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This report fits in with a doctoral study of ir. M.C.A.M. Peters, who works 
on a project supported by FOM/STW and Nederlandse Gasunie. The ker
nel of this report is chapter one, which presents the experimental results in 
an article-like form. All other chapters are appendices containing calcula
tions about the reflection coefficient of different pipe endings, and additional 
information about the two-microphone method. 
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List of symbols 

The following list contains some frequently used symbols. 

a pipe radius 
a 1 outer pipe radius 
a2 inner pipe radius 
A pipe cross section 
c sound speed 
f frequency 
fc cut-off frequency 
He Helmholtz number ka 
Jm Bessel function of order m 
)mn n-th zero of Jm Umn > O; m = 0, ±1, ±2, .. ; n = 1, 2, .. ) 
i:nn n-th zero of J:n (j~1 = 0, all other i:nn > O; m = 0, ±1, ±2, .. ; n = 1, 2, .. ) 
H(1)' Hankel function of the first kind of order m m 

Hii transfer function 
k wave number w/c 
kd damping factor 
kmn wave number in the z-direction 
L length scale 
m mode number 
Ma Mach number 
r 
r 

I p, Po, P 
Po+ 
Po-
R 
Rµ/3 

RµfJ 
St 
Tµ/3 
il, i10 , il' 
z 
z 

{3 

I 
{J 

3 dim. space coordinate (distance from source) 
2 dim. space coordinate (distance from edge) 
total, equilibrium, acoustic pressure 
complex amplitude of incident pressure wave 
complex amplitude of reflected pressure wave 
complex reflection coefficient 
complex reflection coefficient matrix (pipe with discontinuous 
cross-section, unflanged pipe) 
complex reflection coefficient matrix (pipe with a certain wall thickness) 
Strouhal number 
complex transmission coefficient matrix 
total, equilibrium, acoustic velocity 
3 dim. space coordinate (cylindrical axis coordinate) 
complex impedance 
Po+ ; complex variable in Fourier transformation 

Po-
com p lex variable (=Jk2 - 02, Im(J) ~ 0) 
end correction 
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{} 

J 
.X 
µ 

I p, Po, P 
(] 

</>' </>o' </>' 
'l/J 
w 
w 

3 dim. space coordinate (cylindrical polar coordinate) 
2 dim. space coordinate (polar coordinate near edge) 
wavelength 
mode number 
total, equilibrium, acoustic mass density 
3 dim. space coordinate (cylindrical radius coordinate) 
total, equilibrium, acoustic velocity potential ( i1 = V </>) 
scattered field 
Fourier transformed 'ljJ 
angular frequency 

Throughout this report, a factor ciwt is used for the time dependence of 
harmonic waves. 
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Chapter 1 

An experimental study on the 
acoustic reflection coefficient 
of open pipes at low Helmholtz 
numbers 

1.1 Abstract 

Using a two-microphone method we obtained data on the acoustic reflection 
coefficient of an unflanged pipe, pipes with finite wall thickness, and a pipe 
with a horn with a circular flare at Helmholtz numbers ka < 0.3. The 
inaccuracy of the results for the absolute reflection coefficient is 0.1 % for 
ka < 0.1 and 0.3% for 0.1 < ka < 0.3. For the end correction we obtain 
results within error bounds of 0.02a. Contrary to the theory of Y. Ando, we 
find that the end correction of a thin-walled pipe is significantly different from 
the end correction of a pipe with zero wall thickness. Our data support the 
theory of J.H.M. Disselhorst and L. van Wijngaarden about the influence 
of vortex shedding on the reflection coefficient in the low amplitude limit 
wa/u ~ oo as well as in the high amplitude limit wa/u ~ 0. 

1.2 Introduction 

The subject of this report is the experimental study on the behaviour of the 
acoustic reflection coefficient of open pipes with different pipe terminations 
without mean flow. Various theoretical papers have been published on this 
matter. In 1948, H. Levine and J. Schwinger [LEV 48] calculated the re
flection coefficient of an unflanged pipe1. In 1969, Y. Ando extended the 

1 An unflanged pipe is a semi-infinite cylindrical pipe with infinitely thin walls. 
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results of Levine and Schwinger with numerical results for pipes with finite 
wall thickness. The results of these calculations ([AND 69]), together with 
some experimental results ([AND 68]), are presented in fig. 1.2. In general, 
the experimental errors of reflection coefficient measurements like these are 
quite substantial. This is also illustrated in fig. 1.1, taken from [ING 75) 
and [MUN 90]. In this figure, measurements of the amplitude of the reflec
tion coefficient are shown in case of a nonzero mean flow as a function of 
the mean flow Mach number and of the Helmholtz number ka respectively. 
Typical errors are 3% in the absolute reflection coefficient, whereas results 
for ka < 0.2 are not available altogether. It will be shown that by using a 
two-microphone method, we are able to measure reflection coefficients with 
an accuracy ten times better. 

For high amplitudes, the reflection coefficient is influenced by vortex shed
ding at the pipe end. A measure of the amplitude of the sound wave is the 
acoustic Strouhal number, defined as: 

wa 
St= -A-, 

u 
(1.1) 

where u is the amplitude of the velocity wave at the pipe end. J.H.M. Dissel
horst and L. van Wijngaarden presented a model for the influence of vortex 
shedding in the absence of a mean flow ([DIS 78) and [DIS 80]). They found 
that 

St-+ oo (1.2) 

and 

St-+ 0. 
Ma 37r ' 

l - IRl2 
(1.3) 

where~ is a dimensionless constant with an estimated value of 0.6 and Cd is 
also a dimensionless constant. According to Disselhorst and Van Wijngaar
den, Cd has a value of 2 for an unflanged pipe and ~ for a flanged pipe. These 
values are found by taking the inverse of the vena contracta factor a for the 
inflow of fluid in the respective pipes. According to our own calculations, a 
value for cd given by 

1 2 cd = - - - + 2 (1.4) 
a 2 a 

should be taken. According to the values for the vena contracta factors 
given by Disselhorst and Van Wijngaarden, we find that Cd = 2 for an 
unflanged pipe and Cd = 1; for a flanged pipe. In absence of a mean flow, 
the Mach number is defined with respect to the amplitude of the acoustic 
velocity at the pipe end. By measuring the quality factor of an open pipe, 
Disselhorst and Van Wijngaarden obtained results for the amplitude of the 
reflection coefficient that support to a certain extent their theory in the limit 
of St -+ oo. By using a two-microphone method we are able to measure the 
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influence of wall thickness and vortex shedding on the amplitude as well as 
the phase of the reflection coefficient. Our results present an independent 
check on the results of Ando and Disselhorst & Van Wijngaarden. 
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Figure 1.1: Results for the reflection coefficient in the presence of a nonzero 
mean flow. The results were taken from Ingard and Singhal ([ING 75]) and 
Munt ([MUN 90]). 
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Magnitude of the velocity potential 
coefficients as a function of k a1 • 

Curve a: aJa1 =1.00, 
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Curve a: aJa1 =1.00, 
curveh: a.Ja1 =0.85, 
curvec: a.Ja1 =0.75, 
curved: aJa1 =0. 70. 

curve h: aJ a1 = 0.85, 
curvec: aJa1 =0.70. 0.8.--------------~ 

0.6 

t 0.1+1--------"'-.....--.::..,,=----,.-----1 

t,/a1 

0.2f-------~------a1 

1.0 2.Q 

ka1 -

3.0 4.0 

Measured and calculated acoustic center 
for aJ at = 0.838. 
Solid curve: calculated value for aJ a1 = 0.838. 
Dotted curve: calculated value for IZt - a1 , 

outside radius. 
X X X measured values at r = 30 cm, 
• • • measured values at r = 80 cm. 

Figure 1.1: The theoretical and experimental results of Ando for the reflection 
coefficient of a cylindrical pipe with a finite wall thickness. The inner radius is 
denoted by a2 , the outer radius by a1 . The experimental results were obtained 
by measuring the complex pressure amplitudes at two points outside the pipe, 
both at a distance r ~ a from the pipe end. One microphone was placed 
in forward direction, the other one in nearly backward direction. By taking 
the ratio of the measured complex amplitudes, Ando obtained results for the 
acoustic centre ([AND 68]), which is closely related to the end correction (see 
(AND 69]). 
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1.3 Experimental set-up 

For the reflection coefficient measurements a straight cylindrical pipe with 
an inner radius a of 1.5 cm and a length of 5 m was used. The wall thickness 
is 0.5 cm. There are four openings in the pipe wall at the places where 
the microphones are mounted. The pipe consists of several segments that 
can easily be interchanged or left out, so that it is possible to change the 
relative positions of the microphones. Apart from the microphone openings, 
the inside of the pipe is smooth (roughness of order 0.1 µm). The pipe is 
placed 66 cm above the hard floor of a large room (20 x 16 x 9 m3 ). The 
sound source is a loudspeaker enclosed in a box with cylindrical nozzles of 
radius a at both sides (see fig. 1.3). One of these nozzles is placed 1 mm from 
the pipe entrance. The pipe is supported by a heavy frame at five randomly 
chosen positions. Between the frame and the pipe there are rubber strips in 
order to avoid the transfer of mechanical vibrations from the frame to the 
pipe. Mechanical contact between the loudspeaker and the pipe is avoided. 

10 m long coax cable 

/ charge amplifier 

'---------------/ / (Kistler 5007) 

/ 30 cm long low 

HP 3565 S 

FFT-analyzer 

HP 9000/300 

HP-VISTA 

r / capacitive coax cable 

/ pressure gauge 
1513 ---- (PCB 116 A) 

Figure 1.3: The experimental set-up. The numbers 1513, 1511, 1510 and 
1459 are used to identify the measuring channels. 
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As microphones acceleration compensated piezo-electrical gauges (type 
PCB 116 A) are used. The gauges have a diameter of 10.3 mm so that 
they cannot be mounted flush in the pipe wall. The gauge configuration is 

10.3 
I· •I 

0.5 

Figure 1.4: The gauge configuration. 

shown in fig. 1.4. A hole (3.5 mm diameter and 1.5 mm depth) leads the 
pressure from the pipe to a cylindrical cavity (10.3 mm diameter and 0.5 mm 
depth). The gauge surface is the upper wall of the cavity. It is important that 
the cavities are not too big, because any deviation from the cylindrical shape 
causes unwanted reflections and evanescent modes which affect the sinusoidal 
z-dependence of the acoustic pressure. For ka < 0.3, this effect influences the 
end correction by less than 0.01 a. On the other hand, if the cavities are made 
too small, the pressure at the gauge surface might be influenced by viscous 
effects. In practice, uncertainties in the gauge response have been eliminated 
by means of a calibration procedure. The results of this calibration procedure 
suggest that viscous effects are negligible for frequencies above 100 Hz. 

The distances z; between microphone j and the pipe end is measured 
within 0.1 mm (z1 = 87.0 mm, z2 = 224.7 mm, z3 = 419.3 mm and z4 = 
4 70.3 mm). The presented data have been calculated from the measured 
transfer functions H;1 between microphones j = 2,3,4 and microphone 1. 
With the exception of situations where f:::lz = nA/2, accurate measurements 
can be performed because of the reference microphone 1 being mounted rela
tively close to the pipe end. The signals from the microphones are amplified 
by charge amplifiers (Kistler type 5007, bandwidth 0.1 Hz < f < 22 kHz) 
and analyzed by a HP 3565 S data acquisition system/FFT-analyzer (see fig. 
1.3). The resolution of the analog/digital input is 13 bit (2.5 x 10-4 ). The 
relative phase error between the channels is 0.1°. Manipulation of the data 
is done with the HP-vista software packet of the HP-9000/360 system. 
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At the pipe end, three different nozzles can be attached (see fig. 1.5): 

• nozzle nr. 1 with sharp edges and an internal angle of 20° 

• nozzles 2,3,4 with a wall thickness defined by the ratio a 2/ a1 of the 
internal and external radii ( a 2 = a). These ratios have been chosen in 
agreement with the theoretical data of Ando: 

- nozzle nr. 2 : a 2/ a1 = 0.85 

- nozzle nr. 3 : a2f a1 = 0. 75 

- nozzle nr. 4 : a 2/ a1 = 0. 70. 

• horn with a circular flare (radius of curvature 6 cm or twice the pipe 
diameter) 

nozzle nr. 2,3,4 

horn 

Figure 1.5: The different nozzles that can be attached to the pipe. 

The influence of friction and heat transfer at the pipe wall as calculated 
in [MOR 68] has been taken into account. The reflection coefficient data are 
corrected for the influence of the floor by assuming an ideally reflecting floor 
and free field conditions. This correction is less than 0.1 % in IRI for ka < 0.2 
and less than 0.2% for 0.2 < ka < 0.3. The influence of the floor on the end 
correction is less than 0.003a for ka < 0.3. The influence of the microphone 
cavities on the end correction calculated by assuming a frictionless response 
is taken into account. This influence is of order 0.01 a. Each measurement 
has been repeated ten times. Only measurements with a coherence better 
than 0.9999 have been used. In spite of the loudspeaker being a rather 
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Figure 1.6: A typical pressure spectrum in the pipe. The peaks with a 
distance of 27 Hz between them are the result of resonance. At the minima 
at multiples of 225 Hz, a pressure node passes the pressure gauge. 

weak sound source, it has been possible to obtain such high coherences by 
performing measurements at resonance frequencies of the pipe. Fig 1.6 shows 
a typical pressure spectrum of the standing wave inside the pipe. For the 
sound speed, data of [CRC] have been used. These data take into account 
the influence of the relative air humidity and are given for a temperature of 
20 °C. The data were corrected for the temperature difference from 20 °C 
by assuming ideal gas behaviour. The temperature of the pipe wall has been 
measured with a thermocouple calibrated with a mercury thermometer. The 
uncertainty in the temperature is about 0.1 °C. 

The transfer function Hi; between two microphones is influenced by the 
difference in frequency response of the two measuring channels i and j. A 
measuring channel consists of a gauge cavity, a piezo-electrical gauge, a 30 
cm long low capacity coax cable, a charge amplifier, a 10 m long coax cable, 
the HP data acquisition system and the FFT-analyzer. Since the transfer 
functions Hi; are critically dependent on the way the piezo-electrical gauges 
are placed in the cavities and on the quality of the low capacitive coax ca
bles, each individual channel has been calibrated by means of the following 
procedure. First, the sections of the pipe are assembled in such a way that 
the channel that is to be calibrated is as close as possible to the pipe end. 
Subsequently, the pipe end is closed by means of a piston, which penetrates 
5 cm into the pipe (see fig. 1.7). At the flat end wall of this piston, a fifth 
pressure gauge has been mounted. This pressure gauge is used for the pur
pose of calibration only. By means of this procedure, the calibration gauge is 
placed within 8 cm from a pressure opening. In order to minimize the effects 
of errors due to the actual reflection coefficient not being exactly equal to 
unity, or uncertainties in the sound speed, the temperature or the positions 
of the microphones, it is important to keep the distance between the gauges 
small during the calibration. We assume a linear response of the system and 
compensate Hi; with a complex correction factor which we assume to be a 
function of the frequency only. 

14 
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Figure 1.7: The piston with the 1509 calibration pressure gauge. 
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0.000 

1.4 Results 

1.4.1 Closed end 

With the transducers calibrated in this way, all pipe segments with their 
transducers were reassembled. First, the pipe was terminated with a solid end 
plate. The distances from the transducers to the end wall were: z(1513) = 
52 mm; z(1511) = 189.7 mm; z(1510) = 384.3 mm; z(1459) = 435.4 mm. 
The results of these measurements are shown in fig. 1.8. The theoretically ex
pected value of IRI = 1 is found with a relative uncertainty of 10-3 . The end 
correction is found with an inaccuracy of 0.02 a. The deviation from R = 1 at 
low frequencies is due to the sensivity of the calculated reflection coefficient 
for small errors in Hii· It can be shown that low-frequency measurements at 
an open pipe end are far less critical. 

dosed end 

0 x 

0 

·. 

ka 
0.300 

6'/a 

-0.100 
0.000 

xx• 
x• 

. . 

dosed end 

. . . 

ka 

Figure 1.8: The reflection coefficient of a closed end. The phase is expressed 
as an end correction according to 2kb' = cp. Excitation channel 1513; re
sponse channels o 1511; x 1510; /:::;. 1459. The distances from the micro
phones to the pipe end are given by: z(1513) = 52 mm; z(1511) = 189.7 mm; 
z(1510) = 384.3 mm; z(1459) = 435.4 mm. 
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1.4.2 U nflanged pipe 

After the measurements at a closed end, the end wall was replaced by an 
unflanged nozzle (nozzle nr. 1 ). The results of these measurements are pre
sented in fig. 1.9. All measurements have been performed with St > 10, so 
that the influence of vortex shedding as calculated by Disselhorst and Van 
Wijngaarden ([DIS 78], [DIS 80]) is negligible (see section 1.4.5). In general, 
the absolute value is about 0.3% lower than the value calculated by Levine 
and Schwinger. In view of the fair agreement between the different channel 
pairs, especially for ka < 0.1, the difference between the measured reflection 
coefficient and the theoretical result is significant. The results for the end 
correction seem to be very accurate in the range 0.06 < ka < 0.1. The values 
are a little, but significantly higher than the result of Levine and Schwinger. 
For ka > 0.1 there is a tendency for the results to be higher than the result 
of Levine and Schwinger also. The discrepancy between the experiments and 
the theoretical curves and the experimental results could be due to room res
onances. For the end correction, there is also the possibility that the linear 
model of Levine and Schwinger is insufficiently conform to reality. Further, 
there could be other loss processes than vortex shedding. Especially the 
influence of room resonances could be a topic of further investigations. 

unf tanged pipe unflanged pipe 

ao 

• x. L&S 

L&S 
fJ/a 

x x 

ka ka 
0.300 0.000 

Figure 1.9: The reflection coefficient of an unflanged pipe. Excitation channel 
1513; response channels o 1511; x 1510; !::.. 1459. The distances from the 
microphones to the pipe end are given by: z(1513) = 87 mm; z(1511) = 
224.7 mm; z(1510) = 419.3 mm; z(1459) = 470.4 mm. The solid curves 
represent the theoretical result of Levine and Schwinger. 
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1.4.3 Pipes with finite wall thickness 

Subsequently, the unflanged nozzle was replaced by one of the nozzles with 
finite wall thickness. In these experiments, the nozzles 2 and 4 were used 
(a2f a1 = 0.85 and a2/a1 = 0.70 respectively). The results are shown in fig. 
1.10 and 1.11. For ka < 0.3, there is no significant difference between the 
results of Ando and the results of of Levine and Schwinger for the absolute 
reflection coefficient of a pipe with or without a finite wall thickness. These 
results are represented by the solid curves in fig. 1.10 and 1.11. It should be 
noted that fig. 1.10 shows R versus ka2, whereas Ando presents his results as 
a function of ka1 (fig. 1.2). The independence of the shape of the pipe end is 
strongly supported by the experimental results of fig. 1.9, 1.10 and 1.11. The 
experimental results do not support Ando's theory for the end correction in 
the limit ka --+ 0 in the case a2/ a1 = 0.85. According to Ando's theory there 
is no significant difference in end correction between an unflanged pipe and 
a pipe with a2f a1 = 0.85 in the limit ka --+ 0 (represented by the solid line 
in fig. 1.10). Contrary to this result, we find these end corrections to be diff-

a2/a1 = 0.85 

Ando (a2/a1 =0.85) 

• ~ L&S (a2/a1=l) 

ka 
0.300 

a2/a1 = 0.85 
1.000 ~~-..----.----r----r----.--.--.-----,---, 

h/a 

0.000 

I A 0 0 0 
• I 

L&S (a2f a1 =1) 

Ando (a2fa1 =0.85) 

ka 
0.300 

Figure 1.10: The reflection coefficient of a pipe with a2/ a1 = 0.85. Excitation 
channel 1513; response channels o 1511; x 1510; ~ 1459. The distances from 
the microphones to the pipe end are given by: z(1513) = 87 mm; z(1511) = 
224.7 mm; z(1510) = 419.3 mm; z(1459) = 470.4 mm. The solid curves in 
both figures represent the results of Levine and Schwinger for an unflanged 
pipe and simultaneously the results of Ando for a pipe with a2/ a1 = 0.85. 
For ka < 0.3, these results are equal nearly within line thickness. 
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erent. A much better agreement with Ando's theory is found for a2/ a1 = 0. 70. 
The upper solid line in the end correction figure represents the result of Ando 
for a pipe with a2/ a1 = 0. 70; the lower solid line represents the result of 
Levine and Schwinger for an unflanged pipe. In view of the agreement of 
Ando's results with these experimental results, it seems the most likely that 
for the case of a2/ a1 = 0.85, there has been made an error in the graphical 
representation of Ando's results. 

Our experimental results for a2/ a1 = 1, 0.85 and 0. 70 suggest that for 
thin walls, there is a linear relationship between end correction and wall 
thickness. 

al/al = 0.70 al/al = 0.70 
1.000 

Ando (a2/a1 ,;0.70) 
x 

. An~o (a2/a1 =0.70) 

L&S (a2/a1=l) 
• x 
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Figure 1.11: The reflection coefficient of a pipe with a2/ a1 = 0. 70. Excitation 
channel 1513; response channels o 1511; x 1510; 6. 1459. The distances from 
the microphones to the pipe end are given by: z(1513) = 87 mm; z(1511) = 
224.7 mm; z(1510) = 419.3 mm; z(1459) = 470.4 mm. The solid curve 
in the figure for IRI represents the result of Levine and Schwinger for an 
unflanged pipe and the result of Ando for a pipe with a2 / a1 = 0. 70. The 
upper solid curve in the figure for fJ / a2 represents the result of Ando for a 
pipe with a2 / a1 = 0. 70, the lower solid curve represents the result of Levine 
and Schwinger for an unflanged pipe. 
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1.4.4 Horn 

The results for a pipe with a circular horn attached to it are presented in 
fig. 1.12. Compared with the results for an unflanged pipe, the modulus 
of the reflection coefficient of a horn shows a sharp drop above ka = 0.15. 
This proves the well-known property of horns of effectively radiating high 
frequencies. The end correction has been calculated from the place where the 
circular flare begins. The data agree with results of R. de Leeuw [LEE 91] 
who measured the end correction of the same horn in case of a mean flow as 
a function of the mean flow Strouhal number Sr= 2/ a/u0 (see fig. 1.13). 

horn horn 
3.000 r-----r---.-----r-.,.--.-----.--.-----r---y-----, 

6/a 

0.900 '-:-:-=--'""----'----'---'--'----'----'-----L-•-.!e.0 __._____J 2.000 
o.ooo ka 0.300 o._.oo_o_.__--'---'---'--'----'----'-----L-----'-____Jo.3oo 

ka 

Figure 1.12: The reflection coefficient of a pipe with a horn attached to it. 
Excitation channel 1513; response channels o 1511; x 1510; ~ 1459. The 
distances from the microphones to the pipe end are given by: z(1513) = 
117.6 mm; z(1511) = 255.3 mm; z(1510) = 449.9 mm; z(1459) = 500.9 mm. 
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The end correction for a horn 
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Figure 1.13: The end correction of a horn in the presence of a mean flow u0 

as a function of the inverse Strouhal number (here defined as Sr= f h/u0 = 
2f a/u0 ) as measured by R. de Leeuw. 
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1.4.5 Influence of vortex shedding 

Using the unflanged nozzle and the nozzle with a2/a1 = 0.70, measurements 
were performed at fixed frequencies of 27 Hz, 53 Hz and 84 Hz, with a variable 
signal strength to the loudspeaker. The same measurement configuration was 
used as in sections 1.4.2 and 1.4.3. The results for the reflection coefficient 
as a function of the Strouhal number are shown in fig. 1.14 (unflanged pipe) 
and 1.15 (pipe with a2/a1 = 0.70). 

In the figures of1°log ( 1-;_!!12) against 10log(St), the dashed lines represent 
the theoretical asymptotic result for St --+ oo of Disselhorst and Van Wijn
gaarden (equation 1.2) for an unflanged pipe. The solid lines correspond to 
their limit for St --+ 0 (equation 1.3) with Cd = 2 for the unflanged pipe and 
Cd = 1; for the pipe with alf a1 = 0. 70. For the unflanged pipe, there is a 
significant difference between the experimental results and the low Strouhal 
number limit calculated by Disselhorst and Van Wijngaarden. This differ
ence corresponds to a difference in IRI of about 0.1 %, which is of the same 
order of magnitude as the difference between the experimental results and the 
theory of Levine and Schwinger (see section 1.4.2). Hence our measurements 
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Figure 1.14: Measurementsof 10log ( 1-j!'2
) against 10log(St)foran unflanged 

pipe; x 27 Hz; ~ 53 Hz; D 84 Hz. The solid line represents the theory of 
Disselhorst and Van Wijngaarden in the limit of St --+ 0 for an unflanged 
pipe; the dashed line represents the theory of Disselhorst and Van Wijngaar
den in the limit of St --+ oo for an unflanged pipe. The dashed line has been 
corrected for the finite inner angle of 20° of the unflanged nozzle. The circles 
( o) represent measurements taken from Disselhorst ([DIS 78], p. 148). 
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do not disprove the theory of Disselhorst and Van Wijngaarden. Also for 
10log(St) > 0.2 there is a difference between the experimental results and the 
results of Disselhorst and Van Wijngaarden. According to our measurements, 
the factor a in equation 1.2 has a value of about 0.5. Since Disselhorst and 
Van Wijngaarden manage to adapt their estimate for a from 0.8 to 0.6 by 
using a different averaging procedure for their numerical results (see [DIS 80], 
p. 312), a value of 0.5 is quite plausible. For the influence of vortex shedding 
on the end correction, no theory is available yet. 

The pipe with a2/a1 = 0.70 shows a similar behaviour. Our results for the 
influence of wall thickness agree with the modified version of the theory of 
Disselhorst and Van Wijngaarden in the high amplitude limit. The influence 
of acoustic streaming has been checked by sealing up the opening between 
the loudspeaker and the pipe with tape. There was no significant difference 
between the results with and without tape. 
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Figure 1.15: Measurements of 10log ( 1-;_l:!l2) against 10log(St) for a pipe with 
a2/ a1 = 0. 70. x 27 Hz; f:.i. 53 Hz; D 84 Hz. The solid line represents the 
theory of Disselhorst and Van Wijngaarden in the limit of St--+ 0 for a pipe 
with a2 / a1 = 0. 70; the dashed line represents the theory of Disselhorst and 
Van Wijngaarden in the limit of St --+ oo for an unflanged pipe. The dashed 
line has been corrected for the finite inner angle of the unflanged nozzle. 
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1.5 Conclusions 

In this report results for the reflection coefficient of open pipes with differ
ently shaped terminations are presented that have been obtained by using 
the two-microphone method. It is shown that by carefully calibrating and 
taking into account effects such as friction, heat transfer, reflections from the 
floor, influence of the gauge cavities and temperature effects, an accuracy in 
IRI of 0.1% for ka < 0.1 and 0.3% for 0.1 < ka < 0.3 and 0.02a in the end 
correction can be obtained. Our results do not always agree with existing 
theories. Contrary to the results of Ando, we find that there is a difference in 
end correction between a thin walled pipe (a2/a1 = 0.85) and an unflanged 
pipe. The results confirm the theory of Disselhorst and Van Wijngaarden 
about the influence of vortex shedding, although we find that the actual re
flection coefficient is influenced by an effect that is not described by Ando 
or Disselhorst and Van Wijngaarden. One of the possibilities is that acous
tic room resonances affect the reflection coefficient. The results about the 
reflection coefficient of a horn without mean flow confirm results in the case 
of a nonzero mean flow by De Leeuw in the limit of the mean flow Strouhal 
number going to infinity. 
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Chapter 2 

Appendix A: General concepts 

2.1 The wave equation for sound 

Sound waves are small unsteady disturbances of physical quantities such as 
pressure p, density p and velocity i1 of a compressible continuum. All these 
quantities have steady values in the absence of sound waves, but we need to 
focus on the small deviations from those averages. Therefore we write: 

p(x, t) = Po(x) + p'(x, t) (2.1) 

where Po is the constant density of the equilibrium condition and p' represents 
the density change due to the wave. Similarly: 

p(x, t) 
il(x, t) 
<P(x, t) 

Po(i) + p'(x, t) 
ilo(i) + il'(x, t) 

<Po(i) + <P'(x, t) 

(2.2) 
(2.3) 
(2.4) 

for pressure, velocity and, if the velocity field is irrotational, velocity potential 
respectively. In this report, i10 and <Po are always zero, and the notation 
without the accent will be used for these quantities. 

When in an equation terms quadratic or of higher order in small distur
bances are neglected, we speak of a linearized equation. In linearized form 
the mass conservation equation becomes: 

ap' .... 
at + p0V.u = 0, (2.5) 

and the momentum conservation equation for an inviscid fluid becomes: 

au I 

Poat=-Vp. (2.6) 

Apart from these two conservation equations, we need a constitutive equation 
for the derivation of the wave equation for sound. In general, the equilibrium 
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state of a fluid is determined by two internal quantities, so that.for the specific 
case of the pressure: 

P = p(p, S). (2.7) 

We only consider fluids with negligible heat conductivity and viscosity1, so 
that the entropy is constant. Therefore, 

I ap I def 2 I 
p=- p =cp 

ap dS=O 
(2.8) 

After taking the divergence of the mass conservation equation and the time 
derivative of the momentum conservation equation we can eliminate i1 by 
subtraction of the two equations. We can then eliminate p' by using the 
constitutive equation 2.8 in order to find the wave equation: 

(2.9) 

The wave equation for p' is obtained by replacing p' by p' / <?. The relationship 
between p' and </> is obtained by integration of the momentum equation using 
i1 = V' </>. We obtain the linearized Bernoulli equation: 

Po ~~ + p' = f ( t) (2.10) 

where f(t) is a function of time which is determined by the boundary con
ditions. In all cases discussed in this report, the acoustic field is unbounded 
and the acoustic amplitudes vanish at infinity, so that f(t) = 0. Only in 
bounded systems, or systems with very special geometries such as a pipe with 
an exponentially decreasing cross-section, it is possible that f(t) is nonzero. 
Boundary conditions are discussed further in section 2.2. 

2.2 Impedance and boundary conditions 

The impedance Z is defined by: 

p' iwp</> 
Z=-(-.-.)=- ~ 

n,u an 
(2.11) 

where ii is a unit vector normal to a plane with regard to which the impedance 
is defined. In case of a pipe end, the normal vector ii is chosen along the 
pipe axis, directed into the pipe. Equation 2.11 can be written as 

iwp</> + z:~ = 0, {2.12) 

1In fact, it appears that for sound waves in air, heat transfer and viscosity are small if 
w ~ c2 /11 ~ I010 s- 1• 
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so that the impedance can be used to define boundary conditions. For a hard 
wall: 

B</> = 0 z or = oo. 
8n (2.13) 

For a totally compliant wall, 

</> = 0 or Z = 0. (2.14) 

It should be noted that a totally compliant wall is more difficult to realise 
than a hard wall. For instance, throughout this report it is shown many 
times that an open pipe end does not behave as a totally compliant wall 
(since that would yield a reflection coefficient of -1, see section 2.5). 

Radiation conditions for waves radiated from a finite three-dimensional 
source towards infinity in a nonzero solid angle have been formulated by 
Sommerfeld: 

1. lul < K/r as r--+ oo ( ]{ constant); 

2. r(u,. - iku)--+ 0 as r--+ oo. 

In these conditions r denotes the distance from the source. The first condition 
expresses conservation of acoustic energy (see section 2.3), the second one 
expresses that there are no waves travelling from infinity towards the source. 

2.3 Acoustic energy 

From the linearized conservation laws for mass and momentum, we can derive 
an energy conservation law by multiplying the mass conservation law by p' 
and the momentum conservation law by il. We find after division of the 
mass conservation equation by p0 and addition of the two equations (using 
p' = c2p'): 

a ( 1 
1 

.... 12 1 p'2 ) " ( , .... ) - -pou +-- + v.pu =0. at 2 2 PoC2 
(2.15) 

If we define acoustic energy E as 

1 1 p12 

E = -poli11 2 + --
2 2 p0c2 (2.16) 

and the acoustic intensity as 
j = p'il (2.17) 

we have a conservation law 

(2.18) 
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Note that this equation is derived from linearized equations. As E and f 
are higher-order quantities, the definition is not necessarily exact. In fact it 
appears that in absence of mean flow this equation is exact. In presence of 
mean flow a definition of acoustic energy cannot always be obtained from the 
linearized equations and a more careful procedure should be used ([MYE 86)). 
In complex notation, we can write for the acoustic intensity: 

I = Re(p').Re( it) = !(p' + p'*)( i1 +it*). 
4 

For the time-averaged acoustic intensity, it follows that: 

(I} = !(p'i1* + p'*i1). 
4 

(2.19) 

(2.20) 

2.4 Dimensionless quantities and compact
ness 

If the geometry of the system causes the internal physical quantities to change 
substantially on a length scale L much smaller than the wavelength A, the 
most natural way of making the space variables dimensionless is by: 

(2.21) 

Dimensionless parameters for the time and the velocity potential are intro
duced by: 

t =wt 

and 
- </> </>=-

<l>max 
so that the wave equation becomes: 

-2- w2 L2 a2-;r, 
V</>---=0 

c2 af' 

V2ef, - He2 a2-;r, = 0 
af' 

where He denotes the Helmholtz number based on L defined by: 

He= kL. 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

If He ~ 1, the wave equation reduces to the Laplace equation. From the 
definition of</> it follows that in that case V.u ';:::;:, 0, that is, the flow is nearly 
incompressible. Regions where He ~ 1 are called acoustically compact. 
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Other useful dimensionless quantities are the acoustic Mach number 

u 
Ma=

c 
(2.27) 

where u is the amplitude of the velocity wave, and the acoustic Strouhal 
number 

St= WAL. (2.28) 
u 

The Mach number and the inverse Strouhal number can both be considered 
as dimensionless forms of the amplitude of the sound wave. 

The linearization of the momentum equation implies that, dependent 
whether ,\ or L is the dominant length scale, the Mach number or the inverse 
Strouhal number is much smaller than unity. The Mach number and the 
Strouhal number are related according to: 

MaSt = He. (2.29) 

It should be noted that these definitions are based on the absence of mean 
flow u0 . In case of a nonzero mean flow a third characteristic velocity appears, 
and the Mach number and the Strouhal number can also be defined with 
relation to u0 . 

2.5 The reflection coefficient of a cylindrical 
• pipe 

In this report, the reflection of sound waves in a circular cylindrical duct for 
low frequencies (below the cut-off frequency, see section 4.1) without mean 
flow with or without a horn is discussed. As demonstrated in section 4.1, for 
frequencies below the cut-off frequency, propagating waves in a cylindrical 
pipe with its axis along the z-axis are described by: 

p' ( z, t) = Po+ eilu-iwt + Po- e-ilu-iwt (2.30) 

with Po+ and Po- the complex amplitudes of the waves propagating in the pos
itive resp. negative z-direction. The general problem discussed in this report 
is what happens when a plane wave propagating in the positive z-direction 
is scattered at z = 0 by a pipe end with a certain geometry, such as an 
unflanged pipe2 or a horn. Generally, a part of the incident wave is radiated 
into the free field, and a part is reflected back into the pipe. It is assumed 
that the wave coming from z = -oo is the only incident wave, and apart 
from a special case discussed in section 3.3 where the influence of the floor 
is calculated, the wave can travel outward to infinity freely. 

2 An unflanged pipe is a semi-infinite cylindrical pipe with infinitely thin walls. 
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The reflection coefficient is defined as: 

R(z) = p'(z, t), reflected = Po- e-2ilu:. ( ) 

p'(z, t), incident Po+ 
2

"
31 

This definition provides an appropriate way of describing the reflection at 
any pipe end, obstacle, pipe splitting or whatever. In most cases we will take 
z = O, that is, we will consider the 'reflection coefficient at the pipe end'. 

There is a simple relation between the reflection coefficient R and the 
impedance Z. From equation 2.31 and the linearized momentum equation it 
follows that 

so that 

or 

( t) Po+ ile.z-iwt Po- -ile.z-iwt u z, = -e --e 

Z(z) 

Poe PoC 

p' ( z' t) Po+ eile.z + Po- e-ile.z 

( ) = poc ·1e ·1e uz,t p0+e'.z-p0-e-•.z 

1 + R(z) 
Poe 1 - R(z) 

R(z) = Z(z)j Poe - 1 
Z(z)/ Poe+ 1 

(2.32) 

(2.33) 

(2.34) 

As a first approximation for the description of the reflection coefficient of a 
closed or an unflanged pipe end, we can set Z = oo resp. Z = 0, leading to 
R = 1 resp. R = -1. Up to O(ka), the reflection coefficient of an unflanged 
pipe assumes in the limit ka-+ oo the form ([LEV 48]): 

R = -e2ile6 , 8::::::: 0.6133a. (2.35) 

In this limit, the reflected wave behaves as if it were reflected at a totally 
compliant pipe end placed at a distance 8 outside the actual pipe. We call 8 
the end correction to the pipe termination. More generally, it is convenient 
to write for an open pipe end: 

R = -IRle2i1e6 (2.36) 

where 8 /a is a function of the Helmholtz number ka. For a closed end, if we 
neglect heat transfer, the deviation from R = 1 is vanishingly small, but since 
we have performed measurements of the reflection coefficient at a closed end 
as a verification of the quality of our experimental set-up, we will introduce 
the end correction 8' for a closed end as the virtual place where 8p' / 8z = 0. 
It is easily shown that for a closed end, we can write: 

R = 1Rle2ilc6'. 

According to equations 2.36 and 2.37 we can write: 

2k8' = 2k8 + 1C'. 
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Chapter 3 

Appendix B: Low-frequency 
approximation 

3.1 Radiation from a compact pipe end 

In the sound field of a compact ( ka ~ 1) sound source in free space, two 
different regions can be distinguished. As can be easily verified, the spherical 
sound wave radiated by a point source at r = 0 in spherical coordinates is 
described by: 

A ·L_ • 

p'(r, t) = -e'i<r-iwt 
r 

According to the linearized momentum conservation law 

8u I 

Po at = -Vp 

the radial velocity u is given by: 

(3.1) 

(3.2) 

A ·L- • i 
U = -eli<r-IWt(l + -). (3.3) 

Poer kr 

For small distances to the source (kr ~ 1), the velocity is inversely pro
portional to the square of the distance. This agrees with the conclusion of 
section 2.4 that the flow in a compact region is incompressible. For large dis
tances from the source ( kr ~ 1 ), the velocity is proportional to eilc~ /r. This 
corresponds to a nearly plane wave with an amplitude that changes slowly 
as l/r. This implies that the sound intensity is proportional to l/r2 , so that 
the integral over a sphere is constant and acoustic energy is conserved. 

The following model for the reflection coefficient of a compact pipe end 
is based on these properties. Consider an unflanged pipe with radius a, its 
axis along the z-axis and the ending at z = 0. Inside the pipe, the acoustic 
pressure is given by: 

p'(z, t) = aeilc%-iwt + (3e-ilc%-iwt; (3.4) 
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u(z, t) = _!:_eilc:i:-U..t _ _f!_e-ilc:i:-U..t. 
Poe Poe 

(3.5) 

The reflection coefficient at z = 0 is given by: 

(3.6) 

Note that a and {3 are just more convenient notations for Po+ and Po- re
spectively. We assume that for r > a outside the pipe, 

A ·L- • 

p'(r, t) = -e•---t. 
r 

As we have seen, this yields for kr ~ 1: 

Ai . t u(r) = e--
pockr2 

and for kr > 1: 

(3.7) 

(3.8) 

A ·1c • t u(r) = -e' ,. __ . (3.9) 
Poer 

In the region kr ~ 1, where the flow is approximately incompressible, the 
radial velocity can be estimated by: 

or 

( ) 
a2 a - {3 -iwt 

u r =---e 
4r2 PoC 

From 3.8 and 3.11 it follows that 

A= (a-{3)ka2 

4i 

(3.10) 

(3.11) 

(3.12) 

Apart from this conservation of volume at the pipe end, we have conservation 
of acoustic energy: 

47rr2(/(r)) 7ra2(J{inside pipe)) 
AA* aa* - {3{3* 

47rr2 7ra2 
2pocr2 2poc 

a2 
AA* - -(aa* - {3{3*) 

4 

From equation 3.12 and equation 3.15 it follows that 

(ka)
2 

(a - {3)(a* - {3*) = aa* - {3{3*. 
4 
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This equation provides directly the real part of the complex impedance Z at 
z = 0. By definition: 

so that 

z 
Re(-) 

poc 
! { a + f3 + a* + /3* } 
2 a - f3 a* - /3* 
(a + /3)( a* - /3*) + (a* + /3*)( a* - /3*) 

2(a - f3)(a• - f3•) 
aa* - /3/3* 

(a - f3)(a• - f3•) 
(ka)2 

4 

(3.17) 

(3.18) 

For an unflanged pipe, the imaginary part of the impedance can be estimated 
with the linearized Bernoulli's law (see section 2.1): 

8</> p' 
-+-=0. 
8t Po 

(3.19) 

It is possible to make a rough estimate for </>(z = 0): 

l
a/2 a2 a 

</>(z = 0):::::: -
2 
u(z = O)dr = -u(z = 0)-. 

oo 4r 2 
(3.20) 

The upper bound of the integral has been chosen because at that point, the 
expression for the radial velocity equals u(z = 0). Because of this estimate 
and because of the fact that close to the pipe end equation 3.8 is not valid, 
the factor a/2, which is the end correction fJ, cannot be expected to be very 
accurate. The correct value turns out to be 0.6133 a ([LEV 48]). From 
Bernoulli's law it follows that 

p' = iwpo</> = -iwpou(z = O)fJ, (3.21) 

so that 
_!__ = p'(z = 0) = -ikfJ. 
PoC Pocu(z = 0) 

(3.22) 

Therefore, the result for the impedance at z = 0 is: 

_!__ = ( ka )2 - ikfJ. 
poc 4 

(3.23) 

The reflection coefficient R can be calculated from the impedance according 
to (see section 2.5): 

R = Z/Poc- l 
Z/Poc+ 1 
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Im 

Re 

Figure 3.1: The reflection coefficient in the complex plane. 

We want to write R in the form: 

(3.25) 

Therefore, c.p is the argument of -R (see fig. 3.1) and is calculated as follows: 

( 
Z/ poc-1) (2Z) c.p =Im log -Z/ ~-Im log - = 2kh 

Poe+ 1 poc 
(3.26) 

so that 
(3.27) 

The simplest way of finding the modulus of R is to calculate the energy 
reflection coefficient RR*: 

RR* = ( Z /Poe - 1) ( Z* /Poe - 1) 
Z /Poe + 1 Z* /Poe + 1 

(3.28) 

In order to find RR* to second order on ka, this calculation must be done to 
second order in the small parameter Z / p0 c. The result is: 

RR*= 1 - (ka) 2 (3.29) 

so that, up to second order in ka: 

V (ka)2 IRI =1 - (ka)2 = 1 - -
2
-. (3.30) 

Since in the derivation of the expression for Re(Z/ p0 c) the shape of the 
pipe end is not used, we expect 3.30 to be valid for any compact pipe end. 
For a pipe with nonzero wall thickness, intuitive arguments predict that the 
end correction will turn out somewhat higher. Because of the geometric 
restriction caused by the wall thickness, the velocity near the pipe end drops 
off more slowly, so that the the velocity potential at the pipe end (predicted 
by formula 3.20) yields a higher value. For a flanged pipe (a pipe with an 
infinite wall thickness), the end correction is ([RAY 1896], [KIN 36]): 

h = 0.82a. (3.31) 
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3.2 End correction of a compact horn 

In the limit of ka --+ 0 the modulus of the reflection coefficient equals 
1 - (ka)2/2 independent of the horn shape (see section 3.1). For the end 
correction of a horn (fig. 3.2), it is possible to make an estimate based on the 
same principle that was used in section 3.1. We assume that: 

1. The velocity remains uniform (i.e. dependent on the z space coordinate 
only) inside the horn (z < 0). 

2. The impedance at z = 0 can be estimated by HkB) 2 - 0.6133ikB 
where B is the radius of the horn at z=O (see fig. 3.2). 

1 B 

2 
----+ z 

z = -L 

z=O 

Figure 3.2: Calculation of the end correction of a horn. 

The impedance at z = - L can be found as: 

(3.32) 

We can estimate p1 - P2 with Bernoulli's law: 

r-L {O dz 
</>1 -</>2 =Jo u(z)dz = -u1A11-L A(z); (3.33) 

A I . A,/.. • A ro dz 
up = iwpou'+' = -iwpou1 i 1-L A(z) (3.34) 

so that 
Ai . [ 0 dz 

Z1 = Z2 A2 - ipockA1 J_L A(z). (3.35) 

We see that in the present approximation the integral term is only an addi
tional end correction. 

In order to translate the results back to z = 0, a term ikL should be 
added to Z1. At this point, confusion could arise about the meaning of the 
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impedance at z = 0. By definition, Z(z = 0) is equal top' /u at z = 0, which 
we estimated by HkB) 2 

- 0.6133ikB. On the other hand, 

l+R 
Z = poc-R, (3.36) 

1-

in which R is defined as the ratio of the complex amplitudes of the reflected 
and the incident wave. We use this definition of R in the region z < -L, 
where the waves have constant amplitudes. When z = 0 is taken in this 
definition, it is assumed that the waves keep the same amplitude till z = 0, 
that is, the pipe radius is assumed to remain constant. At z = 0 the incident 
wave is reflected at an impedance Z(O) with a reflection coefficient R(O). We 
can call this reflection coefficient and this impedance global. They can be 
defined for -oo < z < oo. The former impedance is a local quantity. We 
can also define a local reflection coefficient: 

R Ziocal/ PoC - 1 
local= / · 

Z1ocal PoC + 1 
(3.37) 

This definition is valid everywhere. 
For the horn, the global impedance at z = 0 is given by: 

Zgtobai(O) = Z1ocai(O) Ai _ ikAi [ 0 _!!:!.._ + ikL. 
Poe Poe A2 1-L A(z) 

(3.38) 

We can perform a simple check on this result by taking A( z) = Ai, in which 
case we find: 

Zglobal(O) = Z1ocal(O) = (ka)
2 

_ ifJk, (3.39) 
Poe Poe 4 

which is exactly what we expect. 
In section 1.4.4, experimental results of the reflection coefficient of a horn 

with a circular flare with a radius of four times the pipe radius (see fig. 1.5) 
are described. According to formula 3.38, the impedance at the place where 
the circular flare begins is given by: 

~ = _!_ { (5ka)
2 

- 0.6133i(5ka)} - ibra2 r0 
dz 

PoC 25 4 1-4a7r(5a-J(4a)2-z2)2 

(3.40) 
After substituting z = 4a cos</>, the integral can be found in [PRU]. The 
result for the impedance at z = -4a is given by: 

Z (ka)2 

- = -- - l.925ika, 
PoC 4 

(3.41) 

so that in this approximation for this particular horn, 

fJ = 1.925 a. (3.42) 
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3.3 Influence of the floor 

In this section, the influence of a hard wall or floor on the reflection [LEV 48] 
coefficient of a compact pipe is calculated. The result has been used to correct 
the measurements performed at any open pipe end for the presence of the 
floor. The calculation is done with the same low-frequency approximation 
that was used in the previous sections. 

We assume that the distance L from the pipe axis to the floor is much 
greater than the radius of the pipe (see fig. 3.3). We start from the impedance 

1~ 

L 

ka < 1 

a~L 

Figure 3.3: Geometry of the pipe with regard to the floor. 

of a compact pipe end in the absence of the floor, given by equation 3.23: 

- p'(O) = (ka)2 - ibk. 
Poe Pocu(O) 4 

z 
(3.43) 

In the presence of the floor, there is an extra pressure contribution from a 
virtual image source under the floor, so that: 

Z p'(O) = (ka)2 
_ ibk + p'(2L) 

Poe pocu(O) 4 p0cu(O) 
(3.44) 

where p'(2L) is the (small) pressure contribution from the image source and 
u(O) the velocity at the pipe end. Using the same notation as in the previous 
sections, we write for the pressure wave from a compact pipe end at r = 0: 

A .,_ . t p'(r) = -e•~r-iw 
r 

(r ~a). 

Close to the pipe end (kr ~ 1 ), the velocity is given by: 

A . 
u(r) = - . e-""t 

iwp0 r 2 
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but also by: 

so that 

which leads to 

7ra2 
u(r) = -

2 
u(O) 

47rr 

. 2 
A=_ iwpoa u(O) 

4 

p'(r) ika2 iler 
----'-- = --e 
pocu(O) 4r 

From this result it follows that 

From 

and 

it follows that 

~ = (ka)2 - i8k - ika2 e2ikL. 
PoC 4 8L 

z IRI ~ 1 - 2Re(-) 
poc 

z 
arg(R) ~ -2Im(-) 

poc 

(3.4 7) 

(3.48) 

(3.49) 

(3.50) 

(3.51) 

(3.52) 

(ka) 2 (ka) 2 (ka) 2 

l~I ~ 1 - -
2

- -
4

kL sin(2kL) = IRol -
4

kL sin(2kL) (3.53) 

and 
a2 

8f1 ~ 80 + 
8

L cos(2kL ). (3.54) 
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3.4 Reflection at a discontinuity in a circular 
pipe (I) 

In this section, the reflection coefficient of a discontinuity in cross-section of 
a pipe is calculated by means a low frequency approximation. The result of 

!lf;fr,1 I A II/ 1_:,0 
------------ --

Ill/I/ 1/1 Tm /II/ 
I 

z=O -+z 

Figure 3.4: Reflection at a discontinuity in cross-section in a pipe. 

the calculation is to be compa.red with the one-term result of section 4.1. 
Consider a circular duct with an inner radius a 2 for z < 0 and an inner 

radius a 1 for z > 0 (see fig. 3.4 ). From the left an incident plane wave arrives 
with an acoustic pressure 

p'(z) = eikz (3.55) 

and an acoustic velocity 
eikz 

u(z) = -. (3.56) 
Poe 

Since we consider low-frequency (J ~ fc, see section 4.1) behaviour only, we 
assume that the incident wave generates a reflected plane wave given by: 

and 

p' ( z) = Re-ikz 

Re-ikz 
u(z) =--

Poe 

and a transmitted plane wave given by: 

p'(z) = Teikz 

and 
Teikz 

u(z) = --. 
Poe 

Conservation of volume at z = 0 demands that 
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(3.57) 

(3.58) 

(3.59) 

(3.60) 

(3.61) 



or 
a2 
-i(I -R) = T. 
a1 

(3.62) 

As a second condition, we have conservation of acoustic energy: 

I -RR* TT* 
7ra2 = 7ra~ --

2 2poc 2poc 
(3.63) 

or 
2 

a~(l - RR*)= TT*. (3.64) 
a1 

From another consideration, it follows that R and T are approximately real 
quantities. Because ka 1 , ka2 ~ 1, or .A ~ a1 , a 2 , it follows that the part 
of the wave that 'feels' the discontinuity is small (order a/ .A). Therefore the 
phase shift caused by the discontinuity is also small, so that both R and T 
are approximately real. From equations 3.62 and 3.64, together with R = R* 
and T = T* it follows that: 

(3.65) 

According to equation 2.33, 

(3.66) 

Since the circular shape of the pipe was never used in the calculation and the 
only relevant parameter in the result is the ratio of the pipe cross-sections for 
z < 0 and z > 0, this result can easily be generalized for pipes with arbitrary 
cross-sections. 
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Chapter 4 

Appendix C: High frequency 
approach; modal expansion 

4.1 Wave propagation in a circular cylindri
cal duct 

This is a classical problem of which the solution is very well known. The 
problem is to solve the Helmholtz equation 

w 
(k = -) 

c 
( 4.1) 

in an infinite circular pipe with hard walls, its axis along the z-axis and an 
inner radius a. 

Written in cylindrical coordinates (fl, {), z )1 , the Helmholtz equation is 
given by: 

(4.2) 

The axis of the pipe is taken along the z-axis. Separation of variables is 
accomplished by: 

<f>(fl, iJ, z) = F(fl)G(iJ)H(z). 

This leads to: 
F" 1 F' 1 G" H" -+-- + --+-+ k2 = 0 
F f]F 1:J2G H 

which can be split up into three equations for G, H and F: 

G" 
- = -m2 ===> G(iJ) = e}m~, m E Z; 
G 

(4.3) 

(4.4) 

(4.5) 

1 Note that there is a difference between the symbol p used for mass density and the 
symbol u used for the cylindrical radius component. 
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H" 
H = -k!µ ==::::} H(z) = e±ile...,.z; (4.6) 

F" + ~F' + ( k2 
- k!"' - : 2

2

) F = O ==::::} F(u) = Jm(ujk2 
- k!"') (4.7) 

in which m and µ are mode numbers, and kmµ is a constant which depends 
on the wave number k. From 

at {!=a, 

we obtain the dispersion relation between k and kmµ: 

or, by definition, 

. , 
Jmµ 

a 

7r 
arg(kmµ) = 0 or arg(kmµ) = 2' 

(4.8) 

(4.9) 

( 4.10) 

with j:.,."' is the µ-th root of J:.,.. The procedure yields a set of solutions 

( 4.11) 

which are called modes. Standard theory of partial differential equations 
tells us that { </>mµ} forms a complete basis for any solution of the Helmholtz 
equation, so that we can write: 

</>(u,{J,z) = f f {AmµJm(j:nµR)eim1'eile...,.z + BmµJm(j:nµR)eim1'e-ile...,.z} 
m=-<X> µ=l a a 

( 4.12) 
Modes with ka > j~µ (kmµ along the positive real axis) have a potential with 
a harmonic z-dependence and are called propagating modes; modes with 
ka < j:n"'' (kmµ along the positive imaginary axis) have a potential with an 
exponential z-dependence and are called evanescent modes. 

The numbering of the j~"' requires some attention. 

1. For every m, the numbering starts at µ = 1. 

2. For J0 , zero is considered to be the first root (j~1 = 0). For higher order 
Bessel functions, the numbering starts at the first positive root of J:n. 
The reason for this choice is that we want the </>mµ to be non-trivial. If 
we would take j:.,.1 = 0 (m ~ 2), we would get </>mµ identically zero. 
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Therefore, the smallest i:nµ is j~1 = 0. This corresponds to a plane wave with 

ko1 = k. (4.13) 

The smallest nonzero j:nµ is jfi ~ 1.841, which corresponds to a wave with 
axial wave number 

ku = k2 
- e:· )' (4.14) 

Such waves are evanescent for k < jf i/ a and propagating for k > jf i/ a. The 
cut-off frequency le at which this transition occurs is given by 

., 
f. - ~Jn 

e - 271" a · ( 4.15) 

Any other mode has a higher cut-off frequency. Therefore, for l < le, only 
plane waves can propagate in the pipe. In our experiment with a=l .5 cm, 
le~ 6.7 kHz. 

It was mentioned that {<Pmµ} form a basis. In fact, modes in one propa
gation direction are orthogonal under the following inner product: 

~a2bmnbµv(l - .r;i
2

2 )J!(j:,.µ). 
2 Jmµ 

(4.16) 

Since in a physical situation there are dissipative effects such as viscosity 
and heat transfer, real waves are always damped in the propagation direc
tion. The kind of damping that is mathematically the most convenient is 
described by a small positive imaginary part of k. In that case, equation 
4.10 is generalized as follows: 

{4.17) 

See fig. 4.1 for a visual representation of the kmµ in the complex plane in case 
of a wave number k with a small positive imaginary part. 
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Im 

k..,. = k' - e; r 
k 

---+ Re 

Figure 4.1: Situation of the kmµ in the complex plane. 

4.2 Reflection at a discontinuity in a circular 
pipe {II) 

This section introduces a procedure called mode matching, which is used in 
the calculation of the reflection coefficient of a pipe with finite wall thickness 
in section 4.3. 

!(!{&!!!_~e 
/l//l//~711/lTI/ 

I 

z=O -+z 

Figure 4.2: Pipe with a discontinuity in cross-section at z = 0. 

Consider a duct with an inner radius a 2 for z < 0 and an inner radius 
a1 > a 2 for z > 0 (see fig. 4.2). A wave incident from the left (z < 0) with a 
velocity potential is given in cylindrical coordinates (g, '!?, z) by: 

(4.18) 

with 

( 4.19) 
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This wave is a mode (m = 0, µ) with an axi-symmetric cross-section (see 
section 4.1). By interaction of the wave with the discontinuity at z = 0 the 
original incident wave will generate a series of reflected waves corresponding 
to the modes of the left side of the pipe with amplitudes Rµfj, and a series of 
transmitted waves corresponding to the modes of the right side of the pipe 
with amplitudes Tµ/j. The problem is to determine the reflection coefficient 
matrix elements Rµfj, defined as the amplitude of reflected mode (3 caused 
by incident mode µ, so that the velocity potential </>'"' for z < 0 is given by: 

00 

</l'(e,z) = Jo(j~µ.R..)eii'co,.:i + "ERµ/jJo(i~pg_)e-iko/J:i (z < 0). (4.20) 
a2 P=l a2 

Similarly, the velocity potential of the transmitted wave for z > 0 is given 
by: 

( 4.21) 

in which k0p is defined by: 

(4.22) 

Note that there is a difference between k0p and kop caused by the difference 
in pipe radius between z < 0 and z > 0. 

The problem to determine Rµp and T µp is solved by demanding continuity 
of </>µ and </>~ at z = 0, which yields: 

00 

L T µ/j Jo(j~p g_) 
P=l a1 

(0 < {] :::; a2)i ( 4.23) 

00 

L TµpkopJo(i~pg_) 
P=l a1 

(0:::; {]:::; a2)i (4.24) 

00 

0 LT µfJkopJo(i~pg_) 
P=l a1 

(a2 < {]:::; ai). ( 4.25) 

Equation 4.25 represents the presence of a wall ( </>'; = 0 for a 2 < {] < a1). 

These equations can be reduced to a matrix equation by projection to a 
suitable basis. Using an integration theorem for Bessel functions: 

I Jn(ae)Jn(le)ede = 
2 

{] 
2 
{1Jn(ae)J~(Te) - aJ~(ae)Jn(le)} (I =I a) 

a - 'Y 
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J J~(o:e)ede = ~ (l- ::) J~(o:e) + ~e2J~2 (o:e), (4.26) 

we obtain two orthogonality relations for Bessel functions: 

( 4.27) 

and 

(4.28) 

We will make use of the original theorem 4.26 and of the alternative formu
lation of the second orthogonality relation: 

( 4.29) 

Multiplying the condition for continuity of</>"' at z = 0 (equation 4.23) with 
eJ0 (j~,,,e/ a2 ), integrating over(! from 0 to a 2 and dividing by ia~J~(j~,,,) yields 
in dimensionless form: 

00 

8µ,,, + Rµv = I: Tµ13Q,,,f3, 
{3=1 

( 4.30) 

in which the matrix [Q,,,f3] appears, given according to theorem 4.26 by: 

Q,,,13 = 

Q,,,1 = 8,,,1. ( 4.31) 

The two conditions for continuity of</>': at z = 0 (equations 4.24 and 4.25) are 
covered in one step. Multiplying the right side by eJ0(j~,,,e/ a1 ), integrating 
over (! from 0 to a1 and dividing by ia1 yields in dimensionless form: 

00 

a
2 L:(8µ13 - Rµ13)k013 a2J~(j~13 )Qf3,,, = ko,,,a1J~(j~,,,)Tµ,,,. (4.32) 

a1 f3=1 

Since µ is fixed, equations 4.30 and 4.32, valid for any v l, 2, .. can be 
given in matrix form by: 

in which: 
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Q.fµ; 

D.iµ, 
(4.33) 

(4.34) 



-Zµ 

fµ -tµ 

D 
iJ 
I 

- column vector b~ 
column vector R~ (unknown) 
column vector T ~ (unknown) 
diagonal matrix with D1313 = /co13a1JJ(j~13) 
diagonal matrix with D1313 = ko13a2J~(j~13) 
unit matrix with I~ = b~ (will be used further on). 

After some algebra we find: 

( a2Q n-1 QT - I) - (a2Q n-1 QT - I)-;' - . . .D + .r" = - . . .D - .iw 
a1 a1 

( 4.35) 

This is a linear problem that has to be solved numerically by cutting off the 
infinite matrices and vectors after a certain index number. A low-frequency 
approximation for the reflection coefficient of plane waves can be made by 
setting µ = 1 and using only the first element of any row or column of 
the matrices and vectors appearing in equation 4.35. The result of this 
approximation is: 

R _ aVaf-1 
11 - 2/ 2 + 1 a2 a1 

This is the same result that was obtained in section 3.4. 

( 4.36) 

4.3 The reflection coefficient of an unflanged 
• pipe 

In this section, the reflection coefficient of an unflanged pipe is calculated for 
any axi-symmetrical (m = 0) mode. This is not only interesting in situations 
where the frequency is higher than the cut-off frequency, but in the section 4.4 
the low-frequency reflection coefficient of a pipe with a finite wall thickness 
is calculated by using an expansion of modes of an unflanged pipe. This 
calculation is also described in [NOB 58) and [JON 86). 

4.3.1 Formulation of the problem 

We want to determine the reflection coefficient matrix R~ of an unflanged 
pipe, defined as the amplitude of reflected mode /3 caused by incident mode 
µ. For this purpose we solve the Helmholtz equation 

V 2</>" + k2ef>" = O ( 4.37) 

for the case that in the left half space ( z < 0) an infinitely thin pipe is present 
with hard walls given in cylindrical coordinates (e, t9, z) by: 

z < 0, e =a. (4.38) 

The boundary conditions are: 
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i. 8</Y' / ae = o, e = a+, z < o. 1n this context, a± denotes a ± l, with l 

a vanishing positive number. 

2. 8</Y'/8e = 0, f! = a-,z < O 

3. Inside the pipe (e = a, z < 0), the incident wave is given by: 

</>fn = Jo(j~µ. f )eilco,.z 
a 

in which 

( 4.39) 

( 4.40) 

4. Radiation condition: at r = v' e2 + z2 -+ oo outside the pipe, the wave 
is outgoing and is given asymptotically by</>"',....., h(O)eikr /r. 

5. Edge condition. The edge condition demands that the energy contained 
in a finite region around the edge must be finite. Because of this con
dition, certain solutions of the Helmholtz equation must be discarded 
that would have been valid otherwise. We introduce two-dimensional 
polar coordinates (r, J) around the edge of the pipe (see fig. 4.3): 

------+z 

Figure 4.3: Two-dimensional polar coordinates (r,J) around the edge of an 
unflanged pipe end. 

r 

tanJ 

V(e - a)2 + z2; (4.41) 
(!-a 

z 
J(e = a-,z < 0) = O; J(e = a+,z < 0) = 271". 

(4.42) 

In (f, J)-coordinates, the Helmholtz equation is given by: 

,/..I" 1 ,/..I" 1 ,/..I" k2 ,/..µ. 
'Pii + -;:<p; + -2'PJJ + o/ = 0. r r 

(4.43) 
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Trying 
( 4.44) 

as a solution of equation 4.43 yields: 

( 4.45) 

In the limit of kr--+ 0, the third term of equation 4.45 vanishes. This 
agrees with the earlier conclusion that in an acoustically compact re
gion, the Helmholtz equation reduces to the Laplace equation. From 

n2J + hJ = 0 ( 4.46) 

with boundary conditions 

( 4.47) 

it follows that 

<fl' = Brn cos(nJ) with 2n E "ll.. ( 4.48) 

When we calculate the kinetic energy 

k21r -1.R 1 Ekin = _ dfJ -po(V </>'", v </>µ)rdr 
1'=0 r=O 2 

( 4.49) 

in an area around the edge, we find that the integral is divergent for 
n < 0. Since we are not interested in n = 0 which yields a constant 
potential </>'\ the lowest acceptable value for n is ~- In case of an edge 
with an internal angle of j- instead of 0, we find that ~n E 'll., with 
n = ~ the lowest acceptable value. 

Summarizing, the edge condition implies that for an unflanged pipe, 
the potential near the edge is given in (r, J)-coordinates by: 

<fl' = r112 cos(~). 
2 

( 4.50) 

4.3.2 History of the Wiener-Hopf technique 

The Wiener-Hopf technique was first published in 1931 by Wiener and Hopf. 
It was introduced as a method of solving integral equations of convolution 
type, such as: 

f(x) = g(x) + .\ fo00 

k(x-t)f(t)dt, x > 0 (4.51) 

where .\ is a given constant, g and the kernel k are given functions, and f 
has to be determined. 
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In the years 1940-1950 it was discovered that problems involving diffrac
tion with a semi-infinite geometry could be formulated in terms of integral 
equations that could be solved with the Wiener-Hopf technique. These in
tegral equations were derived by using the Green's functions formalism. An 
example is the calculation of the reflection coefficient of an unflanged pipe 
by Levine and Schwinger in 1948 [LEV 48). Several years later it was discov
ered by D.S. Jones that these problems could also be solved by applying the 
Wiener-Hopf technique directly to the Fourier transform of the partial differ
ential equation [NOB 58). In this approach there is no need for formulating 
an integral equation. 

4.3.3 Wiener-Hopf technique 

The general problem is to find unknown functions X+(a), Y_(a), satisfying 

A(a)X+(a) + B(a)Y-(a) + C(a) = 0, ( 4.52) 

where this equation holds in the strip r_ < Im(a) < r+ of the complex 
a-plane, X+(a) is a (+)-function (analytic and nonzero in Im(a) > r_), 

Y_(a) is a (-)-function (analytic and nonzero in Im( a)< r+) and A(a), B(a) 
and C(a) are analytic and nonzero in the strip r_ < Im(a) < r+. 
The solution is done in two steps: 

1. factorisation 

Divide equation 4.52 by B(a) and find a (+)-function I<+(a) and a(-)
function I<_ (a) such that 

A(a) _ I<+(a) 
B(a) - [{_(a)· 

( 4.53) 

Sometimes I<+(a) and JC(a) can be found by inspection, but in any case 
they can be found by a standard procedure ([NOB 58]). The factorisation is 
not unique because I<+(a) and [{_(a) can be multiplied by the same entire 
function. In most cases one tries to find a factorisation in which K+(a) and 
K_(a) are of the lowest possible order in a = oo. After the factorisation, 
equation 4.52 can be rearranged as: 

K_(a)C(a) 
K+(a)X+(a) + J(_(a)Y_(a) + B(a) = 0. ( 4.54) 

2. decomposition 

The third term in equation 4.54 can be decomposed in the form: 

K_(a)C(a) = D ( ) D ( ) 
B(a) + a + - a ( 4.55) 
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Similar to the factorisation, decomposition can be found sometimes by in
spection, but in any case by a standard procedure related to that for factori
sation. The decomposition is not unique either, because any entire function 
can be added to D+(o:) and subtracted from D_(o:). 
With the help of the decomposition, equation 4.54 can be rearranged as: 

K+(o:)X+(o:) + D+(o:) = -I<_(o:)Y_(o:) - D_(o:). ( 4.56) 

In this equation, the left side is analytic in Im( o:) > r_, the right side is 
analytic in Im( o:) > r_. Moreover, the left side and the right side are equal 
in the strip r_ < Im(o:) < T+· Therefore the left side and the right side 
are each others analytical continuation. Both sides define an entire function 
J(o:). 
Often the behaviour of J(o:) as o: -+ oo can be deduced from the original 
problem which leads to an equation of the form of 4.52. Suppose it can be 
shown that: 

IK+(o:)X+(o:) + D+(o:)I = O(lo:IP), o:-+ oo, lm(o:) > r_ (4.57) 

and 

IK-(o:)Y_(o:) + D_(o:)I = O(lo:lq), o:-+ oo, lm(o:) < r+, ( 4.58) 

then by the extended form of Liouville's theorem, J( o:) is a polynomial P( o:) 
of a degree less than or equal to the integral part of min(p, q), i.e. 

I<+(o:)X+(o:) + D+(o:) = P(o:) 

J{_(o:)Y-(o:) + D_(o:) = -P(o:) 

( 4.59) 

( 4.60) 

In most practical cases, p and q are small (or even negative), so that the 
polynomial P(o:) is of low order (or even P(o:) = 0). The constants which 
define P( o:) must be determined from the original problem. The crucial step 
in the Wiener-Hopf technique is the factorisation, which is discussed in the 
next section. This general procedure will be needed in section 4.3.4. 

Calculation of the split functions 

In this section the procedure for the factorisation 

D(a) = D+(a) + D_(a) (4.61) 

and decomposition 
K(o:) = K+(o:)K-(o:) ( 4.62) 

is discussed. This procedure yields split functions in integral form that must 
often be calculated numerically. 
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.... 

Due to Cauchy's theorem and the fact that D(a) is analytic and nonzero 
in the strip -r_ < lm(a) < r+, it is possible to write: 

D(a) = ~ f D(a') da', 
27ri a' - a 

(4.63) 

where the contour integral is a Jordan curve in the strip r_ < Im(a) < r+ 
enclosing the point a' = a. We take for this contour a rectangular curve 
with vertices ±oo + ilJ and ±oo +if with r_ < 8 < f. < T+· If the sides 
Re( a') = ±oo do not contribute to the contour integral, 

D(a) = _1_ roo+ifi D(a') da' + _1_ r-oo+iE D(a') da' 
27ri 1-oo+i6 a' - a 27ri J oo+iE a' - a 

D+(a) + D_(a) . (4.64) 

If the integrands are bounded for any region that doesn't share any com
mon points with their integration contours, D+(a) is analytic in Im( a) > r_ 

and D_(a) is analytic in Im(a) < T+ according to theorem 4.1. 

Theorem 4.1 
Consider in the complex plane a curve C and a region G. Let </>( (, z) be 
defined for ( E C and z E G with the following properties: 

1. </>((, z) is bounded, i.e. I</>((, z)I ~ M for (EC and z E G; 

2. for fixed ( E C, </>( (, z) is an analytic function of z E G; 

3. for fixed z E G, </>((, z) and 8</>((, z)/8z are continuous functions of 
(EC. 

then f(z) = fK </>((, z)d( is analytic with derivative f'(z) = fK B</>~~,z)d(. 

Suppose that r_ < 0 < T+, so that we can choose lJ = -c Change in that 
case the variable of integration in D _ (a) from a' to -a'. Then, if D is an 
even function, 

D_(a) - da' 
1 100-u D(a') 

27ri -oo-iE a' + a 

= D+(-a). (4.65) 

Similarly, if D is an odd function, 

D_(a) = -D+(a). ( 4.66) 

The factorisation procedure follows from the decomposition procedure by 
substituting 

D(a) = ln I<(a). ( 4.67) 
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The result is: 

ln I<(a) 
1 joo-i.! lnI<(a') / 1 1-oo+i€ lnI<(a') / -. da +-. / da 

27rz -ao-w a' - a 27ri ao+i€ a - a 

= In I<+( a)+ lnK_(a). (4.68) 

If r_ < 0 < r+ and I< is an even function, it follows that 

J(_(a) = I<+(-a). (4.69) 

It is intuitively clear if I< is even, the asymptotic behaviour of I<(a) 1s 
distributed symmetrically between I<+(a) and [{_(a) in that case. 

4.3.4 Solution to the problem 

Introduce the scattered field: 

,1..µ ,1..µ n < a·, -oo < z < 00 '/J - '/Jin' c:: 

</>µ, (!>a; -oo < z < oo. 

(4.70) 

( 4. 71) 

Note that for convenience the upper index µ of the scattered field is sup
pressed. Like </>µ and </>fn, the scattered field 'I/; satisfies the Helmholtz equa
tion: 

( 4.72) 

with 
z<O (4.73) 

and 
z < 0. (4.74) 

Along (!=a we have the conditions 

(4.75) 

and 
(4.76) 

We will solve the problem by formally introducing the Fourier transform 
in the space coordinate z: 

\Jl(e, a)= 1_: 'l/;(e, z)eiazdz, a complex; (4.77) 

(4.78) 
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Theorem 4.2 
Let f(z) be continuous and piecewise smooth for -oo < z < oo; 
Let f(z) = O(eaa:), z--+ oo and f(z) = O(eba:), z--+ -oo with a< b. 

1. F(a) = J~00 f(z)eiaa:dz is convergent and analytic in a< Im( a) <b. 

2. 2~ J~!~c F(a)ciaa:da = f(z) if a< c <b. 

Immediately we run into problems. Since we expect t/;(e, z) to be 0( r-1 ) 

as r --+ oo outside the pipe and 0(1) inside the pipe (which means that both 
a = 0 and b = 0 in theorem 4.2), it seems at first sight that we cannot use 
complex Fourier theory. Even for real a it is easily seen that the transfor
mation integral is not convergent. To remedy this we will assume that the 
wave vector k has a (small) imaginary part: 

( 4.79) 

so that the waves are exponentially damped in any propagation direction. 
For instance, at a great distance from the pipe end (outside the pipe), the 
amplitude of the wave is given by: 

( 4.80) 

The amplitude of the plane reflected wave, propagating in the negative z
direction, is given by: 

( 4.81) 

The damping factor kd may be argued to model irreversible processes like 
viscous flow and heat transfer. Due to theorem 4.2, w(e, a) is analytic in the 
small strip -kd <Im( a) < kd. 
The Helmholtz equation, written in cylindrical coordinates as 

yields 

1 2 
tPee + -1/Je + 1/Ju + k t/J = 0 

{! 

1 ( 2 2 Wee + -We + k - a ) W = 0. 
{! 

We define for convenience the square root 

I= 1(a) = ../k2 - a2 

( 4.82) 

( 4.83) 

( 4.84) 

where the branch cut is taken such that 1(0) = k and lm('Y) ~ 0, so that: 

( 4.85) 
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Im 

T 

-k ---+ Re 

( 
., )2 

- koµ = - k2 - J~ 

Figure 4.4: The branch cut of 1( a) in the complex a-plane with the locations 
of the modal axial wave numbers koµ for small but positive kd. 

or: 
the hyperbola 

( 4.86) 

restricted to 
k2 

- k2 
- a 2 + a~ > 0 (4.87) p d 7' I - " 

If we take / = j~13 / a, we can see immediately that all the ko13 are on this 
curve (see fig. 4.4). The transformed Helmholtz equation 

1 2 
Wee+ -We+/ W = 0. 

{! 
( 4.88) 

is now a modified form of the differential equation for Bessel functions of 
order 0. Because of the field being finite at {! = 0 and outgoing for {! -+ oo, 
the solution can be written as: 

w(e,a) = C(a)Jo(le) 

w(e,a) = A(a)H~1>(1e) 
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(e <a); 

(e >a). 

(4.89) 

( 4.90) 



Continuity of 'l/J1 along {] = a demands that 

A(a)H~1 >1(1a) = C(a)J~(ta). (4.91) 

To construct a Wiener-Hopf equation, we define: 

(4.92) 

In this context, we define a (+)-function as a function that is analytic in 
Im( a) > -kd, and a (-)-function as a function that is analytic in Im( a) < kd. 
According to theorem 4.2, G+(a) is a (+)-function. It can be written as: 

G+(a) = '11 1 (a,a) = 1(a)C(a)J~(ta) (4.93) 

Similarly, we define: 

(4.94) 

analytic in Im( a) < kd and therefore a (-)-function. For a in the strip 
-kd <Im( a) < kd: 

[ 

eiaz+ileo,.z l 00 

\ll(a+, a) - \ll(a-, a)= F_(a) + Jo(j~,J .( k ) 
z Q + 0µ 0 

(4.96) 

(1) Jo(J~µ) 
A(a)H0 (la) - C(a)Jo(ta) = F_(a) - .( ko ) 

za+ µ 
(4.97) 

Using equations 4.91 and 4.93 and the Wronskian 

( 4.98) 

we get: 

2G+(a) 
1 

= F_(a) _ . Jo(j~µ) . 
7ria12(a)J{,(ta)H~ >1(ta) i(a + koµ) 

(4.99) 

This is a Wiener-Hopf equation ( cf. equation 4.52), since all factors and terms 
are analytic and nonzero in the small strip -kd <Im( a) < kd. The next step 
is the factorisation of the denominator of the left side of equation 4.99. We 
write: 

( 4.100) 
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From the behaviour of J0 (z) and H~1 )(z) near z = 0 it follows that K(O) = 1. 
Since K(a) is an even function we know that K+(a) = K_(-a) (see section 
4.3.3). The asymptotic behaviour of 7riJ~(la)H~1 > 1 (la) is given by: 

·~ 3 ~·c 3 > 7rZ -- cos( 1a - -7r) -e' -ya-.-11" 

7r/a 4 7r/a 

( 4.101) 

Since Im(!) ~ 0, the exponential function cannot do any harm and K(a) = 
O(lal-1 ), and both K+(a) = O(la-112 1) and K_(a) = O(la-112 1) as a~ oo. 

Factorisation of 1 2 (a) can be done by inspection: 

12 (0:) = (k - a)(k +a)= 1.:(ah!(a), ( 4.102) 

so that equation 4.99 becomes: 

2G+(a) = F (a)+ iJo(J/iµ) 
a1i(a)l:(a)K+(a)K_(a) - a+ koµ 

( 4.103) 

or 

2G+( a) 2 iJo(j/iµ) 2 
2 ( )K ( ) = F_(a)l_(a)K_(a) + k K_(a)l_(a). 

a1+ a +a a+ oµ 
(4.104) 

Because of the pole in a = -k0µ, the third term of equation 4.104 is not a 
(-)-function, but it can be decomposed as follows: 

K_(a)l:(a) K_(a)l:(a) - K_(-koµ)l:(-koµ) 

a+ koµ a+ koµ 

+ K_(-koµ)l:(-koµ) 
a+ koµ 

(4.105) 

in which the first term on the right side represents a (-)-function, and the 
second term on the right side represents a (+)-function. We arrive at the 
following expression: 

2G+(a) _ .J, ( ., )K+(koµhHkoµ) = F ( )J~ ( ) 2 ( ) 
2 ( )l~ ( ) z o Joµ k _ a 1._ a /_ a a1+ a 1.+ a a + oµ 

+ iJo(j!µ) (K-(a)l.:(a) - K+(koµh!(koµ)). 
0: + Oµ 

( 4.106) 

The left side represents a (+)-function, the right side represents a (-)-function. 
Since the areas in which these functions are defined to be analytic overlap 
(due to kd being nonzero ), both sides are each others analytical continua
tion, and both sides define the same entire function. In this case, the entire 
function is identically zero, as we will see. 
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Theorem 4.3 (Abelian theorem) 
Define 

then if, for -1 < T/ < 0, 

f(z),...., Az" (z l 0) } 
(z-+oo) ' 

we have G+(o:),....., Ar(17 + l)d'"('1+1)0 -'1-1 (o:-+ oo) } 
(o:lO) . 

Since we have to require that near the edge of the pipe 

1 1 -'ljJ ,....., A f 2 cos( -19) 
2 

( 4.107) 

it is possible to determine the behaviour of G + ( o:) and F _ (a) as o: -+ <x:> 

according to theorem 4.3. For 1/Je(U = a, z > 0) an expression can be found 
via (f, J)-coordinates (see fig. 4.3): 

'l/Je(fl =a, z > 0) 

so that 

[
a'ljJaJ 81/J Bf] 
aJ au + Bf au _ >O e-a,:r. 

1 A- i • ( 1 ~a) 0 -- r-2 sm -·v + 
2 2 
1 1 

--Az-2 
2 

( 4.108) 

o:-+ oo, Im(o:) > -kd. (4.109) 

For F _ ( o:), the calculation is similar to that of G + ( o:): 

( 4.110) 

so that 

F_(o:) 
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, 

_.;_ r0 
[V-iz(l' =a+) -1/Jz(l' =a-)] eia.zdz 

ia 1-oo 
0 + .;_ f

0 
1/-iz(l' = a-)eia.zdz 

m 1-oo 
,..., a-i, a - oo, Im( a)< kJ. (4.111) 

Hence the entire function defined by equation 4.106 goes to zero if a - oo, 
so that it must be identically zero. Using the left side of equation 4.106, we 
get: 

2G+(a) _ iJo(j:,µ)I<+(koµhi(koµ) 
a1Ha)I<+(a) - a+ koµ 

G+(a) = iaJo(j:,µ)K+(a)K+(koµh!(a)'Y!(koµ) 
2(a + koµ) 

C(a) = iaJo(j:,µ)I<+(a)K+(koµh!(a)'Y!(koµ) 
21( a )J6( 1a )(a + koµ) 

Finally, the transformed solution, given for e < a by 

'll(e,a) = C(a)Jo(/e), 

is known. 

(4.112) 

(4.113) 

(4.114) 

(4.115) 

Transforming the solution for W(g, a) back to 1/-i(g, z) is relatively easy, 
for the reverse transformation can be written as a sum of residues. 

= iaJo(j:,µ)K+(koµh!(koµ) [00 K+(a)'Y!(a)Jo(ev'k2 - a 2 )e-iaz da 
471" 1-oo v'k2 - a2J~(av'k2 - a2)(a + koµ) 

(4.116) 
The denominator vanishes for v'k2 - a 2 = ±j:,13 / a, that is for a = ±k013. As 
can be seen in fig. 4.4, all these values lie outside the strip -ktl <Im( a) < kd. 
This agrees with our earlier conclusion that w(e, a) is analytic in this strip. 
The inverse transformation can be done by integrating over any contour from 
-oo to oo that lies in -ktl <Im( a)< kJ. 

For z < 0, the integral is calculated as 27ri times the sum of residues 
in the upper half plane. It will become clear that the poles along the real 
axis represent propagating modes, and the poles along the imaginary axis 
represent evanescent modes. 
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, 

Calculation of the residues yields no particular problem. The pole at 
a = k needs to be calculated apart, but it can be shown easily that the 
result is described by taking j3 = 1 in the general expression for the residues 
at a = kof:J· For the calculation of the residues, we need to know: 

[d~ Jk2 - a2J~(av'k2 - a2)] . 
a='lco/J 

For ko13 i= ko1 = k, we get: 

[d~ v'k2 - a2J~(aJk2 - a2)] = -k013aJ~(j~f:J) = k013aJ0(j~13 ). (4.117) 
a='/cofJ 

For k013 = k01 = k, we can use the power series 

J0 (z) = 1 - .!-_z2 + O(z4
) (4.118) 

4 
in order to find: 

[_.!!-_Jk2 - a2J~(av'k2 - a2)] = _.!!-__ [-.!-_a(k2 - a2)] = ka (4.119) 
da a=lc da 2 a=lc 

so that we can write quite generally: 

[d~ Vk2 
- a2 J~(av'k2 - a 2 )] = k013aJ0(j~13 ) (/3 = 1, 2, .. ) (4.120) 

a='/colJ 

Taking 27ri times the sum of residues in Im( a) > 0 gives as a result for 
1/J(e, z ): 

·'·( ) _ _ .!-_J, ( ., ) ~ K+(koµ)K+(ko13)(k + kof:J)(k + koµ) J, ( ., g_) -i'lco,,z 
'f' e, z - 2 0 Joµ L....J k (k k )J, ( ., ) 0 )013 e 

/3=t 013 013 + oµ o Jo{:J a 
(4.121) 

for e < a, z < 0. For </>µ we can write: 

</>µ(e,z) =Jo (j~µ~) e-i'lco,.z + t, Rµf:JJo (j~f:J~) e-i'Jco,,z ( 4.122) 

with 

( 4.123) 

the reflection coefficient matrix of an unflanged pipe. 
For µ = 1 and j3 = 1 the problem reduces to the plane wave problem first 

solved by Levine and Schwinger [LEV 48). The solution looks very simple: 

R =Ru= -K!(k). (4.124) 

In the limit of k --+ 0 we find that 

Ru = -K!(O) = -K(O) = -1. ( 4.125) 
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4.4 Reflection coefficient of a pipe with a 
finite wall thickness 

In 1969, Y. Ando published an article about this subject [AND 69]. The 
results that are of interest for us are shown in fig. 1.2. Note that for some 
reason, Ando presents the results as a function of the outside radius and not 
of the inside radius. Since we claim to have obtained accurate experimental 
results (see section 1.4.3) for the reflection coefficient of a pipe with a finite 
wall thickness which do not agree for 100 % with the results shown in fig. 1.2, 
we want to understand this theory thorougly, and we want to verify that the 
results are sufficiently accurate. Therefore we will repeat the calculations. 
We will use a slightly different approach that we think is simpler, at least for 
our purpose. In this report the analytical part of the calculation is presented. 
A numerical implementation is planned for a later time. 

4.4.1 Formulation of the problem 

The formulation of the problem is essentially the same as in section 4.3.1. 
Therefore the formulation will be discussed in less detail. We want to de
termine the reflection coefficient of the plane wave mode by solving the 
Helmholtz equation: 

( 4.126) 

in the entire space minus a pipe with hard walls which is given in cylindrical 
coordinates (e, t?, z) by 

( 4.127) 

The space outside the pipe walls is divided in three regions (see fig. 4.5): 

I z < 0, e < a2 

II z > 0, e < ai 

III e > ai 

The boundary conditions are: 

1. 8</>/8g=0, e=at, z<O. 

2. 8</>/8g=0, e=a2, z<O. 

3. 8</>/8z=0, a2 <e<a1 , z=O. 

4. Inside the pipe, the incident plane wave is given by: 
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III 

z=O 

Figure 4.5: Geometry of the pipe with finite wall thickness. 

ZZZIZZZZZZA 

Figure 4.6: Two-dimensional polar coordinates (fi, Ji) around the edge of a 
pipe with a finite wall thickness. 

5. Radiation condition: at r = J (!2 + z 2 --+ oo outside the pipe, the wave 
is outgoing and is given asymptotically by: 

( 4.129) 

6. Edge condition. We define two-dimensional polar coordinates (fi, Ji) 
around the edges z = 0, f! = ai, in which Ji goes from 0 to ~7r (see fig. 
4.6). Then for fi l 0, 

2/3 2 -,;.. "'f. cos(-iJ·) 
'fJ' 3'" ( 4.130) 
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4.4.2 Solution to the problem 

In this section, the reflection coefficient of a pipe with a finite wall thickness 
is calculated by means of a matching procedure. This calculation is highly 
analogous to the calculation of the reflection coefficient at a discontinuity in 
a pipe in section 4.2. The reflection coefficient matrix of a pipe with a finite 
wall thickness (denoted by Rµv) is calculated from the reflection coefficient 
matrix of an unflanged pipe {denoted by R,w), calculated in section 4.3. 

The solution to the problem is found by taking the limiting case of the 
following matching procedure. Consider a cylindrical pipe with from -oo < 
z < -t an inner radius a2 and from -t < z < 0 an inner radius a1 . The 
outer radius is given by a 1 for -oo < z < 0, so that the pipe has zero wall 
thickness for -t < z < 0 (see fig. 4.7). For -oo < z < -t inside the pipe, 

7//lfl_fZZZll 
a1 a2=a -- - ·-----

---+ z 

ZZZZZ/7777), 
-t 0 

Figure 4.7: Pipe with finite wall thickness for z = -oo to z = -t and zero 
wall thickness from z = -t to z = 0. 

the potential is given by the sum of an incident plane wave mode and a series 
of reflected modes: 

{4.131) 

where 

{4.132) 

Elsewhere in free space, the potential is represented by a modal expansion 
with modes </>"' belonging to an unflanged pipe (see section 4.3). Therefore 
for -t < z < 0, the potential is given by 
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or 

( 4.134) 

in which 

kop = k· - ( :~ r (4.135) 

and Cj is given by: 
00 

Ci = L c:Rµ13 (4.136) 
µ=1 

The solution to the problem is found by taking the limit of t: l 0 in this 
matching procedure. From now on, we will not distinguish z = -t: from 
z = 0 anymore. 

We demand that at z = 0, </> and </>z be continuous, so that: 

00 

- L Jo(i~13 g_){CJ + Cj} 
/3=1 al 

(0 < U < a2) ( 4.137) 

00 

L ko13Jo(i~13 g_ ){CJ - Cj} 
/3=1 al 

(0 < U < a2) ( 4.138) 

00 

0 L ko13Jo(i~13 g_){CJ- Cj} 
/3=1 al 

(a2 < u < ai) ( 4.139) 

Multiplying equation 4.137 by eJoU~vu/a2), integrating over e from 0 to a2 
and dividing by ta~J~(j~v) yields (using the orthogonality theorem for Bessel 
functions given in equation 4.29): 

00 

b1v + R1v = L(CJ + Cj)Qv13, ( 4.140) 
/3=1 

in which the matrix [Qv13] appears, given according to theorem 4.26 by 

Qv/3 = 

(4.141) 
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Multiplying the right side of equation 4.138 and 4.139 with eJo(j~ve/a1), 
integrating over {! from 0 to a1 and dividing by la1 yields in dimensionless 
form: 

In matrix form, equations 4.136, 4.140 and 4.142 become: 

c- - RT.er 

i+r - Q.(c+-+c-) 

a2QT.fJ.(i- r') - D.(c+- - c) 
ai 

in which: 

7 
i 
.... 
r 

c+-
......._ 
c 

D 
D 
R 
I -

column vector 8113 
column vector R113 (unknown) 
column vector c; (unknown) 
column vector Ci (unknown) 
diagonal matrix with D1313 = ko13a1JJ(j~13) 
diagonal matrix with D1313 = ko13a2JJ(j~13) 
unflanged pipe reflection coefficient matrix 
unit matrix with lµv = fiµv (will be used further on). 

After some algebra we find: 

(A+ I).r= (A - I).i 

with 
A= a2Q.(I +RT).(! - RT)-1.n-1.QT.fJ. 

ai 

( 4.142) 

( 4.143) 

(4.144) 

(4.145) 

( 4.146) 

(4.147) 

The equations 4.146 and 4.147 have to be solved numerically. A low
frequency approximation can be made by taking only the first element of 
any row or column into account. The result is: 

Ru 

a~ (1 +Ru) 1 af 1 - Ru 
(4.148) 

a~ ( 1 + Ru) + 1 af 1 - Ru 

When we take the result of section 3.1 for the impedance of an unflanged 
pipe: 

Zu (kai)2 . 
- - 0.6133ika1 , 

p0c 4 
( 4.149) 
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we find that after some calculations that: 

( 4.150) 

and 

hu = a2 0.6133. 
a2 ai 

(4.151) 

Although the result for jR11 I is quite satisfactory, the result for the end 
correction is not, because we expect the dimensionless end correction of a 
pipe with a finite wall thickness h11/ a2 to be greater than the dimensionless 
end correction of 0.6133 for an unflanged pipe on intuitive and experimen
tal grounds. We really need more terms in order to make an acceptable 
approximation for the end correction. 

As a final consideration on this topic, a few remarks about the edge con
dition should be made. Unlike the situation of the unflanged pipe, in this 
section the edge condition has never been used. There is a possibility for 
unwanted solutions violating the edge condition to appear when the infinite 
matrices determining rare inverted, and the solution is not uniquely deter
mined. In numerical practise, if the matrices in equation 4.147 are taken to 
be square, non-uniqueness of the solution does not appear, but theoretically 
there is a possibility to find a solution that violates the edge condition. The 
solution can be checked by investigating the behaviour of </> near the edge, 
or by investigating the 'asymptotic' behaviour of the components of r as the 
component index goes to 'infinity'. Fortunately, in numerical practice the 
calculated solution of this kind of problems usually turns out to be the right 
one. The interested reader is referred to [MIT 71). 
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Chapter 5 

Appendix D: Vortex shedding 
at the pipe end· 

When the amplitude of the sound wave in a horn becomes so high that 
the displacement amplitude of the fluid at the pipe end is not longer much 
smaller than radius of curvature of the horn, the fluid is not able to follow the 
curvature of the horn anymore during the outflow period. The flow separates 
from the pipe end, and vortex shedding takes place. In case of a 'sharp edged' 
pipe end such as a flanged or an unflanged pipe end, this separation does 
also occur during the inflow period. In this section the influence of vortex 
shedding according to [DIS 78) on the modulus of the reflection coefficient is 
discussed. 

As a measure of the amplitude of the sound wave we use the Strouhal 
number: 

St = U:a (5.1) 
u 

where u is the velocity amplitude at the pipe end. 
Vortex shedding can be considered as a mechanism that transforms acous

tic energy into vortical and internal energy of the fluid and therefore lowers 
the modulus of the reflection coefficient. In the following discussion it is 
assumed that the Helmholtz number ka is so low that radiation of sound is 
negligible, and IRI is influenced by vortex shedding only. 

The time-averaged power loss is given by: 

(P) = (I)A = 

(5.2) 

where Po+ and Po- are the pressure amplitudes of the incident and reflected 
waves respectively and A is the cross-section of the pipe. 
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p' u u 

Figure 5.1: Jet formation during the outflow period. 

For high Strouhal numbers, numerical calculations have been carried out 
by Disselhorst ([DIS 78), [DIS 80)). The absorbed acoustic power turns out 
to be: 

(5.3) 

with e a dimensionless constant with a value of about 0.6. 
As the absolute pressure reflection is close to unity, the amplitude of the 

incident pressure wave can be estimated by: 

IPo+ I= ~pocu. (5.4) 

From 5.2 and 5.3 it follows that 

1 - IRl2 = 4estt. 
Ma 

(5.5) 

For low Strouhal numbers, (P) can be estimated by the time-averaged dis
sipation in an amount of fluid which is initially in a sphere with radius r 
around the pipe end (see fig. 5.1). The radius r is to be taken much greater 
than the pipe radius, but much smaller than the wavelength, so that the fluid 
can be considered to be incompressible. 

In the half of the oscillation period in which outflow takes place, a jet is 
formed which transports fluid with a uniform speed and a constant pressure 
(see fig. 5.1). Therefore no work is done on the fluid in this period. 

In the other half of the oscillation period, in which inflow takes place, the 
work per second done on the fluid is given by: 

(5.6) 
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~~~~~~..--~3~:_~_::::..~2:~~~ 

Figure 5.2: Vena contracta formation during the inflow period. 

where the indices refer to the marks in fig. 5.2. We make use of the incom
pressibility of the fluid: 

(5.7) 

so that 
(5.8) 

The calculation of p3 - Pi is not quite trivial. It is known that in case of a 
pipe with sharp edges, the fluid is stagnant in an annular region against the 
pipe wall. The fluid entering the pipe squeezes itself through an area 

A2 = aA3 , 0 < a < 1. (5.9) 

The factor a is known as the vena contracta factor. From Bernoulli's law, 
equation 5. 7 and the fact that u1 decreases as 1 / r and is therefore negligible, 
it follows that 

I I 1 2 I 1 U~ ( ) 
Pi = P2 + 2PoU2 = P2 + 2Po a 2 • 5.10 

For the pressure difference between 3 and 2, we cannot use Bernoulli's law, 
because the flow separates from the stagnant ring and becomes turbulent. 
Instead we assume that the stagnant ring has an abrupt ending, so that a jet 
is formed (see fig. 5.2). Application of momentum conservation to an amount 
of gas between the dashed lines in fig. 5.2 yields: 

(5.11) 

The third term of the left side of equation 5.11 represents the force exerted 
by the annular surface at the place of the abrupt expansion. Equation 5.11 
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with the value of u2 substituted from: 

(5.12) 

gives the pressure difference as: 

I I 2( 1 ) P3 - P2 = PoU3 - - 1 . 
a: 

(5.13) 

In combination with equation 5.10 this yields: 

I I 2( 1 1 ) 1 2c P - p =Pou --+ - - 1 = --pou d· 3 1 3 2a2 a: 2 3 (5.14) 

In his thesis, Disselhorst uses Cd = 1/ a. We do not know the reason of this 
difference. The values of Cd given by Disselhorst are Cd = 2 for an unflanged 
pipe and Cd = ~ for a flanged pipe. If we take the vena contracta factors 
given by Disselhorst and use formula 5.14, we find Cd = 2 for an unflanged 
pipe and Cd = 1; for a flanged pipe. Proceeding, 

(5.15) 

so that for the losses in the fluid, averaged over a whole oscillation period, 

CdAu3po 

37r 

From 5.2 and 5.4 and 5.16 it follows that: 

Ma 37r 

(5.16) 

(5.17) 

In section 1.4.5, the limits for high and low Strouhal numbers given by equa
tion 5.5 and 5.17 are compared with experimental results. 
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Chapter 6 

Appendix E: Performance of 
the measurements 

6.1 The two-microphone method 

In this section, the principles of the two-microphone method are explained. 
The two-microphone method has been used to obtain the results in this 
report. In our experiments we used four microphones; this allows a choice of 
different pairs of microphones, but the principle is the same. Further details 
about the two-microphone method can be found in the following sections and 
in [ABO 86]. 

We consider a semi-infinite cylindrical pipe with its axis along the z-axis 
and its ending at z=O. For frequencies below the cut-off frequency, only plane 
waves described by: 

p' ( z, t) = Po+ eilcz-iwt + Po- e-ilcz-iwt 

can propagate in the pipe. The reflection coefficient at the pipe end 

R= Po-
Po+ 

(6.1) 

(6.2) 

can be calculated from the ratio of complex pressure amplitudes measured 
at two points z1 and z2 at the pipe wall. The transfer function H21 defined 
by: 

p'(z2 ) Po+eilcz2 + Po-e-ilcz2 

H21 = -- = ""-----'"-----
p'( zi) Po+eilcz1 + Po-e-ilcz1 

(6.3) 

is related to the reflection coefficient at z = 0 by the equation: 

(6.4) 
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We call p(zi) the excitation pressure and p(z2 ) the response pressure. Damp
ing of acoustical waves at the wall by friction and heat transfer is taken into 
account by the imaginary part of the wave number k: 

k = 
2

7r f + (1 + i)a 
c 

(6.5) 

where a is the damping coefficient as calculated in the absence of mean flow 
in a laminar boundary layer ([MOR 68]): 

1 rn--( -y-1) a= -v2vw 1 + In"'" , 
2ac vPr 

(6.6) 

where 11 is the kinematic viscosity, 'Y is the Poisson ratio and Pr is the Prandtl 
number. This damping coefficient is calculated for a flat wall and is therefore 
valid only if the boundary layer thickness is much smaller than the pipe 
radius. 

6.2 Calibration 

In this section, the calibration of the different channel pairs is discussed, and 
the calibration results are presented. In section 1.3, the experimental set-up 
was described. It was explained that differences in the measuring channels 
cause deviations in the transfer function. Assuming a linear response of the 
system, we compensate for these deviations by multiplying H;1 with a com
plex correction factor ry;1 eill..'P;i which we consider to be a function of the 
frequency only. This correction factor has been determined by performing 
measurements at a closed end, of which we know that the reflection coeffi
cient is equal to unity. In the next section it will be shown that for a good 
calibration, the microphones should be close to the pipe end. Therefore each 
individual channel has been calibrated against the 1509 channel. This chan
nel is used for calibration only and consists of a microphone mounted at the 
flat surface of a piston. This piston can be mounted at the end of each pipe 
section containing a microphone. In this way the distance between the gauge 
to be calibrated and the reference gauge in the piston is made as small as 
possible. Throughout this report, the 1513 channel has been chosen as the 
excitation channel and the 1511, 1510 and 1459 channels as response chan
nels. The calibration results for one of the response channels against the 
1513 channel have been obtained by dividing the complex correction factors 
of the individual channels. For instance: 

ry(1513 ~ 1511) = ~g:~:: ~:~~~ (6. 7) 
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0 

and 

~r.p(1513-+ 1511) = ~r.p(1509-+ 1511) - ~r.p(1509-+ 1513). (6.8) 

The results are shown in fig. 6.1. Curves fitted to these points have been 
used for evaluating the measurements of this report, with two exceptions. 
For the Strouhal number dependent results of section 1.4.5, calibration re
sults of F. Huijsmans were used. F. Huijsmans has performed very accurate 
calibrations for low frequencies ( < 100 Hz). Instead of a loudspeaker, Hui
jsmans used a sirene, which is a much more powerful sound source. The 
second exception are the results for both pipes with finite wall thickness and 
the horn, performed with the 1511 channel. It was discovered afterwards that 
during the measurements, the absolute correction coefficient 17 had changed 
from 1.014 to 1.023. It seems that somehow the adjustment of the charge 
amplifiers or the way the microphones are mounted in the cavities has been 
changed. Fortunately, if measurements are worked out with the wrong cali
bration, the results of the 1511 deviate so much from the results of the 1510 
and the 1459 that there can never be any doubt about which calibration is 
the right one. 
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Figure 6.1: Calibration results. The distances from the 1509 calibration 
channel are given by: z(l513)= 2 mm; z(1511)= 15 mm; z(1510)= 29 mm; 
z(1459)= 80 mm. 
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6.3 Error analysis 

The accuracy that can be obtained with the two-microphone method is in
fluenced by many parameters. Only the most important factor is discussed 
in this section. For a more detailed discussion, the reader is referred to 
[ABO 86]. 

The most important parameter in the error analysis of the two-microphone 
method is the sensitivity dR/ dH of the reflection coefficient for small errors 
in measured physical quantities such as the transfer function and the sound 
speed. It can be shown that for 

-\ 
~z = n- (n E ?l) 

2 
(6.9) 

the sensivity number or condition number dR/ dH approaches infinity. Hence 
when the microphones are placed a multiple of .\/2 apart, small errors in the 
transfer function cause large errors in the reflection coefficient. For 

(6.10) 

dR/ dH vanishes, so that measurements performed under such circumstances 
can be very accurate, even with a rather crude measurement equipment. 
A similar problem occurs in the calibration. The accuracy with which a 
calibration can be performed depends on dR/ dH also, but in the opposite 
way. When dR/dH is large (small), an error in the reflection coefficient 
measurement corresponds to a small (large) error in H. Hence a calibration 
can be considered as the opposite of a reflection coefficient measurement, 
and the condition for a good calibration is that the microphones are as close 
together as possible. 

Further, there is a general tendency for errors to increase linearly with 
the distance of the most distant microphone. This is caused by the relatively 
large phase errors caused by small errors in the sound speed c (see equation 
6.4) when the distance becomes great. 
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6.4 Temperature measurement 

The temperature of the pipe wall has been measured with a thermocouple, 
calibrated with a mercury thermometer. The result is shown in fig. 6.2. A 
curve given by: 

t(°C) = lO;C ( t(V) + 0.03V) (6.11) 

has been used in all experiments. The error in the temperature measurement 
is of order 0.1 °C. 
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Figure 6.2: Calibration of the thermocouple with a mercury thermometer. 
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IRI 

6.5 Influence of dissipative effects 

The effects of friction at the pipe wall and heat transfer in the thermal 
boundary layer are taken into account by equation 6.5. In fig. 6.3 it is 
shown what happens if this influence is neglected. It is clear that with the 
exception of the lowest frequencies, it is quite impossible to perform accurate 
measurements without taking dissipative effects into account. 
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Figure 6.3: The influence of neglecting dissipative effects m the evaluation 
of the experimental data. 
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6.6 Influence of the gauge cavities 

As a simple model for the influence of the volume of the gauge cavities, we 
assume that the velocity in the pipe remains uniform, but at the position of a 
pressure gauge there is a discontinuity in order to inflate or deflate the cavity. 
In this model the only relevant parameter of a cavity is its volume V. The 
cross-section of the pipe is given by A. Viscous effects are not considered. In 

m m 
segment 2 segment 1 

-+ 0:2 -+ 0:1 

/32 +- /31 +-

z = -L z=O 

Figure 6.4: Influence of the gauge cavities. 

segment n = 1, 2 of the pipe, we have: 

(6.12) 

and 
O:n ile.:-iwt f3n -ile.:-iwt (6 .13) Un= -e - -e . 
PoC PoC 

The reflection coefficient at the end of the pipe ( z = 0) is given by: 

/31 Ri = -. (6.14) 
0:1 

In a measurement with gauges 1 and 2, we are measuring 

Therefore, we want to calculate R1 as a function of R 2 • The boundary 
conditions at z = -L are: 

8p' iwV 1 PoA(u2 - u1) = V-
8 

= --p1 (6.16) 
t c2 

and 
I I 

P1 = P2· 

This leads to: 

(a2 - a1)e-ileL - (/32 - f31)eileL = - iwV (a1e-ilcL + f31eilcL) 
cA 
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and 
aie-ikl + /3ieikL = a 2e-ikL + -/32eikL (6.19) 

Using the definitions 6.14 and 6.15 we find after some algebra: 

. R e2ikL _ iwV (1 + R e2ikL) R e2akL - 2 2cA 2 

1 - 1 + ;:~ (1 + R2e2ilcL) 
(6.20) 

Note that R1e2ikL and R2 e2ikL are the reflection coefficients at z = -L. 
In our experimental setup, 27rV/2cA = 0.725 µs. Therefore in the fre

quency range up to 1000 Hz used in our experiments, the disturbance caused 
by the volume of the cavities is only a minor effect (much smaller than 0.1 % 
in IRI and 0.01 in o/a in most cases). 
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Dit afstudeerwerk is mogelijk geweest dankzij de inzet van een groot aantal 
mensen. Sjoerd Rienstra, Rene Peters, Bram Wijnands, Floris Huijsmans, 
Rini van Dongen, zij zullen in dit verslag onderdelen vinden die zonder hun 
hulp niet tot stand zouden zijn gekomen. Wat mij opviel was hun grote 
betrokkenheid bij het onderwerp en de bereidheid zich voor mij in te zetten. 
Van alle mensen de mij tijdens mijn afstuderen begeleid hebben was er niet 
een die niet steeds uitgebreid de tijd heeft genomen om mijn ideeen op het 
rechte spoor te houden en mijn fysische ontwikkeling op een hoger niveau te 
brengen. In het bijzonder geldt dit voor mijn directe begeleider Mico Hirsch
berg. Hij heeft zowel op fysisch gebied als daarbuiten buitengewoon veel tijd 
en moeite in mij geinvesteerd. Het was voor mij een voorrecht in deze groep 
te kunnen afstuderen. 
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