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Abstract

In order to answer the growth of need for mobile communications, high capacity multiple
access systems must be used. Code Division Multiple Access based systems can offer this
increased capacity. Inherent in the CDMA technology, all system users interfere with each
other. This means that the correlation between the signals of the users must be as small as
possible. In conventional detectors every user's signal is treated individually. By using joint
detection the multiuser detector obtains additional information from the correlation between
the signals of the users. The optimum multiuser detector appears to be too complicated to
implement in any practical situation. Well designed sub-optimum multiuser detectors do
not necessarily suffer from this problem.

In this report we study Fractionally-Spaced Equalization. Fractionally-Spaced Equalizers
work at a higher sample rate than the symbol rate. In this way a channel matched filter is
not required. We show how the system parameters are derived, using the Minimum Mean
Square-Error criterion. The performance of the system is judged by its capability to combat
the Multiple Access Interference in both high and low noise situations, for various numbers
of users. The system is analyzed for single-path and two-path reception.
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Chapter 1

Introduction

In the 1980's it was expected that the need for Personal Mobile Communications would
increase enormously in the nearby future. In order to answer this need, more frequency bands
have to be allocated to mobile communications and high capacity multiple access systems
must be used. Already there were some multiple access systems in use. With a Frequency
Division Multiple Access (FDMA) cellular system a channel is a relatively narrow band (30
kHz in the US) in the allocated frequency domain and different user signals are assigned
different frequency channels. To provide acceptable call quality, a carrier-to-interference
ratio (C /1) of 18 dB or greater is needed. In order to avoid too much user interference
the same frequency cannot be used again, unless a sufficient geographical distance among
the transmitters is applied. Empirical results have shown that in most cases the C/1 level
of 18 dB implies a frequency reuse efficiency of 1/7. For 30 kHz bandwidth channels this
means one call per 210 kHz of spectrum in each cell. With a Time Division Multiple Access
(TDMA) cellular system the same frequency can be used by all users, but only during each
user's own time interval. The IS-54-B North America Standard is a digital cellular system
with 30 kHz FDMA channels that are subdivided into six time slots for TDMA transmissions.
There are two time slots needed for each call, resulting in a modulation efficiency of three
calls per 30 kHz of bandwidth. Eventually, a spectral efficiency of one call per 70 kHz of
spectrum per cell can be reached.

An alternative technology with an expected higher capacity is the Code Division Multiple
Access (CDMA) technology, based on Spread-Spectrum techniques. In CDMA all the user
signals share the same frequency spectrum and can use it all at the same time. For military
applications Spread Spectrum had already been used since the 1940's and its properties are
well understood. However, it had hardly been used for commercial applications. One of the
implications of CDMA, inherent to its technology, is that all the user signals interfere with
each other. A pro is that the total user capacity is increased. With the IS-95 North America
Standard we come to a frequency reuse efficiency of approximately 2/3 [19].

1.1 Code Division Multiple Access (CDMA)

As we mentioned above, one of the advantages to use Spread Spectrum techniques is the
much higher bandwidth efficiency. (More details on spread spectrum and its application in
CDMA systems can be found in e.g. [17] [18] and [24].) In conventional spread spectrum
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Figure 1.1: Spread Spectrum transmit model

communications a Pseudo Noise (PN) signal is added (modulo 2) with the data signal. The
period of the PN signal (with L chips) equals the data bit time T. This added signal is
modulated, resulting in what we call the Direct Sequence (DS) Spread Spectrum signal (See
figure 1.1). The conventional spread spectrum receiver consists of a matched filter followed
by a threshold detector.

In CDMA many DS Spread Spectrum signals occupy the same channel bandwidth, hence
every user needs its own distinct PN sequence. In the demodulation of each waveform,
the signal waveforms from the other, simultaneous users of the channel appear as additive
interference. The conventional multiuser detector consists of a bank of single-user matched
filters followed by threshold detectors; for each user all operating independently.

1.1.1 Multiuser Aspects

In every radio channel we have to deal with multipath reception of signals. Due to multiple
reflections, the received signal contains delayed, distorted replicas of the original transmitted
signal. The received signal consists of the superposition of several signal replicas, each with
its own amplitude and phase. In a mobile situation, the relative phases of the received signals
are changing continually, due to the motion of the mobile. This results in large time variations
in the received signals. Such variations are refered to as Rayleigh fading (or Rician fading, if
there is a direct component in addition to the reflections). Systems where all ofthe multipath
signals arrive within one chip interval are refered to as "narrowband". On the other hand,
systems where multipath signals from one chip arrive over a duration longer than that of the
chip are refered to as "wideband". In this case the Rayleigh fading effect is less pronounced,
because there are fewer multipath signals from one transmitted chip arriving during the chip
duration. Most often, CDMA systems are wideband. In CDMA, multipath interference can
be combated by multipath reception, whereby the different multipath arrivals are considered
as independent receptions of the signal and are independently processed. This is usually
refered to as path diversity, for which we use RAKE receivers (e.g. [18]). Time diversity can
be obtained by using interleaving and error detection, and correction codes.

In an asynchronous CDMA Mobile Radio Channel, J( users modulate simultaneously
and independently a set of assigned signal waveforms without maintaining any type of syn
chronism among them. In the demodulation of each signature waveform the input to every
threshold of the conventional detector has an additive component of Multiple-Access Inter
ference (MAl). This is due to the non ideal properties ofthe correlation between the signals of
all the other users. Only if the assigned signals were orthogonal (and the channels would not
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modify this) the conventional detector would achieve optimum demodulation. In practice,
however, orthogonal signal constellations are more the exception than the rule. Well-known
PN sequences with good periodic cross-correlation properties are e.g. Gold sequences [20].

Another complication that typically appears in multiple-access communication is the
near-far effect. This is the situation in mobile radio networks wherein the received powers
of the users are all different. Users near the receiver are received at higher powers than
those far away. Since the output of the matched filter of each user contains a spurious
component which is linear in the amplitude of each of the interfering users, the conventional
detector becomes unable to recover the messages transmitted by the weaker users. It has
been thought that the near-far problem is an inherent characteristic of CDMA systems, but
it is not. Rather, it is the inability of the conventional single-user receiver structure to exploit
the Multiple-Access Interference. If all users are considered as signals for each other, then
instead of users interfering with each other, they can all be used for their mutual benefit by
joint detection.

We will give an example for the CDMA system used by the IS-95 standard. This system
uses a 1.25 MHz bandwidth (W) DS-Spread Spectrum modulation, a maximum data rate
of 9600 bls (Rb) and requires a bit energy to noise power spectral density ratio, EdNo of
6 dB. (The EblNo is directly analogous to the C/N (Carrier-to-Noise ratio) for analog FM
modulation.) The near-far problem can be reduced to the classical jamming problem for
which the jamming margin is:

J WIRb

S EblNo

with the given values we get: J IS = 15 dB. This means that a jamming or interfering
signal can be 15 dB stronger than the desired signal before the desired signal quality is
affected. To prevent quality degradation transmitting power control of the mobiles is needed.

The mobile may be situated anywhere in the cell from right under the base station
antenna to 10 kilometers of distance away. It has been found that the total dynamic range
of path loss is in the order of 80 dB. This means that the mobile transmitter must be
able to vary its power from a few nanowatts up to the order of 1 Watt. One method to
control the received power at the base station is by open-loop control. At the mobile the
received signal level is measured and the transmitted power is adjusted by an Automatic
Gain Control (AGC) circuit. If the mobile comes near the base station the received signal
level will increase and the transmitted power of the mobile will decrease. If the mobile
goes from the base station the received level will decrease and the transmitted power will
increase. This method of control is simple and reliable. However, the up-link and down-link
frequencies are not the same. Thus, the fading from signals to the mobile is not necessarily
the same as the fading from signals from the mobile. (In the IS-95 standard they are 45
MHz appart.)

Another method to control the transmitted power from the mobile is closed-loop control.
Now, the Signal to Noise Ratio (SNR) at the basestation is controlled. In order to obtain
this, the received SNR is compared with a reference SNR and control data is sent to the
mobile, where the transmitted power is adjusted by an AGC circuit. If, at the base station,
the received SNR is too high, a decrease-power command is sent. If the SNR is too low
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an increase-power command is sent. With this method the control intelligence is with the
base station instead of with the mobile. This also allows the system to combat jamming
interference or to reduce the cell size if too heavy loaded. In the latter case, the far away
mobiles will change base station.

Another advantage of power control is that it allows handhold portable telephones to
minimize their battery drain. The average transmit power of CDMA phones is 2 mW
compared to 600 mW for analog FDMA telephones. However, reverse link power control
increases the overall system complexity.

1.1.2 Joint Multiple-Access Detection (JMAD)

Given the Multiple-Access Interference and the near-far problem multiuser detectors are re
quired in order to get a better performance. If we want to have the best possible detection,
we find that this is inherently a problem of sequence detection. In case we would demodulate
each symbol, taking into accound the received signal only in the interval corresponding to
that symbol, this would lead to sub-optimum detection. This problem has already appeared
in single-user environments and is known as Inter Symbol Interference (lSI). Additionally, in
a multiuser environment we also have to combat the MAL In order to obtain optimum detec
tion, the whole received waveform is required for any symbol transmitted. The reason is that
the observation of the overlapping symbols of the other users gives additional information
about the received signal in the bit interval in question. The optimum multiuser detector has
been designed in the past, but unfortunately this detector is too complicated to implement
in any practical situation (Section 2.2). This has led to the design of sub-optimum multiuser
detectors.

It is obvious that in the approach to multiuser detection, the techniques for single-user
detection are studied and, if possible, applied. This has led to the linear Zero-Forcing (ZF)
equalizer that cancels the lSI and the MAl, but not the noise, and also to the linear Minimum
Mean-Square-Error (MMSE) equalizer that cancels lSI, MAl and the noise (Section 2.3).
From this point several extentions are developed. The aid of Decision Feedback (DF) detec
tion has led to better performance of the aforementioned detectors (Section 2.3.3). Another
technique that has succesfully been applied to single-user detection is Fractionally-Spaced
Equalization (FSE). Up till now, this technique has hardly been studied in a multiuser en
vironment. In this report the possibilities to use FSE in multiuser applications are studied
(Chapter 3).

1.2 Adaptive Equalization

In mobile radio channels it is clear that due to the mobility of the users and the change of
environment no radio channel can be the same. This leads to a strong demand to adapt the
equalizer to each unique situation. To solve this problem many algorithms were developed
for the single-user case in the past. The actual problem is how to adapt the equalizer to the
channel. A method very often used is sending a training sequence, i.e. the receiver knows
the sending data and adjusts the equalizer in order to obtain a minimum-error detection.
After this data reception can start. Up till now some methods have been studied for CDMA
applications. (e.g. [1], [8], [12] and [13]).
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It is obvious that these methods can only be applied succesfully if the channel is not
changing during the transmission. However, a mobile radio channel is changing all the time
and often very fast. What we need is a self-recovering adaptive equalizer: a so-called blind
equalizer. Recent developments have proved that it is possible to design such an equalizer [7].

From the discussion above it would appear that not many problems do rise in the tech
nique of (blind) equalization. Unfortunately, this is not true. One of the most important
issues is the convergence of the adaptation algorithm. How long must the sequence of the
received data be, before convergence takes place and will there occur any situation where
convergence does not take place at all? In this report, we will not study the problem of
adaptive equalization.
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Chapter 2

A Review of Multiuser Detection

2.1 The CDMA System Model

First we will introduce the system model that is used in this chapter. Let us consider the up
link case (single-path reception) of a CDMA Mobile Radio Channel (reverse CDMA channel)
that is shared by I< simultaneous users. Each user is assigned a signature waveform Uk(t) of
duration T, where T is the symbol interval. The signature waveform can be expressed as:

£-1

Uk(t) = L ak[nclp(t - ncTc)
nc=O

a~ t ~ T (2.1)

where {ak[ncl' a ::; nc~ L - I} is a PN-code sequence consisting of L chips ("bits") that
take values ± 1 and p(t) is a rectangular pulse of duration Tc where Tc is the chip interval.
Thus we have L chips per symbol and T = LTc. We assume that all I< signature waveforms
are zero outside the interval [0, T] and have an energy of:

1 . [T 2
T 1

0
IUk(t)1 dt = 1 (2.2)

The information symbol of the kth user at time frame i is denoted by h[il where each
symbol may be ± 1, hence BPSK. The symbol sequence is of some arbitrary length 2M +l.
If we consider the transmission of a block of symbols, the transmitted data becomes:

Ul(t-iT)

UK(t-iT)

Figure 2.1: Multiuser channel model
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I(i) = [I1[i] , ... ,IK[i]f; h[i) E (-1,1); k = 1, ... , K; i = -M, ... , M (2.3)

The waveform that will be transmitted can be expressed as:

K K M

x(t) = L Xk(t) = J2P L L h[i]Uk(t - iT)
k=l k=l i=-M

(2.5)

where P is the transmitted power. In the up-link situation the transmitted signals will
all reach the receiver via a different channel. This can be seen in figure 2.1.

Receiver: At the base station the received signal can be expressed as:

r(t) = S(t, I) +n(t) (2.6)

where n(t) is additive white Gaussian noise (AWGN) with two-sided power spectral
density: No/2 Watt/Hz. The received waveform S(t, I) can be expressed as:

S(t, I)
K

L Xk(t) @ Ck(t)
k=l
K M
L f3kJ2P L h[i]Sk(t - iT - Tk)
k=l i=-M
K M
L yWk L h(i)Sk(t - iT - Tk)
k=l i=-M

(2.7)

where Ck(t) = f3k6(t - Tk), i.e. the linear impulse response of the kth channel. The
transmission gain and delay will be different for all k users and are denoted by f3k and Tk
respectively, and @ denotes convolution. In the rest of this report, (unless other stated) it is
assumed that the users are numbered such that their delays satisfy 0 ~ Tl ~ ... ~ TK < T.
The received energy Wk is assumed to be constant for all i. The received signal will be passed
through a receiving filter and then be sampled at the rate of l/T samples per second i.e. the
symbol rate (figure 2.2).

Matched Filter: The optimum receiving filter is a bank of K filters where the kth filter
is matched to the kth received signal: Sk(t, h). Thus the filters are matched to both the
symbol and the channel. (Note that this means that the channel delay Tk is exactly known
to the receiver.) The output of the kth matched filter can be expressed as (where t' = iT):
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Figure 2.2: Multiuser detection model

Now we define the cross-correlations between the received signature waveforms as [21]:

Pjk(i)

Tj

[o(i) Rjk(Tj - Tk)] (2.9)

(2.10)

c) Tk > Tj

Pjk(i) (2.11)

where the modified partial cross-correlations are defined as follows:

(2.12)

(2.13)

As we write the received energies explicitely, keep in mind that: Pkk = ~ I[ s%(t) = 1.
The above is illustrated in figure 2.3. In matrix notation these cross-correlations become the
entries to the [{ x [{ signal cross-correlation matrices R(i).

Pll(i) PI2(i) PI3(i) PIK(i)

P21(i) P22(i)

R(i) = P31(i) P33(i) (2.14)

PKI(i) PKK(i)

However, the modulated signals are zero outside [0, T], so we get:

R(i-l) = 0 V Ii - II > 1

R(-j) = RT(j)

11
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Ti Ti Ti

:Tk ,Tk
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:Tk
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Figure 2.3: Cross-correlations for user k

R(l) is an upper triangular matrix with zero diagonal (strictly upper triangular).

We will sample the output of the matched filter at time: tk = iT. With the definition of
the cross-correlations the discrete output of the kth matched filter at the ith frame becomes:

Ky'W; M 1
Yk(iT+Tk) = f; TV2P Il=M pjk(i-I) Ij[l] + TV2P lIk(iT+Tk)

We write this as:

(2.16)

Ky'W; M 1
Yk[i] = .r; TV2P Il=M Pjk(i-I) Ij[l) + TV2P lIk [i] (2.17)

where lIk[i] is Gaussian noise. Actually, we are only interested in the value of h[i] but due
to Inter Symbol Interference (lSI) and Multiple Access Interference (MAl) the kth matched
filter output signal is disturbed. We can show this explicitly:

Yk[i] - VWk I
TV2PPkk(O) k[i]
, .. ,

desired term

+ VWk LTV2P I::j:i Pkk(i-I)h[l]

....

lSI
(2.18)

y'W; M

+ L TV2P L Pik(i-I) Ij[l]
j# I=-M,

....
MAl

1
+ TV2PlIk [i]

'-v--'"

nOIse
However, we defined the signature waveforms being zero outside the interval [0, T] and

the delay Tk being less than T. This reduces formula 2.17 to:
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Now, we also define the matrix of received energies:

W = diag([VW"l, . .. ,VWKJ),

As a vector, the output of the matched filter bank y(i) at the ith bit becomes:

i+l

y(i) = L R(i-I)WI(l) + v(i)
l=i-l

(2.20)

y(i) = R(1)WI(i-1) + R(O)WI(i) + R T(1)WI(i+1) + v(i) (2.21)

where l(i) is the input vector (formula 2.3), with 1(-M-1) = 0 and I(M+1) = 0, and v(i)
is a Gaussian noise vector: v(i) = [Vl[ij, ... , Vk[i]V, with zero mean. Taking the z-transform
we get:

Y(z) = S(z)[WI](z) + V(z) (2.22)

where [WI](z) is the z-transform of the sequence wl(i) = {[.;wI[l[ij, ... , VWK [K[i]l}.
The matrix spectrum S(z) is:

S(z) = R(l)z-l +R(O) + RT (l)z

Eventually, the matched filter bank output can also be expressed as:

y(i) = [Yl[i], ... , YK[i]f; k = 1, ,[{; i = -M, . .. ,M

y = [yT (_ M), ,yT(M)f

(2.23)

(2.24)

(2.25)

The multiuser demodulation problem which needs to be solved at the decision device is
to recover the transmitted data 1 from the matched filter output y. Then, the output of the
multiuser detector can be written as:

I(i) = [i1[i]"" ,iK[i]f; ik[i] E {-1, 1}; k = 1, ... , [{; i = -M, ... , M (2.26)

~ ~T ~T T
1 = [I (-M), ... ,1 (M)] (2.27)

Noise: The autocorrelation matrix of the Gaussian noise vectors v(i) is (formula A.61):

Rnoise = E[v(i)vT(j)] = ~o R(i-j) (2.28)

The autocovariance matrix of the noise vectors v(i) becomes (formula A.62):

r noise E[v(i)vT(j)] - E[v(i)]E[vT(j)]

No/2R(i-j) (2.29)

Conventional Detector: In the conventional detector, the outputs of the matched filter
bank (formula 2.19) are directly fed to single-user decision devices. Here, the estimation for
the kth user at the ith symbol is done by sign detection: lk[i] = sgn[Yk[i]]' In order to
examine the performance of the conventional detector for BPSK modulation, we will look at
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the probability of error, i.e. the Bit Error Rate (BER) . For an optimum single-user receiver
in the absence of other users of the channel the BER is:

P,[I'!'1Ih!'1] = Q (J;'i2)
The definition of the Q-function can be found in formula A.22.

detector the BER for the kth user at the ith symbol is:

where

(2.30)

For the conventional

(2.31)

Ek[i] = [..JWk - t vw; I: PJ"k(i-l)!j[!]] 2 (2.32)
j:f;k !=i-l

From the above it can be seen that the conventional detector is only reliable when mul
tiuser interference is negligible, i.e. the cross-correlations (formula 2.9- 2.11) are low for
all relative delays, and the received powers of the users are not very different. However,
bandwidth-efficient systems prohibit low cross-correlations and received powers vary greatly
in many channels of interest. Therefore, the error rate of the conventional detector is often
unacceptably high.

The above discribed model is the model for the multiuser system in an asynchronous
mode. In the case of synchronous transmission Tk = 0 for 1 ~ k ~ K, where the system
model becomes less complicated. However, in this report we will consider the asynchronous
case.

2.2 Optimum MLSE Detection

After the earlier work that was done on multiuser detection in the 1970's, Verdu designed the
optimum K-user Maximum-Likelihood Sequence Estimation (MLSE) detector in 1986 [22].
This detector consists of a bank of K single-user matched filters followed by a Viterbi decision
algorithm, i.e. the conventional K single-user decision devices are replaced by one multiuser
detector.

Let us consider the Maximum likelihood criterion. We begin with the observation that
the samples Yk[i], at the output of the matched filter form a set of sufficient statistics; i.e.
they summarize all the information contained in the received signal. We want to have a
detector that estimates 1 from y such that the probability of a correct decision is maximized:
P[I(i)ly(i)] for i E {-M, ... ,M}. If all transmitted signals are equiprobable this can be
shown [18] to be the same as maximizing the likelihood function P[y(i) 11(i)], and:

1 { - f (r (t) , S (t, I) )}
P[Yk[i]lh[i]] = (~)K exp No (2.33)

The optimum detector selects the information sequence (information symbol) h(i) (k E
1, ... ,K) for which this probability is maximized or, for which the likelihood function
A(y(i),I(i)) is maximized [15], where:

14



A(y(i),I(i)) = - ~ In(1r No) - ~o i: [r(t) - S(t, 1)]2 dt

dA(y(i),I(i)) = _ f{ ~100
[ ( ) _ S( 1)]2 d = 0

d(No/2) No + NJ -00 r t t, t

This yields the estimator:

(2.34)

(2.35)

1 100

x= }' [r(t) - S(t, 1)]2 dt
'\. -00

E[x] = No/2 (2.36)

If we expand the integral, we obtain:

i: [r(t) - S(t, 1)]2 dt i: r2 (t)dt-2 i: S(t,l)r(t)dt+ i: S2(t,l)dt (2.37)

i: r2(t) dt-

K M

2TV2P L VWk L h[i]Yk[i] + (2.38)
k=l i=-M

K K M M

T L L VWkJW:i L L Pjk[i-l]h(i)Ij[l]
k=l j=l i=-M l=-M

If we examine the expanded integral we see that the first term will be the same for all k
and for all i, and therefore plays no further role in minimizing the integral. For the second
and third terms however, in matrix notation, it can be seen that the MLS problem is the
same as max1m1zmg:

(2.39)
2yT (i)I(i) IT (i-l )WTR(1 )WI(i-l)

IT (i)WTR(O)WI(i)
IT (i+l)WTR T(I)WI(i+l)

From the above we see that the optimum detector must have knowledge of all received
signal energies. It must also compute all cross-correlations between the signals of all active
users. These cross-correlations depend on the received relative delays, the carrier phases
and the amplitudes and hence cannot be determined a priori. This means that all waveform
replicas must be stored in the receiver and demodulation can only start untill all users have
completed their transmission sequence and somehow the receiver has knowledge of the delays
and the energies. A disadvantage of this MLS-detector is that it has a complexity that grows
exponentially with the number of users I<.

Performance: If we look at the performance of this detector we find that it is very
difficult to evaluate its probability of error and only upper and lower bounds have been
found [22]. Although this detector does not seem very useful for any practical situation we
can use its performance to compare with other, sub-optimum, detectors. As an alternative
to a compact expression for the probability of error, a useful measure in high SNR situations
is the SNR degradation due to Multiple-Access Interference. This performance degradation
is qualified by the asymptotic efficiency: 'r/k. Let Pk ( No/2) denote the Bit Error Rate of the
kth user when the spectral level of the background white Gaussian noise is No/2, and let
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ek(No/2) be such that Pk(No/2) = Q(V2ek(No/2)/No). Then the effective energy ek(No/2)
is the actual energy that the kth user would require to achieve a BER Pk (No/2) in the
same white Gaussian channel without interfering users. Now, the limit as No/2 --+ 0 of the
ratio between the effective and actual energies ek(No/2)/Wk denoted by TJk is defined the
asymptotic efficiency:

(2.40)

TJk = sup{O :::; r :::; 1; lim Pk(No/2)/Q (J :rW/
k

) < +oo} (2.41)
No/2-+0 iVO 2

and is a number between 0 and 1. The asymtotic efficiency was first defined in [22]. In
that paper and in [23] we find the maximum TJk for an optimum multiuser detector. Another
performance measure of interest, directly derived from the asymptotic efficiency, is its kth
user near-far resistance TJk,i which is defined for each detector as its worst case TJk for a symbol
at time frame i of user k over all possible energies of the other (interfering and noninterfering)
symbols, i.e.:

TJk,i = inf 11·,k,i
w·>oJ_

(2.42)

(j,I)1:(k,i)

For the optimum multiuser detector it is possible to obtain a closed expression for the
near-far resistance [9].

2.3 Sub-Optimum Detectors

Let us start with the comment that we do not want to cover all concepts for sub-optimum
multiuser detectors that have been developed up till now. The demand for Personal Mobile
Communications is still increasing and will not stop for years to come. This, and the fact
that problems still remain as concerned multiuser detection, has made many research cen
ters develop their concept of a multiuser detector. Unavoidably, this has lead to different
solutions, by using different criteria, using different ways to notate the results. We will
try to highlight only the most important approaches to see what is done so far and that
can be helpful to understand the problem of multiuser detection. An overview of multiuser
detection for CDMA systems can also be found in e.g. [5].

We will start with linear detectors. In order to obtain a compact notation for y define
the [{(2M + 1) x [{(2M +1) symetric block-Toeplitz matrix R:

R(O) R T (1) 0 0

R(I) R(O) R T (1)
R= 0 R(1) R(O) 0 (2.43)

R T (1)
0 0 R(1) R(O)
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R is tridiogonal in terms of R(i). Further, remember that R(1) is a strictly upper
triangular matrix. Also define the I«2M + 1) X I«2M + 1) diagonal matrix W:

w 0 0 0
0 W 0 0

W= 0 0 W (2.44)

0
0 0 0 W

and define the Gaussian noise matrix: v = [vT ( -M), ... ,vT(M)jT. In this notation, we
can write the matched filter output y depending on I and vas:

y = RWI+v (2.45)

2.3.1 The Decorrelating Detector

Lupas and Verdti [9] and [10] defined the Decorrelating Detector. In this detector, a linear
transformation is performed on the output of the matched filter bank: 'Ty. By choosing
the right transformation the MAl and the lSI are eliminated. The decision is made on the
estimate i(i) of the transmitted data:

i(i) = sgn[i(i)] = sgn[Ty(i)] (2.46)

Let us consider the output y (formula 2.45). For the probability function, with a noise
covariance matrix 9 = No/2 R, we get A.24:

P[ II] 1 { - f(y , I)}
y = )(27l")Kdet(9) exp 29

Here, the quadratic likelihood function that has to be minimized is:

A(y, I) = (y - RWlf 9-1 (y - RWI)

(2.47)

(2.48)

The best estimate without knowledge of the received powers for this minimization is:

i
A

I (2.49)

This reduces the problem to solving the linear equations: Ri = y = RWI + v. If we
examine the performance of this decorrelating detector we see that:

i = sgn[i] = sgn[WI + R-1v]. (2.50)

All MAl and lSI is decorrelated and the decisions are only disturbed by noise. (This kind
of detector is also known as a Zero-Zorcing (ZF) detector using the ZF criterion.) It is seen
that no knowledge of the power of the received signals is necessary.
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Implementation: We can implement the Multiuser Detector as an optimum transfer
function G(z). As the length of the transmitted sequence increases to the limiting case:
2M+l ---+ 00, the optimal G(z) is the inverse of S(z) (formula 2.23), so:

G(z) = [R(I)z-l +R(O) +R T (I)zt 1 (2.51)

We can implement this filter [10] as a cascade of a FIR-filter with transfer function
adj [S(z)] (The adjoint matrix of S(z)) and a bank of filters with transfer function l/det[S(z)].
The result is:

G(z) = [S(z)t1 = adj[S(z)] = f: D(n)z-n
det[S(z)] n=-oo

(2.52)

The first filter decorrelates the interfering users and the second filter removes the lSI.
Stability of the decorrelating detector can only be achieved if and only if:

(2.53)

If there are no zeros on the unit circle of det[S(z)] there exists a nonempty convergence
region of [S(z)t1

, including the unit circle. Let us examine the performance of this detector.
From formula 2.22 we can write:

G(z)Y(z) = [WI](z) + [S(z)t1V(z) = [WI](z) + V(z) (2.54)

where V(z) is the z-transform of the filtered Gaussian noise vector. The z-transform of
its covarance matrix E[v(i)vT (j)] is equal to: No/2[S(z)]-1.

Performance: We find that for the kth user the variance of the zero-mean Gaussian
noise Vk(i) is equal to No/2D kk (0) (formula 2.52). Therefore, the BER for the kth user for
the decorrelating detector equals:

Pd[lk[illh[i]] = Q (

If we apply the inverse z-transform, from formula 2.52 we get:

(2.55)

(2.56)

2.3.2 Linear MMSE Detection

In the previous section we have seen that the value of the information symbol h[i] has to be
estimated. The objective is, of course, to make the best possible estimation. However, if the
estimation is not correct an error will be introduced. We define the estimation error by:

A

Ek[i] = I k[i] - I k[i]
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(2.58)

In solving the estimation problem we need an optimality criterion. A very useful and
common used criterion is the minimization of the mean-square value of the estimation error.
The mean-square-error criterion is stated as:

J = }1, t E [l t k[ilI
2

]
'\. k=1

where J, the MSE, has to be minimized. An "early" multiuser MMSE detector was
sugested in [26]. Like the decorrelating detector this MMSE detector performs a linear
transformation on the output of the matched filter bank: 7y. By chosing the right trans
formation the MSE is minimized. If we keep in mind that the output y is given as In

formula 2.45 we see that:

where i = 7y, thus:

(2.59)

(I -7yf(1 -7y) = (I -7(RWI + v))T(1 -7(RWI + v)) (2.60)

The MMSE-criterion also keeps the noise into account. We see that the appropriate
choise for 7 is:

(2.61)

The decisions on the output are now given by:

(2.62)

For this detector, the knowledge of received energies is also necessary. Another important
paper is [ll]. In this paper several MMSE interference suppression schemes are presented.
They have the advantage of being near-far resistant and can be implemented adaptively
when interference parameters are unknown and/or time-varying.

2.3.3 Decision-Feedback Detection

Up till now we only discussed linear detectors. In [3] and [4] Duel-Hallen proposed Multiuser
Decision-Feedback Detectors. Decisions that have already been made are fed back to improve
the performance. This method has shown to be very useful to combat lSI in single-user
detection. It is to be expected that it will also be effective in cancelling the MAL For the
matched filter output we can write (Like in formula 2.22):

Y(z) = S(z)[WI](z) +V(z)

and the matrix spectrum is:

(2.63)

S(z) = R(1)z-1 +R(O) + R T (1)z (2.64)

This matrix S(z) is symmetric, i.e. S(z) = ST(Z-1).
If the matched filter output Y(z) is fed to a filter [FT (z-1 ]-1, the output signal is:
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Figure 2.4: Multiuser Decision Feedback Detector

(2.65)

Here we have used the following theorem:

Theorem: The Cholesky Decomposition of a matrix states that the spectral matrix S(z)
can be factored as [2]:

S(z) = FT (z-l)F(z)

where F(z) and F(Z-l) are both causal and stable matrix filters.
End Theorem

The causal filter F(z) can be expressed as a one-sided power series:

(2.66)

(2.67)

with a lower triangular constant term F(o). This assures that only past and present inputs
determine the output of the filter. It follows that F(z) = F(o) +F(1)z, where F(1) is a strictly
upper triangular matrix. The anticausal filter FT (Z-l) transforms a white process with
spectrum I (Identity) into a process with spectrum S(z). The anticausal inverse [FT(Z-l )]-1
is a whitening filter for a process with spectrum S(z). Let us again consider the matched
filter output. From formula 2.19 we have:

Which we can write as:
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v

past

v

future

K

L Pjk(l}\/Wjlj[i-l]
j=k+l,

k-l

L Pjk(o)VWilj[i]
j=l,

K

L Pjk(o)VWilj[i]
j=k+l,

k-l

L Pjk(-l)ylWjlj [i+l]
j=l,

(2.69)

Vk[i]
...............

nOIse

We see that the decision on ik[i] will depend on past, actual and future terms. Let us
also consider figure 2.4. A Decision-Feedback (DF) detector consists of two linear filters:
a feedforward filter G(z) (noncausal) that is fed by the outputs of the matched filter bank
Y(z) and a feedback filter B(z) that is fed by past decisions: i(z). Provided that the past
decisions are correct, the weighted values of I( i - 1) will be subtracted from the feedforward
filter output and hence the past multiuser interference will be cancelled.

In addition, how can we use the actual values of I(i) where Tj :S Tk or Tj ;:::: Tk? We know
that all signals are received with different energies. It is clear that weaker users suffer more
from MAl than stronger users. So another way to order the received signals is to order them
that the energies are non-increasing, i.e.:

(2.70)

Now user 1 is the strongest user who suffers the less from MAL The DF detector is
designed as follows: At the ith time frame the first user's estimate is based on the received
sequence and on the decisions of all users made on times i -1, i - 2, ... For user 2 we have the
same but we can also use the decision i1[i]' For the kth user the following "past" decisions
are used to obtain te estimate ik[i]:
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II[i] , II[i-l] I I [i-2]

user 1

I 2[i] , I 2[i-l] I 2[i-2]
user 2

h-I[i] , h-I[i-I] , h-l[i-2] ,
(2.71)

user k-l

h[i-I] I k[i-2]
user k

lK[i-l] 1K[i-2]

user K

For the estimates we can write:

I(z) = G(z)Y(z) - B(z)i(z) (2.72)

Now we must find the filters G(z) and B(z).

Zero Forcing: First, we will find the optimum filters G(z) and B(z) for the Zero
Forcing (decorrelating) DF Detector. The optimum feedforeward filter is the anficausal
noise whitening filter:

(2.73)

and it eliminates Multiuser Interference due to future symbols. The optimum feedback
filter is causal:

B(z) = (F(z) - diag(F(o))) W (2.74)

and it cancels Multiuser Interference due to past symbols. Now, for the estimates we can
write:

I(z) [FT(f-l)r
l
Y(z) - (F(z) - diag(F(o))) Wi(z)

- diag(F(o)) [WI](z) + V(z) + (F(z) - diag(F(o))) W (I(z) - i(z))

(2.75)

(2.76)

If all past decisions are correct, the last term (the residual interference) is zero.

MMSE: Second, we will find the optimum filters G(z) and B(z) for the MMSE DF
Detector. It is assumed that the input process I(z) is white with spectrum I. For this we
factorise the combined spectrum (keeping the noise into account):

Q(z) = WS(z)W + No/2I = CT(Z-I)C(Z) (2.77)

where C (z) is causal with a causal inverse and can also be expressed as a one-sided power
series. The optimum feedforeward filter is given by:
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G(z) = [CT(Z-1)r
1w

The optimum feedback filter is given by:

(2.78)

B(z) = C(z) - diag (C(o)) (2.79)

In this chapter we have introduced the CDMA concept and have presented some meth
ods for multiuser detection following the papers that have been most contributing to the
development of joint multiuser detection. In the next chapter we will focus on a multiuser
detector using Fractionally-Spaced Equalization.
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Chapter 3

Fractionally-Spaced Equalization

3.1 Motivation

In the previous chapter it is assumed that we have complete knowledge about the [{ channels.
However, in a Mobile Radio environment this is never the case. In [6], Gitlin and Weinstein
proposed an equalizer that becomes almost independent of the channel delay Tk, when the tap
spacings are smaller than T, i.e. it works at an increased sample rate compared to the symbol
rate. This is called a Fractionally-Spaced Equalizer (FSE). Although the FSE from [6] was
originally designed for digital transmission through a single user telephone channel, we can
use it as a motivation for our design of an FSE in a Multiuser Radio Channel environment.
Papers on FSE in CDMA systems are [14] and [25].

We defined the CDMA model in section 2.1. A few definitions will be repeated here and
from these we work to the new scenario. The signature waveform for the kth user will be
expressed as:

L-l

Uk(t) = L ak[nc]g(t - ncTc)
nc=O

(3.1)

where ak[nc] is the chip value and g(t) is a pulse with a bandlimited spectrum. We assume
that all signature waveforms have unit energy: ~ flluk(t)1 2 dt = 1. The waveform that will
be transmitted can be expressed as:

K K 00

x(t) = L Xk(t) = V2PL L h[i)Uk(t - iT)
k=1 k=1 i=-oo

(3.2)

where P is the transmitted power and h[i) the information symbol. We know that
the optimum linear MMSE multiuser detector is the cascade of a matched filter bank and
a synchronously spaced equalizer (section 2.3.2). The FSE however can realize the same
without a filter matched to the channel. We express the received signal as:

r(t) = S(t,I) +n(t)
K 00

V2P L L h[i]Uk(t - iT) @ Ck(t) +n(t)
k=1 i=-oo

25



-T

~' '..
Chip' period

T

Figure 3.1: Autocorrelation function for a typical PN-code.

[{ 00

= V2P:L :L h[i]hk(t - iT) +n(t)
k=l i=-oo

(3.3)

(3.4)

where Ck(t) is the impulse response of the channel and n(t) is additive white Gaussian
noise (AWGN) with two-sided power spectral density: No/2 Watt/Hz. We defined hk(t) =
Uk(t) 0 Ck(t), where 0 denotes convolution. In order to reproduce the symbol sequence h[i]
for the kth user from the received signal r(t), the multiuser detector must somehow have
some specific knowledge about user k. To obtain this knowledge we will still use a matched
filter, but one only matched to the signature waveform of user k : [Uk( -t)]*. The output of
the kth matched filter can be expressed as:

r(t) 0 [Uk( -t)]*

TV2P
[{ 00 1f; i];oo Ij[i]wkj(t - iT) + TV2P vk(t)

where Wkj(t) = ~hj(t) 0 [Uk( -t)]* and Vk(t) = n(t) 0 [Uk( -t)]* and []* denotes the
complex conjugate. For a single-path channel we have: q(t) = 13kJ(t - Tk), where 13k is the
channel attenuation and Tk is the channel delay. In this case Wkj(t) becomes:

i Uj(t - iT - Tj) 0 [Uk( -t)]*

i 1:Uj(t - iT - Tj )[Uk(t - t')]* dt (3.5)

(3.6)

The autocorrelation function for a typical PN-code can be seen in figure 3.1. We will
examine an equalizer of some arbitrary length 2N+1. The estimate for the kth user at the
ith symbol of the transmitted data can be expressed as:

K N

ik(i] =:L :L C:jYj(i-n]
j=l n=-N

where Ckj are the coefficients of the equalizer for the kth user.

The spectrum at baseband: Let us consider the 2N + 1 coefficients of the equalizer
for the kth user and the jth interfering user, i.e. Ckj' For this set of coefficients the periodic
Fourier transform function can be written as:
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Figure 3.2: Spectra for FSE with tap spacing T' < TI(1 +a)

NCt (w) = L Ckj exp( - jwnT)
n=-N

(3.7)

The T denotes periodicity with period T. The signal Wkj(t - iT) from formula 3.4 is
bandlimited where the highest frequency is fmax. Its Fourier transform equals:

= Ct(w)HJ(w) (3.9)

Here, HJ(w) is the aliased (folded) spectrum of Hj(w), i.e. the spectrum of the jth
interfering user and C'£ (w) is the periodic transfer function of the equalizer. Since C'£ (w) =
C~ (w +l2,j:), the synchronously spaced equalizer can only act to modify the folded spectrum
Hj (w), as opposed to directly modifying Hj(w)eJWTj. In other words, because of its period is
1IT, the synchronously spaced equalizer cannot exercise independent control over both sides
of the rolloff region where w is: { (1 - a) 71" IT ::; w ::; (1 + a) 71" IT}. If Tk(k E {I, ... , K})
is not known at the receiver it has to be estimated. For a poor choise of Tk a null can be
created in the rolloff portion of the folded spectrum HJ(w). In order to compensate this null,
a rather large gain must be synthesised leading to a noise enhancement at these frequencies.
Obviously, the result is a severe performance degradation.

For a Fractionally-Spaced Equalizer the taps are spaced T' < T1(1 +a) seconds appart
and the input is sampled every T' seconds. The FSE has a periodic transfer function that
we can write as:

NCt' (w) = L Ckj exp( - jwnT')
n=-N

(3.10)

If 1'iIT' ~ (1 + a)1'iIT, then the first repetition interval of the transfer function CJ: (w)
includes the rolloff portion of the spectrum (See figure 3.2). The equalized spectrum is
periodic with period 271" IT' and is given by:

T'Wkj (w)

(3.11)
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and if 1rIT' 2:: (1 +a)1rIT only the 1= 0 term survives, i.e.:

W~'(w) = Clj(w)Hj(w)ejwT] Iwl ::; ;, (3.12)

We see that C'[;(w) acts on Hj(w)ejwTj before aliasing. Thus Cl;(w) can compensate
for timing phase (or phase distortion) by synthesizing a transfer characteristic of the form
ejwTj . The input of an FS-Equalizer is sampled at the rate T', but the FSE output is still
sampled at the rate T, since data decisions are made at symbol intervals. The equalizer
output spectrum is periodic with period 21rIT and is given by:

W~(w) ~ T' ( 21r)L- Wkj w+lr1=-00

~ T' ( 21r) ( 21r) [. ( 21r)]L- Ckj w +1r Hj w +1r exp - J w +1r Tj
1=-00

(3.13)

This formula differs from formula 3.8 in that formula 3.13 is the sum of equalized aliased
components rather than an equalization of an already-formed sum of aliased components.
With a properly chosen tap spacing (T' ::; [1/(1 + a)]T), the FSE has the compensation
capability of an analog filter and can realize the same performance as an optimum linear
MMSE detector.

3.2 Steady-State Solution

The performance of a communication system is usually given by its probability of error.
However, this probability only depends on the Signal-to-Noise Natio per symbol:EslNo and
not on any other characteristic. We will now find an expression signal-to-noise ratio in case
of the CDMA model. In formula 3.3 we have an expression for the received signal r(t). The
received power for the kth user is, by definition, equal to:

(3.14)

where 13k is the channel attenuation (single-path model) for user k and oL the expected
symbol value. Now the received energy per symbol can be found from:

(3.15)

For the noise we will make the following remark: The received signal r(t) is in fact a
bandpass signal. However, we treat it as a baseband signal. For a stationary stochastic
process, like the noise, this means that the power spectral density has to be multiplied by
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(3.16)

a factor 4. (See e.g. [18] §4.1.4) and becomes: 2No. This leads to an expression of the
signal-to-noise ratio per symbol equal to:

/
_ P(}-;J3~T

Es No - ---"--
No

We will now consider the input ofthe Fractionally-Spaced Equalizer. The filtered received
signal (formula 3.4) is sampled at time instants: t'J: = m it + Tk + E'k, where M is the
oversample factor, T :::; 1/(2fmax) and E'k is the error due to an imperfectly estimated delay.
(We may write it as T'.) Now, the samples entering the equalizer become:

(3.17)

(3.18)

(3.20)

We write this as:

K 00 1
Yk[m] = L L Ij[i]wkj [mT' - iT] + ViPVk [mT']

j=1 i=-oo T 2P

Because the sample instants of the FSE are different from those of the synchronously
spaced equalizer we also need to define the cross-correlations at different time instants.
Additionally, we will define them between the transmitted signature waveforms because we
do not have any knowledge about the channel. Thus we get:

n'n 1100

( n'[ ( nl)]*d (3 9)Pkj = T -00 Uj t - t j ) Uk t - t k t .1

where t''J = nT' +Tj +Ej. We know that the FSE output is still sampled at the rate T.

Hence, for the estimate of the transmitted data of the kth user at time frame i we get:

K N

ik[i] = ik[m] = L L CkjYj[mM-n]
j=1 n=-N

The optimum coefficients of the equalizer will be found by using the MMSE criterion.
Thus the output of the equalizer is the estimate ik[m] of the desired symbol h[m], where the
input of the equalizer is the given set of samples Yk[m]' The design of the equalizer will be
such that the mean-square value of the estimation error Ek[m] is minimized. This estimation
error is defined as:

Ek[m] = h[m] - ik[m]

and for the kth user the criterion for the MSE is stated as:
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Figure 3.3: Geometrical interpretation of orthogonality

To find the minimum cost function Jmin, we make use of the orthogonality principle [18].
We look for the orthogonality between the equalizer input and the optimum estimation error:

(3.23)

i.e. the necessary and sufficient condition for the cost function Jk to attain its minimum
value is that the corresponding value of the estimation error €k[m] is orthogonal to each
input sample at time m. A geometrical interpretation of the orthogonality principle can be
seen in figure 3.3. Here, the equalizer input Yk2[mM-n2]' the optimum estimation error €k[m]

and the desired response ik[m] are represented by vectors. (Note however that this vector
representation is only true for the geomatrical interpretation.) If we substitute 3.21 with 3.20
in 3.23 we get:

* K N
E [hl[m] (Yk2[mM-n2]) ] = L L c~/il E [YidmM-nd (Yk2[mM-n2])*]

il=1 nl=-N

With formula 3.18 we get:

(3.24)

(3.25)

K 00

L L er~k 8(k1 - j2)8(m - i 2)
h=1 i2=-00

{Wk2 h [mT - n2T' - i 2T]} * +
T~E [hdm] Vk2 [mT - n2T 'J]
er~k {Wk2k l [-n2T ']}* (3.26)

and

KooK 00

L L L L er~k8(j~ - j2)8(i l - i2)
if=1 it =-00 h=1 i2=-00

W· ., [mT - nIT' - iIT]JUI

{Wk2i2 [mT - n2T' - i 2T]} * +
T2~pE [Vii [mT - nIT']

{Vk2 [mT - n2T']}*]
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K (X)

at L L Wjd; [-nIT' - iT]
jf =1 i=-(X)

{Wk2j; [-n2T' - iT]} * +

(3.27)

This leads to:

We write this as:

K N
bn' 2 { [ 'T']}* '""" '""" n en'nkk' = O'Ik Wk'k -n = LJ LJ Ckj k'j

j=In=-N

(3.28)

(3.29)

which is a representation of a linear system consisting of J{2(2N + 1) equations with a total
of J{2(2N + 1) unknown coefficients to solve. It is convenient to write this set of equations
in vector notation. Let the coefficients Ckj be the elements of the vector C k , where ckj is the
[(j -1 )(2N + 1) + n]th element. Let us also define the vector B k that has the same size as the
vector Ck. In B k , the [(k' -1 )(2N + 1) + n']th element is given by 0';3Wk'k[ -n'T']}*. Finally,
we define the matrix e. At the intersection of the [(j - 1)(2N + 1) + n]th colomn and the
[(k'-1)(2N + 1) +n']th row we find element ();:,~n, as defined in formula 3.27. Eventually, we
obtain the steady-state solution for J{ decoupled systems, each with J{(2N + 1) equations
and unknown coefficients:

(3.30)

An implementation of the equalizer can be found in figure 3.4. (This is only the part of
the kth user in the case where N = 2.)

We will now find an expression for the minimum cost function in terms of B k and e. In
matrix notation, the estimate of the transmitted data (formula 3.20) of the kth user can be
expressed as:

A T
h = C k W k

and the estimation error (formula 3.21) can be written as:

where the squared value becomes:

E% = 1% - 2Cr W k Ik +Cr W kWr C k

If we substitute this expression into formula 3.22 the cost function Jk becomes:
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which is the expression we were looking for.

3.3 Signal-to-Noise Ratio

+ cf E [WkWr] C k

+ cfecf
+ cfee-1 Bf

(3.34)

In order to judge a CDMA receiving system we need to know its performance. One way to
express the performance is by the Signal-to-Noise Ratio (SNR). In formula 3.16 we found
the expression for the signal-to-noise ratio per symbol. However, in a CDMA channel the
signal is not only disturbed by the noise, but by other user signals aswell. In this section we
will find an expression for the SNR where the Multiple Access Interference is also kept into
accound and is treated in the same way as is the noise. If we combine formula 3.18 and 3.20
we come to the following expression for the estimate of the transmitted data:

K N {K 00f; n~N Ckj (; i];oo IZ[i]wjZ [mT - nT' - iT] +

~l/j [mT - nT1
]}

T 2P

We can rearange this into:
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where:

KooK N

ik[m] = I: I: II[i]rki-i +I: I: Ckj ~l/j [mT - nT']
1=1 i=-oo j=1 n=-N T 2P

K N
rki' = I: I: CkjWjl [m'T - nT']

j=1 n=-N

(3.36)

(3.37)

with m' = m - i. Besides the desired symbol, the expression of formula 3.36 contains also
interfering symbols and noise. As the interfering symbols lead to a performance degradation
in the same way as the noise does, we continue to treat them in the same way as the noise.
Now, for the desired Signal we find:

2 1 0 1

2
S = a)k rkk

and for the Residual Interfering signal and the Variance of the Noise we find:

" 2 I m'I 2
,,~ 2 I m'I 2

2N = L...J alk rkk +L...J L...J alk rkl + aNk
m';i'O I;i'k m'=-oo

where the Variance of the Noise is equal to:

2 _ ~ ~ ~ ~ n [ n l ]* a~J3~ (-n')(-n)
aNk - L...J L...J L...J L...J ckj ckj' E N, Pjlj

j=1 j'=l n=-N n'=-N ( sf 0)
Eventually, we find our desired expression as a measure for the performance:

(3.38)

(3.39)

(3.40)

a 2 IrO 1
2

SNR= 2 I k kk 2 (3.41)
Em';i'o a~k Irkk'i +EI# E:,=-oo at Irki'l +ahk

With this formula we will examine the system by computer simulations in the next
chapter.

3.4 A single-path channel

From section 3.1 we have seen that the impulse response of the kth channel is denoted by
Ck (t). In this section we will treat the case of single-path reception. For this kind of channel
we have:

Ck(t) = 13kJ(t - Tk) (3.42)

where 13k is the channel attenuation and Tk is the channel delay. We assume that all the
channels are linear and time invariant. For single-path reception the wkAt) from formula 3.4
becomes:

i Uj(t - iT - Tj) 0 [Uk( -t)]*

i i: uj(t-iT-Tj)[uk(t-t')]*dt
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Figure 3.5: Calculation of vector B 1 for an ideal channel.

In order to calculate the vector C k of the coefficients of the FS-equalizer we must obtain
B k and e first (formula 3.30). For the elements of the vector B k we get:

bk~' = er;k {{l;, 1:Uk(t - n'T' - Tk + Tk' + E~/) [Uk,(t)]* dt}*

and for the elements of the matrix e we get:

(3.44)

()
nln
k'j

2 K 00

er I
; L L

T '1 •J ==11==-00

{ljl 1: up(t +mT - nT' - iT - Tjl +Tj +Ej) [Uj(t)]* dt

{{ljlI: Uj/(t +mT - n'T' - iT - Tj' + Tk' + E~/) [Ukl(t)]* dt} * +
er2 {l2

Ik k (-niH-n) (3.45)
(Es/No) Pk'j

Example:
We will now give an example for calculating vector B k , for single-path reception. For reasons
of simplicity we assume that the channel is ideal, i.e. {lk = 1 and Tk = O. Further, we apply
BPSK modulation (erJk = 1) and the pulses g(t) are rectangular, so there is no intersymbol
interference. The system has 2 users (K=2), with PN-codes (al = [-1 -1 -1 -1 1 1 -1], a2 =
[ 1 -1 -1 1 1 -1 1]), We have 2 times oversampling (M=2) and every equalizer branch has 7
coefficients (N=2M-1=3) For the first user the vector B 1 becomes:

1
2

7
1
2

000 0
1

-1
2

-1
1

-1
2 o 0r (3.46)

How the values of the elements br~, are obtained, can be seen from figure 3.5 and the
correlation functions of Wkj( t) are shown in figure 3.6.

3.5 A two-path channel

In every radio channel we have to deal with multipath reception of signals. The received
signal consists of the superposition of several signal replicas, each with its own amplitude
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Figure 3.6: Correlation Functions (L=7)

and phase. In this section we will examine the case of two-path reception. For this kind of
channel we have:

Ck(t) = (3k16(t - Tkl) + (3k26(t - Tk2) (3.47)

where {3ki is the attenuation and Tki is the delay i E {1,2}. For the second path the (3k2
may be complex. For this channel the Wkj(t) of formula 3.4 becomes:

(3;1 Uj(t - iT - Tjd 0 [Uk( -t)]* +

(3;2 Uj(t - iT - Tj2) 0 [Uk(-t)]*

(3jl 100

Uj(t - iT - Tjd[Uk(t - t')]* dt +
T -00

(3;2 i: Uj(t - iT - Tj2)[Uk(t - t')]* dt (3.48)

For the elements of the vector B k we get:

bJ:,~ - {at (3;~ i:Ukl(t - n'T' - Tk~ + Tk + En [Uk(t)]* dt +

at (3;~ i:Ukl(t - n'T' - Tk~ + Tk + E'k) [Uk(t)]* dt}* (3.49)
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and for the elements of the matrix e we get:

() n'n
k'j

a2 K 00

-42: 2:T " .
J =11=-00

{(3j'1°° Uj,(t +mT - nT' - iT - Tj' +Tj + tj) [Uj(t)]* dt +
1 -00 1

(3j~ 1:Uj'(t +mT - nT' - iT - Tj~ +Tj + tj) [Uj(t)]* dt}

{(3j'1°° Uj,(t +mT - n'T' - iT - Tj' +Tk' + tic,) [Uk,(t)]* dt +
1 -00 1

(3j~ 1:Uj,(t +mT - n'T' - iT - Tj~ + Tk' + tic,) [Uk,(t)]* dt} * +
a 2 (32

I k k (-n')(-n)

(EsINo) Pk'j
(3.50)

In this chapter we have introduced a joint multiple-access detector based on Fractionally
Spaced Equalization. In the next chapter the performance of this model will be examined
by computer simulations.
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Chapter 4

Simulatioll Results

The performance of the Fractionally-Spaced Equalizer as described in the previous chapter,
has been investicated with computer simulations using MATLAB (Appendix B). For the
simulations we have used so-called Gold sequences of length 7,15 and 31. These codes have
good periodic correlation properties [20].

In figure 4.1 we see the results for codes of length 7 (L=7) and 1 sample per symbol
(M=l). The number of taps in the equalizer is equal to 2N - 1 and the number of users
in the system is indicated by K. The representation is for an ideal, synchronous situation.
This means perfect timing recovery and neither channel gain ((3 = 1) nor delay (r = 0).
On the x-axis we have the transmitted symbol energy over Additive White Gaussian Noise,
introduced by the channel.

30,------,------r-------.-----r------,-------,., K=3

25

20

10

5

o

o 5 10 15
Es/No (dB)

20 25 30

Figure 4.1: K=3 L=7 M=l N=2M-1 Beta=l Tau=O
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Figure 4.2: K=3 L=7 M=l N=2M-1 Beta=l Tau=O

On the y-axis we have the desired Symbol energy over both the Noise and the Residual
Interference energy. The values are calculated with formula 3.41. The curve represents the
system performance for the 1st user in case of 3 users. (For all 3 users we got the same
performance.) It is clear that the system is perfectly capable to combat the Multiple Access
Interference and to recover the desired signal.

Figure 4.2 shows the values of the desired Signal (S), the Residual Interference (RI) and
the Variance of the Noise (Var-N) explicitly, in the case of 3 user. We can clearly see that
no MAl is left resulting in a Residual Interference of zero. In figure 4.3 the value of the
Minimum Mean-Square-Error from formula 3.34 is represented, in the cases of 3 and 7 users.
We see that in a low noise situation, the equalizer is able to minimize the error close to zero.

Figure 4.4 shows the cases of various number of users, where they are no longer synchro
nized. Successive users have a delay of T = Te (the chip duration). This means the following:
user 1 has zero delay, user 2 has a delay of Te , user 3 has a delay of 2Te , etc. We see that
for 3 users the equalizer is stil able to combat the MAl, but for more users it can no longer
compensate all of it. The RI for the various number of users is shown in figure 4.5. Figure 4.6
shows the explicit situation for 7 users, where we can see that above a certain level of Es/No
the RI dominates over the Noise. This is the reason of the performance degradation.
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In figure 4.5 we see the effect on the SNR at different delays among the users. Again user
1 has zero delay, user 2 has X x Te delay, etc. It is seen that the worst case situation appears
at T = Te , where the spikes of the cross-correlations have their peak values (see figure 3.6).

We will now look at the system performance when we increase the sample rate. If we take
more than 1 sample of the received cross-correlation functions the system should perform
better. In figure 4.8 we show the case of 4 users at Es/No=30dB. We see that the system
performance increases rapidly when we take more samples per symbol and soon becomes
close to its maximum value. The case of 1 sample can be compared with the situation
in figure 4.4 at EsjNo=30dB. In the case of more users it takes longer to approach the
maximum. In figure 4.9 we have 7 users with 7 chips per code. The rate of 16 samples per
symbol means a bit more than 2 samples per chip.

In figure 4.10 we see the influence of a timing error. The error t: is considered with
respect to the chip duration Teo We see that if the error becomes too big, the system
becomes unstable.
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We will now analyze the system behaviour in case we use longer codes, i.e. more chips
per symbol. Correlation functions of codes with length 15 and 31 can be found in figure 4.16
and 4.17 respectively. If we compare these, together with the correlation functions of fig
ure 3.6 we can see that longer codes posess better periodic correlation properties. Now, we
turn to figure 4.11. Here, we have used codes with 15 chips. Again we see that more users
introduce more residual interference and degradates the system performance. But, if we look
at the case of 7 users the situation is much better than that of codes with 7 chips per symbol
(figure 4.4). In figure 4.12 we clearly see for a fixed amount of users that the performance
improves if longer codes are used.
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We wil now continue with the situation of multipath reception. The reception of a second
path will introduce additional interference. This is refered to as Inter Symbol Interference.
In figure 4.13 we have the situation of 3 users. For both channels the channel gain is the
same (131 = 1 and 132 = 1). The delays among the users are as follows: for the 1st path user
1 has zero delay, user 2 has a delay of Tc, etc. for the 2nd path user 1 has a delay of Tc ,

user 2 has a delay of 2Tc , etc. We see that where the system was still able to handle the
interference for 1 path reception, for 2 path reception there will be sufficient RI left in the
system that can lead to a degradation of the performance in a low noise situation.

In figure 4.14 we have 4 users and two-path reception for sample rates of 1 and 8 samples
per symbol. We can see the performance improvement. In figure 4.15 we can see this
improvement as a function of the sample rate.
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Chapter 5

Conclusions

In this report we have derived a Fractionally-Spaced multiuser detector for CDMA systems.
This has been done, using the MMSE criterion. Fractionally-Spaced Equalizers work at a
higher sample rate than the symbol rate. In this way a channel matched filter is not required.

We have analyzed the system for asynchronous channels in steady-state conditions for
both single-path and two-path reception. We have seen that if the number of users in
the system goes up, the Multiple Access Interference increases and if too high, Residual
Interference is left in the system, causing performance degradation. Multipath reception
will cause Inter Symbol Interference and will lead to additional degradation of the system.
Better performance can be obtained if we increase the sample rate. At a sample rate higher
than the chip rate (and according to the Nyquist criterion), channel estimation would no
longer be required. In this case the matched filter could only be matched to the codes instead
of both the codes and the channel.

In this report we derived a steady-state-solution. Further, we assumed that the receiver
had knowledge about both the received powers and the codes of the interfering users. Rather,
we would like to have an adaptive multiuser equalizer that would not need additional knowl
edge of interfering users. This is a topic for further study. Additionally, we want the detector
to work withhout any training sequence and to be able to converge for any initialization.
Such a detector is presented in [7]. Further study has to be done how this blind multiuser
detector can be combined with Fractionally-Spaced Equalization.
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Appendix A

Random Signals

A.I The Random Variable

One Random Variable
In this appendix a brief overview of Random Signals is given. More about Random

Signals can be found in e.g. [15] and [16]. Let us consider a Random Variable (RV) x. The
expected value (mean) of x is defined by:

(A.l)

where !x(x) is the probability density function. The expected value of a real function
g(x) is given by:

E[g(x)] = l: g(x)!Ax) dx

Moments

First, we consider moments about the origin of x. Let g(x) = xn

denote the nth moment by m n . Then:

(A.2)

n = 0,1,2, ... and

(A.3)

Second, we consider moments about the mean value of x (central moments). Denote the
nth central moment by /-In. Then:

/-In = E[(x - it] = l:(x - it !x(x) dx (A.4)

The zero moment rno equals 1, i.e. the area of the function !x(x). The first moment ml
is the expected value: E[x]. The second central moment /-l2 is the variance: E[x2] - E[X]2 =
m2 - mr = 0'; and O'x is called the standard deviation of x. The third central moment /-l3 is
the skew and is a measure of the asymmetry of ! x ( x) about i.
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Two Random Variables
Let us consider two RV's: Xl and X2. The expected values are given by: E[Xl] and E[X2]'

If g( Xl, X2) is a function of Xl and X2, its expected value is given by:

E[g(Xl' X2)] = 1:1: g(XI, x2)fxl,X2(Xl, X2) dXldx2

where fXl ,X2 (XI, X2) is the joint probability density function.

Moments

First, we consider joint moments about the origin. Let g(Xl' X2) = X~l X~2

0,1,2, ... Then:

(A.5)

(A.6)

The sum nl + n2 is called the order of the moments. The moments mnlo = E[X~l] are
the moments of Xl and the moments mOn2 = E[X~2] are the moments of X2. The first-order
moments, mlO and mol are the expected values of Xl and X2. The second-order moment
mn = E[XlX2] is called the correlation P12 of Xl and X2. If Xl and X2 are uncorrelated, the
correlation can be written as: P12 = E[Xl]E[X2]' If Xl and X2 are orthogonal: P12 = O.

Second, we consider joint central moments.

The second-order central moments

j.L20 = E[(XI - xd2] = E[(xd2] - E[(xd]2 = 0";1
j.L02 = E[(X2 - X2)2] = E[(X2)2] - E[(X2)]2 = 0";2

(A.8)

(A.9)

are the variances of Xl and X2. The second-order joint moment j.Ln is called the covariance
112 of Xl and X2 and can be written as:

112 E[(XI - Xd(X2 - X2)]

E[XlX2] - E[Xl]E[X2]

P12 - E[Xl]E[X2]

(A.10)

If Xl and X2 are uncorrelated: 112 = O. If Xl and X2 are orthogonal: 112 = -E[Xl]E[X2]'
The normalized second-order moment l' is called the correlation coefficient of Xl and X2 and
is defined by:

1'= j.Ln 112 -lS1's1 (A.H)
J j.L20j.L02 0"Xl 0"X2

We see that if the expected values E[Xl] = Xl = 0 and/or E[X2] = X2 = 0 the covariance
becomes: 112 = E[XlX2] = P12, i.e. the correlation.
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K Random Variables

Let us consider J( RV's : Xl, ..• , XK. If g(XI, ... , XK) is a function of J( random variables,
its expected value is given by:

(A.I2)

Moments

First, we consider joint moments about the origin. Let g(XI, . .. ,XK) = X~I X~2 ... xr;;K
nl, n2, ... , nK = 0,1,2, ... Then:

(A.I3)

Second, we consider joint central moments.

E[(XI - Xlt! ... (XK - XK t K ]i: ...i: (X, I - Xlt! ... (XK - XKt K!xI, ...,XK(XI,"" XK) dXI ... d;i(R\.I4)

If k = 1,2, ... ,K then the second-order central moments of Xk are:

E[(Xk - Xk)2] = E[(Xk)2] - E[(XkW = a;k
i.e. the variances of Xk. The covariance ijk between Xj and Xk becomes:

(A.I5)

ijk E[(Xj - Xj)(Xk - Xk)]

E[XjXk] - E[xj]E[Xk]

Pjk - E[xj]E[Xk]

(A.I6)

where Pjk is the correlation between Xj and Xk. If Xj and Xk are uncorrelated then ijk = 0
for every j -;. k. If we write (Xk - Xk) ; (k = 1,2, ... ,K) as a vector we get:

(A.I7)

and R K is the correlation matrix:

[ PH
Pl2

P1K ]

R K =
P21 P22 P2K

PKI Pro PKK
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and r K is the covariance matrix:

r
K

= [~;: ~:: ~:; ]

I~l IK2 IKK

It is clear that: R K = E[xTx] and rK = E[xTx] - E[xT]E[x].

A.2 The Gaussian Density function

One Random Variable
An RV x is called Gaussian if its density function has the form:

f( ')- 1 {-(x-ax )2}
x x - ~exp 2 2

y21ra; ax

The distribution function of an RV x is defined by:

(A.19)

(A.20)

FAx) I: !x(e) d(e)

Fx(x) 1 100

exp {-(e - 2ax )2} d(e) (A.21)
J21ra; -00 20'x

We define Fx(x) = P[x :::; x] and F( -x) = 1 - F(x). If we consider the normalized case
where ax = 0 and ax = 1 we can define the Q-function where F(x) = 1 - Q(x):

Q(x) = ~l
OO

exp { _~)2} de

Two Random Variables

x~O (A.22)

Two RV's Xl and X2 are called jointly Gaussian if their joint density function is of the
form:

1
(A.23)

Let us consider KRV's: Xl,' .. , XK. They are called jointly Gaussian iftheir K-dimentional
joint density function can be written as:

.. 1 { (x - x)kr;/(x - X)K}
!Xl, ...,XJ((Xl,'" ,XK) = J(21r)Kdet[r

K
]exp - 2

where (x - X)K and rK are according A.17 and A.19 respectively.
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A.3 Random Processes

The concept of a Random Process (RP) is based on enlarging the random variable concept to
include time. If s are the possible outcomes of an experiment and t the time, then we define
the random process as: X(t,s) or simply x(t). There are four classes of random processes:

1. Continous random process: x(t) is continuous and t is continuous.

2. Discrete random process: X(t) can have only discrete values and t is continuous.

3. Continuous random sequence: X(t) is continuous but t can have only discrete values.

4. Discrete random sequence: X(t) is discrete and t is discrete.

Stationarity
From a Random Process we get a Random Variable when time is fixed at some partic

ular value. If K random variables are obtained from a process they will posess statistical
properties related to their K-dimensional joint density function. An RP is stationary if all
its statistical properties do not change with time. Otherwise the process is nonstationary.

The first-order distribution function of a process X(t) is defined as:

Fx(XI; td = P[x(tl) :::; Xl]

and the first-order density function as:

(A.25)

!AXI;td = dFx(xI;td/dxI (A.26)
For two RV's XI(tI) and X2(t2) the second-order joint distribution function is defined as:

Fx(XI,X2;t l ,t2) = P[XI(tI):::; XI;X2(t2):::; X2]

and the second-order density function as:

(A.27)

!x(XI' X2; t ll t2) = 82
FAxI' X2; t l , t2)/(8xI8x2) (A.28)

For K RV's Xk(tk); k = 1,2, ... , K the Kth-order joint distribution function is defined as:

Fx(XI, ... , XK; t l , ... , tK) = P[XI(tI) :::; Xl;"'; XK(tld :::; XK]

and the Kth-order density function as:

First-Order Stationary Process

An RP is called stationary to the order one if:

!x(XI; td = !x(XI; t l +~)

for any t l and any ~. This means that the process mean value is a constant:

E[X(t)] = if = constant
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Second-Order Stationary Process

An RP is called stationary to the order two if:

(A.33)

for all t l, t 2 and.6.. This is a function of time differences t 2- t l. The concept of correlation
between two RV's can be extended to RP's. We denote the autocorrelation by Pxx(tl, t 2)
and it can be written as:

(A.34)

(A.35)

If we denote r = t 2 - t l then we define a wide-sense stationary process (wss) as a process
for which the following two conditions are true:

E[X(t)] = X = constant
E[X(t)X(t+T)] = Pxx(r)

Some properties: The autocorrelation function for a wss process is an even function:

pxx(-r) = pxx(r)

and is bounded by its value at the origin:

(A.36)

(A.37)

If we consider two random processes Xl(tJ) and X2(t2) they are called jointly wide-sense
stationary if they satisfy formula ( A.35) and their cross-correlation function is:

PX1X2(tI,t2) = E[Xl(tJ),X2(t2)] = PX1X2(r)

If, for two jointly wss RP's Xl(t) and X2(t), we can write:

(A.38)

PX1X2(t, t + r) = 0 (A.39)

Xl(t) and X2(t) are called orthogonal processes. If they are statistically independent, the
cross-correlation becomes:

PX1X2 (t, t + r) = E[Xl(t)]E[X2(t+T)]

and if Xl(t) and X2(t) are both wss, this becomes:

which is a constant value.
Some properties: For jointly wss processes we can write:

and
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Covariance. The concept of covariance of two RV's can be expanded to RP's. The
autocovariance function is defined by:

/xx(t, t + r) = E[(x(t) - E[x(t)])(X(t+r) - E[x(t+r)])]

which can also be written as:

/xx(t, t + r) = Pxx(t, t + r) - E[x(t)]E[x(t+r)]

For processes that are jointly wss this becomes:

/xx(r) = pxx(r) - E[X(t)]2

The cross-covariance function of two RP's XI(t) and X2(t) is defined as:

/X1X2 (t, t + r) = PX1X2 (t, t + r) - E[XI(t)]E[X2(t+r)]

and if they are jointly wss:

/X1X2(r) = PX1X2(r) - E[XI(t)]E[X2(t)]

If two RP's are uncorrelated we have:

/X1X2(t, t + r) = 0

From formula A.45 this means that for two uncorrelated RP's we have:

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

(A.50)

This is the same as we have in formula A.40. We conclude that independent processes
are uncorrelated. The converse case is not necessarily true, although it is true for jointly
Gaussian Processes. For a wss process the variance does not depend on time and, with
r = 0, is given by:

(A.51)

K-Order Stationary Process

An RP is called stationary to the order J( if:

!x(XI, ... ,XKitl, ... ,tK) = !x(XI"",XKitl +.6., ... ,tK+.6.) (A.52)

for all t I, ... , tK and .6.. A process stationary to all orders J( = 1, 2, ... is called strict
sense stationary (sss).

Gaussian Random Process

We consider a Continuous Random Process x (t) (class 1) and from this process we define
J( RV's Xl = x(tt}, .. . , XK = x(tJ() corresponding to J( time instants t l , ... , tK. If for any
K = 2,3, ... and any times t l , ... , tK these RV's are jointly Gaussian, i.e. they have a joint
density as in formula A.24, the process is called Gaussian. Then we can write:
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where the mean values Xi of X(t;) are:

Xi = E[Xi] = E[x(t;)]

The elements of the Auto-Covariance matrix f K are:

(A.53)

(A.54)

Ijk = IXjXk E[(xj - Xj)(Xk - Xk)]
E[(xtj) - E[X(tj)])(X(tk) - E[X(tk)])] (A.55)
Ixx(tj, tk)

i.e. the autocovariance from formula A.44. Now, as in formula A.45 we can write:

(A.56)

(A.58)

(A.59)

If the Gaussian Random Process is wide-sence stationary the mean will be constant:

Xi = E[x(t;)] = X = constant (A.57)

and the autocorrelation and autocovariance functions will depend only on the time dif
ference r = tk - tj :

Pxx(tj, tk) = pxx(r)

Ixx(tj, tk) = Ixx(r)

A wide-sence stationary Gaussian Process is also striet-sence stationary.

Gaussian Random Sequences

Consider again, a Continuous Random Process x(t). We can sample this signal i times
(i = -M, ... ,0, ... , M) with a time interval T. This results in a sequence of 2M +1 Random
Variables X(t;) = X(i). We call this a Continuous Random Sequence (class 3). We take two
RV's, one at time instant i and on at time instant 1= i + n, with mean values:

X(i) = E[X(i)]

The autocorrelation becomes:

(A.60)

P
li
xx

The autocovariance becomes:

"VIi
Ixx

E[X(i)X(I)]I: x(t - iT)x(t - IT) dt

E[X(i)X(I)] - E[X(i)]E[X(I)]

Pxx(l-i) - E[X(i)]E[x(I)]
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Now, consider K Continuous Random Sequences, all with i = -M, ... , M discrete time
instants, with a time interval T and they all start at t = O. We take two RV's: one from
sequence j at time instant i and one from sequence k at time instant i = i +n, with mean
values:

Xj(i) = E[Xj(i)]

The cross-correlations are defined by:

(A.63)

P
li
jk E[Xj(i)Xk(l)]1: Xj(t - iT)xk(t - iT) dt (A.64)

The cross-covariances are defined by:

"VIiIjk E[(Xj(i) - Xj(i))(Xk(l) - Xk(I))]

E[(Xj(i) - E[Xj(i)])(Xk(l) - E[Xk(I)])]

- E[Xj(i)Xk(l)] - E[Xj(i)]E[Xk(I)]

Pjk(l-i) - E[Xj(i)]E[Xk(l)]
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Appendix B

Simulation Programs

In this appendix we find the sources of the simulation program, written in MATLAB. The
main source is called 'fse.m' ; the other sources are functions. The vector w represents the
correlation function wkj(i - iT) of formula 3.4 for i = o. It is organized in the following way:

w=

Wll( -NT')

Wll(O)

wll(NT')

WKl( -NT')

wKK(-NT')

(B.1)

How the vectors Ck and B k and the matrix e are organized, is described in sector 3.2.
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% %
% %
% Fractionally-Spaced Equalization for CDMA systems %
% %
% %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clear Var....N;
clear SNR;
clear r;
clear rr;
ratio = 0;
r = 0 : 3 : 30;
rr = 1 : 1 : 11;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Definitions of variables %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Initialization %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

global K
global L
global M
global N
global 0
global T
global Tc
global Ts
global Tp
global Beta
global Tau
global Epsilon

global a

% Number of users.
% Number of chips per symbol.
% Oversample factor.
% Number of equalizer coefficients (2N+l).
% Length of contributing information sequence (20+1).
% Symbol period.
% Chip period.
% Sample period.
% Fractionally-Spaced period (T-prime).
% Channel attenuation vector.
% Channel delay vector.
% Delay estimation error.

% Signature waveforms for K users.

%for delay_frac = 0.9 : 0.02 1.1
clear Tau;
delay_step_1 = 1 * 1/7 * T;
delay_step_2 = 1 * 1/5 * T;
%delay_step_l = delay_frac * 1/7 * T;
Tau(l,l) = 0;
Tau(2,1) = delay_step_2;
for k = 2 : K

Tau(l,k) = Tau(l,k-l) + delay_step_l;
Tau(2,k) = Tau(2,k-l) + delay_step_2;

end
Tau(2,2) = 7/20 * T;
Tau

%%%%%%%%%%%%%%%%
% Timing error %
%%%%%%%%%%%%%%%%

%for delta_epsilon = -0.2 : 0.1 : 0.2
clear Epsilon;
%Epsilon(l) = delta_epsilon * Tc;
Epsilon(l) = 0;
for k = 2 : K

Epsilon(k) = Epsilon(k-l);

% Mega loop

% Mega loop.

w2 = f_w2(Tau,Epsilon); % Correlation waveform (path 2) after MF.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Cross-Correlations %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

end

% Mega loop.

% Correlation waveform (path 1) after MF.

% Correlations between signature waveforms.

% Correlation waveform (total) after MF.

clear rho_noise;
rho = f_rho(wl);
rho = rho / T;

clear Wi

wI = f_wl(Tau,Epsilon);
if Beta(2) == 0

w2 0 '* wI;
else

end
w = f_w_tot(Beta,wl,w2);

%for M = 4 : 4 16
N = 2*M-I;
Ts Tc / M;
Tp = Ts * L;

% Signature waveform. (Every user has its own code.)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Received waveform %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%
% Attenuation %
%%%%%%%%%%%%%%%

clear Beta;
Beta(l) 1;
Beta(2) = 0;
Beta

format short;
K 7;
L 7;
M 1;
N 2*M-l;
o 3;
P 1;
Tc = 1;
T = Tc * Lj

%%%%%%%%%
% Delay %
%%%%%%%%%

clear A;
clear J;
clear Signal;
clear Noise;

%-----------------------------------------------------------------------------%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% %
% Steady State Solution %
% %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%



"'-__4_)

disp('Calculating: Theta');

% Column %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

end
end
end
B = B * Var_I;
B = B / T;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Theta %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clear Thetac;
w_sum = 0;
for j1 = 1 : K
j1
for nl = 1 : (2*N+1)

col = (j1-1)*(2*N+1)+n1;
for k2 = 1 : K
for n2 = 1 : (2*N+1)

row = (k2-1)*(2*N+1)+n2;
for j1p = 1 : K % j1....Prime.

row_w1 = (j1p-1)*(2*N+1)+(2*N+2-n1);
row_w2 = (j1p-1)*(2*N+1)+(2*N+2-n2);

for 1: 1 : (2*0+1)
col_w1 = (i-1)*K+j1;
col_w2 = (i-1)*K+k2;
w_sum = w_sum + w(row_w1,col_w1) * conj(w(row_w2,col_w2»;

C«j-1)*(2*N+1)+n,k) * w«1-1)*(2*N+1)+(2*N+2-n), (i-1)*K+j) /

clear R;
for i 1 (2*0+1)
for k 1 K
for 1 1 K

sum 0;
for j 1 K
for n 1 (2*N+1)

sum = sum +
T;

end
end
R(l, (i-1) *K+k) sum;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Minimum Mean-Square-Error %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%-----------------------------------------------------------------------------%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Residual Interference %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

for k = 1 : K
A(k) = B(:,k)' * (Theta_inv * (T'2) * B(:,k) );

end
end
end

end
J(ratio,:) = Var_I - A;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Signal-to-Noise Ratio %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%
% Noise Variance %
%%%%%%%%%%%%%%%%%%

conj(w«k1-1)*(2*N+1)+(2*N+2-n2),O*K+k2»;

for kl = 1 : K
for k2 = 1 : K
for n2 = 1 : (2 *N+ 1)

B«k2-1)*(2*N+1)+n2,k1)

clear B;
Sigma_I = 1;
Var_I = Sigma_I'2;

else

end

sum1 = sum1 + Var_I * (abs(R(k, (i-1)*K+k»'2);

end
end
Var_N(ratio,k) sum;

* rho_noise(row,col);
end
end

1 : K
1 : (2*N+1)

row = (j1-1) * (2*N+1)+n1;
for j2 = 1 : K
for n2 = 1 : (2*N+1)

col (j2-1)*(2*N+1)+n2;
sum = sum + C(row,k) * conj(C(col,k»

for k = 1 : K
sum = 0;
for j1
for n1

sum = 0;
suml = 0;
for k 1: K
for i 1: (2*0+1)
for 1 = 1 : K

if 1 == k
if (1 == k) & (i == 0+1)

Signal(ratio,k) = Var_I * (abs(R(k,0*K+k»'2);

end
end
Es = P * Var_I * «Beta(1»'2 + (Beta(2»'2) * T;
for Es_No = 0 : 3 : 30 % Mega loop.
%Es_No = 30;
Es_No
No = Es / (10'(Es_No/10»;
ratio = ratio + 1;
clear Theta;
clear noise_scale_factor;
noise_seale_factor = (Var_I * (Beta(1»'2) / (Es / No);
rho noise = rho • noise scale factor;
Theta = Var_I * Thetac-+ rho=noise;

end
end

clear C;
Theta_inv = inv(Theta);
C = Theta_inv * (T'2) * B;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Equalizer coefficients %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

end
end
Thetac(row,col) = w_sum;
w_sum = 0;



end
else

sum sum + Var_I * (abs(R(I, (i-I)*K+k»A2);
end

'"......_"-..;)

end
end
Noise(ratio,k)
sum ~ 0;
sumI = 0;
end

sum + suml + Var_N(ratio,k);

SNR(ratio, :) = 10 * IogIO (Signal (ratio, :) . / Noise(ratio,:»;
end % Mega loop.
RI = Noise - Var_N;
SNR = real (SNR)

figure(I)

plot(r,SNR(rr,I), '-');
text (r(ll), SNR(rr(ll) ,1), ' K=7');
title(' Tau=Tc ');
xlabeI('Es/No (dB) ');
ylabel('SNR (dB)');
axis «(0 30 -3 30]);
hold off;



function [wI) = f_wl(Tau.Epsilon)

global K % Number of users.
global L % Number of chips per symbol.
global M % Oversample factor.
global N % Number of equalizer coefficients (2N+I) .
global T % Symbol period.
global Tc % Chip period.
global Tp % Fractionally-Spaced period (T-prime) .

global a % Signature waveforms for I< users.

disp('Calculating: w');

Tau -Tau;
for k I: K

col k;
for j I: K
for n I: (2*N+I)

row = (j-I)*(2*N+I)+n;
suml = 0;
for nck = I : L
for ncj = I : L

time_shift_all-paths = - Tau(l.k) - Epsilon(k) + (ncj-I)*Tc - (nck-I)*Tc -
(N+I-n) *Tp;

time_diff-path_1 = abs(time_shift_all-paths + Tau(l.j»;
if fix(time_diff-path_1 ./ Tc) > 0 % More than I Tc time difference.

suml = suml + 0; % No contribution to the integral.
else

shift_frac_1 = time_diff-path_1 ./ Tc;
suml = suml + a(k.nck)*a(j.ncj)*f_g(l-shift_frac_I);
% Only a fraction of the ncj_th chip contributes.

end

end
end
end

end
end
wI (row, col) suml "" Tc;



function [w2j f_w2(Tau,Epsilon)

global K '6 Number of users.
global L '6 Number of chips per symbol.
global M '6 Oversample factor.
global N '6 Number of equalizer coefficients (2N+l) .
global T '6 Symbol period.
global Tc '6 Chip period.
global Tp '6 Fractionally-Spaced period (TJlrime) .

global a '6 Signature waveforms for K users.

\. )

Tau -Tau;
for k l: K

col k;
for j 1: K
for n 1: (2*N+l)

row = (j-l)*(2*N+l)+n;
sum2 = 0;
for nck = 1 : L
for ncj = 1 : L

time_shift_allJlaths = - Tau(l,k) - Epsilon(k) + (ncj-l)*Tc - (nck-l)*Tc -
(N+l-n)*Tp;

time_diffJlath_2 = abs(time_shift_allJlaths + Tau(2,j»;
if fix(time_diffJlath_2 .f Tc) > 0 '6 More than 1 Tc time difference.

sum2 = sum2 + 0; '6 No contribution to the integral.
else

shift_frac_2 = time_diffJlath_2 .f Tc;
sum2 = sum2 + a(k,nck)*a(j,ncj)*f_g(1-shift_frac_2);
% Only a fraction of the ncj_th chip contributes.

end

end
end
end

end
end
w2(row,col) surn2 * Tc;

for k = 1 : K
w2(:,k) w2(:,k) * L f w2«k-l)*(2*N+l)+N+l,k);
end



l__~_)

wl0 (Beta(1)/(Beta(1)+Beta(2») * wl;
w20 = (Beta(2) / (Beta(1)+Beta(2») * w2;

function [w]

end
i = i + 1;

wlp(: ,k);
w2p(: ,k);

end

- 1;
% (for k)
1 : K
wil(:, (i-l) *K+k)
wi2 ( : , (i-l) *K+k)

wlp = 0 * wl0;
w2p = 0 * w20;
nO = 2*N+l;
for n (2*N+l)-(ii*M) -1
for k = 1 : K

col_wp = k;
col_wO = k;
for j = 1 : K

row_wp = (j-l)*(2*N+l)+n;
row_wO = (j-l)*(2*N+l)+nO;
wlp(row_wp,col_wp) wl0(row_wO,col_wO);
w2p(row_wp,col_wp) = w20(row_wO,col_wO);

end
nO = nO
end
for k =

end
i i + 1;

end % (else)
end

w = wil + wi2i

(20+1) .

wlm(: ,k);
w2m(: ,k);

% Number of users.
% Number of chips per symbol.
% Oversample factor.
% Number of equalizer coefficients (2N+l).
% Length of contributing information sequence
% Symbol period.
% Chip period.
% Fractionally-Spaced period (T-prime).

* wlO;
* w20i

(ii*M+l) : 1 (2*N+l)
1 : K
col_WID = k;
col_wO = k;
for j = 1 : K

row_WID = (j-l)*(2*N+l)+n;
row_wO = (j-l)*(2*N+l)+nO;
wlm(row_wm,col_WID) wl0(row_wO,col_wO);
w2m(row_wm,col_wm) = w20(row_wO,col_wO);

wlm 0
w2m 0
nO = 1;
for n
for k =

= 0 : -1 : 1
*M+l) > (2*N+l)

wlm 0 * wl0;
w2m 0 * w20;
for k 1: K

wil (:, (i-l) *K+k)
wi2 (:, (i-l) *K+k)

else

global K
global L
global M
global N
global 0
global T
global Tc
global Tp

wl0
w20

i = 1
for i
if (i

end
nO = nO
end
for k =

end

+ 1;
% (for k)
1 : K
wile:, (i-l)*K+k)
wi2(:, (i-l)*K+k)

wlm(: ,k);
w2m(: ,k);

wl0(: ,k);
w20(: ,k);

end
end
for k

end
i =
for
if(

end
i i + 1;
% (else)

1 : K
wil (:, (i-l) *K+k)
wi2 (:, (i-l) *K+k)

+ 1;
i = 1 : 1 : 0
i*M+l) > (2*N+l)

wlp 0 * wl0;
w2p 0 * w20;
for k 1: K

wile:, (i-l)*K+k)
wi2(:, (i-l)*K+k)

wlp(: ,k);
w2p(: ,k);

else

end
i = i + 1;



function [rho] = f_rho(wl)

\.. )

global K
global L
global N

% Number of users.
% Number of chips per symbol.
% Number of equalizer coefficients (2N+l).

disp('Calculating: Correlation Matrix');

for jl = 1 : K
rho ( : , (j 1-1) * (2 *N+1) +N+1) wI (:, jl);

end
for jl
i = 1;
for nl

for n2

1 K

N -1: 1
col_rho = (jl-l)*(2*N+l)+nl;
col_wI = j 1;
rho(:,col_rho) = 0 * wl(:,col_wl);

= 1 : 1 : (2*N+l-i)
for k2 = 1 : K

row_rho = (k2-1)*(2*N+l)+n2;
row_wI = row_rho + i;
rho (row_rho, col_rho) = wl(row_wl,col_wl);

end
end
i ;: i + 1;
end
end

for jl
i = 1;
for nl

for n2

1 : K

(N+2) : 1 : (2*N+l)
col_rho = (jl-l)*(2*N+l)+nl;
col_wI = jl;
rho(:,col_rho) = 0 * wl(:,col_wl);

= (l+i) : 1 : (2*N+l)
for k2 = 1 : K

row_rho = (k2-1)*(2*N+l)+n2;
row_wI ;: row_rho - i;
rho (row_rho, col_rho) = wl(row_wl,col_wl);

end
end
i = i + 1;
end
end



l__:tl J

-1 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 1 -1 1 1 1 1 1 -1 1 1 -1 1 1
1 1 -1 -1 % (01)

1 -1 -1 -1 -1 1 -1 -1 -1 1 1 -1 -1 -1 -1 1 -1 1 -1 -1 -1 -1 1 1 1 1-1
1 -1 1 -1 % (02)

1 1 -1 -1 -1 1 1 1 -1 -1 -1 -1 1 1 -1 1 -1 -1 1 1 1 1 1 1 -1 -1 -
-1 -1 1 % (03)

-1 1 1 -1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 1 1 -1 -1 -1 1 1 -1 1-
1 -1 -1 % (04)

1 -1 1 1 -1 1 -1 -1 -1 -1 1 1 -1 -1 1 -1 -1 -1 -1 1 1 -1 1 -1 1
1 1 -1 % (05)

1 1 -1 1 1 1 1 -1 -1 1 1 1 1 -1 -1 -1 -1 1 1 1 1 1 -1 -1 -1 1
1 -1 1 1 % (06)

-1 1 1 -1 1 -1 1 -1 -1 1 -1 -1 1 -1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1
1 -1 -1 1 % (07)

-1 -1 1 1 -1 -1 -1 -1 -1 1 -1 1 -1 -1 1 1 -1 -1 1 1 1 1 1 -1 -1 -1 -1
1 -1 -1 -1 % (08)

1 -1 -1 1 1 1 -1 1 -1 1 -1 1 1 1 1 1 -1 1 -1 -1 -1 -1 1 -1 1 1-
1 -1 -1 -1 % (09)

1 1 -1 -1 1 -1 1 1 1 1 -1 1 1 -1 -1 1 1 1 1 -1 1 1 1 -1 1 1-1
1 1 -1 -1 % (10)

1 1 1 -1 -1 -1 -1 -1 1 -1 -1 1 1 -1 1 -1 1 -1 -1 1 -1 -1 1 -1 -1 -1 -
1 -1 1 -1 % (11)

1 1 1 -1 1 -1 1 -1 -1 1 -1 1 1 -1 1 -1 1 1 -1 1 -1 1 1 1-
1 1 -1 1 % (12)

-1 1 1 1 1 1 1 1 1 1 1 -1 1 -1 1 1 1 -1 -1 1 -1 -1 1 1 -1 -1 -1

-1 1 1 -1 1 1 1 1 -1 1 1 -1 -1 -1 -1
1 -1 1 1 1 -1 -1 -1 1 1 1 -1 1 -1 -1
1 1 -1 1 -1 -1 1 1 -1 -1 1 -1 1 1-1
1 1 1 -1 -1 1 1 -1 1 1 -1 -1 1 1 1

-1 1 1 1 1 1 -1 -1 -1 -1 1 1 1 1 1
-1 -1 1 1 -1 -1 -1 1 -1 1 -1 -1 -1 1 1
-1 -1 -1 1 -1 1 1 1 1 1 1 1 1 -1 1
-1 -1 -1 -1 -1 1 -1 -1 1 -1 1 -1 -1 1-1

1 -1 -1 -1 1 1 -1 1 -1 -1 -1 -1 1 -1 1
-1 1 -1 -1 1 -1 -1 1 1 1 -1 1 1 1-1

1 -1 1 -1 1 -1 1 1 1 -1 1 1 -1 1 1
-1 1 -1 1 1 -1 1 -1 1 -1 -1 -1 -1 -1 1
-1 -1 1 -1 -1 -1 1 -1 -1 -1 -1 1 1 -1 -1

1 -1 -1 1 1 1 1 -1 -1 1 -1 1 -1 1-1
1 1 -1 -1 -1 -1 -1 -1 -1 1 1 1 -1 -1 1

function [aJ Cgold

1 : 1 : K
a(k, :) = A7 (k, :) ;

1 : 1 : K
a(k,:) = A31(k,:);

1 : 1 : K
a(k,:) = A8(k,:);

1 : 1 : K
a(k,:) = A15(k,:);

end

end

end

end

clear ai
if L == 7

for k

else
if L 31

for k

else
if L 8

for k

else
if L 15

for k

end
end
end
end

1 1 1 -1 % (13)
1 -1 1 1 1 -1 1 -1 1 -1 -1 -1 -1 -1 1 1 1 1 1 1 -1 1 1 1 1 1 1-

1 -1 1 1 % (14)
-1 1 -1 1 1 -1 -1 -1 -1 -1 1 1 -1 1 1 1 1 1 -1 -1 -1 1 -1 1 1 -1 -1

1 1 -1 1 % (15)
-1 -1 1 -1 1 -1 -1 1 -1 1 1 -1 1 1 -1 1 1 1 -1 1 1 1 -1 -1 1 -1 1-

-1 1 -1 % (16)
1 -1 -1 1 -1 -1 -1 1 1 1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1 -1 -1 -1 -1 -1 1

1 1 -1 1 % (17)
-1 1 -1 -1 1 1 -1 1 1 -1 -1 1 -1 1 1 -1 -1 1 -1 1 -1 1 1 -1 -1 1 1

1 -1 1 -1 % (18)
1 -1 1 -1 -1 -1 1 1 1 -1 1 1 1 1 -1 1 -1 -1 -1 1 -1 1 -1 1 -1 1-1

1 -1 -1 1 % (19)
-1 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 -1 -1 1 -1 1 1 -1 1 -1 -1 1 1-1

1 -1 -1 -1 % (20)
1 -1 1 -1 1 1 1 1 -1 -1 1 -1 -1 -1 1 -1 -1 1 1 -1 -1 1 -1 -1 -1 -1 -1 -

1 1 -1 -1 % (21)
1 1 -1 1 -1 -1 -1 1 1 1 -1 -1 1 1 1 -1 -1 -1 -1 1 1 -1 -1 -1 1 1-

1 1 1 -1 % (22)
1 1 1 -1 1 1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 1 -1 1 1 1 -1 -1 -1 -1 1-1

1 1 1 1 % (23)
-1 1 1 1 -1 -1 1 1 -1 1 1 1 -1 1 -1 -1 1 1 1 -1 -1 -1 1 -1 -1 1 -1 -

1 -1 1 1 % (24)
-1 -1 1 1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 -1 1 -1 -1 1 1 1 1 -1 1-1

1 1 -1 1 % (25)
-1 -1 -1 1 1 -1 1 1 -1 -1 -1 1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 -1 1 1 1 -1 -

1 1 1 -1 % (26)
1 -1 -1 -1 1 -1 -1 -1 1 1 1 1 1 1 1 -1 -1 -1 1 1 -1 -1 1 -1 1 -1 -1 -

1 1 1 1 % (27)
-1 1 -1 -1 -1 -1 -1 1 -1 -1 -1 -1 1 -1 -1 1 -1 -1 1 -1 -1 1 1 1 -1 -1 1-

1 1 1 1 % (28)
-1 -1 1 -1 -1 1 -1 1 1 1 1 1 -1 -1 1 -1 1 -1 1 -1 1 1 -1 1 1 1 1

1 1 1 1 % (29)
-1 -1 -1 1 -1 1 1 1 1 -1 -1 -1 1 1 1 1 -1 1 1 -1 1 -1 -1 -1 1 -1 -1

1 -1 1 1 % (30)
-1 -1 -1 -1 1 1 1 -1 1 -1 1 -1 -1 -1 1 1 -1 -1 -1 1 -1 1 -1 -1 -1 1-

1 -1 -1 1 % (31)
] ;

% (01)
% (02)
% (03)
% (04)
% (05)
% (06)
% (07)
% (08)
% (09)
% (10)
% (11)
% (12)
% (13)
% (14)
% (15)

% (2)
% (8)
% (1)
% (3)
% (4)
% (5)
% (6)
% (7)

% (1)
% (2)
% (3)
% (4)
% (5)
% (6)
% (7)

% Number of users.
% Number of chips per symbol.

1 -1 1 -1 1 -1 1-1
1 -1 -1 1 -1 1 1-1
1 1 1 1 1 111
1 1 -1 -1 1 1 -1 -1
1 -1 -1 1 1 -1 -1 1
1 1 1 1 -1 -1 -1 -1
1 -1 1 -1 -1 1 -1 1
1 1 -1 -1 -1 -1 1 1

-1 -1 -1 -1 1 1-1
1 -1 -1 1 1 -1 1

-1 1 -1 1 -1 -1 -1
1 -1 1 1 -1 1-1
1 1 -1 -1 -1 1 1

-1 1 1 1 1 1 1
-1 -1 1 -1 -1 -1 1

global K
global L
A7 = [

] ;
A15

] ;
AS

J;
A31 = [



function [g] = f_g(chip_shiftl

g = chip_shift;

\.. J
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