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abstract 

In order to model voiced sound production, both a description of the mechanical behaviour 
of the vocal folds and a model of the air flow through the glottis are required. As to this 
second requirement, for the purpose of speech production, such flow models should be kept 
as simpleas possible. Within the frameworkof developing simple glottal flow models, both 
experimental and theoretica! studies are performed which lead to a better understanding 

of the glottal flow characteristics. 
In the experimental part of this project, we use unsteady pressure and velocity measure
ments to validate the assumption that the glottal flow can bedescribed in termsof a main 
flow which is frictionless and incompressible corrected by thin boundary layers. These 
experiments are performed with in-vitro models of the vocal folds since they cannot be 
performed in a reliable way in the human body. Since both Reynolds and Strouhal number 
correspond to those found during phonation, most of the glottal flow charaderistics are 

reproduced in the experiments. 
Flow visualisations are performed to learn about the vortex structure of the free jet which 
is formed by separation of the boundary layers. A numerical desingularized point vortex 
method is used to simulate the free jet behaviour. The results of this method are compared 
to the velocity measurements and flow visualisations and show good agreement. 
The theoretica! investigation is directed towards analytical methods, since glottal flow 
models that are relatively simple are required. Therefore, in the theoretica! part of this 
report, the method of Matched Asymptotic Expansions is discussed. It is introduced by 

means of various examples. 
Further investigations are necessary to confirm that this method can be applied to the 

glottal flow situation. 
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Chapter 1 
• 

General introduetion 

Within the framework of a joint research effort by the Institute of Perception Research 
(IPO), several French research laboratoria1 and the group Gasdynamics and Aeroacoustics 
of Eindhoven University of Technology (TUE), a project on voiced speech production is 
currently running. Speech is an important and very natural means of communication. Ap
plications of results obtained from research on the physical process of speech production 
appear to he numerous. An example is the human voice replacing the keyboard or mouse of 
a computer which is more convenient for certain applications. Another example is efficient 
coding of speech for telecommunication. 
At the IPO, implementation of speech in synthesizers is being stuclied while at the uni
versity flow models are subject to research. In this general introduction, we explain some 
physiological and physical aspects of speech from which we justify our approach to the 
description of the :flow through the glottis, the :flow channel between the vocal folds. A 
description of the vocal folds is given later on. 

figure 1.1 - cross-section of the upper human body, with the vocal organs 

1ICP/INPG, LAUM, Univ. Paris VI, IRCAM and CNAM 
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When developing speech synthesis systems, it is useful to learn about the mechanisms 
by which humans generate speech. Actually, a speech generation model can in itself form 

' the basis of a speech synthesis system. A good description can be found in 'Speech synthe-
sis and recognition' by J.N. Holmes [1]. In figure 1.1, a cross-section of the human body is 
shown in which the important organs for speech production are indicated. 
The souree of energy is provided by muscular force that expels air from the lungs. The 
air flow is modulated in various ways to produce acoustic power in the audible frequency 
range (20 Hz - 20 kHz). The process of acoustic resonance is important in determining 
the properties of speech sound. The air stream from the lungs can produce three types of 
sound souree to excite the resonant system: voiced sound, frication and plosive sound. 
We first focus on voiced sound production. For voiced sound (all vowels and some conso
nants), the air flow is modulated by the vocal folds (also known as vocal cords) which are 
located in the larynx. They are shown in figures 1.2 and 1.3. The vocal folds are two tissue 
folds stretched across the opening in the larynx. The front ends are joined to the thyroid 
cartilage and the rear ends to the arytenoid cartilages. The latter can move far apart, 
under muscular control, so that a wide triangular opening is created between the vocal 
folds. This is the normal situation during breathing. These cartilages can also bring the 
folds close together, so that the top of the trachea is completely closed. This occurs during 
swallowing to prevent food or drink from entering the lungs. A third arytenoid position 
makes the opening between the folds slit-like and very small. This opening is known as the 
glottis. When air is forced through the glottis, the folds start to vibrate and modulate the 
air flow. Parameters that determine the oscillation frequency are air pressure, mass and 
tension from the folds. This modulation is known as the phonation process. 

cart i lage 

figure 1.2 - cut-away view of the larynx 

4 



There are three types of forces acting on the vocal folds: hydrodynamic forces, inertial 
forces and elastic forces. The hydrodynamic force either opens or doses the glottis, de
pending on the shape of the glottis. When the glottis is opened, the elastic restoring force 
pulls the vocal folds together. 

~m 

2m 
3~~ 

4?~ 

5~~ 

figure 1. 3 - vocal fold movement 
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Flow pulse creation can he described as follows. Suppose the folds are closed. Due to 
the pressure from the lungs, the vocal folds are opened. In the opening phase, the hy
drodynamica! force pushes them further apart. At a certain point, the elastic force will 
become large enough to pull the folds back. From there, due to deformation of the folds 
which is associated with inertial forces, the hydrodynamica! force will change sign and help 
the folds to close. When they are closed, again the subglottal pressure opens them and the 
cycle is repeated. To give an indication: for men, the pulse frequency is between 50 and 
200Hz. 
Aftera short amplitude building time (one or two cycles), the vocal folds can make contact 
in the closing phase. This stops the air flow completely and abruptly. Figure 1.4 shows a 
typical volume flow through the glottis. The sharp corner at the closing point gives rise 
toa rich power spectrum with frequency componentsof significant magnitude up toa few 
kHz. The periodic repetition of pulses corresponds to a line spectrum. 
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figure 1.4 - typical air-flow wavefrom through the glottis 

Until now we have described the lungs as souree of energy and the vocal folds as modulators 
of the flow. The flow that leaves the glottis enters the vocal tract: a channel that reaches 
from the pharynx to the lips and that can change its shape by changing the position of 
several organs such as the tongue. The nose can he coupled in as well. The amplitudes of 
the frequencies that are present in the power spectrum that is created at the vocal folds 
are changed during transmission through the vocal tract in a way that depends on the 
shape of the vocal tract. At certain frequencies, resonance occurs: the amplitudes have 
the largest val u es there. These resonances are called formants. They are numbered Ft, 
F

2
, F

3 
and so on. Ft and F2 largely determine the sound that is radiated at the mouth 

opening. The line spectrum modulated by the resonant channel is indicated in figure 1.5, 
this corresponds to the speetral representation of the sound after passing the vocal tract. 
The second important souree of speech sound is the air turbulence that is caused when 
air from the lungs is forced through a constriction in the vocal tract, formed for instanee 
by the tongue; this process is also known as frication. This souree has a broad continuous 
spectrum which is affected by the acoustics of the vocal tract, as in voiced sound. Exam

ples are [s] and [!] sounds. 
The third type of sound souree has to do with the sudden release of pressure that has been 
built up at a point where the vocal tract has been closed, for instanee for a stop consonant 
([b], [p]). The plosive pressure release results in a sudden onset of sound. 
In connected speech, all sourees act harmoniously together in a very dynamica! way to 
create comprehendible speech. 
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figure 1.5- speetral representation of the speech signa! at the end of the vocal tract 
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The speech synthesis method which is used in the IPO model [2] that is subject to re
search is a combination of a model of the sound sourees and a resonant model of the vocal 
tract. Such models have been used before but were hardly based on fluid dynamica! con
siderations. The interest of the TUE research group lies in the vocal fold behaviour and 
especially the charaderistics of the glottal flow, in order to improve the souree model. This 
implies that from now on in this report we focus on voiced sound. 
There are in principle several ways to do research concerning the glottal flow. First of all, 
theories could he used without performing experiments. However, the problem described 
here is a complicated one for which no established theory can he used easily. Thus, experi
ments need to he done in order to provide data that can support theoretica! investigations. 
We could try to measure in-vivo which means directly in the human body. Unfortunately, 
this has proven to he very hard and not very reliable due to uncontrollable circumstances 
as for instanee moisture in the glottis. 
A third method could he to try and build an in-vitro model of the vocal folds on which 
well-defined measurements could he executed. Such models should he kept relatively sim
ple but should at the same time represent the important aspects of the real vocal folds. In 
fluid dynamics, scale models can he used if the important flow charaderistics are preserved. 
These charaderistics can he described by using dimensionless characteristic numbers that 
are a measure for the relative importance of the various forces. 
The flow through the glottis has some friendly features for physicists. First of all, the flow 
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can he accurately described by a two dimensional approximation. Furthermore, the flow 
is laminar (up to the free jet) but still in a large part of the flow the stationary inertial 
forces are much more important than the viscous forces. The quotient of the terms associ
ated with the inertial and viscous forces in the governing equations is called the Reynolds 
number, Re. This is an example of a dimensionless number that characterizes the flow. 
The fact that Re is high (of order 103 ) allowes us to introduce an approximation of the 
flow equations. 
Important is that the vocal folds are not static during phonation. But it is hard to build 
moving models of the vocal folds. Fortunately, the folds can he represented by a stationary 
model if transient experiments are performed on such models that are characterized by the 
same Strouhal numbers Sr, a measure of the relation between unsteady and steady inertial 
forces. 
At the university, several models have been built that can he incorporated in an experimen
tal set-up that is characterized by similar parameters as in real glottal flow. The models 
vary in complexity and every model has its own goals. The models and the experiments 
that have been performed with them are described in part I. 
At the same time, the properties of the glottal flow give us hope that it might he possible 
to perform analytica! theoretica! investigations concerning the glottal flow by making use 
of asymptotic methods which use the small parameters ljvil[ë and Sr. 
An important parameter in the glottal flow is the volume flow resulting from the vocal 
folds oscillation. The volume flow control in the vocal folds is due to the separation of the 
flow foliowed by turbulent dissipation in the free jet that is formed by this separation. In 
part 11 of this report a fi.rst attempt is made to see if the method of Matched Asymptotic 
Expansions could he used to describe important features of the flow through the glottis 
such as the separation point. As that part of the work is explicatory, we focus on the 
mathematica! methods rather than on the specific application which is the goal of this 
research project. 
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Part I 

Experiments 
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Chapter 2 

Introduetion to experiments 

This part of the report describes experimental investigations of the flow of air through 
in-vitro modelsof the human glottis. There are strong suggestions from recent work [3), [4) 
that incorporating realistic flow theories in sound souree models like the 'two-mass model' 
might improve the artificial speech produced by these models significantly. 
Here, two simple in-vitro models are stuclied as first approximations of geometries that rep
resent the vocal folds and along with the models a theory is presented that describes some 
aspects of the flow through the glottis, in particular the calculation of flow velocity profiles 
from pressure measurements. The main purpose of our experiments with these geometries 
is to gain insight into the flow phenomena that occur in the glottis during phonation. In 
order to do so, we measure pressure and velocity in an impulsively starting flow. 
Furthermore, we make use of an existing numerical method, the vortex blob method that 
gives both velocity profiles and time-dependent spatial images of the flow. The results 
from that method are compared with hot wire velocity measurements and schlieren flow 
visualisations (photographs). 
In chapter 3, the experimental set-up is presented, together with some theoretica! consid
erations which form a prelude to the interpretation of the experimental results in order to 
validate certain assumptions about the nature of the flow. 
Furthermore, a brief survey of the vortex blob method which is used in the simulation of 
the flow is given in that chapter. 
In chapter 4, the results of the measurements and a comparison between them and results 
obtained from numerical simulation are described. 
In the final chapter of this part conclusions are presented concerning the measurements, 
as well as suggestions for further experimental and numerical investigations. 
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Chapter 3 

Concepts 

3.1 experiments: two simple models 

Figures 3.1 and 3.2 show a schematic representation of the experimental set-up that is 
being used in our experiments. The equipment is placed in a 60 m3 room which can 
be ventilated. The ventilation causes a lower pressure in the chamber compared to the 
surrounding laboratory. In this way, pressure differences between 40 and 800 Pa can be 
obtained by adjusting the ventilation rate. 
A metal pipe of 3 cm diameter connects the experimental chamber with the laboratory. 
The model of the vocal folds is mounted at the end of the pipe. A valve in the pipe sepa
rates the chamber from the surroundings which are at atmospheric pressure. 
The valve is a sliding metal 'door' that can be shot away by releasing a spring. When 
the valve is shot away the pressure difference gives rise to a flow into the channel. In our 
experiments we are interested in the transient behaviour of the flow, for reasons mentioned 
in chapter 1. The channel represents the larynx. The pressure is measured in the channel 
just upstream of the model of the vocal folds by means of piezo-electric pressure transduc
ers in combination with charge amplifiers. 

Surrounding Labaratory 

4'103 m3 

Experiment Chamber 
6"101 m3 

smooth 
in let 

figure 3.1 - experimental chamber and conneetion to the surroundings 
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The glottis is very crudely represented by a two-dimensional channel between two symmet
rical metal pieces which have either a cylindrical shape at the conneetion to the channel 
(inlet si de) and right angles at the end ( outlet si de) or a fully cylindrical shape. The figures 
only show the right-angled geometry which we will refer to as 'model A' from now on. The 
cylindrical model will he called 'model B'. It is important to clarify the choice of these 
models. Model A seems to he a really cru de representation of the vocal folds. However, 
this unrealistic model has the pleasant property that flow separation always occurs at the 
right angles. The vortex structure that is created in the free jet can he compared with 
the vortex structure from simulations, and velocity measurements are less sensitive to the 
hot wire position, when measured in the straight part of the channel. Model B is physi
ologically more realistic and it is a logical step to procede with such a model when good 
quantitative results have been obtained with model A. 

channel 

,. 
I 

rwro: 
3.ocm: 

. :·:::_·_-_· ____ _ 

hot wire 
___ __"_. 2 

constriction 

0 
carrera 

top, bottorn and 2 sides are 

__ ... ··:···-... glass plates 

-.- .. ~. 

8.4cm 
···-- .. : .. 

··-.. -··... .. ~ 

· ... -~:~---· 

figure 3.2 - experimental set-up inside the chamber (with model A} 
a. 2D schematic representation 
b. 3D view 

:--": 

The velocity of the flow is measured in the channel, about 1 mm upstream from the 
outlet in model A (this is not very critica!) and at the narrowest cross section in model B 
(good positioning is required), by means of a hot wire anemometer. The glottal model is 
shielded at the sides, top and bottom, by means of glass plates. This is done in order to 
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he able to make schlieren visualisations of the flow at the outlet ( where vort i ces are shed) 
so that a comparison with results from the numerical method is possible. A second reason 
for shielding the model is to create an additional channel downstream of the vocal folds 
(representing the votal tract). Figure 3.2b gives a schematic impression of the 3D set-up. 
After amplification and filtering (frequencies between 1 Hz and 3 kHz are transmitted), the 
measured signals are fed into a data acquisition system that is connected to a computer 
through a 12-bit ADC card. 
The sampling frequency that is used in the experiments is 10 kHz. Although the transition 
from circular to rectangular cross section of the geometry is a 3D effect, it is assumed that 
a 2D description as presented in figure 3.2a is sufliciently accurate. 
Aside from the previously mentioned measurements, additional velocity measurements can 
he carried out at different positions outside the model at the outlet side, as indicated in 
figure 3.3. This provides a convenient means to evaluate the accuracy of numerical simu
lations that make use of the vortex blob method. 
It is appropriate to stress that the experimental set-up has been built by Werner Mahu, 
Leonie Schoenmakers and Meline van 't Hof. More details on the set-up can he found in 
their reports [5], [6], [4]. We do not describe the optical part of the experimental set-up 
here, because accurate descriptions of the optica! experimental arrangement can he found 
in these reports. 

free jet 

~~P· 

10.0 mm 
hot-wire positions 

rnm 

figure 3.3 - detail of model A with positions where the hot wire can be positioned 

An important parameter for the nature of the impulsively starting flow is the opening 
time of the valve. It determines the Strouhal number Sr (see chapter 1). In our exper
iments, the spring that releases the valve is adjusted so that Sr is of the sameorder of 
magnitude as in phonation. A smalliaser/detector set-up has been installed to measure 
the valve opening time. It is shown in figure 3.4. Pegs mounted on the valve interseet 
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the laser beam as the valve opens. This is detected as a decrease of beam intensity at the 
detector. It is assumed that the velocity of the valve is constant when the pegs pass the 
detection system. The distance between the pegs divided by the time difference between 
the intensity minima yields this velocity. An advantage of this arrangement is that a re
producable reference point is provided, which can be used to trigger the pressure and flow 
velocity measurements in a convenient manner. 

detector 

figure 3.4 - arrangement to measure the valve opening time 

3.2 theoretica! considerations 

As mentioned before, the goal of the experiments with these configurations is to get a first 
insight into the unsteady flow through the glottis. The governing equations that are to be 
used in our situation are conservation of mass and momentum. Charaderistic veloeities of 
the flow are much smaller than the speed of sound. It is therefore assumed that the flow is 
locally incompressible. The governing equations in incompressible circumstances are called 
Navier-Stokes equations. In two dimensions, without external mass sources: 

au av- 0 
ax + 8y- . (3.1) 

This is the mass conservation equation. Conservation of momenturn in the x-direction 
without external forces yields: 
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au au au 1 ap a2u a2u 
-+u-+v- = ---+v(- + -) at ax ay p ax ax2 ay2 

(3.2) 

and in the y-direction: 

av av av 1 ap a2v a2v 
-+u-+ v- = --- + v(- + -). at ax ay p ay ax2 ay2 

(3.3) 

u and v are the velocity components in the x- and y-directions, p is the pressure, p is the 
density of mass and v is the kinematic viscosity. 
Typical Reynolds numbers (Reh = u/:) are of order 103

, with u the flow velocity in the 
centre of the channel and h the channel width. This implies that the viscous forces are 
negligible compared to the inertial forces in a large part of the flow. From now on, we 
make use of a distinction that has proven to be fruitful in high Re flows. The flow pattem 
is considered to be devidable in two distinct regions. The main flow is defined as the flow 
where the viscous terms in the Navier-Stokes equations can be neglected. The governing 
equations in this inviscid flow domain are called Euler equations. lnviscid flow reduces to 
potential flow if the initial conditions are uniform (V x v = 0). 
In a small region close to the channel wall, viscous terms are important compared to in
ertial terms sirree the velocity must build up from zero at the boundary ( this is called the 
no-slip condition) to u in the main flow. These viscous regions are called boundary layers. 
Part 11 of this report is devoted to boundary layer theories. 
With the incompressible potential flow assumption, one can prove that the Euler equation 
can he integrated to give the so-called Bernoulli equation: 

a4> 1 p - + -u2 + - = constant 
at 2 P 

(3.4) 

where the potential 4> is defined by 

(3.5) 

We apply equation 3.4 between the positions 1 and 2 where the pressure and velocity are 
measured (as shown in figure 3.2) and obtain 

(3.6) 

As the channel changes width gradually, u dominates v, which leads to the one dimensional 
flow approximation. 

(3.7) 
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Belfroid [7] shows that this is a fair approximation for the geometries considered. If we 
neglect the boundary layer thickness and assume that the volume flux Q = u· h is constant, 
this leads to 

(3.8) 

These equations can be combined to give 

(3.9) 

with 

(3.10) 

It is clear from this equation that a known (measured) pressure difference (p2 - PI) makes 
it possible to calculate the velocity at position 2. We want to compare the velocity that 
is measured at position 2 with the calculated velocity to see if the assumptions that have 
been made are reasonable. In the case of measuring on model A, only PI can be measured. 
We assume that p2 is constant and equal to the pressure in the chamber. This is equivalent 
to the implicit assumption of a stationary free jet and no pressure recovery at the outlet 
of the channel. 
If we use model B in the experiments, an important difference is that in this model the 
possibility exists to perform an additional pressure measurement at the narrowest cross
section, at position 2a, as indicated in figure 3.5. This implies that an assumption for 
p2 is not needed in this case. Ho wever, we must be careful because we measure the wall 
pressure p2a which is slightly different from p2 , the pressure at the centre of the flow where 
the velocity is measured. Centrifugal forces due to streamline curvature cause this pressure 
difference. Therefore, we need to incorporate a correction term that enables us to compare 
the measured velocity with the calculated velocity at position 2. 
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figure 3.5- configuration of model B with positions of pressure and velocity measurements 

The following holds for the correction term: 

8p 1 v2 

-=-p-. ar 2 ReJJ 
(3.11) 

Belfroid [7] has shown that the 'average' stream line radius Reff can he estimated to he 
2R in this case. This leads to the pressure correction: 

(3.12) 

This correction is easily introducable into the numerical routinebasedon equation 3.9 that 
calculates the velocity at position 2. 
The numerical routine that we use to calculate u2 from the pressure makes use of a Newton 
approximation for the time derivative: 

but we found that other integration methods give almost identical results. 

3.3 numerical considerations 

In recent years in the aeroacoustics group a lot of effort has been put into numerical simu
lation of flowsin industrial pipe systems [6], [8]. A computer program that was developed 
by A. Iafrati of university "La Sapienza" in Rome has been modified to describe internal 
flow for different geometries, using the vortex blob method. It is possible to put our vocal 
tract geometry, in particular the right-angled part (model A), into the program together 
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with the measured velocity profile inside the straight part of the channel, as a boundary 
condition. The output is the velocity field in the region outside the channel which can he 
represented by either geometrical pictures (showing flow visualisations of blob positions) 
or the time dependenee of the velocity at certain points in space. This output can he 
obtained because the vorticity acts as a tracer of the flow field. The next chapter will deal 
with these representations. In this project, the emphasis was laid on the application of the 
numerical method and not on the development of it. Therefore, we present the method 
here in a nutshell. A more complete description of the vortex blob method can he found 
in René Peters' thesis [8]. 

In short: the vortex blob method is a combination of a blob method and a boundary 
element method that describes the particular geometry for which the flow is to he sim
ulated. First, we need to define vorticity. In the x-y-plane, the vorticity w is twice the 
angular velocity of a fluid partiele about the z-axis: w = ~( ~~ - ~~ ), with u and v the x
and y-component of the velocity. 
When the program is run, a row of vortex-blobs is generated at the upstream edges of 
the geometry. These blobs then move with the local velocity, being released into an in
compressible frictionless two-dimensional flow , so they represent fluid particles. Straight 
panels, each with a uniform souree and vorticity distribution, form the boundary of the 
computational domain. The blobs interact with these boundaries and with all other blobs. 
This interaction is governed by the equations that result from the assumptions that we 
have mentioned. Before looking at those interactions in more detail, we make some re
marks about the blobs. 
Here, we do not explain what a point vortex method is (see[8]), but we remark that such 
methods pose problems unless the vorticity distribution is desingularized. The vorticity 
distribution for a blob with circulation ri at position xi is 

(3.13) 

lt is clear that for b > 0 the distribution is nonsingular. 
This desingularization was proposed by Krasny [9]. He showed that the global flow char
acteristics become independent of the precise value of b if b is taken small enough and if 
the time discretization is not too coarse. 

As mentioned before, on every boundary panel a uniform vortex ( Î) and souree distri
bution ( q) is present. For a panel i with Îi and Qi, the tangential and normal veloeities 
jump by an amount Îi and Qi over the panel respectively. At each time step, with an 
existing set of blobs and panel souree distributions, each panel's vorticity distribution is 
computed in such a way that the normal velocity at the walls becomes zero. This can he 
obtained by requiring that the tangential velocity at panel midpoints on the non-physical 
side of the boundary is zero. As the flow is described by the Laplace equation for the 
potential, if the potential is zero at the boundary, it is zero everywhere in the domain. The 
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velocity outside the wall is therefore zero. These requirements lead to a set of equations 
from which the unknown panel vorticity distribution can be calculated: 

(3.14) 

for i = 1, .. , NP with NP the number of panels on the boundary and NV the number 
of vortex blobs present in the flow field. Ti is the tangential vector of a panel. The term 
ïd2 comes from the self-induced velocity of a panel at the midpoint. The K are coupling 
matrices, only depending on geometry and blob positions: 

(3.15) 

(3.16) 

.... (.... .... ) K (' ')-.:.:.. Xi- Xj 
r z,J - 2 x 1.... .... 12 

7r Xi- Xj 
(3.17) 

where Xi is the midpoint position of panel i, x(s) the coordinate along a paneland Xj the 
position of the centre of blob j. 

To incorporate flow separation at the sharp edges of the wall geometry, a new vortex 
blob is generated near the edge every time step (figure 3.6). The local velocity is obtained 
from averaging the velocity on the two panels that form the sharp edge. The position of 
the new vortex is obtained by multiplying this velocity (vshed) by the time step (~t). The 
circulation of the new vortex blob is convected into the shear layer with its magnitude 
deterrnined by the two-panel vorticity: 

.... 1 (.... .... ) 
V shed = 2 V1 + V2 

(3.18) 

(3.19) 

(3.20) 

with v1, v2 panel midpoint veloeities and 7t, 72 tangential unit veetors on the panels, the 
first one pointing towards the edge, the second one pointing away from the edge. 
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figure 3. 6 - vort ex blob generation from panel val u es 

After generation, the blob convects at the following time-steps with the local flow ve
locity, as mentioned in the introduetion of the method at the beginning of this section. 
The blob velocity is determined by the boundary distributions of sourees and vorticity and 
by the other blobs that are present in the flow field: 

NP NP NV 
v(xi) =I: 1)L,(i,j) +I: q)(q(i,i) + I: rj.Rs(i,j) (3.21) 

j=l j=l j=l,#:i 

where K-r and Kq are the same as before and Ks is the kernel fora blob: 

(3.22) 

In equation 3.17, h is taken zero to avoid problems with imposing the boundary conditions. 
To establish the new positions of existing blobs, a fourth order Runge-Kutta integration 
scheme is used. The numerical procedure that is used can he summarized as follows: 

1. The vortex distribution on each panel is det;.::.nnined from a given souree distribution. 
This solution determines the potential flow solution in absence of a free shear layer 

at t = 0. 

2. Given the potential flow solution of the previous time step, a new blobis generated 
near the upstream edge, according to equation 3.20, and the existing vortex blobs are 
convected with the local flow velocity at their centre. A fourth-order Runge-Kutta 
integration scheme is used to calculate the vortex path. 
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3. With a given distribution of blobs, a new panel vorticity distribution is calculated 
from equation 3.14. From here, the procedure continues with step 2. 

In this way, at each time step velocity and vorticity profiles can be determined and repre
sented in various ways. 
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Chapter 4 

Results 

4.1 pressure and velocity 

4.1.1 introduetion 

We have performed several experiments on the two in-vitro models of the vocal folds. 
The first experiments have been performed on the relatively simple sharp-edged model 
A ( defined in section 3.1 ). Pressure and velocity have been measured for several pres
sure differences between the experimental chamber and the surrounding laboratory, during 
starting flows. From the pressure, the velocity at position 2 (figure 3.2) has been calcu
lated according to the theory outlined in the previous chapter. After those experiments, 
we proceeded by mounting model B in the experimental set-up and performed the same 
measurements, measuring the velocity at position 2, the pressure at position 1 and another 
pressure signalat position 2a, as indicated in figure 3.5. In this section, the results of these 
experiments are presented. 
Insection 4.2, we return to the model A geometry and use it for two kinds of comparison 
with results from the vortex blob method. First, schlieren flow visualisations are compared 
with spatial flow pictures generated by this numerical method. Second, the measured ve
locity at various positions in and at the outlet side out of the model, as shown in figure 
3.3, is compared with the corresponding velocity calculated from the vortex blob method. 
Now, before these results are given, we first make some remarks that might be of interest 
to future experimentators. The charge amplifiers that were used in the pressure measure
ments can be operated at different time ranges. Our measurements of the pressure at the 
position indicated in figure 3.2 were initially performed at 'medium' time range, that is a 
pass band filter with charaderistic time constant of about 0.8 ms. We encountered major 
problems in the evaluation of the end levels due to drift. In appendix A, these problems 
will be discussed. We therefore proceeded with a range with a time constant larger than 
one second. We will call this range 'long' from now on. All pressure measurements pre
sented in this chapter were performed with the charge amplifier operated in this range. 
Appendix B contains calibration graphs. For the pressure we found by calibration over a 
pressure range from 0.1 to 2.5 bar (1 bar = 105 Pa) under conditions were the pressure 
difference was created very rapidly: 

~V=c·~p (4.1) 

where c is 9,75 psi/V, with V in volts and p in psi (1 psi=6895 Pa). For the hot wire 
that measures the velocity, the following relationship between the output voltage and the 
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velocity was found by calibration under stationary flow conditions: 

(4.2) 

where d is 3. 7 4 V 2 I (mIs )0·45 , with V in volts and u in mis. 

In section 3.1, the set-up for measuring the opening time of the valve (that creates a 
channel between the chamber and the surroundings while opening) was explained. Figure 
4.1 shows a typical intensity signal that is measured at the detector when the valve is 
released. 

opening of the valve 

5 

4 

3 

2 

1 

0'-----....L...-----'-------' 
0.015 0.02 0.025 0.03 

time [s] 

figure 4.1 - typical intensity signalat the detector as the valve is opened 

The time between the minima is 4.1 ms. This gives a velocity of 1.5 mis. Since the 
channel is 3.0 cm wide, the total opening time of the valve is 20 ms, assumed that the 
velocity is constant. This is of the sameorder as the time-scale of the entire experiment. 
It implies that changing the spring that drives the valve can have a great infl.uence on the 
characteristics of the experiment, such as Sr. 

4.1.2 model A 

In figure 4.2, we show characteristic pressure and velocity measurements at the positions 
indicated in figure 3.2. The pressure difference is 70.3 mm H20 (1 mm H20 corresponds 
to 9.8 Pa). The top and bottorn pictures represent the same measurement but are drawn 
with a different time scale. It is clear to see that there is hardly any drift in these time 
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-as 
a.. -a. 

-as 
a.. -a. 

ranges. 
In figure 4.3, the measured velocity of figure 4.2 is compared with the velocity calculated 
according to the theory outlined in the previous chapter, that is, from the pressure mea
surement of figure 4.2. In figure 4.4, the same is presented for pressure differences of 18.8 
and 47.2 mm H20. All these graphs represent measurements with a glottal channel width 
of h=3.38 mm. Wetried to measure with h=l.O mm, but the hot-wire could not he intro
duced into the channel without destroying it. 
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figure 4.2 - typical pressure and velocity {in the channel) measurements for the model A 
geometry; !::J.p=70.3 mm H2 0, h=3.38 mm; 
a. long time scale; b. short time scale 
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velocity profile 
from pressure and velocity measurements 
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figure 4-3 - comparison of measured and calculated velocity for the model A geometry; 

è:,.p=70.3 mm H2 0, h=3.38 mm 
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figure 4-4 - pressure and velocity measurements and velocity calculations for the model A 
geometry; ~p=47.2 mm H20, ~p=18.8 mm H20, h=3.38 mm 

As can be seen in the graphs, 50 Hz noise was present in the pressure signals. This 
posed sorne problerns in the calculation of the velocity frorn the pressure signal, in par
ticular if a long period where the valve was still closed would be used in the calculation. 
Therefore, we did not start the calculation earlier than about 15 rns before the releasing 
of the valve. With low total pressure differences it is hard to establish the point where the 
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valve is opened exactly. Furthermore, in those cases the noise is hardly discernible from 
the real signal during the first milliseconds after the releasing of the valve. The value of 
18.8 mm H20 is at the limit of acceptable measuring conditions. Interesting to note in 
the graphs is the very rapidly oscillating signal just before the pressure starts to increase. 
This is due to acoustic vibrations caused by the impact of the spring on the valve. 
For pressure differences of more than 300 Pa, the accuracy in the pressure end level is ±10 
Pa. The velocity uncertainty is ±0.3 mjs. 
A mysterious phenomenon is the 'bump' that is found in all pressure measurements. It 
appears during the first milliseconds after the releasing of the valve and seems to he propor
tional to the total pressure difference. The bump is not found in the velocity measurement, 
that is the reason why the calculated signal differs from the measured signal during the 
first milliseconds. For larger times, very good agreement is found between the theoreti
ca! and experimental velocity signal. This discrepancy between measured and calculated 
velocity could have been due to some shortcomings in the experiments. we focused our 
experimental efforts on attempts to find the cause of this discrepancy. In the next section, 
the most relevant experiments are described. 
In appendix A, a comparison is made between the first milliseconds of the flow with 
'medium' and 'long' time range pressure measurements. 
Finally, we mention here that during the measurements we decided to coat the pressure 
transducer with a thin silicon layer in order to prevent undesirable temperature effects. 
We found that the coating does not delay the pressure signal significantly. It did reduce 
the drift somewhat. 

4.1.3 model B 

When the results from the model A measurements became reliable, we decided to perform 
the same measurements on the model B set-up. The bump that we found in the right-angled 
geometry pressure measurement and the difference that it causes between the measured 
and the calculated velocity was still unexplained, but we hoped that the new experiments 
could clarify this phenomenon because of the additional pressure measurement at position 
2a. Since the geometry does not allow to mount the pressure sensor directly at the desired 
position, a different arrangement had to he made. It is illustrated in figure 4.5. We assume 
that this pressure measurement arrangement does not disturb the measurements. 
We performed measurements with four different total pressure differences ( the difference 
between the pressure in the laboratory and the pressure in the experiment al chamber). The 
results are shown in figures 4.6 and 4. 7. Both the pressure upstream (position 1) and in the 
throat (position 2l'l.} a.re shown in the lefthandside graphs of the figures. Very interesting is 
the fact that the pressure bump is present in both signals. Since the important quantity in 
the calculation of the velocity is the difference of the two pressure signals, the bump more 
or less disappears in the calculated velocity (but not totally!). The righthandside graphs 
show the measured velocity and the calculated velocity. The latter is given both withand 
without the correction term for the centrifugal force. It is obvious that the calculated and 
measured velocity show excellent agreement when the correction for the centrifugal force 
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is used. As an additional feature, the difference between those two veloeities is shown as 
well, enlarged. The labels for this residue are printed on the right y-axis. 

slit in model 

Pressure Sensor 

figure 4.5 - detail of the pressure measurement arrangement at position 2a for the model B 

geometry 

The calculations that are corrected for the centrifugal force (see 3.2) reproduce the hot 
wire measurement of the velocity within 2%. The correction term for the velocity for this 
geometry (R=lD mm, h=3.42 mm) is 8~ = 0.0043. This results in a velocity 0.957 times 
the uncorrected Bernoulli velocity. 
Again, because of the noise, the calculations are less accurate for conditions where the 
pressure difference is lower than about 150 Pa. In the residual signal, the largest values 
are obtained at the beginning of the integration. Apparently, not all of the bump effects 
disappear. Afterabout 10 ms, the pressure and velocity uncertainties areabout 1 %, that 
is ±10 Pa and ±0.3 m/s, respectively. We conclude that both velocity and pressure mea-

surements are reliable. 
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figure 4.6- pressure and vetvctiy measurements and calculations for the model B geometry; 

tl.p=18.8 mm H2 0, tl.p=29.2 mm H20, h=3.42 mm 
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figure 4. 7 - pressure and velocity measurements and calculations for the model B geometry; 

D..p=45.9 mm H20, D..p=69.5 mm H20, h=3.42 mm 
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4.2 experiments compared with simulations 

We begin this section, that deals with various methods of camparing experiments with 
simulations, with the comparison of the photographs that have been made of the flow and 
the corresponding spatial pictures that are obtained from the vortex blob method. 
The vortex-blob method can he used to represent the flow by means of markers that are 
convected with the flow. The experimental flow pattem can he visualised by making use of 
a specific photographic technique: schlieren photography. It is beyond the scope of this re
port to describe this technique in detail but, in short, an optical set-up is arranged around 
the model of the vocal folds. The experimental room is darkened so that the photographic 
film that is used, can he exposed for some seconds. During that period of time, a mixture of 
Argon and Neon gas is injected between the vocal folds, the valve is released and triggers a 
system that consistsof a delay mechanism that triggers a nano-lite light source. The delay 
mechanism can he adjusted so that the light pulse is emitted at well-defined times. The 
light pulse crosses the flow pattem and the edge of a schlieren knife, before it reaches the 
photographic film. In this way, a series of photographs can he obtained that corresponds 

to the velocity measurements. 
By making the simulation program evaluate the flow pattem at times that correspond to 
the times of the photographs, a good means of spatial comparison can be obtained. For 
the case of ~p=40.2 mm H20 and h=3.40 mm, some of these comparisons are presented 
in figure 4.8. The time is made dimensionless by: 

t* = t. UB 
h 

(4.3) 

where UB is the stationary velocity end value. 
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figure 4.8- spatial comparison of the flow pattern; .0.p=40.2 mm H2 0, h=3.40 mm 
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When we lqok at the visualisations in a qualitative way, it is clear that the general features 
of the flow as seen in the photographs, are present in the simulations as well. The develop
ment of the vortex structure is similar to that in the real flow, although instahilities occur 
somewhat later. 
A possible contribution to the more stabie behaviour of the simulation could result from 
the input velocity that is used in the simulation. This input velocity is a smoothed ap
proximation of the real velocity that is measured inside the channel. lt is a fifth order 
polynomial representation that is used. 
Although it is not so easy to make quantitative comparisons, there are a few features that 
can be exploited. First, we can compare the height (/)of the flow stru~ture, expressed in 
termsof h. Second, we can compare the maximum width (w) of the flow structure. At 
t• = 39.5, [photo ~ 2.Qh and Wphoto ~ 2.9h while lsimulation ~ 2.4h and Wsimulation ~ 3.4h. 
At t• = 68.4, lphoto ~ .S.Sh and Wphoto ~ 4.4h while lsimulation ~ 6.3h and Wsimulation ~ 4.9h. 
At t• = 39 . .5, lphoto ~ llh and Wphoto ~ 5.9h while lsimulation ~ llh and Wsimulation ~ 6.2h. 
For t• = 116.3 accurate quantitative comparisons cannot be made. The values for the 
simulation are somewhat larger than those of the photographs. In genera!, we can say that 
the overall behaviour of the flow is acceptably well simulated by the vortex-blob method. 

The photographic set-up can be used to visualise the effect of the hot-wire in the flow. 
One could imagine that the vortex structure could be effected by it. In figure 4.9, a photo
graph is shown that is taken with the hot-wire introduced into the channel. The hot-wire 
does not seem to influence the flow pattem significantly. 

figure 4.9- photograph of the flow pattern with the hot-wire introduced into the channel 

As mentioned before, besides the pressure and velocity measurements presented in the 
previous section, a series of measurements where the position of the velocity measurement 
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was varied has been performed. This was clone at a pressure of 40.2 mm H20, with the 
model A set-up. h = 3.40± 0.01 mm. There are 13 positions where the velocity has been 
measured, besides the position inside the channel. One position is at the outlet of the 
channel, in the centre of it, x = 0, y = 0. The other 12 positions" forma 3 by 4 matrix of 
points. The x-values are 1, 2, 3 or 4 timeshout of the channel (from now on: x= 1h, 2h, 
3h, 4h). The y-positions are either on the line of symmetry, 1/2 times h above this line or 
1 times h above it. 
In the vortex-blob method, the possibility of calculating the velocity at any point in the 
computational domain is incorporated. The simulation that is used to calculate those 
veloeities is the same as the simulation that is used for the spatial pictures. So, the calcu
lated veloeities are based on the same polynomial approximation of the velocity inside the 
channel. 
The experimental data for the various positions are obtained from separate measurements 
but the pressure proved to he reproducable within 0.2 mm H20 and the time alignment 
of all these experiments could he clone using the pressure signal which is a very accurate 
means of time alignment (0.2 ms uncertainty). Besides this, the experiments were aligned 
within this uncertainty automatically, since the triggering was performed on the opening 
of the valve, which proved to he very well reproducable. 
The graphs from the simulation are the result of one calculation and therefore are auto
matically time aligned. The alignment of all the experiments with the simulation is clone 
on the velocity inside the geometry. At the moment that this measured velocity starts to 
differ from zero significantly, the time is set to zero in both experiments and simulation. 
The accuracy of positioning the hot-wire on the edge of the channel, a reference point, is 
± 0.1 mm in both x- and y-directions. It is clone by means of a microscope. The relative 
displacements from this reference point have an accuracy of 0.05 mm in the y-direction 
and 0.01 mm in the x-direction. The translations of the hot-wire are carried out by means 
of a micro-translator. For smaller h, for instanee 1.0 mm, it would he more difficult to 
position the hot wire with sufficient accuracy. 
In figure 4.10, a positionwise comparison between measured and calculated velocity is pre
sented for some relevant points. 
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figure 4.10- positionwise comparison of measured and calculated veloeities forsome points; 
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The six points that we have shown here are chosen in such a way that every x- and 
y-value is represented as optimal as possible. We begin the discussion by looking at the 
velocity on the jet axis, the y = 0 graphs. At x = lh, the measurements agree very well 
with the numerical results. At x = 4h as well, but the simulation becomes unstable about 
50 time units later. The simulated val u es tend to become larger than the measured ones. 
We can relate these velocity profiles to the spatial pictures and flow visualisations of figure 
4.8. These points are on the jet axis and therefore resembie the velocity inside the channel 
up to the moment where instahilities begin to occur. These instahilities can heseen in the 
flow visualisations as well. 
Now, we consider the y = 0.5h graphs. These graphs represent the edge of the free jet. 
The positioning is very critical here and although the qualitative properties are alike, the 
absolute values are significantly greater for the simulation. Again, the oscillatory behaviour 
begins later in the case of the simulation. The oscillations are very intense since the edge 
of the free jet is a turbulent region. Again, this can be seen in the flow visualisations. 
Furthermore, the simulation is a bit slowerover the entire time range. 
The y = lh graphs show an interesting behaviour. They show one period in time when 
the values of the velocity are quite large, after which the velocity falls down quickly. The 
interesting time period is characterized by two peaks, both in experiment and simulation. 
This is due to the passing of the exterior of the vortex structure, as is clear from the visual
isations of the vortex structure. Overall, the instahilities occur later in the simulation than 
in the velocity measurements and flow visualisations. As mentioned before, the smooth 
input velocity could account for this phenomenon. Again, the values of the simulation 
are larger than those of the experiments. This is a feature of every point that has been 
treated. We suspect that it is a systematic error in positioning, caused by a slight offset 
of the reference point. 
Since it is not so difficult to calculate the velocity from the simulation at any point, it 
is interesting to see how profiles compare at points that are very close to each other, 
!:1y = ±0.05h, !:1x = 0, especially at positions that are on the edge of the free jet. In figure 
4.11, some of these comparisons are shown, together with the measured velocity at the 
corresponding position that lies on the matrix of points. This provides us with an oppor
tunity to see how the positioning of the hot-wire corresponds to the calculated positions. 
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In these graphs, several interesting features can he noted. The graphs of the two points on 
the edge of the free jet show an important difference between the simulation at y = 0.5h 
and the simulation at y = 0.55h. The latter are closer to the measured velocity. This is an 
indication that the structural error in positioning could he responsible for the difference in 
value between the measured and calculated velocity. However, if we consider the graphs of 
the simulations on the axis and lh out of the axis, we see that there is hardly any difference 
between the simulations that are 0.05h apart. The difference between the simulation at 
y = Oh and the simulation at y = 0.05h is completely indiscernible in the graphs. Still, the 
measured velocity is smaller than the simulated velocity. Therefore, we can conclude that 
the difference between measured and calculated velocity cannot entirely he explained by 
malpositioning. 

Now that the several comparisons are discussed, we can summarize this section by con
cluding that the vortex blob method has proven to he a good method, that might he used 
in future investigations. The combination of all the flow representations provides us with 
important knowledge of the flow structure with this specific configuration. 

We conclude this section by showing some photographs (figure 4.12) of the flow in the 
model B set-up. h = 3.42 mm and ~p = 68.5 mm H20. These photographs are interesting 
since they show the separation of the jet in a geometry where the separation point is not 
know a priori. In fact, as mentioned before, it is one of the important subjects of research, 
to find the position of the separation point. Part II is more or less dedicated to this prob
lem. 
More information about the experimental investigations concerning the flow in the models 
that we have presented here, can he found inthereport of Edgar van de Ven [10). 
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figure 4.12- flow pattern with the model B geometry; tlp=68.5 mm H20, h=3.42 mm 
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Chapter 5 

Conclusions on the experiments 
The main goal of the experimental part of this project was to lay a foundation for further 
work. A lot of time has been devoted to building a reliable experimental set-up. This 
has been achieved and the experiments that have been performed have provided us with 
quantitative information on the flow phenomena that occur in the human glottis. 
We are strengthened in this opinion by the good agreement between the velocity that was 
measured and the velocity that was calculated from the pressure signal. It is clear that 
the incompressible frictionless fluid assumption is an acceptable simplification of the gov
erning equations in the main flow under the circumstances where we measured. That is, 
fora channel height of 3.4 mm and a driving pressure between 150 and 700 Pa. For lower 
channel heights the inviscid-viscous flow distinction might not he appropriate. 

The origin of the strange bump that was found in all pressure measurements is still un
known. It is possible that it has to do with the manner in which the valve opens. 1t 
is important to do more research on this phenomenon. The experiments showed us that 
the bump does not influence the velocity significantly. However, the assumption that the 
pressure is constant at the outlet of the model is apparently not correct and this is really 
interesting because that assumption wasbasedon the fact that the Strouhal number is so 
small that the flow could he assumed to he quasi-stationary. 

If we relate all these experimental results to the real situation in the vocal folds dur
ing phonation, we can make several remarks. The justification for using these in-vitro 
roodels for studying glottal flow lies among others in the assumption that the in-vitro flow 
has the same Strouhal number as the real glottal flow. This seems to he correct, except for 
the first milliseconds after releasing the valve. The Strouhal number is then not small. The 
assumption that a free jet is created with a constant ambient pressure could not he justi
fied during that period of time. One could think that this only leads to a minor difference 
between the real vocal fold behaviour and the measured flow behaviour. However, most of 
the higher harmonies that determine the character of the speech signal are created during 
the last stage of the closing of the folds. This stage is characterized by a different Strouhal 
number than the corresponding period in the experiments: the bump. So we can conclude 
that the bump is important and needs to he investigated further. The vortex structure 
needs further investigation too, being directly related to the non-stationary nature of the 
flow. 
While making all these considerations about the behaviour of the flow at the opening and 
closing stages, one should realize that in those circumstances, the viscous-inviscid flow 
distinction might not he valid at all, since h becomes very small. 

47 



The agreement between measured and calculated velocity that has been found after the 
first milliseconds, leads to another important conclusion. In most theoretica! models of 
speech production, a vena contracta effect is assumed to occur at the inlet side of the 
glottis. This should lead to a lower flow velocity. Since we find good agreement, we can 
neglect such effects completely. 

It has been shown that the vortex blob method gives a good description of the flow at 
the outlet of the vocal folds models, at least for an outlet with sharp edges. In order to 
understand the method better, it is a good idea to vary several parameters in the simu
lation, such as the time step, the shape of the blob, that is the kind of desingularization, 
and the kind of input velocity. 

So far, the flow visualisations have only been used to compare with the results from the 
blob method. They can of course be used to strengthen our feelings about the nature of the 
flow too. The laminar to turbulent flow transition can be seen to occur outside the glottal 
channel. Turbulence only occurs a significant time after the releasing of the valve. First, 
coherent vortex structures are created. All these findings might be of use to rnadeling the 
glottal flow in speech synthesizers. 

From here the investigations can he continued. Two more models have been designed 
which could represent the vocal folds. They are shown in figure 5.1. The models form 
divergent channels that have different divergence angles. It is interesting to perform mea
surements on these models and in the meantime develop a theory that describes the glottal 
flow, and in particular the behaviour of the boundary layers, considered the importance of 
the separation of the flow which controls the volume flow. 

figure 5.1 - two other glottal models 
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Part 11 

Boundary Layer Theories 
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Chapter 6 

Introduetion to boundary layer theories 

After the experimental investigation presented in part I, we now concentrate on the math
ematica! side of the presented problems. In section 3.2, some important aspects of the 
glottal flow were mentioned. The governing Navier-Stokes equations were presented and 
the very important concept of distinguishing viscous and inviscid regions was introduced. 
Our interest lies in the development of analytica! theories that describe the relevant flow 
features, as mentioned in chapter 1. We want to gain insight in the physical phenomena 
that occur and therefore we do not want to use some numerical method that might exist. 
Therefore, simplifications and approximations need to be made. The viscous-inviscid dis
tinetion is an example of a useful approximation. Let it be clear that in the inviscid region 
the viscosity does not disappear but the velocity gradient is so small that the viscous forces 
are negligible compared to the inertial and pressure forces. 
As mentioned before, an important parameter that defines the volume flux when the flow 
has passed the glottis is the separation point. Until now, we have not discussed separation 
in detail. A good understanding of boundary layer behaviour is required to study separa
tion. 
In this chapter, we introduce boundary layers by first mentioning some charaderistic prop
erties of such layers. After that, a crude order of magnitude estimation is made, using the 
classica! flat plate example, which is meant to create some feeling about typical values of 
charaderistic properties such as boundary layer thickness and flow velocity. In the final 
part, we introduce separation in more detail. Before doing so, we digress for a moment 
and present a brief historie note. 
The concept of boundary layers was introduced by the German scientist Ludwig Prandtl 
in 1904. He wrote a now famous artiele that proved to be ahead of its time because hardly 
anyone understood it. 15 years passed, before other researchers realised the value of bound
ary layer theory. Since then, Prandtl's theory has had a revolutionary influence on fluid 
dynamics. It was the basis of the 'singular perturbation theory': the method of using a 
small parameter to approximate solutions to differential equations; (as a matter of fact, in 
the next chapter we will make use of singular perturbation theory). 
It is instructive to see how Prandtl himself wrote about the boundary layer distinction in 
his original paper: 'On the motion of fluids of very small viscosity' [11]. We give some 
important paragraphs from his text, translated in English by Acheson [12]: 

. . . iJ the viscosity is very small, and the path of the fiuid along the wall not too long, the 
velocity will assume its usual value very close to the wall. In the thin transition layer the 
sharp changes of velocity produce notabie effects, despite the small coefficient of viscosity. 
These problems are best tackled by making an approximation in the governing differential 

51 



equations. IJ p, (coefficient of viscosity) is taken to be of second order in smallness, the 
thickness of the transition layer becomes of the first order in smallness, and so too do the 
normal components of velocity. The pressure difference across the layer may be neglected, 
as may be any bending of the streamlines. The pressure distribution of the free fluid will 
be imposed on the transition layer ... 

In Prandtl's article, several important aspects of boundary layers can he recognized. In 
general, we can make the following remarks about boundary layers. Since boundary layers 
are thin, certain simplifications can he introduced into the equations of motion. How
ever, retaining both inertial ( acceleration) terms and stress ( viscous) terms is necessary. 
Pressure terms may or may not he present, depending on the nature of the flow outside 
the layer. Still, boundary layer equations are much more difficult to solve than potential 
flow equations because the vorticity of the layer is never zero. Only a few exact solutions 
are known, and these are all for laminar flows. Fortunately, as mentioned in the general 
introduction, the glottal flow is laminar [13]. 
Now, we limit ourselves to steady two-dimensional flows. The classic example is the exter
nal uniform parallel flow over a thin flat plate, as described by Blasius [14]. In figure 6.1, 
a charaderistic flat plate boundary layer is shown. 

y 

Outerflow 
1--....;..;;V~;...._...y velocity 

profile 

figure 6.1 - details of a boundary layer near a thin flat plate 

We do not describe this case in detail, but do mention some features here: 

1. The thickness of the layer is thin compared to the dirneusion of the plate, and it 
increases in the downstream direction. 

2. The boundary layer velocity profile satisfies the no-slip condition at the wall and 
merges smoothly into the free-stream velocity at the edge of the layer. 

3. There is a shear stress at the wall. 
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4. The streamlines of the boundary layer flow are approximately parallel to the surface; 
that is, the velocity parallel to the surface is considerably larger than the velocity 
normal to the surface. 

Now, we make a crude order of magnitude estimation of some typical flow characteristics 
in the boundary layer of a Blasius flat plate. It is important to stress that this really is a 
crude estimation, meant just to create some feeling for boundary layer theory. Excellent 
derivations can he found in [15] and in [16]. 
We consider a fluid element (partiele) in the boundary layer. A fluid partiele is a sample 
of matter that contains a large number of molecules so that meaningful averages can he 
calculated, but it still has very small macroscopie dimensions. This definition is the basis 
of the continuurn model for fluids: the molecular nature of matter is ignored since the 
molecular structure is very small compared to dimensions involved in problems of practical 
interest. Thus matter is assumed to he continuous. 
1f the inertial and viscous terms are of same order, the following holds: 

(6.1) 

The partiele is located somewhere between the walland the edge of the layer. At the wall, 
the inertial force is zero; at the edge, the viscous force is zero. We estimate the quantities in 
this relation. Assuming that the fl.uid element we consider is in the centre of the boundary 

layer, 

To estimate aujax, we note that, at the leading edge of the plate (x= 0), the velocity at 
the center of the layer is V

00
; and at x, the velocity at the center of the boundary layer is 

approximately Voo/2. Thus: 

au ~u ~Voo- Voo Voo - ~ - ~ .:,__ __ _ 
ax ~x x- 0 2x 

so 

au V2 

u-~ _---22.. 
ax 4x 

To estimate a2ujay2 , we first estimate aujay. The velocity changes from u= 0 to u= Voo 
over a distance 6, so 
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where 8 is a measure of the boundary layer thickness. The velocity gradient is greater than 
this magnitude at the wall and less than this magnitude (namely zero) at the boundary 
layer edge. The second derivative is estimated by 

82u = !_(8u) ~ ~(8uj8y) = 8uj8y ledgeoflayer -8uj8y lwall. 

8y2 8y 8y ~y 8 

The velocity gradient at the wall can he estimated to he twice as large as the 'typical' 
value Voo/8. This leads to 

Solving the relation that is obtained from matching the two forces: u8uj 8x ~ v82uj 8y2
, 

we obtain in termsof 8: 

(6.2) 

Realizing that this is only an order of magnitude estimation, it is better to drop the J8 
factor. Rewriting the equation, we get Prandtl's main result: 

-"' -----8 16 1 
x "' V

00
X - VJ[e;" (6.3) 

Rex is the Reynolds number related to the longitudinal dimension. The equation shows 
that the boundary layer is thin for large Reynolds number. Since only viscous stress was 
included in the estimations, this equation is limited to laminar boundary layers. For tur
bulent layers, no similar estimation can he made, since a universa! relation for turbulent 
stress is not available. 

The preceding derivation was an example of a way to treat boundary layers. We now 
want to look at the separation phenomenon. The potential flow and boundary layer model 
of a high Reynolds number flow is based on the assumption that the boundary layer has 
only a minor effect on the extern al flow. This assumption is reasonably accurate, and the 
model can produce acceptable results so long as the boundary is thin and remains attached 
to the surface. Under certain conditions, the boundary layer thickens rapidly and separates 
from the surface, forming a broad region of recirculationg flow and grossly disturbing the 
outer flow streamlines. In this case, although the concept of patching together a viscous, 
rotational flow and an inviscid, irrotational flow is still valid, simple boundary layer theory 
is no longer capable of calculating the viscous region. Despite the fact that the model is 
not capable of predicting the complete flow field, it is capable of yielding some very impor
tant information. Generally, the model is able to explain the conditions that are necessary 
for separation, to indicate whether separation will occur, and to indicate the approximate 
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location where separation will occur. This is important for the glottal flow situation. 
Figure 6.2 shows a boundary layer that approaches separation. As the point of separation 
is approached, the layer thickens rapidly. Downstream from separation is a region of back
flow near the surface. At the separation point, the velocity profile has ·a vertical slope at 
the wall and the shear stress r w at the wall, defined as: 

au 
r w = pv( ay )y=O 

vanishes (rw = 0). 
Separation occurs in a rising pressure gradient, usually called adverse pressure gradient. 
The velocity profiles in figure 6.2 indicate that for a backflow to develop, a boundary layer 
must have an inflection point where the second derivative ( a2u/ ay2

) changes sign to obtain 
the S-shape characteristic of a separating profile. The second derivative is always negative 
near the edge of the layer, because the layer must join smoothly with the free stream. From 
the longitudinal momenturn equation, with u and v zero at the wall, the following relation 
can be found, realizing that apj ay = 0, a condition that follows from the transverse mo

ment urn equation: 

a2u 1 dp 

a 2 ly=o= -( -d ). y pv x 

According to this equation, the sign of the second derivative of the velocity at the wall 
is the same as the sign of the pressure gradient. If the pressure gradient is positive, the 
second derivative must change sign between the wall and the edge of the layer, and the 
flow is susceptible to separation. If the pressure gradient is negative, there is no point of 
inflection, and separation will not occur. 

Large deflection of outer flow 

§ji":,:~ 
Seperation Beekflow 

Attached boundary 
layer 

figure 6.2 - the separation of a boundary layer 
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The location of the separation point can in principle he determined hy calculating the 
houndary layer up to the point where Tw = 0, which is the separation point. In practice, 
houndary layer calculations often hebave poorly near separation, and locating the zero 
stress point is difficult (even impossihle without taking into account the outer flow effects). 
However, there is another, more practical way to ohtain the separation point. We introduce 
the diplacement thickness 61 . It is defined as the distance over which the wall should he 
moved in an inviscid uniform flow in order to retain the same volume flux as in the real 
viscous houndary layer situation. In the same way 62 can he defined as a measure for the 
loss of momenturn flux: 

{5 u 
61 = Jo ( 1 - V )dy 

15u u 
62 = -(1- -)dy 

o V V 

(6.4) 

(6.5) 

with V the main flow velocity. The quotient of these quantities H = 6tf 62 is called the 
shape factor. This shape factor provides a reliahle indication for the separation point. As 
a houndary layer approaches separation, the value of H increases rapidly [13]. Separation 
is generally taken to occur at the point where: 

H > 3.5 (6.6) 

for laminar flow. 

Let us see what Prandtl writes ahout separation in his article: 

... For practical purposes the most important result of these investigations is that in certain 
cases, and at a point wholly determined by the external conditions, the flow separates from 
the wall. A fluid layer which is set into rotation by friction at the wall thus pushes itself out 
into the free fluid where, in causing a complete transformation of the motion, it plays the 
same role as a Helmholtz surface of discontinuity. A change in the coefficient of viscosity fl 
produces a change in the thickness of the vortex layer (this thickness being proportional to 

J plf pu), but everything else remains unchanged, so that one may, ij one so wishes, take 
the limit fl -7 0 and still obtain the same flow picture. Separation can only occur if there 
is an increase in pressure along the wall in the direction of the stream ... 

In figure 6.3, an original sketch from Prandtl's paper is shown. 
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figure 6.3- the sketch of boundary layer separation in Prandtl's artiele 

Now that a general outline of boundary layer behaviour has been made, we return to 
the problem of the flow through the glottis and how to solve it. Especially, how to obtain 
the separation point. We have seen that analytica! methods can he used in some cases. 
We are hopeful, for reasons mentioned in chapter 1, that they can he used in our prob
lem as well. In order to investigate this, we have invested a lot of time in the method of 
Matched Asymptotic Expansions. This is a method that depends heavily on the presence 
of small parameters in which quantities can he expanded, for instanee lj.Jl[ë. In order 
to understand the method many problems have been discussed. Most of them might not 
he of direct importance to the glottal flow but they were necessary for us to grasp the 
method. Furthermore, in the aeroacoustics group of the university, future research plans 
involve further use of this theory. Therefore, we discuss in this report several examples of 
the use of Matched Asymptotic Expansions, even if they are not directly relevant to glottal 
flow modeling. The method is introduced in chapter 7. Of more direct importance is an 
artiele that describes the flow behaviour when a small wall deformation exists in a straight 
channel. This artiele is discussed in the last section of chapter 7. 
Finally, in this part, conelusions and recommendations for further work on the mathemat
ica! description of the flow through the human glottis are presented. 
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Chapter 7 

Matched Asymptotic Expansions 

7.1 introduetion 

In the previous chapter we stated that a useful way of looking at the problem of flow sep
aration could be by making use of the method of Matched Asymptotic Expansions. MAE, 
as we will call the method from now on, deals with the problem of finding solutions or 
rather approximations to solutions of differential equations, at certain intervals; the ap
proximations being represented by series expansions in a special manner. 
We consider functions </>(x; é) on, say, x E [0, 1], é E (0, éo] for é l 0, where we suppose that 
a boundary layer exists at x = 0. é is the variabie in which we try to make an expansion. 
The functions that we look for do not have a regular expansion on the entire interval. 
However, we can make such an expansion at an interval [q, 1],q > 0. This series expansion 
is called outer expansion. 
The main idea is that regular asymptotic series expansions of the class of functions con
sidered here do exist on each interval [O,q],q > 0 (q being an arbitrary value) if we use a 
specific function b(é) with limb(é) = 0 in such a way that 

dO 

using a scaled coordinate Ç =x· b(é) and a subscript (in) to distinguish this solution from 
the outer solution. Of course, we study cases where this expansion is not the same as the 
outer expansion written in Ç. We call the series expansion of </>in in é the inner expansion 
or boundary expansion, and the region where Ç = 0(1), which means that x and b(é) are 
of the sameorder of magnitude, is called the boundary layer. This is the usual terminology 
in MAE and it is clear that boundary layer problems are at the heart of the theory. In 
fact, MAE originally emerged from fluid-dynamical boundary problems. 
The final step of acquiring a solution in termsof asymptotic expansions consistsof matching 
the inner ~nd outer expansion 1 . Matching means that the inner and outer expansion should 
be the same when Ç -+ oo in the inner expansion and x l 0 in the outer expansion. We 
stress that matching is not sticking the outer and inner solution together at a certain point 
q: the solutions overlap. The total solution may look like: 

<l>total = </>in + </>out - ( common part) 

where the common part is the part of the solution that is present in both the inner and 

1 we only consider cases where there is no intermediate layer. 
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the outer expansion. It is hard to give general rules for solving problems in this way. It is 
important to note that the inner and outer expansion can he considered to he approaching 
solutions for differential equations that only provide <P( x; f) implicitly. It is very useful to 
make use of the so called correspondence principle. This means that if the function <P has 
a different behaviour somehow in a boundary layer this should show in the equation itself. 
Therefore, we should look for distinguished limits of the differential equation. These are 
limits that provide us with the richest amount of additional information. 
The reader could wonder what the use of matching is in the processof finding the asymp
totic expansions. Aside from the fact that some unknown integration constants might he 
found, matching shows that the approached solution is consistent and therefore amounts 
to our faith in the virtues of the solution. This might all sound rather obscure if we would 
not use examples to illustrate things. We therefore continue with discussing four examples 
where we use MAE. 
First, we discuss an algebraic equation that illustrates the use of expansions and coordinate 
stretching. The second example is the application of MAE on an ordinary second order 
differential equation. Besides coordinate stretching, this example illustrates the matching 
process. The third example is a classica! fiuid dynamica! problem which can he solved with 
different methods. It is a good example of using physical intuition to make appropriate 
choices in rescaling variables. The fourth and final example is of more direct relevanee to 
the glottal flow. It deals with the effects of a small wall deformation in a channel. 

7.2 examples of problems 

7.2.1 asecondorder equation 

To give the reader an idea of the way MAE deals with differential equations, it is appropri
ate to consider beforehand an ordinary second order algebraic equation that can he treated 
withother methods as well. We treat the following example: 

êy2 + y + 1 = 0, 0 < ê ~ 1. (7.1) 

This example is meant to learn about coordinate stretching. Matching does not feature in 
this problem. 

In a regular approach we have lim y1 ( ê) = -1. This is the solution for the problem 
dO 

with ê = 0. However, there are two solutions for our problem: y1(ê) and y2(ê); and 
limy2 (ê) =f. -1, the solution of the problem with ê = 0. In order to find the solution, we 
e!O 

00 

represent Y1 by y1(ê) = L anên. Allanare constant. We insert this relation in equation 7.1 
n=O 

and obtain: 
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The latter representation is convenient because, in order to satisfy this equation, we have 
to make all coefficients zero for every e. Thus: a0 = -1, a1 = -1, a2 = -2, ... and our 
:first approximation is: y1(e) = -1- e- 2e2 + O(e3

). 

This is an approximation to the regular solution as we will see later on. At this stage, we 
cannot he sure of the validity of the approximation. It needs validation. 
To :find the singular solution, y2 (e), we want to represent it as a series too but weneed to 
know where the series starts and which powers of e should he used. Therefore we use a 
new variabie Ç, related to y and e: y = ea · Ç. Equation 7.1 now becomes: 

(7.2) 

We want to know a and look for distinguished limits of the equation, for which various 
termsin equation 7.2 must he of the sameorder of magnitude. This is called the principle 
of least degeneration. In most practical cases this means that we try to maximize the num
ber of termsof equal (lowest ) order of magnitude in e2• Here, we have the following op ti ons: 

1: eaç ~ 1. This just means that Ç = y because a = 0 and provides us with no ex
tra information. 
2: ei+2aÇ2 ~ 1. This gives a= -1/2. The first and the third term in equation 7.2 are of 
the same order now but the second term is of higher order and dominates the solution. A 
distinguished limit is not obtained. 
3: e;I+2aÇ2 ~ eaç. Thus 1 + 2a = a, a = -1. This looks promising. Again, we insert 

00 

Ç(e) = L bnen. This yields: 
n=O 

e-1(bo + bte + ... ? + e-1 (bo + b1e + ... ) + 1 - 0 

{:? e-1 (b~ + bo) + e0 (2bo + bt + 1) + e1(2bob2 + ~ + bD + ... 0. 

We get: b0 = 0 (which leads to the solution corresponding to xt) V bo = -1. The latter 
gives bt = 1, ~ = 1 and we have our second approximation: Ç(e) = -1 + e + e2 + .... With 
y = ea · Ç = Çfe we have Y2(e:) = -e;-1 + 1 + e; + 0(.::2

). 

Now we have two formal approximations to the solution of equation 7.1. In this case 
we can use the secondary school 'a-b-c method' to check these solutions: 

2 a more precise description can he found in [17]. 
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and: 
-1- v'1- 4e 

Y2(e) = 
2
e . 

Sirree e ~ 1, we can approach v'1- 4e by 1- 2e- 2e2
- 4e3 + O(e4

). This gives: 

and: 

which is in agreement with the results obtained by using the principle of least degeneration. 
As mentioned before, this first example problem did not require any matching actions. 
It was treated to show how scaled coordinates can generate approximations to solutions 
to certain problems. We now treat a second order differential equation that does need 
matching of inner and outer expansions. 

7.2.2 asecondorder differential equation 

Here, we present a characteristic problem that involves a boundary layer. This is a good 
example that illustrates the use of matching in MAE. We consider asecondorder differential 
equation: 

ey" + (2x + 1)y' + y2 = 0, y(O) = /, y(1) = 8 (7.3) 

with 0 ~x ~ 1 and e ~ 1. Again, we try an asymptotic approach to solve this equation. 
00 

We insert y(x; e) = L bn(x)en. We write down equation 7.3 directly withall terms ordered 
n=O 

according to the powersof e: 

e0(b~(x)(2x + 1) + b~(x)) + e1 (b~(x) + b~(x)(2x + 1) + 2b0(x)b1(x)) 

+e2 (b~(x) + b~(x)(2x + 1) + 2b0(x)~(x) + b~(x)) + ... = 0. 

For the zeroth power in e, we have: 

b' (x)= -b~(x). 
0 2x + 1 

This differential equation is easy to solve and we get: 

2 
b (x) - --:------:---

0 - ln(2x + 1) + c1 · 
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It is clear that we cannot fulfill hoth houndary conditions with a single integration constant 
(Ct) and therefore we expect to find a houndary layer in which this solution is not valid. 
Our intuition tells us that there is no special hehaviour at x = 1 so we scale x as follows: 
x = ~ · ëcx and we look for functions 8(~). We must he careful in suhstituting, since the 
derivatives need to he transformed as well: 

We get: 
(7.4) 

Searching for a relevant a, using the principle of least degeneration as introduced in the 
previous suhsection, we notice that a = 0 gives us the outer solution again; a = 1/2 leaves 
us with only one term if ë ! 0. The right choice is to let 1 - 2a = -a <=? a = 1(least 
degeneration). 
Now we have the following equation: 

8"(~) + 8'(~) + ë(2~8'(~) + 82 (~)) = 0 

00 

and we try the following asymptotic expansion: 8(~; ë) = L tn(~)ën which leads to: 
n=O 

ë0(t~(~) + t~(x)) + ët(t~(~) + t~(~) + 2~t~(~) + t~(~)) 
+ë2 (t~(~) + t;(Ç) + 2~t~ (~) + 2to(~)tt(Ç)) + ... = 0. 

(7.5) 

For the zeroth power in ë, we have; t0 (~) = c2 + c3e-( The houndary condition Yo = 1 in 
x = 0 gives c2 = 1 - c3. Returning to the outer expansion, we use the houndary condition 
Yt = 8 in x = 1 to ohtain Ct = -ln(3) + 2/8. We still have one unknown in the zeroth 
order solution of our prohlem. This is where matching is required: 

lim(l+c3(e-~-1))=1-c3=lim 1 (
2 

2
1) -

~-+oo x!O n X+ +Ct Ct 

2 

So we have: 
28 

c3 = 1 - 2 - 8ln 3 · 

We can rewrite the inner expansion in terros of x (in leading order): 
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For the entire solution, we need to add the inner and outer solution and substract the 
common part. In this case, the common part is: 

2h 

2- hln(3) 

and the total solution can be approximated, in leading order, to be: 

( ) _ ( 2h ) . -x/t: 2h 
yx- ï-2-hln3 e +2-hln(-3-)" 

2x+l 

(7.6) 

In leading order, we have found an approximation to the solution of equation 7.3. It is left 
to the interested reader to solve up to higher orders. 

In this problem, a was a natural number. This is not necessarily so. Powers of € can 
for instanee be irrational numbers as well. In fact, in the asymptotic series sequences such 
as E, E ln E, t: 2 

• • • could appear too. Th ere are no general rul es. Each case needs its own 
way of solving. It is beyond the scope of this report to treat all possible variations in sorts 
of problems. From now on, we look at real fluid dynamica! problems only. A lot more 
exercises on MAE can be found in [18]. 

7.2.3 on heat diffusion as a souree of sound 

We now consider, as a third example of MAE, the coupling between heat transfer and 
acoustic waves at a plane wall. We use an artiele of A.J. Kempton [19] which deals with 
all sorts of problems concerning heat diffusion as a souree of aerodynamic sound. 
The fi.rst problem he deals with, is that of determining properties of the sound that is 
radiated as the temperature of a plane rigid wall is made to oscillate harmonically at a low 
frequency w about some constant value. lt is assumed that the acoustic velocity is normal 
to the wall. This is an example of a problem that can be described in terms of an external 
region, where the flow is dominated by wave phenomena and an inner region where diffu
sion phenomena are important. This distinction can be made, under the assumption that 
this inner region is small compared to the acoustic wavelength. There are several ways to 
solve this problem. Kempton does it by means of a direct approach. Soudki [20] presents 
direct and asymptotic methods and Rienstra & Hirschberg [21] use an intuitive approach. 
We will try to use MAE to treat this problem. In particular, we use an expression for small 
variations in temperature. In order to do so, we write down the important equations and 
linearize them, after which we combinethemtoa single expression for the temperature. 
We start our discussion in a general way, with the governing equations for an ideal gas: 
the equation of state and the conservation equations of mass, momenturn and energy: 

p RpT (7.7) 
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Öp + ä(pui) 
ät OXj 

ä(pui) + ä(puiui) _ 
ät OXj 

DT 
pep Dt 

0 (7.8) 

Öp OTjj --+-OXj OXj 
(7.9) 

Dp aui a ar 
-+Tij-+ -(k-) 
Dt äx i Öxi äxi 

(7.10) 

where: Tij= JL(Öuï/Öxj + Öuifäxi) + (f.Lv- ~JL)bijOUkjäxk and Dj Dt = äjät + UïÖ/Öxi is 
the material time-derivative. 
We proceed in one dimeosion and linearize these equations, that is, we rewrite every 
variabie as a sum of a constant, undisturbed variabie and a small disturbed variable, after 
which we omit every term in the set of equations that is of second or higher order in the 
disturbed variables. This is justified if the variations in temperature between the wall and 
the gas are small. Doing so, we obtain: 

p R(poT +Top) (7.11) 
Öp äu 
ät +Po Öx 0 (7.12) 

äu Öp 4 Ö2u 
(7.13) Po ät -Öx +(3JL+JLv)Öx2 

äT äp ä2T 
(7.14) PoCp8t ät + k Öx2 • 

Here, we omit the usual primes on the disturbed variables to follow the notation of [19], a 
suffix zero indicates that the undisturbed variabie is to be taken. 
Combining these equations, using 1 = cvfcv (the ratio of specific heats), K. = kj p0 cv (the 
diffusivity of heat), 11 = (JL + ~f.Lv) / p0 ( the kinematic viscosity with bulk viscosity effects 
included) and R =Cv- Cv (the universa! gas constant), we obtain the following equation 
for small variations in temperature: 

(7.15) 

This is the equation we want to solve, by making use of MAE. Note that the fourth term 
contains a second order derivative with respect to t, which is not present in the equation 
given in the paper of Kempton, [19]. A quick dimensional check shows that Kempton's 
formula (6) cannot be correct. We suspect a printing error and proceed by rewriting 
equation 7.15 into a dimensionless form using r = wt, E> = T jT0 , y = wcx. Doing so, we 
can divide by w3T0 and obtain: 

(7.16) 
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We consider periodic disturbances at low frequencies (w ~ c2 /"' and w ~ c2 fv). Our 
problem involves a gas with the property Pr = v/K- ~ 1, where Pr is the Prandtl number. 
This means that the two small parameters that we can use to expand the solution in, w; 
and w;, are of the sameorder of magnitude. 
For the time dependenee of the solution, we simply assume e = exp( -ir) · f(y) and we 
proceed to calculate the interesting part of the solution: f(y ). We get: 

.
1 

. 82 j K.W 84 j ( 4 VW K.W) 82 j .4 VW K.W 84 j O 
z +z-+--+ --+ï- --z-ï-----= . 

8y2 c2 8y4 3 c2 c2 8y2 3 c2 c2 8y4 
(7.17) 

Now we substitute E = wK.jc2 and we get, writing primes for derivatives of f with respect 
to y: 

i f + i f" + E j"" + E {Jtf" - iE
2 fJd"" = 0 (7.18) 

with: 

both 0(1). 
As this equation is linear, an analytica! solution can he obtained which is discussed by 
Soudki [20]. For smalle, it is not so difficult to realize that this analytica! solution can he 
written in the following way, as a linear combination of a wave equation modified by slight 
damping and a diffusion equation modified by slight compressibility: 

f(y;e) = btey·(i+Q(E}) + b2ey·(-7f+R(E)) (7.19) 

where: 

00 00 

Q(e) = L qnEn, R(e) = L rnEn. 
n=l n=l 

If we insert this into the equations, we obtain, up to the second order in e, in termsof x 
and t: 

T = bt. e-iwt-(1-i)x(twf~~:)[l-ÜBI-.62-l)(E+E2 {f(5.62-.6I-3))+ ... )] 

+b
2 

• e-iwt+ix(w/c)[t-EH1-.6I)+E2 t(.B2-Ï(t-.6W+ ... } (7.20) 

This is the same result as can be found in Kempton's artiele [19], calculated up to one 
order higher in E. 
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The constants b1 and b2 can he calculated from the set of linearized equations, using the 
boundary conditions at x = 0: T = T1 e-iwt and u = 0. In zeroth order approximation, 
this leads to: 

b1 + b2 = T1 

b 1 + i [. ( 1 ) V ( Ï )] b [. WCp V ( 1 . ïW )] 
1 • In: 1-WCp 1 +- + '7' ( 1) - + 1 + 2 1-WCp + - 2 + '7' ( 1) - Z-2 = 0 

y 2ê K .10 ï - K C .10 ï - c 

Now that we have an analytica! solution, we try to apply MAE to this problem. We 
try to find solutions of the following form: 

00 

J(y;ê) =I: fn(Y)ên. 
n=O 

From the discussion at the beginning of this section, we know that the physical problem 
can he described in terms of an external region where the solution is dominated by a wave 
equation and an internal region where diffusion is the important phenomenon. The first 
two terms of equation 7.18 represent the time derivative of a homogeneaus scalar wave 
equation. For ê 1 0, we find the undamped wave equation: 

fo(Y) =cl. eiy (7.21) 

and it is clear that we have the zeroth order term of the outer solution. From now on, we 
continue our investigation for Pr = 3/4 3. This leads to fairly simple expressions for /31 
and /32: 

/31 = Ï + 1, J32 = Ï 

The calculation of fn(y), n ~ 1 is not so difficult, but involves a lot of intermediate 
steps. It works just as in the previous examples. For the sake of clarity, we only write 
down the result, up to h(y), rewritten in termsof x with the time-dependent part included: 

However, this solution is only valid for x = 0(1/ê). In order to find an approximation 
valid for all x, the Lindstedt-Poincaré technique could he used. It is described in [22]. We 

3 For air, Pr is 0.72. The case of Pr = 3/4 is thus close to the real situation in air. Since we are 
interested in qualitative behaviour, this approximation is justified. 
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focus on the MAE method and do not use this technique here. 
We now try to find the inner solution. In order to do so, we stretch the y-variable: y = Ç ·ê01

, 

renaming f(y) = Î(Ç). We obtain: 

8! 8Î aç 8Î -a 
-=-·-=-·ê . ay aç ay aç 

Thus: ~ 

iÎ + ie-2a Î" + êl-4a Î"" + /3Iêl-2a Î"- i/32ê2-4a Î"" = 0. (7.23) 

We use the principle of least degeneration. The insight that we already have concerning 
this problem makes us search for a ditfusion equation. Some form of a ditfusion equation 
is obtained when a= -1/2. lnserting this and multiplying bye, we get: 

(7.24) 

Again, we try to find solutions of the following form: 

00 

Î(Ç;e) = L În(Ç)en. 
n=O 

As mentioned before, the zeroth order term of this equation is a form of a ditfusion equation: 

(7.25) 

This problem is a nice example of the application of the principle of least degeneration. 
Just as we did for the outer solution, we continue with Pr = 3/4. We find that the 
salution takes on an interesting form. We write it down in terms of x and include the 
time-dependence: 

(7.26) 

The special form of the Pr = 3/4 inner salution makes it valid for all x. We did not have 
the time to do the matching which is a complicated process. 

As to the solutions that we found analytically: they can be rewritten by evaluating the 
Taylor-series of the disturbed part of the salution into the form that we obtained using 
MAE. For Pr = 3/4, the two methods give similar results, provided that eb c2 ... = 0 
(except for one small contribution in thesecondorder term of the outer solution). 

Now, we have treated three examples of problems where MAE can be used to obtain 
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approximations to solutions. In the next section we treat an artiele of two Russian phyci
sists in which they use MAE with the problem of internal flow in a channel that has small 
wall deformations. We hope that this problem can he related to the problem of glottal 
flow, that we are interested in. 

7.3 some effects of wall deformation in internal flows 

Until now examples of problems have been discussed that are of no importance to the 
experimental work described in part I. As mentioned before, we want to know if MAE can 
he used in any way for problems like flow separation in the vocal tract. It is known from 
work by a.o. V.V. Sychev [23] and F.T. Smith (24] that MAE has been used successfully 
to describe flow phenomena in internal flows. 
When looking for a problem that can he dealt with analytically but still resembles glottal 
flow, one needs to make several assumptions. Realizing that it is internal channel flow 
that is to he studied, circumstances must he created that account for the viscous-inviscid 
flow distinction. This implies that the boundary layers must he small. Furthermore, the 
narrowing of the channel walls cannot he too extreme. The problem of a small wall de
formation can he dealt with, as is proven by A.I. Ruban and S.N. Timoshin (25] intheir 
artiele: 'Propagation of perturbations in the boundary layer on the walls of a flat channel.' 
In this section we discuss this artiele, hoping that this will give ideas about the applicabil
ity of MAE for our problem. 
Before we begin to discuss this artiele by following the same line of argumentation that is 
used by the authors, we want to stress that we have some doubts about the assumptions 
that they make, especially the fact that they treat the problem for any Mach number, si nee 
they do not take the energy conservation equation into account and do not give thermal 
boundary conditions. They only make the assumption of an isentropic ideal gas. Further
more, they make assumptions that do not lead directly to circumstances that can he found 
in glottal flow. Therefore, having stuclied this artiele and knowing what it leads to, we 
do not focus mainly on the result but just deal with it paying a lot of attention to the 
application of MAE. 
Now, we begin discussing the article. The problem is posed in the following way: in this 
article, MAE is used with laminar flow in a channel of width d. In the channel, a small 
deformation of the walls exists as shown in figure 7.1, which creates interaction between 
the boundary layer and the main potential flow. Outside the the deformation, the walls 
are parallel and gas parameters have uniform distributions. 

69 



y 

---- 4 .. - -2- -:. , - - -
~---.--._ ... 

0 1 

-- ....,- ~--- -3 ... .... 
....,. 5---- ...... ' .... 

L 

figure 7.1 - channel geometry 

Outside the deformation, the velocity vector is directed in the x-direction, the charac
teristic Reynolds number Re is assumed to he much larger than unity. These conditions 
give rise to the formation of viscous boundary layers along the channel walls. It is assumed 
that L ~ Re· d so that the undisturbed boundary layers near the deformation zone occupy 
only a small part of the channel. In the Cartesian coordinate system shown in figure 7.1, 
the respective x- and y-velocity components are denoted by u and u, while for pressure, 
density and dynamic viscosity the notations p, p, and p. are used. At x = 0: u = u0 

and v = 0; all gas parameters are given a subscript zero for their channel entrance values. 
Re= p0 u0d/ p.0 • The Mach number in the initia! channel part, M0 , di:ffers from unity by a 
fini te amount4 • The ratio of specific heats is called '"Y. 
The shape of the deformed part of the channel can he described by: 

d x-L 
y = ±[2 + hf( ~ )], L ~ x ~ L + .6. 

where h is a charaderistic transverse scale and f is a function that determines the shape 
of the deformation. 
In this article, it is assumed that d · Re315 ~ L ~ d · Re. The undisturbed boundary layer 
thickness just in front of the deformation zone is of the order 6 = J Ld/ Re. The interaction 
zone can he divided in five subzones (figure 7.1). In the main part of the channel (zone 1) 
the deformation generates weak flow perturbations. Zones 2 and 3 involve eddying layers 

4 this is an assumption that is not useful if we consider glottal flow, since Mo < 1 in that case. 
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with thickness of the order 6, where the perturbations are still linear. These zones are 
associated with the undisturbed boundary layer ahead of the deformation. Zones 4 and 5 
are viscous sublayers that are introduced in order to satisfy the no-slip conditions. They 
have thickness h, h ~ h (so their linear dimensions are assumed to coincide with the cor
responding scale of the wall deformation )5

• The problem is symmetrie, therefore we only 
treat the region below y = 0. 
Now, having defined the problem and having made the choice of the different zones that 
can he distinguished, some order of magnitude estimations are made which correspond to 
those different regions. As we interpret it, the authors make several assumptions so that 
the flow distinctions can he made that they want to study, and afterwards they use the 
result of combining these assumptions, to establish the circumstances under which these 
assumptions are valid. It is a way of reasoning that might seem contra-intuitive. 
Actually, these estimations are nothing else than applying the principle of least degenera
tion that we have used repeatedly in this chapter, to the Navier-Stokes equations that are 
used as governing equations to this problem, combined with the isentropic gas relation, 
apparently6

• 

First, an order of magnitude estimation in the viscous sublayer is made, remember that 
this is only a small part of the boundary layer: u "' u0 hl h, where u is the x-component of 
the velocity in that zone. This relation comes from assuming a linear velocity profile from 
the wall to the main flow. 
We denote by p' the variabie part of the pressure in the interaction zone. Balancing 
the pressure gradient and the dominant viscous and convective terms of the longitudinal 
Navier-Stokes equation in that zone, a typical viscous boundary layer example of applying 
the principle of least degeneration: pu8ul ax "' 8pl ax "' f-l82ul 8y2

' the following holds, 
using the expression for the viscous layer velocity: 

(7.27) 

with f-l the coefficient of viscosity. The streamline incHnation E> ("' v ju "' hl Ll) at the 
outer edge of the viscous layer is assumed to he transmitted unchanged to the main flow 
region and causes a pressure perturbation p". lts order of magnitude can he estimated: 
For v", the transverse component of the velocity in zone 1, we have, using the relation for 
the streamline inclination, knowing that u "'Uo there: v" "'uoe "'uohl Ll. The continuity 
equation gives the order of the correction to the longitudinal component of the main flow 
velocity: 8ul ax "' av I ay leads to u" "' v" Lll d "' uohl d. Finally, from the momenturn 
equation in the main flow region, the dominant inertial term and the pressure gradient are 
balanced: puau I ax "' 8p I a x and we find: p" "' PoUou" "' pou~h Id. The key step is that 
the boundary layer-inviscid flow interaction is realized when the viscous sublayer pressure 
drop is of the sameorder of magnitude as the pressure induced by the inclination of the 

5again, a limitation that seems to lead us away from the deformations involved in glottal flow. 
6 the authors do not specify which equations they take as governing equations. We assume these 

equations, having studied the relations that they use in the choice of the expansions. 
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streamlines: p' "'p" "' p0u5h/ d. This can he combined with equation 7.27 to obtain that 
this flow regime is realized when: 

(7.28) 

and p' "' p0u~e2 , h "' de2
, where ê = b / d, the relative thickness of the boundary layer 

ahead of the deformation. It is important to note that ~ is much larger than the channel 
width d but small compared to L. 
So now a flow regime is obtained where MAE can he used to calculate the various interac
tions in the interaction zone. We continue by reasoning from the main flow region through 
the intermediate layer to the viscous sublayer and try to solve the system of equations that 
is obtained for that very smalllayer. 
Dimensionless variables are introduced as follows : 

x-L y u v p p p 
Xt = ~' Yt = -d, Ut=-, Vt =-,PI= --2, PI=-, /ll =-

u uo Uo PoUo Po J.lo 

fL ~ 5 h 
Re~ 1, ê = y d:& ~ 1, d =Re· ê ~ 1, h1 = de2 = 0(1). 

In zone 1, x 1 = 0(1), y1 = 0(1) and in agreement with the given estimates, the solution 
can he represented in the following asymptotic form: 

2 Vto(xb Yt) 
u 1 = 1 + ê Uto(xt, Yt) + ... , Vt = R 3 + ··· 

e·ê 
1 2 2 

Pt = M? + ê PIO(Xt,yt) + ... , Pt = 1 + ê Pto(xtyt) + ... 
I o 

The terms associated with the displacement effect of the undisturbed boundary layers are 
omitted because they do not influence the motion in the viscous sublayers. We substitute 
the expansions in the N avier-Stokes equations and rearrange in powers of ê. Remember 
that the flow is not assumed to he incompressible. Only the lowest power of ê is mean
ingful, considered the given asymptotic representations (they are truncated after the term 
that is necessary for the lowest power of ê in the equations ). The continuity equation gives: 

The longitudinal momenturn equation leads to: 

72 



and from the transversal momenturn equation we obtain: 

Additional information is obtained from the ideal gas assumption, where the isentropic 
relation pf p'Y = constant = Po/ pJ can be used, apparently, which means that: 

We can approximate ( 1 + e2 p1o p by ( 1 + e2-y p10) and this leads to a fourth linear equation: 

Pto = M~PIO· 

The solution to this set of equations is: 

2 dp10(x1) 
Pto = PIO(xt), Uto = -p10(xt) + f(Yt), Vto = Yt(1- M0 ) d + g(xt). 

Xt 
(7.29) 

If we realize that u10 and v10 would be zero if no disturbance would be present, we conclude 
that f(yt) and g( xt) are zero. 

Now, we consider the intermediate layer which forms most of the undisturbed bound
ary layer. The solution is sought under the following expansional form: 

Again, these expansions are substituted in the Navier-Stokes equations and in leading or
der the following equations are obtained: 

a P21 au21 a P2o av21 
u2o-- + P2o-- + v21-- + P2o-- = 0 

axl axl ay2 ay2 

au21 au20 
u2o-a +v21-a =0 

Xt Y2 

aP21 = O. 
aY2 

73 



Again, p2I = p2I(xi)· Matching with zone 1 is easy and gives: p2I = p10(xi)· Furthermore, 
we have v2I = -u2o ~~11 / 

8
8U:

2
°. We suppose u2I = j (x!) ~~o, resulting in v2I = -u20 

8~~1). 
These relations can he suhstituted in the longitudinal momenturn equation. The choice 
we made to introduce f(xi) results in the cancelling of the second and fourth term in this 
relation. The following remains: 8

P21 -
8
i(xl) · ~ = 0. 

8x1 8x1 8]12 
Matching of the velocity veetors provides us with several other equations: 

lim u2I = 0, lim u2o = 1 
Y2-+oo Y2-+oo 

lim V2I = - lim U20 oj(xi) = - oj(xi) = 
ft-+00 n-+oo OXI OXI 

lim YI(1- Mg) opiO(xi) = _!(1 - Mg) opw(xi). 
Yl +--Î OXI 2 0XI 

So u2I and v2I can he expressed: 

(7.30) 

We are now ready to treat the viscous layer. In the Navier-Stokes equations, the viscous 
terms will hecome of importance. Furthermore, we stress that this layer's thickness is of 
the sameorder as the transverse scale of the wall deformation. The y-variahle is rescaled 
again and we set: 

-2 1 
XI= 0(1), Y3 = ê (2 + yi) = 0(1) 

V3Q(Xb Y3) 
ui= êU3o(xby3) + ... ,VI= R 3 + ··· 

e·ê 

1 2 ( Pl = M.2 + ê P30 XI, Y3) + ... , PI = Pw + ... , f.-li = f.-lw + ··· 
I o 

It is assumed that Pw and f.-lw, constauts that represent the density and viscosity near the 
channel walls ahead of the deformation zone, are nonzero. Suhstitution leads to the fol
lowing set of incompressihle houndary-layer equations: 

OU30 + dV30 = O 
OXI oy3 

ou30 ou30 OP3o o 2u30 
Pw(u30-

0 
+v3o-

0 
)+-

0 
=f.-tw-

0 2 XI Y3 XI Y3 

OP3o = O. 
oy3 
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Additional information can he obtained from the no-slip condition, from matching with 
the flow ahead of the interaction zone, and from matching with the intermediate layer. In 
mathematica! notation: 

U3o = V30 = 0 (y3 = -htf(xt)). (7.31) 

This is the no-slip condition. The Blasius boundary layer just ahead of the deformation 
zone determines the shape of the velocity at the left side of the deformation, a linear profile: 

U3o ---+ ÀwY3, V3o ---+ 0, P3o ---+ 0 ( Xt ---+ -oo) (7.32) 

and matching with the intermediate layer gives: 

duw(~) 1 2 
Àw = dy

2 
ly2 =o= const., U3o- ÀwY3---+ 2>.w(1- M0 )PIO(xt), P3o---+ PlO(xt) (y3 ---+ oo ). 

(7.33) 

This problem is not easily solved. It is good to note that the displacement thickness 
of the viscous layer is proportional to the pressure. We want to solve a linearized set of 
equations and therefore assume that h1 ~ 1 7 . The following substitutions are made: 

Since we focus on MAE in this chapter, too much attention could he paid to the solv
ing of the system of equations that we have obtained. Therefore, we solve it in appendix 
C and give the final result here immediately. 
The solution is given in terms of the pressure: P(xt). It has been been obtained using 
Fourier-transformations: 

where k0 = -3JL!/3>.t'3 p!f3Ai'(O) and k1 = ~k0(1- MJ). 
We distinguish four cases: 

kt> 0: l
oo vt/3 . e-sv dv 

g(s)=O,s<O; g(s)=J3 p k t/3 213 ,s>O 
0 t + tV +V 

7now the deformation becomes really small! First, h1 was taken to he 0(1). 
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kt< 0: 
3 loo vt/3 . e-av dv 

g(s) = -61rk~ · e-k1a, s < 0; g(s) = J3 p k t/3 213
, s > 0 (7.36) 

0 t + tV +V 

This approach that has been chosen by the authors of this artiele was not meant to solve 
separation questions. It was meant to show the difference between the effect of a small 
wall deformation in supersonic and in subsonic flow on the flow ahead of the deformation: 
It is assumed that f(xt) = 0 when Xt < 0. Then, from the relations for the pressure 
that we have obtained, it can he concluded that if M0 < 1, then P(xt) = 0, ahead of the 
deformation zone, whereas when M0 > 1 in that region, the following holds: 

(7.37) 

The condusion is that in the subsonic interaction regime, perturbations introduced into 
the boundary layer do not affect the flow upstream from the perturbation source, while in 
the supersonic interaction regime, perturbations upstream are damped exponentially. 
An interesting aspect of this MAE approach is that the pressure is not given by the external 
flow (which is the usual Prandtl approach), but is determined from solving the boundary
value problem itself. 
Concluding this section, we can remark that we might not directly he able to transfarm this 
problem to the kinds of boundary flow problems that occur in the human speech generation 
mechanism, but we do have some experience in handling typical fluid mechanica! boundary 
layer problems with MAE. 
In the final chapter of this part of the report, we will summarize our efforts and try to give 
some useful indications how to continue the theoretica! analytica! investigations concerning 
the glot tal flow. 
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Chapter 8 

Conclusions on the theoretica! 
investiga ti ons 

In the first part of this report, we have presented experimental results that validated the 
use of the viscous-inviscid flow distinction in descrihing the glottal flow. We have dedi
cated the second, theoretica! part to boundary layer theories, in particular to the method 
of Matched Asymptotic Expansions. 
The manner in which the method has been described here, has been chosen for two rea
soos. First, the method needed to he understood. Second, the method was to he applied 
to the problem of descrihing glottal flow. Therefore, we began by explaining the method, 
presenting some elementary examples, after which we proceeded by trying to apply MAE 
to real fluid-dynamical problems. 
Realising that considerable progress has been made in understanding MAE, we can con
clude that the problem that was described in section 7.3 is not really directly relatable to 
the glottal flow. We found that in that example, many assumptions had to he made in 
order to retain the possibility of analytically solvable equations. It might he possible that 
MAE cannot he used with the glottal flow problem because the geometry of the glottis 
might not allow for that kind of assumptions. However, since it is known that the bound
ary layers are very small in the converging part of the glottis, it might he possible to use 
a modellike the one shown in figure 8.1. It resembles the small wall deformation with a 
continuing diverging channel at its downstream end. 

figure 8.1 - possible model to be used for MAE calculations on the glottis 
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On the other hand, we know that people have been using MAE with separation in laminar 
high Reynolds number flows. In the Joumal of Applied Mathematics, F.T. Smith [24] has 
presented a review: 'On the High Reynolds Number Theory of Laminar Flows.' 
It seems logical to proceed the theoretica! investigations with studying Smith's article. 
Another artiele that could he stuclied is that of Loek and Williams [26]: 'Viscous-Inviscid 
Interactions in External Aerodynamics.' 
If it turns out that MAE cannot he applied to the glottal flow, we recommend to study the 
hook of J. Cousteix [27]: 'Couche Limite Laminaire,' in which a good survey is presented 
of many different methods that can he used in laminar boundary layer theory. 
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Appendix A 

Experimental issues 

In chapter 4, we mentioned that our fi.rst experiments were carried out with a fast time 
response ('medium' time range). We did not continue those experiments because there 
were problems with the drift of the pressure signal. This drift is due to leakage of charge 
of the pressure gauge with a characteristic time constant of about 0.8 s. 
Calibration of the pressure-sensor /charge-amplifier combination in different circumstances 
showed that, due to the drift, the top of the pressure signal was more than 10% below the 
expected value. Figure A.1a shows this clearly. 
When calibrated by comparison of the static pressure difference level as measured using 
a Betz manometer with the maximum pressure level measured dynamically, a very good 
linear relationship was found. If we would use this calibration we would get the result 
presented in figure A.1b: we see that in this case there is good agreement between the 
measured velocity and the velocity calculated from the pressure signal. 
We did examine the drift by calculating exponential curve fits through the decaying part 
of the signal and found an upper limit of 4% loss of signal up to the highest pressure value 
(figure A.3). 
However, this is only true if the charge amplifier behaviour is of first order, with one time 
constant. It is clear that another explanation has to he found. 

Although the end value of the pressure signal is not correct, there are a few remarks 
that can he made in camparing the 'medium' time range with the 'long' time range. The 
velocity measurements have the same shape in all measurements. Calculating the velocity 
from the 'medium' pressure signal gives very good results if the pressure is calculated using 
the Betz manometer calibration. 
In figure A.2, the first milliseconds after the opening of the valve are compared. We assume 
that the drift is not significant in that period of time. 
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Appendix B 

Calibrations 
Figure B.1 shows the hot wire calibration. It was performed by camparing the stationary 
velocity levels measured by the anemometer with stationary Betz pressure measurements. 
Figure B.2 gives the pressure calibration for the pressure-sensor /charge-amplifier combi
nation. This calibration was performed in a different set-up with a very rapid valve (0.1 
ms). The calibration is almost identical (within 1%) for 'medium' and 'long' time range. 

hot wire calibration 
calibration PCB 991 

charge amplifier Kistier 5011 
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figure B.l - hot-wire calibration figure B.2 - pressure calibration 
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Appendix C 

Determination of P(x1) in the problem of 
section 7.3 
Reeall that the following substitutions are made: 

The problem now transforms to the following set of equations and boundary conditions: 

(C.l) 

(C.2) 

(C.3) 

(C.4) 

Assuming that all variables decrease to zero pretty rapidly as x1 ~ ±oo, a Fourier trans
form can he introduced: 

The derivative to x1 of a function g(x1 ) transforms to -iwg*(w) with this convention. This 
results in 

' ( . U* V*) . P* 82U* Pwll.w -zwy3 + + -zw = J-Lw-
8 2 Y3 

. u· av· o 
-ZW +-= 

8y3 
U*= -.-\wf*, V*= 0 (y3 = 0) 

U*~ ~.-\w(l- M~)P* (y3 ~ oo). 

(C.5) 

(C.6) 

(C.7) 

(C.8) 

Using equation C.6 in the derivative to y3 of equation C.5 results in an expression for U*: 
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(C.9) 

Suppose that 8U*j8y3 = K(w) · L(cy3). Then, this equation reduces to an Airy equation 
if C = (iwpwÀw/ P,w)113: 

(C.lO) 

The appropriate solution to this equation is the Airy function: 

(C.ll) 

and 8U*j8y3 = I<'(w) · Ai(cy3) (where the prime denotes that Kis actually muliplied by 
c). K' can be obtained, using the boundary conditions, by taking 

where we transformed the complex integration to a real integration, using complex function 
theory. N OW we know K' ( w) and we have an expression for au· I aY3· We insert this in 
equation C.5 for y3 = 0 and obtain an equation from which we can calculate P*(w): 

(C.12) 

P*w- 3p~3)..~3P~3Ai'(O)f*(w) 
( ) - ( . ) 113 3 1/3,5/3 2/3A.'(0)1(l M.2) -ZW - /iw Aw Pw Z 2 - o 

(C.l3) 

Ai' (0) = -0.2588. 

The expression for the pressure as a function of x 1 can be obtained by taking the in
verse Fourier transformation: 

P(.1;I) = -
2
ko joo g(s)j(x1- s)ds 

7r -oo 
(C.l4) 

where 

(C.15) 
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k0 is a positive constant. 

which can he positive or negative, depending on M0 • 

We can distinguish four different cases: kt > 0, s < 0; kt > 0, s > 0; kt < 0, s < 0 
and kt < 0, s > 0. We first consider the cases of s < 0. If we integrate along the path 
indicated in figure C.l, we can prove that the far-field integral is zero for R--+ oo. There
fore, g( s) depends on the singular points that are present within the integration area. For 
kt > 0, no singularities are present and thus g( s) = 0. For kt < 0, a singularity occurs at 
w = -ikl. We can calculate the residue by substituting w = -ikr + dw and taking the 
limit dw--+ 0. We obtain: g(s) = -61rki · e-kis. 

lmaginary axis 

r=R 

Real axis 

figure C.l - integration path in the complex plane for s < 0 

For s > 0, determining g( s) is more difficult. We will discuss the kt > 0 - case first. 
We can rewrite g(s): 

In the first integral, we substitute t = -w. This leads to: 
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In order to integrate along a path where the far-field integral becomes zero, we need to 
split the integration in two parts. We call the first integral I and the second integrall' and 
integrate along paths that are shown in figure C.2. 

lmaginary axis lmaginary axis 

3 2 

5 Real axts 

Real axis 5' 

3' 2' 

figure C.2 - integration paths in the complex plane fors > 0 

It can he shown that the semi-eireular integral 4 becomes zero if the radius of the cir
cle goes to zero. The same holds for 4'. Together with the fact that 2 and 2' are zero again 
for R-+ oo, we have: 

1
0 e-iws 

I'=- dw. 
-ioo kt + ( -iw )113 

We make the following substitution: v = iw. Thus: 

I' = -i {oo e-vs dv 
lo kt+ ( -v)113 

This last step is very important. Weneed to take the correct third power root of -1. That 
is, we should stay in the area of integration. If not, g( s) could become zero, since it is the 
sum of I and I' and I can he written in exactly the same form as I' but with an opposite sign: 
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In the case of I, however, we have to realise that ( -1)113 =! + !J3i, since the integration 
path is in the lower right quadrant. So we have for g(s), the sum of I and I': 

g( s) = i 
1 

e 
1 

dv - i 
1 

e 
1 

dv. 
00 -vs 100 -vs 

1 k1 + ( 2 + 2J3i)v113 o k1 + ( 2 - 2J3i)v113 

This can he rewritten in the following integral-form: 

It can he shown, that the same relation is valid for the k1 < 0 - case. 
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