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Samenvatting afstudeerwerk Tirnon Rutten 

This report presents the results of a combined theoretica!, numerical and experimental 
study on the merging of two equal co-rotating like-signed vortices in a (quasi-) two
dimensional flow field, which is bounded by a circular no-slip wall. 
As a first approach, the vortices were modeled by point vortices. Application of the 
theories ofMilne-Thomson and Kirchhoff-Routh revealed that point vortices enclosed 
by a circular wall will rotate around each other with a constant speed and a constant 
mutual distance if they are symmetrically positioned with respect to the center of the 
enclosure. As a second approach, point vortices were replaced by Gaussian vortices 
and a speetral method for solving the full two-dimensional vorticity equation was 
used. Labaratory experiments were perforrned with two different boundary diameters 
and three, respectively four, different initia! vortex spacing. Digital Partiele Image 
V elocimetry techniques were used to visualize the flow field. 
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Abstract 

An important property of two-dimensional turbulence is the net speetral energy flux 
from the smaller to the larger scales of motion. One of the most important 
mechanisms of this 'inverse energy cascade' is the merging of two nearby like-signed 
vortices. This report presents the results of a combined theoretica!, numerical and 
experimental study on the merging of two equal co-rotating like-signed vortices in a 
(quasi-) two-dimensional flow field, which is bounded by a circular no-slip wall. 

As a first approach, the vortices were modeled by point vortices. Application of the 
theories ofMilne-Thomson and Kirchhoff-Routh revealed that point vortices enclosed 
by a circular wall will rotate around each other with a constant speed and a constant 
mutual distance if they are symmetrically positioned with respect to the center of the 
enclosure. Comparison with two unbounded point vortices showed that the angular 
velocity increases when the bounded vortices are relatively close to the wall. 

As a second approach, point vortices were replaced by Gaussian vortices and a 
speetral metbod for solving the full two-dimensional vorticity equation was used. This 
metbod made it possible to examine, in a fast and accurate way, different important 
variables, which is much more difficult in reallaboratory experiments. 

Laboratory experiments were performed with two different boundary diameters and 
three, respectively four, different initial vortex spacing. Digital Partiele Image 
Velocimetry techniques were used to visualize the flow field. The vorticity fields 
showed that, especially when the vortices are close to the wall, the wall did not only 
affect the onset of merging, but could also change the total flow field by the 
generation of secondary vorticity. 

The numerical simulations and the laboratory experiments were in good agreement. 
Three different regimes were distinguished, largely depending on the ratio of mutual 
di stance of the vortices and the diameter of the circular boundary. These regimes 
distinguish themselves by different interaction ofthe primary vortices with the formed 
secondary vorticity along the wall. 
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Chapter 1 

Introduetion 

1.1 General Introduetion 

Geophysical flowsin the oceans and atmosphere are greatly influenced by theEarth's 
rotation and the stratification of water and air. Due to these effects the large-scale 
flows are in good approximation two-dimensional (2D). In addition, the atmosphere 
and oceans can be considered as thin layers, in which the motions are approximately 
horizontaL Merging oftwo like-signed vortices plays an important ro1e in the 
behaviour and evolution of these kinds of flows, see the Great White Storms on 
Jupiter in figure 1.1 and the cyclones on the Atlantic Ocean in figure 1.2( a). They are 
partly responsible for the 'inverse energy cascade' from smaller to larger scales. But 
merging of vortices can also take place at smaller scales, for example by the 
interaction of wingtip vortices of an airplane, see figure 1.2(b ). 

Figure 1.1: Great White Storms on Jupiter, February 1997 and September 1998. 
Source: NASA. 



Figure 1.2: Two cyclones on the Atlantic Ocean and the interaction of wingtip 
vortices behind a Boeing 747. Source: NASA. 

This report is an extension ofthe earlier work done by Cerretelli (2003). In his study 
'the interaction of two co-rotating equal vortices by means of vorticity measurements, 
uniform equilibrium solutions of the Euler equations and computational studies on the 
dynamics ofvorticity' is investigated. One ofthe most important conclusions was that 
the generation of antisymmetrie vorticity, in the form ofvortex filaments, pushes the 
co-rotating vortex eentres together and eventually leads to merging. 

The influence of a wall is often neglected. But it can he very interesting and useful to 
invest this influence more in detail. For example, the industrial mixing ofpolymers in 
a circular barrel can he optimised by a better knowledge of the generation of vorticity 
that is bounded by a no-slip wall. But also during laboratory experiments it is 
important to know how important the walls are before making possibly wrong 
conclusions. The present investigation is mainly focused on this possible influence of 
a wall. Introducing a no-slip boundary means introducing vorticity of the opposite 
sign. This 'secondary' vorticity may influence the total flow field. The question is 
how and to what extent. The expectation is that this secondary vorticity will change 
the path ofthe 'primary' vortices and by doing that change the mechanism described 
by Cerretelli (2003). 

This thesis is organised as follows: in the second chapter of this report some basic 
theory is explained. The vorticity equation, self-organisation of energy, some vortex 
structures, merging of vortices and the Milne-Thomson Circle Theorem are 
introduced. Chapter 3 describes the analytic model of two point vortices enclosed by a 
circular boundary. The numerical simulations of an idealised physical system with 
Gaussian vortices are described in chapter 4. The laboratory experiments with 'real' 
vortices are presented in chapter 5. In chapter 6 the results ofthose three different 
approaches are compared. Finally, in chapter 7, general conclusions and 
recommendations are given. 



1.2 Technology Assessment 

The basic goal of this work is to get a better understanding of the physical 
phenomenon oftwo-dimensional turbulence. Merging oflike-signed vortices nearby 
walls is just one part of the total picture, but every part is important to get a good total 
view. Besides just interest and curiosity of scientists there arealso important social 
and economie reasons to invest phenomena as merging. A very good example is the 
formation of co-rotating vortex pairs behind aircraft wings during take-off and 
landing. Such trailing vortex wakes have long lifetimes and can seriously limit the 
airport capacity and can be a danger for aircrafts. With good knowledge and the right 
techniques this effect may be reduced. Also for optimising mixing of polymers and/or 
other liquids in circular barrels a good understanding of vorticity generation and 
evolution can be very useful. Another example is the growing interest in worldwide 
air and water pollution. This pollution follows the rul es of the dynamics of 
geophysical flows, and these flows are subsequently, toa good approximation, quasi
two-dimensional. Merging plays an important role in the 'inverse energy cascade', 
which takes part in these quasi-two-dimensional flows. So, a good understanding of 
this mechanism is essential for making the right decisions about many environmental 
questions regarding atmosphere and oceans. 



Chapter 2 

Theory 

The absence of vort ex stretching in 2D jlows causes an 'inverse energy cascade' from 
smaller to larger scales in contrast to 3D energy cascade from larger to smaller 
scales. One of the dominant mechanisms of the evolution of 2D flows from smaller to 
larger scales is the merger of like-signed vortices. For understanding the physical 
mechanism and the importance of merging of vortices some basic theory is needed. 

2.1 Vorticity Equation 

Vorticity is very often a convenient quantity to describe the flow. Especially in 2D, 
because in that case the vorticity equation is a scalar field. The nature ofthe flow field 
can then be shown in an easy and clear visual way. 
The vorticity equation is derived by using the Navier-Stokes equation: 

and the definition ofvorticity: 

Du 
-= -Vp+pg+vV 2u, 
Dt 

ro=Vxu. 

(2.1) 

(2.2) 

An equation for rate of change of vorticity is obtained by taking the curl of the 
equation of motion. For the case of a rotating frame we get the following equation: 

aro 1 -+(u· V)ro = (ro + 2fl)· Vu+ -
2 

Vp x Vp + vV 2 ro. (2.3) 
àt p 

One part ofthe first term on the right, (ro ·V }u, takes account for stretching and tilting 
ofvortex lines. The second term on the right is the rate ofvorticity generation due to 
baroclinic effects. In a barotropic flow where density is only a function of pressure, 

Vp and Vp are parallel veetors and this term equals zero. The third term vV' 2 ro 
represents the rate of change of the vorticity due to diffusion of vorticity. 

In the case of 2D flows the vorticity has only one component, ro = rok, perpendicular 
to the plane of motion and the velocity has the form u= (u, v,O). So, the first term on 
the right equals zero. When the flow is also barotropic the vorticity equation reduces 
to a scalar equation: 
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aro aro aro 2 
-+u-+v-=vV' ro 
at ax. ay ' (2.4) 

or 

(2.5) 

where J(a, b) = aa 8b - 8b aa is the Jacobian operator and qt the stream function, 
ax. ay ax. ay 

defined by u = -k x V\jl , or in Cartesian coordinates u = a\jl , v = - 8\.v . This 
ay ax 

combined with the definition of vorticity gives the re lation between vorticity and 
stream function 

6 
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2.2 Self-organisation 

For an inviscid 2D flow an important property is the material conservation of 
vorticity. Because of the two-dimensionality there is no vertical velocity component 
and therefore there is no vorticity production by stretching and/or tilting. Besides 
conservation ofvorticity these flows also conserve energy E = 1 I 2(Y\j1) 2 and 

enstrophy V = 1 I 2(Y' 2 \jJ) 2 = 1 I 2co 2 . These properties result in the so-called inverse 
energy cascade from smaller to larger scales ofmotion. This can be shown by, (1) 
integrating the energy and enstrophy over the complete flow domain, (2) making use 
ofFourier representation to switch to wave vector space and, (3) showing that energy 
moves to lower wave numbers (larger scales ), whereas enstrophy moves to higher 
wave numbers (smaller scales). In physical space, the kinetic energy and the 
enstrophy are defined as: 

(2.7) 

respectively. In Fourier representation: 

(2.8) 

with K the wave number in polar coordinates in wave vector space. The flow field is a 
freely evolving turbulent field, in which the shape ofthe velocity spectrum changes 
with time. Suppose the energy is sharply peaked around Ko, and evolves, for example, 
towards the wave numbers K1 = Y2 Ko and K2 = 2 K.o. Conservation of energy and 
enstrophy requires: 

So =SI +S2, 

(Ko)2So =(KI)2SI +(K2)2S2, 

where Sn is the speetral energy at the wave number Kn. This can be rewritten as: 

so that 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

As a result 80% of the original energy ends up in the lower wave number and 80% of 
the enstrophy ends up at the upper wave number. Energy is transferred to larger 
scales, giving rise to self-organisation. The conservation of enstrophy prevents a 
symmetrie spreading of the initia! energy peak. 
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2.3 Vortex Structures 

Real axisymmetric 2D vortices are described by the azimuthal velocity distribution 
v 9 (r) that gradually decreases for larger radii r. There are several mathematica! 

models for descrihing different two-dimensional vortices. The more important ones 
for this project will bedescribed below. 

The vortex strength is given by the circulation: 

(2.13) 
c 

Application of Stokes theorem and assuming an axisymmetric vorticity distribution 
giVes: 

R 

r = Jfro(A)dA = f2mro(r) dr. (2.14) 
A 0 

The circulation around a closed curve is equal to the surface integral ofthe vorticity, 
which we can call the flux ofvorticity. 

2.3.1 Potential Vortex 

The potential vortex is the simplest model of a vortical flow, withall the vorticity 
concentrated in a singular point. The distribution of vorticity and azimuthal velocity 
can be expressed as: 

ro = yö(r ), 

)' 
Va= 2m' 

(2.15) 

respectively, with y the strength ofthe vortex and ö(r) the Dirac delta function. The 
potential vortex is physically an unrealistic model. The kinetic energy, for example, is 
infinity large. Nevertheless it can be very useful in the study of complex vortex 
interaction and/or distribution. In many cases point vortices are an accurate 
approximation of the real situation. 
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2.3.2 Lamb-Oseen Vortex 

The potential vortex does not take into account the viscous effects. It is obvious that 
they will play a significant role in the real world. The case of a viscously decaying 
potential vortex was solved analytically by Oseen in 1911: 

y ( r
2 

) co(r, t) = --exp -- , 
4nvt 4vt 

v e (r, t) = _l_ {1 -exp(- ~)}· 
2nr 4vt 

(2.16) 

The vorticity is smeared out over a larger region, but the total vorticity is preserved. 
This is the case of pure radial diffusion of vorticity, assuming no radial adveetion of 
vorticity. When this profile is considered at a fixed time t .. , the Lamb vortex is 
obtained: 

y ( r
2 

) co(r) = --exp --
nR 2 R 2

' 

Here, R = 2-f;i is a length scale, being a measure ofthe vortex radius. The 
circulation can be obtained by using: 

substitution of x = r 2 gives: 

r = 7tCOmaz 1 exp(- x IR 2 }lx = 7tCOmax R 2 
= y. 

0 
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(2.17) 

(2.18) 

(2.19) 



For an estimation ofthe diffusion of a Lamb-Oseen vortex we use the vorticity 
equation (2.17). The radial increase ofthe vorticity is given by: 

R(t) = 2-vfvt, (2.20) 

where R( t) is the radius depending on the time defined as the position where the 
vorticity value is equal toe -I times the vorticity in the centre ofthe vortex. A higher 
viscosity leads to a faster increase in the vortex radius. This diffusion rate can also be 
expressed in terms of area increase. 

A(t) = 1tR(t) = 47tvt, 

A(t) = 47tV. 

10 

(2.21) 



2.4 Merging of Equal Vortices 

Merging of vortices is one of the dominant mechanisms for the evolution of 2D 
turbulence. Therefore, the merger ofvortices has been studied intensively. Merging 
occurs when two like-signed vortices have a core radius greater than a critical value, 
which depends on their initial mutual distance. The streamline pattem plays an 
important role in descrihing the evolution of the vortices. This pattem has in the case 
of two identical vortices, corrected for the rota ti on around each other, certain closed 
streamlines and stagnation points. The so-called separatrices divide the plane into 
three different regions inside the closed separatrices. The so-called inner core region, 
the inner recirculation region where fluid can travel around both vortices and the outer 
recirculation region. Figure 2.1 shows these separatrices for the case oftwo point 
vortices in a rotating reference frame. 

Figure 2.1: 

lnn"'r 
rccilX'"ulation rcgie>n 

lm"~<:r 
corc region 

Separatrices in a rotating reference frame for a pair of point vortices 

Co-rotating vortices rotate in first instanee around a common centre. Their initial 
shape changes and because of diffusion their size grows. The number of tums until 
merging occurs increases with Reynolds number. When the vortices grow large 
enough in this diffusive stage, vorticity diffuses from the inner region across the 
separatrix into the outer recirculation region of the flow. The vorticity diffused into 
the upper outer recirculation region will be advected by the flow field to the left si de, 
whereas vorticity in the lower outer region is advected to the right. The vortices 
deform and filaments are formed. This diffusion leads to the generation of filaments 
and antisymmetrie vorticity, which eventually causes the merging ofthe vortices. 
During this convective stage the eentres of the vortices move to each other because of 
the fact that the effect of this asymmetrie vorticity is an induced velocity for both 
vortices into the direction of the other vortex. The third stage consists of a second 
diffusive stage, the final merging into one vorticity structure by diffusion. Eventually 
this merged vortex core grows by diffusion. Fora more detailed description see 
Cerretelli (2003). 
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Chapter 3 

Point-Vortex Model 

To get afirst idea ofwhat wil/ happen iftwo co-rotating vortices are placed in a 
circular boundary, it is very useful tostart with the simplest model of point vortices. 
Of course, they wil/ not merge, but their path and angular velocity can be strikingly 
simi/ar to those of real vortices, especially forshorter times. With the Kirchhoff
Routh 's multidimensional streamfunction the path of n point vortices can be 
calculated. The result can later be used to non-dimensionalize the results of the 
Iabaratory experiments. 

3.1 Milne-Thomson's Circle Theorem 

To have a first idea ofwhat will happen in a new composition ofreal vortices in a 
given symmetry (in this case bounded by a circular geometry), it is very useful to 
examine the same composition with point vortices. Fora good examination some 
basic complex velocity potential theory is needed, see Milne-Thomson (1968). 

3.1.1 Complex Velocity Potential 

The complex velocity potential is composed of the stream function \jl and the velocity 
potentia1 Ij>. With this function the path and velocity of a point vortex can be 

described. The 2D incompressible continuity equation àu + àv = 0 guarantees the 
àx Oy 

existence of a stream function \j/: 

U = 0\jJ 
- ' Oy 

v=-8\v. 
àx 

Ifthe flow is irrotational, àv- àu = 0, we also have the velocity potential Ij>: 
àx Oy 

(3.1) 

(3.2) 

Conditions at the boundary are a<j> = 0 or 0\jJ = 0 where n is normal to the surface an as 
and s is direction along the surface. Both <!> and \jl satisfy the Laplace function. From 
equations (3.1) and (3.2) the Cauchy-Riemann equations can be derived: 

(3.3) 
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These equations imply that <P and \Jf form an orthogonal system. This property 
allows us to define the so-called complex velocity potential w(z), with z =x + iy: 

w(z) =$(x, y) + i\Jf(X, y). (3.4) 

When this complex potential is known, the velocity magnitude is known for the whole 
flow field. Fora potential vortex, equation (2.15), at point z0 with strength y it is very 
easy to derive the complex velocity potential: 

u = -v e ·sin 8, v = v e ·cos 8 

dw . . -ie - iy -ie - iy 
-=U -IV=-IV6 e =--e =--
dz 2nz 2nz 

-Iy 
w(z) = -ln(z- z 0 ). 

2n 

3.1.2 Milne-Thomson's Circle Theorem 

(3.5) 

A solid wall in a flow field can be modelled by introducing mirror images of the 
singularities in such a way that the velocity at the wall surface has a normal 
component equal to zero. A point vortex is mirrored by a mirror point vortex of equal 
strength but opposite sign. Milne-Thomson ( 1960) has analysed and solved the 
problem for a circular wall. 

When f(z) represents the irrotational two-dimensional flow ofincompressible 
inviscid fluid in the z-plane, then 

w(z) = f(z) + f(R 2 I z) (3.6) 

gives the complex potential for this flow with the addition of a circular cylinder with 
cross-section lzl = R placed in the origin. This statement is referred to as the circle 

theorem ofMilne-Thomson. The proof(Milne-Thomson, page 158) uses the fact that 
the circle boundary has to be a streamline: at the boundary z~ = R 2 

, so 

f(R 2 I z) = f(~), and therefore w(z) is purely real, i.e. \Jf = 0 at the circle. Equation 
(3.6) is only valid for singularities outside the cylinder. 

14 



3.2 Kirchhoff-Routh's Streamfunction 

The streamfunction for one vortex inside a cylinder 

Imagine a vortex of strength K at Z = X + iY , IZI = r , inside a cylinder lzl = R . The 

goal is to define the complex potential, but equation (3.6) is only valid for 
singularities outside the circle. Conformal mapping, with 

(3.7) 

gives the ability of mapping the inside of the circle in the z-plane on the outside of the 
circle in the 11-plane. After doing so, equation (3.6) can be applied and eventually by 

the inverse mapping z = R 2 I 11 the desired complex potential for the vortex inside the 
circle can be obtained. Substitution ofthe complex potential (3.5), with z replaced by 
11. in equation (3.6) results in the complex potential in the 11-plane: 

. (R 2 R 2 J . ( R 2

) w(z) = +IKln --- -IKln 11--= 
11 11o 11o 

. 1 (1 R
2

( ))i" . 1 ( R
2

) =IK n -·- 11-11 0 e -IK n 11--= 
11 11o 11o 

=-iKln11+iKln(11-11 0 )-iKln(11-R
2

)+iKlnR
2 

+iKei". (3.8) 
~ 2 11o 11o 

3 constant 

Term 1 is due to image vortex at point 11 = 0 inside the cylinder, term 2 is the original 
vortex at point 11 = 11o outside the cylinder and term 3 is due to image vortex at point 

R 
2 

. "d h 1· d 11 = -= msi e t e cy m er. 
11o 

Retuming to the z-plane by the inverse mapping z = R 2 I 11 gives the positions of the 

vortices in the z-plane: 

z ~ oo for the position of image vortex outside the cylinder, the position of original 
vortex inside the cylinder is z = Z and the position of image vortex outside the 

cylinder is z = R 2 I Z . Since the image vortex at infinity can be neglected the 
complex potential becomes: 

w ~ ilcln(z- Z)-iKin( z-~ J 
= iKln(z- Z) -iKln(R 2 

- zZ) + iKlnZ -lnei" 

= iKln(z- Z)- iKln(R 2 - zZ) = cp + i\jl 

15 
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The streamfunction \!f is constant at the boundary of the cylinder and is given by: 

2i\!f = w- w' 

= iKln(z- Z) -iKln(R 2 
- zZ) +iKln(z- Z) -iKln(R 2 

- zZ) 

= iKlnlz- Z\
2 

- iKlniR 2 
- zZI

2 

\!f'= \!f -ln\z- Z\ = -KlniR 2 
- zzl 

\!f'(Z) = -KlniR 2 -r 2
1 

This function is called the Kirchhoff-Routh's stream function. 

If this vortex is the only moving singularity we can write: 

d\!f' 0\!f' dX 8\!f' dY 
-=--+--=vu +-uv =0 
dt ax dt 8Y dt I I I I ' 

and therefore 

\!f'(Z,Z) =constant. 

For the velocity in X and Y direction we find: 

dX 0\!f' dY 0\!f' 
-=U=-- -=V=-
dt 1 ay ' dt 1 ax · 

The vortex describes a concentric circle with speed: 

0\!f' Kr --

As a result the vortex moves faster when it is placed closer to the wall. 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

A much more direct way to derive the velocity of the original vortex is by calculating 

the induced velocity due to the image vortex at position z = R 2 I Z (see tigure 3.1 for 
the positions ofthe vortices): 
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V =~= K = Kr 

' r (~' -r) (R' -r') 
(3.17) 

Figure 3.1: Positions of original and image vortex 
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The case for two vortices inside a cylinder 

Imagine now two co-rotating vortices of strength K at A= z1 = x 1 + iy 1 and at 

B = -z1 = -x1 -iy1 inside a cylinder lzl = R: 

w(z) = iKln(z- z 1 ) + iKln(z + z 1)- ildn(R 2 
- zi~)- iKln(R 2 + zi~) 

=iKln(z2 -z1
2)-iKln(R 4 -z2~

2

). 

Defining now w(z) by: 

w(z) = iKln(z- z1 ) + w z 

w z = +iKln(z + z1 ) -iKln(R 2 - zi~)- iKln(R 2 + z~). 

(3.18) 

(3.19) 

The complex velocity ofthe vortex at z = z1 is the value of- dw z I dz when z = z1 : 

w = ~ + Üjf +iK lnlz - z11 

\jf'(z,~;zP~)/ K = +lnlz + z 1l-ln!R 2 
- z~l-ln!R 2 + zzd 

lz+zii 
-In~--~~~~--~ 
- IR 2 - zz~I·IR 2 + zz~l· 

The path ofthe vortex is given by: 

1 - -
=- \jf' (z 1 , Z 1 ; Z 1 , z 1 ) =constant. 

2 

'= .!_K ln 2rl 
\jf 2 I (R 2 - rl 2 )(R 2 + ri 2 ) ' 

kR4 =2(xl2 +yizyt2 +k(xlz +yl2)2, 

(3.20) 

(3.21) 

(3.22) 

where kis a constant depending on the initial conditions, k = econstante-112K•. The 
vortex will move in a circular path with radius r1 • The speed of this bounded vortex is 
given by: 

' 4 4[ 8 4 ] [ 4 ] 0\jf 1 R - r1 2 r1 K 1 4r1 
Vbounded =-=-KI 4 4 + ( 4 4\2 =- }+ 4 4 (3.23) 

Br1 2 2r1 R -r1 R -r1 } 2r1 R -r1 
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Compared to two vortices without a boundary with \jJ unbounded = _!_ K log 2r and 
2 

K 
V unbounded = - : 

2r1 

and with x = !_ 
R 

V 4r 4 

_.::;bo:.=un::::d=ed'- 1 = + 4 4 ' 
V unbounded R - r 

V x 4 
bounded = 1 + 4 ___ 

4 
• 

V unbounded 1 - X 

(3.24) 

(3.25) 

This relative higher velocity is shown in tigure 3.2. The closer the vortices are to the 
wall the faster they will move. 

Figure 3.2: 
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The ratio of the distance between the two vortex eentres and the 
boundary diameter plotted against the non-dimensional velocity of the 
vortices. 
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Again, the veloeities of the original vortices can also be calculated by the induced 
velocity due to the two image vortices and the other original vortex. Figure 3.3 shows 
the positions of the 4 vortices. 

Figure 3.3: Positions of original and image vortices 

The velocity of the original vortices can now be calculated: 

V e = ( ~ 2K- r) -( ~ 2K + r) + ;, 

= {-;r + R;~r'] = -;,[l+-R-:-~-r-' l 

20 
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3.3 Separatrices of Two Point Vortices in a Circular Boundary 

When no boundary is present the topology ofthe separatrices (see chapter 2.4) does 
not change when the vortices are put closer or farther apart. In the bounded case this 
is completely different. Figure 3.4 shows the separatrices, equation (3.26) for three 
unbounded cases with mutual distances of 1.5, 2.5 and 3.5 (left column), and three 
bounded cases with the same mutual distances as the unbounded cases (right column) 
and a boundary radius of 5. 
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-2 -2 

-4 -4 

-6 -6 
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10 10r--------------, 
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4 
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-2 

-4 

-6 -6 

-8 -8 

-10 
-10 -5 0 5 10 

-10'----~--~--~-----..J 
-10 -5 0 5 10 

Figure 3.4: Separatrices for unbounded cases (left) and bounded cases (right). 

It is clear that the separatrices are changed dramatically when the bounded vortices 
are close to the wall, in contrast with the unbounded cases. Since they play an 
important role in the physical mechanism of the merging process, these changed 
separatrices will probably change this mechanism. 
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3.4 Conciosion 

By using the Kirchhoff-Routh's streamfunction it is shown that two vortices bounded 
by a circular cylinder will move faster around each other compared with the case 
without any boundary. Equation (3.33) can be used to non-dimensionalize the time for 
the numerical simulations and the laboratory experiments. 

4m 2 

T unbounded = -
K 

4m2 1 
Tbounded = ~ [ 4r 4 ] • 

1 + 4 4 
R -r 

(3.35) 

(3.36) 

Besides this prediction of rotation time the different topologies of the streamline 
pattems ofbounded point vortices will probably have their influence on the merging 
for both the numerical simulations and the laboratory experiments. 
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Chapter 4 

Numerical Simulations 

With the knowledge about point vortices in a circular enelosure we may consider a 
more realistic model: numerical simulations with Gaussian vortices based on a 
speetral code written by Speetjens (1995). Three different variables were varied: the 
ratio of mutual distance divided by the diameter of the boundary, the Reynolds 
number, and the initia/ mutual distance divided by the vortex radius. Both bounded 
and approximately unbounded vortices were examined. 

4.1 Speetral code 

With a speetral code (partial) differential equations can be solved. The solutions are 
known smooth global functions, in contrast with the finite-element and the finite
difference method. The finite-element method divides the domain into a finite amount 
of smaller elements. For each element a certain function is defined, which is an 
approximation ofthe local solution. The solutions of a speetral code satisfy not only 
to the grid-points, but also to the whole domain. The accuracy increases strongly 
( exponentially) with an increase of gridpoints. Besides this exponential convergence, 
another useful property is the high accuracy closetoa possible fixed object. This is 
useful for the examinatien ofboundary layers. 

In ordertoenforce the definition ofthe vorticity at the boundary an influence matrix 
method is used. This technique is based on the superposition principle of linear 
problems. Solution of probieros with unknown boundary conditions can be found by 
consictering the solution as a superposition of simple elementary probieros with 
known boundary conditions. The tau correction is needed to get a divergence free 
flow field in the whole domain. For more information see Willemen (1996). 
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4.2 Basic Parameters and Variables of Interest 

The speetral code allows three different variables to be changed by the user: the initia! 
core radius R, the initia! mutual distance of the vortices bo and the Reynolds number 
Re, defined as Re= r I V. The diameter ofthe circular boundary, D, is fixed at 2 and 
the maximum vorticity of each vortex is set to 1. The resolution is 128 x 128 or 
256 x 256, depending on relative size of the vortices. 

There are three non-dimensional variables of interest: 

bo 

D 
R 

- and 
bo 

ronR 2 

Re= , 
V 

(4.1) 

(4.2) 

(4.3) 

with b0 the mutual di stance between the vortices, D the diameter of the circular 
boundary, Ris the radius ofthe vortex where the vorticity value is equal toe -I times 
the vorticity in the centre of the vortex, ro the maximum vorticity of the vortex and v 
the kinematic viscosity. The variables were chosen in such a way that first, they are 
comparable with the laboratory experiments and second, that the evolution of the flow 
can be examined for different Reynolds numbers, which is much easier than in the 
case ofthe experiments. In appendix A.l a table can be found with the values for 
these variables of all numerical simulations. 
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4.3 Results 

4.3.1 Boundary 

By changing the variabie b0/D the influence of the wall was investigated. The 
Reynolds number was kept constant at 3927 in all simulations. This was done for two 
starting values ofthe ratio Rlbo: 

1) Rlho = 0.25 > (Ribo)c 
2) Rlbo = 0.167 < (Ribo)c 

with (Ribo)c is the cri ti cal ratio where merger of the two vortices take place. 
The contour plotsofthese experiments are shown in tigure 4.1 and 4.2. Time is non
dimensional and between 0 and 1. 

* t =0.0 * t =0.2 * t =0.4 * t =0.6 * t =0.8 

bo/D = 0.75 

bo/D = 0.50 

0 
bo/D = 0.25 

bo/D = 0.125 

Figure 4.1: Time evolution of vorticity for different values of b0/D with 
Rlbo = 0.25 ( > (Ribo)c ) and Re = 3927 

25 

* t =1.0 



* t =0.0 * t =0.2 * t =0.4 * t =0.6 * t =0.8 

bo/D = 0.75 

bo/D = 0.5625 

8 
bo/D = 0.375 

008 
bo/D = 0.1875 

Figure 4.2: Time evolution of vorticity for different values of b0/D with 
Rlbo = 0.167 ( < (Ribo)c ) and Re = 3927 

The generated negative circulation is in all cases equal to the primary positive 
circulation, but for example in the cases with bo/D = 0.50 (Rib0 = 0.25) and 

* t =1.0 

b0/D = 0.75 (Ribo = 0.167), where the vortices are close to the no-slip wall, the 
negative secondary vorticity interacts much stronger with the primary vorticity. Ifthe 
primary vortex is close to the wall, a boundary layer is created. This boundary layer 
separates from the wall and rolls up to form a secondary vortex. The presence of this 
opposite-signed vortex induces a velocity field directed away from the wall, see 
picture 4.3. 
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Figure 4.3: A schematic model of the generation of secondary vorticity. 
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Figure 4.4 shows the decrease of mutual di stance. Time is now made non-dimensional 
with the results of chapter 3. 
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Figure 4.4: 
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Decrease of mutual distance for simulations with different values of 
bo/D with Rlb0 = 0.25, upper panel, and Rlbo = 0.167, lower panel 

In the case ofR!bo = 0.167, the decrease ofmutual distance in the simulations with 
bo/D = 0.75 and b0/D = 0.5625 is much stronger than for the simulations with 
bo/D = 0.375 and b0/D = 0.1875. 
Making the time non-dimensional has a disadvantage that has to be kept in mind. For 
example intheupper panel of tigure 4.4, the simulation with bo/D = 0.50 will almost 
overlap the simulations with b0/D = 0.125 and 0.25 in real time. But because ofthe 
fact that the decrease of mutual di stance is shown against non-dimensional time the 
plots are slightly 'pulled' away from each other. 
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It seems that there are 3 different regimes ofpossible influence ofthe wall: 

1) The wall is relatively far away and has no significant influence; Rlbo = 0.25 
with bo/D = 0.25, 0.125 and Rlbo = 0.167 with bo/D = 0.1875 

2) The formed filaments interact with the negative vorticity along the wall; 
Rlb0 = 0.25 with bo/D = 0.50 and to a less degree Rlbo = 0.167 with 
b0/D = 0.375. The effect ofthe formed filaments, which are responsible for the 
merging process, is diminished by the negative vorticity along the wall. 

3) The wall is relatively close to the vortices and two dipoles are formed; Rlbo = 

0.25 with bofD = 0.75 and Rlb0 = 0.167 with b0/D = 0.75, 0.5625. The 
formation of dipoles creates in first instanee an inward directed flow for the 
primary vortices, but later tends to push the primary vortices away from each 
other. This is shown schematically in figure 4.5. 

Figure 4.5: 

f=0.2 f ::() .8 

Experiment with the ratio's R/b0 = 0.167 with b0/D = 0.75 at times 
t* = 0.2 and t* = 0.8. The arrows indicate roughly the induced velocity 
by the generated secondary vorticity. 

The point vortices showed us that the closer the vortices are in the vicinity of the wall, 
the faster they rotate around each other. Using the non-dimensional timet* the point 
vortices will make one total orbit in non-dimensional time unit. The Gaussian vortices 
will probably behave in the same way as the point vortices in the beginning, but there 
will arise disparity at a certain time. The time evolution of the mutual angle between 
the horizontal and the conneetion line between the vortices is shown in figure 4.6. In 
each ofthe three different casesalso the results for the point vortices are shown. The 
angle is given in units of 2n radians. 
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Angle (in units of2n radians) between the horizontal and the 
conneetion line between the vortices for simulations with different 
values ofbo/D with Rlbo = 0.25, upper panel, and Rlbo = 0.167, lower 
panel. 

In the beginning the rotation speed is iudeed well predictabie by the point vortices. 
But during the merging process they speed up and rotate faster than predicted, this 
because ofthe conservation of angular momentum. 
The experiments Rlbo = 0.25 with the ratios b0/D = 0.25 and 0.125 showastrong 
increase of angular velocity. Because of the slower decrease of initia! di stance, which 
is caused by the interaction of the formed filaments and the negative vorticity along 
the wall, the rotation speed ofthe run with the ratio bo/D = 0.50 is a bit lower. The 
formation of dipoles in the run with bo/D = 0.75 causes a slower rotation speed than 
the other simulations because of lower induced velocity. The negative vortex within 
the dipole 'cancels' partially the effect ofthe positive vortex. Although the formation 
of dipoles for Rlbo = 0.167 with b0/D = 0.75 and 0.5625 causes a slower rotation 
speed because of lower induced velocity, this also leads to a faster decrease of mutual 
distance, see tigure 4.4. This effect overcomes the effect of lower induced velocity 
and leads to a higher rotation speed than predicted by the point vortices. 
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4.3.2 Reynolds number 

As a second step the effect of viscosity for each regime is examined. 
From all the different runs it was clear that merging took a longer time to complete for 
the higher Reynolds number. Figure 4.7 shows the time evolution ofvorticity for 
Reynolds numbers 245, 982, 3927 respectively. The initial core radius and mutual 
distance were equal in all cases (Rfbo = 0.25 and b0/D = 0.25). 

* t =0.0 

8 
Re=245 

.8 
Re=982 

8 
Re=3927 

Figure 4.7: 

* t =0.2 * t =0.8 * t =1.0 

Q) . . 

' 

Time evolution of vorticity for different Reynolds numbers. In each 
case Rfbo = 0.25 and b0/D = 0.25. 
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The Reynolds number does not strongly influence the time evolution of mutual 
distance and the angular velocity, see figure 4.8. The merging goes a little bit slower 
for the higher Reynolds number case. The angular speed is approximately equal. 
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Figure 4.8: 

• Re=245 
o Re=982 
• Re=3927 
-- point vertices 

0 
0 ... 

Upper panel: the decrease of mutual di stance in time. Lower panel: the 
lower picture shows the angle between horizontal and conneetion line 
of the vortices in time. 

In the initial stage of the evolution the angular speed is almost equal to the constant 
angular rotatien speed predicted by the point vertices, but later on, when they start 
merging, their angular speed increases because of conservation of angular momentum. 
The faster decrease ofmutual distance for the lower Reynolds number can be 
explained by the fact that because of a higher viscosity more vorticity exists in the 
filaments. Due to this higher asymmetrie vorticity distribution the decrease of mutual 
distance is higher. 
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In the previous three runs the wall was relatively far away. Paragraph 4.3.1 showed 
that in those cases the wall had no significant influence. To see what influence the 
Reynolds number has in the case of interaction of the formed filaments with the 
negative vorticity we compare two simulations, both with Rlb0 = 0.167 and 
b0/D = 0.375, but with different Reynolds numbers: 3927 and 982, respectively. The 
time evolution ofvorticity is shown in tigure 4.9. 

* t =0.0 * t =0.2 * t =0.4 * t =0.6 * t =0.8 

Re=982 

8 CD 
. 

. 

Re=3927 

Figure 4.9: Time evolution ofvorticity for Reynolds numbers 3927 and 982, 
respectively. In each case Rlb0 = 0.167 and b0/D = 0.375. 

Decrease of mutual distance in time and angle between horizontal and conneetion line 
ofthe vortices in time are shown in tigure 4.10. 
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Figure 4.10: Upper panel: the decrease of mutual distance in time. Lower panel: the 
lower picture shows the angle between horizontal and conneetion line 
of the vortices in time. 

The simulations with Re = 982 shows a much faster decrease of mutual di stance. This 
is not caused by the interaction of the filaments with the negative vorticity but by the 
fact that a lower Reynolds number results in more vorticity in the filaments which 
leads to a faster decrease of mutual distance (and to a faster angular velocity). The 
formation of the filaments is in both cases slowed down by the negative vorticity 
along the wall. 

To see the influence ofthe Reynolds number in case ofthe formation of dipoles we 
compare the experiments with R/b0 = 0.167 and bo/D = 0.75, but with different 
Reynolds numbers: 3927 and 982, respectively. The time evolution ofvorticity is 
shown in figure 4.11. 

* * * * * * t =0.0 t =0.2 t =0.4 t =0.6 t =0.8 t =1.0 

Re=982 

Re=3927 

Figure 4.11: Time evolution of vorticity for Reynolds numbers 3927 and 982, 
respectively. In each case Rlbo = 0.167 and b0/D = 0.75. 
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Decrease of mutual di stance in time and angle between horizontal and conneetion line 
ofthe vortices in time are shown in figure 4.12. 
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Figure 4.12: Upper panel: the decrease of mutual distance in time. Lower panel: the 
angle between horizontal and conneetion line of the vortices in time. 

In both cases dipoles are formed. The primary positive vortices move immediately to 
each other. For the higher Reynolds number case, the vortices touch each other and 
separate again, this because of the induced velocity. The merging of the vortices will 
take a longer time. 
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4.3.3 Initial mutual distance 

In this chapter four different experiments are put together with equal Reynolds 
number and equal initia! core radius. Only their initia! mutual distance is different for 
the four cases. This is the same for the laboratory experiments; they have also 
constant Reynolds number and initia! core radius. To make a better comparison 
between the simulations and the laboratory experiments the Reynolds number should 
be lower than the previous simulations with Re= 3927. For this purpose an analysis is 
done for simulations with Re= 982 and with the ratio bo/D between 0.125-0.75 and 
the ratio Rlb0 between 0.083- 0.5. The time evolution ofvorticity is shown in tigure 
4.13. 

* t =0.0 * t =0.2 * t =0.8 * t =1.0 

8 
bo/D = 0.125 Rlbo = 0.5 
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8 
bo/D = 0. 75 Rlb0 = 0.083 

Figure 4.13: Time evolution ofvorticity for Reynolds numbers 982, respectively. 
The ratio bo/D = between 0.125 and 0.75. 
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Their mutual distance and angular velocity are shown in figure 4.14. 
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Figure 4.14: The decrease ofmutual distance in time and right the angle between 
horizontal and conneetion line in time. 

The simulation with ho= 0.375D seems to he part of regime 2, defined in chapter 
4.3.1. The formation ofthe filamentsis slowed down by the negative vorticity along 
the wall. The simulation with ho= 0.75D is clearly influenced by the formation of 
dipoles, regime 3. In first instanee an inward direction of flow for the primary vortices 
is created, but later on they are 'pushed' away from each other by this induced 
velocity resulting in an almost constant mutual di stance. Wh en this influence of the 
generated secondary vorticity is less strong the merging process of the primary 
vortices can complete. 
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4.4 Conciosion 

In chapter 3 the main condusion was that the rotation speed of point vertices would 
increase when they were bounded by a circular no-slip boundary. The numerical 
simulations give some additional conclusions. 

The vorticity pictures, chapter 4.3.1, showed that the secondary vorticity interacts 
much stronger with the primary vortices if they are closer to the wall. 

Three different regimescan be seen. The situation depends largely on the ratio b0/D: 

1) Ifthe ratio bo/D is smaller than ~ 0.25 the wallis relatively far away and has 
no significant influence 

2) Ifthe ratio bo/D is between ~ 0.25 and ~ 0.5 the formed filamentsinteract with 
the negative vorticity along the wall. The effect of the formed filaments, which 
are responsible for the merging process, is diminished by the negative vorticity 
along the wall. 

3) lfthe ratio is larger than ~ 0.5 the wallis relatively close to the vortices and 
two dipoles are formed. The formation of di po les creates in first instanee an 
inward direction of flow for the primary vortices, but later pushes the primary 
vortices away from each other. This is only the case for relatively high 
Reynolds numbers. 

In chapter 5 these conclusions will be compared with the laboratory experiments. 
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Chapter 5 

Laboratory Experiments 

As a third approach the merging of vortices enc/osed by a circular boundary was 
studied in the laboratory. There are many different techniques for the creation of 
vortices, and quite often this is done in a rotating tank. In this particu/ar study two 
airfoils in a reetangu/ar towing tank were used The velocity field has been measured 
with Digital Partiele Image Velocimetry (DPIV). The results include the time 
evolution of (1) vorticity fields, (2) the distance and angle between vortices and (3) 
the strength of vortices. The time is made non-dimensional with the results of the 
point vortices, like in the numerical experiments. For a good comparison a/so some 
experiments are done without a boundary. In this chapter only some examples are 
used, all the results are shown in the appendix. 

5.1 Set-up 

5.1.1 The towing tank 

The bounded co-rotating vortex flow was studied in an XY towing tank tilled with 
water. The dimensions ofthe tank were 6.2 m x 1.0 m x 0.6 m (length x width x 
depth). The general set-up for the experimentsis shown in tigure 5.1. 

vl Laser 

u 

Wings 

CCD 
Camera 

Figure 5.1: A schematic layout of the XY towing tank seen vertically from the top. 

Two rectangular planform wings (3.8 cm chord, 26.6 cm submerged span) were used 
for the generation of the vortices. The airfoil has a circular are of 1.5 mm thickness 
and 0.05-camber ratio. The angle of attack was around 6°. The wings are attached toa 
carriage, which is driven via a continuous cable at a speed of 5 cm s·1

• This results in a 
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Reynolds number, which is defined as Re = r I v, of around Re= 530. For the 
circular boundary two different sizes of plastic tubes were used, with an inner 
diameter of93.7 mm and 146.1 mm, respectively, both with a length of70 cm. 
Velocity field measurements were obtained by Digital Partiele Image Velocimetry 
(DPIV), using 14 micron silver-coated glass spheres. A 5-mm thick laser sheet, 
produced by a 5 W continuous Argon Ion laser, was used for the illumination of these 
particles. The images were captured by a high-resalution CCD Kodak Megaplus 1008 
x 1018 pixels camera at a rate of30 Hz. The data was transferred in real timetoa PC. 

5.1.2 Basic parameters and variables of interest 

During the experiments two parameters where altered. These were the original 
di stance between the eentres of the vortices ho and the diameter of the circular 
boundary D. Fora diameter of93.7 mm b0 was 28, 40, 50 and 60 mm, respectively, 
and fora diameter of 146.1 mm ho was 40, 60 and 112 mm, respectively. Those 
different set-ups were characterised by the non-dimensional value bo/D (between 
0.274 and 0.767). In tigure 5.2 the initial configurations of7 different experiments are 
shown schematically. 

bO/D = 0.299 bO/D = 0.427 bO/D = 0.534 bO/D = 0.640 

bO/D = 0.274 b0/0 = 0.411 bO/D = 0.767 

Figure 5.2: Schematic picture of the 7 different experiments with bo/D between 
0.274 and 0.767. 
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As in chapter 4, there are three non-dimensional variables of interest: 

ho 

n' 
R 
- and 
ho 

ronR 2 

Re=---
v 

(5.1) 

(5.2) 

(5.3) 

with b0 the mutual di stance between the vortices, D the diameter of the circular 
boundary, Ris the radius ofthe vortex where the vorticity value is equal toe -1 times 
the vorticity in the centre of the vortex, ro the maximum vorticity of the vortex and v 
the kinematic viscosity. 
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5.2 Digital Partiele Image V elocimetry 

The DPIV code was developed by Meunier, Leweke, Lebescond and Williamson. 
This code is described in Leweke & Williamson (1998). One ofthe main problems 
was a good measurement ofthe velocity field close to the boundary. The velocity 
could only be measured at a certain di stance from the wall due to the resolution of the 
software and due to reflections of the laser from the solid wall. With this as a given 
fact it was not possible todetermine the vorticity close to the wall. We have derived 
an algorithm that allows us to recreate the vorticity field in the vicinity of the circular 
boundary. This algorithm is base on the principle of images and the no-slip condition 
on the boundary. We assume that the velocity decreases linearly to zero (to satisfy the 
no-slip condition) from the last measured value to the boundary. Although this is not 
the actual velocity profile in the boundary layer, it is a good approximation for our 
purpose. But extending the velocity field till the wall is not enough to get the vorticity 
at the wall because we need the velocity gradient. With the principle of images we 
extend the velocity field even further on the other si de of the wall. This velocity field 
has the opposite-sign symmetrie profile compared to the field inside the boundary. 
This technique can improve the accuracy of the vorticity field close to the wall. This 
can be important, especially for the secondary vorticity generated by the vortices. In 
the next 8 steps, figure 5.3a/b, this technique is shown in the particular case of a 
circular boundary. 
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0 

Figure 5.3a: 

• 
• 

• 
• 

• 
• 

0 

1 . Square grid with original points and veloeities 

2. The veloeities of the open points, outside and on the cylinder, 
are put to zero 

3. A certain number of points with zero velocity 
are placed on the cylinder 

4. A radial grid is superimposed on the square grid 

First 4 steps of calculating vorticity nearby the boundary 
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• 
• 

5. The veloeities of the radial points within the 
cylinder are interpolated by using the square 
grid points within the cylinder and the points 
on the cylinder with zero velocity 

6. The veloeities of the radial points outside the 
cylinder are the opposite of the mirror points 
inside the cylinder 

7. The veloeities of the square grid points outside 
the cylinder can now be interpolated using the 
veloeities of the radial grid points 

8. The right imaginary veloeities of the points 
outside the cylinder for calculating the vorticity 
inside the cylinder are found 

Figure 5.3b: Last 4 steps of calculating vorticity nearby the boundary 
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5.3 Partiele Experiments 

Cerretelli & Williamson (2003) made the basis for the following set of experiments. 
They used exactly the same set-up; the only difference is that they did not have a 
boundary relatively close to the vortices. To invest the influence of a circular 
boundary both the diameter of the boundary and the initial mutual distance between 
the vortices were changed. 
Compared with the numerical simulations the experiments were far from ideal. A little 
bit convection in the tank, two airfoils that did not created perfect symmetrie vortices, 
reileetion ofthe laser from the boundary etc. were some ofthe problems. This 
resulted in small differences with the ideal case. As shown in figure 5.4a the vortices 
were not perfectly symmetrie, but on the other side they had an approximately 
Gaussian shape as can beseen in 5.4b. 
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Figure 5.4a/b: On the left side an example ofthe vorticity shape oftwo generated 
vortices used during the laboratory experiments. They are not perfectly 
symmetrie. On the right si de the almost perfect Gaussian shape of a 
single vortex. 
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The total positive vorticity should at all times be equal to the generated negative 
vorticity. This because the closed loop integral of the velocity over the boundary, 
which is equal to the total vorticity, is always equal to zero because ofthe no-slip 
condition at the wall. Figure 5.5 shows for the experiment, with ratio bo/D = 0.64, at 
an arbitrary time the positive, negative and the total vorticity. Toa very good 
approximation the total vorticity equals zero, which is the case for every experiment. 

8 
• pos. vorticity • 6 • ... neg. vort i city • 

4 • 0 total vorticity 
• • • 

2 • • 
lil 
E 0 
E 

V V 

~ -2 ... 
... ... 

-4 ... ... 
... 

... 
-6 ... 
-8 

... 
0,0 0,2 0,4 

t 
0,6 0,8 1,0 

Figure 5.5: Positive, negative and total vorticity for different times. 

In tigure 5.6 the vorticity field is plottedat different times. The diameter ofthe wallis 
93.7 mm and the initial mutual distance is 28 mm. In this case the boundary is 
relatively far away and there seems to be little influence of the generated secondary 
vorticity. 

Figure 5.6: 

* t =0.0 * t =0.2 * t =0.4 

* t =0.6 * t =0.8 

Vorticity plots for a bounded merging process at non-dimensional 
times of 0 till 0.8 with ~t = 0.2. Initial distance is 28 mm and the 
diameter ofthe boundary is 93 .7 mm. The ratio bo/D equals 0.30. 
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As one could expect, the influence ofthe wallis significant as the vortices are close to 
the wall. For example, in tigure 5.7 the vorticity field is plotted for the smaller tube of 
93.7 mm and an initial mutual distance of60 mm at different times . 

• t =0.1 

• t =0.5 

Figure 5.7: 

• t =0.2 • t =0.3 • t =0.4 

• t =0.6 • t =0.7 • t =0.8 

Vorticity plots for a bounded merging process at non-dimensional 
times of 0.1 till 0.8 with i\t = 0.1. Initia} distance is 60 mm and the 
diameter ofthe boundary is 93.7 mm. The ratio bo/D equals 0.64. 

The generated secondary vorticity is clearly visible. Together with the primary 
vortices they form two di po les. The decrease rate of mutual distance and angular 
velocity depend, besides on the core radius and Reynolds number, on the position of 
the 4 vortices. Appendix B.1 shows the vorticity plots for the other experiments. 
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Figure 5.8a shows the distance against time and figure 5.8b the angle between the 
horizontal and the conneetion line between the two primary vortex eentres for the 
same experiment. Also the result for the experiment without a boundary is plotted. 

0,6 
b/b

0 

0,4 

0,2 

o.~.o o.2 

Figure 5.8: 

• with boundary 
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(a) Distance and (b) angle between the two primary vortex eentres 
versus time for the casewithand without boundary, respectively. 
Initial conditions are the same as in plot 5. 7. 

0,8 

Some features, as the oscillatory decrease of the mutual di stance, are recognisable 
from the numerical simulations. But the most striking difference is that for the 
bounded case, the rotation speed is often lower than that predicted by the point 
vortices instead of faster as often in the numerical simulations and in the unbounded 
cases. This is for most ofthe laboratory experiments, see appendix B.3. A reason for 
this could bethefact that the centre ofvorticity in the laboratory experiments was 
always a bit out of the centre of the tube. As a result, one of the vortices was always 
closer to the wall than the other vortex, which could lead to a lower rotation speed. 
Other explanation could be that the vortices are not perfectly identical, the calculated 
circulation is not exact one (resulting in a different non-dimensional time) or that the 
laboratory experiments are not perfectly two-dimensional. 
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The time evolution ofvorticity for the larger tube is shown in tigure 5.9. 

* t =0.0 

bo/D = 0.274 

bo/D = 0.411 

bo/D = 0.767 

Figure 5.9: 

* t =0.2 * t =0.4 * t =0.6 

Time evolution of vorticity for the larger tube. The ratio b0/D equals 
0.274, 0.411 and 0.767, respectively. 

* t =0.8 

The decrease of mutual distance is remarkably similar for all the experiments. Figure 
5.10alb shows the decrease for the 4 cases with the smaller tube and the 3 cases with 
the bigger tube. During the beginning of the merging process the differences are more 
prominent, the vortices close to the wall move faster to each other than the vortices 
farther away from the boundary. But in the beginning and at the end the plots almost 
overlap each other. Only when the ratio of initial mutual distance and the diameter of 
the wall equals 0.77, the vortices are now very close to the wall, the merging process 
is very slow at the end. 
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Figure 5.10a/b: 

0 .8 1.0 0.0 0.2 0.4 t 0.6 

Mutual distance fora) the smaller tube D = 93.7 mm and 
b) the bigger tube with D = 146.1 mm. 

0.8 

The angular velocity, tigure 5.11a/b, is especially for the vortices close to the 
boundary relatively slow. The generated secondary vorticity 'prevents' in first 
instanee the vortices ofthe experiment with bo/D = 0.77 to rotateat the samehigh 
rotation speed as the vortices of the other experiments. This is comparable with the 
numerical simulations with a ratio of0.75. 
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0.8 0 biD=0.43 

• biD=0.53 
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0.0 0.2 0.4 

Figure 5.1la/b: 
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0 .8 

•• 0 biD=0.41 
• • biD=0.77 • 

0.6 -- point vortices 0 
0 . 

deg 

0 .4 

0.2 

0.0 
t 0.6 0.8 1.0 0 .0 0.2 0.4 t 0.6 

Angular velocity fora) the smaller tube D = 93.7 mm and 
b) the bigger tube with D = 146.1 mm. 
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Although it is not as clear as in the numerical simulations, regime 3 can be 
distinguished from regime 1 very easily. Fora ratio ofbo/D = 0.77, in case ofthe 
larger tube, the formation of di po les creates in first instanee an inward direction of 
flow for the primary vortices, as it did in the numerical simulations. But later, the 
secondary vortices 'push' the primary vortices away from each other. 
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5.4 Condusion 

In chapter 3 the main condusion was that three different regimes can be seen. The 
situation depends largely on the ratio bofD: 

1) Ifb0/D < ~0.25, the wallis relatively far away and has no significant influence 
2) If ~0.25 < b0/D < ~0.5, the formed filamentsinteract with the negative 

vorticity along the wall. The formation of the filaments, which are responsible 
for the merging process, is slowed down by the negative vorticity along the 
wall. 

3) Ifb0/D > ~0.50, the wallis relatively close to the vortices and two dipoles are 
formed. The formation of dipoles creates in first instanee an inward direction 
of flow for the primary vortices, but later pushes the primary vortices away 
from each other. This is only the case for relatively high Reynolds numbers. 

The laboratory experiments show that the boundary has only a significant influence if 
the wall is relatively close. If the ratio of initial mutual distance and diameter of 
boundary > 0.6 the influence ofthe wall is clearly visible. The three regimes were not 
as good visible as in the numerical simulations, but the formation of di po les in the 
laboratory experiments had approximately the same influence on the primary vortices 
as it had in the numerical simulations. A difference was that for the numerical 
simulations with a relatively low Reynolds number the primary vortices would not be 
'pushed' away from each other and would merge relatively fast compared to the 
higher Reynolds number. 
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Chapter 6 

Conclusions and Recommendations 

In this chapter the conclusions of the three different approaches are compared. Every 
methad has its own advantages and disadvantages. Point vortices are simple but, for 
example, are missing a viseaus term. Numerical simulations are much more physical. 
The Iabaratory experiments have the great advantage that they are 'real ', but on the 
other hand they cast a lot of time and there are many variables that are difficult to 
contra/. In spite of all these differences an attempt is made to campare all the 
conclusions mutually. 

6.1 Conclusions 

In chapter 3 the main conclusion was that the rotation speed of point vortices would 
increase when the vortices were bounded by a circular no-slip boundary. Their 
angular velocity would eventually go to infinity in the limit of zero distance between 
the vortices and the boundary. 

The numerical simulations, in chapter 4, showed that the initia! contiguration of the 
vortices and boundary is important for the evolution of the merging process. 
Compared with the point vortices the conclusion can be made that in all cases the 
angular velocity was well predicted by the point vortices in the beginning of the 
merging process. This was also the case for the laboratory experiments. But because 
ofthe conservation of angular momenturn the vortices in the numerical simulations 
started to rotateat a higher rate aftera certain time compared with the point vortices. 
This was less the case in the laboratory experiments. This could be a result by the 
asymmetrie distribution of vorticity at the start of the experiment. 

Three different regimes were distinguished in the numerical simulations. The situation 
depends largely on the ratio b0/D, what the relative importance ofthe generated 
secondary vorticity is. : 

1) Ifthe ratio bo/D is smaller than ~ 0.25 the wallis relatively far away and has 
no significant influence 

2) Ifthe ratio bo/D is between ~ 0.25 and ~ 0.5 the formed filamentsinteract with 
the negative vorticity along the wall. The formation of the filaments, which are 
responsible for the merging process, is slowed down by the negative vorticity 
along the wall. 

3) Ifthe ratio is larger than ~ 0.5 the wallis relatively close to the vortices and 
two dipoles are formed. The formation of dipoles creates in first instanee an 
inward direction of flow for the primary vortices, but later pushes the primary 
vortices away from each other. This is only the case for relatively high 
Reynolds numbers. 
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For the laboratory experiments it was less clear to distinguish the same three regimes. 
The experiments showed that the boundary has only a significant influence if the wall 
is relatively close. Ifthe ratio ofinitial mutual distance and diameter ofboundary is 
larger than 0.6 the influence ofthe wallis clear and strong. Regime 3, the formation 
of dipoles had approximately the same influence on the primary vortices as it had in 
the numerical simulations. A difference was that for the numerical simulations with a 
relatively low Reynolds number the primary vortices would not be 'pushed' away 
from each other and would merge relatively fast compared to the higher Reynolds 
number. This in contrast with the case of dipole formation in the laboratory 
experiments. The total merging process was slowed down, see tigure 5 .1 Ob, by the 
generated secondary vorticity although the Reynolds number was relatively low. 

6.2 Recommendations 

It is clear that the more exciting observation can be made if the vortices are close to 
the wall (a distance less than 10-20% ofthe diameter ofthe boundary). It would be 
very interesting to improve the accuracy of the experiments in this region. The 
rotation and merging time for vortices that have a large initial mutual distance, was 
often the limit. Due to diffusion and/or imperfections ofthe laboratory experiments it 
was difficult to perform experiments with a small distance between the vortices and 
the boundary. One possible improverneut could be to create more symmetrie vortices, 
simultaneous with less disturbance of the rest of the flow. 

Besides improving the experiments and/or investing different (values of) parameters it 
would be interesting to invest a more practical problem like the mixing of different 
polymers in a circular tank using two stirrers. A possible improverneut of such a 
set-up is very challenging and requires good knowledge about the merging process. 
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Appendix A Numerical Simulations 

A.l Overview of numerical simulations 

Table A.1.1: The 22 different runs with the corresponding parameter settings. 

Run bo/D Rlbo Re 
1 0.0625 0.5 3927 
2 0.125 0.25 3927 
3 0.125 0.5 3927 
4 0.125 0.5 982 
5 0.1875 0.167 3927 
6 0.25 0.25 245 
7 0.25 0.25 982 
8 0.25 0.25 3927 
9 0.25 0.5 982 
10 0.25 0.5 3927 
11 0.375 0.167 982 
12 0.375 0.167 3927 
13 0.5 0.125 245 
14 0.5 0.125 982 
15 0.5 0.25 982 
16 0.5 0.25 3927 
17 0.5625 0.167 3927 
18 0.75 0.083 245 
19 0.75 0.083 982 
20 0.75 0.167 982 
21 0.75 0.167 3927 
22 0.75 0.25 3927 



Appendix B Experimental Results 

B.l Vorticity 

At the next page, in figure B.1.1, the vorticity plots of all the experiments are put 
together. They have the following relevant parameters: 

1. b0/D = 0.30, D = 93.7 mm 
2. b0/D = 0.43, D = 93.7 mm 
3. b0/D = 0.53, D = 93.7 mm 
4. bo/D = 0.64, D = 93.7 mm 
5. b0/D = 0.27, D = 146.1 mm 
6. b0/D = 0.41, D = 146.1 mm 
7. b0/D = 0.77, D = 146.1 mm 



* t =0.2 * t =0.4 * t =0.6 * t =0.8 

Figure B.l.l: Vorticity pictures for the 7 experiments. 



Appendix B Experimental Results 

B.2 Distance between vortices 

The plots of mutual distance against non-dimensional time. Upper plot shows the 4 
experiments with the smaller boundary, lower plot the experiments with the larger 
boundary. 
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Figure B.2.1: Mutual distance against time for small (upperpicture) and large 
boundary (lower picture). 



Appendix B Experimental Results 

B.3 Angle 

Upper plot shows the 4 experiments with smaller boundary, lower plot the 3 
experiments with the larger boundary. Figure B.3.2 shows the angle for the 
unbounded cases. 
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Figure B.3.1: Angle between horizontal and conneetion line against time for small 
(upper picture) and large boundary (lower picture). 
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