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Chapter 1 

Introduetion 

1.1 Atherosclerosis and failure of vascular grafts 

Atherosclerosis is a disease that causes a progressive occlusion of the lumen of arteries. It is one of the 
main causes of death in the western society. The early stages of this disease, atherogenesis, often occurs 
in regions of arterial branching and curvature. The predilection of atherosclerosis for specific sites in the 
arterial tree is believed to be related to low or oscillating wall shear stresses [Ner92]. 
In the advanced stage of atherosclerosis, the occluded part of the artery is often replaced by a vascular 
prosthesis. These prosthesis often fail due to hyperplasia, causing a re-occlusion of the artery at the 
anastomoses [Ku95]. 
The development of atherosclerosis and the faiture of the vascular prosthesis can be correlated to local 
hemodynamics, and a key role is attributed to wall shear stress. Although the exact mechanisms of the 
above mentioned pathological processes are not yet known, it is obvious that the endothelial monolayer, 
separating blood from the vessel wall, forms a highly active and wall shear stress sensitive boundary 
[Dav93]. Low and oscillating shear stresses or wall shear stress gradients are linked to the location of 
the affection. Determination of wall shear stress in a physiologically relevant geometry is important. 

1.2 Measurement of wall shear stress 

The wall shear stress, exerted by a fluid flowing 
over a solid surface, is defined as the product of 
the wall shear rate (y) and the dynamic viscos
ity (Tt). For two dimensional flows y reduce to 

~ I , the velocity gradient at the wall normal to 
y w 

the wall: 

. dVxl 
'tw = Tl · Yw = -Tl · a · 

y w 
(1.1) 

The wall shear stress in the arterial system is usu-
ally determined from ultra sound velocity mea- Figure 1.1: Definition of quantities 

surements: the measured velocity distribution is 
extrapolated to the wall and the wall shear rate is 

x 

determined [Bra96]. To assess the wall shear stress a model for the viscosity of blood near the wallis 
adopted [e.g. Tan86]. Validation of this clinical procedure to evaluate blood flow induced wall shear 
stresses in a physiologically relevant flow (e.g. flow over a backward facing step) is desirable. 
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The extrapolation of the velocity profile to obtain the wall shear rate can be evaluated by using an alter
native method, e.g. hot wire anemometry [Man90]. A review on other available methods to measure wall 
shear rateis given by Hanratty and CampbeU [Han83]. The estimation of the viscosity of concentrated 
sus pensions, such as blood, at near wall sites poses major difficulties. The constitutive behavior of blood 
is governed by the suspended particles. Both in viscometric flow and in tube flow, the concentration dis
tribution ofthe suspended particles in blood is not homogeneaus [Gol93, Kar66]. Therefore the viscosity 
of blood near the wall can not be inferred directly from viscometric experiments. As a consequence, an 
accurate determination of the wall shear stress, exerted by the flow of a complex suspension as blood, 
requires a different measurement technique. 
Instead of focusing on the fluid, the response of a sensing element, attached to the wall, can be used 
to measure the wall shear stress. In aerodynamics, the wall shear stress in air flows is often measured 
using compact strain gauges that consist of a sensing element that can move parallel to the boundary of 
the wall. The deformation of the element, or the force required to keep it in its original position, is a 
measure for the wall shear stress. A review of the available gauges is given by Winter [Win77]. If the 
value of the wall shear stress is low, as expected in blood flow (maximum values: 2- 3 Pa), an accurate 
measurement of the stress is only possible if the surface of the sensing element is relatively large, thus 
limiting the applicability of these devices in physiologically relevant geometries [Gid90]. 
Tanner and Blows measured the thickness of an oil film in air flow and related the thickness varlation 
to the wall shear stress distribution [Tan76]. Although the thickness of the oillayer was measured quite 
accurately, the metbod was inapt for measuring absolute values of the wall shear stress. Combined with 
its quasi-static nature, the application of this metbod is limited. 
Parmar investigated the applicability of shear stress sensitive liquid crystals to determine the wall shear 
stress [Par91]. When the liquid crystals are illuminated with white light, the reflected light will change 
color when the crystals are subjected to a mechanicalload. Although the response time of the crystals is 
very short, the resolution of this metbod (5 Pa) is too low for physiological applications. 
An alternative metbod to determine wall shear 
stresses was proposed by Gooijaerts [Goi95], 
[Gys97]. A highly deformable gellayer is used 
as the sensing element. The gel layer is at
tached to the inner wall of a flow model. The 
wall shear stress, exerted by the fluid, deforms 
the gellayer slightly. From the measured dis
placement u and the properties of the gellayer 
G and h, the wall shear stress can be deter-
mined: 

(1.2) 

~ fluid 

gel 

wall 

Figure 1.2: The wall shear stress deforms the gellayer 

The small displacement of the gel layer can be measured by means of speckle pattem interferometry 
(SPI). Goijaerts did the experiments in a rectangular flow channel with a stationary stream along the gel. 
Depending on the contiguration of the interferometric setup, with speckle interferometry in-plane and 
out-of-plane motion of the gel-layer, can be determined. After subtraction of two speekles patterns, one 
before and one after deformation, an intensity distribution with fringes remains. The fringe pattem is an 
indication for the displacement pixels in one fringe are the loci of equal optica! path difference in the 
interferometer. This is the basic principle of speckle interferometry. It can not give information about 
the sign of the displacement and is not very accurate. Those problems are solved with phase stepping 
speckle interferometry (PSSI). The displacement and the direction of the displacement is determined 
from the phase of the speckles, being much more accurate also. Machiels demonstrated the possibility 
to measure displacement of a few nanometers with a simple interferometric setup [Mac96]. An other 
problem Goijaerts found is that at places where a wall shear stress gradient is to obtain, the gel reacts 
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different as it does for simple shear, because of stresses in the gel layer. In other words, 't is a complex 
function of the shear modulus G, the height of the gellayer hand the measured displacement of the upper 
layer of the gel u: 

't = D(G,h,u). (1.3) 

This problem is solved by predicting the behaviour of the gel by a finite element method (FEM). G is 
know by calibration with water, hand u are measured values. Using PSSI and FEM, the wall shear stress 
can be determined without prior knowledge of the viscosity of the fluid. 

1.3 Flow over a backward facing step 

One of the sites in the arterial system, prone to the development of a stenosis is the carotid bifurcation. 
Lesions preferentially develop in the internal carotid artery, at the non-divider wall. The flow in this 
geometry was studied extensively (see e.g. [Per86], [Rin96]) and is characterized by several promotive 
features: a separated area where the flow is circulating, a stagnation point where the flow is zero and 
a wall shear stress gradient caused by the different flow velocities. The same phenomenon can been 
seen behind a backward facing step. Going from the step down stream, the wall shear stress is first 

Carotid artery bifurcation Backward facing step 

Figure 1.3: Comparison of two characteristic flows 

negative and behind the reattachment point positive again. In case of a time dependent flow an area with 
successively positive and nègative wall shear is to discern. 
Armaly et al. did experimental and theoretica! investigations of backward facing step flow [Arm83]. 
They use a flow channel with an expansion ratio 1:1.94 and air flow with a Reynolds number between 70 
and 8000. The Reynolds number is defined as: 

Re= DV 
V 

(1.4) 

where V is two-thirds of the measured maximum inlet velocity, D is the hydraulic diameter of the inlet 
channel and is equivalent to twice its height, and v is the kinematic viscosity. To measure the velocity 
they use laser-Doppier anemometry. Up to Re::::::: 400 numerical solutions could be obtained that are in 
good agreement with experimental findings. For Re > 400 multiple regions of separated redreulating 
flow where found and 3- instead of 2-dimensional flow is measured in experiments. The suggestion 
is made that the reattachment length in laminar two-dimensional backward facing step flows is not a 
function of a single variabie but is more likely to be a function of three or more variables, including the 
expansion ratio, the step or inlet-section Reynolds number and the slope at the wall of the inlet velocity 
profile. 
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Truskey et al. did some investigations in the response of endothelial cells behind a backward facing step 
[Tru95]. After exposure to flow for 24 hours, they found an orientation and a growth rate of the cells 
depending on the shear stress and shear stress gradient. They also mention that only limited data exist on 
physiological values of wall shear stress gradient. 

1.4 Aim of the study 

The aim of this study is to measure the wall shear stress in the area behind a backward facing step, us
ing a gel layer and the phase stepping speckle interferometer. This report focuses on wall shear stress 
under steady flow. The way of working is explained in the diagram of tigure 1.4. To validate the exper-

FEM 
viscosity 

model 

FEM 
shear 

modules 

PSSI 

---;o.j velocity 
---;>o! distribution 

! 
wall shear stress 

FLUID 

GELLAYER 
wall shear stress 

comparison 

Figure 1.4: Diagram of the way of working 

imental system the displacements measured with the speckle interferometer will be compared with the 
displacements calculated by the finite element package SEPRAN [Seg92]. SEPRAN is first applied to 
calculate the velocity distribution. Secondly the displacement of the gel is calculated with the use of the 
wall shear stress, extracted from the velocity distribution. Further explanation of the ex perimental setup 
is done in chapter 4. In chapter 2 the choice between speckle interferometry and holography, a more 
general non-contacting displacement measuring technique is explained. The principles of phase stepping 
speckle interferometry is explained in detail in chapter 3. The existing interferometer is integrated in one 
setup with a flow channel supplied with the gellayer on the bottom, to measure wall shear stress induced 
displacements. The results of several experiments and improvements are discussed in chapter 5. Some 
further discussion and suggestions are done in chapter 6. 
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Chapter 2 

Holography and speckle interferometry 

2.1 Introduetion 

The need for intenerametrie measurement on diffusely reftecting or opaque objects was relieved by 
the development of holography and speelde interferometry. Bath methods are non-contact measuring 
techniques and are capable of providing full field data on the surface displacement veetors or on the 
shape of the object under test. Holography and speckle interferometry allow to measure deformations 
and vibrations in the micrometer and sub-micrometer ranges. Each methad bas its special advantages 
and drawbacks. The latter are severely limiting their applicability, especially in industry. 
In this chapter information is gathered of bath techniques, to campare and explain the choice for speelde 
interferometry. 

2.2 Sensitivity 

The techniques of holography and speelde interferometry rely on detecting a displacement induced phase 
change of the detected light reftected from a illuminated object. The sensitivity of holagrapbic and 
speckle interferometry measurement is governed by the orientation relation between three vectors: the 
illumination vector k0 , the viewing vector ks and the displacement vector J. The phase change is caused 

Figure 2.1: Displacement and propagation veetors 

by the change of optica} path length. The change of optical path length o due to the displacement J is 
given by: 

(2.1) 
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The sensitivity vector K may be defined as: 

= 

ö = j(.J. (2.2) 

A pattem of interterenee fringes will be observed in the image. Dark areas are generated where the 
relative phase change is an odd multiple of 1t. By counting fringes, one can determine the magnitude of 
displacement from: 

2rrN = j(.J, (2.3) 

with N the order of the fringe. For the general situation when the direction of motion is unknown, it is 
necessary to measure three independent values of N, for three different viewing directions. 

2.3 Holography 

2.3.1 Fundamental basis 

Holography is a technique by which a wave front can be recorded and reconstructed. The reconstruction 
will give the same physical effect as the ob servation of the original wave front. When a three dimensional 
object is recorded, a three dimensional object will appear. For a good quality holographic image a laser 
souree (monochromatic light) is required. 
The requirement of a hologram is that it permanently records the complete structure of the light wave that 
is scattered or reftected from an illuminated object. All photographic devices only record the amplitude 
of the reftected light wave. The phase data are converted to amplitude data by mixing the object beam 
with a reproducible reference beam. When the product of this interference of two beams is recorded on 
a photographic plane, a diffraction grating remains after development. When this grating is illuminated 
by the same monochromatic reference beam the original image can be reconstructed. 

2.3.2 Holographic interferometry 

The holographic fringe pattem can also be used to measure the magnitude and direction of a displace
ment of an object. The basic idea in holographic interferometry is that an image is so exact that it can 
be compared interterometrically with the displaced object or with another holographic image of it. A 
pattem of interterenee fringes will be observed in the image. By counting fringes, one can determine the 
amount of displacement 
The difficulty is getting the images superimposed. To do this accurately enough the use of exactly the 
same arrangement is required. A technique that satisfies this need is known as frozen fringe or double 
exposure. In this metbod a hologram of the object is recorded and a second recording from the displaced 
object is superimposed upon the first. As a result of this, the processed hologram simultaneously re
constructs the light fields of both positions. This technique suffers from the disadvantage that only one 
displacement can be studied. No dynamic measurements can be performed. 
Time averaged holographic interterometry relies on the use of the frozen fringe method. But this tech
nique is limited to the study of cyclic motionsof small amplitude (1 to 10 À). The frozen fringe pattem 
reconstructed in this way, represents the time average of the displacement distribution. 
A wider range of dynamic displacements can be investigated using dual pulsed holographic interferom
etry with the use of a dual pulsed laser. Two holograms of a moving object can be recorded on the same 
plate. The frozen fringe field defines the distance moved by the object between the arrival of the two 
pulses. 
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In the real time technique a dynamic interterenee pattem is obtained by taking one halograpbic recording 
with the object in its initial state, and illuminating the object in its deformed state during reconstructing. 
In this way the interterenee will occur between the beam forming the recorded images and that forming 
the live image, resulting in an interf erenee pattem that provides real time information of the object state. 
A few applications of halograpbic interferometry are the measurement of strain, stress, bending moment 
and mechanical vibrations. Most of the applications in industry are more qualitative than quantitative. 

2.4 Speekte interferometry 

2.4.1 Speckle effect 

The speckle effect occurs when a optically rough surface is illuminated by a monochromatic light source. 
A granular appearance of such surface will be observed. It is mostly seen as a disturbance factor. 
If an object's surface roughness exceeds the wave length of the light that impinges on the surface, the 
phase of the reflected light wave will be randomly disturbed from point to point. The wave arriving at 
any receiving point consists of many waves, each from different points. Interference of the de-phased 
but coherent waves, will cause the resultant irradiance to be anything from dark to bright. 

2.4.2 Electrooie speckle pattern interferometry 

With the help of speckle pattems, displacement measurements can be performed (speckle pattem inter
ferometry, SPI). In contrast with halograpbic interferometry, speckle interferometry does not rely upon 
the interference of two fronts emanating from an object, but on the correlation between the intensity dis
tributions of two speckle interterenee pattems. Subtraction of the recorded intensities produces a fringe 
pattem from which the displacement data can be derived. In case of electrooical image processing, with 
the help of a CCD-Camera, the technique is referred to as electrooical speckle pattem interferometry 
(ESPI or TV-holography). The statements made on sensitivity for holography are valid for ESPI also. 
Through minor changes of geometry of the optical system, the sensitivity of the measurement process 
may be varled continuously between wide limits. 

2.5 Condusion 

The two techniques differ mainly in the methods of acquiring and presenting optical data. In halograpbic 
interferometry a photosensitive plate has to be developed. Less complicated is the electronical process
ing of two subsequent video recordings. With the present state and availability of video digitizing and 
processing applications this is not a problem anymore. Low cast and speed makes ESPI suited for large 
scale application. 
A disadvantage in case of the real time technique for holagrapbic interferometry is the need for the 
precise repositioning of the hologram in the interferometer. Presently ESPI bas replaced toa large ex
tent halograpbic interferometry in spite of large noise and hence smaller measurement ranges achieved. 
As the intenerametrie phase information is contained in individual speckles, the speckle size must not 
be smaller than CCD pixel size for the purpose of proper evaluation. By the contrast, in the case of 
halograpbic interferometry phase is coded in a macroscopie fringe pattem rather than in a microscopie 
speekte pattem thus the phase information is less affected by speckle noise. The speckle metbod is much 
more tolerant for environmental vibrations than is halograpbic interferometry. 
ESPI can be setup to measure only one displacement component at the time. In particular, it is naturally 
most responsive to in-plane motion and not to out-of-plane motion. Halograpbic interferometry bas just 
the opposite primary sensitivities, because of the related orientation of the veetors ks and k0 • So the two 
methods can be used complementary. 
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For in-plane displacement measurement of a gelatine layer bebind a backward facing step, ESPI is more 
suitable, because of the sensitivity for in-plane displacements, the robustness and the low cost. 

For more detailed information about holography and speckle interferometry, see literature eg. [Jon89], 
[Clo95]. 
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Chapter 3 

Theory of Speckle Pattern lnterferometry 

3.1 Introduetion 

In chapter 2 the origin of speekles is explained. Displacement of the object that is producing the speckles, 
results in a change of the intensity and also of the phase of the speckles. These phase changes will be 
measured and correlated to the displacement This correlation will be explained concentrated on the 
chosen setup. 

3.2 In-plane displacement measurements 

For measuring displacements perpendicular to the viewing direction (in-plane displacement), an optica! 
setup proposed by Leendertz is used [Lee70]. In this technique the target is illuminated by two coherent 
wave fronts, with an angle of incidence 81 and 82 (see tigure 3.1). The intensity of a pixel on location 

I(x,y) 

Incident light 

Rough Surface 

Detection Plane 

Lens 
Diaphragm 

Incident light 

u 

Figure 3.1: Contiguration for in-plane displacement measurements 
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(x,y) at the detector plane is given by: 

I(x,y) = lt(x,y) +h(x,y) +2VIt(x,y)h(x,y)cos<j>(x,y), (3.1) 

were /1 and [z are the intensities of the two illuminating beams and <1> is the random phase distribution. 
The term 1t (x,y) +h(x,y) is called the background intensity UB(x,y)) and 2Jit (x,y)h(x,y) is called the 
modulation intensity (IM(x,y)): 

I(x,y) = IB(x,y) + IM(x,y) cos <j>(x,y). 

A displacement u of the reflecting surface causes a phase difference ö, between the laser beams: 

ö(x,y) = 
2
: u(x,y)(sin81 + sin82), 

(3.2) 

(3.3) 

where À is the wavelength of the monochromatic light. This equation can be derived from equation (2.1 ): 
u(x,y) is the displacement J of every point in the target area, u(x,y) is in-plane with the illumination 
beams and perpendicular to the viewing direction k5 • An intensity change is the result of the phase 
change. The intensity before displacement (equation 3.2) changes into: 

I(x,y) = IB(x,y) + IM(x,y) cos(<j>(x,y) + ö(x,y)). (3.4) 

To extract information of the displacement induced phase differences, video signal subtraction can be 
applied. The intensity distribution Ur) obtained by subtraction of a speckle pattem before displacement 
and a pattem after displacement bas still a random character but is modulated by the phase difference ö: 

Ir(x,y) = 4Vlt (x,y)[z(x,y) I sin ~(2<j>(x,y) + ö(x,y)) ·sin ~(ö(x,y)) I (3.5) 

With speckle pattem interferometry (SPI), the remaining fringe distribution after subtraction is studied. 
By counting the fringes the magnitude ofthe displacementscan be determined but not the sign. Since the 
displacement of a object can be both positive and negative, directional sensitivity of the SPI apparatus is 
required [Gys97]. 
Increased accuracy and directional sensitivity can be obtained by using phase stepping speckle intener
ometry [Mac96]. 

3.3 Phase stepping speelde interferometry 

In phase stepping speckle interferometry (PSSI) the phase 'l'(x,y) of all the speekles in the intensity 
picture is determined. In the initial state 'l'(x,y) equals <j>(x,y). After displacement 'l'(x,y) equals 
<j>(x,y) + ö(x,y). When 'l'before and 'l'after are know, then the phase difference ö(x,y) between two 
inteffering speckle pattems and also the displacement u(x,y) can be calculated. 
Todetermine the phase 'l'(x,y) it is necessary toenforce a phase change between the two laser beams. 
The phase of the speekles is obtained by recording several speckle pattems, having a known phase iocre
ment between them. These pattemscan be produced successively (statie measurements) or simultaneous 
(dynamic measurements). 

3.3.1 Static measurements 

Many algorithms have been developed to extract the phase 'l'(x,y) by taking images successively. These 
algorithms are characterized by the number of intensity pictures used. The intensity in every pixel is 
given by: 

I;(x,y) = IB(x,y) + IM(x,y) cos('l'(x,y) +{i -1)f3), (3.6) 
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with i the number of pictures, and 13 the phase step between them. The phase step is obtained mainly by 
changing the optical path length of one of the beams. For the different methods i and 13 change. 
One of the algorithms is the five-bucket-method. In case of the five-bucket-method five pictures has 
to been taken with a phase difference of ~ between them. In equation (3.6) for this case 13 = ~ and 
i= 1, 2, 3, 4, 5. From these five images \jl(x,y) can be derived with: 

( ) [ 
2h(x,y)- 214(x,y) ] 

'I' x,y = arctan . 
2h(x,y) -ls(x,y)- ft (x,y) 

(3.7) 

This metbod has the advantage that the enforced phase step 13 can be checked retrospectively [Haa94]. 
Other algorithms are the 2+1-bucket-method and the 4-bucket-method (see Appendix A.2). They are 
tested and compared with the 5-bucket-method. The condusion of this comparison is that the 5-bucket
method is the most appropriate (see Appendix A.5). 

3.3.2 Dynamic measurements 

When dynamic measurements have to be done, spatial phase stepping is usually applied. The simul
taneously produced interterenee pattems have to be recorded by several detectors. The detectors must 
be aligned with sub-pixel accuracy to ensure suftkient correlation between the recorded interferograms. 
The phase step can be introduced by retardation plates and polarized light (e.g. [Haa94] and [Rey92]). 
A slightly different approach is foliowed by Wang and Grant [Wan95]. They developed an algorithm for 
measuring continuously deforming objects. If the displacement is large enough to induce a phase change 
more than 21t, the measured intensity passes trough a maximum and a minimum value, 

lmax(x,y) = IB(x,y) + IM(x,y), 

lmin(x,y) = IB(x,y) -IM(x,y). 

Combination of equation (3.2) and equation (3.8) gives: 

( ) ( 
21(x,y) -lmax(x,y) -lmin(x,y)) 

'I' x, y = arccos . 
lmax(x,y) -lmin(x,y) 

(3.8) 

(3.9) 

Through the use of this equation the phase of each pixel on a recorded speekte pattem is calculated. 
Because of the use of the are-cosine function, 'I' varles from 0 to 1t. It is necessary to determine the true 
value of the angle by determination of its sign. This can be achieved by application of the sign image 
metbod [Vik90]. In this metbod a sign image Is is stared justafter image I; is recorded. Between the 
recording of these images the phase of one of the beams in the interferometer has to be shifted by a small 
value 13. The phase shift 13 must be between 0 and ~ and must have the same sign for every pixel. In that 
case: 

I; -Is oe sin{'!'+l3/2). (3.10) 

Provided 13 is small enough, relation (3.10) can be simplified to: 

I; -Is oe sin('!')· (3.11) 

When the value of (I; - Is) is positive, the phase angle 'I' is positive and placed in quadrant 1 or 2. 
Otherwise 'I' is negative and placed in quadrant 3 or 4. Because of the approximation made in equation 
(3.10) an error in the phase angle calculation is made when it is close to 0 or 1t and precautions have to 
be made. The accuracy of the phase calculation depends mainly on the accuracy in determining I min and 
lmax· In principle better estimations for I min and lmax can be obtained by increasing the number of images. 
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3.4 Phase extraction 

The intensity of the speckle pattem which provide the phase angle is in practice subjected to different 
noise sources. This means that if one takes every pixel into account, the resulting phase map contains 
invalid pixels, which would disturb subsequent processing of the data. The identification is done by 
excluding the pixels with a low modolation intensity amplitude (A(x,y)): 

A(x,y) = VN(x,y)2+D(x,y)2, (3.12) 

where N denotes the nominator and D the denominator of the arctangent-function (see equation 3.7). If 
A is below a certain threshold value the pixel is marked as invalid (see figure 3.3). When the phase ö is 

'g4 
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'g4 

"" !i 
'á3 

oL-~2o~~4o~~6o~~ao--~1~oo~~1~2o~~1~40--~1~6o~ 
pixelnumber 

Figure 3.2: Sawtooth, before and after filtering 

calculated ('l'after- 'l'before ), a sawtooth remains. This is the result of the arctangent-function and can be 
removed by unwrapping. All kinds of algorithms for unwrapping are developed that are mainly based 
on the following method. The calculated phase of a pixel is compared with the phase of the already 
processed neighbour pixels. When the difference is in the order of 21t, 21t is subtracted from, or added to 
the phase. 

When the signal has a lot of noise, at some places a 21t-jump will be detected where is no jump and 

N 

t 

D Valid 
--+--""'--~i'-~-t-;,--t~-----rD D lnvalid 

Figure 3.3: The amplitude A is used to find invalid pixels and as a weight factor for filtering 
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vice versa. The noise can be reduced by filtering, but direct low-pass filtering of the phase would smear 
out the 21t jump. Filtering is done by determining the average phase value of the 8 or more surrounding 
pixels. For this case a new algorithm is implemented. The method is described by Ströbel [Str96]. The 
calculated phase is separated in a eosine and a sine of the phase ö: 

X = Acosö, Y = Asinö. (3.13) 

A is the modulation intensity amplitude of equation (3.12). A is functioning like a weight factor, in the 
filter process for the sine- and the cosine-function. After filtering the two functions X and Y are recom
bined to one ö with the help of an arctangent again. The result is a sharp sawtooth, with less disturbances. 
When the phase 'J1 is the result of an arc-cosine-function (equation 3.9), the amplitude A is the denomi
nator ofthat formula: lmax -!min· 

When unwrapping is done, an area is selected and filtered. Filtering is done by help of the least squares 
method fora surface (see appendix A.4). With this method a plane is plotted trough the surrounding 
pixels to determine the value of the pixel in process. When the phase of a selected area is filtered the 
resulting displacement is calculated. To determine the displacement corresponding with the calculated 
phase ö equation (3.3) can be used: 

u(x,y) = 
À. 

(. e . e)ö(x,y). 21t sm 1 + sm 2 
(3.14) 

3.5 Condusion 

Phase stepping speekte interferometry is an accurate method to measure displacements of a rough sur
face. Machiets demonstrated this accuracy by measuring displacements on a rotating object with a re
producibility of 10 nm [Mac96]. 
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Chapter 4 

The experimental metbod 

4.1 General procedure 

In this chapter the main parts of the experimental setup will be discussed. The aim of the study is 
measuring wall shear stress bebind a backward facing step. The wall shear stress can be related to the 
displacements of a highly flexible gel layer situated bebind the backward facing step. The flow over a 

Location bebind step 

Wall shear stress 

Displacement 

Figure 4.1: A draw in outline of the situation bebind the step 

backward facing step bas special characteristics (see figure 4.1). One or moreareasof recirculations are 
to be obtained. In the area immediately bebind the step the liquid circulates even for creeping flow. On 
the bottorn of the flow channel the flow direction changes going from the step downstream, being first 
negative and bebind a certain point positive again. This causes a gradient in the wall shear stress. There is 
a point on the bottorn of the gel were the wall shear stress is zero, this location is called the reattachment 
point. The distance from the step to the reattachment point Lr. depends on the Reynolds number Re. Re 
is defined as: 

2D1V1 
Re=--

v 
(4.1) 

with D1 and V1 the height and the velocity at the developed part before the step. The fluid induced wall 
shear stress deforms the gellayer (see figure 4.1 ). Because of the gradient in the wall shear stress and the 
kinematic boundary conditions, a finite element calculation is required. The procedure is schematically 
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represented in the diagram of the introduetion (chapter 1, tigure 1.4). Totest the procedure measured 
displacements are compared with calculated displacements. 
The velocity distribution in front of and bebind a backward facing step is calculated with the help of a 
tinite element computation. From this calculation the wall shear stress on the bottorn of the flow channel 
behind the backward facing step is extracted. These stresses are the dynamic boundary conditions for 
the top layer of the gel. From this conditions and the kinematic boundary conditions the displacement of 
the top layer of the gel is calculated. These values are compared with the values from measurement with 
PS SI. 
In this chapter the next sections describe subsequently the optical set-up, test apparatus and the numerical 
procedure. 

4.2 Optical set-up 

A schematic overview of the interferometric set-up is given in tigure 4.2, with the opties of the setup in 
detail. 
The light of a 10 mW HeNe laser (Uniphase, 1125P) with a wavelengthof 632.8 nm passes through a 

I Dl Computer 1 

Computer 2 

I Dl 
/ \. 

He-Ne laser 
CCD-camera 

Figure 4.2: Interferometric setup 

beam expander, providing a beam diameter of approximately 10 mm. This beam passes through a beam
splitter and the two resulting beams coincide on the object surface via the mirrors and the lenses. One 
mirror is connected toa piezo translator (PZT, Physik lnstrumente, P841.10). By rnaving the mirror with 
the use of the computer controlled PZT, an optical path difference is created with respect to the other 
beam. In this way the phase difference 13 (equation 3.6), can be enforced. The beam is still parallel when 
it arrives at the mirror, this is necessary to induce a uniform phase step. After the mirror the beams passes 
trough lenses which causes a divergent beam. The resulting measurement area has a width of 80 mm. 
For the tive-bucket-method of PSSI tive images are required, each with a phase difference ~ in one of 
the beams. Computer 1 provides a control-sigoal ( -2 to + 12 V) for the controller of the PZT (Physik 
lnstrumente, P-862 LVPZ) with the help of a Digital Analog Converter, totranslate the piezo. After the 
PZT is translated, computer 1 gives a trigger to the frame-grabber (Pulsar JA! 1550/RS) in computer 2. 
A frame is recorded with a CCD-camera (MAGIC JA/1550 BXIRS) and stared on computer 2 and the 
procedure is repeated. On computer 1, all the acquisition is done by the software Labview (National 

15 



lnstruments). On computer 2, the image processing is performed by TIM 1.41 for Windows (TEA and 
DIFA Measuring Systems). 
The phase is calculated by Matlab (The Mathworks, Inc.). Matlab will subsequently unwrap and filter 
the phase data and calculate the displacement of the gellayer. 
The interferometer is build on a breadboard. The breadboard is placed on air cushions to avoid distur
bance by vibration of the surroundings. 

4.3 Test apparatus 

4.3.1 The flow circuit 

A rectangular flow channel with a width of 10 cm is made of Plexiglas. In the flow channel a backward 
facing step is situated where the height of the channel expands from 2.5 mm to 5 mm. At the entrance 
and at the exit of the channel a constant head tank is placed. A pump transpons the liquid to the upstream 
constant head tank (see tigure 4.3a). The flow is measured with a electromagnetic flow sensor (Skalar). 
The flow Q will vary between 300 mijmin and 1200 mljmin, convertibletoa upstream mean velocity 
between V1 = 3 cm j s and V1 = 12 cm/ s. When water is used (v = ~ = w-6 m2 j s ), the Reynolds 
number varles from 100 to 400. 
The liquid flows through the flow channel to the downstream tank. From entrance to step, a Poiseuille 
profile develops. To ensure this condition the entrance length has to be long enough. In this case it is 25 
cm. The laminar flow is disturbed by the sudden height expansion with the expansion ratio of 1 :2. The 
liquid flows through the outlet of 25 cm to the downstream tank. 

4.3.2 The gellayer 

Behind the step achamber for the gel is milled out (see tigure 4.3c). The gel layer is made of a 3.5 
mass percent gelatine (UCB, 1381) solution in water at 60 °C. An amount of 36 g of this solutions is 
poured in the chamber behind the backward facing step. The chamber is 70 mm long, has the full width 
of the flow channel (100 mm) and is 4.5 mm deep. After cooling down in a refrigerator, a suspension of 
Iriodin (lriodin 111 Rutil Feinsatin, Merck) in ethanol is sprayed on the gellayer. When the ethanol has 
evaporated, the top layer is heated again, the fine Iriodin setties into the layer. After cooling, the gellayer 
is ready. A good gel is homogeneous and sticks to the bottorn of the flow channel. The reflecting layer 
has to be thin and attached to the gel. To avoid reflections of the incidence beam against the wall of the 
step, the chamber with the gel extends under the step. The formation of a meniscus behind the step is 
avoided by greasing the vertical wall of the step above the gellayer. 
The displacement of the top layer of the gel has to be measured. For this purpose, only the top layer 
should reflect light. The reflecting layer is situated horizontally and has to be illuminated from below. To 
that end a large mirror is placed beneath the channel, at an angle of 45° (see tigure 4.3b). The horizon
tally aligned beams of the interferometer, illuminate the object from below, and the reflected light arrives 
at the camera, via the same mirror (see tigure 4.3a). 

4.3.3 The ftuids 

The displacement measurement of the gel is applied, using two different measurement fluids, a Newto
nian fluid (water) and a non-Newtonian fluid (Xanthan Gum). The dynamic viscosity of water is 10-3 

kg/ms. The used Xanthan Gum is a solution of approximately 2.7 · 10-2 % Xanthan Gum in water. 
Xanthan Gum is a shear tinning liquid. The shear tinning behaviour is described by the Carreau-Yasuda 
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pump 

a: Flowchannel and interferometer 

b: Mirror and flow channel showed in flow direction c: Flow channel with gellayer 

Figure 4.3: Test apparatus 
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model [Bir87]: 

(4.2) 

The viscosity ofthe Xanthan Gum is measured in a paraHel-plate viscameter (RFS 1/, Rheometrics). With 
the measured values of the viscosity the parameters T\o, T\oo, À, a and n of equation ( 4.2) are estimated. 
The value of T\oo is equivalent to the viscosity of water. In figure 4.4 a plot is made of the measured 
viscosity values and the estimated viscosity. 

Parameter Value 
T\o 5.5 10 3 kgfms 
T\oo 1.0 w-3 kgfms 
À ~5to-2 s 
a 6.1 w-1 

n 4.4 w-1 

shear rate (1/s) 

Figure 4.4: Measured values and estimated values for the viscosity of Xanthan Gum 

4.4 Numerical procedure 

To evaluate the method, the measured displacements for the two fluids are compared to numerical results. 
Two computations have to be performed: one to compute the fluid induced wall shear stress, and one to 
determine the wall shear stress induced displacement of the gellayer. The behaviour of the fluids can be 
calculated with the assistance of a finite element calculation program (SEPRAN). Fora non-Newtonian 
fluid (Xanthan Gum) the Carreau-Yasuda model with the estimated parameters is used to descri he its 
shear thinning property. To make the calculations less complex, the simulations of the velocity in the flow 
channel and of the displacements of the gel are reduced to a 2-dimensional problem. The assumption is 
made that in the direction perpendicular to x and y nothing changes. An example of a calculated velocity 
distribution can be seen in figure 4.5. 

The location of the reattachment point is determined by the location were the wall shear stress is 
zero. The position of the reattachment point calculated in SEPRAN is compared with the values found in 
literature by Ward Smith [War80] and Armaly et al. [Arm83]. As seen in figure 4.6 the values correspond 
with each other. From the solution of the flow in a backward facing step the wall shear stress along the 
gel layer is calculated. The wall shear stresses are the boundary conditions for the calculation of the 
displacement of the gel. The gel is modeled as a linear elastic, incompressible material, subjected to 
plain strain. An example of calculated displacementscan beseen in figure 4.7 
Because of the linearity of the problem, the value for the shear modulus used in the calculation G, can 

be taken equal to 1 N / m2 • The resulting displacements can be scaled to any value. The sealing factor is 
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Figure 4.5: An example of the velocity distribution, calculated by SEPRAN, water, Re= 200 

+ 
0 

100 150 200 
Renolds Number 

+ 

o SEPRAN 
.Ward_Smith 

+ Arrmily 

250 

Figure 4.6: Location of the reattachment point 
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Figure 4.7: An example of the displacements of the gel, calculated by SEPRAN, Re= 200 

the result of a least squares fit with the measured displacements. The shear modulus G of the gel layer, 
is the the redprocal value of the sealing factor. 
When the calculated displacements agree with the measured displacements, and G is known one can do 
measurements with ftuids with an unknown viscosity. The measured displacements can then be used as 
boundary conditions for the gellayer, and the wall shear stresses can be computed. 

4.5 Condusion 

A metbod to determine the wall shear stress independent of the ftuid behaviour was described. With 
the help of a phase speckle pattem interferometer and a gel layer behind a backward facing step, the 
wall shear stress induced displacements can be determined. Finite element calculation are needed to 
calibrate the gel and in the further stage to calculate the wall shear stress distribution from the measured 
displacement of the gellayer. 
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Chapter 5 

Validation of the measurement metbod 

5.1 Introduetion 

In this chapter the metbod to measure wall shear stress distributions is evaluated. The wall shear stress 
induced deformation of the gellayer is measured. The 5-bucket-method is used todetermine the dis
placement. The displacement of any point of a rectangular area is calculated, and is averaged in the 
y-direction. The phase image remaining after unwrapping has an offset depending on the starting posi
tion of unwrapping and the starting position of the mirror connected with the piezo. lt is necessary to 
know the displacement of at least one reference point. At the borders of the reservoir the gel sticks to the 
walls. At the step and at the downstream end of the gel, the displacements have to be zero. 
The measured displacements of the gellayer are compared to the computed displacements for water and 
Xanthan Gum. 

5.2 Pilot experiments 

5.2.1 Results 

The displacementsof four measurements fora flow rate of 300, 600 and 1200 are plotted in tigure 5.1. 
An area of negative displacements is present and the size of the area increases for increasing Reynolds 
numbers as expected. It is not possible to measure the displacements near the borders of the gel reservoir. 
This is caused by reftections of light against the walls of the reservoir, a poorer quality of the reftection 
layer and a noisy signal for the outer parts of the laser beam. Therefor it is necessary to extrapolate the 
measured displacements to the expected values at the step and at the downstream end of the gel. After 
extrapolation, the displacement bebind the step was set to zero (figure 5.1). A linear trend had to be 
subtracted from the resulting displacement to enforce a zero displacement at x = 70 mm. The linear 
trend is also observed for measurements on static objects. The trend is only seen for one direction, the 
x-direction. The origin of this linear trend is unknown. It's probably an error in the phase step, or some
thing else in the optical setup. 

5.2.2 Conclusions and discussion 

The extrapolation, the determination of the offset and the correction for the linear trend do not give very 
accurate results. To solve these problems, a reference bar is placed in the center of the gel. To use the 
bar as reference, the linear trend is supposed to occur only in the x-direction and the bar is supposed 
not to move. With the reference bar, new measurements were done. A picture of a displacement field 
near the reference bar can be seen on the title page of this report. The procedure is as follows: The 
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Figure 5.1: First series measurements with water, flow: 300, 600 and 1200 mijmin 
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Figure 5.2: Flow channel with the reference bar in the center of the gel 

measured displacements of the reference bar is subtracted from the displacement of the gel layer. For 
both displacements an area as long as the gel and approximately 1 cm width is taken. The averaged 
displacement in the x-direction is used. An example of a displacement plotafter this procedure is shown 
in tigure 5.3. The left picture shows of four measurements the linear displacement of the reference bar, 
the curved displacement of the gel, and the difference between them. The resulting displacement shows 
zero displacement at the step and at the end of the gellayer as should be (figure 5.3, right). 
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Figure 5.3: Measurements with the reference bar, flow 600 ml /min 

5.3 Improved experiments 

5.3.1 Results 

With the reference bar as adjustment, experiments were performed with flow rates of 300, 600 and 900 
mijmin (figure 5.4). The maximum displacements, used to scale the measured displacements, are re
spectively: 180, 360 and 450 nm. The location behind the step is scaled with step hight h (h = D 1 = 
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Figure 5.4: Second series measurements with water, flow : 300, 600 and 900 ml /min 
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2.5 mm). By fitting the calculations with the experiments, the shear modulus of the gel is determined 
(G = 282 ± 10 N jm2). The reproducibility is approximately 20 nm. A qualitative agreement with the 
simulations can be seen. As expected from theory the amplitude and the area of negative displacements 
increases for increasing flow rates. The error between calculations and measurements increases for in
creasing Reynolds numbers. This is seen from the ratio between the negative and positive displacements 
and from the distance from the step to the point were the displacements are zero. 
The same measurements are done with Xanthan Gum. The displacement measurements are plotted in 

tigure 5.5. To compare these measurements with the measurements with water, the same sealing factors 
are taken: 180, 360 and 450 nm. The maximum displacement is approximately 4 times the maximum 
displacement measured with water. The shear modulus of the gel, found by fitting the measurements with 
the calculations, is 278 ± 10 N / m2, which correspond with the value found for the measurements with 
water. The viscosity of Xanthan Gum is larger than the viscosity of water; thats why the reattachment 
length Lr. is smaller. The combination of a small Lr and a strong wall shear stress cause a small area of 
negative displacements. Because of the smalt area with negative displacements, conclusions about the 
error of Lr and the ratio between positive and negative displacements at higher Reynolds numbers, can 
not be drawn. 

5.3.2 Condusion and discussion 

The discrepancy between experimental and numerical displacements in the area of recirculation is un
known. A visualization study showed that 3-dimensional flow characteristics can be found, even at low 
Reynolds numbers. Behind the step a vortex from the side wall was seen, transporting the injected dye 
towards the central part of the flow channel, with a corkscrew movement (see tigure 5.6). This phe
nomenon is know from literature as a wali-jet [Wil97]. 
The 3-dimensional effect was not included in the numerical simulations. Calculations on a 3-dimensional 
simulation have to give decisive answer, on the question whether the wali-jet or another phenomenon 
causes the large displacements upstream the reattachment point. 
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Chapter 6 

Conclusions and Suggestions 

6.1 Conclusions 

The knowledge of the phenomenon causing atherosclerosis lead to the hypothesis that oscillating shear 
stresses and wall shear stress gradients are linked to tbe location of the affection. Determination of wall 
shear stress in a physiologically relevant geometry poses to be important. Because of the major difficul
ties on estimation of the viscosity of concentrated suspensions, such as blood, at near wall sites, direct 
measurement of wall shear stress is desirable. As physiologically relevant flow, the flow bebind a back
ward facing step is chosen. The wall shear stresses are related to the displacements of a highly flexible 
gel bebind tbe step. These can be measured using electronica} speckle pattem interferometry (ESPI). 
The major advantages of ESPI above holographic interferometry is tbe primary sensitivity for in-plane 
motion and tbe toleranee to environmental vibrations. 
Goijaerts introduced tbis metbod and found two major problems. The first problem is tbe low accuracy 
and non directional sensitivity of speckle pattem interferometry. This problem is solved by phase speckle 
pattem interferometry. For the static situation PSSI pointed out to be a very sensitive measurement tech
nique, witb a reproducibility of 10 nm. The major advantages ofESPI above holographic interferometry 
is the primary sensitivity for in-plane motion and the toleranee to environmental vibrations. The second 
problem is non agreement of imposed and measured wall shear stress at those places were a wall shear 
stress gradient is present. This problem is solved by simulations witb a Finite Element Metbod. The 
velocity distribution is calculated, from tbis velocity distribution the wall shear stress is extracted, the 
wall shear stress is the boundary condition for tbe displacement calculation of tbe gellayer. 
Because of tbe noisy measurements a more efficient unwrapping program had to be developed. The 
metbod to smootb the sawtootb remaining after phase calculation, is based on separation in continuous 
sine- and cosine-functions and filtering with the intensity modulation amplitude as a weight factor. 
With the several adjustments a metbod to measure tbe wall shear stress distribution bebind a backward 
facing step is available now. With tbe five-bucket-method, displacement of the gel witb an accuracy of 
20 nm is measured. The measurements are done witb water and Xanthan Gum to test tbe procedure. 
The reference bar solved tbe problems of finding tbe offset and the correction for the linear trend. The 
resulting displacements plots show a different ratio between displacements bebind and in front of tbe 
reattachment point tban expected from calculations. Two problems remain: One is tbe unknown origin 
of the linear trend. It is likely to depend on tbe optical configuration, especially tbe movements of tbe 
piezo attached mirror. To use the interferometer for other displacement measurements it is desirabie to 
solve tbe problems occurring witb tbe linear trend. In other situations the correction for tbis trend can 
not be done by adding a reference displacement When tbe origin is explained and theset-upis corrected 
a wide range of possible applications is imaginable. 
The second problem remaining is tbe difference in tbe ratio between negative and positive displacements 
for calculations and measurements. The solution is probably found by a 3-dimensional phenomenon 
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observed with flow visualization: the wall-jet. The wali-jet is not taken in account by the 2-dimensional 
flow calculations. To do a good comparison between the calculated wall shear stress distribution and the 
the measured distribution, the origin and solution of the large displacements had to be found. 

6.2 Future experiments 

6.2.1 Experiments with blood 

In future experiments, the metbod to determine the wall shear stress distribution will be applied, using 
blood as a measuring fluid. This will enable evaluation of methods used in the clinic using ultrasound 
to asses wall shear stress in-vivo. Pilot experiments were performed to investigate the applicability of 
the method, for blood flow induced wall shear stresses. Fresh blood from a pig was obtained. The red 
blood cells were separated from whole blood and resuspended in an isotonic buffer. The plasma and the 
platelets were removed to prevent aggregation and foam formation. 
The buffer has a viscosity of 1 mPa. The viscosity of the whole blood and also the viscosity of the red 
blood cell suspension is determined. To observe alteration of the suspension during the measurements 
the viscosity is determined again at the end of the experiment. 
For this measurement with blood the gellayer is made in a slightly different way to proteet the reflecting 
layer. The gel reservoir is tilled with gelatine to 3/4 of the height of the reservoir. The lriodin layer was 
prepared on top of this layer and subsequently covered with amount of gelatine, so that the reservoir is 
ti lied. The gel is calibrated by measuring the displacements at a flow of 900 ml /min of the buffer liquid. 
The results of the calibration are plotted in tigure 6.1. The shear modulus of the gel is 2. 8 1 o2 N / m2• 
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Figure 6.1: Calibration of the gellayer with the buffer liquid, Re = 300 

The buffer liquid is replaced by approximately 2 l of the red blood cell suspension. At flow rates of 
300, 600 and 900 ml /min the displacements of the gel are measured. For the flow rates of 300 and 600 
mi/min the displacements are plotted in tigure 6.2. For the flow rate of 900 mijmin the displacements 
are to large too get speelde correlation. The large displacements are caused by the high wall shear stress 
caused by the high viscosity of blood. 
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Figure 6.2: Measured displacements for blood 
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The displacements measurements indicate that the method will also work, using a red blood cell sus
pension as the measuring fluid. The calibration measurements with the buffer solution can be used to 
determine the shear modulus of the gel layer. The shear modulus and the blood flow induced gel dis
placements can then be used as an input for the computations to determine the blood flow induced wall 
shear stresses. 

6.2.2 Dynamic measurements 

Some preparation on dynamic measurements are done, necessary for measuring oscillating flows. To fol
low the displacements of the gel in that situation, it is necessary to get the information for dis placement, 
within a small part of a period. The period time is approximately 1 second. The five-bucket-method 
would consume too much time, therefore the method of Wang and Grant for dynamic measurements is 
adopted (section 3.3.2). Pilot experiments on the displacement of a rotating object are performed. For 
future experiments at least three problems must be solved: 

• lt appear that this method is much more sensitive for disturbances from surroundings than the 
five-bucket-method. 

• The post-processing requires a lot of calculation capacity and a lot of computer time. 

• The determination of the sign of the phase is not working correctly. A possible souree for this 
problem is the phase step P (equation 3.10) being too smallor too large. 
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Appendix A 

Evaluation of the phase stepping speckle 
interferometry algorithms 

A.l Introduetion 

Many algorithms have been developed to extract the phase of the speekles by phase stepping speckle 
interferometry. The 5-bucket-method, 4-bucket-method and 2+ 1-algorithm are discussed bere (appendix 
A.2). A benchmark experiment is performed to test the algorithms (appendix A.3). The metbod of 
least squares for surfaces is needed to determine a surface trough the pixels (appendix A.4). Eight 
measurements will be used todetermine the accuracy of the algorithms (appendix A.5). 

A.2 Algorithms of PSSI 

Five-bucket-method 

The five-bucket-method requires 5 frames todetermine the phase of the speckles. For each image the 
phase is increased by a phase step ~ of ~. The phase 'I' can be derived from these five successive frames 
with: 

2{/z -14) 
tan 'I' = . 

21] -Is -h 
(A. I) 

This metbod bas the advantage that the phase step ~ can be checked retrospectively to be ~. An algorithm 
to calculate ~is given by Van Haasteren [Haa94]: 

Ifl/z -hl~ lh -1-41 then 

A_ [fi -/z +IJ -l4] 
1-' - arccos ( ) , 

2 ]z -h 
(A.2) 

el se 

A_ []z -IJ +14 -Is] 
1-' - arccos 2(/z _ h) . (A3) 

Four-bucket-method 

The four bucket metbod requires four frames, with a phase step of ~ also. The phase 'I' can be calculated 
with: 

h -]z 
tan'l' = -

1
--. 
I-IJ 

33 

(A4) 



In this case the phase step p can not be tested. 

2+ 1-algorithm 

For the 2+ 1 algorithm three interferograms are required separated by a quarter-wave step again. The 
third interferogram h is recorded once and is used to provide the background intensity, 

(A.5) 

The phase can now be calculated from: 

lan'Jf = [
h -Is]. 
h -Is 

(A.6) 

As long as the background intensity Is and the modulation intensity remains constant, this expression 
yields the phase accurately and only two interferograms h and h have to be recorded in the further 
measurement. 

A.3 Benchmark experiment 

To give an impression of the performance of the experimental system a benchmark experiment is per
formed. In these benchmark experiments the in-plane displacement of a rotating object is measured. 
An arbitrary point on the surface with coordinates (x,y), 
is translated to (x' ,y') by a rotation 9. From simple go-
niometry can be derived that the new coordinates are 
given by: 

x' = xcose- ysine, 

y' = xsin9 +ycose. 

For very small rotation angles this is equal to: 

:J -x -ye, 
y' -y - xe, 

(A.7) 

(A.8) 

After rotation, the displacement in one direction is a 
plane with a slope e. When e is known the calculated 
displacements, by means of PSSI, can be verified. 

A.4 Metbod of least squares for surfaces 

(x'' y') 

\ 
(x,y) 

-X 

Figure A.l: Rotation 

To determine a surface trough a number of measurement values, the metbod of least squares can be used. 
This metbod is used for the examination of the benchmark experiments (appendix A.5) and for the linear 
filter (section 3.4). The purpose of this metbod is to determine the coefficients a and b for the equation 
of a surface: z = ax+ by+ c. 
To calculate these coefficients, the next matrix equation bas to been solved: 

F·(!)=G. (A.9) 
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In this equation F is the following matrix: 

(A.10) 

with Xi the distance between origin and each data point in x-direction and Yi the distance between origin 
and each data point in y-direction and n is the number of data points. G is the matrix: 

( 

LXi8i) 
G= LYï8i , 

'Lgi 

(A.ll) 

where 8i is the data value in (xi,Yi)· The next equations will give the deviation in a, band c: 

(A.12) 

In these equations hu are the elements on the diagonal of the matrix H. H is the inverse matrix of F. The 
general equation for S is: 

S= 
1 n 

----:Le?, 
n- p-1 i=l ' 

(A.13) 

where pis the number of degrees of freedom (in this case two: x and y) and ei is the remainder after 
subtraction of the measured value (gi) and the fitted value (Zi = axi + byi + c) [Smi66]. 

A.5 Examination of algorithms 

Machiets performed tests to examen the 5-bucket-method [Mac96], using the benchmark experiment of 
section A.3. Eight of these tests will be used todetermine the accuracy of the 5-bucket-method, 4-bucket
method and 2+ 1-algorithm. These measurements are also used to evaluate the difference between two 
procedures to calculate 'Jf and M. The first metbod calculates 'Jf and M with the N1,N2,D1,D2, when 
N 2 + D2 > 100 (threshold = 10) without filtering (method I). The second procedure calculates 'I' in 
first instanee for every point. The value is separated in the eosine and the sine of 'Jf. The two functions 
are fittered with a 3x3-filter and recombined to 'Jf, by calculate the arctangent of the fraction of the two 
fittered functions. A pixel is marked as a valid pixel when the average gray value of N and D for the 
nine pixels is more than 10 (Method II, see section 3.4). Thirdly the inftuence of a 6x6-filter after phase 
calculation and unwrapping is investigated. 

U se of the standard deviation 

When unwrapping is done, an image of 512x512 pixels remains. For the comparison only an area of 
200x200 valid pixels will be used. Through these pixels a surface fit is made, with the metbod of least 
squares for two dimensions (appendix A.4). This can be done because of the linear phase change in one 
direction. The interesting coefficients are a and b for the equation of a surface: 'Jf = ax + by + c. 
Because the matrices F and H (A.lO) are almost the same for the different situations, the elements hii 
(equation A.12) do not vary for the different methods and can betaken constant. The standard deviation 
Scanbetaken as an indication for the accuracy of the results. S will be calculated with equation (A.13). 

35 



Results 

The values of the standard deviation and the percentage invalid pixels for the different algorithms and 
methods are given in table A.l. Both are given with the 95% confidence interval based on the eight 
measurements. 

Filtering is not performed well for the 2+ I-bucket method. This can be blamed to the lot of invalid 

PSSI 'I' Calculation Filter standard deviation Invalid pixels 
algorithm metbod [rad] [%] 

5 I befare 0.55 ± 0.02 5.3±0.1 
5 I after 0.13 ± 0.01 
5 11 befare 0.16 ± 0.01 0.05 ± 0.01 
5 11 after 0.08 ± 0.01 
4 I befare 0.53 ± 0.03 8.7 ± 0.2 
4 I after 0.12 ± 0.01 
4 11 befare 0.16 ± 0.01 0.16 ± 0.02 
4 11 after 0.08 ± 0.01 

2+1 I befare 0.49 ± 0.04 22± 2 
2+1 I after 0.20 ± 0.06 
2+1 11 befare 0.22 ± 0.08 2.7 ± 0.5 
2+1 11 after 0.11 ± 0.04 

Table Al: The values of the standard deviation and the percentage invalid pixels for the different situa
tions, the mean value of eight measurements 

pixels, by which there are to less valid pixels in some area of 6x6-pixels, to do the matrix calculations. 
This causes a infinity value in Matlab for 2 or 3 pixels per image. 
The mean values of the coefficients a and b for eight measurements are: 

a = 0.0039±0.0004radfpixel, 

b = 0.130±0.001 rad/pixel. 

Over the eight tests, especially b differs (the most interesting quantity). 
Secondly the difference between the procedures are studied. As can been seen from table A.2, for the 
different methods b is almast the same. This can be concluded from the small M, the 95% confidence 
interval. 

Measurement b M a !).a 

1 0.1298 0.0002 0.0041 0.0001 
2 0.1289 0.0003 0.0040 0.0001 
3 0.1291 0.0002 0.0040 0.0001 
4 0.1297 0.0002 0.0042 0.0001 
5 0.1298 0.0003 0.0036 0.0002 
6 0.1305 0.0003 0.0040 0.0003 
7 0.1307 0.0003 0.0036 0.0001 
8 0.1294 0.0002 0.0039 0.0001 

Table A.2: The value of the coefficients a and b for eight measurements, the mean value of the different 
procedures 
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The standard deviation in a and bis very small, because oftbe large amount of data points (approximately 
40 tbousand). Witb hll ~~.in tbis case h11 ~ h22 ~ 1.0·10-8 pixels-2 , tberefore Sa~ Sb~ 

n 
t.o. w-5 rad 1 pixel, fors= 0.1 rad 

Condusion 

From tbe resulting a and b no distinction can be made between tbe tbree metbods of pbase stepping. 
The 2+ 1-metbod is less suitable because of the large amount of invalid pixels. The preferenee for the 
5-bucket-metbod is due to tbe option of cbecking tbe enforced pbase step~ to be ~· 
The second metbod of 'I' and M calculation gives tbe same result for a and b, but the S is smaller in 
comparison witb the otber 'I' and M calculation. The 3x3 filter used in tbe second metbod reduces the 
number of invalid pixels. Because invalid pixels disturb tbe unwrapping process, metbod II is preferred. 
Filtering witb a 6x6 filter reduces tbe standard deviation, by approximately 50 %. 
For the different measurements, a and b vary more than can be expected from tbe standard deviation. 
From tbis can be concluded tbat more uncontrolled influence are present and accuracy bas to be taken 
smaller: in tbe range of0.001 rad/pixel. 
As a consequence tbe second manner of 'I' calculation and tbe 5-bucket-method will be used. The corre
sponding standard deviation of 0.16 rad agree witb a reproducibility for the displacement measurements 
of 12 nm. (For information about tbe optical setup see [Mac96].) 
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