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Abstract

This paper discusses three recently proposed procedures for the identification
of Piece-Wise AutoRegressive eXogenous (PWARX) models. The problem of
identifying PWARX models involves the estimation of both the parameters of
the affine subsystems and the partitions of the domain for which each subsystem
is valid. By applying the procedures on I-dimensional examples certain effects
are stated out which can help to explain the behavior of the procedures in more
complex real life situations. Quantitative measures are introduced to compare
the quality of the identified models.

1 Introduction

In this paper we present a study on the comparison of three recently proposed
procedures for the identification of AutoRegressive eXogenous (PWARX) mod
els. The procedures present different approaches for solving the problem of
reconstructing the Piece-Wise Affine (PWA) map. The procedure proposed in
[5] reduces the problem of classifying the data to an optimal clustering prob
lem. The second procedure we discuss is presented in [2] and approaches the
problem as that of partitioning an infeasible system of linear inequalities into a
minimum number of feasible subsystems exploited by a greedy algorithm. The
last procedure, proposed in [7], treats the problem as an algebraic geometric
problem.

In section 2 we will give an introduction on the class of PWARX models. A
brief overview of each of the three identification procedures is given in section
3. In this section we also propose several quality measures by which the results
of the procedures can be compared. In the sections 4, 5 and 6 we apply the
procedures to some specially constructed examples to emphasize certain prop
erties of the procedures. In section 7 we show the effects that different noise
realizations have on the identified models, and in section 8 we discuss what ef
fects the procedure specific tuning parameters have on the identified model. In
section 9 we consider the application of the procedures for data obtained from
an experimental setup of a pick-and-place machine discussed in [6]. Finally we
give conclusions and recommendations in section 10.

2 Problem statement

In this paper we compare three procedures that identify input-output models
with the structure of a PWA system. These models are obtained by general
izing classical AutoRegressive eXogenous (ARX) models to PWARX models.
PWARX models are obtained by partitioning the regressor space in a finite
number of convex polyhedral regions where for each partition an ARX model
is valid. The aim of the procedures is to reconstruct the PWA map f : X --+ lR
from a finite set of datapoints N = {x(k),y(k)}t'=l' The PWARX model has
the form,

y(k) = f(:r(k)) + c(k),

where c(k) is a perturbation term and the PWA map is defined as,
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where x(k) is a vector of regressors defined as,

x(k) ~ [y(k-1)y(k-2) '" y(k-na )

u'(k - 1) u'(k - 2) ... u'(k - nb) ]',

where k is the time index as y E JR and 11 E JRrn represent the outputs and the
inputs of the system respectively. The definition of the regressor is given for
Multiple Input Single Output (MISO) systems, since all three procedures can
be used for identifying MISO-systems. In this paper we only use the procedures
for Single Input Single Output (SISO) systems. Furthermore, ()i E JRn+1 is the
parameter vector with n = n a +mnb. The bounded regressor set X is partitioned
in s convex polyhedral partitions {Xi}:=1 for which the following holds,

UXi=XEJRn, (4)
i=1

and

Xi nXj =0, (5)

with i -I- j.
Identification of PWARX-models becomes a challenging problem when it in

volves the estimation of both the parameter vectors {(),}f=1 and the regions of
the regressor set {X,}:=1 on the basis of the available dataset N. If the parti
tions of the regressor set are known a priori, it is easy to see that the problem
complexity reduces to that of a linear system identification problem, since the
datapoints can be classified to its partition, and a linear system identification
method can be applied to each of these subsets of N.

3 Compared procedures

In this paper we discuss the following three procedures,

• a clustering procedure,

• a greedy procedure and

• an algebraic procedure

which estimate PWARX-models from a set of datapoints N. The procedures
all perform the estimation of both the parameter vectors and the regions of the
regressor set. The greedy and algebraic procedure first estimate the parameter
vectors, classify the datapoints, and then estimate regions for the regressor
set. The clustering procedure doesn't divide the estimation of the parameter
vectors and classification of the datapoints in two separate steps, explicitly.
The estimation of the parameter vectors and classification of datapoints is done
differently by all procedures while the estimation of the regions is done in a
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similar way by all three procedures. To solve the problem of estimating the
parameter vectors some assumptions are made e.g. all procedures require a
predefined order estimate n of the system. For the clustering procedure the
number of subsystems s is required also. For the other two procedures the
number of subsystems s is implicitly defined by the tuning parameters of the
procedures. The algebraic procedure can also be modified to identify a fixed
number of subsystems s.

Once the parameter vectors have been estimated and the datapoints have
been classified. regions for the regressor set, {Xd:=l can be estimated. The
basic idea of the region estimation is as follows. We are looking for a separating
hyperplane described by, lvI:jx = mij where lv!ij and mij are of the appropriate
dimensions which separate the regions Xi and Xj with 'j i= j and leading to
lvII/I: S; mij when :r E Xi and to MIjx > mij when :z: E X j . If the two regions are
not linearly separable we are interested in a generalized separating hyperplane
which minimizes the number of misclassified datapoints. The method we use
for estimating the separating hyperplanes in this paper is Multicategory Robust
Linear Programming (MRLP). It consists in solving a classification problem
involving more than two classes and involving all the available data. Discussion
on MRLP is outside the scope of this paper, for a detailed discussion of this
procedure see [3].

In the following sections we give an overview of the steps each procedure
performs to estimate the parameter vectors and to classify the datapoints.

3.1 Clustering procedure

The first procedure we discuss is one that is based on elustering the datapoints
in a feature space. For a more profound discussion on the procedure see [5].
Here only the main steps of the procedure will be stated,

• Build for each datapoint (x( k), y(k)) from the dataset N a local dataset Ck

containing its c-l nearest datapoints according the Euclidian norm in the
regressor space X. With this step it is implicitly assumed that datapoints
that are close in the regressor space belong to the same subsystem. The
local datasets only collecting data belonging to a single subsystem are
referred to as pure local datasets. Local datasets collecting data generated
by different subsystems are called mixed local datasets.

• Calculate otS for each local dataset using least squares on Ck and deter
mine the mean mk of Ck . Each datapoint (x(k), y(k)) is thereby mapped
onto the feature space represented by ~k = [(ots)" m~]'.

• Group points {~k}t'=l in s clusters by minimizing a suitable cost function
and put the indexes of the elements in the partitions {Vd:=l'

• Since the mapping of the datapoints onto the feature space is bijective the
data subsets {F; }:=l can be built using the partitions {Vd:=l' Parameter
vectors {O;}:=l are estimated from data subsets F i again by least squares.

The parameters sand c are the tuning parameters in this procedure.
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IIBit +1l
- Bit) 11/IIWl II s::" v; = 1, ... , .5, (11 )

is satisfied. Meaning that the updates for {Bit+1l }f=1 are relatively small

with respect to previous parameter vectors {Bit) }f=l for all subsystems,
where t is the iteration number.

The tuning parameters of this procedure are 0:, (3, , and D. These parame
ters implicitly determine the estimated number of subsystems .5, returned by
the procedure for a certain dataset N. Since the convergence properties of the
refinement algorithm are still under investigation, also a maximum number of
iterations tma:r is used to terminate the refinement algorithm in case the esti
mations of the parameter vectors don't converge.

3.3 Algebraic procedure

This procedure approaches the problem of identifying a PWARX model as an
algebraic geometric problem and is discussed in [7]. For this procedure we write
some of the equations used in [7] in a form that is consistent with the notations
used in this paper.

The algebraic procedure establishes a connection between hybrid systems
identification and polynomial factorization. Where the number of subsystems is
represented as the degree of a homogeneous polynomial and the model param
eters as roots (factors) of such a polynomial. The idea behind the procedure
is that the datapoints of a dataset N lie on the hyperplanes over the regressor
space X defined by the parameter vectors {B;}f=l' The procedure uses the hy
brid decoupling constraint (HDC) to decouple the estimation of the extended
parameter vector {ldf=l from the classification of the datapoints. The HDC is
in [7] defined as

Ps(z) ~ II(l';z) = O.
;=1

Writing the HDC consistent with the notations used in this paper we get,

II(y(k) - cp'(k)B;) = 0,
;=1

(12)

(13)

so l; = [B~ 1]' E JI.tn+2 and z = [::r;' 1 - y] E JI.tn+2. The procedure performs
following steps.

• Map the input/output data according the veronese map,

(14)

where

with

(15)

(16)
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3.2 Greedy procedure

The second procedure we discuss uses a greedy algorithm to estimate the initial
parameter vectors after which several refinement steps are applied on these
parameter vectors. The procedure is discllssed in more detail in [2]. Throughout
the procedure the key approach consists in selecting a bound 8 > 0 on the
prediction error,

I y(k) - <p'(k)B Is 8, 'ik = 1, ... , N, (6)

where <p(k) = [x'(k) I]'. Equation (6) can also be written as following pair of
complementary inequalities,

{
<p'(k)B
<p'(k)B

< y(k)+8
> y(k)-8 '

'i k = 1, ... , N. (7)

• The first step in the procedure uses a suboptimal version of a MIN-PFS
algorithm proposed in [1]. The algorithm partitions an infeasible system
of inequalities of type (7) into s feasible subsystems for a given dataset
N. Each Bi is optimized such that it maximizes the number of datapoints
satisfying the complementary inequalities (7). Updates of Bi are computed
using a randomized and thermal relaxation algorithm.

• A refinement algorithm is repeatedly applied to the previously found set
of parameter vectors {Bdf=l and data subsets {Fdf=l in order to improve
both the parameter vector estimations and the data classification. During
the refinement the parameter vectors are re-estimated by applying the
projection estimate defined as,

<pp(F;) = argmin max I y(k) - <p'(k)B I .
(/ (y(k),x(k))E:F";

(8)

In a second step, subsystems are merged if the parameter vectors are
similar. The similarity measure is defined as,

(9)

where two parameter vectors are considered similar if ai' ,j' < a. Next,
datapoints that satisfy (7) for only one of the parameter vectors {Bdf=l
are classified to the subsets {Fdf=l' The datapoints that don't satisfy
(7) for any of the estimated parameter vectors are not classified and will
be marked as infeasible. Datapoints satisfying (7) for more then one es
timated parameter vector will be marked as undecidable. After this step
the subsystems for which the cardinality of F i is too small according,

(3" = . min .IFi(t)I/N S f3
1=1. .... 8

(10)

will be discarded where f3 is a tuning parameter of the procedure repre
senting the relative minimum cardinality of the subset with respect to the
cardinality of the dataset N. The refinement steps are repeated until the
termination condition,
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and define the matrix La E jRNxM; as,

The number of subsystems s is then given by,

s = min{ i : rank(L i ) = M i - I}.

(17)

(18)

This rank constraint doesn't hold in the presence of noise. In the cases
where there is noise, the rank of La is declared to be 7' if CYrH / CYr < c,
where CYi is the i-th singular value of La and c the tuning parameter of the
procedure.

• Recover the coefficients h E jRM; of the monomials in l/s(Z) from the
homogeneous polynomial (12) by solving the linear equations,

(19)

• Recover the last 2 entries of each li by computing the roots of a homo
geneous polynomial of degree .5 in the two variables zn+ 1 and Zn+2 for
which is known that the last element of li = 1 by definition and the roots
are assigned to the second last elements of {li}f=l' Note that during this
step the procedure can compute complex values if the data is not properly
conditioned.

• The remaining parameters are recovered considering that the polynomial
(12) is linear in the components of z. The partial derivatives of (12) and
the known parameters are used to recover a following set of parameters.
This step is performed repeatedly until all parameters are recovered.

• Classify the datapoints in following manner,

>"(k) = arg min (y(k) - <p(k)'()Y
l:Si:Sii

and

x(1I:) E :F;, where i = >"(k).

The only tuning parameter of the procedure is c.

3.4 Quality measures

(20)

(21)

Since we will compare the procedures for several examples some quantitative
measures for the quality of the results are introduced. The two things that are
of most interest are the accuracy of the estimated parameter vectors {B;}f=l and
the accuracy of the estimated partitions {X;}f=l' For the examples discussed in
this paper, for which the model that generated the data is known, we propose
a measure for the accuracy of the identified parameter vector as,
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(22)

(23)

where Bi is a identified parameter vector and ()j a parameter vector of the
generating model. This measure is only applicable for the cases where the
number of subsystems in the defined model and identified model are the same.
For the perfect estimate of the parameter vectors fj.() = 0, while it increases for
poorer estimates. A sensible quality measure for the estimated regions is much
harder to define. We propose for the case of a first-order model with only two
subsystems the following measure,

I

(1.1) A (1,1) I
fj.x= ~-~

M(I,I) A1(1,I)'
12 12

In this measure we only consider the elements (1, 1) of the matrices that rep
resent the separating hyperplane between subsystem 1 and 2. Note that this
measure only holds for the cases where we consider models with n = 1 and
8 = 2.

As a measure for the results of real systems we propose to use the estimated
variance of the residuals over all classified datapoints,

(24)

where Fi contains the datapoints classified to subsystem i and the Squared Sum
of the Residuals (SSR) of subsystem i is defined as ,

where,

[

x(1) x(2) X:F(11:F,,I) ] .
<I>i = r [;

This measure tells something about the quality of the estimated parameter vec
tors since the residuals are the one step ahead prediction errors of the identified
system and therefore, doesn't suffer much from poor estimates of the regions.
The estimated system is considered acceptable if a; is small and/or near the
expected noise of the real system. To get a somewhat better notion of the qual
ity of the overall model we propose to use the averaged Squared Sum of the
simulation Errors (SSEsim ),

N

L (y(k) - fj(k))2 ,
- 1
SSEsim=-N

-n
k=n+1

(25)

where fj( k) is the output of the simulation using as regressors the real input
and previously estimated outputs. The idea behind this measure is that due
to poorly estimated regions the simulation error may be large, since these poor
estimates may lead to wrong choices of the next subsystem, so triggering large
error propagation phenomena.

The later two measures have showed to be useful for choosing appropriate
models from a set of identified models which were generated by the procedures
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using different settings of the tuning parameters and estimates of the system
orders. Still, the final quality measure of the identified model is done by visual
inspection of the simulated response versus the real response, where it is suf
ficient to plot only those simulations of the identified models for which the 0-;
and SSEsim are small with respect to the other identified models.

4 Intersecting parameter vectors example

Previous section shows that the procedures use different approaches for classi
fying datapoints. The clustering procedure classifies the datapoints by finding
s clusters in the feature space [(BfS)', m~]' and classifies the datapoints of each
cluster to the same subsystem. This approach takes into account geometry
properties of the PWARX model present in the dataset N since it assumes that
datapoints close to each other in the regressor set X are generated by the same
subsystem. The greedy and algebraic procedures only consider the estimated
parameter vectors when classifying datapoints. The greedy procedure classifies
only those datapoints for which the complementary inequalities (7) are satis
fied by just one estimated parameter vector. Otherwise the datapoints are not
classified and are marked as infeasible or undecidable as discussed in section
3.2. The algebraic procedure always classifies the datapoints to the subsystem
generating the smallest prediction error. The approaches in the greedy and alge
braic procedure may lead to classification errors inherent to the method, which
for their part can lead to wrong estimates of the separating hyperplanes. If
the hyperplanes over the regressor space defined by parameter vectors Bi and Bj

intersect over XJ , datapoints may be wrongly classified to the subsystem with
parameter vector B,;. In order to show this prohlem an experiment is set-up
where the parameter vectors of the real system virtually intersect over the re
gressor space X in X x lR for which the model is defined as y(k) = f(;r(k)) +7J(k)
and the PWA map as,

1
[x

f(x) =

[:r

1] [ 0.5 ]
0.5

1] [ -~ ]

if x E [-2.5, 0]'

if:1' E (0, 2.5].

(26)

The regressors are for 80% uniformly distributed over the regressor set X =

[-2.5,2.5] and for 20% over [0.85, 1.15] such that the virtual intersection is
excited thoroughly. Also normally distributed noise 1] is added to f(:1'(k)) with
zero mean and variance O"~ = 0.005. The results are plotted in the figures
1 through 5. Note that in these figures a line is drawn parallel to the y-axis
through the real separating point x( k) = 0 and through the estimated separating
point to visualize the possible estimation error of the separating point.

From figure 1 it is seen that the clustering procedure, as expected, doesn't
experience problems with the intersecting parameter vectors. Both the param
eter vectors and separating point are estimated accurately.

The greedy procedure is used with an error bound of 8 = 30"1), where 0"1/ is the
deviation of the normally distributed noise 1] added to the output. The number
of infeasible datapoints should be small due to the choice of 8 since 99.7% of
the datapoints will lie within the error bound of 30"1) when considering normally

8
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Figure 1: Clustering procedure with
60 = 0.0045 and 6x = 0.000
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Figur 2: Greedy procedure (not
classifying undecidable datapoints) wi th
60 = 0.0334 and 6x = 0.000

Figure 3: Greedy procedure (classifying
datapoints to subsystems which gener
ates the smallest prediction error) with
60 = 0.0334 and 6x = 0.285

'.. .... ......- # ' ........

EEl--- ..'"

"
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Figure 4: Algebraic procedure (classify
ing datapoints to subsystems which gen
erates the smallest prediction error) with
60 = 0.0453 and 6x = 0.280

Figure 5: Algebraic procedure (not
classifying undecidable datapoints) with
60 = 0.0453 and 6x = 0.000

distributed noise. The result of the greedy procedure depicted in figure 2 shows
that the datapoints within the error bound for both estimated parameter vectors
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are not classified since they are considered undecidable. Figure 3 :shows the
result for the greedy procedure when classifying the datapoints to the subsystem
generating the smallest prediction error, as in the algebraic procedure. It is
seen, as expected, that this influences the estimation of the separating point in
a negative manner.

Figure 4 shows that the algebraic procedure experiences problems for es
timating the separating point due to classification errors. Figure 5 shows the
result of the procedure where a refinement of the classification of datapoints is
applied after classifying the datapoints as proposed. The refinement first deter
mines the maximum variances J; of the prediction errors for the subsystems and
uses 3Jmax as a bound on the prediction error to determine which datapoints
most likely are undecidable. This idea is similar to that in the greedy procedure
with the difference that the error bound 0 is required by the greedy procedure
in advance.

This example shows that neglecting certain datapoints can improve the es
timate of the separating hyperplanes but it is not clear if this is the case in
general. Hence, one should think of more sophisticated classification strategies.
For example, undecidable datapoints may be assigned to the same subsystem
as the nearest feasible datapoint. This strategy uses a similar assumption as
in the clustering procedure. Only that the assumption of "closeness" of the
datapoints is used after estimating the parameter vectors. A drawback of re
classifying datapoints after estimating the parameter vectors is that datapoillts
contributing to the estimation of a parameter vector of one subsystem can be
classified to another subsystem such that this probably will not result in an
optimal estimation of the parameter vectors. Therefore, this problem needs to
be investigated further.

5 Extensive 2-dimensional example

In this section we show the results of the PWARX example discussed in [4].
Figure 6 shows the dataset N together with the true subsystems and regions of
the regressor set. The dataset is composed of 100 data points corrupted with
normally distributed noise of zero mean and variance J~ = 0.005 which had to
be chosen this small due to the high sensitivity to noise the algebraic procedure
suffers from. The error bound for the greedy procedure is chosen 0 = 2.5J7 / such
that the number of infeasible datapoints is kept small. The PWA map of the
model y(k) = f(x(k)) + 7}(k) is defined as,
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[Xl X2 1] [n if O.5Xl + O.29x2 ::::: 0 and X2 ::::: 0

f(x) = [X:l X2 1] [~n if O.5Xl + O.29x2 < 0
(27)

and O.5XI - 0.29.1:2 < 0

[Xl X2 1] [=n if O.5Xl - O.29x2 ::::: 0 and X2 < O.

Figures 7, 8 and 9 show the results of the clustering procedure, greedy procedure
and algebraic procedure, respectively.

_1 -1
-1 -1

X,

>- 0

-5
-5

-10
-10 1

1

Figure 6: Artificial example
Figure 7: Results of the clustering pro
cedure with s = 3 and c = 5

6.0 = 0.0292
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-1 -1
X,

Figure 8: Results for the greedy proce- Figure 9: Results for the algebraic
dure with Q = 0.05, (3 = 0.1, 'Y = 1.10-5 procedure with s = 3
and () = 0.1768

0.0 = 0.0270

1.37
2.12
2.95

0.0 ...: 0.4 88

3.28
-2.99
-1.98

From the figures 7 and 8 it can be concluded that the clustering and greedy
procedure don't have much problems ,"vith this example. The clustering proce
dure has no classification errors while the greedy procedure has just one classi
fication error and no undecidable datapoints. vVhen looking at figure 9 it can
be concluded that the algebraic procedure encounters prohlems in finding good
estimates for the parameter vectors which also can be seen from the measure
l:::.o. The algebraic procedmes generates also a lot of classification errors. This
later observation can be explained by the poorly estimated parameter vectors
creating virtual intersections over the regressor space X as is discllssed in sec
tion 6. Hence, most of the classification errors are found in the vicinity of the
virtual intersections of the estimated parameter vectors. The poor performance
of the algebraic procedure can be attrihuted to its high sensitivity to noise. For
a noiseless dataset the procedure identified models for which l:::.o ~ 5· 10- u .

6 Overestimating example

In the previous examples we considered the system orders n Cl and nb to be
known exactly, but in practice this is seldom the case. We know from linear
estimation that overestimating the system orders leads to a steady decrease of
the SSR criterion for a certain dataset N. In order to investigate the effects of
overestimating the model orders in P'iVARX models we have set-up the following
experiment. In this experiment we consider a I-dimensional model of the form
y(k) = f(x(k» + 'f)(k) with orders n a = 1 and nb = 0 where the PWA map is
defined as,

12



[.7: 1] [ 1~ ] if :r E [-10, OJ,

i(x) ~1 (28)

[.7: 1][-\~] if x E (0, 10],

and it is disturbed with normally distributed noise 1/ of zero mean and variance
O".~ = 0.01. Uniformly distributed values over the interval [-10,10] are used

as initial values of y(k - 1) and for the inputs {u.i(k)}~l as ilb > O. The
overestimated regressor is defined as,

i(k) [Jnn-1(y(k - 1)), r a -
2 (y(k - 1)), ... , f(y(k - 1)), y(k - 1),

n I (k), U2 (k), ... , unh (k)] ,
(29)

where ila and 11/) represent the overestimated model orders and r (y( k - 1))
means that y(k - 1) is propagated through the PWA map i times, i.e. for
P(.7:) = f(f(f(;r))).

Figure 10 shows the data generated by the I-dimensional model. For this
example the algebraic procedure didn't work when the system orders were over
estimated. ·When overestimating the orders, elements are added to the regressor
which don't add information to the regressor and should therefore be considered
as noise. Given that the values of these elements are relatively large for the al
gebraic procedure to handle them as noise, this problem can also be attributed
to the high sensitivity to noise of the procedure.

-1~Ol·!-O~-8--7----C-~C---C-o-c--~----:--c-----"
,(~)

Figure 10: Dataset of the one-
dimensional model

Figures 11 and 12 show the o-;'s produced by the identified models for dif
ferent model orders for the clustering and greedy procedure, respectively. From
figure 11 it is seen that the clustering procedure performs poorly when overes
timating model orders extensively. The problem with the overestimated orders
lies in the assumption that datapoints close to each other in the regressor space,
according the Euclidian norm, belong to the same subsystem. Given that while
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Figure 11: Variances for the clustering Figure 12: Variances for the greedy pro
procedure with s = 2 and c = 20 cedure with 0 = 0.3, a = 0.15, (3 = 0.10

and, = 1 . 10- 5

overestimating the orders elements are added to the regressor which do not
contain relevant information for the estimation of the subsystems and should
therefore be considered as noise. The reason for this problem lies in the non
relevant information corrupting the distance information when exceeding the
relevant information.

In figure 12 we see that the greedy procedure generates a~'s \vhich remain
approximately constant. This observation can be explained by the approach
of the greedy procedure consisting in selecting the error bound o. Since, the
measure a; depends on the chosen value for o. However, the problem of over
estimating the system orders has other consequences for the procedure. When
looking at figure 13 we can see that the procedure encounters problems esti
mating parameter vectors satisfying (7) for a sufficient number of datapoints.
This problem lies in the refinement a.lgorithm of the procedure since the first
step results in a number of subsystems s that can be large while each subsys
tem satisfies (7) for only a few datapoints. The reason for this also lies in the
discussion about adding non-relevant information to the regressor x(k). When
applying the refinement algorithm on the set of initial subsystems, the subsys
tems for which Fi satisfies (10) will be rejected. This results in datapoints that
will stay infeasible, even while optimizing the remaining estimated parameter
vectors using the projection estimate (8).

It is hard to explain what exactly happens when overestimating the system
order for each of the procedures. Hovvever, using these procedures for sys
tems with unknown orders, one needs to keep the observed behaviors in mind.
Running the procedures for several order estimates and looking at a; for the
clustering procedure and at the number of infeasible datapoints for the greedy
procedure will help to determine an acceptable estimate of the system orders.

7 Effects of noise

In this section we study the effects of noise on the identification procedures.
In the previous sections we didn't worry about what the procedures would do
for different noise realizations. However this is not something that can be ne
glected. Na.mely, a procedure can be non-deterministic or it can fit noise such
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Figure 13: Number of infeasible data
points for the greedy procedure with e5 =
0.3, 0' = 0.15, /3 = 0.10 and 'Y = 1 . 10-5

that the identified models differ for different noise realizations. Concerning the
procedures being deterministic or non-deterministic, we can say that the im
plementations of the procedures, as we use them, are deterministic or at least
converge to a final solution for which the difference is negligible. This means
that each procedure identifies a model that is unique or near unique for a cer
tain dataset N. Still, the issue concerning the procedures fitting noise remains.
Therefore, we designed an experiment comprising the same P\iVARX model as
used in section 6 with the PWA map as in (28). For this model we generated a
noiseless dataset of 100 datapoints. We applied the procedures 100 times on the
dataset after adding a different realization of normally distributed noise with
zero mean and variance (J~ to the outputs y(k). We computed 6.e for each iden
tified model. This resulted in an approximate distribution of 6.() for each (J~.

To illustrate this we plotted one approximated distribution for the clustering
procedure in figure 14. For each such distribution we computed its mean and
variance, and plotted them in figure 15 and 16 as functions of (J~ for all three
procedures.

From the figures 15 and 16 we can conclude that the clustering procedure is
the most robust procedure with respect to noise. This can be attributed to the
number of steps taken to make the procedure more robust as discussed in [5].
The greedy procedure is less robust to noise then the clustering procedure. This
can be attributed to the projection estimate (8) not being robust for different
realizations of noise. From the figures it is obvious that the algebraic procedure
performs poorly. Meaning that the procedures will not identify a confident
model from a dataset N containing noise.

8 Effects of varying tuning parameters

The identification procedures require several parameters that are directly shown
in the structure of the identified model. For example, all three procedures re
quire estimates of the system orders n a and nb. The clustering procedure also
requires the number of subsystems 8. Therefore, tuning these parameters di
rectly shows in the identified models. However, there are several tuning pararn-
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Figure 14: Approximate distribution of
6e over 100 runs using the clustering
procedure with c = 10 and different real
izations of noise with (7~ = 0.075.
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Figure 15: Means of the 6e distribu
tions for several variances of noise a~

Figure 16: Variances of the 6e distribu
tions for several variances of noise a;

eters for which the effects are not so obvious. To show some of these effects, we
designed a few experiments for each of the procedures.

First we consider the parameter c in the clustering procedure. To investigate
the effect of tuning this parameter we designed an experiment that computes
the approximate distribution of the measure 0..(1 as in section 7, only here we
kept the variance of the noise the same and computed the distributions for
several values of c. The results are shown in figures 17 and 18, where we plotted
respectively the means and variances of the 0..(I'S as a function of c. From these
figures we can see that there exists an optimum for the value of c where the
identified model is most accurate. In this example the procedure gives the best
results for c = 15, where both the mean and the variance of the approximated
distribution of 0.. 0 are the smallest.

The tuning parameters of the greedy procedure are a, {3, , and b. The
parameter a is responsible for merging subsystems when two estimated param-
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Figure 17: Means of the distributions for
different values of c using the clustering
procedure running it 100 times for each
value of c using realizations of noise with
O"~ = 0.075.

Figure 18: Variances of the distributions
for different values of c using the cluster
ing procedure running it 100 times for
each value of c using realizations of noise
with O"~ = 0.075.

eter vectors are similar. Therefore, this tuning parameter is critical for the
cases where the estimated parameter vectors are similar. The parameter {3 rep
resents the minimum relative cardinality of the subsets {Fd:f=l with respect
to the dataset N. This parameter doesn't require much tuning. Namely, one
should take care that a dataset N contains data for which all desirable modes
are excited sufficiently. This means that each subsystem should represent a de
sired mode for which (7) should be satisfied by a sufficient number of datapoints,
where the minor subsystems would only increase the complexity of the identified
model. The tuning parameter 1 determines implicitly the number of refinements
and suggests that the estimated paTameter vectors converge to a final value that
will be more accurate for smaller values of I, under the assumption that the
refinement algorithm converges.

One can think of several experiments that show certain effects of varying
tuning parameters for certain examples. Here we only consider the case where
the dataset is generated by a system for which the parameter vectors are similar.
The PWARX model y(k) = f(x(k)) + T/(k) has for this example a PWA map
that is defined as,

1
[:1:

f(x) =

[x

1] [ 0j~ ]

1] [ l~ ]

if x E [-2.5, 0],

if x E (0, 2.5]'

(30)

for which 100 regressors x(k) are uniformly distributed over [-2.5,2.5] and nor
mally distributed noise T/(k) \vith zero mean and variance 0"; = 0.01 is added.
The figures 19 through 22 show the effects of tuning the parameters Q: and 8 in
this example. We see in these figures that it is the combination of the param
eters that results in an acceptable model. To explain this behavior one should
consider both steps of the procedure. The first step tries to find subsystems
that maximize the number of datapoints satisfying (7). For this approach it
is possible that the algorithm identifies a subsystem that averages out similar
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subsystems. Specially, when the error bound 8 is chosen to wide. The refine
ment algorithm then tries to improve the estimated parameter vectors and data
classification. However, the refinement algorithm will not add new subsystems
it only rejects or merges subsystems, where the merging is done on the bases of
(9) and the value for CL
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Figure 19: Greedy procedure with
a = 0.15, (3 = 0.10, 1 = 1 . 10-5 and

<5 = 30'.~
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Figure 20:
a = 0.15, (3
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Greedy procedure with
= 0.10, I' = 1 . 10-5 and

Figure 21: Greedy procedure with
a = 0.015, (3 = 0.10, 1 = 1· 10-5

,

<5 = 30'1) l 60 = 0.0188 and 6x = 0.333

Figure 22: Greedy procedure with
a = 0.015, (3 = 0.10, 1 = 1 . 10- 5

,

<5 = 20'1), 60 = 0.0077 and 6x = 0.083

The algebraic procedure, as proposed, only has the parameter e to tune the
procedure. This parameter is used as a threshold on the rank constraint used
for estimating the number of subsystems. The threshold is applied on eJ1,+I!eJr
where eJi is the i-th singular value of L s. The idea is that a value for !VIs is chosen
on the bases of an increasing r, where !VIs = r for the smallest r for which holds
eJr+I!eJr < e. Figures 23 and 24 show the propagation of eJr+I!eJr for increasing
r as it resulted from the PWARX model (26) discussed in section 4. As one
can imagine it can be hard to set a sensible threshold e without looking at the
plots. That is also the main reason why we modified the procedure such that it
identifies a pre-defined number of subsystems s in stead of using the threshold
e.
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Figure 23: Noiseless dataset

9 Real data example

Figure 24: Dataset with normally dis
tributed noise with zero mean and cr~ =
0.01

In this section we show the results of the identifi.cation of an experimental study
extensively discussed in [6]. It concerns a subtask of the electronic component
placement process in pick-and-place machines. The pick-and-place machine is
used for automatically placing electronic components on a Printed Circuit Board
(PCB) and works as follows: PCB is placed in the working area of the mounting
head. Mounting head, carrying an electronic component, is navigated to the
position where the component should be placed on the PCB. Component is
placed, released, and the process is repeated with the next component. The
experimental study focusses on the subtask of the component placement on the
PCB. To study this placement process, an experimental setup was made for
which a scheme is shown in figure 25.

e,

Figure 25: Schematic
representation of the ex
perimental setup
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The setup consists of the mounting head, from an actual pick-and-place
machine, which is fixed above the impacting surface. The impacting surface
is in contact with the ground via the spring. The mechanical construction is
such that only the movement on the vertical axis is enabled. The chosen design
of the impacting surface simulates the elasticity properties of the PCB. The
considered dataset contains two main modes. Namely, the free mode and the
impacting mode and consists of 750 samples (15 s), divided in two overlapping
sets of 500 datapoints. The first set is used as the identification dataset N,
where the second dataset is used for validation purposes. The datasets have as
input the voltage applied to the motor which should excite the free and impact
mode sufficiently. The output is the vertical position of the pipette, zero when in
upper saturation and increasing when moving down. All three procedures \-vhere
applied on the identification dataset N for several order estimates and tuning
parameters. The procedures were executed for all the combinations of these
orders and tuning parameters. The proposed quality measures 0-; and SSEsim

were used to choose acceptable identified models for which the simulations were
plotted. By visual inspection of these simulations the best identified model was
chosen.

In [6] the same dataset N was used to identify a model using the clustering
procedure. Therefore, we had a good starting point for setting the tuning pa
rameters of the procedure. In the paper large local datasets (c;:;::: 55) were used
to overcome problems with friction in the system. That is also why we used
high numbers for c and came up with a model that is identified using c = 90.
Figures 26 and 27 show the simulations of the identification dataset N and the
validation dataset for the chosen model from the set of identified models by the
clustering procedure. The figures show in the upper parts the real outputs Yid

and the simulated outputs Ysim, the input signal u is plotted in the middle part
and the lower part shows which subsystem is valid for each time instance.

-'--'.

Figure 26: Simulation of the PWARX
model generated by the clustering pro
cedure with n a = 2, nb = 2, s = 2 and
c = 90 for the identification data set with
a; = 0.117 and SSEsim = 1.40

Figure 27: Simulation of the PWARX
model generated by the clustering proce
dure with n a = 2, nb = 2, s = 2 and
c = 90 for the validation data set with
SSEsim = 1.98

Applying the greedy procedure on the dataset N we experienced problems
with tuning the procedure such that the identified model distinguishes two sub
systems. Tuning the procedure for the dataset N the parameter (3 seemed not
very important since it represents the minimum cardinality of the data subsets
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F i relatively to the number of datapoints in the dataset N, and since the free
and impacting modes are excited sufficiently this should result in two subsys
tems with data subsets Fi containing sufficient numbers of datapoints. Forcing
the procedure to distinguish two modes is done by finding the right combina
tions of the parameters a, I and b. The problem of identifying two subsystems
is caused by the two parameter vectors being similar as discussed in section
8. For the error bound b we used as a first guess 30-" ::::0 1 obtained from the
clustering procedure. Assuming that 0-: of the clustering procedure would be
a good estimate for the variance of the measuring noise. Executing the greedy
procedure with b's in the vicinity of this 30-" resulted in identified models with
only one parameter vector. Therefore, we had to lower the error bound up to
b = 0.25. For this value of b the procedure identified a model that distinguishes
two subsystems. Decreasing the error bound resulted in a model with a smaller
value of 0-: for the identification dataset N then the model identified with the
clustering procedure. However, when looking at the values of SSEsim for the
identification dataset and the validation dataset the model identified with the
clustering procedure performs better. This observation can be attributed to the
greedy procedure being less robust to noise realizations and therefore more or
less fitting the parameter vectors to the noise realization. The simulations of the
identification dataset and the validation dataset for the best identified model,
distinguishing two subsystems, are shown in the figures 28 and 29.

-'--'. -'--'.

Figure 28: Simulation of the PWARX Figure 29: Simulation of the PWARX
model generated by the greedy procedure model generated by the greedy procedure
with n" = 2, nb = 2, 8 = 0.25, a = with n" = 2, nb = 2, 8 = 0.25, a = 0.15,
0.15, /3 = 0.05 and ~( = 5· 10-6 for the /3 = 0.05 and I = 5· 10-6 for the
identification data set with 0-; = 0.018 validation data set with SSEs,m = 2.15
and SSE.,,,, = 1.82

The algebraic procedure didn't manage to identify the system, and since this
procedure has just one tuning parameter E for the rank constraint or s for the
number of subsystems, we didn't have much control over the procedure to tune
it, such that it identifies a model.

10 Conclusions and Recommendations

In this paper we discussed three procedures for the identification of PWARX
models. The clustering procedure, proposed in [5]' reduces the problem of clas-

21



sifying the data to an optimal clustering problem. The greedy procedure, pro
posed in [2]' approaches the problem as that of partitioning an infeasible system
of linear inequalities into a minimum number of feasible subsystems exploited
by a greedy algorithm. And the algebraic procedure, proposed in [7]' treats
the problem as an algebraic geometric problem. By applying the procedures on
well chosen I-dimensional examples we have emphasized some behaviors of the
procedures.

In section 4 we have showed that classification errors influence the estimation
of the regions in a negative manner. The clustering procedure didn't suffer
from classification errors since it takes into account the geometry properties
of the dataset when classifying the datapoints. The greedy procedure avoids
classification error by neglecting datapoints. The straight forward classification
of datapoints as proposed in [7] suffers the most from classification errors. We
showed that combining the classification algorithms of the algebraic procedure
with that of the greedy procedure results in a significant smaller number of
classification errors. The improvement of the classification algorithm resulted
in a more accurate estimate of the regions. The improvement of the classification
algorithms of the greedy procedure and the algebraic procedure require further
research, since they don't take possible geometry of the data into account like
the clustering procedure does.

The example discussed in section 5 visualizes what happens for a more ex
tensive system. Also it shows that the algebraic procedure suffers from a high
sensitivity to noise. This can be seen from the poor estimates of the parameter
vectors while applying only little noise and accurate estimates of the parameter
vectors for the noiseless case.

In section 6 we identified a I-dimensional system while overestimating the
systems orders when applying the procedures. All procedures have their prob
lems with this example. The clustering procedure is not able to identify proper
models since the distance information is corrupted when adding non-relevant
information to the regressors that exceeds the relevant information. The greedy
procedure has troubles estimating subsystems for which a sufficient number of
datapoints can be classified. The algebraic procedure didn't find any model
when overestimating the orders.

In section 7 we showed what the effects of noise are with respect to the
accuracy of the estimated parameter vectors. This experiment shows that the
clustering procedure is the procedure that is most robust to noise. The proce
dure results in the most accurate estimates and also the most consistent. The
greedy procedure shows to be less accurate and less consistent in estimating
parameter vectors. This means that the greedy procedure is less robust to noise
and more sensitive for the realization of noise. This experiment again shows
that the algebraic procedure is very sensitive to noise.

Before applying a procedure some parameters have to be defined. These
parameters are used for controlling the procedures. Each procedure has its own
set of tuning parameters. Therefore we have setup some experiments in section
8 for investigating the effects of the tuning parameters on the identified models
for each procedure.

Finally in section 9 we applied the procedures on a dataset obtained from
an experimental setup of a pick-and-place machine discussed in [6J. From the
simulation we have seen that the model identified by the clustering procedure
performs better overall, while the greedy procedure performs better in the one
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step ahead prediction of the identification dataset. The algebraic procedure
didn't manage to identify a model for this dataset.

Overall we can conclude that the clustering procedure performs best on the
examples. It was also quite easy to find appropriate settings for the tuning pa
rameters. The only prohlem we could emphasize with the examples in this paper
is when the system orders are overestimated. The greedy procedure performed
less then the clustering procedure on most of the examples. The procedure also
needs more tuning of the parameters hefore getting a model that can he consid
ered as near optimal for the procedure. The algehraic procedure performs poor
on all the examples. This could he attributed to its sensitivity to noise in all
examples. Also it estimated parameter vectors with complex values for certain
noise realizations. This makes the procedure, as proposed, not very useful for
real life noisy systems.
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