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Summary

In the last couple of decades, a variety of methods for the

estimation of the parameters of dynamic processes has been presented.

All of these methods attempt to overcome the bias problem of

the ordinary least-squares method in one way or another. A selection

of these methods is discussed in this report.

At first sight, these methods seem to be very different.

(They are often based on different principles). Nevertheless,

they appear to have a lot in common. With one exception, they

can be classified either as Markov- or as Instrumental Variable

estimators, which both are weighted least-squares estimators.

The one exception is a well-known estimator, the Extended

Matrix method. It is shown, that this method does not have a

quadratic error criterion, which creates a possibility of

divergence. This is confirmed by some simulation results.
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1. In troduc tion.

It often occurs, e.g. in control problems, that one has insufficient

knowledge about a process. There may be different reasons for

this: either the process is too complex and the internal structure

unknown, or the properties are permanently changing (adaptive

control problems). Therefore, one wishes to determine a

(mathematical) model, that describes the properties of the process

sufficiently accurate. For some control purposes, this model

may be much simpler than the process itself, in particular if

the desired accuracy is not too high.

If neither the process nor the measurements are disturbed,

it would, of course, be quite simple to determine the parameters

of this model, by solving a set of equations. Only a rather

small number of input-output samples would be sufficient.

However, if there are disturbances, the parameters have to be

estimated from large numbers of samples, e.g. by using

the least-squares technique, developed by Gauss in 1795.

From the literature (e.g. Eykhoff, 1974), it is well known,

tha t the ordinary least-squares estitJlators may give biased

results, unless certain conditions on the noise are fulfilled.

To overcome this problem, many methods have been presented the

last few decades. Mast of them use either an extension of

the least-squares method, or a different technique, ",1,'

Instrumental Variable method. They can also be aivi~ed into

one-shot (explicit) or recursive (implicit) estimators.

The explicit methods use a prearranged number of samples.

At the end of some calculations, that are done with the whole

set of samples, the estimate becomes available. Sometimes, these

methods are used in an iterative way (e.g. the method of Clarke,

1967); then, of course, the methods are no one-shot methods

any more.
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The implicit methods use the information of the new samples

as soon as they are available. Therefore, these methods are

also suitable for adaptive control problems.

In this report, a selection of recursive methods will be

compared on a theoretical basis. These methods have been developed

from different starting points; nevertheless, there appears

to be a remarkable resemblance between them.
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2. General considerations.

2.1. Schematic representation.

In order to obtain a better insight into the structure of the

different methods and their mutual relations, use has been made

of a schematic representation of the algorithms.

In these schemes, an attempt is made to represent the methods

under consideration as well as possible. Some simplifications,

however, were unavoidable in order to prevent them from becoming

too complicated. The main simplifications are:

1. Deletion of the inverse covariance matrices. These matrices are

computed in all methods, described in this report.

2. In some cases, filters have been shifted or combined. This is

probably of little influence.

The components, that are used in the schemes, are:

X. t F +folnpu

- Filter

Fig. 2.1

11
~f

output Y

The output y of the filter is calculated as:

wi th

.!. = ( f 0' f l' ••• , f n ) T

~(k) = (x(k), x(k-1), , x(k_n))T

This may also be represented by means of the z-transform:

Y(z) = (F(z-1) + f )X(z)
o

where

and -i .
Z 1S the backward shift operator.

If the parameters of the filter are estimated, ~f is the

correction input:

!(k+1) = f(k) + ~~

f(k) represents the vector f at the k th instant (iteration or

recursion) during the estimation procedure.
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An "internal scheme" of this filter could be:

wz
"

X --.J "

~ y"

~
"

, , "

--.J
•....•.\

....~
W ' ..
0

~f
Fig. 2.2. Internal scheme of the filter.

- Mul tiplier
p
q
Fig.

The output E of the multiplier is calculated as:

T= (p(k), p(k-1), ... , p(k-n))

The multipliers are used to calculate the necessary corrections

for the estimated parameters; so E is connected to the Af input

of the corresponding filter. (Actually, the inverse covariance

matrix should be placed between them). Therefore, the dimension

of E is determined by the number of parameters of the

corresponding filter.

~

q~J t--~-t-+--+-------"I
Fig. 2.4. Internal scheme of the multiplier.
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Further elements are:

- I nvXr_te_r-l{> _

:t======{>:s::===:» -y
Fig. 2.5.

and subtracting element- Adding

~ ----t-<2""': 5

r----'
Fig. 2.6.

s(k) = p(k) + q(k) - r(k)

In all schemes, scalar signals are represented by single, vectors

of signals with double lines.

2.2. Model structures.

Usually, the internal structure of the process, the properties of

which have to be estimated, is unknown. Therefore, one wishes to

determine a (mathematical) model, that represents the properties

of the process as well as possible.

There are different ways for the construction of such a

mathematical model. In this report, a description is used, where

the output is interpreted as a weighted sum of past data. This

leaves three possibilities for modelling the process:

1 . .Forward model or Moving Average (HA) iiI ter.

y(z) = (b + B(z-1»U(z)
o

In fact, this is the filter described in section 2.1.

U-.{B+bo~Y
Fig. 2.7.

b.u(k-i)
).

The

output is the weighted sum of past (and present) input data.
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2. Backward model or Auto-Regression (AR) filter.

u-y--A+aop
Fig. 2.8.

ny a
y(k) :: u(k) - ~ a.y(k-i)

i==O
1

(2.2)

y( z)
U( z)

::

(a -1 )+ 1 + A(z )
0

Here, the output is the weighted sum of past (and present) output

data, with the input as disturbance.

In general, the AR filter has a remarkably longer memory for

old input data than the MA filter. In the MA filter, input samples

older than u(k-n
b

) have no influence on the output any more. In the

AR filter, the present output is determined by all previous input

samples (however, if the filter is stable, the influence of very old

samples may be neglected). Although the properties of both

descriptions are not the same, it is possible to use either one of

them as a model for the same process. However, if the wrong

description is chosen, the number of parameters may become very large.

In order to estimate a minimum number of process parameters,

a combination of the AR and HA model is used by all methods

described in this report:

3. Generalised model or mixed Auto-Regression/Moving Average (ARMA)

filter.

u B+ bo

Fig. 2.9.

r--------.----y

A

y(k) :: b.u(k-i) 
1

n
a

~
i::1

a.y(k-i)
1

y( z) :: bo + B(z-1)

1 + A(z-1)

U(z)

It is sufficient to define only the zero-term of one of the

filters A and B; here, a
O

:: O.

In general, the "clear" signals u and yare not available; if this

were so, the estimation problem would be reduced to solvin6 a set
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of deterministic equations. However, errors can be made in the

measurements, and the process may have other, immeasurable inputs

(disturbances) .

It is often useful or even necessary to estimate the properties of

this noise too. For this reason, model ~3) may be modified:

)--------.----y

A
Fig. 2.10.

n
b na

y(k) - ~ b.u(k-i) - ::E a.y(k-i) + e(k)
i=O

1
i=1

1

B(z-1)
(2.4)

y( z) bo + U( z)
E( z)

= +
+ A(z-1) -1

1 1 + A(z )

B+bou

The noise e(k) is supposed to be generated from white noise f(k) by

some linear filter. This noise filter may again be represented by one

of the models (1), (2) or (3). The complete models are:

1.

u

l· C+1 e

:B+b0r-t
A ~

y

Fig. 2.11

nb n n
a c

y(k) = ::E b.u(k-i) - :E a.y(k-i) + ::E c.~ (k-i) + ~ (k)
i=O

1
i=1

1
i=1

1

bo + B(z-1) 1 + C(z-1) --.
y(z) = U( z) + "'="(z) (2.5)

I -1) -11 + A~z 1 + A(z )
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II

u

\1=
0 ~ e--

-B+b°rt....

A ....
y

III

Fig. 2.12.

n
b

n
a

y(k) = ::E b.u(k-i) - ::E a.y(k-i) + e(k)
i::O 1. ·11.1.::

n
d

e(k) = ~ (k) - ::E d.e(k-i)
i::1 1.

B(z-1)
~

(2.6)

Y(z) b o + U( z)
..::.... ( z)

= +
A(z-1) D(z-1))(1 -1

1 + ( 1 + + A(z ))

u

l.C+1 L e

0 f4-
B+bo

-t'....
of- ".. -L

A +-

Fig. 2.13.

y

y(k)

n
b

:: :;E b. u(k-i)
1=0 1.

n
a
~ a.y(k-i) + e(k)

i=1 1.
n

c
n

d
e(k) = ~(k) + :E c. ~(k-i) - L d.e(k-i)

t=1 1. i=1 1.

y (z)
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In some cases, a description is used, in which only the output y

is disturbed:

IV.

}-+--y+

x

0'

)---------.----.. r~ C' + 1

U -I--..-t B+ bo

A

Fig. 2.14.

n
b

n
a

x(k) == :E b.u(k-i) - ~ a.x(k-i)
i==O

].
i=1

].

n n
dc

r(k) :: :E c i ~ (k-i) - ~ d.r(k-i) + J(k)
i==1 i:::1

].

y(k) ::: x(k) + r(k)

-1 -1
Y(z) b o + B(z )

U(z)
1 + C'(z ) r--"'

:::

( -1
+ 1 "'="'(z)

1 + A z ) 1 + D'(z- )

It is easy to see, that this coincides with structure III if

(2.8)

This

R( z) =

means, that

1 + A(z-1)

C' (z-1) = and



- '13 -

2.3. Least-squares estimation.

A very simple method for the estimation of process parameters is

the least-squares method. Here, description (2.4) is used for the

process. These equations may also be written in vector- and matrix

notation:

T
y(k) = ~ (k)~ + e(k)

+ e

where y(k) is the k
th

element of ~, e(k) the k th element of e and
th

~(k) the k row of .Q..

T
u(k-n,))

o
(-y(k), -y(k-n ),u(k+1), ••.

a
T

= (a
1

, ••• ,a ,b,. •• ,b )n
a

0 n
b

~(k+1) =

The least-squares method minimizes a quadratic error criterion:

1
= 2N

.. T..
e e

wi th

The explicit estimation is given by, cf. Eykhoff(1974):

g = (~T~)-1~T~

In a recursive (implicit) estimation, the criterion function is

minimized by solving:

Soderstrom (1973a) shows, using a Taylor expansion, that

Q (N+1) = _g(N) - V" -1(Q(N))
- N+1 -

VN+1 = VN + e2
(N+1)

(2.10)

T ...
e(N+1) = y(N+~) - ~ (N+1)~(N)

(All derivatives are with respect to g).
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As V
N

has been minimized in the previous iteration, !N = Q;
furthermore, e

N
+

1
!N+1 = Q (the error is linear in the parameters).

So (2.10) may be written:

From (2.4) it follows, that

deck) = y(k-i)da.
~

= -u(k-i)

Therefore,

(2.11)

T -1ww) may be calculated recursively,

cf. Eykhoff (1974).

T
!'(N+1) = -~ (N+1)

N+1
Furthermore, ~(N+1) = (::E

1

The algorithm then becomes:

~(k+1) = ~(k) + ~(k+1)~(k+1)e(k+1)

(this is often modified into:
9(k+1) = g(k) + E(k)~(k+1)e(k+1)

- p + ~T(k+1)!:(k)~(k+1)

_P(k+1) = 1 ( () £(k)~(k+1)~T(k+1)E(k))
P ~ k r + ~T(k+1)E(k)~(k+1)

(2.12)

The weighting factor f is introduced to diminish the influence of

the bad initial estimates; now

N
~(N) = (~ ~(k)~T (k) f N-k )-1

k=1

The schematic representation of the least-squares method is given

in fig(2.15).

The least-squares method works well if the variance of the

noise e is very small compared to u, or if A is whjte noise.

However, if the samples of e are serially correlated and the noise

power is too large to be neglected, the estimates will not converge

to the right values; in other words, they will be biased.
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e

PROCESS

Fig. 2.15. Least-squares estimator.

This can easily be shown by assuming ~ = ~ , and therefore

e(k) = e(k).In this case, ~~ should be zero, which means

E[~(k+1)e(k+1)1 = 0

However, the elements y(i) of w(k+1) contain information about

e(k), e(k-1), etc., so if there exists some correlation between

e(k+1) and its previous values, e(k+1) will also be correlated

with the elements of ~(k+1) and

E f~(k+1)e(k+1)1 I.Q

In order to overcome this bias problem, a variety of more or less

complicated estimation methods have been presented in the literature

(e.g. jstrom and Eykhoff (1971), Gentil (1972), Pandya (1972)).

In the next chapters, a selection of those methods will be

discussed; they appear to be strongly related to each other. The

ways of solving the bias problem can be divided into three classes:
...

1. Filtering e to obtain a white-noise sequence 1 , for which

Ef~(k+1) f (k+1) J ::: 0

This is done by the Extended Matrix methods.

2. Filtering the signals u and y, obtained from the process, before

using them for the estimation. This is also done in order to obtain

a white noise sequence. In this case,

Ef~(k+1)f(k+1)1 =0

where G represents the filtered version of w.
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These methods are presented under different names:

Generalised least-squares, Quasi-linearization, Approximate

maximum likelihood. In this report, they will be called

Approximate Markov estimators.

3. Using, instead of ~' a signal z that is correlated with u and

not with e, so

E f~(k+1)i(k+1)) = 0

This class of methods is called Instrumental Variable estimators.
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3. Extended Matrix Hethods

3.1. Principle of the method.

As already has been mentioned in section 2.3, the extended matrix

methods attempt to solve the bias problem by using the relation:

'"is unknown and immeasurable, an estimate ~(k) has to be used,

that is obtained by filtering e(k) with the (estimated) inverse noise

filter. As will be shown, the filtering is not carried out

explicitly: f is obtained in a similar way as e in the least-sCiuares

method, and e is obtained as an intermediate result.

The extended matrix method has been published first by Young

(1968) for structure I, somewhat later by Smets (1970) for structure

II and in 1971 by Talmon for the general structure III.

For structure III, the difference eCiuation (2.7) may be written

in matrix notation:

;[ = [-YU:-E!:::] [i] + ~ =it Q + I

so the matrix of (2.9) has been extended with the noise signals e

and ~.

The (k+1)th element of this equation is:

where
~' (k+1) = (-y (k) , , - y ( k - na) , u ( k +1 ), ••. , u ( k - nb ) ,

-e(k), •.. , -e(k-nd ), ~(k), ••. , ~(k-nc)) (3.3)

Q = (a1' ... , ana,b o ' ••. , bnb ,d1 , ••• ,dnd ,c 1 , •.. 'cne )

(3.4)

This is a process description with white equation error. The para

meters may be estimated, using the least-sQuares algorithm.

However, the elements e(k-i) and f(k-i) of (3.3) are not

measurable, so an estimate of them has to be used.
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The algorithm then becomes:
A

~(k+1)

P(k+1)

A

£(khll.(k+1) f (k+1)
= g(k) + P + ~T(k+1)~(k)~(k+1)

T= 1( () £(k)~(k+1)~ (k+1)P(k))
f ~ k - f + ;r(k+1)~(k)~(k+1)

(3.6)

.. (~pJg = A

- g
-r

g = (a
1

,
-p

g = (a
1

,
-r

T (3.7), an , e
o '

... , tlnb )
a

, and' c1 ' ... , en )T
c

e (k+ 1 )
A

~(k+1)

= y(k+1) - gT(k)w (k+1)

= e(k+1) - ~~(k):P(k+1)
-r -r

(3.9b) shows the filtering of

A n d
f(k+1) = e(k+1) +~

i=1

ej another

a.e(k+1-i)
1

way to write this
n

c ..
- L c. f (k+ 1-i)

i=1 1

is:

or: "-~(z) =

...
so f (k) is calculated from e(k) wi th the inverse of the

estimated noise filter.

At the same time, (3.9a) and (3.9b) together are exactly the

calculations of the error signal in the least-squares method, so

no additional calculations have to be made.
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3.2. Possibility of divergence.

Although in many cases this method has shown to give good results,

it has the disadvantage of possible divergence under certain

circum6tances~ This has been proved by Ljung, Soderstrom and

Gustavsson (1975) by the construction of counterexamples to general

convergence. They also give an analysis for structure I , when u is

a white noise sequence, in order to establish some conditions for

divergence.

In this analysis, they use an ordinary differential equation (ODE)

as an approximation of the algorithm. The derivation of this ODE

can be found in appendix A1; the main conclusion is, that the ODE

(and also its numerical approximation, which is more closely

related to the algorithm) is stable, if the eigenvalues of
-1 ) , )

~ (~~l~ have negative real parts.

G(g) :: Ef~(k,£)~?(kt~)]

R(9) :: d~ 1(~1)1 9 ::Q
-1 -1 -

f(9) = [{~(k,~)t(k,~)J

(3.10)

(3. 11 )

(3.12)

w(k,~) and ~(k,~) are stationary signals for constant Q.
Th 1 -1 ( ) ( , 1" f H( ) he eigenva ues of ~ ~ ~ ~) may become positive, _ ~ as one

or more eigenvalues with positive real parts.

The role that li(~) appears to play, becomes clearer by studying

the behaviour of the criterion function E. The method is supposed

to minimize this criterion by solving E[~l= 2.
By comparing the algorithm (3.~5),(3.6) with (2.10) it is clear,

that P(k+1)~ ~ G-
1

takes the place of the second derivative V"
- k+ - dE"

(see also (2.12) and (2.13», so dO :: ~(k+1)~(k+1). Indeed,

as w~k+1) contains no elements that are correlated with f(k+1).

This means, that £ = 9 represents an extremum of tha criterion

function E.The type of this extremum (maximum or minimum) can be

checked by determining the second derivative ~(~). It is only a

minimum, if all eigenvalues of R(G) have negative real parts.
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Now Ljung et al. indicate, how ~(~) can be given at least one

positive eigenvalue. In this case,

trH(Q) ::: n} (-Y(k)y(k)] or nbE [-U(k)U(k)} + [[-~(k) f(k)l"c >0

(3.15)

-1
1 + C(z )

Here, y(k) etc. are the si~nals y(k) etc., filtered with the
1

inverse noise filter; for structure I, this is:

Now ~ is white noise; suppose u also to be white noise, both with

variance 1, then

( -1 ( (-1B' z)B'(z ) + C' z)C' z )

A'(z)A'(Z-1)
dz (3.16)

( -1 B(z-1) etc.The integration path is the unit circle; B' z )::: b +
a

This may become negative, if for some z on the unit circle,
a

small.andHe C' (z ) < 0
a

If IA'(Zo)1 is small enough, depending on na , n
b

and n c ' (3.15)

may become positive, which means, that the extremum is not a

minimum any more.

This result can easily be extended to more general input signals:

U(z) :::

where w(k) is a white noise sequence with variance ~~ , S is

whi te noise wi th variance (T2 •
r

Then

t r H( Q ) ::: - n .... 2 - n tfv (k) y(k)!-- cvr a v

C'(z;C'(z
-1,

?
)

0'2 dz+
A'(z)A'(Z-1) r
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1 ef 1 1 Kl(Z)KI(Z-1) 2t {U (k) u ( k )1 = (J d z
2'11'i Z C I ( Z ) L I ( z) L I ( Z- 1 ) w

This indicates, that divergence may also occur if ILI(Zo)1 is

small for some z on the unit circle, for which He C'(Z ) < o.
o 0

3.3. Physical backgrounds of divergence.

From the schematic representation of the extended matrix method,

the backgrounds of the divergence can easily be seen.

u

~. C+1 'L e

0 IlII--

B+bo + -to...-- L A ~

PROCESS
A A - A--. B+bo ...

A+1 ~,,/

lr A
lr

X e"" X y!---

• ,r V •
T Tr---

A •~
0+1 F= X

-

-4I8. ~ A; X C
I"L-.-J
i~__ 4

Fig. 3.1. Extended Matrix method.

y
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The difference with the least-squares method is the use of the
.-

filtered signal ~ instead of 8 as an input signal of the

mul tipliers.

If in one of the signals u and y (or both) a particular

frequency is rather dominating, the adjustments of the parameters

will be mainly controlled by this frequency. Now, if the inverse
o

noise filter for this frequency has a phase shift between 90 and

270
0

, the output signal will have a component that has the opposite

phase of the input signal. (There will also be a component with 900

phase shift, which is not interesting since it does not contribute

to the adjustments). This causes a change of sign at the output of

the multipliers; the corrections to the parameters will then be

directed away from the right values.

...

(i.e., a pole

above, may be caused by a
1

::: 1zo

The dominant frequency, mentioned

pole with high quality factor (Q) in

near the unit circle, sO

11 + A(zo )1
will be small if z is near that pole).

o
It may also be caused by a pole with high Q in the input filter
, 1 )
~L'(z- i) in the description of section 3.2 •

The condition to the pfase shift of the noise filter is

exactly the same condition as given in section 3.2

He C I (z ) < 0
o

As an illustration, an example will be given.

Suppose, one wishes to determine a process with one parameter,

say b (any other parameter may be taken as well). As input signal,
o

a sine wave is chosen:

As sample interval At we choose 1 (second), the frequency w ::: "/4.
Then

u(k) ::: U sin (k. TT/4).

Furthermore, we assume, that the properties of the noise are known,

so a fixed noise filter is built into the estimation procedure:

H(z) ::: 1
-1

1 -t D(z )
:::

1
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For the frequency mentioned above, the response is found by

Z
- 1 __ l...::...l

substituting _ exp(-jwAt) ~

H -
1

. (d1
- J -

V2
The imaginary part causes a component with 90

0
phase shift, which

has (averaged) no influence on the adjustments. The real part is

negative if d
1

< -1/2.
To assure stability of such a filter, the poles

-d1 + Vdj - 4~
z 1 ,2 = 2d

2

should lie outside the unit -1
circle in the z plane. This means:

and

Therefore, the parameters should be somewhere in the area:

Fig. 3.2. Stability region of a second order filter.

The area, where the parameters should lie to make the estimate

diverge, is the hatched area, where u
1

<. -V2'. This is less than

5% of the total triangle.

In this simple case, the algorithm, given by (3.5) and (3.6),

may be simplified to:

"6 (k+1) = "I) (k) +
o 0

'\

u(k+1) S(k+1)
k+1
:E u

2
( s)

8=;

1\

~(k+1) ~ (y(k+1) - "6
0

(k)u(k+1» + d,(y(k) -

+ d
2

(y(k-1) - D
o

(k-2)u(k-1»

"6 (k-1)u(k»
o
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Suppose, the noise power is zero; then y(k) = b u(k).
o

If r, is only slowly varying, f) (k) ~ ~ (k-1) ~ tJ (k-2)
o 0 0 0

Then
A

~(k+1) ~ (b
o

- [)o(k»(u(k+1) + d
1
u(k) + d

2
u(k-1»

e (k+1) - 0 (k)
o 0

= (bo
k

:
1
0;(k»(u2 (k+1)

::Eu (s)
8=1

Substituting the sine wave for u and averaging the products gives

the average correction to e :
o

This shows, as expected, a correction in the wrong direction if

d
1

<. -V2'
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4. Approximate Markov Estimators.

These methods are often referred to as maximum likelihood estimators

(MLE). The MLE maximizes a likelihood function Lfc
1 ,··· ,ck,~J

(where c
1

••. c
k

are the measurements) with respect to g ; cf.

Eykhoff (1974).

Usually a logarithmic likelihood
~can be maximized by solving ---
'b~1

function In Lf~.~l is used, which

In Lf~'~111 ... ::: 0
~1=~

Now, if the noise e has a Gaussian distribution,

1 T -1 ))'/2 i exp(-i(e N e
(2rr)K I~l - - -

with [1~l = £ and C{ee
T

} = N • The function to be maximized

ln p(~) = -iln«21T)k l!il) _i!T!!-1!
Here, e is defined as in section 2.3.

The maximum is found for (cf. Eykhoff, 1974):

9 == (.a.TN- 1Jl)-1.o.TN-1,______ 1.

is:

This is known as the explicit Markov estimate, which minimizes

the criterion
... T

N
-1...= e e

Now this is exactly the way, in which the bias problem is solved

by the methods, treated in this chapter. Therefore, the name

(approximate) maximum likelihood is only correct if the noise

is restricted to be Gaussian distributed.

As it is in recursive (implicit) estimators not practical

to work with matrices, use is made of the symmetry of N • This

allows us to write N- 1 in the form !i-1 = QT~, where D is a lower

triangular matrix. If only d-parameters are considered, D takes

the form:

\(d
1

1 0
~~ d 1 .1, __

D ==
. '

): .........

\ dOd '
1 ,jo "dn - - -

1
- - . -' d

1" d
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Using the relation

~ (N +1) = ,y (N +1) - fi( N+1)Qon
an iterative solution may now be written as

~(N+1) - ~(N) = (~T(N+1)QTD~(N+1»-1 ~T(N+1)QTQ !(N+1)

The operation De(N+1) means, that e is filtered with the inverse

noise filter; so De(N) = teN)

With the definitions:

.n(h+1) -- Q ~(N+1)

f(N+1) = D e(N+1)

the iterative solution becomes:

In this equation, only the new information is important (i.e., the
,., IV ",..

last row ~(N+1) of ~(N+1) and the last element ~(N+1) of L(N+1»
A

as Q already contains the solution of the rest of it. Therefore,

the recursive version is: ,.
~(N+1) - ~(N) = f(N+1)~(N+1) ~(N+1)

where E(N+1) ~ (~T(N+1) ~(N+1»-1 may be calculated from wwith

the algorithm (2.13).

In this way, the point is searched, where

(f~(N+1) ~ (N+1)] =2 ,
as has been mentioned in section 2.3.

In section 4.1 - 4.3 three of these methods will be presented;

in 4.4 a method will be given with a more general structure, of

which the other methods may be considered to be special cases.
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4.1. Generalised Least-Sqares.

This method is published by Hastings-James and Sage (1969) as a

recursive version of the method by Clarke (1967).

Here, use has been made of structure II.

Clarke's method is an iterative explicit algorithm, consisting

of the following steps:

1. Estimate the process parameters explicitly.

2. Compute the equation error with the obtained process parameters.

3. Estimate the noise (D) parameters, using this equation error.

4. Filter the signals u and y with the obtained noise filter and

start again at step 1.

In the recursive version, process- and noise parameters are also

estimated in different loops.

The algorithm for estimating the process parameters is
II

P(k);(k+1) ~ (k+1)

1 + wT(k+1)P(k)w(k+1)- --
(4. 1 )

where

P(k+1) = P(k) -
E(k);(k+1)~T(k+1)£(k)

1 + ~T(k+1)~(k)§(k+1)
(4.2)

, an , e , ...
a 0

wis the filtered version of ~, as defined in section 2.3.:

n(k) is a n
d

x(n
a

+n
b

+1) matrix; its columns exist of previous

versions 0 f Ul

Unfortunately, in practical cases the properties of the noise

will be unknown, so ~ has to be estimated:

a can be estimated in an anaJ.ogous way as the process parameters,

using e as an estimate for e:

e(k+1) - y(k+1) - ~T(k+l)~(k)

(4.4)
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g(k)!(k+1) f(k+1)

- 1 + !T(k+1)~(k)!(k+1)

Q(k)A(k+1)~T(k+1)Q(k)

- 1 + !T(k+1)~(k)!(k+1)
(4.6)

a(k) ::: ca
1

, ... , and)T

f(k+l) ::: e(k+l) + !T(k+1)~(k)

A schematic representation of this method is given in fig.(4.1).

o e

U---r--+--oal B+ b0 }-----------r----+--..-y

A

PROCESS
A A

1-----..-1 B+ b0

.~ -----J

x
A A

,." 1--------.1 B+ b0

u
IV

Y

Fig. 4.1. The Generalised Least-Squares method.
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4.2. Implicit Quasi-Linearization.

This method, that has been presented by Furht (1973), uses structure I.

It is derived by the author in the first place as an iterative

explicit method (like Clarke's method), but he also gives an

implicit (recursive)

As a criterion,

version.

the method minimizes V(~)

,.
From (2.5) it follows, that ~ is linear in the parameters a. and

1

b., but not in
l

c. :
1

(in the filter b + B(z-1) the author also includes a delay, which
o

is deleted here for simplicity).

By linearizing this equation around the i th iteration, an expression

can be found for the (i+1)th iteration:

This may also be written:

~i+1( ) :"i( \.:. z -.:. z) =

After a sufficient number of iterations, the parameters will be

nearly constant; then Si+\z):= Zi(z) and Ci +\z-1):::: ei (z-1),

which means, that (4.7) has become a description with a white

equation error.

instead of Y(z) and U(z), the filtered signalsSo if,

:=:;i( ),..:., z = Ci (z-1)+1

(4.8)
are used, the estimates will be unbiased.
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This result is valid not only in the explicit estimation, but

also in the implicit one, especially when the estimator is made to

"forget'! the bad results at the beginning of the estimation by

choosing p < 1.

The algorithm is then given by the author as:

!:(k+1) = ~(!::(k)
_ E(k)i(k+1)~T(k+1)£(k))

P + §T(k+1)E(k)§(k+1)

E(k)~(k+1) (W(k+1) - iT(k+1)~(k))

P + §T(k+1)~(k)§(k+1)

- "W(k+1) = y(k+1) - ~(k+1) + ~(k+1)

This may be represented by the scheme of fig. (4.2).

Furht calculates the filtered signals by using a MA filter, the

. This has the disadvantage, that a large number of

parameters of which are found by actually computing the inverse

filter of 1 + C(z-1). In fig. (4.2), these filters are indicated
1with

C + 1
parameters may be required, and even then truncation errors

may be introduced.
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e
+

U--r---+--.-t:: B+ bo K"'r.-------r--t-----.-y

"

PROCESS
"

A A A.. B+bo -0-- A + 1 ..- --
f ~,.,

lb
,.,

u y,r flO
- 1

flC~ A

C + 1-f +
- '\+

~·x =r "
,..r

A

C W
fj,C

A A

+ -t A

~ B+bo A+ 1 ~/'-
...T..
w9- -

A

·XL__------' YT"---_-'---_________ _ / T
Fig. 4.2. Implicit Quasi-Linearization.
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4.3. Approximate Maximum Likelihood.

This method has been presented by S~derstr~m (1973a). It also
1 N "2 A

Uses structure I, and minimizes VN(~) = 2N :::E J (t ,~).
t=1·

The way, S~derstrom derives his method from this criterion has

already been outlined in section 2.3. for the derivation of the

ordinary least-squares method. The difference is fully determined

by the difference in the structures. From (2.5) it follows, that

'"d 2( z)

do.
1

A

d 3( z)
dC.

1

=

=

=

-iz y( z)

-i-z U(z)
A -1

1 + C(z )

. '"-1 .......
-z ~(z)

A -1
1 + C(z )

Therefore, (2.11) is changed into: i'(k+1) = _wT
(k+1)

where wis obtained by filtering ~ with the inverse noise filter.

This means, that the same filtering is used as in the quasi

linearization method (4.8). There is, however, a difference in

the way this filtering is carried out: Soderstr~m proposes to

implement the filter
1

as an autoregression filter. The advantage is, that if the parameters

remain constant, finally there will be no error in the calculated

output signal. If the parameters are changing, there will be an

error, as the previous outputs of the AR filters have been generated

with other parameters than the present ones (a way to avoid this

error is to recalculate all signals from t = 0 with the new

parameters; this would, however, require too much computation time).

Fig. (4.3) shows the schematic representation of this method.
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C

f-- C+1 e
T- B+bo T y.... :::-,,/

'--- A ~

PROCESS
..... A A-B+bo - T A+1 .-... ---fI.... A

If e If
+ ... 1'"

\. X X ):-/- • •

A A A

C ~ C ~ C ~
~C 6C A- --- -U

-~
Y

.~
+
'\
,/-

~C

1.A
I--C X

• lo-
N

J~
~

u

Fig. 4.3. Approximate Maximum Likelihood.

4.4. Approximate Markov Estimator.

When we compare the three methods, presented in this chapter, we

see, that t~ey resemble each other very much, although they have

been derived from different starting points. It has already been

mentioned in the previous section, that Furht and S~derstr~m use

the same filtered variables for their estimation.
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The schemes look very different at first sight; however, Furht's

scheme can be simplified by shifting and combining some filters.

Then the only difference appears to be the use of ~~ filters by

Furht and the AR versions by S~derstr~m.

Comparing fig.(4.3) with fig.(4.1) we see, that in both cases
,.. N

U and yare obtained by use of the inverse noise filter. The
A

resemblance is even greater, if we realize that i in fig.(4.1)

can also be obtained by filterin5 e with D+1 (the difference in
rv

using e or l for the correction of the ~oise parameters is due to

the difference in structure).

This indicates, that these three methods may easily be combined to

one method, using the general structure III.

The derivation of this combined method can be done along the

same lines as Soderstroms method, by extending (2.11) to the noise

parameters. From (2.7) it follows:

-i.....~( )= z U z

da.
1,..

d2(z)
=

do.
1,..

d2(z)
=

de.
1,..

d 2( z)
=

da.
1

• N
-1 ....

-z .:..(z)

The algorithm is now given by:

p + ~T(k+1)~(k)~(k+1)

_ E(k)~(k+1)~T(k+1)E(k»

f + ~T(k+1)~(k)~(k+1)

..
E(k)i(k+1)t(k+1)

The scheme of this method is presented in fig.(4.4).
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C+ 1 e

0
B+bo yu

A

PROCESS
" " "B+bo A+1

+

" "-

C x x Ci!l.C ~

u

Fig. 4.4. Approximate Markov Estimator.

Until now, one difference between the method of Hastings-James

and Sage (GLS) and those of Soderstrom (AML) and Furht (IQL) has

not been discussed. GLS, namely, uses two different estimation loops,

each of which haa its own (estimate of the) inverse covariance

matrix. The other methods, however, have one loop with a complete

inverse covariance matrix. This means, that the cross correlation
I\. ,." .IV ...

terms between ~ and u or y (these terms ought to be zero if g = g)

are not taken into account by GLB, in contrast to the other methods.

The effect of the deletion of these cross terms on the estimate

is not quite clear; it is expected to nave no asymptotic influence,

as these terms wlll approach zero as the parameters converge.
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Some simulations with and without these terms will be presented

in chapter 6.

Some final remarks about this method:

- In Soderstrom (1973b) an investigation is made to the properties

of the loss function (criterion function) that has been used

here. The main conclusion is, that if the orders of process and

noise are correctly estimated, the criterion has only one

(local and global) minimum.

As already has been mentioned in section 4.3, the filters will

make errors due to the changing parameters. These errors will

be small if the parameters are only slowly varying; this also
1

depends on the poles of C : if these poles are near the unit
+ 1

circle, a small displacement will cause a large variation in

the quality factor Q, and with it in the gain of the filter for

different frequencies. If the pole is far away from the unit

circle, the effect of changes will be small.

- The algorithm for calculating ~ recursively is based on stationary

signals. If p < 1, non-stationary signals may also be handled, as

long as the properties do not change too rapidly. However, as the

filters are varying at each iteration, the filtered signals

are not stationary. If the filter C : 1 has poles with high Q,

the variations may even become quite large.

Theoretically, the right solution for this is recalculating all

signals and ~ after each iteration; of course, this would require

too much computation time. An approximation can be found in the

restarting-technique of Soderstrom (1973a), which he uses instead

of maki ng p < 1.
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5. Instrumental Variable Estimation.

5.1. Principle of the method.

The Markov estimator is one realization of the so-called weighted

least-squares estimators, that minimize the error criterion

In the case of Markov estimation, the inverse covariance matrix
-1

of the noise, ~ , is chosen as weighting matrix W. Another

possibility is to take an arbitrary symmetric mat~ix ZZT (that has

to satisfy some conditions) instead of W:

V = .~?z~T~ •
-1 T

It should be noticed, that Nand ZZ are of a totally different

structure: the elements of N are correlation coefficients of the

noise, so this matrix will have a diagonal symmetrical structure

(the elements on the main diagonal are the same and equal to one,

the elements one place to the right or to the left of the main

diagonal are the same, etc.). ~' however, contains samples of

(filtered) signals, that may be stochastic. Furthermore, ZZT is

singular (Z is a Nxn matrix, with N = number of samples, n =
- p p

total number of parameters,' ZZT is a N~~ matrix with rank n ).. - P
By adapting the explicit least-squares algorithm to the

above criterion, we find:

With the relation

this can be simplified to

provided

(5. 1 )

By realizing, that l is obtained by

l.o::'{)'G+e

it is easy to see, that the estimate is obtained by premultiplying
Tl.. wi th a pseudoinverse of.f) . As the number of;ielements of Z 11 is
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smaller than the nUMber of elements in Q:, information will be.

lost. If Z is chosen in such a way, that the noise information is

lost, but no information about the process, an unbiased estimate

can be obtained. To achieve this, the following conditions must

be fulfilled:

lim
1 ZT..o. singular (5.2)p
N

not

1 ZTe
..

(5.3)p lim
N = 0 if g = g

The first condition requires a correlation between the elements

of Z and n. . The second condition is fulfilled if there is no

correlation between the elements of ~ and ~ that are multiplied

with each other. It is clear, that the Markov-estimators also

satisfy these conditions; actually, ~T~-1 may be considered as

a special case of the Instrumental Variable (IV) matrix ~T.

In recursive estimation, it is rather inefficient to handle

the IV matrix as a whole. Therefore, a matrix is constructed that

exists of vectors z :

, ~(N))

As n is defined in the same way:

T
.f!N = (~(O), ~(1), ••• ,w(N))

condition (5.2) can also be written:

1 N
~(k)~T(k)p lim

N ~ not singular

and (5.3): k=O
N

1
~ z(k) e(k)

..
p lim

N == 0 if g = g

k=O

This allows the estimator to handle only the vectors weN) and ~(N).

The algorithm is then given by:

= ~(k) + ~(k)#(k+1)e(k+1)

1 + ~T(k+1)~(k)~(k+1)
(5.4)

P( k+ 1) == !:(k) -

m

E(k)z(k+1)~~(k+1)£(k)

1 + ~T(k+1)f(k)~(k+1)

(note that P is not symmetric, unlike the methods presented before).
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, an ' '6 , •••a 0
(5.6)

z(k+1) = (-z(k), ••.

w(k+1) = (-y(k), •••

-z(k-n ), u(k+1), •••
a

-y(k-n ), u(k+1), •••
a

T
, u(k-n

b
))

(5.7)
T

u(k-n
b

) )

(5.8)

Supposing z(k) is generated by filtering u(k), this can be

represented by the scheme of fig.(5.1).

e
u---o-+-..... }--------y--f--,.-- y

A

PROCESS

Fig. 5.1. Instrumental Variable estimator.

In the literature, many suggestions have been done for the construction

of ~, both for the explicit and the implicit estimators

(e.g. Pandya, 1972).

In most cases, the input samples are supposed to be undisturbed;

therefore, this part of ~ is usually copied in z. For the part

of the output samples, usual choices are:

1. Suitably delayed output samples.

2. Suitably delayed input samples.

3. Input samples, filtered by some fixed filter (usually a model

of the process, obtained by an earlier least-squares estimate).
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4. The output of an auxiliary model of the process, that is

adapted to the new estimates (this may be done at each sample,

or every nth sample. Sometimes a stability test of the

auxiliary model is included).

In (1) and (2), the delay time must be short enough to satisfy

condition (5.2); at the same time, it must be long enough (in

particular in (1» to satisfy (5.3), i.e. there must still be

some correlation between z and ~, but not between z and e. This

will always be possible if the input signal is a periodic one.

For (3), Soderstrom (1974) has shown, that this fixed filter

may not be just any filter, since the possibility exists that

(5.2) is not satisfied if the wrong filter is chosen. As the

filter in (4) will be changing unpredictably, it is expected

that this situation might also occur here.

Of course, there are other possibilities for the choice

of the variable Z; e.g. in the bxtended Matrix method, the real

output y can be considered as an IV approach for the filtered

variable as used in the Markov estimator. (However, the matrix

P should be adapted to make the EM method a real IV method).

5.2. Optimal IV Estimators.

In an analysis by Wong (1966) a choice is presented for the IV

matrix, that should give optimal estimates with respect to the

covariance. This optimal IV matrix is given by:

where.n is the matrix n , with the elements y(i) replaced by
-0

xCi), the equivalent output samples if the noise would be absent.

~ is the covariance matrix of the noise. Of course, this IV matrix

has no practical meaning, since the undisturbed output is not

measurable, and in general N will also be unknown.



- 41 -

It is, however, possible to use an approximated version, where

estimates of the undisturbed output are generated by an auxiliary

model. Using this technique, 'i~ong has pre sen ted an explici t algori thm,

where the elements of ~* are generated by a very extensive filtering

of u (this filtering includes the auxiliary model and the inverse

. t' N- 1)covarlance ma rlX _ .

This extensive filtering is a clear disadvantage (in particular

in recursive estimation, where the parameters are changing) due

to the long memory of the filters. To reduce this effect, use can

be made of the symmetry of ~, like in the Markov-estimators.

Smets (1970) has modified Wong's method in this manner, using

either structure I Or structure II. Fig.(5.2) shows a schematic

representation for the general structure III. Here, a fixed noise

filter is includedj if the noise parameters have to be estimated,

this may be done in a similar way as in the I-farkov-estimator.

Recently, an interesting link has been shown by Young (1975)

between this optimal IV method and the maximum likelihood principle.

He uses structure IV, for which he formulates a log. likelihood

function for the case of Gaussian noise:
2 N N 2

L(~, .£' a- , 'i...' ~) = In(2iT) - In (J" -

2 2

-1
(The argument z is omitted from A,B,C' ,D' for convenience.

D'+1
C'+1 'i... is a vector of signals, obtained by filtering Yj

this notation is used for convenience instead of the z-transform).

The maximum of this likelihood function can be found by

differentiating with respect to a. and b. and equating the result
1 1

to zero:

2n _. n + n
b

+ 1
a
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Fig.5.2. Optimal IV Estimator (cf. Wong)
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Substituting in these equations the "pre-filtered" variables

,.., D'+1
y(k) = (A+1)(C'+1) y(k)

D'+1
= (A+1)(C'+1)

= B+bo
A+1

this maximum is found for

(B+b )u(k)} x(k-i) = 0
o

i = 1, 2, ... , n
a

i = 0, 1, ••• , n
b

Now remeber from section 2.3 the relation between structure IV

and structure III: C(z-1) = C'(z-1) and

1 + D'(z-1) = (1 + D(z-1»(1 + A(z-1»),

Then it is clear, that the variables y, u and x are exactly the

same as in fig.(5.2) and S(z) = (A(z-1) + 1)Y(z) - (B(z-1) + b )U(z).
o

Therefore, there is no real difference between the method derived

by Young and the optimal IV method by Wong, adapted for recursive

estimation. There is also a very close relationship between the

optimal IV estimator and the Markov estimator. In the derivations

of both IV methods, the undisturbed process output x is assumed

to be known. In practical applications, this output is of course

not available, and therefore an estimate of it has to be used.

In the IV methods, this estimate is obtained by using an auxiliary

model; however, the observable process output y may also be

considered as an estimate of x, as the influence of the noise is

eliminated by the inverse noise filters. So another interpretation

of the same theoretical derivations as used by Wong and Young

will lead to the Markov estimator.
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Fig. 5.3. IV estimator (cf. Young).
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6. Experimental results.

As an illustration of the possibility of divergence of the

Extended Matrix (EM) method, and in order to determine the effect
A

of cross terms between ~ and u or y in the covariance matrix,

some estimations have been done on a PDP-8 computer. Input- and

output samples were generated by simulations.

In order to make the programs a little more efficient, some

modifications with respect to the schemes presented before have

been used:

1. Instead of the parameters a. (d.), the parameters -a. (-d.)
1 1 1 1

have been estimated.

2. In the Markov-estimator, the si~nals u and yare filtered

wi th g: ~ before gene ra ting e, therefore e and f" are no t

available. As~~ is needed for the estimation of the d-parameters,
1

an AR-fil ter "1!5":P;-~ is added to the scheme (fig. 6.1).
lJ + 1

The adjustment loops are not shown here; they are the same as

in fig.(4.4). This modification has some drawbacks:

In estimating d-parameters, there is an additional auto-regression

filter, which has the disadvantage of long memory and possible

instability.

In the experiments, different weighting factors p have been used,

sometimes varying with the sample number:

To allow a better comparison between the results, obtained with

different weighting factors, the parameter curves can be related

to a fictitious time scale. (When the same experiment is done

with different values of p, the parameter curves will be different

when they are related to the sample number; when they are related

to this time scale, they will show the same curve, except for some

stOchastic influence of the signals). The relation between weighting

factor. sample number and fictitious time can be found in appendix

A2.
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Fig. 6.1. The modified Markov estimator.

6.1. Possibilities of divergence of the Extended Matrix method.

As has been shown in section 3.3, the EM method will diverge

if there is a dominant frequency in the input- or output signal,

and the (inverse) noise filter has a phase shift between 90 0

and 270
0

at this frequency.

To assure the presence of a dominant frequency, a sine wave is

chYsen;, an input signal, like in the example of section ~5.3:

u(k) = u sin(k. 1T/4) .
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As noise filter, a second order filter is chosen, for which the

conditions for the desired phase shift and stability are also

given in section 3.3:

-2 < d
1

< -V2

Id 11 - 1 <. d2 < 1

sample number

d
2 = .93). The process was y(k) ::: u(k) , so b

0

is shown in fi g. ( 6. 2 ) •

2.10
8

para-rmeter
value

0
200 400 600 800

The choice of an input signal, existinL of only one sine wave,

limits the number of process parameters to a maximum of 2.

In the first place, the example of section 3.3 has oeen simulated.
-1 -2

The inverse noise filter was 1 - 1.9 z + .93 z (so d 1 = -1.9,

= 1. The result

Fig. 6.2. Parameter eo. p =.95, fixed noise filter.

In this experiment, the inverse covariance matrix (k.f) has been

calculated only for the process parameter:

Extension to noise terms, but without cross-terms between input

and equation error, gives almost the same result (fig. 6.3).

The covariance matrix now has the same form as in the method
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of Hastings-James and Sage:

para- i
meter
value

200 400 600 800

Fig. 6.3. Parameter °
0

, f = .95, fixed noise fil ter.

Extension to the full covariance matrix, however, gives another

result (fig. 6.4). Now,

(p = process term, n = noise term, c = cross term)

A little noise has been added here (uniformly distributed white

noise with maximum amplitude
1

-1 -2
1 - 1.9z + .93z

.02, filtered

)

with

The estimate does not converge, but it also does not diverge

contin~ously as in fig.(6.2) and (6.3).

It is clear, that now the correlation between input signal and

eqlati error is detected and further divergence is prevented.
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5 Ipara-
meterj
value

o f--~-,,-----'-~-'-::---'---p-'::-::----"-..,.,-:'----'--"=,,'~-"---:-:::" ..
200 400 00 1000 1200 sample number

I

-5

Fig. 6.4. Parameter 50' p = .95, fixed noise filter.

Some interesting observations can also be made, when the noise

parameters are estimated. In fig.(6.5) the result is shown of an

estimation without cross terms in the covariance matrix.

5

para-j
meter
value

>c::::::::::::==============-:~
200

Fig. 6.5. Parameters bo ' -d 1 , -d2 • P = .95.

Notice. that already after some 300 samples d
1

takes a constant

value of approximately W (the final value is 1.426). This means,

that the o~tput of the noise filter shows 90° phase shift with

respect to the input for the frequency used here. Therefore, the

resulting adjustments to 0 are ulmost zero. The same result has
o
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been observed in several similar experiments, so it may be considered

representative for this type of experiment.

Fig.(6.6a) and (6.6b) show the results of estimations with a complete

covariance matrix. The sudden changes in the parameters are most

probably due to a singularity of the covariance matrix; then, the

elements of ~ become very large. This situation is almost the same

as in the initial condition, when the elements of P are zero,
. 6

except the dlagonal elements, that are chosen to be very large (10 ).

So if E becomes very large, it has almost the same effect as

restarting the estimation. This effect is not related to the

fictitious time scale, as a small change in p has a large effect

on the sample number, where the changes take place.

Some experiments have also been done with a two-parameter process:

b = 1, b =.2o 1

The same noise filter has been used:

d 1 = -1.9, d 2 = .93

In fig.(6.7) and (6.8) the results are presented for different

noise amplitudes (in (6.7) .02 and in (6.8) .1). The weighting

factor was constant p = .97. The complete covariance matrix has

been used. From these experiments, the main conclusions are, that

the process parameters are oscillating with an amplitude, that

depends on the noise power. The noise parameters are strongly

varying (in opposite phase). Their mean values are smaller than

the true values. Fig.(6.9) shows some results with fixed noise

parameters, with different noise powers (in a: 0, in b: .02,

in c and d: .1). Although the asymptotic behaviour could not

be studied, the parameters seem to reach a limit cycle; the

amplitude of the oscillations is related to the amplitude of the

noise. Such a limit cycle has also been found by Soderstrom, Ljung

and Gustavsson(1974), who simulated the nonlinear differential

equation for a particular case. If the cross terms in the

covari~.• ~e matrix are omitted, no sign of such a limit cycle

is found and d
1

takes again the value of ~(fig. 6.10).
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6.2. Influence of the cross-terms of the covariance matrix.

As has been mentioned in section 4.4, there is a difference between

the method of Hastings-James and Sage (GLS) and the other methods,

with respect to the covariance matrix. In GLS, two estimation

loops operate simultaneously, one for the process- and one for

the noise parameters. They both use (an approximation of) the

inverse covariance matrix; however, cross correlation terms between
" fV

~ and u or yare not included in GLS.

Combining the two estimation loops of GLS into one, the ~ matrix

(approximation of the inverse covariance matrix) would be:

E and ~ are the matrices as used by GLS: E is a (n
a

+ n b + 1)x(n
a

+ n
b

+ 1)

matrix, where n
a

is the number of a-parameters, n
b

+ 1 is the

number of b-parameters. ~ is a ndx n
d

matrix.

The Approximate Markov estimator of section 4.4, as well as the

Extended Matrix method may be modified to operate with the above

~' matrix instead of the complete matrix. This may save a

considerable amount of computation time, depending on the numbers

of process- and noise parameters.

To check the effect of omitting these terms on the result of the

estimation, some experiments have been done with both the Markov

and the Extended Matrix-estimator. Fig.(6.11)-(6.14) show the

results for a rather simple situation (only three parameters).

However, the difference between the results with viz. without

cross terms is clear; cf. figures, indica ted with "a" viz. "b".

In fig.(6.11) and (6.12) the process has the parameters:

b
o

_ '1
- " d 1 = -.72.

(Again, the figures show the a- and d-parameters with the opposite

sign .. 'S input signal, a combination of a sine wave and a step

function is chosen:

u(k) = sin«O.8)k) + 1 k')oO
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Jis white noise, uniformly distributed with maximum amplitude 2.

In fig.(6.13) and (6.14) the process was:

b = 1,o

The same u and f have been used here. In all figures, the same

weighting factor has been chosen:

F = .99,

Fig.(6.11) and (6.13) show the Markov-estimate, (6.12) and(6.14)

the EM-estimate.

The final values of the parameters are given in the table below.

Fig. -a +r> +C
1 -a~1 0 I

6.11 a .371 1.01 .623
b .567 .788 .442

6.12 a .370 .960 .647
b .557 .743 .443

6.13 a .303 1.01 -.519
b .254 1.07 -.416

6.14 a .243 1.09 -.377
b .219 1 • 11 -.322

In all cases, the results with cross terms are clearly better than

without them. It is remarkable, that the Markov- and EM-estimates

give almost the same results in estimating d-parameters, but the

best EM estimate with c-parameters is even worse than the worst

Markov estimate. This is probably due to the fact, that the EM

method uses f instead of i for estimating c-parameters. The

d-parameters, however, are estimated in the same way as in the

Markov estimator if no c-parameters are estimated (compare fig.(3.1)

and (4.4»).

The influence of the cross terms depends very much on the power

of the noise. This appears from fig.(6.15) and (6.16). These

e3tiL~~_ons have been done in the same situation as fig.(6.11)

and (6.12'. only the amplitude of the noise was reduced to .25.

Now, there is almost no difference between the results with and

without cross terms.
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As an illustration that the cross terms have the same effect

:in more complex siLuatlons, fig(6.17) and (6.18) show the results

of estimatjons on the process:

e(k) = 5(k) + .6e(k-1) - .18e(k-Z)

y(k) - uCk) + y(k-1) - .2y(k-2) + e(k)

sa -a, = 1, -a
2

= -.Z, b o = 1, -d
1

= .6, -dZ = -.18.

The input signal was an approximated square wave, i.e. the first

five frequency components:

u(k) = sin(.1k) + 5sin(.3k) + 3Sin(.5k)
1

+ *sin ( • 7k) +

~sin( .9k)

~ i 1, ,
)' '. h / is uniformly distributed white noise with maximum amplitude

Fjg.(6.17) shows the result with, (6.18) without the cross

terms. In fig.(6.17) only d
Z

shows a noticable error, in (6.18)

all parameters are far away from the true values. In these estimations

the p~rameters were only allowed to change slowly (max.• 05 per

iteration).



2 2

D
o

800
~

400 600
sample number

600

-a

:=~======::===::::=::::;:::;,' 1

. 1

"'0
0

-1 -1

process parameters process parameters

-2 -2

1 2

-1

noise parameters

---------a1

noise parameters

~ ......._..J".__4;,...0_0__6:.:0::.:0::......_--:8~0;:,,;;0~__1..;..;000... -a
2

-----~---a
1

690 800 1000
number ---...~::-----a

----- 2

-1
Fig. 6.17. with cross terms

Markov-estimator.
Fig. 6.18. without cross terms.

f = •95, 4 f = •005



- 61 -

7. Conclusions.

It has been shown, that many methods for the estimation of

parameters of dynamic processes are closely related.

In the past, it has already been proved (e.g. Eykhoff, 1974)

that the Maximum Likelihood- and Markov-estimators have a very

close relationship. By Young (1975) an interesting relation

has been shown between the maximum likelihood principle and

the optimal instrumental variable method (cf. Wong, 1966).

Here, it has been shown that different methods, published under

the names of Generalised Least-Squares, Quasi-Linearization or

Approximate Maximum Likelihood can be gathered under the name

of Approximate Markov Estimators. (If the noise is restricted

to be Gaussian distributed, they may also be called

Approximate Maximum Likelihood Estimators.) There also appears

to be a very close relation between the Markov- and Optimal

Instrumental Variable-Estimators.

Although at first sight the Extended Matrix methods resemble

the Markov estimators, an essential filtering is omitted. This

creates a possibility of divergence under certain conditions.

However, if there is no dominant frequency in input- or output

signal, the method will in general deliver good results.

It should be noticed, that the other methods also have

some disadvantages. As they all calculate (approximately) the

inverse covariance matrix, the signals should be stationary.

However, if the noise filters are changing, and in particular

if they become unstable, the filtered signals will certainly

not be stationary. This may require some precautions (slowly

changing parameters, restarts or weighting of past data,

stability tests). Notice that the Extended Matrix method does

not suffer from this problem, as it uses unfiltered signals.

These remarks are summarized in the following table.



--
Method Relation to:

L8 EM GLS IQL AHL Markov IV Opt. IV IV (Young) Weighted LS Remarks

-few calculations
1,S -- 0 0 0 0 0 0 0 0 0 -if e is white noise,

all methods can be
reduced to LS

'------

-rather small number
Er1 ::: % % of calculations

-possibility of
divergence

.._.
--~

GLS ::: • • 0 -more calculations
IQL • ::: ::: 0 -non-stationary

0AHL • - - 0 signals
Markov ::: • •

-.-----1-
-many calculations

IV ::: 0 -possibility of
failing

--~.
Opt. IV -very large number of• 0 ::: ::: 0
(Wong) calculations (unless
i--fv--

• fixed noise fil ter)
(Young)

0 ::: ::: 0
-non-stationary signals

"'---,

•
o
%

identical
equivalent, clearly related
special case
approximation, simplification

Table of relations between the methods.

The methods are arranged by increasing amounts
of calculations for the same number of
parameters (IV however does not estimate noise
parameters, which decreases the amount of
calculations) .
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As far as the amount of calculations is concerned, the

Extended Matrix method is the most favourable one, followed

by the Markov estimators. The Instrumental Variable estimators

are rather expensive, mainly due to the asymmetry of the

covariance matrix (if this matrix is symmetric, only one half

of it has to be computed). It has, however, the advantage of

giving unbiased estimates of the process parameters, independently

of the noise parameters.

A slight reduction in the amount of calculations may in

all methods be obtained by omitting the cross-correlation terms

between equation error and input- or output signals from the

inverse covariance matrix. This, however, also reduces the rate

of convergence, in particular at high noise levels.

It is difficult to recommand one method, as it depends

on the situation. In most cases, it is advisable to use a simple

method (i.e., the Extended Matrix method or a simple IV estimator).

If the Extended Matrix method is expected to fail, a Markov- or

IV-method can be used instead. If one has reasonably good a priori

knowledge about the noise parameters, the optimal IV method

can be used with fixed noise filters.
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APPENDIX A1

Derivation of the ODE.

Consider the algorithm (3.5)-(3.9). As has been shown in section

2.34

Now d f' R(n) = 1 _p-1(n)e 1.ne n+1 j then

(n + 1)(B(n) - ~(n-1»

which modifies (3.5) into:

(n+1)(Q(n) - ~(n-1» =

T= ~(n)~ (n) - R(n-1)

Substituting, in order to circumvent the problems of stochastic

signals, the expectations (3.10) and (3.12), it follows:

(n+1)(~(n) - E(n-1» = Q(~(n-1» - ~(n-1)

(n+1)(~(n) - £(n-1» = ~-1(n_1)!(£(n_1)
(A1.1)

This can be considered as a numerical approximation of the ODE

~

R- 1 f(Q)9 = - -- (A1.2)
R = Q(~) - R

The equations can be linearized around Q = Q , where !(~) = o.

R = Q(~)

R(Q) d
!(~1)1=

d~1 Q =9
-1 -

~

e.Q = 9 - Q

Then (A1.1) is reduced to:

9(n) - G(n-1) -

and (A1.2) co:

Q.- \,2)11(2)
n+1 A9

..,
A9 = Q.- I (~)}r(~) AQ (A1.4)



-1
G (Q)H(Q)
- -- =

n+1

A1.2

-1
This ODE is stable if the eigenvalues of Q ~ have negative real

parts. The numerical equation (A1.3) is stable if the eigenvalues

'\. 0 f
1

lie inside the circle IA
i

+ 1 I <,1.

This means that, if n is large ~nough, also th~ numerical equation,

that is more closely related to the algorithm ttan :he ODE, will

b 1- 11 'f' t~ . -, "' (~-1(r.._'e -_80, e 1 ,De elgen7a~uaB 01 ~ .'
; --..
... ' h~vp ne~~~~ve re~l parts.
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APPENDIX A2

Fictitious time scale.

The behaviour of recursive algorithms is determined by:

1. Stochastic and/or deterministic properties of the signals.

2 Properties of the algorithm itself.

The effect of 1. in e.g. the curve of a parameter versus sample

number is mainly related to the sample number: if the weightinr

factor f is changed, the effect of e.g. a Dirac-pulse in the

input signal will still occur at the same sample number.

The effect of 2. is related to the algorithm, even if all signals

are deterministic; therefore, it is also related to the ODE, as

derived in appendix A1 for the Extended Matrix method. These effects

are not related to the sample number, but to the time scale of

the ODE. The relation between estimation results for different

values of the weighting factor can be found by relating them to

this fictitious time scale. (This has also been indicated by Ljung,

1974). The relations between the sample number and this time scale

is given in fig.(A2.1). for different values of p.
This time scale is calculated with the algorithm for calculating

P in the one-parameter case; then, as P is a scalar,

P(k) = P(k-1)P + P(k-1)

k
T(k) = 2: P(i)

i=1

p(O) = 10
6

As we see in fig.(A2.1), & c:> '."l· 1 1
J""'- .1 ... i.. give faster

convergence. The variance')f tne eSl-i,nates, nowever, will iricrease.

Therefore, simulations have also been done with a rather small

initial value of p, increasing to 1 as the estimation proceeds:

Fig.(k2.2) and (A~.3) show the relation betweon the sample number

and the time scale for different values of fCC) and6f.

As an example of this time scale, fig.(6.9c) and (6.9d), wh~ch have

been made with different weighting factors, would be the same when

they were related to this time scale.
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Fig. A2.1. Sample number VB. fictitious time. ~f= o.
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Fig. A2.2. Sample number-fictitious time. c.p= .001.
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Fig. A2.3. Sample number-fictitious time. AP= .005.
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