 

dte=dt/2 
r=r*2 

zvn=zv 
wvn=wv 

DO 60 n=l, r, 1 

wvs=wvn 
kl=dconjg(DphiDzr(wvs,wvs,wc,Q,g,i,pi,C)) 

zvsn=zvn+dte*kl/2 
zvs=zvn 
wvs=wvn 
Call Wpos(l,cor,zvs,wvs,zvsn,wc,C,tol,rnaxerror) 
k2=dconjg(DphiDzr(wvs,wvs,wc,Q,g,i,pi,C)) 

zvsn=zvn+dte*k2/2 
zvs=zvn 
wvs=wvn 
Call Wpos(l,cor,zvs,wvs,zvsn,wc,C,tol,rnaxerror) 
k3=dconjg(DphiDzr(wvs,wvs,wc,Q,g,i,pi,C)) 

zvsn=zvn+dte*k3 
zvs=zvn 
wvs=wvn 



c 

c 

c 

c 

c 

c 

c 

c 

c 

c 
c 

c 
c 

60 

Call Wpos(l,cor,zvs,wvs,zvsn,wc,C,tol,maxerror) 
k4=dconjg(DphiDzr(wvs,wvs,wc,Q,g,i,pi,C)) 

zvs=zvn 
wvs=wvn 

zvn=zvn+dte*(k1+2*k2+2*k3+k4)/6 

Call Wpos(l,cor,zvs,wvs,zvn,wc,C,tol,maxerror) 
wvn=wvs 

CONTINUE 

error=abs(zvn-zvf)/abs((2.**(-4)-1)) 

zvf=zvn 

GOTO 62 

END IF 
IF (error.GT.maxpatherror) THEN 

maxpatherror=error 
END IF 

zv=zvf 
wv=wvo 
dt=dto 

END 

*----------------------------------------------------------------------* 
c 
c 

double complex FUNCTION DzDw(w,wc,C) 
• derivative to w of transformation function z=z(w) 
c 

c 

c 

c 
c 

c 
c 

implicit none 
double complex w,wc 
double precision C 

DzDw=(C/w)*SQRT((w-wc)/(w-1)) 

END 

double complex FUNCTION PhiFlow(w,wv,Q,g,i,pi) 
* complex velocity potential in w-plane 
c 

c 
c 

c 

c 
c 

implicit none 
double complex wv,w,i 
double precision Q,g,pi 

Ph i Flow= 
> (Q/(2*pi))*log(w)-((i*g)/(2*pi))* 
> (log(w-wv)-log(w-dconjg(wv))) 

END 

*----------------------------------------------------------------------* 
c 
c 

double complex FUNCTION DphiDw(w,wv,Q,g,i,pi) 
* derivative to w of complex velocity potential in w-plane 
c 

c 

c 

c 
c 

implicit none 
double complex wv,w,i 
double precision Q,g,pi 

DphiDw=(Q/(2*pi*w))-((i*g)/(2*pi))*(1/(w-wv)-1/(w-dconjg(wv))) 

END 

*----------------------------------------------------------------------* 
c 
c 

double complex FUNCTION DphiDwS(w,Q,pi) 
* derivative to w of complex velocity potential in w-p1ane 
c 

c 

c 

c 
c 

implicit none 
double complex w 
double precision Q,pi 

DphiDwS=(Q/(2*pi*w)) 

END 

*----------------------------------------------------------------------* 
c 
c 

double complex FUNCTION DphiDzr(w,wv,wc,Q,g,i,pi,C) 
* derivative to z of the complex velocity potential in the w-plane 
* with Routh-correction (potential at the vortex postion) 
c 

c 

c 

c 

implicit none 
double complex w,wv,wc,i 
double precision Q,g,pi,C 

DphiDzr= 
> ( (Q/(2*pi)) + ((i*g)/(4*pi))*( 
> (2*w/(w-dconjg(wv)))- 1 + ((w/2)*(wc-l)/((w-1)*(w-wc))) ) ) 
> *(1/C)*SQRT((w-1)/(w-wc)) 

END 


