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SUMMARY

Lof, L.D.E.; Parametric uncertainty modelling and identification for IJ based control

systems

M.Sc.Thesis, Measurement and Control Section ER, Electrical Engineering,
Eindhoven University of Technology, The Netherlands, Nov. 1991.

For some robust control problems, H.. controllers can be too conservative. For those
cases, p controllers may be a solution. p Controllers are still in an early stage of

development. The development of p controllers can be divided into three stages: p

identification, p-analysis and p-synthesis. Especially p-identification is still a large
problem.

In this report, a short overview about p-control is given. Research for three possible

methods of p-identification are reported. The best method is based on conventional
identification in the time domain. The method can only be used for systems with

(slowly) time-varying parameters or for weakly non-linear systems, for which a linear

model should be derived. With this method, a water-vessel process has been identified.

Some solutions are given for the problems, which arise with the translation of paramet
ric uncertainty into a Linear Fractional Transformation (LFT) representation. An LFT

representation is necessary for p-analysis and p-synthesis.
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1 INTRODUCTION

At the Eindhoven University of Technology, the Measurement and Control Section is

one of the sections at the Department of Electrical Engineering. One of the projects at
the Measurement and Control section deals with the Philips Lucifer II project. This is a
project at the Philips-Lighting factory in Aachen (Germany). In this factory, several
types of halogen lamps are produced.

The goal of the Lucifer II project is to increase the speed of the halogen lamp produc
tion process and to decrease the number of drop-outs. For this reason robust control
lers will be developed. Some controllers may be of a new type of robust controllers: the
p controllers. p Controllers can be considered as an extension of the well known H.
controllers.

The reason why p controllers are developed is, that an H. controller can be too
conservative in some cases. The performance of a well developed p controller can be
much better. The development of a p controller can be divided into three stages: p

identification, p-analysis and p-synthesis. p-Identification deals with the obtaining of a
system model with structured uncertainties. p-Analysis deals with the robust stability
and performance analysis of systems with structured uncertainties. Those systems
usually consist of a physical system and a controller. p-Synthesis deals with the
synthesis of a robust controller of a system with structured uncertainties. During the
development of a p controller, the three stages are in interaction with each other. In

figure 1.1, this interaction is made visible. The scheme in figure 1.1 is not a law: other

methods are possible, for example feedback to the identification.

~-id9ntification

Figure 1.1: Three stages in the development of a p-controller

For p-analysis, some methods are available, but further research is done for general

solutions. For p-identification and p-synthesis, almost no methods are available.

Everything is still in a very early stage of development.

In this paper, a short overview is given about p-analysis and p-synthesis. Research has
been done for possible p-identification methods. With the method, which is most

promising, a water-vessel process has been identified. Also some solutions have been

given for problems that arise with the translation of a system model with parameter
uncertainties into a Linear Fractional Transformation (LFT) structure, which is necessary

for p-analysis and p-synthesis.
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2 PRELIMINARY STUDY ABOUT p-CONTROL

2.1 Introduction.

For the design of robust control systems, the H.. methods are often used. H.. design
yields stability margins for norm-bounded unstructured complex perturbations. How

ever, in practice perturbations are often structured and real, Le. parametric uncer
tainties. This may lead to very conservative designs. For robustness analysis and design

the structured singular value (P) is an appropriate tool in the case of structured uncer
tainties.

The development of a robust controller based on p techniques can be divided into three

stages: p-identification, p-analysis and p-synthesis. p-Identification is the process of

deriving the parameters for a p based model of the system. p-Synthesis is the design of

a robust controller. It is usually combined with p-analysis, the analysis of a control

system.

2.2 p-Analysis.

p-Analysis is a method for analyzing the performance (P robust performance analysis)
and robustness properties (p robust stability analysis) of feedback systems. This

method is also known as Structured Singular Value Robustness Analysis (SSVRA). The

general framework to be used is illustrated in the diagram in figure 2.1 a.

v__~ M(s)

K(s)

r---------7 Z

v

- ~ t--
"\

~ P11 (s) P12(s) -
/

\ \
/ P21(s) P22(s) /

z

a
Figure 2.1: Frame work SSVRA
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Any linear interconnection of inputs, outputs, commands, perturbations and a control

ler can be rearranged to match this diagram. In this diagram, M represents the nominal

system together with the weighting functions that reflect how the uncertainty affects

the system. K represents the controller and I:::. the perturbations, v the input and z the

output. The perturbations I:::. are model uncertainties, caused by unmodelled dynamics

and parameter variations. The input w may consist of several system inputs and

disturbances. The output z can contain the output signals of interest, the control

signals and the error signals. For the purpose of analysis, the controller may be thought

of as just another system component and the diagram reduces to that of figure 2.1 b.

This representation is called a Linear Fractional Transformation (LFT) description. The

transfer function from the input v to the output z can be expressed as an LFT:

(2.1 )

A basic requirement is that the nominal system (I:::. = 0) is stable. The analysis of the

closed-loop system with controller can be divided into two parts: Robust Stability

analysis and Robust Performance analysis. Basically these methods are the same. In

Robust Performance analysis, the performance specifications are embedded into the

uncertainty model by an additional "performance block" I:::. p•

2.2.1 Types of perturbations.

Three types of perturbations are possible: Real valued perturbations (structured).

complex valued scalar perturbations (structured) and complex valued perturbations

(unstructured). Real valued perturbations can be used for parametric uncertainty and

complex valued perturbations can be used for unmodelled dynamics.

Real valued perturbations.

6' = {616 E [-0,+0]. 0 E R+}

B6' = {616 E [-1, + 1l}

Complex valued scalar perturbations.

6" = {616 E C, /61 ::s 0,0 E R+}

B6" = {616 E C, 161 ::s 1}

Complex valued perturbations.

Ii. = {61 u(6(w)) ::s o(wl. 6(w) E C'xq
, o(w) E R+, V w}

Bii. = {616 E Ii., 0-(1:::.) ::s 1}

The perturbations starting with a B are bounded perturbations.

(remark: u = maximum singular value)
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2.2.2 Structure of the perturbations.

The perturbations 6 and l!J. can occur in a variety of structures. Usually the structure is

block-diagonal, because of two reasons. The first is that a connection of LFT's always
leads to a new encompassing LFT with a block-diagonal structure. The second reason is

that an LFT that describes the uncertainty in one subsystem may be (block-) diagonal

itself. The block forms that are of interest are presented here.

Real repeated scalar blocks.

l!J." = 6'1n

B4" = B6'ln

Real non-repeated scalar blocks.

Am = diag(6", ,6'2""'6'n)

BAm = diag(B6'"B6'2, ... ,B6'n)

Complex repeated scalar blocks.

Aor = 6"ln
BAor = B6"1 n

Complex non-repeated scalar blocks.

Acn = diag(6C
, ,6"2,···,6"n)

BAm = diag (B6", ,B6"2"" ,B6"n)

Full complex blocks.

A f and Bl!J.f are the same as the complex valued perturbations A and Bl!J., with the
restriction that the blocks should be square. This can be achieved by adding extra rows
or columns with zeros. The perturbations starting with a B are normalized perturba
tions. The combination of these block structures leads to the general block-diagonal

perturbation Ab

General block-diagonal perturbation

Given M E exn and R,C,F E N, with m: = R+C+F s n,
a block structure b of dimensions (R,C,F) is

(2.2)

(2.3)
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6'ql correspond to parametric uncertainty (I is ~ x kq),

6Cql can be used for frequency (s or z) (I is kR+q x kR+q),
li.q correspond to unmodeled dynamics

In order to apply SSVRA it is necessary to scale the perturbations so that the perturba

tions are normalized. For real perturbations this is quite simple. A constant diagonal
scaling matrix can be used.

li.new = S·tli.o1d

Pnew = PoldS

In the case of complex perturbations, the situation is more complicated, because
complex perturbations can have frequency dependent upper bounds. In order to achieve

a perturbation with an upper bound which is equal to 1 for all frequencies, a frequency

dependent scaling function S(S) has to be applied. This scaling increases the order of
the transfer function P(s).

2.2.3 Robust Stability analysis.

For stability analysis, only the Pttli. loop (p-interconnection

structure, see Fig. 2.2) has to be considered. Some restrictions
on the interconnection structure have to be made before p

analysis can be applied.

Define RH .... as the set of all real rational stable proper scalar
transfer functions and define RH .... nxn as the set of all nxn

matrices with entries in RH..... There are two important restric

tions on the framework within which p-analysis can be applied:

1. Ptt(s)ERH ....nxn

2. The kqxkq block-diagonal elements of li. are subsets of

RHlc,;tkq.

9
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The definition of P is based on the small gain theorem:

Let P,,(s) E RH ...nxn and I::. E Bd,

The feedback structure in Fig. 2.2 is internally stable

iff

det(l-I::.Pll(jW))~O v I::. E Bd" w E (-00,00)

iff

(2.5)

This condition is necessary and sufficient for robust stability for unstructured perturba

tions (I::. E Bd,). However, if the perturbation is structured (I::. E Bdb), then the

condition is only sufficient, since Bd, C B~.

For structured perturbations the p robust stability theorem, based on the structured
singular value p is used.

Definition The structured singular value Pb(M) of M with respect to block-structure

db is given by

{

0 ifdet(/-l1M)
1

~A,,(M)= min-
l1€A

b
{o(l1) jdet(/-l1M) =o}

(2.6)

u robust stability theorem:
LetP,,(s) E RH ...nxnandl::. E Bdb

The feedback structure in Fig. 2.2 is internally stable
iff

det(l-I::.Pll(jW»~O v I::.EBdb, w E(-oo,oo)

iff

(2.7)

There is no general solution for the computation of p. However, for individual cases,

the solution usually can be found.

2.2.4 Robust Performance analysis.

In Robust Performance analysis, the performance specifications are embedded into the

uncertainty model by an additional "performance block" I::.p E BI::.. In order to compute

this performance block, the performance specifications should be stated in the

frequency domain. This is in contradiction with the usual performance specifications,
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which are mostly in time-domain. The performance specifications can be handled by
incorporating two frequency dependent weighting functions into the p-interconnection

structure. See Fig. 2.3. In general, the performance block !:J.p is a full complex block.

z'

r- 11 0 ?--
"-

- f-- 0 a p ?-"-

y Q 11 Q 12I-- -7

~ Q 21 Q 22
I--

/

Figure 2.3: p-structure with weighting functions Figure 2.4: Robust stability frame work

In Fig. 2.4 the weighting functions have been embedded into a robust stability frame
work. For Robust Performance analysis, this framework can be treated the same way

as the p-interconnection structure for Robust Stability analysis.

Analysis summary.

Perturbation Robust stability Robust performance
&!:J.--""""";;:O---7"(n--o-n-e"')-------.N;-o-C::::-+-p-o·,e-s-----,l~'" s 1

u(!:J.) < 1 (unstructured) II Pll "'" S 1 IIp(p) II .. S 1

!:J. E B.6b (structured) IIp(p,,) II '" S 1 IIp(p) II .. S 1

2.2.5 The calculation of p.

In general, only upper- and lower bounds for p can be computed. In some special cases

the value of p can be computed exactly. In lit. [13] these cases are reviewed.

properties of u.
1: p(aM) = Ialp(M), a E C
2: For complex repeated uncertainty: !:J. E .6"" then

Pa",(M) = p(M), where p(M) is the modulus of the largest eigenvalue of M.

3: For real repeated uncertainty: !:J. E .6." then

Pa.,(M) = PR(M), where PR(M) is the absolute value of the largest real eigenvalue

of M.

4: For full complex uncertainty: !:J. E .6" then
Pa,(M) = u(M), where u(M) is the maximum singular value of M.

11



5: Define a matrix D E DAb =

{DECW'ID=bIOCkdiSg(D1,,,,Dm+m ,d1/" , ••,dm/t )}, ~ ..",,.1II~1 ,

where

dq E R+, for q = 1,... ,m" then for all D E DAb
p(M) = p(OMO- 7

) and A = OAD-7

6: Let U E UAb={U E AbIUU'=U'U=I}, then
for all U E UAb:

p(M) = p(UM) = p(MUJ.

7: p(M) :s arM)

8: p(M) ~PR(M)

Combining properties 5,6,7 and 8 leads to:

max in! -
UEU {pJMU}} s .... (M) s DED {a(DMD-1

)}
11" 11"

(2.8)

(2.9)

(2.10)

The upper bound has no local minima, but the maximum of the lower bound is not
convex: local maxima occur. These bounds formed the basis for early computational

approaches to p. Unfortunately, in some cases, these bounds are conservative. The

reason for these conservative bounds is, that 0 can only have complex values.

To handle this problem an alternative definition of p (lit. [13]) has been derived. The
definition is equivalent to equation (2.6), but is presented in a form which is computa
tionally more attractive. Directly from it, a computable upper bound can be derived,

which gives tight approximations of p for block structures with both real and complex
perturbations. The upper bound can be seen as an extension of the bound in equation

(2.10). For only complex perturbations, the upper bound is equal to the bound in
equation (2.10).

Based on the alternative definition on p, an algorithm in PC-Matlab has been written (/it.

[13]) to compute p for actual control problems. In this algorithm all possible combina

tions of real, real repeated, complex, complex repeated and full blocks can be handled

with. The algorithm is called the FTD-algorithm (FanITits/Doyle)
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2.3 p-Synthesis.

The p-synthesis problem is the problem of finding a controller K(s) for the system M(s).

(see Fig. 2.1 a) In the LFT of Fig. 2.1 b, P(s) is a function of K(s). So the p-synthesis

problem is the following:

m:{S:{~(P(jW,K(jW)))}}< 1, WE(-co,co), 4. E SAb,4. p E SA

The main issue of p-synthesis is to minimize this problem.

(2.11 )

The only method ,which is used in practice, is the O-K iteration. This method is based

on property 5 and 7 of p, 0 E 04b'

p-synthesis problem for D-K iteration:

(2.12)

This problem can be solved alternately by minimizing the expression for either K and 0

while holding the other constant. For fixed 0, this is an H... controller design problem.

This H...-synthesis problem will be treated in the next paragraph. For fixed K, the

problem can be minimized at each frequency. This is a convex optimization problem.

In principle, this D-K iteration scheme could be used to obtain controllers that are

arbitrarily close to p-optimal in the case of three or fewer blocks and nearly optimal

controllers in the general case. One problem is the global convergence to the best K

and O. This convergence is not guaranteed.

2.3.1 H... -synthesis

Figure 2.5: Generalized plant with
controller

For H...-synthesis the system described by the block dia

gram in figure 2.5 will be used. Both G and K are real

rational and proper. The transfer function from v to z is

called TZY ' The H...-synthesis problem is the problem of

finding a controller K that minimizes II Tzy II .... This problem

is not easy to solve, but the sub-optimal synthesis prob

lem can be solved by the solution of two algebraic Ricatti

equations. The sub-optimal synthesis problem is as fol

lows: find all admissible K such that II Tzy II ... < y. Clearly,

y must be greater than the H...-optimal level.

13
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The realization of the transfer matrix G is taken to be of the form

A 8, ~

G::: C, 0 D'2

C2 D2, 0

(2.13)

D11 and D22 do not need to be zero, but if they are zero, the computations are easier.
In lit. [5]. the method is treated for the general case, where D11 and D22 are not zero.

The following assumptions are made:

1- (A,B2 ) is stabilizable and (C2 ,A) is detectable.

2- D'12[C1D12] = [0 I]

3- (2.14)

Let A,O,R be real n x n matrices with a and R symmetric. Define the 2n x 2n

Hamiltonian matrix

[A R]H.:::
. Q -A'

(2.15)

The solution to an algebraic Ricatti equation (ARE) will be denoted via its hamiltonian

matrix. Notation: X =Ric(H). X satisfies the ARE:

A'X + XA +XRX - Q ::: 0

Now define the two Hamiltonian matrices p.. and 0 .. :

(2.16)

P::::[ A Y-28,8,,-~8'2] a::::[ A' y-2C"C,-C'2C2] (2.17)

.. -C',C, -A' .. -8,8', -A

There exists an admissible controller such that II Tzv II.. < y iff the following three
conditions hold:

1- p.. E dom(Ric) and X.. : = Ric(P..) ~ 0
2- 0 .. E dom(Ric) and Y.. : = Ric(O.. ) ~ 0
3- p(X..Y..) < y2
When these conditions hold, one such controller is

(2.18)

where

14



Aoo:= A+y-2B1B'1Xoo+~F.. +ZooLooC2
Foo:= -B'~.. Loo:= - YooC'2' Z..:= (/-y-2Y..xJ-1

If these conditions do not hold, a solution can be found by enlarging y.

2.4 Identification of systems with parametric and nonparametric uncertainty

(2.19)

There are no general solutions available for the identification of systems with paramet

ric uncertainty. In lit. [6], a method was presented that seemed to provide a useful
method for the identification of systems with both parametric and nonparametric uncer
tainty. With the method, a worst-case parameter set can be produced that, by defini

tion is guaranteed to contain the true parameters. The method will be treated roughly
here.

Assume a system, which can be described by equations (2.20)

y = Gu
G = Ge(1 +A W), IA 1~1 (2.20)

Go = ths nominal modsl
W = a wsight function

G, and Ii are uncertain. The weight function W should be a known stable transfer
function. G, is a parametric transfer function with a known dependence on the

parameters 8. G, should have an ARMA model structure: G, = S,IA,. The result of the
identification method is an uncertainty area in the 8 domain.

Two worst-case estimation sets have been described: The worst-case equation error
set (equation (2.21)) and the worst-case output error set (equation (2.22)).

(2.21 )

(2.22)

with

(2.23)

ewe.•• is much easier to compute. Only this worst-case set is treated. The input array u
and the output array yare related according to:

with

AeY- Beu = y-eT4>
BeWu = eT1Jr

15
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(2.25)

ewe-__ is an area in the 8 domain, which satisfies:

(2.26)

where

(2.27)

In lit. I6] a simulation example was given. The nominal system was a first-order

system. The data was generated by a system which consisted of the nominal system,

in cascade connection with a second-order system. The magnitude of the transfer

function of this second-order system did equal one for low frequencies. The second
order system had only influence for high frequencies. After the data was generated, the

data was lowpass filtered, so the disturbances were removed. For this reason, the

simulation example was not indicative and another simulation experiment was made.

In the second simulation experiment, the true system G(z) was in the model set GI/(z),

but the parameters were varied during the experiment.

Equation (2.28) represents the system

model:

and the true system satisfies:

Bz-1

G(z) =--
1 + Az-1 (2.29)

A :; -0.9 + a(A)
8 = 0.95 + a(B)

The parameter variations 6(A) and 6(8) have

been drawn in figure 2.6.

-0.15L--~~'-----~-_---'>.oI'------~-----'-'c.......J

o 20 00 60 80 100

-0.1

rome (.)

Figure 2.6: Variations on the parameters A and B

~ 0.05

~
~

i
~
i -0.05

(2.28)Ge(z) :;
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The input signal u was filtered random Gaussian noise. No disturbance noise was
added. The data filters were all 6th order Butterworth low-pass or band-pass filters.
The sample frequency was 10Hz and 1024 data-points were generated. The true

system was known, so the weight function W could be approximated after drawing the
Bode magnitude plots for the four extreme parameter combinations. In figure 2.7-2.10

the uncertainty regions for several data filters have been drawn.
Uncertainty region of a and b Uncertainty '.giO" of a and b

· '"
1.4 .••• -: ••.•• -:- " -.:-. - ••. : ~ . 1.4 .. , ..'. ' ... ",.

, , ,
. . ~ , . - .

, , ,

· . . . .
•••• ',' ••••• ,- •••• ',' r ••••••••••• ~ •••••

1 •••••;-_ •••.••••••

;;-
ci 1.2

~_:,
.=. 0,8 "" ." , ....,. . . . . . . .... , •• , , .•.....

"

on-
ci 1.2
I......
+

'"'".;
g

I 0.8

, ,
0.6 .....:.... , -:' .... .;.•..•. ;. .... " ' , .. , ; •.. , , ; ... , .

· .. '", , ,

· ....· . . . . .0.6 ., .. '"., "'" ...•.,", .•. ,... , .. " .. ,', •... ",., ..· .. ..,

-1.1 -1.05 -, -0.9~ -0.9 -O,~ -0.8 -O,7~ -0.7 -1.1 -1.05 -, -O.~ -0.9 -O.B~ -O,B -0.75 -0.7

(I (nominal: -0.9 +1- 0.05)

Figure 2.7: Uncertainty region for u =0-31 rad/s
(I (nominol: -0.9 +1- 0.05)

Figure 2.8: Uncertainty region for u=0.2-5 rad/s

Uncertainty re9ion of a and b Uncertainly region of Q and b

, , ,
-. ',' ','- _ ,..

-,

, ,
_ .••• ', •• _ •• '••• _ .'•••••• t. ••••• \. __ •• : ••

-1.05-1.1

...
ci 1.2
I......
+
on..
o

~

1 0.8

-0.7-O.B -0.75-0.9 -O.~-0.9~-1.1 -1.05 -1

0,6 ... , ..... , ....

1.4

on-
o 1.2
I......
+
&I
0:;

g
1 0.8 .. -

"

a (nominol: -0.9 +1- 0.05)

Figure 2.9: Uncertainty region for u =0-1.5 rad/s
a (nominal: -0.9 +1- 0.05)

Figure 2.10: Uncertainty region for u = 3-31 rad/s

The uncertainty region in figure 2.7 is a little too optimistic. This has probably been

caused by the fact that the weight function W was a little too optimistic for fre

quencies around 1 rad/s. From the other pictures can be seen that the frequency range

should be large enough. With high frequencies only b can be estimated well. For only

low frequencies, almost no conclusions can be drawn about the parameter bounds.

It should be emphasised that in this case, the weight function W could be approximated
in advance. For true systems, this is usually not possible. The experiments have been

repeated for different weight functions, which were constant or a multiple of the

estimated W. The results appeared to depend so much on W, that no reliable estima

tions of the parameter bounds could be made without the right weight function. In

some cases, the uncertainty area was reduced to zero, if the magnitude of W was 10%

too small over the whole frequency range. On the other hand, the uncertainty area can

be twice as large, if W is 10% too large.
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Although already has been concluded that the method can not be used in most
practical situations, two other disadvantages have to be mentioned too. The method is
very difficult to extend to MIMO systems. During the simulations no noise was added.

Probably the results will be worse if noise is added.
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3 PARAMETER IDENTIFICATION USING UNCERTAINTY AREAS IN THE NYQUIST

PLANE

3.1 Introduction

The frequency response of a system can be shown graphically by drawing the real and

the imaginary part of the response for all frequencies. This graph is called a Nyquist

diagram. If parameters vary, then the frequency response can be shown by uncertainty

areas for every frequency. (lit. [14]). In figure 3.1 an example is shown of a Nyquist

diagram with uncertainty areas. Usually, those uncertainty areas are not circles, except
when the uncertainty is caused by noise.

0.5
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t
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Figure 3.1: Nyquist diagram with uncertainty areas.
w from 0.1 to 100. Nominal function according to
equation (3.3)
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Figure 3.2: Uncertainty area for 3 varying parame
ters. w = 1. Nominal function according to Equation
(3.9)

In figure 3.2 the uncertainty area for a system with three independent varying parame

ters is drawn for one frequency. The uncertainty areas for systems with varying

parameters usually have a shape like figure 3.2. If a system is also affected by noise,
then the uncertainty areas will have smoother corners. because all points in the uncer

tainty area will be replaced by small circles.

The question is if it is possible to identify the system parameters and their variations
from the uncertainty areas in the Nyquist plane. A problem which is connected to this
question is the way in which the uncertainty areas in the Nyquist plane are computed.

In this chapter, the following assumptions are made on the parameter uncertainties:

they are assumed to be real, independent and bounded. Now the parameter uncertainty

can be represented by a parameter uncertainty space. In figure 3.3 an example is

presented of a parameter uncertainty space with three independent parameter uncer

tainties.
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In figure 3.6, a selection has been made

from the points in figure 3.5. Only the fre

quency points for which the absolute value
of the input were large enough, are plotted.
Even the curve in this figure is not smooth.

Better results can be obtained with a sine
sweep as input instead of random input.
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Figure 3.6: Computed Nyquist diegram, filtered
input and selection of points

3.3 Simulation of systems with varying parameters

The best way to simulate systems with varying parameters is to translate the system

description into a state-space description in the z-domain. In this case, for every sample
the parameters can be adjusted for the computation of the output. For system (3.1) a

state space description in the z-domain is:

x(t+1) =A(~x(~ + B(~u(~
y(~ =C(~x(~ + D(~u(~

A.[2~r -~1 B.[~] C=[1 +pq-pr p(p-q-Ij]

p=e-PT

q=--'!.-sin(wo7)
Wo

r= cos(wo7)

(3.4)

(3.5)

(3.6)

(3.7)

p=3D
2M

Wo =2~J12KM-9D2

T=sample time

For every sample, the matrices A and C have to be computed again from the new

parameters D,K and M. This takes a lot of computation time. Most of these computa

tions are caused by the translation from the s-domain to the z-domain.

The parameter estimation can be divided into two stages: The estimation of the

uncertainty areas in the Nyquist plane and the estimation of the parameter variations

from the uncertainty areas in the Nyquist plane. For the development of the identifica-
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tion method it is important to know which identification errors are caused by the

estimation of the uncertainty regions and which by the estimation of the parameter
variations from the uncertainty areas. Further it is handy if the simulation of the system

does not take too much time. For these two reasons it is much better to simulate the
estimation of the uncertainty areas in the frequency domain, during the development of

an analysis method for the uncertainty regions. For simulation in the frequency domain,
input-output data is not necessary. Simulation of system (3.1) in the frequency domain

can simply be done by substituting s =jw in the system description. The result of this
substitution is a point in the Nyquist plane for every substituted w. The advantages are

clear: the translation from the s-domain to the z-domain is not necessary and the

computed points in the Nyquist plane are exact up to the accuracy of the computer.

For the simulation of systems with varying parameters s =jw has to be substituted for

different frequencies and different parameter values. The resulting complex values for
different parameter values at the same frequency define the uncertainty area.

3.4 Estimation of parameter uncertainty

If the uncertainty areas in the Nyquist plane are known, the parameter uncertainty can
be estimated. The structure and the order of the model are assumed to be known. The

first step is to find an initial parameter set for which the model fits through all uncer

tainty areas. This could be done by conventional model estimation methods. In the case

of simulation, it is no problem to find an initial parameter set, because the nominal
model can be used.

After the initial parameter set has been found, the parameters are varied independently,

until the smallest and largest parameter values are found for which the model fits
through all the uncertainty areas. If a large number of frequency points is used, it takes

a lot of computation time to estimate the parameter bounds with sufficient accuracy.

For this reason the number of frequency points is decreased artificially. The principle of

this decrease is that the frequency points, which are not critical for the parameter

bound, are skipped. The reduction of the number of frequency points can be done if for
a certain parameter value the model does not fit through all the uncertainty areas. The

frequency points for which the model then still fits through the uncertainty area can be

skipped, because they are not critical for the parameter bound. For this reason, the
parameters are increased with large steps (decreased for the lower bound) in order to

get outside the parameter bound as fast as possible. Then the parameter bound can be

estimated by bisection search combined with a reduction of the number of frequency

points.
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3.4.1 Approximation of the uncertainty areas by circles

If parameter uncertainty is caused by noise, the uncertainty areas in the Nyquist plane

are circles. Although for varying parameters the uncertainty areas are usually no circles,
it was investigated first whether the uncertainty areas could be approximated by

circles. Circles have been chosen first, because they have some advantages. A circle
can be described by only two parameters: the centre point and the radius. For this

reason not much data needs to be stored. Another advantage of circles is that it is easy
to compute if a point lies inside or outside the circle.

Defining the smallest circle around a collection of points is a problem which is not easy

to solve. Iterative approximations take too much time. An approximation could be a
circle with the average of the points as middle point and the distance from the middle

point to the furthest point as radius. The disadvantage of this method is that the circle

can become much too large for some distributions of points. A good and fast approxi
mation of the narrowest circle around points Pi is a circle with middle point m and
radius r, according to equation (3.8).

rea/(m) = .2 [max{rea.tD) + min{rea.tD)]
2

imag(m) :: .2 [maxUmag(p)} +min{jmag(p)}]
2

r :: max(lm-p,l)

(3.8)

(3.9)

The first simulation experiments were done with a second order model according to
equation (3.9)

as+bF(s):: -~-
s2+ cs+d

The parameter values of the nominal model were: a= 7, b=3, c=4, d=8. The chosen
frequency points were 50 points from 0.01 to 1000 rad/s, logarithmically spaced. In

four experiments the parameters a,b,c and d were varied. One varying parameter per

experiment. The variation of the parameters had a uniform distribution ± 10% around

the nominal value. 200 simulations per frequency point were done in order to have

enough points to estimate the uncertainty regions. No noise was added.

In figure 3.7 the uncertainty area for w = 1 is drawn for 10% variation in a.
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Figure 3.7: Uncertainty area for 10% variation in (J Figure 3.8: Uncertainty area for 10% variation in (J

and e

Although the estimation of the uncertainty region by a circle is quite conservative if

only one parameter is varied, it appeared that in almost all cases the parameters and

their bounds could be estimated well. See for example table 3.1.

Estimated values and between arcs the true values.

(J b e d

max min max min max min max min

(J varied between 6.3 and 7.7. b,e,d at nominal value

(7.7) (6.3) (3) (3) (4) (4) (8) (8)

7.695 6.306 3.005 2.995 4.438 3.641 8.013 7.988

b varied between 2.7 and 3.3. (J,e,d at nominal value

171 (7) (3.3) (2.7) (4) (4) (8) (8)

7.000 7.000 3.298 2.702 4.041 3.959 8.169 7.831

e varied between 3.6 and 4.4. (J,b,d at nominal value

(7) (7) (3) (3) (4.4) (3.6) (8) (8)

7.000 7.000 3.000 3.000 4.397 3.603 8.000 8.000

d varied between 7.2 and 8.8. (J,b,e at nominal value

171 (7) (3) (3) (4) (4) 8.794 (7.2)

7.000 7.000 3.005 2.995 4.000 4.000 8.794 7.206

Table 3.1: Estimations of parameter bounds with one parameter varied ± 10% around the nominal value. The

data Was collected for 50 logarithmically spaced frequency points from w = 0.01 to w = 1000.
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In some cases, the estimated parameter bounds are smaller than the true parameter

bounds. This is because the estimations were performed with an accuracy of 0.1 %. In

these cases, the bounds are less than 0.1 % too small, so they are within the accuracy

bounds. Higher accuracy can be achieved, only the bisection search will take more
time.

In one case the estimation result was bad. In the case of 10% variation in a, the
algorithm found an uncertainty bound for c from 3.64 to 4.44, although c was not
varied. This is a disappointing result. Enlarging the number of frequency points andlor
bandwidth of the frequency points could hardly improve the identification results.

If more parameters are varied, then the results get worse. In figure 3.8 the uncertainty
area is drawn for w = 1 and 10% variation in both a and c. One example of the

identification results is presented in table 3.2. In this table the results are presented for

10% variation in the four parameters a,b,c and d.

10% variation of B,b,c,d. Between arcs the true values.

In 1he last row the estimated values.

B b c d

max min max min max min max min

(7.7) (6.3) (3.3) (2.7) (4.4) (3.6) (8.8) (7.2)

7.700 6.300 3.666 2.456 4.950 3.197 9.775 6.550

Table 3.2: Estimations of parameter bounds for variation of all parameters. The data was collected for 50

logarithmically spaced frequency points from w =0.01 to w =1000.

In table 3.2, one can see that the estimation results for the bounds on the parameters
b,c and d are disappointing. The estimated bounds are all twice as large as their true

variations. In most other cases, the parameter bounds of some parameters are also

much too conservative.

Also the influence of measurement noise has been investigated. The simulations were

done in the frequency domain, so no input-output data was used. For this reason

measurement noise could not be simulated by adding a random signal to the output. In
the frequency domain, measurement noise is complex, so a complex noise vector was

constructed. This complex noise vector was added to the points in the Nyquist plane.

The parameter identification results under influence of measurement noise appeared to
be very poor. The reason for these poor results is that measurement noise is modeled
as parameter variations.
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3.4.2 Approximation of the uncertainty areas by polygons

In most cases, the approximation of the uncertainty areas by circles is much too

conservative. For this reason has been thought of other approximations.

0.7,----~--~-~--~-~-_____,

0.45L--~--~-~--~~-~-----J
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Figure 3.9: Octagonal uncertainty area for 10%
variation in Band c
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Approximation by ellipses seems better

than circles, but in practice it takes too

much time to compute the parameters of

the ellipses. Approximation by polygons is

easy, if the polygons have fixed orientation i
and the angles of the polygon are equal. In

figure 3.9 the octagonal approximation of

the same uncertainty area as in figure 3.8

is drawn. The angles are all 45·. The esti

mated uncertainty area seems to be a hexa

gon with two angles of 90· and four
angles of 45·. This is because the length

of the two horizontal line segments have

length zero or almost zero. Higher order polygons will fit tighter around the points.

Around this uncertainty area, a quadrangle would fit very good, if the angles of the

corners could have any value. However, polygonal uncertainty areas with unequal

angles are very difficult to estimate.

The experiments which were done with circle uncertainty areas have been repeated for

polygons with 8, 16, 32 and 64 corners. For octagons, the estimation of the uncer

tainty bounds is better than for circles, and for increasing polygon order, the estimation

errors get smaller. However, the difference between the true parameter variations and

their estimations does not converge to zero for increasing polygon order. For some

combinations of parameter variations, the estimated parameter bound can not be made

smaller than twice the true parameter variations. See for example table 3.3. In this

table the estimation results are printed for polygons with 64 corners.

10% variation of B,b,c,d. Between arcs the true values.

In the last row the estimated values.

B b C d

max min max min max min max min

(7.71 (6.31 (3.31 (2.71 (4.41 (3.61 (8.81 (7.21

7.703 6.297 3.667 2.455 4.464 3.552 9.084 6.997

T.bl. 3.3: Estimations of parameter bounds for variation of all parameters. The data was collected for 50

logarithmically spaced frequency points from w=0.01 to w=1000. The uncertainty areas were approximated

by polygons with 64 corners.
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If table 3.3 is compared with table 3.2, one can see that the estimations of the bounds
on the parameters c and d have been improved a lot. The bound on c has been reduced

from 119% too large to 14% too large. The bound on d has been reduced from 102%

too large to 30% too large. However, the estimated bound on b was not reduced. The
bound on this parameter is still 102% too large.

The mentioned simulations have all been performed with systems according to (3.9).

The parameters a,b,c and d do not correspond to physical parameters. It could be
possible that a conservative estimation of some parameters has only little influence on

the variations of a systems physical properties. For this reason, also parameter

estimations have been done for systems according to (3.1).

For the simulation and identification of systems according to (3.1), the algorithms had

to be changed, because the physical parameters M,D and K were varied, instead of the
mathematical parameters. For this system with physical parameters, the same problems

appeared as with the other system: the parameter bounds could not be identified
exactly in some cases. See for example table 3.4 and 3.5.

5% variation of M,K,D. Between arcs the true values.

In the last row the estimated values.

M K D

max min max min max min

(4.2) (3.8) (1.05) (0.95) (0.525) (0.475)

4.420 3.620 1.105 0.905 0.553 0.453

Teble 3.4: Estimations of parameter bounds for variation of all parameters in model (3.1). The data was

collected for 50 logarithmically spaced frequency points from w =0.01 to w = 1000. The uncertainty areas

were approximated by polygons with 64 corners.

5% variation of K and D. M at nominal value. Between arcs the true values. In the last row the estimated

values.

M K D

max min max min max min

(4) (4) (1.05) (0.95) (0.525) (0.475)

4.198 3.811 1.050 0.951 0.5248 0.4752

Teble 3.5: Estimations of parameter bounds for variation of two parameters in model (3.1). The data was

collected for 50 logarithmically spaced frequency points from w = 0.01 to w = 1000. The uncertainty areas

were approximated by polygons with 32 corners.
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(3.10)

(3.11 )

In table 3.4 one can see that the estimated parameter bounds are about twice as big as

the true values for all parameters. This is caused by the fact that K and D can not be
identified independently from M. (3.1) can also be represented as (3.10):

3Ds +3K
M M

Rs) = ------=..:~
S2+ 3DS+ 3K

M M

5% variation of D and Min 3DIM can also be seen as about 10% variation of D or M
with the other parameter constant. The same holds for 3K1M. In table 3.5 the estima

tion results are presented for 5% variation in only D and K. In this case, the estimated

bounds for D and K are very good, but M does also have an uncertainty bound of about

5%. This could be expected with variation of both D and K with 5%

The parameter estimation method for polygonal uncertainty areas has also been tested

for pole-zero representations of systems. For example system (3.9) with a =7, b =3,

c = 4 and d = 8 can be represented as equation (3.11)

Rs) = a s_+......P _
(s+ y +611(s + y -6/)

with a = 7, P= 317, y = 2 and 6 = 2. For this system the parameters a,p, Y and 6 were

varied during several experiments. The quality of the parameter estimations seems to

be a little better than the estimations with system representations (3.1) and (3.9),

because in this case the estimated parameter bounds were in no case more than 50%
too large. However, 50% is still very conservative. See table 3.6 for an example of the
simulations.

variation of a,p,r,D. Between arcs the true values.

In tha last row tha estimatad values.

a p r D

max min max min max min max min

(8) (6) (0.467) (0.39) (2.1 ) (1.9) (2.2) (1.8)

7.998 6.002 0.4813 0.3805 2.124 1.873 2.287 1.688

Tebl. 3.3: Estimations of parameter bounds for variation of all parameters. Tha data was collacted for 60

logarithmically spaced fraquancy points from w=0.01 to W= 1000. Tha uncartainty areas were approximatad

by polygons with 64 corners.

It should be emphasised that all treated experiments in this paragraph were performed

without noise. If output noise was added, the identification results were even poorer.
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3.5 Explanation for the poor identification results

During the development of this identification method, it was assumed that the parame

ter variations were independent. For this reason, the parameter bounds could be
identified by varying one parameter in the estimated model at a time. The value of the
other parameters would not have any influence, as long as they were inside the
uncertainty bounds. This assumption appeared not to be true, because the identification
results appeared to be dependent of the initial parameter values. In general, the
estimated bounds were better, if the initial values of the other parameters were close to
their upper or their lower bounds. In most cases, the estimated parameter bounds were
too conservative, so there were also parameter combinations outside the true parame

ter bounds, which could be used as initial parameters. If one or more initial parameters
were outside the true parameter bounds, then the estimated bounds for the other
parameters were usually too small.

The explanation for this problem is shown in figure 3.10. In this figure, the true uncer
tainty area at w = 1 is drawn for a system according to (3.1). The tree parameters M,D
and K were varied.
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The three curves in the middle of figure
3.10 represent the independent variations
of the tree parameters, with the other para

meters at their nominal value. These three
curves do not reach the border lines of the f -1,8f -1.9

uncertainty area. For this reason the esti-
mated uncertainty bounds of the parame
ters are larger than their true values. This
problem has nothing to do with the approxi
mation of the uncertainty area by polygons
or circles, because in this figure the true Figure 3.10: Uncertainty area and parameter variati

bounds are drawn. The problem is that ons from nominal model

three parameters were varied, but the plane
in which their variations were estimated has only two dimensions. For this reason, the
three parameters can not be estimated independently.

Figure 3.10 suggests another method for deriving the uncertainty bounds of the
parameters: find the corners of the uncertainty area by iterations and compute the
parameter variations from the corners. In practice, this takes an iterative search, which

does not converge in general. The problem of finding the corners of the uncertainty

area is very complex. The system has three parameters, but every point in de complex
plane can be covered with two varying parameters and the third parameter constant.
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Only if the search for the six corners is combined, the true parameter variations can be

found. Another disadvantage is that the search has to be done for all frequency points,
so a lot of computation time is necessary to compute the parameter variations.

3.6 Conclusions

There are several reasons why parameter identification with the use of the uncertainty
areas in the Nyquist plane, is not a good method to derive reliable uncertainty bounds
for the system parameters. The first reason is that the amount of data, necessary to
derive reliable uncertainty areas, is very large. The second reason is that the computed
points in the Nyquist plane are not very accurate, due to computational errors by
dividing the Fourier transforms of the input and the output. The third and most
important reason is that the parameter bounds can not be computed independently for
systems with more than two parameters.

The Nyquist plane has not enough dimensions to compute parameter variations of more
than two parameters. For this reason it is much better to identify directly in the
parameter domain. In the next chapter will be dealt with identification in the parameter
domain.

31



4 PARAMETER IDEN"r1FICATION IN THE TIME DOMAIN

4.1 Introduction

For identification in the time domain of time-invariant systems, a large number of

methods is available. For time-variant systems however, there are no general solutions
with satisfactory performance. Assuming the system parameters vary slowly compared

to the system dynamics, it might be possible to cut the input-output data into small
intervals, in which the parameter variation is negligible. For all of these small intervals,

the parameters have to be identified. The bounds on the parameters can be identified
by the parameter values in the different intervals. This method is called Fixed Memory
Bounding.

There are some issues which have to be investigated when a system is identified with

this method. First, the speed of the parameter variations should be slow compared to

the system dynamics. But what is slow? For the possibilities of the method, it can be

important if the frequency of the parameter variations can be two or 50 times lower
than the lowest frequency of the system dynamics. Second, how much parameter

variation is allowed in one identification interval? And third, the identification interval
should be very large for a reliable estimation of the parameters, but it is not. So, the

Cramer-Rao bound will have a significant value. This value should be taken into account
when the parameter bounds are estimated. Dividing the data into a large number of
small intervals has the advantage that the parameter variations in the interval are very

small, but has the disadvantage of a large Cramer-Rao bound. A small number of large

intervals has the opposite properties, so an optimal interval length has to be found.

4.2 The estimation method

For the estimation of the varying parameters, the input-output data is cut into a number

of intervals. The optimal number of intervals will be treated later. For each interval the
system parameters have to be identified. For this purpose, estimation methods are

available in the Matlab System Identification Toolbox. In this toolbox systems with
several parametric model descriptions can be identified. For this purpose, the Output

Error structure (4.1) is used.

with

y(~ = !!91 u(t- nl<) + e(~
F(q)

32

(4.1 )



S(cf) = b1 +b2q-1 + +bnbq-nb+1

F{ef) ::: 1 + ~q-1 + +fnlr",
nk = the number of delays from input to output (4.2)
y(~ = output
u(~ = input
e(~ = output error

The output error model was chosen because this model is the most suitable model for

simulation purposes. Besides the polynomials 8 and F does the algorithm also provide

an estimated variance of e and the estimated covariance matrix of the parameters.

From this matrix, an estimation of the Cramer-Rao bound can be computed.

For every interval, the system parameters and the Cramer-Rao bound are computed. In

one interval, the bounds on the parameters are assumed to be equal to 3a, where a2
equals the Cramer-Rao bound. For normal distributed parameter uncertainty, the 3a
bound is a 99.7% certainty bound. The upper and lower parameter bounds for the

whole data set are derived by the largest upper bound and the smallest lower bound.

4.3 Estimation results without noise

In order to test the identification method, simulations have been performed with system
(4.3):

o.•'--~-----'==--""--~~-~-~-=-'"
o 2000 4000 5000 8000 10000 12000 '4000 15000

b2

bl

·n

0.6

1.6

I.'

1.2

(4.4) ~
~
E

~ 0.8

y(z) = z+0.5 u(z) (4.3)
Z2 -1.5z+0.7

In the output error model, this corresponds to b1 =1, b2 =0.5, '1 =-1.5, '2 =0.7, nk =1
These four parameters have been varied independently. The parameters were varied

with sine functions according to equation (4.4).

6b1 = 0.1 *CO~ '1/)
6b2 = 0.1 *CO~ 3~ t)
6~ = 0.1 *Sin(2~ t)
&f2 =0.05*Sin(4~ t)

I = total data length

In figure 4.1 one can see a graph of the

parameter values. The periods of these sine

functions are between half and twice the

total data length I.

SamP"

Figure 4.1: Parameter values during the simulations
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In order to simulate this system with varying parameters, the system description was

translated into a state-space description. For every sample, the state and the output of
the system were computed with the system parameters which were varied according
to (4.4). The input signal was a Pseudo Random Binary Noise Sequence (PRBNS). The
total data length I was 16,000 samples. In several experiments, the data was cut into

20, 40, 80, 160, 320 and 640 intervals. The best estimation results were achieved

with 640 intervals and the worst results with 20 intervals. The results of 40 intervals

with 400 samples are presented in table 4.1 and the results of 640 intervals with 25

samples are presented in table 4.2. In these tables, the last two rows are important.
They represent the estimated parameter bounds. The first two rows represent the
parameter bounds if no attention is paid to the finite accuracy of the estimation

method. If the difference between the first two rows and the last two rows is large,
the parameter bounds can be conservative.

I I b, I b2 I f, I f2 I
max 1.100 0.602 -1.400 0.749

min 0.897 0.376 -1.598 0.650

max +3£1 1.108 (1.11 0.608 (0.61 -1.397 (-1.41 0.751 (0.751

min-3£1 0.893 (0.91 0.346 (0.41 -1.602 (-1.61 0.646 (0.651

Teble 4.1: Parameter estimation results for 40 intervals of 400 samples. Between arcs the true values.

b 1 b 2 f1 '2
max 1.101 0.601 -1.400 0.750

min 0.900 0.398 -1.601 0.650

max +3£1 1.103 (1.11 0.603 (0.61 -1.399 (-1.41 0.750 (0.751

min-3£1 0.898 (0.91 0.392 (0.41 -1.602 (-1.61 0.649 (0.651

Teble 4.2: Parameter estimation results for 640 intervals of 25 samples. Between arcs the true values.

If table 4.1 and 4.2 are compared, one can see that the main difference between the
two parameter estimations is the estimation of parameter b2 • In table 4.1 the lower

bound is 54% too large. This is very conservative. In table 4.2 the lower bound of b2 is

only 8% too large. The estimation results of b2 are worse than the estimation results of

the other parameters. There are three reasons for this. The first reason is that the b
parameters are usually estimated worse than the f parameters. This is caused by the

estimation method. The second reason is that b2 has been varied three times faster

than b,. For this reason, the variation per interval is three times larger. The third reason

is that the value of b2 is half of the value of b" so the relative variation is twice as

large.
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The results of these simulations are not realistic: There is no noise and the system is in

the model set. In practice, it is not possible to achieve good identification results with

intervals which are just as long as the impulse response of the system (25 samples).

4.4 Estimation results with output noise

In order to test the identification results under influence of noise, output noise has been
added to the system. The noise-free output has a standard deviation of 4.8. The output

noise which was added to the system, consisted of random, normal distributed

numbers, with standard deviation 0.5, 0.2, 0.1 and 0.05, so the noise levels were
about -20 dB, -28 dB, -34 dB and -40 dB.

Apart from the noise, the simulations were exactly the same as in paragraph 4.3. The

experiments have also been performed with 5 and 10 intervals. For output noise with a

standard deviation of 0.5, the smallest parameter bounds were achieved with 10
intervals of 1600 samples. There are two reasons for this result. First, with a large

number of samples per interval, the Cramer-Rao bound is small. However, the other

reason is that in large intervals the parameter variations are also large. These parameter

variations are modeled as output noise instead of parameter variations. For example,
the estimated standard deviation of the output error in the experiment with 10 intervals
is 0.74. This is 48% too large. For 40 or more intervals, the estimated standard

deviation of the output error has approximately the right value of 0.5. In figure 4.2 
4.5 the system parameters (solid lines), the 3u upper bounds and the 3u lower bounds

(dashed lines) are plotted for 10 intervals of 1600 samples. One can see that the

number of intervals is too small, compared with the parameter variations. For the plots,

the true parameter values have only been computed for the middle of the intervals. For

this reason the plots of the true parameter values are not smooth sine graphs.
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In figure 4.4 and 4.5, the true parameter value is not always between the 30 bounds.
This is because the fast parameter variations are partly modeled as an output error,

instead of parameter uncertainty. Another reason is that the 30 bounds do not

represent 100% certainty. In figure 4.6 - 4.9 the same plots as in figure 4.2 - 4.5 are

plotted, but now for 40 intervals of 400 samples.
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It is clear that the division of the data into 40 intervals is more realistic than 10

intervals. The disadvantage of the shorter intervals is that the parameter bounds are

much larger. For example, if figure 4.2 and 4.6 are compared, one can see that for 10
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intervals the estimated bounds on parameter b, are 1.13 and 0.86, for 40 intervals
1.19 and 0.80, while the true bounds are 1.1 and 0.9.

For output noise with a standard deviation of 0.2, the best parameter bounds were
achieved with 20 intervals of 800 samples. In that case, the estimated standard

deviation of the output error is 0.332. This is 66% too large. For 80 or more intervals,

the estimated standard deviation of the output error has approximately the right value

of 0.2. For output noise with a standard deviation of 0.1 and 0.05, the best parameter

bounds were achieved with 40 intervals of 400 samples. Also in these cases, the

estimated output error was too large and for 160 or more intervals, the estimated
output error had a realistic value.

Simulations have also been performed with input-output data of 8000 and 4000
samples. From these experiments can be concluded that for high noise levels the

number of samples per interval is most important for the identification results. For

example, if the standard deviation of the output noise is 0.5, then with 20 intervals of
400 samples (totally 8000 samples), the parameter bounds are better estimated than

with 80 intervals of 200 samples (totally 16000 samples). The results were almost

equal to the case of 40 intervals of 400 samples. So in this case, reduction of the

number of intervals has not much influence on the performance, but the influence of
halving the number samples per interval can even not be compensated by quadrupling

the number of intervals. For very low noise levels however, the number of intervals is

most important for a good approximation of the parameter bounds.

4.5 The influence of parameter variations on the estimation results

In order to investigate the influence of parameter variations on the estimation results,
only one parameter (b,) has been varied. The parameter was varied just like in figure

4.2 and 4.6. The other parameters were kept at their nominal values. The simulation

has been performed without noise. In figure 4.11 - 4.13 the true parameter values

(solid lines), the estimated parameter values (dotted lines), and the 30- bounds (dashed
lines) have been plotted for the three parameters which were not varied. In figure 4.10

the same has been done for parameter b" but the true parameter values have been

subtracted from the estimations.
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From figure 4.10 - 4.13 it is clear that the estimated parameter bounds are largest in

the middle. This could be expected because here the parameter variation within the

interval is largest. Although only parameter b, was varied, the bounds are larger for all

parameters. The estimated parameter values (dotted lines) do not seem to be influenced
by the parameter variations.

In figure 4.14, the estimated standard devi

ation of the output error has been plotted
for the several intervals. Although no out
put noise was added and the system is in

the model set, the output error has a sig

nificant value. The output error is largest in
the middle. Here the parameter variation is

also largest. This is caused by the fact that

parameter variations are modeled as output

noise.
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Figure 4.14: Estimated standard deviation of the
output error

In order to investigate the influence of parameter variations on the estimation results of
systems which are disturbed by noise, the same experiment has been repeated with

output noise. The standard deviation of the output noise was 0.2. In figure 4.15 - 4.19
the same plots as in figure 4.10 - 4.14 are presented, but now with added output

noise.
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In figure 4.15 - 4.18 the influence of the

parameter variations is not visible. In the

middle, the parameter bounds are not larger
than on the edges. In figure 4.19 one can

see that the estimated standard deviation

of the output error corresponds to the

added output noise. The value is approxi
mately 0.2. In the middle, the output error

is not significant higher than on the edges.
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Figure 4.19: Estimated standard deviation of the
output error

In this experiment, the output noise had so much influence on the estimation results

that the influence of the parameter variations on the estimation results was negligible.

Some results in this paragraph seem to be in contradiction with results in paragraph

4.4. In spite of output noise, parameter variations had influence on the estimation
results. Second, in paragraph 4.4 was concluded that for output noise with a standard

deviation of 0.2, at least 80 intervals were necessary in order to estimate the output

error right. Now 10 intervals seem to be sufficient. These contradictions are caused by

the fact that in this paragraph only one parameter has been varied and only for half a

(co)sine period. The other parameters were varied much faster.
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Although the estimated 3a bounds are larger when the system parameters are varied,
these 3a bounds are still not large enough in some cases. This can be seen in figure
4.4 and 4.5: for some intervals the true parameter value is outside the 3a bound. The

reason has already been mentioned: fast parameter variations are modeled as output
noise.

4.6 Choosing the right interval size

As already mentioned before, it is important that the interval size is not too small,
because then the Cramer-Rao bound is very large. If the interval size is very large, the
parameter variations within the interval have a significant influence on the estimation
results. This is because parameter variations are modelled as output noise, so the

estimated parameter variations are smaller than the true parameter variations.

For high noise levels, the optimal interval size is larger than for low noise levels. For

high noise levels, the 3a bounds on the parameters are very large. In that case, the
parameter variations within one interval can be larger, while they are still negligible

compared to the 3a bounds.
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An easy method to derive the right interval size, is to start with a small interval size
and to increase the interval size until the estimated output error (if an DE model is

used) starts to increase significantly. This has been illustrated in figure 4.20.

log In,----,.~~~~~---,.~~~..............,

Figure 4.20: Estimated output error and optimal
interval size

Figure 4.21: Parameter bounds as a function of the
interval size

The circles in figure 4.20 represent the optimal interval size. The method has been
derived by analysis of the simulation results. The method is not guaranteed optimal for

all possible cases. In figure 4.21, the size of the parameter bounds have been drawn as

a function of the interval size. The dashed line represents the size of the true parameter

bound. Estim. represents the difference between the largest and the smallest parameter

estimations. It is clear that estim. decreases with increasing interval size. The 3a
bounds first decrease for increasing interval size, because of the smaller Cramer-Rao
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bound. For very large intervals the 3u bounds increase, because of the large parameter

variations within one interval. The parameter bound which is used, is the sum of the 3u
bounds and the estimated bound estim. In practice, at the optimal interval size

illustrated in figure 4.20, the used parameter bounds are a little larger than the true
parameter bounds. This is necessary to avoid too optimistic parameter bounds. The 3u
bounds in figure 4.21 are mainly influenced by the (output) noise.

Another method to check if the interval size is not to large, is to compare the 3u
bounds of all neighbouring intervals. If they do not overlap, the interval size is too large.

4.7 Conclusions

The method presented in this chapter for robust identification in the time domain is

much better than the method presented in chapter 3, where identification in the
frequency domain was used. The advantages are that the input-output data can be

used without translation to another domain, standard routines for system identification

can be used.

A disadvantage of the method is, that before the identification no knowledge is
available about the best number of intervals in which the data should be divided. In

general, for a very large number of intervals, the parameter bounds are much too
conservative due to the large Cramer Rao bounds. If the number of intervals is made

smaller, then the number of samples per interval increases and the parameter bounds
get less conservative. For a certain number of intervals, the influence of the parameter

variations gets so large, that these variations are modeled as noise. In that case, the

parameter bounds can be too optimistic. For high noise levels, this critical number of

intervals is lower than for low noise levels. For a very small number of intervals, the

parameter bounds increase again. The best number of intervals, is the smallest number

of intervals for which the parameter variations have no measurable influence on the

model error.
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5 SIMULATIONS WITH A WEAKLY NON-LINEAR PROCESS

5.1 Introduction

In order to test the identification method which was presented in chapter 4, a process
had to be found with time-varying parameters. The chosen process was the Water

vessel process. This is a weakly nonlinear process. In order to simulate time-varying
parameters, the process can be driven in several working-points. For every working

point, a linearised model can be achieved. The set of these models provide the nominal

model and the bounds on the parameters. In chapter 6 will be dealt with the properties
of the Water-vessel process.

Driving a weakly nonlinear process at several working-points is not the same as driving
a linear process with time-varying parameters: the first are essentially nonlinear and the
second are only vary-linear. For this reason, first some simulations have been per
formed with a weakly nonlinear process.

5.2 Description of the process

In order to simulate a nonlinear process, a linear process has been chosen, connected
with a nonlinear element. See figure 5.1 for the cascade connection of the linear
process and the nonlinear element.

U Nonlinear
Element

Unear r------7Y
Process

(5.2)

Figure 5.1: Non-linear process for simulation

As nonlinear element was chosen equation (5.1).

u' = exp(u-1) (5.1)

The linear process is a second order process. This process has also been used in

chapter 4. The system satisfies equation (5.2).

y(z) = z+O.5 u'(z)
Z2 -1.5z+0.7

If the process is linearised in a certain working-point, it can be expected that the

estimated system satisfies equation (5.3),

42



with

y(z) ::; k z+0.5 u(z) ::;
z2-1.Sz+0.7

(5.3)

k::; exp(w-1)
w ::; the working-point
b1 = k
b2 ::; 0.5.k
t, ::; -1.5
"- == 0.7

(5.4)

All simulations have been performed with

16,000 data samples. The data was cut
into 20 intervals of 800 samples. Unless

noted otherwise, the working-point of the

process was increased linearly from 0.5 to ~

1.5. In figure 5.2 one can see the working

point as a function of the sample number.

The influence of the nonlinear element is

also illustrated in this figure.
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Figure 5.2: Variation of the working-point

5.3 The influence of data detrending

During the simulations with linear systems, detrending of the data had no influence on

the estimation results. With nonlinear systems however, the estimation results were

much better after detrending the data. For example see figure 5.3 - 5.10 for compari

son of the estimated parameter values and their bounds. The estimations were done

with exactly the same data. The system and the variation of the working-point were

according to section 5.2. The input signal was a PRBNS signal with an amplitude of

0.1. No noise was added. The estimation model was a second order output error (DE)

model, with two b and two' parameters. The delay is one sample. See section 4.2 for
a description of the DE model structure. For every interval, linear detrending was used.

Linear detrending means that in the time-value graphs of the input and the output are

corrected with a straight line. This correction is done in such a way, that the sum of
the squared values is as small as possible.

Without detrending all four estimated parameters vary. After detrending only the b
parameters vary. The variation of the b-parameters is according to the expectations in

section 5.1. Also the '-parameters have the expected value. It should be noted that for
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the case without data detrending, narrower bounds could be achieved with a third order
OE model. Only if the working-point is close to 1, the estimation algorithm has
convergence problems, because there, a second order model is sufficient. With a third
order model the (-parameters have a constant value .
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In figure 5.11 and 5.12 the estimated standard deviations of the output error are

drawn. It is very clear that the output error is much smaller after data detrending. In

figure 5.11 one can see that non-linearities are modeled as output noise: the output
error is largest in the intervals where the non-linearities are largest. In figure 5.12 the
estimated output error is increasing with the interval number. This could be expected,
because the magnitude of the input and output signals also increase.
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Figure 5.11: Estimated standard deviation of the
output error (no detrendingl

Figure 5.12: Estimated standard deviation of the
output error (with detrendingl

In the following sections, all estimations have been performed with detrended data.

Unless noted otherwise, the detrending was linear.

5.4 The influence of a weaker non-linearity

From the previous sections, it is clear that non-linearities have much influence on the

estimation results. It can be expected that the estimation results are better when the

non-linearity is weaker. This assumption has been investigated by replacing the non
linear element by a weaker non-linearity, according to equation (5.5).

Figure 5.13: Parameter f, with weak non-linearity
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(5.5)

Intel"'W'Gl number
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]
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•
J

u' = 0.7 * u + 0.3 *exp(u-1)

For the same experiments with the same

input signals, the parameter bounds were

approximately 50% smaller and the output

error approximately 35 % smaller. In figure

5.13 the estimated values and the 3a

bounds of parameter " are drawn. The
bounds are approximately 50% smaller

than in figure 5.8.
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5.5 The influence of the input amplitude

The amplitude of the PRBNS input signal is 0.1 in most simulations. This amplitude is

quite large, because the range of the input signal is 20% of the total variation in the
working-point. Large input amplitudes have the advantage of a low signal to noise ratio,
but the disadvantage that the input may vary over a range in which the system can not
be assumed to be linear. It may be possible to get better identification results with

small input amplitudes, if the disturbances on the system are very small. For this reason
also simulations have been performed with an input amplitude of 0.01 instead of 0.1.
Also in this case, no noise was added.

With an input amplitude of 0.01, the parameter bounds appeared to be about 60%
larger. This has probably been caused by numerical errors. See for example figure 5.14.

In this figure parameter '2 is drawn. It can be compared with figure 5.10. The estimated
output error was approximately 7 times smaller, but the amplitude of the output signal

was 10 times smaller, so the estimated signal to noise ratio of the output signal is
about 40% larger. See for example figure 5.15, which can be compared with fjgure
5.12.
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Figure 5.14: Parameter '2'
input amplitude = 0.01

Figure 5.15: Estimated output error,
input amplitude = 0.01

It can be concluded that even in the case of no noise, it makes no sense to use small

input signals in order to avoid problems with non-linearities. The estimated parameter

bounds are smaller for large amplitudes. For true systems it is sensible to check if the

estimated output error is caused by non-linearities or by noise. If the non-Iinearities
have too much influence, the input amplitude should be decreased.

5.6 The influence of measurement noise

The influence of measurement noise has been investigated by adding a random,

Gaussian signal to the output. The standard deviation of the added output noise was

0.02. That is approximately 4% of the standard deviation of the output signal. In figure

5.16 and 5.17 two estimated parameters and their bounds are drawn. The parameter

bounds are about 3 times larger than in the noise-free case. Those parameters have
been drawn in figure 5.6 and 5.8.

46



-, ...e~.--~_-__- __- ---,0 ••

0 .•

:; 0.7

J
0 ••

0.'

0.'

0.3 .. --~-_ ..
0

"," .. 
,

10 12 14 14' 1l!J 20

Intef'W1 ",y~

-1.4' -_.,

I-l,"9~

Il -l.'

-1.505

,,, ,

,. --,, ,....",. ....
I '.'"

,,
........ '

.......... ............

Figure 5.16: Parameter b2 • output noise added Figure 5.17: Parameter f2 • output noise added

In figure 5.17 one can see that the parameter bounds are smallest for the last intervals.

This could be expected. because there the signal values are larger, so the output noise

has less influence on the estimation results.
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Figure 5.18: Estimated standard deviation of the
output error. output noise added
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In figure 5.18 the estimated standard devi

ation of the output error is drawn. For

every interval, the estimated output error is

larger than the added output noise. The
estimated output error is always between

0.02 and 0.024. The added output noise

had a standard deviation of 0.02, so the

estimation of the output error is very good.

Like in the noise-free case, the estimated

output error is larger for large input values,

but the relative influence has been reduced by the output noise.

5.7 The influence of working-point variation

(5.6)

In the previous sections, the working-point was increased linearly. In order to investi

gate if the identification results depend much on the way in which the working-point is

varied, the working-point has also been varied in another way. The chosen method of

varying the working-point is variation according to one sine period. A sine function has

the advantage that the variation is both upward and downward and that the speed of
variation also varies. The working-point w has been varied according to equation (5.6),

w = 1 +O.S*Sin( 21tk )
16,000

k = sample number

Just like in most other experiments the input signal was a PRBNS signal with an

amplitude of 0.1. No noise was added. In figure 5.19 and 5.20 the estimated parame

ter variations and the 3a bounds have been drawn for two parameters.
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Figure 5.20: Parameter fl' working-point variation
according to sine function

In figure 5.20 it is very clear that in the neighbourhood of interval 5 and interval 16,

the parameter bounds are much smaller than in the middle and on the edges. At these

places, the sine function has its extremes, so the working-point varies slowly in these

areas. Obviously the parameter bounds are smaller for slow working-point variations.
This phenomenon can be caused by two mechanisms. The first one is that linear

detrending has been used. Maybe linear detrending is not accurate enough for fast
working-point variations. Another reason is. that parameter variations within a working
point cause larger parameter bounds.
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Figure 5.21: Estimated standard deviation of the
output error

In figure 5.21 the estimated standard devi

ation of the output error has been drawn. It

is very clear, that for fast working-point
variations. the estimated output error is

large. This can be explained by the two

reasons that have been mentioned for the

parameter bounds. Further it is striking that
the estimated output error around interval 5

is larger than the error around interval 16.

This can be explained by the fact that the

amplitude of the output signal is smaller around interval 16.

5.8 The influence of the detrending method

In the previous sections, the data in every interval had been detrended linearly. It was

assumed that the trend in one interval could be approximated well by a straight line. In

order to check if this assumption was right, the data has also been detrended by

several filters. The data can be detrended by a high-pass filter with a very low cut-off

frequency, but for numerical reasons, it is better to use a low-pass filter and then

subtract the filtered data from the original data.
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The first filters that have been used were second or third order Butterworth filters. Both
causal and anti-causal filtering have been used, in order to eliminate phase shifts. For

this reason, the filter orders were 4 and 6 in practice. Good results were achieved with
a second order filter, with a cutoff frequency of 16 periods per 16,000 samples (the

total data length). Filter routines of the Matlab signal processing toolbox have been

used. The disadvantage of these routines is that no attention is paid to the initial and

final conditions. For this reason, the estimation results are very bad for the first and the

last interval. See for example figure 5.22. From the second to the 19th interval, the
picture is almost the same as figure 5.20. The bounds are even a little smaller.
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Figure 5.22: Parameter f" Butterworth detrend
filtering

Figure 5.23: Parameter f" detrended by IPeos

In the IPcas identification toolbox, a detrend routine is available. This routine uses

causal and anti-causal filtering with first order filters. In IPcas the initial and final
conditions are much better met. In figure 5.23 the same parameter has been drawn as

in figure 5.22, but now with identification after detrending with the IPcas routine. The

cutoff frequency was the same as for figure 5.22. From the third to the 19th interval,

the pictures are exactly the same.

The detrending method does also have

influence on the estimated output error. For

this reason, the results of linear detrending

for each interval and detrending with the

IPcas routine have been compared. A

picture of the results has been drawn in

figure 5.24. The differences are not very

large, but there are no intervals for which

linear detrending gives smaller output

errors.
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5.9 Conclusions

It is possible to regard a weakly nonlinear process with a time-varying working-point as

a linear process with time-varying parameters. If such a system is identified, there are
some issues to be concerned. First of all it should be possible to regard the system

linear in all the working-points. Secondly it is important that the identification data is

detrended well. Further it is important to use enough data points, because the data

should be cut into a large number of small intervals, in which the working-point can be
concerned constant. In every interval, there should be enough data samples to make a

good estimation of the system parameters.
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6 THE WATER-VESSEL PROCESS

6.1 Description of the water-vessel process

The water-vessel process is a laboratory process, that is used by students during
practical training to study some aspects of continuous and discrete control theories.

Detailed information can be found in lit. [1 ],[4],[8] and [9] The process consists of three

vessels placed above each other. Water is pumped from the supply vessel into the top

vessel and flows via the middle vessel into the lower vessel. From the lower vessel, the
water flows into the supply vessel. A scheme of the process has been drawn in figure
6.1.

PC

Supply vessel

Figure 6.1: The water-vessel process

In order to be able to measure and control the process, extra equipment has been
added to the process:

- A level sensor for the lower vessel (can also be applied to the other vessels)

- A rotation speed detector for the roller pump

- A Personal Computer to be able to control the pump and to store and process
the measurements.

- D/A and AID converters for the connection of the P.C with the process.

In the process, the taps act as flow resistors. The flow from a vessel depends on the
level of closure of the corresponding tap and the pressure over the tap. A good
measure of this pressure drop is the height of the water column in the vessel. The flow

resistance of the tap is not linear, but increases with the pressure over the tap. The

relation between the water flow and the water height in a vessel is theoretically a
quadratic function. In practice, the relation can indeed be approximated by a quadratic

function.
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The taps have been constructed according to the Saunders patent, which means that

the flow is controlled by making a slit more or less narrow. This slit acts as a sieve for

particles in the water. If particles, which are too large to pass the taps, are present in

the water, the flow through the taps becomes unpredictable, because those particles
have a considerable influence on the flow resistance. In that case, the taps need to be
cleaned again. It is very difficult to tune the taps at a certain flow resistance. For this
reason, the system dynamics are usually not the same any more, after the taps have
been cleaned.

6.2 The level sensor

The level sensor consists of two plane-parallel plates which are isolated from each
other. An ac-voltage of approximately 1 (kHz) over the plates, results in an ac-current

between the plates. This current is transformed proportionally into a dc-voltage. This

dc-voltage is practically proportional to the water level. The resistance between the
plates is besides the water level also dependent of the copper-sulphate concentration in

the water. The concentration of copper-sulphate changes due to evaporation, so the

level sensor needs to be calibrated every time before a measurement is started.

The level measurements are disturbed by adhesion. For descending water levels the

measured level is too high. This results in a hysteresis of maximal 2.0 (mm). Another

source of disturbances are the bubbles which appear in the water, when water drops
into the vessel, and the delays due to flows along the vessel walls.

6.3 The water flow sensor

The water is pumped into the upper vessel by a roller-pump. Detailed information about

the roller-pump can be found in lit. [8]. The roller-pump consists of a hose, through

which the water flows, and two rollers, which are moved by a motor. A roller closes
the hose at the contact point and as the rollers rotate, the water in the hose is forced
to move. The flow is not constant, but fluctuates around an average level. This
fluctuation is very fast compared to the dynamics of the water-vessels, so these fluctu

ations can be neglected.

The input voltage of the motor is not a good measure for the average flow through the

roller-pump. The rotation speed of the roller-pump is a much better measure for the

average flow. The relation between the rotation speed of the pump 'rot (rot S·l) and the

average water flow F (m3 /s) is according to equation (6.1)

F = {9.65*10-Sfrot - 5.6*10-7 m3/s :t:4%
1.04*10-sfrot - 4.9*10-7 m3/s ±4%
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The rotation speed of the roller-pump is measured by a rotation speed detector. The
rotation speed detector is based on a light-pulse counter. At every rotation of the

pump, 5000 light pulses are generated. These pulses are translated to a d.c. voltage, to
make it suitable for sampling by the analog-digital converter (ADC).

The rotation speed of the roller-pump is not constant and the measured speed is not
accurate due to a discrete number of light pulses. For this reason, the output of the
ADC is sampled at a high frequency of 50 (Hz) and averaged over the sample time. If,
for example, the sample time equals 15 (s), then 750 values are averaged. This is suffi

cient to get a reliable estimation of the average rotation speed. The relation between
the output of the ADC and the rotation speed of the pump 'rot (s·') is according to
equation (6.2)

(6.2)

If equation (6.1) and (6.2) are combined, the average water flow through the roller
pump can be computed from the output of the ADC.

6.4 Previous identification results

The input voltage of the roller-pump should be between 0.6 and 3.2 (V). Below 0.6 (V)
the flow is almost zero. Above 3.2 (V) the pump saturates. In lit. [9J the system was
identified for two regions. For the first region the input voltage of the roller-pump was a
PRBNS signal, which altered between 0.7 and 1.5 (V). For the second region, the input
voltage was a PRBNS signal between 1.5 and 2.7 (V). These sections were referred as

the lower and upper area. For the identification, a sample time of 45 (s) was used, with
an oversampling rate of 9. The number of samples was 1100 for the lower area and

1170 for the upper area. 1023 samples were used for identification. These areas were

identified with the IPCOS package and the INFIDENT method. Only the IPCOS identifi

cation results are important for this report. The data was corrected for a delay of 10
(s).

For both the upper and the lower area, a second order model was derived:

upper SfStr. y{z) = 19z
2

+ 1376z + 1737 U(Z)
Z2 - 1.2230z + 0.3956

74z2 + 2212z + 1665 U(Z)lowsr Bf8tr. y{z) ---------
Z2 - 0.8840z + 0.2098

(6.3)

(6.4)

The same data has been identified by the Matlab System identification toolbox of
Ljung. An Output Error (OE) model of the same order was used (equation (6.5»:
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y(z) (6.5)

In table 6.1 the identification results are presented.

I I I b, b2 b3 f, f2

lower area value 79.7 2195 1690 -0.884 0.210

upper bound 142 2276 1820 -0.85 0.23

lower bound 17 2112 1560 -0.91 0.19

upper area value 20.4 1379 1764 -1.222 0.393

upper bound 85 1480 1861 -1.20 0.41

lower bound -44 1278 1647 -1.24 0.38

Table 6.1: Identification results with the Matlab System identification toolbox

The bounds represent 30' certainty bounds. If table 6.1 is compared with equations
(6.3) and (6.4), one can see that the differences between the methods are negligible,

compared with the parameter bounds. The small differences have probably been caused

by the fact that the whole data set was used, instead of 1023 samples.

From this comparison can be concluded that it does not matter whether the IPeas
package or the Ljung toolbox is used for identification, if data processing already has

been applied.

54



7 IDENTIFICATION OF THE WATER-VESSEL PROCESS

7.1 Experiment set up

Usually some experiments are done to get necessary knowledge about a process, like
staircase, free-run and fast PRBNS experiments. These experiments have already been
described in lit. [9], so it is not necessary to do them again. From lit. [9] is known that

the time delay is approximately 10 (s). The time constants of the tree vessels vary from

15 (s) for the upper vessel and 40 (s) for the lower vessel.

In lit. [9] a clock time of 45 (s) was used for the final PRBNS experiment. This sample

time is very long compared to the time constants of the three water-vessels. The

reasons why such a long sample time was taken, was that from the fast PRBNS

experiments was concluded that the relevant frequency range is from 0-0.005 (Hz). For

this relevant frequency range, a sample time of 100 (s) would be sufficient. From the
rough shape of the estimated impulse response, I concluded that it would be better to

use a shorter sample time. Because of computational limits, the sample time could not
be shorter than 15 (s). For that reason a sample time of 15 (s) was chosen, although

this sample time is still large, compared to the time constant of the upper vessel.

In order to simulate time-varying parameters, the PRBNS sequence had to be super
positioned onto a varying working-point. As working-point variation a sine-wave had

been chosen, because in that case the working-point can easily be removed by data

filtering. The control voltage of the roller-pump should be between 0.6 and 3.2 (V),

because below 0.6 (V) the water-flow is almost zero and above 3.2 (V) the roller-pump
saturates. The amplitude of the PRBNS signal should be large for a good signal to noise

ratio, but should be small compared to the working-point variation. For that reason a
PRBNS signal had been chosen with an amplitude of 0.3 (V). The chosen working-point

variation was from 0.9 to 2.9 (V), so the whole range from 0.6 to 3.2 (V) was

covered.

Four final PRBNS experiments were performed. They have been ordered in table 7.1.

name type of working-point variation total PRBNS oversample total number of

time Clock time rate samples

(h:m)

sin5 one sine period 22:30 15 (s) 6 32400/6 =5400

cos2 half a cosine (top-bottom) 22:30 15 (s) 6 32400/6 =5400

cos3 half a -cosine (bottom-top) 22:30 15 (s) 6 32400/6 =5400

sin6 one sine period 66:40 15 (s) 4 64000/4 =16000

T.ble 7.1: The four final PRBNS experiments
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7.2 Measurement results

In figure 7.1 - 7.4 the water levels during the four experiments have been plotted.
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Figure 7.4: Water level during experiment sine

Experiment sin5, cos2 and cos3 have been performed after each other, with a break of
less than one hour, without changing anything in the experiment set up. Nevertheless,

it is very obvious that the maximum water level increases during those experiments.

The maximum water level in sin5 is approximately 0.47 (m), in cos2: 0.50 (m) and in

cos3: 0.58 (m). In cos3, the maximum water level in the lower vessel had been

reached and the water started to overflow. The reason for the increase in the water le
vel is probably pollution in the water, which caused a reduction of the opening in the

taps. After experiment cos3, the taps have been cleaned and tuned again for experi

ment sin6. This tuning was done rather arbitrary, because the exact steady state water
levels in the three vessels were not known. It is remarkable that after approximately 10

hours in experiment sin6, the water level at once increased with approximately 5 (cm).

In order to investigate the reason for this fast increase, graphs have been made of the

water level over shorter time intervals. These graphs have been plotted in figure 7.5
and 7.6.
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Figure 7 .6: Water level in experiment sin6

From picture 7.6 it is clear that the increase of the measured water level had not been

caused by a fault in the level sensor, because the increase takes approximately 3

minutes. The increase looks very much like a step response with a time constant of
approximately 70 (s). It is very likely that the increase of the water level had been
caused by a sudden narrowing of the tap opening. This had probably been caused by a

large piece of pollution. The measurements during the first 10.6 hours have been
declared invalid.

The rotation speed of the roller-pump has J(lo-~

3.5
.' "

.....
also been measured, because the rotation ,/

,-

speed is a better measure for the flow than ".
",

2.5 , ,
the input voltage of the pump. For experi- .'

~ 2 . '.
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Figure 7.7: Water flow through the roller-pump
during experiment sin6

For the four experiments, the computed

minimum and maximum water-flow are
exactly the same, so an increasing water-

flow is not the reason for the increasing water level.

7.3 Data processing

Because of the high frequency disturbances on the measured rotation speed of the

roller-pump, the oversampled rotation speed measurements have been averaged over

the sample intervals. After that, the measurement data has been processed with tools

in the IPeas package. The data did not contain peaks, so peakshaving was not

necessary. The data was detrended by highpass filtering (causal and anti-causal). The
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cutoff period was 8000 (s) for sin5, cos2 and cos3. For sinG, the cutoff period was
15000 (s).

The estimated delay in the system was 10 (s). In order to use the same delay for all of
the experiments, all data have been corrected for a delay of 7.5 (s). After that, the

oversampled measurements have been removed.

7.4 Model estimation

7.4.1 The estimation model

According to lit. [9] the process order equals two. This order estimation was done with

a sample time of 45 (s). It could be possible that for a sample time of 15 (s) the

process order equals three, according to the number of vessels. It is not possible to use
the whole data set for order estimations, because the process is not linear. From
experiment sinG, three intervals of 1000 samples have been taken: for a high water

Jevel, a medium water level and a low water level. With those data sets the singular

values have been computed. In figure 7.8, the singular values have been plotted for the
high water level. From this picture it is clear that the process order equals two. For the

other water levels, the pictures are almost the same.
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Figure 7.9: Fir impulse responses

In figure 7.9 the estimated impulse responses have been plotted. For low water levels,

the response is much faster than for high water levels. For low water levels, the
impulse response reaches its maximum after approximately 45 (s). From this value, one
can conclude that a sample time of 45 (s) like in lit. [9] is too long.

The estimations have been performed with the Matlab System Identification toolbox (by

Ljung). A second-order output error model has been used according to equation (7.1)
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y(z) (7.1 )

Where u represents the water flow and y represents the water level. The data has been

cut into several intervals with an overlap of 75%, according to table 7.2.

Experiment Number of intervals Time per interval Samples per interval

sin5 39 2:08:30 514

cos2,cos3 21 3:45:00 900

sin6 63 4:02:15 969

Table 7.2: The division of the data into intervals

The strange division into intervals of sin5 and sin6 was caused by a little mistake. For

sin5 it should have been 37 intervals of 540 samples and for sin6 61 intervals of 1000

samples. The difference is not important for the estimation results, so the time

consuming identification has not been repeated. For the division into intervals, a
compromise had to be made between large intervals for better elimination of disturb

ances and small intervals for small working-point variations within the intervals.

7.4.2 The estimation results

In figure 7.10 - 7.14 one can see the five estimated system parameters during

experiment sin6, for all 63 intervals. The invalid measurements have been marked. The

solid lines represent the least squares estimations and the dashed lines represent the 30
bounds. In figure 7.1 5 the estimated output error has been drawn.
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Figure 7.13: Parameter f1 (sin6)
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Figure 7.15: Estimated standard deviation of the
output error (m) in experiment sin6

Just like in the simulations of chapter 4, the bounds on the b-parameters are much

larger than the bounds on the f-parameters. The parameter bounds and the estimated

output error are very large at the place where the step-change in the water level
occurred. Parameter b2 , f, and f 2 , are very much dependent of the working-point.

Parameter b3 seems to increase a little for high water levels and parameter b, is not
influenced at all by the working-point. Over the whole range, b, does not differ
significantly from zero. If the system is identified with b, fixed at zero, the standard
deviation of the residuals is the same.
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Figure 7.16: Example of steady state flow- water
level graph (Iit.19))

From figure 7.13 and 7.14, it is very clear

that for low water levels, the parameters

change faster than for high water levels.
Obviously, the system is more non-linear

for low water levels. This phenomena could
be expected from the steady-state flow
water level graph. The relation between the

flow and the steady-state water level is
approximately parabolic (lit. [9]). In figure

7.16 an example of a flow- water level
graph has been drawn. The taps were not

in the same position as during the experi

ments in this chapter. For low values, the
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parabolic function bends much more than for high values, so for the static behaviour,
the process is more non-linear at low water levels. From the figures, it is clear that the

same holds for the dynamic behaviour.

The plots for the identification results of sin5, cos2 and cos3 can be found in enclosure
2. In that enclosure, also five tables have been included, with the nominal parameter
bounds and the 30 parameter bounds. It is remarkable that the results for sin5 and sin6
are almost the same, although the taps have been cleaned and tuned before experiment
sin6. The differences can be explained by the fact that for sin5 the number of samples

per interval was smaller and the working-point variation per interval larger. In figure 7.1

and 7.4 can be seen that the water levels in the two experiments were almost the
same. Probably the tap of and thereby the water level in the lower vessel are most
important for the system dynamics, because it is very unlikely that the other taps were

also in the same position.

The estimation results of cos2 and cos3 differ more from sin6, than sin5 differs from
sin6, although as far as I know, nothing had been changed in the process during sin5,
cos2 and cos3.

7.4.3 Pole and zero plots

In figure 7.17, the changing places of the

system zeros during experiment sin6 have !: 1.
been plotted. Only the estimations of inter- ~

val 17-48 have been used. (See figure 7.4) f 0 ------------------0-----
During those intervals, the working-point -2 ~::',

changes from maximal flow to minimal -4 iY
flow. The plots have been constructed with -. ,
the least squares estimations of every

interval. For interval 17-39, the zeros are Figure 7.17: Zero plot for sin6

complex and for interval 40-48 the zeros

are real. All zeros are very far from the unit circle, so they don't have much influence
on the system dynamics. They have probably been caused by the translation from the
continuous time domain to the discrete time domain. It should be remarked that the

computation of the poles is not very reliable, because of the large uncertainties in the b
parameters.

In figure 7.18, the unit circle and the changing places of the two system poles have

been drawn. The area with the poles has been enlarged in figure 7.19, in order to see
the values of the poles better.
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The poles are complex. It was expected that the poles were real, because no oscilla
tions appear in the system. There are two explanations for the complex poles. The first

is that the process order equals three (three vessels). Maybe the two poles give the

best approximation for the three true poles. Another explanation is that the flow from a

vessel may not only be dependent of the water-level in de vessel, but also from the
sucking behaviour of the water that has already flown out. In that case small oscilla
tions can occur.

7.5 Correction for hysteresis

There is some hysteresis in the level measurements. This hysteresis is caused by
adhesion. The water sticks to the plates of the level sensor. For this reason there is a

difference in the measured level for ascending and descending water levels. From lit.
[9] is known that the maximum hysteresis is ± 2.0 (mm), if the average level is

assumed to be the true level. The measurement error caused by hysteresis is much
larger than the other measurement errors together, which is approximately ± 0.25
(mm).

For experiment sin6, the standard deviation of the output error is always between 1.0

and 2.0 (mm). The average value is 1.4 (mm). This error could be caused completely by

the hysteresis. For this reason, it could be expected that better estimation results can

be achieved if the measurement data is corrected for hysteresis. Assume the hysteresis
is y, the measured water level = w(t) and the measured water level at the previous
sample = w(t-1), then a simple correction can be made according to equation (7.2)

w/(~ = WC~ + y{sign[WC~ - WCt-1)]} (7.2)

This correction method has the disadvantage that the corrected level contains steps of

2y at the places where the sign of the water level change alters. For this reason it is

better to correct according to equations (7.3):
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6 = w(~ - w(t-1)

W/(~ = w(~ +~ sign(6)
if 161 s y
if 161> Y

(7.3)

This correction has been applied to the measurements of sin6, with y = 1.0 (mm).
Although the maximum hysteresis equals 2.0 (mm), has been corrected for 1.0 (mm)

because too much correction could make the measurements worse. After identification,

the average standard deviation of the output error was exactly the same: 1.4 (mm).

There are three possible reasons why the correction had no influence on the estimation
results:

1- The change in water level between two samples is always much less than 1.0
(mm), so the correction is always very small. This is not true, because the

change in water level between two samples is usually more than 1.0 (mm)

2- The correction was exactly two times too large. This possibility is also not true,

because for a correction of 0.05 (mm), the results are exactly the same again.
3- The adhesion is too complex to be corrected with formulas (7.3). Probably the

sample time is too long for accurate correction.
4- Probably the adhesion is not symmetric. For descending water level, the

measured level is too high, but for ascending water level, the measured level is
probably good.

7.6 Conclusions

It is possible to identify system parameters of the water vessel process in several
working-points. The method can also be used to derive a robust linear model for this

weakly non-linear process.

The water vessel process is not strictly time invariant. Due to pollution in the water,

the opening in the taps get narrower. The dynamics of the water vessel process are

mainly determined by the tap of the lower vessel.

Due to over-parametrization, the bounds on the b parameters are very large. The

system can be defined well with one zero. Correction for hysteresis is not possible with

a symmetric hysteresis model.
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8 PARAMETRIC UNCERTAINTY MODELLING

8.1 Introduction

In the previous chapters, methods were treated for the identification of systems with
parameter uncertainty. In most cases, the systems were represented by a transfer
function description. Those system representations can easily be translated into a state

space description. For p-analysis however, a Linear Fractional Transformation (LFT)

representation is necessary. The translation of a state-space description with paramet
ric uncertainty into an LFT representation is a problem for which no general solutions
exist.

Let equation (8.1) represent a state-space description of a system.

[~] -s[j. vdth S· [~ ~] (8.1 )

Assume S contains norm-bounded perturbations, then S can be divided into a nominal

part Soom and a norm-bounded varying part Sf.:

(8.2)

This representation needs to be translated

into an LFT. See figure 8.1 for a scheme of
an LFT. This LFT can be described with the

following equations:

Xl Anom Bnom ~ x
y = Cnom °nom °12 U (8.3)

Y2 C2 °21 °22 ~

~ = 4Y2 u

Figure 8.1: LFT for parametric uncertainty model
ling
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now define the process Pas:

(8.4)

The general problem can now be defined as: Find matrices G,H,022 and a fJ. as small as

possible, such that:

(8.5)

There is no general solution for this problem. An optimal solution can be found if the
disturbances are linear in S: then 0 22 = 0, which makes the problem easier to solve. An
algorithm for the solution of the linear case is presented in section 8.2. If the disturb

ances are not linear in S, a solution is not guaranteed. In section 8.3 a method is

presented for the construction of an LFT in some special cases.

8.2 The construction of an LFT for linear disturbances

In lit. [13] is proven that the 0 22 matrix is zero, if the parameters (6,,62 , •• ,6t ) enter the

state-space matrices in a linear way. Also a proof has been given that an LFT exists in

that case. A solution for the general case has not been given, however. An algorithm

for the construction of an LFT will be given here.

If the parameter disturbances enter the matrix S in a linear way, the entries (x,y) in S

can be written as:

t

sij = snom,/j + 1: ex. lJ,q t> q
q=1

Now t matrices S/i (S/i".,S/it) and a matrix Snom can be constructed, such that

If S is not square, the matrices S/i are made square by adding zeros. Now define

LqUq = S/iq

Where Lq and Uq are the LU-decomposition of Sliq
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Now the matrices H,G and a can be defined.

H T = [U1 U2"'U~
G = [~ ~ ...L,]
a = diag{a1 a2 •••a,}

a q = aq sy8(SA)

(8.9)

Where eye(S~) is an identity matrix with the size of S~. These matrices are a solution to
equation (8.5), but a is not as small as possible. The smallest a for which a solution
exists has dimension

(8.10)

where rq is the rank of SIMl' A proof for this statement is given in lit. [13]. The LU
decomposition has the nice property that the U matrix has exactly rq rows without
zeros. The rows with zeros in H and the corresponding rows and columns in a and

corresponding columns in G can now be removed. The resulting a has exactly the
minimal dimension.

In enclosure 1, a listing is given of a Matlab routine which performs the construction of
an LFT according to this method.

8.3 The construction of an LFT for some non-linear cases

In lit. [13] two examples are presented for a solution of systems with disturbances
which are not linear in S. These examples have been extended to a general solution for
matrices S with four types of dependent parameter uncertainties.

Assume the uncertain entries in matrix S can be classified into four classes:

with

1a:
1b:

2a:

2b:

(8.11 )

Cq = constant
a, = a~nom + a/a,
al = al,nom + alai
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If the same ax occur in different entries, number them different. The number of ax will

be reduced later. Now a matrix b. has to be constructed. Take b. according to equation
(8.13):

(8.13)

First put a 6x in b. for every ax, even if some are the same. Now the number of ax and 6x
can be reduced in some special cases. This has the advantage that the dimensions of

b.,G and H are reduced.

Special cases for the reduction of the number of ax and 6x

1r If in one row of S entries of type 1 (cqajaj) occur, with aj the same, then the aj

can be given the same name and b. can be reduced accordingly.
1c If in one column of S entries of type 1 (cqajaj ) occur, with aj the same, then the

aj can be given the same name and b. can be reduced accordingly.

2r If in one row of S entries of type 2 (cqa/aj) occur, with aj the same, then the aj

can be given the same name and b. can be reduced accordingly.

2c If in one column of S entries of type 2 (cqa/aj) occur, with aj the same, then the
aj can be given the same name and b. can be reduced accordingly.

These reduction methods can not always be combined. Method 1rand 1c can not be

combined if they are applied to the entry in S. In this case a choice has to be made
between the two methods. The same holds for method 2r and 2c. They also can not be
applied to the same entry.

Construction of the matrices D22 • G and H

Now define

V1,g = Ct. ;BJ,nom

-B~nomCt.J
V2,1j = 2

Bj,nom
Ct. ,

V3,I = -
B~nom

-Ct. ,
V41 =--• 2

Bl,nom

Sizes of the matrices

b. = nxn, D22 = nxn, if S = sxt then G = sxn and H = nxt
The matrix entries which are not defined are O.
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For every entry (x,y) in S the belonging entries in D22 , G and H will be defined,

dependent of the type of entry and the type of reduction which had been applied.

1a Entry of type 1a at (x,y) in S

1ar Reduction of type 1r (or no reduction)

D22.U,~ = YSJ '

G(x,~ = 1 ,

H(I,YJ = CqY1" ,

1ac Reduction of type 1c

D22.(iJJ = YSJ '

G(x,~ = CqY1" ,

H(i,YJ = 1 ,

1b Entry of type 1b at (x,y) in S

1br Reduction of type 1r (or no reduction)

G(xJJ = 1

HU,YJ = CqY1J1

G(xJJ = CqY1J1

HU,YJ = 1

(8.15)

(8.16)

G(x,J) = 1
HU,YJ = cqCXJ

1bc Reduction of type 1c

G(x,/) = CqCXJ
HU,YJ = 1

2a Entry of type 2a at (x,y) in S

2ar Reduction of type 2r (or no reduction)

(8.17)

(8.18)

D22.U,~ = -Y3J '

G(x,~ = 1 ,

H(i,YJ = CqY 1,1 '

2ac Reduction of type 2c

D22.(i,J) = -Y3J '

G(x.~ = CqY1.' .
H(i,YJ = 1 ,

2b Entry of type 2b at (x,y) in S

2br Reduction of type 2r (or no reduction)

D22.U,J) = -Y3J

G(x./) = 1

HU,YJ = CqY2.,

D22.UJJ = -Y3J

G(x,J) = cqY2.1

H(j,YJ = 1

(8.19)

(8.20)

D22.U,/) = -YSJ
G(x,J) = 1
HU,YJ = cqY4J
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2bc Reduction of type 2c

(8.22)

The solution presented here, can always be applied to the cases mentioned, but the

size of 6 is not guaranteed to be minimised.

8.4 An LFT for the water-vessel process

For p-analysis, an LFT has to be derived of the system and the controller together. The
LFT can then be used for robust stability and robust performance analysis. For the

identified water-vessel process, no robust controller was developed. In this section, an
LFT will be derived of the water-vessel process without controller. This has no sense

for p-analysis, but it serves as an example for the computation of an LFT. For p-syn

thesis methods which will be developed in the future, such LFTs will probably be used.
The computation of a process combined with a controller is done in the same way,
because together they are regarded as one process.

In chapter 7, the identification results of the water-vessel process were treated. The
results of experiment 'sin6' will be used here. For the identification of the water-vessel

process a transfer function output error model was used:

(8.23)

All those five parameters have parameter uncertainties. From the pictures in section 7,
it can be concluded that the parameter variations in f 1 and f 2 are very much dependent

of each other. Also the variations of parameter b2 are dependent of the variations in the
f-parameters, but this is less obvious due to the large parameter bounds. The p-model
would be much too conservative if just five independent parameter disturbances were

defined. Those five independent parameter disturbances can be computed from the

upper and lower bounds of the several parameters. In (8.24) the independent parameter
bounds are given.

b, = 37 + n6,
b2 = 53 + 32462
b3 = 455 + 14463

~ = -1.58 + 0.1964

'2 = 0.64 + 0.1565
16ql ~ 1, q=1 ..5
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(8.25)

The bounds on the parameters b2, f, and f2 are much too conservative, because those
parameters are dependent of each other. For this reason the uncertainties in the three
parameters mentioned were combined. An extra 66 was introduced, which should

represent the dependent uncertainty of b2 , f, and f 2 • The variation of f, and f 2 have the
same shape, with opposite signs (see section 7.4.2). They can almost completely be

covered by one 6. This has not been done, because the 3a bounds introduce extra
uncertainties. They have been covered by 64 and 65 , The variation in b2 is dependent of

the variations in f 1 and f2, but not completely. The shape of the uncertainty is

smoother. For this reason has been chosen that the uncertainty of b2 , which equals
324, was divided in 200 times the dependent uncertainty 66 and 124 times an
independent uncertainty. This has been done quite arbitrary. The division could as well

have been 224 and 100 times, but in that case it was not sure if the division was too
optimistic. The resulting parameter uncertainties are presented in (8.25)

b1 = 37 + ntJ1

~ = 53 - 200~6 + 124tJ2

b3 = 455 + 14463
~ = -1.58 - 0.17 tJe + 0.02tJ4
f2 = 0.64 + 0.13~6 + 0.02~5

I~q" :s: 1, q=1 ..6

If the transfer-function model is translated to a state-space model, a possible system
matrix 5 is:

-~

S = 1

-;
o

1

o (8.26)

b2-f,b1 b3-f2b1 b1

This system matrix has the disadvantage that the parameter uncertainties occur in a
way for which no general solution for an LFT has been found. Without adding much

conservativeness, entry 5(3,1) and 5(3,2) can be changed to linear cases. This is

possible because

I~I~jll :s: I~ I~ (8.27)

In this case the influence of the 6 products is relatively small, so not much

conservativeness is added when one of the 6s in a product is removed. This can only

be done if the 6 which is left, does not occur in other entries, because in that case the

sign is important. After deleting the 6 products, The resulting matrix 5 is:

s=
1.58+0.17tJ6+0.02~4

1

111-206~6-122tJ1+139~2

-0.64-0.13~6+0.02tJ5

o
431-5tJe-49~1+156~3
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The LFT can now be computed with the algorithm presented in section 8.2. The rank of

S66 equals 2, so 6. is a 7x7 matrix: 6. = diag(6, 626364656666). G has dimension 3x7:

00011

G=OOOOO

1 1 1 0 0

-8.2528-4 1

o 0

1 0

(8.29)

And H has dimension 7x3:

-122 -49 n
139 0 0

0 156 0

H= 0.02 0 0

0 0.02 0

-206 -5 0

0 -0.1341 0

(8.30)

It is marked that most of the values in S6 can be found back in H

8.5 Bode plots

In order to investigate what influence the estimated parameter bounds have on the

possible system dynamics, some Bode magnitude plots have been made of experiment

sinG. In figure 8.2, the Bode plots have been drawn for all possible combinations of

extreme parameter values. The number of parameters equals five, so 25 = 32 Bode
plots have been generated. From this plot, it is clear that independent parameter

uncertainties give much too conservative models. For example, at a frequency of 10-4

(Hz) the magnitude uncertainty equals approximately 80 (dB)!

. .
" ",

E'& c to'
~ '"0:a :>

10' 10' ...-

10' 10'
10-' 10.3 10-' 10-' 10-3 10-' 10-'

frequency (Hz)

Figure 8.2: Bode magnitude plots for independent
uncertainties (30 bounds)

f ..quen<y (Hz)

Figure 8.3: Bode magnitude plots for dependent
uncertainties (30 bounds)
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In figure 8.3, the Bode plots have been drawn for all possible combinations of extreme

parameter values, in the case that the parameters uncertainties are dependent of each
other according to equation (8.25). In this case, six uncertainties can be varied, so

totally 26 = 64 Bode plots were drawn. In this case, the model is less conservative and
the peak at 7 * 10-3 (Hz) disappeared. However, this model is still very conservative.

This conservativeness is mainly caused by the large 30' bounds on the b parameters.

Some extreme combinations of b parameters cause a behaviour, that does not occur in
reality.

In figure 8.4, the same Bode plots have
been drawn as in figure 8.3, but in this
case not the transfer function representa
tion was used, but the state-space repre

sentation according to equation (8.28). It

was expected that this representation

should be a little more conservative. From
the picture, this seems not true. This is

because the range of parameter variations
in the b parameters is so large, that two of
them even change their signs. In this case,
it is possible that extreme bode plots occur

for combinations of parameter values which

are not extreme.

frequency (Hz)

Figure 8.4: Bode magnitude plots for linear distur
bance entries in the state-space matrices

In figure 8.5, the same Bode plots have been drawn as in figure 8.3, but in this case

not the 30' parameter bounds were used, but the DE least squares estimations (The

solid lines in figure 7.10 - 7.14). In this case, the bounds on the b parameters are much
smaller. This picture could be too optimistic, but gives a much better indication of the

variations in the system dynamics.
10> 10>

10'

. .
~ "., ~ 10'c c.. ... .
::lI ::lI

10'

10'
lO-J 10-' ,0-' 10-' lO-J 10-' 10-1

Frequency (Hz)

Figure 8.5: Bode magnitude plots for dependent
uncerainties (00 bounds)

Frequency (Hz)

Figure 8.6: Bode magnitude plots of 41 OE estima
tions
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In figure 8.6, the Bode plots have been drawn for identification interval 13-63. (The
first 12 intervals were not valid). Only the OE least squares estimations were used. The
difference with figure 8.5 is, that no extreme combinations of parameter values were
used, but just the separate model estimations for each of the 41 intervals. The
difference between figure 8.5 and 8.6 is considerable.

An explanation for the difference between figure 8.5 and 8.6 is that parameter b, has
no significant value. The system could be modeled with b, =0. In that case, the order
of the numerator equals one and an extra delay of one sample (15 (s» is added. From a

physical point of view, this does not seem realistic. In practice, when the models are
used for simulations, the residuals have the same average squared value.

If the system can be modeled with a first order numerator, with small uncertainties on
the parameters, then a second order numerator makes it possible to use a large range
of parameter values. These parameter values can not be considered independently,
because then they suggest much more uncertainty than there is. On the other hand, it
is not possible to identify the dependence of such parameter uncertainties. For this

reason, the model order should not be too high.

8.6 Conclusions

For the treated simple second-order 5150 process without controller, the ~ matrix
already had dimension 7x7. For MIMO processes the dimension of ~ will explode. For
this reason, it makes sense to look for possibilities to reduce the size of ~.' Parameter

b, has no significant value. If a model is derived with b, =0, the residuals of the simula

tions have exactly the same standard deviation. In that case, also 6, can be removed.
Another issue is, that one could ask whether it makes sense to use 64 and 65 , Their
influence is very small compared with 66 , It could be a subject for further research to

investigate how much too optimistic the model will be if 64 and 65 are removed.

Two algorithms have been presented for the computation of an LFT in some special
cases. The LFT for the simple water-vessel process however, could not be computed

with the two algorithms. For this reason it is not likely that a general solution will ever
be found for the computation of an LFT of a process with any order. On the other

hand, it appeared to be possible to construct a linear disturbance matrix without adding
much conservatism. For linear disturbance matrices, an optimal LFT can always be
computed.

If a state-space model had been derived for every interval, with parameter bounds on
the entries in the system matrix S, it would have been easier to construct an LFT. In

that case, the parameter uncertainties would have entered the matrix S linearly. This

method is dangerous however, because for one transfer-function description, an infinite
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number of state-space descriptions exists. One should be sure that in all cases, the
same state-space description method is used. The best way too guarantee this, is to
use a canonical form.

From analysis with Bode plots it can be concluded that uncertainty models, in which all
parameter variations are assumed to be independent, are too conservative. It is

important that the model order is not too high, because then the parameter bounds can

be much too conservative.
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9 CONCLUSIONS

Three possible methods for the identification of systems with parametric uncertainty

were treated. The first method of Kosut, Lau and Boyd (lit. [6]) could not be used in
practice, because non realistic assumptions were made. The second method was an
identification method which used uncertainty areas in the Nyquist plane. That method

had some disadvantages. The amount of data, necessary to derive reliable uncertainty

bounds is very large. The computation of the points in the Nyquist plane is not very

accurate and for systems with more than two uncertain parameters, the parameter

bounds can not be computed independently.

The third method can only be used for systems with (slowly) time-varying parameters.

The method is based on conventional identification techniques in the time domain. The
identification data should be cut into short intervals (which may overlap) in which the

system parameters are assumed to be constant. For every interval, a system identifica

tion is made. From the parameter values in all the intervals, the parameter bounds are

derived. For simulation examples, the method performs good. A disadvantage of the

method is that a large amount of data is necessary to identify a system with sufficient
accuracy.

The third method has been tested on the water-vessel process. This is a weakly non
linear process. In order to simulate time-varying parameters in a linear system, the
process has been identified with a slowly varying working-point. The working-point

variations were removed by data detrending. The resulting data has been identified with

a second-order (linear) Output Error model. From the identifications can be concluded

that it is possible to derive parameter bounds with the identification method. It is very

important that the model order is not too high and that dependent parameter variations
are not regarded independent. Otherwise, the system model will be very conservative.

The method can also be used if a robust linear model should be made for a weakly non

linear process. In fact, this has been done for the water-vessel process.

It is difficult to derive an LFT from a (state-space) system model with parameter uncer

tainties. If the parameter uncertainties enter the state-space matrices non-linearly, it is

not possible to give a general method for the obtaining of an LFT. Unfortunately, in a

lot of cases, the parameter uncertainties do enter the matrices non-linearly. For some

special cases, a solution has been found and described. The solutions are not

guaranteed to obtain an optimal solution. If the parameter uncertainties enter the state

space matrices linearly, always a solution can be found. An algorithm which computes

an optimal LFT has been derived and presented. However in most cases the uncer
tainties are non-linear in the system matrix entries, for systems which have been

identified with the method presented in chapter 4, it is possible to obtain linear
uncertainties without adding much conservatism.
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ENCLOSURE 1: MATLAB M-FILE FOR THE COMPUTATION OF AN LFT FOR

LINEAR PARAMETER DISTURBANCES

% M-file (Matlab) by Ludolf Lof
% This program generates a Linear Fractional Transformation for mu-analysis.
% The parameter disturbances should be linear in the parameters.
% For every independent disturbance, a disturbance matrix should be generated.
% These matrices should be given below.
%
% The program first makes G and H matrices by using an LU-decomposition for
% every disturbance matrix. The resulting G and H matrices are much too large,
% but they are optimized by the removal of the rows and columns with zeros

clear r h g Delta

Ndelt=6; % number of disturbed parameters

% Type the disturbance matrices here:
sd1=[0 0 0;0 0 0;-122 -49 77];
sd2=[0 0 0;0 0 0;139 0 0];
sd3=[0 0 0;0 a 0;0 156 0];
sd4=[0.02 a 0;0 a 0;0 a 0];
sd5=[0 0.02 0;0 a 0;0 0 0];
sd6=[-0.17 0.13 0;0 a 0;-206 -5 0];

delta=l:Ndelt;

% make sd-matrices square for LU-decomposition
sdsize=size(sd1);
if(sdsize(l) > sdsize(2»

for teller=l:Ndelt
eval(['sd',num2str(teller),'=[sd',num2str(teller), ••.

',zeros(sdsize(1),(sdsize(1)-sdsize(2»)];']);
end

end
if(sdsize(l) < sdsize(2»

for tel1er=1:Ndelt
eval(['sd',num2str(teller),'=[sd',num2str(teller), •.•

';zeros«sdsize(2)-sdsize(1»,sdsize(2»];'])
end

end

sds=max(sdsize);

% Derive H,G,DELTA MATRIX (not minimal)

for teller = l:Ndelt;
r(teller)=eval(['rank(sd',num2str(teller),')']); %Compute rank (not necessar

[1,u]=eval(['lu(sd',num2str(teller),')']);

h([1+(teller-1)*sds:teller*sds],:) = u;
g(:,[1+(teller-1)*sds:teller*sds]) = 1;
Delta(1+(teller-1)*sds:teller*sds) = delta(teller)*ones(l,sds);

end

%Show rank and non-optimised g,h and Delta
rank = r
g
h
Delta
echo on
%PRESS ANY KEY TO CONTINUE
pause
echo off
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'REDUCTION OF G,H matrices and Delta vector
hs=Ndelt*sds; , number of rows in h
teller = 1;
while(teller <= hs)

if(h(teller,:) == zeros(l,sds»
h = h([l:teller-l,teller+l:hs),:);
9 = g(:,[l:teller-l,teller+l:hs);
Delta = Delta(l,[l:teller-l,teller+l:hs);
hs=hs-l;
teller=teller-l;

end
teller=teller+l;

end
if(sdsize(l) < sds)

g=g(l:sdsize(l),:);
end
if(sdsize(2) < sds)

h=h(:,1:sdsize(2»;
end

9
h
Delta
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ENCLOSURE 2: PARAMETER ESTIMATION RESULTS FOR THE WATER-VESSEL

PROCESS
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Ib 1 II min - 30 Imin I max Imax + 30 I-

sin5 -75 -8 40 107

cos2 -49 -4 40 84

cos3 -77 -20 38 85

sin6 -40 7 55 113

Teble E.1: Bounds of parameter b_1

b 2 min - 30 min max max + 30

sin5 -238 -113 297 398

cos2 -141 -58 219 292

cos3 -198 -90 220 295

sin6 -271 -160 327 377

T.ble E.2: Bounds of parameter b_2

I b 3 II min - 30 Imin Imax Imax + 30 I
sin5 290 371 529 620

cos2 318 366 511 563

cos3 316 368 522 585

sin6 311 373 528 599

T.ble E.3: Bounds of parameter b_3

f 1 min - 30 min max max + 30-

sin5 -1.76 -1.74 -1.43 -1.41

cos2 -1.77 -1.76 -1.55 -1.54

cos3 -1.79 -1.78 -1.57 -1.55

sin6 -1.77 -1.76 -1.41 -1.39

Teble E.4: Bounds of parameter f_1
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f 2 min - 3u min max max + 3u

sinS 0.50 0.52 0.77 0.78

cos2 0.60 0.62 0.78 0.79

cos3 0.61 0.63 0.80 0.81

sin6 0.49 0.51 0.78 0.79

T.ble E.6:Bounds of parameter f_2
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