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I. Abstract 

In order to increase the effectiveness of data visualization techniques, the use of 
texture as an addition and alternative to the use of color and geometry is discussed. 
 
A drawback of the majority of currently available texture-based data visualization 
techniques is that they are either based on ad-hoc patterns like those used in 
business graphics and cartography, or that they are aimed at a specific data 
visualization task like the visualization of vector or flow fields; there is still no 
general, parameterized texture synthesis model available that can be used for 
generic data visualization tasks. 
 
This thesis focuses on the definition of a multidimensional texture synthesis model 
that can be used to produce textures for the visualization of arbitrary data. The 
model produces textures with characteristics that can be detected rapidly, accurately 
and relatively effortlessly by the human visual system. The model is based on the 
additive synthesis of logarithmically binned noise in the discrete 2D frequency 
(Fourier) domain. The textures produced by the model can be used to reinforce 
color-based data visualization methods or as an addition or alternative to color if 
color is not supported by a certain visualization medium or in order to facilitate the 
interpretation of data visualization results for colorblind individuals. Extensions to 
the model are presented for generating anisotropic (directional) textures and for 
combining texture and color. 
 
User experiments were performed, analyzed using Multidimensional Scaling and 
the results of these experiments were combined with knowledge on perception from 
the field of psychophysics to aid in the identification of the dimensions and to 
construct the texture synthesis model itself.  
 
A prototype application was developed to test the texture synthesis model; based on 
the results obtained from working with the prototype application, achievements, 
limitations of the model and recommendations for future work are proposed.
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1. Introduction 

Texture is widely used in the field of computer graphics, especially in areas 
concerned with realistic image synthesis. Well-known examples of using texture to 
increase the level of realism of synthetic images are (flat) texture mapping, which 
refers to the mapping of an image representing a certain type of material onto a 3D 
model, normal mapping, which refers to the mapping of an image onto a 3D model 
to add details to shading without using more polygons, and texture-based terrain 
generation, in which a height-map texture is used to control the slope of a 3D model 
depicting a terrain. 
 
The use of texture in the area of computer graphics concerned with data 
visualization is not as well-documented and studied as the use of texture in realistic 
image synthesis. While flow visualization is an example of a data visualization 
method that uses texture to visualize both direction and strength of a flow field, it 
remains one of the few examples of texture use in data visualization; there is still no 
general, parameterized texture synthesis model available that can be used for 
generic data visualization tasks. 
 
The textures generated by a texture synthesis model geared toward data 
visualization can be used in order to reinforce color-based data visualization 
methods or as an addition or alternative to color. This is particularly useful if color is 
not supported by a certain visualization medium (an ubiquitous example is a 
document printed on a monochrome laser printer) or in order to facilitate the 
interpretation of data visualization results for colorblind individuals (according to 
different studies, approximately 5%  to 8%  of the male population and 0.5%  of the 
female population are born with a form of colorblindness). 

Thesis Focus 

This work focuses on the definition of a multidimensional texture synthesis model 
that can be used to produce textures for the visualization of arbitrary data. The 
texture synthesis model makes use of texture dimensions that are relevant for the 
visualization of arbitrary data. In order to aid in the identification of these 
dimensions and to construct the texture synthesis model itself, user experiments are 
performed and the results of these experiments are combined with knowledge on 
perception from the field of psychophysics. 
 
The requirements for the texture synthesis model are as follows: 
 

• The model should facilitate the visualization of multivariate data, since 
bivariate chromatic maps are notoriously difficult to read [WAI80]; 

• The model should offer a replacement for the ad-hoc patterns used in 
business graphics and cartography by making use of texture dimensions that 
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provide textures with characteristics that can be detected rapidly, accurately 
and relatively effortlessly by the human visual system; 

• Textures synthesized by the model should be usable for the visualization of 
arbitrary types of nominal, ordinal and quantitative data. The textures should 
not be aimed at a specific data visualization task like the visualization of 
vector fields or the visualization of flow fields, since specialized texture-based 
techniques already exist for these types of visualization; 

• The model should provide an intuitive and straightforward method for 
defining a texture with the desired visual characteristics; 

• Textures generated by the model should be usable as an alternative to color-
based visualization techniques in order to facilitate the interpretation of data 
visualization results by colorblind individuals and when color is not 
supported by a certain visualization medium; 

• The generated textures should be seamlessly tileable to allow for quick 
shading of large areas by generating a small texture with the desired 
characteristics that can subsequently be used to tile the complete area; 

• It should be possible to combine (blend) color with the textures generated by 
the model to expand the number of shades (color and texture combinations) 
that can be used to visualize data. 

Thesis Organization 

Chapter 2 gives an overview of what is known about texture perception, texture 
dimensions, models to analyze and synthesize texture and the use of texture in the 
field of data visualization. Chapter 3 gives an overview of the model that serves as 
the basis for the final multidimensional texture synthesis model. Chapter 4 
describes how the first user experiment was designed, how the actual experiment 
was performed, and what analysis techniques were used to process the results. 
Conclusions and a refined model are presented that are based on the analyzed 
results. Chapter 5 describes the extension of the refined model with an additional 
dimension. The extension is based on the results of a second user experiment. 
Chapter 6 presents extensions to the model for generating anisotropic (directional) 
textures and for combining texture and color. Chapter 7 contains a description of a 
prototype application. The application provides options for exploration of the model 
and demonstrates the usage of the model for the visualization of data. The thesis is 
concluded with chapter 8, in which achievements, limitations of the model and 
recommendations for future work are presented. 
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2. Background 

This chapter gives an overview of what is known about texture perception, texture 
dimensions, models to analyze and synthesize texture and the use of texture in the 
field of data visualization. The information in this chapter is used as the basis for 
choosing and refining a texture synthesis model suitable for the visualization of 
data. Section 2.1 explains the concept of visual texture, section 2.2 focuses on what 
is known about texture perception and gives an overview of perceptual texture 
dimensions, section 2.3 describes different models to analyze and synthesize 
texture, and section 2.4 contains an overview of how texture has been used in the 
field of data visualization. 

2.1 What is Texture? 

The lack of one widely accepted definition of visual texture becomes apparent when 
considering the many different definitions of texture that can be found in literature 
concerning computer graphics, computer vision and psychophysics (the branch of 
experimental psychology that studies sensation and perception). A collection of 
these definitions, some more precise than others, is presented below. 
 
“An image texture is described by the number and type of its primitives and the 
spatial organization or layout of its primitives.” (Haralick, [HAR73]) 
 
“Texture is a symbolic depiction of specified intensity changes in the image, 
comprising edges, compact blobs, and linear blobs named bars.” (Marr, [MAR76]) 
  
“Visual textures are defined as aggregates of many small elements. The elements 
can be either dots of certain colors (e.g. black, white, grey, red) or simple patterns.” 
(Julesz, [JUL83]) 
 
“In a digital image, texture is depicted by spatial interrelationships between, and/or 
spatial arrangement of the image pixels. Visually, these spatial interrelationships, or 
arrangement of pixels, are seen as changes in the intensity patterns, or gray tones.” 
(Amadasun, [AMA89]) 
 
 “Texture can be loosely defined as the local variation in visual properties.” (van 
Wijk, [WIJ91]) 
 
“A texture is a signal in which (1) statistics are the same everywhere and ( 2 ) 
statistics matter, but specifics don’t.” (Hertzmann, [HER00]) 
 
The properties mentioned in the definitions above determine the way in which an 
observer perceives a texture. By varying these properties, different textures can be 
generated between which an observer can make a distinction. Figure 2.1 displays a 
collection of naturally occurring textures taken from [BRO66]. 
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Figure 2.1: Examples of naturally occurring textures. From left to right, top to bottom: 
“Fur”, “Raffia”, “Field Stone”, “Marble”, “Bark”, “Straw”, “Herringbone Weave”, “Beach 
Pebbles”, “Beach Sand”, “Reptile Skin”, “Wood Grain”, and “Plastic Bubbles” [BRO66] 
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2.2 Perception and Texture Dimensions 

Vision research in the areas of computer vision, computer graphics and 
psychophysics has resulted in extensive knowledge on the perception of texture; the 
most important of these findings are presented in this section. Subsections 2.2.1 to 
2.2.4 focus on preattentive processing, an important field of vision research 
concerned with determining what visual and textural features can be detected easily 
by observers. Subsections 2.2.5 to 2.2.7 focus on texture dimensions that have been 
identified as the most important ones – spatial frequency (size), contrast and 
orientation [WAR92] – and describe what to take into consideration when creating 
perceptually uniform scales for these dimensions. Spatial frequency and contrast 
are interdependent and are therefore approached by means of the spatial contrast 
sensitivity of the human visual system. Sections 2.2.8 and 2.2.9 focus on why the 
aforementioned dimensions, although identified as the most important ones, are 
not sufficient to fully describe the appearance of texture; other texture dimensions 
are presented. 

2.2.1 Preattentive Processing 

The concept of preattentive processing is important in order to describe textural 
features that can be detected rapidly, accurately and relatively effortlessly by the 
human visual system (HVS). Preattentive processing refers to an initial organization 
of the HVS based on operations that are believed to be rapid, automatic and spatially 
parallel [HEA95]. 

 
a b c 

Figure 2.2: Preattentive processing: (a) a circular target in a field of square distractors 
(intensity is held constant) can be detected preattentively; (b) a light gray target in a 
field of dark gray distractors (shape is held constant) can be detected preattentively; (c) a 
light gray, circular target in a field of distractors comprised of dark gray squares, dark 
gray circles and light gray squares cannot be detected preattentively; the detection task 
requires a serial search because the target is defined by a conjunction of features 

2.2.2 Preattentive Features 

The following list contains important low-level and high-level concepts that can be 
detected preattentively by the HVS. The list is a compilation of features mentioned 
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in computer vision, computer graphics and psychophysics literature [BEC83, 
ENN90, HEA95, HEA98, HEA99a, HEA99b, JUL83, JUL84, MON79, WAR04]. 
This list is not complete, since psychophysical experiments are still being performed 
to this day to identify new features that can be detected preattentively; examples of 
such experiments can be found in [HEA95, HEA99a, HEA99b]. 
 

• Lines/strokes: 
 Collinearity 
 Curvature 
 Ends 
 Intersection (crossing) 
 Length 
 Orientation 
 Width 

• Shape/geometric form: 
 Blur 
 Density 
 Closure (closed shape; emergent feature) 
 Position 
 Quantity (number/percentage/ratio of elements) 
 Size 
 Spatial grouping 
 Regularity 

• Intensity (brightness) 
• Color (hue) 
• Motion: 

 Direction 
 Flicker 

• High-level concepts: 
 Binocular depth perception (stereoscopic vision) 
 Lighting direction (convex/concave shape from shading) 
 Three-dimensional depth cues like emergent features, shadows, and depth-

of-field (focus) 
 Texture (it should be noted that although texture is mentioned separately 

as a high-level concept in [WAR04], a texture can also be viewed as a 
combination of the preattentive features mentioned above) 

 
It is important to understand that not every simple visual feature is likely to be 
preattentive; two examples of simple visual features that cannot be detected 
preattentively are juncture (line segments forming corners) and line segment 
parallelism [WAR04]. 
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2.2.3 Interference between Preattentive Features 

Certain combinations of preattentive features can lead to interference in which one 
feature can distort or even completely mask (hide) the perception of another feature; 
a computational model of visual masking for computer graphics is presented in 
[FER97]. 
 
Textural features should be chosen in such a way that interference is avoided or 
minimized, since this enables the usage of multiple textural features (multiple 
texture dimensions) to be used simultaneously to visualize multivariate data: data 
that has multiple attributes at a single spatial location, e.g., a vector field comprised 
of direction-of-flow and pressure information. The following list contains rules of 
thumb related to interference. 
 

• The HVS assigns a higher priority to hue than to form [CAL89]; 
• The HVS assigns a higher priority to intensity than to hue [CAL84]; 
• Hue and orientation do not seem to interfere with each other [HEA93, 

HEA96]; 
• Objects that are made up of a conjunction of unique features cannot be 

detected preattentively [TRI85]; 
• The size of textural features of a background texture distorts the perceived 

size of the textural features of a foreground texture (figure 2.3); 
• Sensitivity to high contrast patterns with a certain textural feature size and 

orientation will diminish after viewing a pattern with the same characteristics 
during an extended period of time (interference due to adaptation) [CAM68]. 

 
Figure 2.3: Texture size distortion effect: the two patches near the left and right edge 
have the same texture granularity and patch size, but the distortion effect caused by the 
presence of the background texture makes the right patch appear slightly larger 
(adapted from [WAR04]) 

2.2.4 Preattentive Processing and Visualization 

The most important advantages of visualization methods that are based on 
preattentive processing features of the HVS are the following [HEA99b]: 
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• Visual analysis is rapid, accurate and relatively effortless, since preattentive 
tasks can be completed in 200  ms or less (at a single glance); 

 
• The time required for task completion is independent of the number of data 

elements displayed (independent of display size) instead of directly 
proportional to the number of data elements; 

 
• It is possible to devise visualization methods that avoid data-to-feature 

mappings that might interfere with an analysis task by researching possible 
interference effects between preattentive features. 

2.2.5 Textons 

A basic concept for texture analysis is the texton, which refers to fundamental 
micro-structures in natural images. Textons are considered to be the atoms of 
preattentive human visual perception [ZHU02]. The three fundamental texton 
building blocks that can be detected preattentively are elongated blobs with specific 
visual properties, ends of line segments and crossings of line segments [JUL83]. 
 
Textons are still a vague concept in the literature and in most cases only an intuitive 
description of what the term “texton” refers to is given. In search of a definition, the 
idea is proposed that this definition should be governed by a sound, mathematical 
model [ZHU02]. The issue of how to define textons computationally is addressed in 
[SHU03]. 

2.2.6 Spatial Frequency, Contrast and the CSF 

Based on the research of Campbell, Robson and Blakemore, it has been proposed 
that the HVS is based on detectors that are selectively sensitive to certain spatial 
frequencies [CAM68, BLA66]. Spatial frequency refers to the size of textural 
features; it is the number of pattern cycles per degree (cpd) of visual angle 
subtended by the eye [WAR92] (figure 2.4). A cycle is a transition from low to high 
luminance (dark to light) in a sinusoidal grating pattern. As a general rule, a 
thumbnail held at arm’s length subtends about 1°  of visual angle. 
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Figure 2.4: Number of cycles per degree of visual angle: the HVS is most sensitive to 
patterns with approximately 3  cpd of visual angle [WAR04] 

According to the (spatial) contrast sensitivity function (CSF), observers are most 
sensitive to patterns with a periodicity of approximately 3  cpd [WAR04] (figure 2.6); 
physical contrast is defined as a luminance ratio (figure 2.5) [GIR00]: 

 
Figure 2.5: Sinusoidal grating pattern and physical contrast 

Let T be a texture with a spatial frequency of 3  cpd and contrast threshold C that is 
necessary to be able to perceive the texture. The CSF states that in order to perceive 
a texture with a spatial frequency of 0.1  cpd, the contrast threshold is about 10  
times higher than C. In order to perceive a texture with a spatial frequency of about 
30  cpd, the contrast threshold is about 100  times higher than C (figure 2.6).  
 
The spatial contrast sensitivity of the HVS is independent of the orientation of a 
texture element [WAR92], but it does depend on the chromatic nature of the spatial 
pattern: spatial contrast sensitivity appears to be lower for grating patterns defined 
by color than for patterns defined by luminosity (black and white) [HOR69]. 
Another factor that influences the spatial contrast sensitivity of the HVS is binocular 
vision, which is accountable for a 2  improvement in sensitivity [WAR04]. 
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Figure 2.6: Contrast sensitivity function (CSF) for the HVS (adapted from [GIR00]) 

The CSF in figure 2.6 is the curve that can be perceived in figure 2.7, which shows a 
sinusoidal grating pattern. The spatial frequency of the sinusoidal grating pattern 
depicted in figure 2.7 increases logarithmically along the x-axis and the physical 
contrast varies logarithmically along the y-axis from 100%  at the bottom to 
approximately 0.5%  at the top, which is the minimum amount of physical contrast 
that can be perceived by the fovea of the human eye [FER97]. 
 
If the perceived contrast would be identical to the physical contrast, the bars in the 
grating pattern should be of equal height. However, the perceived height of the bars 
is also determined by the spatial frequency: the grating pattern clearly shows that 
the HVS is particularly sensitive to spatial frequencies of a certain number of cycles 
per degree. The perceived contrast is highest around the aforementioned value of 3  
cpd and drops noticeably when the number of cycles per degree is increased or 
decreased while the physical contrast is kept constant. 
 
It is probably intuitively clear that this should be the case for an increase in spatial 
frequency, since the size of the pattern will eventually drop below the minimum 
size that the HVS can detect. The grating pattern, however, also indicates that our 
sensitivity diminishes when the number of cycles per degree is decreased. This is 
somewhat counterintuitive – one might think that “the larger the feature, the easier 
it is to perceive”. It is nonetheless a valid conclusion that follows from figure 2.7. 
 
The perceived curve is a result of the HVS; it is not physically present in the image. 
This can be verified by varying the distance at which figure 2.7 is viewed. If the 
distance is increased or decreased, the perceived curve shifts to the left or right, 
respectively. It should also be noted that as we age, the CSF changes as a result of 
the fact that our sensitivity to higher spatial frequencies is reduced [WAR04]. 



 
2. Background 

 

20 
 

 
Figure 2.7: Sinusoidal grating pattern with logarithmically increasing spatial frequency 
along the x-axis and logarithmically decreasing physical contrast along the y-axis (from 
100%  at the bottom to approximately 0.5%  at the top) (adapted from [CAM68]) 

2.2.7 Orientation 

According to the texton theory mentioned in subsection 2.2.5, the visual cortex 
contains large numbers of detectors that are sensitive to elongated oriented stimuli. 
There are differences between these detectors with regard to the orientation to 
which a detector is sensitive. Based on different experiments it has been shown that 
the number of texture orientations that is necessary to sample existing textures in 
such a way that the pattern is preserved on short exposures is equal to 18  [WAR92]. 
The difference in orientation needed to easily discern two textures from each other 
should be at least 30° . Since an orientation of x°  is identical to an orientation of 
( 180)x + ° , this amounts to 6  orientations that can be easily distinguished 
[WAR04]. 
 
Orientation sensitivity is not completely homogeneous. The HVS excels at the 
orientation detection of near horizontal and near vertical lines, which is probably 
due to the fact that there are more detectors that are tuned to these specific 
orientations [MAN74, MIT67]. Orientation sensitivity also depends on the spatial 
frequency: the HVS is more tightly tuned to orientations at high than at low spatial 
frequencies ( 30°  for 11 cpd, 60°  for 0.5  cpd) [PHI84]. 

2.2.8 Perceptual Uniformity, Scale and Just Noticeable Differences 

When creating a scale to vary spatial frequency and contrast, it is important to make 
sure that the scale is perceptually uniform: a numerical change of xΔ  at any given 
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position on the scale should result in the same amount of perceived change pΔ  
( xkp Δ⋅=Δ ). 
 
Area and linear size are not the appropriate functions to create a uniform scale of 
just noticeable differences (JNDs; the smallest difference in a sensory input that is 
perceivable); a logarithmic relationship creates a more uniform scale [WAR92]. 
 
The number of frequency channels of the HVS selectively sensitive to certain spatial 
frequencies has been estimated to lie between 4  and 10  [CAE85, WIL79]. The 
number of spatial frequencies that can actually be discriminated by the HVS is a 
result of the overlap between these channels. The JND appears to amount to a size 
difference of 9%  or 1

8  of an octave [CAE83] (a spatial frequency increase of 1 octave 
corresponds to a doubling of the spatial frequency). The CSF in figure 2.6 illustrates 
that useful wavelengths range from approximately 1 to 10  cpd [WAR92] (see 
Appendix A for more details on the relationship between spatial frequency and 
display conditions). A useful wavelength range of 1 to 10  cpd yields the following: 

( )10
18 log

1 28
log(2)
⋅

+ ≈  resolvable steps for a spatial wavelength range of 1 to 10  cpd 

Finally, the number of JNDs also depends on spatial frequency masking. Figure 2.8 
illustrates the variation in the number of JNDs as a result of the fact that the 
boundary between cylinder facets is masked by the applied texture. The strength of 
the masking effect depends on the spatial frequency of the applied texture. 

 
Figure 2.8: Dependency of the number of JNDs as a result of spatial frequency masking 
(adapted from [FER97]) 

2.2.9 Number of Discernable Textures 

A naive and simple calculation regarding the number of different texture patterns 
detectable by the HVS could amount to something like 7 18 126× =  (average of the 
number of frequency channels of the HVS times the number of directions needed 
to sample an existing pattern). This does not hold for the following reasons: 
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• Disregard of input averaging 
As stated before, some channels of the HVS display overlap. This leads to 
input averaging, which increases the number of spatial frequencies and 
orientations that can be discriminated. 

 
• Disregard of inhomogenieties and super acuities 

The extraordinary sensitivity to near horizontal and near vertical lines of the 
HVS is an example of a super acuity (an acuity is a measurement of our 
ability to see detail). Another example is Vernier acuity: the sensitivity to a 
slight displacement between parallel, almost aligned contours, which is more 
than 10  times greater (due to interactions) than the spatial resolution of the 
retina [MON79]. 

 
• Disregard of other dimensions 

Spatial frequency and orientation, although identified as primary dimensions 
of visual texture, are not the only dimensions that are important for 
determining the number of discernable textures. Regularity is an example of 
another important texture dimension. The presence of multiple orientations 
and/or multiple frequencies (variation in the frequency spectrum) in a texture 
pattern is also an important issue, since their presence can increase the 
number of discernable textures. 

 
However, if one is interested in generating random textures (textures that lack 
regularity, symmetry and extended, repetitive features), the number of frequency 
channels of the HVS and the number of directions needed to sample an existing 
pattern do give a reasonable estimate with regard to the dimensions and the 
maximum number of levels per dimension (dimension resolution) needed to 
synthesize such textures. 

2.2.10 Other Dimensions of Texture 

A number of other dimensions have also been found to be important for the 
perception of texture. The most important of these are presented in this subsection. 
 
Rao and Lohse have identified three dimensions by performing user experiments 
and by using different analysis techniques to process the results [RAO93]. The three 
orthogonal axes that were identified are shown in figure 2.9. 
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Figure 2.9: Orthogonal texture dimensions identified by Rao and Lohse [RAO93] 

Healey and Enns use height, density and regularity as the three separate texture 
dimensions for their texture elements [HEA98]. Regularity has also been identified 
by Liu and Picard as an important additional texture dimension [LIU96]. 
 
The texture measures developed by Amadasun are based on the properties that 
humans use to discriminate between different textural patterns: coarseness, 
contrast, busyness (fineness), complexity, and texture strength [AMA89]. 
 
Perception of phase information is not well understood [BAD84]. Ware states that 
sensitivity to phase is low and it seems unlikely that the ratio of components 
(textural features) is critical [WAR92]. 

2.3 Texture Models 

This section describes methods and models for analyzing and synthesizing texture. 
Subsection 2.3.1 gives an overview of available texture analysis methods and models. 
The remaining subsections (2.3.2 to 2.3.7) focus on models that have been used to 
synthesize textures. 

2.3.1 Analysis Methods and Models  

The analysis methods and models presented in this section provide ways for 
classifying textures and measuring texture characteristics. These techniques are 
important for controlling the perceptual uniformity of the texture space defined by a 
texture synthesis model and for texture-based image segmentation. 
 
Techniques to analyze textures can be divided into statistical methods (e.g. 
convolution filters that measure variance, inertia, entropy, and energy) and 
perceptual techniques (e.g., identification of the orientation and regularity of a 
texture) [HEA98]. 
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Tamura et al. identified texture dimensions by conducting user experiments in 
which users were asked to divide textures from [BRO66] into groups. Based on their 
results, they proposed methods for measuring coarseness, contrast, line-likeness, 
regularity, and roughness [TAM78]. 
 
Rao and Lohse used techniques like Multidimensional Scaling (MDS) and 
Hierarchical Cluster Analysis (HCA) to analyze the grouping of textures from 
[BRO66] performed by their test subjects to identify the three texture dimensions 
mentioned in section 2.2.8 [RAO93]. 
 
Autocorrelation can be used to measure the amount of self-similarity (regularity, 
repetitiveness) by correlating a texture with itself. Healey and Enns use this 
technique to measure the amount of regularity of their textures [HEA98, HEA99b]. 
 
Haralick et al. use Grayscale Spatial Dependency Matrices (GSDMs) to identify 
features like homogeneity, contrast, and linear dependency [HAR73]. 
 
Amadasun developed computational measures corresponding to conceptual 
definitions that were assigned to five properties of texture: coarseness, contrast, 
busyness, complexity, and texture strength [AMA89]. The computational methods 
are based on information about the gray tones of a pixel’s neighbor which is 
encoded by means of a Neighborhood Gray-Tone Difference Matrix (NGTDM). 
 
Markov Random Fields (MRFs) can be used to model a large collection of random 
variables (e.g. pixels) with complex dependency relationships among them. The 
usage of MRFs with regard to image analysis is outlined in [COH86].  
 
Liu and Picard developed a model based on the two-dimensional Wold 
decomposition of textures, which results in three mutually orthogonal subfields that 
have perceptual properties which can be described as “periodicity”, “directionality”, 
and “randomness”. An image retrieval method based on this model is also 
presented [LIU96]. 
 
Since we want to use texture for data visualization purposes, we are interested in the 
perception of textures by actual users. For this reason, we have chosen a perceptual 
approach based on performing user experiments and using similar techniques as 
Rao and Lohse for analyzing the results of these user experiments. The user 
experiments and the analysis of their results are used for the identification of 
texture dimensions that are relevant for the visualization of arbitrary data and in 
order to subsequently define a multidimensional texture synthesis model that can 
be used to generate textures. 
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2.3.2 OSC 

The OSC (Orientation, Size, Contrast) texture synthesis model proposed by Ware 
and Knight [WAR92] was introduced to make texture more accessible for data 
visualization. It is based on the Gabor function, which is widely used to describe the 
receptive field properties of the neurons that comprise large parts of the HVS. The 
Gabor function has also been applied to get a better understanding of how the HVS 
segments images into areas [WAR04]. 
 
The Gabor function is a product of a cosine wave grating and a Gaussian: 
 

2 2

2

( ) '( , ) exp cos 2
2
x y xG x y C π

σ λ
′ ′⎛ ⎞+ ⎛ ⎞= ⋅ −⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
 

 
With: 
C   : Contrast (amplitude) 
σ   : Gaussian standard deviation (Gaussian window size) 
λ   : Spatial wavelength (size) 
x′   : cos sinx x yθ θ′ = +  
y′   : sin cosy x yθ θ′ = − +  
θ   : Orientation 

 
Figure 2.10: The Gabor function (c) is a product of a cosine wave grating (b) and a 
Gaussian (a); (d) Gabor textons with different orientations (top row) and different 
spatial frequencies (bottom row); (e) a Gabor texture synthesized by splatting Gabor 
textons on a two-dimensional plane 
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Gabor textures (figure 2.10e) can be generated by randomly splatting Gabor 
functions (Gabor textons) on a two-dimensional plane; the spot noise method 
offered by van Wijk provides a straightforward method for synthesizing Gabor 
textures from Gabor textons [WIJ91]. 
 
The width of the Gaussian window and the cosine frequency tend to be coupled in 
human neural receptive fields: low-frequency cosine components have large 
windows and high-frequency components have small windows. The relationship 
between σ  and λ  can be described as follows [GRI00]: 
 

1 ln(2) 2 1
2 2 1

b

b

σ
λ π

+
= ⋅

−
 

 
With: 
b   : Half-response spatial frequency bandwidth b  in octaves 
 
Although neurophysiological research has shown that there is considerable spread 
with regard to the half-response spatial frequency bandwidth b  (in octaves) in the 
above formula, the bulk of cells have bandwidths in the range of 1.0  to 1.8  octaves. 

2.3.3 Spot Noise 

Van Wijk developed the spot noise technique for the texture-based visualization of 
scalar and vector fields over surfaces. Spot noise is synthesized by addition of 
randomly weighted and positioned spots. The shape of a spot can be varied to 
determine the appearance of the resulting texture [WIJ91]. 
 
Spot noise can be realized by multiplication of the Fourier representation of a spot 
with a scale factor and addition of a random phase shift. The convolution theorem 
states that multiplication in the Fourier domain is equal to convolution in the spatial 
domain. Therefore, spot noise can also be realized by using the spot as a 
convolution kernel to filter white noise (an example of white noise is a set of 
random values on a grid). 

 
Figure 2.11: Examples of spot noise textures and the spots used to synthesize them 
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2.3.4 IBFV 

Image Based Flow Visualization (IBFV) is a method for the visualization of two-
dimensional fluid flow based on the advection and decay of dye. Each frame of a 
flow animation is a blend between a warped version of the previous frame and a 
number of background images. Because all the steps are done using images, the 
method is called Image Based Flow Visualization. IBFV achieves a high performance 
by using standard features of graphics hardware and it is easy to implement 
[WIJ02]. 

 
Figure 2.12: Example of flow field visualization using IBFV 

2.3.5 LIC 

Line Integral Convolution (LIC) is a texture-based technique for visualizing flow 
patterns using linear and curvilinear filtering techniques to locally blur textures 
along a vector field [CAB93]. A comparison between LIC and van Wijk’s spot noise 
technique (subsection 2.3.3) for visualizing flow patterns can be found in [LEE98]. 

 
Figure 2.13: Visualization of vector fields using LIC (from [LIU04]) 
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2.3.6 Pexels 

Healey and Enns developed a visualization method based on simple texture patterns 
for visualizing multidimensional data elements arranged on an underlying three-
dimensional height field [HEA98]. Their perceptual texture elements (called pexels) 
are collections of strips; height, density and regularity of a pexel can be varied to 
change its appearance. 

 
Figure 2.14: Pexels with varying height, density and regularity (adapted from [HEA98]) 

2.3.7 Perlin Noise 

Although Perlin Noise was not specifically designed with data visualization in mind, 
it is nevertheless one of the most well-known synthesis methods available [PER85, 
PER02]. An important characteristic of Perlin Noise is the way in which it can be 
used to generate “natural” looking patterns (patterns that exhibit a fractal character); 
patterns to which observers seem quite sensitive if they are asked to cluster a 
collection of textures based on freely chosen clustering criteria. 
 
Perlin Noise is generated by using a basic function )( fNoise , implemented as a 
pseudo-random spline on a regular grid, which generates an isotropic (non-
directional) noise signal with spatial frequency f (figure 2.15a). By using the noise 
function within simple expressions, textures with different characteristics like 
fractal clouds, turbulence and marble-like patterns can be generated (figures 2.15b to 
2.15d). 
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Figure 2.15: Perlin Noise textures and the functions used to generate them: (a) basic 
noise; (b) fractal clouds; (c) turbulence; (d) marble 

2.4 Texture Use in Data Visualization 

This section provides an overview of how different texture synthesis methods like 
those mentioned in sections 2.3.2 to 2.3.7 have been used to visualize different 
types of data. 
 
Data visualization by means of texture can roughly be divided into vector or flow 
field visualization and visualization of multivariate (multidimensional) data; the 
surveyed literature indicates that less research has been done with regard to 
visualization methods in which a number of easily discernable textures are used 
to shade parts of a dataset and in which each texture corresponds to a single 
value. 
 
An important part of data visualization is the data-to-texture (data-to-textural-
feature) mapping; this mapping – as well as the choice of the actual texture 
dimensions that are being used – is still ad-hoc in a lot of cases. Careful attention 
should be paid when choosing texture dimensions to make sure that the choice 
results in easily discernable textures. This can be done by making use of 
preattentive features that do not interfere with each other. If certain texture 
dimensions are more salient than others, this should be taken into account when 
performing the data-to-feature mapping by assigning the most important data 
dimensions to the most salient texture dimensions. 
 
The following list contains an overview of texture use in the field of data 
visualization. 
 
• Flow/vector field visualization 

Orientation is a natural texture dimension for displaying vector or flow fields. 
Different methods are used for visualizing vector or flow fields such as Spot 
Noise (subsection 2.3.3), IBFV (subsection 2.3.4), LIC (subsection 2.3.5), and 
an iterative method for placing streamlines developed by Turk and Banks 
[TUR96]. 



 
2. Background 

 

30 
 

• Visualizing multivariate data 
 
 Grinstein et al. created a system called ExVis that uses stick-figure icons to 

produce texture patterns that show spatial coherence in a multivariate 
dataset [GRI89]. 

 
 Weigle et al. developed a technique called oriented sliver textures 

specifically designed to take advantage of the parallel processing of 
orientation information; each variable in a multivariate dataset was 
mapped to a 2D array of slivers producing a sliver field; combining all of 
the sliver fields yielded the final visualization [WEI00]. 

 
 Ad-hoc texture patterns are used in the areas of business graphics and 

cartography for shading charts and map areas, respectively (figure 2.16). 
 

 Ware pointed out that “the effective use of texture will for the immediate 
future be an art, rather than a science” [WAR92]; an example of this are 
the images used by Laidlaw et al. that were handcrafted between the 
scientist and the designer to visualize a multivariate dataset consisting of 
seven values at each location [LAI98].  

 
 The OSC model proposed by Ware and Knight (subsection 2.3.2) has been 

used to construct texture patterns comprised of orientational, size and 
contrast features that were modified by values in an underlying dataset 
[WAR95]. 

 
 Healey et al. used pexels (subsection 2.3.6) on an underlying height field 

for the analysis of environmental conditions on a topographic map (the 
visualization of typhoon activity) [HEA98]. 

 
Figure 2.16: A collection of ad-hoc texture patterns that are commonly used for shading 
charts and map areas 
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2.5 Concluding Remarks 

The information presented in this chapter indicates that paying attention to 
preattentive features is important for determining what textural features allow for 
rapid texture identification. These features are also important for the creation of 
textures that are easily distinguishable from one another. 
 
By combining the aforementioned list of preattentive features, our knowledge of the 
HVS, and the information on the Gabor-based OSC model, it can be stated that 
spatial frequency, contrast, and direction should be regarded as the most important 
texture dimensions. 
 
The user experiment approach taken by Tamura et al., Rao and Lohse and the 
analysis of the results of these experiments by means of MDS and/or HCA provide 
a solid basis for identifying texture dimensions that can be used to define a 
multidimensional texture synthesis model to be used for data visualization. 
 
Of the presented texture synthesis models, only the OSC model is applicable in a 
more general context, but it is restricted by the fact that spatial frequency and 
contrast cannot be studied in isolation; orientation is an integral part of a texture 
generated by the OSC model. The other texture synthesis models are limited in their 
applicability by the following factors: 
 

• Restricted to a specific type of data visualization (like LIC and IBFV); 
• Make use of a constructing element that may be arbitrarily defined, thereby 

complicating the definition of a texture with certain global features (like spot 
noise); 

• Make use of a technique that requires the usage of a 3D visualization method 
(like pexels); 

• Textures are defined in an ad-hoc manner without making use of texture 
dimensions that provide textures with characteristics that can be detected 
rapidly, accurately and relatively effortlessly by the HVS (ad-hoc texture 
patterns). 

 
Since texture-based vector or flow field visualization is already well-documented, 
one of the main aims of a generic texture synthesis model for data visualization 
should be the facilitation of multivariate data visualization, since even bivariate 
chromatic maps are notoriously difficult to read, as is demonstrated by figure 2.17 
[WAI80]. 
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Figure 2.17: Bivariate chromatic maps are difficult to read [WAI80]: (a) quantitative 
dataset A is visualized using a green intensity-based data-to-color mapping; (b) 
quantitative dataset B is visualized using a red intensity-based data-to-color mapping; 
(c) datasets A and B are simultaneously visualized by combining a green and red 
intensity-based data-to-color mapping, respectively, resulting in colors like yellow, lime, 
and orange that cannot be easily mapped to a specific value of either dataset A or 
dataset B 
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3. Basic Texture Model 

This chapter gives an overview of the model that serves as the basis for the final 
multidimensional texture synthesis model. The model is based on the additive 
synthesis of logarithmically binned noise in the discrete 2D frequency (Fourier) 
domain. Section 3.1 motivates the choice for the basic model and section 3.2 
contains a detailed description of the basic model. 

3.1 Motivation of Choice 

As stated in section 2.5, the OSC model suffers from the fact that spatial frequency 
and contrast cannot be studied in isolation, since orientation is an integral part of a 
texture generated by the OSC model. In order to overcome this problem, the 
additive synthesis of logarithmically binned noise in the discrete 2D frequency 
domain (henceforth simply called “the frequency domain”) is proposed. 
 
Spatial frequency is an important texture characteristic that can be detected rapidly, 
accurately and relatively effortlessly by the human visual system. The frequency 
domain provides an ideal method for the direct manipulation of the spatial 
frequency. Furthermore, the periodicity of the frequency domain simplifies the 
synthesis of seamlessly tileable textures. 
 
The logarithmic division of the spatial domain into a number of frequency bins 
provides an intuitive and straightforward amplitude-based method for the 
manipulation of the spectral characteristics and the overall physical contrast (as 
defined in subsection 2.2.6) in case of isotropic (non-directional) as well as 
anisotropic (directional) textures. Anisotropic textures can be realized by means of 
an extension as provided in section 6.1. 

 
Figure 3.1: Depiction of the additive synthesis of logarithmically binned noise in the 
discrete 2D frequency domain 
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3.2 The Basic Model 

A texture in the discrete 2D spatial (image) domain (henceforth simply called “the 
spatial domain”) is generated by defining its characteristics in the frequency 
domain. The spatial domain representation of a texture of size NM ×  pixels is 
denoted by ( , ) :g x y × → , [0, 1]x M∈ − , [0, 1]y N∈ − . The frequency domain 
representation of a texture is denoted by ( , ) :F u v × → , [0, 1]u M∈ − , 

[0, 1]v N∈ − . Typically, M N= , and M  and N  are powers of 2 , the last being a 
requirement of the commonly used Radix- 2  Fast Fourier Transform (FFT) 
algorithm [COO65]. 
 
The relationship between F  and g  is given by the following pair of functions 
comprising the forward and inverse 2D Discrete Fourier Transform (DFT), 
respectively: 
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3.2.1 Centered Frequency Domain Representation 

Figures 3.2a and 3.2c depict the non-centered frequency domain F  with 
[0, 1]u M∈ −  and [0, 1]v N∈ − . Low-frequency components are located in the 

corners, high-frequency components are located in the center. In order to simplify 
the interpretation of the frequency domain representation, we use a centered 
representation. This representation can be realized by rearranging the quadrants. 
We are allowed to do so because the DFT is horizontally and vertically periodic with 
periods M  and N , respectively: 
 

( , ) ( , ) ( , ) ( , )F u v F u M v F u v N F u M v N= + = + = + +  
 

Rearranging the quadrants and redefining the quadrant ranges (which is also 
allowed because of the periodicity of the DFT) results in a centered representation 
(figures 3.2b and 3.2d). 
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Figure 3.2: Transforming the standard, non-centered frequency domain representation 
(figures (a) and (c)) into the centered frequency domain representation (figures (b) and 
(d)) by rearranging the quadrants and redefining the quadrant ranges. 

We can now redefine the forward and inverse DFT as follows: 
 

∑∑
−

=

−

=

+−=
1

0

1

0
))(2exp(),(1),(

M

x

N

y N
yv

M
xuiyxg

MN
vuF π  

∑ ∑
−

−=

−

−=

+=
1

2

2

1
2

2

))(2exp(),(),(

M

Mu

N

Nv
N
yv

M
xuivuFyxg π  

[0, 1]x M∈ −  
[0, 1]y N∈ −  

( , ) :g x y × →  

[ , 1]
2 2
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2 2
N Nv∈ − −  

( , ) :F u v × →  
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Although it has been defined that ( , )g x y ∈ , it should be noted that ( , )g x y  is real 
in practice, i.e., ( , )g x y ∈ , since ( , )g x y  depicts the intensity of a pixel in the 
spatial domain. ( , )g x y  is nevertheless defined as complex, since this allows the 
usage of complex multiplication when performing the DFT, which simplifies the 
definitions and results in a higher degree of mathematical symmetry. For practical 
purposes, only the real part ( , )x yℜ  of ( , )g x y  is used; the imaginary part ( , )x yℑ  of 

( , )g x y  is supposed to be 0 . 

3.2.2 Frequency Bins 

The frequency, wavelength, and magnitude (strength) of ( , )F u v , denoted as 
( , )f u v , ( , )l u v , and | ( , ) |F u v , respectively, are defined as follows: 

 

( ) ( )2 2( , ) u v
M Nf u v = +     : Frequency of ( , )F u v  in pixels 1−  

1( , ) ( , )l u v f u v −=        : Wavelength of ( , )F u v  in pixels 
2 2| ( , ) | ( , ) ( , )F u v u v u v= ℜ +ℑ   : Magnitude of ( , )F u v  

 
With: 

( , )F u v a bi= +  : ( , )F u v  defined as the complex number a bi+  
( , )u v aℜ =    : Real part of ( , )F u v  
( , )u v bℑ =    : Imaginary part of ( , )F u v  

 
As stated in section 2.2.8, a logarithmic scale is more suited for creating a 
perceptually uniform range of JNDs than a linear scale. A logarithmic scale is 
therefore used for dividing the range ],[ maxmin λλ  into a number of frequency bins. 

minλ  and maxλ  are predefined wavelength threshold values in pixels. By requiring 

that | ( , ) | 0F u v =  if min( , )l u v λ<  or max( , )l u v λ> , a texture will only contain spatial 

frequency components within the range ],[ maxmin λλ . When dividing the range 

],[ maxmin λλ  into B  bins numbered 0  through 1B − , the bounds bλ  and 1bλ +  of bin 
b  are calculated as follows: 

 
max min( ) ln( ) ln( )exp( )b

B b b
B

λ λλ − +
= , 0 b B≤ <  

 
And after simplification: 

 

max min

B b b
B B

bλ λ λ
−

= , 0 b B≤ <  (3.1)  
 
The basic texture synthesis model can now be defined as follows: 
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( , ) ( ( , )) exp( ( , ))F u v A f u v i u vϕ=  (3.2)  
 
With: 

( )A ω   : Amplitude for a certain frequency: 
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bA   : Amplitude of frequency bin b  
( , )u vϕ  : A randomly chosen phase: 

( , ) 0
( , )

( , ) 0
u v if u

u v
u v if u

θ
ϕ

θ
≥⎧ ⎫

= ⎨ ⎬− − <⎩ ⎭
 

( , )u vθ  : ( , ) [0,2 )u v Randomθ π=  
 
For each frequency bin b , the contribution (strength) of the frequencies that fall 
within the range 1[ , )b bλ λ +  is defined by bA , the amplitude for that particular bin. 
The spectral characteristics and overall physical contrast of a texture are completely 
defined by taking the amplitude-weighted sum of all frequency components. 

3.2.3 Random Phase Shift 

If ( , )g x y  is the intensity of a pixel in the spatial domain, then ( , ) ( , )u v u vϕ ϕ= − −  
should hold, because the Fourier transform is conjugate symmetric if ( , )g x y  is 
real: 

( , ) ( , )F u v F u v= − −  
 
With: 
z a bi= −  : Complex conjugate of complex number z a bi= +  
 
From the conjugate symmetric nature of the Fourier transform (in case ( , )g x y  is 
real) and the definition of | ( , ) |F u v , it follows that the following should hold: 
 

| ( , ) | | ( , ) |F u v F u v= − −  
 
Requiring that ( , ) ( , )u v u vϕ ϕ= − −  provides for this. 

3.2.4 Constant Overall Physical Contrast 

Varying the frequency bin amplitudes bA  not only results in textures with different 
frequency characteristics, but also in textures with varying levels of overall physical 
contrast. In order to modify the frequency characteristics of a texture without 
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modifying the overall physical contrast, the following model is proposed for keeping 
the overall physical contrast at a constant level: 
 

b bA hα=  (3.3)  
 
With: 
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 : Normalized input amplitude for bin b  

ba  : Input amplitude for bin b  
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 : Constant overall physical contrast compensation factor 

C  : Base overall physical contrast value (constant) 

bN  : Number of elements ( , )F u v  with ( ) ( , ) ( )lower upperb l u v bλ λ≤ <  

 
The base overall physical contrast value C  mentioned above maximizes the overall 
physical contrast in the final spatial domain representation while minimizing 
clipping of near black and near white  values; it has been empirically determined 
that 63C ≈ . The constant overall physical contrast compensation factor h  is a result 
of substituting bhα  for bA  in the following equation and solving for h : 
 

21
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= ∑  (3.4)  

 
Equation (3.4)  uses the total variance of the frequency representation as a measure 

for the overall physical contrast. Since the variance 2σ  of a sine wave with 
amplitude A  is equal to 21

2 A⋅ , the variance of an individual element ( , )F u v , 

denoted as 2
( , )F u vσ , is as follows: 
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The total variance of the frequency representation is the sum of the individual 

2
( , )F u vσ  values: 
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The frequency representation is divided into B  frequency bins; each frequency bin 
b  contains bN  elements with amplitude bA . Equation (3.6)  can now be rewritten 
as follows: 
 

1 1 22 12 2
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3.2.5 Complete Basic Model 

The basic model can be completely defined by equations (3.1) , (3.2) , (3.3) , and 
(3.4)  and the relevant input parameters: 
 
M  and N  : Texture width and height in pixels in the spatial domain 

minλ  and maxλ  : Predefined wavelength threshold values in pixels 

B  : Number of bins into which the range min max[ , ]λ λ  is divided 

ba  : Input amplitude for bin b , 0 b B≤ <  
C  : Base overall physical contrast value 
For random phase: 
S  : Seed value for initialization of random number generation 
 
The actual algorithm that is used to perform the DFT is based on the FFT (Fast 
Fourier Transform) algorithm as described in [COO65]. This algorithm calculates 
the inverse DFT in an efficient manner: ))(( NLogNO ⋅  as opposed to )( 2NO , 
which is the computational complexity of a straightforward implementation ( N  
being the number of elements to be transformed). 
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4. 2D UV-Model 

This chapter describes the first user experiment. Section 4.1 describes how the first 
user experiment is designed and performed, section 4.2 describes the use of 
Multidimensional Scaling (MDS) to analyze the results, section 4.3 discusses the 
fact that textures generated using standard additive synthesis of logarithmically 
binned noise are perceived as having mainly high-frequency characteristics (a 
conclusion drawn from the analysis results presented in section 4.2), and section 
4.4 describes the definition of an improved texture model based on two parameters, 
resulting in the 2D UV-model. 

4.1 User Experiment I – Design 

The first user experiment was designed to get a better understanding of the 
parameter space structure of the basic texture synthesis by searching for meaningful 
underlying dimensions. This is done by analyzing how test subjects perceive 
textures generated by the model. 

4.1.1 Test Subjects 

15  test subjects with normal or corrected-to-normal vision participated in the 
experiment. The subjects’ ages ranged from 17  to 55 . Their professional 
backgrounds and/or the educational area in which they majored – 7  of the test 
subjects were students – varied widely.  

4.1.2 Task 

The test subjects were asked to arrange a set of printed textures on a white sorting 
plane of 50cm 50cm× . They were told that the straight-line distance between each 
two pair of textures is used as a measure for how much these textures differ from 
each other from a perceptual point of view; the larger the distance between two 
textures, the greater their dissimilarity. The complete task description that the test 
subjects were presented with can be found in Appendix B. Printed textures were 
used instead of software that allowed the test subjects to rearrange the textures on a 
display because printed textures allowed the test subjects to use both hands to 
arrange the textures in a natural way without being distracted by the user interface 
and/or method of interaction presented by a combination of software and input 
hardware. 

4.1.3 Texture Selection 

At typical display viewing distances – 50cm  to 70cm  according to [WAR04] – the 
“3  cycles per degree”-optimum illustrated by the CSF (section 2.2.6) translates to a 
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useful wavelength range of about 1 to 10  cycles per degree [WAR92]. For a typical 
viewing distance of 60cm , a display diagonal of 17  inch and a resolution of 
1024 768×  pixels, this translates to a useful wavelength range of about 3  to 31 
pixels (see Appendix A for more details). 
 
Textures for the first user experiment were generated at a range of 

min max[ , ] [3px,20px]λ λ = . The value of maxλ  was reduced from 31 to 20  pixels 
because the textures should also be applicable for shading bar charts and other 
screen elements with a small surface area. The size of the generated textures was set 
to 128 128×  pixels. 
 
The horizontal and vertical number of dots per inch (dpi) on a display with a 17  
inch screen diagonal, a width:height ratio of 4 : 3 , and a resolution of 1024 768×  are 
as follows: 
 

Horizontal dpi:  

2 2

1024 75.3417
4 3

≈

+

 

Vertical dpi:   

2 2

768 75.3317
4 3

≈

+

 

 
The textures were printed at 50

6075.3 ⋅  dpi to ensure the same size on paper as on the 
display at viewing distances of 50cm  instead of 60cm , since the distance at which 
the test subjects viewed the textures during the experiment was somewhat smaller 
than the distance at which the textures are normally viewed on a display. This 
amounts to a printed texture size of 128 50 128 50

75.3 60 75.3 60"  " 1.42" 1 .42" 3.6 cm  3.6 cm⋅ × ⋅ = × = × . 
  
For practical purposes, min max[ , ]λ λ  was divided into 3  bins ( 3B = ), with 

0 1 2( , , ) ( , , ) ( , , )Low Medium High L M Ha a a a a a a a a= = . The range of each bin is divided into 4  

levels, resulting in 34 64=  textures. Preliminary investigation indicated that a 
logarithmic scale instead of a linear scale might be more suitable for the input 
amplitudes ba . A function ( )k x , 0 1x≤ ≤ , is used for mapping the input 

amplitudes ba  onto the range [exp( ),exp( )]p p− , p  being an empirically determined 
maximum output power, by linearly interpolating between p−  and p  in the 
exponent. This amounts to the following: 
 

( ) exp( 2 )k x p xp= − +  
 

Mapping the output of ( )k x  onto the range [exp( 2 ),1]p−  is done as follows: 
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exp( 2 )( )
exp( )
p xpk x
p

− +
=  

 
And after simplification: 
 

( ) exp(2 ( 1))
( )b

k x p x
a k x

= −⎧ ⎫
⎨ ⎬=⎩ ⎭

, 0 1x≤ ≤  

 
With: 

2.17p ≈  : Empirically determined maximum output power 
 
This amounts to (0)k , 1

3( )k , 2
3( )k , and (1)k  for the 4  levels into which each bin is 

divided. A texture can now be defined by its input amplitude levels ( , , )L M Ha a a  = 

( ( ), ( ), ( ))k L k M k H  with 1 2
3 3, , {0, , ,1}L M H ∈ . For ease of readability, the shorthand 

notation ( ( ), ( ), ( ))k L k M k H =[ , , ]L M H  is introduced, e.g., a texture with input 
amplitude levels 1 2

3 3( (0), ( ), ( ))k k k  can be written as 1 2
3 3[0, , ]  using shorthand 

notation. 
 
Normalization of input amplitudes ba  to normalized input amplitudes bα  results in 
duplicate textures. An example of three textures that are each others duplicates after 
normalization are the textures with 1 1

3 3[0, , ] , 1 2 2
3 3 3[ , , ] , and 2

3[ ,1,1]  as their respective 
input amplitude levels. Duplicate textures are removed from the set of textures that 
the test subjects are provided with, reducing the number of textures from 64  to 37 . 
Appendix C contains a list of the textures used. 

4.2 User Experiment I – Results 

Obtaining the primary results from the first user experiment requires the 
processing (entering) of the individual task results and transformation of these 
results into a set of distance matrices. This is described in subsection 4.2.1. The 
distance matrices are subsequently used as input for an MDS procedure for further 
analysis, which is described in subsection 4.2.2. 

4.2.1 Processing Individual Task Results 

After each test subject completes the task, a digital camera is used to take a top-
down, high resolution picture of the arrangement of the textures (picture A). After 
taking picture A, the textures are turned over to reveal their respective ID numbers 
(printed on the back) and a second top-down, high resolution picture is taken 
(picture B). The pictures are used to determine the position of each texture in order 
to subsequently generate a distance matrix (see figure 4.1). 
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Figure 4.1: The top-down, high resolution images that are used to determine the 
position of each texture: (a) texture arrangement; (b) texture IDs (printed on the back) 

A certain amount of rotational and perspective-related distortion is bound to occur 
when taking the top-down pictures (see figure 4.1). It is possible to compensate for 
this distortion by “straightening” picture A and picture B by using inverse 
perspective-correct texture mapping [ELI97] (see Appendix D for a detailed 
description of this technique). After straightening is performed, picture A and 
picture B can be used to perform reliable measurements (see figure 4.2 for a 
depiction of the straightening process). 

 
Figure 4.2: Compensating for rotational and perspective-related distortion by means of 
inverse perspective-correct texture mapping [ELI97] 

The straightened versions of pictures A and B are used to perform the 
measurements by using custom developed software. Both pictures are imported into 
the software; picture A is used for determining the exact location of each texture, 
picture B can be toggled on and off as an overlay to inspect the texture ID. The 
location of a texture is entered into the program by having the user indicate what 
texture he is currently measuring (by choosing the respective ID) and by 
subsequently using a bounding rectangle that can be positioned on top of the 
respective texture within the image to determine the exact texture location. This 
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process is repeated for each texture. After performing the measurements, the 
program uses the entered locations to generate a matrix D  of dissimilarity values 
(distance matrix). This matrix is symmetric, i.e., the distance between two textures 
with ID a  and ID b , denoted as ( , )a bδ  is equal to ( , )b aδ . 

0 (0,1) (0, 1)
(1,0) 0

( 1,0) 0

T

T

δ δ
δ

δ

−⎛ ⎞
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟

−⎝ ⎠

D  

Figure 4.3: A symmetric matrix D  of dissimilarity values (distance matrix) for an 
arrangement consisting of T  textures 

4.2.2 Multidimensional Scaling 

As stated in section 4.1, we are interested in getting a better understanding of the 
parameter space structure of the basic texture synthesis model by searching for 
meaningful underlying dimensions. MDS is an ideal analysis method for this 
purpose. In general, MDS is an exploratory technique that helps us to represent 
dissimilarities between objects as distances in a low-dimensional Euclidean space 
such that there is a good agreement between the dissimilarities and the distances in 
the Euclidean space. In effect, the more dissimilar two objects are, the larger the 
distance between the objects in the Euclidean space should be. Interpretation of the 
dimensions can lead to an understanding of the processes underlying the perceived 
nearness of the objects [WEE01, DEU00, HÄR04]. 
 
An example of MDS is the use of a distance matrix containing the distances 
between a number of cities as the input matrix for an MDS procedure. After 
specifying the desired dimensionality of the MDS solution (in this case 2 ), the MDS 
procedure will most likely produce a two-dimensional representation of the 
locations of the cities: a 2D map. The actual orientation of the axes in the final 
solutions is arbitrary, since rotating the map does not change the distances between 
the cities. 
 
With regard to the first user experiment, MDS is used to obtain an “average” n-
dimensional representation of the way in which test subjects arranged the textures 
on the sorting plane. In order to determine the desired dimensionality, we need to 
measure how well a particular MDS result conforms to the original distance matrix 
used as input for the MDS procedure. The most common measure that is used to 
evaluate this is called the stress measure. The raw stress value Φ  of a configuration 
is defined as follows: 
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2( ( , ) ( ( , )))
i j

d i j f i jδΦ = −∑∑  

 
With: 

( , )d i j  : Distances reproduced by MDS procedure 
( , )i jδ  : Input distances from distance matrix 
:m →  : Monotone transformation function for the input distances 

 
MDS is performed for the dimensionalities 1 through 6  and the resulting raw 
stress values are plotted against the dimensionality; this produces a so called scree 
plot (figure 4.4). The location where the smooth decrease of stress values appears to 
level off to the right of the plot (the “elbow” location) indicates the suggested 
number of dimensions [CAT66]. 

 
Figure 4.4: The location where the smooth decrease of stress values appears to level off 
to the right of the scree plot (the “elbow” location) indicates the suggested number of 
dimensions (in this case 2 ) 

The software used for performing all of the MDS procedures is NewMDSX v4.0.4 
and the specific MDS algorithm that was used is MINISSA-N: MINI-Smallest-
Space-Analysis, Nijmegen version [NEW05]. This algorithm performs the basic 
model of non-metric MDS by taking data in the form of the full square symmetric 
matrix of dissimilarities, whose elements are to be transformed to give the distances 
of the solution. 
 
The distance matrix inputD used as input for the MDS procedure is constructed from 

the 15  distance matrices – one for each test subject – that are available. Let iD  

denote the distance matrix for test subject i , 0 15i≤ < . In order to calculate inputD , 

the user distance matrices iD  need to be normalized to calculate their average. 
Normalization is necessary because test subjects do not use the exact same scale to 
define the differences between textures; some test subject use the full surface area 
of the 50cm 50cm×  sorting plane, while others only use part of it. Normalization is 
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performed by mapping the maximum distance within each user distance matrix iD , 

denoted as max( )iD , to 1, resulting in a normalized distance matrix ˆ
iD  containing 

distances in the range [0,1] : 
 

[ , ]ˆ [ , ]
max( )
i

i
i

m nm n =
DD

D
 

 
The input distance matrix inputD  can be constructed as follows: 

 
14

0

ˆ [ , ][ , ]
15
i

input
i

m nm n
=

=∑DD  

 
The 2D MDS result is presented in figure 4.5 (a large-scale version is provided in 
Appendix E). A pattern can be detected in the texture arrangement, which enables 
the attribution of meaningful dimensions to both axes. 
 
The horizontal axis seems to correspond to the underlying dimension “spatial 
frequency”: low spatial frequencies are located at the left, medium spatial 
frequencies are located around the horizontal center, and high spatial frequencies 
are located at the right. 
 
The vertical axis seems to correspond to the underlying dimension “regularity” 
(variance in the frequency spectrum): textures in which only a single frequency 
component is clearly visible (minimum variance in the frequency spectrum) are 
located at the top; examples of this are [1,0,0] , [0,1,0] , and [0,0,1] . Textures with 
multiple frequency components clearly visible (medium variance in the frequency 
spectrum) are located around the vertical center; an example of this is 1 1 1

3 3 3[ , , ] . 
Textures in which only the minimum and maximum spatial frequencies are clearly 
visible (high variance in the frequency spectrum) are located at the bottom. An 
example of this is 1 1

2 2[ ,0, ] . The dimensions attributed to both axes are described in 
detail in section 4.4. 
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Figure 4.5: Reproduced texture positions as a result of performing 2D MDS; an 
anomalous cluster of high-frequency textures is located at the right edge 

Although the textures used in the experiment are chosen to uniformly sample the 
available frequency range, the 2D MDS result depicted in figure 4.5 clearly shows a 
couple of clusters, one of them being a fairly large and prominent cluster of textures 
located at the right edge. These textures are apparently perceived by the test subjects 
as high-frequency textures that do not differ much from each other. This anomalous 
high-frequency cluster is described in detail in the next section. 

4.3 White Noise is too Blue 

Figure 4.6 shows three textures with different frequency bin amplitudes: figure 4.6a 
shows a low-frequency texture with input amplitude levels [1,0,0] , figure 4.6b 
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shows a medium-frequency texture with frequency bin amplitudes [0,1,0] , and 
figure 4.6c shows a high-frequency texture with frequency bin amplitudes [0,0,1] . 

 
Figure 4.6: Low-, medium-, and high-frequency textures: (a) a texture with frequency 
bin amplitudes [1,0,0] ; (b) a texture with frequency bin amplitudes [0,1,0] ; (c) a texture 
with frequency bin amplitudes [0,0,1]  

When defining a texture with frequency bin amplitudes 1 1 1
3 3 3[ , , ] , a texture with 

range-limited white noise characteristics is the result. White noise contains all 
possible frequencies; range-limited white noise contains all frequencies within the 
range ],[ maxmin λλ . One would expect to be able to perceive a texture with range-
limited white noise characteristics as containing all of the frequencies within that 
range; low-, medium-, and high-frequency textural elements are expected to be 
clearly and equally visible. 
 
Figure 4.7 shows a texture with frequency bin amplitudes 1 1 1

3 3 3[ , , ] . High-frequency 
components are clearly visible, medium-frequency components are far less visible, 
and low-frequency components are hardly visible at all. From a perceptual point of 
view, range-limited white noise looks more like range-limited blue noise: noise 
containing frequencies in the range ],[ maxmin λλ  for which the power per hertz is 
proportional to the frequency, resulting in noise with mainly high-frequency 
characteristics. 

 
Figure 4.7: a texture with frequency bin amplitudes 1 1 1

3 3 3[ , , ] . High-frequency 

components are clearly visible, medium-frequency components are far less visible, and 
low-frequency components are hardly visible at all 

The reason for this is the fact that high-frequency bins contain more frequency 
elements than low-frequency bins: within the frequency domain, the frequency bins 
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comprise a set of concentric rings (see figure 4.8). A high-frequency bin 
corresponds to a ring with a relatively large surface area and hence a relatively large 
number of frequency elements that fall within the wavelength bounds of that 
particular bin. The relatively large surface area of rings corresponding to high-
frequency bins is further increased by the logarithmic scale that is used to divide the 
range ],[ maxmin λλ  into frequency bins. 

 
Figure 4.8: A high-frequency bin corresponds to a ring with a relatively large surface 
area and hence a relatively large number of frequency elements that fall within the 
wavelength bounds of that particular bin 

In order to obtain the expected (and desired) “visually balanced” range-limited white 
noise characteristics in which all of the frequencies within the range ],[ maxmin λλ  are 

clearly and equally visible, the number of frequency elements bN  that fall within the 
wavelength bounds of frequency bin b  can be used as a means of compensation. 
 
A model is now proposed that maps desired input amplitudes ba  to effective output 

amplitudes bA  for each frequency bin b , 0 b B≤ < , while compensating for the 
high-frequency characteristics of standard range-limited white noise. Constant 
overall physical contrast is maintained as before. 

4.3.1 High-Frequency Compensation Model 

Recall equation (3.4)  from section 3.2.4; constant overall physical contrast is 
provided by maintaining the following relationship: 
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21
2

0 2

B
b b

b

A NC
−

=

= ∑  

 

b bA hα=  (equation (3.3)  from section 3.2.4) is the basic model for mapping 

normalized input amplitudes bα  to effective output amplitudes bA  using the 
constant overall physical contrast compensation factor h . This model does not 
provide any form of high-frequency compensation; it only provides constant overall 
physical contrast. Substitution of b bA hα=  in equation (3.4)  and solving for h  
yields the standard definition of h  as provided in section 3.2.4: 
 

21

0 2

B
b b

b

Ch
Nα−

=

=

∑
 

 
An improvement upon the basic model b bA hα=  can be provided by observing that 

bC , the physical contrast  of frequency bin b , can be written in the form of equation 
(3.4) : 
 

2
2

2
b b

b
A NC =  (4.1)  

 
Rearranging equation (4.1)  results in the following: 
 

2 b
b

b

CA
N

=  (4.2)  

 
The value of 2 bC  in equation (4.2)  can be regarded as the normalized input 

amplitude bα , i.e., 2 b bC α= , resulting in a high-frequency compensation model 

that defines the effective output amplitude bA  as inversely proportional to bN : 

 
b

b
b

A
N
α

=  (4.3)  

 
If constant overall physical contrast compensation is also added to equation (4.3)  by 
incorporating the compensation factor h , we arrive at a complete model that is able 
to compensate for the high-frequency characteristics of standard range-limited 
white noise while maintaining constant overall physical contrast: 
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b
b

b

A h
N
α

=  (4.4)  

 

Substitution of b
b

b

A h
N
α

=  in equation (3.4)  and solving for h  yields: 

 

21

0 2

B
b

b

Ch
α−

=

=

∑
 (4.5)  

 
The model is tested by investigating the perceptual uniformity of a texture filled 
triangle. The corners of the triangle are set to frequency bin input amplitudes 
[1,0,0] , [0,1,0] , and [0,0,1] , respectively. The triangle is filled by linearly 
interpolating between these corner textures. 
 
Figure 4.9 shows a down-sized version of the resulting triangle for the new 
compensation model defined by equation (4.4)  and an individual texture with 
frequency bin amplitudes 1 1 1

3 3 3[ , , ] . A full-sized version is presented in Appendix F, 
including a triangle that is generated using the basic model defined by equation 
(3.3)  (provided for comparison). 
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Figure 4.9: The resulting triangle for the high-frequency compensation model defined 
by equation (4.4)  and an individual texture with frequency bin amplitudes 1 1 1

3 3 3[ , , ]  

Comparison of both triangles and the individual textures with frequency bin 
amplitudes 1 1 1

3 3 3[ , , ]  indicates that the proposed model is indeed capable of 
compensating for the high-frequency characteristics of standard range-limited white 
noise while maintaining constant overall physical contrast. The use of this model 
results in the expected (and desired) “visually balanced” range-limited white noise 
characteristics in which all of the frequencies within the range ],[ maxmin λλ  are 
clearly and equally visible. 
 
Furthermore, it becomes apparent by inspecting figure 4.9 that using a logarithmic 
scale for the input amplitudes has become unnecessary after the introduction of the 
high-frequency compensation model: high-frequency compensation combined with 
a linear scale for the input amplitudes (linear interpolation between the corner 
textures [1,0,0] , [0,1,0] , and [0,0,1] ) results in a perceptually uniform gradient fill 
of the triangle. 
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4.4 2D UV-Model 

The purpose of the 2D “UV-model” presented in this section is twofold: it provides a 
way of defining the spatial frequency and regularity characteristics of a texture in an 
intuitive way and it provides a way of determining how much two textures differ 
from each other from a perceptual point of view. 
 
The UV-model is parameterized by two variables: u , 0 1u≤ ≤ , and v , 0 1v≤ ≤  that 
control texture frequency and texture regularity, respectively. Due to the twofold 
nature of the 2D UV-model, two conversion methods are provided: (1) converting 
input coordinates ( , )u v  to normalized frequency bin input amplitudes bα  to enable 
the intuitive definition of texture characteristics and ( 2 ) converting input 
coordinates ( , )u v  to spatial coordinates ( , )x y  in 2D Euclidean space to provide a 
way of determining texture dissimilarity. 
 
The triangle depicted in figure 4.9 provides a 2D texture space that seems 
reasonable at first glance, but the fact that the distance between textures [1,0,0]  and 
[0,0,1]  is the same as the distance between textures [0,1,0]  and [0,0,1]  (or textures 
[0,1,0]  and [1,0,0] ) indicates that distances within the 2D texture space provided by 
the triangle cannot be used as a reliable way of determining texture dissimilarity. 

4.4.1 Explaining the MDS Arrangement 

As stated in subsection 4.2.2, the horizontal axis in figure 4.5 seems to correspond 
to the underlying dimension “spatial frequency”. The horizontal arrangement of the 
MDS configuration can be explained by considering that a straightforward way of 
organizing spatial frequency along the horizontal axis is achieved by positioning the 
textures [1,0,0] , [0,1,0] , and [0,0,1]  on the horizontal axis from left to right: 

 
Figure 4.10: Positioning the textures [1,0,0] , [0,1,0] , and [0,0,1]  from left to right is a 
straightforward way of organizing spatial frequency along the horizontal axis 

The spatial frequency organization along the horizontal axis can be extended by 
observing that a texture with average medium spatial frequency characteristics is 
provided by a texture with frequency bin amplitudes [0,1,0]  (low variance in the 
frequency spectrum, i.e., high regularity) as well as a texture with frequency bin 
amplitudes 1 1

2 2[ ,0, ]  (high variance in the frequency spectrum, i.e., low regularity): 
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Figure 4.11: A texture with average medium spatial frequency characteristics is provided 
by a regular texture with frequency bin amplitudes [0,1,0]  as well as an irregular 
texture with frequency bin amplitudes 1 1

2 2[ ,0, ]  

Introduction of these two distinct medium-frequency textures also introduces two 
paths that can be followed to travel from low spatial frequency at the left to high 
spatial frequency at the right. The two paths, a number of textures located at 
different positions on both paths, and the frequency bin amplitudes for each of the 
textures are shown in figure 4.12. 

 
Figure 4.12: Due to the fact that a medium-frequency texture is provided by a texture 
with frequency bin amplitudes [0,1,0]  as well as a texture with frequency bin 
amplitudes 1 1

2 2[ ,0, ] , two paths – one “regular” and one “irregular” – can be followed to 

travel from low spatial frequency at the left to high spatial frequency at the right 
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The low- and high-frequency textures [1,0,0]  and [0,0,1] , respectively, have the 
same amount of regularity (variance in the frequency spectrum) as the medium-
frequency texture [0,1,0] . This is also indicated by the MDS configuration shown in 
figure 4.5: the low- and high-frequency textures [1,0,0]  and [0,0,1]  are located 
closer to the top, i.e., closer to the regular medium-frequency texture [0,1,0]  than to 
the irregular medium-frequency texture 1 1

2 2[ ,0, ] .  
 
This is a direct result of the fact that the test subjects perceived the textures [1,0,0]  
and [0,0,1]  as more similar to the texture [0,1,0]  than to the texture 1 1

2 2[ ,0, ] . This 
upward shift of the textures [1,0,0]  and [0,0,1]  is depicted in figure 4.13. 

 
Figure 4.13: The regular low- and high-frequency textures [1,0,0]  and [0,0,1] , 
respectively, are perceived as more similar to the regular medium-frequency texture 
[0,1,0]  than to the irregular medium-frequency texture 1 1

2 2[ ,0, ] , which results in [1,0,0]  

and [0,0,1]  being located closer to [0,1,0]  than to 1 1
2 2[ ,0, ]  

Further inspection of the MDS configuration in figure 4.5 shows the presence of 
“holes” where the textures 1 1

2 2[ , ,0]  (upper left) and 1 1
2 2[0, , ]  (upper right) should be 

located according to the 2D “model” presented in figure 4.13. Apparently, the 
regular path [1,0,0]  - [0,1,0]  - [0,0,1] , which can be divided into the low- and high-
frequency segments [1,0,0]  - [0,1,0]  and [0,1,0]  - [0,0,1] , respectively, is bend 
downward at the middle of each of the two segments (see figure 4.14). 
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Recall from subsection 4.2.2 that the vertical axis in figure 4.5 seems to correspond 
to the underlying dimension “regularity”. Irregular textures are located closer to the 
irregular medium-frequency texture 1 1

2 2[ ,0, ]  at the bottom, whereas regular textures 
are located closer to the regular medium-frequency texture [0,1,0]  at the top. 
 
The downward bending at the middle of the low- and high-frequency segments into 
which the regular path is divided can now be explained by observing that the 
textures 1 1

2 2[ , ,0]  and 1 1
2 2[0, , ]  that are located at the middle of the low- and high-

frequency segment, respectively, also exhibit a certain amount of irregularity. Their 
frequency characteristics are defined by two frequency bins with non-zero 
amplitudes instead of one frequency bin with non-zero amplitude, as is the case 
with the textures [1,0,0] , [0,1,0] , and [0,0,1] . 

 
Figure 4.14: The regular path [1,0,0]  - [0,1,0]  - [0,0,1] , which can be divided into the 
low- and high-frequency segments [1,0,0]  - [0,1,0]  and [0,1,0]  - [0,0,1] , respectively, is 
bend downward at the middle of each of the two segments 

The textures 1 1
2 2[ , ,0]  and 1 1

2 2[0, , ]  are therefore pushed downward in the direction of 
the irregular textures (located near the bottom), which results in the downward 
bending at the middle of the low- and high-frequency segments. 
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It should be noted that figures 4.11 through 4.14 depict the 2D model explaining the 
MDS configuration shown in figure 4.5 as having a width:height ratio of 
approximately 3: 2 . This is done in order to clearly illustrate certain aspects of the 
model without having the graphical elements that make up figures 4.11 through 
4.14 overlap each other, which would result in cluttered images. It follows from 
figure 4.5 that the actual width:height ratio of the model is closer to 9 : 4  than to 
3: 2 , clearly indicating that the test subjects perceived spatial frequency as a more 
important visual dimension for discriminating between textures than regularity. 

4.4.2 Mathematical Model 

As stated in the introduction of section 4.4, the 2D model depicted in figure 4.14 
can be parameterized by two variables u , 0 1u≤ ≤ , and v , 0 1v≤ ≤ , that control 
spatial frequency and regularity, respectively. One of the functions of the 2D UV-
model is the conversion of input coordinates ( , )u v  to output coordinates ( , )x y  in 
2D Euclidean space. The details of this conversion are now presented. 
 
The regular path [1,0,0]  - [0,1,0]  - [0,0,1]  is parameterized by taking a parabola 

( 22 2y u u= − ) as the basic shape for each of the segments [1,0,0]  - [0,1,0]  and 
[0,1,0]  - [0,0,1]  into which the regular path is divided. Mapping the parabola to 
each of the two regular path segments amounts to the following for Rx  and Ry , the 
x- and y-coordinates of the regular path, respectively: 
 

1
2
1
2

4(2 1)
4(2 1)( 1)

R

R

x u
u u if u

y
u u if u

=

− ≤⎧ ⎫
= ⎨ ⎬

− − >⎩ ⎭

 

 
Figure 4.15: The regular path after mapping a parabola to each of the two segments into 
which the regular path is divided 
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Figure 4.15 clearly shows that the downward bending “strength” of each of the two 
regular path segments is too high when compared to figures 4.5 and 4.14. The 
amount of downward bending can be controlled by the introduction of a scale factor 
b , 0 1b≤ ≤ . Figure 4.15 also illustrates that the textures [1,0,0] , [0,1,0] , and [0,0,1]  
have the same y-coordinate. Although the low- and high-frequency textures [1,0,0]  
and [0,0,1]  should be positioned closer to the regular medium-frequency texture 
[0,1,0]  than to the irregular medium-frequency texture 1 1

2 2[ ,0, ] , they should not be 
automatically locked to the same y-coordinate as the regular medium-frequency 
texture [0,1,0] . The position of the low- and high-frequency textures can be 
controlled by the introduction of the variable p , 0 1p≤ ≤  (figure 4.16 depicts the 
regular path for different values of p ): 
 

1
2
1
2

(2 1)(4 )
(2 1)(4( 1) )

R

R

x u
u u b p if u

y
u u b p if u

=

− ⋅ + ≤⎧ ⎫
= ⎨ ⎬

− − ⋅ − >⎩ ⎭

 (4.6)  

 
With: 
b  : Regular path downward bending strength, 0 1b≤ ≤  
p  : Low- and high-frequency position, 0 1p≤ ≤  

 
Figure 4.16: The regular path for different values of the low- and high-frequency 
position p  ( 0.3b = ) 

The irregular path [1,0,0]  - 1 1
2 2[ ,0, ]  - [0,0,1]  is also parameterized by taking a 

parabola ( 24( )y u u= − ) as the basic shape. The position of the low- and high-
frequency textures on the irregular path are controlled by the low- and high-
frequency position p  as well. Mapping the parabola to the irregular path amounts 
to the following for Ix  and Iy , the x- and y-coordinates of the irregular path, 
respectively: 
 

24( )(1 )
I

I

x u

y u u p p

=

= − − −
 (4.7)  
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In order to determine the output coordinates ( , )x y  of a texture defined by input 
coordinates ( , )u v , equations (4.6)  and (4.7)  for the regular and irregular path, 
respectively, need to be combined. In order to provide the UV-model with a 
width:height ratio that is in agreement with the fact that the test subjects perceived 
spatial frequency as a more important visual dimension for discriminating between 
textures than regularity, the variable r , 0r > , is introduced to control the 
width:height ratio of the UV-model. The UV-model is also shifted upward to the 
positive part of the 2D coordinate space (figure 4.17 shows the complete UV-model): 
 

(1 ) 1R I

x u
v y v yy

r

=
⋅ + − ⋅ +

=
 (4.8)  

 
With: 
r  : Width:height ratio controlling variable, 0r >  

 
Figure 4.17: The complete 2D UV-model with 2r = , 0.3b = , and 0.25p =  and the 
location of a texture with ( , )u v -coordinates 1 2

3 3( , )  within the model 

As stated in the introduction of section 4.4, the UV-model should also provide the 
conversion of input coordinates ( , )u v  to normalized frequency bin input 
amplitudes bα  to enable the definition of desired texture characteristics by using the 
more natural input dimensions spatial frequency u  and regularity v  instead of 
defining the desired texture characteristics by directly manipulating the normalized 
frequency bin input amplitudes bα . 
 
The relationship between input coordinates ( , )u v  and normalized frequency bin 
input amplitudes bα  is as follows: 
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1
2
1
2

1
2
1
2

1
2
1
2

1
(4.9a)

(1 ) (1 )

2
(4.9b)

(2 2 )

(1 )
(4.9c)

( 1)

L

M

H

u u v if u
v u if u

v u if u
v u if u

v u if u
v u u if u

α

α

α

− − ⋅ ≤⎧ ⎫
= ⎨ ⎬

− ⋅ − >⎩ ⎭
⋅ ≤⎧ ⎫

= ⎨ ⎬
⋅ − >⎩ ⎭
− ⋅ ≤⎧ ⎫

= ⎨ ⎬
⋅ − + >⎩ ⎭

 

 
Figure 4.18 depicts how the normalized frequency bin input amplitudes bα  change 
when traveling along the regular ( 1v = ) and irregular ( 0v = ) paths of the 2D UV-
model. 

 
Figure 4.18: Relationship between the normalized frequency bin input amplitudes bα  

and the regular and irregular paths of the 2D UV-model 

4.4.3 Model Fitting 

Fitting the 2D UV-model to the 2D MDS configuration amounts to finding the 
optimal combination of the shape defining parameters r  (width:height ratio), b  
(regular path downward bending strength), and p  (low- and high-frequency 
position) of the 2D UV-model. 
 
Since the effective output amplitudes bA  of the textures used in the first user 
experiment are known, equations (4.4)  and (4.5)  can be applied to convert the 
effective output amplitudes bA  to normalized input amplitudes bα  for the high-
frequency compensation model. This amounts to the following: 
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b b
b

A N
h

α
⋅

=  (4.10)  

 

Because the normalized input amplitudes sum to 1, i.e., 
1

0
1

B

b
b
α

−

=

=∑ , the following 

holds for h : 
 

1

0

B

b b
b

h A N
−

=

= ⋅∑  (4.11)  

 
The relationship between normalized input amplitudes bα  and input coordinates 
( , )u v  provided by equations (4.9 )a , (4.9 )b , and (4.9 )c  can subsequently be used to 
convert the input amplitudes bα  of the textures used in the first user experiment to 
input coordinates ( , )u v . The final step is the conversion of input coordinates ( , )u v  
to output coordinates ( , )x y  in 2D Euclidean space (the conversion chain is depicted 
in figure 4.19). 

 
Figure 4.19: Conversion chain for the transformation of effective output amplitudes bA  

of the textures used in the first user experiment into output coordinates ( , )x y  in 2D 
Euclidean space according to the UV-model 

Every combination of the shape defining parameters r , b , and p  of the UV-model 
results in a different set of output coordinates ( , )x y  of the textures used in the first 
user experiment. 
 
In order to determine how well a set of ( , )x y -coordinates generated by the UV-
model matches with the set of ( , )x y -coordinates of the 2D MDS configuration, 
Pearson’s correlation coefficient Pr , 1 1Pr− ≤ ≤ , is used to compare the symmetric 

distance matrix MDSD  of the 2D MDS configuration with the symmetric distance 

matrix UVD  of the 2D configuration generated by the UV-model. An Pr  of 1−  

denotes a perfect inverse relationship between the two matrices; an Pr  of 1 denotes 
a perfect direct relationship between the two matrices. 
 

Pr  of MDSD  and UVD  is calculated instead of directly calculating Pr  of the ( , )x y -
coordinates of the 2D configuration generated by the UV-model and the ( , )x y -
coordinates of the 2D MDS configuration because comparison of the distance 
matrices cancels out possible differences between the coordinate sets with regard to 
translation and/or rotation. Pr  is calculated as follows [GEO04]: 
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2

2 2 2 2 2 2( ( ) ) ( ( ) )

ij ij ij ij
ij ij ij

P

ij ij ij ij
ij ij ij ij

T
r

T T

⋅ − ⋅
=

⋅ − ⋅ ⋅ −

∑ ∑ ∑

∑ ∑ ∑ ∑

A B A B

A A B B
 

 
With: 
A  : MDSD  

B  : UVD  
T   : Number of textures used in the first user experiment 
,i j  : , {0,1, , 1}i j T∈ −…  

 
Preliminary investigation indicated that according to Pr , the optimal combination of 
the shape defining parameters r , b , and p  of the UV-model resides in the range 
defined by r  ×  b  ×  p  = [1.50,  2.50]  ×  [0.00,  0.50]  ×  [0.00,  0.50] . By exhaustively 
working through all possible combinations of r , b , and p  at a step size of 0.01 , 
the optimal value of Pr  ( 0.96268 ) was reached at 2.22r = , 0.32b = , and 0.20p = ; 
figure 4.20 depicts the shape of the UV-model for these values of the shape defining 
parameters. 

 
Figure 4.20: Shape of the UV-model for the shape defining parameters 2.22r = , 

0.32b = , and 0.20p = ; these are the optimal values for matching the UV-model to the 
2D MDS configuration according to an Pr -value of 0.96268  
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5. 3D UVC-Model 

This chapter describes the extension of the 2D UV-model to the 3D UVC-model by 
way of a second user experiment. The UVC-model expands upon the UV-model by 
providing an intuitive way to define the overall physical contrast of a texture, 
increasing the expressiveness of the texture synthesis model. Section 5.1 describes 
the basic idea behind the extension and presents preliminary assumptions with 
regard to the (shape of the) UVC-model, section 5.2 describes how the second user 
experiment is designed and performed, section 5.3 describes the use of MDS to 
analyze the results of the second user experiment, and section 5.4 describes the 
definition of the 3D UVC-model. 

5.1 Basic Idea 

It is possible to add an intuitive way of defining the overall physical contrast of a 
texture by adding an additional dimension to the 2D UV-model as depicted in figure 
5.1; textures with high overall physical contrast are located at the top of the model, 
textures with low overall physical contrast are located at the bottom (the “tip”) of the 
model. 
 
The additional dimension introduced to control the overall physical contrast is 
denoted by c , 0 1c≤ ≤ , hence the name “UVC-model”. c  is incorporated into the 
texture synthesis model by adding it to equation (4.5)  as a scaling factor for the 
base overall physical contrast value C : 
 

21

0 2

B
b

b

Ch c
α−

=

= ⋅

∑
 (5.1)  
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Figure 5.1: A way of defining the overall physical contrast of a texture is added by 
extending the 2D UV-model with an additional dimension denoted by c  

The conical representation of the UVC-model is analogous to the conical 
representation of the HSV (hue, saturation, value) color space (see figure 5.2). If the 
V-value of a color within the HSV color space is minimized, the H- and S-values 
become irrelevant. A similar statement can be made for a texture within the UVC 
texture space: if the C-value of a texture within the UVC texture space is minimized, 
the U- and V-values become irrelevant. 

 
Figure 5.2: Depiction of the analogy between the conical UVC texture model and the 
conical HSV color model: if the C-value of a texture within the UVC texture space is 
minimized, the U- and V-values become irrelevant; if the V-value of a color within the 
HSV color space is minimized, the H- and S-values become irrelevant 
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Although figure 5.1 depicts the basic shape of the UVC-model, the results of the 
second user experiment – a 3D MDS configuration – indicate that the introduction 
of additional shape defining parameters for the UVC-model is necessary in order to 
create an optimal match between the texture positions indicated by the UVC-model 
and the texture positions specified by the 3D MDS configuration. This is described 
in detail in sections 5.3 and 5.4. 

5.2 User Experiment II – Design 

The second user experiment was designed to get a better understanding of how 
physical contrast interacts with spatial frequency and regularity. This is done by 
analyzing how test subjects perceive textures generated by the UV-model at varying 
levels of overall physical contrast. Based on the results of the second user 
experiment, the physical contrast dimension c  is incorporated into the UV-model, 
resulting in the UVC-model. 

5.2.1 Test Subjects 

25  test subjects with normal or corrected-to-normal vision participated in the 
experiment. The subjects’ ages ranged from 17  to 55 . Their professional 
backgrounds and/or the educational area in which they majored – 16  of the test 
subjects were students – varied widely. 

5.2.2 Task 

The test subjects were asked to partition a set of textures into a number of clusters, 
more specifically, stacks, according to their own judgment while conforming to the 
fact that they perceive textures that are part of the same stack as (almost) identical. 
Textures that are part of the same stack have a dissimilarity of 0  with respect to 
each other, whereas textures that are not part of the same stack have a dissimilarity 
of 1 with respect to each other. No restrictions were placed on the number of stacks 
that the test subjects were allowed to use, although a number of 6 2±  was offered as 
a reasonable guideline. The complete task description that the test subjects were 
presented with can be found in Appendix G. Printed textures were used instead of 
software that allowed the test subjects to rearrange the textures on a display because 
printed textures allowed the test subjects to use both hands to arrange the textures 
in a natural way without being distracted by the user interface and/or method of 
interaction presented by a combination of software and input hardware. 
 
The reason for having the test subjects arrange the textures into stacks instead of 
having them use the Euclidean distance between each two pair of textures as a 
dissimilarity measure is because an additional dimension is now used to generate 
the textures. Forcing the test subjects to arrange the textures on a sorting plane 
could make the task difficult for them, since a sorting plane does not provide them 
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with the option of using three “gradients” or axes to arrange the textures; the usage 
of stacks simplifies the task for the test subjects. Details regarding the effect of the 
binary nature of the dissimilarity measure on the results is provided in subsection 
5.3.2. 

5.2.3 Texture Selection 

The textures for the second user experiment were generated according to the same 
basic specifications as the textures used in the first user experiment (subsection 
4.1.3): a range of min max[ , ] [3px,20px]λ λ = , a resolution of 128 128×  pixels, and a 
printed texture size of 3.6 cm  3.6 cm× . However, the 2D UV-model is now used to 
enable a more uniform way of selecting the textures. The 40  textures that were 
selected for the second user experiment are depicted in figure 5.3. Appendix H 
contains a complete list of the ( , , )u v c -values of these textures. 

 
Figure 5.3: The positions of the 40  textures used in the second user experiment within 
the texture space defined by the 3D UVC-model 

5.3 User Experiment II – Results 

Obtaining the primary results from the second user experiment requires the 
processing of the individual task results and transformation of these results into a 
set of binary symmetric similarity or co-occurrence matrices. This is described in 
subsection 5.3.1. The co-occurrence matrices are subsequently used as input for an 
MDS procedure for further analysis, which is described in subsection 5.3.2. 
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5.3.1 Processing Individual Task Results 

After each test subject completes the task, the result is recorded by listing the 
textures within each stack. This information is imported into a custom developed 
program that uses this information to construct a co-occurrence matrix S  of size 
40 40×  for which the following holds: 
 

1 stack( ) stack( )
[ , ]

0
if m n

m n
otherwise

=⎧ ⎫
= ⎨ ⎬
⎩ ⎭

S  

 
With: 
stack( )i  : Stack to which the texture with ID i  belongs 

5.3.2 Multidimensional Scaling 

NewMDSX v4.0.4 and the MINISSA-N MDS algorithm were used once again for 
performing multidimensional scaling. The matrix inputS  used as input for the MDS 

procedure is constructed from the 25  co-occurrence matrices that are available. Let 

iS  denote the co-occurrence matrix for test subject i , 0 25i≤ < . inputS  can be 

constructed as follows: 
 

24

0
[ , ] [ , ]input i

i
m n m n

=

= ∑S S  

 

inputS  can be treated as a similarity matrix: a high value of [ , ]input m nS  indicates that 

many test subjects perceived the textures m  and n  as (almost) identical, i.e., the 
similarity between the textures m  and n  is high, whereas a low value of [ , ]input m nS  

indicates that few test subjects perceived the textures m  and n  as (almost) identical, 
i.e., the similarity between the textures m  and n  is low. 
 
Although quantitative information with regard to the similarity between two 
textures is lost due to the binary nature of the co-occurrence matrix, the overall 
shape of the MDS configuration is only influenced by this to a minimal degree 
[BOR97]. The probability of distortion is further minimized by the increased 
number of test subjects that participated in the second user experiment. Figure 5.4 
shows the overall correspondence of the 3D MDS configuration to the proposed 
conical shape of the 3D UVC-model. 
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Figure 5.4: Reproduced texture positions as a result of performing 3D MDS: (a) XZ -
view with spatial frequency u  visualized using grayscale (black is low, white is high); 
(b) XZ -view with overall physical contrast c  visualized using grayscale (black is low, 
white is high); (c) YZ -view with regularity v  visualized using grayscale (black is low, 
white is high) 

The 3D MDS configuration depicted in figure 5.4 illustrates a number of 
morphological features that are not integrated into the conical UVC-model shape 
proposed in section 5.1, like the curved tapering toward the zero-contrast tip and the 
downward curving of the maximum-contrast edge at the top of the model. The 
following section describes how these features can be incorporated into the 3D 
UVC-model through the introduction of additional shape defining parameters and a 
subsequent model fitting procedure. 

5.4 3D UVC-Model 

The UVC-model is parameterized by three variables: u , 0 1u≤ ≤ , v , 0 1v≤ ≤ , and 
c , 0 1c≤ ≤  that control texture frequency, regularity,  and overall physical contrast, 
respectively. The 2D UV-model is extended to the 3D UVC-model, resulting in two 
extended conversion methods: (1)  converting input coordinates ( , , )u v c  to effective 
frequency bin output amplitudes bA  to enable the intuitive definition of texture 
characteristics and (2)  converting input coordinates ( , , )u v c  to spatial coordinates 
( , , )x y z  in 3D Euclidean space to provide a way of determining texture dissimilarity. 
 
Due to the 3D nature of the UVC-model, the coordinates of the model have changed 
from input tuple ( , )u v  and output tuple ( , )x y  to input triple ( , , )u v c  and output 
triple ( , , )x y z , respectively. To avoid confusion between the input and output triples 
of the UVC-model and the triples ( , , )L M Ha a a , ( , , )L M Hα α α , and ( , , )L M HA A A  
denoting frequency bin input amplitudes, normalized frequency bin input 
amplitudes and frequency bin output amplitudes, respectively, the following 
notation with regard to triples is introduced: 
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(  ,   ,   UVC_ _ _ )  : Denotes UVC-model input coordinates ( , , )u v c  

(  ,   ,   XYZ_ _ _ )  : Denotes UVC-model spatial output coordinates ( , , )x y z  

(  ,   ,   a_ _ _ )   : Denotes frequency bin input amplitudes ( , , )L M Ha a a  

(  ,   ,   α_ _ _ )   : Denotes normalized frequency bin input amplitudes ( , , )L M Hα α α  

(  ,   ,   A_ _ _ )   : Denotes frequency bin output amplitudes ( , , )L M HA A A  

5.4.1 Explaining the MDS Arrangement 

The curved tapering toward the zero-contrast tip illustrated by figure 5.4 is a result 
of the way in which the perceived amount of dissimilarity between two textures is 
related to the difference in overall physical contrast between the two textures. The 
assumption that the perceived dissimilarity between the pair of textures (0,1,0)UVC  

and 1
2(0,1, )UVC  is equal to the perceived dissimilarity between the pair of textures 

1
2(0,1, )UVC  and (0,1,1)UVC , simply because of the fact that both texture pairs exhibit 

the same amount of difference with regard to the overall physical contrast ( 1
2cΔ = ), 

does not hold. 
 
This can be explained by observing that the transition from a texture with 0c =  to a 
texture with 1

2c =  is considered to be more important from a perceptual point of 

view than the transition from a texture with 1
2c =  to a texture with 1c = . The latter 

transition only causes an increase in the visibility of a pattern that is already visible at 
1
2c = , whereas the former transition causes the appearance of a pattern that is not 

visible at all at 0c = . 
 
The graph in figure 5.5 illustrates the higher importance of a change in the overall 
physical contrast c  for textures with low c -values than for textures with high c -
values. The length of a segment between two adjacent textures in figure 5.5 is a 
measure for the perceived amount of dissimilarity between the two textures. In 
essence, the graph presented in figure 5.5 represents the shape of the left and right 
silhouette edges depicted in figure 5.4 as dotted curves that illustrate the curved 
tapering of the UVC-model toward the zero-contrast tip. 
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Figure 5.5: A change in the overall physical contrast c  for textures with low c -values is 
more important than for textures with high c -values from a perceptual point of view; 
the length of a segment between two adjacent textures in the Euclidean two-
dimensional plane is a measure for the perceived amount of dissimilarity between the 
two textures 

The 3D MDS configuration shown in figure 5.4 also displays downward curving of 
the maximum-contrast edge at the top of the model. The downward curving is a 
consequence of the spatial contrast sensitivity of the human visual system 
(subsection 2.2.6). According to the spatial contrast sensitivity function (figure 2.6), 
observers are most sensitive to patterns with a periodicity of approximately 3 cpd. 
This amounts to a spatial wavelength of approximately 20  pixels at typical display 
conditions – a viewing distance of approximately 60cm , a 17  inch display diagonal, 
and a resolution of 1024 768×  pixels – which is the upper bound of the range that 
was used for generating the textures ( min max[ , ] [3px,20px]λ λ = ). The perceived 
contrast is therefore highest at 0u =  and starts diminishing when u  is increased 
while the overall physical contrast c  is kept constant, resulting in the downward 
curving of the top of the model. 

5.4.2 Mathematical Model 

One of the functions of the 3D UVC-model is the conversion of input coordinates 
( , , )u v c  to output coordinates ( , , )x y z  in 3D Euclidean space. The details of this 
conversion are now presented. 
 
Recall equation (4.8)  describing the relationship between input coordinates ( , )u v  
and output coordinates ( , )x y  of the 2D UV-model. Equation (4.8)  is extended with 
additional shape defining parameters e , t , s , and a  as follows: 
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1 1
2 2
1 1
2 2

( )
( )

(1 ( , ) )

uv

uv r r

x x g
y y g
z c e f u a s

= − ⋅ +⎧ ⎫
⎪ ⎪= − ⋅ +⎨ ⎬
⎪ ⎪= ⋅ ⋅ + ⋅⎩ ⎭

 (5.2)  

 
With: 

uvx  : x -coordinate according to the 2D UV-model, i.e., x from equation (4.8)  

uvy  : y -coordinate according to the 2D UV-model, i.e., y from equation (4.8)  
g  : Auxiliary scaling variable for tapering the UVC-model: 
  1 (1 , )g f c t= + −  
f  : Basic logarithmic function for fitting the top edge and the 

  tapering edges of the UVC-model: 

   
1 exp(2 )( , )

exp(2 ) 1
m nf m n
n

− ⋅ ⋅
=

⋅ −
 

e  : Shape defining parameter controlling the height:width elevation ratio, 0e >  
t  : Shape defining parameter controlling the curved tapering amount, 0t >  
s  : Shape defining parameter controlling the slope of the top, 0 1s≤ ≤  
a  : Shape defining parameter controlling the arching amount of the top, 0a >  
 
Figure 5.6 displays an XZ -view of the UVC-model with 1e = , 1t = , 0.4s = , and 

1a = . Appendix I contains an overview of the XZ -view of the UVC-model for 
different values of e , t , s , and a . 

 
Figure 5.6: An XZ -view of the 3D UVC-model with 1e = , 1t = , 0.4s = , and 1a = . The 
dotted curves connect textures with identical c -values 
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Figures 5.4a and 5.5b show a larger amount of vertical spacing in the lower part of 
the MDS configuration (near the zero-contrast tip) than in the upper part (near the 
maximum-contrast edge). This suggests that the curved tapering toward the zero-
contrast tip as described in subsection 5.4.1 is not sufficient to account for the 
higher importance of a change in the overall physical contrast c  for textures with 
low c -values than for textures with high c -values. Equation (5.2)  is therefore 
extended with two additional shape defining parameters i  and l  to control the z-
spacing of textures based on their amount of overall physical contrast (figure 5.7 
displays an XZ -view of the UVC-model with 1e = , 1.8t = , 0.4s = , 1.5a = , 0.7i = , 
and 0.3l = ): 
 

1 1
2 2
1 1
2 2

( )
( )
(1 (1 , )) (1 ( , ) )

uv

uv r r

x x g
y y g
z f c i u l e f u a s

= − ⋅ +⎧ ⎫
⎪ ⎪= − ⋅ +⎨ ⎬
⎪ ⎪= + − − ⋅ ⋅ ⋅ + ⋅⎩ ⎭

 (5.3)  

 
With: 
i  : Shape defining parameter controlling the internal z-spacing, 0i >  
l  : Shape defining parameter controlling the slope of the z-spacing, 0 1l≤ ≤  

 
Figure 5.7: An XZ -view of the 3D UVC-model with 1e = , 1.8t = , 0.4s = , 1.5a = , 

0.7i = , and 0.3l = . The dotted curves connect textures with identical c -values 
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The UVC-model should also provide the conversion of input coordinates ( , , )u v c  to 
frequency bin output amplitudes bA  to enable the definition of desired texture 
characteristics by using the more natural input dimensions spatial frequency u , 
regularity v , and overall physical contrast c  instead of using the less intuitive way 
of defining the desired texture characteristics by directly manipulating the frequency 
bin output amplitudes bA . 
 
The relationship between input coordinates ( , , )u v c  and frequency bin output 
amplitudes bA  is defined by equations (4.4) , (4.9) , and (5.1) : 
 

b
b

b

A h
N
α

=  

 
With: 
h   : Variable overall physical contrast compensation as defined by equation (5.1) : 

  
21

0 2

B
b

b

Ch c
α−

=

= ⋅

∑
 

bα   : { , , }b L M Hα α α α∈  as defined by equation (4.9)  

5.4.3 Model Fitting 

Fitting the 3D UVC-model to the 3D MDS configuration amounts to finding the 
optimal combination of the shape defining parameters e  (z:x elevation ratio), t  
(curved tapering amount), s  (top slope), a  (top arching amount), i  (internal 
spacing), and l  (internal slope). Fitting is performed while keeping the shape 
defining parameters of the 2D UV-model – r  (x:y ratio), b  (regular path downward 
bending strength), and p  (low- and high-frequency position) – at their optimal 
values of 2.22r = , 0.32b = , and 0.20p =  as determined by the fitting procedure for 
the 2D UV-model described in subsection 4.4.3. 
 
Pearson’s correlation coefficient Pr  is used once again to determine how well a set 
of ( , , )x y z -coordinates generated by the UVC-model matches with the set of 
( , , )x y z -coordinates of the 3D MDS configuration. This is done by comparing the 
symmetric distance matrix MDSD  of the 3D MDS configuration with the symmetric 

distance matrix UVCD  of the 3D configuration generated by the UVC-model. 
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Preliminary investigation indicated that according to Pr , the optimal combination of 
the shape defining parameters e , t , s , a , i , and l  resides in the range defined by 
e  ×  t  ×  s  ×  a  ×  i  ×  l  = [0.50,  1.50]  ×  [0.50,  1.50]  ×  [0.25,  0.75]  ×  [1.00,  1.50]  
×  [0.25,  0.75]  ×  [0.25,  0.75] . By exhaustively working through all possible 
combinations of e , t , s , a , i , and l  at a step size of 0.01 , the optimal value of Pr  
( 0.84582 ) was reached at 0.97e = , 1.01t = , 0.50s = , 1.30a = , 0.54i = , and 

0.50l = ; figure 5.8 depicts the shape of the UVC-model for these values. 

 
Figure 5.8: XZ -view of the UVC-model for the shape defining parameters 0.97e = , 

1.01t = , 0.50s = , 1.30a = , 0.54i = , and 0.50l = ; these are the optimal values for 
matching the UVC-model to the 3D MDS configuration according to an Pr -value of 

0.84582  
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6. Extensions 

This chapter provides two extensions to the texture synthesis model. Section 6.1 
describes how anisotropic (directional) textures can be generated. Section 6.2 
describes how textures can be blended with color while minimizing interference, 
i.e., the blending mode should preserve the effortless identification of both color 
and texture characteristics as individual attributes. 
 
Both extensions have a strong visual impact, but there was not enough time left in 
the context of thesis work to fully investigate these extensions. Recommendations 
regarding further investigation of the extensions presented in this section are 
described in section 8.2. 

6.1 Anisotropic Textures 

Recall equation (3.2)  from subsection 3.2.2 that defines the basic texture synthesis 
model. Anisotropic textures can be realized by having | ( , ) |F u v , the magnitude of 

( , )F u v , depend on the spatial orientation associated with ( , )F u v , for instance: 
 

( , ) ( ( , )) exp( ( , )) ( ( , ) ) pF u v A f u v i u v l u vϕ ϑ α= ⋅ +  (6.1)  
 
With: 

( , ) :u vϑ × →  : Spatial orientation associated with ( , )F u v  in radians; 
   1

2( , ) arctan( )vuu vϑ π= + , 0 ( , )u vϑ π≤ <  
( ) :l a →  : Output strength for orientation a , 0 a π≤ < , 0 ( ) 1l a≤ ≤  
α  : Global texture orientation, 0 α π≤ <  
p  : Output exponent controlling the amount of anisotropy, 0p ≥  

 
Figure 6.1 depicts six textures with identical spectral characteristics. Two different 
functions ( ) :l a →  are shown that are used for controlling the orientational 
characteristics of each texture at four different values of p . 
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Figure 6.1: Top row: the function ( ) :l a →  controlling the orientational 
characteristics contains one prominent orientation. Bottom row: ( ) :l a →  contains 
two prominent orientations. Four textures with various amounts of anisotropy and 
global orientation 0α =  are shown for each row; the amount of anisotropy increases 
from left to right 

Figure 6.2 illustrates the seamless tileability of anisotropic textures generated with 
the extended texture synthesis model. 

 
Figure 6.2: Anisotropic textures generated with the extended texture synthesis model 
are seamlessly tileable 

6.2 Color Textures 

Blending is used to add color to the grayscale textures generated by the texture 
synthesis model. Straightforward blending modes like 50%  alpha blending, additive 
blending or multiplicative blending do not produce satisfactory results, as is 
demonstrated in the following (figure 6.3 shows textures that are colorized using 
the aforementioned blending modes). 
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Let ( , )g x y , ( , )h x y , and c  represent colors in the RGB (red, green, blue) color 
space. For a color c  in the RGB color space, the intensity of the red, green and blue 
color channel is denoted by rc , gc , and bc , respectively. For each color channel kc , 

{ , , }k r g b∈ , 0 1kc≤ ≤  holds. The straightforward blending modes are defined as 
follows:  
 

50%  alpha blending:  1
2( , ) ( ( , ) )k k kh x y g x y c= ⋅ +  

Additive blending:   ( , ) min( ( , ) ,1)k k kh x y g x y c= +  

Multiplicative blending: ( , ) ( , )k k kh x y g x y c= ⋅  

 
With: 

( , )g x y   : Spatial domain representation of the grayscale input texture: 
  ( , )rg x y = ( , )gg x y = ( , )bg x y  

( , )h x y   :  Spatial domain representation of the colorized output texture 
c  : Blending color 
k  : RGB color channel indicator, { , , }k r g b∈  

 
Figure 6.3: Textures colorized using straightforward blending modes. Top row: 50%  
alpha blending; middle row: additive blending; bottom row: multiplicative blending 

The colorization results shown in figure 6.3 are not acceptable: 50%  alpha blending 
reduces the overall visibility of the texture pattern and interferes with the blending 
color, resulting in a colorized texture with a dull and desaturated appearance. 
Additive blending reduces the overall visibility of the texture pattern as well and 
increases the brightness of the blending color, resulting in a colorized texture that is 
too bright. Multiplicative blending also reduces the overall visibility of the texture 
pattern and decreases the brightness of the blending color, resulting in a colorized 
texture that is too dark. 
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An overlay blending mode is suggested for adding color to grayscale textures 
[GRU01]. Overlay blending is a combination of additive and multiplicative blending, 
depending on the brightness of the texture. Overlay blending is defined as follows: 
 

Overlay blending: 
1
2
1
2

2 ( , ) ( , )
( , )

1 2 (1 ( , ) ) (1 ) ( , )
k k k

k
k k k

g x y c if g x y
h x y

g x y c if g x y
⋅ ⋅ <⎧ ⎫

= ⎨ ⎬
− ⋅ − ⋅ − ≥⎩ ⎭

 

 
Figure 6.4 shows textures that are colorized using overlay blending mode; visibility 
of the texture pattern is well maintained and the overall color of the resulting texture 
is very similar to the original blending color. 

 
Figure 6.4: Textures colorized using overlay blending mode; visibility of the texture 
pattern is well maintained and the overall color of the resulting texture is very similar to 
the original blending color 
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7. Prototype Application 

Texplorer, the prototype application that was developed to explore the texture 
synthesis model, consists of two parts: a texture exploration mode for defining 
texture and color ranges (gradients) and a data visualization mode for importing 
datasets that can subsequently be visualized using the texture and color ranges that 
were specified using the texture exploration mode. Key features and screenshots of 
the texture exploration mode and the data visualization mode are provided in 
sections 7.1 and 7.2, respectively. Additional screenshots of Texplorer’s texture 
exploration and data visualization modes are provided in Appendix J. 
 
Texplorer is a Microsoft Windows application that was developed on Microsoft 
Windows XP Professional and Microsoft Windows 2000 Professional using Borland 
Delphi Enterprise v7.0 [BOR05]. Texplorer makes use of Graphics32, a freeware Delphi 
library designed for fast 32-bit graphics handling [DEN03]. Texplorer employs the 
Fourier transformation algorithm presented in [PRE99], which was converted from 
ANSI C to Delphi Object Pascal. This basic FFT implementation was later replaced 
by an advanced FFT implementation provided by FFTW (Fastest Fourier Transform 
in the West), a fast, free FFT library [FRI03]. A numerical Newton-Raphson iteration 
method presented in [PRE99] and converted from ANSI C to Delphi Object Pascal 
was used for converting output coordinates ( , , )x y z  to input coordinates ( , , )u v c . 

7.1 Texture Exploration Mode 

The most important features of Texplorer’s texture exploration mode (figure 7.1) are 
listed in this subsection. Texplorer’s texture exploration mode can be used to: 
 

• Choose whether to work in single texture exploration mode or texture range 
exploration mode; 

 

• Choose whether or not to use color; 
 

• Define individual textures and colors to be used within Texplorer’s data 
visualization mode; 

 

• Save, load, and edit individual texture and color palettes; 
 

• Define texture and color ranges to be used within Texplorer’s data 
visualization mode; 

 

• Save, load, and edit texture and color ranges; 
 

• Choose whether to use the XYZ-space defined by the 3D UVC-model for 
uniform texture interpolation or to use linear interpolation within UVC-
space for texture interpolation; 
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• Choose whether or not to use an additional mid texture when interpolating 
between a start and end texture to define a texture range; 

 

• Choose the color interpolation method to be used for color ranges (RGB, 
HSV short path, or HSV long path). 

 
Figure 7.1: Texplorer’s texture exploration mode 

7.2 Data Visualization Mode 

The most important features of Texplorer’s data visualization mode (figure 7.2) are 
listed in this subsection. Texplorer’s visualization mode can be used to: 
 

• Load a data set with multiple data attributes. The data set consists of a color-
coded bitmap image representing the areas to be shaded and an 
accompanying data file containing the data attributes (data labels and 
values); 

 

• Determine the visualization mode for the data set: texture only, color only, or 
texture and color; 

 

• Assign a texture range to the data attribute to be visualized using texture; 
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• Assign a color range to the data attribute to be visualized using color; 
 

• Determine the number of categories into which the texture range will be 
divided; 

 

• Determine the number of categories into which the color range will be 
divided; 

 

• Switch to full screen visualization mode to provide a complete view of the 
visualization. 

 
Figure 7.2: Texplorer’s data visualization mode 
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8. Conclusions 

This chapter concludes the thesis by providing an evaluation of the results as well as 
recommendations for improving the texture synthesis model. Section 7.1 describes 
achievements and advantages of the model. Section 7.2 describes limitations of the 
model and provides recommendations for future work regarding the improvement 
of the model. 

8.1 Achievements and Advantages 

Based on the requirements for the texture synthesis model presented in chapter 1 
and information obtained from working with Texplorer, the following achievements 
and advantages of the model are presented. 
 

• An overview of what is known about texture perception, texture dimensions, 
models to analyze and synthesize texture and the use of texture in the field of 
data visualization has been presented. Based on this information, texture 
dimensions that provide textures with characteristics that can be detected 
rapidly, accurately and relatively effortlessly by the human visual system have 
been selected for the construction of a texture synthesis model; 

 
• A multidimensional textures synthesis model based on the additive synthesis 

of logarithmically binned noise in the discrete 2D frequency domain has 
been defined. The frequency domain provides an ideal method for the direct 
manipulation of a texture’s spatial frequency and its periodicity simplifies 
the synthesis of seamlessly tileable textures; 

 
• A mathematical model has been presented that enables the modification of a 

texture’s frequency characteristics while compensating for the high-
frequency characteristics of standard range-limited white noise and while 
keeping the overall physical contrast at a constant level; 

 
• The perceptually uniform 2D UV-model has been defined on the basis of 

user experiments and subsequent MDS analysis to enable the intuitive and 
direct manipulation of a texture’s spatial frequency and regularity 
characteristics; 

 
• The UV-model has been extended to the perceptually uniform 3D UVC-

model on the basis of additional user experiments and subsequent MDS 
analysis to enable the intuitive and direct manipulation of a texture’s overall 
physical contrast in addition to the manipulation of its spatial frequency and 
regularity characteristics; 
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• Extensions have been presented for generating anisotropic textures and for 
combining texture and color; 

 
• Both isotropic as well as anisotropic textures are seamlessly tileable, enabling 

the application of the model for the shading of large areas; 
 

• A prototype application has been developed to explore the texture synthesis 
model and to demonstrate the usage of the model for the visualization of 
data. 

8.2 Limitations and Recommendations 

Based on insight obtained during the development of the texture synthesis model 
and information obtained from working with Texplorer, limitations of the model are 
presented and if appropriate, recommendations for further research are presented 
to overcome these limitations. 

 
• Although the UVC-model has been defined according to user experiments 

and subsequent MDS analysis procedures to arrive at a perceptually uniform 
texture synthesis model, additional user experiments should be performed to 
evaluate the practical suitability of the model for data visualization tasks; 

 
• An extension to enable the generation of anisotropic textures in general has 

been presented. However, the extension porposed in section 6.1 that is based 
on the anisotropic dimensions global texture orientation, global amount of 
anisotropy and the number of discernable orientations merely serves as an 
instructive example of dimensions that can be used to define a texture’s 
anisotropic characteristics. Examples of other important dimensions are the 
“local” amount of anisotropy (the strength of each individual orientation), 
frequency-dependent anisotropy, and the angle(s) between multiple 
orientations. Further research is required to identify the significance of each 
of these aspects to enable the definition of an anisotropic extension that is 
both versatile and based on a limited number of dimensions; 

 
• The evaluated model makes use of the 3  frequency bins La , Ma , and Ha  

( 3B = ), which results in the downward bending of the regular path 
segments in the 2D UV-model. Generalization of the model to more than 3  
frequency bins should result in less downward bending of the regular path 
segments and hence, less irregularity with regard to textures located at the 
middle of each segment. Figure 8.1 depicts the expected shape of the UV-
model for 3B > ; 

 
• Information obtained from working with Texplorer suggests that the 

proposed combination of texture and color preserves the effortless 
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identification of both color and texture characteristics as individual 
attributes. Since this would make the proposed combination of texture and 
color an ideal alternative to bivariate chromatic maps for the visualization of 
multivariate data, additional user experiments should be performed to 
evaluate its practical suitability; 

 
• The overlay blending mode for combining texture and color works well in 

general. The use of highly saturated colors, however, results in color textures 
that appear too saturated on a display. Typical examples of this are textures 
colorized using lime green ( RGB(0,1,0) ) and fuchsia ( RGB(1,0,1) ); 

 
• To meet the real-time requirements of interactive and advanced data 

visualization methods that make use of a large amount of distinct textures, 
the calculation of the DFT can be implemented on the graphical processing 
unit (GPU) of current and future programmable graphics hardware, 
resulting in a significant speed increase when compared to software 
implementations. An implementation of the DFT on a GPU is presented in 
[MOR03]. 

 
Figure 8.1: Expected shape of the 2D UV-model for 3B > : (a) 5B = ; (b) 15B =  
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Appendix A. Spatial Frequency and Display Conditions 

At normal viewing distances the “3  cycles per degree”-optimum illustrated by the 
CSF translates to a useful wavelength range of about 1 to 10  cycles per degree 
[WAR92]. Depending on the display viewing distance, the display size and the 
display resolution, this translates to the following: 

 
• Three typical combinations of display sizes and display resolutions: 

 15  inch display diagonal ( 4 : 3  display ratio), 800 600×  pixels ≈ 26px/cm  
 17  inch display diagonal ( 4 : 3  display ratio), 1024 768×  pixels ≈ 30px/cm  
 19  inch display diagonal ( 4 : 3  display ratio), 1280 960×  pixels ≈ 33px/cm  

• Typical display viewing distance varies between 50cm and 70cm [WAR04] 
 

15  inch display diagonal, 800×600  pixels 

 50cm viewing 
distance 

60cm viewing 
distance 

70cm viewing 
distance 

1 cycle per 
degree 22.9px 27.5px 32.1px 

10 cycles per 
degree 2.3px 2.8px 3.2px 

Table A.1: Useful spatial wavelength range in pixels for a typical 15 inch display 

17  inch display diagonal, 1024×768  pixels 

 50cm viewing 
distance 

60cm viewing 
distance 

70cm viewing 
distance 

1 cycle per 
degree 25.9px 31px 36.2px 

10 cycles per 
degree 2.6px 3.1px 3.6px 

Table A.2: Useful spatial wavelength range in pixels for a typical 17 inch display 

19  inch display diagonal, 1280×960  pixels 

 50cm viewing 
distance 

60cm viewing 
distance 

70cm viewing 
distance 

1 cycle per 
degree 28.9px 34.7px 40.5px 

10 cycles per 
degree 2.9px 3.5px 4.1px 

Table A.3: Useful spatial wavelength range in pixels for a typical 19 inch display 

Taking an average display condition (60cm, 17 inch, 1024 768×  pixels), it can be 
stated as a rule of thumb that a useful spatial wavelength range of 1 to 10  cycles per 
degree translates to a useful spatial wavelength range of 3  to 31 pixels. 
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Appendix B. Task Description User Experiment I 

B.1 Goal 

The goal of our experiment is to obtain a better understanding of how distinct 
textures are perceived.  

B.2 Task 

37 textures are presented. Arrange these textures within the bounds of a 
50cm 50cm×  sorting plane according to your own judgment while conforming to 
the fact that the distance between each two pair of textures will be used as a 
measure for how much these textures differ from each other visually; the larger the 
distance between two textures, the greater their dissimilarity. 

B.2.1 Recommendations 

• Try to use the complete surface area of the sorting plane; take care to remain 
within the bounds that define the 50cm 50cm×  area (indicated by the corner 
markers); 

 
• You are allowed to stack textures that you perceive as (almost) identical; 

 
• Try to maintain a viewing distance of 50cm  with regard to the textures, since 

the textural features that we are interested in are highly salient at this 
distance; 

 
• None of the textures are identical, although this might not be (clearly) visible; 

 
• You are allowed to arbitrarily rotate the textures and to place them freely 

within the sorting plane; it is not necessary to adhere to a grid when 
positioning the textures; 

 
• Keep in mind that the straight line distance between two textures within the 

sorting plane is used as a measure for how much these textures differ from 
each other from a perceptual point of view. 
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Appendix C. Textures User Experiment I 

ID [ , , ]L M H  Removed duplicate(s) including ID(s) 

00 [0,0,0]  1 1 1
3 3 3[ , , ]  (21), 2 2 2

3 3 3[ , , ]  (42), [1,1,1]  (63) 

01 1
3[0,0, ]  1 1 2

3 3 3[ , , ]  (22), 2 2
3 3[ , ,1]  (43) 

02 2
3[0,0, ]  1 1

3 3[ , ,1]  23 

03 [0,0,1]  – 

04 1
3[0, ,0]  1 2 1

3 3 3[ , , ]  (25), 2 2
3 3[ ,1, ]  (46) 

05 1 1
3 3[0, , ]  1 2 2

3 3 3[ , , ]  (26), 2
3[ ,1,1]  (47) 

06 1 2
3 3[0, , ]  1 2

3 3[ , ,1]  (27) 

07 1
3[0, ,1]  – 

08 2
3[0, ,0]  1 1

3 3[ ,1, ]  (29) 

09 2 1
3 3[0, , ]  1 2

3 3[ ,1, ]  (30) 

10 2 2
3 3[0, , ]  1

3[ ,1,1]  (31) 

11 2
3[0, ,1]  – 

12 [0,1,0]  – 

13 1
3[0,1, ]  – 

14 2
3[0,1, ]  – 

15 [0,1,1]  – 

16 1
3[ ,0,0]  2 1 1

3 3 3[ , , ]  (37), 2 2
3 3[1, , ]  (58) 

17 1 1
3 3[ ,0, ]  2 1 2

3 3 3[ , , ]  (38), 2
3[1, ,1]  (59) 

18 1 2
3 3[ ,0, ]  2 1

3 3[ , ,1]  (39) 

19 1
3[ ,0,1]  – 

20 1 1
3 3[ , ,0]  2 2 1

3 3 3[ , , ]  (41), 2
3[1,1, ]  (62) 

24 1 2
3 3[ , ,0]  2 1

3 3[ ,1, ]  (45) 

28 1
3[ ,1,0]  – 

32 2
3[ ,0,0]  1 1

3 3[1, , ]  (53) 

33 2 1
3 3[ ,0, ]  1 2

3 3[1, , ]  (54) 

34 2 2
3 3[ ,0, ]  1

3[1, ,1]  (55) 

35 2
3[ ,0,1]  – 

36 2 1
3 3[ , ,0]  2 1

3 3[1, , ]  (57) 

40 2 2
3 3[ , ,0]  1

3[1,1, ]  (61) 

44 2
3[ ,1,0]  – 

48 [1,0,0]  – 

49 1
3[1,0, ]  – 
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ID [ , , ]L M H  Removed duplicate(s) including ID(s) 

50 2
3[1,0, ]  – 

51 [1,0,1]  – 

52 1
3[1, ,0]  – 

56 2
3[1, ,0]  – 

60 [1,1,0]  – 
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Appendix D. Inverse Perspective-Correct Texture Mapping 

D.1 Removing Distortion 

Rotational and/or perspective-related distortion in an image should be removed in 
order to perform reliable measurements within the image. A recursive-subdivision 
approach is used to perform removal of rotational and/or perspective-related 
distortion in an image [ELI97]. 

 
Figure D.1: How can rotational and/or perspective-related distortion be removed from 
an image? A recursive-subdivision approach provides a straightforward removal 
method [ELI97] 

D.2 Recursion Step 

The first step to be performed involves the identification of the four corner points a, 
b, c, and d inside the distorted image that define the distorted rectangular area to be 
“straightened”. Figure D.2 illustrates the identification of the four corner points a, b, 
c, and d and the four edges A, B, C, and D. 

 
Figure D.2: Identification of the four corner points a, b, c, and d and the four edges A, 
B, C, and D that define the distorted rectangular area to be “straightened” 

After identifying the four corner points, the actual recursion step can be performed. 
Figure D.3 illustrates a complete recursion step. 
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Figure D.3: A single recursion step performed by the distortion-removal algorithm: (a) 
initial distorted rectangular area to be straightened; (b) finding the center point p of the 
area to be straightened; (c) subdividing the area to be straightened into sub areas by 
using the center point p; (d) new sub areas are defined; each of the sub areas can 
subsequently be treated as a new distorted rectangular area to be straightened (by 
applying the recursion algorithm to each of them until the recursion limit is reached) 

Figure D.3b illustrates the identification of the center point p, which is the 
intersection point of the lines U (ac) and V (bd). 
 
Figure D.3c shows the lines S and T that subdivide the original distorted rectangular 
area to be straightened into four sub areas. S is constructed by finding the 
intersection point e of the lines D (ad) and B (bc) (e is located outside and above 
figure D.3c) and using this intersection point e and the center point p to construct S 
(ep). T is constructed in an analogous way by finding the intersection point f of the 
lines A (ab) and C (cd) (f is located outside and to the left of figure D.3c) and using 
this intersection point f and the center point p to construct T (fp). 
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Figure D.3d shows the four sub areas and the new points q, r, s, and t that define 
them. The points q, r, s, and t are the respective intersection points of S and A, T 
and B, S and C and T and D. 

D.3 Image Resampling 

By performing multiple recursion steps, the resolution of the “reconstruction grid” 
is increased by recursively dividing the reconstruction grid into a large number of 
small rectangles: 

 
Figure D.4: The resolution of the reconstruction grid increases with each recursion 
step: (a) 0 recursion steps; (b) 1 recursion step; (c) 2 recursion steps; (d) 3 recursion 
steps 

A recursion limit of 10 was used to straighten the photographs that were taken 
during the user experiments. After performing 10 recursion steps, a reconstruction 
grid with a resolution of 1024 1024×  rectangles is the result. 
 
By sampling the pixel color in the original distorted image using the center of each 
rectangle as the sampling location, the color of each rectangle can be determined. 
By sampling the color for each of the 1024 1024×  rectangles, an undistorted image 
with a resolution of 1024 1024×  pixels can be constructed. 
 
For increased quality, additional recursion steps can be taken to further subdivide a 
“final” rectangle into sub rectangles; sampling the color of each sub rectangle and 
taking the average color as the actual color for the final rectangle results in a high-
quality, filtered image. 
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Appendix E. 2D MDS Result User Experiment I 

 
Figure E.1: Reproduced texture positions as a result of performing 2D MDS 
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Appendix F. High-Frequency Compensation 

F.1 No High-Frequency Compensation 

 
Figure F.1: The resulting triangle without high-frequency compensation and an 
individual texture with frequency bin amplitudes 1 1 1

3 3 3[ , , ]  
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F.2 High-Frequency Compensation 

 
Figure F.2: The resulting triangle with high-frequency compensation and an individual 
texture with frequency bin amplitudes 1 1 1

3 3 3[ , , ]  
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Appendix G. Task Description User Experiment II 

G.1 Goal 

The goal of our experiment is to obtain a better understanding of how distinct 
textures are perceived.  

G.2 Task 

40 textures are presented. Arrange these textures in stacks according to your own 
judgment while conforming to the fact that you should place textures within the 
same stack if and only if you perceive all of the textures placed within that stack as 
(almost) identical. 

G.2.1 Recommendations 

• No restrictions are placed on the number of stacks that you are allowed to 
use, although it is desirable to choose a “reasonable” number of stacks; in 
order to create a decent partitioning of textures, “ 6 2± ” ( 4  to 8 ) is provided 
as a rule of thumb with regard to the number of stacks. Keep in mind that 
6 2±  is just an advice; strict adherence to this number is not mandatory. 

 
• The number of textures within one stack does not have to be identical to the 

number of textures within another stack; considerable variation with regard 
to the number of textures within each stack is very well possible. 

 
• Try to maintain a viewing distance of 50cm  with regard to the textures, since 

the textural features that we are interested in are highly salient at this 
distance; 

 
• None of the textures are identical, although this might not be (clearly) visible; 

 
• Make sure that textures that will eventually be stacked together remain 

visible during the experiment; do not place them on top of each other (into 
an actual “stack”) until the end of the experiment. This is recommended in 
order to prevent the bottom texture from eventually differing too much from 
the top texture due to the development of a difference gradient, which may 
go unnoticed as a result of early stacking. 
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Appendix H. Textures User Experiment II 

ID (u, v,c)  

00 (0,1,1)  

01 1
6( ,1,1)  

02 2
6( ,1,1)  

03 3
6( ,1,1)  

04 4
6( ,1,1)  

05 5
6( ,1,1)  

06 (1,1,1)  

07 2 1
6 2( , ,1)  

08 3 1
6 2( , ,1)  

09 4 1
6 2( , ,1)  

10 1
6( ,0,1)  

11 2
6( ,0,1)  

12 3
6( ,0,1)  

13 4
6( ,0,1)  

14 5
6( ,0,1)  

15 3
4(0,1, )  

16 31
4 4( ,1, )  

17 32
4 4( ,1, )  

18 3 3
4 4( ,1, )  

19 3
4(1,1, )  

 

ID (u, v,c)  

20 31 1
4 2 4( , , )  

21 32 1
4 2 4( , , )  

22 3 31
4 2 4( , , )  

23 31
4 4( ,0, )  

24 32
4 4( ,0, )  

25 3 3
4 4( ,0, )  

26 1
2(0,1, )  

27 1 1
2 2( ,1, )  

28 1
2(1,1, )  

29 1 1 1
4 2 2( , , )  

30 2 1 1
4 2 2( , , )  

31 3 1 1
4 2 2( , , )  

32 1 1
2 2( ,1, )  

33 1
4(0,1, )  

34 1 1
2 4( ,1, )  

35 1
4(1,1, )  

36 1 2 1
3 3 4( , , )  

37 2 2 1
3 3 4( , , )  

38 1 1
2 4( ,0, )  

39 1 1
2 2( , ,0)  
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Appendix I. Morphological Variations UVC-Model 

 
(a) (b) (c) 

Figure I.1: XZ -view of the 3D UVC-model with (a) 0.9e = , (b) 1e = , and (c) 1.1e = . 
The additional shape defining parameters t , s , and a  are held constant at 1, 0.4 , and 
1, respectively 

 
(a) (b) (c) 

Figure I.2: XZ -view of the 3D UVC-model with (a) 0.5t = , (b) 1t = , and (c) 1.5t = . The 
additional shape defining parameters e , s , and a  are held constant at 1, 0.4 , and 1, 
respectively 

 
(a) (b) (c) 

Figure I.3: XZ -view of the 3D UVC-model with (a) 0.2s = , (b) 0.4s = , and (c) 0.6s = . 
The additional shape defining parameters e , t , and a  are held constant at 1, 1, and 1, 
respectively 
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(a) (b) (c) 

Figure I.4: XZ -view of the 3D UVC-model with (a) 0.5a = , (b) 1a = , and (c) 1.5a = . 
The additional shape defining parameters e , t , and s  are held constant at 1, 1, and 
0.4 , respectively 
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Appendix J. Texplorer Screenshots 

 
Figure J.1: Defining and editing texture and color ranges using Texplorer’s texture 
exploration mode 

 
Figure J.2: Assigning texture and color ranges for the visualization of data within 
Texplorer’s data visualization mode 
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Figure J.3: Full-screen version of a multivariate data visualization of the unemployment 
rate and the population density of the Netherlands using color and texture, respectively 
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