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Abstract 

A few years ago the Department of Otolaryngology at the University Hospital Maastricht started 

to develop a video eye tracking system, a non invasive system to measure eye position. 

Horizontal and vertical eye position are measured by tracking the centre of the pupil. Torsional 

eye movements are measured by tracking a sampled iris pattern. 

The study, presented in this report, improved and validated the methods used. Furthermore, the 

algorithms to determine the ocular torsion have been adjusted to create the option of correctly 

measuring eye positions in eccentric eye positions and to express eye positions in terms of 

rotation vectors. 

Most improvements are software based. A simulation program has been written, using digitised 

images of an eye as input, to test the various approaches. 

A high-pass filter has been implemented to filter the large low frequency contribution, caused by 

the inhomogeneity of illumination. The cut off frequency of this filter is 2 rad -I. Filteringalso the 

high-frequencies, present in the signal due to noise, appeared not to influence the measurement of 

ocular torsion. 

The polarizers placed before the LED's and before the camera had to be removed. A diaphragm 

with a diameter of 5 mm has been placed before the lens, which improved the depth of field from 

5 to 20 mm. 

To reduce the undesirable effect of a data set of finite length (256 pixels) a smoothing window 

has been created and implemented. 

Measuring ocular torsion, based on the cross-correlation of the average of three sampled iris 

patterns at different radii, with a mutual distance of three pixels is appeared to be correct. 

To measure eye torsion in the case that only a small area is suitable for obtaining a iral signature, 

the possibility has been implemented, to reduce the lengthof the segment to 128 pixels. 

A mathematica! technique has been presented to determine the correct location and shape of the 

defined segment at all eye positions, including those at which the projection of the segment on 

the image plane of the camera is deformed by the spherical shape of the eye ball. Because of their 

computational efficiency and their unambiguous description of three dimensional eye 

movements, all calculations have been based on rotation veetors instead of rotation matrices. 
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Chapter 1: Introduetion 

For more than a century, eye movement has been the subject of many theoretica] and 

experimental analyses. Recent studies have emphasised the importance of the kinematics of 

eye rotations in understanding the oculomotor control system, i.e. the system which controls 

eye movements. 

The general object of the study of eye movement is to understand the control of gaze by 

subjects who move about in a world which contains moving objects, although the world as a 

whole remains stationary. Eye movements have no other function than to serve vision: to 

achieve and maintain orientation of the eyes in relation to the surroundings, which is optimal 

for the processing of visual information [1,2]. 

This report deals with the measurement and description of three-dimensional eye positions. 

Chapter 2 provides the background information required for the remaining chapters. Section 

2.2 gives a short introduetion of the physiology of eye movement Section 2.3 focuses on the 

measurement of eye movements. 

The requirement to accurately measure three-dimensional eye position has led to the 

development of different detection techniques, varying from photographic procedures [3,4] to 

the semi-invasive and accurate scleral search coil system [5]. Expanding on photographic me

thods, actvaneed video-based techniques are developed. These techniques offer many advan

tages. The approach is non-invasive and images are immediately available for analysis. 

Video-based techniques commonly measure ocular torsion, i.e. rotation of the eye about the 

line of sight, by tracking iris structures. Hatamanian and Anderson [6] described an algorithm 

for measurement of ocular torsion based on cross correlation of a sampled iris pattern. An iris 

signature is formed by sampling pixel intensity along a circular sampling window on the iris 

at a fixed radius from the pupil centre. Horizontal and vertical eye positions are measured by 

tracking the centre of the pupil. 

A few years ago the Department of Otolaryngology at the University Hospita! Maastricht 

started to develop a video eye tracking system [7], basedon this principle. This system, 

described in section 2.3, enables the real time measurement and display of eye movements. 

In measuring three-dimensional eye positions the eye position is defined as the three

dimensional rotation from a reference position to an actual eye position. In this definition the 

eye is described as a ball rotating about its centre. This centre of rotation is considered as 

fixed in space and in the eye itself. A combination of a horizontal and a vertical rotation of the 

eye in a well defined sequence, uniquely characterises the direction of the line of sight, (i.e. 

the imaginary line connecting the eye to the fixation target), but it does not completely 

determine the eye position. The rotation about the line of sight is still unspecified. Therefore a 

third rotation is necessary to completely describe the three-dimensional eye position. 
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lt is possible to mathematically describe this three-dimensional rotation by a rotation about a 

single axis [8] or by a composition of three consecutive rotations about well defined axes 

[9,10]. Section 2.4 describes both systems and their advantages and disadvantages are set out. 

The video eye tracking system is already being used in clinical practice but there are still 

several shortcomings. The aim of this project is to improve and validate the methods used to 

determine eye position. Furthermore the algorithms to determine the ocular torsion need to be 

adjusted to create the option of correctly measuring eye positions in eccentric eye positions. In 

this case, the projection of the segment onto the image plane deviates from the original shape 

in the reference position. This geometrie distartion has to be taken into account. 

Chapter 3 elaborates on these aims. Subsequently chapter 4 deals with the first of these aims 

with a review of the improvements which have been implemented during the last few months 

or which will be implemented in the near future. Chapter 5 gives an algorithm which can be 

used to correct for geometrie distartion and describes its implementation in the software. 

Chapter 6 provides the overall conclusions. 

2 



----------------------------------------------

Chapter 2: Several aspects of three-dimensional eye movements 
and eye positions 

2.1 Introduetion 

This chapter will deal with three aspects of eye movements and eye positions. Section 2.2 will 

start with a short introduetion to the physiology of eye movements. Section 2.3 gives a 

description of a video based system, which enables the real time measurement and display of 

eye position and orientation. Eye position is defined as the three-dimensional rotation from a 

reference position to an actual eye position. It will be shown in section 2.4 that it is possible to 

mathematically describe this three-dimensional rotation by a rotation about a single axis [8] or 

by a composition of three consecutive rotations about well defined axes [9, I 0]. 

2.2 Physiology 

Eye movements have no other function than to serve vision: to achieve and maintain 

orientation of the eyes relative to the surroundings which allows optima! processing of visual 

information [ 1 ,2]. 

The signal processing in the retina is slow and requires relatively stationary images: veloeities 

of re tin al images exceeding 3 o I sec result in a blurred vision. In order to process rnaving 

images and images during head motion two control systems are active to reduce retina! image 

velocity: the vestibular system and the optokinetic control system. The vestibular and the 

optokinetic control system reduce movement of the image on the retina despite movement of 

the head or environment to prevent blurred vision. Each of these two systems makes its own 

contribution, and tagether they generate compensatory eye movements that keep the eyes 

relatively stabie to the visual environment. 

The resolving power of most of the retina is poor. Spatial sensitivity is good only in the fovea, 

a small area, located at the centre of each retina. To see a visual target in fine detail, we must 

aim our eyes so that the images of the target fall exactly on the sensitive foveae of both eyes. 

This is arranged by two other control systems: the pursuit control system and the saccade 

control system. The pursuit control system keeps visual targets on the foveae despite 

movement of these targets. It monitors target motion and generates tracking motions that keep 

the eyes locked onto the target. The fourth control system, saccade, places new targets on the 

foveae. Whenever an interesting target appears in the periphery of the visual field, it fires the 

pulse generator, which generates a rapid eye movement that places the target on the foveae. 
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The commands coming from the four control system are sent to the fin al common pathway, 

composed of the premotor system and the motor system. The motor system consists of the six 

extraocular musdes and the oculomotor nerves, and moves the eyeballs. It is controlled by 

signals from the premotor system. 

2.3 Real time detection of horizontal, vertical and torsional eye movements 

2.3.1 Introduetion 

The requirement to accurately measure three-dimensional eye positions has led to the 

development of different detection techniques, varying from photographic procedures to the 

semi-invasive and accurate search coil system. Expanding on photographic methods [3,4], 

advanced video-based techniques are developed. These techniques offer many advantages. 

The approach is non-invasive and images are immediately available for analysis. 

Video-based techniques commonly measure ocular torsion, i.e. rotation of the eye about the 

line of sight, by tracking iris structures. Hatamanian and Anderson [6] described an algorithm 

for measurement of ocular torsion based on cross correlation of a sampled iris pattern. An iris 

signature is formed by sampling pixel intensity along a circular sampling window on the iris 

at a fixed radius from the pupil centre. Horizontal and vertical eye positions are measured by 

tracking the centre of the pupil. 

For several years the Department of Otolaryngology of the Di vision of Balance Disorders at 

the University Hospita! Maastricht has been working on a real time video eye tracking system 

[7]. This system allows the reai-time display of both horizontal, vertical and torsional eye 

position simultaneously. lt is already in use in clinical practice, but several problems still 

re mam. 

This section will provide a description of the video eye tracking system. 

2.3.2 Video eye tracking system 

Figure 2.1 gives an outline of the video eye tracking system. The image of each eye is 

projected via two infra-red reflecting mirrors through a 40 mm lens on a 1/3" black and white 

video CCD chip (type Sony NDL-40BYE, 512 x 512 pixels, 8 bits). Each eye is illuminated 

by 8 infra red GaAs LED's (wavelength À= 950 ± 20 nm). The mirrors are characterised by a 

reflection of 89% at a wavelength of 950 nm. The lens is designed to obtain minimal spherical 

aberration at the same wavelength. An infra-red transmission filter (type Schott RG830, À= 

830 nm) is placed between lens and CCD chip to eliminate imaging of targets in the 

spectrum' s visual range. 
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IR reflecting mirror 

CCD-Camera 

Eye 

··==a 
Figure 2.1: An outline of the video eye tracking system (top view). 

The mirrors, cameras and electronics are mounted on a system resembling a pair of glasses. 

Each camera-mirror system can be adjusted in three dimensions. The system is easily 

mounted on the patient' s head. It in duces only some pressure on the nose and both ears (figure 

2.2). The patient has a broad visual field, which is important with respect to visual 

stimulation. The video images are sent to a PC at a rate of 50 Hz (interlaced) through a frame

grabber with a resolution of 512 x 256 pixels. 

Figure 2.2: Photograph ofthe video eye tracking system mounted on the patient's head. 
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2.3.3 Measurement procedure 

At the start of an experiment the system is mounted on the patient's head, and the minor

camera systems are set up so that the pupil is positioned at the centre of the video image when 

the subject is looking straight forward. The contrast and brightness of the image are then 

adjusted by means of the software to obtain sufficient contrast in the iris. The amount of 

contrast needed is judged visually by the researcher. The contrast threshold for pupil detection 

is set manually. The software now detects the horizontal and vertical eye movements by 

tracking the centre of the pupil. 

Torsional eye movements are detected by tracking structures in the iris. In order to do this a 

reference image is obtained at the start of each experiment. The patient is asked to look 

straight forward and the video image thus obtained is frozen. A segment of 256 pixels is then 

defined in this reference image at an certain angle from the horizontal and at a certain distance 

from the centre of the pupil. The location of the segment is chosen by the researcher and 

depends on the structure of the iris. When torsional eye movement occurs part of the iris will 

rotate out of the predefined segment while another part will rotate into it. By cross-earrelating 

pixel intensity profiles of the segment obtained before and after rotation, ocular torsion can be 

determined. 

Pupil defection 

In order to detect the centre of the pupil, a set of 15 evenly spaeed horizontal lines is placed 

over the video image. Subsequently, a threshold is set for grey values in the image. Pixels 

with a grey value under the threshold are assumed to lie in the area of the pupil, while those 

with grey values above the threshold are not. In this way the outer points of the pupillying on 

each of the 15 lines are determined. For every two pairs of outer points a ei rele is fitted and 

the centre of this circle is determined. Out of all these eentres the extreme values, which 

deviate more than 20 pixels of the average of all determined centres, are disregarded and 

using the remaining values the average is calculated. 
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Figure 2.3: Threshold setting for pupil 

detection. 

The Cross-Correlation Metbod 

Application of the cross-correlation methad is based on the assumption that most of the 

variation in pixel intensity of a digitised image of the iris occurs in the angular direction in a 

polar co-ordinate system centred around the pupil. 

Measurement of ocular torsion can therefore be reduced to a one-dimensional signal 

processing task. An iral signature is formed by sampling pixel intensity along a circular 

sampling window on the iris at a fixed radius from the centre of the pupil. In practice, the 

sampling window is limited to a segment of this ei rele, as reflections from the LED' s and tear 

build-up in the lower eye, and upper eye-lid droop render these areas unsuitable for obtaining 

an iral signature. 

The segment is placed on a eertaio distance r from the centre of the pupil. The co-ordinates of 

the pixels in the image belonging to the segment (y, z) are calculated by: 

Y = Ypupil + r · cos(8,.,art + (n- 1)/r) 

Z = Zpupil + r · sin(8,·tart + (n -1)/r), 

(2.1) 

(2.2) 

where e,·tart is the position of the first pixel of the segment, described by an angle with the 

horizontal; n varies from 1 toN, with Nis 256 pixels. 
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Figure 2.4: Position of the segment. 
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Figure 2.5: Grey values in the segment. 

In the case of an erroneous detection of the centre of the pupil, tracking the structure in only 

one segment can lead to a miscalculation of the ocular torsion. To prevent this, at mutual 

distance of three pixels, two other segments are placed at different radii, one on either side of 

the first segment. The grey values in these three segments are added and divided by three. By 

cross-correlating the average iral signatures before and after torsional movement, the angle of 

rotation can be determined. 

When the average iral signature of the reference image and the second image are given 

respectively by the discrete functions p(nlr) and q(nlr), the cross-correlation function h(nlr) is 

determined by calculating the shift of p with respect to q, which can be carried out by means 

of the next equation 

h(n Ir)= p-I (F(p) · p* (q)). (2.3) 

F(p) and F( q) are Fourier Transforms of p and q, F 1 is the inverse Fourier transform. p* ( q) is 

the complex conjugated of F(q). An example of the cross-correlation function is given in 

figure 2.6. 

The shift in the peak of the cross-correlation function with respect to zero, indicates the 

torsional position of the eye for each video frame relative to the reference image. 
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Figure 2. 6: The cross-correlation function. 

0.5 1 

Because of the fact that p and q are discrete functions, discrete Fomier transfarms (DFT) are 

used to calculate the cross-correlation function. The DFT is an approximation of the 

continuous Fomier transform. This transformation works well when the frequencies in the 

signal are less than half the sampling rate (Sampling theorem). In this case the sampling rate 

1 
is given by 1· 

r 

The DFT of a certain discrete signal x(n), existing of N data points, is given by 

N-1 

X(k) = LX(n) e-j(2rr!N)nk' 

n=O 

(2.4) 

x(n) is then given by 

1 N-1 

x(n)=-LX(k)eiC2
rriN)nk. (2.5) 

N k=O 

Equation 2.5 is called the inverse discrete Fomier Transform (IDFT). 

The DFT is implemented with Fast Fomier Transform (FFT) algorithms. FFT algorithms are 

computationally efficient ways of calculating the DFT [ 11, 12]. A complete direct evaluation 

of the DFT requires (N-1)2 multiplications and N(N-1) additions. The FFT breaks down the 

original N-point sequence into two shorter sequences, the DFT's of which can be combined to 
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give the DFT of the original N-point DFT. This processcan be iterated. The number of 

computations required for FFT algorithms is a constant times N 2 log(N). The constant is 

different for each algorithm, but always forms a significant advantage for using the FFT. 

Display of eye position and orientation 

The actual three-dimensional eye position is expressed in three components, parallel to the 

axes of a head fixed co-ordinate system and is displayed in the next figure. 
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Figure 2. 7: The display of measured eye positions and orientations: horizontal (top), vertic al 

(middle) and torsional (bottom). 

2.4 Mathernaties of three-dimensional eye rotations 

2.4.1 Introduetion 

The position of the eye within the orbit is determined by rotations and translations. 

lf the centre of rotation of the eye is regarded as fixed in space and in the eye itself, a 

combination of a horizontal and vertical rotation of the eye in a well defined sequence 

uniquely characterises the direction of the line of sight, but it does not completely determine 
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the three-dimensional eye position. The rotation about the line of sight is still unspecified. So 

a third rotation is necessary to describe the eye position completely. 

In descrihing eye positions by a composition of three consecutive rotations, the sequence of 

rotations is arbitrary. And because of the fact that rotations in three dimensions do not 

commute the end position of the eye would depend on the sequence of rotations, that is used. 

Donders' law [13] stateshowever that the three dimensional orientation of an eye is fully 

determined by the position of the line of sight, and is independent of the way in which that 

position was reached. 

Defining the three-dimensional eye position, using Euler's theorem [8] has several advantages 

over the widely-used decomposition in three consecutive rotations. Euler's theorem states that 

for every two orientations of an object, the object can always move from one to the other as a 

single rotation about a fixed axis. Until recently however, the rotation of the eye from a 

reference position to an end position has not been described by the characteristics of this 

single rotation. 

The following sections will deal with these mathematica! description of the three-dimensional 

eye positions. 

2.4.2 Rotation matrices [14] 

Let {h 1, h2, h3 } be a right-handed, head-fixed co-ordinate system such that h 1 coincides with 

the line of sight when the eye is in reference position h2 with the inter-aural axis and h3 with 

the earth vertical. The reference position is the position of the eye when the subject is looking 

straight forward. Let { e 1, e2, e3 } denote a co-ordinate system that moves with the eye such that 

{e1, e2, e3 } coincides with {h1, h2, h3 } when the eye is in the reference position. The direction 

of e1 corresponds with the direction of the line of sight (figure 2.8). 

Any rotation of the eye from the reference position to a new position can be described by: 

ë =R·h 
l l 

Rotation matrix R completely describes the current eye position. The columns of R are 

equivalent to the veetors of the eye-fixed co-ordinate system expressed in the head-fixed 

system. Different values of R define a different orientation of the eye-ball. 

11 
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.. > e2 ····· ·-, 

~e, 
Figure 2.8: Horizontal rotation about the axis h3 by (} degrees from the 

reference position (A) toa new position (B). 

Systems that use a combination of three rotations for the description of eye position generally 

use passive rotation, rotation about eye-fixed axes. Each rotation changes the co-ordinate axes 

about which the next rotations will be performed. Consecutive rotations are mathematically 

described as active rotations, rotations about head fixed axes (figure 2.9 A). A rotation about 

h3 by fJ, RJ(fJ), foliowed by a rotation about h2 by C/J, R2( cp), is then described by 

(2.7) 

This equation can be re-interpreted as two consecutive rotations about eye-fixed axis in 

reverse sequence: first a rotation about e2 by C/J, foliowed by a rotation about e3 by (} (figure 

2.9 C). 

A combination of a horizontal and vertical rotation of the eye in a well defined sequence 

uniquely characterises the direction of the line of sight, but it does not completely determine 

the three-dimensional eye position. The rotation about the line of sight is still unspecified 

(figure 2.9 B). Soa third rotation is necessary to describe the eye position completely. 

There are different parametrisations possible for the same rotation matrix, because of the fact 

that the sequence of rotation is arbitrary. 
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Figure 2.9: (A) A 90° rotation about the vertical axis h3, followed by a 90° 

rotation about the horizontal axis h2. (B) A 90° rotation about the horizontal 

axis h2, followed by a 90 o rotation about the vertic al axis h3. ( C) A 90 o rotation 

about the eye-fixed axis e2, followed by a 90° rotation about the eye-fixed axis 

e3. The final orientation is the same as in (A). 

Fick [9] characterises eye positions by a horizontal rotation about e3 by e followed by a 

vertical rotation about e2 by c/J and then by a torsional rotation about e 1 by lfF. 

R Fick = Rl e F )- Ri c/J F )- RJ lfl F ) 
(2.8) 

Helmholtz [10] starts with a vertical rotation about e2 by c/J, foliowed by a horizontal rotation 

about e3 by 8 and a torsional rotation about e1 by lfF. 
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RHelmholtz = Rz( </J H). Rd eH). Rd tjf H) (2.9) 

The subscripts F and H respectively refer to the Piek- and Helmholtz-sequence of rotations. 

Given a rotation matrix R the values of the angles e, </J and tj/can be calculated from this 

matrix. The values of the torsion component will depend on the parametrisation that is used. 

These parametrisation dependent values for ocular torsion are called false torsion. 

Because of this false torsion, rotation matrices are not the most efficient way to describe eye 

positions. 

2.4.3 Quaternions and rotation veetors 

A more efficient way of characterising three-dimensional eye rotation is through use of a 

vector. The direction of this vector is given by the axis of the rotation and its length is 

proportional to the rotation. In this description torsion is not defined as a rotation about the 

line of sight, but as a rotation about the h1-component of the vector characterising the total eye 

position. This way of descrihing a three-dimensional eye position is based on Euler's theorem, 

which states that for every two orientations of an object, the object can always move from one 

to the other by a single rotation about a fixed axis [8]. 

There are two kinds of these descriptions of rotations: quaternions and rotation vectors. 

Quaternions [16] 

Extending three-dimensional vector algebra to include multiplication and division, in 1843 

Hamilton created an algebra for quadruples of numbers, also called quaternions. 

A quaternion q is a fom-component object and is given by: 

q = ( d, a, b, c) = d 1 + ai +~i + ck . 

The four quaternion units are defined by: 

1=(1, 0, 0, 0), i=(O, 1, 0, 0),)=(0, 0,1 ,0), k=(O, 0, 0, 1). 

The quaternion product 

qq'= (dl+ ai +bj + ck)(d'1 +a' i +b' .i+ c' k) 

(2.1 0) 

(2.11) 

is obtained by distributing the terms on the right as in ordinary algebra, except that the order 

of the units must be preserved. Note that the productsof the units are defined by: 

·2 ·2 k2 1 l =.J = =-

~i= k, jk =i, ki = j; ji = -k, kj= -i, ik= -j. 
(2.12) 

With this definition qq' is given by 

14 



.! k 

qq'= dd'-aa'-bb'-cc'+d(a'i + b' j + c' k) + d'(ai + bj + ck) + a b c 

a' b' c' 

qq' = q' q only when the determinant is zero. 

(2.13) 

ldentifying i, j, k with a dextral set of orthogonal unit veetors (figure 2.10), every quaternion 

q =dl+ ai+ bj + ck is the sum of a scalar Sq = d and a vector Vq =ai+ bj + ck and is given 

by 

q = Sq+Vq. 

k 

Figure 2.10: co-ordinate system {i, j, kj 

(2.14) 

Every quaternion q with real coefficients may be written as a real multiple of unit quaternion: 

q = h(cos(} + ë sin(}), 0:::;; (}:::;; 2n. 

Here 

and 

d -Ja 2 +b 2 +c2 
cos(} = - sin(} = +-----

h' - h 

when a2 + b2 + c2 :;r 0, ë is the unit vector: 

ai +b] +ck 
ë = + ---r======= 

- -Jaz +bz +c2 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

Quaternions descrihing rotations have norm h = 1, and are therefore called unit quaternions. 

With the aid of quaternion algebra, finite rotations in space may be dealt with in a simple 

manner. This application depends upon the next fundamental theorem. 

lf q and rare non-scalar quaternions, then 

I -J r = qrq (2.19) 

is a quaternion whose normand scalarare the same as for r. The vector part of r', Vr', is 

obtained by revolving Vr conically about the vector part of q, Vq, through twice the angle of 

q. Thus if 
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q = cos8 + T sin8, 

Vr' is obtained by revolving Vr conically about T through an angle 28. 

Rotation p followed by a rotation q is equivalent to the single rotation qp. More generally, the 

succession of rotations p J,p2, ... ,pn, given by Pn o Pn-I .. . o p 1 , is equivalent to the single rotation 

PnPn-I···P2P I· 

Take for example a rotation of 90° about] , followed by a rotation about T. 

This sequence of rotations is represented by the quaternion product 

(cos 45°+ T sin 45° )(cos 45°+.7 sin 45°) = t( 1 + T + .7 + k) 
that is, by 

1 T+Y+f-13 T+]+k 
- + ·r:; =cos 60°+ r:; sin 60°. 
2 v3 2 v3 

(2.20) 

(2.21) 

The resulting rotation is a rotation of 120° about an axis equally inclined to the axes of i,j and 

k. 

Rotation veetors [14,15] 

Since the scalar component of a unit quaternion does not contain any information that is not 

a1ready given by the vector part, it can be eliminated by using rotation vectors. 

The rotation vector r, which corresponds to the quaternion q, descrihing a rotation of 8 about 

an axis ii , is defined by [ 14] 

~ Vq 
r=-. 

Sq 
(2.22) 

With Sq =cos (8 /2) and IVql= .Ja 2 +b 2 + c2 = sin(8 I 2) equation (2.22) can be written as: 

r = tan(8 /2) · Vq = tan(8 /2) · ii. 
IVql 

(2.23) 

The direction of this vector is given by the axis of the rotation ii and its length Ir I is 

proportional to the rotation. The orientation of the vector is given by the right-hand rule, i.e. 

an eye movement left, down or clockwise (as seen from the subject) is described by a vector 

which points respectively up, left or forward. 
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A B 

hl 

Figure 2.11: Description of a three-dimensional eye position with a vector. (A) The eye in the 

reference position corresponds toa rotation vector which length is equal to zero. (B) A 

different horizontal eye position can be achieved by rotating the eye from the reference 

position about the h3 axis. This eye position is represented by a vector along the h3 axis, with 

a length proportional to the angle of rotation. Usually only the end point of the vector is 

shown. 

Using equations (2.13) and (2.23) the rotation vector for combined rotations is given by: 

(2.24) 

where ~' is the first rotation, about an axis parallel to ~', and ~ the second rotation, about a 

head fixed axis parallel to ~ . 
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From this equation it is possible to derive that an eye movement from a start position, given 

by rotation vector F., = (0, a, b), to an end position, given by rotation vector ;;: = (0, c, d), is 

described by rotation vector 

1 
r,e = ~ 0 

( -r..) = 1 + ac + bd (-he+ ad' c-a, d-b). 

• 
start position 

~ 

-r s 

• 
reference position 

Figure 2.12: De scription of a three-dimensional eye 

rotation from a start position to a end position by a 

combined rotation. 

2.4.4 Listing' s plane 

(2.25) 

When looking at a target, the position of the target determines the direction of gaze, but does 

not specify the amount of ocular torsion about the line of sight. Donders' law states [ 13] 

however that the torsional eye position is not arbitrary, but uniquely determined by the 

direction of gaze. Listing's law goes one step further by specifying the amount of ocular 

torsion. All rotation veetors or quaternions, characterising three-dimensional eye positions, Jie 

closely scattered along a plane. This planeis called the displacement plane [17]. The 

orientation of the displacement plane depends on the reference position used to describe the 

eye positions. Shifting the reference position by 2a degrees in any direction shifts the plane of 

the rotation veetors descrihing exactly the same eye positions by a degrees in the same 

direction. For every data-set there is only one reference position such that the conesponding 

displacement planeis perpendicular to the reference direction of gaze, e.g., the line of sight in 

this reference position. This position is called the primary position and the conesponding 

displacement plane is termed Listing's plane. 
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2.4.5 Choice of uniform mathematical description of three-dimensional eye movements 

The major advantage of the quaternion and the rotation vector representation is their 

computational efficiency. For example questions involving Listing's law take a very simple 

form when expressed in terms of quaternions or rotation veetors [ 18]. There are also 

advantages over the widely used Fick (and Helmholtz) system. One advantage is symmetry. 

The Fick system is asymmetrie. lt defines the horizontal component of eye position with 

respecttoa head-fixed axis, but the torsional component to an axis fixed in the eye. In the 

quaternion representation all components were defined using a single rotation axis, iï, 

expressed in a head-fixed co-ordinate system. 

The other advantage concerns three-dimensional position plots of movement trajectories. 

Clearly, the three Fick co-ordinates could beregardedas a vector, which could be plotted 

three-dimensionally, but the plotted points would have little geometrie meaning. In contrast a 

plot of quaternion veetors would depiet the instantaneous rotational displacement of the eye 

from the primary position in termsof axis and amplitude, the plotted vector lying along the 

axis of rotation and its length being a function of the amplitude. 
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Chapter 3: Aim of the study 

3.1 Introduetion 

At the start of this project the video eye tracking system was already in use in clinical 

practice. The system did however not succeed in measuring ocular torsion in all subjects 

under all conditions applied. The aim of this study is to optimise the pattem recognition 

method, described insection 2.3.3, and to validate the (mathematica!) methods used. To reach 

these aims the shortcomings of the video eye tracking system need to be defined. This chapter 

maps these shortcomings. Chapter 4 and 5 deal with them and describe several solutions to 

the problems. 

3.2 Shortcomings of the video eye tracking system 

To detect small differences in structures of the iris it is necessary to get a sharp image of the 

eye. For several reasons however the quality of the image is very poor. One of these reasons is 

that due to reflections and shadows the illumination of the eye is not homogeneous. The i ral 

signatures contain low frequencies caused by this variation in illumination. The low frequency 

signal can lead to an erroneous detection of ocular torsion because of the fact that the 

calculation of the cross-correlation is then also effected by the variation in the illumination 

(section 4.2). 

Furthermore the depth of field, the allowable variation in object distance which still keeps the 

image sharply focused, is very small (section 4.4). 

Undesirable effects are also introduced by using a finite data set, insteadof a infinite 

correlation sequence (section 4.5). Furthermore, reflections of the LED's and tear build-up in 

the lower eye, and upper eye-lid droop render these areas unsuitable for obtaining aniral 

signature. As a consequence it is therefore impossible to create a segment with a length of 256 

pixels in many patients. In those cases it should be possible to reduce the segment length to 

128 pixels (section 4.6). 

To compensate fora possible erroneous detection of the centre of the pupil, torsional eye 

movements are determined by cross-earrelating the average iral signatures of three segments 

at different radii, with a mutual distance of three pixels, before and after the torsional eye 

movement (2.3.3). This procedure is basedon the assumption that the variation in pixel 

intensity of a digitised image of the iris in the radial direction is very small. This assumption 

is validated insection 4.7. 
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A shortcoming of the system arises when the eye is in an eccentric position. In this case the 

projection of the sampling window onto the image plane will deviate from the original shape. 

Translating the original sampling window in the image plane by the same amount as the pupil 

centre does not take this geometrie distartion into account, and an iral signature is obtained 

from the wrong area of the iris. This leadstoa wrong value of the measured ocular torsion. To 

make the system suitable for detecting ocular torsion in eccentric positions it is necessary to 

take this geometrie distartion into account. Chapter 5 provides an algorithm to calculate the 

form of the segment in an eccentric position. In this algorithm eye positions are described in 

terms of rotation vectors. 
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Chapter 4: lmproving and validating the methods of measurement 

4.1 Introduetion 

This chapter deals with the optimisation and validation of the pattem recognition metbod used 

in the video eye tracking system. Solutions to the shortcomings mentioned in chapter 3 are 

given. Most of the solutions are software based. During this project a simulation program has 

been written in MATLAB [19] totest the various approaches (Appendix A). The simulation 

program uses digitised images of an eye as input. The proposed solutions have been or will be 

implemented in the video eye tracking system by the software engineer, who developed it. 

4.2 Frequency filtering 

A frequency spectrum of the data in a segment is given in the upper, right hand graph in 

figure 4.1. 

Q) 
:::l 
(IJ 

> 200 
>
Q) ._ 
0) 

Q) 
:::l 
(IJ 

180~----~----~~ 
0 100 200 

pixelnumber 
220r.=~====~~--~ 

1-high-pàss filterl 
I 

> 200 
>-
Q) ._ 
0) 

180~----~----~--~ 
0 100 200 

pixelnumber 

2 n--;:=:::::;::;~~=;------;-
1-withogt filterl 

oL_~~~~~~~~ 

0 20 
f(1/rad) 

40 

2 1rl-~h~ig~h=-p=a~~s=f~ilt~e~rl~~~ 
---. I 

""0 I 

(IJ ._ 
--1 
0 
(f) 
0.. 

I 
-------~--------

1 

I 

ol...L-~1:...!..:.1..0.::.=""""-""""""' ........ """"""""'"""' 

0 20 40 
f (1/rad) 

Figure 4.1: The effect of a high-pass filter. Removing the injluences Q{the 

inhomogeneity of illumination by filtering the frequencies below the 2 rad -J. 

This figure shows a significant peak in the low frequency part of the frequency spectrum. 

The large contri bution of the low frequencies to the spectrum is caused by the variation in the 

amount of light over the image of the iris, as mentioned in chapter 3. 
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Filtering frequencies below 2 rad-1 will remove these influences of inhomogeneity of 

illumination. For this reason a high-pass filter is applied. To create a high-pass filter, a filter 

function in the frequency domain is applied on the grey value data in the segment. This filter 

function replaces the intensity in the frequency spectrum at frequencies below 2 rad-1 by 

ze ros. 

The result of applying the high-pass filter on the data in the segment is given in the lower part 

of figure 4.1. 

The effect of applying a band-pass filter insteadof a high-pass filter is presented in figure 4.2. 
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Figure 4.2: Filtering the high-frequencies out ofthe spectrum doesnoteffect the cross

correlation function 

Due to noise, caused by several elements in the system, an extra amount of high frequencies 

are present in the signal. Using a band-pass filter these frequencies could be removed, but this 

does not effect the cross-correlation function and therefore a high-pass filter is considered for 

optimisation. 
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4.3 Polarizers 

To reduce the reflection from the LED's in the image infra-red polarizers were placed before 

the LED's and before the camera. The intensity of the reflections in the image is reduced, but 

the reflections still remained. Moreover, the polarizers reduce the amount of light reaching the 

eyes so that the image of the eye is very dark. Forthese reasons it is decided to remove the 

polarizers, as the net effect was considered minimaL 

4.4 lmproving the depth of field 

The depthof field, the region in which the image is sharp, is very smal I. To improve this a 

diaphragm neects to be placed. However, with the intensity of the illumination before 

removing the polarizers, this was not possible. Removing the polarizers increased the 

intensity of the light falling on the lens. A diaphragm with a diameter of 5 mm, is placed 

before the lens which increases the depth of field from 5 to 20 mm, making it easier to keep a 

sharp image of the eye. The diameter of the diaphragm is optimised, based upon all 256 grey 

values to occur in the image of the eye. 

4.5 Window 

A data set of fini te length can be compared with an infinite data set multiplied by a square 

window. A frequency spectrum of a square window is given at the top of figure 4.3. The 

square window introduces extra frequencies in the frequency domain. To reduce this 

undesirable effect a smoothing window must be used. The created window and its frequency 

response arepresentedat the bottorn of figure 4.3. The frequencies introduced by applying 

this window are smaller than the cut off frequency of the high-pass filter (2 rad- 1
). By 

applying this window before the high-pass filter, these extra frequencies are filtered out of the 

signal (see section 4.2 ). 
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Figure 4.3: Power spectra of a square window (top) and a smoothing window (bottom). 

4.6 Different lengtbs of the segment 

Reflections of the LED's and tear builct-up in the lower eye, and upper eye-lid droop render 

these areas unsuitable for obtaining an iral signature. As a consequence it is therefore 

impossible to create a segment with a length of 256 pixels in many patients. In those cases it 

is possible to reduce the lengthof the segment to 128 pixels, which is already implemented in 

the software of the system. 

By actding zeros in the frequency domain it is possible to increase the segment from 128 

pixels up to 256 pixels. This procedure does not improve accuracy but allows a better 

estimation of the actual eye torsion. 

4. 7 A veraging the grey values in three segments with a mutual distance of three pixels 

An iral signature is formed by sampling the pixel intensity along a segment of a circular 

sampling window on the iris at a fixed radius from the centre of the pupil. The segment is 

placed at a certain distance r from the centre of the pupil. To compensate for a possible 

erroneous detection of the centre of the pupil, two other segments are placed at different radii, 

one on either side of the first one. The mutual distance betweenthem is three pixels (2.3.3). 

The cross-correlation is based on the average of the grey values of the three segments. 
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This metbod relies on the assumption that most of the variations in pixel intensity in a 

digitised image of the iris occur in the angular direction, and that the variation in radial 

direction remains constant. To verify this assumption the variation in radial direction is 
examined by cross-correlating the data points of segments at different radii. 

At a mutual distance of 5 ± 1 pixels the correlation of the segments disappears (see figure 

4.4). This means that averaging the grey values in the three segments, with a mutual distance 

of three pixels, is allowed. 
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Figure 4.4: At a mutual distance of 3 pixels the two segments show a significant peak 

in the cross-correlationfunction (top). At a mutual distance of 5 pixels the correlation 

between two segments at different radii disappears (bottom). 
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Chapter 5: Development and implementation of mathematical 

procedures to incorporate a uniform description of eye 

movements and compensation for geometrical distortion 

5.1 Introduetion 

This chapter describes a mathematica] technique to determine the correct location and shape 

of the segment defined, in all eye positions, including those at which the projection of the 

segment on the image plane of the camera is deformed by the spherical shape of the eye ball. 

When the eye is in an eccentric position, the projection of the sampling window onto the 

image plane will deviate from the original shape. Translating the original sampling window in 

the image plane by the same amount as the pupil centre does not take this geometrie distortien 

into account, and an iral signature would be obtained from the wrong area of the iris. When 

this incorrect iral signature is cross-correlated with the iral reference signature, an erroneous 

value for ocular torsion is indicated. 

All calculations are based on rotation veetors instead of rotation matrices, due to the fact that 

a representation in rotation veetors is computationally more efficient than a representation in 

rotation matrices, according to Fick (section 2.4.5). 

5.2 Mathematical deseription of eompensation for geometrie distortion 

The exact shape and form of the projection of the eye onto the image plane of the camera is 

influenced by many factors. To determine analytica! formulas for the correct three

dimensional eye position from video images, the following simplifying assumptions are made 

[20]: 

-The eye is a perfect sphere. 

-Eye movements are pure rotations around the centre of the eye, withno translations of 

this centre. 

-The image of the eye corresponds to an orthographic projection of the eye onto the 

image plane, without any optica] distortien by the optical properties of the cornea or 

spherical aberration of the opties of the camera. 

The same co-ordinate systems are used, as described in chapter 2: a head-fixed 

co-ordinate system { h1, h2, h3} and an eye-fixed co-ordinate system { e ,, e2, e_,} (figure 5.1 ). 
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Figure 5.1: A head-fixed co-ordinate system {h1, h2, h3} and an eye}ixed 

co-ordinate system {e 1, e2, e3}. {e1, e2, e3} coincides with {h1, h2, h3} 

when the eye is in reference position. 

When the eye is in reference position, that is looking straight ahead, the eye-fixed co-ordinate 

system coincides with the head-fixed co-ordinate system. The camera is oriented in such a 

way that the imageplaneis parallel to the h2-h3 plane of the head-fixed co-ordinate system, 

and the Cartesian co-ordinates y and z are parallel to h2 and h3 respectively. The projection of 

the centre of the eye onto the image plane forms the origin of the image co-ordinate system. 

Image plane 

-Y y +Y 

+Z 

z 

-Z 

Image plane 

Figure 5.2: Top view and side view ofthe projection onto the image plane. {h 1, h2, h_d are the 

basis of a head-fixed co-ordinate system. (y, z) are the co-ordinates of a projection of a point 

on the surface of the eye onto the image plane [20]. 

A head-fixed reference point Pref is given by the intersectien of the surface of the eye with h1: 
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Pret = reve (1, 0, 0) (5.1) 

where reye is the radius of the eyeball. 

The projection of a point on the surface of the eyeball onto the imageplaneis given by [20]: 

(y, z) = reye ·(sine coscf>, sine/>) (5.2) 

When the eye is in reference position the centre of the pupil coincides with the reference point 

Pref . An arc-shaped sampling window is formed in the image plane, and for each point (ya,Za) 

on this are the corresponding projection on the surface of the eye ( e,cp) can be determined by 

inverting equation (5.2). 

An eye position is given by position vector p = (p1 , p2 , p 3 ): 

p = (reye cose coscf>, y, z) (5.3) 

Every eye position can also be described by characterising the hypothetical rotation, from a 

fixed reference point to the current eye position (section 2.4.3). This rotation is described by 

rotation vectorr = (r
1

, r
2

, r
3

) [14, 15]. The torsional component r1, i.e. the component along 

h1, is equal to zero (Listing's law, section 2.4.4). 

This rotation vector, descrihing a rotation of a about the axis ii, is given by equation (2.23), 

where ii is given by 

_ pxpret 
n =lp X Pref I 

(5.4) 

and 

( 
P ·Pref J a = arccos _ _ . 
I pilpref I 

(5.5) 

Following from these equations it can be deduced that the components of r are given by: 

r1 = 0, 
(5.6) 

- P l ( 1 ( P1 JJ r2 = J 
2 

· 
2 

tan - arccos - , 
p + p 2 reye 

2 3 

(5.7) 

and 

P2 (1 (P1 JJ r3 = ~ 
2 2 

tan - arccos - . 
p + p 2 Teye 

2 3 

(5.8) 

When the eye has moved to an eccentric position, the co-ordinates of the centre of the pupil in 

the image plane (yp, Zp) are determined by finding the pupil edge points (section 2.3.3). The 

Fick angles are again determined by inverting equation (5.2). From this new position p pupil 

and the reference position, Pret it is possible to calculate the rotation vector, ~~upil, descrihing 

29 



the hypothetical rotation of the pupil centre from reference position to tertiary position. 

The points of the arc-shaped sampling window in the reference position are described by 

rotation veetors ra, ref-

Equation (2.25) gives the rotation vectors, descrihing the position of the window in an 

eccentric eye position: 

- - -
':,,ecc = rpupil 0 ra,ref . 

-r a,ecc 

Figure 5.3: Illustration of the calculation of the 

position of the segment in an eccentric eye position. 

The corresponding position vectors, Pa,ecc can be calculated (Appendix B). Hence the 

(5.9) 

corresponding image co-ordinates ofthe segment, (Ya,ecc'Za,en) in this eccentric eye position 

are given by the following equations: 

Yecc = 

2 2 
ra,ecc,3 r eye 2 ~ 2 2 

2 2 (1- cos (2 arctan( ra,ec<,2 + r a,ecc,3))) 
ra,ecc,2 + ra,ecc,3 

(5.10) 

r a,ecc,2 
2 2 

ra,ecc,3 reye 2 ~ 2 2 
2 2 (1- cos (2 arctan( r a,ecc,2 + r a,ecc,3))) . 

r a,ecc,2 + ra,ecc,3 r a,ecc,3 
(5.11) 

To determine the ocular torsion of the eye in this eccentric position the cross-correlation is 

calculated through pixels corresponding to image co-ordinates (Yref; Zref) and pixels 

corresponding to image co-ordinates (Yeco Zecc). 
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5.3 Implementation in the software 

The direct implementation of the algorithm described in sectien 5.2 is not possible in a real 

time system. The calculations require too many processor clock cycles. For this reason the 

transformation of the image co-ordinates into rotatien veetors (equations (5.6)-(5.8)) and the 

reverse transformation (equations (5.10) and (5.11)) are calculated in advance andregistered 

in four 512 x 512 reference tables. Due to the symmetry of equations (5.7) and (5.8) and 

equations (5.10) and (5.11), the number of tables can be reduced to two. 

The camera is oriented in such a way that the image plane is parallel to the hrh3 plane of the 

head-fixed co-ordinate system, and the Cartesian co-ordinates y and z are parallel to h2 and h3 

respectively. The projection of the centre of the eye onto the image plane forms the origin of 

the image co-ordinate system. The image plane could be divided in four quadrants. The size 

of the components of the rotatien veetors is the same in the different quadrants, only the signs 

are different. Two different cases could be considered, depending on the sign of the second 

term in equations (5.7) and (5.8): 

1 pi 
if tan (- arccos (-)) > 0, 

2 reye 

then y>O, z>O: r2<0, r3>0 

y<O, z>O: r2<0, r3<0 

y<O, z<O: r2>0, r3<0 

y>O, z<O: r2>0, r3>0 

1 pi 
and if tan (- arccos (-)) < 0 

2 reye 

then y<O, z>O: r2>0, r3<0 

y<O, z>O: rz>O, r3>0 

y<O, z<O: r2<0, r3>0 

y>O, z<O: r2<0, r3<0. 

A 256 x 256 points reference table, containing the information of one single quadrant, is a 

representative sample of the whole area and contains all the required information. A 256 x 

256 points reference table covers 256 · 256 · 8 = 512 kb of memory. 

lf there is insufficient memory available to save both reference tables, the size of the tables 

neects to be decreased. 

Plotting the values of r2 as a function of y at constant values of z, result in slightly curved 

lines (figure 5.4). The curves in figure 5.5 show the values of r2 as a function of zat constant 

val u es of y. For the different values of y the re sult are al most the same. 
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Figure 5.5: Values ofr2 as ajunetion ofz at 

constant values ofy. For the different values 

of y the result are almast the same. 

Hence it is possible to reduce the size of the tables using linear interpolation. There are 

different amounts of interpolation possible, all resulting in a look-up tables of different sizes. 

The maximum relative deviation increases with the amount of interpolation. Table 5.1 gives 

the maximum relative deviations for different amounts of interpolation. 

Table 5.1: Maximum relative deviations 

for different amounts of interpolation. 

Table size Maximum relative 

deviation 

256 x 256 

128 x 128 1.5. w-6 

64x 64 8.0. 10"6 

32x 32 3.3 . w-s 

16 x 16 1.3. w-4 

8x8 5.3. w-4 

4x4 2.0. w-3 

2x2 1.0 
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Chapter 6: Conclusions 

The study presented in this report improved and validated the methods used to determine eye 

positions with the video eye tracking system. Furthermore the algorithms to determine the 

ocular torsion have been adjusted by which it has become possible to correctly measure eye 

positions in eccentric eye positions and to express eye position in terms of rotation vectors. 

Improverneut and validation of the methods used 

Most improvements are software based. A simulation program has been written, using 

digitised images of an eye as input, to test the various approaches. 

A high-pass filter has been implemented to eliminate the large low frequency contribution, 

caused by the inhomogeneity of illumination. The cut off frequency of this filter is 2 rad -I. 

Filtering also the high-frequencies, present in the signal due to noise, appeared not to 

influence the measurement of ocular torsion. 

The polarizers placed before the LED's and before the camera had to be removed. This 

created the possibility to place a diaphragm with a diameter of 5 mm before the lens, which 

improved the depth of field from 5 to 20 mm. 

To reduce the undesirable effect of a data set of finite length (256 pixels) a smoothing 

window has been created and implemented. The extra frequencies introduced by this window 

in the frequency spectrum are smaller than the cut off frequency of the high-pass filter. 

Because of that the window is applied before the high-pass filter, which removes these extra 

frequencies. 

To correct for possible errors in the detection of the centre of the pupil, the measurement of 

ocular torsion is based on the cross-correlation of the average of three sampled iris patterns at 

different radii, with a mutual distance of three pixels. This method is based on the assumption 

that the pixel intensity in radial direction remains constant over a distance of three pixels. 

This assumption is validated by cross-earrelating the data points of segments at different radii. 

These calculations showed that at a mutual distance of 5 ± 1 pixels the correlation between 

these segments disappeared. 

To measure eye torsion in the case that only a small area is suitable for obtaining a iral 

signature, the possibility has been implemented, to reduce the length of the segment to 128 

pixels. 
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A uniform description of eye position and compensation for geometrical distortion 

A mathematica! technique has been presented to determine the correct location and shape of 

the defined segment at all eye positions, including those at which the projection of the 

segment on the image plane of the camera is deformed by the spherical shape of the eye ball. 

Because of their computational efficiency and their unambiguous description of three 

dimensional eye positions, all calculations have been based on rotation veetors instead of 

rotation matrices. The actual three-dimensional eye position is expressed in three components, 

each parallel to one of the axes of the head fixed co-ordinate system. 

Further research to imprave the system could focus on tracking two-dimensional iris 

structures, instead of a one-dimensional structure. 
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Appendix A: Simulation program 

%Simulation program to determine ocular torsion, by cross-correlation by 

%tracking a sampled iris sample. The program uses digitised images of an 

%eye as input. The co-ordinates of the centre of the pupil are given. This 

%program contains a high-pass filter, a low-pass filter and a smoothing 

%window. 

%co-ordinates of centre of the pupil 

%coord iris1 

c1x=246; 

c1y=252; 

%coord iris2 

c2x=260; 

c2y=258; 

%coord iris3 

%c2x=212; 

%c2y=249; 

phi0=-45/180*pi; 

n=256; 

r=100; 

%start angle 

%segment length 

delphi=1/r; %sample period 

phimax=n*delphi/2; 

delf=1/delphi/n; %frequency period 

fmax=1/delphi/2; 

fvec=(1:n/2)*delf; 

fcut=2; %cut-off frequency (high pass filter) 

ncut=round(fcut/delf); %number of elements to cut 

fcut2=5; %cut-off frequencies (low pass filter) 

ncut2=round(fcut2/delf); 

s eg= ( 0 : n -1 ) ; 

irisseg=(O:n-1)/r+phiO; %resolution 

draaiing=(O:n-1)/r; 

corvec=(-n+1:n-1)/r; 

x1=round(r*cos(irisseg))+c1x; %position segment 

y1=round(r*sin(irisseg))+c1y; 

x2=round(r*cos(irisseg))+c2x; 

y2=round(r*sin(irisseg))+c2y; 

segval1=[]; 

segval2=[]; 
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for i=l:n 

segvall=[segvall,irislh(yl(i) ,xl(i))]; %irislh and iris2h are 

segval2=[segval2,iris2h(y2(i) ,x2(i))]; %digitised images of the eye 

end; 

%smoothing window 

periode=32; 

h2=zeros(l,n); 

t=periode; 

i=O:l:t; 

k=l/2+1/2*sin(pi/t*(i-1/2*periode)); 

j=O:l:t; 

p=l/2+1/2*sin(pi/t*(j+l/2*periode)); 

h2(1:periode+l)=k; 

h2(periode+2:n-periode-l)=ones(l,n-2*periode-2); 

h2(n-periode:n)=p; 

%high-pass filter 

fftl=fft(segvall); 

fft2=fft(segval2); 

fft1(2:1+ncut)=zeros(1,ncut); 

fft1(n-ncut+1:n)=zeros(1,ncut); 

fft2(2:1+ncut)=zeros(1,ncut); 

fft2(n-ncut+l:n)=zeros(l,ncut); 

filseg1=real(ifft(fftl)); 

filseg2=real(ifft(fft2)); 

%low-pass filter 

%fftl=fft(filseg1); 

%fft2=fft(filseg2); 

%fftl(n/2-ncut2:n/2+ncut2)=zeros(l,l+2*ncut2); 

%fft2(n/2-ncut2:n/2+ncut2)=zeros(1,1+2*ncut2); 

%filseg1=real(ifft(fft1)); 

%filseg2=real(ifft(fft2)); 

%cross-correlation (fft) 

fftl=fft(filsegl); 

fft2=fft(filseg2); 

fftcor=real(ifft((fft1) .*conj(fft2))); 

fftcor=fftcor(n:-1:1); 

fftcor(n}=[]; 

fftcor=[fftcor,real(ifft(conj (fftl) .*(fft2) ))]/n; 

%cross-correlation (xcorr subroutine of MATLAB) 

xcor=xcorr(filsegl,filseg2, 'unbiased'); 
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%energy spectrum 

fft1=fft(segval1); 

fft2=fft(segval2); 

fft2=fft2(2:n/2+1); 

fft1=fft1(2:n/2+1); 

%apply Shannon theorem, remave mirrered part and "zero lag" 

psd1=(abs(fft1)) .A2*delphi/n; 

psd2=(abs(fft2)) .A2*delphi/n; 

%transform into energy, normalisation *delphi/n 

fft1=fft(filseg1); 

fft2=fft(filseg2); 

fft2=fft2(2:n/2+1); 

fft1=fft1(2:n/2+1); 

%apply Shannon theorem, remave mirrered part and "zero lag" 

filpsd1=(abs(fft1)) .A2*delphi/n; 

filpsd2=(abs(fft2)) .A2*delphi/n; 

% transfarm into energy, normalisation *delphi/n 

%plot grey values in segment 

subplot(2,2,1) ,plot(seg,segval1); 

legend('without filter'); 

set(get(gca, 'ylabel'), 'string', 'grey value') 

set(get(gca, 'xlabel'), 'string', 'pixelnumber') 

axis([O 256 180 220]) 

grid 

subplot(2,2,3) ,plot(seg,filseg1); 

legend('high-pass filter'); 

set(get(gca, 'ylabel'), 'string', 'grey value') 

set(get(gca, 'xlabel'), 'string', 'pixelnumber') 

axis([O 256 180 220]) 

grid 

%plot energy spectrum 

subplot(2,2,2) ,plot(fvec,psd1); 

axis([O 50 0 2]) 

grid 

legend('without filter'); 

set(get(gca, 'XLabel'), 'string', 'f (1/rad) ') 

set(get(gca, 'YLabel'), 'string', 'PSD (rad)') 

subplot(2,2,4), plot(fvec,filpsd1); 

axis([O 50 0 2]) 

grid 

legend('high-pass filter'); 
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set(get(gca, 'XLabel'), 'string', 'f (1/rad) ') 

set(get(gca, 'YLabel'), 'string', 'PSD (rad)') 

%Plot cross-correlation function 

% subplot(2,1,2) 

% plot(corvec,xcor, 'm') 

% ylim=get(gca, 'ylim') i 

% hold on,plot(corvec,fftcor) ,hold off 

% set(gca, 'ylim' ,ylim) i 

% grid 

% legend('xcorr', 'fft') i 

% set(get(gca, 'Title'), 'string', 'kruis correlatie') 

% set(get(gca, 'xlabel'), 'string', 'draaiing (rad)') 
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Appendix B: Transformation of a rotation vector, descrihing a 

three-dimensional eye position, into the corresponding position 

vector. 

Each eye position can be described by characterising the hypothetical rotation, from a fixed 

reference point to the current eye position. This rotation is described by rotation 

vector r = (r1, r2 , r,). The torsional component r1, i.e. the component along h1, is equal to zero 

(Listing's law). The corresponding position vector is given by p = (p 1 , p 2 , p3 ). The lengthof 

pis given by 

I 2 2 2 
reye = 1JP1+P2+P3. 

Rotation vector r can be described by 

r = tan (8/2). ii 

where n is the axis of rotation, given by 

_ PrefXp 1 
n = 1- x-1 = I 2 2(0,-p3,p2) 

Pref P 1JP2+ P~ 

and e is the angle of rotation, given by 

(
Pref · P J ( P1) e = arccos - = arccos - . 
I pret 11 pI r eye 

The componentsof rare given by: 

r1 = 0, 

r 2 = -p
3 

tan(.!. arccos(!!..!._)J, J P/ + p_/ 2 reye 

and 

P2 ( 1 ( P1 )J r 3 = tan - arccos - . J P/ + p_/ 2 reye 

Using 

we get 
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(B.4) 
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(B.6) 

(B.7) 



(B.8) 

r3 = (B.9) 
reye 

These equations can be rearranged to yield the components of the position vector p : 

2 2 
r3 r ere 2 -J 2 2 

2 
· 

2 
( 1- cos (2 arctan( r2 + r3 ))) , 

r2 + r3 

(B.lO) 

(B.ll) 

The first component of p can be determined by equation (B.l ). 
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Technology assessment 

Recent studies have emphasised the importance of the kinematics of eye rotations in 

understanding the oculomotor system. Eye movement has no other function than to serve 

vision: to achieve and maintain orientation of the eyes in relation to the surroundings, which 

is optimal for the processing of visual information. 

The requirement to accurately measure three-dimensional eye position has led to the 

development of different detection techniques. Expanding of photographic methods, actvaneed 

video based techniques are developed. These techniques offer many advantages. The 

approach is non-invasive and images are directly available for analysis. 

The study, presented in this report, improved and validated the methods used in the video eye 

tracking system, developed by the Department of Otolaryngology at the University Hospital 

Maastricht. Furthermore, the algorithms to determine the ocular torsion have been adjusted to 

create the option of correctly measuring eye positions in eccentric eye positions and to express 

eye positions in terms of rotation vectors. 
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