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Abstract

Dijk, H. van
MODELLING AND CONTROL OF AN INVERTED PENDULUM ON A CART
M. Sc. Thesis, Eindhoven University of Technology, Department of Electrical
Engineering, Measurement and Control Group, April 1997.

A cheap and simple system to balance a stick on a cart is being developed. The
construction of an existing system has been improved and the performance of the new
construction has been evaluated. The main problems are the occurrence of slip and limit
cycles. The main cause of the latter is the worm wheel transmission.

White-box models have been derived for the position of the cart and the angle of the
inverted pendulum. With the results of black-box modelling the unknown parameter values of
these models have been estimated. The resulting models have been used to construct a
simulation model of the complete system. This simulation model has been very useful in
testing controllers and predicting the effect of disturbances on the system behaviour.

A PID controller is designed to balance a stick of one metre length. Adding a
proportional control action on the position makes it possible to balance the stick and keep the
cart within one metre of the initial position. Experiments are done with smaller sticks which
show that with the system a stick of 30 cm is balanced and that the cart is kept within one
metre of its initial position at the same time.

From simulations a way is found to control the position of the cart by changing the
offset of the angle signal. Experiments confirm this.

Samenvatting

Dijk, H. van
MODELLEREN EN REGELEN VAN EEN INVERTED PENDULUM OP KARRETJE
Afstudeerverslag, Technische Universiteit Eindhoven, Faculteit Elektrotechniek,
Vakgroep Meet- en Besturingssystemen, Sectie Meten en Regelen, april 1997.

Een goedkoop en simpel systeem wordt ontwikkeld om een stok te balanceren op een
karretje. De bestaande constructie van dit systeem is verbeterd en de prestaties van de nieuwe
constructie zijn geevalueerd. De grootste problemen worden veroorzaakt door slip en limit
cycles. Dit laatste wordt veroorzaakt door de wormwiel transmissie.

Voor de positie van het karretje en de hoek van de stok zijn white-box modellen
afgeleid. Met de resultaten van black-box identificatie zijn onbekende parameterwaarden
geschat. Met de resulterende modellen is een simulatiemodel ontworpen voor het complete
systeem. Dit simulatiemodel is al erg nuttig gebleken bij het testen van regelaars en het
voorspellen van het effect van verstoringen op het systeem.

Een PID regelaar is ontworpen, waarmee een stok van een meter wordt gebalanceerd.
Toevoegen van een proportionele regelactie op de positie, maakt het mogelijk om de stok te
balanceren en tegelijkertijd het karretje binnen een meter van zijn beginpositie te houden.
Experimenten met kleinere stokken tonen aan dat een stok van 30 cm gebalanceerd wordt en
dat het karretje dan tegelijkertijd binnen een meter van zijn beginpositie blijft.

Aan de hand van simulaties is een manier gevonden om de positie van het karretje te
regelen door de offset van het hoeksignaal te wijzigen. Experimenten bevestigen dit.
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f motor friction [N]
F traction force of the motor [N]
g acceleration of gravity [m/s2

]

G gear ratio [-]
1m motor current [A]
J motor inertia [Nms2/rad]
Kb motor voltage-speed constant [Vs/rad]
Ke motor-control voltage constant [-]
Kf motor constant [m/V]
Km motor torque-current constant [Nm/A]
21 length of inverted pendulum [m]
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r w radius of cart wheel [m]
Rm motor resistance [Q]
TL load torque [Nm]
Tm motor torque [Nm]
Ts sample time [s]
Ve control voltage [V]
Vm motor voltage [V]
x position of cart [m]

angle of motor shaft
motor time constant
angle of inverted pendulum
angular velocity of motor shaft

[rad]
[s]
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1. Introduction

It seems so easy, more like a child's play. But balancing a stick is much more than that. In
control engineering inverted pendulum systems are often used as benchmark for new control
techniques. Furthermore the inverted pendulum is used as standard laboratory exercise for
students at a number of universities and colleges. Moreover, the dynamics of the inverted
pendulum are often studied because they are very similar to the dynamics that can be found in
the stabilisation of e.g. rockets and missiles.

In August 1994 a few members of the measurement and control section visited the IFAC
Advances in Control Education conference in Japan. A very simple stick balancing system
was demonstrated there by S. Manabe [1]. The complete system is very simple, small and
cheap (21000 yen"" 375 dfl.) compared to other systems.

Following this the measurement and control section started a project to develop a similar
simple, low-cost inverted pendulum system. The system is to be used for demonstrations
during lectures and as a laboratory exercise for students.

The system has to meet the following requirements:
• To make it easy to take the system anywhere for demonstration purposes it has to be small

and preferably wireless.
• In order to keep the system easy to understand for public and freshmen, the system has to

be simple.
• In order to make it attractive for students to buy components and build the system

themselves, it has to be cheap. In fact, it has to be a lot cheaper than Manabe's system;
about one hundred guilders.

• To make it possible to test different controllers and control techniques in a simple way, the
system will be controlled via a personal computer.

• The system has to be able to balance a stick of about thirty centimetres with a maximum
tilt angle of ± 0.349 rad (± 20 degrees).

From 1994 till today several students worked on this project [2, 3,4,5,6, 7]. In 1996 Peter
van de Mortel built a simple and cheap stick balancing system [8]. He used a Meccano cart on
which a stick was mounted. The rotation of the stick was restricted to the direction of
movement of the cart, which is only forward and backward. The cart was driven by a dc motor
and sensors were developed to measure the position ofthe cart and the angle of the stick. The
measurements of these sensors were used as input for a personal computer based digital
controller. Output of this controller was a control voltage for the dc motor.

This system was able to balance the stick for only a small time controlled by a PID controller.
Main problem was that the cart was restricted in his movements by the length of the wire
connecting it to the computer. While it was balancing the stick the cart moved to far from its
initial position.
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My assignment was to improve the performance of this system by making some changes to
the construction and to design controllers for the new plant. The main control objective is to
balance the stick. Secondly the position has to be controlled. The cart has to stay within one
metre ofthe initial position.

In chapter 2 the system as it was built by Vande Mortel is treated. In chapter 3 the changes
that were made to the construction are described. A model of the stick balancing system is
derived based on physical laws in chapter 4. Black-box models are derived in chapter 5 and
both approaches are combined into gray-box models of the system in chapter 6. Based on the
resulting models a simulation model is built in chapter 7. In chapter 8 a PID-controller is
designed for control ofthe angle. Also control of position is discussed in this chapter. The
results of some experiments done with the system are presented in chapter 9. Finally
conclusions and recommendations are given in chapter 10.
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2. The complete system of Van de Mortel

The starting point of this report is the inverted pendulum system that Van de Mortel built. He
made a system that was able to balance a stick of one metre for a few seconds. The system
works as follows.

The position of the cart and the angle of the pendulum are measured by sensors. The signals
from the sensors are, if necessary, converted into digital signals by AID converters in the
interface and sent to the computer. In the computer a new controller output is calculated from
the two incoming signals. For this purpose the software program MACS is used, in which a
digital controller is implemented. The digital controller output is transported to the D/A
converter in the interface and converted into an analog voltage which is used to excite the
actuator. The following actuator action affects the position of the cart and the angle of the
pendulum. In this way the stick is balanced.

A block diagram of the complete system is shown in Figure 2.1. In the next paragraphs each
block in the diagram will be dealt with briefly. More about the system can be found in [8].

inverted f------+ sensors
f-----+ computer

with
pendulum interface

MACS
on cart
~ ~ ~

softwareactuator

Figure 2.1: Block diagram ofthe complete system

2.1 The inverted pendulum on a cart

The process that is considered here consists of a cart on which a stick is attached. The rotation
of the stick is restricted to the direction of movement of the cart, being forwards and
backwards.

Van the Mortel' s cart is built out of Meccano elements. The size of the frame is about fifteen
by twenty centimetres. The radius of the Meccano tires that are used is circa two centimetres.
As inverted pendulum also a Meccano element is used that can rotate on a pivot. On the cart
the actuator, the sensors and the interface is mounted.

To minimize backlash effects at the gears a worm wheel is used for transmission. This can
give a large transmission ratio with only one other gear-wheel. The second gear-wheel has 19
teeth, so the transmission ratio G is 1:19.
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The improvement of the construction of the cart with the inverted pendulum is treated in
chapter 3.

2.2 The sensors

2.2.1 The angle sensor

The angle sensor consists of an optical switch, an electronic circuit and a flag. The optical
switch is mounted on the cart frame, the flag is attached to the axis of the pendulum. The flag
is made of transparent plastic on which a pattern is printed that changes from transparent on
one side to black on the other side, as is shown in Figure 2.2. When the angle ofthe pendulum
changes, the flag moves through the optical switch. This results in a different shade of black
between the photodiode and the phototransistor in the optical switch and thus in a different
output. This output is sent to the AID converter. The angle is restricted to ± 0.349 rad (± 20
degrees) so the sensor has to be able to measure angles within this range.

Figure 2.2: Flagfor the angle sensor

2.2.2 The position sensor

The position sensor consists of two reflective optical switches, a flag and an electronic circuit.
The reflective optical switches and the electronic circuit are mounted on the cart near a wheel,
the flag on the side of the wheel facing the cart. The flag is a white circle with black stripes.
As the wheel moves the stripes pass the reflective optical switches resulting in sinus shaped
signals. An electronic circuit is used to change these sinus signals into pulses. These pulses
are counted and are a measure for the position of the cart. Two optical switches are needed to
detect the direction in which the cart moves. As the output signal of the position sensor is
already an binary signal, no AID conversion is needed.

When balancing the stick the cart has to stay within one metre of its initial position. This
means that the position sensor has to cover a range of two metres. For this range only 8 bits
are available. This means 256 stripes for 2 metres. With a circumference of the wheel of 13
centimetres this means that the flag has to contain 16 stripes.
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The layout of the electronics used for the sensors is shown in Appendix A.

2.3 The actuator

The actuator that is used consists of a Meccano dc motor and an electronic circuit. The
electronic circuit transforms the control voltage that comes from the interface into a voltage
that can vary from -Vdd to +Vdd' The used supply voltage Vdd is 9 volt, which is supplied by a
voltage source via long wires. This will be replaced by a battery on the cart in a later stage of
the project.

The layout of the used circuit is shown in Appendix A.

2.4 The interface

The interface sends the output signals of the process to the computer and gets the controller
output from it. An i2c bus connected to the parallel port of the computer is used for the
communication between the computer and the interface.

The digital controller output is converted in the interface by a DIA converter into the desired
control voltage Vc' For the control voltage eight bits are available in the interface. The control
voltage can vary from -1.5 volt to +1.5 volt, so Vc has an accuracy of ± 11.7 mV.

An AID converter does the opposite with the analogue angle signal. For the range of ± 0.349
rad are also eight bits available in the interface. The angle can therefor be measured with a
theoretic accuracy of± 2.73*10-3 rad (~± 0.156 degrees).

Since the output of the position sensor is already a binary signal, no AID conversion is
required for it. In the interface eight bits are available for sensor output. The position is
measured over a range of ± 1 metre, so the accuracy with which the position is measured is
theoretically circa ± 7.8 mID.

More about the interface can be found in [7]. The layout of the interface is shown in Appendix
A.

2.5 The computer with MACS software

For the control of the process the computer has to be at least a 486DX66. A slower computer
can not compute the next control action within the sample time Ts' being 10 ms.

The digital controller in the computer is implemented in the software program MACS. With
this software it is possible to select a controller and run experiments with it on the plant.
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During an experiment process signals are recorded. Among others the angle, position, process
input and controller output are recorded. These signals can be saved to file which can be
evaluated in MATLAB.

Controllers for MACS have to be designed in MATLAB. These controllers have to be given
in state space description, since MACS can only load controllers that are defined in that way.
This means that with MACS only linear controllers can be used.

More about the MACS software can be found in [8] and [9].
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3. Construction of the cart

The cart that Van de Mortel built had a simple toy cart as basis. When this turned out to be not
good enough he built a cart from Meccano. On this construction he mounted the sensors, the
actuator, the electronics and the inverted pendulum. This construction was a lot better than the
first one but still had a few disadvantages.

During experiments with the cart it seemed that the cart was not very stiff. This resulted in
movements of the inverted pendulum in the y-direction (see Figure 3.1). Because the stick that
was used as inverted pendulum was not very stiff either these sideward movements were
amplified by the stick. In addition the stick was mounted a few centimetres above the frame,
which amplified the sideward movements even more. These sideward movements are a
serious disturbance for the process.

x

Figure 3.1: Coordinate frame ofthe cart

Another big problem that occurred during experiments with the cart was that it moved too far
from its initial position. The interface cables were about two metres, but this was hardly
enough to balance the stick for about eight seconds. One of the causes of this fast deviation
from the initial position is the zero adjustment of the angle sensor. Before an experiment the
zero point for the angle sensor is adjusted by setting the offset of the angle signal in MACS.
When this zero point is not adjusted exactly or when it changes during the experiment, e.g.
due to temperature effects, the controller will try to balance the stick in this quasi zero point.
Because this is not the point in which the stick is perfectly vertical, the stick will have a
higher probability to fall to one side than to the other. This results in the cart to move more to
that side than to the other, which causes the car to move further and further away from its
initial position.

The third problem that was encountered during experiments with the cart is slip. At the
moments that the shaft speed (Om of the dc motor changed sign, the driven wheels started to
slip on the floor. This slip is a serious problem, since the cart changes direction practically
continuously when it is balancing the stick. It has to be taken care off, to make it possible to
balance the stick well. Slipping is not only losing power, but also losing time. Time in which
the stick can fall. This is one of the reasons why the cart could balance the stick only for small
deviations from the upright position. As long as the problem of slip is not reduced, then there
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is no use in buying a more powerful motor. Most of the extra power that the motor might
supply would be converted into heat due to slip, not into the extra acceleration ofthe cart that
is wanted.

The performance of the cart is improved by trying to solve some of the problems that are
mentioned above. For most of them there are very good solutions possible. It becomes harder
to find good solutions however, if the costs are considered. For one of the goals of the project
is to keep the costs of the construction so low that even students will be able to pay them. In
the now following sections the improvements that are made in the construction are treated.

3.1 The frame

The problem with the frame was that it was not very stiff. It was built out of Meccano, which
has a few other disadvantages of its own. As mentioned before, Meccano is not very stiff.
Furthermore the construction elements come in only a few sizes and shapes, and it is rather
expensive.

Instead of using Meccano as frame for the cart, a plank is used. This gives a more stiff body to
the cart and is very cheap. Furthermore it is very flexible to work with: it can easily be
prepared in every desired shape and it is easy to mount anything on it.

4

7

4
.•......~ ----l

):( ):

5 10 5

Figure 3.2: The frame ofthe cart

In Figure 3.2 the frame and the sizes that are used (in centimetres) are shown. These measures
are a compromise between length and width of the cart and the area that is needed to place the
inverted pendulum, the motor the sensors and the electronics on. To give the frame the
required stiffness a plank is used that is 8.5 mm thick.

3.2 The inverted pendulum

The problem with the inverted pendulum was the same as with the frame: it was not very stiff,
because is was a Meccano rod. This can be solved simply by using a hollow aluminium tube
as inverted pendulum instead. This is stiff, light and not very expensive. A problem with
aluminium however is that it can easily be bent. This makes it hard to find an aluminium stick
that is exactly straight and keep it that way. If the stick is not exactly straight, this can have
the same effect as an error in the zero adjustment of the angle sensor. The stick can have a
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higher probability to fall to one side than to the other, causing the cart to move further and
further away from its initial position. There are other materials, like brass, that do not bend as
easily. These are however much heavier and more expensive than aluminium. For this reason
an aluminium stick will be used as inverted pendulum.

The next problem is how to attach this inverted pendulum to the pivot. Several intelligent
solutions were found ([3, 4]), but they all were rather expensive. A simple solution was found
in a toy shop. Here a construction element was found which deals with the problem. It
consists of a hollow cylinder and a little axis, partially provided with screw thread. The
cylinder is placed around the pivot and screwed onto it with the little axis. Because the
inverted pendulum is a hollow tube it can be placed over the little axis. The tube has to fit
exactly to avoid play. All is made clear in Figure 3.3. As can be seen in this figure the pivot
rests in a Meccano element. No bearings are used in this construction, since the friction
encountered by the pivot in the Meccano element is not to be very large. In fact the friction is
so small, that if the stick is placed exactly vertical, it does not remain standing. It starts falling
almost immediately after it is turned loose. The pivot is kept on its place by two bushes.

~
!,",! inverted pendulum

, ......

little axis

screw thread

cylinder
pivot

bushes

Figure 3.3: Construction for mounting ofthe invertedpendulum

3.3 The angle sensor

As mentioned before the inverted pendulum had been mounted a few centimetres above the
frame. The reason why this was done was that the angle sensor was placed below it on the
frame.

In the new construction the Meccano element in which the pivot of the inverted pendulum is
placed (see Figure 3.3) is mounted directly on the frame. The optical switch of the angle
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sensor is mounted above the pivot. The flag of the angle sensor is attached to the pivot so that
it moves through the optical switch when the inverted pendulum moves.

Nothing has been changed in the construction to solve the problem with the zero adjustment
of the angle sensor. This problem can probably be solved by control ofthe position of the cart.
In case this is not possible, there are other solutions to this problem.

The first possible solution is to build a duplicate of the angle sensor. The flag in this second
sensor must be equal to the one in the first, only this flag will be fixed to the zero-point of the
present sensor. The difference between the signals of the two sensors is a measure for the
angle of the inverted pendulum. The advantage of this solution is that, once the flag is fixed in
the right position, the offset of the angle sensor does not have to be adjusted anymore.
Temperature effects in the sensor electronics are cancelled out. A disadvantage is that extra
hardware is required and thus some extra expenses are made.

A second possible solution is to calculate the mean value of the angle over a given range of
previous samples and use this to adjust the zero-point of the angle sensor. When the zero
adjustment is not done correctly the stick has a higher probability to fall to one side than to the
other. Consequently the mean value of the angle will not be zero. Thus this mean value can be
used to correct the zero adjustment of the angle sensor. The advantage of this solution is that it
can be implemented in the MACS software, so that no changes have to be made in the
electronics and no extra costs have to be made. Furthermore with this solution the zero
adjustment of the angle is always done automatically. To test whether this solution works, it
can be implemented in the simulation model of chapter 7.

3.4 Motor choice

The dc motor that was used by Vande Mortel is a Meccano motor. The big disadvantage of
this motor is that it is not for sale separately. If you want to buy a Meccano motor you have to
buy a complete set of Meccano elements. This is very expensive and therefor another motor
has to be chosen.

To be able to balance the inverted pendulum, the dc motor has to meet certain criteria
considering the torque and the speed. Furthermore it has to fit into the system considering
required voltage and current.

To be able to balance the stick the dc motor has to deliver a big enough torque. According to
simulations done by Van Herwaarden [2] the required maximum force F is about ION. The
transmission ratio of the gears Gis 1: 19 and the radius of the wheels r w is about two
centimetres. So now the required maximum torque Tis:

T=G·rw·F~INcm (3.1)
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According to the same simulations done by Van Herwaarden the required maximum velocity
v is about 1 mls. This means that the required maximum angular velocity of the motor shaft
rom IS

v
ro m = -- ~ 950 rad / s ~ 9000 rpm

G·rw

(3.2)

The motor has to work with the available voltage, which is variable from -9 to +9 volt. Since
the process will be powered with batteries eventually, the current is preferred to be kept as
low as possible. This is also better for the used electronics, which can get very warm at higher
currents.

From the range of available Mabuchi motors a selection is made that is listed in Table 3.1. All
motors meet the requirements regarding the voltage and the price. The RS380PH however
needs a too high current to perform well. From the remaining two the RS540RH can not
deliver the required velocity, while the RS385SH can not deliver the required torque.

The RS385SH has however an important advantage over the others. This motor has an
armature with five poles in stead of three. This improves the acceleration from low speed.
Since the cart changes direction almost continuously this is an important feature. Therefor the
RS385SH is chosen.

Table 3.1: Mabuchi dc motors

voltage velocity current torque power pnce
(V) (rpm) (A) (Ncm) (W) (dfl)

desired 0-9 9.000 low 1 cheap
RS 380PH 3-9 14.150 3,34 1,17 17,3 9,95
RS 540 RH 4,5 - 15 4.700 1,45 0,98 4,8 12,95
RS 385 SH 3 - 18 11.975 1,34 0,88 11,08 11,95

The dc motor that is chosen has a dead zone. This means that the motor does not move the
cart if the control voltage is below a certain voltage level. This can easily be solved. In MACS
there is a possibility to adjust the control voltage to this dead zone. If the control voltage is
positive the dead zone is added to the it to overcome the dead zone. If the control voltage is
negative, the dead zone is subtracted, while nothing is done when the control voltage is zero.
How this is done can be found in [9).

3.5 Slip

A big problem that is encountered during the construction of the cart is how to reduce slip. To
reduce slip it is first necessary to know what slip is and when it occurs. Slip can be described
as a lack of friction: if the friction between the tires and the underground is not high enough,
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the tires start to slip. A good analysis of slip is therefor not possible without considering
friction.

The maximum force in the x-direction that can be achieved can be expressed as:

F =11 ·Fx,max r p,s z (3.3)

where ~p,s is the peak or "static" coefficient of friction and Fz is the vertical tire load, the force
that works on the wheel due to the mass that rests on it. The force that can be achieved during
slip can be expressed as:

FX,Slidi1lg = ~s,s • F: (3.4)

where ~s,s is the coefficient of sliding friction. To reduce the slip to a minimum, it is important
to stay below or near the maximum force, Fx,max-

The higher the friction coefficients, the smaller the effect of slip will be. So slip can be
reduced by enlarging the friction coefficients. This can be accomplished by changing the
underground. On a slippery underground the coefficient is smaller. Furthermore the friction
coefficients become larger if tires are used with more grip. The coefficients are also
influenced by the velocity. For higher velocity, the friction coefficients are smaller. Finally an
increase in tire load will cause the friction coefficients to decrease. In total however an
increase in tire load will lead to an increase of Fx,max' but due to the decrease of the friction
coefficients not proportionally. Adjusting the velocity, is something that has to be done by the
controller. The other three points can be achieved by construction.

To reduce the slip the cart is placed on a wooden underground. Other materials are tested, but
the wooden underground gave the best results. On a linoleum floor the cart slipped more. On a
rubber underground there was practically no slip, but the friction force was so high that the
cart could not accelerate fast enough to balance the stick.

Special tires are bought to reduce the slip some more. These tires, so called slicks, are real
race car tires. They are too expensive for the final version of the cart, but in this stage they are
necessary to keep the slip within acceptable bounds.

Furthermore to increase the vertical tire load of the driving tires, the electronics, that has to be
on the cart anyway, can be mounted on the frame above the driven axis.

This all improves the performance, but slip could not be avoided completely.
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3.6 Analysis of the new construction

The construction we have now is again a lot better than the previous one. But still there are a
few phenomena that affect the performance of the cart. So in the result of experiments effects
of these phenomena have to be expected. Therefor it is useful to know which phenomena will
probably affect the performance of the cart most and what the effects of these phenomena can
be.

A phenomenon that will affect the performance of the cart a lot is probably slip. As mentioned
in section 3.5, slip between the tires and the underground could not be avoided completely by
construction. Since the cart has to be able to change direction very fast, it requires
sophisticated nonlinear controllers to reduce the slip considerably. In MACS only linear
controllers can be used, so for now slip has to be taken for granted. Therefor it is very
important to know what the effect of slip can be on the dynamics of the process.

During experiments slip occurs when the control voltage, and thus the angular velocity of the
motor shaft, changes sign abruptly. When the force on the wheels becomes higher than the
maximum friction force, the wheels start to slip. The cart slows down, so the frictional
coefficients, and thus Fx,max and Fx,sliding, increase. At a certain moment the friction force is
high enough to stop the wheels from slipping. In Figure 3.4 the theoretic effect of slip is
shown. The acceleration of the cart with and without slip is shown for a given control voltage.
This figure makes clear that due to slip the mean value of the obtained acceleration of the cart
decreases. Since this mean value of the acceleration is proportional to the maximum angle that
can be corrected, this means that due to slip this maximum angle becomes smaller.
Furthermore slip causes a time delay that increases with the amount of slip.
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Figure 3.4: Acceleration ofcart without (b) and with (c) slip
for an input voltage pattern (a)
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Another phenomenon that might influence the performance of the cart is backlash. Backlash is
the phenomenon that two coupled gear wheels do not start to spin at the same time, because of
a space between the teeth of the coupled wheels. The effect of the space between the teeth of
the worm and the gear wheel in the new construction is to be neglected. Because the motor
shaft can move perpendicular to its rotational direction, there is still a form of backlash
encountered. Due to this the motor runs almost freely for a very short period of time when the
angular velocity of the motor shaft changes sign. In that period of time no torque is
transmitted from the motor to the wheels. Next, the worm collides with the gear wheel,
resulting in a peak in the transmitted torque. After that the transmission is normal again, until
the angular velocity of the motor shaft changes sign again. In Figure 3.5 a plot is drawn of the
theoretically transmitted torque at a certain input in time with and without the effect of
backlash. From this can be seen that backlash causes a small time delay !'1t and a peak in the
transmitted torque directly after this delay. This peak causes a peak in the acceleration in the
desired direction and this may be considered as a positive effect for large angles. For small
angles however, the peak in the transmitted torque might be too big and thus causes
oscillations, known as limit cycles.

a

b

+1(. _

_~ mummJuluummrmmmlr--·· time

+~ [~ I :
Qumuu :mmmuitime
_r'U
+11···············:· ...

c o· ~ .

!'1t

r----···time

•••••••••••••••••••••••••••••••••••••••••••••••• 0

-T

Figure 3.5: Transmitted motor torque without (b) and with (c) backlash
for an input voltage pattern (a)

Another cause of limit cycles is that the worm wheel blocks the other gear wheel, and thus the
cart wheels, when no motor voltage is applied. This causes the cart wheels to stop abruptly.
This causes a peak in the acceleration of the cart and thus of the inverted pendulum. Since the
motor voltage only becomes zero when the angle is zero or nearly zero, this peak in the
acceleration causes an increase in the angle.
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When the motor voltage changes sign, the cart wheels are blocked and forced to spin in the
opposite direction abruptly. Since the cart and the tires then move in opposite directions, this
causes the tires to slip. This again causes a peak in the acceleration, but now this peak is
wanted. Since the sign of the motor voltage changed sign, the angle has probably changed
sign as well. Thus the sign of the acceleration has to change to correct for this angle. The peak
in the acceleration caused by the blocking thus helps to balance the stick.

From this can be concluded that the use of a worm wheel might reduce the backlash that is
encountered at the gears, but increases the slip that is encountered at the tires and is the main
cause oflimit cycles. A positive thing about the use of a worm wheel is that it makes it
possible to correct for larger angles. For the moment the worm wheel will be used, but in
order to reduce the slip and the occurrence of limit cycles, a different transmission should be
used in the construction. This transmission should allow the motor shaft to be rotated by the
wheels when no control voltage is applied.

As mentioned before, no bearings are used to reduce friction at the pivot of the inverted
pendulum. In Figure 3.6 friction is plotted as a function of the (angular) velocity. In this plot
there is a peak in the friction at v = O. This is called stiction. For small velocity the friction
force first decreases to increase again as the velocity increases. This is called the Stribeck
effect. As can be seen in the plot the stiction at v = 0 has to be overcome twice if the velocity
changes sign. Due to this a relatively high force is required to get through this point. Then
once the sign has changed, the friction force decreases and the stick moves away with a little
shock. This effect, makes it hard to balance the stick exactly upright. Due to the little shock,
the angle can only be controlled in little steps, thus resulting in oscillations around the upright
position at best, known as limit cycles. The higher the stiction is that is encountered by the
pivot, the bigger the amplitude of the limit cycles becomes. A positive thing about friction is
that it not only counteracts on force that is needed to correct for the angle, but also on the
force that tries to bring the inverted pendulum down. Thus if the friction that is encountered at
the pivot becomes higher, the acceleration of stick away from the zero angle becomes smaller,
leaving more time for the controller to react on the tilt angle.

Figure 3.6: Friction as function of(angular) velocity

From the phenomena that are discussed here, the blocking of the worm wheel will probably
affect the performance of the system most.
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3.7 Estimate of the costs of the construction

One of the requirements of the system is that it is cheap. In designing and building the system,
this is taken into account as much as possible. The result of this is that the components of the
present construction cost 200 dfl. altogether. In Appendix B the components and their prices
are listed. Here also is listed where the components can be bought.

From this list can be seen that the tires that are bought to reduce the slip cover 30 % of the
total costs. They are too expensive for the final construction, so a cheaper alternative has to be
found. Another thing that might be made cheaper is the position sensor. Due to the expensive
reflective optical switches that are used, the position sensor covers 25 % of the total expenses.

3.8 Conclusions

The improvements that are made in the construction results in a system which is good enough
to work with for the moment. It can however be improved further by replacing the worm
wheel transmission. The blocking of the tires that is caused by this worm wheel is a serious
disturbance for the system. Replacing the worm wheel transmission will probably reduce the
encountered slip and the occurrence of limit cycles considerably.

Furthermore the improvements resulted in a construction that does not meet the requirements
regarding the costs. The price of the construction should be reduced further by replacing the
tires by a cheaper alternative. Money might be saved also by replacing the reflective optical
switches in the position sensor for a cheaper alternative.

Now a construction is made that is good enough to work with, a controller for the system has
to be designed. A good model of the system can be very helpful in doing so.
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4. White-box modelling

In designing and testing a controller a model of the process to be controlled can be very
useful. The better this model matches the real process, the better a simulation with this model
will predict the performance of the designed controller.

A model can be obtained in several ways. One of them is to derive a model based on the
underlying physical laws and known parameters. This is called white-box modelling. One of
the big advantages of white-box models is that such a model can be adjusted when system
parameters are changed, simply by changing the value for this parameter in the model. This
makes it also possible to predict how the system behaviour will be influenced if some of the
parameters are changed.

4.1 Modelling the inverted pendulum on a cart

F~

Figure 4.1: Invertedpendulum on cart

In [2] a physical model of the system as it is depicted in Figure 4.1 is derived, using the force
balance and the momentum balance. In this model slip, friction and backlash are not included.
Equations (4.1) and (4.2) describe the nonlinear dynamics of this system, where the used
parameters have the following meaning:

2 f length of inverted pendulum
F traction force of motor
x position of cart
<p angle of inverted pendulum
me mass of cart
mp mass of inverted pendulum
g acceleration of gravity
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(4.1)

(4.2)

These nonlinear equations can be linearized by using that for small angles <p these
approximations are valid: cos(<p)::::: 1 and sin(<p)::::: <po For an angle of 0.349 rad, these
approximations give an error of only 6 % and 2 % respectively. The result of this linearization
is:

oX + 1£4> - g<p = 0

From these equations the state space description becomes:

(4.3)

(4.4)

x 0 1 0 0 x 0

oX 0 0
-3·g.lIIp 0 X 4

=
4mc +/Ilp +

4l11c +ltlp F
<p 0 0 0 1 <p 0

0 0
3·g(lIIc +lllp l

0 -3<p f(4111,+ lIIp l <p f( 4111c +llIp l

(4.5)

x

(;) = (~
0 0

~)
x

0 1 <p

<p

The transfer functions of the linearized system now are:

(4.6)

(4.7)

The input ofthis model is the traction force of the dc motor. The real input of the process
however is not a force, but a voltage which is applied to the actuator. In [2] it is assumed that
the traction force F is directly proportional to this control voltage. This is not the case, as is
made clear by looking at the dynamics of the dc motor.
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4.2 Modelling the motor dynamics

In Figure 4.2 a wiring diagram of a dc motor is shown. On the basis of this diagram the
transfer function of a dc motor will be developed for a linear approximation to an actual
motor.

Figure 4.2: Wiring diagram ofa de motor

The motor torque Tm is directly proportional to the motor current 1m :

The motor current is related to the motor voltage Vm as:

(4.8)

(4.9)

where the inductance Lm is often negligible and Vb is the back electromotive force voltage,
proportional to the motor speed rom:

(4.10)

Neglecting disturbances, the motor torque is proportional to the traction force F and the motor
angle is proportional to the position. Furthermore the motor voltage is proportional to the
control voltage.

T,,, = GrwF
x

8 m =--
Grw

(4.11)

where G is the gear ratio, rw the radius of the wheels and Kc a constant.

Combining this and equations (4.8), (4.9) and (4.10) yields the following equation for the
traction force.
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where Lm is neglected.

Filling in equation (4.12) in equations (4.3) and (4.4) gives

This results in the following state space description of the process.

(4.12)

(4.13)

(4.14)

x 0 0 0 x 0

X 0 -4 KmKh
-3.g.lII

p 0 X
4K

III
Kc

(4/11c +mp ) RmG1r;' 4l11c +lllp (4111c+lI1p ) RmGrw
= + Vc

<p 0 0 0 1 <p 0

0 3KJJlKh
3.g(lIIc +lllp )

0 -3Km Kc
<p f( 4mc +lIIp ) R

I1I
G 2

,,; f( 4I11c +lllp } <p f{4I11c +lllp }RmGrw

(4.15)

x

(;) = (~

The transfer functions now become:

o 0

o 1

<p -3Kill KcGrws

Vc f(4mc +mp)RIIIG2r~s3 +4fKIII Khs
2-3g(mc +mp)RIIIG2r~s-3gKIIIKh

(4.16)
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4.3 Position model based on the motor dynamics

For the position a model can be derived directly from the motor dynamics, as will be shown
now.

The load torque TL for rotating inertia J can be written as:

Tr (s) = Js28 (s) + fs8 (s) (4.18)

where f represents friction. In Figure 4.3 the relations for a dc motor are shown in a block
diagram.

disturbances

+
Tds) 1 (Om

}-----=---~"""]s-+"""""""'j

'"------------i Kb

Figure 4.3: Block diagram ofa dc motor

When disturbances are neglected, the load torque equals the motor torque. In that case from
the block diagram this transfer function can be obtained:

8 111 (s) K lII K lII= :=::::---_...:.::..-_--

V,II (s) s[(RlII + LlIIs)(Js + f) + KhKlII ] s[RlII(Js + f) + KhKlII ]
(4.19)

where the inductance Lm is often negligible again. Combining equation (4.19) with equations
(4.11) gives:

(4.20)

Since not all the parameters are known the constants Kf and "[f are unknown. It should be
possible to retrieve them by means of identification.

Next with this result a model can be derived for the angle. From equation (4.4) follows

(4.21)
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Combining this and equation (4.20) gives this linearized model for the angle of the inverted
pendulum:

(4.22)

So now both for the angle and for the position two models are derived. In the following
section these models will be evaluated.

4.4 Evaluation of the derived models

Not all the parameters in the derived models are known. Some of them have to be estimated
before the model can be used. The values of Rm , Km, Kb, J andfare unknown. The model of
equations (4.16) and (4.17) needs estimates of Rm, Km and Kb, while the model of equations
(4.20) and (4.22) needs estimates of Kfand Tj-

From the motor specifications in Table 3.1 can be found that the maximum delivered torque is
0.88 Ncm, while the required motor current for this torque is 1.34 A. Thus follows for Km ,

using equation (4.8):

K = T,II = 0.88.10-
2

:::: 6.57.10-3 Nm / A
/II 1 134

/II •

(4.23)

From the motor constants is known that Km is approximately equal to Kb• In the steady-state
motor operation the power input to the motor is equal to the power delivered to the shaft, if
the rotor resistance is neglected. The power input to the motor is KbffiJm and the power
delivered to the shaft is Tmffi m, so that, using equation (4.8) follows

(4.24)

Thus can be concluded that Km :::: Kb• Knowing all this, only the motor resistance Rm has to be
estimated to complete the transfer functions of equations (4.16) and (4.17). In the literature
[10] an initial estimate for Rm of 2.25 n is found.

In Appendix C the measured and estimated values for the parameters used in the model are
listed. For these parameter values is examined what the influence is of including the motor
dynamics in the model. Looking at the transfer-functions shows that adding the motor
dynamics results in an extra pole and an extra zero in the model of the angle, while it moves
one of the poles in the origin to the left in the position model. The position model has in both
cases one pole with a positive real part, which would mean that the position of the cart is
unstable. Looking at the impulse responses of the position models in Figure 4.5 shows that
after an impulse on the input, according to these models, the cart would move further and
further away from its initial position. In reality, after an impulse on the input, the cart moves
for a period of time away from its initial position and then stops due to friction. In the position
models of equations (4.7) and (4.17) the cart does not stop, because these models are
linearized.
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In Figure 4.4 the impulse responses ofthe angle models are drawn. Both of the impulse
responses have the expected unstable shape. For the model including the motor dynamics, the
impulse response can be divided into three parts. In the first part the stick accelerates, in the
second part it decelerates to accelerate again in the third part. This can be explained as
follows. When an impulse is given on the input, at first the cart accelerates and the stick starts
to fall in the direction opposite to the direction in which the car moves. The acceleration of the
stick is amplified by the acceleration of the cart. Then, in the second part, the cart decelerates,
which causes a deceleration of the stick as well. In the third part, gravity accelerates the stick
agam.
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dynamics

Since the other two position models do not have an impulse response that is in accordance
with reality, the position model of equation (4.20) must do the trick. This model has one pole
in the origin and one pole in the left half plane. To complete the model Kfand "tfhave to be
estimated. From the literature [11] an initial estimate for "tfofO.1 s is found. Based on the gain
of the position model including the motor dynamics, Kfis estimated to be about 4/3. In Figure
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4.6 the impulse response of this position model is plotted. This impulse response is in
accordance with the expected impulse response. The impulse response of the angle model that
is derived with this model is also given in the figure. The shape of this impulse response is
again as expected.
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Figure 4.6: Impulse responses ofthe motor basedposition model (a) and angle model (b)

As mentioned before, one of the big advantages of a white-box model is that such a model can
be adjusted when system parameters are changed, simply by changing the value for this
parameter in the model as well. E.g. when a shorter stick is used as inverted pendulum, then
the parameters £. and mp must be changed in the model. Looking at the model in this way
makes it possible to predict how the construction must be changed to make it easier to control
the angle. In Table 4.1 is listed how changing the parameters G, £., mc, mp ' and rw influences
the angle model of equation (4.16).

Table 4.1
parameter effect on angle model (4.16)

G Decreasing the gear ratio increases the gain of the transfer function. This would
mean that a smaller control voltage is required to correct for the same angle
deviation.

£. Increasing the length of the inverted pendulum pulls the unstable pole closer to
the origin. Thus a longer stick is easier to balance. Since the gain decreases for
increasing length, a higher control voltage is required to correct for the same
angle deviation.

mc Increasing the mass of the cart results in a smaller gain of the transfer function
and thus a higher control voltage is required to correct for the same angle
deviation. Furthermore the farstablepole.moves closer to the origin. Thus the
angle is harder to be stabilized..

mp If the mass ofthe inverted pendulum is in~reased the unstal?le pole moves
further away from the origin and the gain decreases. This means that the
inverted pendulum is more difficult to balance and a higher control voltage is
needed to correct for an angle deviation.

r w Decreasing the radius of the wheels has the same effect as decreasing G. Thus
if a smaller wheel is used, a smaller control voltage is required to correct for
the same angle deviation.
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In the models that are derived now, not all the dynamics are included. The phenomena that are
described in section 3.6 influence the dynamics of the system, but are not modelled here since
they all are highly nonlinear and thus hard to model. It is however possible to predict how
these phenomena influence models that are predicted out of the input and output data of the
system.

Friction and slip look for the dynamics of the system like an extra motor load. A higher
voltage has to be applied to the motor to accomplish a certain level of acceleration. For the
derived models of equations (4.16) (4.20) and (4.22) the same behaviour can be accomplished
by adding an extra motor resistance. Furthermore slip and backlash add a delay to the systems
behaviour. This means that there is a period of time between application of an input voltage
and reaction of the output.

4.5 Conclusions

From the derived models (4.16) and (4.22) seem good angle models, while only (4.20) seems
a good position model. Non of these models however is complete; they all contain one or
more parameters of which the value is unknown. To complete these models black-box
identification will be used.
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5. Black-box modelling and identification

In order to complete the models that are derived in the previous chapter, black-box
identification will be performed on the system. In black-box identification the plant is
considered as a black-box: only the input and output signals are observed.

The System Identification Toolbox (SIT) in MATLAB [12] uses the input and output signals
of a system to compute and evaluate models of the plant. This toolbox is used to perform
some tasks in building a black-box model. The input and output signals are obtained with
MACS.

The goal of this identification is to derive a linear model of the inverted pendulum system
which can be used for controller design and simulations. For this purpose parametric
identification is most suitable.

5.1 System identification with MACS and SIT

For system identification the basic input-output configuration is shown in Figure 5.1. The
process output y(k) can be written as:

y(k) = G(q)u(k) + H(q)e(k) (5.1)

where u(k) is the plant input and e(k) is a Zero Mean White Noise sequence (ZMWN). The
goal of system identification is to derive descriptions for the plant model G(q) and the noise
model H(q).

u(k) y(k)

Figure 5.1: Standard model for system identification

In general the system identification process involves the following steps:

1. Experiment design and acquisition of input and output data.
2. Preprocessing of this data.
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3. Selection of a model structure
4. Estimation of the best model in the model structure according to the input and output data.
5. Validation of the estimated model.
6. If the model is satisfying, then it ends here. If the model is not good enough, then the

process is repeated from step 3 on again.

In the following sections is discussed how each of these steps can be carried out with MACS
or SIT. Step 3 and 4 are discussed for the case of parametric identification.

5.1.1 Experiment design and data acquisition

The required system data for system identification is obtained with MACS. When an
experiment is done MACS gives you the opportunity to store data of the experiment. Among
others these signals can be stored: the angle of the inverted pendulum <p, the position of the
cart x, the controller output Vc , the motor input Vm and a reference signal.

MACS stores the data of an experiment in the file filename.out. This file contains four
variables: filename_bout: names of the signals from the signal menu

filename dout: measurement data
filename nout: notes and filename of the data
filename_sout: values for FACTOR and OFFSET of the measured signals.

A m-file is written which retrieves the measured input and output signals of the process from
these variables (see Appendix D). When this m-file is used the variables filename_dout and
filename_sout need to be present in the MATLAB workspace. This can be accomplished by
typing the command load filename.out -mat on the MATLAB prompt.

Before running an experiment through MACS a controller and a reference signal have to be
defined. In this wayan input signal for the process and thus an experiment can be designed.
The controller and the reference signal can be designed in MATLAB.

5.1.2 Preprocessing the data

Before the measurement data can be used for modelling it has to be preprocessed first. In the
preprocessing phase spikes and trends in the data are removed. Furthermore the sampling
frequency can be changed. But first the data has to be divided into two parts, one for model
estimation and one for model validation. After detrending and resampling the signals can be
used for model estimation and validation.

In most identification methods the input-output data is assumed to be zero mean. It is therefor
necessary for correct identification to remove the mean of the measured data signals.
Furthermore trends in these signals (caused by e.g. slow drift of the operating point or
temperature effects) have to be removed.

For data collection the sampling frequency is chosen as high as possible. With MACS this is
100 Hz (sample time 10 ms). For identification this is too high. If the used sample frequency
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is significantly higher than is required for the process dynamics, identification will emphasize
the high-frequency fit of the model. To avoid this the measurement data has to be resampled.

The SIT provides tools for range selection, resampling and removal of means and trends.
The input-output data can be resampled to any new sampling interval by interpolation or
decimation. The SIT only asks for the resampling factor, a positive number. A resampling
factor larger than one corresponds to decimation, a resampling factor smaller than one gives
interpolation. To avoid aliasing, proper prefiltering is applied automatically. The detrend tool
simply estimates an removes a linear trend from the input and output signals. It also removes
the means of the signals.

5.1.3 Model structure selection

Dealing with models is easier if the number of parameters in the model is small. Since
nonparametric identification usually yields models with more parameters than parametric
identification, parametric models are preferred. The general model structure for parametric
models is:

A(q)y(k) = B(q) u(k) + C(q) e(k)
F(q) D(q)

where A(q), B(q), C(q), D(q) and F(q) are polynomials in the shift operator q, defined as

D() 1 d -1 d -2 d -lidq = + lq + 2q +...+ II q
d

F( ) - 1 r -I f -2 r -II/q - + Jlq + 2q +...+;" q
/

The shift operator q is defined as:

qPx(k) = x(k + p)

(5.2)

(5.3)

(5.4)

A commonly used parametric model is the Auto-Regressive with eXogenous input (ARX)
model. This model can be obtained from the general model by choosing C(q)=D(q)=F(q) = 1.
The model can then be written as:

y(k) = B(q) u(k) + _l_e(k)
A(q) A(q)

(5.5)
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Comparing equation (5.l) and (5.5) shows that for the ARX structure the noise model is
completely described by the A-polynomial. Furthermore it shows that the plant model and the
noise model have the parameters of the A-polynomial in common.

If the noise properties of the system are not of interest, an Output Error (OE) model suffices.
This model can be obtained from the general model by choosing A(q) =C(q) =D(q) =J. The
model can then be written as:

y(k) = B(q) u(k) + e(k)
F(q)

(5.6)

Comparing equations (5.l) and (5.6) shows that for the OE structure the noise model is
described by H (q) = J. This means that no effort is done to model it. Identification focuses on
the plant process instead. Therefor the plant model and the noise model do not have any
parameters in common.

If the output signal of a process does not react instantly to the applied input signal, the process
is said to have dead time. This dead time is defined as the time period between application of
the input and reaction of the output. For discrete systems dead time is expressed in the number
of samples that covers this time period. This means that it is an integer which has to be at least
one for causality.

The selection of the dead time or delay is an important step in identification. It directly
influences the B-polynomial and thus the model. If the delay is selected too low, not enough
parameters in the B-polynomial are set to zero. Instead several parameters of the B-polynomial
will be almost zero. This can cause very large (positive) zeros in the model, resulting in
nonminimum-phase behaviour. If the delay is selected too high, too many parameters of the
B-polynomial are set to zero. The remaining parameters have to compensate for this, resulting
in biased model estimates.

A good way to determine a first indication for the delay is to estimate second order ARX
models with different delays nk' The delay of the model with the best fit is a good first
indication for the delay of the process.

As a first indication for the model orders na or nf and nb, the model orders of a physical model
can be taken. Ifno such model is available, then the loss function has to be calculated over a
range of model orders. To find the smallest model orders, with which the process can be
described correctly, several algorithms are available that select the best choice dependent on
the number of parameters d and the minimum loss function I N for each model order.

The SIT can be helpful in both determining the delay and the model orders. With the SIT it is
possible to calculate the loss function for ARX models over a range of model orders and
delays. It also selects the best model orders according to Akaike's Information Criterion
(AIC), equation (5.7), and Akaike's Final Prediction Error, equation (5.8). In these equations

N is the number of input-output samples used for estimation, § N the estimated parameters
and ds the choice of the criterion.
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5.1.4 Estimation of parametric models

(5.7)

(5.8)

The models discussed in the previous section can be estimated with the SIT. For parametric
identification the SIT uses a Prediction Error Method (PEM). Such a method determines
estimates of G and H using the prediction errors. The prediction error E can be described as
the error between measured output and the predicted output. Using equation (5.1) the
prediction error can be written as:

E(k) = H-1(q)[y(k) - G(q)u(k)] ( 5.9)

The estimates of G and H are determined by minimizing the sum of the squared prediction
errors over used input-output data. This can be expressed as:

N

[GN,HN]= arg min 2>2(k)
k~l

where GNand HN are the estimates of G and Hover N samples of input-output data.

5.1.5 Model validation

(5.10)

One of the problems in black-box identification is that always a model is obtained. Therefor it
is necessary to test whether a model is a good representation of the plant or not. This model
validation can be done by using the measured input signal as input for the estimated model
and comparing the model output with the measured output. This can be done in a direct and an
indirect way.

The indirect way is residual analysis. Here the prediction error is evaluated. If the model is
estimated correctly the prediction error will be white noise and be independent of the input. If
the autocovariance of the prediction error has the desired shape, then this means that the
estimated noise model is very reliable. If the cross covariance function of the prediction error
and the input is close to zero, then this means that the estimated plant model is very reliable.
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Comparing the model output and the measured output directly is a rather subjective test. It
gives a first indication whether a model is good or not. Great similarity in model output and
measured output is however no guarantee that the estimated model is a good one.

In the validation phase also the step response and the impulse response can be evaluated.
These can be compared with the real or the expected responses of the system.

5.1.6 Closed-loop identification

The identification steps described in the previous section, assume that the input-output data is
acquired from open-loop experiments. In some cases however, it is only possible to acquire
system data from a closed-loop experiment.

For unstable plants for example, it is not possible to obtain input-output data from the process
around a working point, if the process is not controlled. In Figure 5.2 a closed-loop
configuration of such a process P and a controller C is shown. Due to the feedback the
controlled process input u and the disturbance w are statistically dependent. Open-loop
identification methods require that u and w are uncorrelated, so one has to be very careful in
identifying a process from its input-output data measured while it was operating in closed
loop.

wr

~~ + + y
C P-_r_

l ----+l'N
Figure 5.2: Closed loop configuration ofa controlled process

Prediction error methods can be used for direct identification in this case, provided that there
is sufficient excitation via rl and/or r2 [13]. In this way the input signal u is made less
dependent on the distubances w. Basically, all the prediction error methods in the SIT work
equally well for closed-loop data. The DE-model and the Box-Jenkins model (A(q)=l)
however only give a correct description of the process, when the noise properties are modelled
correct [12, 14].

Once a parametric model is estimated, feedback can be detected by looking at the correlation
between the residuals and inputs. If the correlation at negative lags is significant, than this
indicates that there is feedback in the data from the past outputs to current input.

5.2 Black-box identification of the position

The black-box identification of the process is started with the position. This involves the
estimation ofthe transfer function from the control voltage to the position. Since this is a
stable function identification can be done in an open-loop situation.
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Before an experiment can be done to acquire the required system data, the input signal, the
control voltage, has to be designed. A Random Binary Signal (RBS) as input signal suffices in
this case. This signal switches between two values, -u and +u, with a nonswitching probability
of lh. Ifuis chosen high enough, the dead zone in the control voltage does not affect the
identification.

From experiments it is found that the relevant position dynamics are a factor five to ten slower
than the used sample frequency in MACS, 10 ms. Therefor the input signal is designed with a
sample time of 50 ms.

Once the system data is available, this data has to be preprocessed. First the data is divided
into two parts: one for estimation and one for validation. After that trends are removed from
these two parts. Since there are no spikes in the measurement data, no action has to be taken
to remove them. The last step in the preprocessing phase is resampling the data with a factor
five. The result of this resampling step is shown in Figure 5.3.

0.04

0.02

Output

31 31.5 32 32.5 34 34.5 35

Input

Figure 5.3: Original (full) and resampled (dotted) position input-output data

Looking at the results of white-box modelling a model is expected with no zeros and two
poles (equation (4.20)). Transforming this model from continuous time (Laplace-transform) to
discrete time (z-transform) using zero-order-hold sampling results in a model with one zero
and two poles.

The loss function is derived for a range of second order ARX models with different delays.
The delay nk is varied from one to ten samples. From this the first estimate for the delay is one
sample (of 50 ms).

After that a model structure is chosen. Since the noise properties of the process are not of
interest, an OE model structure will suffice. Models of this structure are derived for orders nb

from one to five and njfrom one to five. For these models the delay nk is varied around the
earlier found delay of one sample. From the resulting models one has to be chosen.
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Validation ofthe models is done by looking at the residuals first. Since the noise model is of
no interest here, only the correlation between the residuals and the input is examined.

After that the shapes of the step and impulse responses are examined. The expected shape of
the impulse response is that of Figure 4.6 a. For the step response is expected that the slope
increases from the beginning until it reaches a maximum. The position is expected to keep
increasing with this maximum slope ad infinitum.

Finally the model outputs of the remaining models are compared to the measured output of
the validation data. From this the best model is selected.

In this way from all the estimates a model is selected with {nb' nj, nk}={ 1,2, I}. In Figure 5.4
the model output is shown for the used validation data. From this can be seen that the model
output follows the measured quite well. When the cart changes direction, the error changes
more when the speed of the cart before the change is higher. This is the effect of slip, which
can not be reflected by a linear model.
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Figure 5.4: Position model (full) and measured output (dotted)
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Figure 5.5: Step response (a) and impulse response (b) ofthe estimatedposition model
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In Figure 5.5 the step and impulse response are plotted. The shape of these responses initially
are like was expected. The impulse response however does not stay at its top value, but starts
to decrease after about 0.5 s. This would mean that if an impulse is put on the input of the
plant, that the cart first moves away, then stops and starts to move slowly back from where it
came from. This is not in accordance with reality. The cause of this incorrect shape can be
found in the position of one of the poles. One of them lies just within the unit circle on the
positive real axis, while it should be slightly to the right, on the unit circle in the point z = 1.

5.3 Black-box identification of the angle

The estimation of the transfer function from the control voltage to the angle of the inverted
pendulum is somewhat more complicated. Since the considered process is unstable,
measurement data can only be taken from the controlled plant. In this case the process is
operating in a closed-loop, so feedback from the past outputs to the current input is present.

So to obtain input-output data for identification of the angle, the process has to be controlled.
With the PID-controller that Van de Mortel used, the stick is balanced for a few seconds. This
is long enough to gain the required input-output data for identification. From section 5.1.6 is
known that direct identification will only give good models if the process is excited sufficient
via rj and/or r2' This can be accomplished by taking the gain of the PID-controller as high as
possible. In this way the input voltage is in saturation very frequently, which can be seen as an
excitation via r2' The dead zone cancellation that is performed by MACS can be considered as
another excitation via rj.

Once the system data is available, this data has to be preprocessed. First the data is divided
into two parts: one for estimation and one for validation. The sampling frequency that is
required for the relevant angle dynamics is a factor three lower than the used sampling
frequency in MACS. Therefor the measurement data is resampled with a factor three. In
Figure 5.6 the original data and the resampled data are plotted. After resampling, trends are
removed from the data. Since there are no spikes in the measurement data, no action has to be
taken to remove them.
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Figure 5.6: Original (full) and resampled (dotted) angle input-output data

From here the same procedure is followed as with the black-box identification of the position.
The loss function is calculated for second order ARX models with a delay in the range of one
to ten. From this the delay is estimated on two samples (of30 ms).

Looking at the results of white-box modelling a model is expected with one zero and three
poles. In z-transforrn this corresponds to a model with two zeros and three poles.

As mentioned in section 5.1.6 for direct closed-loop identification OE models do not always
give correct estimates. For this reason is chosen for ARX models. Models of this structure are
derived for orders na from one to five and nb from one to five. The delay is varied around its
initial estimate. From the estimated models one has to be chosen.

For models of unstable plants estimated from input-output data of the controlled plant, the
model output plot is not a good validation method. Small differences between model and real
process lead to big differences in the model output, since two slightly different unstable
processes are not stabilized by the same process input. In Figure 5.7 the model output of the
selected model is plotted for the used validation data. From this can be seen that the model is
only stabilized for a short time by the input data that stabilizes the real process.

So to select the best model out of the estimated models, only the residual analysis and the
analysis of the step and impulse responses are used. From these analyses a model with
structure {nm nb' nk}={4, 4, 2}, thus having three zeros and four poles.

In Figure 5.8 the step and impulse response of the estimated model are plotted. The shapes of
these responses are like expected (see also Figure 4.4).
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Figure 5.8: Step response (a) and impulse response (b) ofangle model

5.4 Conclusions

Black-box models are derived for the position of the cart and the angle of the inverted
pendulum. The position model seems to predict the dynamics of the cart quite welI, though its
impulse response has not exactly the expected shape.

By choosing the gain of the used controlIer high enough, it is made possible to use direct
identification to derive an angle model from the closed-loop input-output data of the process.
The resulting angle model seems to reflect the dynamics of the inverted pendulum on the cart
quite well.

In the folIowing chapter the results of white-box modelling and black-box identification are
used to estimate values for the unknown parameters of the white-box models that are found in
chapter 4.
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6. Gray-box modelling and identification

Combining the results of white-box and black-box modelling might lead to white-box models
of which all the parameters are known. This combined use of white-box and black-box
strategies to find a model is called gray-box identification.

6.1 Gray-box identification of the position

In section 4.4 is made clear that only one of the position models that are derived in chapter 4
has the desired step and impulse response. Therefor only for this model the unknown
parameters are estimated. From equation (4.20) the unknown parameters are Rm, J andf
Since the value of 'tfcan be chosen independently of Kf by choosing J right, it is just as easy to
estimate Kf and 'tf directly.

The model of equation (4.20) is compared with the black-box model that is selected in chapter
5. From this 'tfand Kfare estimated to be 0.1 and 0.25 respectively. The model output
compared to the measured output, plotted in Figure 6.1, shows that the gray-box model
predicts the position dynamics well, even better than the black-box model. In Figure 6.2 the
step and impulse responses of both the gray-box and the black-box position model are shown.
The step responses start with the same slope, but in the end the slope of the gray-box model is
higher. From the impulse response the same can be seen. Here the slope of the gray-box
model goes to zero in the end, while the slope of the black-box model becomes negative. The
gray-box model gives thus a more realistic representation of the position dynamics.
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Figure 6.1: Gray-box (full) and black-box (dashed) model output
compared to measured output (dotted)
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Figure 6.2: Step (a) and impulse (b) responses ofblack-box (dotted)
and gray-box model (full)

6.2 Gray-box identification of the angle

For the gray-box identification of the angle the same strategy is used as for the position. The
models of equations (4.16) and (4.22) are compared with the black-box angle model that is
found in chapter 5. For the first model the motor resistance can be chosen to fit the black-box
model best. For the second values for Kfand 'tfare already found in section 6.1. The resulting
step and impulse responses with these values however do not fit the responses of the black
box model.

In order to fit the impulse response of the model of equation (4.16) to the impulse response of
the black-box model, Rm should be about 20 Q. This is unrealistic high. As mentioned in
section 4.4 this can be the result of friction and slip. These phenomena cause an extra motor
load, which appears in the model as an extra motor resistance. Therefor the motor resistance
Rm in the model should be replaced by a combined resistance Rm + Rw' where Rw is the extra
resistance due to friction and slip. A value of 17.75 Q for this last resistance would fit the
impulse response of the model again to the impulse response of the black-box model. In
Figure 6.3 the step and impulse responses of the black-box model and the gray-box model are
shown.

In order to fit the impulse response of the model of equation (4.22) to the impulse response of
the black-box model, Kfand 'tfshould be 1.2 and 0.6 respectively. Since this would conflict
with the values that are found for the position model in the previous section, it is not possible
to fit both the position model of equation (4.20) and the angle model of equation (4.22) to the
black-box models. Since there is no alternative model for the position and there is one for the
angle, it is decided to choose for the position model. The angle model of equation (4.22) is
therefor rejected at this stage.
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Figure 6.3: Step (a) and impulse (b) responses ofgray-box (full)
and black-box angle model (dotted)

6.3 Conclusions

The white-box models of equations (4.16), (4.20) and (4.22) are fitted to the black-models that
are estimated in chapter 5. This has resulted in new estimates for the unknown parameters.

For equation (4.16) a motor resistance of20 n is found. Since this is unrealistic high, in the
model this will be divided into Rm, the motor resistance and R w' an extra resistance due to slip
and friction.

The values for Kf and 1f that are found for the position model of equation (4.20) are not equal
to the values that are found for the angle model of equation (4.22). Since there is no
alternative model for the position and there is one for the angle, it is decided to choose for the
position model. The angle model of equation (4.22) is therefor rejected.

The gray-box position model that is found now, predicts the position dynamics better than the
black-box model of chapter 5. Furthermore it has more realistic impulse and step responses.

The gray-box angle model that is found now, seems to reflect the dynamics of the inverted
pendulum quite well. To test this further, a simulation model will be constructed to investigate
how the model output will be in closed-loop when the model is stabilized by a controller.
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7. The simulation model

The models that are derived in the previous chapters will be used in designing a controller for
the process. In this chapter the model will be expanded thus resulting in a simulation model of
the complete system. With this model the performance ofa designed controller can be
evaluated before testing it on the real process.

The models that are derived now predict the dynamics of the inverted pendulum and the cart,
but do not take the interface and the MACS software into account. In order to be able to
simulate the complete system, around the derived models the closed-loop configuration of the
system is modelled in Simulink. For this purpose the discrete time versions of the derived
models are used. The transformation from continuous time to discrete time is done using zero
order-hold with a sample interval of 10 ms, as is used in MACS.

7.1 Modelling the rest of the system

From black-box identification has been found that the system contains delays. In the Simulink
model these are included by the standard delay blocks. Between the control voltage and the
angle a delay of0.06 s is included, while between the control voltage and the position a delay
ofO.OS s is included.

As mentioned before in section 2.3 the input and output signals ofthe interface are quantized.
This means that the analog signals are rounded off to the closest quantization level. In Simulink
standard blocks are available to model quantization. The quantization block requires only the
quantization step size. For the angle this is 0.00273, for the position 0.0078 and for the control
voltage 0.0117.

Another nonlinear effect that can easily be modelled in Simulink is saturation. The angle,
position and control voltage can vary between predefined bounds. The saturation block, that is
standard in Simulink, prevents the signals to exceed these bounds by limiting the output. The
block requires values for the upper and lower limit of the signal. For rp these are ±O.349, for x
±1, for Vc ±1.S.

The controller that MACS uses must be described by a discrete state space representation. For
this also a standard block is available in Simulink. The block requires the A, B, C and D
matrices and the sample interval.

The last nonlinear effect that has to be modelled is the dead zone cancellation as it is handled in
MACS. For this no standard block is available in MACS. Combining a few, as shown in Figure
7.1, however yields the desired transformation. The coulombic friction block adds an offset
value to the input if it is larger than or equal to zero, while it subtracts this offset if the input is
smaller than zero. This models the dead zone cancellation ofMACS perfectly except if the
input signal is zero. In that case MACS does not change it, while the coulombic friction block
adds the offset to it. Therefor a switch is added which switches from the coulombic friction



47

block to the constant value, being zero, whenever the input signal becomes smaller than the
threshold which is set at the quantization interval of the control voltage. When the input signal
becomes higher than this threshold, the switch connects the output of the dead zone block to
the coulombic friction block again.

Coulombic
Friction

Constant

Figure 7.1: Simulink block representing the dead zone cancellation in MACS

7.2 Modelling disturbances

The simulation model would really be complete if all the possible disturbances are included.
Unfortunately nonlinear phenomena, such as slip and backlash, are very hard to model.
Therefor they are not included in this model.

Two other disturbances, noise and the error in the zero-adjustment of the angle sensor, are
easily modelled and thus included here. For white noise there is a standard block available in
Simulink. In this way white noise simply is added to the angle and position model outputs. The
error in the zero adjustment of the angle sensor is modelled as an constant additive offset for
the angle signal.

+
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Figure 7.2: The simulation model
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In Figure 7.2 the simulation model is shown. During experiments with this model the angle,
position and control voltage signals are recorded. After an experiment these signals are
available as vectors in the MATLAB workspace for examination. The transfer functions that
are shown in the model are the discrete versions of the models that resulted from the gray-box
identification in chapter 6.

7.3 Testing the simulation model

To test whether the resulting simulation model ofFigure 7.2 reflects the system dynamics well,
the controller that is used for data acquisition for black-box identification of the angle is
implemented in the discrete state space block in Simulink. Several other controllers have been
tested both on the real system as with the simulation model. The results of the simulations are
compared to the measured data from the real process. From this can be concluded that in the
simulation model the process can be controlled with a much smaller gain than the real process.
This is caused by the nonlinearities in the real system that are not included in the simulation
model. Mainly because of the blocking of the worm wheel the cart has to react stronger than is
required in the simulations, where no blocking of the worm wheel is included.

Apart from that the simulation model reflects the dynamics of the cart and the inverted
pendulum very well. It predict quite well whether a controller can balance the stick or not and
how the position of the cart changes under influence of errors in the angle zero adjustment.

7.4 Conclusions

A simulation model is built around the models that are derived in chapters 4 to 6. In this model
several nonlinearities and disturbances are included. The simulation model gives a very good
impression of the system dynamics, though the angle needs a much smaller controller gain to
be balanced in the simulation model than in reality. This is caused by the nonlinearities that are
not included in the simulation model. The blocking of the worm wheel appears to be the main
cause of this.



8. Classic control

Classic control is widely used in industrial applications. This popularity is thanks to easy
implementation and good performance. Moreover classic controllers are very cheap. On the
other hand disadvantages are that stability can be lost due to disturbances and the sensitivity
to changes in process parameters.

In this section classic control of a real inverted pendulum system will be performed. Both the
angle and the position will be controlled. Since controlling the angle has highest priority, this
will be dealt with first.

8.1 Classic control of the angle

The controller that is used to obtain the required data for identification could only balance the
stick for a few seconds. For identification this was enough, but for demonstration purposes it
is not. Therefor a new PID controller is designed to balance the stick, based on the gray-box
model of section 6.2.

The transfer function of a PID controller can be given by:

(8.1)

So an PID controller adds one pole (in the origin) and two zeros to the open-loop transfer
function. Since MACS can only work with controllers in state space description, the number
of poles in the transfer function of the controller has to be equal to or higher than the number
of zeros. Therefor a pole has to be added to the transfer function of equation (8.1). This pole is
placed far away from the origin in the left half plane, so that it does not have much influence
on the system behaviour. The transfer function of the controller now becomes:

(8.2)

From the controller that is used for identification is known that kp must be in the range of two
thousand to four thousand. For this gain appropriate values of kd and k; are determined. For
this goal a MATLAB m-file is written to investigate the open-loop root locus and the impulse
response of the closed-loop controlled system (see Appendix E). Furthermore use is made of
the simulation model of the previous chapter to check whether a designed controller can
balance the stick. The controllers that pass all of these tests are tested on the real system.
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The first step of controller design is inspection of the root loci of the process. To stabilize
process the pole in the right half plane has to be pulled into the left half plane. Looking at the
root loci in Figure 8.1 shows that this is not possible without a controller.
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Figure 8.1: Root locus ofthe angle model
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Figure 8.2: Root locus ofthe open loop ofthe PID controlled angle

The next step is to design a controller in such a way that the root locus of the open loop
transfer function provides a path from the unstable pole into the left half plane, as is shown in
Figure 8.2. If such a path is present, then the impulse response of the closed loop
configuration is examined. The controller in this figure has {kp , ki, kd }={4000, 2, 1/6}. For
this controller the closed-loop impulse response of the controlled angle is drawn in Figure 8.3.
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Figure 8.3: Impulse response ofthe controlled angle model

So now a controller is found that stabilizes the plant. Next the values of the controller
parameters are varied around the found values. From this the following is found. Decreasing
kp reduces the steady-state error in the simulations. In the real process this is not the case, due
to the effect of the blocking of the worm wheel. The steady-state error decreases slightly for kp

up to two thousand. If the kp is decreased more, the steady-state increases again. Furthermore
the process gets more sensitive to disturbances if kp is decreased. The found value for ki is
very good. Varying it around this value yields no significantly better controller. For kd a better
value is found in 1/10. With this value the steady-state error decreases somewhat and the
applied control voltage decreases as well.

In Figure 8.4 and Figure 8.5 the results of experiments with controllers with these values and
with kp four thousand and two thousand respectively. The results are plotted often seconds of
an experiment that lasted longer. The numbers at the vertical axis are the number of samples,
hundred samples correspond to one second. From these figures can be seen that the steady
state error is about the same in both figures. In Figure 8.5 however the angle suffers more
from disturbances. Furthermore can be seen that in Figure 8.4 the control voltage is very often
at or near its maximum, while in Figure 8.5 most of the time a larger margin is left. This
margin can be used later for control of the position.
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Figure 8.4: Experiment results with a PID controller with {kp , kj, k)={4000, 2, l/lO}
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Figure 8.5: Experiment results with a PID controller with {kp, kj, k)={2000, 2, l/lO}

8.2 Classic control of the position

The controller that is designed in the previous section can balance the stick over an infinite
period of time. There is however one problem. Due to errors in the zero-point adjustment of
the angle, the cart moves further and further away from the initial position. Since the cart is
now performing on a plank and has to be able to perform on a table as well, the position has to
be controlled as well.
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First a simple proportional control action, kpx, for the position is tested. One might think that
the position has to be controlled via negative feedback, which is the case if only the position
of a cart was of consideration. If the stick is to be balanced as well however, control of the
position is to be obtained via positive feedback. The reason for this lies in the following.

If kpx is smaller than zero (negative feedback), then the contribution to the control voltage due
to this amplifies any acceleration towards the initial position and attenuates any acceleration
away from it. Thus a correction of the angle that requires an acceleration towards the initial
position is supported by the position controller, resulting in a smaller net displacement of the
cart in the direction of the initial position. A larger net displacement is needed for a correction
of the angle that requires an acceleration away from the initial position. The effect of the
position controller is thus that the cart is moving away from the zero-position faster and faster.

If kpx is bigger than zero (positive feedback), then the opposite is true. Every acceleration
away from the initial position to correct an angle deviation is supported, while every
acceleration towards it is attenuated. In this case the net displacement of the cart is towards
the zero-position.
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Figure 8.6: Result ofan experiment with both angle andposition controlled

In Figure 8.6 the result of an experiment with position control is shown. During this
experiment the angle is controlled with a {kp , k;, kd}={2000, 2, lIIO}, while kpx is 40.
Comparing Figure 8.6 with Figure 8.5 shows that while the cart has a large net displacement
without position control, the cart stays within thirty centimetres of its initial position when
position control is added. From Figure 8.6 can be seen that the position and the angle oscillate
around a constant value. This is the result of the constant trade-off between angle control and
position control. The control voltage remains well below its maximum values. In the figure
the result of only 10 seconds is shown, while the experiment lasted two minutes. All this time
the cart kept moving around between ten and thirty centimetres from its initial position. From
this can be concluded that adding position control makes it possible for the controller to
balance the stick and to keep the cart within one metre of its initial position at the same time.
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8.3 Conclusions

Based on the derived angle model a PID controller is designed which stabilizes the angle of
the inverted pendulum. To this controller a proportional control action on the position is
added. Using positive feedback for the position controller, the cart managed to balance the
stick and stay within one metre of its initial position.
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9. Experiments

In the previous chapter is shown that with the present system an inverted pendulum can be
balanced of one metre length, while the position of the cart is kept within one metre of its
initial position. In this chapter experiments are done to examine the possibilities of the system.

9.1 Experiments with other sticks

First of all is examined whether the system can balance other sticks as well. Experiments are
done with aluminium and brass sticks of fifty and thirty centimetres. Brass tubes are about
three times heavier than aluminium and remain much straighter.

In Table 4.1 already is made clear that the smaller the inverted pendulum is, the more difficult
it is to balance. The same table shows that the heavier a stick is, the more difficult it is to
balance it. Thus one might expect that the brass tubes are harder to balance. On the other hand,
because the brass stick are much straighter, it is expected that once a brass tube is balanced,
the cart is easier kept within one metre of its initial position.

In Figure 9.1 the results of an experiment with an aluminium stick of thirty centimetres are
shown, in Figure 9.2 with an brass stick of thirty centimetres. The experiments are done with
{kp , k;, kd } = {2000, 2, 1/6} for the angle controller and kpx of40 for the position controller. As
can be seen in the figures, with the aluminium stick the cart makes a net movement of about
ten centimetres in ten seconds, while with the brass stick the cart has no significant net
displacement. This is the result of the straightness of the sticks, as expected.
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Figure 9.1: Result ofexperiment with aluminium stick of thirty centimetres
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Figure 9.2: Result ofexperiment with brass stick ofthirty centimetres

The steady-state error and the applied control voltage are very much the same for both sticks.
So from the experiments it seems that the brass stick is not harder to balance at all. The reason
for his is probably the higher friction that is encountered at the pivot. Since the brass stick is
heavier, the weight pushes harder on the pivot, resulting in a higher friction between the
Meccano element and the pivot (see Figure 3.3).

9.2 Experiments with batteries

To make it easy to take the system anywhere for demonstration purposes, it must be possible
to supply the required power with batteries. Therefor experiments are done in which the
voltage source is replaced by batteries.

In the construction the power supply for the motor is separated from the power supply for the
rest of the system. In the first experiment one nine volt battery for each ofthe separated blocks
is used. The result is that the cart is too slow to be able to balance even the aluminium stick of
one metre. This means that the power supply for the motor is too low. Therefor two batteries
of4.5 Volt are placed in cascade to supply the power for the motor. Now the system can
balance the stick of one metre, and the sticks offifty and thirty centimetres are balanced for
more than one minute. After that the system becomes unstable and the stick falls. In Figure 9.3
the result of an experiment with the aluminium stick of one metre is shown. The angle
controller is {kp , k i , kd } = {4000, 2, 1/6}, while kpx is 50. The same oscillations can be seen as
in Figure 8.6. From experiments with smaller sticks is become clear that the blocking of the
worm wheel is the main reason why the sticks can not be balanced by the system. In the
experiments with the sticks of fifty and thirty centimetres, the limit cycles that occur due to the
worm wheel, appear with growing amplitude. The amplitude increases until the angle is too
large to correct for. Thus because of the lack of power, the amplitude of the limit cycles can
not be controlled.
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Figure 9.3: Result ofexperiment using batteries

9.3 Experiments with the zero-adjustment of the angle

The last experiment considers the influence of the zero adjustment of the angle sensor. From
simulations can be seen that if the zero adjustment of the angle sensor is changed during an
experiment, the direction and the size of the net displacement of the cart over a period of time
can be changed. This is shown in Figure 9.4. Experiments with the real system confirm this
effect ofchanging the offset of the angle signal in MACS. From this can be concluded that the
position can be controlled by changing the value for the offset of the angle signal in MACS.
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Figure 9.4: Results ofsimulation with changing zero adjustment of the angle sensor
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9.4 Conclusions

With the present construction it is possible to balance a stick of thirty centimetres length and
keep the cart within one metre from its initial position. Because brass sticks are much
straighter than aluminium sticks, it is easier to control the position of them. Theoretically
however brass sticks are harder to balance because of the higher weight. Due to an increase in
friction that is encountered at the pivot for heavier sticks, this is not noticeable.

It is possible to supply the required power for the motor with two batteries of 4.5 volt. In that
case only an aluminium stick of one metre can be balanced for a long time. Sticks offifty and
thirty centimetres can be balanced for about one minute maximum. After that the system
becomes unstable and the stick falls. The main reason for this is a combination of lack of power
and the blocking of the worm wheel. Due to the lack of power the amplitude of the limit cycles
that occur due to the worm wheel can not be bounded.

By changing the offset of the angle in MACS during experiments it is possible to change the
direction and the size of the net displacement of the cart over a period oftime. From this can
be concluded that the position can be controlled by making the offset of the angle dependent
on the difference between the position signal and its reference signal. This can simply be
implemented in software.
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10. Conclusions and recommendations

10.1 Conclusions concerning the system requirements

In chapter 1 the demands that are made on the system are listed. In this section will be
checked to what extent the system meets these requirements.

The frame of the construction that is built is only fifteen by twenty centimetres. The complete
construction weights less than one kilo and is about ten centimetres high, without inverted
pendulum. Since the required power can be supplied by batteries, it is easy to take the system
anywhere for demonstration purposes, provided that a computer is available.

The construction is kept very simple and thus easy to understand for public and freshmen. The
required parts for the construction cost 200 dfl. altogether. This is too expensive to be
attractive for students to build the construction for themselves. The costs for the tires that are
used to reduce slip are 30 % of the total expenses, while the reflective optical switches that are
used for the position sensor cover 20 % of the total costs.

With a simple PID controller the system managed to balance an inverted pendulum of thirty
centimetres. The maximum tilt angle that can be corrected for with this pendulum is about
±0.1O rad (± 6 degrees). Adding a simple proportional control action for position control
makes it possible to keep the cart within one metre of its initial position, while the inverted
pendulum is balanced. The proportional control action could not provide position control in
the sense that the cart could be sent to a certain position by changing the reference signal for
the position.

When batteries are used for power supply, only an aluminium stick of one metre length can be
balanced for a long time. Sticks of 30 and 50 centimetres can be balanced for about one
minute maximum.

10.2 Further conclusions

The performance of the system is deteriorated due to the occurrence of slip. Furthermore the
worm wheel causes a nonlinearity in the transmission. This is the main cause of the limit
cycles that occur during experiments.

The models that are derived for the position of the cart and the angle of the inverted pendulum
predict the system dynamics quite well. Since the models are in the first place white-box
models, they are easy to understand for students. The simulation model that is built around
these models has already been very useful in testing controllers and predicting the effect of
disturbances on the systems behaviour.
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10.3 Recommendations

To improve the perfonnance of the system the slip at the tires has to be reduced further. One
way to do this is by increasing the weight of the cart.

To reduce the occurrence of limit cycles the wonn wheel transmission should be replaced by a
less nonlinear alternative. This transmission should allow the motor shaft to be rotated when
no motor voltage is applied. A possible alternative is a transmission via two pulleys with a
rubber belt between them. This might be more expensive than the worm wheel transmission,
but gain a much better perfonnance of the system.

The tires that are used now are too expensive. In the final version of the construction they
should be replaced by a cheaper alternative. In order to reduce the costs of the construction
some more, it might be useful to look for an alternative for the reflective optical switches in
the position sensor.

In order to make it possible to use nonlinear control strategies, like fuzzy logic and neural
networks, changes have to be made in the software. Maybe it is even better to search for an
alternative that can work under Windows.

The zero-adjustment of the angle sensor can be done automatically by using the mean value of
the angle over a number of samples as a measure for the error in the zero-adjustment.
Correcting for this can be simply implemented in the software, without any extra hardware
requirements.

The direction and the size of the net position displacement of the cart over a period of time
can be changed by changing the value for the offset of the angle in MACS. This means that
the position of the cart can be controlled by the changing the offset of the angle signal. To
make this possible some changes in the software have to be made, but again no extra hardware
is required. The offset signal thus has to be dependent on the deviation of the position from its
reference signal.
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Appendix A: Layout of the electronics

AI: Layout of actuator electronics
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A2: Layout of sensor electronics
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A3: Layout of interface electronics
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Calculation of the costs

description costs (dfl) available at

inverted pendulum pendulum + mounting constr. 6,25 Speelboom
on cart gears 7,00 Speelboom

axes + suspension 3,50 Speelboom
wheels 60,00 76,75 Shamrock

actuator motor 11,95 Comad
resistors + capacitances 2,70 E-magazijn
TLE4202b 10,75 Display
TLC2264 5,10 Display
7805 0,50 31,00 E-magazijn

angle sensor optical switch 3,00 E-magazijn
resistors 0,25 3,25 E-magazijn

position sensor reflective optical switches 35,00 E-magazijn
reset switch 3,75 E-magazijn
electronics 11,25 50,00 E-magazijn

parallel port 025 connector 5,75 E-magazijn
extension electronics 1,00 6,75 E-magazijn

interface DIP switches 1,00 E-magazijn
TLC431 0,75 Display
8591 14,60 Display
8574 9,40 Display
rest electronics 2,00 27,75 E-magazijn

construction material 4;50

I TOTAL COSTS 200,00
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Model parameter values

parameter white-box model gray-box model

g 9.8 9.8
G 1/19 1/19
Kb

6.57·10-.) 6.57·10-.)

Kc 6 6
Kr 4/3 0.25

Km 6.57.10-5 6.57·10-.)

f- 0.5 0.5

me 0.71 0.71

mlJ 0.04 0.04
Rm 2.25 20
rw 0.025 0.025

'tr 0.1 0.1
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Appendix D M-file for MACS-MATLAB data file conversion

% This m-file plots the angle, the position and
% the control voltage of the inverted pendulum system
% from a MACS output data set.
%
% Requested inputs for this m-file are the names of
% the _dout and _sout matrix that appear when a
% MACS output file is loaded into the MATLAB workspace.
%
% Next from the plots a smaller interval can be selected
% that will be plotted.

dout=inputCWhat is the name of the _dout matrix? ');
sout=inputCWhat is the name of the _sout matrix? ');

ang=dout(: ,2)*sout(2,2)+sout(3 ,2);
pos=dout(: ,5)*sout(2,5)+sout(3 ,5);
inp=dout(:,6)*sout(2,6)+sout(3,6);

figure;
subplot(3,1, 1),plot(ang),titleCangle')
subplot(3,1 ,2),plot(pos),titleCposition')
subplot(3,1,3),plot(inp),titleCcontrol voltage')

'Choose an interval which you want to plot.'
'Press any key to continue.. .'

pause

clear A X U

m=inputCFrom which sample? ');
n=input(To which sample? ');

for i=l :n-m
XCi, 1)=pos(m-l +i, 1);
U(i, 1)=inp(m+i, 1);
A(i,l )=ang(m+i, 1);

end

figure;
subplot(3, 1,1 ),plot(A),titleCangle');
subplot(3,1,2),plot(X),titleCposition');
subplot(3,1,3),plot(U),titleCcontrol voltage');



Appendix E

69

M-file for PID controller design

% This m-file plots the open-loop rootlocus for the PID controlled
% angle of the inverted pendulum and the impulse response of the
% closed-loop.
%
% Requested inputs are kp, ki and kd,
% output is the plots of open-loop rootlocus and closed-loop impulse response
% and the controller for MACS in discrete state space description

kp=inputCkp = ');
kd=inputCkd = ');
ki=inputCki = ');

numphi=[O 0 11.096 0];
denphi=[l 15.3902 -15.3125 -226.2352];

numc=kp*[kd 1 ki];
denc=[l 30 0];

numt=conv(numc,numphi);
dent=conv(denc,denphi);

figure;
subplot(2, 1,1), rlocus(numt,dent,kp);
titleCrlocus open-loop angle + PIO-controller');
subplot(2,1,2), rlocus(numt,dent);

[num,den]=feedback(numc,denc,numphi,denphi,-l);
[numz,denz]=c2dm(num,den,0.01,'zoh');

figure;
impulse(num,den);

[Acs,Bcs,Ccs,Dcs]=tf2ss(numc,denc);
[Acz,Bcz,Ccz,Dcz]=c2dm(Acs,Bcs,Ccs,Dcs,0.01,'zoh');

A=Acz;
BO=[O;O];
B=[BO BO Bcz BO BO];
C=Ccz;
D=[O 0 Dcz 0 0];
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