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Abstract 

Scattering experiments are a common methad in material analysis. Among 
them, X-ray diffraction is a methad to study the structure of optical non 
transparent media. The interference pattem of the diffracted X-rays, the 
spectrum, can be split in two parts, namely the Wide Angle X-ray Scatter
ing (WAXS) and the Small Angle X-ray Scattering (SAXS). The (U)SAXS
spectrum is formed by the Oth order maximum of the interference pattem 
and it corresponds to structures with a length scale of about 1 nm to 2 
mu. Thus, this methad is very apropriate to examine large colloidal struc
tures, like formed by asphaltenes, which are large fiat molecules. These 
molecules are interesting since they cause pre-eminently polution in oil pro
cessing (cokes-formation). 

A SAXS-spectrum is hard to interpret since it is an interference pat
tem. This is especially true in case of complicated aggregates. Within Shell 
Research the computer program ParStruc is available to simulate diffrac
tion spectra numerically. Complementary, we have derived a new analytica! 
model, which includes both the primary particles and the aggregates. Here, 
concepts like polydispersion, fractal structure and orientation correlation of 
fiat molecules will be under discussion. 

Subsequently, this analytica! model has been used, in combination with 
ParStruc, to interpret experimental SAXS data, as have been measured on 
several colloidal asphaltene mixtures with different thermodynamica! stabil
ity. 
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Chapter 1 

Introduetion 

1.1 Asphaltenes 

The petroleum industry is aften called mature, however little is understood 
about the relationship between the structure and the properties of its basic 
material, petroleum. Crude oil is a complex colloidal system. In the refinery 
process 60-70% can be separated into easily refinable fractions by distilla
tion. The residual material is called vacuum residue {VR). Such petroleum 
resids are complex mixtures of thousands of compounds of low volatility. It 
can be separated into pseudocomponents: coke, asphaltenes, resins, aromat
ics and saturates. The most camman pseudocomponents are asphaltenes, 
which are defined as the part soluble in aromatic solvents (e.g. benzene or 
toluene) and insoluble in paraffinic solvents (e.g. n-pentane or n-heptane). 

Although asphaltenes farm only a small percentage of crude oil, it is 
widely known that asphaltenes, which are the heaviest hydracarbon molecules, 
are the most troublesome fractions for efficient processing in petroleum 
cracking and refining. They can precipitate under certain conditions in 
fuel tanks of sea-going ships and on the walls of refinery equipment. 

The asphaltenes have nat yet found their place in the official organic 
chemistry. They are in fact quite complex mixtures of substances with high 
and variabie molecular masses {±1, 000- 10,000 u). However, according to 
their elementary composition, asphaltenes belangtoa class of heteroatomie 
compounds, i.e. organic substances which contain, in addition to hydragen 
and carbon, atoms such as oxygen, sulfur and nitrogen. The main structural 
characteristic of asphaltenes is the 'hydracarbon skeleton' of their molecules 
which is made of three structural elements: {1) aromatic nuclei, {2) naph
thenic nuclei and {3) side and bridged chains. A typical asphaltene molecule 
has been shown in figure 1.1. 

One of the earliest and most significant studies on asphaltenes has been 
performed by Yen [1, 2]. According to this study, asphaltenes are condensed 
heterocyclic aromatic sheets with attached alkyl chains restricted to the 
plane of the sheet. These sheets have a diameter of 8.5-15 A and are capable 
of associating intheir third dirneusion in the presence of non-polar or slightly 
polar solvents to farm stacked clusters about 16-20 A in height. Such 

1 
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Figure 1.1: Typical example of an asphaltene molecule, consisting of a 
fiat aromatic care and some aliphatic side chains. 

2 

clusters consist, depending on the asphaltene type and the environment it 
finds itself in, of about 5 sheets. 

The association and clustering need not stop at the cluster ( or partiele) 
level. Molecular weight distribution studies have shown the presence of 
components of very large molecular weight. The particles are observed to 
associate to form micelles with diameters of the order of 100-300 A. This 
model is shown figure 1.2. 

It is thus apparent that asphaltenes are not single, simple generic struc
tures, but rather a complex mixture of colloidal entities ( micelles of various 
sizes and shapes) consisting of assemblies of smaller particles, which in turn 
result from the clustering of lower-molecular-weight components, all in a 
state of solvents, temperature, pressure and fluid mechanica! conditions. 
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Figure 1.2: Model of Yen: basic sheets farm stacks which can agglomerate 
to yield large structures. 
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Figure 1.3: Schematic setup of a scattering experiment. 

1.2 Small Angle X-ray Scattering 
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WAXS 

SAXS 

Scattering experiments are a common method in material analysis to gain 
information about the structure of crystals, molecules and atoms. The fun
damental relation descrihing the diffraction of X-rays by crystalline matter, 
À = 2dsinB, shows that the angle of diffraction varies inversely with the 
separation of the diffracting lattice planes. In ordinary crystals these lattice 
spacings are of the sameorder of magnitude as the X-ray wavelength (±1.54 
Á), so the diffraction angles are rather large (Wide Angle X-ray Scattering). 
Collo i dal dimensions ( between tens and several thousand angstroms), how
ever, are enormously large compared to X-ray wavelengths, which makes the 
observable scattering angles small (~ 20). So Small Angle X-ray Scattering 
is a technique for studying structural features of colloidal size. 

Diffraction is produced by the interference of waves scattered by an ob
ject. In the case of X-rays striking the object, every electron becomes the 
souree of a scattered wave. The scattered waves are coherent, though inco
herent Campton scattering will occur too; this can be neglected as only small 
angles are involved. The scattered waves all have the same amplitude, but 
because of the path length difference, they have a different phase if;, which 
depends on the position of the electrans in space. These amplitudes are 
added and the intensity is then given by the absolute square of the resulting 
amplitude. 

The calculation of the phase difference is illustrated in figure 1.3. Let 
us denote the direction of the incident beam by the unit vector s0 and the 
scattered beam by s. The path difference of two points, separated by r, is 
seen to be -r · (s- s0 ). Since the phase if; is 2{ times the path difference 
and (s- so) is equal to 2sin0, the phase takes the form if; = -q · r, where 
q has the samedirection as (s- s0 ) and the magnitude: q = 4

{ sinB. 
By introducing the concept of electon density p(r), which is defined as 

the number of electrans per unit volume, and integrating over the whole 
space, the amplitudes of all secondary waves, represented by a term e-iq·r 
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Figure 1.4: The infiuence of different length scales on the spectrum. 

each, can be added, to gain 

I(q) = F(q)F(q)*; F(q) =i drp(r)e-iq·r. (1.1) 

So since the electrous are the primary scatterers, the scattering curve I( q) 
can be obtained from the electron density p(r) by Fourier transformation. 

As mentioned above, the length scale that the scattering is describing, 
depends on the diffraction angle, namely according to: q · r = 21r. Here, we 
will discuss this, by example, for a configuration which we will meet again 
later. This configuration consists of widely separated compound spheres of 
diameter d, built up themselves of discs with radius R that have random 
orientation. 

For very small q, qd « 1, the lengthscale we are looking at is very large 
compared to the diameter d of the compound spheres and the scattering will 
only be determined by the quantity of scatterers (figure 1.4a). 

For qd ~ 1, we have zoomed in on the lengthscale of the spheres. The 
diffraction spectrum here (figure 1.4b) will be determined by the internal 
structure of the aggregates, and thus by the distribution of the discs which 
form the sphere. 

When zooming in on smaller length scales (figure 1.4c), qR ~ 1, the 
information about the distribution is lost and the geometry of the discs is 
resolved. 

When zooming in even further, the surface topology of the discs may be 
probed and the primary building particles, the atoms, may be determined 
(figure 1.4d). 
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1.3 This report 

The target of this study is twofold. First, we want to develop an analytica! 
model descrihing SAXS diffraction. Further, we want to determine the stuc
ture of different asphaltene mixtures with widely vaying thermodynamica! 
stability, combining our new analytica! model and the computer program 
ParStruc (see appendix A). 

In consequence, this report can be divided in two parts roughly. In the 
first part, which consists of the chapters 3-7, we will derive the analytica! 
model. In order to do so, we will start with the diffraction spectrum of 
a single partiele in chapter 3. However, in practice, we do not deal with 
single particles, but always the spectrum of a lot of particles at once is 
measured. The diffraction spectrum of such a system of particles will be 
determined by the primary particles as well as their mutual positions and 
orientations. In the chapters 4 and 5 we will derive the diffraction spec
trum of such aggregates. However, when single particles aggregate, these 
particles are usually not distributed uniformly within the aggregates. But, 
depending on the aggregation mechanism a certain fractal structure may 
come into existence. Further, instead of only one, lots of aggregates will 
arise, all having a different size. The influence of these two features, fractal 
structure and polydisperse aggregates, is described in chapter 6. In chapter 
7 we will conclude this part of the report with a survey of the model and 
we will enumerate which kind of structures yield which charaderistics in a 
diffraction spectrum. 

As a result, chapter 7 can also beseen as an introduetion of the second 
part of this report, since it shows which charaderistics of the spectrum can 
be used to determine the corresponding structure of the measured sample. 
The second part of this study is described in the chapters 8-10. In chapter 8 
we will apply our model to some diffraction spectra found in the literature, in 
the following chapter tosome in house (Shell) diffraction data on asphaltenes 
and finally in chapter 10 to some simulated diffraction spectra. 

However, before we will start deriving our new analytica! model, we will 
discuss in chapter 2 which work already has been performed in the area 
of SAXS diffraction on asphaltenes. Further, we will show here what the 
essential difference is between those studies and our approach. 



Chapter 2 

Earlier studies 

Both SAXS and asphaltenes are not new topics. On both areas a lot of 
studies have been performed. In this chapter we will give a short review of 
the, for this study, most important work. For this purpose we will split the 
studies in two parts. The first about small angle X-ray scattering in general 
and the second about small angle X-ray scattering studies on asphaltenes. 

2.1 SAXSin general 

The principle of small angle X-ray scattering has already been outlined in 
the previous chapter. We saw that the diffraction spectrum could be written 
mathematically as 

J(q) = F(q)F*(q) = j drp(r)e-iq·r j dr' p(r')eiq·r'. (2.1) 

The first serious attempt to tackle this integral, by Debye [3], dates from 
1915. The way of attack he used was to combine the two exponentials (step 
1), thus looking to the distance between two scattering points, r" (figure 
2.1). The formula now shows 

Figure 2.1: The methad of Debye gives the diffraction spectrum using a 
distribution function of all distances r" within the scatterers. 

7 
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I(q) = F(q)F*(q) = j dr j dr' p(r)p(r')e-iq·r", (2.2) 

where r" = r - r'. The next step Debye made was the assumption that the 
measured diffraction spectrum is the average over all possible orientations of 
the observed structure (step 2). Either because the structure would adopt all 
possible orientations in a certain period of time or because the total system 
consists of much of the same structures, all ha ving their own orientation. The 
average over all orientations, all having equal probability, is mathematically 
equivalent to the average over all orientations of q. For this averaging we will 
use the notation < ... >q_. Because of this the exponential can be rewritten 
as 

sin qr" < e-iq·r" >·- _.....::___ 
q- qr" 

Finally (step 3), the total diffraction spectrum can be written as 

I() ·=Jd "!( ")sinqr" < q >q r r 
11 

, 
qr 

(2.3) 

(2.4) 

where f(r") is the distribution function of all distauces within the structure. 
Thus, the problem is to find this distribution function, which can become 
very awkward for more complicated systems. 

2.2 SAXS on asphaltenes 

Since asphaltenes are such complex materials a multidisciplinary approach 
is necessary to be able to describe asphaltenes. A lot of research, both 
chemica! and physical, has already been clone on asphaltenes. It is beyond 
the context of this report to describe all these studies. The basic idea of 
asphaltenes, such as Yen's model, has already been described insection 1.1. 
In this section we will describe some earlier work that has been performed 
in the area of SAXS diffraction on asphaltenes. 

Three important groups that have been working and publishing on this 
topic, from about 1988, have to be mentioned, namely: 

• E. Y. Sheu et al. Texaco, 
• S.H. Chen et al. Exxon, 
• D. Espinat et al. Institute Français du Petrole. 

Charaderistic of all their studies is that the mathematica! analyses are based 
on the principle of Debye and that they only try to explain a small part of the 
total spectrum. Different aspects are treated in different studies. The first 
class of studies which is important deals with the infiuence of polydispersity 
of aggregate sizes, for example [9] of aggregates which sizes are distributed 
according to the Schultz distrubution. The second important class deals 
with the internal structures of the aggregates, for example [10, 8, 14] frac
tal structures due to cluster aggregation are described. Further, it is worth 
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mentioning that especially Sheu sees the asphaltenes as large fractal aggre
gates, whereas Espinat talks about large 2-dimensional structures, namely 
discs that associate in a plane. 

In the present study we have used some of the ideas of these studies 
and incorporated them in our model. But this work distinguishes itself 
essentially from the earlier studies by using a completely new approach. 
Whereas the farmer studies were all based on Debye, we will start over from 
the basic formula (1.1) and substitute a multipale expansion. The result will 
be a model which describes, distinct from the previous models, the whole 
spectrum and not only part of it. In the first instanee the model has been 
derived for uniform aggregates built of discs. But, as we will see, it can be 
extended to contain almast all different aspects described above, yielding one 
model which can describe both single particles and aggregates, both uniform 
and fractal aggregates, and bath mono- and polydispersed aggregates. 



Chapter 3 

A model for single particles 

3.1 General formula 

The most basic formula descrihing the X-ray diffraction spectrum of an 
object is: 

I(q) = F(q)F*(q) =I dr p(r)e-iq·r I dr' p(r')eiq·r'. (3.1) 

In this chapter we will be concerned about the diffraction spectrum of a 
single particle. Figure 3.1 shows an arbitrarily shaped particle. It will be 
described by the electron density p(r), which will be taken unity within it 
and zero outside. Because there is only a single partiele and p(r) is equal to 
zero outside, the integration volumes of bath integrals, F(q) and F*(q) are 
equal to the volume of this same particle. 

There are different ways to solve these integals for simple shapes. Mostly 
the average of the exponentials over ij is taken, which yields sin(qr")/(qr"). 
This methad has been elaborated over half a century ago [4, 5, 6]. 

The average over ij was taken since the assumption had been made that 
in a real system all ojects can have a random orientation relative to the 
incoming X-ray beam. In our way of approach we will make this same 
assumption, but yet at a later time. The essential point of our methad is 

Figure 3.1: The description of an arbitrarily shaped partiele by means of 
a multipale expansion around its center of mass. 

10 
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that we will expand the exponentials in terms of spherical harmonies ytm. 
We will do so by substituting the Rayleigh expansion, 

00 I 

eiq·r = 47r L L iljl(qr)Yzm*(q)f'im(f), (3.2) 
I=Om=-1 

resulting in 

00 h 00 12 
I(q) = (47r)2 L L L L ih -12Yz:nl (q)Yz:n2*(q) (3.3) 

h=O m1=-h I2=0 m2=-l2 

x j drp(r)jh(qr)Yz:n1*(f) j dr' p(r')jl2(qr')Yz:n2(f') 

This approach means that we will describe the scattering objectsin termsof 
multipales around their centers. It also has the advantage that it still holds 
for more complicated configurations, which we will meet later. 

The case of single particles is of practical importance for dil u te media. In 
this case, the particles scatter independently and the interpartiele scattering 
is negligible because of the large average distance between them. Such a 
dilute medium will contain a lot of particles, each with its own orientation. 
Thus, the diffraction spectrum will be the average over all orientations. This 
is the same as taking the average over all directions q for only one particle. 
Because of the orthogonality of the spherical harmonies, 

_.!._ J dO. y;m*( A)y;m' (A) = Ól,l'Óm,m' 
47r I q I' q 41r ' (3.4) 

the diffraction spectrum of a partiele averaged over all orientations can be 
written as 

(3.5) 

3.2 Sphere 

3.2.1 Analytica! derivation 

In case the scattering object contains some kind of symmetry, relation 3.5 
will aften simplify considerably. Because of the special spherical symmetry 
of a sphere, only the term with l = m = 0 will contribute to the spectrum. 
Because Y0° = À;:, the integrand is independent of the direction f, through 
which the volume integration is reduced to an integration over r, 

qR 2 

< I(q) >q= 47r h dr41rr2jl(qr)Y0° , (3.6) 

where R is the radius of the sphere. This yields: 

< J(q) >q= (4i'IJ,'R d(qr) (qr)'io(qr)l' (3.7) 
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Using two known relations for Bessel fuctions [11], namely: 

n+ 1. d . 
--Jn(z) + -d Jn(z) 

z z 
jn-l(z) and (3.8) 

jz(z) {fJl+~ (z), 

relation 3. 7 can be rewritten. This results in the following equation for the 
diffraction spectrum of a sphere. 

97rV2 h. (qR) 2 

< Isphere(q) >q = - 2- (;R)3/ 2 

= gv2 (sinqR- qRcosqR)
2 

(qR)3 

(3.9) 

where V is the volume of the sphere. This result matches exactly the result 
of the other methad mentioned before, e.g. [5]. 

3.2.2 Graphical representation and simulation 

In the previous section, we have derived the diffraction spectrum of a sphere 
analytically. Another way to obtain diffraction spectra is by numerical com
putation (see appendix A). In this section we will campare the results 
(plots) of these two methods and in addition we will show the infiuence of 
some primary parameters on the spectrum. 

The analytically derived spectrum is plotted in figure 3.2.a. for a sphere 
with a radius of unit length, where bath x and y-axis have a logarithmic 
scale. 

Figure 3.2: Comparison of the dijjraction spectra of a sphere with respec
tively radius 1 (A) and radius ~ (B). 

In this spectrum three regions can be regarded. For q < 1 we are looking 
at length scales very large compared to the radius of the sphere. Because of 
this the shape of the object cannot be noticed and the intensity only depends 
on the quantity of the diffracting mass. With p(r) = 1, the intensity is equal 
to the square of the volume of the sphere V2 . In the second region, q > 5, 
the intensity decreases according to q-4 • Because of the double logarithmic 
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scale this yields a slope -4 in the spectrum, which is characteristic for a 
threedimensional, solid object. The third region mentioned is the transition 
between the previous two regions. The kink in the spectrum can, as ex
pected, be found at q ~ 3, since the diameter dof the sphere is equal to 2 
and qd ~ 27r. 

The primary parameter of a sphere is its radius R. The diffraction 
spectrum of a sphere with radius ! will have two major differences with 
that of a shere with radius 1, which we have seen above. In the first place, 
the quantity of scattering mass has been decreased by a factor 23. Because 
the intensity is related to the volume V according to V 2 , the intensity at 
small q values, qR « 1, will be J4 times the former. The second difference 
concerns the q value of the kink. Because the length scale L the diffraction 
is descrihing is related by qL = 21r, this kink will be shifted to the right, 
towards a higher q-value. These two differences are shown in figure 3.2. 

Finally we will compare these analytica! results with the result of the 
spectra derived numerically with PARSTRUC {Appendix A). Before we will 
compare the results, one essential difference between the two respective com
putation methodes has to be outlined. Where the sphere has an uniform 
density distribution in the case of the analytica! computation, in the case of 
numerical computation the object is built of points, in practice, the atoms. 
For example, in the numerical computation, the spectrum of the object, with 
radius 25 A, plotted in figure 3.3 is computed. 

Figure 3.3: A 'sphere' built of 8144 C-atoms which has been used to cal
culate the diffraction spectrum of a sphere with ParStruc. 

This spectrum is shown in figure 3.4. It shows the samefeatures as the 
analytically derived spectrum, shown in figure 3.2 up to q ~ 2 A - 1. This 
corresponds with distances of about 3 A. For larger q values the internal 
structure of the sphere becomes important. In this case of nicely ordered 
C-atoms at center to center distance l = 2 A, a peak appears at q ~ 3 A - 1, 

as is to be expected since ql = 21r. 
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Figure 3.4: The diffraction spectrum of the sphere in figure 3.3, as com
puted with ParStruc. 

3.3 Disc 

3.3.1 Analytica! derivation 

The next object we will discuss is a disc. We will consider a disc as a 
very flat cilinder of radius R and height h (see figure 3.5). Also a disc 
shows a special symmetry. Again, we can make the most of this symmetry 
by applying spherical coordinates. N amely, in spherical coordinates, the 
integration over such a partiele can bedescribed by the height h times the 
integration over the circle with radius R given by (} = ~. 

In deriving the diffraction spectrum we will again praeeed from formula 
3.5. The spherical harmonies Yzm(e, </J) can be expressed in terms of the 
associated Legendre functions according to: 

(3.10) 

Because of the geometry of the disc, (} equals ~ and the integration over 
</J yields zero except for m = 0. Thus, the integral over n ( = (}, </J) can be 
solved: 

[ !2i+1 l . 2n-y ~Pl(O) 8m,o, w1th (3.11) 

Pz(O) = { 
( -1 )P 2~~~~!2 if l = 2p 

0 if l = 2p + 1 

Using formula 3.11 when integrating formula 3.5 over the volume of the disc, 
the diffraction spectrum of a disc is given by 

4V2 oo (2l)! loqR . 2 
< Idisc(q) >q= ( R)4 L v'4T+141 (l')2 d(qr) (qr)J2z(qr) 

q l=O . O 
(3.12) 



CHAPTER 3. A MODEL FOR SINGLE PARTICLES 15 

' J4. 
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x 

Figure 3.5: Geometry of a disc, with normal vector n, which can be 
thought of as a circle with a finite thickness. 

This result has numerically been checked to be equivalent to the result found 
in the literature: 

(3.13) 

Probably there is a relation which converts the bessel functions into each 
other. However, we have not looked for this relation to prove the equivalence 
analytically. 

3.3.2 Graphical representation and simulation 

In this section we will plot the analytically derived spectrum, just like we 
did for the sphere. We will campare it to the numerically derived one and 
study the infiuence of the primary parameters, its radius and its height. 

In figure 3.6 the diffraction spectrum is plotted for a disc with radius 
R = 10 and volume V = 1 and for a disc with radius R = 5 and volume 

V= i· 
The comparison with the diffraction spectrum of a sphere is striking in 

that sense that we can discern three regions again. In the first one, q < R-1 , 

the intensity is again depending on the volume of the disc. In the second 
one, q > R-1 , the intensity decreases according to q-2 , slope -2 on a log-log 
plot, characteristic fora fiat object. And again the third region contains the 
transition. 

Also the same differences as occurred for two spheres with different radii, 
can be seen here again, namely: decreasing intensity and a shift of the q
value of the kink towards larger values in case of decreasing the volume of 
the scatterer by reducing its radius. However, the volume of a disc decreases 
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0.1 

Figure 3.6: Comparison of the diffraction spectra of a disc with respec
tively radius 5 (solid) and radius 10 ( dashed). 

only by a factor 22 when the radius is halved. So the intensity will drop by 
a factor 16, insteadof a factor 64. 

The diffraction spectra of two discs have been computed numerically 
with PARSTRUC. The first disc is an 'infinitely' thin disc since it consists 
of only one layer of atoms. The second disc consists of five layers of atoms, 
because of which it has a fini te thickness of 10 A. The configuration of both 
discs is shown in figure 3.7. (The 'thick' disc in this figure has a radius of 50 
A, whereas the spectrum has been computed of a disc of radius lOOA, but 
a plot of such a disc would yield one black plane where no separate atoms 
can be distinguished anymore.) 

Dlscolllayw • OlscoiSIByers • 

Figure 3. 7: Comparison of the geometries that have been used to calculate 
the diffraction spectra of respectively an 'infinitely' flat disc 
and a disc with a finite thickness. 

The corresponding diffraction spectra are shown in figure 3.8. The farmer 
of these two diffraction spectra shows a slope -2 as long as q-1 is larger than 
the building blocks of the disc, the atoms. The latter shows two different 
slop es. The slope -2 can be understood in the same way as before, but if 
the discis not infinitely flat, but has a thickness h, the intensity for q > h-1 

will decrease again according to q-4 • In fact, the length scale we are looking 
at now is small compared to the thickness of the disc. So now we are looking 
inside the disc, inside a three dimensional object, insteadof looking at a flat 
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Figure 3.8: The diffraction spectra of the discs shown in figure 3. 7 as 
calculated with ParStruc. 

object. 



Chapter 4 

A model for compound 
particles 

4.1 General theory 

As mentioned befare (section 1.1), Yen et al. have developed a model for 
asphaltenes in which the asphaltenes are built up as stacks of about 5-6 
discs. So the next logica! step in our derivations will be to describe the 
spectrum of such a stack of discs. 

In the previous chapter we only stuclied the effect of one single particle. 
However, when there are two particles close tagether the total diffraction 
spectrum will be the sum of two contributions, namely one as a result of the 
separate particles and one as a result of their relative positions. The proof 
of this can be given by the basic scattering formula 3.1, which can also be 
written as: 

(4.1) 

The contiguration of two particles is shown in tigure 4.1. The integration 
volume V, the whole space, can be divided into three part, namely the 
volume of partiele one vl' the volume of partiele two v2 and tirrally the 
remairring space. Integration over the latter volume however doesn't yield 
any contribution because in that part of the space holds p = 0. 

The scattered intensity is, according to 4.1, given by the square of the 
integral. This yields: 

The tirst two contributions arise from respectively partiele one and parti
ele two, whereas the third arises from their mutual influence. The way to 
calculate the farmer two contributions has been explained in the previous 
chapter. Here, we will develop the last contibution and this gives usaperfect 
opportunity to show why we use spherical harmonies to derive the diffraction 
spectrum. 

18 
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Figure 4.1: The description of two particles by means of a multipale ex
pansion around their respective centers of mass, which are 
R12 apart. 

To start with, we will assume both particles to be identical and to have 
the same orientation, like shown in figure 4.1. The integral that has to be 
solved shows: 

h2(q) = { dr p(r)e-iq·r f dr' p(r')eiq·r'. 
Jv1 lv2 

(4.3) 

The two integration variables, r and r' both have the same origin 0, which 
is defined in the center of mass of partiele one. However, we can also de
scribe partiele two with a new variabie r2 around its own center of mass O'. 
Because both particles are identical, this yields two integrals with the same 
integration volume V1. Since the relation between r' and r2 is given by 

(4.4) 

formula 4.3 can be simplified to 

h2(q) =lil dre-iq·rl2 eiq·Rl2. (4.5) 

Thus, the total diffraction spectrum of the two identical particles with the 
same orientation is: 

< I(q) >q < (2 + 2e-iq·Rl2) lil dre-iq·rl2 >q 

= < t t 11 dr e-iq·r 12 eiq·R;i >q, 
i=l j=l v1 

(4.6) 

since R 11 = R 22 = 0. In the following section we will elaborate this general 
equation for the special configuration of a stack of discs. 

4.2 Stack of disks 

A stack of discs is an excellent example of identically shaped particles, all 
with the same orientation. However, a stack is built of N instead of 2 
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n 

.· . . , 
' 

Figure 4.2: Graphical representation of the configuration of a stack. 

particles. In order to derive the diffraction spectrum of such a stack, we 
will again start from formula 3.1. Further, we will again use the special 
geometry of the stack, namely N discs, all having the same orientation n, 
which is again parallel to the vector, Rij, connecting the centers of mass of 
the discs. (See figure 4.2.) 

The stack is built of N discs. This means that every pair of discs (i, j) 
will give a contribution to the total spectrum like described in the previous 
section. Therefore, we will first derive this contribution of one pair of discs. 
To derive this contribution we will first substitute the Rayleigh expansion 
in formula 4.5, yielding: 

(4.7) 

x (47rich +l2+L( -l)ml +m2+M Jll (qri)Jl2 (qrj)JL(qRij) 

X Y[~ml (i\)Y[:n2 (f])YLM (kj)Y[r;l (q)Y[~m2 (q)YL-M (q). 

The summation over all spherical harmonies yLM (Rij), resulting from the rel
ative position of the respective discs, can be simplified because of the special 
configuration. Because R12 is parallel to the z-axis, () = 0. Substituting this 
in equation 3.10 gives that M = 0, since 

M { 1 if M = 0 
PL (1) = 0 if M # 0. (4.8) 

Further, we will introduce the generalised Gaunt coefficient [16], which is 
defined as 
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For further definitions of 3j-symbols and rotation operators which we will 
meet later, we would like to refer to Messiah [17]. Substituting the Gaunt 
coefficient and M = 0 yields 

< Iij(q,Rij) >q = 1 dri 1 drj L L L41fi-h+lz+L 
V(n) V(n) h,mllz,m2 L 

x ( -l)m1+mz [(2ll + 1)(2l2 + 1)(2L + 1)]~ 
X Jh (qri)Jt2 (qrj)}L(qRij)~r: 1 {i\)~~2 (fj) 

x (2L+1)~( h l2 L), (4.10) 
m1 -m2 0 

for the contribution to the diffraction spectrum of one pair of discs (i,j). 
Here i may be equal to j. Since Rii = 0, this describes the contri bution of 
theseparate discs (intraparticle), whereas the terms with i =/= j describe the 
interpartiele scattering. 

The next property of the stack we assume, is that all discs have the same 
orientation. Their normal veetors have been chosen parallel to the z-axis. 
This gives m1 = 0 and m2 = 0 because, like in section 3.3, integration of 
a spherical harmonie ~m(n) over the volume of a disc, with normal vector 
parallel to the z-axis, is zero except for m = 0. So we can apply formula 
3.11 again, yielding the result 

x [21rh j d(qri) (qri)hh (qri)] 

x [21rh j d(qrj) (qrj)J2t 2 (qrj)] 

(4.11) 

(2h)! (2l2)! ( 2l1 2l2 L ) . 
X 4h (h!)2 4lz (l2!)2 0 0 0 JL(qR12)· 

The Gaunt symbol in formula 4.11 can be written as the product of two 
3j-symbols [17]. In this particular case, where m1 = m2 = M = 0, it is even 
the square of a 3j-symbol 

(4.12) 

This particular 3j-symbol, where the second row contains only zeros, is zero 
when the sum of the elements in the first row, a+ b + c, is odd. However, 
when this sum is even: 

x 

( -1)P 
(-a+ b + c)!(a- b + c)!(a + b- c)! 

(a+b+c+1)! 

p! 
(p- a)!(p- b)!(p- c)!' 

(4.13) 
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where a+b+c=2p. 
Because the 3j-symbol is zero for odd a + b + c, the contribution to 

< Iij(q, Rij) >ij is zero for odd L. Using this and relation 4.13, equation 
4.11 can be rewritten as 

The total diffraction spectrum of a stack of N discs is given by the sum 
of the contributions of all possible pair conbinations (i, j) 

N N 

< lstack(q) >ij = L L < Iij(q, Rij) >ij (4.15) 
i=l j=l 

N N 

N < Idisc(q) >ij +2 L L < Iij(q, Rij) >ij, 
i=l j=i+l 

where < Idisc(q) >ij is given by equation 3.13 and < Iij(q, Rij >ij by equa
tion 4.14. 

In the special case that all veetors ~,i+l for two successive discs are 
equal, with magnitude ~z, relation 4.15 can be simplified 

N-1 

< lstack(q) >ij= N < Idisc(q) >ij +2 L (N-i) < h2(q, i~z) >ij, (4.16) 
t=l 

where < h2(q, t.ö.z) >ij is the contribution of two discs in the stack at a 
relative position of t times the interdisc distance. 



Chapter 5 

Aggregates of anisotropic 
particles 

5.1 General theory 

In the previous chapter we have looked at the diffraction spectrum of nicely 
ordered particles, all having the same orientation and a 100% correlation 
between this orientation and their relative positions. In this chapter, we will 
treat another kind of configuration we are interested in. Namely, N particles, 
all having their own orientation, positioned within a certain volume. An 
example is shown in figure 5.1. We will call this configuration an aggregate. 

6 D ~ G · ... 
. Do t7l û 00 n .·· o (r1 "' a (r1 

8 G\)GvG 11 a Gf\.. D u 

0 
D va Do'C)~G 

······· ... \J Ga 0 û 8 a 
·. G 

CZJ 0 ... '(). 

Figure 5.1: The configuration of an aggregate of randomly positioned par
ticles. 

The total diffraction spectrum will once again be determined by the sum 
of the contributions of all possible pair combinations: 

where Rtm is the center to center distance of the two respective discs and 
the integrations are over a volume determined by the respective orientations 
of the particles nt. However, the two particles do not necessarily have the 
same orientation and their orientation and their relative position are not 

23 
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m 

························p··· 

Figure 5.2: The description of two rondomly oriented particles by means 
of a multipale expansion around their respective centers of 
mass, which are Rlm apart. 

necessarily correlated. An example of such a pair combination is shown in 
figure 5.2. 

Because the diffraction spectrum depends only on the distances in the 
distribution of the scatterers, we can take the average over all possible ori
entations, n1 and nm of the particles and all possible directions R!m· In this 
way, the position and orientation of the N particles can be described by a 
distribution function f(n!, nm, R!m), which is chosen to be normalized to 
unity. The spectrum can be separated into two parts. The first part is the 
contribution of the separate particles, l = m, and the second part describes 
the contribution of the interference between different particles, l =/= m. 

2 

J(q) = N f dn f dre-iq·r (5.2) 
ln lv(n) 

+ N(N- 1) f dR12 f dn1 { dn2 { dr1 e-iq·r1 
lv ln ln lv(n1) 

x { dr2 eiq·r2eiq·R12 f(n~, nm, R!m)· 
lv(n2 ) 

The farmer contribution to the diffraction spectrum has already been 
treated in chapter 3. In the latter part we may again substitute the Rayleigh 
expansion and a Gaunt coefficient. This results in 

< I(q) >q N <I r dre-iq·rl2 >· 
lv(n) q 

+ N(N- 1) f dR12 f dn1 f dn2 f dr1 f dr2 
lv ln ln lv(nl) lv(n2 ) 

(5.3) 

1 

x "' "' "'i-h+!2+L(-l)ml+m2+M { (2h + 1) (212 + 1) (2L + 1) }2 
L...... L...... L...... 41!' 41!' 41!' 

h,m1!2,m2 L,M 

x (47r) 3 
( 

11 12 
LM ) jh (qri)j1 2 (qr2)jL(qR12) 

ml -m2 -

x Y[~m1 (fi)Y[72 (h)YLM (R12)f(n1, n2, R12). 
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Figure 5.3: Two configurations which have, according to our assumption, 
an equal probability {which is not always true). 

5.2 An aggregate of discs 

In this section, we will elaborate the general theory for the case of a system 
of discs in which the chance of finding two discs at a distance R12 from each 
other is independent on the direction of R12· This is illustated in figure 5.3, 
where both configurations are equally probable since the distance between 
the centers of mass of the two discs is equal in both cases. This assumption 
has been made out of mathematica! point of view, since it yields some es
sential mathematica! advantages. However, physically it is not completely 
correct. In fact, two discs close tagether will force each other in a certain 
direction. 

However, we have to make this assumption, because it has two conse
quences which simplify our problem considerably: 

• L = 0 because R12 is independent on the direction of R12· 

• Because the distribution function has to be a scalar, it can only depend 
on the inner product of the orientations of the discs: j(n1 · n2, R12). 

Because L = 0 the Gaunt coefficient can be written as: 

(5.4) 

and yLM (0) = Y0°(0) =IJ;. So relation 5.3 may be written as 

(5.5) 

l,m 

Because of the relative orientation of the two discs, their normal veetors 
include a certain angle {3. Thus, the two discs will be described in another 
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set of spherical harmonies. However, the spherical harmonies descrihing the 
latter can be rotated to coincide the former, using the rotation operator 
R'pm' [17] 

(5.6) 

The integration over 1; is, for the same reasons as we have seen before 
in section 3.3, unequal to zero only in case m1 = m' = 0. According to 
equation 5.4 m1 = m2, so all summations over m will disappear, resulting 
in 

2V
2 

( 1 ) < I(q) >q = N (qR)2 1- qRJI(2qR) (5.7) 

+ N(N- 1) f dR12 f dn1 f dn2 f: 47r 
lv ln ln l=O 

x f dr1}/0 (fl)jt(qrl) f dr2R?0Yi0 (f2)j1(qr2) 
lv(nt) Jv(n2) 

x jo(qR12)j(n1 · n2, R12). 

The rotation operator R?0 = I1 (cos /3) is independent of r2, so it can be 
put outside the integral over r2: 

< I(q) >q 2V
2 

( 1 ) N (qR)2 1- qRJ1(2qR) (5.8) 

oo 1 1 1 4V2 + N(N- 1) L dR12 dn1 dn2 ( R)4 
l=O v n n q 

x 
(2l)! rR . 2 

J4T+14l(l!)2 Jo d(qr) (qr)J2l(qr) 

At this point in the derivation we have to have a closer look at the dis
tribution function. Till now, we have assumed that the chance of finding 
two discs at a distance R12 from each other is independent on the direction 
of R12· Because of this assumption, the distribution function f(n1, n 2, R 12 ) 
could be written as f(nl · n2, R12), only depending on the absolute distance 
between the discs and the angle between their normal vectors. This distri
bution function can be expanded in a complete orthorrormal set of Legendre 
functions 

00 

f(nl · n2, R12) = L cdk(R12)Pk(n1 · n2). (5.9) 
k=O 

Because of the symmetry of a disc, n 1 and -n1 will result in the same disc. 
Because of this we are looking for an even function, so the terms with odd k 
will be zero. We want to normalize the distribution function to unity. But 
integrating over the wholespace and all orientations will only normalize Jo, 
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because the integration of P2k (cos 0) is zero except for k = 0. 

fv dR12 k dn1 k dn2f(n1 · n2, R12) = (5.10) 

fv dR12 k dn1 k dn2 (4:)2 fo(R12) = 1. 

The other functions hk can be determined in another way. The expectation 
value of P2z(n1 · n2) is defined as 

I dR12 I dn1 I dn2f(n1 · n2, R12)P21(n1 · n2) (
5 

ll) 
I dR12 I dn1 I dn2J(n1 · n2, R12) · 

k dn1 k dn2 [P2z(n1 · n2)]
2 fv dR12 c2zhz(R12). 

With this equation, the coefficients c2z can be determined by normalizing 
the integral of hz(R12) over R12 to unity. Thus, the distribution function 
becomes 

R ) ~ < P2k(n1 · n2) > (R )P. ( ) ( ) 
J(n1·n2, 12 = ~ Id Id [P. ( )] 2hk 12 2k n1·n2 . 5.12 

k=O n1 n2 2k n1 · n2 

Substituting this result for the distribution function into formula 5.8 gives 

< I(q) >q 2V
2 

( 1 ) N ( qR)2 1 - qR J 1 (2qR) (5.13) 

+ N(N- 1) fv dR12 In dn1 In dn2 

oo oo 4V2 (2l)! {qR . 2 
x ~ ~ (qR)4 J4T+ï 4l(l!)2 Jo d(qr) (qr)J2z(qr) 

< P2k(n1 · n2) > 
x 

In dn1 In dn2 [P2k(n1 · n2)]
2 

x P2z(n1 · n2) jo(qR12) hk(Rl2) P2k{n1 · n2) 

Because of the orthogonality of the Legendre polynomials, the double sum 
can be substituted by a single sum, giving the final result 

4V2 oo (2l)! {qR . 12 
< I(q) >q = N (qR) 4 ~ v'4l + I 41 (l!) 2 Jo d(qr) (qr)J2z(qr) (5.14) 

oo 4V2 
+ N(N -1) L ( R)4 < P21(n1 · n2) > 

l=O q 

(2t)! rqR . 2 
x v'4l + 1 41 (l!) 2 Jo d(qr) (qr)J2z(qr) 

x fv dR12jo(qR12)hz(R12), 

in which < P2z(n1 · n2) > is called an order parameter, which can have any 
value between zero, in the limiting case that all orientations are random, 
and one, when all normal veetors have the same orientation. 
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5.2.1 Limiting cases 

There are two limiting cases in the orientations of the discs. On the one 
hand all discs may have a random orientation and on the other hand all 
discs may be parallel. These two cases are schematically shown in figure 
5.4. Each point in this figure should then be replaced by a disc, with its 
normal in the direction of the arrows. 
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Figure 5.4: Schematic view of two possible configurations: random ori
entation {a) parallel orientation {b). 

When all discs have random orientations, < P21(n1 · n2) > is equal to 
zero for l i- 0. This means that all terms with l i- 0 will be equal to zero, 
resulting in the diffraction spectrum: 

2V
2 

( 1 ) < I(q) >q = N (qR) 2 1- qRJI(2qR) (5.15) 

4V2 2 
+ N(N- 1) (qR) 4 11- cos(qR)I 

X fv dR12 jo(qR12)Jo(R12), 

However, when all discs have the same orientation, < P21(n1 · n2) >= 1, 
for every l, because the inner product of any two normal veetors is equal to 
one. Because all discs have the same orientation, all functions h1(R12) are 
identical. So the diffraction spectrum can be written as: 

(5.16) 

These two distributions mentioned above are two limiting cases of a more 
general distribution function, where the interaction between the discs results 
in an parallel orientation at short distances, but where this interading force 
isn't strong enough to give all discs the same orientation. So at a langer scale, 
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the discs will still have a random orientation. This model can be written by 
means of a deseending exponential in the terms of the distribution function 
descrihing the orientation 

(5.17) 

for 1 =/:. 0. This gives the result 

< J(q) >q = 2V
2 

( 1 ) N (qR) 2 1- qRJI(2qR) (5.18) 

+ N(N -1) (~~;2 (1- q~JI(2qR)) fv dR12jo(qR12)f21(R12)e-R12/x 

+ N(N- 1) (:~;4 11- cos(qR)I2 i dR12 jo(qR12)!21(R12) ( 1- e-R12 1x). 

5.2.2 Spherical system of discs 

In order to derive the diffraction spectrum of a system of discs an assump
tion about the distribution of the discs has been made. This assumption is: 
the chance of finding two discs at a distance R12 from each other is inde
pendent on the direction of R12· Because of this the distribution function 
j(n1, n2, R12) could be written as j(n1 · n2, R12). 

Here we will make a second assumption about the distribution function. 
This assumption is that the discs are distributed uniformly within a sphere, 
where the correlation in orientation can be set by means of the order param
eter < P21 (n1 · n2) >. The discs are randomly positioned within a sphere 
with radius d, so fo(RI2) is the distribution function of distauces occuring 
in a sphere [4]: 

(5.19) 

where x= 4t. With this distribution function, the integral becomes 

{ dR . ( R ) 1 (R ) _ ( 3sin(qd) - qd cos(qd)) 
2 

(5_20) lv 12Jo q 12 JO 12 - (qd) 3 , 

where dis the radius of the spherical aggregate. The total diffraction spec
trum of a spherical system of discs thus becomes 

2V
2 

( 1 ) < J(q) >q = N (qR) 2 1- qRJ1(2qR) 

oo 4V2 
+ N(N -1) L ( R)4 < P21(n1 · n2) > 

l=O q 

(21)' rR 2 
x v41 + 141(1!).2 lo d(qr) (qr)j2l(qr) 

x ( 3 
sin( qd) - qd cos( qd)) 

2 

(qd)3 

(5.21) 
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5.3 Graphical representation and simulation 

In this section we will compare the analytically derived spectrum of a spher
ical system of discs with those obtained numerically with PARSTRUC. We 
will pay special attention to the influence of the degree of order in the orien
tation and further, we will study the influence of the density of the system. 

To start with, we will assume all discs to be randomly orientated. A 
schematic view of such configuration can be seen in figure 5.4a. Only a 
couple of points have been plotted here, however in the calculations we 
will use much more discs. Because all discs have a random orientation, 
< P21(n1 · n2) > is equal to zero for l =I= 0. The total diffraction spectrum 
for this case is: 

2V
2 

( 1 ) < I(q) >ii N (qR) 2 1- qRh(2qR) 

4V2 2 
+ N(N- 1) (qR) 4 11- cos(qR)I 

x ( 3sin(qd)- qdcos(qd))
2 

(qd)3 

(5.22) 

From this equation, it is elear that there are two contributions to the diffrac
tion spectrum. In the first place, there is a term which descibes the contri
bution of the individual discs. This term increases linearly with the number 
of discs. The second term describes the interpartiele scattering. This term 
increases quadratically with the number of discs. Both terms are plotted 
separately in figure 5.5, for the typical case of 106 discs with radius 1 within 
a sphere of radius 100. In this figure, the solid line shows the interpartiele 
contribution and the dashed line the contribution of the separate discs. 
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Figure 5.5: The two contributions to the diffraction spectrum of a spher
ical aggregate of discs, respectively resulting from the inter
partiele and the intrapartiele scattering. 

Addition of these two contribution yields the total diffraction spectrum, 
which is shown in figure 5.6. It is elear that the total diffraction spectrum 
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is determined by the interpartiele scattering for q < 0.5, whereas for q > 0.5 
it is determined by the diffraction of the discs separately. 
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Figure 5.6: The total diffraction spectrum of the aggregate of randomly 
oriented discs. 

In the diffraction spectrum shown in figure 5.6, three 'kinks' appear. 
Two of these have already been explained in the previous sections. The 
first, q ~ 0.03, is determined by the diameter of the spherical aggregate, 
whereas the second, q ~ 3, is determined by the diameter of the discs. The 
third kink is caused by the transition from the second to the first term in 
equation 5.22. The q-value this will occur for is determined by 

9(N- 1) = (qd) 4 . (5.23) 

In our example, N = 106 and d = 100, this gives q ~ 0.55. However, for a 
lower concentration, less discs within the same spherical volume, this kink 
would move towards a lower q-value, while the other kinks remain at their 
positions. As a result, the flat part in the spectrum would become wider. 

The other limit is the case in which all discs have the same orientation. 
In that case, shown in figure 5.4b, < P2t(nl · n2) > is equal to 1, for all 
possible values of l. In this case, where all discs have the same orientation, 
ht(x) = fo(x) for alll. Because of this, the integral over the volume of the 
sphere can be taken outside the summation, and the summation that rests 
is identical to the summation we have seen in the case of a single disc. This 
yields the following formula for the diffraction spectrum. 

< I(q) >q = 2V
2 

( 1 ) N (qR)2 1- qRJI(2qR) 

+ N(N -1) 2V2 (1- JI(2qR)) 
(qR) 2 qR 

x ( 3 
sin( qd) - qd cos( qd)) 

2 

(qd)3 

(5.24) 

The difference between this formula, for parallel discs, and formula 5.22, for 
randomlyorienteddiscs, isthefactor (~~;2 (1- h(::R)) insteadof (!~)4 11- cos(qR)I 2

• 

These two factors are plotted both in figure 5.7. 
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Figure 5.7: The two different factors, respectively in case of randomly 
oriented and parallel oriented discs, differ only for q > 2, 
where the aggregate contribution is already dominated by the 
contribution of the single particles. 

In this figure can beseen that these two factors are equal up to qR ~ 2. 
The only difference between the two spectra is to be expected for q > 2. 
However, if we look at figure 5.5, it is clear that for q > 2 the diffraction 
spectrum is determined by the other term, the term descrihing the diffrac
tion of the separate discs, while the contribution of the term descrihing the 
interpartiele scattering, the term where the difference occurs, is at most one 
percent. The condusion is that the diffraction spectra look identical whether 
the discs are randomly oriented or parallel to each other. 

This result has also been verified numerically with PARSTRUC for the 
spectra of a system containing 100 discs with radius 10 randomly positioned 
within a sphere with radius 90. The spectra were computed once for all 
discs randomly oriented and once for all discs parallel, while the centers of 
mass of the discs were identical in both cases. These spectra are shown in 
figure 5.8. 

We conclude that the diffraction spectra look identical whether the discs 
are randomly orientated or paralleltoeach other. But we have to be careful 
with this conclusion. It was drawn in case of 106 discs with radius 1 within a 
sphere with radius 100, in which case every disc has an average space of the 
order of magnitude of a sphere with the sameradius as the disc. However if 
we put more of those same discs within the same spherical space, the term 
in formula 5.22 descrihing the interpartiele contribution to the scattering 
spectrum will get more infl.uence, sirree this term increases quadratically 
with the number of discs, where the other term increases only linearly. This 
can also be seen from equation 5.23. As our reference point, we will use the 
example used before, namely No = 106 discs with radius 1 within a sphere 
with radius do = 100. If we increase the number of discs N while keeping 
the radius of the aggregate constant, q4 !jf = C, where C is a constant. 
This shows a shift of the kink to higher q-values for a more dense packing 
of the discs. However, to obtain a different spectrum in the respective cases 
of randomly oriented and parallel discs, the q-value of the kink should be 
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Figure 5.8: The numerically computed diffraction spectra of an aggregate 

built of respectively randomly oriented discs and parallel ori

ented discs. 

about 2. This corresponds to a least 108 discs, but 108 discs of radius 1 
within a sphere with radius 100 would yield a solid sphere, where no discs 
are visible anymore. 

The second way to increase the q-value of the kink is decreasing the 
radius d of the aggregate, while keeping the number of discs within a unit 
volume constant. In that case the number of particles decreases with ~' 

0 

resulting in the relation, q4 d~ = C, where C is a constant. However, to 
obtain a difference between the two spectra, the diamater of the aggregate 
should be so small that it is impossible to speak about a sphere anymore. 

The condusion is that the diffraction spectrum of a sphere built of discs 
looks the same whether there is astrong correlation in the orientation of the 
respective discs or not. So, for such a configuration, it is impossible to tell 
sarnething about the orientation correlation by scattering experiments. 



Chapter 6 

Polydisperse and fractal 
systems 

6.1 Polydisperse aggregates 

In chapter 3 we focussed on the diffraction spectrum of a single particle. In 
chapter 4 we zoomed out to derive the spectrum of a stack. In chapter 5 
we zoomed out further to derive the diffraction spectrum of an aggregate, 
a system built of N single particles. Finally, in this section we will zoom 
out even further and as a result we willlook at a system built of aggregates. 
In this chapter we will also study fractal structures, since these often arise 
during aggregation. 

6.1.1 Qualitative explanation 

If aggregates all have the same size and if they are relatively far apart, the 
total diffraction spectrum is equal to that of one aggregate, where the abso
lute intensity is multiplied with the number of aggregates. However, if the 
aggregates have different sizes the total diffraction spectrum is the sum of 
the different contributions of the respective aggregates. We will illustrate the 
result with the help offigure 6.1. This figure shows two configurations. The 
first (A) exists of one aggregate of N particles, whereas the secoud (B) con
sists of two widely separated aggregates, one aggregate built of N1 particles 
and the other built of N2 particles. However, the total number of particles 
is equal in both configurations: N = N1 + N2 . The diffraction spectrum of 
the single aggregate (A) has already been derived in the previous chapter. 
The part of this spectrum depending on the aggregation has been plotted 
with a dotted line in figure 6.2. The two contributions to the spectrum of 
the respective aggregates of the secoud configuration (B) have been plotted 
in the same figure with a solid line, just like their sum, the total diffraction 
spectrum of this configuration, which is plotted with a thick solid line. 

Since the intensity is proportional to the number of particles within the 
aggregate for large q-values, the sum of the two contributions of the respec
tive aggregates (B) is equal to the intensity of the single large aggregate (A) 

34 
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A B 

Figure 6.1: The configuration of respectively one aggregate {A) and poly
disperse aggregates {B ). 

Log I a b c 

Logq 

Figure 6.2: A schematical plot of the cause of a lower slope in the diffrac
tion spectrum {thick) of polydisperse aggregates ( configuration 
B in figure 6.1). As a reference, the diffraction spectrum {dot
ted) of the single aggregate {configuration A) is also given. 
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in the large-q region. On the contrary, the intensity is proportional to the 
square of the number of particles for q -+ 0. Thus in contiguration B, the 
contribution of the small aggregate will be negligible to that of the larger 
aggregate. As a result, the total diffraction spectrum of contiguration B will 
be proportional to the square of the number of particles in the largest aggre
gate N[. Thus, in this diffraction spectrum three regions can be discerned, 
namely region a contributed to by the largest aggregate, region casaresult 
of both aggregates and tinally region b where the result of polydispersion 
can beseen as a lower slope in the plot. 

6.1.2 Schultz distribution 

In a real system there are not just two aggregates, but such system will con
sist of many more aggregates, all having their respective size. These sizes of 
the aggregates can be described by a distribution function of their respec
tive radii. It is known from thermodynamics that in a polydisperse cluster 
system there are many more small clusters than large clusters. However, the 
scattering intensity in the small-q range is dominated by the contribution 
from the large clusters. As a result, the scattering intensity is largely due 
to the 'dilute' large clusters, which are 'dispersed' in a sea of small clusters. 
Thus from the scattering-intensity point of view, the arrangement is equiv
alent to a dilute system. Consequently we can neglect the interaggregate 
interference and the total scattering intensity is equal to the sum of the 
separate aggregate contributions. 

I(q) = fooo dRJ(R)Iaggregate(q, R), (6.1) 

where f(R) is the distribution function for the sizes of the aggregates. 
Sheu [9] has given the spectrum in case of spherical particles with radii 

distributed according to the Schultz distribution. This two-parameter dis
tribution function is given by 

1 z+1 z z+1 [ l z+l [ [ l l fs(R) = r(z + 1) ~ R exp - ~ R , (6.2) 

where R9 is the average radius of the spherical aggregates and z is the width 
parameter, characterizing the degree of polydispersion of the aggregate sizes. 
Low values of z result in a large polydispersion, whereas the Schultz distri
bution tends to a Gaussian form at large z values and approaches a delta 
function as z goes to intinity. 

The result Sheu obtained, which we have not checked, is: 

Is(q) 

J(q) 

= 81r2 R~(z + 1)-6 az+7 J(q), where 

a-(z+l)- (4 + a2)-(z+l)/2 cos(xi) 

+ (z + 1)(z + 2) [a-(z+3) + (4 + a 2)-(z+3)/2 cos(x3)] 

2(z + 1)(4 + a 2)-(z+2)/2 sin(x2), 

(6.3) 
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This function has been plotted for two values of z. Namely in figure 6.3 
fora large value, z = 10, 000, and in figure 6.4 fora small value, z = -0.9. In 
bath cases R9 = 10. The spectrum of the farmer approaches the spectrum 
derived fora single sphere (see figure 3.2). This is a good thing sirree for this 
z-value the distribution function approaches a delta function, so all spheres 
have the same size. 

Figure 6.3: The distribution function for z=10,000 {left) and the corre
sponding spectrum {right). 

In contrast, the latter spectrum is smooth with a slope -4. The distri-

Figure 6.4: The distribution function for z=-0.9 {left) and the corre
sponding spectrum {right). 

bution function shows that the smaller particles are, the larger the number 
of these within the system. However the contribution to the spectrum is 
proportional to the square of their volume. Figure 6.5 shows the relative 
importance of all particles with a certain radius in the system. As can be 
seen the particles of radius 300-800 give the largest contributions, whereas 
the rest is negligible. This means that only for q < 0.006 a smaller slope 
can exist, whereas for larger q-values the slope -4 continues to exist. The 
spectrum is smooth because it is the sum of different contributions each 
having their minima at different q-values. 

The condusion is that we need a distribution function which yields even 
more small particles to obtain a lower slope. We will see one insection 6.3. 
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Figure 6.5: A plot of r 6 fs(r). Since the intensity is proportional to the 
square of the volume, this function gives the relative impar
tanee of the spheres of radius r within the polydisperse system. 

The result Sheu obtained for polydisperse solid spheres can be inserted 
into our model. In fact, in case of a spherical aggregate built of discs, the 
distribution function descrihing the distances between the centers of mass of 
the discs (see 5.21) is the same as Sheu used to describe asolid sphere. Thus 
we can insert the above theory of polydispersion in our model, yielding a 
modelfora system of polydisperse aggregates built of discs, where the radii 
of the aggregates are distributed according to the Schultz distribution: 

2V
2 

( 1 ) < I(q) >q = N (qR) 2 1- qRJ1(2qR) 

oo 4V2 
+ N(N- 1) L -( )4 < P2z(n1 · n2) > 

l=O qR 

I 

(21)1 {qR 2 

x J4T+14l(l!).2 Jo d(qr) (qr)hz(qr) 

x Is(q). 

(6.4) 

The correlation coupling can be tuned on and off again with the help of the 
order parameter, like we have seen for one such aggregate. However, if we 
omit the orientation correlation of the discs, since this appeared to have only 
little influence on the diffraction spectrum, this yields the simplification: 

< I(q) >q N < Idisc(q) >q (6.5) 

+ N(N- 1)Is(q) < Idisc(q) >q. 

6.2 Fractal aggregates 

It is well known that the structures that come into being during aggregation, 
are not uniform, but may have a fractal mass distribution. The origin of 
this phenomenon has been outlined in figure 6.6. In the beginning, all par
ticles are loose and move in a random direction, e.g. by Brownian motion. 
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Figure 6.6: During aggregation fracal structures come into being. 

When two particles collide there is a certain chance that those particles stick 
together. If they do so, they will go on together like one particle. In that 
way small aggregates arise, which will collide with each other again, finally 
yielding one large fractal aggregate. 

In order to describe such an aggregate, we will use the distribution func
tion of solid spheres within a spherical aggregate. In a Dm-dimensional 
space, the number N ( r) of primary particles, of radius R, within a spher
ical aggregate of radius r is given by N ( r) = ( r IR) Dm. The derivative of 
this equation can be related to the asymptotic pair-correlation function g(r) 
through the relation 

g(r) = _1_dN = Dm _1_rDm-3 

41fr2 dr 47rNv RDm ' 
(6.6) 

where Nv is the number of primary particles per unit volume. This will be 
the correct asymptotic behaviour of g( r) for r > > R in an infinite system. 
However, in our model, we expect the correlation to have a limited range. 
Therefore, the correlation will have a finite range x and we introduce the 
cutoff factor exp( -r I x). This method has been suggested by Schmidt [8]. 
The expression for IF(q) now follows from 

lF(q) = Nv {oo dr41fr2g(r)sin(qr) (6.7) 
lo qr 

= Dm+ roo drrDm-2 exp(-rlx)sin(qr) 
q R m Jo 

This integral is a 'standard' integral which can be solved analytically, see 
for example [12]. This results in 

Dm r(Dm- 1) . [ -1( )] 
lF(q) = ( R)D (D _1)/2 sm (Dm- 1) tan qx . 

q m [(qx)-2 + 1] m 

(6.8) 

We will now take x equal to the radius of the aggregate, which itself is equal 
to RN11 Dm. Filling this into equation 6.8 and normalising it properly to 
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obtain IF(q) = 1 for q-+ 0, results in 

IF( ) _ sin [(Dm- 1) tan-1 (qx)] 
q - (Dm- 1)(qx) [1 + (qx)2J(Dm-l)/2. 

(6.9) 

This theory can be inserted into our model by using formula 6.6 as the 
distribution function of the centers of mass of the discs. Again omitting the 
orientation correlation of the discs, the result for a fractal aggregate built of 
discs now states 

< J(q) >q N < Idisc(q) >q (6.10) 

+ N(N- 1)IF(q) < Idisc(q) >q. 

6.2.1 Graphical representation and simulation 

Equation 6.9 results in a spectrum showing a slope -Dm when Dm < 3. 
However, when Dm ~ 3 we reach a singular point, sirree for q > 1, the 
argument of the sine approaches to 1r and a slope -4 arises instead of a 
slope -3. In figures 6. 7 this is shown for two different fractal dimensions, 
namely Dm = 1. 7 and Dm = 3. 

Fraclalclmllnslonci.7-
Sioptl-1.7 ·-·· 

le-~_0'--, --~--~--~---~ 

Fractaldi"""'..,,..J
Siopv·•----

Figure 6.7: IF(q) of a spherical aggregate with respectively Dm = 1.7 
(left) and Dm = 3 (right). 

We can also verify this result numerically. In order to do so, we need 
a fractal with a known fractal dimension. An example of such a fractal 
structure is a so-called Vicsek fractal. The way such a fractal is constructed 
can be seen best from a 2-dimensional Vicsek fractal. That fractal is shown 
in figure 6.8. If we look at this example we see that by multiplication 
of the radius r with a factor 3, the mass M within that radius enlarges 
with factor 5. Therefore the fractal dimension Dm of a 2D-Vicsek fractal is 
log 5/ log 3 = 1.465. In the same way, a 3-dimensional Vicsek fractal can be 
constructed. Such fractal is given on the left hand side in figure 6.9. The 
fractal dimension of such a fractal is Dm = :~~~ = 1.77, sirree in this case 
the mass enlarges withafactor 7 when the radius is multiplied withafactor 
3. 

As we can see on the right hand side of the same figure the diffraction 
spectrum shows a slope -Dm indeed. However, this slope is not smooth. 
This can be understood sirree a Vicsek fractal is very regular, because of 
which some preferential distances will occur. 
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Figure 6.8: An example of a 2D- Vicsek fractal. 
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Figure 6.9: A Vicsek fractal with fractal dimension n:n = 1. 7 (left) and 
its diffraction spectrum as calculated with ParStruc (right). 

6.3 Polydisperse fractal aggregates 

Of course we can also have a polydisperse system of fractal aggregates. 
Thus, the next step we will make is to derive the diffraction spectrum of 
such a system. The total spectrum will again be given by the summation 
of contributions of all individual aggregates. First, we have to look for an 
appropriate farm for the distribution of aggregate sizes. Following Stauffer 
[13], we will use 

f(N) ex N-7 exp(-NjS), (6.11) 

which is a distribution function accuring naturally for fractal aggregation. 
In this formula N is the number of discs within the aggregate, S a measure 
of the average number of discs within the aggregate and T an index repre
senting the degree of polydispersity of the aggregate sizes. A smaller r-value 
means a braader aggregate size distribution. Normalizing the total mass, 
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J dN N f(N), to unity, f(N) should be normalized according: 

8T-2N-T ( N) 
f ( N) = ( 1 ) exp - S , r 2-r'S 

where r(a, b) is the incomplete gamma function. 
The total scattering now becomes: 

(6.12) 

< I(q) >q= JN:1 dN f(N) [Nldisc(q, R) + N(N- 1)Iaggregate(q, d)]. 

(6.13) 
The contribution of one disc to the total diffraction spectrum is independent 
of the total number of discs within the aggregate. The integration of the first 
part thus simply yields Idisc(R), since J dN N f(N) has been normalized to 
unity. When we further use IF(q) from equation 6.9 for Iaggregate, the total 
diffraction spectrum becomes 

< I(q) >q (6.14) 

where RN is the radius of an aggregate consisting of N discs. The integral 
occurring in this equation cannot easily be solved analytically. But it can 
be solved by approximating the spectrum for the low qRN values by 

and, on the other hand, approximating it for the high qRN values by 

(2)( ) ,..., sin[(Dm- 1)~] 
JF q "'(Dm-1)(qRN)Dm' 

(6.15) 

(6.16) 

This approximation, which corresponds to the limiting values of large and 
small q, has been elaborated by Chen [14]. 

For N 2 instead of N ( N - 1) the integral now shows 

J
(qR)-Dm T-2 N2-T N 

dN 
8 e-s I~)(q) 

1 r (2- r, ~) 
(6.17) 

1
00 ST-2 N2-T N ( ) 

+ dN e-s I} (q). 
(qR)-Dm r (2- T, ~) 

Rewriting the first of these integrals to a new integration variabie yields 

J
u 

s d 2-t 
r (2 - T l) l+x2)Dm/2 y y 

' s 8 

(6.18) 
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where 

u= [ h'('x; x') rm/2 (6.19) 

while evaluation of the secoud integral yields 

S f ( 2 _ T, [~]-Dm) [~]-Dm sin [(Dm- 1)~). 
f ( 2- r, ~) h h (Dm- 1) 

(6.20) 

In the following the average aggregate size s will be assumed to be large, 
thus making 1/ s to approach zero. In that case the remaining integral in 
the former expression is equal to the gamma function f(3 - r) minus its 
incomplete gamma function r(3- T, u) for Dm = 2, while for other values 
of Dm this only holds in a first approximation. 

Using these results in our equation 6.14 yields the total diffraction spec
trum of a system of polydisperse spherical aggregates built of discs 

< I(q) >q 
2V2 (1 _ J1 (2qR)) 

(qR) 2 qR 

+ S F(3 _ T, qÇ)[1 + (qÇ)2]-Dm(3-r)/2 
r(2 -r) 

+ f(2~r)G(2-r,qÇ) [~]-Dm 

where Ç is the correlation length, defined as Ç = hRS11 Dm, 

F(a, x) = f(a)- f(a, u), where 

u = [ h'('x; x') rm/2 and 

h = JDm(D
6
m + 1) 

Further, the fuution G (a, x) is given by 

G( ) 
- . [(Dm -1)7r] f (a, (~)-Dm) 

a, x - sm 2 Dm - 1 . 

(6.21) 

(6.22) 

(6.23) 

The diffraction spectrum in equation 6.21 consistsof three contributions. 
One because of the primary particles and two because of the aggregation. 
Here we will concentrate on the latter. In the large-q region one of those 
two termsis proportional to q-Dm(3-r), whereas the other is proportional to 
q-Dm. The term with the lowest power will dominate, respectively resulting 
in a slope -Dm(3- r) incaseT > 2 and a slope -Dm incaseT < 2. This 
is plotted in figure 6.10 for aggregates of fractal dirneusion Dm= 2.7, once 
for T = 1.5 and once for T = 2.5. 

In case Dm approaches to 3, function G(a, x) becomes zero because of 
the sine term, a problem we have seen before. However, because of the 
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Figure 6.10: The 'diffraction spectra of polydisperse fra~tal aggregates 
(Dm = 2. 7) in case respectively r = 1.5 {left) and r = 2.5 
(right). 

polydispersity of the aggregates a secoud term has turned up, which differs 
from zero and which depends on a combination of r and Dm. A special 
case would occur for r = 2. For this value of r, the slope of the spectrum, 
for R < q-1 < x, would again be equal to the fractal dirneusion of the 
aggregate, even for Dm = 3. But, r = 2 corresponds to a, in percolation 
theory well known, singularity in the aggregate size distribution function 
6.12. However, an important condusion we can make here is that a slope 
close to -3 accuring in a diffraction spectrum can occur from a combination 
of Dm and r, sirree r can be close to 2. For example, for random percolation 
T = 2.2. 



Chapter 7 

U sing the model 

In the previous chapters we have derived a theoretica! model for the diffrac
tion spectrum of an aggregate built of discs. Further, we extended the model 
to enclose polydisperse and/ or fractal aggregates. In this chapter we will 
show how we can use our model to interpret experimental spectra. Three 
aspects of a spectrum will play a major role, namely: 

• the slopes in the spectrum, 

• the positions (q-values) ofthe kinks (the transitions between two slopes) 
and 

• the absolute intensity of the horizontal parts in the spectrum. 

7.1 The spectrum 

Like derived in chapter 5, the total diffraction spectrum of a spherical ag
gregate of discs is given by 5.21, namely: 

< I(q) >ii = Nldisc(q,R) (7.1) 

+ N(N- 1)Ia99 (q, d), 

where q is the scattering vector, R the radius of a disc, N the number of 
discs within the aggregate, and d the radius of the spherical aggregate. 

So, there are two contributions to the diffraction spectrum. The first 
term arises because of the separate discs (intraparticle scattering), whereas 
the secoud arises because of the interaction between different discs ( interpar
tiele scat tering). These two terms and the tot al diffraction spectrum have 
been plotted in figure 7 .1. The former is proportional to NV2 , w hereas the 
latter is proportional to N 2V 2 , where V is the volume of one disc. 

From this figure it is obvious that the spectrum can be split in two 
parts. In each q-range one contribution dominates the other. The large-q 
region describes the building blocks, whereas the small-q region describes 
the aggregate. In order to interpret the diffraction spectrum we will outline 
it with lines of slope 0, -2 and -4 respectively. Such a schematic plot has 
been given in figure 7.2. The three charaderistics mentioned above, namely 

45 
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Figure 7.1: The two contributions (left) and the total diffraction spectrum 
(right} of a spherical aggregate of discs. 

the slopes, the kinks and the intensities appear clearly in such a plot. We 
will use the rest of this chapter to show what these characteristics can tell 
us about the structure we want to analyse. 

log(l) 
a b c d 

slnpeO 
N2 1---------._ 

N 

slnpe-2 

log(q) 

Figure 7.2: Outfine of the diffraction spectrum in order to determine the 
q-values of the kinks, the slopes, and the intensities of the 
horizontalparts of the spectrum. 

7.2 Kinks 

In analysing an experimental diffraction spectrum it is important to be able 
todetermine some length scales easily. In the case of the model just derived, 
we want to know the radius of the aggregate d, but also the radius of the 
primary particles R, the discs, and their number within the aggregate N. 

In the first place we will derive a relation between the radius of the 
sphere, the aggregate, and the q-value of the kink which describes this radius. 
The relation we want to derive is of the form 

q8 R 8 = s = Constant, (7.2) 

where q8 is the q-value where the lines of slope 0 and -4 cross, Rs is the 
radius of the sphere and s is a constant we are looking for. The q-value 
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where the line of slope -4 crosses the second horizontal line is marked in 
the plot as Qe· This is the point where the two contributions to the diffraction 
spectrum, namely the interpartiele and intrapartiele contribution, are equal. 
This point (see equation 5.24) can be given by the relation 

(7.3) 

Combination of 7.2 and 7.3 results in the relation 

(7.4) 

Because q8 and Qe in figure 7.2 are connected by a line of slope -4, a second 
relation between these to q-values can be given, namely by 

-4(log Qe - log q8 ) = log N - logN2
, (7.5) 

which can be rewritten as 
(7.6) 

From equations 7.3 and 7.6 now follows that, for N » 1, s = J3. So now 
we have derived a relation to determine the radius of a sphere directly from 
its diffraction spectrum by: 

(7.7) 

The samekind of derivation is possible fora disc or fora rod-like particle. 
In case of a disc this results in the relation 

(7.8) 

and in case of a rod-like partiele the relation shows 

7r 

QrHr = 2' (7.9) 

In these relations, Rd is the radius of a disc and Hr is the half height of a 
rod-like particle. Thus, we can conclude that for the position of the kink 
holds qL ~ 3, where L is the largest distance within the particle. 

The number of particles within the aggregate can be determined by the 
positions of the kinks using equation 7.4. Since we have also determined the 
radius of the aggregate and the radius of the primary particle, this yields 
the density too. 

7.3 Slopes 

Figure 7.2 shows four parts of the spectrum. The first part has a slope 
0. The length scale we are looking at here is large compared to the size 
of an aggregate. Thus, its shape cannot be discerned and the intensity 
is proportional to the square of the diffracting mass, N 2V 2 . The slope 
in the second region (b) and the fourth region ( d) describe respectively the 
aggregate and the primary particles, the discs. The width of the third region 
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(c), which also has a slope 0, depends on the density of the aggregate, as 
shown in the previous section. 

Thus, two slopes, different from 0, appear in the spectrum. The magni
tude of these slopes can result from three different origins, namely 

• the shape of the particlejaggregate, 

• the internal structure of the particlejaggregate and 

• polydispersity. 

In chapter 3 the infiuence of the shape of particles has been studied. 
Spherical particles result in slope -4 and discs in a slope -2. However, 
in the literature more partiele shapes have been studied. For example, a 
rod-like partiele results in a slope -1. This can also be inserted into our 
model. 

In chapter 6 we stuclied the infiuence of fractal aggregates, which ap
peared to result in a slope -D,, where DJ is the fractal dimension. In the 
same chapter the infiuence of polydispersity of the aggregate sizes has been 
studied. This turned out also to infiuence the slope. Depending on the 
distribution of the aggregate sizes a lower slope can occur than would be 
expected from the shape or structure of one individual aggregate. 

7.4 Intensities 

The last charaderistic mentioned is the value of the absolute intensities of 
the two horizontal parts in the spectrum. For q -+ 0, region (a) the length 
scale we are looking at is large compared to the size of the aggregates. As 
a result, neither the internal structure nor the shape of the aggregates can 
be seen and the spectrum is only determined by the quantity of scattering 
mass, N 2V2 . 

In region ( c), we are looking at length scales small compared to the 
aggregate size but still large compared to the primary particles. Thus, the 
shape of the primary particles cannot be determined yet, but the intensity 
is given by the number of primary particles times the quantity of scattering 
mass within one part iele, thus NV2 • 

7. 5 Con cl usion 

Concluding, we can say that several aspects of the structure can be deter
mined easily by looking at the diffraction spectrum. However, it is very 
important to notice that there are also some charaderistics in a spectrum 
that can arise because of different reasons. For example, there are three 
possible reasans for the appearance of a slope in the spectrum. As a result, 
the structure cannot be determined as a simple inversion of the spectrum, 
but all possibilities have to be considered. 



Chapter 8 

Literature data 

In this chapter we will give a survey of the SAXS data on asphaltene mixtures 
that we have found in the literature. Thereupon, we will compare these data 
with our model. 

8.1 Survey 

In the (recent) past, several studies have been performed on the structure 
of asphaltenes by means of Small Angle X-ray or Neutron scattering. Some 
results can be found in the literature. A survey is given below: 

1. CH. BARDON, L. BARRÉ, D. ESPINAT, ET AL., The coltoidal structure 
of crude oils and suspensions of asphaltenes and resins, Fuel Science 
and Technology International 14, (1996) 203-242. 

2. V. GUILLE, D. ESPINAT, L. BARRÉ, Coltoidal macrostructure of 
crude oil, Progres in Colloid and Polymer Science 98, (1995) 
180-183. 

3. D. ESPINAT, Colloidal structure of asphaltene solutions and heavy oil, 
1993 SPE International Symposium on Oilfield Chemistry. 

4. E.Y. SHEU, M.M. DE TAR, D.A. STORM, Coltoidal structure of vac
uum residue in solvents, Preprints American Chemica! Society, 
Division Fuel Chemistry, 37(2), 844-848. 

5. D.A. STORM, E.Y. SHEU, M.M. DE TAR, Smalt angle X-ray scatter
ing study of asphaltenes, Preprints American Chemica! Society, 
Division Fuel Chemistry, 37(2), 833-843. 

6. E.Y. SHEU, K.S. LIANG, S.K. SINHA, R.E. ÜVERFIELD, Polydisper
sity analysis of asphaltene solutions in toluene, J ournal of Colloid 
and Interface Science 153 (1992) 399-410. 

7. P. HERZOG, D. TCHOUBAR, D. ESPINAT, Macrostructure of asphal
tene dispersion by smalt angle X-ray scattering, Fuel 67 (1988) 245-
250. 
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8. E.Y. SHEU, M.M. DE TAR, D.A. STORM, Salution properties of col
loids formed by petroleum vacuum residues, Macromolecular Re
ports A28 (1991) 159-175. 

9. J.C. RAVEY, G. DUCOURET, D. ESPINAT, Asphaltene macrostructure 
by small angle neutron scattering, Fuel 67 {1988) 1560-1567. 

10. D. ESPINAT, J.C. RAVEY, V. GUILLE, Colloidal macrostructure of 
crude oil studied by neutron and X-ray small angle scattering tech
niques, Journal de Physique 3 (1993) 181-184. 

It has to be noticed that most studies have been performed on solutions 
of asphaltenes and that most plots of I(q) do nothave a double logarithmic 
scale because of which a lot of information has been lost. Only the first 
three articles contain double logarithmic plots. In the next section we will 
not evaluate all spectra completely, but we will compare two of these spectra 
with our model. 

8.2 Comparison with our model 

In this section we will give two plots of diffraction spectra, which we found 
in the first artiele mentioned above. The study in this artiele has been 
performed by D. Espinat et al.. For their experiments, they have used a 
Middle-East crude, called Safaniya. During vacuum distillation the volatile 
components of the crude oil evaparate and are separated. The heaviest par
tieles, which are the least volatile, remain behind. This part of the crude 
that remains behind after vacuum distillation is called the Vacuum Residue. 
It consist of a complex mixture of thousands of molecules with a wide dis
tribution of molecular sizes and chemical structure. This mixture can be 
separated into pseudocomponents such as coke, asphaltenes and resins by 
means of their solubility. This is schematically shown in figure 8.1. In fact, 

Vacuum 
Residue 

tol u ene 

filtration 

t 
coke 

heptane 

filtration 
resins 

t 
asphaltenes 

Figure 8.1: Separation of Vacuum Residue into coke, asphaltenes and resins. 

coke is defined as the insoluble part of the Vacuum Residue in toluene (an 
aromatic solvent), and asphaltenes are defined as the part soluble in toluene 
and insoluble in n-heptane (a paraflink solvent). Finally, resins are defined 
as the heptane soluble part. For us it is important that resins are known 
to have molecular weights of 500-2000, whereas asphaltenes have molecular 
weights of 1000-10.000. 
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8.2.1 Asphaltene solution 

Once the resins and asphaltenes have been separated, they can be dissolved 
in toluene. In this section, we will treat the diffraction spectra of respectively 
such an asphaltene salution and such a resin solution. These diffraction 
spectra are shown in figure 8.2. Next, the diffraction spectrum of the pure 
Vacuum Residue (VR) will be treated, which is given in figure 8.3. 
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Figure 8.2: SAXS-spectra of respectively a 6% wjw asphaltene salution 
{1) and a 6% wjw resins salution {2) in toluene. 

Figure 8.2 shows the spectra of respectively a 6% w jw asphaltene and 
a 6% w /w resins salution in toluene. Most striking is that two regions can 
be distinguished in bath spectra. These regions are roughly separated at 
Q1. We have seen exactly these two regions in our model, one descrihing 
the primary particles and one descrihing the aggregates. Thus, it is clear 
with which part of our model we have to campare these experimental data. 
Notwithstanding this similarity there are also some differences between the 
two spectra shown. These differences can be summarized by three character
istics, namely going from small-q values towards high-q values: the position 
of the transition from aggregate dominated spectrum to primary partiele 
dominated spectrum (Q1), the absolute intensity of the horizontal part of 
the spectrum (q ~ 10-2 A - 1

) and finally the position of the kink descrihing 
the size of the primary particles. 

The size of the primary particles can be determined by the position of 
this last kink since the radius of the particles is inversely proportional to this 
q-value. In case of resins the q-value of this kink is about 0.09 A - 1

, whereas 
in case of asphaltenes the q-value is about 0.02 A-l. Thus, according to 
the model, resins are smaller than asphaltenes, when they are dissolved in 
toluene. Thus, the volume of resin particles is smaller than the volume 
of asphaltene particles. This is in accordance with the molecular weight 
distribution which we have seen before. 

We have seen that the size of the primary particles does nat only deter
mine the position of the kink described above, but that it also affects the 
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absolute intensity of the spectrum and the value of Q1. This can be under
stood in the following way. Since bath solutions contain the same amount 
of dissolved matter, namely 6% wjw, NV is equal in bath cases, where N 
is the number of particles and V the volume of one such particle. Thus the 
smaller the primary particles, the larger the number of them in the solution. 
The larger the number of particles, the closer they will be tagether and as a 
result, the larger the value of Q1 . This implies that, according to our model, 
we expect a larger the value of Ql for the resins than for the asphaltenes. 

Further, in our model we have seen that the intensity of the horizontal 
part in the spectrum is proportional to NV2 . Since NV is still constant 
this implies that the smaller the particles, the lower the intensity of the 
horizontal transition region. Thus, according to our model we expect the 
intensity of the horizontal part to be smaller for the resins than for the 
asphaltenes. 

Concluding, we can say that the size of the primary particles can be 
determined by the q-value of the respective kink and that, according to our 
model, the difference in size of the primary particles in the two cases has 
another two consequences to the spectrum, namely the absolute intensity of 
horizontal transition zone and the value of Q1. Bath consequences according 
to our model can be verified in the spectra in figure 8.2. 

Now we have explained the q-values of the kinks and the intensities, this 
leaves us with the explanation of the slopes. However, since we do not have 
the real data it is hard to fit slopes. For this reason, we will not go further 
into this. 

8.2.2 Vacuum Residue 

In figure 8.3 the diffraction spectrum of Safaniya Vacuum Residue has been 
given for different temperatures. lt turns out that the spectrum does not 
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Figure 8.3: The diffraction spectra of Pure Safaniya VR at temperatures 
::; 100°C {1) and at 200°C {2). 

change when it is heated from room temperature to 100°C. But, when the 
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temperature rises above 100°C the spectrum changes slightly. However, the 
data is too indistinct to be able to give a proper explanation. But it is a 
typical example of a diffraction spectrum, where once again the two regions 
can be discerned. 

8.3 Coneinsion 

As a condusion of this chapter, we can say that our model can explain the 
diffraction spectrum found in the literature. But, we can also conclude that 
there are hardly any proper data in the literature, which cover a sufficient 
large range and which are given on log-log scale. Especially sirree we are in
terested mostly on residues instead of solutions. Thus, sirree there are scarce 
data available in the literature to qualitatively fit our aggregate model, we 
will evaluate in-house (Shell) small angle X-ray scattering data on residues 
in the next chapter. 



Chapter 9 

Application to residues 

9.1 Survey of used samples 

In this chapter we will use our model to interpret some experimental data 
sets which have been measured on residues. The measurements have been 
performed on samples taken from: 

• Arabian Heavy SR + 3 TCR 's: 
Arabian Heavy (AH) is a standard Middle-East crude. The Short 
Residue (SR) is that part of the crude remairring after vacuum distil
lation. This residue can be cracked thermally, yielding the Thermally 
Cracked Residues (TCR's). The difference between the 3 TCR's is the 
time during which they have been cracked. 

• A deviating crude: 
It is known that crudes from different regions can have a very different 
composition, not at least since they can have a different origin. (For 
example whether they originate from land or sea.) For this reasou a 
deviating crude has been chosen to compare its structure with that of 
the standard Arabian Heavy. 

Since this report is about the determination of structures with the help of 
small-angle X-ray scattering, we will stick to this subject. As a result, in this 
report we will not investigate the thermodynamics behind these structures. 

9.2 The standard: Arabian Heavy 

We will start with the describtion of the data as measured on Arabian Heavy, 
since this is the standard crude. 

At two different locations, X-ray diffraction spectra have been measured, 
namely in Daresbury and in Grenoble. These measurements have been per
formed on the same samples, however in another q-range and at another 
time. In Daresbury measurements have been performed in the range 0.1 ::; 
q::; 2.1 nm-1 whereas in Grenoble in the range 0.03::; q::; 0.6 nm-1 . These 
two intervals show a certain overlap, because of which the spectra can be 
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normalised, yielding one large spectrum with a range 0.03 :S q :S 2.1 nm- 1 . 

With qL ~ 27r this means that we can determine the structure on length 
scales 3 :S L :S 200 nm. 

The spectrum of Arabian Heavy Short Residue (AH SR) is shown in 
figure 9.1 (left). The first problem we meet is that both contributions to the 

(0~) • .. . ····· ·· . .. .... 

00~.01L... _____ ,.__ ____ __...,._ ...... 

q(11nm) q(llrm) 

Figure 9.1: Diffraction spectrum of Arabian Heavy SR. The whole spec
trum, as well Grenoble as Daresbury data, {left) and zoomed 
in on large-q region {right). 

spectrum, from Daresbury and Grenoble, are not identical in the range of the 
overlap. A possible explanation is the fact that these respective spectra have 
not been measured at the same time, but about half a year apart. Thus, 
in case the residue is unstable, the chance of finding a (slightly) changed 
structure is large. However, since both contributions do still show a lot of 
resemblance in the region of overlap, we will consider the two contributions 
tagether to he one spectrum. And we will campare this spectrum with our 
model. 

The next question is with which part of our model we have to campare 
this spectrum. Thus whether we see the whole spectrum, as well the ag
gregates as the primary particles, or only part of it. In this case this can 
he determined by zooming in on the largest q-values, thus on the smallest 
structures. This has been clone in figure 9.1 (right). In this figure we see a 
continuously decreasing slope, which finally approachestoa horizontalline. 
(This is sarnething we will see even better for other samples later.) This 
part of the spectrum corresponds to the transition, in our model, between 
the regions where respectively the aggregates and the primary particles are 
described. Thus, the condusion we have to draw from this is that the pri
mary particles are too small to he described in the experimental spectrum, 
and consequently, that the spectrum only shows the aggregates. 

9.2.1 The primary particles 

Sirree the primary particles cannot he seen in the spectrum, we have to make 
an assumption about their geometry. 
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Yen's model 

In chapter 1.1 we have already seen a model for the molecules, the primary 
particles, of asphaltenes, namely Yen's model. This model starts from the 
principle that asphaltene molecules are fiat molecules which can be consid
ered as discs. Further, according to this model, these discs can, dep en ding 
on their surroundings, form stacks, which in turn can aggregate to yield 
large structures. 

To start with, we will use this model of Yen. The fiat molecules are built 
of an aromatic core, which consists of 8-16 C-rings, and some side chains. A 
typical example of such a molecule has been shown in figure 1.1. However, 
in the following we will consider an idealized molecule, built of 12 C-rings 
without side chains. Such an idealized, symmetrical molecule is shown in 
figure 1.1. According to this figure the radius of such a disc can be estimated 

Figure 9.2: One idealized disc-like asphaltene molecule according to Yen's 
model. 

at 0.5 nm. 
The diffraction spectrum of one such symmetrical disc, which has been 

calculated with PARSTRUC, has been plotted in figure 9.3. In the same 
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Figure 9.3: Diffraction spectrum of the idealized disc-like molecule, as 
calculated with ParStruc. 
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plot, the asymptotes for respectively q ---* 0 and q ---* oo have been plotted. 
These asymptotes have respectively a slope 0 and a slope -2. The point of 
intersection of these two asymptotes has been given by the relation qkinkR = 
J2 (equation 7.8), where Ris the radius ofthe disc. Thus, the q-value ofthe 
kink is expected to lie around q ~ 3, which can be validated in figure 9.3. 
Thus, we can conclude that the kink caused by the basic sheets cannot be 
seen in the experimental data indeed, not to mention the slope -2, which 
would arise for even higher q-values. Thus, sofar Yen's model does not 
contradiet our data. 

The next aspect of Yen's model is the possibility of stacking, because of 
which the separate discs can form stacks of about 4-5 layers. The distance 
between two successive discs in such a stack is according to Yen about 0.35 
nm. We would expect to see this 'interdisc distance' in the diffraction spec
trum. However, since qL ~ 211", the distance is too small to be seen in the 
SAXS spectrum. But it will have a result at higher angles, thus, it should 
appear in the Wide Angle X-ray Scattering (WAXS) spectrum. In the ex
perimental WAXS data, taken simultaneous with the SAXS data, a peak 
can be seen around 20 = 16° indeed. This peak corresponds to a distance 
of ±0.5 nm, which we will consider to be our 'interdisc distance'. 
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Figure 9.4: WAXS spectrum as measured on Arabian Heavy Short 

Residue, which shows as peak around 20 = 16°. 

The influence of stacking 

We will show that stacking yields a peak in the WAXS-data at the proper 
angle 20. Further, we will study the infl.uence of the interdisc distance, 
the number of discs in a stack, the size of the discs and the infl.uence of 
polydisperse interdisc distauces to the position and width of the peak. We 
will do so by simulating the different spectra with ParStruc. 

First we will study the infl.uence of the distance between two successive 
discs. For this purpose we have built four stacks, each containing five of 
the discs that we saw in figure 9.2 and each withits own interdisc distance, 
which varied from 3 A to 6 A. These stacks are shown in figure 9.5. It 
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Figure 9.5: Stacks with different interdisc distance (left) and their corre
sponding WAXS-spectra (right). 

appears that both the position of the peak and its width depend on the 
interdiscs distance. The smaller the interdisc distance, the larger the angle 
2() and the wider the peak. But from standard scattering literature it is also 
known that their ratio, 2() / !::..(), is constant, namely: 

2() 
!::..() = n, (9.1) 

where n is the number of discs in the stack, 2() the position of the kink and 
!::..() the width at half height. 

The second influence we will study is that of the number of discs in a 
stack. In figure 9.6 stacks of different heights with their respective WAXS
spectra have been given. lt is obvious that the larger the stack, the narrower 
and the higher the peak, while its position remains the same. With the help 
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Figure 9.6: Stacks of different height (left) and their corresponding 
WAXS-spectra (right). 

of relation 9.1 the number of discs in a stack can be calculated (nc)· The 
results are shown in the following table, where they are compared to their 
real number ( n). 
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!:::,.() (0) nc n 
4.28 4.25 4 
2.80 6.5 6 
2.18 8.37 8 
1.54 11.8 12 
1.01 18.3 24 

The reason that the last height is estimated too low is probably the precision 
which has been used to calculate the spectrum, namely the number of values 
2() for which the intensity has been calculated. The real height is probably 
larger, thus the width at half height smaller, resulting in a higher number 
of stacks. However, we can see that relation 9.1 is a proper relation to 
determine the height of the stacks. 

The interdisc distance and the number of discs in a stack have the largest 
influence on the WAXS spectrum. Two other properties, namely the size 
of the discs and polydispersion in the interdisc distance, which we will not 
elaborate here, appear to have much less influence. 

The condusion of this is thus that the number of discs within a stack 
and the distance between two successive discs within such a stack can be 
determined by the diffraction angle where the peak arises and by the width 
of this peak. 

The influence of wax 

However, a peak in the WAXS spectrum can have other origins than the 
stacking of discs we ascribed it to. For instanee one might think of alkane, 
wax crystals, which yield a peak around 2() = 20° (corresponding to 4.5Á). 
The exact position of this peak can be stuclied using a structure descrihing 
respectively crystalline and amorphous decane, generated with the aid of a 
Molecular Dynamics study by K. Esselink et al. at SRTCA. These structures 
have been plotted in figure 9.7. 

With ParStruc, the WAXS spectra for the two respective situations, 
crystalline and liquid ( amorphous) decane, have been calculated and the 
results are plotted in figure 9.8. It turns out that the peak arising from the 
crystalline wax appears at angles larger than 2() = 20°, thus the peak in 
the experimental data cannot be explained as aresult of the wax within the 
residue. 

9.2.2 Aggregate structure 

Using stacks of discs with interdisc distance 0.5 nm as the primary particles 
we will explain the spectra of the Arabian Heavy samples. Figure 9.9 shows 
four different spectra, measured on four different samples, each taken at a 
different moment in the process of thermal cracking. 
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Figure 9.7: Cristalline (lejt) and amorphous (right) decane as generated 
with a Molecular Dynamics study. 
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Figure 9.8: WAXS-spectrum of the crystalline and amorphous decane 
structures as calculated with ParStruc. 
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Figure 9.9: Diffraction spectra of jour Arabian Heavy samples, namely 
the Short Residue and three thermally cracked residues. 

Nr Sample id Explanation 
1 AH SR Arabian Heavy Short Residue 
2 AH TCR 1 AH thermally cracked during t1 
3 AH TCR 2 AH thermally cracked during t2 (t2 > ti) 
4 AH TCR 3 AH thermally cracked during t3 (is > t2) 

Because the spectra correspond to four different samples, each withits own 
asphaltene density, we cannot compare the absolute value of the intensities 
to each other. This means that we have to give an explanation using the 
other two characteristics of the spectra (see chapter 7), the slopes and the 
positions of the kinks. So these are summarized below: 

Slopes 
Sample id Grenoble Daresbury 
AHSR 0.03 ~ q ~ 0.1 : 2.9 1.5 ~ q ~ 2: 1.05 
AH TCR 1 0.03 ~ q ~ 0.06 : 2.9 0.5 ~ q ~ 1.4 : 1.6 
AH TCR2 0.03 ~ q ~ 0.05 : 2.9 0.3 ~ q ~ 1.4 : 1. 7 
AH TCR3 0.03 ~ q ~ 0.3 : 2.2 0.1 ~ q ~ 1.4: 1.75 
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Kinks 
Sample id First kink Second kink Third kink 
AHSR 0.03 0.6 >2.1 
AH TCR 1 0.03 0.6 >2.1 
AH TCR 2 0.03 >2.1 
AH TCR 3 0.03 >2.1 

All spectra showsome common features. We already saw that the primary 
particles cannot be discerned in the AH SR spectrum. This is, for the same 
reasons, also the case for the other spectra. The second common feature in 
the spectra is a kink around q ~ 0.03. However, this kink arises as a result 
of the measuring method instead of as aresult of the structure we want to 
determine. Namely, in this limit of the q-range, we look at smallangles and 
the intensity here is lower because part of the scattered rays are stopped by 
the beam stop, which is meant to stop the part of the incoming beam that 
has not been scattered. 
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Figure 9.10: Dijjraction spectrum of Arabian Heavy: the whole spectra 
{left) and zoomed in on large-q region (right). 

Other than these general properties, there also occur several differences 
in the respective diffraction spectra. This can be seen most easily from 
figure 9.10 (left), where the spectra have been normalized to unity at the 
right hand side of the spectrum. In the spectrum of the short residue (AH 
SR), there is a flat part for 0.2 ~ q ~ 0.6. During cracking a slope -1.7 
arises, which is still in a very small range for AH TCR 1, but which covers 
the whole Daresbury data for AH TCR 3. 

A flat part in the spectrum with a kink around q ~ 0.6 points to aggre
gates with a diameter of 6 nm, which are relatively small aggregates since 
the diameter of the primary particles is about 1.5 nm. During cracking 
these aggregates break done, but a large stucture comes into existence with 
a fractal dirneusion 1. 75. This can be seen by the increasing region in the 
spectrum in which a slope -1.75 arises. 

A possible explanation for this behaviour is given by the following. The 
core of the asphaltenes is aromatic. This is in contrast to the rest of the 
residue, which contains mostly carbon-hydragen chains. As a result, the 
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asphaltenes do not fit in their environment. However, in the short residue, 
some other molecules exist, for example resins, that keep the asphaltenes in 
the solution. They do so because one side of these molecules resembles the 
asphaltenes, whereas the other fits the carbon-hydragen chains. But, when 
the residue is cracked thermally, these smaller resins will disappear first, 
because of which the asphaltenes cannot he dissolved anymore and start to 
aggregate into large fractal structures. 

9.3 A deviating crude 

Also the diffraction spectra of the vacuum residue of a deviating crude has 
been measured. The respective spectrum is shown in figure 9.11. This crude 
has a totally different geographical origin as the Arabian Heavy, which comes 
from the Middle-East. Because of this it also has a different composition. 
Thus, the question that arises is whether such a different composition may 
also result in a different structure. Especially since other experiments have 
shown that its thermadynamie stability is different from that of Arabian 
Heavy. 

Dcvialing crudc ! .......... 
1B+1 0 °000 

Figure 9.11: The diffraction spectrum of the deviating crude. 

The most striking feature of the data is a slope -1 in a relatively large 
range on the right hand side of the spectrum. A slope -1 can result from 
several causes. For example, everywhere where a transition occurs from a 
slope smaller than -1 to a slope larger than -1, a slope -1 will occur too. 
However, in figure 9.12 is shown that a slope -1 over such a large range as in 
the data cannot he interpreted as a transition from the horizontal part in the 
spectrum to the slope charaderistic of the shape of the primary particles, 
like for instanee for a sphere. 

The only way this slope -1 can he interpreted is as aresult of a rod-like 
particle. This means that in this particular case, the primary particles can 
he seen in the experimental data. This can he understood, since rod-like 
particles implies large stacks, which in turn implies large primary particles. 
The height of these stacks can he determined by the position of the kink. 
This has been determined in figure 9.13. According to the theory, the height 
is given by qkinkHr = 1r /2, where Hr is the half height. Because qkink = 0.6, 
the height of the stack, 2Hr, is 5.2 nm. With the assumption that the 



CHAPTER 9. APPLICATION TO RESIDUES 64 

Ch.."gtllli • 
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Figure 9.12: Comparison of the slope -1 in the data {right) to a 'slope' 
-1 because of respectively a sphere, a disc, a cylinder 1:5 
{diameter:height) and a cylinder 1:10 {lejt). 

interdisc distance is equal to 0.5 nm, this means that the stacks are built of 
about 10 discs. Thus, this is a typical example of a deviating structure. 

100,-------------------~----~ 

···::;:::~:-~------------------.. ·-._ 

10 ......... ·----------------------::: • ..._,.<: 

"""'-. 
slope-1···· 
slope 0 -·· 

10.L1 ----------~-~-'--------' 

Figure 9.13: Determination of the height of the stacks by means of the 
q-value of the kink. 

9.4 Coneinsion 

In this chapter we have stuclied the diffraction spectra of Arabian Heavy 
Short Residue and of its thermally cracked residues. We have seen that our 
diffraction spectra only show the aggregates, whereas the primary particles 
are too small to be seen. However, with the help of Yen's modeland the 
WAXS data of the same samples, we have been able to show that the primary 
particles are stacks of discs. Using these stacks of discs as the primary 
particles we have seen that the short residue consists of small aggregates, 
whereas during cracking a large fractal structure comes into existence. 

We have also seen a more exotic crude which shows another structure. 
However, the mechanism shows much similarities. In fact, the asphaltenes 
from all residues appear to form stacks. Thus, it is advantageous for the 
discs to stack. The difference is thus the number of discs within a stack. 

A possible explanation for the number of discs within a stack can be the 



CHAPTER 9. APPLICATION TO RESIDUES 65 

number of side chains. In fact, these side chains are not always perfectly in 
the plane of the discs. Thus in case each disc has a lot of these side chains, 
these side chains will hinder the possibility of stacking. This is schematically 
shown in figure 9.14, where the discs on the left hand side have more side 
chains than the discs on the left hand side, because of which they cannot 
farm larger stacks, whereas the discs on the left hand side can, essentially, 
farm infinitely high stacks. 

Figure 9.14: The infiuence of side chains on the possibility to form high 
stacks. 



Chapter 10 

Simulation 

It is striking how often a slope -1.75 appears in the experiment al data. 
We have explained this slope as arising from the fractal dirneusion of the 
aggregates, since the corresponding fractal dirneusion Dm = 1. 75 is equal to 
that expected in case of ditfusion limited cluster- cluster aggregation. 

However, since this slope -1.75 appears all the time, we will try to 
achieve this slope also by a numerical simulation with ParStruc. ParStruc 
only calculates the spectrum of the structure given by the user. So weneed 
another program that can generate the desired structure. In chapter 6 we 
have already seen that the diffraction spectrum of a Vicsek fractal indeed 
shows a slope according to its fractal dimension. However, due to cluster
cluster aggregation another kind of fractals will arise. At SRTCA also a 
computer program is available which describes cluster-cluster aggregation. 
This program has been developed by P. Hilbers et al. The principle of this 
program is outlined below. 

At the starting point of the simulation ( t = to), N particles are dis
tributed uniformly within a volume Vo. Because of the Brownian movement 
of the particles, all particles will move and thus have a certain chance of 
colliding to each other. Every time such a collision takes place, these par
ticles can just collide and move on in another direction, or they can stick 
together and move on further together like they were one particle. Thus in 
the beginning ( t = t1) some small aggregates built of 2-3 primary particles 
will come into being. And the more of these aggregates arise, the larger the 
chance that such aggregates will collide to each other and stick together to 
form larger aggregates ( t = t2). At a certain moment some aggregates will 
have such a size that we can really speak of a fractal structure (t = t3 ). 

If this process keeps on going, eventually all particles will form one large 
aggregate (t = t4). 

The diffraction spectra of the initial situation, the final structure as well 
as some intermediate steps have been given in figure 10.1. At t = t 0 all 
particles (64.000) are uniformly distributed within the volume Vo, where 
the concentration was set at 1%. This has been clone in a very regular 
way, because of which it forms a crystal-like structure. As a result, the 
interpartiele distance, which is a preferential distance, can beseen by means 
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Figure 10.1: Diffraction spectra at different moments of the structure in 
the aggregate growth simulation, as calculated with ParStruc. 

of the two narrow peaks at the right hand side of the spectrum. On the left 
hand side we see a horizontal part in the spectrum, which is proportional 
to the square of the total number of scatterers. In between, a slope -4 
can be discerned. A slope we expected, since here we are looking inside a 
3-dimensional uniform system. 

A little later, t 1 , all particles have moved and the crystallike structure 
has disappered. As a result the two peaks on the right hand side of the 
spectrum have disappeared. Like we have seen above, at time t2 some little 
aggregates have come into being. However, in the diffraction spectrum the 
slope -1.75 cannot be discerned yet, since these aggregates are too small. At 
t3 the slope -1.75 is clearly visible. At this moment some large aggregates 
exist. The slope -4 can still be understood by the uniform distribution of 
the aggregates within the volume Vo. However, when the aggregates grow, 
the space they need grows too. N amely, since the fractal dimension is a bout 
1. 75 such aggregates are airy. The space needed by an aggregate built of k 

particles is: 
(10.1) 

where dk is the diameter of the aggregate. This diameter is given by 

(10.2) 

where do is the diameter of one partiele and Dm the fractal dimension. The 
total space needed by all aggregates is thus 

(10.3) 

On the other hand, the total volume available is Vo. Thus, we can define a 
parameter q,, which shows the volume fraction needed by the aggregates. For 
t 0 this parameter was chosen to be 0.01. With the help of the distribution 
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of aggregate sizes, which is also given by the computer program, the other 
volume fractions can be calculated. The result is shown in the table below. 

time <P 

to 0.01 
tl 0.01 
t2 0.03 
t3 0.14 
t4 46.99 

From the table above, it is clear that when all particles have formed one 
aggregate, t4, this aggregate doesnotfit anymore in the volume Vo. However, 
the particles are forced to stay within this volume, because of which gelation 
takes place. Thus, up to a certain length scale we will expect to find the 
fractal structure, whereas on a larger lengthscale we expect to see an uniform 
object, with its corresponding slope -4. 

The next step in our simulation will be to replace every point in the 
fractal system (t = t4) by a randomly oriented disc as shown in figure 1.1. 
Each disc is built of 37 atoms. Since the calculation is proportional to the 
square of the number of particles, the new simulation would take 372 = 1369 
times, thus much too long. Besides, if we would replace all points by stacks 
of 5 discs in stead of loose discs, this would cost even 25 times as much time. 

so-
10000 

·100 

Figure 10.2: A fractal aggregate built of discs {left) and its diffraction spec
trum as calculated with ParStruc {right). 

For this reason and because the fractal structure only exists at smaller 
lengthscales we have taken only a part of the total system. In fact, we have 
taken at random a part of the system, which appeared to consist of 1011 
discs. This new structure has been plot in figure 10.2 on the left hand side. 
As can be seen, this structure is not as regular as a Vicsek fractal, because 
of which we also expect a smoother slope in the diffraction spectrum. This 
spectrum is shown in the same figure on the right hand side. Indeed the 
slopes of respectively the fractal dimension of the aggregate and the discs 
can be seen in this spectrum as well as the transition range. 



Chapter 11 

General conclusions 

Just like the total report, the conclusions can be divided in two parts. The 
first part deals with the analytica! model which we have derived, whereas 
the other part has relation with the data the model has been applied to. 

In the first place, we have developed a new analytica! model for small
angle X-ray scattering spectra. Earlier studies have been performed on this 
topic, even in the area of asphaltenes. However, this new analytica! model 
distinguishes itself essentially from the earlier studies by using a completely 
new approach. In fact, whereas the former studies were all based on the 
principle of Debye, we have substituted a multipale expansion in the basic 
formula. In this way, we have developed a model which contains: 

• The shape of the particles and aggregates (e.g. sphere, disc), 

• The ordering of the particles (e.g. uniform distribution, orientation 
correlation, fractal structure) and 

• Polydispersion in partiele or aggregate size. 

This new analytica! tool is especially powerful in combination with the com
puter program PARSTRUC, which calculates spectra numerically. In fact, 
they are complementary tools sirree both have their advantages and disad
vantages. The advantage of the analytica! model is that it gives more insight 
in the reason why the spectrum shows like it does, but on the other hand, it 
has been derived for simplified configurations. The advantage of PARSTRUC 
is just its flexibility as a result of which the spectrum of all kind of exotic 
structures can be simulated. lts disadvantages are on the one hand that 
it costs a lot of time to translate a certain structure into an input file and 
to subsequently calculate the spectrum, and on the other hand that such 
spectrum does not give much insight unless one calculates a lot of these for 
slightly different structures. 

The second part of this report deals with the application of the model 
to experimental data. Several aspects of the structure can be determined 
easily by looking at the diffraction spectrum. However, some charaderistics 
in a spectrum can arise because of different reasons. For example, there are 
three possible reasons for the appearance of a slope in the spectrum. As 
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a result, the structure cannot be determined as a simple inversion of the 
spectrum, but all possibilities have to be considered. 

First, the data available in the literature have been studied, but it 
turned out that there are scarce data available which have been measured on 
residues and which arealso plottedon a log-log scale. Thus, to qualitatively 
fit our model, we have mainly evaluated in-house (Shell) small-angle X-ray 
scattering data on residues. 

The application of our model to these experimental in-house data has 
given us information about the structure of the asphaltenes. Most striking 
is that the structures of different residues at room temperature appear to 
have a lot of resemblance. In fact, these structures consist of stacks of discs 
which in turn can aggregate. About these aggregates can be said that an 
increasing thermodynamica! instability of the residue appears to coincide 
with an increasing fractal range in the aggregate part of the diffraction 
spectra. However, deviating structures, for example higher stacks, may exist, 
e.g. in residues from crudes of totally different regional origin. 
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Appendix A 

ParStruc 

In this report we derive the diffraction spectra of some configurations an
alytically. This may yield useable formulas for the diffraction spectrum in 
case these configurations have a special geometry, but in a lot of cases the 
diffraction spectrum can only be determined numerically. 

In order to obtain diffraction spectra by numerical computation, some 
computer programs exist, for instanee DALAI, an in Fortan implemented pro
gram developed at the Eindhoven University of Technology, and PARSTRUC 
[7], a parallel program developed at the Shell Research and Technology Cen
tre Amsterdam. Both programs are based on the Debye scattering formula. 
We have used P ARSTRUC, since the advantage of PARSTRUC is its parallel 
design which offers the possibility to execute the program fast on parallel 
networks. 

The structures have to be built of atoms. This is in contrast with our 
analytica! model where we assume a homogeneaus distribution within a 
partiele of a certain shape. This has been illustrated in figure A.l where 
two discs have been plotted, respectively as used by PARSTRUC and as used 
by our analytica! model. 
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15 

Figure A.l: A disc respectively as used by ParStruc (left) and as used by 
our analytical model (right). 

The speed of the parallel program can be useful for large systems since 
the total number of calculatios to be performed to compute the function of 
Debeye is quadratically dependent on the number of particles. Namely, for 
structures built of individual scatterers, typically non-penetrating spheres, 
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the formula of Debye (1915) can be employed 

I(q) = t t fj(q)fk(q) sin(qrj,k)' 
j=l k=l qrj,k 

(A.1) 

where N is the number of particles in the aggregate, rj,k is the pair distance 
of partiele j and k, q is the scattering vector and h(q) is the atomie scat
tering factor (form factor) of the jth atom. This form factor expresses the 
scattering behaviour of the individual atoms. 


