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Abstract

The seismic activity in some parts of the world requires that the performance of structures under
this type of excitation, is carefully evaluated. In regions where seismicity is insignificant, the con-
ventional design approach aims at the design of structural members in such a way that all static
and dynamic loads (such as wind load) are withstood elastically. However, in cases where seismic
excitation has to be taken into account, this approach may lead to uneconomic design solutions.
Therefore, two alternative design concepts are often employed.

In the first design concept, plastic deformation is allowed in special parts of the structure. The
second concept consists of the implementation of mechanical devices into the structure. In some
of these cases, the mechanical devices are placed underneath the superstructure. This is often
referred to as seismic base isolation.

In seismic base isolation systems, frequently, nonlinear behaviour is encountered. In many cases,
though, these systems are modelled linearly. This may lead to an unrealistic representation of
the dynamic response of the isolated structure. In this research, the influence of the dynamic
characteristics of the superstructure and the nonlinear modelling of base isolation systems on the
total system’s dynamic response, is considered. Furthermore, the dynamic performance of a base-
isolated structure is evaluated, based on additional insight in its nonlinear behaviour, obtained
using dynamic analyses.

After evaluation of the ground motion characteristics (dominant frequency range and correlation
between horizontal, vertical and rotational excitation), a superstructure is chosen. A dynamic
model of this system is derived with Finite Element Method techniques. With this model, a
modal analysis is made. Based on the results of this analysis, model reduction is applied to reduce
the number of degrees of freedom of the dynamic model and improve the computational efficiency
of (nonlinear) dynamic analyses. Next, base isolation is regarded. An isolation system with both
linear and nonlinear elements is chosen and its dynamic model is derived. Here, the nonlinearities
are caused by friction elements.

With the dynamic model of the base-isolated structure, time simulations are carried out. After
”optimal” design of the base isolation system through a parameter line-search, a comparison is
made between fixed- and isolated-base simulations for various earthquake records. Next, the influ-
ence of three modelling approaches on the dynamic response is analysed. These three modelling
effects are the vertical ground excitation, the variation of the normal force for the determination
of the friction force and the superstructure flexibility.

Subsequently, the dynamic behaviour of the nonlinear isolated structure is regarded by evalua-
tion of periodic solutions. These periodic solutions are identified as a function of the horizontal
excitation frequency. As a periodic solution solver, the Shooting Method is utilised in conjunc-
tion with stepped frequency sweeping. The influence of the isolator parameters on these periodic
solutions is treated and some asymptotic behaviour, observed in the bifurcation diagrams, is clar-
ified. Finally, these steady-state dynamic analyses are correlated to the transient time simulations.
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ii Abstract

To be able to validate simulation results, experiments are often performed. In this report, an
initial impulse towards experimental verification is given. Structure scale modelling is elucidated
and similitude requirements and scaling rules are developed with the aid of a dimensional analy-
sis. Furthermore, some practical considerations about the model material, model excitation and
measurement system, are illuminated.



Samenvatting

De seismische activiteit in sommige delen van de wereld maakt een zorgvuldige analyse van
gebouwen, onder deze vorm van excitatie, onontbeerlijk. In een conventioneel ontwerp van een
gebouw waarbij seismische excitatie geen rol speelt, worden structurele elementen dusdanig ontwor-
pen dat statische en dynamische belastingen (zoals wind belasting) elastisch worden opgenomen.
In situaties waarbij seismische excitatie wel van belang is, kan dit echter leiden tot een ontwerp
dat niet economisch haalbaar is. Om dit te voorkomen worden vaak twee alternatieve ontwerp-
methodieken toegepast.

In de eerste van deze twee methoden wordt plastische vervorming in speciale zones van het gebouw
toegelaten. De tweede methode bestaat erin mechanische componenten aan het gebouw toe te voe-
gen. In bepaalde gevallen zijn deze componenten gelokaliseerd aan de onderzijde van het gebouw.
Deze vorm wordt seismic base isolation genoemd.

De systemen die worden gebruikt in seismic base isolation vertonen vaak niet-lineair gedrag. Deze
systemen worden echter veelvuldig lineair gemodelleerd. Dit kan leiden tot een onrealistische weer-
gave van het dynamische gedrag. In dit onderzoek wordt de invloed van niet-lineaire modellering
van het isolatiesysteem op het dynamische gedrag van het totale gëısoleerde systeem geanalyseerd.
Bovendien wordt onderzocht wat de effecten zijn van het dynamische gedrag van het, door het
isolatiesysteem, ondersteunde gebouw. Tenslotte wordt het dynamische gedrag van het gëısoleerde
systeem bestudeerd aan de hand van inzichten, verkregen met niet-lineaire dynamische analyses.

In een evaluatie van de karakteristieken van grondtrillingen tengevolge van aardbevingen, wor-
den dominantie excitatie frequenties en de correlatie tussen horizontale, verticale en torsionele
bewegingen gëıdentificeerd. Ten behoeve van seismische isolatie wordt vervolgens een gebouw
gekozen. Met behulp van de Eindige Elementen Methode wordt daarna een dynamisch model van
dit gebouw afgeleid, waarna een modale analyse wordt uitgevoerd. De resultaten van deze analyse
worden gebruikt bij het verrichten van modelreductie. Met behulp van deze modelreductie wordt
het aantal vrijheidsgraden van het dynamische model en de rekenintensiteit van (niet-lineaire)
dynamische analyses verminderd. Hierna wordt een seismic base isolation systeem gekozen en
gemodelleerd dat bestaat uit lineaire en niet-lineaire elementen. In dit geval worden de niet-
lineariteiten veroorzaakt door wrijvingscomponenten.

Met het dynamische model van het gëısoleerde gebouw worden tijdssimulaties uitgevoerd. Allereerst
wordt een ”optimaal” ontwerp van het isolatiesysteem afgeleid door middel van een parameter-
studie. Met dit ontwerp wordt nadien een vergelijking gemaakt tussen de simulaties met en zonder
seismic base isolation. Dit wordt uitgevoerd voor verschillende registraties van een aardbeving.
Vervolgens wordt de invloed van de modellering voor drie situaties geanalyseerd. Deze situaties
beschouwen de effecten van de verticale excitatie, de variatie in de normaalkracht voor de bepaling
van de wrijvingskracht en de flexibiliteit van het gëısoleerde gebouw.

Om inzicht te krijgen in het dynamische gedrag van het niet-lineaire gëısoleerde gebouw, worden
periodieke oplossingen bepaald. Deze periodieke oplossingen worden gëıdentificeerd als functie van
de horizontale excitatie frequentie. De periodieke oplossingen worden bepaald met behulp van de
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iv Samenvatting

Shooting Method en stepped frequency sweeping. De invloed van de verschillende parameters van
het isolatiesysteem op de periodieke oplossingen wordt geëvalueerd. Bovendien wordt een nadere
verklaring gegeven voor asymptotisch gedrag dat kan worden waargenomen in de bifurcatiedia-
grammen. Tenslotte worden deze steady-state dynamische analyses gecorreleerd met de transiente
niet-lineaire tijdssimulaties.

Experimenten worden veelvuldig gebruikt voor de validatie van simulatie resultaten. In dit verslag
wordt een eerste aanzet gegeven tot experimentele verificatie. Geschaalde modelanalyses worden
toegelicht en gelijkvormigheidseisen en schaalregels worden afgeleid met behulp van een dimensie-
analyse. Vervolgens worden enkele praktische overwegingen gegeven over het materiaal waaruit
het model kan worden opgebouwd, de excitatie van het model en het meetsysteem.
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Chapter 1

Introduction

1.1 Seismic Design of Structures

Earthquakes constitute a substantial form of excitation of structures in terms of their large poten-
tial to cause structural damage. Therefore, in earthquake-prone regions, the seismic resistance of
structures is carefully studied during the design phase. In regions where seismicity is insignificant,
the conventional design approach aims at the design of structural members in such a way that
static (gravitational) and dynamic loads (such as wind load) are withstood elastically. However,
if this design approach was to be followed in cases where seismic excitation had to be taken into
account, this might lead to economically unacceptable design solutions. For example, the design
might result in very large and, hence, expensive structural members. For that reason, two alter-
native design concepts are often chosen [ECS, 2001].

In the first design concept, plastic deformation during excitation is allowed in special parts of
the structure, often called plastic hinges, while the rest of the structure remains in its elastic
range. These plastic hinges are designed for high ductility, in order to ensure global stability of
the structure [ECS, 2001]. Because the energy dissipation through plastic deformation is much
larger than if the structure would remain elastic, the load-capacity of the structural members can
be significantly reduced, resulting in a more economical design.

The second design concept is based on the addition of mechanical devices to the conventional
structure. These mechanical devices have the task to improve the structure’s seismic response.
In this approach, a distinction can be made between passive, active and hybrid control systems
[Casciati, 2004]. In passive control systems, special components are designed to dissipate (part of)
the earthquake energy input. These devices are passive in that they do not require an additional
energy source to operate and are activated by the earthquake input. Active control systems im-
pose forces on a structure to counteract the seismically induced forces. These systems require an
additional power source, which has to remain operational during an earthquake and a controller to
determine the actuator output. Finally, hybrid control systems combine features of both passive
and active control systems.

Subject of this research is one type of passive control systems, namely seismic base isolation sys-
tems, which are located at the base, beneath the supported structure (superstructure). Other
examples of passive, active and hybrid control systems, such as tuned mass dampers, active mass
drivers and active bracings, will not be considered in this research. Moreover, it is assumed that
the superstructure remains in its linear, elastic range and that no plasticity occurs in any part of
the structure during excitation.

1



2 Introduction

1.2 Motivation of the Project and Problem Formulation

Seismic base isolation systems may benefit the seismic response of structures, possibly reducing
construction costs and the need for special earthquake resistant measures in the superstructure.
Therefore, accurate modelling of the base-isolated structure is required, to be able to analyse and
predict its seismic performance.

Often, base isolation systems are modelled as linear systems. However, it is known that most
isolation systems exhibit a (highly) nonlinear behaviour. Moreover, rules-of-thumb are frequently
applied, in which simplifications are made about the dynamic characteristics of the superstructure.
In these cases, the superstructure is often considered as a rigid body, disregarding its flexibility
and the interaction with the isolation system. These approximations may lead to results, which
do not realistically represent the actual response of the isolated system, during an earthquake. A
possible remedy is to resort to the field of nonlinear dynamics.

The field of nonlinear dynamics specialises in developing and analysing models that can accurately
describe certain dynamic phenomena, which, principally, can not be represented by linear models.
In this research, a base-isolated superstructure is considered. Although the superstructure is
linear, local nonlinearities are introduced by the seismic isolation system at its base (in the form
of friction elements). The theory of nonlinear dynamics can thus possibly benefit the dynamic
analysis of this system. These observations have led to the following twofold problem formulation:

What is the influence of the dynamic characteristics of the superstructure and the
nonlinear modelling of base isolation systems, on the dynamic response of the total
system?

Evaluate the dynamic performance of a base-isolated structure, based on additional
insight in its nonlinear dynamic behaviour, obtained using dynamic analyses.

In the next section, the outline of this report will be discussed.

1.3 Outline of the Report

The dynamic response of a system depends on the nature of the induced excitation. Therefore,
in chapter 2, some seismological background will be presented. Plate tectonics and the genera-
tion of earthquakes will be elaborated. Furthermore, some ground motion characteristics will be
discussed. Next, chapter 3 will regard the choice and dynamic modelling of a structure that will
be seismically protected by base isolation. The Finite Element Method will be considered and
the modelling of nonstructural elements, earthquake excitation and structural damping, will be
treated. Moreover, a modal analysis will be made and model reduction will be performed in this
chapter.

Chapter 4 will discuss the working principle of seismic base isolation systems. Subsequently, the
choice and dynamic modelling of an isolation system will be presented. In chapter 5, first, an ”op-
timal” isolator design will be obtained through a parameter line-search. Next, with the resulting
design, a comparison will be made between the outcome of numerical simulations of various earth-
quake records of a fixed-base and isolated-base structure. In addition, several modelling effects,
such as superstructure flexibility, will be evaluated. Chapter 6 will elucidate a nonlinear dynamic
analysis of the isolated system, in which periodic solutions are analysed and path-following is
performed. An initial impulse towards experimental verification of the simulation results, will be
given in chapter 7. Herein, the principles of structure scale modelling will be elaborated, scaling
rules will be derived and practical considerations about the realisation of an experimental setup
will be made. Finally, in chapter 8, conclusions and recommendations will be presented.



Chapter 2

Seismological Background

In this chapter, more elaborate information will be given about earthquakes and their
characteristics, to describe the nature of seismic excitation. The origin of earthquakes
will be discussed in section 2.1. Next, in section 2.2, the distinguishing features, such as
dominant frequencies and correlation between the components of the induced ground
motions, will be elucidated.

2.1 Plate Tectonics

The internal structure of the earth consists of various concentric layers of different composition
and thickness [Clough and Penzien, 1993], [Carree, 2000], [Swart, 1998]. A schematic representa-
tion of this is given in figure 2.1. The innermost part of the earth is formed by the core, which
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Figure 2.1: Schematic representation of the interior of the earth (not to scale).

can be divided into a solid inner core and a molten outer core. Both the inner and outer core
mainly consist of iron. The inner core has a radius of approximately 1250 km, whereas the thick-
ness of the outer core approximately equals 2250 km. The mantle forms the second main layer
of the earth. This mantle can be partitioned into an upper and lower mantle with a thickness of
approximately 670 and 2230 km, respectively. The crust is the outermost layer of the earth. Its
thickness ranges from 5 to 10 km and 20 to 80 km for oceanic and continental parts, respectively.
The composition of the crust is mainly basalt and dolerite for oceanic parts and granite and gneiss
for continental parts. The combination of the crust and the relatively rigid part of the mantle, is

3
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called the lithosphere. This lithosphere rests on a weak and easily deformed section of the earth,
known as the asthenosphere (a without, stheno strength), which extends from a depth of 100 to
660 km beneath the earths surface.

The earths surface consists of tectonic plates, which are divisions of various sizes of the lithosphere
(see figure 2.2). Boundaries of these plates form geological faults (for example the well-known
San Andreas Fault in California, USA). Tectonic plates move relatively to each other, probably

Figure 2.2: The major tectonic plates of the earth.

caused by convection currents in the softer asthenosphere. This movement and the resulting
deformation of the tectonic plates, leads to storage of elastic strain energy. This energy can
suddenly and spasmodically be released, producing ruptures at the faults and causing seismic
waves or earthquakes that radiate outwards in all directions. The point on the fault where rupture
first begins, is called the earthquake focus or hypocenter. The point on the ground surface directly
above the hypocenter is the epicenter. Different types of seismic waves are produced, varying from
the depth at which they travel, the propagation velocity and the type of oscillation (lateral or
longitudinal). Four types of these waves are shown in figure 2.3. P- and S-waves (Primary and
Secondary waves, respectively), travel deep within the earth, whereas Rayleigh and Love waves
propagate near the surface of the earth. Seismic waves or earthquakes have a large potential
for disastrous consequences and can cause various direct and indirect effects, such as ground fault
ruptures, ground shaking, soil liquefaction1, landslides, tsunamis, seiches2 and fires [Oliveto, 2002].

2.2 Ground Motion Characteristics

Earthquake ground motion at a certain site, is determined by the various types of seismic waves,
their propagation paths and their corresponding arrival times at that site. Because of the different
arrival times of seismic waves, the intensity of the ground motion varies with time
[Wang and Zhou, 1999]. Furthermore, due to discontinuities in soil conditions along the pro-
pagation path, seismic waves can be subject to reflection, refraction, diffraction and scattering
[JSCE, 1997]. Therefore, earthquake ground motion is a nonstationary process with time-variant
frequency content. Moreover, local soil conditions can cause a change in the amplitude and
frequency content of seismic motions. Ground motions measured on free soil surfaces are there-
fore likely to differ from those on the surface of outcropping bedrock [Clough and Penzien, 1993],
[Bouckovalas and Papadimitriou, 2003] (see figure 2.4). This phenomenon is referred to as soil-
amplification. Finally, due to soil-structure-interaction, the actual base motion of a structure may
significantly differ from the corresponding free-field motion [Clough and Penzien, 1993].

1Phenomenon which takes place in water saturated soils, causing a dramatic decrease in the strength and stiffness

of the soil.
2Prolonged oscillating wave in a lake, bay or gulf.
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Figure 2.3: Types of seismic waves for deep- and near-surface propagation.
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Figure 2.4: Schematic depiction of soil-amplification due to local soil conditions.

The size of earthquake ground motions can be expressed into intensity and magnitude. The inten-
sity of an earthquake denotes the severity at a particular location, based on qualitative observations
of human perception (for instance: felt by persons at rest, felt inside buildings, felt by all, etc.) and
building damage (cracks in external cladding, damage to masonry, etc.). Several intensity scales
exist, such as the Modified Mercalli Intensity Scale (grades I to XII), the Medvedev-Sponheuer-
Karnik Scale (twelve grades) and the Japanese Meteorological Agency Scale (eight grades, 0 to
7). The magnitude of an earthquake is a measure of the amount of energy release, based on
quantitative measurements. An example of such a magnitude scale is the well-known Richter
Scale. The Richter Magnitude is calculated as the (base 10) logarithm of the maximum ampli-
tude (in millimeters) of the recorded seismogram on a Wood-Anderson seismograph, corrected for
the epicentral distance. Detailed information on intensity and magnitude scales can be found in
[Tedesco et al., 1999] and [Swart, 1998].

Ground motions can be expressed into three orthogonal components (two horizontal and one verti-
cal component). These components usually have dominant frequencies in the range of 0.1 to 10 Hz
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[Clough and Penzien, 1993], [JSCE, 1997], [Skinner et al., 1993], [Sacconi, 2000]. Vertical ground
motions are often disregarded because the majority of structures are designed to carry vertical
loads and are less vulnerable to additional vertical loads, caused by earthquakes. Moreover, verti-
cal components of ground motions are usually weaker than the horizontal ones, although vertical
components become more significant for decreasing epicentral distance [JSCE, 1997].

The two components of the horizontal ground motion are often not correlated and have their
maximum values at different instants. The effect of the vector sum of the two components on the
magnitude of the total horizontal motion, can therefore be disregarded. In addition, ground mo-
tions may cause torsional excitation of structures [Clough and Penzien, 1993]. This is more likely
to occur for structures with an asymmetric plan. Rotational excitation is often neglected when
the structure’s base dimensions are relatively small compared to the predominant wavelengths of
the earthquake. It can then be assumed that the same ground motion acts simultaneously at all
support points.

Due to the random character of earthquake ground motions, caused by the many influence fac-
tors, such as focal source mechanism, epicentral distance, focal depth and (variations in) geology
along energy transmission paths, it is chosen to use recorded data of earthquakes in this research,
instead of generating them artificially [PEER, 2004]. Because the measurement instruments (seis-
mographs) can be regarded as mass-spring-damper systems, the measured data is corrected for
the frequency dependency of these sensors. Furthermore, bandpass filtering is applied to remove
noise contamination. It is assumed that this (corrected) measured motion is applied directly at all
support points of the structures base, thus neglecting soil-amplification, soil-structure-interaction
and rotational excitation. Moreover, in this research, both horizontal and vertical excitation will
be taken into account.



Chapter 3

Dynamic Modelling of the
Structure

Subject of this research is a superstructure with a base isolation system. In this chap-
ter, first, a superstructure will be chosen (section 3.1), after which its dynamic model
will be derived in section 3.2. In that section, the inertial and stiffness characteristics
will be obtained using the Finite Element Method (FEM). Next, the influence of non-
structural members, such as wall panels and floors, on the inertial characteristics of
the structure, will be discussed. Moreover, the modelling of earthquake excitation will
be regarded. Because the modelling of the structure’s damping is based on a model
reduction method, first, the modal analysis and model reduction will be presented in
sections 3.3 and 3.4, respectively. Finally, in section 3.5, the modelling of the damping
will be elucidated.

3.1 Choice of Structure

In earthquake-prone regions, (civil) engineers stand for the challenging task to design structures
which can withstand the damaging components of earthquake ground motions, preserve struc-
tural integrity and prevent damage and injury to contents and occupants. This especially holds
for structures which need to keep functionality in case of an emergency, such as hospitals, emer-
gency services, communication centers, heavily used bridges and power plants. In many of these
earthquake-prone regions, such as Japan, Italy and the USA, structural members are frequently
constructed from steel (entirely, or in conjunction with concrete), because of its high ductility and
strength.

The basic structural typology of steel buildings can be divided into Moment Resisting Frames
(MRF), Concentrically Braced Frames (CBF), Eccentrically Braced Frames (EBF) and buildings
with concrete cores and walls [Mazzolani and Gioncu, 2000], [ECS, 2001]. A schematic depiction
of Moment Resisting Frames, Concentrically and Eccentrically Braced Frames is given in figure
3.1. Moment Resisting Frames are rectilinear assemblages of beams and columns which are rigidly
attached to each other. The primary source of lateral stiffness of these frames is the bending
rigidity and strength of the frame members. In Concentrically and Eccentrically Braced Frames,
lateral stiffness is attained by developing high axial forces in diagonal (bracing) members. In
addition, concrete cores and concrete shear walls can be applied to steel frames, to benefit the
structural stability. An advantage of Moment Resisting Frames is the absence of bracing elements
which block wall openings, resulting in maximum architectural versatility for space utilization.

The topic of this research is a base-isolated superstructure. Therefore, first, a suitable superstruc-
ture has to be chosen and modelled. To facilitate the modelling of the structure, the choice is

7
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Figure 3.1: Schematic representation of Moment Resisting Frames, Concentrically and Eccentri-
cally Braced Frames.

limited to steel structures without concrete structural members (elements in the structure which
contribute to the structural stiffness), such as cores and walls. The material properties of steel are
well documented and steel members can, therefore, easily be modelled. Furthermore, it is assumed
throughout this research, that the structure remains within its elastic range during dynamic exci-
tation.

An existing building is chosen, in which structural members and their dimensions are already de-
signed and can be adopted. This building, the (former) European Head Office of car-manufacturer
Nissan, is shown in figure 3.2.

Figure 3.2: Overview of the (former) European Head Office of Nissan, located in Amsterdam.

The Nissan office is an unbraced1 high-rise steel building (MRF) of 11 construction levels (10
stories), without concrete structural members [SG-3, 1996], [Derkink, 1990], [Van Leeuwen, 1991],
[Kraus and Derkink, 1990], [D3BN, 1989]. The office has a height of approximately 53 m (mea-
sured from ground-level GL) and base dimensions of 30 by 80 m. The design is based on a unique
set of design demands. Nissan requested that each floor surface of 15 by 80 m should not have any
structural members, leaving a freely dividable space. Furthermore, it should be possible to expand

1Dutch: ”ongeschoord”.
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the building, in a later stadium, in longitudinal direction. Moreover, it should be possible to move
vertical transportation devices, such as staircases and elevators, at any time. The cleared area
should then easily be converted into offices. Also, the total floor area (15360 m2) should consist
of a removable raised floor, leaving a space with a height of 0.6 m for installation devices, such
as ventilation shafts and cables. Finally, the total construction time should be very short. Other
key architectural features are the large atrium in front of the building, forming the main entrance,
and the outward extending part at a height of approximately 40 m, known as ‘the cockpit’ (see
figure 3.2).

The MRF of the Nissan building consists of steel columns, castelated beams2 and framework
beams3. These beams are coupled to the columns by means of moment-resisting connections. A
detailed representation of the plan and elevation of the Nissan office is given in figure 3.3. In figure
3.4 and 3.5, the layout and dimensions of the castelated beams and framework beams are shown.
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Figure 3.3: Plan (upper figure) and elevation (lower figure) of the Nissan building.

2
Dutch: ”raatligger”. Originally, this is an I-section profile, which is cut in half, after which the two halves are

placed on top of each other and welded together, leaving honeycomb-like openings.
3Dutch: ”vakwerkligger”.
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There are two main columns (labelled A and B) and twelve portals (1 to 12). The floors consist
of concrete hollow slabs4 (200 mm thick), placed on the lower flange of the castelated beams
(see figure 3.4). This is also shown in figure 3.6, which presents a picture of the building under
construction. A computer floor is mounted on these hollow slabs with floor supports, leaving
an open space of 0.6 m. Prefabricated concrete panels (with brown-red tiles) are connected to
the columns to form the walls of the building. These panels and the concrete hollow slabs do
not significantly contribute to the structural stiffness of the steel columns and beams. Another
construction picture is shown in figure 3.7. More elaborate information about this building is
given in appendix A.

4Dutch: ”kanaalplaat”.
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Figure 3.6: Construction picture of the concrete hollow slabs, placed on the lower flange of the
castelated beams.

Figure 3.7: Frame of the Nissan building under construction.
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3.2 Derivation of the Dynamic Model

As mentioned in the introduction of this chapter, the inertial and stiffness characteristics of the Nis-
san building will be obtained in this section. Furthermore, the influence of nonstructural elements
(walls and floors) on the inertial characteristics, will be elaborated. In addition, the modelling of
earthquake excitation will be considered in this section. The modelling of the structure’s damping
will be treated in section 3.5.

3.2.1 Finite Element Method Modelling of the Nissan Building

The general equations of motion of a mechanical multi-degree of freedom system are given by:

Mq̈(t) + Cq̇(t) + Kq(t) = f(t) . (3.1)

Herein, M , C and K equal the mass (inertial), damping and stiffness matrix of the system, re-
spectively. The column q(t) represents the degrees of freedom (dof’s) of the system. The first and
second derivative of the column q(t), with respect to time t, are q̇(t) and q̈(t), respectively. The
column f(t) denotes the external excitation of the system. In the remainder of this report, the
dependency on time (t), will be omitted.

To be able to derive inertial and stiffness properties of large, complex structures, the Finite El-
ement Method is often applied [Clough and Penzien, 1993], [Paz, 1997], [Chopra, 2001]. In this
method, the structure is assumed to be divided into a system of discrete elements which are only
interconnected at a finite number of nodal points or nodes. In this research, for reasons of sim-
plicity, it is assumed that the external excitation (earthquake) only acts in the lateral plane of
the structure (left bottom part of figure 3.3), leading to a 2-D frame analysis. Hence, it suffices
to model one portal.

For the FEM-modelling of frames, often, use is made of beam elements. Each beam element has
two nodes, with three dof’s each. This is represented in figure 3.8, for a beam element in the local
righthanded coordinate system (x, y, z). Herein, xi and yi denote the translational displacement
of node i in x- and y-direction, respectively, whereas θi represents the rotation around the z-axis.
The forces acting at node i in x- and y-direction are represented by Pi and Fi, respectively. Mi

denotes the moment at node i. Furthermore, ρ, A, I, E, L, stand for the mass density [kg/m3],
cross-sectional area [m2], bending moment of inertia [m4], elasticity modulus [N/m2] and length
[m] of the beam element, respectively.
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Figure 3.8: Beam element with nodes 1 and 2 in the local coordinate system (x, y, z).

In this research, use is made of Bernoulli-Euler beam elements, based on the simple bending theory
of beams, in which plane cross sections of the beam remain plane during flexure. Moreover, the
consistent mass method is used to determine the inertial properties of the beam element. With
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the unit displacement method, i.e. analysis of the resulting flexural modeshape after a unit dis-
placement of one of the dof’s xi, yi and θi, the element mass and stiffness matrix Mel and Kel,
respectively, are obtained. This is repeated for all beam elements of which the total structure
consists, after which all element matrices are combined to form the structure mass and stiffness
matrix (M and K). Because, in the case of the Nissan building, some elements are positioned
horizontally (castelated beams) and others vertically (columns), or inclined at a certain angle
(atrium), a transformation has to be applied from the local element coordinate system to the
global structure coordinate system (X,Y, Z). More information about the implementation of the
Finite Element Method for the Nissan building can be found in appendix B. Finally, it is noted
that the modelling of the Nissan building, using Finite Elements, is implemented in Matlab.

For the Nissan building, a FEM-model is created by dividing the structure into nv and nh verti-
cal and horizontal elements of each construction level, respectively, and natrium elements for the
atrium beam. The parameters nv, nh and natrium determine the mesh of the FEM-model. Herein,
a certain trade-off has to be made. A too coarse mesh will result in an inaccurate representation
of the true structure, whereas a too fine mesh results in very large system matrices, leading to
computational inefficiency. As a rule-of-thumb, it is assumed that the mesh of the FEM-model is
chosen correctly, when the first ten undamped eigenfrequencies, resulting from the structure mass
and stiffness matrix, do not change by more than 0.1% when the mesh-parameters are doubled.
The parameter values nv, nh and natrium, following from this rule-of-thumb, equal 5, 4 and 6,
respectively. These values are used throughout the rest of the research.

Figure 3.9a presents the FEM-model of the Nissan building. It is noted that, for reasons of
simplicity, the upper part of the atrium is assumed to be connected to the third construction level
floor (compare with figure 3.3). However, the atrium and the small HE 200B column are expected
to cause unwanted effects during an earthquake, such as uplift, due to the low static loading in
these elements. During uplift, the connection between the foundation and (part of) the base of the
structure is not subjected to compression but to tension. Therefore, to prevent these unwanted
effects, also a modified model of the Nissan office is made. In this modified model, the atrium is
removed and the castelated beam of the second construction level floor is connected to the main
column, instead of to the HE 200B column. The FEM-model of the modified Nissan building is
shown in figure 3.9b. In section 3.3, a modal analysis of both models will be made and compared,
after which in the remainder of this research, the model of the modified Nissan building will be
used.

Compared with the original Nissan Building, one other aspect is altered in both FEM-models.
In this research, seismic base isolation is applied to the superstructure. These isolation systems
are placed between the bottom of the structure and the foundation. To ensure that the seismic
base isolation systems are deformed uniformly, a rigid diaphragm is added at the seismic isolation
level in the FEM-models. This diaphragm is relatively rigid compared to the other structural
elements and interconnects the nodes at ground-level. The mass of the diaphragm is negligibly
small compared to the total superstructure’s mass. The inclusion of a diaphragm has also proven
to be beneficial to the model reduction (section 3.4).

3.2.2 Nonstructural Elements

The structural stability of the Nissan building is attained by a steel Moment Resisting Frame
without bracings. To this structural frame, floor and wall elements are attached. These elements
have a significant influence on the weight (distribution) of the entire structure. However, they do
not influence the stiffness or strength. Therefore, the contribution of these nonstructural elements
to the mass matrix of the structure’s model, should be taken into account.

The floors are formed by concrete hollow slabs, which support a computer floor. In accordance
to [D3BN, 1989] and [Van Leeuwen, 1991], the total floor load equals 5 · 103 N/m2. This floor
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Figure 3.9: Original (a) and modified (b) FEM-model of the Nissan building, for mesh parameters
nv = 5, nh = 4 and natrium = 6.

load results from the weight of the concrete hollow slabs, the computer floor and its supports and
the weight of the structure’s contents, such as furniture and occupants. To take into account this
weight in the model, the density of the horizontal elements (castelated beams) of the FEM-model
is altered. In this way, the stiffness of these elements is not changed.

The total floor load is represented by wf [N/m2]. The original density of the horizontal elements,
ρf0

(7850 kg/m3), is changed into ρ′

f to accommodate the added mass. Hereto, the mass of the
floor-surface that is supported by one castelated beam, is divided by the volume of the beam and
added to the original density:

ρ′f = ρf0
+

7.2wf

gAf
. (3.2)

Herein, Af is the cross-sectional area of the castelated beams [m2], whereas g denotes the grav-
itational acceleration [m/s2]. The factor 7.2 equals the width of the floor-surface [m] that is
approximately supported by one castelated beam (see figure 3.3).

This procedure is repeated for the prefabricated concrete wall elements. Each wall element has a
mass of 10000 kg [D3BN, 1989], [Van Leeuwen, 1991]. The height and width of one wall element
is assumed to be equal to 4 and 7.2 m, respectively. The artificial density of the columns, ρ′

w

[kg/m3], is obtained by:

ρ′w = ρw0
+

10000

4Aw
, (3.3)

with ρw0
the original density of the columns (7850 kg/m3) and Aw the cross-sectional area of the

columns [m2]. It is noted that Aw is not constant over the height of the building (see appendix
A).

3.2.3 Earthquake Excitation

In (3.1), f represents the external excitation. In this research, the excitation exists of gravity
and earthquake ground motion. To demonstrate how earthquake excitation can be incorporated
in the equations of motion of the structure, the single-degree of freedom system of figure 3.10 is
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considered. The system is represented by point-mass M , connected to a movable base through a
massless thin rod with stiffness K and damping C. The relative horizontal displacement between
the mass and the base is denoted by q, whereas the horizontal movement of the base relatively to
the inertial space is given by u. The absolute horizontal displacement x of the mass thus equals
q+u. If the system is subject to a certain acceleration profile ü of the base, the following equation
of motion can be derived:

Mẍ + Cq̇ + Kq = 0 , (3.4)

with f = 0. This can be rewritten into:

Mq̈ + Cq̇ + Kq = −Mü . (3.5)

For the Nissan building without base isolation and both horizontal and vertical ground motion
(figure 3.11), an analogous derivation can be made:

Mq̈ + Cq̇ + Kq = −MΓü , (3.6)

with Γ =
[
Γhor Γver

]
and ü =

[
ühor (üver + g)

]T
. Herein, Γhor and Γver represent the influence

columns for the horizontal and vertical degrees of freedom

(Γhor =
[
1 0 0 1 0 0 . . . 1 0 0

]T
, Γver =

[
0 1 0 0 1 0 . . . 0 1 0

]T
). The

horizontal and vertical acceleration of the ground, caused by the earthquake, at time t, are denoted
by ühor and üver, respectively. The term −MΓverg denotes the external loading due to gravity,
with gravitational constant g. The minus sign is caused by the fact that the gravity acts in the
negative Y -direction.
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Figure 3.11: Schematic representation of the Nissan building without base isolation, under earth-
quake and gravitational loading.
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3.3 Modal Analysis

In this section, a modal analysis will be presented. The (undamped) eigenfrequencies and eigen-
modes will be evaluated with the focus on model reduction, which will be discussed in section 3.4.

As mentioned in section 3.2.1, the original model of the Nissan building with atrium is modified
to prevent unwanted effects, such as uplift, due to the low static loading of the HE 200B column
and the atrium. The FEM-model of both the original and modified Nissan building, is shown in
figure 3.9. Both models have three rigid-body modes (RBM), but when the dof’s of the nodes at
ground-level are suppressed, a fixed-base situation occurs. The eigenfrequencies and eigenmodes
of this fixed-base situation will be compared for both models.

Figure 3.12 presents the modal density for the first 50 eigenfrequencies of the original and modified
Nissan model. The first four corresponding modeshapes, with eigenfrequency f = ω/(2π) [Hz],
are shown in figures 3.13a and 3.13b, respectively.

0 10 20 30 40 50
0

5

10

15

20

25

30

35

40
original model
modified model

PSfrag replacements

mode number [-]

ei
ge

n
fr

eq
u
en

cy
[H

z]

Figure 3.12: Modal density of the original (+) and the modified (o) model of the Nissan building.
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Figure 3.13: First four eigenmodes of the original (a) and modified Nissan model (b).
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The difference between the eigenfrequencies of the original and modified model are caused by the
decrease in lateral stiffness when the atrium is removed. The eigenfrequency of the fundamental
mode (first eigenfrequency), corresponding to the fundamental mode of a cantilever beam, is thus
decreased as well (from 0.60 to 0.46 Hz). This can also be considered as an increase in the effective
length of the cantilever beam. However, in figure 3.12, it can also be distinguished that some
eigenfrequencies approximately remain unchanged (for instance modes 5, 7, 8, 11 etc.). In these
modes, one or more floors resonate, whereas the main columns remain practically vertical. In that
case, the atrium has no influence and approximately the same eigenfrequencies and eigenmodes
result. This is demonstrated in figure 3.14, where the fifth eigenmode of the original and modified
model is shown.
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Figure 3.14: Fifth eigenmode of the original (a) and modified (b) Nissan model.

From figure 3.12, it can be concluded that there are regions with a higher modal density than
other regions (for instance between 5 and 7 Hz and between 17 and 19 Hz). A majority of the
eigenmodes in these bands consist of modes with floor resonance. The eigenfrequencies determine
how many and which floors resonate. These modes can be regarded as local modes, whereas the
other modes can be thought of as global modes, in which the entire building sways in horizontal
direction. Finally, it is noted that the fundamental frequency of the Nissan Building lies in the
dominant frequency range of most earthquakes. In the remainder of this research, the modified
model will be used.

3.4 Model Reduction

Models of complex structures (often obtained with Finite Element Method techniques) usually
have many degrees of freedom. In this case, the number of dof’s of the FEM-model of the Nissan
building equals 435 (figure 3.9b). Such large models result in computationally inefficient (nonlin-
ear) dynamic analyses. In model reduction, the number of dof’s is drastically reduced, while the
principle dynamic characteristics are maintained. Many different reduction methods exist. Two
of these methods, the Craig-Bampton and the Rubin method, are used in this research. In this
section, the results of both methods are evaluated and a choice will be made for the final reduced
model that will be used in the rest of the analyses.

The general principle of reduction methods, is to express the n original dof’s q, of the equations of
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motion (3.1), as a function of a much smaller set of np new, generalized dof’s p [de Kraker, 2000]:

q = Tp . (3.7)

Herein, T (n x np) represents the transformation matrix. Substitution of (3.7) into (3.1) and
premultiplication with T T , yields the reduced equations of motion:

M̃p̈ + C̃ṗ + K̃p = f̃ , (3.8)

with:

M̃ = TT MT , (3.9a)

C̃ = TT CT , (3.9b)

K̃ = TT KT , (3.9c)

f̃ = TT f . (3.9d)

The various reduction methods differ in the way the reduction matrix T is obtained. Because the
Craig-Bampton method will be used in section 3.5 for the modelling of the structure’s damping,
it will be elucidated here. A thorough description of the Rubin reduction method can be found in
appendix C.

The Craig-Bampton reduction method starts with the partitioning of the column of n dof’s q in
nb boundary dof’s q

b
and, the remaining, ni internal dof’s q

i
[de Kraker, 2000]:

q =

[
q

b
q

i

]
, (3.10)

with n = nb +ni. The boundary dof’s contain dof’s that are, for instance, needed for the coupling
of the system to another component, or for applying external loads. In this case, the column of
boundary dof’s q

b
consist of the dof’s of the nodes at ground-level (three dof’s per node, six dof’s

in total). In a later stadium, these dof’s are needed for coupling to the base isolation system.

Next, with this partitioning, an undamped multiple-degree of freedom system is considered:

[
Mbb Mbi

Mib Mii

] [
q̈

b
q̈

i

]
+

[
Kbb Kbi

Kib Kii

] [
q

b
q

i

]
=

[
f

b
f

i

]
. (3.11)

The total dof-column will be divided in a static part qs and a dynamic part qd:

q = qs + qd . (3.12)

The static deformation qs is assumed to be equivalent with the procedure of static reduction. In
static reduction, the sum of the mass terms Mibq̈b

+ Miiq̈i
, as well as the load column f

i
, in the

second subset of equations of (3.11), is assumed to be small with respect to each of the stiffness
terms Kibqb

and Kiiqi
. This means that in approximation:

Kibqb
+ Kiiqi

≈ 0 → q
i
= −K−1

ii Kibqb
. (3.13)

This results in the following transformation:

q =

[
q

b
q

i

]
=

[
Ibb

−K−1
ii Kib

]
q

b
=

[
Ibb

Tib

]
q

b
= Tnbqb

, (3.14)

with the identity matrix I. The columns of the static transformation matrix Tnb are equal to the
resulting displacement column, when successively a unit displacement is prescribed to one of the
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boundary dof’s, while the other boundary dof’s are fixed. Therefore, these columns are called
constraint (static) modes.

Next, the dynamic part qd is determined. Hereto, a linear combination of the fixed-interface
normal modes is taken. These modes result from the eigencolumns of the undamped system with
all boundary dof’s q

b
suppressed. These eigencolumns are solutions of:

{−ω2Mii + Kii}u = 0 . (3.15)

The ni eigenfrequencies ωk, k=1,...,ni
and eigencolumns uk, k=1,...,ni

are collected in the diagonal
matrix of eigenfrequencies Ωii and the modal matrix Uii:

Ωii =




ω1

ω2

. . .

ωni


 (3.16a)

Uii =
[
u1 u2 . . . uni

]
. (3.16b)

Herein, it is assumed that the eigenvalues are sorted as ω1 ≤ ω2 ≤ . . . ≤ ωn. Subsequently, the
eigencolumns or eigenmodes are mass-normalized:

UT
ii MiiUii = Iii , (3.17)

so that consequently:

UT
ii KiiUii = Ω2

ii . (3.18)

In the reduced model, the modes ui, whose corresponding eigenfrequencies ωi are in a specified
frequency band [0 < ωi ≤ ωmax], are kept. The nk kept eigenfrequencies and eigenmodes are
collected in the submatrices Ωkk and Uik. The dynamic contribution can now be written as:

qd =

[
Obk

Uik

]
ξ

k
. (3.19)

The total transformation in the Craig-Bampton method now equals the sum of the static and
dynamic part:

q = qs + qd =

[
Ibb

Tib

]
q

b
+

[
Obk

Uik

]
ξ

k
=

[
Ibb Obk

Tib Uik

] [
q

b
ξ

k

]
= Tp . (3.20)

The new set of generalized dof’s p has nb + nk elements, whereas the transformation matrix T
has dimensions n x (nb + nk). This type of model reduction can also be applied to proportionally
damped systems [de Kraker, 2000].

The results of the Craig-Bampton and Rubin reduction method (appendix C) for the Nissan
building, will be evaluated in two ways. As indicated above, the fixed-interface normal modes are
the eigencolumns of the undamped system, with all six boundary nodes suppressed. When no
restrictions are imposed on the boundary nodes, again, the undamped eigenvalue problem can be
regarded:

{−ω2M + K}u = 0 . (3.21)

The resulting eigenmodes of this eigenvalue problem are called free-interface normal modes. In
the case of the model of the Nissan building, there are three rigid-body modes. These RBM are
included in the set of free-interface normal modes. For the reduced models of both the Craig-
Bampton and Rubin method, fixed- and free-interface normal modes can be calculated. These
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modes of the reduced models can then be compared to the ones of the original, unreduced model.

In both the Craig-Bampton and the Rubin reduction method, a cut-off frequency fmax = ωmax/2π
has to be chosen. This cut-off frequency determines the number of kept (fixed- or free-interface)
modes that will be included in the transformation matrix and thus the number of dof’s of the
reduced model. For various cut-off frequencies, the (absolute) relative errors of the fixed- and
free-interface modes of the reduced models are calculated. These relative errors are defined as:

e =

∣∣∣∣
ω̃i − ωi

ωi

∣∣∣∣ · 100% , (3.22)

with ωi the i-th eigenfrequency of the original, unreduced model and ω̃i the i-th eigenfrequency
of the reduced model. In table 3.2, the relative errors5 of the first five fixed- and (elastic) free-
interface eigenfrequencies are given for various values of fmax for the Craig-Bampton (CB) and
Rubin (R) reduction method. Furthermore, the number of dof’s of the reduced models are given
in this table. The numerical values of the first five fixed- and elastic free-interface eigenfrequencies
of the unreduced model are listed in table 3.1.

Table 3.1: Numerical values of the first five fixed- and elastic free-interface eigenfrequencies.

1 [Hz] 2 [Hz] 3 [Hz] 4 [Hz] 5 [Hz]
fixed-interface 0.46 1.27 1.98 2.98 4.10
free-interface 1.64 2.27 2.84 3.38 4.33

Table 3.2: Relative errors of the first five fixed- and (elastic) free-interface eigenfrequencies as a
function of fmax for the Craig-Bampton (CB) and Rubin (R) reduction method.

fixed no.
fmax Method dof’s 1 [%] 2 [%] 3 [%] 4 [%] 5 [%]

5 CB 7 O(10−6) O(10−7) O(10−7) O(10−7) O(10−8)
R 9 4.59 0.93 0.61 0.95 3.82

10 CB 21 O(10−6) O(10−7) O(10−7) O(10−7) O(10−8)
R 21 4.23 0.78 0.47 0.71 3.04

15 CB 25 O(10−6) O(10−7) O(10−7) O(10−7) O(10−8)
R 26 2.55 0.31 0.13 0.19 2.22

20 CB 34 O(10−6) O(10−7) O(10−7) O(10−7) O(10−8)
R 35 2.36 0.06 0.02 0.04 2.22

free no.
fmax Method dof’s 1 [%] 2 [%] 3 [%] 4 [%] 5 [%]

5 CB 13 0.26 0.82 2.96 3.44 0.63
R 15 O(10−7) O(10−7) O(10−8) O(10−8) O(10−8)

10 CB 27 O(10−3) 0.02 0.15 0.06 0.01
R 27 O(10−7) O(10−7) O(10−8) O(10−8) O(10−8)

15 CB 31 O(10−3) O(10−3) 0.11 0.04 O(10−3)
R 32 O(10−7) O(10−7) O(10−8) O(10−8) O(10−8)

20 CB 40 O(10−4) O(10−3) 0.01 O(10−3) O(10−3)
R 41 O(10−7) O(10−7) O(10−8) O(10−8) O(10−8)

In table 3.2, it can be seen that the number of dof’s of the reduced models in case of the fixed-
interface eigenmodes is decreased by six, compared to the free-interface eigenmodes. This is

5O denotes the order of the error.
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because there are six boundary dof’s that are suppressed in case of the fixed-interface eigenmodes.
For instance, the Craig-Bampton reduced model with a cut-off frequency of 5 Hz, consists of six
boundary dof’s and seven fixed-interface eigenmodes. In the unreduced model, the number of free-
and fixed-interface dof’s equals 435 and 429, respectively.

Obviously, a higher cut-off frequency improves the accuracy of the reduced model. Moreover, there
is a distinct difference between the results of the Craig-Bampton and Rubin reduction method.
Because the transformation matrix of the CB-method is built up by fixed-interface eigenmodes of
the original model with an eigenfrequency up to ωmax, the reduced model can predict these eigen-
modes very accurately (errors are determined by round-off errors). This also holds for the elastic
free-interface eigenmodes of the reduced model of the R-method. However, for the R-method, the
fixed-interface eigenmodes are not represented very well. On the other hand, the free-interface
eigenfrequencies of the reduced model of the CB-method have a small error. Moreover, the sizes
of the reduced models of both methods do not differ much for a given cut-off frequency.

Because with the reduced model, both fixed-base (fixed-interface) and isolated-base simulations
will be carried out, the reduced model should perform well in both cases. After evaluation of
table 3.2 and some preliminary simulations of the isolated building, it is chosen to use the Craig-
Bampton reduction method. In these preliminary isolated-base simulations (with the seismic
isolation system of chapter 4), earthquake excitation was applied to the structure. The results of
the reduced models of the CB- and R-method, were then compared to the results of the unreduced
model with seismic isolation. In this case, the model of the Craig-Bampton method outclassed
the model of the Rubin method, because fixed-interface eigenmodes proved to be more important
to the response than free-interface eigenmodes. Furthermore, various cut-off frequencies were also
evaluated in this way. From the results, a cut-off frequency of 5 Hz proved to be sufficiently high
to capture the dynamic behaviour of the original structure accurately. In addition, as will be
seen in section 3.5, the damping of higher modes increases and their influence on the dynamic
response is thus limited. This is clearly shown, when the damped frequency response function
(FRF) of a dof of the FEM-model is evaluated. An example of such an FRF is given in figure
3.15. For both the fixed-interface unreduced model and the Craig-Bampton reduced model with
fmax = 5 Hz, the FRF of the horizontal displacement of the upper right node of the FEM-model
(right part of the roof), is regarded for a harmonic excitation in that dof. The modelling of the
damping of these models will be considered in section 3.5. In figure 3.15, the first four fixed-
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Figure 3.15: FRF of the horizontal displacement of the upper right node of the FEM-model for
the unreduced and CB-reduced model (fmax = 5 Hz).

interface eigenfrequencies can be clearly distinguished. Herein, the fourth eigenfrequency shows a
higher level of damping than the first three eigenfrequencies. Moreover, the dominant excitation
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frequency of earthquakes is bounded to a range of approximately 0.1 to 10 Hz (see section 2.2).
This causes modes with eigenfrequencies outside that range, to be insignificant to the total dy-
namic response. Finally, enlarging the cut-off frequency would result in a larger model and higher
computational demands of numerical simulations. Therefore, based on these reasons, the Craig-
Bampton reduced model with fmax = 5 Hz is chosen and used throughout the rest of this research.

Concludingly, it is noted that the free-interface eigenmodes of the CB-reduced model can be
improved, by adding inertia relief modes (IRM) to the transformation matrix [Craig Jr., 1985],
[Fey, 1992]. This is because these inertia relief modes include the inertia forces, associated with
rigid body motion. The inertia relief modes result from the displacement of the system, after unit
accelerations are prescribed for a subset of the boundary dof’s . This subset of nr dof’s, is the
minimal set of nb boundary dof’s, that is capable of suppressing all rigid body motions. In this
case, nb and nr equal six and three, respectively. The matrix of inertia relief modes Um (n x nr)
can be given by [Fey, 1992]:

Um =

[
Obr

−K−1
ii MinUr

]
, (3.23)

with n the total number of dof’s and Ur the matrix of rigid body modes (n x nr). The number of
inertia relief modes is thus equal to the number of rigid body modes. When applied to the Nissan
building, the quality of the CB-reduced model indeed improves. The relative errors of the free-
interface eigenfrequencies (table 3.2), are decreased by a factor of approximately 100. However,
the number of dof’s of the reduced models is increased by three. In combination with the fact
that the CB-reduced model without IRM has proven to be sufficiently accurate, IRM will not be
used in the reduction method.

3.5 Modelling of Damping

Unlike inertia and stiffness characteristics, it is, in general, not possible to characterise the damping
of a structure with finite element techniques. Therefore, in structural dynamics, it is common
practice to assign damping ratios to modeshapes of the free vibrating system. Hereto, first, the
undamped eigenvalue problem of this system is considered:

{−ω2M + K}u = 0 , (3.24)

in which M and K represent the mass and stiffness matrix, respectively, ω is the eigenfrequency
and u denotes the eigencolumn (eigenmode). This eigenvalue problem yields n eigenfrequencies
and eigenmodes, with n the number of dof’s. These eigenfrequencies and eigencolumns can be
stored in a diagonal matrix of eigenvalues Λ and a modal matrix U :

Λ =




ω2
1

ω2

. . .

ω2
n


 , (3.25a)

U =
[
u1 u2 . . . un

]
. (3.25b)

In case of mass-normalisation of the eigencolumns, the following relations hold:

UT MU = I , (3.26a)

UT KU = Λ , (3.26b)

UT CU = Ξ . (3.26c)
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Herein, C represents the structure’s damping matrix. In case of proportional damping, Ξ equals
the following diagonal matrix:

Ξ =




2ξ1ω1

2ξ2ω2

. . .

2ξnωn


 , (3.27)

with ξi, i=1,...,n denoting the damping ratio of modes i = 1, . . . , n. Unfortunately, it is very difficult
to evaluate the numerical values of damping ratios in the design phase of the structure. Experi-
mental evaluation by means of artificial or natural excitation can be applied, but this usually only
yields estimates of the damping ratios for the first two or three modes of vibration. Artificial excita-
tion is often induced by mechanical shakers (rotating imbalances), whereas natural excitation can
consist of micro-tremors, earthquakes and wind-loads [Satake et al., 2003], [Fukuwa et al., 1996].

When the damping ratios are assigned to the eigenmodes, the damping matrix is simply obtained
by C = U−T ΞU . However, in most cases, knowledge on higher mode damping ratios is scarce.
Therefore, in literature, a number of methods exist, to define the damping matrix C, based on the
assignment of damping ratios to a limited number of eigenmodes. The damping ratios of the other
modes then follow from mathematical relations. One of these methods is the Rayleigh method,
in which the damping matrix is assumed to be proportional to the mass and stiffness matrix
[Clough and Penzien, 1993], [Paz, 1997], [Hart and Wong, 2000], [Hart and Vasudevan, 1975]:

C = α0M + α1K . (3.28)

Herein, α0 [1/s] and α1 [s] are two parameters, which are calculated such that required values of
damping are obtained for any two desired frequencies:

[
α0

α1

]
=

2ωiωj

ω2
j − ω2

i

[
ωj −ωi

−1/ωj 1/ωi

] [
ξi

ξj

]
. (3.29)

The damping ratios of mode i and j, with eigenfrequencies ωi and ωj , are given by ξi and ξj ,
respectively. The damping ratio of an arbitrary mode m then equals:

ξm =
α0

2ωm
+

α1ωm

2
. (3.30)

A second method is Caughey damping [Hart and Wong, 2000], [Hart and Vasudevan, 1975],
[Chopra, 2001], which can be considered as a generalisation of the Rayleigh method. In Caughey
damping, the damping matrix C is defined as:

C =

p−1∑

i=0

αiM(M−1K)i . (3.31)

For p = 2, (3.31) transforms into (3.28).

A third manner to characterise damping, is Penzien-Wilson damping [Hart and Wong, 2000]. In
this type of damping, the damping ratios of modes i = 1, . . . ,m are prescribed (m ≤ n, n number
of dof’s), after which the damping matrix is obtained with:

C = M

(
m∑

i=1

2ξiωiuiu
T
i

)
M . (3.32)

Penzien-Wilson and Caughey damping have the advantage that, in contrast to Rayleigh damping,
damping ratios can be prescribed to more than two modes. However, in all these methods, the
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unprescribed damping ratios of the remaining modes, have to be checked. These remaining ratios
have to be nonnegative. Moreover, very large values (> 100%) are also not physically feasible.
This is the reason why it is chosen to prescribe the damping ratios of all eigenmodes.

As mentioned in section 3.3, the FEM-model of the Nissan building has three rigid body modes
(RBM). However, numerical values of damping ratios of free-interface normal modes are not found
in literature. Therefore, the Craig-Bampton reduction method is applied to be able to assign damp-
ing ratios to fixed-interface eigenmodes. This method will be explained in the next paragraph.

The fixed-interface eigenvalue problem of (3.15) results in ni eigenfrequencies and eigencolumns.
From these, nk (ωi, i=1,...,nk

≤ ωmax) are kept and included in the transformation matrix T .
However, when nk is chosen to be equal to ni, no reduction, but only a reformulation of the dof’s,
is established. The transformation matrix is then given by:

T =

[
Ibb Obi

Tib Uii

]
=

[
Ibb Obi

−K−1
ii Kib Uii

]
. (3.33)

This yields the following reformulation of C:

C̃ = TT CT =

[
CG

bb (Cbi − KT
ibK

−1
ii Cii)Uii

sym. UT
ii CiiUii

]
, (3.34)

with size n x n and CG
bb:

CG
bb = Cbb − CbiK

−1
ii Kib − KT

ibK
−T
ii Cib + KT

ibK
−T
ii CiiK

−1
ii Kib . (3.35)

In case of mass-normalisation of the fixed-interface eigencolumns, UT
ii CiiUii equals the diagonal

modal damping matrix:

UT
ii CiiUii = Ξii =




2ξ1ω1

2ξ2ω2

. . .

2ξni
ωni


 , (3.36)

with fixed-interface eigenfrequencies ωi, i=1,...,ni
and modal damping ratios ξi, i=1,...,ni

. Next,
the modal damping ratios of all fixed-interface eigenmodes are assigned and CG

bb and (Cbi −
KT

ibK
−1
ii Cii)Uii are chosen equal to the zero-matrices Obb and Obi, respectively. Because T now

equals a square, nonsingular transformation matrix, the structure’s damping matrix can be ob-
tained by:

C = T−T C̃T−1 . (3.37)

In case of model reduction (nk < ni), the modal damping ratios that are assigned to the unreduced
model, also appear in the reduced model:

C̃ =

[
Obb Obk

Okb Ξkk

]
. (3.38)

Next, suitable values for ξi, i=1,...,ni
have to be determined.

The dominant mechanism of damping is the friction in connections between structural elements
and between the structure itself and nonstructural elements. Damping is therefore greatly de-
pendent on the structure’s layout. Also other factors, such as foundation type, amplitude of
excitation and identification method, are shown to influence the damping. In general, damping
ratios increase with excitation amplitude [Satake et al., 2003], [Fukuwa et al., 1996], [Jeary, 1986],
[Chopra, 2001]. In spite of these uncertainty factors, some consensus has been reached about the
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damping ratio of the first mode of vibration of steel moment resisting frame structures. This
damping ratio is usually taken between 2 and 10%. Moreover, it is expected that in higher modes,
a structure experiences more flexural and shear deformation, which may contribute to higher
damping [Paz, 1997], [Chopra, 2001], [Satake et al., 2003], [Kareem and Gurley, 1996].

In the year 2000, a research was conducted in order to measure the damping ratio of the first
eigenmode of four buildings in the Netherlands [van Duin, 2000]. One of these buildings was the
Nissan office in Amsterdam. The first eigenfrequency and damping ratio was estimated from mea-
surement data of wind excitation and equalled 0.6 Hz and 3.1%, respectively. It is recalled that
this value of 0.6 Hz corresponds exactly to the first eigenfrequency of the FEM-model with atrium
(see section 3.3, figure 3.13a). It is emphasised that the value of the first eigenfrequency was not
a-priori known during the construction of the FEM-model.

Although the assignment of the first modal damping ratio can thus be based on an experimental
value, the remaining damping ratios are not known. Therefore, based on literature, as mentioned
above, it is chosen to slowly increase the damping ratios for increasing eigenfrequency, limited to
a maximum value of 10%. These damping ratios are given in table 3.3. The derived damping
matrix is then reduced, as shown in section 3.4.

Table 3.3: Damping ratios of the fixed -base eigenfrequencies of the dynamic model of the Nissan
building.

mode no. 1 2 3 4 5 6 and higher
eigenfrequency [Hz] 0.46 1.27 1.98 2.98 4.10 4.25 and higher
damping ratio [-] 0.03 0.04 0.05 0.06 0.08 0.10





Chapter 4

Seismic Base Isolation

Seismic base isolation will be regarded in this chapter. First, the general working
principle of base isolation systems will be considered (section 4.1). Hereafter, in section
4.2, a seismic base isolation system will be chosen and its various components will be
modelled and integrated in the equations of motion of the superstructure.

4.1 Working Principle

The conventional design approach of structures, is to design them in such a way that every struc-
tural member has enough strength to elastically withstand the static and dynamic loads. However,
for structures that may exhibit seismic excitation, this approach may lead to economically unac-
ceptable design solutions. Therefore, two alternative design concepts are often chosen. In one of
these concepts, special mechanical devices are added to the conventional structure, to improve its
seismic response. In this research, the focus will be on seismic base isolation systems. In these
systems, mechanical components are added to the structural design and are located at the base,
between the supported structure (superstructure) and the foundation.

Seismic base isolation systems consists of various elements [Skinner et al., 1993], [Oliveto, 2002],
[ECS, 2001], [Naeim and Kelly, 1999]. First of all, the structure is equipped with a relatively rigid
diaphragm at the base level, to ensure uniform deformation at each isolator (see section 3.2.1).
Subsequently, seismic isolators have to provide some sort of vertical load carrying capacity to
support the superstructure’s weight. Therefore, seismic base isolation systems are typically verti-
cally stiff. Next, the seismic isolation has to provide a high level of lateral flexibility to decouple
the superstructure from the potentially damaging earthquake induced ground or support motions.
The fundamental period of the isolated structure is thus detuned (increased) from the dominant
excitation periods. In structural dynamics, this fundamental mode of the isolated system is often
approximated by the superstructure, acting as a rigid-body, moving along the isolation interface.
In addition, the decoupling of the superstructure results in a displacement at the isolation level,
during an earthquake. This displacement has to be accomodated by a seismic gap (space between
the isolated structure and the surrounding ground). This seismic gap is usually 50 to 400 mm
wide. Flexible utility lines or service connections need to be applied for water supply, sewage, gas
pipes, entrances, etcetera, to cross the seismic gap. Often, failure of these utility lines (especially
gas pipes), result in significant damage and risk of injury to the occupants of the structure. Two
examples of flexible utility lines, or seismic loops, are given in figure 4.1. Furthermore, the isola-
tion system has to supply some level of energy dissipation or damping, to limit the displacement
response at the isolation level. This also reduces the required size of the isolation gap and the
length of the flexible utility connections. Next to these elements, the seismic isolation system has
to offer a certain level of rigidity to lateral nonseismic service loads, such as wind loads, to prevent
the superstructure from shifting under these minor loads. Moreover, the isolation system has to
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Figure 4.1: Examples of flexible utility lines, or seismic loops, to cross a seismic gap.

have a recentering capability, in order to limit the residual displacement at the isolation level
after an earthquake. Finally, the systems have to remain operational during the whole expected
structural lifetime.

Although the basic idea of seismic base isolation dates back several centuries, broad application
has started in the 1970’s and is rapidly increasing. However, at this moment, their utilisation is
often restricted to structures which need to keep functionality in case of an emergency, such as
hospitals, emergency services and communication centers, or facilities with sensitive equipment.
The relatively large weight, dimensions and costs of seismic isolation systems, prevent the ex-
tension of their application to housing and commercial buildings. Next to the utilisation to new
structures, retrofitting of existing structures with seismic isolation is also applied. However, exca-
vation costs, architectural and mechanical impacts and the amount of superstructure strengthening
needed, limit retrofitting to structures with high functional or architectural importance (historic
buildings), such as the San Francisco and Los Angeles City Hall, California, USA (figure 4.2).
Other examples of seismic base isolation of new or retrofitted buildings and bridges, are given in
[Skinner et al., 1993], [Komodromos, 2000] and [Naeim and Kelly, 1999].

Figure 4.2: Two examples of retrofitted seismic base-isolated building: San Francisco City Hall
(left) and Los Angeles City Hall (right).



4.2 Choice and Modelling of the Base Isolation System 29

4.2 Choice and Modelling of the Base Isolation System

4.2.1 Choice of the Base Isolation System

Seismic base isolation devices can be divided into three groups, namely elastomeric-based isola-
tors, damping devices and friction-based systems. Each device has its own specific characteristics.
Therefore, often, multiple devices are combined to form the total seismic isolation system. In this
way, a system is developed which satisfies the requirements, listed in the previous section, such
as vertical stiffness, damping and rigidity to service loads. In appendix D, a thorough description
is given of the three groups of isolation devices. Furthermore, in this appendix, the dynamic
modelling of some of these devices is considered.

An example of a structure in which multiple devices are combined to form the isolation system, is
the Umeda Tower in Osaka, Japan [Yamane et al., 2003]. The Umeda Tower is a super high-rise
office building (extending 130 m above ground-level), with a seismic isolation system consisting
of six lead rubber bearings, six oil dampers and twelve sliding systems. This type of isolation
system is of great interest, because of the combination of linear elements, such as the oil dampers,
with nonlinear ones, such as the lead rubber bearings and the sliding systems. Particularly, the
influence of nonlinearities caused by, for instance, friction in the sliding systems, can be a subject
of extensive analysis. This type of combination of isolation devices is, therefore, very well suited
for this research, as mentioned in section 1.2.

In this research, it is chosen to let the isolation system be formed by laminated rubber bearings,
viscous dampers and pure friction systems, with linear sliding surfaces (see appendix D). In this
case, the pure friction systems will provide vertical load-carrying capacity and rigidity against
service loads, due to static friction. The laminated rubber bearings supply a recentering capabil-
ity and limit the isolator displacement. The viscous dampers are applied for additional energy
dissipation. Moreover, in practice, these dampers can be used as an oil-jack to correct the residual
displacement of the isolator after an earthquake. In addition, when the oil-flow is blocked, move-
ment of the isolated structure under service loads is prevented. These two latter features will,
however, not be regarded in this research.

4.2.2 Kinematics of the Model of the Isolated Structure

For the derivation of the dynamic model of the isolation system, first, the kinematics of the
isolated structure are elaborated. Hereto, figure 4.3 is regarded. It is noted that, in the derivation
of the dynamic model in this chapter, the unreduced model of the superstructure is regarded.
The derivation of the dynamic model of the isolated system with the Craig-Bampton reduced
superstructure model, is analogous to this derivation.

In figure 4.3, q =
[
x1 y1 θ1 . . . xnnodes

ynnodes
θnnodes

]T
denotes the dof column of the

building, with xi, yi and θi the horizontal, vertical and rotational displacement of node i =
1, . . . , nnodes, respectively, with nnodes the number of nodes of the FEM-model. The dof’s are
measured relatively to the righthanded coordinate system (X,Y, Z) with origin O, which is con-
nected to the surrounding ground. The horizontal and vertical acceleration of the surrounding
ground, relative to inertial space, are given by ü. The gravitational acceleration is represented by
g, whereas the buildings system matrices equal M , C and K. The isolation system consists of a
spring, damper and friction element. The horizontal displacement of this system is given by xiso.
It is assumed that the vertical displacement of the isolation system, relative to the coordinate
system (X,Y, Z), equals zero. The sliding surfaces of the pure friction systems are thus thought
to always remain in contact, i.e. there is no uplift1. Finally, the bottom nodes of the FEM-
model of the superstructure, which are located at the ground-level GL, are represented by 1 and 2.

1This assumption is verified in all simulations.
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Figure 4.3: Kinematics of the model of the isolated structure.

Their horizontal dof’s equal the isolator displacement, due to the rigid diaphragm; xiso = x1 ≈ x2.

4.2.3 Modelling of the Laminated Rubber Bearing and Viscous Damper

In total, the model consists of two combinations of a laminated rubber bearing, viscous damper
and friction element. As mentioned in appendix D, the modelling of laminated rubber bearings
and viscous dampers is very straightforward, because they can be considered as linear systems.
Each combination of one laminated rubber bearing and one viscous damper can be modelled as:

Fiso, linear = Klamxiso + cẋiso . (4.1)

Herein, Klam is the lateral stiffness of the laminated rubber bearing [N/m] and c denotes the
damping constant of this combination [Ns/m]. The contributions of the two laminated rubber
bearings and two viscous dampers can be added to the superstructure’s stiffness and damping
matrix, K and C, respectively. If the modified system stiffness and damping matrix are represented
by K∗ and C∗, respectively, this can be written as:

K∗

(x1,x1)
= K(x1,x1) + Klam ,

K∗

(x2,x2)
= K(x2,x2) + Klam ,

C∗

(ẋ1,ẋ1)
= C(ẋ1,ẋ1) + c ,

C∗

(ẋ2,ẋ2)
= C(ẋ2,ẋ2) + c .

(4.2)

Here, the subindices denote the corresponding positions of the horizontal dof’s of nodes 1 and 2 in
the matrices. The equations of motion of the system, isolated by two laminated rubber bearings
and two viscous dampers, without friction elements, are thus given by:

Mq̈ + C∗q̇ + K∗q = −MΓü . (4.3)
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In (4.3), the influence matrix and excitation column are denoted by Γ and ü, respectively, and
equal the ones of (3.6). Next, the friction elements will be modelled and included in these equa-
tions of motion.

4.2.4 Modelling of the Pure Friction System

Friction is a relatively complex phenomenon. First of all, its behaviour is discontinuous. This is
caused by the fact that the friction force always opposes the relative velocity between two contact-
ing surfaces which are subjected to friction. Secondly, during sliding, friction may be a function
of the relative velocity. Furthermore, dynamic effects, such as presliding and varying break-away
level, may be present (see [Suy, 2004] for a detailed description of these phenomena).

In literature, numerous friction models exist. In this research, for reasons of simplicity, it is cho-
sen to model the friction with the Coulomb friction model. A schematic representation of this
friction model is given in figure 4.4. In this figure, the relative velocity between two contacting
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Figure 4.4: Schematic representation of the Coulomb friction model.

surfaces is denoted by ẋ [m/s]. The friction force, directed opposite to the relative velocity, is re-
presented by Fw [N]. During stiction, the relative velocity between the contacting surfaces equals
zero. In that case, the friction force is bounded by its static friction level Fs, also known as the
break-away level, and counteracts all other external forces acting on the body, resulting in a zero
acceleration. During slip, the friction force equals its dynamic level Fd. In this research, the
dynamic friction level is assumed to be equal to the static one. The quotient between the friction
force Fw and the normal force Fn acting on the contacting surfaces, is the friction coefficient µ
[-]. Furthermore, the dynamic friction level is assumed to be independent of the relative velocity ẋ.

Various mathematical formulations of the Coulomb friction model exist. One possible formulation
equals:

Fw = µFnsign(ẋ) , (4.4)

with the sign-function:

sign(ẋ) =





1 if ẋ > 0,
−1 if ẋ < 0,
0 if ẋ = 0,

(4.5)

where Fw is directed opposite to ẋ. However, this model is not able to represent stiction, because
the friction force equals zero for ẋ = 0, even though the sum of the external forces might be
unequal to zero. Another disadvantage of this formulation is the fact that numerical problems
may occur, because, due to small errors, ẋ never exactly equals zero. To overcome this problem,
another formulation of the Coulomb friction model can be applied.
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In this formulation, the friction force is given by:

Fw = µFn
2

π
atan(εẋ) , (4.6)

in which the arc-tangens function is used as a smooth approximation of the discontinuous behaviour
near ẋ = 0. The dimensionless parameter ε determines the slope of the function near ẋ = 0. The
larger this parameter is, the more accurate the discontinuity is approximated. Unfortunately,
stiction can also not be represented by this formulation. Therefore, the so-called switch-model is
introduced:

Fw = µFnSign(ẋ) , (4.7)

where Sign(ẋ) represents a set-valued equivalent of the sign-function [van den Heuvel, 2002]:

Sign(ẋ) ∈





1 if ẋ > 0,
−1 if ẋ < 0,

[-1, 1] if ẋ = 0.
(4.8)

Consequently, when the relative velocity is zero, the friction force counteracts all other external
forces, but is bounded by its range [−Fs, Fs]. In the case the relative velocity equals zero and the
external forces exceed the static friction level, the friction element is said to be in transition. The
transition phase denotes the crossing of stick to slip, hence ẋ = 0 and ẍ 6= 0. In this research,
it is chosen to use the smooth approximation (4.6) of the Coulomb friction model. However,
the switch-model is also used for validation. Next, the implementation of these both formulations
of the Coulomb friction model, in the equations of motion of the isolated system, will be elucidated.

Up to this point, it has been seen that the friction force Fw depends on the normal force Fn, which
thus has to be known. These normal forces can be considered as constraint forces, which ensure
that the sliding elements always remain in contact. The vertical positions of the nodes 1 and 2,
therefore, remain at ground-level (see figure 4.3) and their displacements equal zero:

y1 = 0 ,
y2 = 0 .

(4.9)

This observation is crucial to the derivation of the equations of motion. The friction elements are
implemented in the equations of motion of the system (4.3) and are rewritten as [van de Wouw, 2003],
[van den Heuvel, 2002]:

Mq̈ − h(q̇, q) + Sλ = RT λ , (4.10a)

Rq̈ = 0 . (4.10b)

These equations follow from Langrange’s Equations for Systems with Constraints and enable
calculation of the unknown constraint forces λ. Hereto, the latter subequation is included, which
represents a reformulation of the constraint equation (4.9) at acceleration level:

[
ÿ1

ÿ2

]
= Rq̈ = 0 . (4.11)

In (4.10a), h(q̇, q) expresses the earthquake loading and the stiffness and damping characteristics
of the superstructure with laminated rubber bearings and viscous dampers:

h(q̇, q) = −C∗q̇ − K∗q − MΓü . (4.12)

Combination of the two subequations in (4.10), leads to the unknown constraint forces and accel-
erations:

λ = −[RM−1(RT − S)]−1RM−1h(q̇, q) , (4.13a)

q̈ = M−1{h(q̇, q) + (RT − S)λ} . (4.13b)
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The definitions for R, S and λ are different for the smooth atan-approximation and the switch-
model. In this section, the formulations of R, S and λ are given for the atan-approximation. For
the sake of brevity, the formulations for R, S and λ for the switch-model and its various states
(stick, slip and transition) are given in appendix E.

In the smooth atan-approximation, the column of constraint forces consists of the two normal
forces in the ground-level nodes 1 and 2:

λ =

[
Fn1

Fn2

]
. (4.14)

The constraint equation matrix R is then given by:

R =

[
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)

]
, (4.15)

where it is assumed that the column of dof’s q, is rewritten in the form q =
[
q

b
q

i

]T
, with nb = 6

boundary dof’s and ni internal dof’s. Next, the friction force depends on the constraint forces via
the friction model (4.6) and is introduced in the equations of motion (4.10) by:

Sλ =




µ1
2
π atan(εẋ1) 0

0 0
0 0
0 µ2

2
π atan(εẋ2)

0 0
0 0

zeros(ni, 1) zeros(ni, 1)




[
Fn1

Fn2

]
, (4.16)

where µi=1,2 is the friction coefficient of the friction element underneath ground-level nodes 1 and
2, respectively.

The constraint equations (4.11) are written at acceleration level. Therefore, subequation (4.10b)
is marginally stable with two poles at zero. Small numerical errors may result in Rq̈ ≈ 0. When
this is integrated in time, drift of the constraint equations at displacement level, yi=1,2, may occur.
To prevent this, constraint stabilisation is applied.

In constraint stabilisation, the original constraint equations (4.11) are redefined as [Haug, 1989],
[Baumgarte, 1972], [van de Wouw, 2003]:

Rq̈ + rstab = 0 , (4.17)

where:

rstab = 2αstabβstabRq̇ + α2
stabRq , (4.18)

with initial conditions Rq̇
0

= 0 and Rq
0

= 0. The parameters αstab and βstab are stabilisation
parameters. When both parameters are chosen larger than zero, the second order differential
equation (4.17) is globally asymptotically stable. One possible manner is to choose βstab = 1
and αstab ≈ ωm/5, where ωm is an estimate of the highest frequency present in the system
[van de Wouw, 2003]. This latter rule-of-thumb is introduced to avoid that the time-steps of the
numerical integration are unnecessarily decreased due to this stabilisation. Moreover, with the pa-
rameter βstab = 1, these differential equations are supercritically damped. After some preliminary
analyses of the parameter influences, it is chosen to use βstab = 1 and αstab = 2π in this research.

With this new formulation of the constraint equations, (4.13) changes into:

λ = −[RM−1(RT − S)]−1{RM−1h(q̇, q) + rstab} , (4.19a)

q̈ = M−1{h(q̇, q) + (RT − S)λ} . (4.19b)
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In chapters 5 and 6, this dynamic model of the seismically base isolated superstructure will be
used for numerical time simulations and periodic excitation analyses. More information about the
numerical implementation of the equations of motion is given in appendix F.



Chapter 5

Earthquake Numerical
Simulations

Numerical time simulations form a basis in the analysis of dynamic systems. In this
research, time simulations will be carried out for a certain earthquake input. However,
first of all, the design variables of the isolation system have to be chosen. Hereto,
a parameter line-search will be performed. To assure that a broadbanded excitation
spectrum is covered in this line-search, four different recordings of the earthquake will
be used. More elaborate information about these records, will be given in section 5.1.
Next, in section 5.2, the parameter line-search will be executed. First, though, the
optimisation problem will be stated and design variables, set constraints, objective
functions and system constraints, will be discussed. Finally, the line-search results will
be given. Subsequently, with the obtained design, a comparison will be made between
the fixed-base and isolated-base simulation results. This will be done in section 5.3. At
the end of this chapter, in section 5.4, some modelling effects, such as superstructure
flexibility, will be elucidated.

5.1 Earthquake Background

As already mentioned in section 2.2, recorded data of an earthquake will be used for numerical
simulations in this research [PEER, 2004]. It is chosen to use the ground motion data of the 1995
Kobe earthquake in Japan. Some background information will be presented in this section.

At January 17th 1995 (5.46 am local time, 8.46 pm GMT), the Hyogoken-Nanbu earthquake, bet-
ter known as the Kobe earthquake, struck the center of Honshu, Japan’s main island [Schiff, 1998].
This earthquake was one of the most damaging earthquakes to have struck Japan since the great
Kanto earthquake of 1923. More than 6,300 people were killed (several hundreds by resulting
fires) and almost 30,000 people were injured. Over 100,000 buildings were destroyed, leaving ap-
proximately 300,000 people homeless. Moreover, the earthquake resulted in great direct economic
losses (estimated $200 billion). The restoration of water and gas systems required about three
months, whereas the repair of ground transportation systems and ports took almost two years.
Some examples of the earthquake aftermath are given in figure 5.1.

The Kobe earthquake had a moment magnitude Mw
1 of 6.9, which is comparable to the 1989

Loma Prieta (Mw=6.9) and 1994 Northridge (Mw=6.7) earthquakes. Aftershocks were recorded
during the first two days after the main event. The strong motion data of the Kobe earthquake

1Magnitude scale based on the seismic moment of an earthquake, taking into account the stiffness of the soil,

the average slip on the rupture plane and the area of the rupture plane.
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Figure 5.1: Examples of the Kobe earthquake aftermath. Picture on the right shows damage
caused by liquefaction.

provide an exceptional set of near-source measurements. In this research, recorded data of four
seismographic stations is used [PEER, 2004]. This is done to ensure that a broadbanded excitation
spectrum is covered in this research. Although these recordings originate from the same source
earthquake, variations in transmission paths, local soil conditions and epicentral distances, cause
the signals to have a specific amplitude and frequency content. From each station, one horizontal
and one vertical component of the recorded earthquake is taken. As mentioned in section 2.2, this
data is corrected for the response of the seismograph and bandpass filtering is applied to remove
noise contamination of the signal.

The first earthquake record is collected at the Kakogawa (KAK) station, which is located on
soft-soil. The second station is the KJMA station, which provides a near-fault strong motion
record. The local soil conditions of this station are mainly rock. The third recording is obtained
from the Nishi-Akashi (NIS) station, whereas the fourth station is the Shin-Osaka (SHI) station.
The horizontal Peak Ground Acceleration (PGA, i.e. the maximum absolute acceleration) of the
KAK, KJMA, NIS and SHI station, equal 3.4, 8.1, 5.0 and 2.4 m/s2, respectively. However, these
records are all scaled to a horizontal PGA of 3 m/s2, so that they only differ in terms of their
frequency content. For this PGA, the fixed-base structure (without base isolation) remains in its
elastic range for all records, as assumed in the dynamic modelling of the superstructure (section
3.1). The reason for this will be further explained in section 5.2. The following scaling is thus
applied:

ühor =
3

max(|ühor|)
ühor = λhorühor , (5.1)

with scale factor λhor. The vertical acceleration record of the station is also scaled with λhor.
The original vertical PGA-values of the KAK, KJMA, NIS and SHI station are 1.6, 3.3, 3.6 and
0.6 m/s2, respectively. In the next section, the (scaled) horizontal and vertical ground motions of
these four earthquake records are used to obtain an isolator design, through the aid of a parameter
line-search.

5.2 Isolator Design Through Parameter Line-Search

In section 4.2, a dynamic model was derived for a base isolation system, consisting of a laminated
rubber bearing, viscous damper and friction element. Next, the design of this isolator will be
optimised. Hereto, the set of design variables is sought, for which the design behaves best, in
terms of certain predefined goals, or objective functions. An optimisation problem is, in general,
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mathematically formulated as [Papalambros and Wilde, 2000]:

minimize
x

: f(x) ,

subject to: h(x) = 0 ,

g(x) ≤ 0 ,

and: x ∈ X .

(5.2)

Herein, x is the column of design variables, for which the vector objective, f , of the multi-objective
problem, is minimised. Moreover, h and g denote the equality and inequality system constraints,
respectively, whereas X represents the set constraints or design ranges of the design parameters.
In the following subsections, these elements will be discussed successively. Finally, the results of
the parameter line-search will be considered.

5.2.1 Design Variables and Set Constraints

The dynamic model of the isolation system in section 4.2 consists of three design variables. The
column x is formed by the stiffness of the laminated rubber bearing Klam, the viscous damping
constant of the combination of the laminated rubber bearing and the viscous damper c and the
friction coefficient of the friction element µ. Here, it is assumed that the design variables are the
same for both isolation systems at nodes 1 and 2 (see figure 4.3). For these design parameters, set
constraints have to be established. To do this, first, initial estimates are required for the stiffness
and damping constant.

In structural dynamics, often, the superstructure is approximated by a rigid-body. When the
friction elements are disregarded, the isolated structure can be considered as a single-degree of
freedom system. The isolated eigenfrequency [rad/s] of this system equals:

ω =

√
2Klam

Ms
, (5.3)

with Ms [kg] the total mass of the superstructure. The damping ratio [-] of the isolated system is
then given by:

ξ =
2c

2ωMs
. (5.4)

For the design of the isolation system, in engineering practice, next, a desired isolated eigenfre-
quency and damping ratio are chosen (see [Naeim and Kelly, 1999], [ECS, 2001] and many others).
Subsequently, the required stiffness and damping constant are calculated and used as an initial
design for further seismic analysis. Proper choices for f = ω/(2π) and ξ are, for instance, 0.1 Hz
and 0.4, respectively, because this would yield a system with substantial damping and an isolated
eigenfrequency lower than the most dominant excitation frequency range. For the Nissan building,
the superstructure weight equals 7 ·106 N (approximate mass of 7.14 ·105 kg). Initial design values
Klam0

= 1.4 · 105 N/m and c0 = 1.8 · 105 Ns/m then result for the desired isolated eigenfrequency
of 0.1 Hz and the isolated damping ratio of 0.4.

To be able to define a set constraint for the friction coefficient µ, a lower boundary on this design
variable is identified. Hereto, it is defined that the isolated structure is not allowed to move under
average service loads, i.e. wind load. The average wind load on the superstructure should thus be
resisted by the friction elements. The hour-average wind speed equals [NEN, 2001]:

vw(z) = 2.5u∗ln

(
z − dw

z0

)
, (5.5)
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with u∗ the friction speed [m/s], z the height of the building [m], dw a displacement parameter [m]
and z0 a roughness parameter [m]. For the Amsterdam-area of the Nissan building, these values
equal [NEN, 2001]:

u∗ = 3.08 m/s ,

z0 = 0.7 m ,

dw = 3.5 m ,

and vw = 32.8 m/s. Next, the wind pressure [N/m2] is obtained with:

pw =
1

2
ρvw

2(z) , (5.6)

with air mass density ρ (1.25 kg/m3). For the Nissan building, with z ≈ 53 m, the wind pressure pw

equals 6.7 ·102 N/m2. Multiplied by the area of the building, in the direction under consideration,
a total wind load Fpw

of 2.77 · 106 N is obtained. However, in this research, a 2-D frame analysis
of one portal is considered (see section 3.2.1). Because there are twelve portals in total, this wind
load should be divided by this number. The lower boundary of the friction coefficient is then:

µ ≥ Fpw
/12

Msg
= 0.03 , (5.7)

with gravitational constant g.

After evaluation of the initial design values Klam0
and c0 and the lower boundary on the friction

coefficient, the following set constraints or design ranges X are established:

Klam ∈
[
2.5 · 104 1.0 · 106

]
N/m ,

c ∈
[
1.0 · 104 3.0 · 105

]
Ns/m ,

µ ∈
[
0.03 0.10

]
.

(5.8)

These design ranges follow from coarse estimates and are chosen such that a wide variety of possible
operating conditions (isolated eigenfrequency and damping ratio) is covered. In addition, as will
be seen in section 5.2.4, other, larger set constraints would not influence the optimisation results.
Finally, it is noted that, as an initial design value for the friction coefficient, µ0 = 0.05 is taken.

5.2.2 Objective Functions

The seismic performance of structures under earthquake loading can be expressed by various pa-
rameters. Some of these parameters can be correlated to the amount of movement of the structure
and the expected resulting damage to nonstructural elements. Nonstructural elements are often
considered, because they experience the same motion as structural ones, but fail at much less
deformation. Furthermore, because nonstructural elements consist of a vast group of necessary
building items (for instance ceilings, partitions, furniture, lighting, etc.), they usually make up
about 70 to 85% of the entire cost of the building [Vaughan, 2003]. The performance of nonstruc-
tural elements is thus of great importance.

Two performance indicators that can be correlated to the amount of damage to nonstructural
elements, are the interstory drift ratio IDR [-] and the horizontal floor acceleration a [m/s2]. The
interstory drift ratio is defined as the ratio of the relative horizontal displacement between two
successive floors and the story height:

IDRi(t) =
xi+1(t) − xi(t)

hi
. (5.9)

Herein, i is the construction level, xi is the horizontal displacement [m] of the floor of construction
level i (the floor of construction level 1 equals the rigid diaphragm) and hi is the construction
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level height [m]. The horizontal displacements are measured relative to the coordinate system
(X,Y, Z), as indicated in figure 4.3. Because the horizontal displacements of the various nodes at
each floor do not differ significantly, it suffices to take the horizontal displacement of one arbitrary
node. Here, for each floor, the node located at the left column is taken. The maximum absolute
value of the interstory drift ratio of construction level i over a time-span t, is called IDRi:

IDRi = max
t

∣∣∣∣
xi+1(t) − xi(t)

hi

∣∣∣∣ . (5.10)

Finally, the maximum interstory drift ratio IDRi over all construction levels, is named IDR:

IDR = max
i

(IDRi) . (5.11)

The floor acceleration ai(t) is defined as the horizontal acceleration of the top of construction level
i, measured relative to inertial space:

ai(t) = ühor(t) + ẍi+1(t) . (5.12)

Herein, ẍi+1(t) represents the acceleration of the top of construction level i, measured relative
to the coordinate system (X,Y, Z). Moreover, ühor(t) equals the horizontal ground acceleration.
Again, only the nodes that are located at the left column are considered. The maximum absolute
value over time t, is called ai:

ai = max
t

|ai(t)| . (5.13)

In addition, the maximum floor acceleration over all construction levels, is a:

a = max
i

(ai) . (5.14)

The lower the indicators IDR and a are, the better the seismic performance of the structure. The
minimisation of IDR and a will, therefore, be used as objective functions. As a reference, it is
noted that, in general, damage to nonstructural components is likely to occur when the interstory
drift ratio and the floor acceleration exceed values of 5 · 10−3 and 0.5g, respectively, with g the
gravitational acceleration [Vaughan, 2003], [Porter et al., 2000].

Another possible performance indicator is the amount of seismic energy, dissipated by the isola-
tion system. Because this energy dissipation is largely determined by the friction elements, the
dissipation of the conjunction of the laminated rubber bearing and viscous damper, is disregarded.
The dissipated energy Ew [J] can be considered as the sum of the areas of the hysteresis loops
(force-displacement characteristics) of the friction elements 1 and 2 [Tsai and Hsueh, 2001]:

Ew =
∑

i=1,2

(∫ xisoi

0

Fwi
dxisoi

)
=
∑

i=1,2

(∫ t

0

Fwi
ẋisoi

dt

)
, (5.15)

with the isolator displacement xiso as given in figure 4.3. The larger this dissipated energy, the
smaller the amount of seismic energy that is transferred to the superstructure. Therefore, the
objective function is to maximise Ew, or, in other words, minimise 1/Ew.

As a fourth and final objective function, the behaviour factor Q is chosen. This factor relates the
inelastic deformation that can be possibly withstood, to the actual elastic one of the superstructure
[ECS, 2001], [Kappos, 1999], [Maheri and Akbari, 2003]. This behaviour factor Q (sometimes
referred to as R), finds its origin in the fact that, as mentioned in section 1.1, a certain amount of
plastic deformation can be tolerated in distinct parts of the structure. These special parts, often
called plastic hinges, can thus be designed for much smaller design seismic forces, as the seismic
forces they would experience if they would remain elastic. This principle is demonstrated in figure
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Figure 5.2: Force-displacement characteristic in elastic and inelastic design.

5.2. When an element is designed such that it withstands all seismic energy input elastically, the
force displacement characteristic is given by F1δ1. However, when some plastic energy dissipation
is tolerated, the element can be designed for a smaller design seismic load F2, resulting in the
force displacement characteristic F2δ2. The Q-factor of the structure under the considered seismic
excitation, can then be estimated by taking the ratio of the elastic strength demand to the inelastic
one [ECS, 2001], [Kappos, 1999], [Maheri and Akbari, 2003]:

Q ≈ F1

F2
. (5.16)

In engineering practice, based on a ductility and cross-sectional class [ECS, 2001], a Q-factor is
identified. Next, the original seismic design load is divided by this Q-factor. The structure is then
designed for this new, reduced load. Hence, the structure will respond inelastically to the original
load conditions, although its global stability is guaranteed by the ductility and cross-sectional
class. In this manner, cumbersome nonlinear analysis is avoided, as simple elastic design can be
applied. However, it is stressed that this is just a tool to simplify the structural design procedure
of the building. When additional information is needed about, for instance, actual displacements
and stresses, nonlinear analyses still have to be performed. This is the reason why, in this research,
the excitation is scaled to let the superstructure remain in its elastic range (see section 5.1).

The use of the Q-factor as an objective function can still provide useful information about the
seismic performance, even though only linear analyses of the superstructure are made. To clarify
this, first, the approximation of (5.16) is reformulated as:

Q ≈ σ

σY
, (5.17)

with σ the stress in an element and σY the yield-stress. In this research, the seismic excitation
is chosen such that the structure will always remain in its elastic range, so Q ≤ 1. However, this
implies that, for that seismic excitation, a certain amount of ”over-strengthening” is present in
the design. In theory, the superstructure can withstand a much higher Q-factor, Qpotential > 1
(determined by the ductility and cross-sectional class). This means that the lower Q is, the
higher the level of ”over-strengthening”. This also implies that a lower Q-factor indicates a larger
potential for economic benefit, if plasticity was to be allowed in a future design stage (structural
elements can be designed for a much smaller design load). Furthermore, the lower Q is for a certain
seismic excitation, the higher the maximum seismic excitation is that can be possibly withstood.
Therefore, the minimisation of Q is taken as an objective function. Finally, it is noted that the
stress analysis of the structure, which is required to identify σ in (5.17), is elaborated in appendix
G.
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5.2.3 System Constraints

The final elements in the formulation of the optimisation problem in (5.2) that have not been
treated yet, are the equality and inequality system constraints. As an inequality constraint, the
isolator displacement amplitude x̄iso = max

t
|xiso(t)|, is taken. This isolator displacement namely

has to be accommodated by a seismic gap with limited dimensions. As mentioned in section 4.1,
this seismic gap is usually 50 to 400 mm wide. Therefore, the inequality system constraint is
defined as:

x̄iso ≤ 400 mm , (5.18)

with x̄iso = x̄iso1
≈ x̄iso2

, due to the addition of the relatively rigid diaphragm between nodes 1
and 2. Furthermore, in this case, there are no equality system constraints.

5.2.4 Results of the Parameter Line-Search

In the parameter line-search, the following procedure is carried out. For the four earthquake
records of the Kobe earthquake (with both horizontal and vertical ground motion and a horizontal
PGA of 3 m/s2), successively, one of the design variables Klam, c and µ, is varied over its set
constraint (5.8), while the other two parameters are kept at their initial design values (Klam0

, c0

and µ0). Subsequently, the four objective functions and single system constraint are evaluated as
a function of the varying parameter. These results are presented in figures 5.3 to 5.5.
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Figure 5.3: Objective and constraint functions for the four earthquake records, as a function of µ
[-], with Klam0

= 1.4 · 105 N/m and c0 = 1.8 · 105 Ns/m.

When these figures are studied, it can be seen that the objective functions and system constraint
show a large dependence on the design variable µ, whereas the influence of Klam and c is relatively
limited (the graphs run approximately horizontal). Therefore, it is an appropriate choice to, first,
choose µ in such a way that the objective functions are minimised, subject to the system constraint.
This will be called the first stage of the line-search. From figure 5.3, it can be distinguished that
the ”optimal” value for µ, µ∗, equals the lower range of its set constraint, namely 0.03. Next, in
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the second stage, the value of µ is fixed at µ∗ and, again, a parameter sweep of Klam and c over
their set constraints, is, successively, carried out. Based on the outcome of these sweeps, it is then
identified which parameter is the most suitable for ”optimisation”, i.e. which parameter has the
largest influence on the objective functions and system constraint. Subsequently, this parameter is
”optimised”, after which, in the third stage of the line-search, one last parameter sweep is done for
the remaining design variable. Finally, after these three stages, a set of ”optimal” design variables
x∗ is established. It may be noticed that the terms optimal and optimised are placed between
accents. This is done, because this three-stage line-search may result in a local instead of a global
optimal design. In the remainder of this report, these accents will be omitted.

For the sake of brevity, the results of the second and third stage of the line-search will not be
shown in this report. However, it is noted that, as in the first stage, the influence of the variables
Klam and c on the objective functions and system constraint, remains small in the second and
third stage. The order of optimisation is, therefore, arbitrary. Finally, it is chosen to optimise
Klam in the second stage, followed by c in the third one. The optimised design eventually equals:

x∗ =




K∗

lam

c∗

µ∗


 =




5.0 · 104 N/m
1.0 · 104 Ns/m

0.03


 . (5.19)

5.3 Fixed- and Isolated-Base Earthquake Simulation Re-
sults

In this section, a comparison will be made between the simulation results of the fixed- and isolated-
base structure. Herein, the behaviour of these both systems for the four earthquake records of
section 5.1, will be evaluated. As mentioned in that section, these records are scaled to a horizon-
tal PGA of 3 m/s2. This is done, to assure that the fixed-base structure remains in its elastic range.

First of all, for the fixed- and isolated-base situation, the objective functions IDRi and ai will be
considered as a function of the construction level i = 1, . . . , 11. The definitions for these functions
are given in (5.10) and (5.13). The results for the KAK, KJMA, NIS and SHI record, are given in
figures 5.6a to d, respectively.

When the fixed-base situations in the left graphs of figures 5.6a to d are observed, it can be
noticed that, in most cases, the interstory drift ratio is largest for construction levels 2 and 11.
This is caused by the fact that these construction levels have the largest story-height (see figure
3.3). Therefore, these levels have a relatively low lateral stiffness. In addition, the right graphs,
which present the floor accelerations, show that, in the fixed-base situation, the accelerations are
amplified towards the top of the building. The floor accelerations of the construction levels 10 and
11 even exceed the PGA of the input ground motion. This is a common phenomenon in structural
dynamics and is often encountered in simulation and experimental results of fixed-base structures,
subjected to earthquakes [Sacconi, 2000].

Furthermore, in the simulations, the horizontal displacement of the top of the building, relative
to its base, is regarded:

x̃top = xtop − xiso . (5.20)

Herein, xtop and xiso are, respectively, the horizontal displacements of the top of the building and
the isolator, relative to the coordinate system (X,Y, Z) (see figure 4.3). Here, the dof’s at the
left side of the building are considered. The horizontal displacement of the top of the building,
relative to its base (isolator), is denoted by x̃top. In figures 5.7a to d, x̃top is given as a function
of time, for the KAK, KJMA, NIS and SHI record.
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Figure 5.6: Objective functions IDRi and ai, for the fixed-base and isolated-base system, as a
function of the construction level i, for the KAK (a), KJMA (b), NIS (c) and SHI (d) record.
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Figure 5.7: Horizontal displacement of the building relative to its base, x̃top, for the fixed-base
and isolated-base system, as a function of time, for the KAK (a), KJMA (b), NIS (c) and SHI (d)
record.
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Clearly, from figures 5.6 and 5.7, it can be concluded that seismic base isolation is very beneficial
to the overall dynamic behaviour of the structure. To illustrate this further, a comparison is made
between the parameters IDR, a (both defined as the maximum over all construction levels, see
(5.11) and (5.14)) and the behaviour factor Q. The outcome can be seen in table 5.1, where also
a reduction factor fac [-] is given, which equals the quotient of the value of a parameter p in the
fixed- and isolated-base situation:

fac =
pfixed

piso
. (5.21)

Particularly the reduction of the parameters IDR and a is of great importance, as damage to
nonstructural components is likely to occur when these variables exceed values of 5 · 10−3 and
4.5 m/s2, respectively [Vaughan, 2003], [Porter et al., 2000]. Furthermore, as indicated by the
reduction of the Q-factor, in the isolated-base situation, the superstructure can withstand a much
larger seismic energy input while its structural integrity is preserved.

Table 5.1: Parameters IDR, a, Q and the reduction factor fac, for the fixed- and isolated-base
situation.

record parameter fixed-base isolated-base fac [-]
KAK IDR [-] 9.6 · 10−3 3.5 · 10−3 2.74

a [m/s2] 3.92 3.28 1.20
Q [-] 0.78 0.19 4.11

KJMA IDR [-] 7.5 · 10−3 5.4 · 10−3 1.39
a [m/s2] 5.84 4.27 1.37

Q [-] 0.55 0.21 2.62
NIS IDR [-] 7.8 · 10−3 3.7 · 10−3 2.11

a [m/s2] 4.71 3.24 1.45
Q [-] 0.63 0.21 3.00

SHI IDR [-] 11.6 · 10−3 4.0 · 10−3 2.90
a [m/s2] 6.50 3.16 2.06

Q [-] 0.90 0.20 4.50

5.4 Modelling Effects

The modelling of the seismically isolated structure has been elucidated in section 4.2. However,
one might question what the effect of certain modelling approaches is. Three of these modelling
effects are considered in this section. These effects are:

• the effect of taking into account the vertical ground acceleration

• the varying normal force for determination of the friction forces in nodes 1 and 2

• superstructure flexibility.

In these three cases, two parameters are regarded to investigate their influences. These two pa-
rameters are the isolator displacement xiso [m] and the overall movement of the superstructure,
represented by x̃top [m] as defined in (5.20). Of course, in the case the superstructure flexibility
is suppressed and the structure acts as a rigid-body, this latter parameter can not be evaluated.
The modelling effects are illustrated for the KAK record. It is mentioned, though, that the other
records were also evaluated. However, they did not influence the general conclusions and are,
therefore, not included in this report.
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In figure 5.8, the situations with and without vertical ground motion, are considered. Next, in
figure 5.9, the effect of varying normal force is displayed. Herein, the modelling of the isolation
system in section 4.2, is compared to the case where the normal force is set to its static equivalent,
Fn, static = 3.5 · 106 N, for determination of the friction force Fw = µFn, static

2
π atan(εẋ). This

static normal force is solely caused by gravitational loading and does not vary with the structure’s
dynamic response. Off course, in the case the static normal force is used to calculate the friction
force, the constraint normal force is still taken into account for the (constrained) vertical dynamics
of the ground-level nodes 1 and 2 to ensure that the friction elements remain in contact.
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Figure 5.8: Isolator displacement (a) and horizontal displacement of the top of the building relative
to its base (b) as a function of time, for the case with and without vertical ground motion.
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Figure 5.9: Isolator displacement (a) and horizontal displacement of the top of the building relative
to its base (b) as a function of time, for the case with and without varying normal force in nodes
1 and 2.

Strikingly, both modelling effects influence the isolator displacement, although the overall move-
ment of the superstructure approximately remains unchanged. Naturally, the elimination of the
vertical excitation and varying normal force, influences the horizontal friction force and, hence, iso-
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lator displacement. However, when compared to the original model, this effect is relatively small.
Up to a simulation time of 6 seconds, the isolator displacement does not significantly change. For
larger simulation times, though, cumulative errors start to build up, resulting in an ever increasing
discrepancy between the simulation results and, finally, different residual displacement. On the
other hand, due to this small effect of the vertical acceleration and varying normal force on the
isolator displacement, the horizontal dynamics of the superstructure are not significantly influ-
enced. Therefore, the horizontal displacement x̃top of the top of the building, relative to its base,
is not altered.

Moreover, when figures 5.8a and 5.9a are regarded, it can be observed that the isolator displace-
ment is almost identical for the situations without vertical excitation and without varying normal
force. This is also illustrated in figure 5.10a. The large resemblance in figure 5.10a might indi-
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Figure 5.10: Isolator displacement (a) and the normal force in node 1 (b) as a function of time,
for the case without vertical ground motion and without varying normal force.

cate that the variation of the normal force is mostly determined by the inertia forces, associated
with the vertical ground excitation and not by the horizontal movement of the superstructure.
However, figure 5.10b clearly shows that the normal force is largely dependent on the horizontal
dynamics of the superstructure. In this figure, the normal force at node 1 is given for the original
model, the model without vertical ground motion and the model without varying normal force
(Fn = Fn, static = 3.5 · 106 N). For the sake of clarity, only the region where the vertical excitation
is most dominant, is displayed (0 to 20 s). Apparently, the high frequent component in the normal
force, caused by the vertical ground motion, is the reason for the discrepancies in figures 5.8a and
5.9a. Unfortunately, a reason for this, can not be given.

Subsequently, the effect of the superstructure flexibility is studied. The original model of the
isolated structure, is compared to the one with a rigid-body superstructure. In this latter case,
the vertical dynamics (vertical ground motion and gravitational excitation) are taken into account
too. The normal force acting on the isolator system, is then calculated as a constraint force. Next,
this constraint force is used in the friction model, as in the original model of section 4.2. The
results for the isolator displacement are presented in figure 5.11.
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Figure 5.11: Isolator displacement as a function of time, for the case with and without superstruc-
ture flexibility.

It can undoubtedly be concluded from this figure, that the superstructure flexibility has a sub-
stantial influence on the isolator displacement. Its flexibility namely determines the shear forces
that are exerted by the superstructure’s base on the isolation system.

Based on figures 5.8, 5.9 and 5.11, the following conclusions can be made. An approximation
of the isolator displacement can be determined by disregarding the vertical excitation and the
varying normal force for the establishment of the friction forces. In addition, these effects can
be disregarded in earthquake simulations, if the dynamics of the superstructure are considered.
Finally, superstructure flexibility should always be taken into account in numerical time simula-
tions. It is noted that in the rest of this research the original model (with varying normal force
and superstructure flexibility) will be used.





Chapter 6

Periodic Solutions of the
Base-Isolated Structure

In nonlinear dynamics, often, the oscillatory behaviour of a system is studied. These
vibrations may be periodic, quasi-periodic or chaotic [Leine and van de Wouw, 2001],
[Parker and Chua, 1989]. Periodic oscillations are characterised by a fixed period time,
whereas quasi-periodic solutions can be considered as a countable sum of periodic solu-
tions with incommensurate base-frequencies. In a chaotic system, the system exhibits
dependence on the initial conditions and the resulting vibrations are neither periodic
nor quasi-periodic. Periodic vibrations can be described by periodic solutions of an
initial value problem. Various numerical algorithms exist for finding periodic solutions.
In section 6.1, one of these periodic solution solvers, the (single) Shooting Method, will
be introduced. This periodic solution solver will then be used in the continuation or
path-following of branches of periodic solutions for a varying system parameter. In this
research, periodic solutions will be studied as a function of the horizontal excitation
frequency of the ground motion. Only unidirectional excitation will be regarded and
the vertical component of this ground motion will, therefore, be eliminated. The nu-
merical algorithm for the continuation of periodic solutions will be discussed in section
6.2, while the results will be given in section 6.3. Next, section 6.4 will discuss the
periodic solutions as a function of the isolator variables µ, Klam and c. Furthermore,
the asymptotic behaviour of some of the results will be treated in depth in section 6.5.
Finally, in section 6.6, a reflection will be given on the correlation between the results
of the path-following and the ones of numerical time simulations (section 5.3).

6.1 The Shooting Method

In this research, for periodic solutions, unidirectional excitation is regarded, with üver = 0 and:

ühor = Ahor sin(2πfhort) . (6.1)

Herein, Ahor equals the excitation amplitude [m/s2], whereas fhor is the horizontal excitation
frequency [Hz]. Because the excitation explicitly depends on time t, the isolated-base system is a
non-autonomous system. The general 2n-th order state-space formulation of the differential equa-
tions of these non-autonomous systems, can be represented by [Leine and van de Wouw, 2001]:

ẋ(t) = f(t, x(t)) , (6.2)

with n the number of dof’s, x =
[
q q̇

]T
and the initial condition:

x(to) = x0 . (6.3)
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The solution of a non-autonomous system after a time lapse td, starting from the initial condition
x0 at t = t0 is denoted by:

ϕtd
(t0, x0) . (6.4)

However, for the sake of simplicity, this will further be written as xtd
. In the Shooting Method,

periodic solutions are found by solving a two-point boundary-value problem. Herein, solutions of
the function:

H(x0, T ) ≡ xT − x0 = 0 , (6.5)

are sought, with td = T the period time of the periodic solution [Leine and van de Wouw, 2001]. A
zero of H(x0, T ) is found by a Newton-Raphson procedure. Because, in non-autonomous systems,
the minimum period time T of the solution is known, the Newton-Raphson procedure equals
[Parker and Chua, 1989]:

∂H

∂x0

∆x0 = −H(x0, T ) . (6.6)

Evaluation of the partial derivatives gives:

(ΦT (x0) − I)∆x0 = x0 − xT , (6.7)

with monodromy matrix ΦT . This monodromy matrix can be related to the evolution of solutions
of perturbed initial conditions after a period time T . The eigenvalues of ΦT are called the Floquet
multipliers, λ1, λ2, . . . , λ2n. These Floquet multipliers determine the exponential growth or decay
of the perturbations of the initial condition, in the eigendirections of the monodromy matrix. The
local stability of periodic solutions is thus determined by the Floquet multipliers. A stable periodic
solution of a non-autonomous system, is characterised by Floquet multipliers that are within the
unit-circle:

|λ1| , |λ2| , . . . , |λ2n| < 1 . (6.8)

If one or more of these Floquet multipliers are on the unit-circle (|λi| = 1), the periodic solution is
marginally stable. In other cases, the periodic solution is said to be unstable. For more elaborate
information about the monodromy matrix, the reader is referred to [Leine and van de Wouw, 2001]
and [Parker and Chua, 1989]. Furthermore, it is noted that, in this research, the monodromy ma-
trix is determined by applying a sensitivity analysis, as elaborated in [Leine et al., 1998].

In each iteration i, (6.7) is solved for ∆x0 and the following update is carried out:

xi+1
0 = xi

0 + ∆xi
0 . (6.9)

During the iterations, the norm of the residual e = ‖xi
T − xi

0‖ is evaluated. Convergence of the
Shooting Method is attained, when the residual reaches a value lower than a certain tolerance
εshoot.

In this research, the equations of motion of the base-isolated structure consist of constraint dynam-
ics. However, for the determination of the monodromy matrix, these constrained dynamics have
to be transformed into unconstrained dynamics. Hereto, first, the original (unreduced) equations
of motion (4.10), without constraint stabilisation, are recalled:

Mq̈ − h(q̇, q) + Sλ = RT λ , (6.10a)

Rq̈ = 0 . (6.10b)

Next, the following transformation is applied [Glocker, 2001], [van de Wouw, 2003]:

q = Qz , (6.11)
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with q (n x 1) the column of dof’s, Q (n x nmin) the transformation matrix and z (nmin x 1) a
smaller set of nmin independent or minimal dof’s. The transformation matrix is chosen such that:

QT RT = O , (6.12)

where O equals a zero-matrix with dimensions nmin x nc, with nc the number of constraints. At
this stage, it is noted that this transformation can only be applied to the system with the smooth
formulation of the Coulomb friction model, as the column of constraint forces λ and, hence, R
and S are not constant for the switch-model (see appendix E). Next, the constrained equations
of motion are transformed into their unconstrained equivalent:

QT MQz̈ − QT h(Qż,Qz) + QT S(Qż,Qz)λ = QT RT λ = 0 , (6.13)

where it is explicitely noted that the matrix S is a function of ż and z. Moreover, as an advantage,
constraint stabilisation does not have to be performed. Subsequently, in order to improve the
convergence of the Shooting Method, scaling of the remaining minimal dof’s is applied, to ensure
that their dynamics are in the same order of magnitude:

z = Zs . (6.14)

Herein, Z (nmin x nmin) is the scaling matrix, whereas s is a column of scaled independent dof’s
(nmin x 1). The (scaled) equations of motion can now be written as:

ZT QT MQZs̈ − ZT QT h(QZṡ,QZs) + ZT QT S(QZṡ,QZs)λ = 0 . (6.15)

Finally, it is mentioned that these both transformations, (6.11) and (6.14), are analogous for the
equations of motion with reduced system matrices. In the following section, the continuation of
periodic solutions is elucidated.

6.2 Continuation of Periodic Solutions

With the aid of periodic solution solvers, periodic solutions can be tracked for changing system
parameters, often called bifurcation parameters, yielding a branch of periodic solutions. In this
case, the variation of the periodic solution as a function of the horizontal excitation frequency
fhor, is regarded. Various continuation or path-following techniques can be found in literature
[Leine and van de Wouw, 2001], [Parker and Chua, 1989]. In this research, sequential continua-
tion is used.

In sequential continuation, the periodic solution at some value fhor, is used to find a periodic
solution at f∗

hor = fhor +∆f , with the aid of a periodic solution solver, which is likely to converge
for small ∆f . A disadvantage of this type of path-following is the fact that turning points at
bifurcations in the periodic solution branch may result in a situation where a part of the branch
is not followed [Leine and van de Wouw, 2001].

However, for the system under consideration, during sequential continuation in the direction of de-
creasing excitation frequency fhor, a problem occurs. At some point, convergence of the Shooting
Method is not attained anymore, although there are no bifurcations. This occurs approximately
at fhor = 2.5 Hz, for an excitation amplitude of Ahor = 0.5 m/s2. It is observed that above this
excitation frequency, the horizontal displacement of the isolation system is roughly zero during
the entire period. The isolation system is, in other words, in ”stick”1 during the whole periodic
orbit, so the isolated superstructure behaves linearly. This will also be demonstrated in section 6.3.
Below this frequency, though, the isolator exhibits stick and slip during its period. Convergence of
the Shooting Method is then lost, probably due to the increased complexity of the dynamics of the

1Note that accents are placed, because actual stiction is not modelled with the smooth atan-approximation.
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isolated system. It has been attempted to improve the convergence by implementing a predictor
step in the sequential continuation method. This method is also known as arclength continuation
(see appendix H). However, unfortunately, the convergence was not improved and the branch of
periodic solutions could not be followed for frequencies below 2.5 Hz.

To overcome this problem and to be able to follow the branch of periodic solutions in the lowfre-
quent range (up to 2.5 Hz), an alternative is applied. In this alternative, a point on the periodic
solution for a frequency fhor, is used as the initial condition of a time simulation with excitation
frequency f∗

hor = fhor + ∆f . The length of the time simulation is chosen long enough to ensure
that transients have died out and a steady-state solution is reached. This steady-state solution is
a good approximation of the actual periodic solution at f ∗

hor. A disadvantage of this method is
that very long time simulations have to be carried out to acquire good approximations, resulting
in a very time-consuming procedure. However, as alternatives, such as arclength continuation,
have proven to be inadequate, this method is chosen in the lowfrequent region. In the remainder
of this report, this method will be referred to as ‘stepped frequency sweeping’. Finally, it is noted
that in the highfrequent region, sequential continuation is applied2. The following sections will
present the results of the path-following.

6.3 Results

As already mentioned, the periodic solutions of the base-isolated system as a function of the hori-
zontal excitation frequency fhor, will be regarded in this section. Furthermore, path-following will
be considered for various excitation amplitudes Ahor. These results are obtained with the smooth
approximation of the Coulomb friction model.

As stated repeatedly in various parts of this report, the dominant frequency range of earthquake
ground motion is between 0.1 and 10 Hz. However, when the superstructure is regarded as a rigid-
body and the friction elements are disregarded, an isolated eigenfrequency can be distinguished
(also see section 5.2.1). This eigenfrequency equals:

ω =

√
2Klam

Ms
, (6.16)

where Klam denotes the stiffness of the laminated rubber bearing [N/m] and Ms is the super-
structure’s mass [kg]. With the optimised numerical values of the isolator parameters of section
5.2.4, ω equals 0.37 rad/s (0.06 Hz). In order to be able to evaluate whether this isolated eigenfre-
quency, following from some major simplifications, can be distinguished in the periodic solutions,
path-following is applied in the range from 0.01 to 10 Hz. The excitation amplitude is varied over:

Ahor ∈
[
0.1 0.5 1.0 1.5 2.0

]
[m/s

2
] .

This range is based on the PGA of most earthquakes. The parameters of interest during path-
following are the interstory drift ratio IDR [-], the horizontal floor acceleration a [m/s2] and the
isolator displacement amplitude x̄iso [m].

In figures 6.1, these parameters are given as a function of fhor and Ahor. Furthermore, for the
isolator displacement amplitude, a comparison is made between the original model with Craig-
Bampton reduced system matrices and the one with a rigid superstructure. In this latter case, the
isolation system is not altered, so friction is included. The frequency range in which the rigid-body
superstructure with base isolation is regarded, equals 0.01 to 1 Hz.

2As noted previously, the isolated structure behaves linearly in this highfrequent region, because the isolation

system is in stick during the entire period. In this region, it would thus suffice to calculate linear Frequency

Response Functions. However, because this was not a priori known, sequential continuation is applied
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Figure 6.1: Bifurcation diagrams of IDR, a and x̄iso, as a function of the bifurcation parameter
fhor, for various excitation amplitudes Ahor, with Klam = 5.0 · 104 N/m, c = 1.0 · 104 Ns/m and
µ = 0.03.
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What strikes most, is the fact that in the lower graph of figure 6.1, a distinction can be made
between regions where x̄iso = 0 m (and, consequently, the isolator displacement amplitude is not
indicated in the double-logarithmic graph) and regions where the isolator exhibits stick and slip
and x̄iso 6= 0. As already indicated in section 6.2, slip does not occur in the highfrequent region,
fhor > 2.5 Hz, for all values of Ahor considered. In this region, the system can be regarded as a
fixed-base superstructure. Hence, fixed-base eigenfrequencies can be distinguished in the various
figures. As indicated in table 3.1, the first five fixed-base eigenfrequencies equal 0.46, 1.27, 1.98,
2.98 and 4.10 Hz, respectively. Furthermore, when the excitation amplitude increases, the shear
forces that are exerted by the base of the superstructure at the isolation system, are increased as
well. Naturally, these shear forces are the largest near the eigenfrequencies of the superstructure.
This is the reason why, for instance, slip of the isolator is induced around the third fixed-base
eigenfrequency (1.98 Hz), when the excitation amplitude is increased to 2.0 m/s2. The more the
excitation amplitude is increased, the larger the frequency range where isolator slip takes place.
Moreover, for very low excitation amplitudes (e.g. Ahor = 0.1 m/s2), the system acts as a fixed-
base superstructure over almost the entire frequency range. In that case, even the two lowest
fixed-base eigenfrequencies appear in the results for IDR and a.

Furthermore, in the lower graph of figure 6.1, a comparison is made with a rigid-body superstruc-
ture, supported by the same isolation system as the original model. Both the original model and
the one with rigid-body superstructure have a harmonic resonance frequency at approximately
0.06 Hz. This approximates the eigenfrequency calculated in (6.16), in which the rigid-body su-
perstructure is supported by an isolation system without friction elements. This is caused by the
fact that, near the harmonic resonance frequency, stiction is less dominant than slip. This phe-
nomenon is demonstrated in figure 6.2, where the time history of xiso of the periodic solution at
Ahor = 0.5 m/s2 of the original model, is given for various excitation frequencies. In figure 6.2b,
it can be seen that, near the harmonic resonance frequency (≈ 0.06 Hz), the stick areas of the
periodic solution (horizontal parts of xiso(t)), are insignificant, compared to the ones where slip
occurs. Near this frequency, the effect of friction can thus be disregarded. This holds for both the
original model and the one with a rigid-body superstructure.

Moreover, in figure 6.1, for increasing excitation amplitudes, the isolator displacement amplitude
x̄iso of the original model shows increasing resemblance to the one with a rigid-body superstructure.
Apparently, for these low excitation frequencies and high amplitudes, the rigid-body assumption
of the superstructure is valid, although a physical explanation can not be given.

In the region where sequential continuation is applied (2.5 ≤ fhor ≤ 10 Hz), the local stability of
the periodic solutions can be verified by evaluation of the Floquet multipliers. In figure 6.3, the
Floquet multipliers λi are indicated in the complex plane for an excitation frequency of 10 Hz and
an excitation amplitude of 0.5 m/s2. The unit-circle is also plotted in this figure. In this figure,
one Floquet multiplier with an absolute value of approximately one, can be noticed. The reason
for this is the following. For fhor = 10 Hz and Ahor = 0.5 m/s2, the isolation system is at stick,
leading to a fixed base situation. In that case, due to static friction, an equilibrium set for the
isolator displacement is present, instead of an equilibrium point. In other words, when the entire
superstructure is shifted horizontally, as a rigid-body, with ∆xiso, the isolation system remains in
stick and the same periodic solution is found. Perturbations in that direction remain, therefore,
unchanged and, hence, an eigenvalue equal to one results.

Moreover, in figure 6.3, two Floquet multipliers with an absolute value of zero are present. These
two multipliers are also caused by the presence of the friction elements. For each friction element,
a perturbation can be found that reduces to zero after exactly one excitation period T . Because
there are two friction elements, two Floquet multipliers with |λi| = 0 result. This is verified by
setting the friction coefficient of one of the friction elements to zero. In that case, indeed, only
one Floquet multiplier equal to zero, is found.
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Figure 6.2: Time history of xiso of the periodic solution at fhor = 0.01 Hz (a), fhor = 0.05 Hz (b)
and fhor = 0.1 Hz (c), for an excitation amplitude of 0.5 m/s2 for the original model.

In addition, the Floquet multipliers can be studied as a function of the excitation frequency. For
an excitation frequency range of 2.5 to 10 Hz and an excitation amplitude of 0.5 m/s2, this is
shown in movie movie 6 1.avi, which can be found on the accompanying CD (see appendix I).
In this movie, it can be seen that the absolute values of the Floquet multipliers (except those
with |λi| = 0 and |λi| = 1), decrease for decreasing excitation frequency. This implies that the
perturbations in the corresponding eigendirections converge to zero more rapidly, which can be
regarded as an increasing stability of the periodic solution for decreasing fhor. However, the man-
ner in which these Floquet multipliers tend toward zero, is quite particular. In movie 6 1.avi, it
is shown that these multipliers evolve in some type of helix-pattern. This may be caused by the
fact that the corresponding eigenvectors change direction for varying frequency.

Finally, phase portraits of the periodic solutions of the original model are regarded. The phase
portrait in the xisoẋiso-plane are given in figures 6.4a to f, for various excitation frequencies. Fur-
thermore, in the same figure, time histories of xiso and ẋiso are presented. In the phase portraits,
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Figure 6.3: Floquet multipliers for fhor = 10 Hz and Ahor = 0.5 m/s2.
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ẋ

is
o

−10 −5 0 5 10
−10

−5

0

5

10

0 5 10 15 20

−5

0

5

0 5 10 15 20
−2

0

2

PSfrag replacements

xiso [m]

ẋ
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ẋ
is

o
[m

/s
]

A
B

time [s]

x
is

o
ẋ
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Figure 6.4: Phase portraits and time histories of xiso and ẋiso for excitation frequencies fhor of
0.01 (a), 0.05 (b), 0.1 (c), 0.15 (d), 0.25 (e) and 0.5 (f) Hz and Ahor = 0.5 m/s2.
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the stick regions (labelled A and B, for fhor = 0.01 Hz) are mapped into two points. The rest
of the phase portrait displays the behaviour of the isolator during slip. Moreover, in some phase
portraits (for example, fhor = 0.1 and 0.15 Hz), higher harmonics in the xisoẋiso-plane, caused
by nonlinear interaction (interaction between the flexible superstructure and its isolation system),
can be noticed.

To obtain more insight in the isolated system’s shape during the periodic solutions, some other
phase portraits and time histories are presented in figure 6.5. Herein, the horizontal displacement
and velocity of the top of the structure, relative to its base, x̃top [m] and ˙̃xtop [m/s], as defined in
(5.20), are presented for various excitation frequencies. When figures 6.5 and 6.4 are compared, it
can be observed that vibrations are induced to the superstructure when the isolator velocity ẋiso

reaches zero (stick) and the isolator motion is reversed. These higher harmonics may appear as
loops in the x̃top

˙̃xtop-plane of the phase portraits.
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Figure 6.5: Phase portraits and time histories of x̃top and ˙̃xtop for excitation frequencies fhor of
0.01 (a), 0.05 (b), 0.1 (c), 0.15 (d), 0.25 (e) and 0.5 (f) Hz and Ahor = 0.5 m/s2.

Besides the phase portraits and time histories of figures 6.4 and 6.5, some movies are made of
periodic solutions at various excitation frequencies. These movies can provide a better perception
of the base isolated system’s shape during these periodic solutions. More information about these
films is given in appendix I.
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As a concluding remark to this section, it is stated that all presented results have been validated
with the switch-model implementation of the Coulomb friction model and have been proven to
be correct. However, in that case, the Shooting Method and path following can not be applied,
because the equations of motion can not be written from constrained to unconstrained level (see
section 6.1). Therefore, stepped frequency sweeping is applied over the entire frequency range of
interest. Furthermore, the reader is noted that, in these steady-state analyses, the limitations of
the isolator displacement, imposed by the seismic gap, are not taken into account. Moreover, in
these analyses, for low excitation frequencies and high excitation amplitudes, the ground excitation
displacements are very large and are not physically relevant. In the next section, the influence of
the isolator variables µ, Klam and c on the periodic solutions, is elucidated.

6.4 Parameter Influence on the Periodic Solutions

The three isolator variables µ, Klam and c, are varied and the resulting changes in the bifurcation
diagrams of IDR, a and x̄iso as a function of the bifurcation parameter fhor, are evaluated. In
all these bifurcation diagrams, the excitation amplitude equals 0.5 m/s2. Because the stepped
frequency sweeping in the lowfrequent region is very time-consuming, the frequency range of in-
terest is changed into the dominant frequency range of earthquake ground motions of 0.1 to 10 Hz.

First of all, the isolator friction coefficient is regarded. The various bifurcation diagrams are given
in figure 6.6. In these figures, also the cases µ = 0 and µ = ∞ (corresponding to a fixed-base
superstructure), are considered. In the situation where µ equals zero, due to the large degree of de-
coupling, the first isolated-base eigenfrequency is located at a value below the regarded frequency
range. This eigenmode can be approximated by the rigid-body motion of the superstructure on the
isolation system. The other isolated-base eigenfrequencies can be considered as combinations of
this rigid-body motion with fixed-base modes. For increasing friction, the frequency ranges where
stick of the isolator occurs, are enlarged until, eventually, for µ = ∞ the isolator displacement
equals zero for all fhor. If µ is raised, an increasing number of fixed-base eigenfrequencies are
emerging in the bifurcation diagrams of IDR and a.

Subsequently, the influence of the isolator stiffness Klam on the bifurcation diagrams, is considered.
These results can be found in figure 6.7. Obviously, the isolator stiffness has no influence in the
frequency ranges where the isolation system is in stick during the entire periodic orbit. Therefore,
for values of Klam other than the optimised value K∗

lam = 5 · 104 N/m, the bifurcation diagrams
are only calculated from 0.1 to 2 Hz. For increasing isolator stiffness, the isolated eigenfrequency
of (6.16) increases as well. For Klam ≥ 1.41 · 105 N/m, this eigenfrequency enters the dominant
frequency range of earthquake ground motions. Moreover, again, around this harmonic resonance
frequency, the influence of friction is negligibly small.

Finally, the damping parameter of the isolation system, c [Ns/m], is varied. Logically, this damping
constant influences the amplitude of the harmonic resonance peak, observed in figure 6.7. This is
demonstrated in figure 6.8 for Klam = 2.5 · 105 N/m and various damping values.
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Figure 6.6: Bifurcation diagrams of IDR, a and x̄iso, as a function of the bifurcation parameter
fhor, for various values of the isolator friction coefficient µ, with Klam = 5.0 · 104 N/m and
c = 1.0 · 104 Ns/m.
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Figure 6.7: Bifurcation diagrams of IDR, a and x̄iso, as a function of the bifurcation parameter
fhor, for various values of the isolator stiffness Klam, with µ = 0.03 and c = 1.0 · 104 Ns/m.
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Figure 6.8: Bifurcation diagrams of IDR, a and xiso, as a function of the bifurcation parameter
fhor, for various values of the isolator damping c, with µ = 0.03 and Klam = 2.5 · 105 N/m.
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6.5 Asymptotic Behaviour

In figures 6.1 and 6.6 to 6.8, in some cases, asymptotic behaviour of IDR and a can be distin-
guished for frequencies that tend towards zero and infinity. In this section, these asymptotes will
be clarified.

In all the figures mentioned, for all parameter values Ahor, µ, Klam and c, it can be seen that
IDR approaches a fixed value of 7 · 10−5 for fhor → ∞. This value equals the IDR that is caused
by static deformation of the superstructure, due to gravity. The reason for this is the following.
For all cases except µ = 0, the isolation system is in stick for fhor → ∞ and the system can be
regarded as a fixed-base superstructure. For the sake of simplicity, the superstructure is regarded
as a single-degree of freedom system. Hereto, figure 6.9 is regarded. Herein, the superstructure’s
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Figure 6.9: Single-degree of freedom representation of the fixed-base superstructure.

modal mass, damping and stiffness, are given by Mm, Cm and Km, respectively, whereas the
horizontal displacement, relative to the surrounding ground is given by q. The transfer function
between the ground excitation ü and the dof, follows after the following Laplace transformation
of the equations of motion:

{Mms2 + Cms + Km}q(s) = −Mmü(s) , (6.17)

with Laplace-variable s = jω = j2πf and j =
√
−1. Reformulation of (6.17) yields:

q(s)

ü(s)
=

−Mm

Mms2 + Cms + Km
, (6.18)

which tends towards zero, with slope −1/s2, for s → ∞. Hence, the horizontal displacement and
IDR are solely determined by static deformation due to gravitational loading (not taken into ac-
count in this derivation) for excitation frequencies approaching infinity. For the special case where
µ = 0, it is clear to imagine that, for increasing frequencies, the inertia of the superstructure can
not keep up with the surrounding ground motion. This can be considered as a pure decoupling of
the superstructure from the ground motion by the isolation system, with ẍiso = −ühor. Therefore,
the IDR is also only caused by static deformation due to gravitational loading for f → ∞ if µ = 0.

In addition, in figure 6.6, for µ = ∞, a fixed-base situation also occurs in the lowfrequent area.
Again, in that case, an asymptote for IDR can be observed. Following from (6.18), for a fixed-base
superstructure, q(s)/ü(s) tends towards the constant value −Mm/Km (which dominates the static
deformation due to gravity) for f → 0. This horizontal asymptote can also be distinguished in
figure 6.1, where the fixed-base situation is attained for Ahor = 0.1 m/s2.

Asymptotic behaviour can also be seen in the bifurcation diagram of the floor acceleration a.
When, again, a fixed base situation is regarded for µ → ∞, a similar transfer function can be
obtained for q̈ as for q in (6.18):

q̈(s)

ü(s)
=

−Mms2

Mms2 + Cms + Km
. (6.19)
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For s tending towards zero, this transfer of the relative horizontal acceleration approaches zero as
well. However, the absolute acceleration, q̈ + ü, relative to the inertial space, tends towards ü.
This can clearly be seen in figure 6.6 (Ahor = 0.5 m/s2) and figure 6.1 (Ahor = 0.1 m/s2).

Moreover, in figures 6.1 and 6.6 (except for µ = 0), it can be noticed that the floor acceleration
a approaches a horizontal asymptote for increasing frequencies. Theoretically, for s → ∞, the
transfer between ü and q̈ of (6.19), tends towards -1. The transfer of the absolute floor acceleration
is given by:

q̈(s) + ü(s)

ü(s)
=

Cms + Km

Mms2 + Cms + Km
, (6.20)

which approaches zero with a slope −Cm/(Mms). If this is true, then why does the floor accel-
eration a show a horizontal asymptote for increasing frequencies? The answer lies in the use of
reduced system matrices in the bifurcation analysis. In order to clarify this, the following example
is considered.

Example 6.1

For the sake of simplicity, the superstructure is thought to be modelled as a cantilever beam,
consisting of three beam elements and nodes. For the situation considered, the schematic repre-
sentation of the (fixed-base) superstructure, is given in figure 6.10. Each node i = 1, 2, 3 has a
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Figure 6.10: Schematic depiction of a cantilever beam, subjected to earthquake excitation.

horizontal and rotational dof, xi and θi, respectively. These dof’s are measured relative to the
surrounding ground. Next, model reduction is applied, in which only the first undamped eigen-
mode of the unreduced model is incorporated. The number of dof’s of the unreduced and reduced
model thus equal six and one, respectively. Next, the relative horizontal displacement amplitude
of the top node, x3, is evaluated as a function of the horizontal excitation frequency fhor, for both
the unreduced and reduced model. The results are presented in figure 6.11a, for an excitation
amplitude Ahor = 0.5 m/s2. Furthermore, in figure 6.11b, the relative horizontal acceleration ẍ3

is given.

For the unreduced model, the relative horizontal displacement tends towards zero for increasing
frequency, with slope 1/s2 (see (6.18)). The relative horizontal acceleration, though, approaches
the horizontal asymptote -1 (see (6.19)) and is thus equal to −ü (Ahor = 0.5 m/s2). For the reduced
model, the same asymptotic behaviour can be distinguished for x3, if fhor → ∞. However, due
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ẍ3 [m/s2] 10

−1
10

0
10

1
10

2
10

3
10

−3

10
−2

10
−1

10
0

10
1

10
2

unreduced
reduced
excitation level A

hor

PSfrag replacements
fhor [Hz]

x3 [m]
ex

eẍ
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Figure 6.11: Relative horizontal displacement x3 and acceleration ẍ3 as a function of the horizontal
excitation frequency fhor.

to the model reduction, a constant error ex results for increasing frequency, compared to x3 for
the unreduced model. This also holds for the relative horizontal acceleration ẍ3, which does not
equal −ü for the reduced model, but has an offset eẍ. If then the absolute horizontal acceleration,
a3 = ü + ẍ3, is evaluated, figure 6.12 results. For the unreduced model, a3 approaches zero with
1/s (see (6.20)), whereas, for the reduced model, a3 tends towards a horizontal asymptote, caused
by the constant error eẍ ≈ 0.3 m/s2.
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Figure 6.12: Absolute horizontal acceleration a3 as a function of the horizontal excitation frequency
fhor.

Example 6.1 shows that the horizontal asymptote of the floor acceleration a, in figures 6.1 and
6.6, is caused by the use of reduced system matrices. However, this error is only introduced for
frequencies larger than the cut-off frequency of the reduced model. For the model of the Nissan
building, this cut-off frequency equals 5 Hz. The bifurcation diagrams can, therefore, be trusted
in the most important part of the regarded frequency domain.
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6.6 Correlation with Time Simulations

In section 5.3, the results of fixed- and isolated-base simulations were given for various input
earthquake records. With the bifurcation diagrams of this chapter, an analysis has been made
what the sensitivity of the nonlinear isolated system is, with respect to the horizontal excitation
frequency. Next, it will be evaluated whether these steady-state analyses can be (qualitatively)
correlated to the transient time simulations, although, in the latter one, vertical excitation is
included too. Hereto, first, the frequency and amplitude content of the input earthquake records
is determined. This is done by regarding the Power Spectral Density (PSD) of the horizontal
ground acceleration. These can be found for all four records (PGA 3 m/s2) in figure 6.13. As
these Power Spectral Densities do not differ significantly in the highfrequent region, only the
frequency range of 0.1 to 1 Hz is regarded. It has to be noted, though, that because these records
are nonstationary, the PSD presents an average over the entire record.
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Figure 6.13: Power Spectral Density of ühor for the four records of the Kobe earthquake.

For linear systems, such as the fixed-base superstructure, modal superposition can be applied. In
that case, the modal responses at single, distinct frequencies are summed to get the total response
to all modes simultaneously. When the Shin-Osaka (SHI) record is evaluated, it can be seen that
the PSD reveals dominant peaks around 0.38, 0.47 and 0.8 Hz. This second frequency is close to
the first eigenfrequency of the fixed-base system (see figure 6.6, µ = ∞). The other records also
show some dominant frequencies around 0.46 Hz (for example 0.6 and 0.41 Hz for the KAK and
NIS record, respectively). However, the dominant frequency range of the KAK record is slightly
higher than the first eigenfrequency of the fixed-base system. The dominant frequency of the NIS
record is close to this eigenfrequency, though, but has a smaller amplitude. The remaining KJMA
record, clearly has a relatively low frequency content in the range up to 1 Hz. Therefore, from
these Power Spectral Densities, it can be concluded that, in fixed-base time simulations, relatively
large values of IDR and a result for the SHI record, compared to the other ones (see table 5.1).
It is noted that this effect is most apparent for IDR, because this parameter is largely dominated
by the first fixed-base eigenfrequency, whereas, for the floor acceleration a, higher order eigenfre-
quencies show more significant influence than for the IDR (see figure 6.6, µ = ∞).

For nonlinear systems, modal superposition can not be applied. Moreover, as mentioned above,
the excitation is nonstationary. Nevertheless, some qualitative relations can be found between
the bifurcation diagrams of sections 6.3 and 6.4 and the results of the nonlinear time simulations
of the isolated system in section 5.3. First of all, it can be concluded from section 6.3 that the
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isolator displacement amplitude x̄iso is mainly determined by the lowfrequent excitation range.
In the highfrequent region, the isolator is entirely at stick. In that region, the dynamic behaviour
of the superstructure does not benefit from the isolation system, because a fixed-base situation
results. It can thus be concluded that the higher the excitation amplitude in the lowfrequent
region is, the higher the isolator displacement and the benefit of isolation is. As discussed above,
the SHI record is the most dominant in the lowfrequent region (especially near the first fixed-base
eigenfrequency of 0.46 Hz). Next, in descending order, the KAK, NIS and KJMA record have
the largest PSD in the range of 0.1 to 1 Hz. It can thus be expected that the same order can
be distinguished in the isolator displacements of the time simulations. This is indeed verified in
figure 6.14, where the SHI record clearly causes the largest isolator displacement. In addition, the
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Figure 6.14: Isolator displacement xiso for the various earthquake records.

isolator displacement provides some indication about the level of decoupling of the superstructure
from the ground motions. The larger the isolator displacement, the larger the part of the seismic
energy input is, that is dissipated and not transferred to the superstructure. Therefore, the largest
benefit from isolation and the largest reduction factors fac in table 5.1, are obtained for the SHI

record (average reduction factor over the parameters IDR, a and Q, f̂ac = 3.15), followed by the

KAK (f̂ac = 2.68), NIS (f̂ac = 2.19) and KJMA (f̂ac = 1.79) record, respectively.

Concluding, it can be said that periodic solutions and bifurcation diagrams provide valuable insight
in the dynamic behaviour of the nonlinear system. This insight can then be employed to analyse
the benefit of base isolation for various excitation spectra. Furthermore, a better indication is
obtained, as to why, for certain excitation spectra, this benefit is larger than for others.



Chapter 7

Structure Scale Modelling

Often, experimental verification is desired for validation or improvement of a ma-
thematical model. In some cases, full-scale experiments can not be performed. This
may be caused by economic reasons or the fact that the prototype (full-scale subject)
has non-practical dimensions. In those cases, engineers often resort to the analysis of
scale models. The relationship between a scale model and the corresponding full-scale
prototype behaviour, is described by the theory of scale model similitude. In section
7.1, the principles of scale modelling and similitude will be given. Next, section 7.2 will
treat the derivation of the scaling rules for the (base-isolated) Nissan building. Finally,
some practical considerations about the realisation of experiments, will be illuminated
in section 7.3.

7.1 Principles of Structure Scale Modelling and Similitude

Scale models can be defined as having geometric, kinematic and/or dynamic similarity
[Meymand, 1998], [Harris and Sabnis, 1999], [Langhaar, 1960]. A model is said to have geometric
similarity if its dimensions are homologous with the ones of the prototype. Kinematic similarity
refers to a model and prototype with homologous particles at homologous points at homologous
times. Finally, dynamic similarity is a condition for which homologous parts of the model and
prototype experience homologous net forces.

A possible method to deduce similarity or similitude requirements, is dimensional analysis
[Hossdorf, 1991], [Harris and Sabnis, 1999], [Langhaar, 1960]. This method is based on the fact
that a physical phenomenon can be described by a dimensionally correct equation, among certain
physical quantities. Dimensionally homogeneous equations, involving certain physical quantities,
can be reduced to equivalent equations, involving a complete set of dimensionless products. This
principle was first stated by Buckingham in the, so-called, Buckingham-π Theorem. This theorem
is mathematically formulated as:

F (X1, X2, . . . , Xn) = 0 ,

G(π1, π2, . . . , πm) = 0 .
(7.1)

Herein, the equation F is given as a function of the physical quantities Xi, i=1,...,n. The equivalent
equation G consists of the independent dimensionless products πj, j=1,...,m. This set of dimension-
less products is, however, not unique.

A set of dimensionless products can be established through a dimensional analysis. Herein, a
dimensional matrix is formed. This matrix contains the dimensional exponents of the physical
quantities, expressed in terms of independent basic quantities. In general, the MKS-system is used
for the formation of an independent set of basic units [Hossdorf, 1991], [Harris and Sabnis, 1999],
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[Langhaar, 1960]. In this system, the meter (MKS) is taken as the unit of length L, the kilogram
(MKS) as the unit of mass M and the second (MKS) as the unit of time T . For example, the
dimension of force [N] can be written as [M1L1T −2], with dimensional exponents 1, 1 and -2,
respectively.

After the dimensional matrix is formulated, the dimensionless products πj=1,...,m can be writ-
ten down, by simple evaluation of its columns. Furthermore, the number of dimensionless pro-
ducts m, equals the number of physical quantities n, minus the rank of the dimensional matrix
[Hossdorf, 1991]. In most cases, the rank of the dimensional matrix is the same as the number of
basic or fundamental units (three). This set of dimensionless products is complete, if each product
in the set is independent of the other products and every other, additional dimensionless product,
can be written as a product of (powers of) the dimensionless products in the set [Langhaar, 1960].

With the dimensionless products, similitude requirements can be derived. Model similitude is
attained, if the values of the dimensionless products are equal for both the full-scale prototype
and scale model:

π
(p)
j = π

(m)
j , (7.2)

where the superscript p and m denote the prototype and model, respectively. If this holds for all
dimensionless products j = 1, . . . ,m, the model is said to be a true model (with geometric, kine-
matic and dynamic similarity). Otherwise, the model is called distorted or adequate, depending
on which similitude requirements are not met [Meymand, 1998], [Harris and Sabnis, 1999]. In the
following section, a dimensional analysis will be carried out for the Nissan model and dimensionless
products and similitude requirements will be derived and elucidated.

7.2 Dimensional Analysis

In the dynamic analyses of the base-isolated Nissan building, various physical quantities are in-
volved. These quantities and their S.I.-units are listed in table 7.1.

Table 7.1: Physical quantities and their units.

Quantity Description S.I.-unit
ρ Density of a beam element [kg/m3]
A Area of a beam element [m2]
L Length of a beam element [m]
E Modulus of elasticity [N/m2]
I Bending moment of inertia [m4]
ü Ground motion excitation column [m/s2]
g Gravitational constant [m/s2]
q Column of dof’s [m] / [rad]
q̇ First derivative of column of dof’s [m/s] / [rad/s]
q̈ Second derivative of column of dof’s [m/s2] / [rad/s2]
t Time [s]
f Frequency [Hz]
Klam Isolator stiffness [N/m]
c Isolator damping [Ns/m]
µ Isolator friction coefficient [-]
F Force (general) [N]
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These 16 physical quantities form the dimensional matrix with dimensional exponents, as given
in table 7.2.

Table 7.2: Dimensional matrix.

ρ A L E I ü g q q̇ q̈ t f Klam c µ F

M 1 0 0 1 0 0 0 0 0 0 0 0 1 1 0 1
L -3 2 1 -1 4 1 1 1 1 1 0 0 0 0 0 1
T 0 0 0 -2 0 -2 -2 0 -1 -2 1 -1 -2 -1 0 -2

From this matrix, 13 (16-3) dimensionless products (or π-terms) can be formulated1:

π1 = ρgL
E , π2 = A

L2 , π3 = I
L4 , π4 = ü

g , π5 =
q

L , π6 =
q̇

Lt , π7 =
q̈

g ,

π8 = tf , π9 = Klam

EL , π10 = c
ELt , π11 = µ, π12 = F

EL2 , π13 = gt2

L .

In the π-terms, three dimensionally independent quantities appear, namely L, E and g. Accor-
dingly, scale factors λ may be arbitrarily chosen for these quantities, with:

λL =
L(m)

L(p)
,

λE =
E(m)

E(p)
,

λg =
g(m)

g(p)
.

(7.3)

The remaining scale factors then follow from the π-terms. Because, in this case, the gravitational
constant is equal for both the model and prototype, λg equals 1. This yields the following scale
factors:

λρ = λE

λL

, λA = λ2
L, λI = λ4

L, λü = 1, λq = λL, λq̇ = λ
3/2
L , λq̈ = 1,

λt = λ
1/2
L , λf = λ

−1/2
L , λKlam

= λLλE , λc = λ
3/2
L λE , λµ = 1, λF = λ2

LλE .

However, in practice, the requirements induced by the material density scale factor λρ are difficult
to satisfy [Hossdorf, 1991], [Lu et al., 2001], [Noor and Boswell, 1992]. This is caused by the fact
that for small length-scale factors λL, a model material is required with relatively high density
and low stiffness. Most conventional materials are, therefore, unapplicable to the model. As a
result, increasingly often, large-scale (or even full-scale) experiments are performed. This calls for
the need of special facilities, though.

When full-scale experiments are no option and no appropriate model materials can be found,
an artificial mass approach can be followed [Lu et al., 2001], [Noor and Boswell, 1992]. In this
approach, additional masses are added to the model at discrete places. This is done in such a way
that these added masses do not influence the structural stiffness. The total artificial mass for an
element is given by [Noor and Boswell, 1992]:

∆m = {λρρ
(p) − ρ(m)}L(m)A(m) , (7.4)

with λρ = λE/λL. Finally, it is noted that, in this research, the value of the prototype density
ρ(p), equals the artificial density of the columns and castelated beams, due to the influence of the
nonstructural elements (see section 3.2.2).

1As noted before, this set is not unique.
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7.3 Practical Considerations

In scale modelling, frequently, plexiglass is used as a model material, due to its relatively high den-
sity and low modulus of elasticity. Furthermore, plexiglass is readily available in a wide variety of
forms and is easily workable by cutting, gluing or hot deformation [Hossdorf, 1991]. Plexiglass is,
therefore, very suitable for this research. Depending on the exact plexiglass material parameters,
the total mass of the model is in the order of 10 kg, for a length-scale factor λL of approximately
1/25. In that case, the model width and height are 0.6 m and 2.12 m, respectively. Furthermore,
the time-scale is then reduced by a factor of 5.

For the excitation of the scale model, shake tables are often used. A nearby shake table facility
can be found at the TNO Center of Maritime Constructions (CMC) of TNO Building and Con-
struction Research, in Delft, the Netherlands. However, this shake table has some limitations
[CMC, 2004].

First of all, excitation is uniaxial. Secondly, the controller layout only permits the generation of
harmonic excitation signals. Earthquake recordings can thus not be used in experiments. Thirdly,
the displacement amplitude of the shake table is limited to 19 mm. This imposes restrictions on
the lowest frequency of a harmonic excitation signal that can be generated. For instance, for an
excitation amplitude of 0.5 m/s2, the minimum excitation frequency equals 0.82 Hz. Finally, due
to the dimensions of the table, the maximum footprint of the model is 1.2 by 1.2 m.

Next to these physical limitations, attention has to be paid to effects, such as interaction between
the model and shake table. However, in this case, the weight of the model can be ignored, compared
to the one of the table. Furthermore, data acquisition has to be considered. In most cases, next to
accelerations, displacements of various points of the model have to be measured. These displace-
ments can be measured mechanically, electrically or optically. One possible type of displacement
sensors are Linear Variable Differential Transformers (LVDT) [Harris and Sabnis, 1999]. These
sensors consist of outer coils and an inner core. The first elements are attached to a rigid sup-
porting or reference frame on the table, whereas the core is connected to the model. The main
advantage of LVDT’s is that the measurement is frictionless and has infinite resolution. Moreover,
they are reasonably compact.

In addition, the realisation of the model’s isolation system is not straightforward. First of all,
small-scale springs, dampers and friction elements have to be obtained. Next, the characteristics
of the model isolation system have to be identified. During this identification, it has to be evalu-
ated whether the spring and damper are indeed linear and whether the friction characteristic can
be represented by a Coulomb friction model.

Finally, it is important to note that the accuracy of a model is largely influenced by model material
properties, fabrication accuracy, measurement methods and the excitation accuracy. In most cases,
therefore, only a qualitative comparison is made between the phenomena encountered in the model
and prototype. However, for this research, this comparison would provide valuable information
about the validity of the simulation results.



Chapter 8

Conclusions and
Recommendations

This report presents the results of a survey on the influence of the dynamic characteristics of a
base-isolated superstructure and the nonlinear modelling of the isolation system, on the total sys-
tem’s dynamic response. Moreover, the dynamic performance of a base-isolated structure has been
evaluated, based on additional insight in its nonlinear behaviour, obtained using both transient
and steady-state dynamic analyses.

To describe the nature of seismic excitation, first, ground motion characteristics of earthquakes
have been studied. Both the horizontal and vertical component of these ground motions have
dominant frequencies in the range of 0.1 to 10 Hz. Furthermore, rotational excitation can often be
neglected. Due to the random character of earthquake ground motion at a certain site, caused by
the focal source mechanism, epicentral distances and variations in transmission paths, it has been
chosen to use recorded data of earthquakes in this research, instead of generating them artificially.

Subsequently, a superstructure has been chosen and its dynamic model has been derived. Because
material parameters are well-known and the modelling is straightforward, a steel structure without
concrete structural members has been selected, which is assumed to remain in its elastic range.
Next, employing Finite Element Method techniques, inertial and stiffness characteristics have been
attained for this structure. The influence of nonstructural elements on the inertial characteristics
have been taken into account and earthquake excitation has been modelled. With this dynamic
model a modal analysis has been carried out, in which undamped eigenfrequencies and modes
have been evaluated. This analysis shows that frequency regions can be distinguished where local
modes (vertical resonance of floors) and global ones (horizontal sway of the structure) occur. The
fundamental eigenfrequency of the fixed-base superstructure has been found to be equal to 0.46
Hz. To reduce the number of degrees of freedom (dof’s) of the dynamic model and improve the
computational efficiency of (nonlinear) dynamic analyses, model reduction has been performed.
Two model reduction methods, the Craig-Bampton and Rubin method, have been compared. In
this case, the Craig-Bampton method is superior to the Rubin method, because fixed-interface
eigenmodes proved to be more important to the dynamic response. A cut-off frequency of 5 Hz
was chosen. This frequency has been based on the higher level of damping of higher modes and
the dominant excitation range of earthquakes. This resulted in a reduced model with 13 dof’s,
of which six are boundary dof’s. Finally, the modelling of the superstructure has been concluded
with the construction of a damping matrix. Hereto, damping ratios were assigned to fixed-interface
eigenmodes.

In a following stage, seismic base isolation has been considered. Its working principle has been
evaluated and an isolation system with both linear and nonlinear elements was chosen. The linear
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elements consist of laminated rubber bearings and viscous dampers, whereas nonlinearities are
introduced by friction elements with horizontal sliding surfaces. In the dynamic model of this iso-
lation system, the Coulomb friction model has been utilised as a formulation of the friction force.
Smooth approximations of the discontinuous behaviour of friction were shown not to significantly
influence the results and were, therefore, used in this research.

To be able to carry out numerical time simulations, an ”optimal” isolator design has been obtained.
Hereto, a parameter line-search has been carried out for three isolator design variables, namely
the isolator’s stiffness and damping constant and friction coefficient. This line-search has been
performed for four different recordings of the 1995 Kobe earthquake, to ensure that a broadbanded
excitation spectrum is covered. During the line-search, it appeared that the isolator friction co-
efficient has the largest influence on various objective and constraint functions (interstory drift
ratio, horizontal floor acceleration, energy dissipation by the isolation system, behaviour factor
and isolator displacement). Therefore, the friction coefficient was optimised first, followed by the
isolator stiffness and damping, respectively.

In addition, the advantage of base isolation has been regarded, by comparing fixed- and isolated-
base time simulations for the four earthquake records. Base isolation greatly benefits the dynamic
behaviour of the superstructure. Performance indicators, such as the interstory drift ratio and
floor acceleration, have been shown to be reduced, such that damage to nonstructural components
is prevented. Furthermore, modelling effects, such as the influence of vertical excitation, varying
normal force in the determination of the friction force and superstructure flexibility, have been
considered. It is shown that an approximation of the isolator displacement can be determined
by disregarding the vertical excitation and the varying normal force for the establishment of the
friction forces. In addition, these effects can be disregarded in earthquake simulations, if the dy-
namics of the superstructure are considered. Finally, superstructure flexibility should always be
taken into account in numerical time simulations.

With the dynamic model of the base-isolated superstructure, the periodic behaviour has been eval-
uated for a varying horizontal excitation frequency (fhor). In the highfrequent region (fhor ≥ 2.5
Hz), this has been done with the aid of the Shooting Method and sequential continuation. Results
show that in this highfrequent region, the isolation system is in stick during the entire period.
In that region, fixed-base eigenfrequencies appear in the bifurcation diagram. However, in the
lowfrequent region (fhor < 2.5 Hz), the isolator exhibits stick-slip motion. As a result, probably
due to the increased complexity of the system’s dynamics, convergence of the Shooting Method
in that region has not been attained. Therefore, stepped frequency sweeping has been used. Fur-
thermore, for increasing excitation amplitudes, the regions where isolator slip occurs, enlarge.

In the bifurcation diagrams, a harmonic resonance frequency has been observed at approximately
0.06 Hz. This frequency can be approximated by the eigenfrequency of a single-degree of freedom
system without friction elements. This is because stiction is much less dominant around the reso-
nance frequency than slip. In addition, for high excitation amplitudes, the isolator displacement is
shown to equal the one where the superstructure is regarded as a rigid-body, although a physical
explanation can not be given.

The influence of the isolator variables on the periodic solutions, has also been studied. As the
friction coefficient of the isolation system is increased, larger frequency regions result, where the
isolator is in stick during the whole periodic orbit. Therefore, increasingly more fixed-base eigen-
frequencies emerge in the bifurcation diagram. Next, a larger isolator stiffness causes an upward
shift of the aforementioned harmonic resonance frequency, in the direction of the dominant exci-
tation frequency range of earthquakes (0.1 to 10 Hz), whereas the rest of the bifurcation diagram
remains unchanged. The final isolator variable (isolator damping), determines the amplitude of
the harmonic resonance peak.
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Next to these parameter influences, the asymptotic behaviour, observed in the bifurcation dia-
grams, has been clarified. Finally, a qualitative correlation between these (steady-state) periodic
analyses and the (transient) time simulations, has been given. It is shown that periodic solutions
can provide additional insight in the dynamic behaviour of the system, which can be utilised to
analyse the benefit of base-isolation for various excitation spectra.

In addition, a few considerations can be made when regarding the results of the nonlinear seis-
mic and periodic excitation analyses of chapters 5 and 6 and the general design provisions of the
European standard [ECS, 2001]. First of all, according to [ECS, 2001], the vertical ground accel-
eration should always be taken into account. However, as demonstrated in chapter 5, this may
prove to be a conservative approach, as in the illustrated cases, considered in this research, the
vertical excitation can be disregarded. This should be verified in each distinct situation, though.
Furthermore, the so-called simplified analysis, as mentioned in [ECS, 2001], in which the super-
structure is assumed to act as a rigid-body, should be employed with care. As shown in chapter
5, the superstructure flexibility should always be accounted for in numerical time simulations.
This is caused by the fact that the superstructure dynamics have a large influence on the shear
forces, exerted by the superstructure’s base on the isolation system. Moreover, chapter 6 demon-
strates that rigid-body assumption may provide a good estimate of the first harmonic resonance
frequency, although, in general, superstructure dynamics are of great importance to the system’s
overall performance in terms of interstory drift ratio, floor acceleration and isolator displacement.

This study has been ended with an initial impulse towards experimental verification of the si-
mulation results. Similitude requirements have been derived and scale rules have been obtained.
Furthermore, practical considerations about the model material, model excitation and measure-
ment system, have been given. From these considerations, it can be concluded that scale model
experiments can be employed to qualitatively validate the simulation results.

For further research, some recommendations can be made. First of all, the analysis approach of
this study can be extended to more complex base isolation systems. Isolation systems with, for
instance, curved sliding surfaces can be considered. In addition, the Shooting Method should be
improved for convergence in the lowfrequent excitation range. Possibly, other periodic solution
solvers can be utilised. In addition, experimental verification of the simulation results can possibly
be carried out. Hereto, the principles of structure modelling, as mentioned in chapter 7, can provide
a good guideline. As noted above, these scale experiments can provide valuable information about
the validity of the simulation results. Finally, it might be recommended to provide some guidelines
about the modelling of nonlinear base isolation systems (such as friction systems) and nonlinear
analysis methods, in the general design provisions of the European standard.
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Appendix A

Nissan Building

In this appendix, more detailed information is given about the Nissan building.

Table A.1: Project data.
Client Nissan Europe B.V., Amsterdam
Location Johan Huizingalaan 400, Amsterdam
Design ZZOP Architectenmaatschappij, Amstelveen
Construction Management Obayashi Europe B.V., Hoofddorp
Constructive and civil design D3BN Civil Engineers, Den Haag
Contractor Hollandsche Beton Maatschappij B.V., Amsterdam
Steel construction Hollandsche Constructie Groep, Leiden

Design time may 1989 - july 1989
Construction time september 1989 - january 1991

As already mentioned in section 3.1, the building is the former European head-office of Nissan.
Recently, it is taken over by Mexx International B.V. and has become their global head-office.

In the design of the columns of the frame, dimensions and material types are altered, to accom-
modate the change of the (static) forces over the height of the building. From the ground level to
a height of approximately 20 m, the columns are made of S355 steel (EN 10025:1990 Fe510) with
a yield strength of 355 MPa [Corus, 2004]. Above 20 m, S235 steel (EN 10025:1990 Fe360) is used
for the columns, with a corresponding yield strength of 235 MPa. The dimensions of the HD 400
columns are varied with a factor (var) over the elevation of the office. This variation is given in
table A.2, in which A denotes the cross-sectional area of the column and I the bending moment
of rigidity [SG-5, 1998].

Table A.2: Dimension variation of the HD 400 column over the height of the Nissan office.
construction level HD 400 x var A [m2] I [m4]

1,2 592 7.54 · 10−2 2.50 · 10−3

3,4 463 5.90 · 10−2 1.80 · 10−3

5,6 421 5.37 · 10−2 1.60 · 10−3

7,8 314 3.99 · 10−2 1.10 · 10−3

9 to 11 262 3.35 · 10−2 8.94 · 10−4

The castelated beams (HE 700B) have a cross-sectional area of 2.45 · 10−2 m2 and are all made
of S355 steel, whereas the framework beams consist of S235 steel. Castelated beams have the
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advantage that, in contrast to framework beams, they can be automatically and economically fab-
ricated. Furthermore, the flanges can easily be used to place floors. Moreover, the honeycomb-like
openings are ideal to pass installation devices.

The atrium consists of tubes with a wall-thickness of 20 mm and a diameter of 600 mm and
300 mm for the main and diagonal tubes, respectively. All steel construction members have been
adapted with a fire-resisting zinc-phosphate paint. Hence, the steel frame has a blue color. Finally,
it is noted that the floor of the second construction layer is supported at one side by a HE 200B
column. In the rest of this appendix, some additional construction pictures will be given (see
figures A.1 to A.4). Furthermore, some recent pictures1 of the Mexx head-office will be presented
in figures A.5 to A.9.

Figure A.1: Frame of the Nissan building under construction.

Figure A.2: Steel construction of the atrium.

1Taken June 2004.
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Figure A.3: Close-up of the HD 400 column footing.

Figure A.4: Picture of the Nissan office with prefab concrete wall panels and footbridge to the
Sales Support Office (situated in front of the main office).

Figure A.5: Mexx International Head Office (left), detail of one of the castelated beams at the
upper floor void (right).
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Figure A.6: Outside (left) and inside (right) view of the ‘cockpit’. The ‘cockpit’ will be used as
board-room.

Figure A.7: Parabolic shaped extension at the back of the building, formerly housing the company
restaurant.

Figure A.8: The (former) Sales Support Office.
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Figure A.9: Inside view of the atrium being redecorated for the relocation of Mexx International.





Appendix B

Finite Element Method Modelling

As already mentioned in section 3.2.1, in the Finite Element Method, the structure is divided into
a number of discrete elements with a finite number of nodal points or nodes. For each element, a
mass and stiffness matrix can be derived in the local element coordinate system (x, y, z) (see figure
3.8). For Bernoulli-Euler beam elements with consistent inertial properties, the element mass and
stiffness matrix are given by [Clough and Penzien, 1993], [Paz, 1997]:

Mel =
ρAL

420




140 0 0 70 0 0
0 156 22L 0 54 −13L
0 22L 4L2 0 13L −3L2

70 0 0 140 0 0
0 54 13L 0 156 −22L
0 −13L −3L2 0 −22L 4L2




, (B.1a)

Kel =
EI

L3




AL2

I 0 0 −AL2

I 0 0
0 12 6L 0 −12 6L
0 6L 4L2 0 −6L 2L2

−AL2

I 0 0 AL2

I 0 0
0 −12 −6L 0 12 −6L
0 6L 2L2 0 −6L 4L2




, (B.1b)

respectively. However, to be able to combine the separate element matrices into system matrices,
a transformation has to be made from the local element coordinate system (x, y, z) to the global
structure coordinate system. This is shown in figure B.1. The transformation is given by:

q = RtQ , (B.2)

with q =
[
x1 y1 θ1 x2 y2 θ2

]T
and Q =

[
X1 Y1 θ1 X2 Y2 θ2

]T
. The transformation

matrix Rt equals:

Rt =




cosφ sinφ 0 0 0 0
− sin φ cos φ 0 0 0 0

0 0 1 0 0 0
0 0 0 cos φ sinφ 0
0 0 0 − sin φ cos φ 0
0 0 0 0 0 1




. (B.3)

Herein, φ denotes the rotation angle between the righthanded coordinate systems (x, y, z) and
(X,Y, Z). The element mass and stiffness matrix in global coordinates, M̄el and K̄el, correspond
to:

M̄el = RT
t MelRt , (B.4a)

K̄el = RT
t KelRt . (B.4b)
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Figure B.1: Transformation from the local element coordinate system (x, y, z) to the global struc-
ture coordinate system (X,Y, Z).

The inertia and stiffness matrices of each element in global coordinates can be obtained with the
aforementioned method. Next, they have to be combined into the structure’s system matrices M
and K. Hereto, the following steps are performed. First, the nodes and elements are numbered,
starting at the bottom of the left column. The numbering is continued columnwise, from bottom
to top, after which the remaining nodes and elements of the horizontal parts of the structure
are regarded. This is demonstrated for a simple example of a two-story structure in figure B.2.
Next, the x- and y-coordinate of each node in the global coordinate system (X,Y, Z) is calculated
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Figure B.2: Example of the numbering of nodes and elements (encircled) in a FEM-model, with
global coordinate system (X,Y, Z).

and stored into a matrix. Following, the two node numbers of each element are calculated and
also stored into a matrix. For example, element 3○ consists of node numbers

[
3 4

]
, whereas

element 21○ consists of node numbers
[
22 14

]
. These two matrices are then used to identify the

orientation, material and geometrical properties of the elements, after which the element matrices
Mel and Kel in global coordinates are calculated. Finally, the matrix-elements of the element
matrices are placed in the corresponding place in the structure’s matrices M and K. Because
each node has three degrees of freedom, the matrices have a size of (3nnodes x 3nnodes), with
nnodes representing the total number of nodes (26 in the example above).



Appendix C

Rubin Reduction Method

In the Rubin reduction method, first, the undamped eigenvalue problem, as already given in (3.21),
is regarded [de Kraker, 2000]:

{−ω2M + K}u = 0 . (C.1)

The eigenvalue problem yields n eigenfrequencies and eigencolumns (free-interface normal modes),
which can be stored in the diagonal matrix of eigenfrequencies or eigenvalues Λ and the modal
matrix U :

Λ =




ω2
1

ω2
2

. . .

ω2
n


 =




λ1

λ2

. . .

λn


 , (C.2a)

U =
[
u1 u2 . . . un

]
. (C.2b)

It is assumed that the eigenvalues are sorted as λ1 ≤ λ2 ≤ . . . ≤ λn and that mass-normalization
is applied (UT MU = I, UT KU = Λ). Next, the frequency response function (FRF) of the system
is considered:

H(ω) =

n∑

k=1

ukuT
k

(λk − ω2)
. (C.3)

Often, the excitation frequency ω is bounded by a certain range [0 < ω ≤ ωmax]. For systems
with a large number of dof’s, it holds for a large number of modes that ω2 � λk. The following
approximation of (C.3) can then be made:

H(ω) ≈
nk∑

k=1

ukuT
k

(λk − ω2)
+

n∑

d=nk+1

udu
T
d

λd

= Uk[Λkk − ω2Ikk]−1UT
k + UdΛ

−1
dd UT

d . (C.4)

The kept eigenmodes with index k = 1, 2, . . . , nk are the modes in the frequency range of interest
(ωnk

≤ ωmax), whereas the modes with index d = nk + 1, . . . , n are referred to as the deleted
modes. The kept eigenmodes will be taken into account unchanged in the transformation, while
some compensation will be applied for the deleted eigenmodes. The kept and deleted eigenmodes
and their corresponding eigenvalues are stored in submatrices Uk, Λkk and Ud, Λdd, respectively.
This results in the following reformulation of (C.2):

Λ =

[
Λkk Okd

Odk Λdd

]
, (C.5a)

U =
[
Uk Ud

]
. (C.5b)
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Subsequently, nb boundary dof’s q
b

and ni internal dof’s q
i
, are, again, introduced. The column

of dof’s q is rearranged into:

q =

[
q

b
q

i

]
. (C.6)

Next, it is assumed that, successively, in each of these boundary dof’s a harmonic unity-force is
applied, while all other dof’s are unloaded. The load-columns are gathered in the matrix B (n x
nb):

B =

[
Ibb

Oib

]
. (C.7)

The (real) response matrix Q as a result of this harmonic excitation can be approximated by:

Q ≈ Uk[(Λkk − ω2Ikk)−1UT
k B] + [UdΛ

−1
dd UT

d ]B . (C.8)

The response is thus shown to be approximated by a linear combination of the kept eigenmodes
and a frequency-independent part, resulting from the deleted eigenmodes. The contribution of the
deleted eigenmodes, called the residual flexibility modes, can be gathered in the matrix Φ:

Φ = UdΛ
−1
dd UT

d B . (C.9)

Normally, the transformation matrix is now given by T =
[
Φ Uk

]
. However, as mentioned

in section 3.3, the model of the Nissan building has three rigid body modes (RBM). Therefore,
some modification has to be made to obtain the transformation matrix. Hereto, again, (C.1), is
regarded. In case of a system with RBM, this eigenvalue problem results in a number of rigid
body modes, with eigenvalue equal to 0, and a number of elastic free-interface normal modes, with
eigenvalue greater than 0. The matrix U (n x n) with all free-interface normal modes can thus
be divided into a submatrix Ur (n x nr) with all rigid body modes and a submatrix UE (n x nE)
with all elastic free-interface normal modes, with nr the number of RBM and nE = n − nr:

U =
[
Ur UE

]
. (C.10)

And for the eigenvalue matrix Λ:

Λ =

[
Orr OrE

OEr ΛEE

]
. (C.11)

As in (C.5), the set of elastic free-interface normal modes is divided into nk kept eigenmodes,
which are in the frequency range of interest, and nd deleted modes:

Λ =




Orr Ork Ord

Okr Λkk Okd

Odr Odk Λdd


 , (C.12a)

U =
[
Ur Uk Ud

]
. (C.12b)

The matrix of residual flexibility modes remains unchanged and is given in (C.9). The transfor-
mation matrix is then given by:

T =
[
Φ Ur Uk

]
=
[
Φ UK

]
, (C.13)

with size (n x nb + nr + nk). Substitution into (3.7) and reformulation yields:

[
q

b
q

i

]
=

[
Φbb UbK

Φib UiK

] [
p

b
p

K

]
. (C.14)
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The physical dof’s q are thus changed to the generalized dof’s p. However, because the boundary
dof’s q

b
are not explicitly present in the new set of dof’s p, coupling of the structure to another

system is not straightforward anymore. Therefore, the coupling procedure of Martinez is applied
[de Kraker, 2000].

Elimination of p
b

in (C.14) gives:

p
b

= Φ−1
bb q

b
− Φ−1

bb UbKp
K

. (C.15)

The following transformation can then be used, to include the boundary dof’s q
b

in the new
reduced set of dof’s p∗:

[
p

b
p

K

]
=

[
Φ−1

bb −Φ−1
bb UbK

OKB IKK

] [
q

b
p

K

]
= T2p

∗ . (C.16)

The total transformation now becomes:

Ttot = TT2 , (C.17)

and the boundary dof’s are recovered and are part of the final set of generalized dof’s p∗. In the
main text of this report, T will be used for Ttot and p for p∗.





Appendix D

Overview of Base Isolation
Systems

In this appendix, some base isolation devices will be presented. The devices will be
divided into three groups and will be discussed successively in section D.1. Firstly,
seismic devices based on elastomers will be elaborated. Secondly, damping devices will
be considered and thirdly, seismic isolation devices based on friction will be regarded.
The modelling of some of these devices will be considered in section D.2.

D.1 Base Isolation Devices

D.1.1 Elastomeric-Based Devices

Laminated Rubber Bearing or Elastomeric Bearing

The laminated rubber bearing or elastomeric bearing consists of various layers of natural rubber
or neoprene, which are vulcanized to interleaved steel plates or shims [Naeim and Kelly, 1999],
[Komodromos, 2000], [Skinner et al., 1993]. The bearing is connected to the structure’s base and
foundation with mounting or anchor plates. Both rectangular and cylindrical configurations are
applied. A schematic representation of a cylindrical laminated rubber bearing is given in figure
D.1. Often, side rubbers are placed around the bearing to protect the inside rubber layers and
steel plates from weather, moisture (corrosion) and ozone. Two practical examples of elastomeric
bearings are given in figure D.2.

PSfrag replacements

rubber layer
steel plate

mounting plate

Figure D.1: Schematic representation of a laminated rubber bearing (top mounting plate not
shown).

The steel plates are added to prevent excessive lateral bulging of the rubber, thus increasing the
vertical stiffness. The shear or lateral stiffness is not influenced by these plates. The lateral stiffness
is relatively low and shows a linear behaviour up to moderate shear strains of approximately 100
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Figure D.2: Two practical examples of elastomeric bearings.

to 150%. This shear strain ε is defined as:

ε =
x

tr
· 100% , (D.1)

with x the lateral displacement of the bearing and tr the total height of the rubber layers (ex-
cluding the height of the steel plates). The damping of laminated rubber bearings is relatively
low (approximately 3%), resulting in a force displacement characteristic with little hysteresis
[Skinner et al., 1993], [Naeim and Kelly, 1999], [Lindley, 1974]. Therefore, this type of isolation
device is often used in conjunction with supplementary damping devices.

Elastomeric bearings require little maintenance and their mechanical properties are hardly in-
fluenced by external factors. Furthermore, they can withstand excessive heat in case of fires.
However, their manufacturing is relatively expensive due to special manufacturing requirements
and intensive labor. To reduce the weight and labor intensity, fiber plates can be used instead of
steel plates [Kelly, 1999].

Lead Rubber Bearing

This type of bearing is in some cases referred to as the New-Zealand Isolator, because of the
country where it was invented. The configuration of lead rubber bearings (LRB) is identical to
the one of laminated rubber bearings. However, one or more lead plugs are inserted into holes
(force-fitted) to provide some additional damping, caused by the plastic deformation of the lead
(see figure D.3). The steel plates force the lead to deform in pure shear. Moreover, lead rubber
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Figure D.3: Schematic representation of a lead rubber bearing (top mounting plate not shown).

bearings have a high initial stiffness, prior to yielding of the lead. This can provide some lateral
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rigidity against service loads.

Lead yields at relatively low stress (approximately 10,5 MPa) and behaves approximately as an
elastic-plastic solid. The post-yielding stiffness can thus be represented by the shear stiffness of
the rubber layers. Furthermore, lead has good fatigue properties under cyclic loading, because
it recovers most of its mechanical properties almost immediately after yielding. Moreover, it is
available at high purity and mechanical properties are predictable [Ali and Abdel-Ghaffar, 1995].

High Damping Rubber Bearing

Just as lead rubber bearings, high damping rubber bearings (HDRB) have the same configuration
as elastomeric bearings. In contrast to LRB, high damping rubber bearings provide additional
damping by using a different rubber compound composition. In this compound, fillers, such as
carbon and resins, are added. The force-displacement characteristic (hysteretic loop) shows depen-
dency on factors, such as compounding, vulcanization, temperature and axial load. Furthermore,
the force-displacement characteristics of HDRB show stiffening (post-yielding nonconstant stiff-
ness) for moderate to high shear strains. This is demonstrated in figure D.4, which presents the
experimental force-displacement characteristics of two high damping rubber bearings with differ-
ent rubber compound composition.

Figure D.4: Experimental force-displacement characteristics of two high damping rubber bearings
[Kikuchi and Aiken, 1997].

Moreover, unlike LRB, high damping rubber bearings do not provide rigidity against service-loads.
To overcome this, one or more lead plugs can be inserted, resulting in a hybrid Lead High Damping
Rubber Bearing. These bearings excel in their compact size and limited required installation space.

D.1.2 Damping Devices

As already mentioned in section 4.1, some amount of damping has to be provided by the seismic iso-
lation system. In this section, three possible damping devices will be discussed [Skinner et al., 1993],
[Naeim and Kelly, 1999], [Komodromos, 2000].

Viscous Dampers

Viscous dampers are widely applied in mechanical analysis and practice because of their (ap-
proximately) linear relation between damper force and damper velocity. However, in structural
dynamics, large damper forces are required and, therefore, it may be difficult to obtain the viscous
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damper in the required size. Furthermore, the mechanical behaviour of viscous dampers may be
strongly temperature dependent and they may require maintenance. Typically, the configuration
of a viscous damper consists of a piston inside an enclosed cylinder, filled with a viscous fluid. In
some cases, viscous dampers are not applied as base isolation devices, but as structural members,
such as diagonal bracings (see figure D.5).

Figure D.5: Viscous damper applied as a diagonal bracing of a structure.

Lead Extrusion Dampers

In this type of dampers, lead is forced or extruded through an orifice by a piston, thereby changing
the materials shape. Because lead approximately behaves as a pure elastic-plastic solid (stress-
strain curve is almost horizontal after yielding), the force-displacement or hysteresis loop is practi-
cally rectangular (see figure D.6). Moreover, the mechanical properties of lead extrusion dampers
are very constant because of their immediate recovery after yielding. Therefore, this damper has
long life and there is no need for replacement after an earthquake.

Figure D.6: Typical force-displacement characteristic of a lead extrusion damper
[Skinner et al., 1993].

The dimensions of the damper have to be chosen in such a way that buckling of the piston rod
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is avoided. This could result in problems regarding the installation size. An example of a lead
extrusion damper in a seismic base isolation system, is shown in figure D.7.

Figure D.7: Lead extrusion damper in a seismic base isolation system.

Steel Hysteretic Dampers

Steel hysteretic dampers are based on the plastic deformation of steel. However, the low cyclic
ductility (fatigue) of the steel, imposes some restrictions on the practical application of them.
Various types of hysteretic dampers exist, depending on the shape of the steel part and the
way the deformation is applied (bending, shear). One of these types is the (tapered) cantilever
steel hysteretic damper, shown in figure D.8a. This damper is loaded perpendicular to the beam
axis. The force-displacement characteristic of this type of hysteretic damper is presented in figure
D.8b. This hysteresis loop typically shows nonlinear stiffening behaviour. An example of a totally
different configuration of a steel hysteretic damper, is given in figure D.9a. Finally, to improve
the ductility of hysteretic dampers, in some cases, lead is used instead of steel, as shown in figure
D.9b.

(a) (b)

Figure D.8: Cantilever steel hysteretic damper (a) with force-displacement characteristic (b)
[Skinner et al., 1993].

D.1.3 Friction-Based devices

The decoupling of a structure from the, potentially hazardous, earthquake ground motions, is
based on the reduction of the transmission of shear forces from the ground to the superstructure’s
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(a) (b)

Figure D.9: Example of a steel hysteretic damper (a), lead hysteretic damper in conjunction with
a high damping rubber bearing (b).

base. Next to the already mentioned base isolation devices, this can be accomplished by friction-
based devices [Skinner et al., 1993], [Naeim and Kelly, 1999], [Komodromos, 2000]. During stick,
friction namely allows transmission of (shear) forces up to a certain level (static or break-away
level), beyond which sliding (slip) occurs and transmission is limited to a dynamic friction level.
In this section, various isolation devices with friction will be elaborated. For all these systems, it
holds that mechanical properties may vary because of the time-varying nature of friction. Temper-
ature variation, wear, aging and many other factors may also influence the friction characteristic
considerably.

Pure Friction System

This system is the most elementary friction-based isolation system. It consists of two parallel
horizontal surfaces, which slide relatively to each other. In some cases, ball bearings are used to
reduce the friction coefficient, because rolling friction is (usually) far less than sliding friction. The
sliding surfaces are often composed of stainless steel and/or a high pressure capacity teflon-based
composite. The static friction level provides some resistance to service loads. A disadvantage of
this type of systems, is that the response displacement at the isolation level may be relatively
large, increasing the needed seismic gap. Furthermore, due to the absence of a restoring force,
a significant permanent, residual displacement may result after an earthquake. Hydraulic jacks
may then be necessary to return the structure to its original position. However, in most cases,
the permanent displacement is reduced by combining the pure friction system with recentering
devices, such as elastomeric-based ones.

Resilient Friction Base Isolation

This device consists of various horizontal sliding plates, alternated with teflon layers, resulting in
multiple sliding surfaces. To provide a restoring force, a rubber plug is placed in the center of the
bearing. In addition, a steel rod is inserted in the rubber core, to assure that the displacement of
the bearing is not concentrated at a single isolation level.

Electricité-de-France System

The configuration of the electricité-de-France system is composed of a laminated rubber bearing,
on top of which a sliding surface is mounted. The base of the superstructure rests on this sliding
surface. Again, no restoring force is generated during an earthquake and a residual displacement
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can thus occur. The superiority of other friction systems in terms of their seismic response, has
caused that this system is hardly applied in practice.

Friction Pendulum System

The friction pendulum system (FPS) is an isolator that combines a sliding action with a restoring
force by its geometry. In figure D.10, a schematic representation of a FPS is given. This isolation
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Figure D.10: Schematic representation of the friction pendulum system.

device is formed by three elements. The first element is a housing plate, which is connected to
the superstructure’s base. This plate contains the second element, the articulated slider. This
slider is in contact with a concave plate, which is connected to the foundation. This plate is the
third element of the system. In most cases, the concave sliding surface is made of stainless steel,
whereas the slider is coated with a teflon-based composite. Two practical examples of friction
pendulum systems are shown in figure D.11.

Figure D.11: Two examples of friction pendulum systems.

As sliding occurs, the slider moves over the concave surface, causing a rise of the supported
mass and generating a recentering action, thus reducing the residual displacement. The radius
of curvature of the surface determines the fundamental frequency of the isolated structure. In
structural dynamics, the supported mass is often approximated by a rigid body. The isolated
fundamental frequency of the system is then independent of the mass of the superstructure. This
principle can be compared to the fundamental frequency of a pendulum, hence the name of the
isolation system.

Rolling System with Restoring Properties

The working principle of this system is equivalent to the one of the friction pendulum system.
However, here, instead of an articulated slider, a ball is used, which is placed between two opposing
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concave surfaces. The original configuration and situation under seismic loading are given in figure
D.12. Next to the radius of curvature of the concave surfaces, also the radius of the ball can be
modified to acquire the desired seismic response.
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Figure D.12: Depiction of the rolling system with restoring properties in original and loaded
configuration.

In practice, one or more of these rolling systems are placed under each support point of the
superstructure. In general, balls are used to obtain a multidirectional isolation, but, in some cases,
rods are applied for unidirectional decoupling. The advantage of rolling systems with restoring
properties over the friction pendulum system is that, in general, rolling friction is far less than
sliding friction.

D.2 Modelling of Isolation Devices

In this section the dynamic modelling of the various seismic isolation devices will be considered. A
division will be made between laminated rubber bearings, devices with hysteretic properties and
friction devices.

D.2.1 Laminated Rubber Bearing

The laminated rubber bearing is the only elastomeric isolation system with a linear stiffness and
damping characteristic. As already mentioned in section D.1.1, the damping ratio is in the order of
3% [Skinner et al., 1993], [Naeim and Kelly, 1999], [Lindley, 1974]. For laminated rubber bearings
with steel interleaved plates, the horizontal stiffness is given by:

KH =
GA

tr
, (D.2)

with G the shear modulus [N/m2], A the cross-sectional area of the bearing [m2] and tr the total
height of all rubber layers, excluding the height of the steel plates [m]:

tr = nlayert . (D.3)

Herein, nlayer is the number of rubber layers [-] and t is the height of one rubber layer [m].
However, when the bearing is axially loaded, the horizontal stiffness is influenced . For a more
detailed analysis of the influence of fiber plates and the axial load on the horizontal and vertical
stiffness of these bearings, the reader is referred to [Naeim and Kelly, 1999] and [Kelly, 1997].

D.2.2 Hysteretic Devices

Isolation systems, such as lead rubber bearings, high damping rubber bearings, lead extrusion
dampers and steel hysteretic dampers, are characterized by a (highly) nonlinear force-displacement
characteristic, often with nonlinear stiffening. Dynamic modelling of these systems on a physi-
cal base, is far from straightforward, if not impossible. Therefore, often, mathematical mod-
els on a phenomenological base are employed, to describe their mechanical characteristics. In
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many cases, next to constitutive models, the Bouc-Wen model is used [Wen, 1976] (see also,
for instance, [Schwanen, 2004], [Ni et al., 1998], [Tsai et al., 2003], [Moreschi and Singh, 2003],
[Fenves et al., 1998]). This model will be discussed in this section.

The Bouc-Wen model typically consists of an output equation and a differential equation:

F = αK0x + (1 − α)K0uyz , (D.4a)

żuy = βẋ − (γ + δsign(zẋ))z2ẋ . (D.4b)

Herein, F represents the (restoring) force [N], K0 the initial stiffness [N/m], α the post- to
pre-yield stiffness ratio [-], uy the yield-displacement [m], x the isolator displacement [m] and
z a dimensionless variable that governs the plastic deformation. Furthermore, β, γ and δ are
dimensionless variables. It is noted that various formulations of the Bouc-Wen model exist, such
as:

F = αK0x + (1 − α)K0uyz , (D.5a)

żuy = βẋ − γẋ|z|n + δ|ẋ|z|z|n−1 , (D.5b)

with dimensionless parameter n. Furthermore, modifications of the Bouc-Wen model have been
derived for bi-directional excitation [Park et al., 1986], [Casciati, 1989].

An example of the force-displacement characteristic of the Bouc-Wen model is given in figure
D.13. The various parameters determine the shape of the hysteresis loop. After choice of (a
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Figure D.13: Example of the force-displacement characteristic of the Bouc-Wen model (D.4), with
K0 = 106 N, α = 0.1, uy = 10−2 m, β = 1, γ = 0.1 and δ = 0.5.

formulation of) the Bouc-Wen model, an experimental fit has to be made, to identify the model
parameters. However, this identification procedure can be troubled by multiple local optima, which
result in different parameter sets with almost identical outcome [Schwanen, 2004], [Ni et al., 1998],
[Moreschi and Singh, 2003]. Furthermore, these identified parameters are only valid for the con-
ditions under which the experimental characteristic is obtained. This implies that the quality of
the identified model under varying conditions has to be validated.

Nevertheless, the Bouc-Wen model has some advantages. It is a practically convenient represen-
tation of a force-displacement characteristic, which captures the essence of hysteretic behavior.
Moreover, the model is in the form of a differential equation and is thus easy to incorporate in the
equations of motion of the superstructure.
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D.2.3 Friction Devices

The modelling of a pure friction system is treated in section 4.2. For the sake of brevity, this is not
repeated here. Moreover, to limit the scope of the research, the modelling of other friction devices
is not considered. For more elaborate information about the modelling of the friction pendulum
system, the reader is referred to [Almazán and de la Llera, 2001].



Appendix E

Switch-model

In the switch-model, the friction force is given by [van den Heuvel, 2002]:

Fw = µFnSign(ẋ) , (E.1)

with Sign(ẋ) the set-valued equivalent of the sign-function:

Sign(ẋ) ∈





1 if ẋ > 0,
−1 if ẋ < 0,

[-1, 1] if ẋ = 0.
(E.2)

In this switch-model, three states can be distinguished. First of all, the slip state is defined by
ẋ 6= 0. The stick state is given by ẋ = 0 and ẍ = 0. There is, in other words, no relative movement
between the contacting sliding surfaces and the friction force counteracts all other external forces,
resulting in a zero acceleration. The crossing between these two states is called the transition
phase. During the transition phase, ẋ = 0 and ẍ 6= 0. The external forces exceed the static
friction level and the contacting surfaces start slipping. The general equations of motion of the
base-isolated structure are given by [van den Heuvel, 2002], [van de Wouw, 2003]:

Mq̈ − h(q̇, q) + Sλ = RT λ , (E.3a)

Rq̈ = 0 , (E.3b)

which enable calculation of the unknown column of constraint forces λ and accelerations q̈:

λ = −[RM−1(RT − S)]−1RM−1h(q̇, q) , (E.4a)

q̈ = M−1{h(q̇, q) + (RT − S)λ} . (E.4b)

The definitions of R, S and λ vary with the state configuration (slip, stick or transition) and
are stated below. Because the system consists of two friction elements, there are 32 = 9 main
configurations that have to be checked for their applicability. In the definitions, it is assumed that

the column of dof’s is partitioned according to q =
[
q

b
q

i

]T
.

E.1 Slip / Slip

R =

[
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)

]
, (E.5)

λ =

[
Fn1

Fn2

]
, (E.6)
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S =




µ1sign(ẋ1) 0
0 0
0 0
0 µ2sign(ẋ2)
0 0
0 0

zeros(ni, 1) zeros(ni, 1)




. (E.7)

Herein, the sign-function equals:

sign(ẋ) =





1 if ẋ > 0,
−1 if ẋ < 0,
0 if ẋ = 0.

(E.8)

E.2 Stick / Slip

R =



−1 0 0 0 0 0 zeros(1, ni)
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)


 , (E.9)

where the minus-sign is caused by the fact that the friction force is directed opposite to the relative
velocity.

λ =




Fw1

Fn1

Fn2


 , (E.10)

S =




0 0 0
0 0 0
0 0 0
0 0 µ2sign(ẋ2)
0 0 0
0 0 0

zeros(ni, 1) zeros(ni, 1) zeros(ni, 1)




. (E.11)

It is noted, that, in this case, the friction force is a constraint force as it counteracts all other
external forces, with constraint equation ẍ = 0. Furthermore, it has to be checked that |Fw1

| ≤
µ1Fn1

.

E.3 Transition / Slip

R =

[
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)

]
, (E.12)

λ =

[
Fn1

Fn2

]
, (E.13)
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S⊕ =




+µ1 0
0 0
0 0
0 µ2sign(ẋ2)
0 0
0 0

zeros(ni, 1) zeros(ni, 1)




, S	 =




−µ1 0
0 0
0 0
0 µ2sign(ẋ2)
0 0
0 0

zeros(ni, 1) zeros(ni, 1)




. (E.14)

In the transition stage, the friction force is bounded by its static friction level ±Fs. Both cases,
S⊕ and S	, thus have to be evaluated, after which for each case it has to be checked if sign(Fw1

) =
sign(ẍ1). If for case ⊕, sign(Fw1

) = sign(ẍ1)=+1, then case ⊕ is applicable. Otherwise, if for case
	, sign(Fw1

) = sign(ẍ1)=-1, case 	 is applicable.

E.4 Slip / Stick

R =




0 0 0 −1 0 0 zeros(1, ni)
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)


 , (E.15)

λ =




Fw2

Fn1

Fn2


 , (E.16)

S =




0 µ1sign(ẋ1) 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

zeros(ni, 1) zeros(ni, 1) zeros(ni, 1)




. (E.17)

It has to be checked that |Fw2
| ≤ µ2Fn2

.

E.5 Slip / Transition

R =

[
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)

]
, (E.18)

λ =

[
Fn1

Fn2

]
, (E.19)

S⊕ =




µ1sign(ẋ1) 0
0 0
0 0
0 +µ2

0 0
0 0

zeros(ni, 1) zeros(ni, 1)




, S	 =




µ1sign(ẋ1) 0
0 0
0 0
0 −µ2

0 0
0 0

zeros(ni, 1) zeros(ni, 1)




. (E.20)

If for case ⊕, sign(Fw2
) = sign(ẍ2)=+1, then case ⊕ is applicable. Otherwise, if for case 	,

sign(Fw2
) = sign(ẍ2)=-1, case 	 is applicable.
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E.6 Stick / Stick

R =




−1 0 0 0 0 0 zeros(1, ni)
0 0 0 −1 0 0 zeros(1, ni)
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)


 , (E.21)

λ =




Fw1

Fw2

Fn1

Fn2


 , (E.22)

S =




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

zeros(ni, 1) zeros(ni, 1) zeros(ni, 1) zeros(ni, 1)




. (E.23)

In this configuration, it has to be checked whether |Fw1
| ≤ µ1Fn1

∧ |Fw2
| ≤ µ2Fn2

.

E.7 Transition / Stick

R =




0 0 0 −1 0 0 zeros(1, ni)
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)


 , (E.24)

λ =




Fw2

Fn1

Fn2


 , (E.25)

S⊕ =




0 +µ1 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

zeros(ni, 1) zeros(ni, 1) zeros(ni, 1)




, S	 =




0 −µ1 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

zeros(ni, 1) zeros(ni, 1) zeros(ni, 1)




.

(E.26)

If for case ⊕, |Fw2
| ≤ µ2Fn2

∧ sign(Fw1
) = sign(ẍ1) = +1, then case ⊕ is applicable. Otherwise,

if for case 	, |Fw2
| ≤ µ2Fn2

∧ sign(Fw1
) = sign(ẍ1) = −1, case 	 is applicable.

E.8 Stick / Transition

R =



−1 0 0 0 0 0 zeros(1, ni)
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)


 , (E.27)
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λ =




Fw1

Fn1

Fn2


 , (E.28)

S⊕ =




0 0 0
0 0 0
0 0 0
0 0 +µ2

0 0 0
0 0 0

zeros(ni, 1) zeros(ni, 1) zeros(ni, 1)




, S	 =




0 0 0
0 0 0
0 0 0
0 0 −µ2

0 0 0
0 0 0

zeros(ni, 1) zeros(ni, 1) zeros(ni, 1)




.

(E.29)

If for case ⊕, |Fw1
| ≤ µ1Fn1

∧ sign(Fw2
) = sign(ẍ2) = +1, then case ⊕ is applicable. Otherwise,

if for case 	, |Fw1
| ≤ µ1Fn1

∧ sign(Fw2
) = sign(ẍ2) = −1, case 	 is applicable.

E.9 Transition / Transition

R =

[
0 1 0 0 0 0 zeros(1, ni)
0 0 0 0 1 0 zeros(1, ni)

]
, (E.30)

λ =

[
Fn1

Fn2

]
, (E.31)

S⊕⊕ =




+µ1 0
0 0
0 0
0 +µ2

0 0
0 0

zeros(ni, 1) zeros(ni, 1)




, S⊕	 =




+µ1 0
0 0
0 0
0 −µ2

0 0
0 0

zeros(ni, 1) zeros(ni, 1)




,

S	⊕ =




−µ1 0
0 0
0 0
0 +µ2

0 0
0 0

zeros(ni, 1) zeros(ni, 1)




, S		 =




−µ1 0
0 0
0 0
0 −µ2

0 0
0 0

zeros(ni, 1) zeros(ni, 1)




.

(E.32)

Next, the following checks have to be performed:
If for case ⊕⊕, sign(Fw1

) = sign(ẍ1) = +1 ∧ sign(Fw2
) = sign(ẍ2) = +1, case ⊕⊕ is applicable.

If for case ⊕	, sign(Fw1
) = sign(ẍ1) = +1 ∧ sign(Fw2

) = sign(ẍ2) = −1, case ⊕	 is applicable.
If for case 	⊕, sign(Fw1

) = sign(ẍ1) = −1 ∧ sign(Fw2
) = sign(ẍ2) = +1, case 	⊕ is applicable.

If for case 		, sign(Fw1
) = sign(ẍ1) = −1 ∧ sign(Fw2

) = sign(ẍ2) = −1, case 		 is applicable.

E.10 Remarks

In the above sections, various conditions are posed to determine which solution is applicable.
However, these conditions are necessary conditions, not sufficient ones [van den Heuvel, 2002].
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Therefore, it might occur that zero or multiple solutions are possible. It is noted that these prob-
lems have not been encountered during numerical simulations, although this is not a proof that
uniqueness of solutions exists.

In the switch-model, a band or boundary layer is constructed around the hypersurface of the stick
phase Ω = {x ∈ R2n|ẋ1 = 0 ∨ ẋ2 = 0}, where R2n represents the 2n-dimensional state space

x =
[
q q̇

]T
, to prevent large computational demands of numerical simulations. This switch band

forms a subspace, in which the vector field is such that the solution is pushed towards its middle,
the hypersurface. The switch band is given by:

|ẋi=1,2| ≤ η , (E.33)

with η the width of the switch band [m/s]. This width has to be chosen small enough to yield a
good approximation. Furthermore, to force the solution to the hypersurface during stick, ẍi=1,2

is put to ẍi=1,2 = −ẋi=1,2. For more elaborate information about the switch-model, the reader is
referred to [van den Heuvel, 2002].

As a final remark, it is mentioned that the constraint stabilisation, as mentioned in section 4.2.4,
can also be applied to the switch-model. Hereto, only the part of the constraint equations related
to the vertical displacement of the ground-level nodes (ÿi=1,2 = 0), has to be stabilised. Moreover,
in appendix F, the numerical implementation of the equations of motion for the switch-model, is
elucidated.



Appendix F

Numerical Implementation of the
Equations of Motion

The equations of motion for the fixed-base and isolated-base structure, are given in (3.6) and
(4.10), respectively. In (4.10), both a smooth and switch-model formulation of the Coulomb fric-
tion model, can be applied. As mentioned in section 4.2.4, the smooth atan-approximation is
primarily utilised in the numerical simulations, whereas the switch-model is employed as valida-
tion. Matlab is used for the implementation of all these equations of motion.

In Matlab, a number of solvers are available, which are able to solve ordinary differential equa-
tions. Moreover, the equations of motion can be written down in a m-file, or set-up in a SIMULINK

model, to compute the behaviour of the system in time. During fixed- and isolated-base simula-
tions, it appeared that the latter method yielded the quickest solutions, regardless of the applied
solver. For example, an arbitrary earthquake simulation of the isolated structure in SIMULINK

requires approximately 10 seconds, compared to 30 to 60 minutes for m-files. This difference is
probably caused by the use of efficiently compiled internal functions in SIMULINK. Therefore, in
this research, SIMULINK is used instead of m-files.

Next, a solver and integration tolerances have to be chosen. For the equations of motion of the
fixed-base structure, both stiff and non-stiff solvers can be applied. However, for the isolated-
base situation, stiff solvers are only suitable for the smooth atan-approximation, whereas non-stiff
solvers are required for the switch-model. After extensive research, in which numerous fixed- and
isolated-base simulations were performed and compared for various solvers and tolerances, it is
chosen to use the ode45 solver for the isolated-base simulations with switch-model. In all other
cases (fixed-base and isolated-base with smooth approximation), the ode23tb solver is used. These
solvers rendered the quickest and most accurate solutions, without becoming unstable. Moreover,
as integration tolerances, a relative and absolute tolerance of 10−6 were chosen. Decreasing these
tolerances only gave rise to the simulation time, while the results remained unchanged.

Finally, for the smooth and switch-model formulation of the Coulomb friction model, two param-
eters remain, that need to be appropriately chosen, namely ε and η. The variable ε determines
the slope of the atan-approximation near a zero relative sliding velocity. The width of the switch-
band around the stick phase of the switch-model is given by η. In some preliminary simulations,
ε and η were, respectively, increased and decreased, until the simulation results did not change
significantly and only the simulation time was increased. Numerical values of ε and η of 7500 and
10−5 m/s, respectively, resulted. In the case of the atan-approximation, this means that an error
of less than 1% is made when the sliding velocity equals ±10−3 m/s.

In conclusion, a comparison is made between the simulation results of both formulations. The
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isolator displacement xiso of the base-isolated system, for a certain earthquake record input, is
shown in figure F.1. Clearly, the results are in agreement. Moreover, other parameters of interest,
such as the interstory drift ratio IDR and the floor acceleration a, are equal for both formulations.
However, the smooth approximation requires slightly smaller simulation times than the switch-
model. This is the reason why the atan-formulation is primarily used, whereas the switch-model
is applied for validation.
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Figure F.1: Isolator displacement xiso of the base-isolated system, for the smooth and switch-
model formulation of the Coulomb friction model.



Appendix G

Stress Analysis

In a linear elastic material model, the stress is a function of strain only. Therefore, the forces
acting on a beam element can be calculated by [Bathe, 1996]:

F el = Kelqel
, (G.1)

with Kel the stiffness matrix of the beam element and q
el

=
[
x1 y1 θ1 x2 y2 θ2

]T
the

dof-column. Herein, xi=1,2, yi=1,2 and θi=1,2 represent the horizontal, vertical and rotational
displacement of nodes 1 and 2, respectively. The force column consists of the horizontal (axial)
and vertical (tangential) forces and the moments acting at the nodes. The maximum axial stress
then equals [Fenner, 1991]:

σy = max

∣∣∣∣
Fx

A

∣∣∣∣ , (G.2)

where A represents the cross-sectional area [m2] of the beam and Fx denotes the axial force [N].
The maximum bending stress is given by:

σz = max

∣∣∣∣
ζMz

I

∣∣∣∣ . (G.3)

The parameter ζ is the distance from the neutral bending axis to the outermost part of the cross-
sectional area (half the width of the beam) [m]. The bending moment is represented by Mz [Nm]
and I equals the cross-sectional moment of inertia [m4]. The maximum normal stress can be
calculated as:

σmaxn
= σy + σz , (G.4)

whereas the maximum shear stress is:

τ =
3

2
max

∣∣∣∣
Fy

Aw

∣∣∣∣ . (G.5)

Herein, Fy represents the tangential force acting on the beam section, while the parameter Aw

denotes the web area of the beam. Next, the principle stresses are considered [Fenner, 1991]:

σ1 =
σmaxn

2
+

1

2

√
σ2

maxn
+ 4τ2 , (G.6a)

σ2 =
σmaxn

2
− 1

2

√
σ2

maxn
+ 4τ2 . (G.6b)

Finally, the Von Mises yield-criterion is applied. According to this criterion, the effective stress,
σe, equals:

σ2
e = σ2

1 + σ2
2 − σ1σ2 . (G.7)
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Yielding does not occur when:

σe ≤ σY , (G.8)

with the yield stress denoted by σY . It is noted that the highest effective stresses σ = σe are
encountered in nodes 1 and 2 of figure 4.3. At those places, the largest static and dynamic loading
is encountered. The yield stress of the elements at nodes 1 and 2 equals 355 MPa (see appendix
A).



Appendix H

Arclength Continuation

To improve the convergence of periodic solution solvers and/or enable path-following around bifur-
cations, the arclength continuation method can be applied. In arclength continuation, a predictor
step is taken tangent to the branch and, subsequently, corrector steps are performed to converge
to the branch [Leine and van de Wouw, 2001], [Fey, 1992].

The predictor step is locally tangent to the branch, where the tangent is given by the vector p.

The tangent p =
[
pT

x
pν

]T
can be obtained from:

∂H

∂x0

p
x

+
∂H

∂ν
pν = 0 . (H.1)

Herein, ν equals the bifurcation parameter. Because only the direction is of interest, pν is set to
1 and p

x
is solved. Next, the predictor in continuation step j is found by taking a step in the

direction of p:
[
x

(j)
p0

ν
(j)
p

]
=

[
x

(j)
0

ν(j)

]
+ σ

[
p(j)

x

p
(j)
ν

]
, (H.2)

with step length σ. Next, the corrector steps are performed. These are similar to the Shooting
Method, except that the value of ν is not fixed. A zero of H(x0, T, ν) is found by a Newton-
Raphson procedure:

∂H

∂x0

∆x0 +
∂H

∂ν
∆ν = −H(x0, T, ν) . (H.3)

To solve these equations, one additional equation is needed. This equation forms a condition on
the direction of the corrector step. As a possible condition, this direction is taken perpendicular
to the predictor step, as this is likely to be the shortest route to the branch:

pT
x
∆x0 + pν∆ν = 0 . (H.4)

This results in the following set of equations that need to be solved:
[
ΦT − I ∂H

∂ν
pT

x
pν

] [
∆x0

∆ν

]
=

[
x0 − xT

0

]
. (H.5)

Next, the following update is performed in corrector step m:
[
x

(m+1)
0

ν(m+1)

]
=

[
x

(m)
0

ν(m)

]
+

[
∆x

(m)
0

∆ν(m)

]
, (H.6)

with the predictor (x
(j)
p0

, ν
(j)
p ) as a starting point of the corrections (m = 0). More elaborate

information about, for instance, the choice of the predictor step length σ and convergence criteria,
can be found in [Fey, 1992].
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Appendix I

CD Contents

In this appendix, a general description is given of the various movies. Furthermore, the parameter
values, for which these movies are obtained, are reported.

movie 6 1.avi Floquet multipliers λi as a function of the horizontal excitation frequency
fhor in the range of 2.5 to 10 Hz, for an excitation amplitude of 0.5 m/s2.
Isolator parameter values Klam = 5.0 · 104 N/m, c = 1.0 · 104 Ns/m and
µ = 0.03.

movie 6 2.avi Graphical representation of the periodic solution at a horizontal excita-
tion frequency fhor of 0.01 Hz and an excitation amplitude of 0.5 m/s2.
Isolator parameter values Klam = 5.0 · 104 N/m, c = 1.0 · 104 Ns/m
and µ = 0.03. All displacements are relative to the surrounding ground
(observer viewpoint moves with the surrounding ground). Furthermore,
horizontal displacements of the superstructure, relative to its base, and
isolator displacements, are amplified by a factor of 200 and 5, respec-
tively, for visualisation. The visualised horizontal displacement of a node
i, relative to the surrounding ground, thus equals:

xvisual
i = 5xiso + 200 (xi − xiso) ,

with xi the horizontal displacement of node i, relative to the coordinate
system (X,Y, Z) and isolator displacement xiso.

movie 6 3.avi As movie 6 2.avi, but for fhor = 0.05 Hz.

movie 6 4.avi As movie 6 2.avi, but for fhor = 0.10 Hz.

movie 6 5.avi As movie 6 2.avi, but for fhor = 0.15 Hz.

movie 6 6.avi As movie 6 2.avi, but for fhor = 0.25 Hz.

movie 6 7.avi As movie 6 2.avi, but for fhor = 0.50 Hz.

movie 6 8.avi As movie 6 2.avi, but for fhor = 1.00 Hz.

movie 6 9.avi As movie 6 2.avi, but for fhor = 2.00 Hz.
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