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Abstract 

This report treats the calculation of the electromagnetic field in a disk-loaded 
circular waveguide. The electromagnetic field is described in terms of the 
mode solutions for an empty circular waveguide. These waveguide modes 
each match the boundary conditions at the inner surface of the waveguide 
and also have orthogonal properties which will he used. 
In the empty waveguide an infinitely thin diaphragm is placed and the re
flection problem arising from one incident waveguide mode is solved using 
the mode-matching technique. With this technique, the coefficients of the re
flected and transmitted waveguide modes are found by satisfying the bound
ary conditions of the field at the diaphragm. 
Using the results from the reflection at a single diaphragm, the field in the 
periodically disk-loaded waveguide is calculated by deriving a matrix eigen
value equation. Solving this equation gives the coefficients of the back- and 
forth travelling modes in the structure. This eigenvalue equation also gives 
the dispersion curve of the structure, from which the frequency for a given 
operating mode can be deduced. 
Finally, equations are derived for a thick diaphragm in the empty waveguide 
and some remarks are made about finite- and non-periodic structures. 
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Chapter 1 

Introduetion 

In this report, the calculation of the electromagnetic field in a periodically 
disk-loaded circular waveguide is treated. Such a structure forms partly the 
accelerating structure of LINACJO, a 10 Me V linear travelling wave electron 
accelerator. Although computer codes have been used for the calculation of the 
electromagnetic field in the periodic structure of LINACJO, a more analytica[ 
approach is foliowed here, to gain a better insight in the functioning and 
design of LIN A Cl 0. In this chapter, the lay-out and the periodic structure 
of LINACJO are discussed. 

1.1 LINAC10 

LINAC10 is a 10 MeV linear travelling wave electron accelerator and is used 
as part of the injection chain of the EUTERPE project (Eindhoven University 
of TEchnology Ring for Protons and Electrens). The 10 Me V electrens from 
LINAC10 are guided to RTME (Race-Track Mierotren Eindhoven) which 
accelerates the electrens to 75 MeV. Then, the electrens are guided to the 
electron storage ring EUTERPE where they will be accelerated to 400 MeV, 
see Theuws [7] and de Wijs [8]. 
In figure 1.1, a schematic lay-out of LINAC10 is given and some of its pa
rameters are presented in table 1.1 Triggered by the pulse generator, the 
pulse forming netwerk generates a high voltage pulse ( 40k V), which is simul
taneously delivered to the magnetron and the electron gun. The magnetron 
produces a high power RF pulse (2 MW), which travels to the accelerator. 
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Figure 1.1: Schematic lay-out of the LINAC10. 1) Pulse generator, 2) Pulse 
shaping network, 3) Magnetron, 4) Vacuum window, 5) Isolator, 6) Last 4 
solenoids, 7) First steering coil, 8) Electron gun, 9) First solenoid, 10) Second 
3 solenoids, 11) RF load, 12) Isolator ring, 13) Faraday cup. 

Table 1.1: Parameters of LINAC10. 

length (m) 
average gradient (MV /m) 
electron energy (Me V) 
FWHM energy spread (%) 
macro pulse current (mA) 
operating frequency (MHz) 
pulse repetition ra te (Hz) 
pulse duration (f..ls) 
filling time (f..ls) 

4 

2.255 
4.4 

10.0 
3.5 
50 

2998.3 
50, 150, 300 

1.7 
0.5 



This RF wave is coupled into the circular disk-loaded structure via a mode 
transformer. The disks with circular irisses in the middle provide the lon
gitudinal electric field for the acceleration of the electrons and slow down 
the electromagnetic wave, so that its phase-velocity matches the velocity of 
the electrons. These electrons are generated in the electron gun, where the 
same high voltage pulse that is fed to the magnetron is applied to a spiralled 
cathode wire. Once the electrons enter the waveguide they are accelerated 
by the electromagnetic wave. By varying the distance between the disks, the 
phase-velocity is matched to the increasing velocity of the electrons. After 
a certain distance, the electrons are highly relativistic and the accelerating 
structure becomes periodic. At the end of the linac, the remaining of the 
EM wave is separated from the electrons via a second mode transfarmer and 
is dumped in to the RF load. 
Due to the interaction with the electromagnetic wave, the electrons will he 
longitudinally focussed in bunches that are accelerated just ahead of the 
crest of the wave. Within these bunches, the electrons perform the so-called 
synchrotron oscillations, whereas the bunches itself remain centred around 
the synchronous phase. Due to this longitudinal focussing, the motion in 
transverse direction is inherently unstable. Therefore, the electrons have to 
be focussed in the transverse direction by means of solenoids. Steering coils 
center the beam in the waveguide. 

1.2 The accelerating structure of LINAClO 

The accelerating structure of LIN AC10 consistsof 70 cells of which the first 13 
are non-periodic and the last 67 cells forma periodically disk-loaded structure 
made out of a circular waveguide with a radius R loaded with circular disks of 
thickness d spaeed at a distance h giving a period of D = d + h, see figure 1.2. 
Usually, the electromagnetic field is calculated for an infinitely long periodic 
structure, assuming that the solution found is a good approximation for the 
actual field. For such a structure, it may seem convenient to describe the 
field by a Fourier series as is derived in chapter 4: 

00 

Ez(r, z, t) = e-i(Jz L amlo(êimr)e-i 2~m+iwt. (1.1) 
m=-oo 
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Figure 1.2: A section of the periadie strudure of LINAClO. 

The meaning of the variables is explained in chapter 4. The fundion ! 0 ( x) is 
the modified Bessel fundion of J0 ( x) and has no real zeros, so the longitudinal 
field of a single space-harmonic can never be zero at r = R. The boundary 
condition Ez = 0 at r = R between two disks and the other boundary 
conditions at the disks have to be satisfied by the complete sum. Then, it is 
very difficult to find equations for the calculation of the coefficients am, see 
Slater [9]. 
In this report, the salution of Maxwell's equations for the empty waveguide 
is used. The longitudinal electric field of each mode is zero at r = R and 
inside the disk aperture the modes for a waveguide of radius a can be used 
to satisfy the boundary condition there. U sing these solutions, only the 
boundary conditions at the left-hand side and the right-hand side of the 
diaphragms have to be satisfied. The equations from which the coefficients 
forthemodes will be calculated are much simpler. 

1.3 Structure of this report 

In chapter 2, the salution of Maxwell's equations for the empty circular 
waveguide is presented and orthogonality conditions for the modes are dis
cussed. In chapter 3, the reflection of modes at a single infinitely thin di
aphragm is solved by deriving a matrix equation for the coefficients of the 
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modes. The salution for this single diaphragm will be used in chapter 4 to 
calculate the electromagnetic field in the infinitely long periadie structure. In 
chapter 5, some extensions of the theory are presented, including the matrix 
equations for the problem with a single thick diaphragm in the empty waveg
uide. In chapter 6, some concluding remarks about the presented theory are 
made. 
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Chapter 2 

Solution of Maxwell's 
equations for the empty 
waveguide 

In chapter 1 it has been pointed out that a convenient description of the 
electromagnetic field in the periadie accelerating structure can be given in 
terms of waveguide modes. In this chapter, the modes of a circular waveguide 
and the orthogonality relations between them are presented. Tagether these 
form the basic elements of the theory that is developed in the next chapters. 

2.1 TMon modes of a circular waveguide 

For the acceleration of particles in linear accellerators, only the transverse 
magnetic (TM) modes of the electromagnetic field are relevant, sirree trans
verse electric (TE) modes do not have an electric field component in the 
z-direction, which is necessary for acceleration. Although the TE modes 
have a focussing effect on the partiele beam, it is assumed that the incident 
microwave pulse does not contain any TE modes. In figure 2.1, a section of 
a circular waveguide with radius bis shown. For the salution of Maxwell's 
equations, see appendix A, a harmonie time dependenee of eiwt and a z de
pendence Of e'fr nZ WaS aSSUmed, where r n is the propagatiOfi CQfiStant Of the 
nth mode and the minus sign represents waves propagating in the positive 
z-direction. In this report, only axially symmetrie solutions are considered. 
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Figure 2.1: A section of a circular waveguide 

These so called T Mon modes are given by: 

ezn <:Xn (an ) =Frnz 
±bfn Jo br e ' (2.1) 

ern J (anr)e=frnz 
1 b ' (2.2) 

hc.pn ± ZEoW J (anr)e=Frnz = ±Y. J (anr)e=Frnz 
fn 1 b n 1 b ' 

(2.3) 

a2 w2 n r~+2· (2.4) b2 c 

For the nth mode, the z-component of the electric field is ezn, the radial 
electric field- and azimuthal magnetic field components are ern and hc.pn re
spectively. Yn is called the wave admittance of the nth mode and an is the 
nth root of the Bessel function J0(x). Note that the boundary condition 
ezn = 0 at r = b is satisfied. 
From relation (2.4) it can be seen that if aN is the largest root for which 

~~ > *", the propagation constauts r n are imaginary for n :::; N. These 
modes represent propagating waves. When n > N, the constauts r n are real 
and the modes are non propagating or decaying. For linear travelling wave 
accellerators, it is customary to choose the dimensions of the structure and 
the frequency of the RF wave in such a way that only r 1 is imaginary. This 
allows for a relatively simple description of the periadie structure as will be 
shown in chapter 4. 
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2.2 Orthogonal properties of the modes 

For the transverse fields of the modes, an orthogonality condition can be 
der i ved, see Collin [ 1]: 

JL eTnm · eTijdS = 0 n =/:-i V m =/:- j. (2.5) 

Where eTnm is the transverse electric field of a T Mnm mode. The integral 
is taken over the cross-section of the waveguide. The same relation also is 
valid for the transverse magnetic field. In case of a circular waveguide and 
the axially symmetrie T Mon modes, there are no e<pn and hrn components 
and (2.5) reduces to: 

(2.6) 

The integral over r.p has been omitted, because of the symmetry. Performing 
the integral for n = m and leaving the z dependenee out, gives: 

rb a b2 
Jo J{( fr)rdr = 2J{(nn)· (2.7) 

New modes can now be constructed by introducing a set of orthorrormal 
functions: 

<Pn( r) (2.8) 

(2.9) 

Multiplying the equations (2.1), (2.2) and (2.3) by the factor bJ~n)' the new 
set of modes become: 

ezn ± J2nn Jo(Onr)e=f=fnz 
b2 fnJI(nn) b ' 

(2.10) 

ern </JneT-fnz, (2.11) 

h<pn ±Yn</JneT-fnz. (2.12) 

Multiplying the fieldcomponentsof each mode by a constant doesnotaffect 
the solution, since the real field solution is a sum of modes. The new ex
pression for ezn, equation (2.10), does not look simpler, but in order to find 
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the coefficients of the modes, only the ern and hcpn modes are needed. The 
total electric field in the z-direction is a sumover modes (2.10) for which the 
coefficients are known. 
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Chapter 3 

Reflection frorn a single 
diaphragrn 

The next step towards a description of the electromagnetic field in the peri
adie structure, is the calculation of the reflection caused by an electromagnetic 
wave that is incident on a single diaphragm in the empty waveguide. In this 
chapter the coefficients of the transmitted and reflected modes are calculated 
for a single given incident mode. This is done by deriving a matrix equation, 
using the boundary and continuity conditions for the electromagnetic field at 
the diaphragm and in the aperture. The method of Masterman {2} is followed 
to solve the reflection problem for an infinitely thin diaphragm. The assump
tion is made that the salution found is a good approximation for the actual 
structure of LINACJO where the thickness of the diaphragms is 2.5mm. The 
matrix equations for a thick diaphragm wil! be derived in chapter 5, but these 
are considerably more complex. 

3.1 Theory 

The reileetion problem is displayed in figure 3.1. In the circular waveguide 
of radius b, an infinitely thin diaphragm with a circular aperture of radius 
a is placed at z = 0. The coefficients of the incident modes are aim, so the 
radial electric field of the mth incident mode is, cf. equation (2.11) 

(3.1) 

13 



arm~-- ,.. a' rm 
8.im )Jol JÄb 

Lz -------------1;------~ --
....... Y. .. 

z=O 

Figure 3.1: reileetion at a diaphragm 

The incident modes can be propagating modes ( m = 1) or decaying modes 
( m > 1) , perhaps reflected from another diaphragm or waveguide disconti
nuity. Then, the total incident radial electric field is a sum over all modes: 

(3.2) 

Often, only one incident mode is taken. In the computations for the acceler
ating structure ai1 is taken to be 1 and all other aim zero. The theory here 
will be developed for a general incident field as in equation (3.2). But even 
when only one mode is incident, there will be an infinite number of reflected 
and transmitted modes with coefficients arm and a~m respectively, because 
only then it is possible to satisfy the boundary conditions at the diaphragm. 
With an infinite number of incident modes, the total radial electric field and 
azimuthal magnetic field become: 
For z < 0: 

00 00 

E """' ,/,. -rmz + """' ,/,. rmz r = L....,; aim'l'me L....,; arm'l'me ' (3.3) 
m=l m=l 

(3.4) 

For z > 0: 
00 

E; = L a~m<l>me-rmz' (3.5) 
m=l 
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(3.6) 

The boundary condition for the electric field is Er = E; = 0 at the diaphragm 
(a < r < b ). There is continuity for the electric and magnetic fields in the 
aperture, so Hcp = H~ and Er = E; for 0 ::::; r ::::; a. To make use of the 
orthogonality relation (2.9) and to satisfy the boundary conditions in order 
to find a matrix equation for the refledion and transmission coefficients, it 
is necessary to introduce a set of fundions that are orthorrormal over the 
apert ure: 

(3.7) 

Here we use the modes of a circular waveguide with radius a, so the T/N 
fundions are similar to the <Pn , cf. equation (2.8): 

( ) J2 (an 
'f/N r = J ( ) J1 -r). 

a 1 an a 
(3.8) 

The use of these modes is convenient because analytica! expressions can be 
found for the integrals between <Pn and T/N and these modes can also be used 
in the problem with a thick diaphragm. For the present problem, there is no 
real waveguide of radius a, sirree the diaphragm is infinitely thin. Therefore, 
there is no propagation of waves and no coupling of the electric and magnetic 
fields by a wave admittance Yfv. 
The eledric field E(r) and the magnetic field 1i(r) in the aperture have to 
be expressed in two independent sums: 

00 

E(r) = L bM'f/M 0::::; r::::; a, (3.9) 
M=l 

00 

1i(r) = L CM'f/M 0::::; r::::; a. (3.10) 
M=l 

Continuity of the electric and magnetic fields across the aperture (z = 0) 
give the following equations for 0 ::::; r ::::; a: 

00 00 00 

L (aim + arm)<Pm = L bM'f/M = L a~m<Pm, (3.11) 
m=l M=l m=l 
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00 00 00 

L Ym(aim- arm)<f>m = L CMTJM = L Yma~m<f>m· (3.12) 
m=l M=l m=l 

Now, equation (3.11) is multiplied by <f>n and integrated over the interval 
[0, a]. The first and third term are zerofora < r < b because of the boundary 
conditions, so the integral can be extended to the interval [0, b] and because 
of the orthogonality only one term remains. Equation (3.12) is multiplied by 
TJN and integrated over [0, a], here only one term remains in the sumover the 
aperture modes. These operations give the following equations: 

(3.13) 

(3.14) 

Since n, N = 1, 2, ... , there are infinitely many equations. In practice, only 
a finite number of modes can be taken into account, so the sums have to he 
truncated. The number of waveguide modes is taken to be p and the number 
of aperture modes is taken q. By introducing the matrix elements: 

the equations (3.13) and (3.14) are rewritten: 

q 

ain + arn = L bMRnM = a~n n = 1, 2, ... ,p, 
M=l 

p p 

(3.15) 

(3.16) 

L Ym(aim- arm)RmN = CN = L Yma~mRmN N = 1, 2, ... , q. (3.17) 
m=l m=l 

This is a set of linear equations of finite size and can be written in terms 
of matrices. Define R as the matrix with components RnM, this is a p x q 
matrix. The matrix S with components SNm = YmRmN is a q X p matrix. 
Note that the RnM are real numbers, but that Ym is real for propagating 
modes ( m = 1) and imaginary for decaying modes ( m > 1), so the matrix S 
is a complex matrix and the coefficients arm, a~m' bM and CM are in general 
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complex numbers. 
For a description in matrix equations, the following veetors are defined: 

the ar and a' r are defined si mil ar. The vector 

Vector c is defined similar. With these definitions, the equations (3.16) and 
(3.17) become: 

These equations give: 

a; + ar = Rb = a' r' 

Sa;- Sar= c = Sa'r· 

I ar, 

Sa'r· 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

Multiplication of equation (3.20) by S and elimination of Sa' r from equation 
(3.21) gives: 

(3.22) 

Only when q < p there is a non-trivial salution for (3.22), so the number of 
aperture modes must he taken smaller than the number of waveguide modes. 
It turns out that it is not suftkient to just set q < p: the ratio 9.. is critica! 
and depends on the dimensions of the chosen structure. This will he shown 
in the next section. Equation (3.19) gives directly: 

(3.23) 

which states that the magnetic field in the aperture is the magnetic field of 
the incident waves. With q < p, the vector ar cannot he determined from 
(3.22), but with equation (3.18): 

a;+ ar Rb, 
=} Sa;+ Sar SRb, 
=} Sa; SRb. (3.24) 
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Because q < p, the matrix S does not have an inverse and equation (3.24) 
cannot he simplified. The system has q equations and q unknown coefficients 
and can he solved. For the reflection problem only ai1 = 1 and all the others 
zero, so equation (3.24) reduces to: 

SRb = S1. (3.25) 

Where S1 is the first column of S. 

3.2 Computed results 

The vector b can he calculated from equation (3.25), but the matrix S is 
complex and so is b. To solve this equation, it is necessary to seperate (3.25) 
in real and imaginary parts by defining: 

s 
b 

s +iS', 
b + ib'. 

(3.26) 

(3.27) 

The vector S1 and the matrix R are real. With these definitions, equation 
(3.25) is seperated into two parts: 

SRb- S'Rb' 
iS'Rb + iSRb' 

(3.28) 

(3.29) 

These equations can he re-arranged to obtain again a single matrix equation: 

bl Sn 

[SR -ss~R l bq Sql 
(3.30) S'R b' 0 1 

b' 0 q 

Where the first matrix has four submatrices made out of SR and S'R. These 
are q x q matrices, giving 2q equations for the 2q unknown coefficients. This 
equation was solved with a computer, using a Gauss elimination procedure. 
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When vector b is found, the reflection and transmission coefficients are cal
culated by multiplying b by matrix R. For m > 1, arm = a~m = (Rb )m and 
for m = 1, the coefficient ail = 1 and 1 + ar1 = a~1 = (Rb)I. The most 
important coefficients ar1 and a~1 are better known as the reflection coeffi
cient Rand transmission coefficient T. Far away from the diaphragm, these 
propagating modes are the only ones of importance, because all other modes 
have decayed to a negligible value. As a measure for R, the susceptance B 
is defined as: 

iB = -2R. 
1 +R 

B is a real quantity as is shown in appendix B. 

3.2.1 Determination of the optimum ratio ~ 

(3.31) 

It has been said that it is not sufficient to just set q < p, because the ratio 
~ is critica!. Masterman [2] did several numerical computations and found 
that the ratio for optimum convergence is ! = ~. Here, one such experiment 
is repeated for the structure parameters of LINAC10. For a fixed number 

B 

t 7 

6 

5 

4 

3,_----,----.----~---,-----r----.---------~ 

0 2 4 6 8 10 12 14 
--> q 

16 

Figure 3.2: Susceptance for different values of q, using the parameters a = 10 
mm, b = 38.91 mm, w = 188.4 · 108 rad/s. 

of waveguide modes p = 32, the susceptance B is calculated for a varying 
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number of aperture modes q. The result is shown in figure 3.2. There is 
convergence until q = 8, then there is an abrupt change of slope. This can be 
understood by looking at the r-dependence of the waveguide- and aperture 
modes. In figure 3.3, the radial electric fields of the 2nd aperture mode and 

(a) 

t 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 

Figure 3.3: Upper graph: the radial electric field for the 2nd aperture mode, 
lower graph: for the 2nd, 4th and 6th waveguide mode. 

the 2nd, 4th and 6th waveguide modes are drawn for a circular waveguide 
with a radius of three times the aperture radius. The 6th waveguide mode 
has the same rate of field variation across the aperture as the 2nd aperture 
mode. In general, the nth aperture mode and the b;th waveguide mode have 
the same variation. 
The magnetic field distribution across the aperture is known exactly from 
equation (3.23), being that of the incident waveguide mode. The amplitudes 
cM are fixed and independent of the calculation process. If the series of 
waveguide modes is truncated before the term n = ~q is reached, when q has 
been chosen, magnetic field matching will be poor and an error is introduced 
in the solution. This is what happens in figure 3.2 for q > 8. This argument 
also applies to the situation where ; < % with an excess of waveguide modes, 
but this effect is less pronounced, because the amplitudes of the waveguide 
modes are determined in the calculation process, rather than initially. The 
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excess modes are effectively ignored, having small amplitude coefficients in 
the solution. This is clearly visible in figure 3.2 for q < 8. Therefore the 
ratio ; should be chosen slightly less than ~, when ~ cannot be expressed as 
a ratio of integers. 

3.2.2 Convergence of the reflection coefficient R 

N ow that the optimum ratio E. has been determined, the reflection coefficient 
q 

R has been calculated as a function of the number of modes, using the struc-
ture parameters of LINAC10. Table 3.1 clearly shows convergence of R for an 

Table 3.1: Convergence of the reflection coefficient R. 

11 q I PI Re(R) I Im(R) 11 

2 8 -0.903542 -0.295218 
4 16 -0.903376 -0.295445 
8 32 -0.903029 -0.295918 

16 64 -0.902528 -0.296600 
32 128 -0.902116 -0.297158 
64 256 -0.902003 -0.297311 

128 512 -0.901939 -0.297397 
256 1024 -0.901903 -0.297446 
512 2048 -0.901886 -0.297470 

increasing number of waveguide modes. R doesnotchange much when more 
modes are taken into account. It is assumed that for q = 32 and p = 128, 
the value of R is sufficiently well determined and that also the coefficients 
arm with m > 1 are known toa good approximation. This is not true for the 
highest modes with m approaching p, because of cut off phenomena. The 
higher coefficients arm are assumed to have smaller amplitudes, so they do 
not affect the total field solution much. Especially at some distance from the 
diaphragm, because these are decaying modes and have a z dependenee of 
e-[' nZ for Z > 0. 
A first approximation for the propagation constants r n for large n is r n ~ n;, 
because the nth zero of J0 (x) is approximately mr and the term~: in equa
tion (2.4) becomes negligible for large n. The effective coefficients for the ern 
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modes are arne-rnz and decay rapidly for increasing n. The exact value for 
the higher coefficients arm becomes less important in the description of the 
electromagnetic field even at a short (0.5 mm) distance from the diaphragm 
as is shown later. 

3.2.3 The dependenee of the susceptance B on the 
frequency w and the aperture radius a 

The susceptance B has been calculated as a function of frequency w, using 
the strucure parameters of LINAClO and taking q = 32, p = 128, see figure 
3.4 For each w, the matrix equation (3.30) has been solved, because the 

Figure 3.4: The susceptance as a function of the frequency. 

propagation constants r n used in matrix S depend on the frequency. The 
dashed line in figure 3.4 represents an approximation for the susceptance 
given by an analytica! formula derived with the small aperture theory given 
in Collin[l]: 

(3.32) 

Where ik = r 1 . This formula was derived by assuming that the aperture 
diameter is small compared to the guide wavelength )..9 = 2

;. First, the re-
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fiected wave is calculated for the closed aperture, then the aperture is opened, 
assuming the preserree of a radiating electric dipole located in the center of 
the aperture, with a strength proportional to the calculated field for the 
closed aperture. From figure 3.4 it is seen that the numerically calculated 
susceptance and the approximation formula have the same frequency depen
dence. Computations forsmaller aperture radii show a better agreement of 
the approximation formula with the numerical calculation. 
The dependenee of the susceptance on the aperture radius a is shown in figure 
3.5. A fixed number of aperture modes, q = 32, has been taken. In agree-

50~--------~--------~----------~--------~ 

B - numerical calculation 

Î 40 - - approximation formula 

30 

20 

10 

oJ-------~--~==~======r=====~ 
5 10 15 20 25 

~ a (mm) 

Figure 3.5: Susceptance as a function of the aperture radius a, with w 

188.4 · 108 rad/s, b = 38.91 mm. 

ment with the optimum convergence ratio ! = ~, the number of waveguide 
modes is calculated for each aperture radius a and for each configuration the 
matrix equation (3.30) was solved. Again, the dashed line represents the ap
proximation formula (3.32) which matches the numerically calculated results 
well. 

3.2.4 The electromagnetic field at the diaphragm 

To investigate the fields at the diaphragm, the real part of the total radial 
electric field Re(Er) has been calculated for z = 0, see figure 3.6. Note that 
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Figure 3.6: The real part of the total radial electric field at the diaphragm. 
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Figure 3. 7: The absolute value of the coefficients Re( a~m), used to calculate 
the field Re( Er). 
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for z = 0, the coefficients of the modes on both sicles of the diaphragm are 
the same: arm =a~m = (Rb )m for m > 1 and 1 + ar1 = a~ 1 = (Rb h. This 
means that the radial electric fields on both sicles are the same and continuity 
is automatically satisfied. In figure 3.6, the imaginary part, Im(Er ), has not 
been plotted, because it has the same field varia ti on as Re( Er) except for a 
constant factor. The figure shows that the boundary condition Er = 0 for 
a < r < bis satisfied. However, large field oscillations are visible. The cause 
of this is that the coefficients of the modes, a~m do not decay fast enough. 
Figure 3. 7 shows that these coefficients are increasing again for n > 64. Even 
when much more modes are used for the calculation, the oscillations in figure 
3.6 decrease only slightly in amplitude, while the peak at r = a = 10 mm 
grows towards infinity. 
From electrastatics it is known that for a metal plate placed in an electric 
field, the field becomes infinite at the edge of the plate, see Jacson [3]. This 
infinite field at r = a can only he described by the highest modes, this is why 
convergence of the coefficients is very slow. But when the total radial electric 
field is calculated at a short distance of 0.25 mm in front of the diaphragm, the 
oscillations are smoothed, see figure 3.8. As explained earlier, the effective 

300~--~----~----~--~----~----~--~----~ 

Re(E,) 

t 250 

200 

p~128 

q~32 

-50~--~~--~----~--~----~----~--~----~ 

0 5 10 15 20 25 30 35 40 
-+ r (mm) 

Figure 3.8: The real part of the total radial electric field at 0.25 mm in front 
of the diaphragm. 

coefficients are arm er mZ. The propagation constants r m become large for 
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increasing m. The higher modes have negligible contributions for finite z 
and the field becomes smooth. 
In practice, it is impossible to measure that the fields become infinite at the 
aperture edge, since measurements are always an integration over a finite 
distance, because the equipment used has a finite size. So it is of little 
interest to describe this infinite field. However, the field across the aperture is 
important and to eliminate the oscillations in figure 3.6, a numericallow-pas 
filter is constructed. The field is a sum over modes of which each coefficient 
is multiplied by a filter function F(n) depending on the mode number n. The 
expression for the total radial electric field at z = 0 becomes: 

p 

Er= L F(n)a~ntPn· 
n=l 

A simple filter function F( n) is: 

F(n) = { ~os'(';>:~) n< N 
N < n < N + !::.N 
n > N + !::.N 

(3.33) 

(3.34) 

The modes are unaffected until the Nth mode is reached, then they decay 
to zero over an interval !::.N and after that they remain zero. In figure 3.7, 
the coefficients a~m increased for n > 64, this is pj2. The value N + !::.N 
has been set to p/2 and N to pj4. With this filter the radial electric field 
has been calculated again at z = 0, see figure 3.9. The field oscillations 
across the aperture have disappeared. To compare this filtered field with the 
field without filter, figure 3.6, both fields are plotted over the aperture, see 
figure 3.10. It is seen that the non-filtered field oscillates around the filtered 
field and it seems likely that the filtered field gives a good approximation for 
the field across the aperture in case of an infinite number of modes. With 
r approaching a, the filtered field does not become very large as expected, 
because the higher modes have been filtered out. Note that for the radial 
electric field, continuity is guaranteed without the filter, for the Ez field this 
is not the case and it will be necessary to use the filter as will be shown later. 
First, the total azimuthal magnetic field has been calculated at z = 0, see 
figure 3.11. The curves marked with (i) represent the fields at the left-hand 
side of the diaphragm and the curves marked with (ii) represent the fields 
at the right-hand side. This figure has been made without the numeric filter 

26 



400 I 

Re(E,) 
p=128 

t 
300 q=32 

200 

100 ~ 
I-

0 
V 

-100 I I I I I I 

0 5 10 15 20 25 30 35 40 
4 r (mm) 

Figure 3.9: The real part of the total radial electric field at z = 0 after using 
a numeric filter for the coefficients. 
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Figure 3.10: The radial electric field at z = 0. The dashed line is the field 
without the filter, the solid line is the filtered field. 
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Figure 3.11: The total azimuthal magnetic field at z = 0. (i): At the left
hand side of the diaphragm, (ii): At the right-hand side of the diaphragm. 

and shows no significant oscillations. The coeffi.cients of the H"' field are 
Ynarm and decay rapidly, because Yn "' r1 ~ .J..... Y3o is already about a 

n n1r 

factor 100 smaller than }î, this implies better convergence for the magnetic 
field than for the radial electric field and explains the smooth curves. Figure 
3.11 shows that the magnetic field in the aperture is continuous and does not 
have an imaginary component. According to equation (3.23) the magnetic 
field in the aperture is the same as the magnetic field of the incident wave 
at z = 0 given by: Yi4>1 . And the wave admittance }î is a real number. The 
magnetic field is clearly discontinuous for a < r < b, so there must be an 
electric current in the metal of the diaphragm. 
In figure 3.12, the total electric field in the z-direction is plotted at z = 0. 
Again the curves (i) represent the field at the left-hand side of the diaphragm 
and the curves (ii) the right-hand side. For calculation of figure 3.12, the 
numeric filter has been used. From the waveguide modes ezn, equation (2.10), 
it can he seen that the order of convergence is the same as for the ern modes. 
In the plot without the filter, large oscillations were present and continuity 
in the aperture was not very good even for r = 0. With the filter, continuity 
is clearly visible. Note that the real part of Ez is zero in the aperture. If the 
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Figure 3.12: The total electie field in the z-direction at z = 0, using the 
numeric filter. (i): At the left-hand side of the diaphragm, (ii): At the 
right-hand si de of the diaphragm. 

matrix equations were derived based on an Er and Ez description it is likely 
that for the Ez field in the aperture, an equation similar to (3.23) could be 
found, stating that the Ez field in the aperture is the same as the field of the 
incident wave for which r 1 is imaginary. 
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Chapter 4 

The periadie structure 

In this chapter, a description of the electromagnetic field in an infinitely long 
periodically disk-loaded circular waveguide is given. It is assumed that the 
field salution for this structure is a good approximation for the field in the 
finite periadie structure of LINACJ 0. The field salution is found by deriving a 
matrix eigenvalue equation for the coefficients of the modes. In this equation, 
the refiection and transmission coefficients from the problem with a single 
diaphragm are used. Finally, a Fourier analysis of the Ez-field is made in 
order to find the coefficients of the space-harmonics in the z-direction, as 
discussed in chapter 1. 

4.1 Theory 

In figure 4.1, a section of the infinitely long periodic structure is shown. The 
structure is made out of an empty waveguide with radius b, containing di
aphragms with an aperture radius a, equally spaeed at a distance d. At a 
diaphragm, there are wave reflections and transmissions. 
It is assumed that the exited decaying modes have decayed to a negligible 
value at the neighbouring diaphragms and that only the reflected and trans
mitted propagating mode at these diaphragms is of importance. To show 
that this assumption is justified for the structure of LINAC10, where the 
spacing of the diaphragms is 33.33 mm, the radial electric field is plotted 
at 33 mm in front of the diaphragm, see figure 4.2. This is clone with the 
theory from chapter 3, for only one incident propagating mode. The dashed 
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Figure 4.1: A section of the infinite periadie strucure. 
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Figure 4.2: The absolute value of the radial electric field Er at z = -33 mm. 
The dashed line represents the sum over p modes and the solid line is the 
field of the propagating mode. 
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line represents the total field with all the decaying modes and the solid line 
represents the field of the propagating mode. These lines correspond well, so 
the error made by taking only the propagating mode into account is small. 
Once the coefficients for the back and forth propagating modes are found, 
the coefficients of the decaying modes can be calculated from the single di
aphragm theory discussed in chapter 3. 
For -d < z < 0, the coefficients of the propagating modes have an index 1, 
see figure 4.1 and the radial electric field and azimuthal magnetic field are 
called E; and H~ respectively. Similarly, for 0 < z < d, the coefficients and 
fields have an index 2. With these definitions and the fields of the T M01 

mode from chapter 2, the fields become: 
For-d< z < 0: 

For 0 < z < d: 

a~</Jte-ikz + b~</JteikZ, 
a~Yi <Pt e-ikz - b~Yi <Pt eikZ, 

( 4.1) 

(4.2) 

(4.3) 
( 4.4) 

where ik = r 1 . In the expression for E;, the term a~ </J1 e-ikz represents the 
field of the mode propagating in the positive z-direction. When a~ e-ikz is 
seen as an effective coefficient for this mode, the coefficient at the diaphragm 
( z = 0) is a~, see figure 4.1. The coefficient at z = - ~ is called a1 and is 
given by: 

( 4.5) 

The other coefficients are defined in a similar manner. With the theory from 
chapter 3, it can be seen that the coefficients a~ and b~ are linked to a~ and 
b~ in the following way: 

a' 2 

b' 1 

Rb~+ Ta~, 

Ra~+ Tb~. 

(4.6) 
(4.7) 

The backward travelling wave in the region -d < z < 0, having coefficient 
b~ at the diaphragm, can only be generated by a reileetion of the forward 
travelling wave in this region with coefficient a~ and a transmission of the 
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backward travelling wave in the region 0 < z < d with coefficient b~. These 
reflection and transmission coefficients are known from chapter 3. Solving 
equations ( 4.6) and ( 4. 7) for a~ and b~ gives: 

b' 1 

This can be written in a matrix equation: 

a' T -T a' [ l [1 R ][ l b~ = ~T-lf b~. 

( 4.8) 

( 4.9) 

( 4.10) 

With equation ( 4.5) and similar equations for the other coefficients, the co
efficients a1 and b1 can be expressed in terms of a~ and b~ by a matrix: 

( 4.11) 

This can also be clone for the coefficients a2 and b2 : 

( 4.12) 

Now, the complete transfer matrix from z = -~ to z = +~ can be written: 

Performing the multiplication gives: 

[ abll l = [ ~e!likd R l [ ab22l· 
(T _ ~;e-ikd ( 4.14) 

The Floquet theorem links the fields at the position z to the :fields at the 
position z + d, with d the period of the structure. Basically the theorem 
states that for a lossless structure, the fields a period further in the structure 
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look the same except for a constant phase-shift per cell. This is expressed 
mathematically as (see Collin [1]): 

Er(r, </J, z + d) = e-i(3d Er(r, </J, z). (4.15) 

The constant j3d is the phase-shift <P per cell and is written like this because 
j3 is a propagation constant as is shown later. Equation ( 4.15) also is valid 
for all the other components of the tot al electric and magnetic field. U sing 
this relation for the given structure between z = -~ and z = +~ gives for 
Er: 

a2 }]_ </J1 - b2}]_ </J1 = e-i(3d( al}]_ </J1 - b1 }]_ </JI)· 

Combining equations (4.16) and (4.17) leads to: 

[ ~: ] = e-iM [ ~: ]· 
With equation (4.14) this leads to an eigenvalue equation: 

-T a1 = O. 
[ 

_Tl eikdB._ eif3d R l [ l 
(T _ ~ )e-ikd _ éf3d b1 

(4.16) 

( 4.17) 

(4.18) 

( 4.19) 

This equation has only a non-trivial solution when the determinant is zero: 

_ ~eikdeif3d _ (T _ ~ )e-ikdeif3d + e2if3d + 1 = O. ( 4.20) 

After multiplication by the factor e-if3d, equation ( 4.20) becomes: 

( 4.21) 

Because T = R + 1, equation (4.21) is rewritten: 

cos j3d _!_(eikd + e-ikd) + R e-ikd 
2T T ' 
T RT -ikd 

ITI2 cos kd + ITI2 e . ( 4.22) 
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Where T is the complex conjungate of T. From appendixBit can be found 
that 

( 4.23) 

And 
- ilm(T) =RT. ( 4.24) 

With these equations ( 4.22) can be rewritten: 

cos j3d = cos kd - ~ sin kd. ( 4.25) 

With B the susceptance defined by: iE= ;~~· From equation (4.25) it can 
be seen that the phase-shift per cell rjy = j3d can also be negative, yielding a 
solution for waves travelling in the negative z-direction. 
Once the value of j3d = rjy has been determined, the coefficient b1 can he 
expressed in terms of a1 by using the first row of equation ( 4.19): 

( 4.26) 

The coefficient a1 is set to 1, this is allowed because there is a freedom to 
choose the total field amplitude. Then b1 is determined and the field of the 
propagating modes in the region -d < z < 0 is known. To calculate the 
coefficients of the decaying modes in the region -d < z < 0, the coefficients 
of the incident field at the diaphragms at z = 0 and z = -d have to be 
calculated. At z = 0 the coefficient for the total incident field is a~ + b;. 
The coefficients of the decaying modes in chapter 3 were calculated for an 
incident field with coefficient 1, so to find the coefficients here, the solution 
of chapter 3 is multiplied by a~+ b;. The radial electric field of the decaying 
modes exited at z = 0 in the region -d < z < 0 is: 

p 

(a~+ b~) L armrPmermz. ( 4.27) 
m=2 

In a similar way, the field exited at z = -d can be found. The total field 
for -d < z < 0 is the sum of these decaying fields and the field of the 
propagating modes. Then, the field in the other cells can he calculated using 
Floquet's theorem. 
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4.2 Computed results 

For the strucure of LINAC10, the phase-shift per cell c/J, better known as the 
operating mode of the accelerator, has been calculated as a function of the 
frequency w, see figure 4.3. This is clone by making use of equation ( 4.25). 

19.0 
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18.5 -t------..-----r----,.----..,-----+-
0.0 0.2 0.4 0.6 0.8 1.0 

4<f> (1r rad) 

Figure 4.3: The frequency w as a function of the phase-shift per cell. 

The propagating constant k is known as a fundion of w and the susceptance 
B fora given structure can be calculated as a function of was seen in chapter 
3. The operating mode of the LINAC10 is cjJ = ~1r. The calculated frequency 
corresponding to this mode is w~1l" = 18.919 ·109 rad/s. The actual operating 

3 

frequency of LINAC10 is: w~1l" = 18.839 · 109 rad/s, so the value for the 
3 

frequency is accurate within 0.5%. The difference in frequency is probably 
due to the fact that in the structure of LINAC10 the diaphragms have a 
finite thickness of 2.5 mm. 
With the frequency of the ~7r mode determined, the field in the periadie 
structure can be calculated. The phase-shift cjJ = +~1r is taken positive, 
representing a wave travelling in the positive z-direction. With a phase-shift 
of ~7r per cell, three cells are needed for the field description, because in the 
fourth cell the phase-shift is 27r and the field is the same as in the first cell. 
In figure 4.4, the Ez-field on the axis (r = 0) is drawn at five moments: 
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Figure 4.4: The Ez-field on the axis of the structure as a fundion of z for 
five different moments. 
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wt = 0, ~7r, ~7r, t1r, ~7r. For the calculation of figure 4.4, the numerical filter 
discussed in chapter 3 has been used to eliminate field discontinuities at the 
diaphragms. For wt = ~7r, the field in the first cell is the same as the field in 

. ·2 
the last cell at the time wt = 0, since the factor etwt = et311" corresponds to 
the negative phase-shift per cell. A phase-velocity can he defined because in 
a time wt = </>, the wave travels over a distance d giving a phase-velocity of; 

wd w 
Vp = ---;ç = f3 . ( 4.28) 

The constant f3 has the meaning of a propagation constant. In the periodic 
structure of LINAClO, this phase-velocity should he equal to the velocity of 
light c. The calculated phase-velocity is: vp = 3.011 · 108 m/s and is slightly 
higher than c, because the frequency w~11" is a bit higher than the operating 

3 

frequency of LINAClO. 

4.3 Fourier space-harmonics 

To show that the electromagnetic field in the infinite periodic structure can 
be expressed in a fourier series as given in chapterl, the Floquet theorem for 
the Ez field is used: 

Ez(r, r.p, z + d) = e-if]d Ez(r, r.p, z ). ( 4.29) 

Suppose the field is given by: 

Ez(r,r.p,z) = e-if]z<I>(r,r.p,z). ( 4.30) 

Substituting this into equation ( 4.30) gives: 

Ez(r, r.p, z + d) = e-if3(z+d)<I>(r, r.p, z + d) = e-if3de-if3z<I>(r, r.p, z). ( 4.31) 

And so: 
<I>( r, r.p, z + d) = <I>( r, r.p, z ). ( 4.32) 

The function <I> is periodic in z with a period d and can he expressed in a 
fourier series. The total time dependent field becomes: 

+oo 

Ez(r, r.p, z, t) = L amem(r, r.p)e-i(f3+
2
:t)z+iwt. ( 4.33) 

m=-oo 
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For the axially symmetrie case, the field solutions from chapter 2 can he 
used, but these have to he modified. The longitudinal electric field of the 
mth mode is: 

( 4.34) 

( 4.35) 

In chapter 2 the boundary conditions J0(amb) = 0 were satisfied, giving êr.m = 
ab', with a:m the mth zero of J0 (x). With equation (4.35), the propagation 
constauts r m were determined, but from equation ( 4.33) it can he seen that 
in case of Fourier space-harmonics the propagation constauts are known and 
given by r n = i(/3 + 2~m ). Then, equation ( 4.35) becomes: 

( 4.36) 

Note that for this êr.m, the boundary condition êzm(b) = 0 is not satisfied and 
therefore, a single Fourier space-harmonic cannot exist in the structure. In 
the periadie structure, the phase-velocity of the Oth mode: Vp = ~ is equal 

to the speed of light and from equation ( 4.36) it can he seen that a~ < 0 for 
m =f. 0 and therefore êr.m is imaginary. The Bessel function Jo( x) in ( 4.34) 
has to he replaced by the modified Bessel function ! 0 ( x) to give the field 
solution: 

Io(iimr), 

(/3 + 2:m)2 
_ ::. 

With the definition f3m = f3 + 2~m, the field becomes: 

+oo 

Ez(r,z,t) = L amlo(iimr)ei(wt-f3mz). 
m=-oo 

( 4.37) 

( 4.38) 

( 4.39) 

It is more convenient to express equation ( 4.39) in termsof sines and cosines: 

+oo 

Ez(r, z, t) = L Io(iimr)(am cos(wt- f3mz) + bm sin(wt- f3mz)). (4.40) 
m=-oo 
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Figure 4.4 in the previous section shows for wt = ~7r a symmetrie function 
with the symmetry axis in the middle of the three cells. When in equation 
( 4.40) the time t is set to zero for the calculation of this field, only eosine 
terms are needed. The field is then given by: 

+oo 

Ez(r, z, t) = L Io(O:mr)am cos(wt- f3mz). (4.41) 
m=-oo 

To calculate the coefficients am by using the field at wt = ~7r in figure 4.4, r 
and t in equation ( 4.41) must he set to zero: 

+oo 

Ez(O, z, 0) = L am cos(f3mz). ( 4.42) 
m=-oo 

For the ~7r mode, the coefficients am can he calculated using a Fourier analysis 
over three cells: 

( 4.43) 

Wh ere Ez ( z) is the field from figure 4.4. The calculated coefficients are 
given in the second column of table 4.1, all coefficients are divided by a0 , so 
the new a0 becomes 1. In the third column the coefficients calculated with 
the computercode Superfish [10], are given. To compare these two series 
of coefficients, the Ez-field is calculated using the coefficients from table 
4.1, see figure 4.5. The solid line represents the result from the coefficients 
calculated with the given theory and the dashed line is the field calculated 
with Superfish. The figure clearly shows a good agreement between the given 
theory and Superfish. 
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Table 4.1: The coefficients am of the Fourier space-harmonics, for the ~71" 
mode, calculated with the presented theory and with the computer code 
Superfish. 

11 m I am theory I am Superfish 11 

-5 1.6. 10-4 -2.6. 10-4 

-4 -3.8. 10-4 -1.7. 10-3 

-3 -4.6. 10-3 -1.2. 10-2 

-2 -3.7. 10-2 -8.1. 10-2 

-1 -3.5. 10-1 -4.6. 10-1 

0 1.0 1.0 
1 7.6. 10-2 1.4. 10-1 

2 9.6. 10-3 2.2. 10-2 

3 1.2. 10-3 3.2. 10-3 

4 3.2. 10-5 4.7. 10-4 

5 1.2. 10-4 7.6. 10-5 
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E, 

t 
0.5 

0.0 

-0.5 

-1.0 
\ / 

-1.5 -+-----,-------'---.------,-----"----,...------+-
0 20 40 60 80 100 

~ z (mm) 

Figure 4.5: The Ez-field on the axis (r = 0) for the ~71" mode. the solid line is 
the field calculated with the presented theory and the dashed line represents 
the field calculated with Superfish. 
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Chapter 5 

Extensions 

In this chapter, some extensions of the theory described in chapters 3 and 
4 are presented. First, the matrix equations are derived for a diaphragm of 
finite thickness, which could lead to a more. accurate value for the refiection 
and transmission coefficients and to a better value for the operating frequency 
of LINACJO. Also, a methad for finding the electromagnetic field in a finite 
disk-loaded structure is presented. 

5.1 The thick diaphragm 

The reileetion problem for a thick diaphragm is displayed in figure 5.1. The 

r :.. 11 t---~~ a'rm 

AL ~ hM 
)Joo.z ------------------~--------

b'M""'(-- 1:~ ___ fl_ 

I 

1 

b 

z=O z=l 

Figure 5.1: Reileetion at a thick diaphragm. 

incident field with mode amplitudes aim causes multiple reilections inside the 
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diaphragm region 0 < z < l. The total sum of these refiections is included 
in the coefficients bM for the aperture modes propagating in the positive z

direction and in the coefficients bM for the modes propagating in the negative 
z-direction. The resulting coefficients of the refiected field at the front side 
of the diaphragm ( z = 0) are arm and for the back si de of the diaphragm 
( z = l) are a~m. The field expressions in the three regions are: 
For z < 0: 

00 00 

E '\' A. -rmz + '\' A. rmz r = L.J aim 'f'm e L.J arm 'f'm e ' (5.1) 
m=l m=l 

00 00 

Hcp = L Ymaim</Jme-rmz- L Ymarm</Jmermz. (5.2) 
m=l m=l 

For 0 < z < [: 
00 00 

Er = L bM'f/Me-"fMZ + L b~'f/Me"fMz, (5.3) 
M=l M=l 

00 00 

Hcp = L YMbM'f/Me-"fMz- L YMb~'f/Me"~Mz. (5.4) 
M=l M=l 

For z > [: 
00 

E = '\'a' "' e-rm(z-t) r L.J rm 'f'm ' (5.5) 
m=l 

(5.6) 
m=l 

In the field expression for 0 < z < l, the propagation constauts are: 

(5.7) 

And in this region, the wave admittance is: YM = 

the fields at z = 0 for r < a gives: 
The continuity of 

p q 

L </Jm(aim +arm)= L 'f/M(bM + b~), (5.8) 
m=l M=l 

p q 

L Ym</Jm(aim- arm)= L YM'f/M(bM- b~). (5.9) 
m=l M=l 
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Here, the series already have been truncated by taking the number of waveg
uide modespand the number of aperture modes q. Muliplying equation (5.8) 
by cPn and integrating over the interval [0, a] and the first term over [0, b] and 
multiplying equation (5.9) by 'f/N and integrating over [0, a] gives: 

q ia ain + arn = L (bM + b~)( cPn'f/MT"dr), 
M=l 0 

(5.10) 

p r L Ym(aim- arm)(Jo cPm'f/NT"dr) = YN(bN- b~). 
m=l 0 

(5.11) 

In a similar way, equations are found using the continuity at z = /: 

q La a~n = L (bMe-'YMI + b~e"~M1 )( cPn'f/MT"dr), 
M=l 0 

(5.12) 

t Yma~m( rcPm'f/NT"dr) = YN(bNe-''IN 1
- b~e'YN 1 ). 

m=l Jo 
(5.13) 

By introducing the matrix elements: 

RnM = iacPn'f/MT"dr, (5.14) 

these equations can be written in terms of matrices. Some of the definitions 
from chapter 3 can be used: The matrix R with elements RnM and the matrix 
S with elements SNm = YmRmN· But also a few new matrices have to be 
defined: the matrix y- with elements FNM = 8NMe-"~N 1 , y+ with elements 
Fj;M = 8NMe'YN1 and the matrix Y with elements YNM = 8NMYN. These 
are diagonal matrices because of the kronecker delta. In matrix form, the 
equations (5.10) to (5.13) become: 

ar- Rb- Rb' ai, (5.15) 

Sar+ Yb- Yb' Sai, (5.16) 
a' - RF-b- RF+b' r 0, (5.17) 

Sa~ - YF-b + YF+b' 0. (5.18) 

These are 2p+2q equations for the 2p+2q unknown componentsof the veetors 
an a~, b and b'. To solvethese equations, they have to be splitintheir real 
and imaginary parts and arranged in a single matrix equation, which doubles 
the amount of equations as seen in chapter 3, giving 4p + 4q equations. 
These equations can be solved with a computer using a Gauss elimination 
procedure, as was clone for the infinitely thin diaphragm in chapter 3. 
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5.2 Field salutionfora finite periadie struc
ture 

A finite periodic structure can he made by placing N equally spaeed di
aphragms in an infinitely long empty waveguide, see figure 5.2. From z = -oo, 

------~----------~----------------~----------~------

a'l ~ ~-1 
a'N ~1 ~ aN 

b'1 ~:----d _ ____..,d _ _ _ _ _ _ __._I'_~_N--I _b'N_....., ______ I_ ... _bN-

1 2 N-1 N 

Figure 5.2: The finite periodic structure with N diaphragms spaeed at a 
distance d. 

a propagating mode with coe:fficient a~ is arriving at the first diaphragm. all 
the decaying modes exited at z = -oo are zero. This incoming mode causes 
multiple reflections in the structure. It is assumed as in chapter 4, that the 
decaying modes exited at each diaphragm have a negligible value at the next
and previous diaphragm, so the description can he limited to the propagating 
modes only. The multiple reflections result in a total reflected field at the 
first diaphragm with coe:fficient b~ and in a total transmitted field at the Nth 
diaphragm with coe:fficient aN. The coe:fficient bN is zero, because there is 
no incident wave from z = +oo, but for the moment it is assumed that bN 

has a value. From chapter 4 it is known that the coe:fficients a~ and b~ are 
connected to aN and bN by a transfer matrix: 

[ ~t l [ ~ T ~ ~ ~ l [ ~ ~ l· ( 5 "
19

) 

Now, bN is set to zero and aN is chosen 1, this is allowed since there is a 
freedom in field amplitude. Then, the coe:fficients a~ and b~ are known. The 
coe:fficients aN-1 and bN_1 can he found by using a matrix equation similar 
to equation (4.11): 

0 l [ a~ l e-ikd b~ · (5.20) 
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The coeffi.cients at the left-hand si de of the N - 1 th diaphragm can he found 
hy using again the transfer matrix from equation (5.19). When this matrix 
is called A and the matrix in equation (5.20) is called K, the coefficients a~ 
and b~ are: 

[ :t l = A(KA)N-l [ ~ l· (5.21) 

Basically, the field in the finite structure is known, hecause at each di
aphragm, the incident field can he calculated and the amplitudes of the 
exited decaying modes are found. The input reflection coefficient is -4- and 

al 

should he minimal to make sure that there is a maximal power-flow through 
the structure. Because the componentsin the transfer matrix (5.19) are fre

quency dependent, the input reflection coeffi.cient -4- can he calculated as a 
al 

function of the frequency. And the minimum of this curve should yield the 
design frequency for the operating mode. 
This theory could he extended to include thick diaphragms or the interaction 
of higher modes when the diaphragms are spaeed closer together and not all 
decaying modes can he neglected. When these higher modes are taken into 
account, the reflection problem in chapter 3 has to he solved for higher in
cendent modes. When the reflection coeffi.cients arm, calculated for ai1 = 1 
and a in = 0 for n > 1, are called r ml and the reflection coeffi.cients calculated 
for aiN = 1 and all other ain zero are called rmN, then the reflected field can 
he descri bed, using the reflection matrix R with components rnm: 

(5.22) 

In a similar way, the reflection matrix T can he defined. The numher of modes 
J has to be chosen in such a way that at the neighbouring diaphragms the 
value of any higher mode can be neglected. When the theory for the finite 
periodic structure is extended to include these higher modes, an equation 
similar to (5.19) has to be derived, using the matricesRand T, instead of 
the reflection and transmission coefficients R and T. 
With the finite-structure theory it is also possible to descrihe non-periodic 
structures, see Heifets [6], where each cell can have a different length and 
diameter and each diaphragm can have a different aperture radius and thick-
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ness. For such a non-periadie structure, a new transfer matrix A and trans
port matrix K have to be calculated for each cell. 
The down-side of the finite-structure method is that it is difficult to define a 
phase-velocity in an individual cell, which was easy for the infinite periadie 
structure. This phase-velocity is important for the design of these types of 
accellerators, because ideally, the phase-velocity should everywhere be the 
same as the electron velocity for proper acceleration. 
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Chapter 6 

Conclusions 

In this report it has been shown that empty waveguide modes are a useful 
tooi for the description of the electromagnetic field in disk-loaded circular 
waveguides. With the mode-matching technique discussed in chapter 3, the 
reflection of waves from an infinitely thin diaphragm is described accurately. 
For the electric field in the aperture of the diaphragm, it is necessary to use 
a numerical filter to obtain a field without oscillations, which are caused by 
the higher modes, needed to describe the behaviour of the field near the edge 
of the diaphragm. The filtered electric field is a good approximation for the 
actual aperture electric field, except near the edge of the aperture, where 
the field should become infinite. In practice however, this field behaviour is 
irrelevant. 
It also has been shown that at some distance from the diaphragm, only a 
few waveguide modes are sufficient for the description of the electromagnetic 
field and for the periodic structure of LINAClO, only the propagating mode 
is needed for the calculation of the dispersion curve. The value for the fre
quency of the operating mode of LINAClO, calculated from this dispersion 
curve, is accurate within 0.5% and the calculated logitudinal electric field on 
the axis, showed an agreement with the field calculated using the computer
code Superfish. 
Finally, the theory for diaphragms of finite thickness was presented, which 
could leadtoa more accurate value for the operating frequency, and some cal
culations fora finite accelerating structure were made that could be extended 
to give a field description for non-periodic structures, which is important for 
the design of low energy travelling wave linacs. 
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Appendix A 

Maxwell's equations 

The fields are assumed to have an harmonie time dependence: 

E( x, y, z )eiwt, 

H( x, y, z )eiwt. 
(A.l) 
(A.2) 

With this time dependence, the differential Maxwell equations for vacuum 
are: 

V·E 0, (A.3) 
V·H 0, (A.4) 

VxH it:0wE, (A.5) 
VxE -itt0wH. (A.6) 

From these equations, the wave equation can he derived: 

w2 
(\72 + 2 )(E, H) = 0. 

c 
(A.7) 

This equation is not suflicient for a unique field solution. The cylindrical 
waveguide lies in the z-direction and for the propagation of waves in the 
z-direction it is useful to split the fields in tranverse and longitudinal ( z) 
components: 

E 
H 

V 

ET+ ÏzEz, 

HT + ÏzHz, 

\7T + iz8z. 
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(A.9) 
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Here, iz is the unit vector in z-direction. With these de:finitions, the third 
and fourth Maxwell equations (A.5) and (A.6) are rewritten: 

Ïz · (\i'T X HT) 

azHT + itow(iz x ET) 

Ïz · (\i'T X ET) 

azET - i~-tow(iz x HT) 

The wave equation (A. 7) becomes: 

iEoWEz, 

V'THz, 

-i~-toWHz, 

V'TEz. 

82 w2 

(V'}+ a 2 + 2)(E,H) = 0. z c 

(A.ll) 
(A.12) 

(A.13) 

(A.l4) 

(A.15) 

In case of TM waves (Hz = 0), the complete set of equations is given by: 

( 2 82 2) 
V' T + az2 + EoftoW Ez 

azET - i~-tow(iz x HT) 

8z HT + itow(iz x ET) 

Assuming a z dependenee of e=frz gives: 

E(x,y,z) = e(x,y)e=frz, 

H(x, y, z) = h(x, y)érz. 

Substituting this into equations (A.16), (A.17) and (A.18) gives: 

2 
2 2 w ) (\7 T + f + 2 ez = 0, 

c 
r 

e - -,- \i'Te 
T - T (f2 + ~;) Zl 

ZEoW , 
hT =- 2 (lz X \i'Tez). 

(f2 + ~2) 
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(A.16) 

(A.l7) 

(A.l8) 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

(A.23) 



Appendix B 

N otes on the susceptance B 

The theory states that 1 + ar1 = a~ 1 • With the definitions of the reflection 
and transmission coefficients this is rewritten: 

T = 1 +R. 

For a lossless structure the following relation holds: 

The reflection coefficient is a complex number: 

R =x+ iy. 

With these definitions, equation (B.2) becomes: 

ITI 2 + IRI2 = 2x2 + 2y2 + 2a + 1 = 1, 
:::::;. x

2 + y2 + x = 0. 

The susceptance B is defined by: 

Calculation of ~iB gives: 

iB = -2R. 
1+R 

1 + . +2+2 .B _ x zy _ x x y . y 
- -z - - + z • 

2 1 +x+ iy (1 +x )2 + y2 (1 +x )2 + y2 

(B.1) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 

(B.6) 

Because of equation (B.4), the real part on the right side varrishes and B is 
a real quantity. 
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Appendix C 

Electromagnetic fields in periodic linear 
travelling wave structures 

Artiele to be presentedat the LINAC'96 conference 
August 26-30, Geneva, Switzerland 
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Electromagnetic fields in periodic linear travelling wave structures. 

J.P. Pruiksma, R.W. de Leeuw, J.I.M. Botman\ H.L. Hagedoorn, Cyclotron Labaratory 
A. G. Tijhuis, Department of Electrical Engineering 

Einhoven University of Technology, 
P.O. Box 513, 5600 MB Eindhoven, the Netherlands 

Abstract 

An analytica! description of the electromagnetic field in 
a periodically disk-loaded circular waveguide is given. 
The field is expressed in terms of the waveguide modes. 
The main advantage of this approach is that each mode 
matches the boundary conditions in the empty waveg
uide. These modes have convenient orhogonal proper
ties. First, a single diaphragm in the waveguide is con
sidered and the reileetion problem arising from one inci
dent waveguide mode is solved with the mode-matching 
technique. Then a matrix eigenvalue equation is derived 
for the periodically loaded waveguide. The solution of 
this equation yields the dispersion curve for the struc
ture and leads to the full field description for a given 
operating mode of the accelerator. 

I. T Mon MODES OF A CIRCULAR 
WAVEGUlDE 

A circular waveguide of radius b, centered around the 
z-axis is considered. For the acceleration of particles in 
the disk-loaded waveguide, only the transverse magnetic 
(TM) modes of the electromagnetic field are relevant. A 
time dependenee Of eiwt and a Z dependenee Of er nZ is 
assumed and substituted into Maxwell's equations. The 
axially symmetrie T Man mode solutions are: 

ezn vl2an ( Un ) 'Fr nZ 
± b2f nJ1(an) Jo br e ' (1) 

ern .J2 J (an ) 'Frnz _ </J 'Frnz 
bh(an) 1 b re - ne , (2) 

hcpn ±Yn </Jn e'Fr nz' (3) 
a2 w2 n r~+2· (4) b2 c 

For the nth mode, the z-component of the electric field 
is ezn, the radial electric field- and azimuthal magnetic 
field components are ern and hcpn respectively. The wave 
admittance Yn = i~o: and an is the nth root of the 
Bessel funetion J0 (x). The funetions <Pn defined in equa
tion (2) are orthonormal: 

1~n</Jmrdr = Önm· (5) 

The mode-matching technique discussed in the next sec
tion makes use of this orthonormality. For linear trav
elling wave accelerating structures it is customary to 

1 Corresponding author 

choose the radius b and frequency w in such a way that 
only the propagation constant f 1 is imaginary. All other 
r n are real and represent decaying modes. 

11. REFLECTION FROM A SINGLE 
DIAPHRAGM 

In the circular waveguide of radius b, an infinitely thin 
diaphragm with a circular aperture of radius a is placed 
at z = 0, see figure 1. The coefficients of the incident 

z=O 

Figure 1: reileetion at a diaphragm 

modes are a;m so a general incident field is given by: 

00 

"'""" ). -r mZ L....t a;m'l'me . (6) 
m=1 

Here, the reileetion problem is solved for one incident 
propagating mode: a; 1 = 1 and all other a;m zero. At 
the diaphragm, there will be an infinite number of re
ileeted and transmitted modes with coefficients arm and 
a~m respectively, because only then it is possible to sat
isfy the boundary conditions at the diaphragm. The to
tal radial eleetric field Er and azimuthal magnetic field 
Hcp are: 
For z < 0: 

00 

Er= </J1e-r,z + L arm</Jmermz, 
m=1 

00 

H _ y ). €-r,z "'""" Y. a ). er mZ cp- 1'1'1 - L....t m rm'l'm · 
m=1 

For z > 0: 
00 

E' = "'"""a' A. e-rmz r L....,; rm\fJm , 

m=1 

00 

H l _ "'"""Y. 1 A. -rmz cp - L....t marm '/'me · 
m=1 

(7) 

(8) 

(9) 

(10) 



By using the boundary condition Er = E~ = 0 at the 
diaphragm for a < r < b and continuity of the fields 
in the aperture (z = 0): Er = E~ and Hcp = H~ for 
0 ~ r ~ a, a matrix equation, which salution yields the 
coefficients arm and a~m can be derived. To do this, 
the orthonormality of the <Pn functions is used. This is 
known as the mode-matching technique, see Masterman 
[1]. 
To obtain a matrix equation of finite size, the series of 
reflected and transmitted modes have to be truncated, 
so only a finite number of coefficients are calculated. 
Once the coefficients arm and a~m are found, the total 
field can be calculated at every position in the waveg
uide. The most important coefficients are ar1 and a~ 1 . 
These are better known as the reflection coefficient R 
and transmission coefficient T. The coefficients are in 
general complex numbers, and as a measure for R, the 
susceptance B is defined as: 

B = 2iR . 
1+R 

(11) 

B is a real quantity [2]. The susceptance B has been 
calculated as a function of frequency w, see figure 2. 
The solid line is calculated by using the mode-matching 

10+----L----~---L----L----L--~----+ 

B - numerical calcula.lion 

r 8 - - approximation formula 

185 186 187 188 189 190 191 192 

Figure 2: The susceptance as a function of the frequency, 
using b = 39 mm and a = 10 mm. 

technique and the dasbed line represents an approxima
tion for the susceptance given by an analytica! formula 
derived with the small aperture theory [3]: 

(12) 

Wh ere ik = r 1. This formula was derived by assum
ing that the aperture diameter is small compared to 
the guide wavelength >.9 = 2[. Calculations for smaller 
aperture radii show even better agreement between the 
mode-matching salution and approximation formula [2]. 

111. THE PERIODIC STRUCTURE 

In figure 3, a section of an infinitely long periadie struc
ture is shown. The structure is made out of an empty 

:: .:· ::. ±:: ::: 
-------~-----------+-------

z~d z,;.d/2 z~2 
z=d 

Figure 3: A section of the infinitely long periadie stru
cure. 

waveguide with radius b, containing diaphragms with 
aperture radius a, equally spaeed at a distance d. It 
is assumed that the at the diaphragms excited decay
ing modes have decayed to a negligible value at the 
neighbouring diaphragms and that only the reflected 
and transmitted propagating mode is of importance [2]. 
Once the coefficients for the back and forth propagating 
modes are found, the coefficients of the decaying modes 
can be calculated from the single diaphragm theory dis
cussed in the previous section. 
The radial electric field of the propagating modes is: 
For-d< z < 0: 

(13) 

For 0 < z < d: 

(14) 

Similar equations can be found for the azimuthal mag
netic field. In the expression for E;, the term a~ </J 1 e-ikz 

represents the field of the mode propagating in the posi
tive z-direction. When a~ e-ikz is seen as an effective co
efficient for this mode, the coefficient at the diaphragm 
( z = 0) is a~, see figure 3. The coefficient at z = - ~ is 
called a1 and is given by: 

(15) 

The other coefficients are defined in a similar way. The 
coefficients a~ and b~ are linked to a~ and b~ in the 
following way: 

Rb; +Ta~, 
Ra~ +Tb~. 

(16) 

(17) 

Using equations (16) and (17) tagether with equation 
(15) and similar equations for the other coefficients, a 
transer matrix can be found which connects the coeffi
cients a 1 and b1 at z = - ~ with the coefficients a2 and 
b2 at z = ~: 

(18) 



The Floquet theorem, see Collin [3], links the fields at 
position z = - ~ to the fields at position z = ~: 

(19) 

where f3d = <P is the phase-shift per cell. With this 
equation, a phase-velocity can he defined, because at 
the time wt = f3d, the fields at z + d are the same as the 
fields at position z fort = 0. This gives a phase-velocity: 

w 
Vp = d" (20) 

By combining equations (18) and (19), a matrix eigen
value equation can he derived, which has the character
istic equation: 

cos f3d = cos kd- ~ sin kd. (21) 

With B the susceptance. From equation (21) it can he 
seen that the phase-shift per cell <P = f3d can also he 
negative, yielding a solution for waves travelling in the 
negative z-direction. 
Since B has been calculated as a function of w and k 
is also known as a function of w from equation ( 4), the 

19.0 
~ 

(10' rad/s) 

t 18.9 

18.8 

18.7 

18.6 

0.2 0.4 0.6 0.8 1.0 
--+f/1 (w rad) 

Figure 4: The frequency w as a function of the phase
shift <P per cell, using a ~ 10 mm, b ~ 39 mm and 
d~ 33.33 mm. 

phase-shift per cell <P can he calculated as a function of 
w, see figure 4. This figure was made using the param
eters of the periodic structure of a 10 Me V linear trav
elling wave electron accelerator with an operation mode 
<P = ~7r. From figure 4, the frequency of this ~71" mode 
can he deduced. Once the frequency has been found, the 
eigenvalue problem can he solved and the coefficients of 
the propagating modes are found. With these, the co
efficients of the decaying modes can he calculated using 
the single diaphragm theory. For a phase-shift of ~71" per 
cell, three cells are needed for the field description. Fig
ure 5 shows the total longitudinal electric field on the 
z-axis in the three cells. The dasbed line represents the 
field calculated from the Fourier coefficients of the ~71" 
mode given by the computercode Superfish. 

E, 
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0.0 

-0.5 

-1.0 

/ 

-1.5 +------,---'-,....-----,-'-----,---+ 
0 20 40 60 80 100 

-+ z (mm) 

Figure 5: The Ez-field on the axis for the ~71" mode. 
The solid line is the field calculated with the theory 
and the dasbed line represents the field calculated with 
Superfish. 

IV. CONCLUDING REMARKS 

The empty waveguide modes are a useful tooi for the 
description of the electromagnetic field in periodically 
disk-loaded waveguides. With the mode-matching tech
nique, the reflection of waves from an infinitely thin di
aphragm is described accurately. The dispersion curve 
of the infinitely long periodic structure can he calculated 
and the calculated fields for a given frequency w agree 
with the fields calulated by Superfish. 
To obtain more accurate results, the theory could he 
extended to include diaphragms of finite thickness [2] 
[4] and also toa description of aperiodic structures [5], 
which is important for the design of low energy travel
ling wave linacs. 
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