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IMPACT ON A SHELL 

PREFACE 

In the modern information society it is impossible to imagine 

life without a TeleVision. We can find it everywhere around us, in 

our homes, in the shopping centre, at work and even in our 

favourite pub. As most readers will know, each conventional TV set 

has a TV-tube. Inside the TV-tube a vacuum exists. If by some 

reasen a TV-tube would be damaged, it is possible that an 

implosion occurs. Fragments of glass would be spread all over the 

place. To prevent that glass will be spread over a large area if 

the TV-tube collapses, each model has to pass some safety tests. 

Same of these test are the so called ball-drop and missile tests. 

In bath the tests a steel ball is dropped on the tube in a 

well-defined manner. The mass and impact velocity of the ball are 

varied. Until now the design process is mainly based on practical 

experience. Lit tle fundamental insight in the dynamic and crack 

behaviour of a TV-tube is available. • In this report dynamic 

phenomena related to the ball-drop test are analyzed. A 

theoretical model is given and experiments are carried out on a 

strongly simplified geometry of the TV-screen: a plate. The 

vibrations in plates and shells due to an impact of a projectile 

are analyzed. In a parallel study (Horsten [9]) numerical 

computations have been performed with models based on the Finite 

Element Methad using the software packages DYNA3D and ANSYS. In 

the case of a flat plate numerical, analytical and experimental 
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IMPACT ON A SHELL 

results are compared with each other. Because no experimental 

results are available for the impact on a curved shell only the 

computational results are compared with each other. 

In Chapter 2 the analytica! model is discussed. This model is 

obtained by the interaction between an impact model and a 

wave-propagation model which are described in Sectiens 2. 1 and 

2.2, respectively. The impact model is based on the Hertz theory 

of impact. The equation of motion are simplified by use of the 

linear Donnell-Mushtari-Vlasov methad of approximation [5]. The 

equations are derived in curvilinear coordinates in order to 

prevent a loss of generality that would occur when specific 

geometries are singled out. 

The experimental setup of the ball-drop test on a flat plate is 

discussed in Chapter 3. In this chapter some possible measurement 

techniques to measure the significant quantities like frequency, 

displacement and contact force are listed. In Chapter 4 the 

results obtained from the two theoretica! roodels are compared with 

each other and, in case of the flat plate, also with the 

experimental results. Results of the numerical and analytica! 

roodels are given in the cases of three different geometries: the 

flat plate, the cylindrical plate and the doubly curved shell. 

Chapter 5 glves summarizes the resul ts and the conclusions that 

can be drawn from them. Furthermore, some suggestions for future 

lnvestlgation are made. 
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1. INTRODUCTION 

1. Introduction. 

The author's final project is performed within the framewerk of 

the project "Analysis of the TV-tube ball-drop test" of Philips 

Research Laboratories, Eindhoven. 

Befare a TV-tube can be taken into production, the prototype has 

to pass some safety tests. One of these tests is the ball-drop 

test. In the ball-drop test a steel bal! is dropped on a glass 

TV-tube in a well-defined manner. Depending on the test conditlans 

and the design of the TV-tube, it wil! either deform elastically, 

collapse in a controlled manner (without implosion) or implode. 

Nowadays, the design process is mainly based on practical 

experience. Little fundamental insight in the dynamic and crack 

behaviour of a TV-tube is available. One of the aims of the 

project is the development of a numerical model for simulation of 

tube response. As a first step the si tuation is considered in 

which a tube stays intact and deforms elastically. 

The main objective of this investlgation is a flrst verlficatlon 

of the numerical model based on a strongly simplifled geometry: a 

plate. This wil! be done by a theoretica! model as wel! as by an 

experimental test. 

The final project is made up of two sections, on the one hand a 

computational sectien using a linear two-dimensional analytic 

wave-propagation model in combination with an impact model, and on 

the ether hand an experimental section. This experlmental sectien 

includes the designing and building of the experimental setup of 

the ball-drop experiment and the actual testlng of the design. In 

the experiment a bal! wil! be dropped on a plate in a well-defined 

manner. As a result of the impact the plate wil! deform 

elastically and waves wil! propagate through the plate. The bal! 

response and the wave propagation in the target plate will be 

examined. This wil! be done by measurements of the bal! 

acceleration and the out-of-plane displacements of the plate and 

by examinatien of the strain in the target surface. 

1 



IMPACT ON A SHELL 

2. Model of the wave propagation as result of an impact 

In this chapter, a theoretica! model is given which describes the 

local elastic deformations of the bal! and the plate and the wave 

propagation in the plate as result of an impact. 

In the ball-drop experiment a bal! is dropped on a flat plate in a 

well defined manner. As a resul t of this impact the plate will 

deform elastically and waves wil! propagate in the plate. The 

callision between plate and bal! can be divided into two 

phenomena. On the one hand the local elastic deformation of the 

bal! and the plate as a result of the contact force, and on the 

other hand the elastic wave propagation in the plate which is 

discussed in Sectiens 2. 1 and 2. 2, respectively. In Sectien 2. 3 

the interaction between these phenomena wil! be discussed. 

In the theoretica! model, described in this section, the following 

assumptions have been made. 

o The impact of the bal! is normal to the target surface. 

o Each surface (bal! and target surfaces) is considered to be 

perfectly smooth, i.e. the contact force causes a compression of 

bal! and plate only in the direction normal to the tangent 

plane. 

o There is only elastic deformation, no damping is present. 

o Thermal losses and friction (air and contact point) are 

neglected. 

o The contacting solicts are homogeneaus and isotropic. 

o The local deformation in the region of contact is quasi

stationary, i.e. the impact velocity is smal! compared with 

the propagation velocity of elastic waves in the specimen. 

o The region of contact is smal! in camparisen with the relevant 

dimensions of the target plate (including the thickness), i.e. 

the target plate is considered to be a semi-infinite solid (as 

far as the contact region is considered). 

o Points of the plate initially lying on a normal-to-the-middle 

surface of the plate remain on the normal-to-the-middle surface 

2 



2. MODEL OF THE WAVE PROPAGATION AS RESULT OF AN IMPACT 

of the deformed plate. 

o As boundary conditions it is assumed that the edges are simply 

supported edges. 

2.1. Hertz theory of impact 

A model is required for the local elastic deformation of the bal! 

and the plate. 

The relation between the compression and the contact force of two 

isotrope elastic bodies is given by the Hertz theory. The analysis 

of Hertz is based on the assumption that the stress system in the 

vicinity of the region of contact may be determined from a 

stationary stress state. The force-deformation relation is derived 

by Hertz, see Love [1] and Goldsmlth [2]. 

The relatlon between the contact force P(t) and the maximum 

compression of both bodles a = w- w with a directed normal to 2 1, 

the tangent plane in the contact-point, is given by: 

3 

P(t) = k a 2
(t) 

1 
(2.1.1) 

The factor k is the constant of Hertz. Hertz developed a salution 
1 

to the problem of cellision of curved elastlc bodies. 

~-----

p I 
L ______ -~---:- --

I I_A_.. 

/ 

,31 -----r---r-
I 

- ---! 

Fig. 2. 1(a) Colliding spheres. 2.1(b) Impact bal! on plate. 
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IMPACT ON A SHELL 

In that case the constant k is among ethers a function of the 
1 

radii of curvature R and R (see Appendix A). With suitable 
1 2 

modifications the Hertz theory of impact may be applied under a 

very wide variety of conditions. Since the transverse impact of a 

solid sphere on an infinitely extending elastic plate is examined 

then the radius R may be taken equal to infinity. In the case of 
2 

a col lision of a ball wi th a plane surface, the constant k
1 

is, 

see Hunter [4], 

1 

k = i_(R )2 with 
1 3g 1 {

1-1)2 1-1)2 } 
g= 1 + 2. 

-E-- -E--
1 2 

(2.1.2) 

The constant g is defined by the elastic properties of the system, 

as shown in the notatien (2.1.2). The parameters v and v are the 
1 2 

Poisson's ratio of the ball and the plate, respectively, E and E 
1 2 

are the Young's moduli of the balland the plate. R is the radius 
1 

of the ball in the region of contact. A similar model is used by 

Roezen-Kroon [3] as a simplified model for the interaction between 

a bell and a clapper. 

In order to apply (2. 1. 1) and (2. 1. 2), the significant dimension 

of the contact area must be small compared with the dlmensions of 

the colliding bodies. This condition is necessary to ensure that 

the stresses in this region are not critically dependent upon the 

shape of the bodles at large distance from the contact area and 

thus not seriously influenced by the proximity of its boundaries. 

This implies that the contact radius A, see Fig.2. 1b, given by 
1 

A c::OJ3 with 1 1 1 (2. 1. 3) = = + R, R R 
0 1 2 

should be small: 

A « min(a, b, h, R
1
). 

The dimensions of the plate are a, b in the x- and y-direction, 

respectively, and h is the thickness of the plate. The specific 

values of these parameters are A~10-3m, h, R ~10-2 and a b~O Sm 1 • . • 

for steel and glass 7see Lissenburg [7]. In this case i t is a 

fairly good approximation to consider each body as a semi-infinite 

4 



2. MODEL OF THE WAVE PROPAGATION AS RESULT OF AN IMPACT 

elastic solid. 

The Hertz approximation is based on quasi-stationary deformation. 

In dynamic contact situations the Hertz approximation can still be 

used if an additional condition is met, stated by Love [1]. The 

Love criterion reads: "The duration of the impact should be a 

large multiple of the gravest period of free vibration of either 

body which involves compression at place in question." The 

physical basis for the Love cri terion is that in order for a 

quasi-stationary approximation to hold, there must be sufficient 

time for the passage of large numbers of elastic waves back and 

forth along the relevant directlans (i.e. these directlens 

invalving compression in the contact region) of two bodies. For 

two bodles for which the elastic moduli and densities are likewise 

similar and with diroenslons and radii of curvature in the region 

of contact of comparable order of magnitude, the Love cri terion 

can be reduced to a simple restrietion on the velocity of impact, 
1 

(V /C ) 5 « 1, 
0 0 

where V is the initia! velocity of impact and 
0 

c =~ 
0 

(2. 1. 4) 

(2.1.5) 

is the veloei ty of longitudinal pressure waves. It is shown by 

Hunter [4] that the same restrietion is valid for the cellision 

between a small body and a massive one. In the situation at hand, 

-1 
we have V = 0. 5-5 ms and 

0 

1 

C ~ 5500 ms - 1 and consequently (V /C )5 

0 0 0 

~ 0. 16-0.25. So, the quasi-stationary Hertz theory may wil! 

provide an fair description of dynamic collislons in the situation 

of collislons between smal! and massive bodies, like bal! and 

TV-tube, at moderate velocities. 

The Hertz theory wil! be used in Section 2. 3 to describe the 

impact in the model of the combination of the impact and wave 

propagation. 

5 
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2.2 Vave propagation 

As mentioned in the introduction, apart from the elastic 

deformation another phenomenon occurs: the elastic wave 

propagation in the target plate. In this section, the equation of 

motion for shells are derived and the salutlans to these equations 

are discussed. 

2.2. 1 General shell equations 

The theory of wave propagation in a plate is based on the 

theoretica! approach due to Love, see Soedel [S,Ch.2]. He 

essentially extended Rayleigh's work on shell vibrations. The 

equations are based on the assumptions that the shells are thin 

wi th respect to the radii of curvature and that the deflections 

are reasonably small. In the Love approach shear deflections and 

rotary inertia are neglected. 

Except for a few special cases, explicit salutlans to Love' s 

equations are no t available. Therefore, the Donnell-Mushtari

Vlasov methad of approximation is employed. In this report, the 

linear Donnell-Mushtari-Vlasov equations (DMV) approximation is 

discussed, in which the modes are primarily associated with 

transverse motion. 

It is assumed that the contribution of in-plane deflections can be 

neglected in the bending strain expresslons but nat in the 

membrane strain expressions. Furthermore, the influence of inertia 

in the in-plane directlans as well as the transverse shearing 

farces are neglected. Bending and membrane effects are 

incorporated. 

Consider a thin, isotropie and homogeneaus shell of constant 

thickness. The midplane of the shell is the neutral surface where 

the stresses are of the membrane type. Locations on a neutral 

6 



2. MODEL OF THE WAVE PROPAGATION AS RESULT OF AN IMPACT 

Figure 2.2 Point P in the neutral surface. 

surface, placed in a three dimensional cartesian coordinate system 

can be defined by two-dimensional orthogonal curvilinear surface 

coordinates a , a . 
1 2 

The position of a point P in the neutral surface can be expressed 

by a vector 

r(a , a ) = f (a , a )e + f (a , a )e + f (a , a )e . (2. 2. 1) 
1 2 1 1 2 1 2 1 2 2 3 1 2 3 

In Fig.2.2 the infinitesimal distance between points P and P' is 

defined by dr. The differentlal change dr of the vector r as we 

move from P to P' is 

= ar da + ar da 
aa 1 aa 2 

1 2 

The magnitude ds of dr is obtained by 

(2.2.2) 

where the fundamental farm parameters (or Lamé parameters) are 

defined by 

- 2 

and A~ = I:: I , 
2 

(2.2.4) 

7 



IMPACT ON A SHELL 

ar aa are the tangent veetors of the neutra!. 
i 

The differentlal equation of motion for the transverse 

displacement w = w(o: ,o: ,t) of a shell with an initial stress 
1 2 

distribution and an external pressure load p(o: ,o: ,t), is derived 
1 2 

by Donnell-Mushtari-Vlasov, Soedel [5], andresult in the equation 

a ( Al a ) + -- T aa
2 

22 A aa 
2 2 

(2.2.5) 

R and R
2 

are the principal radii of curvature, N is the stress 
1 ij 

tensor due to the vibrations integrated over the thickness of the 

plate. T and T 
11 22 

are the initia! tensile stresses per unit 

length in the principal direcUons and T , T are the initia! 
21 1~ 

shear stresses. p is the mass density per unit area of the plate. 
h 

Hence, for the total stresses Ntot integrated over the thickness 
ij 

of the plate we have 

Ntot = N + T . 
ij ij ij 

(2.2.6) 

The flexural rigidi ty D is expressed in terms of the elastic 

modulus E, plate thickness h, and the Poisson' s ratio u. D is 

defined by 

D = 
2 12(1-u ) 

Now introduce the stress function ~ which is defined as 

N 
11 

N 
22 

= 

= 

1 a 
A aa 

2 2 

1 a 
A aa 

1 1 

( 
1 a~ 
A Ba 

2 2 

( 
1 a~ 
Aaa 

1 1 

8 
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(2.2.9) 
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1 

AA 
1 2 

[ 
aq/ 1 aAl alf> 1 aA2 a<t> ] 

acx. acx. + A acx. acx. + A acx. acx. 
12 121 212 

(2. 2. 10) 

Substitution of these functions into the Eq. (2.2.5) yields, 

4 2 2 a2w DV w + V </> - V w + p - = p (ex. , ex. , t) . 
k r hat2 1 2 

(2.2.11) 

A second equation has to be obtained because we still have <f> and w 

to cantend with. This is the compatibility function, Soedel [5]: 

EhV2w - V
4

</> = 0 (2.2.12) 
k 

and 

w is the transverse deflection, 

DV4w is the bending resistance, 

V2</> is the influence of the plate curvature and the 
k 

resistance due to foundation stiffness 

V2w is the resistance due to the tension, 
r 

a2w 
is the inertlal resistance, p-

hat2 

and p(cx. ,ex. ,t): is the external pressure load. 
1 2 

In the equations (2.2.11) and (2.2. 12) the Laplacian operator V2 

and the operators V2 and V2 are defined as 
k r 

1 

AA 
1 2 

1 

AA 
1 2 

1 

AA 
1 2 

9 
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a 
a ex. 

1 

T - +- T -( a ) a ( a )] 
21 acx.

2 
acx.

2 
12 acx.

1 
• 

(2.2. 15) 

It is possible to combine the two equations (2.2. 11) and (2.2. 12) 
4 2 by applying operator V on Eq. (2.2.11) and V on Eq. (2.2.12). The 

k 

combination of these two equations gives the DMV differentlal 

equation of motion: 

The differentlal equation of motion, 

4 Vp(cx.,cx.,t) 
1 2 

Eq. (2. 2. 16), 

(2.2. 16) 

describes the 

wave propagation in a generally curved shell. The operators V, V 
k 

and V still depend on the particular choice of the surface, which 
r 

is introduced in the next section. 

2.2.2 Doubly curved shell equations. 

In order to determine the operators V, V and V in the equations 
k r 

of motion, a curved coordinate system is introduced 

corresponding to a surface that has constant radii of curvature in 

the principal directions. In the case of a doubly curved shell, 

the coordinates ex. and ex. are defined by the angles ~ .~ and the 
1 2 1 2 

radii of curvature R ,R. 
1 2 

ex.=~ R 
1 1 1 

i = 1,2 (2.2. 17) 

where the angles ~ 1 are defined by Fig.2.2. 

This definition of the doubly curved surface is an approximation 
ex. ex. 

and is only valid if R1 « 1 or R2 « 1, see Appendix D. 
1 2 

The plane of projection is used to relate these coordinates with a 

cartesian coordinate system, see Fig.2.2. The location of a point 

P on the surface can be expressed by 

r = R sin~ ë + R sin~ ë + [R (1-cos~) + R (1-cos~ )]ë. 
1 11 2 22 1 1 2 2 3 

(2.2.18) 

10 
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z 
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I 
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I 

Figure 2.3: Doubly curved shell. 

y x=R sln<f> 
2 2 

y=R sin<f> 
1 1 

z=-[R (1-cos<f> ) 
1 1 

+ R (1-cos<f> ) ] 
2 2 

Substitution of the equation (2.2.17) into (2.2.18) leads to the 

following expression for the vector r: 

(2.2.19) 

The Lamé parameters can now be calculated by substitution of the 

Eq. (2.2. 19) into the definitions of A and A, Eq. (2.2.5). Thus in 
1 2 

the case of a doubly curved shell with constant radii R and R 
1 2 

the Lamé parameters are 

A: = ~~: 1
2 

= cos
2

1{>
1

+ sin
2

1{>
1 

= 1 
1 

and in a similar way 

A2 = lar: 12 =1. 
2 acx 

2 

(2.2.20) 

(2.2.21) 

The operators given by the equations (2.2. 13/14/15) become 

(2.2.22) 

11 
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r:l = [-I~ + __! a2 ] 
k R a 2 R 2 ' 2 (X 1 acx 

(2.2.23) 

1 2 

'fJ2 [ a
2 a2 

+ T ~] = T - + 2T aa aa r 11 acx2 12 22 2 , 
1 2 a a 

(2.2.24) 

1 2 

if T 
l J 

is independent of a . In the limit R ~ oo, the coordinate 
l l 

system (a ,a) becomes 
1 2 

a cartesian coordinate system (x,y) and the 

DMV differential equations of motion, Eq. (2.2.16), is reduced to 

the differential equation for a flat plate, 

2 
4 a w 2 D'fJ w + p - -'fJ w = p (x, y, t) . 

hat2 r 
(2.2.25) 

In the remaining part of this report the operators 'fJ2, 'fJ2 and 'fJ2 
k r 

are given by the Eqs. (2.2.22/23/24). 

2.2.3 Free vibrations. 

Now, a dispersion equation and the corresponding modes for the 

displacement w of the plate for free vibrations are determined by 

use of the homogeneaus differential equations. In the case of free 

vibrations the external pressure laad p vanishes. Then, the 

vibrations are caused·bY a departure from the equilibrium in the 

initia! state of the plate. 

The homogeneaus DMV differentlal equation is obtained from Eq. 

(2.2. 16) by setting p(cx ,ex ,t) equal to zero, 
1 2 

2 
'fJ4'fJ2w + P 'fJ4a w = a. 

r h at2 
(2.2.26) 

This is a linear equation, and so the displacement of the plate 

can be written as 

(X) (X) 

w = E L W (ex ,ex )·S (t), 
mn 1 2 mn 

(2.2.27) 
m=1 n=1 

where W are the eigenmodes of the plate, 
mn 

and s (t) time-
mn 

dependent functions. The time-dependent part of w can be written 

12 



2. MODEL OF THE WAVE PROPAGATION AS RESULT OF AN IMPACT 

as 

S ( t) = S · exp( iw t), 
mn mnO mn 

(2.2.28) 

where w is the eigenfrequency corresponding to the mode W • 
mn mn 

Using this time-dependent salution in the expression (2.2.27) and 

we obtain it into the differentlal Eq. (2.2.26) 

8 4 4 2.. 2 4 
DIJ W + EhiJ W - IJ IJ w - p w IJ W = 0 

mn k mn r mn h mn mn 
(2.2.29) 

which is the differentlal equation that describes the eigenmodes 

w . 
mn 

Apply the operators, which are given by the Eq. (2.2.22/23/24), and 

the general salution for W , 
mn 

W = W exp i (k a +k a ) 
mn 0 1 1 2 2 

(2.2.30) 

then the differentlal Eq. (2.2.29) becomes 

k2]2 [ ~ W- T k
2 + 

R o 11 1 
1 

2T k k + T k
2
lk

4
W-

12 1 2 22 1 0 

2 4 
p w kw= 0, 

h mn 0 
(2.2.31) 

where k and k are the wave numbers in the a - and a -direction, 
1 2 1 2 

respectively. They can by interpreted as the components of the 

wave-number vector k 

k=ke +ke 
1 1 2 2 

with length k = ~-1 K1-t-K2 

This leads to the DMV dispersion equation given by 

[

k2 
-4 1 +~ -+ 

p R 
2 ::r 1 [r k

2 
+ 2T k k + T k

2
] 

ph 11 1 12 1 2 22 2 

... (2. 2. 32) 

The eigenmodes W (ex ,a ) of the plate and the circular frequency 
mn 1 2 

w are determined from equations of free vibrations of the plate 
mn 

and depend upon the boundary conditions. The wave number k is nat 

yet determined. It depends on the boundary conditions. There are 

13 



IMPACT ON A SHELL 

three kinds of simple boundary conditions, either clamped, simply 

supported or free. In this report a set of boundary conditions is 

chosen; namely that corresponding to a simply supported plate. 

va2w) =0 
a(i 

2 

(at a 1 = 0, a) }· 

(at a = 0, b) 
2 

(2.2.33) 

The reason for using this set is on the one hand that this problem 

is the most simple to solve in comparison with the other boundary 

conditions and on the other hand it is a suitable formulation for 

the hall-drop test. 

The salution W (a ,a ) in the case of simply-supported edges can 
mn 1 2 

be written as 

W (a ,a ) 
mn 1 2 

1 mllO: nllO: = sin-1 sin-2 7a": a b 

mll nll So, the possible wave numbers are k1= a- and k2= ~· 

(2.2.34) 

If the coordinate-dependent part W is normalized in such a way 
mn 

that 

ab 

JJW
2 

do: do: = 1. 
mn 1 2 

00 

(2.2.35) 

This normalization of the modes W will be of great convenience 
mn 

for the determinat ion of the time-dependent functions s ( t) in 
mn 

Subsectien 2. 2. 4. The solutions W (a , a ) form a complete set of 
mn 1 2 

orthonormal functions. 

In the case of a tension-free flat plate wi th the aspect ratio 

a/b, the equation becomes 

(2.2.36) 

21r mll 21r 
where k = -- = -- and k = -- = 

1 À a 2 À 

nll 
~ are the wave numbers. 

m n 

The phase velocity C and the group velocity C are respectively 
f g 
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2. MODEL OF THE WAVE PROPAGATION AS RESULT OF AN IMPACT 

given by 

C = dw 
g dk 

(2.2.37) 

(2.2.38) 

It is possible to rewrite Eq. (2.2.16) in a dimensionless form by 

substituting ~·=1~. w·-~. and t'= ! The equation becomes 

(om i t ting • ) 

where 

La Ehl 4 

= 
DR2 

T 12 

Te h = D 

4 
"ó~ p ( 0: • 0: , t ) 

1 2 

: 

4 
"ó~ p ( 0: • 0: • t ) 

1 2 
(2.2.39) 

is the ratio of the membrane stiffness 

and the bending resistance. 

is the ratio of the initia! tension and 

the bending resistance. 

is the ratio of the inertial resistance and 

the bending resistance. 

is the dimensionless contact force with 

3 
o=l ID. 

Values of these dimensionless parameters can be calculated on the 

basis of earlier experimental resul ts, see Lissenburg [7), and 

estimations; 
3 La ~ 10 ; Te~ 0.7; {3 ~ 10. 

These dimensionless parameters are an indication for the 

significanee of the different terms in the case of a TV-tube. La 

is the most important parameter since i ts value is at least a 
3 factor 10 greater than the other parameters. 
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2.2.4 Forced vibrations. 

The time-dependent part of the displacement w is determined by use 

of the inhamogeneaus equation of motion. 

The differentlal equation for the forced vibrations of a plate 

under the action of a time-dependent load of a surface densi ty 

p(a
1
,a

2
,t) is given by Eq. (2.2.16), 

2 

DV8w + EhV4w - V4 V2 w + p V48 w = V4p(a , a , t). 
k r h at2 1 2 

(2.2. 16) 

In the case of a collision, the loading function is specialized to 

a point contact force P(t). Consicter a plate subjected to a local 
0 0 load applied at a =a a =a . Then the load is represented by 

1 1' 2 2 

4 0 0 P ( t ) V o (a -a ) o (a -a ) . 
1 1 2 2 

... (2. 2. 40) 

When the plate is exposed to the contact force P(t), the 

differentlal equation for the time-dependent function S ( t) can 
mn 

be determined by substitution the expression (2.2.27) into 

Eq. (2.2.40) and using Eq. (2.2.29). This yields, 

00 00 
[ 2 4 .• 4 ] 4 0 0 E E s w k p W + s k p W = P ( t ) V o (a -a ) o (a -a ) . 

mn mn mn h mn mn mn h mn 1 1 2 2 
m= 1 n= 1 

... (2. 2. 41) 

Based on the orthogonality of the eigenfunctions W , the 
mn 

inner product of Eq. (2. 2. 41) wi th Wkl leads to a second order 

differentlal equation for each S (t): 
mn 

s (t) 2 
+ w s (t) = (2.2.42) 

mn mn mn 

with m = 1,oo and n = 1,oo and w given by the equation (2.2.32). 
mn 

To solve s (t), first the homogeneaus part of Eq. (2. 2. 42) is 
mn 

solved. Then Eq. (2.2.42) becomes, 
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2. MODEL OF THE WAVE PROPAGATION AS RESULT OF AN IMPACT 

s ( t) + w2 s ( t) = 0 (2.2.43) 
mn mn mn 

with the solution 

s (t) =a. sin(w t) + {3 cos(w t). (2.2.44) 
mn mn mn mn mn 

The constants a. and {3 can be determined by substi tuting this 
mn mn 

solution into the expression (2.2.27) and using the initia! 

values. This yields, 

s (0) 
s (t) = [s (O)cos(w t)+ _m_n __ . sin(w t)]. (2.2.45) 

mn mn mn mn 
w 

mn 

In the physical time the values of s (0) and s (0) would be 
mn mn 

equal to zero. However, in the way the model is implemented in the 

algorithm, s (0) and s (0) are equal to the values of the fermer 
mn mn 

time step. 

Now, the particular solution of Eq. (2. 2. 42), using the ini tial 

values, can be given by 

s (t) (2.2.46) 
mn 

The solution of the time-dependent function S (t) now becomes, 
mn 

s (0) 
( t) [s (O)cos(w t)+ mn ·sin(w t) ] (2.2.47) s = 

mn mn mn mn 
w 

mn 

t 
w 0 0 

J 
(a. ,a. ) 

mn 1 2 P(-r)sin(w (t--r))d-r. + 
mn 

w mnph 
0 

Finally, the displacement of the plate w is determined and given 

by Eq. (2.2.27) after substitution of Eqs. (2.2.34) and (2.2.47). 
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2.3 Interaction between impact and wave propagation. 

The callision between a ball and a plate is an interaction between 

the impact (Sec.2.1) and wave propagation (Sec.2.2). Combination 

of these two roodels leads to the analytica! model "Impact on 

Shells" as described in this section. 

A transverse impact of a ball on a rectangular shell of uniform 

depth is considered, with sides a =0, a and a =0, b, and simply 
1 2 

supported edges. The interaction will be examined according to the 

DMV shell theory described above and with use of the contact law 

of Hertz. 

The compression is the difference of displacement of the ball w 
2 

and the deflection of the plate at the point of contact w (see 
1 

Fig. 2.1b) so that 

a(t) 0 0 = w (t)- w (a ,a ,t) 
2 1 1 2 

The displacement of the ball w
2

, is given by 

w (t) 
2 

t T 
= v t - 1 Jd-rJ P(s)ds 

0 M 
0 0 

t 

=V t- 1 J P(-r)(t--r)d-r, 
0 M 

0 

(2.3.1) 

... (2.3.2) 

with the assumption that the ball acts like a rigid body. 

Substitution of Eq. (2.3.2) into Eq. (2.3. 1) yields 

t 
1 a(t) = v t-- JP(-r)(t--r)d-r- w (x ,y ,t) 

0 M 1 0 0 
0 

... (2.3.3) 

Combining the expression (2.2.27) and Eq. (2.2.43) yields, 

00 
0 0 w(a,a,t)=[ 

1 1 2 
m=1 

s (0) 

00 [ 
0 0 [ w ca,a > mn 1 2 

n=1 {
[s (O)cos(w t)+ 

mn mn 

t 

_m_n __ sin(w t)]+ mn 1 2 w (a
0

,a
0

) I }] w p P(-r)sin(wmn(t--r))d-r 
W mn 

mn mn h 

0 

.... (2.3.4) 
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2. MODEl. OF THE WAVE PROPAGATION AS RESULT OF AN IMPACT 

with W (a0 ,a0
) given by (2.2.34). 

mn 1 2 

The only unknown factors in the expressions for the displacements 

of the bal! w and the plate w are the force P(t) and the 
2 1 

compression a. The relation between the contact force and the 

displacement fellows by substitution of the Hertz theory, 

Eq. (2. 1.1), into the equation for the compression a, Eq. (2.3. 1). 

Eliminatien of a by substi tution of the Eqs. (2. 1. 1), (2. 3. 3) and 

(2.3.4) into this equation yields 

2 

[P~t)]
3

= v
0
t- i J

0

tP(T)(t-T)dT- E 
m=1 

{ 

s (0) 
[s (O)cos(w t)+ __ m_n ___ sin(w t)] 

mn mn W mn 
mn 

t 

co [ 0 0 L W (a , a ) 
mn 1 2 

n=1 

+ 
w p 

mn h 

J P(<)sin(w
0
n(t-T))dT}]· 

0 

... (2.3.5) 

The next step to solve this problem is application of the smal! 

increment methad where the contact force is regarded as constant 

during any time increment ~t. It is possible to solve the contact 

force at discrete time steps. The contact time is divided into q 
1 

equivalent time steps. When the force is assumed to be piece-wise 

linear, then the contact force can be expressed by Eq. (2.3.6): 

P(t) = P + ~(P -P )(T-(i-l)~t) 
1-1 ~t 1 1-1 

(2.3.6) 

The integral of the secend term of the right-hand side of 

Eq. (2.3.5) can be written as 
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illt 
q1h 

J P(T)(t-T)dT = r J [P +! (P -P )(T-(i-1)/lt)](qllt-T)dT = i-1 ut i i-1 
0 i=l 

( i -1 ) llt 

= (llt) 2{[~- ~]Po+ [:~:Pi (q-i)J + ~Pq} ... (2.3.7) 

and the integral in the third term of the right-hand side of 

Eq. (2.3.5) becomes, 

qllt 

I (q, w = J P(T)sin(wmn(t-T) )dT = 
run mn 

0 

= .!.[p -P cos(wqflt)] - -
1
-[P sin(wllt) 

w q o w2llt q 

+ sin(w(q-l)llt) - sin(wqllt) + E-1

(Pisin(w(n-i+l)llt) 
i=1 

- 2sin(w(n-i)llt)+sin(w(n-i-l)llt))]· ... (2.3.8) 

For the computation of the integral (2. 3. 8) we refer to 

Roezen-Kroon [3]. 

So, for the qth time interval t = qllt Eq. (2.3.5) becomes 

2 

[::]

3

= V0qflt- (ll~)
2

{[~- ~]po+ [ :~:Pi(q-i)] + ~pq}-
n 

k 

l: 
m=l 

~k[w (a0,a0)·{[s (O)cos(w t) + _sm_n_c_o_) sin(w t)] 
mn 1 2 mn mn W mn n=1 mn 

w p 
mn h 

I (q,w )}]· nm nm 

... (2. 3. 9) 

where P = P(qllt) and P = P(O). 
q 0 

It is easy to see that Eq. (2.3.9) is a non-linear function of the 
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contact force P ; 
q 

2 

c P
3 + c p + c = 0 

1 q 2 q 3 
(2.3. 10) 

where C , C and C depend on the solutions of fermer time steps 
1 2 3 

i=l, q-1. It is now possible to calculate the contact force P at 
q 

each time step by solving Eq. (2. 3. 10). A suitable methad is the 

Van Wijngaarden-Dekker-Erent methad [6], which is an i terative 

methad for a non-linear scalar equation. Using the solutions of P 
q 

it is possible to determine the different displacements w
1

, w
2 

and 

the compression a, as well as the veloei ties and the 

accelerations. 

In appendix C the flow chart of the program "Collision" is 

printed. This program simulates the cellision between a bal! and a 

plate which is simply supported at the edges. The program 

calculates the contact force, the displacements, veloei ties and 

accelerations of the contact point of the hall and the plate as a 

function of time. The energy stared in the ball-plate system can 

also be calculated at each time step. 

2.4 Numerical model 

In a parallel study (Horsten [9]) numerical computations have been 

performed with models based on the Finite Element Methad using the 

software packages DYNA3D and ANSYS. In Chap. 4 the analytica! and 

experimental results wil! be compared with the numerical 

calculations. The results given will be those obtained wi th the 

FEM package ANSYS. In this numerical model the quasi-static Hertz 

contact theory is implemented. For the plate 20 nodes brick 

elements are used. The plate is assumed to behave linear 

elastically. Furthermore, the impact mass is considered to be a 

point mass. The Hertz contact force is used to compute the 

deceleration of the impacting bal! and is applied as a modal force 

on the impact plate. 
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3. Ball-drop experiment 

The objective of the ball-drop experiment is the verification of 

the numerical and analytica! models. In the experiment a bal! wil! 

be dropped on a flat plate. As a result of the impact the plate 

wil! deform elastically and waves wil! propagate through the 

surface. The wave propagation in a target plate, as a result of 

the impact, wil! be examined. This may be possible by measurements 

of either the out-of-plane displacements of the target surface or 

by examining the strain in the target surface. In this report a 

description of the general setup of the experiment is given. And 

four possible measurement methods for examinatien of the wave 

propagation are discussed. 

3. 1 Requirements 

In the case of a ball-drop test, the magnitude of the out-of-plane 

displacements is expected to vary between 0 and 200 j.lm, the 

in-plane displacement are neglected. The strain is expected to be 

in the order of magnitude between 0 and 1200 j.lC, Lissenburg [7]. 

Therefore sensitive meters are required for the measurement of the 

displacements or strains. The bandwidth of the measurement 

equipment must be ~ 10 kHz. 

A distinction can be made between the various measurement 

techniques: on the one hand local displacement and strain 

measuring instruments, and on the ether hand braad outline 

displacement techniques. Local refers to measurements in one point 

or to a smal! area on the target surface. The braad outline 

technique takes up the entire target surface. The latter technique 

allows a quick qualitative insight into the response of the target 

surface as a result of an impact and it is not necessary to scan 

(in the xy-plane) the target surface, which would place some extra 

demands on the experimental setup: the ball-drop experiment neects 

to be extremely reproducible, and because the design needs to be 

suitable for scanning a curved TV-tube as wel!, a surface tracking 
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3. BALL-DROP EXPERIMENT 

system would be required. 

In designing the experimental setup, one must also remember that 

all the optica! techniques (non-contact) are sensitive for 

displacements of the centre of mass, superimposed on the local 

deformation. This would complicate the interpretation of the 

experiments. 

3.2 Experimental setup 

The experimental setup is given in Fig. 3.1 the schematic setup 

consist of a table which is isolated from the ground to prevent 

mechanica! oscillation imposed by the surroundings. This is done 

by use of four SVM-6 dampers. On this table a stone is placed, 

c::=J foam-rubber 

[=:J granite flat stone 

EZ! Flat plate 

- SVM dampers 

Figure 3. 1: Schematic setup. 

supported by a foam-rubber mattress to avoid vibrations in this so 

called measurement stone. On top of this measurement stone the 

frame, in which the flat plate is clamped, is rigidly mounted. 

To meet the requirements for the boundary conditions (simply 

supported on all the edges) as mentioned in the theory, the plate 

is placed between four knives as illustrated in Fig. 3. 2. The 

characteristics of the setup will be discussed in Sec. 3.4. 
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IMPACT ON A SHELL 

Flgure 3.2: Slmply supported flat plate. 

The hall (8) is dropped on the plate (A) by use of a xy-tahle (see 

Fig.3.3), sa it is possihle todrop the hall on the plate of every 

arhitrary possihle impact point. Befare the measurement the hall 

is kept in position hy use of a vacuum helder. The impact velocity 

is controlled by the initia! positlon, in a range of 0-3 ms-1
. 

I 
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I 

I 
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x 

Figure 3.3: XY-tahle, Ball-drop experiment. 
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3.3 Experimental methods 

There are various quantities of interest in the case of the hall-

drop test: the contact force, 

the displacement of the target surface and/or 

the strain in the target surface 

Various displacement/strain sensors and techniques to measure 

these quantities are examined, they are listed and compared in 

Appendix B. All the required parameters are discussed, bandwidth, 

range, sensitivity, adaptation of data and, in the case of the 

optica! sensors, the eperating distance. 

The contact force is measured with a accelerometer and the local 

displacement by use of either a fotonic sensor or a accelerometer. 

In this study no strain and global plate displacements are 

measured. Hence, these types of measurements are planned for 

future research. In this report also strain gauges and the 

projection moiré metbod are discussed. 

3.3.1 Accelerometers 

The contact force is the force exert by the bal! on the target 

surface. This force is directly related to the amount of strain 

and displacement of the target surface that emerge as a result of 

the impact. The contact force can be measured by an accelerometer 

attached to the ball. 

The active element of the examined accelerometers, B & K Brüel & 

Kjä!r, consist of piezoelectric discs or slices loaded by seismie 

masses and held in position by a clamping ring. When the 

accelerometer is subjected to vibration, the combined seismie mass 

exerts a variable force on the piezoelectric element. Due to the 

piezoelectric effect, this force produces a corresponding 

electrical charge. The charge produced by the piezoelectric 

element is proportional to the acceleration to which the 

transducer is subjected. The force (F) is related to the 
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acceleration (a) by F = m·a, where m is the mass of the ball. 

The accelerometer is attached to the ball by use of a special wax. 

This accelerometer is also suitable for displacement measurements 

of the plate by time integration of the accelerations. The sensor 

is then attached to the other side of the plate, at the point of 

impact, see Fig 3.4. 

~ accelerometer 1 

t 
D I {] 

I accelerometer 2 

Figure 3.4: Position of the accelerometers. 

3.3.2 Fotonic sensor 

The used fotonic sensor is a MTI (mechanica! technology 

incorporated) K.D-320 fotonic sensor with a KDP109R probe. This 

sensor has a frequency response 100 kHz. 

The fotonic sensor transmits light through a fiber optie probe to 

a target surface. Light reflected from the target surface back 

through the probe is converted into an electrical signal 

proportional to the displacement between the probe face and the 

target surface. The instrument creates a response curve, Fig. 3.5, 

which graphically compares the amount of reflected light and the 

amount of displacement between the probe and the target surface. 

The range in which the fotonic sensor properly works, is 

determined by the curve. 

The required range is 200 ~m. and the sensitivity ± 5 ~m. A closer 

look at the front slope reveals that the sensitivity1 is high (±1 

1 
The sensitivity of the fotonic sensor and the reflective object 

sensor depends on the accuracy of the calibration of the sensor, 

and is restricted by the linearity of the response curve. 
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10 
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UI 

71 
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Figure 3.5: Response curve. 

~) in a range of 50 ~· 
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If we use the back slope the sensitivity drops to ±10 ~m. but the 

range increases to ±400 ~m. It is possible to use the back slope 

in combination with the front slope. First, use the back slope to 

examine the range of the displacements of the target surface. If 

the range is smaller then 50 ~ it is possible to use the front 

slope with a higher sensitivity. This combination meets the 

requirements halfway. 

It is necessary to calibrate the response curve in every scanning 

point befare measurement. The scanning of the plate wil! be done 

on the other side of the plate than where the impact takes place. 

In this way i t is possible to measure the displacement of the 

plate at the point of impact. 
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3.3.3 Strain gauges 

Another important quantity is the strain that occurs as a result 

of the impact. This quantity is of interest in the case of crack 

formation, because it prescribes the crack formation and grow. 

These stresses are measured be use of strain gauges. 

The application requirements for the strain gauge in the case of 

the ball-drop experiment are listed in table Bl of appendix B. 

The mass of the strain gauges is very small and negligible 

compared to that of the target object. Thus, in the case of the 

strain gauges, contact wi th the target surface is an advantage 

because this sensor is not sensitive to displacements of the 

centre of mass of the object. 

A disadvantage of the strain gauges is that it is impossible to 

scan the surface. If one wishes to measure at different places it 

is necessary to attach several strain gauges. In the case of a 

TV-tube, to overview the target surface the number of strain 

gauges will increase to a few hundred. 

Two different types of TML foil strain Gauges wi th are sui table 

for the experiment are here discussed. The type FRA-5 and FCA-5 

have a gauge lengthof 5 mm and a width of 2.3 mm. The sensitivity 

of the gauges is 10 /-LC and there range 1500 /-LC. The difference 

between the two types is the gauges pattern, see Fig. 3.6. 

FRA-5 FCA-5 

Figure 3.6: TML Foil gauges. 
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The FCA-5 is suitable for strain measurements in the two principal 

directions if they are placed on the lines of symmetry of the 

plate. The other gauge FRA-5 is able to measure the strain in 

three in-plane directions, this is of interest in the case that 

the gauges are attached to the plate in other places then the 

lines of symmetry. Using the FRA-5 it is possible to determine the 

principal directions. 

3.3.4 Projection moire metbod 

The moiré effect is the name given to the fringes patterns 

observed when two regular patterns, usually linear gratings, are 

placed in contact, and almast in alignment (Fig 3.7). 

With the projection moiré technique out-of-plane displacements are 

measured. Fig. 3.8 shows a schematic representat~on of a 

projection moiré system similar to the one that is suitable for 

the ball-drop experiment. A grating is projected on the target 

surface, called the specimen grating. The projection or shadow 

wil! deform proportional to the distance between object and 

Figure 3.7: Principle of the moiré effect. 

grating. Like in the case of holography, one first makes a picture 

of the specimen grating (the shadow) on a photo plate. This 
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picture wil! be used as a reference grating. If the object is 

undisturbed and the specimen is viewed by eye or camera through 

the reference grating, one sees a solid black or whi te surface. 

Since the moiré pattern disappear when the gratings are in perfect 

D 
Obj•ct 

Projector 

Proj•ction 
Grld 

Figure 3.8: Schematic representation of projection moiré method. 

registration, this methad can be use as a nulling position. When 

the object is disturbed, the shadow will deform due to the 

topography of the specimen. This produces a fringe pat tern as a 

result of interference between the specimen grating and the 

reference grating. The fringe pattern can be interpreted as a 

topographical map of the displacements of the target surface. The 

here described projection moiré methad does not need a coherent 

light source. In the case of the ball-drop experiment it is either 

necessary to take a picture at a given moment in time or to use a 

high seed camera because of the short test duration (1-3 ms). This 

first option can be done using a triggered flashgun or photo 

camera. To optimize the effects of the projection moiré technique 

a diffuse white coating is applied to the target surface. 
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3. BALL-DROP EXPERIMENT 

Moire contouring 

The contour fringes that appear on the target are nominal 

perpendicular to the z-axis and their centre-to-centre spacing ~z 

can be computed from the equation 

p 
~z = . 2·slna: (3. 3. 1) 

The sensitivity is controlled by the grating pitch, P, and the 

angle of incidence a:. The minimum detectable change H , by human 
min 

eye, is ~z/10. Thus 

p 
H = =---=-

min 20· sina: 
(3.3.2) 

To apply moiré one first deeldes upon the needed measurement 

resolution (H ). A choice for convenient value of a, the angle 
min 

of incidence, is determined by the following considerations: To 

avoid shadowing features in the object it is necessary to keep the 

Figure 3.9: Optical arrangement for projection moiré. 

angle as small as possible (5.-45.). However, as shown by 

Eq. (3. 3. 1) the sensi tivity decreases when a decreases. Another 

restrietion to the value of a is the depth of focus, for accurate 

measurements it is necessary that the projection of the grating is 
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in focus over the whole target surface. In the experimental setup 

a homogeneaus grating is used, this resul ts in a inhamogeneaus 
0 

projected grating if a~ 0 , i.e. the sensitivity is changing over 

the target surface, see Fig. 3.9. 

Given a value of a, invert equation (3. 3. 2) and compute the 

projected fringe spacing P from H and a. The actual grating 
min 

spacing P' is related to P through the magnification M of the 

projection lens, where 

and 

L - F 
M = -F-

P ' = ~ M" 

(3.3.3) 

(3.3.4) 

F is the focal length of the projection lens, and L is the 

distance from the lens to the target object. 

In the case of a TV-tube it is required that bath the projection 

lens and the camera lens have a large depth of focus. The depth of 

focus is given by the formula (3.3.5): 

DOF= - 2
-À

rr(NA)2 
(3.3.5) 

where À is the wave-length of the light souree and NA is the 

,------

Figure 3.10: Numerical Aperture (NA). 

Numerical Apert ure. The Numerical Aperture is defined by 

~ 

NA = n
0
sin( ~ax) D (3.3.6) ~ 

2F 

where D is the collimated beam diameter, ~ is ma x the full angle of 
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3. BALL-DROP EXPERIMENT 

the cone of light rays that can pass through the system and n is 
0 

the refraction index of the medium. Both the NA and the DOF refer 

to the system and not the exit lens. 

In these experiments there are three practical considerations that 

are interrelated. The required sensitivi ty, the set up of the 

camera's and the required depth of focus. To give a qualitative 

insight of the wave propagation in the plate (or TV-tube) the 

required sensitivity is ±10 ~- The range of the angle of 
0 0 

incidence is 5 -45 , which results in a required projected grating 

pitch P of 8-60 LP/mm (lines per mm). The fact that the grating is 

magnitude during the projection on the target plate results in a 

changing sensitivity over the target surface. 

Because of the demand that the total target surface has to be in 

focus it is necessary to use high quality lenses with a smal! NA. 

In the case of a TV-tube the depth of focus have to be ±60 mm, the 

depth of the tube. Then the Numerical Aperture becomes (see 

Eq.3.3.5): NA = ±2.3 10-3
, which is very smal!, but nat a priori 

impossible to realize. Using a angle of incidence, it is not 

possible to use a standard camera technique. This is a consequence 

of the limi tations of the lenses concerning the depth of focus. 

Using special camera techniques it is possible to rotate the plane 

of focus. Two possible techniques are the parallel adjustment or 

the Scheimpflug method, Smith [10]. For these camera techniques a 

special kind of camera is required, the so called technica! 

camera. 

3.4 Analysis of the experimental setup 

The experimental set up is tested by use of a spectrum analyzer. 

Both the accelerometer and the fotonic sensor were used to measure 

the dynamic displacements and eigenfrequencies of the plate and 

of the different parts of the experimental setup. 

Schematically the damping system constructed to avoid unwanted 

vibrations is drawn in Fig. 3.11. There is chosen for a 

multi-stage damping system to make it possible to use the 
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IMPACT ON A SHELL 

measurement equipment, like fotonic sensor and camera, in 

vibration free surroundings. The mechanica! vibrations imposed by 

the surroundings are eliminated use of SVM-6 dampers (A), these 

dampers eliminates all 

Plate 

Table-slone 

A 

Figure 3.11: Damping system. 

mechanica! vibrations above 10 Hz. The eigenfrequency of the 

system tabie-dampers is 6 Hz. 

The spectrum of the table stone, as a result of an impact on the 

table stone, shows that there are important eigenfrequencies at: 

175 Hz, 225 Hz, 488 Hz, 813 Hz, 925 Hz and 1225 Hz which are 

frequencies in the bandwidth of interest for measurements on the 

flat plate. To avoid exci tation of these eigenmodes during the 

impact experiments, the frame is mounted on a separate measurement 

stone, placed on a faam-rubber mat tress (B) on top of the table 

stone. The eigenfrequency of the system stone-mattress is 3.3 Hz. 

The spectrum, measured on the measurement stone by excitation of 

the stone itself, shows one important frequency at 500 Hz which is 

in the range of interest and in theory could effect the 

experiments. The other frequencies in the spectrum are 

high-frequent (>1600 Hz). After the frame is rigidly mounted on 

the stone, see Fig. 3. 1, the frequencies of the vibrations are 

examined. If the spectrum of this system (stone-frame) is compared 

with the spectrum of the measurement stone, we see that the peak 

at ±500 Hz is moved to ±520 Hz. In other words, the stiffness of 
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3. BALL-DROP EXPERIMENT 

the stone-frame system has increased with respect to the stiffness 

of the stone without the frame. 

The final analysis of the experimental setup concerns the 

verification of the eigenmodes of the plate supported by the 

kni ves (Fig 3. 2). The simply supported boundary condi ti ons, as 

mentioned in Sectien 2.2.3, are approximated by mounting the plate 

in this way. The most important eigenmodes of the plate ±281 Hz, 

±456 Hz and ±780 Hz (~Hz = ±7Hz) are clearly seen in the spectrum. 

These frequencies correspond to the ( 1, 1), (2, 1) and (3, 1) modes, 

respectively. The influence of this mounting on the measured 

eigenfrequencies is very large. It is necessary to tight the 

knives rigidly and fix them in that position to avoid unwanted 

vibrations caused by the knives. 

The mode which belang to the measurement stone (520 Hz) is not 

retrievable in the frequency spectrum of the plate. So, the 

measurements are not actverse affected by possible vibrations in 

the measurement stone as a result of the impact on the plate. 

In the remalnder of this study mainly two accelerometers are used 

(see Fig. 3. 4): One attached to the ball and the ether to the 

plate. Because of practical reasons, the fotonic sensor is only 

used for frequency measurements. The accuracy of the fotonic 

sensor is of the order of the deflections of the plate. The ether 

two methods strain gauges and projection moiré are not applied yet 

but will be used in further investigatlons of the ball-drop test. 
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4. Results 

In Chapter 2, an analytica! model has been given for a simulation 

of a cellision between a hall and a plate. In Chapter 3 an 

experimental setup for this cellision has been described. By 

Horsten (9] some numerical computations have been carried out. 

In this chapter a first camparisen of the results of the 

analytica! and numerical model, and the experimental of a strongly 

simplified geometry: a plate. A situation of reference is chosen: 

a flat plate with aspect ratio a/b and no initia! tension (T=O). 

The input parameters are the thickness h, the length a, the width 

b, the Young's moduli of the hall E 
b 

and the plate E , 
p 

the density p and p, the Poisson's ratio vb, v, 
b p p 

the mass 

radii of 

curvature of the hall R , the radii of curvature of the plate R , 
b 1 

R , the impact velocity v , the number of eigenmodes m, n in the 
2 0 

principal directions ex , ex respectively, time step l1t and the 
1 2 

impact point. In the case of the situation of reference the impact 

is in the centre of the plate (~a,~b), and the following 

parameters are chosen for three conditlens experiments, hall-drop 

and missile, respectively: 

E = 6. 7 1010 N m - 2 

p 

V = 0.35 
p 

R ,R = 0. 0 m 
1 2 

3 -3 
p = 2.7 10 kgm 

p 

T = 0 N m-
1 

l1t 

= 2.2 1011 N m-2 

= 7.9 103 kg m- 3 

= 2 10-6 s 

experimental condi tions: 

= 0.59 
-1 

V ms m 
0 

hall-drop test: 

= 5.008 
-1 

V ms m 
0 

= 
b 

= 
b 

a 

b 

h 

m 

n 

V 
b 

g 

0.071 

0.541 
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= 0.75 m 

= 0.42 m 

= 1. 6 10-2 m 

kg 

= 7 

= 7 

= 0.3 

-2 = 9.8 m s 

R = 
b 

kg R = 
b 

1. 27 10-2 
m 

2.5 10-2 m 



missile test: 

V 
0 

= 4. 236 ms-1 
m 

b 

4. RESULTS 

= 2,26789 kg R 
b 

= 2. 5 10-2 m 

These dimensions of the plate resemble these of the front screen 

of a 86 cm wide screen television picture tube. The experimental 

conditions of the ball impact are chosen such that the deformation 

of the plate is guaranteed to be linear and that plastic 

deformation thus not occur. First the eigenfrequencies of the 

plate are investigated for a flat plate and for a curved shell 

(Sections 4. 1). In the case of a forced vibration, the contact 

force as well as the displacements of the ball and the plate are 

examined. For the flat plate the numerical and analytica! results 

are compared with the experimental results. For the more 

complicated geometry, the curved shell, only numerical results are 

compared with analytica! ones. 

4. 1 Free vibrations of a shell 

The eigenmodes of the flat plate measured in the experimental 

setup are shown in Fig. 4.1.1. In this spectrum the (1,1), (2,1) 

and (3,1) mode are clearly visible. 

281 Hz 

2.0 ( 1, 1) mode 

mV 456 Hz 

(2, 1) mode 

780 Hz 

(3. 1) mode 

200 Hz 1600 

Figure 4. 1. 1: Eigenfrequencies spectrum, experimental. 
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The high-frequent peaks (~ 800 Hz) are originated by the 

measurement stone. 

To anticipate on the case of a ball impact (Section 4. 2), the 

participation of the different models is computed with the 

analytica! model. In Fig. 4.1.2 it is shown that the significant 

modes are indeed the (1, 1), (2, 1) and (3, 1) modes. The dominant 

mode is the (1,1) mode. The exact relative importance of the mode 

depends on the location of impact. 

Both the numerical and the analytica! computed eigenmodes are in 

good agreement with the experimental results (Fig. 4.1.3 and 

mode num a na exp 

11 297 282 281 

21 471 481 456 

31 796 811 780 

Table 4.1: Eigenmodes of a flat plate. 

table 4.1). One reasen for the small difference between the values 

could be the fact that the experimental clamping conditlens may 

........ 
5 

UI 
Q) 

-o 
0 
E 
c 
.2 
ë. 
c.. 
"ö 
~ 
0 
c.. 

5.QX 10-5 .----.---..---r--r--...,---r--r---,;----, 

time (s) 

Figure 4.1.2: Participation of the modes. 
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N' 1000 -num 

2:. 
>- é2l8&l anal " ~ ~ 
~ 

I2ZZ1 0" exp 
~ 500 

11 21 31 12 22 41 

mode 

Figure 4. 1.3: Eigenfrequency flat plate. 

not be truly simply supported (see Chap. 2. and Chap. 3, 

respectively). Another cause could be the choice of the material 

parameters like the Young's modulus and the Poisson's ratio of the 

plate. The values of these parameters are obtained from the 

li terature. 

If the plate is curved in one direction, a cylindrical plate, the 

R,=inf R.=1.2 

N' 1000 
::s -num 
>-
(J 
~ 

~ ~ anal ~ 
0" 

~ 500 

11 21 31 12 22 41 

mode 

Figure 4. 1. 4: Eigenfrequencies cylindrical plate obtained from 

the analytical and numerical model. 
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eigenfrequencies increases slightly ( 10 % of the 11-mode) the 

difference between the two models increases but is still smal! 

~10% (Fig 4. 1.4). The radii (R = 1200 mm) is comparable to that of 

a current 86cm wide screen television picture tube. 

In Fig. 4. 1.5 the eigenfrequencies of the doubly curved shell are 

plotted. The difference between the models increases further (up 

to 80 %, 11-mode), especially in the lower modes, which are the 

most important ones. 

'N 1000 -!, num 
,... 
" E2LZI c anal " " CT 

~ 500 

11 21 31 12 22 41 

mode 

Figure 4.1.5: Eigenfrequencies doubly curved plate obtained from 

the analytica! and numerical model. 

Fig. 4.1.6 shows that the difference increases for larger 

curvatures. A possible explanation for this discrepancy is the 

fact that in the numerical model the simply supported boundary 

conditions are not fully satisfied. In the case of the analytica! 

model the plate is simply supported normal to the in-plane 

surface, whereas in the numerical model the plate is supported 

normal to the plane of projection (see Fig. 2.3). 

Another contribution to the discrepancy may be the fact that the 

analytica! model is derived for weakly curved shells (Chap. 

2.2.2). The difference between the two models becomes significant 

when the ratio~> 0.075, where a is the lengthand R the radii of 

curvature of the plate. It is not unambiguously clear if the 
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11-mode 
1000 

750 

N' 
~ - num ,.. 
u 

500 c: 

" ~ c::J anal 
CT 

~ 

250 

0 
inl 10 3 1.8 1 2 1 2finl 

R (m) 

Figure 4. 1.6: Eigenfrequency shell. 

simplification of weak curvature still holds for R=1200. 

4.2 Impact on a shell 

The results of the experiments, the analytical and numerical 

models are compared and the effect of some parameters is studied. 

Experimental conditions 

In Fig.4.2. 1 the contact force versus time is plotted. As one can 

see both models are in good agreement with the experimental 

result. The maximums of the contact-force curves are within 5% of 

each other, num: 983 N, ana: 969 N and exp: 945 N. In the cases of 

the experimental and the analytical resul ts the time that the 

maximum occurs is the same, namely t = 66 ~s. For the numerical 
ma x 

model it occurs at t = 60 ~s. This slight difference in t can 
max max 

be explained by the choice of the time step in case of the 

numerical model (10 ~s). 

These results confirm the assumption that the contact force can be 

described by a quasi-stationary local deformation model, despite 
1/5 

the fact that the restrietion (V IC) « 1 does not strictly hold, 
0 0 

1/5 

but still (V IC) ~ 0.16-0.25 < 1. 
0 0 
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1000 

800 

-- a na! 

z 600 

I]) 
. -~· .. exp 

u .... 
0 
u. 400 ---- num 

200 

0 ~~~-~~~-~~~~~~~~~~~~ 

0.00 0.10 0.20 0.30 

time [ms] 

Figure 4.2. 1: Comparison of experiments and theory: 

Contact force, expertmental conditions. 

The second comparison of the models is done by measurements of the 

plate deflections. The results are given in Fig.4.2.2. During the 

impact (0 ~ t ~ 65 ~s) the models are in a fairly good agreement 

with the experimental results. After that first period the 

numerical model keeps following the experimental resul ts if the 

experimental accuracy is taken into account ~(deflection) = ±2 ~m. 

From the point of view of the picture tube safety test, this is 

the period of interest, because in realistic terms of the 

ball-drop test the plate would be damaged in point of impact, and 

cracks will be formed. The difference between the experiments and 

the analytica! model might be explained by the fact that in the 

analytica! model, in contrast with the numerical model, some more 

rigorous simplifications are made. In the situation at hand, the 

major simplification could be expected to be the negleetien of the 

in-plane deflections. In order to test this assumption also in the 
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numerical model these deflections are suppressed. In Fig. 4. 2. 3 

and Fig. 4. 2. 4 the numerical resul ts of the influence of the 

in-plane deflections are given. 
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Figure 4.2.2: Comparison of experiments and theory. 

Deflectlon plate, expertmental condltlons. 

--1- .. exp 

-- anal 

---- num 

In this case, the influence of the in-plane deflections appears to 

be very smal!. This slight difference between the result 

legi timize the negleetien of the in-plane deflections in this 

case. The influence of the in-plane deflections has the greatest 

effect on the contact force (Fig.4.2.3). In the case of no 

in-plane deflections the maximurn contact force becomes larger. 

This is the result of an increase of the stiffness if the in-plane 

deflections are neglected. 
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Figure 4.2.3: Influence of in-plane deflections. 
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Figure 4.2.4: Influence of in-plane deflections. 

Displacements, experimental cond1t1ons. 
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The other simplifications, neglection of the rotary inertia and 

the shear deflections, need further investigation but there are no 

indications that they are of major significance. 

In bath the models approximately the same number of eigenmodes are 

admitted (10 in the numerical model and 14 in the analytica! 

model). In Section 4.1 the participation of the different 

eigenmodes have been calculated, (Fig.4. 1.2). Only the first three 

eigenmodes ( 1, 1), (2, 1) and (3, 1) are significant. So, the number 

of admitted eigenmodes is expected to be large enough. 

The difference between the analytica! displacements on the one 

hand and the numerical and experimental displacement on the other 

hand (Fig. 4. 2. 2) might be caused by the finite thickness of the 

plate. The Hertz contact model assumes a semi-infinite target. 

From the Hertz theory it follows that typical dimensions of the 

contact zone are approximated 4 mm in the case of a missile test. 

This is small compared to the lateral dimensions of the plate, but 

nat compared to the thickness, 

satisfied. In the numerical 

so the assumption is not truly 

model the effect of the plate 

thickness on the local deformation is at least partly included, 

although nat fully since it uses also the Hertz model. In the 

analytica! model, the effect of the plate thickness on the local 

deformation is nat accounted for at all. More elaborate research 

on this issue is required. Longitudinal dynamic effects over the 

plate thickness are expected to be small since the period of 

vibration, in the direction of the impact, is in order of 4 ~s. 

Therefore, this local elastic deformation can as be 

quasi-stationary approximated. 

Ball-drop and missile test 

The next result concerns the so called ball-drop and missile 

tests. The contact force in the cases of a ball-drop test and a 

missile test is plotted in Fig. 4. 2. 5 and Fig. 4. 2. 6, 

respectively. The resemblance of the analytica! model and 
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Figure 4.2.5: Camparisen of analytica! and numerical model. 
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Figure 4.2.6: Camparisen of analytica! and numerical model. 

Contact force, missile test. 
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numerical resul ts is nat as wel! as in the previous case. But 

clearly visible for bath models is the effect of the double 

collision. This effect is a result of the dynamics of the target 

plate. In all cases the maximum contact force is the comparable. 

Wi th regard to the observed deviation, the same considerations 

discussed befare apply also here. Furthermore, the effect of the 

simplifications made in the derivation of the shell equations seem 

to become more important. To illustrate this, numerical resul ts 

are given with and without in-plane deflections. The effect of 

these deflections is in both cases visible in the time-dependenee 

of the contact force. If the in-plane deflections are suppressed 

this effect decreases. Experiments are not performed in this case 

since the collision in these cases is not elastic any more. The 

plate deforms plastically and remaining damage occurs. 

Location of impact 

Another interesting parameter is the location of impact. This is 

done for the impact force in nine different locations. The impact 

points are given in factors of 10% of the total lengths of the 

boundary edges, so (1,1) stands for (75 mm, 42 mm). If the contact 

force curves are examined it is seen that the maximum force 

increase when the place of impact approaches the edges of the 

plate. This is the result of an apparent increase of the stiffness 

when the place of impact approach the edges, because at the 

boundaries the displacement w=O. 
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Figure 4.2.7 b: Influence location of impact. 

Contact force, expertmental conditions. 
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Figure 4.2.7 c: Influence location of impact. 

Contact force, expertmental condltions. 

Curvature 

Since the eigenfrequencies of a shell increase if the curvature of 

the pla te gets strenger (Fig. 4. 1. 5), it wil! effect the contact 

force and the deflections of the plate. The effects of curvature 

appear to be smal! in the case of the experimental conditlans 

(Fig. 4. 2. 8). In the case of a realistic ball-drop test (m =±0. 5 
b 

kg, v=±5 mis), curvature of the plate (R=l m) has more influence 

on the contact force. This is shown by analytica! computations in 

Fig. 4. 2. 9. It effects the maximum value of the contact force 

slightly but most of all i ts time dependency. The duration of 

impact becomes shorter and the effect of the double callision is 

reduced. Based on these analytica! computations it may be 

concluded that the curvature of shells, in order of the curvature 

of a TV-screen, has a some influence on the dynamics of the shell. 
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Figure 4. 2. 8: Influence curvature. 

Contact force, expertmental conditions. 
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Figure 4.2.9: Influence curvature. 

Contact force, ball-drop test. 
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Initia! tension 

The effect of initial tension is shown in Fig. 4.2.10. The applied 

tension is chosen to be 160 kN/m. This corresponds to the maximum 

locally occurring tensile stress in picture tubes (10 N/m2 due to 

the vacuum load) applied on the full plate. Since in a picture 

tube this maximum stress value is found only locally, the case 

studled here is expected to overestimate the effect of the actual 

initial stress. Nevertheless, the effect is only marginal as shown 

in Fig. 4.2.10. So, the influence of the presence of the initial 

tensile stresses is very small, as expected see Sectien 2.2.3 the 

dimensionless numbers. 
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Figure 4.2.10: Influence initial tensile stresses. 

Contact force, experimental conditions. 
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5. Conclusion and discussion 

From the previously presented results it can be concluded that the 

computed eigenfrequencies of a flat plate are in good agreement 

with the experimental results (for the dominant mode 6w = ±2 %). 

For a curved shell an increasing discrepancy occurs if the radii 

of curvature decrease. This might be caused by the definition of 

the boundary conditlans in the numerical model and/or by the 

definition of the geometry of the curved shell in the analytica! 

model. 

The modelling of the impact in the case of a small mass of the 

ball (0.071 kg) and a small impact velocity (0.59 m/s) is in good 

agreement with the experiments concerning the contact force. The 

deflections of the plate in this case are fairly well predicted by 

the models. Some discrepancy occurs between the analytica! model 

on the one hand and the numerical and experimental results on the 

ether hand after the impact. In the case of heavier leads (0.5-2 

kg) and larger impact veloeities (order of 5 mis) the difference 

between the two models increases. A possible cause for this 

increasing discrepancy might be the fact that the thickness of the 

plate is finite whereas, the Hertz model describes an impact on a 

semi-infinite body. Another cause could be the assumptions that 

are made in the analytica! wave-propagation model: the effect of 

the in-plane deflection becomes of more importance if the mass and 

impact velocity increases. For a more definite explanation on this 

issue further investigations are required. 

If the area of relevanee is considered (ball-drop and missile 

test) the influence of the curvature is significant but the 

influence of the tensile stresses can be neglected. 

Recommendation for further investigations are examinatien of the 

other assumptions that are made in the analytica! wave-propagation 

model. Concerning the dynamics of a TV-tube, an investigation of 

the wave propagation in the target plate as function of time and 

magnitude is of interest in view of the crack formation. For this 

complicated geometry the moiré projection method might be very 
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sui table. 
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APPENDIX A: Constant of Hertz 

The Hertz law of contact gives the force-deformation law 

where 

and 

F(t) 

F(t) the time-dependent contact-force, 

~(t) the compression as a function of time 

k 
1 

the constant of Hertz. 

The constant of Hertz can be written as 

where 

4 qk 
k1 = :f Co o ) r---- , 

1+ 2 v'(A+B) 

(o +o ) 
1 2 

2 1-v 
+ _2) 

E rr 
2 

(A+B) = ~( ~ + ~ + 1 

R + 
2 R R' 

1 1 2 

1 

R' 
2 

01,02 the material constants 

) 
of the bocties 1 

E ,E the elastic moduli of the bocties 1 and 
1 2 

V, V the Peissen ratio 
1 2 

R R' 
1' 1 

the principal radii of the body 1 

R R' 
2' 2 

the principal radii of the body 2. 

and 

2 

2 

The value of q depends on the ratio A/B which is a function of 
k 

the principal radii of the colliding bodies. The values of this 

parameter q are listed as a function of the ratio A/B in table 5 
k 

(page 87) in Goldsmith [2]. In the same reference the values forA 

and B are listed for several elliptical contact areas. In the case 

that R =R' and R ~R' we have qk=1/rr. 
1 1 2 2 
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APPENDIX B: Table of sensors 

Mutual comparison of the different local and broad outline methods 

and judgement on there suitability for the ball-drop experiment is 

done in a preliminary study. 

In table Bl the different local sensors are listed and compared. 

GOMPARISDN OF THE SENSORS. 

type sensivity range band contact operating trade-

width di stance mark 
Displacement (j.Lm) (mm) (Hz) (cm) 

REQUIREMENTS ~ 5 ~ .2 ~ lOK ± 30 

INDUCTIVE .1-1 .02-.2 50 yes - TESA 

GAUGE 1.5 25 30 yes - SYLVAC 

AC CELEROMETER - - 26k yes - B & K 

LASER focus 1-100 1-200 lk-lOk no 5 LAS 

FOTONICsensor . 2-2 .075-.75 10k-70k no .01-.05 MTilOOO 

LASER scanner 250 25 450 no - LAMBDA 

VI BROMETER .3 120 lOOk no 3-3000 POLYTEC 

REFLECTIVE 20 .5-2 SOk no . 1-.5 OPTRON 

OBJECT sensor 

type sensivity range band contant operating trade-

Strain (jlc) (jlc) width di stance mark 

STRAIN GAUGE 10 1500 lOk yes - MEASURE 
-MENT 
GROUP 

Table Bl: Comparison of the different sensors. 

In using one of these sensors to get a overview of the whole 

target surface, i t is always required that the experiment be 

reproducible. For all the optical sensors it is required that the 

centre of mass be fixed with respect to the sensor. 
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As mentioned before, the possibility to use a broad outline 

technique has also been investigated. The following techniques 

were examined, they are all optical techniques: 

1. Holographic interferometry is too sensitive. 

2. Technique of photo-elasticity, two important disadvantages 

are the fact that this technique integrates over the thickness of 

the glass and it measures the magnitude of the difference between 

the principal stress, instead of the magnitude of each principal 

stresses. 

3. Moiré interferometry is not suitable for curved surfaces. 

4. Projection Moiré is appropriate for the ball-drop 

experiment. 
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APPENDIX C: Flow chart of the program "Collision" 

In the program "Collision", the callision of a bal! with a plate is 

simulated. The contact between the bal! and the plate is modulated 

by use of the Hertz contact law and the classica! plate theory. 

The following significant quantities are calculated: 

wball, wplate: displacement of bal!, plate 

vball, vplate: velocity 

aball, aplate: acceleration 

F(n) contact force at time-step n 

s initia! value of displacement plate 

spunt initia! value of velocity plate 
Flow c:twT of !lle ercq'!W!! COIIISIO'I 

T 

Figure Cl: Flow chart. 
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APPENDIX D: Tensor Analysis 

The question whether or not a curved surface physically exists can 

be answered by use of tensor analysis. The shape surface depends 

on the first, a {3 and second, b {3 fundamental tensors given by --«, -a., 
equations (D. 1) and (D. 2). If the surface physically exists the 

1th and 2nd fundamental tensors are: 

and 

a = 
--«,{3 [ 

(a ·a ) 
-1 -1 

(a ·a ) 
-2 -1 

(a ·a ) 
-1 -2 

(a ·a ) 
-2 -2 

[

(n·a ){n·a )] 
- -1 1 - -1 2 b = • • 

--«,{3 (n·a ){n·a ) 
- -2,1 - -2,2 

ar ar 

= [ :1 

(0. 1) 

~] (0.2) 

2 

where a = atv and a = acx acx 
1 J 

. The vector n is the normal of the 
-1 .... -1, j 

1 

surf ace, 

n = 
a xa 
-1 -2 

la xa I 
-1 -2 

(0.3) 

The expression for the vector r in this study is given by 

Eq. ( 2. 2. 19 ) : 

r = R1 sin (::)e1 +R2sin (::)e 1 + [R1 (1-cos (::)) +R2 ( 1-cos (::) )] e3 

Solving the left-hand termsin Eqs. (0.1) and (0.2) for this case 

gives the following expression for the first fundamental tensor 

~ =[ (cx
1

) : (cx
2

) sin(::Jsin(::J]. 
'{3 sin - s1n - 1 

R R 
1 2 

(0.4) 

and for the second fundamental tensor 
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[ cos(:'] 0 

]-
1 1 

cos(::) 
R 

I I 
1 a xa 

-1 -2 
0 

R 
2 

(D. 5) 

These solutions (0.4) and (0.5) are a good approximation for the 

right-hand formulation for the fundamental tensors as given in 
a a 

Eqs. (0. 1) and (0.2) respectively, if R
1

' R2 « 1. 
1 2 
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