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Summary 

Vibrations appear in everyday life in many systems and structures. They often limit the 
performance and can also endanger the safety of operation of dynamical systems. In general, 
the presence of vibrations in dynamical systems has important consequences for the overall 
dynamic behaviour. In order to find solutions to compensate these unwanted effects, it is 
necessary to understand the causes for such vibrations. Intensive research has already been 
performed on the origin of vibrations in various dynamical systems. Very often, more than one 
type of vibrations appear in dynamical systems. Moreover, these different types of vibration 
interact and influence each other. In several rotor systems for example, both torsional and 
lateral vibrations interact. The research presented in this report focusses on the presence 
of torsional and lateral vibrations and the interaction between those vibrations in a specific 
experimental set-up. In order to gain improved insight in and understanding on torsional 
vibrations, lateral vibrations and the interaction between those vibrations, a new experimental 
drill-string set-up is designed and constructed in the Laboratory of the Dynamics and Control 
Group. The objectives of this research are fine-tuning of the set-up, modelling and identifying 
the set-up, and performing both a numerical and an experimental analysis of the steady- 
state behaviour of the system, considering torsional vibrations, lateral vibrations and the 
interaction of those vibrations. 

The set-up consists essentially of an upper disc, driven by a DC motor, a lower disc, 
and a string which connects the upper disc to the lower disc. In order to induce torsional 
vibrations in the experimental set-up, a brake is constructed at the lower part of the set-up. 
In order to induce lateral vibrations, a mass-unbalance is introduced to the set-up by adding 
an additional mass to the lower disc. 

Next, the total set-up is modelled, using a Lagrangian approach. The parameters of the 
model are estimated using a non-linear least-squares identification technique. This technique 
computes the optimal parameter set at which the measurement data and the simulation data 
coincide as well as possible; herein a quasi-random signal is applied to the motor. With this 
technique, first the parameters of the upper part are estimated. Next, the parameters of the 
lower part without brake are identified. Subsequently, the parameters of a friction model for 
the friction induced by the brake are estimated and finally the parameters of the dynamics 
in the lateral plane are identified. Validation of the suggested model, applying other input 
signals, learns that it describes the dynamic behaviour of the system very well. 

The working points of a real drilling rig are related to the situation when a constant 
torque is applied to the motor above the ground. Therefore, the steady-state behaviour of the 
experimental set-up, when a constant input voltage is applied to te motor, is of great interest. 
Hereto, the long-term behaviour of the system is investigated for the case in which only 
torsional vibrations are induced, for the case in which only lateral vibrations are induced, and 
for the case in which both types of vibrations are induced. First, an analysis of the equilibrium 



points and the periodic solutions along with related stability properties is performed. Next, 
both numerical and experimental bifurcation diagrams are constructed. From these results, 
it can be concluded that the suggested model describes the steady-state behaviour of the 
experimental drill-string set-up very well: not only the same qualitative behaviour of the 
system is visible comparing model output with measured data, but also the place a t  which 
the qualitative changes in steady-state behaviour (bifurcations) occur match well. 

When only torsional vibrations are induced and the constant input voltage is increased 
from OV upwards, the qualitative behaviour of the system shows a stick-phase, regions with 
only stable fixed points, a region with only stable limit cycles (together with an unstable 
equilibrium point) and regions in which co-existence of a stable fixed point and a stick-slip 
limit cycle is present. When only lateral vibrations are induced, only a stable fixed point 
is present when the constant input voltage is increased from OV. When both torsional and 
lateral vibrations are induced the same qualitative behaviour is present as there is when only 
torsional vibrations are induced. The only difference with respect to the case in which only 
torsional vibrations occur is the fact that the second region of co-existence of a stable stick-slip 
limit cycle and a stable fixed point becomes significantly smaller when interaction between 
torsional and lateral vibrations is present. 

Torsional and lateral vibrations and the combination of those vibrations are studied for 
both the simulation model and the experimental set-up. The suggested dynamic model de- 
scribes the dynamics of the experimental set-up very well. An improved understanding on 
the causes for the separate vibrations is obtained. Moreover, the interaction between those 
vibrations is investigated extensively. The research presented in this report contributes to 
the understanding of torsional and lateral vibrations and the combination of those vibrations 
and could be of great interest when solutions should be found to compensate vibrations in 
such dynamical systems. 



Samenvat t ing 

In het alledaagse leven zijn veel systemen en structuren onderhevig aan trillingen. Trillingen 
beperken vaak de prestatie en kunnen ook de veiligheid van de werking van dynamische 
systemen verminderen. In het algemeen heeft de aanwezigheid van trillingen in dynamische 
systemen belangrijke consequenties voor het gehele dynamische gedrag. Om oplossingen te 
vinden om deze ongewenste effecten te compenseren is het nodig om de oorzaken van zulke 
trillingen te begrijpen. Er is a1 intensief onderzoek gedaan naar het ontstaan van trillingen 
in verscheidene dynamische systemen. Heel vaak komen er meerdere type trillingen voor in 
dynamische systemen. Bovendien is er dan sprake van interactie en bei'nvloeding tussen de 
onderlinge trillingen. In een aantal rotor-systemen bijvoorbeeld is er interactie tussen torsie- 
en laterale trillingen. Het onderzoek dat in dit rapport wordt gepresenteerd concentreert 
zich op de aanwezigheid van torsie trillingen en laterale trillingen en de interactie tussen 
deze trillingen in een specifieke experimentele opstelling. Om meer inzicht in en begrip te 
krijgen over torsie trillingen, laterale trillingen en de interactie tussen deze trillingen is er een 
nieuwe experimentele booropstelling ontworpen en geconstrueerd in het Laboratorium van 
de Dynamica en Regeltechniek groep. De doelen van dit onderzoek zijn het fine-tunen van 
de opstelling, het modelleren en identificeren van de opstelling en het uitvoeren van zowel 
een numerieke als een experimentele analyse van het steady-state gedrag van het systeem, 
betreffende torsie trillingen, laterale trillingen en de interactie tussen deze trillingen. 

De opstelling bestaat hoofdzakelijk uit een bovenste schijf, aangedreven door een DC 
motor, een onderste schijf en een stalen draad, die de twee schijven met elkaar verbindt. Een 
rem is aan het bovenste lagerhuis van het onderste gedeelte bevestigd om torsie-trillingen in 
de experimentele opstelling te induceren. Om laterale trillingen in de experimentele opstelling 
te induceren is er een massa onbalans ge'introduceerd door een extra massa aan te brengen 
op de onderste schijf. 

Vervolgens is de hele opstelling gemodelleerd, gebruikmakende van een Lagrange aan- 
pak. De parameters van het model worden geschat met behulp van een niet-lineaire, kleinste 
kwadraten, identificatie techniek. Deze techniek berekend de optimale parameter-set, waarbij 
de gemeten data het beste overeenkomt met de simulatie data; hiertoe wordt een quasi-random 
signaal ingegeven aan de motor. Met behulp van deze techniek worden eerst de parameters 
van het bovenste gedeelte ge'identificeerd. Daarna worden de parameters van het onderste 
gedeelte zonder rem geschat. Vervolgens worden de parameters van een wrijvingsmodel voor 
de wrijving, veroorzaakt door de rem geschat en tenslotte worden de parameters van de dy- 
namica in het laterale vlak ge'identificeerd. Validatie van het voorgestelde model met andere 
ingangs-signalen, leert dat het model het dynamisch gedrag van de experimentele opstelling 
uitstekend beschrijft. 

De werkpunten van een echte boortoren zijn gerelateerd aan de situatie waarin een con- 
stant koppel wordt ingegeven aan de motor boven de grond. Daarom is het steady-state 



gedrag van de experimentele opstelling, wanneer een constant input voltage wordt ingegeven, 
van groot belang. Hiertoe wordt het long-term gedrag van het systeem onderzocht voor 
het geval dat er alleen torsie-trillingen worden gei'nduceerd, voor het geval dat er alleen 
laterale trillingen worden gei'nduceerd en voor het geval dat beide type trillingen worden 
gei'nduceerd. Eerst wordt er een analyse uitgevoerd betreffende de evenwichtspunten en de 
periodieke oplossingen tezamen met hun stabiliteits- voorwaarden. Vervolgens worden nu- 
merieke en experimentele bifurcatie-diagrammen gemaakt. Uit deze resultaten kan er gecon- 
cludeerd worden dat het voorgestelde model het steady-state gedrag van de experimentele 
opstelling zeer goed beschrijft: niet alleen hetzelfde kwalitatieve gedrag van het systeem is 
zichtbaar wanneer model output met gemeten data wordt vergeleken, maar ook de plaatsen 
van de kwalitatieve veranderingen (bifurcaties) komen goed overeen. 

Wanneer alleen torsie-trillingen worden gei'nduceerd en het constante input voltage ver- 
hoogd wordt vanaf OV, vertoont het kwalitatieve gedrag het systeem een stick fase, gebieden 
met alleen een stabiel vast punt, een gebied met alleen een stick-slip limit cycle (samen met 
een instabiel vast punt) en gebieden waarin een stabiel vast punt en een stabiele stick-slip 
limit cycle samen bestaan. Worden alleen laterale trillingen gei'nduceerd is er alleen sprake 
van een stabiel vast punt wanneer het constante input voltage verhoogd wordt vanaf OV. 
Wanneer zowel torsie-trillingen als laterale trillingen worden gei'nduceerd, bestaat er weer 
hetzelfde kwalitatieve gedrag als wanneer er alleen torsie trillingen worden veroorzaakt. Het 
enige significante verschil met het geval waarin alleen torsie-trillingen worden gei'nduceerd is 
het feit dat het gebied van het "samen-bestaan9' van een stabieie stick-slip limit cycle en een 
stabiel vast punt significant kleiner worden als er interactie tussen torsie en laterale trillingen 
is. 

Torsie trillingen, laterale trillingen en de combinatie van deze trillingen worden bestudeerd 
voor zowel het simulatie model als de experimentele opstelling. Het aangedragen dynamisch 
model beschrijft het dynamische gedrag van de experimentele opstelling zeer goed. Een 
verbeterd inzicht wordt verkregen in de oorzaken van de afzonderlijke trillingen. Bovendien 
wordt de interactie van de trillingen intensief onderzocht. Het onderzoek dat in dit rapport 
wordt gepresenteerd draagt bij aan het begrip van torsie trillingen, laterale trillingen en de 
combinatie van deze trillingen en zou van groot belang kunnen zijn wanneer er oplossingen 
gevonden moeten worden om trillingen in soortgelijke dynamische systemen te compenseren. 



Contents 

1 Introduction 

2 Modelling of t h e  experimental drill-string set-up 
. . . . . . . . . . . . . . . . . . . . . . .  2.1 The experimental drill-string set-up 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.2 Modelling the dynamics 

3 Paramete r  estimation and  friction modelling 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3.1 Identification technique 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3.2 Upper part of the set-up 

. . . . . . . . . . . . . . . . . . . . . . . . . .  3.2.1 Model of the upper part 
. . . . . . . . . . . . . . . . .  3.2.2 Parameter estimation of the upper part 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3.3 Lower part of the set-up 
. . . . . . . . . . . . . . . . . . . . . . . . . .  3.3.1 Model of the lower part 

. . . . . . . . . . . . . . . . . .  3.3.2 Parameter estimation of the lower part 
. . . . . . . . . . . . . . . . . . . . . . . . . . .  3.4 Movement in the lateral plane 

. . . . . . . . . . . . . . . . . . . . .  3.4.1 Model including mass-unbalance 
. . . . . . . . . . . . . . . .  3.4.2 Parameter estimation in the lateral plane 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  3.5 Lower part including brake 
. . . . . . . . . . . . . . . . . . . . . . . . . . .  3.5.1 Model including brake 

. . . . . . . . . . . . . . . . . .  3.5.2 Parameter estimation including brake 

4 Analysis of dynamic behaviour 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.1 Torsional Dynamics 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.1.1 Equilibrium points 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.1.2 Periodic solutions 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.1.3 Experimental results 
4.2 Lateral Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.2.1 Equilibrium points 
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.2.2 Experimental results 

. . . . . . . . . . . . . . .  4.3 Interaction between torsional and lateral dynamics 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.3.1 Equilibrium points 

4.3.2 Periodic solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.3.3 Experimental results 

5 Conclusions and  Recommendations 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5.1 Conclusions 

5.2 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  



8 CONTENTS 

A List of performed actions to make the set-up operational 

B Derivation dynamic model 



Chapter 1 

Introduction 

Vibrations appear in everyday life in many systems and structures. They often limit the 
performance and can also endanger the safety of operation of dynamical systems. In this 
respect, one can think of vibrations which appear in oil-drilling systems during the drilling 
process, vibrations in a CD-player due to mass-unbalance of the CD, the noise of tram wheels 
induced by nonlinear slipping forces, self-excited vibrations in the transmission lines (e.g. in 
cars), cable railways, slender masts, suspension bridges excited by wind or traffic, and many 
others. 

In general, the presence of vibrations in dynamical systems has important consequences 
for the overall dynamic behavior. Some examples of phenomena in mechanical systems, which 
cause vibrations, are friction and backlash in certain connections of mechanical systems and 
mass-unbalance in rotor systems. 

Very often, more than one type of vibrations appear in dynamical systems. For example, 
in brake mechanisms (e.g. in cars and bicycles) some excitation mechanisms for the induced 
vibrations are negative damping in the friction force and fluctuations in the normal force 
[9], torsional and lateral vibrations in a CD-player, friction or fluid forces in the bearings in 
which a shaft is borne. Another example is drill-string systems, which are used for exploration 
of oil and gas and undergo torsional (rotational), bending (lateral), axial (longitudinal) and 
hydraulic vibrations. In order to gain improved understanding and to predict different types 
of vibrations and the interaction between them, it is important to understand the causes for 
such vibrations and the interaction between those vibrations. 

In the laboratory of the Dynamics and Control Group a new experimental drill-string 
set-up has been designed and constructed, which can undergo torsional vibrations due to a 
nonlinear friction force, lateral vibrations due to the presence of a mass-unbalance at the 
rotor, and a combination of those two vibrations. An older version of a drill-string set-up, 
constructed in the Laboratory of the Dynamics and Control Group, has already been investi- 
gated (see [13]). However, in the present experimental set-up not only torsional vibrations can 
be induced, but also lateral vibrations and the combination of torsional and lateral vibrations. 
Moreover, another type of brake is used to apply a normal force to the lower disc. In order 
to induce lateral vibrations, to induce the combination of torsional and lateral vibrations and 
to measure the force applied by the brake, the old drill-string set-up has been rebuilt into the 
new drill-string set-up. Extensive research on the subject of torsional [3], [ll], [13], [6] and 
lateral vibrations 131, 1121 of drill-string systems has already been conducted. The interaction 
between those two types of vibrations is considered in [4]. However, a rather limited num- 



ber of experimental results is available, which explain the interaction between torsional and 
lateral vibrations in a drill-string system. 

Therefore, the research presented in this report has the following objectives: 

0 Fine-tuning of the set-up and finding conditions under which it is possible to  obtain 
torsional and lateral vibrations experimentally, 

0 Modelling the set-up, including model identification, 

e Theoretical and experimental analysis of the steady-state behaviour of the system and 
construction of appropriate numerical and experimental bifurcation diagrams based on 
such analysis, 

0 Indicating the effect of interaction between torsional and lateral vibrations in both the 
simulation and the experiment. 

In Chapter 2, a description of the experimental set-up is presented, including the steps per- 
formed to observe and induce both torsional and lateral vibrations. Next, the dynamic model 
of the set-up is presented. In Chapter 3, the procedure, which is applied to identify the 
set-up, is explained. Then the system is identified in parts and the estimated model is vali- 
dated. In Chapter 4 the equilibrium points and the periodic solutions along including related 
stability properties of the dynamic system are determined for the model considering torsional 
vibrations, lateral vibrations and the combination of torsional and lateral vibrations. These 
numerical results are compared with experimental results. Finally, conclusions about this 
research are presented and recommendations for further research are given in Chapter 5. 



Chapter 2 

Modelling of the experimental 
drill-string set-up 

In this chapter, the dynamics of the experimental drill-string set-up are discussed. It should 
be remarked that the experimental set-up is not a lab-scale model of a real drill-string. A 
real drill-string is just a good example of a system in practise, in which the same phenomena 
are present as in the experimental set-up. In section 2.1, the experimental drill-string set-up 
is described and the conditions are explained, under which it is possible to induce torsional 
and lateraI vibrations in the set-up. The dynamic model of the set-up is given in section 2.2. 

2.1 The experimental drill-string set-up 

The experimental set-up is 3 m high, see figure 2.1. A steel disc, driven by a DC electrical 
motor, is suspended on a very stiff construction. The disc is driven by the DC motor via 
a reduction, which is placed between the motor shaft and the disc. The upper part of the 
set-up is depicted in figure 2.2. The angular displacement of this disc can be measured with 
an encoder. The upper disc is connected to the lower disc via a steel wire, with a thickness of 
2 mm and a length of 1.47 m. The angular displacement of the lower disc is measured with 
an encoder as well. Besides rotation around its geometric centre, the lower disc is also free to 
move in lateral direction. However, to limit the complexity of the system, tilting of the lower 
disc has to be avoided. This is guaranteed by two constraints: one in x- and one in y-direction 
of the fixed coordinate frame as shown in figure 2.3. The constraint in x-direction (shown in 
figure 2.4), consists of three flexible rods, a rigid body and two leaf springs. Two flexible rods 
are, at one end, connected to the upper bearing housing of the lower part and, at  the other 
end, to the rigid body. These rods suppress rotation of the upper bearing housing of the lower 
part around the z-axis. The third flexible rod connects the lower bearing housing of the lower 
part and the rigid body. The combination of these rods suppresses tilting of the lower disc 
around the y-axis. The rigid body is connected to the fixed world via two leaf-springs, which 
allow movement in x-direction. The construction of the constraint, directed in y-direction as 
shown in figure 2.5, is similar, except for the fact that just two flexible rods are used here: one 
is fixed to the upper bearing housing, the other to the lower bearing housing of the lower part. 
These rods suppress tilting of the lower disc around x-axis. The displacements, of the rigid 
bodies and thus of the geometric centre of the lower disc in x- and y-directions are measured 
with two LVDT (Linear Variable Differential Transformer) displacement sensors. The input 
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Figure 2.1: Experimental drill-string set-up. 

I Low stiffrkss string 

Figure 2.2: The upper part of the experimental drill-string set-up. 
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Brake Encoder at t6e lower disc 

(a) A top view (b) A front view 

Figure 2.3: The lower part of the experimental drill-string set-up. 

(a) A front view (b) A rear view 

Figure 2.4: (a) A front and (b) a rear view of the x-constraint. 

voltage for the motor is generated in a computer in a Matlab/Simulink environment. The 
generated voltage is applied to the motor via a DAC (Digital to Analogue Converter) and 
an amplifier, as depicted in figure 2.6. The pulses measured by the rotational encoders at 
the upper and lower disc are converted, via digital counters to information about the angular 
displacements in Simulink. The voltages measured by the LVDT's are converted, via an ADC 
(Analogue to Digital Converter) to information about the displacement of the geometric centre 
of the lower disc in Simulink. 

Previous investigations showed that stick-slip (torsional) vibrations at a drilling bit occur 
due to the friction between the drill-bit and the borehole (see [4], [13] and [6]). Moreover, 
those investigations showed that such phenomenon exists if negative damping is present in 
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I (a) A front view Ib) A rear view 

Figure 2.5: (a) A front and (b) a rear view of the y-constraint. 

Figure 2.6: The power amplifier, the computer and electronics for the encoders and the 
sensors. 

the friction force at the lower disc. Consequently, to obtain appropriate friction in the ex- 
perimental set-up, a brake is constructed at the upper bearing housing of the lower part as 
shown in figure 2.7. Then, a negative damping characteristic is created by adding a fluid 
between the brake blocks and the small disc. Felt stripes are at one end plunged into an 
oil box, and at the other end contacted to the top side and bottom side of the small disc 
(see figure 2.7). The capillary effects of the ondina oil in the felt stripes guarantees a fluid 
supply between brake blocks and lower disc. A force sensor is fixed to the upper bearing 
housing of the lower part in order to measure the friction force applied by the brake. Closer 
investigations and experiments showed that ondina-oil is a suitable lubrication fluid to  induce 
stick-slip vibrations in the set-up. 

On the other hand, lateral vibrations in a real drilling system are often caused by pipe- 
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I Force, sensor Bra& disc 

I v w 

Brake Upper bearing Oil Lox ~ e l t ~ s t r i ~ e s  

(a) A front view housing (b) A rear view 

Figure 2.7: The brake and the oil box with the felt stripes. 

eccentricity. This pipe-eccentricity leads to mass-unbalance and to centripetal forces when 
the bit is rotating. This leads to movements in the lateral plane. That is why mass-unbalance 
is introduced to the set-up by fixing an additional mass at the lower disc, which is shown 
in figure 2.3. In such a way, a drill-string set-up is created which can undergo torsional 
vibrations, lateral vibrations and a combination of those two types of vibrations. Appendix 
A shows a list of other performed actions, which are needed to make the set-up operational. 

2.2 Modelling the dynamics 

In this section, the model of the experimental set-up is given. In order to restrict the com- 
plexity of the dynamic model, the following assumptions are made: 

0 Damping in the string in torsional direction is negligible with respect to the damping 
in the bearings at the upper and lower disc; 

0 The length of the string is much bigger than the movements of the lower disc in the 
lateral plane; 

0 The lower disc does not move in z-direction; 

0 The lower disc does not tilt around the x- and y-axis; 

Stiffness in x-direction is not dependent on the displacement in y-direction and vice 
versa; 

0 In lateral direction, only viscous damping (as a friction force) is present. 

Now, the experimental set-up in figure 2.1 can be schematically depicted as in figures 2.8(a) 
and 2.8(b). The degrees of freedom of this schematic model are the angular displacements 
of the upper and lower disc 8, and el, respectively, and the x- and y-displacements of the 
geometric centre B of the lower disc (x, y). The equations of motions for the considered 
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(a) The drill-string system. (b) The lower part of the system and the co-rotating coordinate 
frame. 

Figure 2.8: Model representation of the drill-string system. 

system can be derived using a Lagrangian approach. The equations of Lagrange for a system 
subjected to both conservative and non-conservative forces are given by 

where T represents the kinetic energy, V the potential energy, and QnC the non-conservative 
generalised forces. In order to derive the model for the system, the following set of generalised 
coordinates is chosen: q - = [x y a &IT, where a represents the difference between the 
angular displacement of the lower and upper disc, a = - 6,. Then, from the equations of 
Lagrange, the following model is derived: 
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J~ (& + &) + mT&e (z cos(a) + y sin(a)) + k,a 

-mTj;.e sin a + m,jie cos a + 2mTk&e cos(a) + 2mT@,e sin(a) 

+Tfl (6, + ci) + m,xe:e sin(a) - mTey&e cos(a) 

where JI = J,  + mTe2. The derivation of (2.2), (2.3), (2.4) and (2.5) can be found in Appendix 
B. To derive the equations of motion, a model for the DC motor, which is derived in [13], is 
used. The description of the model parameters is indicated in table 2.1. 
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Table 2.1: List of symbols. 

Symbol 

Q 

I 8, I Angular velocitv of the lower disc I radls I 

_ 01 
Ow 

Meaning 

Difference in angular displacement between 

Unit 

upper and lower disc 
Angular displacement of the lower disc 
Angular disdacement of the upper disc 

QU 
B 
b 

rad 
rad 
rad 

C 
e 

JC 

Angular velocity of the lower disc 
Geometric centre of the lower disc 
Viscous damping coefficient in lateral direction 

J1 

rad/s 

Ns/m 
Centre of mass of the lower disc 
Distance between the geometric centre B and the centre of mass C 
of the lower disc 
Moment of inertia of the lower disc with respect to 

JU 

k 
5, 
m r  

mt 
x 

Y 

I k ,  I Motor constant 1 NmIV I 

- 

m 

kgm2/rad 
the centre of mass of the lower disc 
Moment of inertia of the lower disc with respect to 

T f l  
Tf, ,  

I u I Input voltage I V I 

kgm2/rad 
the geometric centre of the lower disc 
Moment of inertia of the upper disc 
Stiffness coefficient in lateral direction 
Stiffness of the spring 
Total mass of the parts which rotate and move in lateral direction 
Total mass of the parts which do not rotate but move in lateral direction 
Displacement of the geometric centre of the lower disc in 
x-direction 
Displacement of the geometric centre of the lower disc in 
y-direction 

kgm2/rad 

N/m 
Nm/rad 

kg 
kg 

m 

m 
Friction torque acting on the lower disc 
Friction toraue acting on the upper disc 

Nm 
Nm 



Chapter 3 

Parameter estimation and friction 
modelling 

In the previous section a model of the experimental set-up is described. In this chapter 
appropriate friction models T~,(&) and ~fl(91) are chosen, the parameters of the set-up are 
estimated, and the obtained model is validated. Several references are made to the research 
on the older version of the experimental set-up [13] in this chapter. However, because the 
set-up is tctally rebuilt, all the parameters need to be estimated again. The parameter 
values, estimated in [13], are only used to gain improved feeling about the magnitude of the 
parameters in the new set-up. In section 3.1, the applied identification technique is discussed. 
Next, in section 3.2 only the upper part of the experimental set-up, consisting of the motor and 
the upper disc, is considered. In other words, the upper disc is disconnected from the lower 
disc. In subsection 3.2.1, the equation of motion for the upper part is given and an appropriate 
model for the friction at the upper disc is chosen. In subsection 3.2.2, the parameters of the 
equation of motion for the upper part are estimated and the obtained model is validated. 
Then, the upper and lower disc are connected again with the string, the mass-unbalance is 
introduced at the lower disc and the constraints, directed in x- and y-direction, are fixed. In 
section 3.3.1, the equations of motion of the obtained system are given and an appropriate 
model for the friction at the lower disc is chosen. Since the upper part is already identified 
at that point, only the parameters of the lower part need to be estimated. The results of 
the parameter estimation and model validation are presented in subsection 3.3.2. As a next 
step, the constraints are released to enable movement in lateral direction. The corresponding 
equations of motion are given in section 3.4.1 and the parameters, which define the dynamics 
of the system in the lateral plane, are estimated in subsection 3.4.2. Finally, the constraints 
in the lateral plane are fixed again and the brake is introduced at the lower disc, causing 
friction. The equations of motions and an appropriate friction model are given in subsection 
3.5.1 and appropriate parameters are estimated in section 3.5.2. 

3.1 Identification technique 

Identification of the system is performed by adjusting the parameters within the derived model 
until its output coincides as well as possible with the experimentally obtained measurement 
data. Several techniques are available to identify the parameters of a non-linear system. 
Here, an offline least-square procedure is chosen, which estimates the parameters of the set- 
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up according to the minimization of an object function: 

where P represents the parameter set, which needs to be estimated, vi are the measured 
data, Gi the data obtained using the model of the considered system and n are the number of 
measurement points. In order to be able to extract sufficient information from measurement 
data concerning the dynamics of the system, conditions have to be imposed on the character 
of the input signal that is applied during experiments. Hereto, a quasi-random input signal 
is chosen, which consists of signals with varying amplitudes and frequencies. Because the 
relevant dynamics of the system are below 5Hz and because of the fact that the input voltage is 
limited between -5V and +5V, the quasi-random signal only contains signal with frequencies 
below 5Hz and the input voltage is kept within the limited range. The concerning signal is 
depicted in figure 3.l(a). The main advantage of the chosen procedure is that it can be 

Quasi random sianal Sum sinus sienal 

(a) Estimation signal. (b) Validation signal. 

Figure 3.1: Estimation and validation signals. 

applied offline. Earlier research has proved that it works relatively fast and delivers satisfying 
results for non-linear systems, similar to the one investigated in this report. Also online 
estimations techniques (e.g. a Kalman filter) are available [lo] to identify a non-linear system. 
However, the arithmetic computations become rather complex when an online technique is 
used for the considered system with the relatively large number of unknown parameters. 
Consequently, an online technique is very time-consuming. The main disadvantage of all non- 
linear identification techniques is the fact that they converge to a local minimum. In order 
to find a global minimum, the initial parameter values should be chosen close enough to the 
real values. 

To check the correctness of the determined model, validation of the obtained model is 
done with a different input signal, depicted in figure 3.l(b). To give an objective judgement 
on the accuracy of both estimation and validation, the R~-criterium is introduced [13]: 
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where represents the mean value of the experimental data. R2 has a maximum value of 1. 
If R2 equals 1, then the model data equal the experimental data within computer accuracy. 
The smaller the value of R2 becomes, the worse the resemblance between simulation and 
experiment. 

The implementation of the concerning algorithm is done in Matlab with the 'lsqnonlin' 
command. This algorithm is a subspace trust region method and is based on the interior- 
reflective Newton method [I]. Each iteration involves the approximate solution of a large 
linear system using the method of preconditioned conjugate gradients (PCG). The simulation 
data is generated from an m-file, in which the differential equations of (2.2), (2.3), (2.4) 
and (2.5) are implemented. In these equations, friction in the upper and lower part of the 
set-up will be modelled by set-valued force laws. Consequently, the model i constituted by 
differential inclusions. For the purpose of the numerical simulation the switch model is used 
[4] and 1131. In order to integrate these differential equations, a choice must be made for the 
type of ODE solver. In the case of a stiff system, a variable-step method may be required to 
solve the ODE. The numerical solution produced by a variable-step solver, however, is not 
a smooth function of the parameters because of step-size control mechanisms. This lack of 
smoothness may prevent the optimization routine from converging. The lack of smoothness 
is not introduced when a fixed-step solver is used [2]. Hereto, an appropriate ODE5-solver- 
M-file is used to solve the concerning differential equations. This is a non-adaptive solver, 
which implements the Dormand-Prince method of order 5 in a general framework of explicit 
Runge-Kutta methods. 

3.2 Upper part of the set-up 

3.2.1 Model of the upper part 

The equation of motion of the upper part, according to [13], is given by 

An appropriate friction model TfU(&) has to be chosen for the friction torque at the upper 
disc of the set-up. In [13], it was shown that the friction torque at the upper disc T~,(&) 
can be modelled as Coulomb friction with viscous friction. Moreover, the friction torque is 
asymmetric (Tf,(&)# - Tfu(-6,)). For that reason, the following set-valued force law is 
chosen 

TU(&)sign(&) for & # 0, 

I-Tu(O), Tu(O)l for 0, = 0, 
(3.4) 

where 
~ ~ ( 8 , )  = TCU + ~T~,sign(e,)  + bUleU1 + ~b,8 , ,  (3.5) 

we define T,, =T, + AT,, and TCun =-T, + AT,, to be the maximum and minimum value of 
the friction torque for zero angular velocity, and bup=bu + Ab, and b,,=b, - Ab, to be the 
equivalent viscous coefficients present at the upper disc for positive and negative velocities, 
respectively. The model of the upper part is a set of differential inclusions, namely (3.3), (3.4) 
and (3.5). Of course, the friction model of (3.4), (3.5) is strongly simplified, because friction 
near zero angular velocity is not linear in practice. However, the operation points of the upper 
disc in the experimental set-up will be relatively far away from zero angular velocity. The 
proposed friction model will thus be adequate, whereas its complexity will be limited. 
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3.2.2 Parameter estimation of the upper part 

The estimation technique, described in section 3.1, is used to determine the linear combination 
of the parameters of (3.3), (3.4) and (3.5). To obtain a unique solution, at least one parameter 
value has to be known. To achieve this, the moment of inertia of the upper disc, J,, is 
calculated using 

where D, is the diameter of the upper disc [m], t, the thickness of the upper disc [m], and 
p, the mass density of the upper disc [kg/m3]: D, = 4.0 . 10-I m, t, = 2.4. m, and 
p, = 7.9. lo3 kg/m3. From these data it is obtained that Ju=0.4765 kgm2. 

lnitiai vaiues for the other parameters of (3.3), (3.4) and (3.5) are taken from [13], Here, 
a minimization is performed with respect to the angular displacement of the upper disc 
according to 

1 
min - C (& - Sui)2 

2 i=l 

~ i g e  [s] 30 

(a) Angular displacement upper disc. (b) Error between experiment and simulation. 

Figure 3.2: Results estimation upper part: ~ ~ ~ ~ = 1 . 0 0 0 0 .  
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(a) Angular displacement upper disc. (b) Error between experiment and simulation. 

Figure 3.3: Results validation upper part: ~ ~ ~ ~ = 0 . 9 9 9 3 .  

The results of the estimation, when the signal in figure 3.l(a) is applied to the motor, 
are given in table 3.1 and shown in figure 3.2. The estimated friction model is depicted 
in figure 3.4. Validation results, when the signal in figure 3.l(b) is applied are depicted in 
figure 3.3. The values of RiU with respect to estimation and validation are 1.0000 and 0.9993 
respectively. From these values it is judged that the estimated model for te upper part of the 
set-up is very accurate. 

Figure 3.4: Estimated friction model of the upper part of the set-up. 
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3.3 Lower part of the set-up 

3.3.1 Model of the lower part 

The upper and lower disc are connected again with the string and a mass-unbalance is intro- 
duced at the lower disc. The system of (2.2), (2.3), (2.4) and (2.5) is considered. However, the 
constraints are fixed to avoid movement in the lateral plane. Moreover, the brake is not used 
to apply a normal force to the small disc, and therefore ~ ~ ~ ( 6 ~ )  = Tflzb(&). Consequently, the 
equations of motion of the system become 

In [13], it was concluded that the friction in the bearings at the lower disc Tflzb(&) can also be 
modelled as Coulomb friction with viscous friction. However, the friction model is symmetric 
here: Tf lzb(&)=-~flzb(-61), where 

Note that (3.4) and (3.10) together constitute a set-valued force law for the friction in the 
bearing. The model (3.4), (3.10), (3.8) and (3.9) is a set of differential inclusions. 

3.3.2 Parameter estimation of the lower part 

Values of J,, T,,, AT,,, b,, Ab, and km are determined in section 3.2. The goal of this 
section is to estimate the values of Jl, T,,, bl, and k,. This is done in the following three 
steps: 

1. In order to obtain appropriate initial values for the least-square procedure described in 
section 3.1, the following experiment is done. First, the upper disc is fixed and an initial 
rotation is applied to the lower disc. Next, the lower disc is released and el is measured 
up to the moment the lower disc stops. The friction torque at the lower disc is assumed 
to consist of only viscous damping. Consequently, such a system can be modelled by 

Using the measured data and the analytical solution to (3.12), $ and can be de- 
J1 

termined. Next, the stiffness of the string k,  is calculated using the equat~ons given in 
1131: 

where E is Young's modulus of elasticity [Nm-2], D is the diameter of the string [m], u 

is Poisson's ration [-I, and L is the length of the string [m]. The string is made of steel 
and, thus, the elasticity modulus is E = 2.0. 1011 ~ m - ~  and the Poisson ration for steel 
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is v x 113. Moreover, D = 2.0 m and L = 1.45 m. The torsional stiffness can 
now be determined: kff  = 0.0813 Nm/rad. Finally, using this value, & and bl can be 
obtained from matching model results and experimental results for the free vibration 
experiment: Jl =O.O358 kgm2 /rad and bl =O.Ol47 Nms/rad. The results obtained in this 
way are shown in table 3.2. 

Next, (3.10) with (3.8) and (3.9) are considered and its parameters are estimated using 
the non-linear least-square algorithm and matching model results and experimental 
results for the free vibration experiment. Initial values for Coulomb friction and viscous 
damping are chosen: Tc,=0.002 Nm and bl=0.0147 Nms. The object function to be 
minimized is given by 

n 

Table 3.2: Results of estimation lower part (Step 1). 

1 2 
min - 9 x ( 0 1 ,  - 01,) . 

d5 [ N ~ T ~ s ~ ]  

0.0412 

Moreover, k, is held constant during this estimation to obtain an unique solution for 
the remaining parameters. The estimation results are shown in table 3.3. 

bi [NEs] 
0.0147 

Finally, the upper disc is released again; then the equations of motion of the set-up are 
given by (3.4), (XlO), (3.8) and (3.9). (3.8) and (3.9 are coupled through k,. Because 
of this coupling and the fact that values of J,, T,,, AT,,, b,, Ab, and k ,  are already 
estimated, 4, T,,, AT,,, bl, Abl but also kf f  can be estimated uniquely. However, since 
J, z 13J1 and k, is very low, the torque, applied to the upper disc by the winding of 
the string, is not of significant influence to the acceleration of the upper disc. Because 
of this lack of influence, a weight factor a is included in the object function in order to 
accurately estimate k, and the other parameters: 

k, [D;I;/TB~] 

0.0807 

Table 3.3: Results of estimation lower part (Step 2). 

n 

min x (a(ai - &)2 + (el, - (3.15) 
i=l 

J1 [Nms2] 
0.0411 

The results of the estimation for a=13, when the input signal of figure 3.l(a) is applied 
to the motor, are shown in table 3.4 and figures 3.5 and 3.6. The corresponding values of 
R2 are: ~ % ~ = 0 . 9 9 9 7  and ~:=0.9992. The validation results (applying the input signal 
of figure 3.l(b) to the motor) are shown in figures 3.7 and 3.8, where ~ \ ~ = 0 . 9 9 8 5  and 
R:=0.9992. From these results it can be concluded that the suggested model (depicted 
in figure 3.9) is very accurate. 

T,, [Nm] 
0.0104 

bl [Nms] 
0.0053 

k ,  [Nm/rad] . 
0.0807 
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Table 3.4: Results of estimation lower   art ( S t e ~  3).  - ,  I Jl [Nms2] I T, [Nm] I br [Nms] / kd[Nm)rad] I 
1 0.0414 1 0.0092 1 0.0171 1 0.0775 

25 

PO 

15 

10 

5 - 
-d 
2 0 

CD" -5 

-1 0 

-15 

-20 

- 2 5 ~  5 10 15 20 Ti$e 30 35 40 45 50 

(a) Angular displacement lower disc. 
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(b) Error between experiment and simulation. 

Figure 3.5: Results estimation lower part, ~$~=0.9997.  

. . .  
- 6 ~ ' " ~ ' t " ' ~  

0 5 10 15 20 Ti,e 30 35 40 45 50 

(a) Torsion-angle of the string. (b) Error between experiment and simulation. 

Figure 3.6: Results estimation lower part, ~:=0.9992. 
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(a) Angular displacement lower disc. (b) Error between experiment and simulation. 

Figure 3.7: Results validation lower part, R281=0.9985. 
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(a) Torsion-angle of the string. 
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(b) Error between experiment and simulation. 

Figure 3.8: Results validation lower part, R5=0.9983. 
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Figure 3.9: Estimated friction model of the lower part of the set-up without brake. 

3.4 Movement in the lateral plane 

3.4.1 Model including mass-unbalance 

In order to allow movement of the lower disc in the lateral plane, the constraints are released. 
Consequently, the equations of motion are given by (2.2), (2.3), (2.4) and (2.5), where Tf, (8,) 
is given by (3.4), (3.5) and Tfl (el)=~flzb(el)  is given by (3.10), (3.11). 

3.4.2 Parameter estimation in the lateral plane 

In sections 3.2.2 and 3.3.2 parameters of the set-up concerning torsional movements have 
been estimated (see tables 3.1 and 3.4). In this section, other parameters in (2.2), (2.3), (2.4) 
and (2.5) are estimated. In order to obtain appropriate information about the displacement 
of the geometric centre of the lower disc in x- and y-direction, the signals obtained from the 
LVDT's are processed. The ways, in which this is done, are listed in issue 6 of appendix A. 
These processed signals from the LVDT's are used to estimate m,, mt, k ,  b and e. 

1. An initial displacement in x-direction is applied to the lower disc. Then, the lower disc 
is released and x( t )  is measured up to the moment the lower disc stops to move. The 
system is modelled as 

Using the measured data and the analytical solution to (3.16), and - Ic can 
m,+mt 

be determined. The mass of the lower part is roughly estimated and using this value, k 
and b can be computed as well. The same procedure is performed in y-direction. The 
resulting parameter estimates are depicted in table 3.5. 
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Table 3.5: Estimation results of the parameters in the lateral plane (Step 1). 

2. The quasi-random input signal of figure 3.l(a) is applied to the motor, the values of ta- 
ble 3.5 are used as initial estimates for the parameters and the following object function 
is minimized: 

x-direction 
v-direction 

Table 3.6: Est i~at ion results of the parameters in the lateral plane (Step 2). 

n 

min (ri - F,)~, 

m, [kg1 
9.9137 

where 

m, + mt [kg] 
10 
10 

Clearly, the minimization is performed with respect to the absolute displacement of the 
geometric centre of the lower disc: r. The results of the estimation, when the input 
signal of figure 3.l(a) is applied to the motor are depicted in table 3.6 and figures 3.10 
and 3.11. The results of the validation, when the input signal of figure 3.l(b) is applied 
to the motor are shown in figures 3.12 and 3.13. The values of R~ for the estimation and 
validation are respectively 0.9667 and 0.9051. It can be concluded that the suggested 
model is accurate with respect to the input signal of figure 3.l(a). The accuracy with 
respect to the input signal of 3.l(b) is a bit worse. A reason for this could be the fact that 
this input signal induces the system to make larger displacements in the lateral plane 
than the quasi-random input signal does (compare figures 3.10 and 3.12). Probably 
unmodeled dynamics (e.g. friction in the LVDT's and flexibility in the construction of 
the LVDT's) have more influence within this larger displacement range and therefore the 
model output does not coincide with the experimental output that well (see section 5.2 
for possible solutions). However, the overall judgement on the accuracy of the suggested 
model is that it is very satisfying. 

mt 
3.2302 

[N/ml 
2260 
2035 

b [Ns/ml 
25 
20 

k [N/ml 
2974.25 

b [NsIml 
25 

e [ml . 
0.0048917 
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Figure 3.10: Absolute displacement of the geometric centre of the lower disc, Rz=0.9653. 
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Figure 3.11: Error between the experiment and the simulation. 
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Figure 3.12: Absolute displacement of the geometric centre of the lower disc, ~ : = 0 . 9 0 0 3 .  
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Figure 3.13: Error between the experiment and the simulation. 
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3.5 Lower part including brake 

3.5.1 Model including brake 

Now, lateral movements are suppressed again by fixing the constraints. Moreover, in order 
to induce torsional vibrations of the lower disc in steady state by applying a constant input 
voltage, an additional brake is applied to the small disc of the lower part of the set-up (see 
figure 2.7). When ondina-oil is added between the brake blocks and the small disc, torsional 
vibrations with stick-slip appear for a range of constant input voltages. The friction torque at 
the lower disc is now given by ~ ~ ~ ( 8 ~ )  = TflWb(&), and therefore the system of (2.2), (2.3), (2.4) 
and (2.5) becomes 

JuBu + Tfu(Bu) - k a ~  = kmu, (3.19) 

In [3] and [4], it is stated that torsional vibrations in drill-string systems can be modelled 
using a friction model with the Stribeck effect. Based on the model of [7], the friction torque 
including brake, Tflwb(&), can be modelled by 

where T,, Tclwb, us, 6 and blwb are parameters of the friction model. Moreover, -T, and T, 
represent the minimum and maximum static friction level, respectively, Tclwb is the Coulomb 
friction for higher velocities and blWb is the viscous friction coefficient. 

3.5.2 Parameter estimation including brake 

Experimental experience learns that the response of the set-up depends on the initial difference 
between the angular position of the upper and the lower disc: In several experiments, it is 
tried to obtain the string totally unwinded initially, however is almost impossible because the 
friction in both upper and lower part contain a stick region. Then, the signal of figure 3.l(a) is 
applied to the motor. The results of five of these experiments are shown in figure 3.14. These 
results indicate that the response is dependent on the initial difference between the angular 
position of the upper and the lower disc. Hereto, it is decided to determine an 'averaged' 
model of the friction in the lower part. This is done applying the following minimization 
function to the five signals of figure 3.14(a) 

where n is the number of data points of 1 experiment and m is the number of experiments. 
The parameters T,, Tclwb, us, 6 and blwb of (3.21) are estimated applying the non-linear least- 
square algorithm to (3.23). The corresponding values of and R: are 0.9947 and 0.9455, 
respectively. In table 3.8 the values of Ril and Rz with respect to the separate experiments 
are shown. These values demonstrate that the estimated model is valid both on the individual 
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Table 3.7: Estimation results of the parameters of the lower part including brake. 
I T. [Nml 1 To~R,rh INml 1 us Iradlsl 1 6 1-1 I b m ,  lNms1 1 

experiments and in an 'averaged' sense. The estimation results are listed in table 3.7 and 
depicted in figure 3.14. The friction model is shown in figure 3.17. A validation experiment 
is performed by applying the signal in figure 3.l(b) to the motor. In figures 3.15 and 3.16 the 
results of this validation are shown. 

The friction model shown in figure 3.17 is obtained when a normal force of 20N is applied 
by the brake. At zero angular velocity of the lower disc & = 0 applying no external torque to 
the lower disc the system is in stick-phase. When the external torque is gradually increased 
(decreased), at one point it exceeds the maximum (or minimum) of the stick-phase. Now, 
the system starts to move. The positive slope in figure 3.17(b) could indicate a visco-elastic 
region, caused by metal-to-metal contact of the brake blocks and the small disc. Next, the 
external force is further increased (decreased) and a fluid film is built up between brake 
blocks and small disc. This causes the friction to fall down at once (the negative slope in 
figure 3.17(a)). Finally at relatively high angular velocity of the lower disc the viscous 
damping is more significant. 

Table 3.8: Estimation results of the parameters of the lower part including brake. 

(a) Angular displacement lower disc, RZ8, =0.9947. (b) Torsion-angle of the string, Rz0, =0.9899. 

Figure 3.14: Results estimation lower part including brake. 

R? 

Experiment 4 

0.9975 
0.9694 

Experiment 5 

0.9864 
0.8214 

Experiment 1 

0.9992 
0.9899 

Experiment 2 

0.9958 
0.9715 

Experiment 3 

0.9947 
0.9659 
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(a) Angular displacement lower disc. (b) Error between experiment and simulation. 

Figure 3.15: Results validation lower part including brake, ~ % ~ = 0 . 9 8 4 8 .  

(a) Torsion-angle of the string. (b) Error between experiment and simulation. 

Figure 3.16: Results validation lower part including brake, R:=0.9680. 
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Friction model 

(a) Friction torque at  the lower part with brake. (b) Friction torque a t  the lower part with brake. 

Figure 3.17: Friction torque at the lower part with brake 
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Chapter 4 

Analysis of dynamic behaviour 

In Chapter 3, the total system is modelled and the model parameters are identified. The 
overall judgement on the obtained model is that it is very accurate with respect to the input 
signals of figures 3.l(a) and 3.l(b). However, the operation points of a drill-string system are 
related to constant input voltages. Therefore, the predictive quality of the estimated model 
in steady-state (related to such constant input voltages) is of great interest. In this chapter, 
first the steady-state behaviour of the model is analysed in order to gain understanding on the 
noniinear dynamics and bifurcations that characterise the system. Hereto, the equilibrium 
points and the periodic solutions are determined along with related stability properties. Next, 
these numerical results are compared with experimental results and a judgement on the 
predictive quality of the model is given. 

The analysis of the total system is performed in three parts. First, the constraints are 
fixed and the brake is used to apply a normal force to the small disc. In section 4.1, the 
torsional dynamics of the system are considered. First, the equilibrium points are determined 
and related stability properties are discussed. Next, periodic solutions and their stability 
properties are analyzed. In order to validate the proposed model, experiments are performed. 
It follows that both in the model and the experiments the steady-state performance undergoes 
various qualitative changes when the input voltage is varied. If the steady-state behaviour of a 
non-linear system changes qualitatively when a parameter is varied, this is called a bifurcation. 
The varying parameter is called the bifurcation parameter. The occurrence of a bifurcation 
can be visualized in a bifurcation diagram, in which some measure of a state variable is plotted 
against the bifurcation parameter. A comparison of numerical and experimental bifurcation 
diagrams illustrates the predictive quality of the suggested model. 

Next, the contact between the brake blocks and the small disc is eliminated, which means 
that the brake does not apply any normal force to the small disc. Moreover, the constraints 
in lateral direction are released, which enables the lower disc to move in lateral directions. 
In section 4.2, first a model analysis is performed to determine the equilibrium points of 
the system in lateral direction dependent on the input voltage (without the brake applying 
any normal force to the small disc). Subsequently, the numerical results are compared with 
experimental results. 

Finally, both the constraints are released and the brake is used to apply a normal force 
to the small disc. Consequently, the interaction between lateral and torsional vibrations can 
investigated. In section 4.3, first a model analysis is performed considering the equilibrium 
points and periodic solutions along with their stability properties. Then, bifurcation dia- 



grams, obtained from this analysis are presented and compared to experimentally obtained 
bifurcation diagrams. The differences between the bifurcation diagrams of this section on the 
one hand and the bifurcation diagram of section 4.1 and the equilibrium branch of section 
4.2 on the other hand show the effect of interaction between lateral and torsional vibrations 
of the system. 
The numerical determination and analysis of the equilibrium points and periodic solutions 
along with their stability properties are performed following the procedure described in [6] .  

The numerical analysis learns that two types of bifurcations occur in the system. More- 
over, these two types of bifurcations are also indicated in the experiments. In figures 4. I (a)), 4.1 (b) 
and 4.2 general bifurcation diagrams (the bifurcation parameter u, vs. a state variable of an 
arbitrary dynamical system [xs]) are depicted to visualize these two types of bifurcations, 
discussed below: 

Hopf Bifurcation: 
In this bifurcation point, a pair of complex conjugate eigenvalues of the linearized system 
around the equilibrium point, crosses the imaginary axis to the right-half complex plane. 
Two types of Hopf bifurcations exist: 

1. Assume that the bifurcation point occurs at u = u,, where u is the bifurcation 
parameter. For u > u, both an unstable fixed point and a stable limit cycle (re- 
spectively ez and pl in figure 4.l(a)) are present. When the bifurcation parameter 
u decreases towards u,, the stable limit cycle becomes smaller in amplitude and at 
u = u, it engulfs the unstable fixed point, rendering it stable (A in figure 4.l(a)). 
For u < u, only a stable fixed point is present (el in figure 4.l(a)). This is called 
a supercritical Hopf bifurcation, 

2. Assume again that the bifurcation point occurs at u = u,, where u is the bifurcation 
parameter. For u > u, both a stable fixed point and an unstable limit cycle are 
present (respectively ez and pl in figure 4.l(b) ). When the bifurcation parameter 
u decreases towards u,, the unstable limit cycle becomes smaller in amplitude and 
at u = u, it engulfs the stable fixed point, rendering it unstable (A in figure 4.l(b)). 
For u < u, only an unstable equilibrium point is present (el figure 4.l(b)). This is 
called a subcritical Hopf bifurcation, 

Fold Bifurcation: 
Assume that the bifurcation point occurs at u = u,, where u is the bifurcation param- 
eter. For u < u, both a stable and an unstable limit cycle are present (respectively pl 
and pz in figure 4.2). When u is increased towards u, the stable limit cycle and the 
unstable cycle approach each other. At u = u, the stable limit cycle and the unstable 
cycle merge and disappear for u > u, (A in figure 4.2). 

It should be remarked that the discussed bifurcations can not only occur for increasing u as 
discussed above, but also for decreasing u. 
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(a) Supercritical Hopf bifurcation point. (b) Subcritical Hopf bifurcation point. 

Figure 4.1: Hopf bifurcation points. 

Figure 4.2: Fold bifurcation point. 

4.1 Torsional Dynamics 

The constraints are fixed to suppress movement in the lateral plane and the brake is used 
to apply a normal force to the small disc. In this section, the equilibrium points (section 
4.1.1) and periodic solutions (section 4.1.2) along with their stability properties in torsional 
direction are analyzed. Next, the numerical results are compared with experimental results 
in section 4.1.3. 

4.1.1 Equilibrium points 

The system of (3.19) and (3.20) is considered. The system dynamics are independent of the 
angular positions of the discs, but depend on the difference a between these two angular 
positions. Hereto, the three state variables are chosen to be a, w, and q, where w, = 8, and 
wl = 61. In the equilibrium points it holds that (a, w,, q)=(a,,, w,,,, WL,,), for u=uc, with 
uc a constant, and the constants aeq, w,,, and wl,, satisfy 
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From (4.1), (4.2) and (4.3), it follows that the following two cases should be considered: 

equilibrium points for wleq = 0, i.e. both the upper and the lower disc stand still, and 

equilibrium points for q,, # 0, i.e. both the upper and lower disc rotate with the same 
constant angular velocity. 

First the case in which w,,, = 0 is considered. Because the friction models of (3.4) 
and (3.21) contain a stick phase and are modelled using set-valued force laws, the combination 
of (4.1), (4.2) and (4.3) leads to: 

These equations are equivalent to 

(4.4) and (4.5) can be presented in one algebraic inclusion, which defines the equilibrium set 

E by 

only when 

Next, the case in which wleq = wUeq # 0 is considered. Note that, the friction model T~,(&) 
is asymmetric. Therefore, both cases, w,,, > 0 and w,,, < 0, should be considered in order 
to determine the equilibrium points. However, because the derivation for both these cases is 
similar, only the determination of the equilibrium points for wUeq > 0 is performed. Then, 
when (3.4) and (3.21) are substituted into (4.1) and (4.2) it follows that the equilibria satisfy 
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the following set of equations: 

In order to determine the stability properties of the equilibria for which w~,~=w,,, # 0, the 
Routh-Hurwitz criterion is applied. According to this criterion the equilibrium point is locally 
stable if 

kg m dl > -0.001245- 
rad/s ' 

where 

and represents the linearized friction damping at the equilibrium points. Obviously, the value 
of the linearized damping dl is of decisive significance for the stability of the system. With 
heip of (4.11), (4.12) and (3.22), the values of wl,,, at which the stability properties of the 
system undergo a qualitative change, are determined. In figure 4.3, these points are marked 
as wl = 0.0608 rad/s and wa = 2.8267 rad/s, respectively. From (4.8), (4.9) and (4.10), 
corresponding values of u, can be determined (u,, = 0.1849 V, u,, = 1.6851 V). The obtained 

(a) Friction torque a t  the lower part with brake. (b) Friction damping for suggested torque. 

Figure 4.3: Riction torque and corresponding linearized damping dl at the lower part with 
brake. 

results are now used to construct the equilibrium branches of the system for positive constant 
input voltages. In figure 4.4 the angular velocity of the lower disc el,, = 8,,, is plotted against 
the input voltage u, (for u, > 0) and the following can be concluded about the behaviour of 
the system, when the input voltage u, is increased: 
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T +Ts For 0 5 U, 5 us, us = 
km 

, the system is in stick-phase in steady-state, and 
the equilibrium set is globally stable (equilibrium branch el). For the proof of this 
statement, see [6]. 

For us < u, < uWl, the system has one equilibrium point, which is locally stable 
(equilibrium branch ez) . 

For u, = u,,, the friction damping dl reaches the value -0.001245 kgm/rads and a 
change in stability properties occurs. Namely, a pair of complex conjugate eigenvalues 
of the linearized system about the equilibrium point crosses the imaginary axis to the 
right-half complex plane. Therefore, at this value for u, a Hopf bifurcation occurs. 

For u ,~  < u, < u,~, the friction damping dl is below -0.001245 kgmlrads and the 
equilibrium point is unstable (equilibrium branch es). 

For u, = u,, , the friction damping dl reaches the value -0.001245 kgmlrads again and a 
change in stability properties occurs. Namely, a pair of complex conjugate eigenvalues 
of the linearized system about the equilibrium point crosses the imaginary axis to the 
left-half complex plane. Therefore, at this value for u, a Hopf bifurcation occurs. 

For u,, > u,, , the system has one equilibrium point, which is locally stable (equilibrium 
branch e4). 

Figure 4.4: Equilibrium branches of the drill-string set-up. 

4.1.2 Periodic solutions 

In section 4.1.1, the equilibrium branches of the system of (3.19) and (3.20) (with friction 
models as in (3.4), (3.5) and (3.21), (3.22)) are constructed. It has been concluded that the 
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equilibrium points of the equilibrium branche e3, depicted in figure 4.4, are unstable. In 
this section a path following technique in combination with a shooting method [8] is used to 
compute limit cycles numerically. As a result, the bifurcation diagram of figure 4.6 arises, in 
which both the maximum and minimum of the absolute value of the angular velocity of the 
lower disc is plotted against the input voltage (bifurcation parameter). The following can be 
concluded on the bifurcation diagram of figure 4.6: 

a In point u, = upl, a stable stick-slip limit cycle (pl in figure 4.6(b)) and an unstabie 
cycle (p2 in figure 4.6(b)) merge. When the Floquet-multipiiers [5] of the system are 
analysed, it can be concluded that at u, = u q  a fold bifurcation occurs. During the 
stable limit cycles the angular velocity of the lower disc $1 varies between a maximum 
value and zero and thus these limit cycles contain stick-slip. Because the limit cycle at 
u, = UF, immediately incorporates stick-slip, it is called a discontinuous fold bifurcation 
point. 

0 In point u, = u,, a pair of complex conjugate eigenvalues of the linearized system 
around the equilibrium point crosses the imaginary axis to the right half complex plane. 
Figure 4.6(b) shows that for u, < u,,, a small range is present in which both a stable 
fixed point e2 and an unstable cycle p2 are present. For u, > u,,, an unstable fixed 
point is present (branch es in figure 4.6(b)). Thus, at u,, a subcritical Hopf bifurcation 
point occurs. 

a For u,, < U, < u,,, an unstable equilibrium point and a stable limit cycle are present 
(respectively e3 and pl in figure 4.5). 

a At u, = u,,, an unstable cycle p3 and a stable fixed point es merge (see figure 4.5). To 
the left of this point an unstable fixed point is present and to the right of this point, an 
unstable cycle and a stable fixed point are present. Thus, at u, = u,, , also a subcritical 
Hopf bifurcation occurs. 

a For u,, < u, < UF, a stable stick-slip limit cycle pl and a stable fixed point e4 co-exist 
and an unstable cycle 333 is present. 

0 At u, = U F ~  a stable stick-slip limit cycle and an unstable cycle collide (see figure 4.5). 
When the Floquet-multipliers [5] of the system are analysed, it can be concluded that 
at u, = up, a second fold bifurcation occurs. During the stable limit cycles the angular 
velocity of the lower disc $1 varies between a maximum value and zero and thus these 
limit cycles contain stick-slip. Because the limit cycle which is born at u, = ufi is a 
stick-slip limit cycle, it is called a discontinuous fold bifurcation point. 

0 For u, > UF, only a stable fixed point is present (e4 in figure 4.5). 
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4 V I  

Figure 4.5: Bifurcation diagram of the drill-string set-up with brake. 

(a) Bifurcation diagram of the drill-string set-up with 
brake: zoomed in. 

(b) Bifurcation diagram of the drill-string set-up with 
brake: zoomed in. 

Figure 4.6: Bifurcation diagram of the drill-string set-up with brake: zoomed in. 

4.1.3 Experimental results 

In order to check the validity of the obtained model, considering the steady-sate behaviour of 
the set-up with brake, the numerically obtained results are compared with experimental re- 
sults in this section. First, in order to evidently indicate the two subcritical Hopf bifurcations 
and the second Fold bifurcation experimentally, the following experiments are performed: 

o From figure 4.6, it is concluded that for u,, 5 u, 5 u ~ , ,  stable limit cycles and stable 
equilibrium points co-exist in the numerical results. To check whether this is also valid 
experimentally, a specific input voltage within this interval, u, = 3.6V, is applied to 
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the motor. The time span of the experiment is long enough to ensure that all transient 
effects have disappeared and the angular velocity of the lower disc I!& is measured. In 
figure 4.7 the result of the experiment is shown. At time t = 0, the system has lost all 
its transient effects and a stick-slip limit cycle is present. In order to check whether also 
the equilibrium point is attractive, the angular velocity of the lower disc is operated 
manually into the attraction region of the equilibrium point at instant time t = tl. 
Figure 4.7 shows that indeed the system damps out to a constant velocity (81 ~ 6 . 2 5  
rad/s) and comes to an equilibrium point. At time t = tz, the lower disc is stopped 
manually, and as figure 4.7 shows, again limit cycles appear. Thus, this experiment 
indicates that also in the experiments an interval of u, exists in which stable limit 
cycles and stable equilibrium points co-exist. 

Figure 4.7: Co-existence of a stable stick-slip limit cycle and a stable equilibrium point in the 
experimental drill-string set-up for u, = 3.6V. 

In order to determine whether a Hopf-bifurcation is present in the experiment, the input 
voltage of the foregoing experiment u, = 3.6V is applied to the motor and the system is 
manually brought into equilibrium (constant angular velocity of the lower disc). After 
some time the constant input voltage is gradually and very slowly decreased, with steps 
of 0.1 V each time, and the equilibrium branch is followed. Figure 4.8 shows the result 
of the experiment ever since the input voltage is u, = 2V. Next, the input voltage 
u, is again gradually and very slowly decreased, with steps of 0.1V. At time t = tH, 
the input voltage is gradually decreased to u, = 1.7V, the equilibrium disappears and 
a limit cycle appears. This is a strong indication for the fact that a Hopf-bifurcation 
point is crossed, because the equilibrium point apparently has become unstable. 

0 To indicate the presence of the second fold bifurcation, a similar experiment is done, 
however the input voltage u, is now increased with steps of O.lV, beginning at the 
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Figure 4.8: Indication of the second Hopf-bifurcation in the experimental drill-string set-up. 

input voltage u, = 3.6V. The result is depicted in figure 4.9. At time t = tF, the input 
voltage is gradually increased from u, = 3.6V to u, = 4V. At u, = 4V the limit cycle 
disappears and the system comes to an equilibrium (constant angular velocity of the 
lower disc). This indicates a fold-bifurcation in the experiment, because the region of 
co-existence is passed and only an equilibrium point remains. 

The foregoing three experiments show the presence of the second Hopf bifurcation, the second 
Fold bifurcation and a region of co-existence experimentally. Because friction at the lower 
part is strongly position-dependent, these bifurcation points can occur for different values 
of u, (k0.1 V). Moreover, it is impossible to indicate the first Hopf bifurcation and the 
first Fold bifurcation experimentally. Namely, when the input voltage is decreased stepwise, 
limit cycles disappear and the system comes into a globally stable stick-phase at once. This 
indicates a Hopf bifurcation point, however a stable fixed point for 81 > 0 can not be shown 
experimentally for small values of u,. 

Next, in order to construct the same type of bifurcation diagram, as depicted in figure 4.6, 
several other experiments are performed, applying constant input voltages to the motor. In 
figure 4.10(a), both the numerically and experimentally obtained bifurcation diagrams are 
shown. Moreover, figure 4.10(b) depicts the corresponding period times of the limit cycles 
for the numerical and experimental results. Figures 4.10(a) and 4.10(b) show a striking 
resemblance between numerical and experimental results. The amplitudes as well as the 
period time of the limit cycles agree very well for the numerically and the experimentally 
obtained results. Moreover, the equilibrium points, obtained from experiments, almost exactly 
match the simulated equilibrium branch. Both the Hopf bifurcations and the fold bifurcation 
points occur at approximately the same constant input voltages u, for the simulation and 
the experiment. It can therefore be concluded that with the suggested model, the dynamics 
of the experimental drill-string set-up with brake can be modelled accurately. Evidently, 
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Figure 4.9: Indication of the fold-bifurcation in the experimental drill-string set-up. 

(a) Numerical and experimental bifurcation diagram (b) Numerical and experimental period time of the 
of the set-up with brake. periodic solutions. 

Figure 4.10: Comparison of numerical and experimental results for the set-up with brake. 
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4.2 Lateral Dynamics 

The contact between the brake blocks and the small disc is eliminated, which means that 
the brake does not apply any normal force to the small disc. Moreover, the constraints in 
lateral direction are released, which enables the lower disc to move in lateral direction. In 
this section, the equilibrium points of the system in lateral direction are analyzed (section 
4.2.1) and numerical results are compared with experimental results (section 4.2.2). 

4.2.1 Equiiibrium points 

Equations (2.2), (2.3), (2.4) and (2.5) are considered (with the friction model (3.4), (3.5) for 
the friction at the upper disc). In the equilibrium points it holds that (a, w,, wl, x, y)=(aeq, 
w,,,, wleq xeq, yeq), for u=u,, with uc a constant, and aeq, w,,,, WZ,, xeq and ye, satisfy 

wz,, = Wueq 

These equations are equivalent to the following equations: 

(ekm~w&, - em, (m, + rnt)w&,) sin(aeq) - bemwieq cos(aeq) 
Yeq = 

( m ~  f m t ) 2 ~ & q  + b2wEeq - 2k(mT + mtw:,, + k2) 
' 

Because the brake does not apply any normal force to the small disc, T ~ ~ ( & ) = T ~ Z ~ ~ ( & )  
(see (3.10), (3.11)). It should be remarked that x and y in (2.2), (2.3), (2.4) and (2.5) 
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are coordinates in a co-rotating coordinate frame (see figure 2.8) and thus, equilibrium in 
terms of xeq and ye, does not mean that the geometric centre of the lower disc does not move 
in lateral direction. 

Because Tfu and Tflzb are modelled using set-valued force laws, the following two cases 
should be considered: 

a The case in which WL,, = 0, 

The case in which w:,, + 0. 

Similar as in section 4.1.1, the equilibrium set for the case where wleq = 0 can be derived and 
the equilibrium set E for wl,, = 0 satisfies 

and it onlv exists when 

The case in which we, # 0, should be split up in two cases, namely we, > 0 and we, < 0. For 
simplicity reasons only the case in which we, > 0 is considered. Then, the equilibrium point 
satisfies the following equations: 

2 2 5  
- be m,wueq = 0, 

(m, + m t ) 2 ~ & q  + b2wZeq - 2k(mT + mt)w&, + k2 

(ekrn,~:,, - emT(mT + mt)w&,) sin(&,,) - bernw;=, cos(aeq) 
Yeq = 

((m, + m t ) 2 ~ & q  + b2wieq - 2k(mT + mt)wieq + k2) 
1 

It can be concluded that (4.25) (with (4.29)) has one unique solution, and thus a unique 
equilibrium point exists. When wl,, = w,,, is determined from (4.25), then also a,,, xeq and 
ye, can be found solving (4.26), (4.27) and (4.28), respectively. In order to determine the 
stability properties of the equilibrium point, the system is linearized around its equilibrium 
point and the Routh-Hurwitz criterion is applied. From this it follows that the equilibrium 

Tcup +Tq point is locally stable for uc > r. 
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Next, the equilibrium branch of the system in steady-state is constructed, in which the 
absolute displacement of the geometric center of the lower disc in equilibrium re, is plotted 
against the constant positive input voltage u,, where 

From (4.30), it follows if weq + oo (according to (4.25) this happens if u, + oo) then 
r -+ a 

T !Yrnt).' e equilibrium branch, for the estimated parameters of Chapter 3, is depicted in fig- 
ure 4.11. The constant input voltage u, is related to the rotational frequency of the upper 

Figure 4.11: Equilibrium branch of the drill-string set-up in the lateral plane. 

and lower disc in equilibrium and r is the amplitude of the vibration in lateral direction. In this 
respect, figure 4.11 shows a sort of frequency-response function with respect to the movement 
of the system in the lateral plane (like a one-dimensional linear mass-spring-damper system). 
The peak in figure 4.11 occurs at the eigenfrequency of the (linearized) system in the lateral 
plane without brake: the maximum of r is at about u, FZ 8V (see figure 4.11). Using (4.25) 
it follows that the corresponding angular velocity we, z 15 rad/s. The eigenfrequency of the 

4 1  = 15.04 rad/s. linearised system is at we, = 
m,+mt 

4.2.2 Experimental results 

In order to check the validity of the obtained model of the drill-string set-up in the lateral 
plane, experimental results are compared with the numerical results of section 4.2.1. A 
constant input voltage is applied at the input of the set-up and each experiment is performed 
long enough to ensure that all transient effects have disappeared. Then, according to  (4.30), 
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re, is determined using the measurement data of the LVDT's. Subsequently, the same type 
of equilibrium diagram, as shown in figure 4.11, is constructed from the experimental results. 
In figure 4.12, both the numerically and experimentally obtained equilibrium diagrams are 
shown. Because the range of input voltages lies between -5V and 5V in the set-up, the 
experimental equilibrium diagram is only determined between OV and 5V. Figure 4.12 shows 
that the experimentally obtained equilibrium diagram matches very well with the numerically 
obtained equilibrium diagram and thus the resemblance between experiment and simulation 
is very good. Hence, it is concluded that with the suggested model the steady-state behaviour 
of the set-up in the lateral plane is modelled accurately. 

u [VI 

(a) Input range: OV-50V. 

UM 

(b) Specified input range of the set-up: OV-5V. 

Figure 4.12: Numerical and experimental equilibrium branches of the system in the lateral 
plane. 

4.3 Interaction between torsional and lateral dynamics 

In this section, first a numerical analysis is performed considering the equilibrium points and 
periodic solutions of the set-up with brake and including lateral movement. Next, bifurcation 
diagrams (u, vs. we, and u, vs. re,) are constructed using these numerical results. Then, 
these numerical bifurcation diagrams are compared with experimentally obtained bifurcation 
diagrams and a judgement on the validity of the suggested model is given. Finally, the 
bifurcation diagrams of this section are compared to the bifurcation diagram of section 4.1 
and the equilibrium branch of section 4.2. The differences show the effects of the interaction 
between torsional and lateral vibrations. 

4.3.1 Equilibrium points 

Similar to the foregoing sections, again (2.2), (2.3), (2.4) and (2.5) are considered (with 
the friction model (3.4), (3.5) for the friction at the upper disc). The constraints are not 
fixed, which enables movement in the lateral plane. (a, w,, wl, x,  y)=(aeq, w,,, , wl,, x,,, 
ye,) reflect equilibria for u=u,, with u, a constant, and a,,, w,,,, qeq xeq and ye, satisfy 
(4.18), (4.19), (4.20), (4.21), and (4.22). Because the brake is used to apply a normal force 
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to the small disc, T~~ (el)=~flwb(61) (see (3.21), (3.22)). Because Tf, and Tflwb are modelled 
as set-valued force laws, the following two cases should be considered: 

0 The case in which w,,, = 0, 

0 The case in which w,,, # 0. 

Similar as in sections 4.1.1 and 4.2.1, the equilibrium set for the weq = 0 can be derived. It 
follows that the equilibrium set for w,,, = 0 is an algebraic inclusion given by 

and it only exists when 
Tcun - T8 < T,, + Ts 

C - 
5m km ' 

In order to obtain the stability properties of the equilibrium points for the case we, # 0, the 
Routh-Hurwitz criterion is applied to the linearized system of (2.2), (2.3), (2.4) and (2.5). 
Using this criterion it can be concluded that the equilibria of the considered system with both 
torsional and lateral vibrations change stability at two points. In figures 4.13(a) and 4.13(b), 
the equilibrium branches of the system with respect to the angular velocity of the lower disc 
wleq and with respect to the absolute displacement of the geometric centre of the lower disc 
re,, are depicted. The points, at which the system becomes unstable, occur at uUlz = 0.1849V 
and u,,% = 1.6851, in which the subscript i refers to the interaction between torsional and 
lateral vibrations. Considering figures 4.13(a) and 4.13(b), the following can be concluded 
about the behaviour of the system, when the input voltage u, is increased: 

Tcup +Ts 
0 For 0 5 u, 5 us, us = exhibit an equilibrium set in which the system is in 

stick-phase. For the proof of this, see [6] .  

0 For us < uc < uUli, the system has one equilibrium point, which is locally stable 
(equilibrium branch ez). 

0 For u, = uUIi a change in stability properties occurs. Namely, a pair of complex 
conjugate eigenvalues of the linearized system about the equilibrium point, crosses the 
imaginary axis to the right-half complex plane. Therefore, at this value for u, a Hopf 
bifurcation occurs. 

0 For uUIi < u, < uCzi the equilibrium point is unstable (equilibrium branch es). 

0 For u, = uCzi a change in stability properties occurs. Namely, a pair of complex conju- 
gate eigenvalues of the linearized system about the equilibrium point crosses the imagi- 
nary axis to the left-half complex plane. Therefore, at this value for u, a Hopf bifurcation 
occurs. 

For uc > uUzi, the system has one equilibrium point, which is locally stable (equilibrium 
branch e4). 
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(a) Equilibrium branch of the angular velocity of the (b) Equilibrium branch of the absolute displacement 
lower disc. of the geometric centre of the lower disc. 

Figure 4.13: Equilibrium branches of the system with both torsional and lateral vibrations. 

4.3.2 Periodic solutions 

In section 4.3.1, the equilibrium branches of the system with interaction are constructed. 
It has been concluded, that the equilibrium points of the equilibrium branch es, depicted 
in figures 4.13(a) and 4.13(b), are unstable. In this section, a path following technique in 
combination with a shooting method is used in order to compute limit cycles numerically. 
As a result, the bifurcation diagrams of figures 4.15 and 4.16 arise, in which respectively 
the maximum and minimum of the absolute value of the angular velocity of the lower disc, 
and the maximum and minimum of the absolute displacement of the geometric centre of the 
lower disc are plotted against the input voltage (bifurcation parameter). The following can 
be concluded about the bifurcation diagrams of figures 4.15 and 4.16: 

In point u, = UF~, , a stable stick-slip limit cycle and an unstable cycle merge (respec- 
tively pl and pa in figures 4.15(b) and 4.16(b)). When the Floquet-multipliers [5] of the 
system are analysed, it can be concluded that at u, = UF,~ a fold bifurcation occurs. 

During the stable limit cycles the angular velocity of the lower disc el varies between a 
maximum value and zero and thus these limit cycles contain stick-slip. Because the limit 
cycle born at u, = U F ~ ~  immediately is a stick-slip limit cycle, it is called a discontinuous 
fold bifurcation point. 

o In point u, = uwls a pair of complex conjugate eigenvalues of the linearized system 
around the equilibrium point crosses the imaginary axis to the right half complex plane. 
Figures 4.15(b) and 4.16(b) show that for u, < u,, , a small range is present in which 
both a stable fixed point ez and an unstable limit cycle p2 are present. For u, > uWlZ, 
an unstable fixed point is present (branch e3 in figures 4.15(b) and 4.16(b)). Thus, at  
uWlz a subcritical Hopf bifurcation point occurs. 

For uUli < u, < uWzi, an unstable fixed point e3 and a stable limit cycle pl are present 
(see figures 4.14 and 4.16(a)). 
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0 At u, = uWzi, an unstable limit cycle p3 and a stable fixed point e4 merge (see figures 4.14 
and 4.16(a)). To the left of this point an unstable fixed point e3 is present and to the 
right of this point, an unstable limit cycle p3 and a stable fixed point e4 are present. 
Thus, at u, = uWzi, also a subcritical Hopf bifurcation occurs. 

For uWzi < u, < U F ~ ~  a stable stick-slip limit cycle pl and a stable fixed point e4 co-exist 
and moreover an unstable cycle pa is present (see figures 4.14 and 4.16(a)). 

0 At u, = U F ~ ~  a stable stick-slip limit cycle pl and an unstable limit cycle pz collide (see 
figures 4.14 and 4.16(a)). When the Floquet-multipliers [5] of the system are analysed, 
it can be concluded that at u, = upzz a second fold bifurcation occurs. During the stable 

limit cycles the angular velocity of the lower disc 81 varies between a maximum value 
and zero and thus these limit cycles contain stick-slip. Because the limit cycle which is 
born at u, = U F ~ ~  is a stick-slip limit cycle, it is called a discontinuous fold bifurcation 
point. 

For u, > UF,, only a stable fixed point is present (branch e4 in figures 4.14 and 4.16(a)). 

Figure 4.14: Bifurcation diagram of the drill-string set-up with both torsional and lateral 
vibrations (in terms of 81). 
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uc[VI uc[VI 
(a) Bifurcation diagram with respect to the an- (b) Bifurcation diagram with respect to the an- 
gular velocity of the lower disc: zoomed in. gular velocity of the lower disc: zoomed in. 

Figure 4.15: Numerically obtained bifurcation diagram of the drill-string set-up with both 
torsional and lateral vibrations (in terms of 81). 

(a) Bifurcation diagram with respect to the ab- (b) Bifurcation diagram with respect to the ab- 
solute displacement of the geometric centre of the solute displacement of the geometric centre of the 
lower disc. lower disc for small input voltages. 

Figure 4.16: Numerically obtained bifurcation diagram of the drill-string set-up with both 
torsional and lateral vibrations (in terms of r). 

4.3.3 Experimental results 

In order to experimentally indicate the qualitative changes in the steady-state behaviour of 
the system with interaction, similar experiments as in section 4.1.3 are performed: 

0 Based on the numerical results, depicted in figures 4.15 and 4.16, an input voltage 
is chosen at which a stable limit cycle and a stable fixed point co-exist: u, = 3.4V. 
This input voltage is applied to the motor and the experiment is long enough in order 
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for all transient effects to have disappeared. In steady-state a stick-slip limit cycle is 
present then. The experimental results, considering the angular velocity of the lower 
disc and the absolute displacement of the geometric centre of the lower disc are shown 
in figures 4.17(a) and 4.17(b), respectively. At time t = tl ,  the lower disc is manually 
operated in order to see whether a stable fixed point is attractive. Then, indeed the 
system comes into an equilibrium. Next, at time t = t2 the lower disc is stopped 
manually and again a stick-slip limit cycle is present. This is a strong indication that a 
region of co-existence of torsional and lateral vibrations is present in the experimental 
drill-string set-up. 

0 In order to indicate the presence of a subcritical Hopf bifurcation, the following exper- 
iment is done. An input voltage of u, = 1.8V is applied to the motor and the system 
is manually operated (this point is still within the region of co-existence ) to settle 
in an equilibrium in steady-state (see figure 4.18). Subsequently, the input voltage is 
gradually and very slowly decreased with steps of 0.1V each time. At time t = t ~ ,  
the input voltage is u, = 1.6V, the equilibrium point becomes unstable and a stable 
stick-slip limit cycle appears. This is a strong indication for the fact that a t  u, = 1.6V 
a subcritical Hopf bifurcation occurs in the experimental drill-string set-up. 

0 In a similar fashion the fold bifurcation point is indicated: the input voltage u, = 3.3V 
is applied to the motor and the experiment is long enough to ensure that all transient 
effects have disappeared and a limit cycle is occurring (this point is still within the 
region of co-existence). Subsequently, the input voltage is gradually and very slowly 
increased with steps of 0.1V each time (Figure 4.19)). At time t = t ~ ,  the input voltage 
is u, = 3.5V, the stick-slip limit cycle disappears and the system comes to a stable 
equilibrium. This is a strong indication for the fact that at u, = 3.5V a fold bifurcation 
occurs in the experimental drill-string set-up. 

(a) Angular velocity of the lower disc. (b) Absolute displacement of the geometric cen- 
tre of the lower disc. 

Figure 4.17: Co-existence of a stable stick-slip limit cycle and a stable equilibrium point in 
the experimental drill-string set-up with interaction for u, = 3.4V. 
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(a) Angular velocity of the lower disc. (b) Absolute displacement of the geometric cen- 
tre of the lower disc. 

Figure 4.18: Indication of a Hopf bifurcation in the experimental drill-string set-up with 
interaction. 

t[sl 
(a) Angular velocity of the lower disc. (b) Absolute displacement of the geometric cen- 

tre of the lower disc. 

Figure 4.19: Indication of a fold bifurcation in the experimental drill-string set-up with in- 
teraction. 

From the results of the discussed experiments of this section, it can be concluded that the 
points at which the bifurcations occur coincide very well for the simulation and the exper- 
iment. In order to validate the suggested model for other values of u,, the same type of 
bifurcation diagrams as depicted in figures 4.15 and 4.16 are constructed using experimental 
results. In the figures 4.20(a) and 4.20(b) both the simulated and the experimental bifurca- 
tion diagrams are depicted. Moreover, figure 4.21(a) depicts the period times of the periodic 
solutions. Figures 4.20(a) and 4.21(a) show a very good resemblance between simulated and 
experimental results, considering the occurrence of bifurcation points, the equilibrium points 
and both the period time and amplitude of periodic solutions. Figure 4.20(b) also shows 
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(a) Bifurcation diagram with respect to  the angular (b) Bifurcation diagram with respect to  the absolute 
velocity of the lower disc 01. displacement of the geometric centre of the lower disc 

r. 

Figure 4.20: Comparison of numerical and experimental results for the set-up with interaction. 

very good resemblance between simulation and experiment for smaii input voltages (up to 
u, = 22.V). However, for larger input voltages the amplitude of the lateral vibrations in 
experiments are larger than the amplitude of the lateral vibrations in simulation. As already 
mentioned, a possible reason for this phenomenon could be the fact that at larger displace- 
ments in lateral directions, unmodelled nonlinearities will have more influence on the dynamics 
of the experimental drill-string set-up. However, the general judgement on the validity of the 
suggested model is that it is accurate. 

In order to assess the effect of the interaction of torsional and lateral vibrations on the 
behaviour of the system, the bifurcation diagram from figure 4.10(a) is compared to the 
bifurcation diagram of 4.20(a), and the equilibrium branch of figure 4.12 is compared to the 
bifurcation diagram of figure 4.20(b). Qualitatively as well as quantitatively, the equilibrium 
branch shown in figure 4.12 is (approximately) the same as the equilibrium branch depicted 
in figure 4.20(b). Also the bifurcation diagrams shown in figures 4.10(a) and 4.20(a), are 
(approximately) the same. However, at one point, a significant difference is present: The 
input voltage at which the Fold bifurcation occurs when interaction is present (u, = 3.5V) 
is significant smaller than the input voltage at which the Fold bifurcation occurs when only 
the brake is applied and lateral movements are suppressed (u, = 33.V). This difference 
is confirmed in the following experiment: first, the constraints are fixed to suppress lateral 
movement. Next, the input voltage, applied to the motor, is chosen in between 3.5V and 
4V: u, = 3.8V. When this input voltage is applied to the disc and the experiment is long 
enough to ensure that all transient effects have disappeared (time t = 0 in figure 4.21(b)), a 
stick-slip limit cycle is occurring (under these conditions, this point is within the region of co- 
existence of a stable fixed point and a stable stick-slip limit cycle as shown in figure 4.10(a)). 
Subsequently, a t  time t = t l ,  the constraints are released. From figure 4.20(a) it follows that 
the stick-slip limit cycles should disappear and that only a stable fixed point is present a t  
u, = 3.8V. Indeed, as figure 4.21(b) shows, the system is damped. At time t = ta, the lower 
disc is stopped manually in order to induce a stick-slip limit cycle. However, a limit cycle is 
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(a) Period times of the periodic solutions of the ex- (b) The effect of interaction in the experimental drill- 
perimeutal drill-string set-up with interaction. string set-up. 

Figure 4.21: Period times of periodic solutions (a) and the effect of interaction (b). 

not attractive now and again the system tends to an equilibrium. Finally, at time t = ts the 
constraints are fixed again and the lower disc is stopped manually. Under these conditions, 
co-existence of a stable fixed point and a stable stick-slip limit cycle is present (figure 4.10(a)). 
Indeed, figure 4.21(b) shows a stick-slip limit cycle. This is a strong indication for the fact 
that, within the region of 3.5V - 3.8V, stick-slip limit cycles (in torsional direction) are lost 
when lateral movement is allowed. A physical explanation for this could be the fact that 
the lateral movement dissipates energy and damps the torsional vibrations. Considering the 
model indeed, (2.5) adds extra terms including the angular velocity of the upper disc when 
lateral movement is present e # 0. These terms represent damping in torsional direction, 
and these terms are significant for higher input voltages. Due to this, only the second Fold 
bifurcation point shifts to the left (to smaller input voltage) when interaction is allowed, 
whereas other qualitative changes for smaller input voltages remain at the original input 
voltages. 
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Chapter 5 

Conclusions and Recommendations 

Vibrations appear in everyday life in many systems and structures. They often limit the 
performance and can also endanger the safety of operation of dynamical systems. Very often, 
more than one type of vibration appears in dynamical systems. In order to gain improved 
insight in and understanding on torsional vibrations, lateral vibrations and the interaction 
between them, a new experimental drill-string set-up is designed and constructed in the 
Laboratory of the Dynamics and Control Group. The drill-string set-up can undergo torsional 
vibrations, lateral vibrations and a combination of those two types of vibrations. The research, 
presented in this report presents the following results: 

Fine-tuning of the set-up has been performed and conditions have been found under 
which it is possible to obtain torsional and lateral vibrations experimentally, 

0 The set-up has been modelled, including model identification and model validation, 

0 Theoretical and experimental analysis of the steady-state behaviour of the system has 
been done and appropriate numerical and experimental bifurcation diagrams based on 
such analysis have been constructed, 

The effect of interaction between torsional and lateral vibrations has been indicated in 
both the simulation and the experiment. 

5.1 Conclusions 

Stick-slip (torsional) vibrations at a drilling bit occur due to friction between the drill-bit and 
the borehole. Moreover, such phenomenon can be modelled if negative damping is present 
in the friction force a t  the lower disc. Consequently, to induce torsional vibrations in the 
experimental drill-string set-up, a brake has been constructed at the upper bearing housing 
of the lower part of the set-up. Then, negative damping has been created by adding ondina-oil 
between the brake blocks and the small-disc. On the other hand, lateral vibrations in a real 
drilling system are often caused by pipe-eccentricity. This pipe-eccentricity leads to mass- 
unbalance and to centripetal forces when the bit is rotating. Hereto, in order to induce lateral 
vibrations in the experimental drill-string set-up, a mass-unbalance has been introduced to 
the set-up by adding an additional mass to the lower disc. 

Using a Lagrangian approach, a dynamic model of the experimental drill-string set-up 
has been constructed. The friction model at the upper part of the set-up is an asymmetric 
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discontinuous model with only Coulomb friction and viscous friction. The friction at the lower 
part of the set-up has been modelled as symmetric Coulomb friction and symmetric viscous 
friction (also this model is discontinuous). The model for the friction caused by the brake 
is discontinuous and symmetric. For increasing velocity this model describes subsequently 
a stick-phase, positive damping, negative damping, positive damping. The set-up has been 
identified in parts, using a nonlinear least-squares identification technique. Validation learns 
that with the suggested model the dynamics of the system can be modelled very accurately. 

In practice, the working points of an oil rig are related to the situation when a constant 
torque is applied to the motor above the ground. Therefore, the steady-state behaviour of 
the experimental set-up, related to constant input voltages at the motor, has been investi- 
gated. The suggested model and the experimental set-up show the same qualitative changes 
in the steady-state behaviour when the bifurcation parameter (the input voltage applied to 
the motor) is varied. Moreover, the points at which these bifurcations occur, as well as the 
equilibrium branches and the periodic solutions , induced by these bifurcations of the sug- 
gested model, agree very well with the experimental results. When only torsional vibrations 
are induced and the constant input voltage is increased from OV upwards, successively, a stick- 
phase, an equilibrium branch with stable fixed points, a small region in which co-existence of 
a stable fixed point and a stick-slip limit cycle is present, a region with only a stable stick-slip 
limit cycle, a large region in which co-existence of a stable fixed point and a stick-slip limit 
cycle is present, and finally an equilibrium branch with a stable fixed point occur. When 
only lateral vibrations are induced, only stable fixed points are present in the equiiibrium 
diagrams, constructed from numerical and experimental results. These equilibria reflect a 
whirling motion of the lower disc. When both torsional and lateral vibrations are induced, 
again two regions of co-existence of a stable fixed point and a stable stick-slip limit cycle are 
present. The interaction between torsional and lateral vibrations causes one significant differ- 
ence with respect to the case in which only torsional vibrations are induced: when interaction 
is enabled, the large region in which a stable fixed point and a stable stick-slip limit cycle 
co-exist becomes significantly smaller. Apparently, the lateral vibrations dissipate energy and 
cause additional damping in torsional direction. Due to this fact, stick-slip limit cycles are 
lost at lower constant input voltage. 

The research presented in this report focusses on the analysis of torsional and lateral vi- 
brations and the combinations of those vibrations in a specific experimental drill-string set-up, 
in which torsional vibrations, lateral vibrations and the combination of these two vibrations 
can be induced. Moreover, the suggested model in this report describes the dynamics of the 
experimental set-up very well: with both the experimental set-up and the dynamic model 
qualitative changes in the steady-state behaviour of the system are illuminated. The research 
presented in this report provides improved understanding in the causes for torsional vibra- 
tions, lateral vibrations and the combinations of those vibrations in the experimental set-up. 
With help of these improved insights, the unwanted vibrations could be compensated for in 
further research. 

5.2 Recommendations 

The following recommendations are given for further research: 

In order to improve on the accuracy of the measurements from the LVDT's and in order 
to decrease friction between house and core, the LVDT's could be aligned better and 
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the construction supporting the LVDT's could be more stiff; 

The realization of the foregoing item could solve the problem of the relatively large 
difference between experiment and simulation at relatively large lateral displacements; 

A control law could be designed in order to compensate for the torsional vibrations at 
the lower disc. With help of an observer and e.g. active damping at the motor friction- 
induced limit cycles at lower disc could be controlled by controlling the motor. The 
diffi_culty involved is the fact that in practice, only the angular position of the motor 
can be measured; 

It could be investigated analytically if the stable equilibrium point for high input volt- 
ages is globally stable. With the gained information a controller could be designed 
which enlarges the region in which a globally stable equilibrium point is present; 

The fixation of the bearing houses could be more robust in order to decrease the position- 
dependency of the friction force at the lower part; 

The model could be extended in order to describe backward whirl, which is caused when 
the lower disc collides against the wall of the reservoir. This in order to understand the 
phenomenon in practise when due to pipe-eccentricity the drill-bit collides against the 
borehole. 
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Appendix A 

List of performed actions to make 
the set-up operational 

1. In the original set-up (the brake was not introduced yet) vibrations already appeared 
at the lower disc when applying constant input voltages. In order to increase viscous 
damping at the lower part and, thereby, to suppress these vibrations, the lower bearings 
have been greased with oil; 

2. Negative damping is created by adding a fluid between the brake blocks and the small 
disc. Closer investigations and experiments showed that ondina-oil is a suitable fluid to 
induce stick-slip vibrations in the set-up; 

3. Fluid supply between the brake blocks and the small disc is needed in order to provide 
a constant and reproducible friction characteristic. This is realized as follows: an oil 
box is fixed to the upper bearing-housing of the lower part of the set-up. With help of 
the capillary effects of felt, the oil is transported from oil box to both the top side and 
bottom side of the small disc; 

4. In order to let the ondina oil enter and to build up pressure in the contact area of 
the brake, the gap between the brake blocks and the small disc is wedge-shaped (see 
figure A.1); 
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Figure A.l: Wedge shape of the brake blocks. 

disc 

Experience learns that the temperature of the ondina oil has a significant influence on 
the friction characteristics. It is therefore very important to to keep the temperature of 
the ondina oil constant; 

In order to obtain appropriate information about the displacement of the geometric 
centre of the lower disc in x- and y-direction, the signals obtained from the LVDT's are 
adapted in the following ways; 

The signals contain noise. Probably, this is caused by a phenomenon called EMC 
(Electromagnetic Compatibility). To solve this problem, the signals from the 
LVDT's are filtered offline with a digital low-pass filter with a cut-off frequency of 
5 Hz; 

The absolute displacement of the geometric centre of the lower disc is defined as 

r = Jm ( A 4  

Despite the filter, still a periodic signal is present in the computed response r in 
steady state. What is more, the frequency of the concerning periodic signal turns 
out to be dependent on the whirl-frequency. The phenomena, which cause the 
(unwanted) signal are listed below together with the applied solutions; 

(a) When the system stands still, the LVDT's are not exactly at null voltage. 
This causes constant offsets in the measurements obtained from the LVDT's 
in steady-state, which, as a consequence, add both an additional offset and a 
periodic signal to r. The frequency of this periodic signal equals the whirl- 
frequency. To solve this problem, the initial value from the LVDT in x- 
direction is substracted from the measured signal from the LVDT in x-direction, 
and the same is done for the LVDT in y-direction; 
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(b) In the set-up, the stiffness in x-direction does not equal the one in y-direction. 
That is why the amplitude of x- and y-measurements in steady-state do not 
fully correspond. This difference produces an additional signal to r, whose 
frequency is twice the whirl frequency. By means of a trial-and-error procedure, 
the stiffness of the flexible rods, directed in y-direction, is adapted by changing 
the length of the flexible rods. This is done in order to equalize the stiffnesses 
of the flexible rods in y direction to that of the flexible rods in x-direction; 

(c) The displacement sensor in y-direction is not perfectly perpendicular to the 
sensor in x-direction. Consequently, the phase difference between the mea- 
surements in x- and y-direction is consequently not exactly 1r/2 rad. Because 
of this, a periodic signal is present in r, with a frequency, which is twice the 
whirl frequency; 

(d) The shape of the signals in both x- and y-direction differ e.g. due to difference 
in friction in the LVDT's. As a consequence, an additional signal appears in r, 
which consists of frequencies, which are multiples of the whirl frequency. The 
influence of this effect is negligible and that is why the model is not expanded 
to model the difference effects; 

When the proposed solutions are applied to the signals measured by the LVDT's, satis- 
fying measurements of the displacement of the geometric centre of the lower disc in x- 
and y-direction are obtained. 





Appendix B 

Derivation dynamic model 

In order to construct a dynamic model of the experimental set-up, figure 2.8 is consid- 
ered. Using this information the Lagrangian approach according to 2.1 can be applied to 
obtain (2.2), (2.3), (2.4) and (2.5). In this Appendix, expressions for T (kinetic energy), V 
(potential energy) and QnC (the non-conservative forces) are derived. 

0 Kinetic energy: 
First of all, the transformation of the co-rotating co-ordinate frame Z1 into the fixed 
co-ordinate frame 8' is given by 

Next, the position vectors FB (of the mass which only translates mt) and Tc (of the 
mass which both translates and rotates m,) in the co-rotating co-ordinate frame are 
given by 

T ~ = [ x  y ] ~ ' ,  (B.2) 

and 

Fc = [ (x + e cos(a)) (y + e sin(a)) ] Z1. (B.3) 

The total kinetic energy is given by 

where Tj, is the kinetic energy of the rotation of the upper disc, TmT is the kinetic 
energy of the mass which rotates and moves in lateral direction, and Tmt is the kinetic 
energy of the mass, which only moves in lateral direction. Using 

and 



it follows that 

Potential energy: 
The potential energy of the system is given by 

Non-conservative forces: 
The damping force in lateral direction Fb can be written as 

The virtual work performed by these non-conservative forces when the generalised co- 
ordinates are virtually varied can be written as 

Consequently the vector of non-conservatives forces QnC is given by 


