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Chapter 1 

Introduetion 

In virtually every branch of industry thcre is a need to control'systems'. A system may be an 
electrical circuit, a manipulator or a chemica! process. In order to control a system it is nec
essary to learn the responses of the system to applied control-actions. This learning process 
is called the identification of the system. The identification may either be a by trial and error 
process, such as learning to ride a bicycle or a more analytica! process, such as solving a set 
of differential equations. 

The physical dynamics may be translated into a mathematica! model to describe the system's 
behaviour in control problems. The state of the system is described in the model by the state 
variables, such as position and velocity in a mechanica! model. System identification tries to 
find an accurate model that will predict the state of the system using measurement data. 

In this thesis we will start with a known model structure with a number of unknown system 
parameters. The goal is to findan accurate estimate forthese parameters. This processis also 
called parameter estimation. 

The class of tested systems contains mechanica! systems only, where it is assumed that the 
model structure can be derived from the physical characteristics of the system. Furthermore, 
it is also assumed that it is indecd possible to identify the systems with the used input signals. 

This leads to the following problem definition: 

Devclop a methad to estinmte the parameters of non linear mechanica[ 
systems, using mcasurement data of the system. 

The methad of parameter estimation which is described in this thesis is based on the esti
mation of the augmcntcd state. This means that there is an estimation of the state variables 
extended by the unknown set of system parameters. Optima! estimates of this augmented 
state can be found by finding the salution of a non linear Two Point Boundary Value Prob
lem (TPBVP). This boundary value problem is always non linear, even with a linear model 
structure, due to the combination of state and parameter variables. 

Therefore, an essential effort in this thesis will be devoted to numerically solving non linear 
TPBVPs. We shall do this in a more general setting. The result will be shown to be a fairly 
efficient and quite robust Newton like solver. 
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Report overview 

In the next chapter, there is a short introduetion of the system identification process. In Chap
ter 3 we start with the formulation of the mathematica} modeland give the augmented state. 
Because of the simplifying assumptions and measurement errors, the model is an imperfect 
reflection of the actual system. We can formulate an estimation model, which describes the 
differences between the model and the real system. These differences are called residues. At 
the end of this chapter, we formulate a optimizing criterion and derive the non linear TPBVP. 
The standard method to solve TPBVPs is discussed in Chapter 4 and in Chapter 5 we intro
duce the theoretica} background of a newly developed solver. 

The performance of the new solver is compared with the performance of several related 
solvers in Chapter 7. This is done by identification of a practical system and some related 
simplified problems. 

In the last chapter we evaluate the result of Chapter 7 and give some recommendations for 
further research. 

Parameter Estimation of Non Linear Mecl1anical Systems tli1 



Chapter 2 

System Identification 

2.1 Introduetion 

In order to understand and control a physical phenomenon one may derive a mathematica! 
model to dcscribe the relation between in- and output. The knowledge that is needed to find 
such a model is gathcred by common scnse, measured data and physicallaws. The identifi
cation of a system starts with the determination of a model structure. The relation between 
the measured data m, the input u and the output y is symbolically shown in Figure 2.1. 

"'""' ''!"'' " 0,~,.~M~"'""' dmo m 

I ---- ·~ 

I ---=~ .. ::~~~'""" 
-· - ___ j ""'''"Y.L-

Figure 2.1: Model Identification. 

lf there is no knowledge of the actual system, the model structure is represented by a black 
box structure. The model parameters are adjusted in such a way that the output y becomes a 
good fit of the measured data. There is however a possibility that the model we obtain from a 
black box identification only explains the relations between in- and output for the tested input 
signal. So the reliability of the identification model has to be validated for several different 
input signals. Black box idcntification can be used to describe any system, but it is hard to give 
a physical interpretation of the model and its parameters. 

Therefore, in this thesis we use white box identification of a mechanica! system, because the 
model structure can be determined on the basis of physicallaws and the model parameters 
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2.2. EXCJTA TION OF THE SYSTEM 4 

will relate to physical quantities, such as position, gravity and friction. 

In order to limit the number of parameters,we may determine some of the parameters by sim
ple experiments, such as weighing the construction parts or determining a spring stiffness by 
means of a tension test. Parameters such as friction and stiffness of a construction cannot be 
determined by simple experiments, so they have to be estimated in a different way. 

The second way of limiting the number of unknown parameters is to simplify the model 
structure. For example the two-mass-system in figure 2.1 is simplified toa one-mass-system 
with an effective spring stiffness and an effective dam ping. The number of parameters is re
duced from six to three. 

t\('tualSy..;tl'lll 

Figure 2.2: Simplified model. 

2.2 Excitation of the system 

In the first stage of the identification process we have determined the model structure with 
a limited number of parameters. In order to check the chosen model structure and estimate 
the parametersweneed information of the actual system. Experiments are performed with 
the system to obtain measurement data. It is very important to know which input signa! to 
use to excite the system. The input signa} bas to be persistently exciting. This means that the 
input signal has to excite all the relevant dynamics of the system, so the measurement data 
contains enough information on the unknown parameters of the system. 

For linear mechanica} systems we could calculate the eigen-frequencies and construct an in
put signa} if the system parameters would be known. This is not the case in most identifica
tion problems. In our simulated systems we shall test via two kinds of input signals. First 
an input signa! in the neighbourhood of the eigen-frequencies of the simulated system and 
secondly a base-frequency superposed with a filtered white noise. The results we get with 
these input signals will be shown in Chapter 7. 

Parameter Estimation of Non Linear Mecllanical Systems tlij 



Chapter 3 

Parameter Estimation 

3.1 Introduetion 

The goal of parameter estimation is to find parameters for which the model describes the ac
tual system as good as possible. The results of the parameter estimation also yields informa
tion about the quality of the chosen model structure. The method we will use in this chapter 
is based on the method of [Mo] and [Sa]. 

First' of all, weneed a standard formulation of the mathematica} model before an optimization 
criterion can be formulated. 

3.2 Model formulation 

We start with the relation between a known input u E mm and a output y E JRJ. 

I 
I 

Input signa I u,! 
! 

System Model Out ut 

Figure 3.1: Model Formulation. 

The relation between input and output may be described by a set of n first-order differential 
equations. If we assume that all inputs and parameters are known at an initial time t 0 and 
t ~ t0 , the solution of the set of differential equations is given by an n-dimensional vector, 
that fully describes the state of the system cvolving in time. This vector is called the state 
vector x E lll 11

• 

Within the model structure there are a number of unknown parameters combined in the vee-
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3.2. MODEL PORMULATJON 

tor 0 E JRP. The model structure can be written in a mathematica! form (3.1). 

x = <IJ( x, 0, u, l) 

0=0 

y(l) = 1/J(x, 0, u, 1), 

6 

(3.1a) 

(3.1b) 

(3.1c) 

where the functions </J, 'Ij; are (non-)linear functions depending on the model structure and 
the set of unknown parameters and the time variable. 

This way of representing the model structure is different from the way described in [Mo]. In 
that thesis the mathematica! form is designed especially for mechanica! systems, whereas the 
mathematica! form (3.1) is applicable to more generally formulated problems. 

Basedon the measurements m( l) of y( l) we try to find such estimates for the state vector and 
the unknown parameter, that willensure that the estimated output will resembie the mea
sured data. The estimation model can bedefinedas 

0 A 

{ 1 :=x-</J(x.O.u./) 

e-2 := 0 

( := m(l)- '1/-'(X. ê. u./), 

(3.2a) 

(3.2b) 

(3.2c) 

where { 1 , { 2 and (are the residues of the estimation model. These residues are an indica
tion for the quality of thc model structure and the quality of the estimated parameters. The 
estimates of the state vector and the parameters are represented by x and ê. 

3.2.1 Augmenled State Form 

We combine the state vector x(/) and O(l) into one vector xa(t) E JR(n+p), called the "aug
mented state". The parameters in the model are to be interpreted as state variables that are 
assumed to be constant. 

[ 
x{l) ] 

Xa(t) = O(l) • 

and 

. [</J(x",u,/)] ;t;. Xu(/)= O ="±"(X0 ,U,/). 

The estimation model is now formulated as follows: 

{:=x" - P(x," u, t) 

( := m(/)- 'Ij;( x", u, t), 

(3.3) 

(3.4) 

(3.5a) 

(3.5b) 

where { and (are the residues. In future we will refer to the 'augmented' state as x instead 
of x" for the sake of simplicity. 

Parameter Estimation of Non Li1war Mechanica] Systems t~ 



3.3. OPTIMAL EST/MATION 7 

3.3 Optima! Estimation 

The optima} estimation problem can be defined as follows: 
Minimize the residucs 11~11 and 11(11 in (3.5) and require the estimates to be subjected to the estimation 
model. 

In order to minimize the residu es we de fine a functional L( x) on the interval [ t0 ; t f] as follows, 

lllj L(x) =- {~T(r)H7~(r) + (T(r)F((r)} dr 
2 lo (3.6) 
1 T + 2(x(to)- xo) Ro(:X(to)- xo), 

where thematrices l F and V are weighting matrices expressing the confidence in the chosen 
model structure and measurcd data. The matrixWis a positive definite and the matrix V is a 
semi-positive dcfinite symmetrie matrix. An extra term has been added, viz. the information 
about the initia} state x( /0 ) with a matrix /?0 , expressing the confidence in the initia} informa
tion. Here, x 0 is the initia} gucss of the system state. The time I f is not chosen arbitrary, but 
is limited by the duration of measuring. The minimization of the residues is, however, sub
jected to the (n+p) dimensional constraint: 

x- ti>(x. u, n- ~ = o. (3.7) 

3.3.1 Reformulating as a Two Point Boundary Value Problem 

We use thc method of Lagrange multipliers to formulate the constrained problem into an ex
panded functional 

f(x, ~.À)= ~ {. 
11 

{ { {~"( r)W~( r) + (1'( r)V(( r)} 
2 ./,0 

+ .X(r)T [:ic(r)- tl>(x. u.r)- ~(r)]} dr 

+ ~(x(to)- xufHo(x(to)- xu). 
2 

(3.8) 

where >. is the vector of the Lagrange multipliers. In order to find the optima} estimate x we 
have to find the stationary points of the functional f(x, ~, >.). 

[(x,~,>.)= t' L(x.:k:,~,,\)dr+l(x(t0 )), 
.fto 

where L = ~T(r)ll'~(r) + (~'(r)V((r) + >.T [ie- tl>(x, u, r)- ~] and 

l = (x(to)- xofRu(x(to)- xu) 

(3.9) 

Parameter Estimation of Non Linear Mecllanical Systems t~ 



3.3. Ol'TIMAL EST/MATJON 8 

The variation of the functional is given by 

. . r! {[DL d iJL]T . (ÖL)T (DL)T } 
F(bx,De,b>..) = lto iJX.- dl i)fc Dx + ae De+ ä>.. DÀ dr 

(3.10) 

[iJL] 11

6. Dl(x(to)) D.( ) 
+ Die x+ üx(to) x 10 ' 

to 

where Dx, De and DÀ are the variations of the variables. 
The proof of this statement can e.g. be found in [[A],pp 56,57]. For the extremum of the func
tional (3.8), the variation F( bx, be, D>..) = o for all variations Dx, De and D>... 

Within the interval [1 0 ; fJ] we have to solve the following equations. 

OL d iJ J, 
-_ ---. =0, 
iJX. dl i)X. 

DL 
oe= o. 
()L 

D>.. = o. 

The boundary conditions are given by 

ê.JL:, I = iJl.-_( x) I ()L I __ _ and -. = 0. 
Dx to dx to Dx tr 

This results in the following Two Point Boundary Value Problem, 

:ie= <P(x, u, I)+ w-1 >.. 

. ü<P T D"PT • . 
>.. = - ') . >.. - --:--) • 11 

( m (l ) - y ) . 
(X <X 

with boundary conditions 

>..(tu) = Ro(X.(lu)- xu) 

À{IJ)=O. 

(3.11a) 

(3.11b) 

(3.11c) 

(3.12) 

(3.13a) 

(3.13b) 

(3.14a) 

(3.14b) 

We may write this system of 2*(n+p) ordinary differential equations into a standard form, 

x = [ ~~~-~ ] 
d.l' . -
-
1 

=F(.1(t)), 
d 

with boundary conditions, 

(3.15a) 

(3.15b) 

[ -(~lo ~] .1'(/u) + [ ~ ~] .1'(/j) = [ -R~ xo]. (3.16) 

The dimension of the problem is increased by two in order to include the Lagrange Multipli-
ers. 

Parameter Es ti mation of Non Linear Mechanica] Systems t~ 



Chapter 4 

Numerical Solvers for TPBVP 

4.1 Introduetion 

At the end of Chapter 3 we have transformed the optimiza~ion problem into a non-linear 
Two Point Boundary Value Problcm (TPBVP) with linear boundary conditions. There are sev
eral different ways to solve this kind of problems numerically, but we only discuss shooting 
methods, which are based on the close relationship between BVPs and IVPs. In order to un
derstand the principle of shooting methods, we start with the single shooting method. This 
method is easy to understand, but is not useful to solve 'our' TPBVP because of the draw
backs discussed in sections 4.2.1 and 4.3.1. 

4.2 Single Shooting: Linear Case 

The single shooting methad is best explaincd by a simple linear second order problem. Con
sider the following BVP, 

11 - ) I y (I + CJ:IJ {I) + cuy(l) = u (I), 

with boundary conditions, 

y(a) = f3I 
y(b) = /32, 

(/ < t < b, (4.1) 

(4.2a) 

(4.2b) 

where c0 and c1 are constants. lf we assume that there is a unique salution y( t), we may use 
an initia! value integrator to solve (4.1). However, wethen need y(a) and y'(a). Since only 
y(a) is known from (4.2a), we may guess the unknown value y'(a) as, 

y'( a) = 8 1 . (4.3) 

The initia! value problem (4.1), (4.2a) and (4.3) can be solved given a solution, say v(t). It is 
unlikely that 
v( b) = /32 and v( I) is equal to the solution y( t ). So we guess another value for y'( a), 

y'(a) = 82. (4.4) 

9 



4.2. SINGLE SHOOTING: LINEAR CASE 10 

The latter initial value problem (4.1), (4.2a) and (4.4) yields another solution, say w( t). Again, 
this solution will only be the solution of the original BVP, if w( b) = fh. The two solutions v( t) 
and w( t) are symbollically shown in figure 4.1. Because we have chosen a linear example, the 

u.v.w 

I 
R11 
t-'·1 

! 

l=a 

t-> 

l=h 

Figure 4.1: Example of single shooting. 

solution y( l) should be a linear combination of the two solutions of the IVP. 

y(t) = nw(l) + (1- n)t•(t). 

where n can be found from, 

J 2 - r•(h) 
n= . 

w(b)- l'(b) 

4.2.1 Drawbacks of Single Shooting: Linear Case 

(4.5) 

(4.6) 

In this simple example we have shown the principle of the single shooting method. But even 
in the linear BVP there is a major drawback. The integration of the IVP may be unstable, even 
with a well-conditioned BVP, sce [As]. If we have a well-conditioned problem, the global 
discretization error is of the same order as the local discretization error. So that is not the 
reason for the instability. The roundoff error is responsible for the possible instability of the 
integration process. We will discuss the numerical stability by the general formulation of a 
linear first-order BVP. 

x(t) = A(t )x(t) + u( t) , a< l < b, 

with the linear two-point boundary conditions, 

where x( t), u( I) and (3 E 1/l" and A( t ), Bu and BI> E 1Rnxn. 
The solution of this BVP can be writtcn as, 

(4.7) 

(4.8) 

x(t) = X(t)s+ p(l), (4.9) 

Parameter Estimation of Non Linear Mecl1anical Systems tli1 



4.3. SINGLE SHOOTING: NON LINEAR CASE 11 

where X( I) is the fundamental solution, sis a parameter vector and p(t) is a particular so
lution of (4.7). Further, we chose X( a) = I and p( a) = 0. We can determine the vector s by 
substituting (4.9) in (4.8). 

(4.10) 

Because we are interested in the roundoff errors, we assume that there are no discretization er
rors. During the integration there is a cumulation of roundoff errors in the fundamental solu
tion and in the particular solution, so the computed fundamental salution X(b) = X(b)(I+E), 
where E is the matrix of roundoff errors. The norm is essentially N Em, where N is number of 
integrator steps and ( m is the machine precision.The computed particular salution will con
tain also componentsof the computed fundamental solution. This particular salution will be 
given by p(b) = p(b) + X(b)Ëc, where Ë is similar toE and cis a vectorwith llcll = 1. Ifwe 
substitute the computed solutions into (4.10) and (4.9), the size of the roundoff error can be 
estimated by, 

llx(b)- x(blll s; IIX(I) [B" + B1,X(b}t 1 IIIIX(b)IIIIEs- Ëcll· (4.11) 

Since we have assumed that it is a well conditioned problem, 
IIX(t) [B" + BbX(b)r 1 

11 is not large. Further, the difference liEs- Ëcll will not disappear, 
because these matrices are arbitrary. 
In genera I, X( I) contains exponentially growing and decaying modes, so the roundoff error 
becomes large when the growing modes are large. If we want a stabie integration, we have 
to require that r"' IIX(b)ll is less than the required tolerance. 

4.3 Single Shooting: Non Linear Case 

We can easily generalize the single shooting method for linear problem as discussed above 
to non linear problcms. We start with the formulation of the generalized form of a BVP; 

rlx 
dt = f(x,t), a< I< IJ, 

with boundary conditions 

g(x(a),x(b))= 0. 

In order to find the solution of the BVP, we choose a initia} vector s and solve the 
following IVP, 

dxs 
dl = f(xs,l), a< t 

X 8 (rt) = S. 

(4.12) 

(4.13) 

(4.14a) 

(4.14b) 

Parameter Estimation of Non Linear Mechanica] Systems tli1 



4.3. SINGLE SHOOTlNG: NON LINEAR CASE 

The required s = s* satisfies the boundary condition (4.13), 

The most common methad of solving this non linear problem is Newton's method. 

F(s) = 0, 

F(s) := g(s,x,.(b)), withs = s*. 

12 

(4.15) 

(4.16a) 

(4.16b) 

Newton's methad is basedon a Taylor expansion of the function F(s*) around a value s, 
which is in the neighbourhood of s*. This expansion is given by 

F(s*) = 0 = F(s) + J(s)(s*- s) + · · ·, (4.17) 

where J(s) is the Jacobian matrix of F(s). 

Then, we approximate the salution with the first two termsof the Taylor expansion. 

J(s)(s- s) = F(s), (4.18) 

where sis the approximation of s*. lt is likely that the approximation sis closer to the salution 
than the value s, so we can compute the Taylor expansion arom1d the new found approxima
tion s and so find a better approximation of the solution. This recomputing of consecutive 
approximations forms the iteration methad we use to compute the solution. 

5 111 +1 := 5 111 - J(s 11,)-
1 F(s 11,). 111 = 0.1.2,:1,···. (4.19) 

4.3.1 Drawbacks of of Single Shooting: Non Linear Case 

We have discussed the drawback of thc intcgration processof a linear BVP. There arises an
other problem in the non linear case. If we solve the IVP of (4.14) with a 'wrongly' chosen s, 
the salution may have exponential growing components. Roughly speaking, the salution is 
bounded by, 

llx,.(t)ll ~ llrJ,(I-a) sll, (4.20) 

where Lis a Lipschitz-constant in x, which indicates the smoothness of the function f(x, t) 
(see [As], pp 174,175). For largervalues of J, or a large interval (b-a) the salution of this 
chosen s will most likely lie outside the convergence domain of the Newton method. 

There is an obvious salution for the problems we discussed in the linear and non linear sin
gle shooting method. If we di vide the interval [a, b] into a sequence of subintervals, we may 
prevent the accumulation of roundoff errors and keep the salution within the convergence 
domain of the Newton method. This subdivision of the intervalleads to the multiple shoot
ing method, discusscd ncxt. 

Parameter Estimation of Non Linear Mecllanical Systems t~ 



4.4. MULTII'LE SHOOTING 13 

4.4 Multiple Shooting 

4.4.1 Linear BVP 

As we have seen in the previous section, the single shooting method is not without draw
backs, like the potentially serious accumulation of round off errors and the related conver
genee problems in the non linear case. The problems can be alleviated tosome extend, if the 
interval [a., b] is subdivided into smaller parts. We discuss this so called multiple shooting 
method for the linear BVP (4.7). Thereto, we divide the interval [a., b] into N subintervals, 

a= tl < t.z < ... < iN < t.,'\'+1 = b. (4.21) 

On each subinterval [I;: t i+d we have to solve alocal IVP, the same way we had to solve the 
IVP for the single shooting method. In Figure 4.2 we display an example of subdividing the 
interval with local solutions. 
At each interval [1;: I i+d the solution can be written as 

.. ---,/~J' ~: 1 I 

' ' ' : : : . . ' 
s ' : : 
N·l· s I I 

: N' : 

Time interval 

Figure 4.2: Multiple Shooting. 

x(t) = X;(t)s; + p;{l), l;::; l::; li+l• (4.22) 

where X;(t) is the fundamental solution, s; is a parameter vector E mn and Pi(t) is a partic
ular solution E /U". The fundamental solutions are defined as 

Xi(t) = A(t)X;(t)' l; ::; I ::; /i+l 

X;( i;)= F;, 

and the particular solutions as 

p;(/) = A(l)p;(l) +u(/). l;::; I::; ti+l 

Pi(/;)=a;, 

(4.23a) 

(4.23b) 

(4.24a) 

(4.24b) 

Parameter Es ti mation of Non Unear Mecllanical Systems t~ 



4.4. MULTIPLE SHOOTING 14 

In order to determine the unknown parameter veetors Si for 1 :::; i :::; N we require that the 
salution is continuous on the entire interval [a; b]. This results into the following conditions: 

Xï(ii+t)si + p;{ti+t) = Fi+tsi+t + Pi+tUi+l), 1:::; i :s; N- 1 

Ba. [X1s1 + Pt(a)] + Bb [XNsN + p,'V(b)] = {3. 

(4.25a) 

(4.25b) 

Usually a 'standard' multiple shooting methad is used with Fi =I and ai= 0 for 1 :::; i:::; N. 

This recursion re lation for the standard multiple shooting methad can be rewritten into vector 
notation as, 

Äs = p, (4.26) 

where 

-Xt(/:2) I 
-X:.!(I:d I 

A= (4.27) 

and 

s= 

-XN-dlN) I 
B" BbXN(b) 

, p = 

PtUzl 
P2((J) 

P.Y-dl~y) 

f3 - BbPN( b) 

(4.28) 

If we have determined the parameter vector s E lil" IV, we can easily compute the salution on 
l; by x(t;) = s; . 

4.4.2 Non linear BVP 

In the previous section we discussed the multiple shooting methad fora linear BVP, but we 
now generalize this to non linear BVPs. In order to solve the latter BVP weneed a more gen
eral formulation of the problem. 

dx 
- = f(x,l), 
dt 

a :::; t :::; b, 

with boundary conditions 

g(x(a),x(b)) = 0. 

(4.29) 

(4.30) 

Again, we subdived the interval [a; b] in N subintervals and try to solve alocal IVP at each 
interval. We use the following initia! value 

Xi(td = s; , i = 1. .... JV. (4.31) 

Parameter Estimation of Non Linear Mecllanical Systems t~ 
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We require that the salution on the entire interval [a; b] is continuous and satisfies the bound
ary conditions 

The continuity requirements lead to the following equations 

The set of requirements can be rewritten as 

s= ' F := 

X1(/2; sJ}- Sz 
X:z(i3; S:z) - S:s 

XJV-1(/JV:S,V-t)- Si'-i 

.f/( SJ. X1\.- 1 ( /,\')) 

= 0. 

(4.32) 

(4.33) 

(4.34) 

We thus have reformulated the problem of solving the non linear BVP into a problem of find
ing the appropriated s* for which F(s·) = 0 holds. 

In order to solve this non linear problem, we use the earlier discussed Newton's methad (see 
section 4.14. 

Sm+! := 8 111 - J(s", )-i F(s,"), 111 = 0, l, :2, :3, · · ·. (4.35) 

Convergence problems may occur, if thc initia I value s0 is too far from the salution s*. The 
problem may only be aggravated if the Jacobian matrix J(s0 ) is nearly singular. 

In order to control this problcm, we may take smaller steps, which results in the damped New
ton mcthod; 

~~~~ := -J- 1(s",)F(s 11,) 

sm+l := s", +.À", ~"' • 0 < .À S:: I and 111 = 0, 1, :2, :3, · · ·, 

(4.36a) 

(4.36b) 

where .À,11 is the damping factor. The major concern is the determination of the damping fac
tor. In [As] the size of the damping factor is determined based on the 2-norm of the function 
F(sm), say 

G(s",) = IIF(s", lll:2· (4.37) 

We want to choose the .À 111 in such a way that the 2-norm G(sm + .Àm ~m) of the next iterate 
is minimaL Further, for small .À 111 the next iterate will satisfy, 

which it is easily shown by the Taylor expansion, 

( .,( ) (., ' cï'"(.' ) ') ,:2 lcl2 
1 Sm+l = •(8 111 ) + A 111 .._," v •(8 111 + C (A111 .._ ) 

T ., T -T T . ., 
~m V(l(Sm) = -F J J F = -"2 C.(s111 ) < 0 

(4.38) 

(4.39a) 

(4.39b) 
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lt is too expensive to compute the 2-norm for every À 111 in order to find the minimal value. 
We accept the test value of Àm if the 2-norm of the new iterate is significantly smaller than 
the previous one, 

G(sm + Àm ~~~~)- G(sm) 
T , ' ~a, 

Àm ~111 vG (Sm) 
(4.40) 

where a is a fixed parameter between [ü; !). Of course is Àm limited by a lower boundary to 
prevent the method from stalling. 

Parameter Estimation of Non Linear Mecl1anical Systems t~ 



Chapter 5 

Davidenko Equation 

5.1 Introduetion 

In Chapter 7 we shall demonstra te that thc parameter estimation of a simple mechanica! sys
tem such as a mass spring system, is a problem for the general application of the multiple 
shooting principle with the damped Newton method. There are two possible reasans for 
the small convergence domain of the multiple shooting code of [M]. First of all, the general 
code is intended for problems with exponentially growing solutions. In our cases we deal 
with mechanica! problems, which show asciilating responses. This means that the number 
of shooting points inserted automatically is too small to capture all the oscillations. Secondly, 
the converge11Ce domain of the dampcd Ncwton method is too small, because the delermi
nation of the damping factor is not adjusted to this kind of problems. The first problem can 
be solved by increasing the number of shooting points manually. However, in order to solve 
the sec011d problem weneed a more subtie Ncwton mcthod. Ifwe look at Newton's method, 
we can view it as a discretization of a continuous initial value problem with an explicit Euler 
scheme and a step size of 1. 

{ 

dx 
dr = -J- 1(x(r))F(x(r)) , 

x(O) = xu 

r>O 
(5.1) 

The time dependenee of the initial value problem is artificial and is not related to the time 
dependenee of the original problem. The differential equation of (5.1) is called the Davidenko 
equation and it is referred to as the dosure of Newton's method [As]. The damped Newton 
method can be viewed as a discretization of this initial value problem with a step size less 
than 1. 

This way of viewinga non-linear equation as a rest point of anODE (where the x is considered 
as a function of an artificial time T) occurs in a natural way in physics or chemistry. Here one 
is often only interested in the steady state of a system or process and not in the initial effects. 
This way of viewing the original problcm is also called time steppingor false transient method. 

Insteadof searching for an x~ with F(x~) = 0, we try to find a stationary salution of the IVP 
(5.1 ); this means finding a stendy state salution x(/.) or ':1~ = 0 for t > oo. A salution of the 
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5.2. SOLVING THE DAVIDENKO EQUATION 18 

Davidenko equation is a salution of the original problem (find the zero of F(x)), if the ODE 
is asymptotically stabie and if J - 1 (x*) is non singular. The conditions for asymptotically sta
bility are described in [K]. 

Artiflcial Tim~ ···> 

Figure 5.1: Salution of the Davidenko equation. 

5.2 Solving the Davidenko Equation 

5.2.1 Standard Discretization Methods 

Next, we have to solve the Davidenko equation derived from the original problem numer
ically. We do not require a small discretization error, because we are interested in a steady 
state solution only. So in order to reduce the amount of work, we use aloworder discretiza
tion scheme. Applying the explicit Euler method at I = fJ, say with step size hJ this actually 
turns out to be the damped Newton method, 

x· 1 - x· 
.1+ .I = -J- 1 (x )F(x ) , j;::: 0. 

hj .I .I 
(5.2) 

The major disadvantage of this damped Newton Method is that the step size is limited by the 
stability criterion. This can be shown by examining a simple test equation: 

y'(t) = Ày(t) ' (5.3) 

For the explicit Euler scheme with step size h we obtain 

(5.4) 

If we do notwant the approximate salution to grow, we have to require that 11 + h>.i :S 1, 
i.e. h :S t· This means that application of the explicit Euler method is only conditional stabie 
and so is not effective in finding the steady-state solution. 

We can apply the implicit Euler method on the differential equation (5.1); this gives 

Xj+J-X_j l () __::_:.....,---"- = -J- (Xj+l )F(x.i+I ). 5.5 
h_i 
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5.2. SOLVING THE DAVIDENKO EQUATION 19 

However, there is a major drawback. In order to compute the next iterate, weneed to com
pute the Jacobian-matrix for this iterate. This is a costly affair, thus rendering the implicit 
Euler method unsuitable for our purpose. 

We remark that various authors have suggested to use explicit Euler methods despite the step 
size restriction, see e.q.[Ab ]. 

5.2.2 Special Discretization Metbod 

By using a mixture of explicit and implicit Euler discretization, we can practically resolve the 
computational problems involved in computing the Jacobian-matrices, yet have practically 
no restrietion on the step size. This discretization method is also referred to as Mixed Euler. 

x.i+1 - x.i -1 
h.i =-J (x,;)F(x.i+J) (5.6) 

In the next section we show that the mixed Euler method is consistent of orderone. A further 
elaboration of the convergc11Ce domain of the mixed Euler method is given by [K](Appendix 
E). 

The iteration proccss, shown in (5.6), will be referred toasouter loop, used to solve the actual 
Davidenko equation. 

By denoting the unknown x.i+I as y we can rewrite (5.6) as 

G(y) = y- x + h J- 1(x )F(y) = 0. .I .I .I (5.7) 

In order to find the solution y*, for which G(y*) = 0 holds, we use Newton's method again. 

y y Dy1 y (5.8) 
{ 

i+l = I- (iJG(y')) -l G( 'J 

yo =x.~. 

Elaborating this using (5.7) gives: 

{

y 1+1 = y 1 - (1 + h J- 1(x )J(y1))- 1(y1 - x + h·J-1(x·)F(y1)) .I .I . .I .I .I 

yo = x.i. 
(5.9) 

In future, we will refer to this second iteration process (5.10) as inner loop. 

If we want to compute the next iterate of the iteration process above, weneed a Jacobian
matrix J(y1) every inner loop iteration step. Fora practical implementation of the method 
the amount of work has to be limited, so we use a modified Newton variation. The Jacobian
matrix of the iterate y 1 is approximated by the Jacobian-matrix J(x,i), which results in the 
final inner loop iteration (i.e. determining x.i+J: 

{

J(x,;) [y'+J- __!}j_y1
- -. -

1
-x.i] = _ __!:j__F(y1), I= 0,1,··· 

l + h,; 1 + h,; 1 + h.i 
0 y = Xj. 

(5.10) 
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5.3. STEP SIZE CONTROL 20 

Note that after the first Newtonstep y1, it is the damped Newtonstep for the original problem 
F(.1:) = 0, i.e. 

1 hj -1 ) y = Xj- --
1
-J(xj) F(xj . 

1 + l.i 
(5.11) 

There are two major differences between the time stepping methad and the damped Newton 
method. First, the iterate y1 is only the intermediateresult of this iteration process and sec
ondly (and most importantly), we adapt the damping factor (the step size hj) basedon the 
discretization error and not on the size of the norm llxi+l- xill· 
A step size control based on the discretization error will be discussed in section 5.3. lf the 
iterate x.i approaches the salution x*, the step size h.i increases towards infinity. 
So the time stepping methad tends asymptotically to the ordinary Newton method ! 

We use the size of liJ (x .i) -l F(y1) 11 as convergence criterion for the iteration process (5.10). lf 
forsome I a certain critica! value has been reached, the salution y 1+1 is accepted as Xj+t· 

In the actual implcmentation of the time stepping method we want to limit the amount of 
work per time step. Therefore, we save even more computing time by keeping the Jacobian
matrix fixed duringa few time steps: hence we again use a modified Newton methad version 
instead of (5.10), 

{

J(x;) [y'+l- _l_l.i_yt- _l_x.i] = -~F(y') 
1 + h; 1 + h.l l + hj 

0 y = Xj. 

(5.12) 

where J (X i) is a Jacobian-matrix at some previous iterate solution x;. Of course, the success 
of the latter modified version depends on the J acobian-ma trix J (x;) begin 'close' to J (x i) (j is 
the actual time iteration parameter) If the process does not converge within a certain number 
of steps, an update Jacobian-matrix J(x.i) is computed at the iterate solution Xj. 

5.3 Step Size Control 

5.3.1 Introduetion 

We use a step size control different from the one used in the multiple shooting software pack
age of [M], in which the step size is controlled by the norm of the Newton update. The latter 
way of step size control is not useful in the time stepping method. In order to solve the Davi
denko equation we are searching for the steady-state solution. 
This means that the norm of the Newton update may not be a monotonically decreasing func
tion. If we would use the step size control of the multiple shooting software, the damping 
factor of the damped Newton method would decrease to the minimum step size when the 
norm of the Newton update increases. 

5.3.2 Determination of the local discretization error 

The determination of the step size h.i is controlled by the local discretization error. In order 
todetermine the size of the discretization error, we first give an expression of this error based 
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on the mixed Euler discretization (5.6); 

6 
= llx(t.i+l)- x( Ij)+ h.;J-1(x(t.; ))F(x(t.i+t))ll, 

hj 

21 

(5.13) 

where 6 is the local dicrctization error. We want to have an upper bound for this local dis
cretization error in order to use it for computational purposes. The definition can be rewritten 
as follows, 

6 
= llx(t_i+t)- x(t.i) + h_iJ-1(x(t.i))F(x{t.i))ll 

h.; 

+ IIJ-1(xU.i))(F(x(/.i+d)- F(x{l_;)))ll· 

(5.14) 

Now, if we compute the Taylor expansions of x( l.i+l) and F( x( t.i+l) ), we can estimate the 
upper bound by 

b::; '~.;llx(t;lll + h, 111ax lx(l)l + O(hj). 
:2 tE[t1.1 1+ i] · 

(5.15) 

This expression shows that thc mixed Eulcr method is consistent of order one. 

This method of estimating thc local discretization error has been described in [K]. We just 
use the estimation of the local discretization error for the step size control of the mixed Euler 
method. In the implementation we necd an indication of the discretization error, rather than 
an exact computation of the upper houneL The estimation, used by M. Kramer, reads 

/
;· c-1 . . _ ~I 2 lllxi+t -x; II _ llx;- x;-tlll· 2 
"') .- . /.,+! ' 

:2 . h,; h,;-J h,; + h.i-1 
(5.16) 

where EST is thc estimation of the local discrctization. The major drawback of this estima
tion is that we have to wait three iterations before we can compute the estimation. 

In order to avoid this problem we look foranother way to compute an estimation EST of 
the local discretization error. We use a modification of the trapezoidal-rule as a higher order 
method to get an indication of the local discretization error. 
The trapezoidal-rule is given by 

fj· hj [ )] x.i+l = Xj + :f g(x,;) + g(x.i+l . (5.17) 

where xY.f.1 is the approximation of x(t.i+l ), using the trapezoidal-rule and g(xj) refers to 
-J-1 (x(t,;_ 1 ))F(x(t,;)). Note, that this scheme is implicit, because the value x(tj+I) is not 
available directly. We replace the value g(x.i+I) by the salution we already computed in the 
mixed Euler method, which we will refer to as g( x~f+1 ). The modification is given by, 

tr · h i [ 'IIH )] x.i+J =Xj + 7 g(x,;) + g(x.i+J . (5.18) 

In (5.13) we described the local discretization error as the difference between the exact so
lution and the approximated solution divided by the step size. Since the trapezoidal-rule is 
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secm1d order we may use so called embedding to estimate the local (first order) error of the 
mixed Euler method. This can be clone as follows, 

11 
1 f ) Ir + 17· m c 11 b = x, .i+I - x.i+l x.i+I - x.i+I . 

h.i 

This then results in: 

. · llx1
7.r+l - x','+tll b< . . . 

- hj 

This latter estimate will be used to control the step size: 

EST*h j 

I. 
.1 

m...: 

-----\+1 
Lr 

... Xj+l 

lj+l 

Figure 5.2: Estimation of the local discetization error. 

5.3.3 Determining the Step Size 

(5.19) 

(5.20) 

(5.21) 

The Davidenko equation is solved within absolute and relative tolerance, say EA andER, re
spectively. With the ideal step size, the discretization error will be equal toE A + ER • llx.i+tll· 
We accept the new iterate, if the ratio 

EST 
Ratio=----,-,--

EA +En ·llx.i+tl 
(5.22) 

is within a specific range[~; p] with p > l. If the ratio is outside this range the step size is 
corrected in the following way, 

hotd 
hnew = 0' JRatië}, (5.23) 

where a is a factor, which determines a conservative or a progressive strategy for the step 
size determination (n ::::::: 1 ). A large value of p may result in a large number of wrong step 
size corrections. With a small range (p close to 1) the step size will be corrected unnecessary 
often, so the method will require more computational effort. 
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Chapter 6 

Implementation 

6.1 Introduetion 

In this chapter we will discuss the implementation of the time stepping principle and the fine 
tuning of the software. Furthermore, we describe the step size control, which is needed for 
the iteration process. 

6.2 lmplementing the Time Stepping Method 

Our method of time stepping is based on the multiple shooting method for non-linear sys
tems (see [M]). The time stepping software is schematically given in figure 6.1. There are 
several parameters, which can be adjusted in order to imprave the efficiency of the program, 
such as: 

1. Relative and absolute toleranee of the integrator 

2. Toleranee of the Newton update 

3. Maximum number of Newton updates 

4. Maximum discretization error 

5. Conservative or progressive step size control 

6. End toleranee 

These points are discussed in section 6.3. 
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Figure 6.1: Flow chart of the time stepping process. 

24 

Parameter Estimation of Non Linear Mecl1anical Systems t~ 



6.3. PROGRAM CHOICES 25 

As we have discussed in chapter 5 an accurate salution of the Davidenko equation is not 
very important, because we are merely interested in the steady state salution of this equation. 
There is no need for a very accurate integrator. This limits the amount of computational ef
fort. We just use the time stepping methad to get through the initia! areas. If we have reached 
a point the norm 11.1:.i+I - :r.i 11 is smaller than the accuracy of the integrator, we may switch to 
the (modified) ordinary Newton methad untill we have reached the prescribed accuracy set 
for the non linear problem. We have shown that the time stepping methad tends asymptot
ically to the (modified) ordinary Newton method, if we are close to the final salution of the 
problem, so we do not expect trouble during the transition. If the (modified) ordinary New
ton methad will not or only slowly converge, we will return to the time stepping methad 
untill the iterate is closer to the final solution. 

6.3 Progratn Choices 

During the varimts test performcd on thc ncw software, we adjusted the parameters such to 
achieve the best performances. The parameters of the step size control are very important. 
In the determination of the ratio 

EST 
Ratio = ------

E..t +En ·llx.i+II 
(6.1) 

(see (5.22)) we can adjust the absolute and rclative toleranee of the integrator. We use an abso
lute and relative toleranee of0.05, because we are not interested in very accurate intermediate 
results. Moreover we choosc, 

p = 4. (6.2) 

Further, we use a conservative strategy for the step size control, so n = 0.9. A more progres
sive strategy (n 2: I) may easily result ltnstable step sizes and not in a better performance. 

In chapter 5 we have shown that we use a modified Newton version in order to limit the 
amount of computing time. However, we have to make a decision between proceeding with 
an 'old' Jacobian-matrix or computing an update Jacobian-matrix. We do nat want to com
pute a Jacobian-matrix unnecessary, but we have to iterate in the right direction. The criterion 
we use in the software, is based on the number of iterations of the inner loop and on the step 
size h.i· If the inner loop does not converge within four iteration steps and the step size is less 
than 0.05, the Jacobian-matrix is updatcd. If the inner loop does not converge within four it
eration steps and the step size is larger than 0.1, we halve the step size andrestart the inner 
loop iteration. 

There are several parameters which can be adjusted by the user, like the limit of outer loop 
iterations and the final toleranee of the solution. If the norm llx .i+I- Xj 11 has to be less than the 
given tolera nee, we accept the iteratc x.i+J as the final solution. We have used a final toleranee 
of lE-6. 

We have to emphasize that the parameters of this code are not chosen arbirary. A lot of time is 
invested to optimize the iteration process for these specific kinds of TPBVPs. The alteratien 
of this parameters may result in a bad performance, even for a simple experiment and we 
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will visualize this in the next figure. First, we demonstrate the effect of an absolute and rela
tive toleranee of 0.005. This results in more iterations and more Jacobian-evaluations. In the 
second experiment we use the 'right' settings to visualize the differentsin performance. 
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Figure 6.2: Influence of the parameter settings. 

6.3.1 Accuracy Check 

120 

The accuracy of the used method can be visualised, if the exact solution of the problem is 
known. Consider the linear TPBVP: 

(6.3) 

with boundary conditions, 

(6.4) 

The solution of this problem can be solved analytically: y1 ( t) = ~ sin( 47rt) and 
y2 (t) = 27rcos(47rt). Theiterationprocessisstartedwithinitialvaluesy1(t) = y2(t) = Ofor 
0 ~ t ~ 1. The result of the solution is shown in figure 6.3 after 46 iterations. The error 
between the exact solution and the computed solution is shown in figure 6.4. 
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Figure 6.4: Error between computed and exact solution. 
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6.4 Warnings and Errors 

In this sectien we discuss the error handling of the implemented software. It is very impor
tent that the software returns specific information a bout an occurring problem. The problems 
can vary from error warnings to terminal errors. In the next table we give a summary of the 
terminal errors: 

I Error I Description 
0 No errors detected 
121 Boundaries not included into the output points 
231 Number of iterations above maximum 
232 Norm of innerloop above maximum norm 
250 Singularity in one of the upper triangular matrices 
260 Ill-conditioned problem with respect to the BC 

Table 6.1: Terminal Error handling. 

Further, the code gives a warning error, if the condition number of the problem is above lES. 
This is a possible indication that thc problem is ill-conditioned. 
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Chapter 7 

Experiments on Identification 
Problems 

7.1 Introduetion 

In the previous chapters we have discussed a new methad for solving non-linear TPBVPs 
and discussed the implementation in software. The final goal is to test the software in practi
cal system identification. The practical experiment, which is chosen as system identification 
object, is a flexible rotation manipulator, shown in Figure 7.1. 

-· ___ Di~pi<Kt'lllt'nt Eno1dl'r fnr the Lt1ad 
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___ jj __ l 

!- __ Luad 

L ___ [! 
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"' :? ·- ____ Spring 

l~r[[[jL.:I_Il.l,_.t;_; __ ,_ ~-_ 
_ _ _ ()i spiacement Ent·oder for Rotor Mass 

~11 

_ ___ DC- Mo10r 

Figure 7.1: Flexible Rotor Manipulator. 
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However, before we will test an actual complex system, we will start with some less compli
cated problems. 

7.2 Mass Spring Damper System 

First, we perfarm identification of a simple rnass-spring-damper system with simulated mea
surement data. The system is schematicly shown in the following figure. There are three sys-

Input u(t) 

: Displac~:mcnt y(t) ...._ 
' 

111 

Figure 7.2: Mass spring damper system. 

tem parameters, the mass 111, the spring coefficient k and the damping factor b. The input 
signalis given by u( I) and by using Newton's second law we can define the equation of mo
tion for this system 

jj(t) = _.!_ [u(t)- b.i;(l)- Á:y(t)]. 
1ll 

(7.1) 

where u( t) is the displacement of the mass 111, b is the damper constant and k is the spring 
constant. We can formulate the 'augmented' state (see section 3.3) of this system with three 
unknown parameters 111, /,:, b. 

y(t) 
:i;( t) 

x( t) = m( I ) 
/,:(i) 
b(t) 

(7.2) 

The model structure (7.1) can now be reformulated into the augmented state form and is 
given by 

:i;(t) 
",~t) [u(!)- b(l).i;(l)- /,:(l)y(l)] 

x(t)= o 
0 
0 

= q)(x, u, t). (7.3) 
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In this experiment we 'measure' (simulate) the displacement of the system as md( t). Accord
ing to section 3.3.1 we can formulate a TPBVP of the estimation model. 

x(t) = <I>(x, u, t) + w-1 .x 

-\ Ö<i> T' Ö'f/J TV( ( ) ") d " C" 
A = - ÖX A - ÖX ffid t - y an y = X, 

(7.4a) 

(7.4b) 

where ~t is [1, 0, 0, 0, O]andC isdiag[1, 0, 0, 0,0]. Theboundaryconditionsaregivenby(3.16). 
The system is initially in a rest position. Therefore, the initial information is given by y( t0 ) = 
y(t0 ) = 0. The weighting matrixWis a 5 x 5 identity matrix, V = 100, Ro and x0 are given 
by, 

Ro = diag [11 0 0 0] and Xo = [0 0 0 0 of . (7.5) 

In order to obtain the measurement data we have simulated this system with the available 
MATLAB 4.2 software. The system is not yet based on a practical experiment; the 'exact' 
parameters are chosen m = 1, k = 1 and b = 1. The system is identified with an input 
u(t) = sin(0.8 t) + sin(1.2 t). The angular frequencies used in this experiment, are close to 
the eigen-frequency of the system. The initial parameters are chosen m0 = 100, k0 = 10 and 
b0 = 0.1 (rather arbitrary). The results are shown in Figure (7.3) and the solution is reached 
after 67 time stepping iterations and 13 "full" Newton steps. 
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Figure 7.3: Estimation of the Mass spring damper system. 
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Figure 7.4: Residues of the Estimation. 

7.2.1 Comparison to other Codes 

In order to get an impression of the performance of the new code we compared the results 
to two different codes; code MUSN of Mattheij and Staarink [M] and the code RMUSN of 
Rutten (Master project WFW, 1993). In three experiments we have tested the robustness of 
the codes by starting with different initial values. The three tested initial values are 

xo(t) = [ md(t) {md{t+~t}-md{t}} 5 5 5 ]T (7.6a) 
~t 

xo(t) = [ md(t) {md{t+~t}-md{t}} 10 10 10] T (7.6b) 
~t 

xo(t) = [ md(t) {md{t+~t}-md{t}} 50 50 50] T (7.6c) 
~t 

where llt = 10-2 and gives a smooth approximation of the velocity of the mass, because 
the measurement data is simulated. In this section we will refer to this tested initial values 
as experiment 1, 2 and 3. In the described tests we used the following weighting matrices; 
W =land 

V= 100 and Ro = diag(1, 1, 0, 0, 0). (7.7) 

In the table below, the results are shown: 
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I Ex. I Results MUSN RMUSN DAMUSN 

1 Number of Shooting points 101 101 101 
Number of Iterations 49 18 23 
Jacobian evaluations 3 3 4 

2 Number of Shooting points 101 101 101 
Number of Iterations 207 14 38 
Jacobian evaluations 8 7 6 

3 Number of Shooting points 101 101 101 
Number of Iterations Error 230 11 64 
Jacobian evaluations - 7 7 

Table 7.1: Results of Code Comparison of 1-mass-system. 

In the table the rcsults of thc new code can be found in the last column, DAMUSN. 

7.3 Two Mass Spring Damper System 

Next, we try to identify the experimental system 7.1 with a simple two mass spring damper 
model. The measurement data can now be obtained from the actual system, which implies 
that this data contains noise. The following figure shows the simplified model, that we shall 
use in this section. Using the second law of Newton we obtain the equations of motion for 

Input u(t) 

I 

I 

: Displacement y1(t) : Displacement )2(1) 
~ ~ 

I k i-' ------, 

b 

Figure 7.5: Two Mass spring damper system. 

this simplified system, 

1 
ih(t) =- [u(l) + b(:i;2(t)- :i;, (I))+ /,:(.112(/)- YI(t))] 

1111 

1 
ih(t) =- [b(ûtUl- .i12(t))- k(:lf2(l)- yJ(l))], 

m2 

(7.8a) 

(7.8b) 

where Y1 and y2 are the displacementsof the first and second mass, u(t) is the input signal, 
/,~ and b are respectively the spring constant and the damper constant. We assume that all 
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parameters are unknown. The 'augmented' state and the model structure can be given as 

Y1 '!h 
Y2 Y2 

Yt .11~ 1 [u+ b(i)2- iJJ) + J..:(y2- Yt)] 

x(t) = Yz , x(t) = ~~~ 2 [bUit - !i2) + l.:(y1 - Y2)] (7.9) 
717] 0 
m2 0 
!.~ 0 
b 0 

For the sake of simplicity the dependenee of 't' is omitted from the last equation. Now, we 
can formulate the TPBVP according to section 3.3.1 and we choose the following weighting 
matrices; 

W = diag [Hl'', 105
, los, I os, I 03

, I 03
• 102

, 102
] 

l' = diag [100, 100] 

R0 = diag[l, J, I, 1,0,0,0,0] 
T xo = [0, 0, 0, 0, 0, 0, 0, 0] . 

(7.10a) 

(7.10b) 

(7.10c) 

(7.10d) 

During the formulation of the TPBVP and testing the time stepping software a problem oc
curred which is related to the original equations (7.8). This terms like ( 

11
!

1 
)

2 and ( ~2 )
2 appear 

in a number of equations of the TPBVP. 
If the masses m1 and 111 2 are very smal I, say w-:~, this results in strongly increasing and de
creasing solutions of the set differential equations. The number of determined shooting in
tervals increases with the magnitude of the fastest growing modes of the linearized problem 
(see [M]). So fora strong growth many intervals are needed. If we have an indication of the 
order of the two masses, we can scale the equations 7.8 by a sealing factor. 

1 
ih(l) =-,.[u"(/)+ b"(.iJ"2(t)- Ji,(l)) + V(yz(l)- YtU))] 

1111 
(7.11a) 

ih(t) = ~ [b*(üJ(I)- .Ïf2(/))- k*(.r;z(l)- yJ(I))], 
1112 

(7.11b) 

where the variabie denotcd with a * are multiplied with a sealing factor. 
In the experimental system we scale the equations of motion withafactor 100, because the 
order of the masses is arour\d 10-2• 

We have used different input signals to study the effect on the identification process. First 
we have used an input signal in the neighborhood of the eigen-frequency 8.5 Hz. The eigen
frequency of the experimental system is determined by a farmer final project. The input sig
nalis a sine form of which the frequency varies between 5 and 14Hz. We use the measured 
displacement mc~ 1 (f) of thc first mass and the displacement md2 (t) of the second mass. The 
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sampling frequency is 1000Hz The first x0 ( t) for the iteration processis 

Xini = 

111d1 (t) 
111d2(t) 

(md1 (t+~t)-md 1 (I)) 
IJ. I 

(m,t., (t+~t)-md2 (t)) 
IJ.t 
1 
1 

100 
100 

35 

(7.12) 

We have used ~~ = 10-2 in order to get a smooth approximation of the veloeities of the two 
masses. The sampling frequency is 1000 [Hz]. After 103 time stepping iterations and 4 'full' 
Newton iterations we reached the required accuracy of 10-G. The results are shown in the 
next figures. 
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Figure 7.6: Input signal. 
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7.3.1 Comparison toother codes 

37 

These results can be compared with other identification results of the same practical system. 
We start with three different initial guesses in order to test the influence on the solution. The 
initial positions and veloeities are chosen the same way as in (7.12), but the initial scaled pa
rameters are; 

Experiment I Mass 1 I Mass 2 I Spring Constant I Damper Constant I 

Table 7.2: Three comparison experiments. 
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I Experiment I Results DAMUSN RMUSN 

1 Number of Shooting points 100 100 
Number of lterations 63 128 
Jacobian evaluations 11 117 
Estimate Mass 1 0.0015 0.00145 
Estimate Mass 2 0.0610 0.0421 
Estimate Spring 15.75 15.02 
Estimate Damper 0.0617 0.0605 

2 Number of Shooting points 166* 170 
Number of lterations 52 103 
Jacobian evaluations 7 91 
Estimate Mass 1 0.0015 0.00145 
Estimate Mass 2 0.0580 0.0409 
Estimate Spring 15.57 14.91 
Estimate Damper 0.0618 0.0604 

3 Number of Shooting points 179* 180 
Number of lterations 76 134 
Jacobian evaluations 13 125 
Estimate Mass 1 0.0015 0.0015 
Estimate Mass 2 0.0594 0.0414 
Estimate Spring 15.66 14.95 
Estimate Damper 0.0615 0.0602 

(*): The code mserted extra shootmg pomt automatlcally 

Table 7.3: Results of Code Comparison of 2-mass-system. 

The results of table 7.3 are unscaled parameters. 

In the second part of this section we use an input signa} which consists of a sine-form with a 
filtered white noise (FWN). The signa I is filtered at 80 [rad/ sec] to prevent the high frequency 
spikes, which result in numerical instabilities. The signa} we used befare wasbasedon the 
eigen-frequencies of the system. However, usually we are not able to compute these eigen
frequencies, so weneed a more generally applicable input signa} for the identification pro
cess. We measured with a sampling frequency of 1000[Hz] and the measured displacement 
md1 ( l) of the first ma ss and the displacement mc~2 ( l) of the second mass. In order to campare 
the two software codes we use the same initia} starting parameter values as in the previous 
comparison; 
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Experiment Mass 1 Mass 2 Spring Constant Damper Constant 
4 
5 
6 

1 
0.2 
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5.0 1000 
10 5000 

100 
10 
1 

Table 7.4: Three comparison experiments with FWN-input. 
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I Experiment I Results DAMUSN RMUSN 

4 Number of Shooting points 100 100 
Number of Iterations 110 157 
Jacobian evaluations 14 143 
Estimate Mass 1 0.0049 0.0051 
Estimate Mass 2 0.0671 0.0668 
Estimate Spring 24.84 24.93 
Estimate Damper 0.202 0.203 

5 Number of Shooting points 100 100 
Number of Iterations 42 98 
Jacobian evaluations 6 87 
Estimate Mass 1 0.0049 0.0051 
Estimate Mass 2 0.0671 0.0668 
Estimate Spring 24.84 24.93 
Estimate Damper 0.202 0.203 

6 Number of Shooting points 100 100 
Number of Iterations 64 132 
Jacobian evaluations 9 123 
Estimate Mass 1 0.0049 0.0051 
Estimate Mass 2 0.0671 0.0669 
Estimate Spring 24.84 24.93 
Estimate Damper 0.202 0.203 

Table 7.5: Comparison of 2-mass-system with FWN-input. 

The results of table 7.5 are unscaled parameters. 

7.4 Mass with Friction 

In the latter experiments we have neglected the friction forces, that can be found in all real 
experiments. Before we can estimate the frictionforcesin a complex experiment, we will start 
with a simple experiment (Figure 7.14). We have to obtain a mathematica! form of the fric
tion force in order to get a realistic model. We assume that the friction depends only on the 
velocity of the moving object and that the friction force is zero, if the velocity is zero. This can 
be modelled as Coulomb friction, 

F{ric(v(t)) = 1~ sign(t'(t)), (7.13) 

where Fe is the estimate, t'( l) is the velocity and sign is the sign-function shown in figure 7.15. 
However, we can not use this simple model of Coulomb friction with a sharp sign-function, 
shown in figure 7.15, because the transitionatv = 0 can not be handled numerically. There
fore, we have to compromise and approximate the sign function by ~ arctan(A v(t)), where 
A is a fixed constant. 
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Figure 7.14: Mass spring damper system. 
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Figure 7.15: Sign Function. 
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In this identification experiment we estimate the mass m of the system and the size Fe of the 
friction force. The equation of motion is given by 

jj(t) = u(t)- F; arctan(A iJ(t)), (7.14) 

where F; is~ Fe, u(t) is the inputsignaland A is a fixed constant. We have tested with 
A= 50 and A= 100 to check the influence of a better approximation of the sign-function on 
the estimation process. The results areshownat the end of this section in table 7.6. 

We formulate the 'augmented' state and the model structure as follows, 

[ 

y(t) l [ iJ l ( ) 
_ iJ(t) • ( ) _ ! [F- F; arctan(A iJ)] 

x t - m( t) , x t - 0 · 

F;(t) 0 

(7.15) 

According to section 3.3.1 we formulate the TPBVP betonging to this experiment. We use the 
following weighting matrices 

W = diag [10\ 103,103
, 102

] 

V= (1] 
R0 = diag (1, 1, 0, 0] 

xo = (o,o,o,of. 

(7.16a) 

(7.16b) 

(7.16c) 

(7.16d) 
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In order to gather measurement data we can use the experimental system 7.1 and freeze the 
spring between the two masses. In this way the rotor mass and load move like a one-mass
system. We measure the displacement md of the mass and the input signal u( t) and we start 
with the initial state, 

(7.17) 

Now, we have the problem of choosing the right input signal u(t). In order to estimate the 
friction coefficient, the measurement data must contain positive as wellas negative object ve
locities. There is also no indication of the eigen-frequencie of the system. Therefore, we ex
periment with the input signal is a sine form with band limited white noise. The frequency of 
the white noise is limited at 80 [rad/sec]. The bandwidth of the white noise has to be filtered, 
because the numerical code can not solve the problem, if the signals contain high frequency 
spikes of a normal white noise signal. The responses and the estimates are shown in the next 
figures. 
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Figure 7.16: Estimates of one mass with friction. 
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Figure 7.17: Residues of the estimates. 
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The modeling ofthe friction force F; arctan(A v(t)) is tested with A= 50 and A= 100. For 
values larger than A= 100, the number of shooting points rises above 1000. The initial value 
is the same as (7.17). 

Results A=50 A=100 
Number of Shooting points 250 750 
Number of lterations 21 29 
Jacobian evaluations 3 4 
Estimated Mass 0.0609 0.0613 
Estimated Friction Fe 0.1357 0.1346 

Table 7.6: Results with different friction models. 

We may compare the results of this experiment with the results of the same experiment per
formed with the methods of [Ru] and [Ko). In [Ko] only the fina1 results are given, so notall 
information was available. The empty places in the table are denoted with a(*). 
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DAMUSN Koopmans RMUSN 

Number of Shooting points 250 (*) 250 
Number of Iterations 21 (*) 24 
Jacobian evaluations 3 (*) 3 
Estimated Mass 0.0609 0.061 0.0611 
Estimated Friction Fe 0.1357 0.1245 0.1352 

Table 7.7: Camparing different codes. 

7.5 Practical System 

In order to get a realistic model, we introduce friction forces into the two mass spring damper 
system. The friction forces will be modeled the same way, as was done in the previous section. 
The model structure will be expanded with two parameters, descrihing the size of the friction 
forces on two separate masses. In the previous section we have seen the influence of a better 
rnadeling of the Coulomb friction. In order to limit the number of shooting points and the 
amount of work, we choose a factor A = f>O. 

: Oisplac~:rm:nt y1(t) : Displacement )2(1) 
c..... c..... 
I k ~~----~ 

Input u(t) 
·~ 

' ' __,. __, 
Friction Forc~: F1 ~ Friction Force ~2 ~ 

Figure 7.18: Two Mass spring damper system with friction. 

For this system we can apply Newton's sec011d law and formulate the equations of motions, 

ih(t) = -1 
[u(t) + b(:iJ2(t)- iJJ(t)) + l.:(y2(t)- Y1(t))- ft(Yt(t))] 

1n1 
(7.18a) 

ih(t.) = -
1 

[b(ift(l)- ih(t))- k(y2(t)- Yt{t.))- f2(Y2(t))] 
1/1.2 

(7.18b) 

where ft(:ilt(l)) = 1~~, arctaJt(50 yJ(t)) and f.2(:i;2(t)) = F;
2 

arcta.n(50 y2 (t)) are the friction 
forces. The parameters and input signa! may be scaled in the same way we scaled the equa
tions of motion in (7.11) with the sa me sealing factor. 
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We formulate the 'augmented' state and the model structure as follows, 

Y1 !h 
Y2 '!h 
Y1 -

1 [u+ b(iJ2 - iJ,) + ~:(y2 - Y1) - ft] nq 

Y2 "!
2 

[b(iJt - ih) + /,:(yl - Y2)- h] 

x(t) = "lH] 
, x(l) = 0 (7.19) 

1112 0 
~: 0 
b 0 

Fel 0 
Fc2 0 

In order to identify the system we use an input signal with a sine-form with filtered white 
noise. The bandwidth is limited on 80 [rad/sec]. The following initia! value is used; 

Xini = 

llldl(t) 

71/r{2 (I) 
(111dj (t+tJ.t)-11/c{l (i)) 

tJ.t 
(md2 (t+tJ.t)-md2 (I)) 

tJ.t 
0.2 
5 

5000 
15 
() 

0 

(7.20) 

where mr~ 1 and llld
2 

are the measured displacementsof the two masses and the t::.t is 10-2
• The 

signals are sampled with a frequency of 1000 [Hz]. The solution is reached after 90 iterations 
and 16 Jacobian evaluations. The results are shown in the following figures. 

Input 
2.5 -- " ---------.-··-·--· 

2 

1.5 

-2.50 ---~-----~-- ---0-:s,------' 
t1me interval [sec] 

Figure 7.19: Input signa!. 
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Figure 7.20: Estimation of the state. 
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Figure 7.21: Estimation of the parameters. 
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Figure 7.22: Residues of the Estimation. 

48 

Parameter Estimation of Non Linear Mechanica] Systems t{i1 



------------------------- -~~-----

7.5. PRACTICAL SYSTEM 49 

7.5.1 Comparison to other codes 

Again the the codes are compared based on the three initia! guesses of the system parameters; 

I Experiment I Mass 1 I Mass 2 I Spring Constant I Damper Constant I F1 I F2 I 
7 1 1 100 100 0 0 
8 0.2 5.0 1000 10 0 0 
9 1 10 5000 1 0 0 

Table 7.8: Three comparison experiments with FWN-input. 

In the following table the result are displayed; 
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I Experiment I Results DAMUSN RMUSN 

7 Number of Shooting points 250 250 
Number of Iterations 122 (*) 
Jacobian evaluations 19 (*) 
Estimate Mass 1 0.0046 (*) 
Estimate Mass 2 0.0558 (*) 
Estimate Spring 22.08 (*) 
Estimate Damper 0.1417 (*) 
Estimate Friction 1 0.0712 (*) 
Estimate Friction 2 0.0709 (*) 

8 Number of Shooting points 250 250 
Number of Iterations 90 207 
Jacobian evaluations 16 190 
Estimate Mass 1 0.0046 0.0041 
Estimate Mass 2 0.0558 0.0591 
Estimate Spring 22.08 22.68 
Estimate Damper 0.1418 0.1486 
Estimate Friction 1 0.0714 0.0895 
Estimate Friction 2 0.0708 0.0309 

9 Number of Shooting points 250 250 
Number of lterations 103 236 
Jacobian evaluations 17 220 
Estimate Mass 1 0.0046 0.0041 
Estimate Mass 2 0.0558 0.0591 
Estimate Spring 22.08 22.79 
Estimate Damper 0.1418 0.1378 
Estimate Friction 1 0.0714 0.1102 
Estimate Friction 1 0.0708 0.0030 

(*): The 1terat10n process was stopped after 250 Iteratwns. 

Table 7.9: Comparison of 2-mass-system with friction and FWN-input. 
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Chapter 8 

Conclusions and Recommendations 

The goal of this project was to develop a numerically robust methad to identify mechnical 
systems by estimating the unknown system parameters. We have chosen fora very general 
mathematica! formulation of the model structure of the mechanica! systems, so that it is pos
sibie to apply the codetoother problems than merely the mechanica! systems. 

In this thesis we have chosen to estimate the unknown parameters by means of estimating the 
'augmented' state of the system. A related advantage of this methad is that the total state of 
the system is estimated, so this estimated state can be used for effective control purposes. The 
estimation problem is reformulated as a non linear two point boundary problem (TPBVP). In 
further research we have focussed on solving non linear TPBVPs. 

We have attemped to solve a TPBVP belonging to the identification of a simple theoretica! 
system with software for general TPBVPs. This code (called MUSN) is based on the mul
tiple shooting principle and the damped Newton methad for linearization of the problem. 
The MUSN-eode performed less than was expected, in particular a small convergence do
main and the many iterations befare reaching a salution turned outtoa problem. Especially 
the determination of the damping factor of the damped Newton methad was problematic. 
Therefore, a new software code was developed with a refined Newton method. 
This code (called DAMUSN) is basedon the multiple shooting principle and on solving the 
Da videnko-equa ti on. 

The performance of this new software code has been compared with the performance of a 
software code developed by E. Rutten. A theoretica! experiment and three experiments on a 
flexible rotor manipulator are used as a guideline for the comparison. The experiment of mass 
with friction is also performed by H. Koopmans with a direct least square method. These 
parameter estimates are useful to check the salution found by the new software code. 

One mass spring damper system 

In this simulated experiment the three software code MUSN, RMUSN and DAMUSN have 
been compared. The code of E. Rutten needed the fewest number of iterations befare reach
ing the solution and takes the fewest computation time, if the initia! guess is close to the final 
solution. The differences in the number of Jacobian evaluations is small. 
The performances of the general TPBVP-solver MUSN stays far behind, especially, the num-
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ber of iterations increases when the initial guess is notclose to the final solution. 

Two masses spring damper system 
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The two masses spring damper system can be used as a simplified model structure of the 
flexible rotor manipulator. 

The performance of the DAMUSN-code is better than the other codes. Even when the initial 
guess is relatively close to the final solution, the number of iterations is significant smaller 
compared with the RMUSN-code. The number of Jacobian-evaluation stays relatively low, 
while the number of Jacobian-evaluations increases using the RMUSN-code. 
The MUSN-eode was not able to solve this problem (returning an error message) or the iter
ation process was stopped for lack of suitable convergence, even if the initial guess was close 
to the final solution. 

In the second chapter the importance of an exciting input signal was emphasized in order to 
estimate the system parameters correctly. There are great difference between the results of the 
experiments with different input signals. In the experiment with the input frequency close 
to the eigen frequency, the final state estimate is not in agreement with the measuring data. 
This wrong state es ti mate a lso restllts in a wrong parameter estimation. Thesetof differential 
equations becomes very stiff, when the weighting matrices are adjusted in order to imprave 
the state estimation. It is not possible to find a salution using any of the software codes. 

One mass system with friction 

The flexible rotor manipulator can be turncd into a one-mass-system by means of joining the 
two masses together. With this system the modeHing of the friction force has been tested. 

The RMUSN-code and the DAMUSN-code have nearly the sameperformance on this experi
ment, if we look at the number of iteration and Jacobian-evaluations. The results of parameter 
estimation agree with the estimates of Koopmans' experiments. The small difference in the 
estimate for the friction force can be explained by the difference input signal. H. Koopmans 
performed his parameter estimation on a smaller time interval with a slightly different input 
signal than the one used in the comparison. 

Two-masses-spring-damper-system with friction 

In the final experiment of this thesis wc use a model structure based on a two-masses-spring
damper-system with friction to estimate the state and the system parameters of the flexible 
rotor manipulator. The filtered white noise input signal is used for identification of the sys
tem. 

As the complexity of the problcm increases, the convergence domain of the iteration process 
for both software code is decreasing. However, the performance of DAMUSN is far beter 
than the RMUSN-code. Using the DAMUSN-code, the number of iterations and Jacobian
evaluations is much smaller. In the RMUSN-code the iteration processis not completed when 
the initial guess is not very close to the final solution. Using the DAMUSN-code the final so
lution was reached aftera limited amount of iterations. 
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General Conclusions 

The newly developed solver is able to solve the estimation problem of a relatively simple 
mechanica} system. lt is robust with the practical system, even for initia} guesses not close 
to the final solution. The number of costly Jacobian-evaluations stay limited, which result in 
a positive effect on the computing time. Further, the speciallinear solver requires less than 
50 % of memory space needed by RMUSN .However, the overal performances of the RMUSN
code is slightly better for small estimation problems. 

Recommendations 

The charaderistics of the estimation problems have to he investigated further in order to con
trol the stiffness of the TPBVP and the excitation of the system. The performance of the new 
software-code during the identification of other practical systems has to be tested. Future 
research will be focussed on a black box identification of a mechanica} pendulum. 

The software-code DAMUSN can be adapted to become more dedicated to the problem of 
this thesis. One of the major disadvantiges of the used formulation, is the analytica! deter
mination of the Jacobian-matrix of the model equations. This Jacobian-matrix is needed in 
the differential equations of the langrange-multipliers of the TPBVP. This problem might he 
overcome by decoupling the two sets of differential equations. This is a point of further in
vestigation. Other improvements might be: 
- Changes in the users interface 
- Further fine tuning of the iteration process. 
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