
 Eindhoven University of Technology

MASTER

Two-dimensional circular shear flow instability with Beta-effect in a rotating parabolic vessel

de Nijs, R.

Award date:
2001

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/7516712f-dae6-4ec4-a00e-d8895c627832


Two-dimensional circular shear flow instabilitv 
u 

with ,8-effect in a rotating parabalie vessel 

Robin de Nijs 

August 13, 1996 



Eindhoven, University of Technology 

Faculty for Applied Physics 

Vortex Dynamics Group 

Eindhoven 

The Netherlands 

This report describes the results of a 9 months Master's project carried out at 

Ris0 NaLional LaboraLory 

Opties and Fluids Department 

Plasma and Fluid Dynamics Program 

Roskilde 

Denmark 

Supervisars: 

Ris0 N aLional LaboraLory 

Dr. A.H. Nielsen 

Dr. J.J. Rasmussen 

Dr. B. Stenurn 

Eindhoven, U niversity of Technology 

Prof. Dr. Ir. G. J .F. van Heijst 

1 



Summary 

In this report the investigation of a so-called circular shear layer is described. Shear 

layers are important, because they form transport harriers and they are sourees of 

vorticity. Also the play a role in the stability of the boundary of forced vortices 

aud iu parLit:ular Lhe polar vorLex. The Ór<.:ular shear layer, whid1 was couLiuuously 

forced, was investigated both experimentally and numerically. 

For the experiments a rotating paraboloid with an inner diameter at the top of 56 

cm filled with a thin almost uniform layer of water with a thickness approximately 

1 cm was used. The parabolic vessel rotated at rotation rates of around 72 rpm. In 

this laboratory model planetary fiows can be modelled, see Nezlin (1993). A varying 

Coriolis parameter is present, and also some different depth profiles can be obtained. 

The Coriolis force is maximum at the centre and decreases along the radius. An 

important parameter in this system is the ,8-effect, which is the first derivative of 

the Coriolis parameter with respect to the latitude. In this experimental set-up 

the circular shear layer was created by letting rotate the polar or inner part of 

the bottorn of the parabolic vessel, so that this centre part rotated a bit faster or 

slower than the rotation of the whole vessel. The polar part has a radius of 10 cm. 

After the fiuid in the middle has spun up ideally a cylinder of fiuid in the middle is 

rotating at a slightly different rotation rate than the outer periphery, and so a step 

in the azimuthal velocity is obtained. 

The instability as a function of the differential rotation has been investigated. 

The lowest rotation rate where the flow becomes unstable can be expressed in a 

critica! rotational Reynolds number, defined by Ree = Ll~Rb, and was found to be 

81±5. Here fin is the differential rotation rate, R the distance from the centre to the 

shear layer, b Lhe shear widLh aud v Lhe kiuemaLic viscosiLy. This values agrees wiLh 

both numerical, see e.g. Coutsias et al. (1994), and experimental studies, see e.q. 

Chomaz et al. (1988). When the shear layer is unstable vortices are being formed. 

The number of vortices decreases when the differential rotation rate increases, and 

also the ,8-effect has an infiuence on this. It was found that a positive ,8-effect in 

combination with a negative inner rotation has the same effect as a negative ,8-effect 
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wiLh a posiLive inner roLaLion, where a posiLive roLaLion raLe rneans au inner roLaLion 

in the same direction as the background rotation. A negative ,8-effect means that 

the Coriolis force decreases outwards. For the experimental range of the ,8-effect no 

infiuence of ,8 on the critica! Reynolds number was found. Also some hysteresis, i.e. 

the tendency of the instability to stay in the same mode, has been found. Coming 

from higher differential rotations the instability tends to stay in a mode with a 

lower number of vortices. Also some quantitative measurements were performed. 

By adding some fluorescent dye to the water the intensity is a measurement for 

the total depth of the fiuid. The intensity pictures have been made with a co

roLaling camera. In Lhe shallow-waler approximalion veloeilies eau be calculaled 

from this deptl1. U nfortunately the strength of the formed vortices was not enough 

to calculate velocity fields, except for relatively big differential rotations, where it 

is questionable if the shallow-water approximation still can be applied. 

The numerical simulation is a purely two-dimensional speetral code. So the 

depth profile has to be included in the code in another way. In this report will be 

shown that it is possible to include this depth profile into an effective ,8-effect. No 

free surface effects are present in the computer code. 

Qualitatively the numerical simulations reproduce the features found in the ex

perimeuLs. However, Lhe hysLeresis iu Lhe sirnulaLiou is rnuch larger Lhan iu Lhe 

experiment, because of the lack of natura! noise in the simulation. A difference 

between the simulations and the experiments is that a ,8-effect increases the num

ber of vortices at a certain rotation rate, in spite of the direction of the differential 

rotation. The symmetry in positive/negative p-effect in combination with a nega

tivejpositive differential rotation was found. In the simulation it is possible to have 

relatively big values of p, so that the critica! Reynolds number is increased. 
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Chapter 1 

Introduetion 

1.1 Two-dimensional flows in nature 

The large-scale flows in planetary atmospheres and oceans are well described as two

dimensional flows in which the formation and the dynamics of vortical structures 

are important features. In planetary flows the Coriolis force is varying from its 

maximum value at the poles to zero at the equator. The influence of the varying 

Coriolis force on vortical structures is of basic interest for the understanding of 

phenomena as Jupiter's Great Red Spot and Neptune's Great Dark Spot, see e.g. 

Nezlin (1993). The variation of the Coriolis force is often approximated by a linear 

dependency on the latitude over the whole flow field of interest. This is called the 

;J-plane approximation, where the ;J stands for the first derivative of the Coriolis 

force with respect to the latitude. When the flow domain of interest is too large for 

the ;J-plane approximation to be valid, aso to say local ;J-plane approximation can 

be applied. Only the first derivative of Coriolis force with respect to the latitude 

is taken into account in the equations of motion, but this derivative is allowed to 

vary over the flow domain. This is called the ;)-effect. This is e.g. the way Nezlin 

(1993) takes the ;)-effect into account. Summarizing the ;J-plane approximation is 

a global approximation with a constant value of ;J over the whole flow field and the 

;)-effect takes into account a local value of ;J. 

1.1.1 Mechanisms providing two-dimensional flow 

In nature different mechanisms exist that may provide more or less a quasi-two

dimensional flow. It is known e.g. that a stabie density stratification, i.e. when 

the density gradient is in the same direction as the gravity or another important 

external force, suppresses vertical motions when a typical frequency of the fluid 
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1.2. TWO-DIMENSIONAL FLOWSIN THE LABDRATORY 7 

motion is much smaller than the Bruut-Väisälä or buoyancy frequency, which is 

directly connected with the density-stratification. Background rotation may also 

iuduce quasi-Lwo-dimem>ional moLion. This is Lhe case when Lhe Rossby number is 

small, which means that the Coriolis force, associated with the rotation, is larger 

than the inertial forces. This is known as the Taylor-Proudman theorem, see e.g. 

Pedlosky (1987) Another mechanism providing quasi-two-dimensional flow is that 

in a thin fluid layer the motion in the vertical direction is suppressed by the limited 

dimensions. H can be derived LhaL Lhe raLio beLween Lhe velocity in Lhe verLical and 

horizontal direction is of the order of the ratio between the thickness and a typical 

hOiizonLal lengLh scale. 

1.1.2 Some features of two-dimensional flow 

If the flow can be described two-dimensionally or quasi-two-dimensionally it has 

features connected with the two-dimensionallity of the flow. One of the major 

differences between two-dimensional and three-dimensional flow is the preferenee of 

the two-dimensional flow to let the motion take place in larger length scales and 

of the three-dimensional flow to let the motion take place in smaller length scales. 

This feature from two-dimensional flow is called self-organization and is strongly 

connected with the quantity entstrophy. Two-dimensional flows can be described 

by a vorticity, i.e. the curl of the velocity, which has only a non-zero component 

in the direction perpendicular to the flow. vVhen there is no energy and enstrophy 

input in the system the integrals of the square velocity and vorticity are conserved. 

This conserved inLegrals are called Lhe LoL al euergy and Lhe eusLrophy, respedi vely. 

The tendency of the two-dimensional flow to let the energy flow to larger length 

scales is called the inverse energy cascade. In addition the entstrophy has a tendency 

to flow to smaller length scales. This called the enstrophy cascade. The reason for 

this is that the enstrophy in two-dimensional flows is a conserved quantity, which 

is not the case in three-dimensional flows. In three-dimensional flows there is an 

energy cascade, which means the fluid motions have a tendency to flow to smaller 

lengLh scales. 

1.2 Two-dimensional ftows in the laboratory 

In the laboratory planetary flows as in figure (1.1) can be modelled by a fluid in a 

rotating paraboloid, see figure (1.2). In such a tank the Coriolis force is maximum 

at the toppoint of the paraboloid and decreases outwards modeHing the planetary 

variation of the Coriolis force. The free surface of a fluid in a gravitational field 
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rotating at a constant angular veloei ty assumes a parabolic shape. Th is meaus 

that water inside a rotaLing tank wiLh a boLLom shaped as a paraboloid, becornes 

distribu ted as a thin layer co vering the surface of the tank. Similar to the geostrophic 

approximation for planetary fiows such a rotating shallow-water system can be 

described by a two-dimensional shallow-water approximation. In figures (1.1), 

g 

~ 

equator 

n 

a 

Figure 1.1: Coordinate system for a rotating planet. 

~ 
y 

(1.2, and (1.3) nis the (background) rotation rate, nz the projection of the rotation 

on the local z-axis, 0 2r the centrifugal force, a the angle between the z-axis and 

the rotation axis, r the distance to the centre, H the thickness of the water layer, 

(x, y, z) alocal Cartesian coordinate system, g the gravitational force, and g• the 

sum of the projections along the z-axis of the gravitational force and the centrifugal 

force. The layer thickness of the fiuid at rest depends on the position, so H = H (r), 

or H = H (x, y). Wh en the fluid is not at rest a time-dependent part should be 

added to this layer Lhickness. 

In this project an experimental set-up as in figure (1.2) was used, where both 

rotation and a thin layer of water were present, normally referred to as a rotating 
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'0 

\ 

Figure 1.2: Coor·dinate system in a rotating parabalie vessel. 

shallow-water system. A problem, which anses m the used experimental set-up 

is that the rotation axis and the normal to the restiug slmllow-water are nut in 

the same diredion. It will be shown Lhat Lill sorne accuracy the ordiuary rotatiug 

shallow-water equations, which are valid when the normalto the free water surface 

is in the same direction as Lhe roLaLiou axis, eau be used. This is cumparabie to the 

situation around the poles on earth, where it is most common to chose the vertical 

axis perpendicular to theearth's surface. 

In the shallow-water approximation, cyclonic motion, i.e. circular motion in the 

same rotation sense as the background rotation, will give rise to small depressions, 

whereas anticyclonic motion will produce small elevations of the free water surface. 

Another commonly used laboratory model for planetary flow is a slowly rotating 

tank, see figure (1.3). It is necessary that the rotation rate is not too big, so that 

the free water surface is only slightly parabolically shaped. If this condition is 

fulfilled the water layer is approximately everywhere equally thick. In this set-up 

the two-dimensional flow is provided only by the Taylor-Proudman theorem, see 

e.g. Pedlosky (1987). A variation of the Coriolis force can be modelled by a bottorn 

curvature, as will be shown in chapter 2. 
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free water surface 
.... t 

I 
I H(r) 

~~ l --- .... ________ _ 

----- ----

bottorn curva ture 

r 

Figure 1.3: Coordinate system in a slowly rotating tank. 

1.3 Kelvin-Helmholtz instability 

I 
I 
I g 

I 
~ 

Iu Lhis report a so-called circular shear layer will be discussed. First Lhe iustability 

of normal shear layer will be discussed. The classica! experiment can be seen in 

figure (1.4). Here a two-layer fluid is generated, with a layer of fresh water at the 

top, and a layer of salt water at the bottom. When the tank is tilted over a certain 

angle, gravitational readjustments generate a shear layer at the interface of the two 

layers. The fresh water will flow to the top of the tank, while the dense fluid will 

flow to the bottorn of the tank. When the velocity difference across the interface is 

large enough the shear layer will become unstable. At first instanee the shear layer 

will tend to roll up, after which vortices will be formed. A nice experiment carried 

out by Thorpe (1968) is shown in figure (1.5). 

1.3.1 A circular shear layer 

As will be explained in chapter 4 a circular shear layer will be generated in the 

parabalie vessel by rotating an inner part of the bottorn relatively to the background 

rotation. The first experiments with a circular shear layer can be found in Hide et 

al. (1967). This shear layer is closely related to that one briefly discussed in the 

last section. In this case the shear layer consists of a step in azimuthal velocity 

with a typical shear width, because due viscous effects a ideal step in the azimuthal 
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Fresh water 

Saltwater 

Figure 1.4: The dass-ical Kel·uin-Helmhvllz inslabû'ily. 

velocity will not be generated in nature. When this step in the azimuthal velocity is 

not too big the shear layer will remain stable. If this step is bigger than some cri ti cal 

value the flow will be unstable and tends to roll up like a Kelvin-Helmholtz shear 

layer. When Lhe ouLer a:ámuLhal velocity i~ noLed a~ 'U(J
0

, aud Lhe inner a:árnuLhal 

velocity is noted as vo; the velocity difference going from the inside to the outside 

is Ó.vo = vo; - V(}
0

• When the inner azimuthal velocity is bigger than the outer 

the azimuthal velocity, i.e. ó.v8 > 0 anticyclonic vortices will be formed and while 

cyclonic vortices will be formed, when the azimuthal velocity difference is negative, 

i.e. ó.vo < 0. 

1.4 Structure of the report 

In this project the influence of the variation of the Coriolis force on the (in)stability 

of a circular shear flow is investigated. In order to study this both experiments 

and numerical simulations were carried out. The experiments were performed in a 

rotating shallow-water system in a fast rotating parabalie vessel, see figure (1.2). 

Numerical simulations were carried out on a Silicon Graphics computer. The com

puter program simulates a purely two-dimensional flow. The differences between 

the computer program and the parabalie vessel will be discussed. 
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Figure 1.5: The experiment Jrom Thorpe (1968). 

First in chapter 2 some general theory will be presented. The equations and 

assumptions, which lead to the sha.Ilow-water approximation will be discussed, a.nd 

also a cumparisou beLween the two diredious iu which the shallow-water approxi

mation can be applied, will be discussed. In addition the definition of the ,8-effect 

is presented. Further a stream function formulation of the physical problem, from 

which the important dimensionless numbers can be deduced, will be given. Af

ter LhaL a circular shear layer is discussed aud some liuear sLabiliLy analysis are 

presented. 

In chapter 3 the computer code for the numerical simulation will be discussed. 

This is done on the basis of the stream function or vorticity formulation of the 

problem and the differences between the experiment and the numerical simulation. 

Chapter 4 starts with a technica! description of the used parabalie vessel and the 

derivation of all the important properties in the vessel, e.g. the value of the ,8-effect 

and the important dimensionless numbers. The chapter ends with a description of 

the qualitative measurement of the fluid layer depth in the parabalie vessel. 

BoLh experimenLal and numerical resulLs are presenLed in chapLer 5. FirsL Lhe 

qualitative measurements are described and discussed from which the number of 

vortices can clearly be seen, foliowed by some measured depth profiles and velocity 
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vector fields. After this the numerical simulations are discussed in relation to the 

experimenLs. In chapLer G Lhe condusions are wriUen down, as well some suggesLions 

for future investigations. 



Chapter 2 

Theory 

In order to describe the system mentioned in chapter 1, see figure (1.2), a quasi-two

dimensional description with deviations is the most suitable. Before a quasi-two

dimensional description can be applied, it is useful to consider the mechanisms that 

provide such a flow. First the shallow-water approximation is applied in the direc

tion, where the fluid is the least thick, i.e. measured in the direction perpendicular 

to the unperturbed surface. Another possibility is to apply the Taylor-Proudman 

Lheorern, which t>LaLet> Lhat Lhe veloei Liet> parallel Lo Lhe roLaLion axit> are independent 

of the position along this axis. The two different approximations will be discussed. 

The starting point for the discussion are the general three-dimensional mass and 

momenturn conservation equations, and then step by step certain approximations 

are made, leading to the desired quasi-two-dimensional equations. All these approx

imations or considerations are analogous to the shallow-water equations, as written 

down in e.g. Pedlosky (chapter 3, 1987). 

2.1 Equations of motion 

For an incompressible fluid the continuity equation is given by 

\7 · v = 0. (2.1) 

Here \7 - (!, gy, %z) and v = (u, v, w) is the three-dimensional velocity vector. 

In a co-rotating frame of reference with angular frequency, 0, along the z-axis, 

perpendicular to the x and y-axis, the Navier-Stokes equation, which expresses 

conservation of momentum, is given by 

iYu ~ 1 ( 1 2 2) 2 -+(v·\7)v+20xv=--V'p+§+\7 -Or +v\i'v. at P 2 
(2.2) 

14 



2.1. EQUATIONS OF MOTION 15 

Here t is the time, 0 = Oêz, p the mass density (~ 998 kg/m3 for water), p the 

pressure, g = -géz, with g the gravitational acceleration (~ 9.82 mjs2 ), r 2 = x2+y2 , 

and V the kinematic viscosity (~ 1.002. w- 6 m2 js for water). The values of the 

density and viscosity of water are given at standard atmospheric pressure and a 

temperature of 20°C. 

In order to make a comparison between the different approximations, first only 

the important terms in (2.2) are considered. It is assumed that the flow is quasi

steady, the Coriolis force, 20 x v, is much larger than the inertial forces, and that 

the viscosity is negligible. Later these demands will be specified or quantified. 

2.1.1 The shallow-water approximation 

In general the shallow-water approximation, which describes the motion in a thin 

layer of fiuid, the vertical dimensions are assumed to be much more smaller than 

the horizontal dimensions. The shallow-water parameter defined by 

(2.3) 

wiLh H a Lypicallayer Lhickness and L a Lypical horiwnLal lengLh scale, indicaLes 

how good this assumption is. From (2.1) it can be deduced that the velocity in the 

vertical direction is of the order 8U, with U a typical horizontal velocity. Because 

the direction of the rota ti on axis is not the same as the vertical direction in which the 

shallow-water approximation is applied, it is convenient to define a new coordinate 

system (x', y', z'), with z' normalto the water surface, see figure (2.1). In this case 

the z' axis is considered as the vertical. With a the angle between the z and z'-axis, 

and P = p- Pstat, where 
1 2 2 

Pstat = p(gz + 20 r ) (2.4) 

is the pressure when the fiuid is at relative rest, v = Ö, the Navier-Stokes equations 

in the x'-, y'- and z'-directions are then given by 

I I 1 DP 
20w sina- 20v cos a=---

p8x' 
I 18P 

20u cosa = --
p8y' 

I . 1 f)p 
-20u sma = --

p8z' 

(2.5) 

(2.6) 

(2.7) 

Here u', v' and w' are the veloeities in the new coordinate system. For the geophys

ical situation a = 90° - c/J, where cjJ is geographicallatitude. In order to obtain the 

normal shallow-water equations, which are e.g. also valid for large scale motions on 
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z' 

z, 0 

l h(x',y',t) / 
y' 

H(y') l 

g* 
y 

L 

Figure 2.1: The courdinale syslem 'in lhe shalluw-waler· app'T'U:cimal'iun. 

earth it is necessary that the first term originating from the Coriolis force in (2.5) 

is srnall cornpared wiLh Lhe secoud Lenn. Thus, using Lhe shallow-waLer pararneLer 

8, the ratio between the first and second term has to fulfill 

8 tana « 1. (2.8) 

The pressure term in (2. 7) can be estimated by using (2.6) as an estimation for P. 

Then it is possible to derive in a way similar to Pedlosky (1987), that (2. 7) expresses 

the hydrastatic balance with a relative accuracy of the order 8 tan a. This is larger 

than the inaccuracy of the normal shallow-water approximations, which is of the 

order 82 Ro, see Pedlosky (1987). Here Ro is the Rossby number given by 

where 

u 
Ro=

JL' 

f = 2flcosa 

(2.9) 

(2.10) 

is the so-called Coriolis parameter. This Rossby number expresses the ratio be

tween the inertial forces and the Coriolis forces, and is thus supposed to be small. 



2.1. EQUATIONS OF MOTION 17 

Assuming a pressure, p0 , at the fiuid surface, and taking z' = 0 at the bottom, the 

pres~mre in Lhis approximaLion is given by 

op = -pg* --+ p =Po+ pg*(H- z'). 
oz' (2.11) 

Here H is the total depth of the water given by 

H = H(y') + h(x', y', t), (2.12) 

where H (y') is the time independent depthof the unperturbed water layer, which 

includes elevations of the bottom, and h is a time dependent depth perturbation at 

the surface. The effective gravity, g* is the sum of the z'-component of the gravity 

and the z'-component of the centrifugal force, see figure (2 .1). 

2. 1.2 Shallow-water and the Taylor-Proudman theorem 

The oLher possibiliLy is Lo keep Lhe verLical diredion parallel Lo Lhe roLaLion axis. 

In this case the Navier-Stokes equations are given by 

1 oP 
-2Slv = --

p ox 
1DP 

2Slu = --
p oy 
loF 

0=---. 
p oz 

(2.13) 

(2.14) 

(2.15) 

Here no extra approximations are needed for the vertical hydrastatic balance. Be

cause hydrosLaLic pressure balance in Lhe vertical direction is assumed Lhe horiwnLal 

accelerations are independent of z. It is therefore consistent to assume that the hor

izontal veloeities remain z-independent if they are so initially, which is in fact the 

Taylor-Proudman theorem. It can be derived, see Pedlosky (1987), that the relative 

accuracy of (2.15) is of the order E2Ro, with E = m~o the appropriate shallow-water 

parameter in the z-direction, and Ho = 2gL. This is smaller than the inaccuracy 

of the hydrostatic balance in the z'-direction, but the continuity equation (2.1) im

plies that the vertical velocity is expected to be of the order EU, w hich is larger 

than the velocity in the z'-direction in the shallow-water approximation. Also when 

Lhis siLuaLiou is compared Lo LhaL on a roLaLing planeL iL seems very naLural Lo 

assume hydrastatic balance perpendicular to the surface. Of course this approxi

mation could be used around the poles, with let's say a typical value for cos a at 

moderatelatitudesof 0.5, so that cosa :» 0.5 --+ a <.< 60°. Another problem is 

that the directions of x and y are not parallel to the surface of the water, which is 
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strange because the water is expected to follow lines of equal pressure and thus also 

parallel to the water surface. In view of that in the experiments veloeities parallel 

to the water surface are measured, the shallow-water approximation in the local 

normal direction, z', shall he used. However, it is useful to keep this alternative 

description in mind, as will be mentioned in subsection (2.1.3), where the infiuences 

and similarities between bottorn elevations and a varying Coriolis parameter are 

discussed. 

2.1.3 Potential vorticity and the f3-effect 

From now on, unless menLioned expliciLly, Lhe shallow-waLer equaLions in Lhe local 

nonnal direcLion are used. The accenLs are dropped, which means LhaL x, y and z 

are now the local Cartesian coordinates. In the shallow-water approximation the 

continuity equation (2.1) can be integrated in the z-direction, 

1 d1 H ~ --- + \7 j_Vj_ = 0. 
H dt 

(2.16) 

Here a zero vertical velocity at the bottorn is assumed. The subscript j_ indicates 

the horizontal components, thus not the vertical component, and ~ - %t +(ih · \7 1). 

Thc inviscid shallow-watcr cquations in thc horizontal dircctions are now givcn by 

au OU OU 
-+u-+v--Jv at 8x 8y 

8v ov ov 
-+u-+v-+Ju at ax oy 

The z-component of vorticity is defined as 

8(g•h) 
8x 

o(g*h) 
8y 

(2.17) 

(2.18) 

(2.19) 

In the inviscid case it can be shown, by taking the curl of the shallow-water equations 

(2.17) and (2.18) and inserting into (2.16), that the so-called potential vorticity, II, 

is conserved: 

d1 IT = d1 (w + f) = 0 
dt dt H 

(2.20) 

From conservation of potential vorticity it is seen that a variation in J can he 

balanced by a variation in H, see e.g. van Heijst (1994). When a variation of 

J = Jo+ b.J and a variation of H, say H + D.H, is considered, where Jo and H are 

an average or reference Coriolis parameter and depth, respectively, conservation of 

the potential vorticity implies 

b.J = w +Jo D.H. 
H 

(2.21) 
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When a linear dependenee on y is assumed (this is the p-plane approximation) J is 

given by 

J =Jo+ PY with 
8J 

P=-
[)y y=O 

8J 8a 
(2.22) 

8a 8y y=D 

Here Jo is J at y = 0 and it is chosen as a working point around which J is expanded. 

When the Rossby number is small, Ro ~ y «: 1, (2.21) implies that pis equivalent 

to 
J 8H(y) 

TJ = H( ) 8 ' Y. y 
(2.23) 

with an accuracy of the order Ro. In view of the similarity between a time inde

pendent depth perturbation and the variation of the Coriolis parameter a new p' is 

defined. 

p' = p- TJ. (2.24) 

From now on the depth variation caused by the curvature of the bottorn can be 

considered as a contribution to the p-effect. These considerations are valid in both 

approximations. For a uniform thin layer of Huid in the local normal direction in 

Lhe Lhe local shallow-waLer approxirnaLion f varies wiLh cos o: aud in Lhe Taylor

Proudman shallow-water approximation H (y), varies as cos-1 a, which is exactly 

the same when Ro « 1. It is important to state that the p'-plane approximation 

in this case is a local approximation. 

2.1.4 The vorticity equation for purely two-dimensional 

flow 

Before the deviations from a two-dimensional description are discussed, the vorticity 

equation for purely two-dimensional flow will be presented. Neglecting all the z

dependencies in (2.1) and (2.2), and by taking the curl of (2.2) the vorticity equation 

eau be wriLLen as 
Dw 2 at+ (vj_ ·V' _1_)(w + f) = v\7 1_w, 

or in the p-plane approximation, 

Dw 2 - + (v1 ·V' 1_)w + pv = v\7 1_W. at 
A stream function can be defined by 

or 
aw aw 

u=-- and v = -. 
[)y ax 

The vorticity and the stream function are related to each other by 

(2.25) 

(2.26) 

(2.27) 

(2.28) 
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which fulfills the incompressibility condition (2.1) by definition. The vorticity equa

tion (2.25) can then be written in terms of the stream function, yielding: 

rJ'\12 w aw 
a~ + [w, Vi w] + ,3 ax = vVi w, (2.29) 

with [f,g] = 8
8
f

8
Bg- 8

8
f 8

8
Y the Jacobian. 

x y y x 

2.1.5 The zeroth order or geostrophic stream function 

In section (2.1.4) a stream function and vorticity for a purely two-dimensional flow 

were considered. Because the flow is close to geostrophic balance, it is possible to 

assume a priori geostrophic balance. This means that a two-dimensional geostrophic 

or zeroth-order stream function, which satisfies the time independent geostrophic 

shallow-water equations, (2.17), (2.18) and (2.11) is defined. Then the next step is to 

find the deviations from this geostrophic approximation in terms of the geostrophic 

stream function itself. Then one obtains an equation like (2.29), which is actu

ally an expansion of (2.20) into leading order terms, see Dolzhanski1 (1990). The 

geostrophic or zeroth-order stream function is given by 

g*h 
Wo= - and wo = Vi Wo, 

Jo 
(2.30) 

which is correct when both the Rossby number, ~ t;1~2 from (2.30), and the Ekman 

number 

(2.31) 

are small, and the flow can be considered quasi-steady. This is the case when the 

typical timescale, T, is much larger than the rotation rate, Tfl » 1. Equation (2.30) 

i~ Lhe geo~Lrophic balance. Thi~ mean~ LhaL Lhe pre~~ure gradienl, or equivalenLly 

the gradient of the depth perturbation is balanced by the Coriolis force, and the 

zeroth-order velocity is perpendicular to the pressure gradient. This explains, for 

example, why air around luw pre~~ure area~ roLaLe~ anLi-dockwi~e on Lhe norLhern 

hemisphere, known as Buys Ballot's theorem. First the depth variations induce two 

extra terms. The time independent depth variation can be included in the ,3-effect 

and the time dependent depth variation, h, gives rise to an extra term in the partial 

derivative with respect to time at the left hand side. At the other side two extra 

terms appear both due viscosity. The first one at the right hand side is due to the 

Ekman layer, see Dolzhanski1 (1990), and is equal to - f("'\1 1. · v1,1.), which can be 

wriLLen a~ 

(2.32) 
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Here the subscript 1 indicates the next order approximation. The effective thickness 

of the Ekman layer is 

8.: ~ f!f· (2.33) 

Of course this thickness should be much smaller than vertical dimensions. For this 

a vertical Ekman number is defined, 

(2.34) 

The second term induced by the viscosity is the z-dependent viscosity term, 

(2.35) 

see Chomaz et al. (1988). The total equation for the geostrophic stream function 

then becomes 

a ( 2 !5 ) 2 ,awo 4 2 - V' j_ Wo- --=Wo +[Wo, V' j_ Wo] + j3- = vV' j_ Wo- ÀEV' j_ Wo+ F, at g*H ax (2.36) 

which is the Obukhov-Charney equation, when the right hand side is zero. Here 

ÀE = H~E is the coefficient of the Ekman friction. The forcing term, F, needs to be 

modelled in order to get rid of the last remairring z-dependence. This equation is 

mostly used in theoretica! investigations of the instability of quasi-two-dimensional 

shear layers. In dimensionless form it is 

a ( 2 ( L ) 
2 

) 2 aw o 1 4 1 2 , - V" j_ Wo- - Wo +[wo, V' j_ Wo]+ B-;- =-V' j_ Wo- --V' j_ Wo+ F. at r R ux Rev ReÀE 
(2.37) 

_ v;:=tf . _ {3'L2 _ Ro _ UL 
Here rn- ~' the Rossby radms, B- fJ' Rev- E- v' the Reynolds num-

ber, HeÀE = L~E = uz~E' and F' the dimensionless forcing term. It is important 

Lo sLaLe LhaL Lhe lengLh scale, L, is noL necessary a Lypical horizonLal Jirnension, 

but a length scale that appears naturally in the problem, e.g. the width of a shear 

layer, as is Lhe case in Lhe nexL secLior1. 
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2.2 A circular shear layer 

In the parabolic vessel as described in chapter 4 it is possible to generate a flow for 

which Lhe shallow-waLer approxirnaLiou is valid. In addiLion a circular inner parL 

can he rotated relatively. Ideally there is then an inner cylinder of fluid rotating 

wiLh auoLher roLaLiou raLe Lhan Lhe ouLer periphery. BeLween Lhese Lwo areas a 

circular shear layer will he formed. As schematic drawing is shown in figure (2.2). 

Here the local Cartesian coordinates (x, y) and cylindrical coordinates (r, 0) are 

b y 

Figure 2.2: A schematic drawing of a circular shear layer (top view). 

defined. This shear layer is known as a Stewartson-layer, see Stewartson (1957). 
1 

From the Stewartson-layer theory two widths are obtained. The so-called E3-layer 
1 1 1 

and the E4-layer. The E3-layer is inside the E4-layer and can not he described 

in a quasi-Lwo-dimeusional geosLrophic way. However, iL eau be showu, see Niiuo 
1 

(1984), that the tangential velocity due the Es-layer varrishes when averagedover 
1 

the depthand the influence from the E3-layer on the barotropic instability may he 
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considered small. The vertical flow properties of a Stewartson layer are indicated 

in figure (2.3). Summarizing the important width is the width, w, connected with 

Z= I 

t t t t l t 
INTERlOR 

z=o 
r = R 

Figure 2.3: Side view of the fiuid transport in a circular shear layer (from Read 

(1992). 

the ELlayer, given by 
E l 

w = ( -t) 4 

H. 

Now one can define a rotational Reynolds number, see Niino(1984), by 

D.ORw 
ReNiino = ---

2v 

(2.38) 

(2.39) 

Here D.O is the difference between the rotation rate of the inner and outer part, and 

R is the distance between the cent re and the shear layer. On the contrary, equation 

(2.37) suggest a Reynolds number defined by 

D.ORb 
Rechomaz- , (2.40) 

V 
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where b is the shear width and used as a appropriate length scale, and ó.J2R is 

considered as a typical velocity. Because of this smaller length scale the Rossby 

number is not expected to be small anymore. This is just another way of saying 

that the flow in the shear layer cannot be considered quasi-two-dimensional. Also in 

experimental studies, see e.g. Chomaz et al. (1988), and in numerical studies, see 

Coutsias et al. (1994), this Reynolds number is used. For both Reynolds numbers a 

critical value is known. This is defined as the velocity difference at which the shear 

layer becomes unstable. According to definition (2.39) one finds 11.6 whereas (2.40) 

gives 86.2. Both these valnes are obtained from numericallinear stability analysis. 

Because both Reynolds numbers are proportional to the differential rotation rate, 

the ratio between Lhese two Reynolds nurnbers is assurned Lo be consLanL. Frorn 

Lhis the shear width can be approxirnated by 

(2.41) 

One has to be a bit careful with the accuracy of this equation, because the critical 

Reynolds number varies over sorne experimenLs and also depends on the velocity 

profile through the shear layer. Anyway equation (2.41) should be accurate within 

10 %. One important aspect of the circular shear layer, which has not been men

tioned yet, is the so-called aspect ratio, defined by 

R 
f= -. 

b 
(2.42) 

The larger the aspect ratio the less pronounced the influence of the curvature from 

the shear layer is. The Stewartson layer is modified by this curvature effects, but if 

R » b this effect will be considered negligible. 

2.3 Linear stability analysis 

The equation for the geostrophic stream function, (2.37), is very complicated. In 

order to gain some feeling, a linear stability analysis eau be performed, see van 

Heijst (1993). For this purpose sinus-shaped disturbances are added to the basic 

shear-layer flow. If these disturbances die out in time the flow is stable; otherwise 

the flow is unstable. So every property is split into the basic flow and a small 

disturbance. For example, the stream function is split in 

w = w' + \ÎI. (2.43) 

Here the symbol ' indicates the small disturbance and the symbol - indicates the 

basic flow. A shear layer with the horizontal velocity in the x direction at one side 



2.3. LINEAR STABILITY ANALYSIS 25 

~ and at the other side of the shear-layer- ~' and vorticity w = -~~,is considered. 

The change from one flow direction at one side to the opposite direction at the other 

side of the shear-layer takes place in very small distance, called the shear width. In 

this shear width there is a non-zero vorticity and outside this shear width there is 

no vorticity. A shear-layer can thus be described as a a vorticity sheet. Starting 

from equation (2.20) and assuming disturbances in the velocity as 

u= U(y) +u' (2.44) 

v = v' 

The total vorticity is then 

- I dU (av' au') dU 2 I 
w = w + w = - dy + a x - ay = - dy + v w ' (2.45) 

where the perturbation stream function is defined as: 

I aw' 
u=--

ay 
and 

aw' 
v'=-

ax 
(2.46) 

Substituting this in equation (2.20) and linearizing yields, see van Heijst (1993): 

a 2 , a 2 , ( d2U) aw' -(\7 w) + U-(\7 w) + {3- - - = 0 at ax dy2 ax 
(2.47) 

Because the coefficients of (2.4 7) are independent of x and t, there can be solutions 

of the form 

w' = w' (y) e(ik(x-ct)). (2.48) 

The phase speed cis complex and solutions are unstable when the imaginary part 

is bigger than zero. The perturbation equation (2.47) becomes then 

( 
d2 ) ( d2U) (U- c) dy 2 - k2 w'(y) + {3- dy 2 w'(y) = 0 (2.49) 

From this, see Kuo (1973), it can be derived that a necessary condition for instability 

is that 

(2.50) 

somewhere. Taken into account time dependent depth variations this equation is 

modified into, see Nezlin (1993), 

(2.51) 
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Equation (2.50) without the ,8-effect is known as the modified Rayleigh criterion. 

Rough estimations of the termsin (2.51) are .ó.~R, ,8 and ~. When the termsin the 
rR 

last equation are compared with each other, one obtains the following dimensionless 

numbers: 

B (2.52) 

These dimensionless numbers are the same as in equation (2.37). From (2 . .51) as 

critical ,8 number eau be obtained, provided that the last term is negligible and 

the velocity profile is known, see Kuo (1973). So when the ,8-effect is everywhere 

bigger than the double derivative from the velocity profile, the shear layer is stable. 

Assuming a tanh profile, U(y) = ~tanh(2y/b), with a typical shear width b, it can 

be calculated the the flow is stabie when ,8 is bigger than the value of the critica! 

.Be given by 
f)JJR 

.Be = 1..53.56~ or Be = 1..5356. (2.53) 

This tanh profile is also used in the numerical simulations, see chapter 3. 



Chapter 3 

Two-dimensional flow simulation 

3.1 The modelled experiment 

The experiment, which is modelled by the numerical simulation, is the experiment of 

Rabaud & Couder (1983). In the experiment the flow between two counter-rotating 

plates was considered. A side view of the experiment is shown in figure (3.1). 

The thickness of the experimental cell was small, so that the flow was inside the 

0 O+ilO 
".:,, 

I 

b : R=a 
>' 

Figure 3.1: A side-view of the experiment from Rabaud €3 Couder (1983); The 

midplane is the 2D model. 

Ekman layer, H «: R, and thus the midplane can he considered two-dimensional. 

More specific the thickness was of the same order as the Ekman-layer, H ~ 8E, 

see Rabaud & Couder (1983). In this case the shear width is of the sameorder as 

this height, so b ~ h, see also Rabaud & Couder (1983). In this experiment there 

is no clear Stewartson-layer, but instead the Ekman-layer fills the whole depth of 

the container. Anyway, a vertical shear layer is created. In the Ekman-layers there 

is a dependenee from the horizontal velocity on the vertical position. This can he 

27 
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modelled, see Chomaz et al. (1988) by assuming a parabalie vertical dependenee of 

the horizontal velocity. This corresponds with the velocity profile of a laminar flow 

between two planes, known as Poiseuille flow. The forcing term is then given by 

-. 8v * 
F = b2(iJ -iJ), 

- _ 8v * 
(V' X F) · ez = (;2(w - w ). (3.1) 

Here iJ* = ( v;, v0) is the bottorn and top boundary velocity of the horizontal walls, 

and w* the corresponding boundary vorticity. The boundary velocity, iJ*, is only a 

function of r, as is w* = w*(r), withno radial component, v; = 0. 

3.2 The basic equations and the geometry 

The computer code is based on equation (2.36) without z-dependencies, where a 

forcing term as in equation (3.1) is included, which models Ekman friction. The 

code is similar to the one described in Coutsias et al. (1994). The numerical scheme 

is a speetral scheme, in which w and W, are expanded in a Fourier series in azimuthal 

direction and in Chebyshev polynomials in the radial direction. The basic equation 

for descrihing the incompressible flow is given by, see Chomaz et al. ( 1988), 

öiJ 1 2 -+ 

-+(iJ· V')iJ =--\lp+ v\1 iJ+ F, or (3.2) 
öt p 

.!!.__\12\11 + [\11 \12\11]- (3 ö\11 = v\14\11 + 8v(\12w*- \12\11) (3.3). 
öt ' r ö(} b2 ' 

where W is the two-dimensional stream function, and \11* is the boundary stream 

function at the bottorn and top of the walls, conesponding with the boundary 

velocity, iJ*. The other symbols are used as defined in equation (2.36). A cylindrical 

coordinate system (r, B) is used. The extra term in equation (3.3), which is not 

included inChomazet al. (1988) and not in the experiment from Rabaud & Couder 

(1983) is the /3-effect, f3 = f3(r). Even though there is no background rotation 

present in the computer code, see equation (3.3), a /3-effect can be included, because 

the computer code calculates the vorticity and stream function by means of the 

vorticity equation (3.3), in which a (3-effect can be implemented. As the flow is 

incompressible the stream function satisfies the Poisson equation 

(3.4) 

where the stream function in cylindrical coordinates is given by 

or (3.5) 
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Here Vr is the velocity in the radial direction and V(} the azimuthal direction. 

There is no free surface effect present in the computer code, so the computer 

code is purely two-dimensional, because it models the flow between two rotating 

plates as drawn in figure (3.1). The time dependent free surface effect, compare the 

derivative of the first term of (2.37) and (3.3) with respect to time, is notpresent in 

this code. If a typicallength scale if much more smaller than the Rossby radius this 

term can be neglected in good approximation, L « r R, see for the experimental 

values section 4.1.3. The time independent free surface effect can be included in the 

,8-effect. So if one wants to compare the numerical simulations with the experiments, 

one should compare the value of ,8' from the experiments with the value of ,8 in the 

numerical simulation. In a more convenient notation, written in terms of vorticity, 

equation (3.3) is given by 

ow ,8 oW 2 8v * - + [w w]- -- = v'\1 w + -(w - w). ot ' r oB b2 
(3.6) 

The geometry of the computer code is shown in figure (3.2). For convenience the 

radius and the azimuthal velocity of the outer and inner wall are denoted, r± = a± 1 

and u± = vo(r±), respectively. The radial distance between the shear layer and the 

centre is denoted R = a. As mentioned before, the solution, w and W are expanded 

as 

M ~~1 

""' ""' in{) g(r, 0, t) = L.J L.J gmn(t)Tm(r- a)e , (3.7) 
m=Ûn=:-~ 

with Tm(x) : x E [-1, 1] 

where gmn ( t) are the Fourier-Chebyshev coefficients from the expansion of g ( r, (}, t), 

and Tm(r- a)= cos(m arccos(r- a)) the m-th order Chebyshev polynomial and in 

ein8 = cos(nO) +i sin(nO). 

3.3 The time evolution of the energy and en

strophy 

The temporal evolution of the energy and enstrophy can be followed. At each 

time step the current energy and enstrophy are known. From this the time derivative 

with respect to time can be approximated to second order accuracy with, in this 

case for the energy, 
dE (t') ~ E(t' + Ll.t)- E(t'- Ll.t). 
dt 2Ll.t 

(3.8) 
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Here E (t') is the energy at time t', and the time step is !lt. This value can be com

pared with a value which can be calculated analytically from only the current value 

of the energy and enstrophy, respectively. This can be used to give an indication of 

the accuracy of the numerical simulation. The total energy of the system is defined 

by 

E = ~ffv lvl 2 
dA, (3.9) 

with D being the computational domain. The enstrophy is defined by 

(3.10) 

The derivatives with respect to time are given by 

(3.11) 

and 
dO(t) = 2 [[wOW dA 

dt 11 n at ' 
(3.12) 

for the energy and enstrophy, respectively. The derivation of the derivatives with 

respect to time of the energy, enstrophy and circulation, respectively, are analo

gous to Coutsias et al. (1994) or more specific in case of a magnetized plasma to 

Nielsen (1993). In this last reference all the plasma (boundary) conditions, e.q. the 

charge density is zero at the walls, are replaced by the appropriate fluid (bound

ary) conditions, like the continuity equation (2.1) and the condition of impenetrable 

walls. 

3.3.1 The energy 

Inserting the Navier-Stokes equation (3.3) into equation (3.9), and using the vector 

identity (A.1) and (A.3), equation (3.9) is rewritten as 

~~ = fL V ( -W x V - V (~ + ~ IVI2
) + F - vV x W) dA. (3.13) 

(1) (2) (3) (4) 

The first term under the integral in equation (3.14) are identical zero, because 

the inproduct from two perpendicular veetors is zero, and an outproduct is always 

perpendicular to the two veetors in the outproduct. The secoud and third term are 

also identical to zero, as it eau be rewritten as 
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because V" · v = 0, and v l_ fi, as fi is a unit vector perpendicular to the boundary, 

8D, of the flow domain. The fourth term can be rewritten as 

-JL v(v\7 x w)dA v JL v. (v x w)- w. (V x v)dA = (3.15) 

V 1 (V x w) . fid l - vn ( t) = 
Jan 

vu+r+ la2
7r w(r+, O)d(}- vu-r-1

2
1r w(r-, O)d(}- v!l(t). 

So the total derivative with respect to time from the energy becomes 

So only the forcing term or the boundary veloeities at the wall can give rise to an 

energy input in the system. The last term is an energy sink. 

3.3.2 The enstrophy 

From equation (3.12) one finds by inserting the vorticity equation (3.6) 

(3.17) 

The first term under the integral is zero, because it can be rewritten with (A.5) 

(3.18) 

as v l_ fi. So the equation for the time derivative of the enstrophy becomes 

d!l(t) 11 - --- = 2 vw\7 2w- wf3vr + w((\7 x F) · ez)dA, 
dt D 

(3.19) 

which can be rewritten as 

d!l(t) t !1 2 --- = 2v wV"w · fidl- 2 v(V"w) - wf3vr + w((\7 X F) · êz)dA. 
dt 8D D 

(3.20) 

Here an extra term compared with Coutsias et al. (1994) is the term containing the 

;3-effect. It is seen that the boundary term and the the forcing term can produce 

enstrophy. Also the ;3-effect can give rise to enstrophy production. 
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3.3.3 The circulation 

In addition the circulation can be found from 

(3.21) 

If the velocity of the walls is constant, the total circulation is conserved, which 

is another test for the numerical accuracy of the computer program. If the wall 

veloeities change in time, and also the forcing profile, the time evolution of the 

circulation can calculated from the change of the velocity on the walls and can be 

compared with 

(3.22) 

where the vorticity equation (3.6) has been used again. 

3.4 Initia! and boundary conditions 

Figure (3.2) shows the geometry for the computer program, namely, a circular shear 

flow with a typical width, b at a distance a from the centre. 

3.4.1 Initial conditions 

Assuming steady axisymmetric initial conditions the left hand side of equation (3.6) 

is identical to zero. From this it is possible to calculate the initial vorticity from 

the forcing as: 

b2 
w*(r) = (1 - - V'2) w(r, (), t = 0) · (1 + noise) 

8 
(3.23) 

The random noise is added to simulate small disturbances of the initial situation, 

which can grow ( the shear layer is unstable) or die out ( the shear layer is stabie). 

Equation (3.23) is a so-called Helmholtz equation and it must be solved together 

with appropriate boundary conditions, see next section 3.4.2. Because the shear 

layer is in fact a three-dimensional phenomena the velocity distribution is not known 

through the shear layer, but it is closetoa step in the radial direction of the vorticity, 

soit seems plausible to assume a axisymmetric tanh profile, see equation (3.25) and 

figure (3.3). 

v* = 0 r 

* t10.R ( (2r)) v9 = -
2

- 1 +tanh b 

(3.24) 

(3.25) 
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Four boundary conditions are needed to solve equation (3.4) and (3.23). Two 

for solving the Poisson equation, (3.4), and two for solving the Helmholtz equation, 

equation (3.23), as the viscosity term is treated implicitly. The two boundary 

conditions for the Poisson equation are given by 

(3.26) 

For the boundary conditions, needed to solve the Helmholtz equation, there are two 

possibilities: free-slip and no-slip boundary conditions, which will be discussed now. 

3.4.2 Free-slip boundary conditions 

The boundary conditions, unless mentioned different, used in the computer runs are 

so-called free-slip boundary conditions, which means that the tangential component 

of the stress should vanish. The tangential stress, rirfh on an element of the surface 

of a cylinder or radius r is given by, see Batchelor (1967, p. 201), 

rir() = pv (8(v9) _ V()) . 
or r 

(3.27) 

In addition the boundary is considered a streamline. In cylindrical coordinates the 

vorticity is given by 

(3.28) 

Because the walls are not penetrable, the radial component of the velocity, Vr, must 

vanish at the walls, and so must ~. Thus the vorticity at the walls is given by 

w = (OV() +V()) . 
or r 

So at a the stress free boundary we have the following conditions 

18'l1 
Vr = ;: ()() = 0, boundary is a streamline (Poisson) 

OV() V() 
or r 

zero-stress condition (Helmholtz). 

Combination of (3.29) and (3.31) yields 

2vo 
w=-. 

r 

(3.29) 

(3.30) 

(3.31) 

(3.32) 
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3.4.3 No-slip boundary conditions 

Another possibility for the boundary conditions at the wall are so-called no-slip 

boundary conditions. Here the azimuthal velocity of the fluid is assumed to be 

equal to the velocity at the wall: 

vr(r±) = 0 

vo(r±) =u± 

boundary is a streamline (Poisson) 

no-slip condition (Helmholtz). 

(3.33) 

(3.34) 

There is no azimuthal dependenee in this equation, and it could produce vorticity 

at the wall if the derivative from the azimuthal velocity with respect to the radius 

becomes large, but if there are no big changes from the initial conditions during 

the simulation, i.e. flows for a low Reynolds number, the result rising from both 

boundary conditions should be the same. 

3.5 Carrying out the numerical simulations 

The computer simulations were carried out with 128 by 128 modes of the expansion 

noted in equation (3.8). All the runs with constant wall veloeities needed between 

10.000 and 20.000 timesteps in order to let the vortices, generated by the instability, 

fully develop. The flow was considered developed, when the energy, enstrophy and 

circulation became constant in time. On the Silicon Graphics computer this meant 

that one run on one processor took around an hour. For the spin-up and spin

down run smaller timesteps were needed in order to let the flow develop at every 

Reynolds number, and so the runs consistedof 200.000 time steps, which means a 

calculating time of one day. Also some runs with the double number of modes were 

performed of 256 by 256 modes in order to verify the number of vortices formed by 

the instability. This means a four times longer calculation time plus that two times 

smaller time step is needed, so effectively an eight times longer calculation. 

The distance from the shear layer to the centre was set on 1.5, and this value 

was used to scale to computer experiment to the experiment in the parabolic vessel, 

where this distance was 10 cm. The shear width was obtained from the aspect ratio, 

and all the other quantities where scaled properly with respect to the length scale. 
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Figure 3.2: The top-view of the geometry used for the 2D computer simulation, the 

thick lines indicate the walls, the thin lines indicate the width of the shear layer·, 

and the dashed line indicates the position of the circular shear layer. 
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Figure 3.3: The tanh profile in the circular shear layer. 



Chapter 4 

Experimental setup 

4.1 The parabolic vessel 

For carrying out the experiments a parabolic vessel, as illustrated in tigure ( 4.1) 

was used. The tank is rotated close to the rotation rate at which the free parabolic 

water surface has the same shape as the bottorn of the parabolic tank. In this case 

the vessel with the parabolic shaped bottorn was designed to be rotated at 0=71.9 

rpm ( =7.53 rad/ s). The inner diameter at the top of the vessel is 56 cm, and the 

total inner height of the vessel is 23 cm. A replaceable circular inner part of the 

paraboloid can be rotated relatively to the main tank. With a main anti-clockwise 

main rotation the relative rotation speed can vary between ~0= -35 rpm ( =-3.67 

rad/s) in the opposite direction and 41 rpm (=4.29 rad/s) in the samedirection as 

the main rotation. The radius of this polarpart is 10 cm and the slit width between 

the polar part and the main tank is 0.3 mm. This experimental contiguration is 

close to the parabolic vessel Nezlin ( chapter 6, 1993) used in his experiments. The 

stated accuracy of the motor systems with which the vessel itself and the polar 

inner part can be rotated is 1%. By a calibration a relative error of 0.4% for the 

inner rotation was found. A water circulation system with a controllable flow rate 

makes it possible to force a flow between the outer periphery of the paraboloid and 

the middle of the tank. The whole setup is surrounded by a security shielding. 

4.1.1 Depth and rotation rate 

For a fluid rotating at an angular frequency of 0 one obtains, by assuming that the 

fluid is at relative rest and that the forces parallel to the water surface balance one 

another, see tigure (4.3), 

(4.1) 

37 
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Figure 4.1: The parabalie vessel 
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Figure 4.2: A schematic drawing of the parabalie vessel. 
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where g is the gravitational acceleration, a the angle between the rotation axis and 

the local normal of the water surface and r the coordinate perpendicular to the 

rotation axis. With tan a = ~~ one finds 

dz 0 2 

- = -r -+ 
dr g 

(4.2) 

The force in the local normal direction, perpendicular to the water surface, is given 

by the sum of the gravitational and centrifugal force 

g cos a+ 0 2r sin a= _g_ = g*. 
cos a 

(4.3) 

When the shape of the bottorn of the parabolic tank corresponds to the shape of 

the free water surface at a rotation of nv and Ho is the depth of the water in the 
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r 

H 
* g 

Figure 4.3: The coordinate system, which describes the parabalie vessel. 

middle of the tank, the depth H of the water measured in the same direction as the 

rotation axis is given by 

n2- n; 2 2 
Zs- Zv =Ho+ r =Ho+ (as- av)r , 

2g 
(4.4) 

with av = .g;. The constant av for the parabolic tank has a value of 2.887 m-1
. 

The depth in the direction normal to the water surface is given by 

(4.5) 

Now it is possible to approximate an almost uniform thin layer of water in the 

normal direction. Therefore a least square minimization method is applied, which 

mini mi zes 

(4.6) 

where r max( = 20 cm), indicates the area of interest, d the desired average depth 

and y the direction parallel to the water surface. From tigure (4.5) it can beseen 

that the deviation fora uniform thin layer with Ho=l.O cm is around 0.2 mm. The 

rotation speed for which ( 4.6) is found to he optimal is called Slaptimal· As can been 

seen in tigure ( 4.4) Slaptimal can be titted linearly as a function of Ho . With a 
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calculation, which involves a calculation of the part inside the integral of ( 4.6) at 

4 points a slope of (19 ± 2ra:!s can be found. The equation found by a numerical 

code, which calculates the integral in (4.6), was 

floptirnal = 7.5300 rad/s + ( (18.692 ± 0.002) rad s-1 /m) HO· ( 4. 7) 

4.1.2 The ,8-effect 

Near the slit /3, 'fJ and /3', see equation (2.24) can be calculated for the parabolic 

vessel by inserting equation (4.5) and (2.10) in (2.22) and (2.23). The values of 'fJ 

and j3 are then given by 

-20 (Hosin
2

a . 2 ) 
'fJ= ( ) 2 -(as-av)r(2-sma), (4.8) 

Ho+ as- av r r 

20sin2 a 
j3 =- (4.9) 

r 

As can be seen /3' = j3- 'fJ = 0 for as = av, which means that the vessel rotates at 

0 = flv. Figure (4.6) shows a plot of /3' as a function of the rotation rate, 0. A 

uniform layer of fluid near the shear layer is obtained when ry, given by (4.8) is zero 

near the shear layer. Thus 

H . 2 
0 sm a . 2 ----(as- av)r(2- sm a)= 0 ~ 

r 

Hosin2 a 
as,1J=O = av + 2(2 . 2 ) , (4.10) 

r - sm a 

where r and a give the position of the shear layer. This gives 0 11=o = 73.7 rpm 

(=7.714 rad/s) for Ho= 1.0 cm and r = 10.0 cm for the parabolic vessel, which is 

approximately the same as floptirnal = 73.7 rpm (=7.717 rad/s). 

It is important to state that the /3-approximation is alocal approximation. Both 

j3, 'fJ and /3' depend on the position of the shear layer. Figure ( 4. 7), ( 4. 8), ( 4. 9) show 

the dependenee on r of j3 due to the Coriolis force, 'fJ due to the depth variation, and 

the joint effect, /3', of the variation in the Coriolis force and the depth, respectively. 

The depth perpendicular to the bottorn at the shear layer is 1.0 cm for all rotation 

rates. 

4.1.3 Typical numbers 

In order to calculate the typical numbers mentioned in chapter 2, some estimates 

are needed. The following are used 

u ~ 10-1 m/s, 
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Figure 4.4: The optima[ rotation rate Oaptimal and 0 17=o as a function of the depth, 

Ho, in the middle of the tank. 
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Figure 4.5: Depth profiles for 0 = Ov. OaptimaJ, and 0 17= 0 with Ho= 1.0 cm. 
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Figure 4.6: The value of (3' as a function of the rotation rate, 0, with Ho = 1.0 cm 

and 1· = 10.0 cm. 

L Rj 10-1 m, 

H Rj 10-2 m, 

0 Rj 7.5 rad/s, 

0: Rj 30°, (4.11) 

f = 20coso: Rj 13 rad/s, 

g* 
g 

Rj 11 m/s2, 
cos 0: 

(31]=0 Rj -40 rad s-1 /m. 

These values are obtained from the experiment and they are estimates at the po

sition of the slit or the shear layer. For the analysis of the shear flow instability 

the initial azimuthal velocity will be taken as a typical velocity, and the distance 

between the shear layer and the centre will be taken as a typical length scale. In 

order to fulfill the assumptions in chapter 2 it is necessary that the Rossby number, 

Ra, is small. It will be demanded that 

U .ö.O 
Ra=-=-< 0.1 --+ .Ö.flmax = 1.3 rad s-I, 

fL f 
( 4.12) 
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Figure 4.7: The value of fJ as a function of the distance to the centre, r. 
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Figure 4.9: The value of (3' as a function of the distance to the centre, r. !3' = 0 for 

n = 71.9 rpm. 

with L ~ R, the distance between the centre and the shear layer, and ~Slmax the 

rotation rate at which Ro = 0.1. Because the generated structures have a lifetime 

much larger than the rotational timescale, the flow can he regarcled as quasi-steady. 

Using the estimates in (4.12) gives 

8 H 0.10, L 

Ro u 0.077, fL 

E V 7. 7. w-6 , 
fL2 

Ev 2v 1.5. w-3 , JH2 

Rev 
UL 1.0. 104 , 

V 

/jE fl 3.9. w-4 m, 
( 4.13) 

ÀE 
V 0.26 s-I, HI)E 

Re>.E 
u 3.9, 

L>.~ 

Brr=o 
f3'L -4.0, u 

rR ~ 2.6. w-2 m, 
f 

(r:)2 ~ Ro-1 15, 

VrR,TJ=Ü /371=or'k -2.7. w-3 m/s, 
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Here VrR is the Rossby velocity. These estimates are quite generaL When one studies 

the initial conditions under which a shear flow is stabie or not, an appropriate typical 

length scale would be the shear width, b. From equation (2.41) a typical shear width 

of 5 mm is found. U sing this as a typicallength scale the appropriate dimensionless 

numbers, as used in equation (2.37), become 

Rev AORb 6.5. 102, 
1/ 

Re>.E 
AOR 1.0. 102, 
b~ 

BTJ=O 
{3' -7.7. 10-3, AOR 

(4.14) 

(r~)2 0.2, 

The typical velocity which is used here, is the maximum velocity or rotation rate 

as given in (4.12). These numbers can also be compared with each other. Then the 

ratios do not depend on the velocity and indicate the relative importance of each 

other. 

BTJ=oRev 
{3'b3 

5, 
1/ 

BTJ=oRe;>..E 
.fl!!_ 0.8 (4.1.5) 
ÀE 

Re>..E ZJ 0.15 
Rev ÀEb2 

Apparently the terms can be equally important, except that the normal viscous 

term as a crude approximation could be neglected in comparison with the Ekman 

friction. 

4.2 Spin-up and the shear layer 

In order to create a shear layer the inner part of the parabolic vessel was rotated 

relatively to the parabolic tank, which rotated at background rotations of 70.0, 71.9 

and 73.7 rpm, respectively. The water level in the middle of the paraboloid was 

adjusted so that the thickness of the water layer, measured perpendicularly to the 

water surface at the shear layer, i.e. at a distance of 10 cm from the middle, was 1.0 

cm. The water thickness in the middle was 10.0, 11.5, 13.0 mm for the background 

rotations of 70.0, 71.9, 73.7 rpm, respectively. 

4.2.1 Spin-up in the parabalie vessel 

When the vessel is started from zero rotation to a certain background rotation, the 

fluid needs time to spin up. After the fluid is spread out over the bottorn of the 

tank, the spin-up time scale can be approximated with the so-called Ekman spin-up 
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time. The Ekman spin-up time, TE, is given by, see Pedlosky (p. 191, 1987), 

1 
TE= --1 

JEJ 
(4.16) 

Here Ev is the vertical Ekman-number, defined by (2.34), and f the Coriolis param

eter. Using the estimates in section 4.1.3 the Ekman spin-up time is 2 s. This is a 

time scale fora so-called linear spin-up. This means that the rotation rate to which 

the fluid is accelerated is only slightly larger than the initia! rotation rate. In the 

beginning of the experiment the fluid is not rotating, but after the fluid is spread 

out over the bottorn of the tank the fluid already rotates at a certain rotation rate, 

which is needed for the creation of the parabolically shaped free water surface. So 

once the fluid is spread out over the bottorn the typical Ekman time scale becomes 

applicable. 

4.2.2 Creation of a shear layer 

In order to create a shear layer the rotating tank is tilled so that the water depth 

at the shear layer, measured perpendicular to the free parabolic water surface, is 

10 mm. In order to visualize the flow the tank is tilled with fresh water to a water 

depth just under this 10 mm and then the last bit is tilled slowly with fluorescent 

dye in the middle. This is mainly spread out in the Ekman-layer at the bottorn of 

the tank. When the inner rotation is turned on a shear layer is formed, and because 

of three-dimensional effects in the shear layer dye is transported vertically and the 

shear layer will be visible from the top as a ring of dye, see tigure (4.10), which 

can stay stabie or not. It takes only of the order of 2 s to spin-up the fluid inside, 

and it is expected that the Stewartson-layer will be formed on the same time scale. 

When the inner rotation rate is st.rong enough the shear layer will be unstable and 

the dye ring rolls up, see tigure ( 4.11). Wh en the inner part of the parabolic vessel 

is rotated the free water surface will not have the same parabolic shape all over the 

vessel. If the relative inner rotation is in the same rotation sense as the background 

rotation, fluid in the middle of the tank will be spread out radially by means of 

the centrifugal force. Inside the inner part this leads to a parabolic shape of the 

free water surface, which is steeper than when the inner part is not rotated relative 

to the outer periphery. Of course the free water surface of the fluid at the outer 

periphery still has the same parabolic shape. Somehow these two depth profiles have 

to rnatelled one another near the shear layer. At least both depth profiles should 

have the same depth of the water at the shear layer. It is possible to calculate 

two parabolic depth profiles, which matches each other regarding the depth of the 

water at the shear layer, but then there will be a kinkor a discontinuity in the first 
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Figure 4.10: The ring-shaped circular shear layer, visualized with fluorescent dye. 

derivative with respect to the radial position in the depth profile at the shear layer. 

In chapter 5 will be shown that the depth profiles will match in a smooth way, and 

that the influence of the changing depth profile on the ,8'-effect is at least to some 

extent negligible in the outer periphery. 

All the quantitative numbers, which are relevant for the experiment will be 

given in chapter 5. Here it is only important to understand the principle of the 

generation of the shear layer and the instability with vortices. The number of 

vortices of the instability can be determined easily and also the critica! Reynolds 

can be determined accurately. The critica! Reynolds number is defined as the largest 

value of the Reynolds number for which the flow is still stable. 
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Figure 4.11: An instability with 5 vortices, generated by a inner rotation in the same 

rotation sense as the background rotation. 

4.3 Depth measurement with fluorescent water 

When the rotation rate of the parabolic vessel is close to 71.9 rpm, at which an 

uniform thin layer of water, measured in the global vertical direction, is spread 

out over the bottorn of the vessel, a depth measurement can be applied. In the 

mentioned shallow water system cyclonic motion, i.e. circular motion in the same 

rotation sense as the background rotation , will give rise to small depressions while 

anticyclonic motion yields small elevations at the free water surface. In order to 

measure the depth differences some sodium fluorescein (C2oH10Na2o05 ) is added 

to the water. The dyed water is illuminated by a black-light-blue tube, which has 

an emission maximum at a wavelength of 365 nm. In addition the lamp has a 

small emission in the near-infra-red region. The excitation spectrum of fluorescein 

ranges from about 300 nm to 520 nm. The light entering the camera, which is 

fixed above the vessel and rotating along with the vessel, is filtered by a long-wave 

pass filter with a cut-on wavelength of 530 nm and a heat reileetion mirror with a 

cut-off wavelength of 725 nm in order to filter away the ultra-violet and infra-red 

reflections from the water surface. Theemission spectrum of fluorescein ranges from 
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500 nm to 700 nm. In order to reduce axis symmetrie reflections of the fluorescence 

from the water surface a thin black bar was placed at the rotation axis of the tank. 

:F'rom the cameraan intensity picture of 768 x .572 pixels was obtained with an 8-bit 

intensity resolution of 256 grey levels. For each of these pixels a depth calibration 

has been carried out. For a detailed teehuical description of the parabalie vessel 

and the depth measurement, see Lamsen et al. (1996). 

4.3.1 Absorption and intensity of the light 

In general, when a light beam propagates through a medium, one can assume a so

called linear absorption coefficient, which means that in an infinitesimally thin layer 

of the medium a proportional part of the incoming intensity will be absorbed. With 

i the intensity of the incoming light per length unit with respect to the thickness 

of the infinitesimallayer, ~ the linear absorption coefficient and z the coordinate in 

the propagation direction of the light beam, the change in the intensity, di, is given 

by 
1 

di=--i(z)dz ---. i(z)=ioe~zfr. ( 4.17) 
T 

Here is io the intensity at z = 0. When the water in the vessel is illuminated by 

the UV -light from the black-light-blue-tube an incoming light beam will experience 

an absorption coefficient for UV -light, - 1
-, until it is absorbed by the fluorescein 

Tuv 

and emitted with a certain probability Puv-->green as green light. On the way back 

towards the camera this green light beam will experience an absorption coefficient, 
1 Combining this and integrating over the water depth H, one obtains 

Tgreen 

I(H) = 1° i e~z/Tuv p e--z/Tgreen dy = c (1 - e~Hfr) 
0 uv---->green 1 ' 

H 
( 4.18) 

where 

(4.19) 

and 
1 1 1 
-=-+--. (4.20) 
T Tuv Tgreen 

Because the constauts in (4.18) are not known, each pixel is calibrated with 

(4.21) 

The constant C2 is added for corrections like reflections from the bottornor a small 

offset in the calibration depth and is expected to be close to zero. Geometrical 

dependencies and non uniform intensity distri bution of the UV -light are taken into 

account by calibrating the constauts per pixel. Typical values of the constauts 
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Figure 4.12: A typical calibration fit for one pixel, cl = 244, c2 = 40 and T = 1.4 

cm. 

are, where the intensity is measured in an 8-bit resolution, cl ~ 230, c2 ~ 30 

and T ~ 2.5 cm. For a typical measurement for one pixel, see figure ( 4.12). The 

values of these constauts were obtained by a calibration, for which the intensity 

distribution was measured at 4-6 different depths, ranging from 6 to 21 mm, at at 

a background rotation of 71.9 rpm, where the free water surface corresponds to the 

parabalie shape of the bottorn of the vessel, and the depth measured in the local 

vertical direction perpendicular to the water surface is constant. For each depth 

five measurements, over which was averaged, were carried out, see figure (4.1:3). 

For every pixel a numerical fit was performed, which involved a downhilileast

square method, see figure ( 4.12). The standard deviation in the individual pixels of 

the input images was found to be a bout 2 grey levels. The resolution in the (x, y )

plane depends on the area of interest; for an area of 20 cm x 20 cm it is typically 

around 0.3 mm. The depth resolution is determined from the standard deviation 

of the pixel intensities, which is a bout 2 grey levels. With ~H ~ ~~ ~I, with a ~ 
indicating the error, one finds an error 0.2 mm foradepthof 0 mm and for deptbs 

between 6-21 mm, an error between 0.3-0 .. 5 mm. Once a calibration has been made, 

it is not necessary to calibrate befare each measurement, as long as the samewater 

with the same concentration of fluorescein is used. 
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Figure 4.13: Schematic drawing of the measurement procedure. 



Chapter 5 

Results 

5.1 Qualitative dye study of a circular shear layer 

As described in sec ti on 4. 2 a circular shear layer can be generated and visualized 

with fluorescent dye. When the inner rotation is large enough the shear layer 

becomes unstable and forms an circular array of vortices. The number of vort;ices 

depends on the difference in rotation rate between the inner part of the parabolic 

vessel and the background rotation. 

5.1.1 The number of vortices and the critica! Reynolds 

number 

In this way the number of vortices as function of the inner rotation rate can be 

measured. The relative inner rotation is called positive, when the rotation is in 

the same rotation sense as the background rotation. Figure (5.1), (S.2) and (5.3) 

show the number of vortices as a function of the relative rotation rate of the inner 

part at three different background rotations. It is recalled from section 4.1. 2 that a 

different background rotation means a different value of {3 1
• The way the number of 

vortices was measured is that first the inner rotation rate is set to a value, at which 

the shear layer is stable, i.e. no vortices are formed. After this the inner rotation 

rate is increased to prescribed valnes until the maximum rotation rate, mentioned 

in section 4.1.3. In order to let the flow develop, and to be sure that the fluid in 

the inner part is spun up, the number of vortices was determined after a relaxation 

time of 3 minutes, after each increase of the inner rotation. After this the inner 

rotation is decreased, carrying out the same procedure, and after crossing zero the 

inner rotation is increased to larger valnes in the opposite rotation direction. At 

last the rotation is decreased back to zero again. The aspect ratio, i.e the ratio 

S3 
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between the distance between the centre of the vessel and the shear layer R and the 

shear width b, is r = ~ ~ (20 ± 2), see equation (2.42) . The number of vortices of 

the first unstable state at the critical Reynolds number, Me, can he calculated with 

the empirical rule, see Chomaz et. al. (1988), 

Me~ 0.77f, (5.1) 

which gives Me = (15 ± 2). This is slightly higher than the values between 11 and 

13, observed from the experiment. It is seen from figure (5.1) that the tendency of 
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Figure 5.1: The number of vortices as a function of the inner rotation mte expressed 

as a rotational Reynolds number, at a background rotation mte of 71.9 rprn, which 

means the value of /3 1 is zero. 

the number of modes as function of the rotation rate is independent of the direction 

of the inner rotation. This indicates that the inftuence of the inner rotation on the 

depth profile at the shear layer, and thus {3' is at least to some extent negligible. In 

figure (5.1), (5.2) and (5.3) the critical Reynolds numbers for positive and negative 

rotation are indicated each by a vertical line. Furthermore it can be seen that 

the maximum number of vortices appears just above the critical Reynolds number, 

and that the number of vortices deercases when the inner rotation is increased. In 

addition there is some hysteresis. This hysteresis has a tendency of keeping the 
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system in the same mode, i.e. the same number of vortices. This can be explained 

by thinking of the different modes as energy states, where each mode has a certain 

energy. A mode is stabie when it has a local minimum in the energy as function 

of the differential inner rotation. For certain rotation rates there is more than one 

stabie mode available for the system to be in. However, in order for the system 

to m1dergo a transition from one energy state to another lower energy state, it is 

necessary for the system to be able to jump out of its local energy minimum. This 

transition can only take place when there is enough noise available in the system to 

jump out of this local energy minimum, or the mode itself becornes unstable. In the 

experiment noise is available by nature, but it is not self-evident that this noise is 

enough for the system to jump out of its local energy minimum. Insection 5.:~ this 

will be discussed regarding the noise in the computer code. It is seen is that the 
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Figure 5.2: The number of vortices as a function of the inner rotation rate expr-essed 

as a rotat-ion al Reynolds numbwr, at a background rotation rate of 70.0 rpm, which 

means the value of !3' is 38.6 rad s-1 jm. 

critical Reynolds number is not influenced by the /3'-effect in our experimental range 

of j3'. For all three background rotations and in both rotational directions a critica! 

Reynolds number of Ree= (81 ± 5) has been found. This is in agreement with the 

experiments from Chomaz et al. (1988). They found a value of Ree = (80 ± 2). 
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Figure 5.3: The number of vortices as a functi.on of the inner rotation rate expressed 

as a rotational Reynolds numberJ at a background rotation rate of 73. 7 rpm, which 

means a val·ue of !3' of -39.2 rad s- 1/m. 

And Niino et al. (1984) found a value of Rec,Niirw = (11.7 ± 0.5), which can 

be translated into Rec,clwmaz = (84 ± 4), by translating equation (2.39) into the 

rotational Reynolds number defined in equation (2.40), by using the appropriate 

shear widths used in equation (2.38) and (2.41). The ratio between the two Reynolds 

numbers is assumed equal to the ratio between the two critical Reynolds numbers, 

obtained from numerical stability analysis, see section 2.2. The critical Reynolds 

number dependsof course on the aspect ratio, but in Niino et al. (1984) it is shown 

that if the aspect ratio is bigger than 15, the Reynolds number stays the same for 

larger aspect ratios. From equation (2 . .53) a critical f3c for Re ~ 80 of the order 103 

rad s-1 /m was found, which is a lot bigger than the value of !3' in the experiment. 

It is also seen that a positive inner rotation in combination with a negative 

;3-effect has the same kind of influence on the number of vortices as a negative 

inner rotation with a positive !3' -effect. A negative !3' -effect means that the Coriolis 

force is decreasing radially outwards. A negative !3' corresponds with the situation 

around a pole of a rotating planet. This is again an indication that the influence of 

the inner rotation on the local depth profile at the shear layer is not strong. 
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A positive inner rotation gives rise to the generation of anticyclonic vortices in 

the shear layer. It is known, see e.g. Sutyrin et al. (1994), that free cyclonic vortices 

travel in the direction where the Coriolis parameter increases, i.e. equivalent to the 

north on a rotating planet. This is because when the cyclonic vortex loses its 

strength due to radiating Rossby waves or viscosity its vorticity decreases and in 

order to maintain the potential vorticity, see equation (2.20), the Coriolis parameter 

has to increase, which means the vortex has to go to the north. In addition cyclonic 

vortices tend to move to the west, because the ,8-effect introduces effectively or 

to fi.rst order a small dipole disturbance inside the monopole, because of its finite 

size, see again Sutyrin et al. (1994). So cyclonic vortices tend to move to the 

northwest. In the parabalie vessel with a radially outward decreasing Coriolis force, 

i.e. negative ,8'-effect, cyclonic vortices will tend to travel radially towards the centre 

and azimuthally oppositely to the background rotation. Anti-cyclonic vortiees will 

tend to travel radially outwarcis and azimuthally in the positive rotation sense. This 

fits with the idea that a large positive inner rotation can generate anticyclones, 

which as a whole rotate at rotation rate between the background rotation and the 

inner rotation. With this qualitative picture in mind it is possible to understand 

why there are more vortices generated in the case of a positive inner rotation in 

combination with a negative value of (3', see ligure (5.3). In this case the centre of the 

parabalie vessel corresponds to the north pole of a rotating planet. As mentioned 

before the instability generates anticyclonic vortices, which have a tendency to travel 

radially outwarcis (southeast). This means that the circle of vortices will tend to 

have a larger radius, so actually increasing the aspect ratio a bit, which has an 

influence on the number of vortices. Especially this can beseen from equation (5.1) 

for the number of vortices just above the critica} Reynolds number. If the inner 

part is rotated the other way the whole explanation is changed and the circle of 

vortices will tend to have a smaller radius, decreasing the aspect ratio and so the 

number of vortices a bit. Summarizing with M the number of vortices: 

~n < o, ,a'> o 
~n > o, ,a'> o 

or ~n > 0, ,8' < 0 

or ~n < o, ,8' < o 
M increases 

M decreases 

5.1.2 Transitions between different modes 

(5.2) 

In this subsection a few series of slides will be discussed in order to reveal the time 

development of the circular shear layer. All the pictures shown in this section are 

made at a background rotation of 71.9 rpm. Figure (5.4) shows the development 

and spin-up from a stabie shear layer to an unstable shear layer just above the 

critica} Reynolds number. The time interval between the slides is 15 seconds, and 
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the tirst slide is taken when the inner rotation is increased until just above the 

critical Reynolds number, .ó.fl = +0.21 rad s-1 or Re = +99. The next two tigures 

(5.5) and (5.6) show the development when starting from a stabie shear layer the 

inner rotation is increased immediately to a rotation of .ó.fl = +0. 7.5 rad s-1 or 

Re = +355. For tigure (5.5) the time interval between the pietmes is 2 seconds. 

First 15 vortices are formed, which decay to fewer vortices later. The way the 

number of vortices decreases is that the one, which happens to be the weakest is 

"eaten" by the neighbouring vortex. Figure (5.6) shows the flow at 0:16, 1:46, L56, 

2:06, 2:16, 2:26, 2:36, 2:46, 4:16 after the sudden increase of the inner rotation. Here 

e.g. 1:46 means 1 minute and 46 seconds. In this tigure the transition between S and 

4 vort i ces can beseen clearly. It is seen that a stronger /larger vortex "eats" a smaller 

vortex .First the weakest vortex is smeared out, and start to move as a whole with 

the neighbouring vortex. Slowly the strong vortex consumes the vorticity contained 

in the weaker vortex. This results in the total disappearance of the weakest vortex 

and four vortices remain. The opposite mechanism is also possible. Figure (5. 7) 

shows the transition from 4 to 8 vortices after a sudden decrease from the inner 

rotation rate from .ó.fl = tO. 75 rad s-1 to 0.18 rad s-1
. The time interval between 

the frames is IS seconds. First the vortices are smeared out and the radial size 

decreases. Then fluid is left behind as a kind of tail. This tail organizes itself and 

forms a vortex. The result is a circular array of eight vortices. 
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Figure 5.4: Development of a stable shear layer to the first unstable mode (12 vor

tices), at a background rotation of 71.9 rpm. 
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Figure 5.5: The first 16 seconds of the development of a stable shear layer after a 

sudden increase of the inner rotation at a background rotation of 71.9 rpm. 
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Figure 5.6: The transition from 5 to 4 vortices approximately 2 minutes after a 

sudden increase of the inner rotation at a background rotation of 71.9 rpm. 
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Figure 5. 7: The transition from 4 to 8 vortices 2 minutes after a sudden decrease 

of the inner rotation at a background rotation of 71.9 rpm. 
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5.2 Quantitative dye experiments 

Another way to look at the instability of the shear layer is by applying the measure

ment method, described in sectien 4.3. In order to create the shear layer exactly the 

same experimental procedure, as described in sectien 4.2.2 is carried out. Except 

that the tank is filled with homogeneously dyed water. In figure (5.8) a picture of 

an instability with 3 vertices is shown for an inner rotation, ~n = 0. 7 4 rad s- 1 or 

a Reynolds number, Re= 369. Because the inner rotatien is in the samedirection 

as the background rotatien the formed vertices are anticyclones. Anti-cyclones give 

rise tofree surface elevations, which can beseen from figure (5.8). A higher intensity 

means a larger depth. For lower differential rotatien rates it is very difficult to re-

Figure 5.8: A picture of the depth distribution at ~n = +0. 74 rad s- 1 . The intensity 

is a gray scale for the depth. Bright areas correspond to surface elevations and dark 

areas correspond to depressions of the free water surface. 

solve any depth differences, because these are comparable with the noise. However, 

it is possible to obtain a depth profile as a function of the radial distance from the 

centre, averaged in the azimuthal direction. Figure (.5.9) shows the depth profiles 

for several inner rotatien rates as a function of r , averaged over the azimuthal di-
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rection. From this no information about the vortices can be obtained, because this 

information is averaged away. The depth here is the thickness of the water layer 

measured parallel to the rotation axis. Figure (5.10) shows the depth perturbation 

as a function of the angle at the shear layer, r = 10 cm. In this case the depth 

perturbations are measured perpendicularly to the undisturbed free water surface. 

The figures have been divided in three areas. A '1' indicates the area, where the 

UV-lamp covers the tank. A '2' indicates the range of the inner part, and a '3' 

indicates the periphery. From figure (5.9) and (5.10) it can be seen that the inner 
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Figure 5.9: The depth profile as a function of r, averaged over the azimuthal direc

tion, at a background rotation of 71.9 rpm. A '1' indicates that the tank is covered 

by the UV·light tube. A '2' indicates that the inner polar part, and a '3' indicates 

the outeT periphery of the vessel. 

rotation has an infiuence ort the depth profile; and thus on the value of the !3'-effect. 

The mentioned values of !3' are determined for an undisturbed profile. That means 

for an inner rotation of zero. With these depth measurements the number of vortices 

as a function of the inner rotation can be measured as well. These measurements 

are included in figure (5.1), (5.2) and (5.3), and they agreed with the measurements 

as described insection 5.1.1. Figure (5.11) shows the derivative ofthe perturbation 

depth tor. A typical value ofthe depth derivative with respecttor is 0.02, which is 
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Figure 5.10: The depth perturbation as a function of r, averaged over the azimuthal 

direction, at a background rotation of 71. 9 rprn. A '1 ' indicates that the tank is 

covered by the UV-light tube. A '2' indicates that the inner polar part, and a '3' 

indicates the outer periphery of the vessel. 

comparable with the value of the ry-effect. The derivative of the depth profile with 

respect to the radius is, d(z:;zv) = 2(a 8 - av)r ~ 0.03 for a background rotation of 

73.7 rpm. From figure (5.11) it is seen that the infiuence of the inner rotation is of 

the same order, and so it is very unclear in the inner part of the parabolic vessel and 

at the shear layer what the actual value of (3 1 is. However, figure (5.1) shows the the 

number of vortices does not depend on the direction of the inner rotation, which 

indicates that the value at the outer side of the shear layer is the most important. 

If the depth profile disturbance of the inner rotation was the most important figures 

(5.1), (5.2) and (5.3) should have given roughly the same pictures, because the only 

difference between these measurements is the (3'-effect. As can be seen this is not 

the case. 

From the depth measurements the velocity can be detennined. Hereby geostrophic 

motion is assumed, which means that the velocity can be directly calculated from 

the zeroth-order stream function. The zeroth-order stream function can be calcu

lated from the depthand equation (2.30). A velocity field is shown in figure (5.12), 
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Figure 5.11: The derivative of the depth perturbation with respect to r at a back

ground rotation of 71.9 rpm. The line indicates the position of the shear layer. The 

polarpart is to the left the o·uter periphery is to the right of this line. 

and figure (5.13) shows the velocity field zoorned in on the upper left vortex. Again 

the vortices can be seen nicely, and now the in this case anti-cyclonic vortices can 

be seen frorn the arrows. 
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Figure 5.12: The veloeities of the instability with ~0 = +0.74 rad s-1, the length 

scale indicates 50 mm, and the velocity arrow indicates 50 mmjs. 
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5.3 Computer simulations 

All the length scales in the experiments are transformed into computer units, so that 

all the dimensionless parameters, B, Rev, Re>.E, r, are the same, and the computer 

code generates a simulation, which can be compared with the experiments. The 

valnes used in the computer code are, unless mentioned differently, an aspect ratio 

of r = 20 and valnes of ,8-effect of ,8=0, ± 38.5 rad s-1 /m. The ,8-effect present in 

the computer code is only due to the a varying Coriolis force. In order to compare 

the experiment with the simulation the value of ,8' of the experiment has to used 

for the ,8 in the numerical simulation. In all the pictures of vorticity the colours 

indicate vorticity, with white for positive valnes and black for negative values. 

5.3.1 The number of vortices and the critica} Reynolds 

number 

Figure (5.14) shows a picture similar to figures (5.1), (5.2) and (5.3). For each 

point in the figure, a computer simulation has been performed, where the initia! 

conditions were found solving equation (3.23), and adding a small random noise 

contribution in order to let the instahilities grow. 

It is seen that, when a ,8-effect is present, a similar qualitative effect can be 

observed, as described by equation (.5.2), but this effect is less pronounced than in 

the experiments. Different from the experiments is that, when a ,8-effect is absent, 

the number of vortices seems to be structurally lower than in the case where a ,8-

effect is present, in spite of the sign of ,8-effect. This could indicate that the ,8-effect 

makes the system more stable, see subsection 5.3.2. Only in the experiments there is 

enough noise for the system to undergo a transition toother mode numbers. But it is 

seen that a negative ,8-effect in combination with a positive differential rotation has 

the exactly the same influence as a positive ,8-effect in combination with a negative 

differential rotation, which fits with equation (5.2). Furthermore simulations of the 

hysteresis have performed. The hysteresis meant here is the tendency for the system 

to stayin the same mode, i.e. the same number of vortices. It makes a difference if 

the instability is generated coming from higher or lower differential rotations. For 

this purpose a linear spin-up, i.e. a linear increment of ~0 as a function of time, 

and a linear spin down of the walls in the computer geometry were performed, see 

tigure (5.15). From tigure (5.15) it is seen that the computer code has a much 

stronger tendency to stay in the same mode. Probably this is because the noise in 

the computer code is only present in the initial conditions, but there is no noise in 

the system after the spin-up, only due to numerical inaccuracies. The result of this 
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is that in the computer code the system will stick much longer in a local energy 

well (minimum). For the spin-down initially there is a lower number of vortices. 

This can be explained by the fact that this mode has the lowest energy the system 

could find or was able to jump in. In recent studies noise to the forcing has been 

added, and transitions, which decrease one by one, have been found, see Bergerou 

et al. (1996). 

Figure (5.16) shows a stabie shear layer, and figure (5.17) shows an instability 

with 12 vortices, and (5.18) shows an instability with 5 vortices .. 

5.3.2 The ~-effect and the critica! Reynolds number 

In computer experiments it is possible to arrange a contiguration where (3' definitely 

has an influence on the critica! Reynolds number. With the computer simulations 

it is also possible to determine the critical Reynolds number by measuring the 

maximum of the radial velocity as a nmction of the Reynolds number. From linear 

stability theory it is known that if the number of vortices is the same the squared 

maximum radial velocity is proportional to the difference between the critica! and 

the current Reynolds number, see e.q. Bergerou (1996). Figure (5.19) shows the 

determination of the critica! Reynolds numbers for relatively large (3-effects for an 

aspect ratio of r = 10. The appropriate dimensionless number, which does not 

depend on the rotation, is BRe, compare with equation ( 4.15). A typical value in 

the experiment is BRe = 5, so the values of f3 can be considered relatively large in 

these numerical simulations. 

From this figure it is seen that a relatively small (3-effect increases the number 

of vortices and a larger /3-effect can stabilize the flow or at least increase the critica! 

Reynolds number. The first infiuence of the f3 effect, in spite of the sign, is to 

increase the number of vortices, as also can be seen from figure (5.14). When 

BRe < 15 only the number of vortices if effected. Above this value the critica! 

Reynolds number is increased. The values for Be are still much more to the right 

in the figure (5.19). When largervalues of BRe of the order of 200 or higher are 

tried, maybe the critica! value of f3 gets closer to the critica! Reynolds number. 

Remarkable is that for Re = 125 and a different sign of B a different number of 

vortices is found. This carmot be explained with equation (5.2). Because in this 

case a negative (3-effect in combination with a positive inner rotation gives a lower 

number of vortices than the case with a positive /3-effect. The reason for this is not 

clear, but it has to be noted that these simulations are performed at a relatively 

large value of (3, where also the cri ti cal Reynolds number is changed. For lower 

values of (3, see figure (5.14), equation (5.2) still holds. 
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5.3.3 The time evolution of the energy and enstrophy 

Also the time evolution of the energy and the enstrophy can be followed. Figures 

(5.20) and (5.21) show the time development of these two quantities for the linear 

spin-upand spin-down, shown in figure (5.1.5). A jump in the energy cannot beseen 

from the last figures. On the other hand a jump in the enstrophy can be clearly 

seen. So maybe the picture that the system tries to find a local minimum energy 

should be replaced by the picture that the system tries to find a local minimum of 

enstrophy. Also from the point of view that the energy is mainly concentrated in the 

vortices (larger scales of motion) and the kinetic energy dissipates much more slower 

than the enstrophy it is reasonable that the system tries to find a local enstrophy 

minimumfora given energy. This compares with the discussion about minimum 

enstrophy vortices in van Heijst (chapter 8.6, 1992). 
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Figure 5.14: The number of vortices generated by a circular shear layer in the 

numerical s-imulation for different Reynolds numbers Jor zero, negative and positive 

/3-effect. 
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Figure 5.16: A stable circular shear layer in the numerical simulations, Re = 70, 

with no f3 -effect. 
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Figure 5.17: An instability with 12 vortices, Re = 100, withno (3-effect. 

Figure 5.18: An instability with 5 vortices, Re= 200, withno (3 -effect. 
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Chapter 6 

Conclusions 

6.1 Conclusions 

• The parabalie vessel as in the Nezlin(1993)-concept is suitable for modeHing 

quasi-two-dimensional f:lows in the laboratory. 

• A /3'-effect can be obtained and tuned by slightly changing the background 

rotation rate and so creating a different depth profile, which is dynamically 

equivalent to a variation in the Coriolis parameter. 

• The critica! Reynolds number is approximately the same as found in other 

experimentalset-ups and computer simulations, see Coutsias et al. (1994). 

• The ;3'-effect has a clear inf:luence on the number of vortices, but in our exper

imental range not on the critical Reynolds number. More specific a outwardly 

decreasing Coriolis parameter, i.e. a negative ;3-effect, in combination with 

a inner rotation rate in the same direction as the background rotation (posi

tive) gives rise to an increment in the number of vortices, a positive ;3-effect 

in combination with a positive inner rotation gives rise to a decrement of the 

number of vortices. 

• Qualitatively the same behaviour for the tendency of the number of vortices to 

stay in the same mode was found in the numerical simulations as well as in the 

experiment. However, this tendency was more pronounced in the numerical 

simulation, probably because the lack of natural noise in the system. 

• The number of vortices formed by the shear layer as nmction of the inner 

rotation also shows qualitative agreement between the numerical simulations 

and the experiments. 

78 
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• The resolution of the depth measurements was not enough to reveal depth 

perturbations, caused by the instability and the vortices generated by the 

instability. Hence, the experiments did notpermit an accurate determination 

of the vorticity. 

• The depth measurements revealed that the inner rotation has quite an in

fiuence on the depth profile in the inner part of the parabolic vessel, which 

on its turn has an infiuence on the value of the ,8'-effect. However, measure

ments indicate that the value of the ,8' -effect outside the inner part is the most 

important. 

6.2 Future 

It might be interesting to measure the angular velocity of the vortices, formed by 

the instability as a function of the number of vortices and the difference in rotation 

rate. Also, the radial size of the formed vortices as function of differential rotation 

rate and number of vortices could be studied. Very interesting is to measure the 

infiuence of the ,8-effect on the size of the vortices. Maybe such measurements can 

reveal something more about the physical origin from equation (5.2). Because the 

resolution of the depth measurements is not enough to reveal velocity information 

for values of the Reynolds number just above its critical value, partiele tracking 

experiments could reveal more information about the vortices, formed by the shear 

layer. Further can be noted that it is possible to let the parabolic vessel at rotation 

rates of around 20 rpm. Then no uniform thin layer of water will be formed, but 

the Taylor Proudman theorem can still be applied. A circular shear layer can be 

generated as described in this report and already vortices generated by this circular 

shear layer are observed. However, the typical Ekman spin-up time is of the order 

of a minute, which makes the dynamics of the system, much more slower than for 

a fast rotating system. When the parabolic vessel is rotated at 20 rpm a strongly 

parabolic depth profile will be generated and this can not be taken into account as 

a ,8-plane approximation. Instead this has to betaken into account as a 1-effect, 

see van Heijst (1993), where the Coriolis force is assumed to vary as the square of 

the radial di stance between the cent re of the vessel and the shear layer, and 1 is 

the second derivative of the Coriolis parameter with respect to the latitude. 
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Appendix A 

Vector analysis 

A.l Vector indentities 

\7 x (\7 x iJ) = \7 (\7 . iJ) - \7 2iJ 

n x ( n x f) = -In 12 
r _l 

(\7 x v) x v = (iJ. V)v- ~VIviz 
2 

V(vc/J) = (\7. v)c/J + v\?c/J 

v ( vcfJ2
) = (\7 . v)c/J2 + 2vcfJ v c/J 

A.2 Integral theorems 

Two dimensional Gauss' divergence theorem 
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Appendix B 

List of symbols 

symbol unit description 

a m distance from the centre to the shear layer 

as m--1 curvature term of the free watersurface 

av m~l curvature term of the bottorn of the parabalie vessel 

b m shear width 

B dimensionless value of {3 

Be dimensionless value of f3c 
B71=o dimensionless value of {371=o 

c m/s phase speed 

cos cosmus 

c1 byte calibration constant, proportional to the intensity 

c2 byte extra calibration constant, off-set intensity 

d m desired local depth of the uniform layer of water 

d indicates the derivative 

dA m2 au infinitesimal surface element 

D indicates the domain for a surface integral 
d s~l material derivative dt 
1J_ s~l material derivative in a horizontal plane dt 

dl_ indicates the derivative in a horizontal plane 

dl m au infinitesimalline element 
~ 

dl m au infinitesimalline element 
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86 APPENDIX B. LIST OF' SYMBOLS 

symbol unit description 

e the natural number e, ~2.71828 ... 

êz unit vector in the z-direction 

E Ekman number 

E J Energy 

Ev vertical Ekman number 

f s -1 Coriolis parameter 

fo s-1 reference Coriolis parameter 

F' s-2 forcing term 

F'' dimensionless forcing term 

f' s-2 forcing term 

g m/s2 gravitational acceleration, ~ 9.82 m/s2 

g m/s2 gravitational acceleration 

g* m/s2 effectivc gravity 

g(r, (), t) function of cylindrical coordinates 

9mn(r) fourier-Chebyshev coefficient 

h, h(x', y', t) m depth perturbations 

H m total depth or typical layer thickness 

H(y') m total time independent depth 

Ho m depth in the middle of the parabalie vessel 

H m reference depth 

z imaginary number 

i, i(z) byte/m intensity per length unit 

io byte/m intensity at z = 0 

I, I(H) byte total intensity 

k m-1 wavenumber 

L m typical length scale 

m counter for Chebyshev polynomials 

M number of Chebyshev modes 

M number of vortices 

Me number of vortices at the critical Reynolds number 

n counter for expansion into Fourier series 

n normal to a surface 

N number of Fourier modes 

p Pa pressure 

Po Pa pressure at the free water surface 

Pstat Pa pressure when fluid is at rest 
p Pa reduced pressure 
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symbol unit description 

Puv~green transition probability for UV -light 

r m radial distance between centre and position 

r radial distance between centre and inner wall 

r+ radial distance between centre and outer wall 

Tmax m maximal radial distance in the parabalie vessel 

rR m Rossby radius 

f_t m position vector projected on a horizontal plane 

R m radial distance from the centre to the shear layer 

Re rotational Reynolds number 

Ree critica! Reynolds number 

Rechmnaz Reynolds number as defined by Chomaz et al. (1988) 

ReNiirw Reynolds number as defined by Niino et al. ( 1984) 

Re>.E Reynolds number connected with Ekman friction 

Rev Reynolds number 

Ro Rossby number 

sm smus 

t s time 

t' s time 

tan tangens 

tanh tangens hyperbalical 

TE s Ekman spin-up time 

Tm(r- a), Tm(x) Chebyshev polynomials 

u, u' m/s velocity in the x or x'-direction 

u' m/s velocity disturbance 

u velocity at the inner wall 

u+ velocity at the outer wall 

u m/s typical velocity 

U, U(y) m/s velocity profile through the shear layer 

v, v' m/s velocity in the y or y'-direction 

v' m/s velocity disturbance 

Vr m/s radial velocity 

V(} m/s azimuthal velocity 

VrR m/s Rossby velocity 

VrR,T/=0 m/s Rossby velocity for 17 = 0 

v; radial boundary velocity 

v* (} azimuthal boundary velocity 

V(}i m/s inner azimuthal velocity 
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symbol 

w 

w w' 
' 

w1 

x, x' 

y, y' 

z, z' 

(3 

(3' 

f3c 
(37]=0 

I 

r 
{j 

{jE 

ö 

öD 

~~ 

~H 

~I 

~t 

~n 

~nmax 

~V() 

V 

II 

unit 

mjs 
mjs 
mjs 

m/s 

m 

mjs 
mjs 
m 

m 

m 
0 

rad s~ 1 /m 

rad s~ 1 /m 

rad s- 1/m 

rad s-1 /m 

rad s~ 1 /m2 

m 

m 

byte 

s 

rad s- 1 

rad s~ 1 

mjs 

s~1 

m~1 

m-1 

m2/s 
m~1s-1 

APPENDIX B. LIST OF SYMBOLS 

description 

outer azimuthal velocity 

three-dimensional velocity vector 

two-dimensional velocity vector 

first order two-dimensional velocity vector 

boundary velocity 

typical shear width, defined by Niino et al. (1984) 

velocity in the z or z'-direction 

first order velocity in the z-direction 

x or x1-coordinate 

y or y' -coordinate 

z or z' -coordinate 

angle between rotation axis and normal to the free water surface 

first derivative of the Coriolis parameter 

(3 corrected for the depth profile 

critical value of (3 

value of (3, where (3 = (3' 

second erivative of the Coriolis parameter with respect to the latitude 

aspect ratio 

shallow-water parameter 

thickness of the Ekman-layer 

indicates the partial derivative 

indicates the contours of a domain 

variation in the Coriolis parameter 

variation in the total depth 

variation in the intensity 

timestep 

differential rotation 

maximum differential rotation 

difference in azimuthal velocity 

shalow-water parameter parallel to the rotation axis 

correction on (3, arising from the bottorn curvature 

azimuthal coordinate in cylindrical coordinates 

coefficient of Ekman friction 

three dimensional derivative vector 

three dimensional derivative vector in a horizontal plane 

kinematic viscosity 

potential vorticity 



symbol 

p 

ifrO 

I: 

T 

Tgreen 

Tuv 

cjJ 

cjJ 

w 
w' 
w 
w* 
Wo 

\{1 (y) 

w 

w 

w' 

w* 

wo 

S1 

Slz 

Sloptimal 

S11]=0 

Sl( t) 

I 
11 
[!, g] 
~ 

x 

» 
« 
E 

1.. 

fav 
fv 

unit 

kg/m3 

N 

m 

m 

m 
0 

s-1 

s-1 

s-1 

s-1 

s-1 

rad s--1 

rad s-1 

rad s-1 

rad s-1 

rad s-1 

rad s-1 

rad s-1 

rad s-1 

rad s-1 

m2/s2 

description 

mass density, ~ 998 kg/m3 for water 

tangential stress 

sum 

absorption coefficient 

absorption coefficient for green light 

absorption coefficient for UV-light 

latitude 

scalar variabie 

stream function 

perturbation stream function 

stream function for undisturbed flow 

boundary stream function 

zeroth-order stream function 

stream function of shear layer profile 

vorticity 

undisturbed vorticity 

perturbation vorticity 

boundary vorticity 

zeroth order vorticity 

background rotation 

projection on the z-axis of the background rotation 

optimal rotation rate 

background rotation at 'Tl = 0 

enstrophy 

indicates working point partial derivative 

size of a vector 

Jacobian 

approximation 

inproduct 

outproduct 

much bigger than 

much smaller than 

element of 

perpendicular 

contour integral 

surface integral 
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