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Summary

We show that it is possible to represent a uniform waveguide as well as a waveguide junction
in terms of impedance matrices. Further, we derive the electromagnetic fields radiated by
a magnetic dipole covered with a dielectric layer. Next to this, we demonstrate that it is
possible to calculate the power loss in surface waves separately from the power radiated to
air. Vv'ith this we analyze a layered slot antenna and optimize the antenna's performance by
a judicious choice of substrate thickness and relative dielectric constant. We show that it is
possible to minimize the power contained in the TMo mode by placing two slots broadside
to each other at a particular distance. Finally we design a planarly layered single- and
twin-slot antenna.
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Chapter 1

Introduction

This thesis has been supported by TNO Physics and Electronics Laboratory (TNO-FEL).
TNO-FEL is part of the Netherlands Organization of Applied Scientific Research (TNO) 
the independent knowledge organization that builds a bridge between fundamental know
how and the everyday practices of government authorities and the business community.
Customers of TNO are e.g. the Ministry of Defence, the Royal Dutch Navy and the Euro
pean Space Research & Technology Centre (ESTEC).

Integrated or printed-circuit antennas are a natural evolution of integrated circuit-components
at microwave and millimeter-wave frequencies. In the microwave range, printed rectangu
lar or circular patches, as well as microstrip dipoles are the most popular elements, while
in the millimeter-wave range slots, slot arrays and microstrip patches have been developed.
The many advantages of these printed circuit antennas, such as low weight and low cost,
are often counterbalanced by low element gain, narrow bandwidth and limited power. The
characteristics of integrated antennas such as radiation pattern, efficiency and bandwidth
can be optimized by a proper choice of substrate thickness and relative permittivity value.
It is well-known that dielectric substrates are excellent surface waveguides with a funda
mental mode without cut-off frequency. These surface waves contribute to power loss and
are usually undesired. For this reason, optimization of the integrated antenna properties
requires a thorough analysis of the antenna as a source for surface waves in the substrate.

In this report a technique is presented to decrease the power loss in surface waves by
placing two elementary slots broadside to each other, as has been proposed in [19]. When
two equally fed slots are placed broadside to each other at approximately half a wave
length distance, surface waves excited by the antennas will cancel each other because at
this distance the waves are exactly in opposite phase. Owing to this technique, scanning
arrays consisting of integrated circuit antennas will suffer less from power loss in the surface
waves. With the results obtained in this report, a design of a slot antenna will be made.
In general, a slot antenna consists of a feeding waveguide, an iris and a dielectric layer.
In Chapter 2 we will analyze the electromagnetic fields inside a uniform waveguide. Since
rectangular waveguides will be used, the emphasis of Chapter 2 will be on rectangular
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waveguides. In Chapter 3 we will show that a uniform waveguide can be seen of as an or
dinary circuit element which simplifies calculations involving waveguides. Next, a method
is demonstrated that represents multi-aperture junctions in terms of impedances. In the
first part of Chapter 4, the electromagnetic fields, radiated by an infinitesimal magnetic
dipole covered with a dielectric layer, will be derived by using a spectral representation for
these fields. Surface waves are analyzed in the second part of Chapter 4. We will examine
the optimum substrate thickness as well as the influence of the permittivity on the surface
waves. Numerical results of the effect of placing two slots broadside to each other, as well
as the actual design of the antenna are given in Chapter 5. Finally, in Chapter 6 we discuss
the conclusions and recommendations.
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Chapter 2

Waveguide Analysis

Electromagnetic waves can travel in either unbounded media, such as radio signals trav
elling through the air, or in bounded media, such as a TV signal transported in a coaxial
cable. A coaxial cable is an example of a so-called transmission line. A transmission line
is defined as a device for transmitting or guiding energy from one point to another. An
important type of transmission lines are the waveguides. A waveguide can be considered
of as a hollow conductor. Usually transmission lines are classified according to the field
configuration, or modes, which they can support. Thus transmission lines can be divided
into two groups: those that support transverse electromagnetic (TEM) modes, such as two
conductor types, and those able to transmit only transverse electric or transverse magnetic
modes, such as hollow conductors [1]. A coaxial cable is a typical example of a device able
to support a TEM mode and therefore belongs to the first category. A waveguide can only
transmit higher order modes and therefore belongs to the second category. Nowadays when
people talk about transmission lines, they usually mean devices that can transmit TEM
modes, i.e, a device belonging to the first category, while the term waveguide is used for
those devices which can transmit only transverse electric or transverse magnetic modes. In
this chapter, the behavior of the electric and magnetic fields within a uniform waveguide
will be explained. We start from explaining a two-conductor transmission line.

2.1 The infinite uniform transmission line

At high frequencies, electric circuits cannot be analyzed with the ordinary circuit theory
developed by Kirchhoff. Circuit theory is based on the fact that, at low frequencies, the
dimensions of the elements in a network are small compared to the wavelength. This means
that the voltage and current do not vary in magnitude and phase over the length of the
network and thus can readily be measured. In transmission-line analysis the transmission
line is usually many wavelengths long, so the voltage and current can vary in magnitude
and phase over its length. For the analysis of a uniform transmission line, we focus on an
infinitesimal section of a two-conductor system, e.g., a coaxial cable. Figure 2.1 represents
a transmission line of infinitesimal length .6.z, where this short line can be modelled as a
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Figure 2.1: transmission line.

lumped-element circuit as is shown in Figure 2.2. R, L, G, C are quantities per unit length
defined as follows:

R = series resistance per unit length, for both conductors, in S1 1m,
L = series inductance per unit length, for both conductors, in Him,
G = shunt conductance per unit length, in Slm,
C = shunt capacitance per unit length, in F1m.

A finite length of transmission line consists of a cascade of these sections. If we apply
Kirchhoff's voltage and current laws to the circuit in Figure 2.2 we obtain

oi(z, t)
v(z + ~z, t) - v(z, t) = -(R~z)i(z, t) - (L~z) ot '

ov(z + ~z, t)
i(z + ~z, t) - i(z, t) = -(G~z)v(z + ~z, t) - (C~z) ot .

If we divide Eqs. (2.1) by ~z and we let ~z -----+ 0, Eq. (2.1) can be rewritten as

ov(z, t) = -R '( ) _ Loi(z, t)
oz .zz,t ot'

oi(z, t) = -G ( ) _ Cov(z, t)
oz v z, t ot'

(2.1a)

(2.1b)

(2.2a)

(2.2b)

i(z,t)

+

V(Z,t)

RL\z LL\Z

GL\Z

L\z

Figure 2.2: a two-port network.
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When sinusoidal signals are considered, i.e., a(z, t) = Re{A(z, w)e jwt
} where a can be either

i or v, we can write Eq. (2.2) as

dV(z)
~ = -(R + jwL)I(z),

dI(z)
-- = -(G + jwC)V(z).

dz

From these equations it can readily be seen that

where
I = a + j;3 = J(R + jwL)(G + jwC),

(2.3a)

(2.3b)

(2.4a)

(2.4b)

(2.5)

is the complex propagation coefficient. V(z) and I(z) can be found by solving Eq. (2.4),
which results in

V(z) = 1/o+e-'z + 1/o-e'z,

I(z) = rte-'z + Ioe'z,
(2.6a)

(2.6b)

where the e-/Z term represents a wave propagating in the positive z-direction and the e'z
term represents a wave propagating in the negative z-direction. The relation between the
voltage and current on the line can be found by applying Eq. (2.3a) to Eq. (2.6a), i.e.,

Now the characteristic impedance Zo can be defined as

(2.7)

Zo =
R+jwL
G+jwC

(2.8)

Hence, Eq. (2.6) can be written as

V(z) = Vo+e-'z + Vo-e'z,
V+ 1/-

I(z) = _o_e-'z _ _o_e/Z.
Zo Zo

2.2 Waveguides as transmission lines

(2.9a)

(2.9b)

As has been mentioned earlier, a waveguide is another example of a guiding structure.
Figure 2.3 represents a rectangular waveguide. In this section the formulas of the electric
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Figure 2.3: a rectangular waveguide.

and magnetic fields within a uniform waveguide are presented. Since a waveguide can be
considered as a special case of a transmission line, equivalent voltage and current equa
tions can be obtained for a waveguide. This description in terms of transmission lines
greatly simplifies calculations involving waveguides. To be able to derive the fields in the
waveguide, we start from Maxwell's equations in the frequency domain for a source-free
environment, i.e.,

\7 x E = -jwfLH,

\7 x H = jWEE,

(2.10a)

(2.10b)

where the electric field is represented by E and the magnetic field by H. To obtain a
transmission-line description of the fields within the waveguide, the electric and magnetic
field can be separated in two parts: the transverse field component and the longitudinal
component [2]. The longitudinal component is the field component in the direction of
wave propagation, which is the z-direction in this case. The transverse fields are the field
components that are orthogonal to the direction of wave propagation. Maxwell's equation
now become

a
(\7 t + oz z) x (Et + Ezz) = -jwfL(Ht + HzZ),

a
(\7 t + oz z) x (Ht + Hzz) = jwc(Et + Ezz),

(2.11a)

(2.11b)

where it is assumed that the wave is travelling in the z-direction and \7t = (:x x+ :y y)
is the gradient operator transverse to the z-axis. Further, E t and Ht are the electric and
magnetic field transverse to the z-axis and Ez and Hz are the longitudinal electric and
magnetic field components. From Eq. (2.11) we get

\7t x E t + \7t x Ezz + ~ z x E t + ~ z x Ezz = -jwfL(Ht + H/},) , (2.12a)
'-v--" '--v--'" u z u Z

Longitudinal Transverse '--v--'" '-v--"
Transverse 0

a a
\7t x Ht + \7t x HzZ + oz z x Ht + ozz x H/}, = jwc(Et + Ezz), (2.12b)

where the first term on the left side of both equations represents the longitudinal term and
the other two terms are transverse terms. Equating the longitudinal terms on both sides

6



leads to

V t x E t = -,jWfLH/i;,

V t x H t = ,jwEEzz.

When we now consider

z· (-,jWfLHzz) = z· V t x E t = V t · (Et x z),
z . ,jwEEzz = z. V t x H t = V t . (Ht x z),

we finally arrive at

jWfLHz = V t . (z x E t ),

jWEEz = V t . (Ht x z).

Equating the transverse terms leads to

V t X Ezz + :z (z x E t ) = - jWfLHt,

8
V t x Hzz + 8z (z x H t ) = jWEEt·

Taking the cross product with z on both sides of Eq. (2.16) results in

With Eq. (2.15) and Eq. (2.17), the following equations are obtained:

8E .
8zt = - ,jkTHt x z - J; Vt(Vt . (Ht x z)),

8~t = -jkT]z x E t - jkT]Vt(Vt · (z x E t )),

(2.13a)

(2.13b)

(2.14a)

(2.14b)

(2.15a)

(2.15b)

(2.16a)

(2.16b)

(2.17a)

(2.17b)

(2.18a)

(2.18b)

where k = w.J"iiE and T = liT] = ,,;;rEo Eq. (2.15) shows that it is possible to obtain
the longitudinal field component from the transverse field. With the transverse field it
is possible to obtain a complete description of all electromagnetic field components. The
cross-sectional dependence may be removed from Eq. (2.17) by means of a suitable set
of orthogonal vector functions. In the next section these orthogonal vector functions are
derived.
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2.3 Fields as a summation of modes

Orthogonal vector functions are known to be of two types: the transverse magnetic func
tions, TM modes, and the transverse electric functions, TE modes. In [2], the TM mode
functions are defined as

where

eTM,i(X, y) = -\!tcPi(.T, y),
hTM,i(X, y) = z x eTM,i(x, y),

(2.19)

\!;cPi + k~TM,icPi = 0,

cPi = 0 on S if kCTM,i =I=- 0, (2.20)

OrPi 0 'f k 0
~ = on S 1 CTM i = ,
uS '

and i denotes a double index m, nand s is the boundary curve of the cross section. The
TE mode functions are defined by

where

eTE,i(X, y) = z x \!(IA(x, y),
hTE,i(X, y) = z x eTE,i(x, y),

(2.21)

\!;'l/Ji + k~TE,i'l/Ji = 0,
O'l/Ji (2.22)ov = 0 on s,

where v is the outward normal to s in the cross-section plane. The constants kCTM,i and
kCTE,i are defined as the cut-off wavenumbers. The functions e and h are normalized in
such way that

/1 /1 {I for i = j,
eTMi . e~MdS = eTEi . e~EdS = f ..../...cs J cs J 0 or i T j,

(2.23)

["r eTMi' e~E = 0,
. lcs J

where the integration is performed over the entire waveguide cross section. The transverse
electric and magnetic fields can now be expressed in terms of the orthogonal functions
defined above as

(2.24a)

(2.24b)

The voltage \!TM or VTE can be expressed in terms of the tangential electric field. When
we take the cross product of z with Eq. (2.24a) we obtain

(2.25)
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(2.18). For the

because z x e = h. When we now use Eq. (2.23) for h modes, we can write

VTMi (z) = Jis (z x E t ) . hTMidS

To arrive to a transmission-line equation we substitute Eq. (2.24) in Eq.
TM case, it can be seen that

dVTMieTMi' ~) jT (( ~
dz = -JkT(ITM,hTMi X Z - k\lt \It' IrMihTMi X z)),

dITMihTMi . (~ j77 ~
dz = -J k 77 z x VTM,eT1Id - k\lt(\lt · (z x VTMieTl\I;)).

When we now take the divergence of Eq. (2.19), we get

\It . eTM,i = - \I;(!Yi-

(2.26)

(2.27a)

(2.27b)

(2.28)

After this equation has been substituted in Eq. (2.20), we can take the gradient of the
resulting equation which leads to

\It(\lt · eTM) = -k~TMeTM' (2.29)

With help of Eq. (2.19) we can rewrite Eq. (2.27) as

(2.30a)

(2.30b)

(2.31a)

(2.31b)

where for TM modes

and for TE modes

z. = ~ = T "'i = !5.!:...
z 11' k 'li WE

(2.32)

(2.33)

The longitudinal field components are obtained from Eqs. (2.15), (2.19), (2.21) and (2.24)
as

(2.34a)

(2.34b)
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2.4 Fields of TM modes and TE modes

In the previous section it has been shown that the transverse electric and magnetic fields
can be considered as an infinite summation of both TM and TE modes. In the next two
sections, the transverse electric and magnetic modes, i.e., the TE and TM modes, will
be derived for a rectangular waveguide. To obtain the field components of the modes,
Eqs. (2.20) and (2.22) must be solved. In Appendix A it is shown how these equations can
be solved.

2.4.1 TM modes

The TM mode functions eTMi' normalized with respect to the cross-section, can be derived
from Eq. (A.23a), which is recalled below:

2 1 (m7r) (n7r)
1>, ~ ;; V b 2" sin --;-x sin bY ,

m 2 - + n -
a b

m = 1,2,3, .

n = 1,2,3, .
(2.35)

With Eq. (2.19), Eq (2.24a) and the equation above, the field components of the TM mn

mode can be obtained as

2VTMi m (m7r ) . (n7r )Ex = --- cos -x sm -y ,
a J b a a bm 2 - + n2 -

a b
21/TM n (m7r) (n7r)E = ---' sin -x cos -y ,

y b J b a a b
m 2 - + n2 -

a b

TIrM·AJ b a (m7r) (n7r)Ez=-j , m2-+n2 -sin -x sin -y ,
ab a b a b

2IrM n (m7r) (n7r)
H x = -b-' b asin ---;;:x cos bY ,

Vm2 _+n2 -
a b

2IrM m (m7r) (n7r)
Hy = -a-' V b a cos --;-x sin bY ,

m 2 - + n2 -
a b

10
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2.4.2 TE modes

For the TE modes, the functions eTE normalized over the cross section are derivable from
Eq. (A.23b):

(2.37)

where
m, n = 0,1,2,3,... mode m = n = 0 excluded,

{
I if m = 0,

Em = 2 if m -I O.

The field components of the TEmn mode can be obtained from Eq. (2.21), Eq. (2.24a) and
the equation above. This results in

(2.38a)

(2.38b)

(2.38c)

(2.38d)

(2.38e)

(2.38f)
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Chapter 3

Waveguides as circuit elements

In Chapter 2, the electric and magnetic fields inside a uniform waveguide were derived. In
the first section of this chapter we will show that a uniform waveguide can be modelled
as a combination of impedances. By representing waveguides as ordinary circuit elements,
the calculations involving waveguides are simplified because then the relatively simple
Kirchhoff laws can be applied. In the second part of this chapter we will show a general
method to treat junctions between multiple waveguides.

3.1 Modelling a uniform waveguide

In Appendix B it is shown how the input and output voltage relate to the input and output
current of a transmission line. Eq. (B.9) can be written as

VI = ZlllI + ZI2h,

V2 = Z2Ih + Z2212,

(3.1a)

(3.1b)

where
VI = V(z),
V2 = V(zo),

and
1

Zll=-jZ ,
tan [K:(zo - z)]

. 1
Z2I = - JZ . [ )] ,sm K:(zo - Z

This relation gives rise to Figure 3.1

13

II = l(z),
12 = - l(zo),

1
ZI2=-jZ ,

sin [K:(zo - z)]
. 1

Z22=-JZ .
tan [K: (zo - z)]

(3.2)

(3.3)



Figure 3.1: T-representation of a reciprocal waveguide.

where

Zll - Z12 = Zn - Z12 = jZtan (~Z) ,
1

Z12 = -jZ . ( Zfsm ;;,

We repeat the definition of the modal impedance, (Eqs. (2.32) and (2.33))

(3.4)

where

Z=~={Y

k WJ-LT-=-;;, ;;,

;;, ;;,T-=-k WE

for TE modes,

for TM modes,

(3.5)

(3.6)

Figure 3.1 shows that the waveguide can be represented by impedances. As has been
mentioned earlier, this representation is valid for every mode. Since a correct representation
of a waveguide usually consists of more than one mode, each mode has to be described in
this way. To this model the ordinary circuit theory can be applied for calculations involving
waveguides. Another correct representation is a representation in admittance parameters,
l.e. ,

II = Yll y'i + Yi2V2 ,

12 = Y21 VI + Yn V2,

(3.7a)

(3. 7b)

where

and

II = I(z),
h = I(zo),

'7 . 1lll=-)Y ,
tan [;;,(zo - z)]

y; . 7 1
21 = -)1 ,

sin [;;,(zo - z)]

VI = V(z),
V2 = - 11 (zo) ,

1
Y12 = - jY . [ )] ,sm ;;,(zo - z

1
Yn = -jY .

tan [;;,(zo - z)]

(3.8)

(3.9)

A schematic representation is given in Figure 3.2.

14



Ilz)

V[z]

Figure 3.2: V-representation of a reciprocal waveguide.

3.2 Modelling waveguide junctions

At this point we know how the equivalent voltage input and output of a uniform waveguide
relate to the equivalent current input and output. Until now we haven't mentioned how the
electric and magnetic fields behave in the vicinity of an abrupt change in the dimensions
of the waveguide, such as a junction between two waveguides of different dimensions. To
apply the circuit theory to waveguide junctions, a technique has been developed that
represents a waveguide junction in terms of impedances. In literature this is known as
the Multimode Equivalent Network Representation of a junction, [3]-[8]. Although the
basic formulation can be used to generate both admittance and impedance representations,
it has been observed that the impedance representation offers significant computational
advantages [3]. Therefore only the impedance representation will be discussed in this
section. For the following derivation, we have used [2]-[8].

3.2.1 Formulation in one dimension

We will derive an integral equation for a junction between two waveguides which differ
only in one dimension. For these junctions only TM modes or TE modes are excited due
to the geometry of the junction. Further we show that for these junctions a frequency
independent integral equation can be obtained. In Figure 3.3 a junction between two
waveguides is shown. We start by imposing the boundary conditions at the junction,

1 2

Figure 3.3: waveguide junction.

15

Figure 3.4: schematic representation.



which is located at z = 0, i.e.,

HFt=o- = HF) Iz=O+ ,

E~l)lz=o- = EF)lz=o+'

(3.10a)

(3.10b)

where the superscripts (1) and (2) refer to the large waveguide and the smaller waveguide,
and H t and E t are the tangential magnetic and tangential electric field, respectively. The
continuity of the magnetic field at the aperture is used to obtain an impedance description
of the junction. If an admittance representation is needed, the same procedure can be
followed but then the continuity of the electric field in the aperture has to be used. An
example is given in [9]. From Eq. (2.24b) we know that the tangential magnetic field can be
written as an infinite summation of orthogonal modes. Hence Eq. (3.10a) can be written
as

00 00

L 1~)h~)(s) = L 1;';)h~)(s),

m=l m=l
(3.11)

where 1m is the modal current, hm(s) is the magnetic vector mode function which can be
TM or TE, and s is an arbitrary point of the waveguide cross section. We now follow the
procedure described in [2] for obtaining an integral equation. We know that the current
on a transmission line can be represented as

(3.12)

I t is assumed that the large waveguide is excited by the fundamental mode. Therefore
for m > 1 we know that V~ is zero and thus only scattered contributions are present in
waveguide 1. For convenience it is also assumed that the fundamental mode is the only
propagating mode in waveguide 2. When we separate the fundamental mode from the
other modes we get

00 00

1(l)h(l) (s) - ~ V(l)y(l)h(l) (s) = i 2)h(2) (s) +~ V(2)y(2)h(2) (s)
1 1 L.J m m mIl L.J m m m .

m=2 m=2

Eq. (3.13) can be rewritten as

(3.13)

00 00

1(l)h(l)(S) _ 1(2)h(2)(s) = ~ V(l)y(l)h(l)(S) +~ V(2)y(2)h(2)(S)
11 11 L.Jmmm L.Jmmm'

m=2 m=2
(3.14)

where Ym is defined in Eqs. (2.32) and (2.33). From Eq. (2.26) we know that Vm can be
written in terms of the tangential electric field as

V~o) = J(zo x E) . h~o) (s')ds',

Sap
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where Sap is the surface of the aperture. We can substitute this equation in Eq. (3.14).
This results in

where

1i1)h\1)(S) - 1i2)h\2)(S) = .I (zo x E) . [G(l)(S, S') + G(2)(S, S')] ds',

Sap

00

G(<5)(s, S') = LY~)h~)(s)h~<5)(S'),

m=2

(3.16)

(3.17)

and <5 = 1,2. Since Ym depends on the frequency, the summation in the G(s, S') equation
has to be repeated for every frequency. For a frequency sweep this computation would
take a considerable amount of time. To obtain a computational gain, it is suggested in [2]
to make the kernel G(s, S') static, which in this case means linearly dependent on the
frequency. This means that k2 --+ 0 in }~. The static kernel is of the form

(3.18)
m

where 17
m is defined as

WE
for TM modes

J-k~

J-k~
for TE modes

WfJ-

(3.19)

As can be seen, 17
m is proportional or inversely proportional to w. To arrive to a frequency

independent integral equation, the term

00 00.I (zo x E)· [G~l) (s, S') + G~2) (s, S')] ds' = L 1/~1)}T~1)h~) (s) + L 1/~2)1j-~2)h~) (s), (3.20)

S m=l m=l
ap

is added to both sides of Eq. (3.11), which after a few simple manipulations results in

00 00

L (1~) + f/~1)1/~1)) h~)(s) - L (1;;) - YJ;)1/~2)) h~)(s) =
m=l m=l

00 00

L 17~1)1/~1)h~)(s) + L 1j-~2)1/~2)h~)(s). (3.21)
m=l m=l

This equation suggests the following current redefinition

J(1) = 1(1) + y(1) 1/(1)
m m m m'

](2) = 1(2) _ y(2) 1/(2)
m m m m'

17
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I(1) i(l) i(2) 1(2)
m m m m-- -- -- --

A

r V~) V(2)

r
A (2)

_y(l) -y
m m m

Figure 3.5: network interpretation of Figure 3.6: network interpretation of
Eq. (3.22a). Eq. (3.22b).

In terms of network representations, these definitions can be interpreted in the form shown
in Figures 3.5 and 3.6. With this current redefinition and with Eq. (3.15), we can write
Eq. (3.21) as

00 00

L I~)h~)(s)- L Ig)h~)(s) =
m=l m=l

(3.23)

Since this is a linear integral equation, we can write it as

00 00

L I~)h~)(s) - L Ig)h~)(s) = L· (zQ x E),
m=l m=l

(3.24)

where L is a linear operator. If we assume that L is invertible, the electric field in the
aperture can be written as

00 00

or

(ZQ x E) = L I~) (L-Ih~)(s)) - L 11~) (L-Ih~)(s)) ,
m=l m=l

(3.25)

00 00

(ZQ x E) = L nl)M~I) (s/) - L n2)M~2) (s/),
n=l n=l

(3.26)

where M n = (L -1 )hn is a complete set of independent vectorial basis functions. Since

h~l) = LMn we can write for every, and n

where, = 1 or 2. This equation is the fundamental integral equation of the problem. As
can be seen, this integral equation can be solved independently of the frequency since Ym
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depends proportional or inversely proportional to frequency and thus the frequency can be
extracted from the integral equation. To complete the network formulation, Eq. (3.26) is
substituted in Eq. (3.15) which after a few manipulations results in

(Xl (Xl

where

1/(0) = '""'" ](1) Z(O,l) _ '""'" ](2) Z(0,2)
m L n m,n L n m,n ,

n=l n=l

Z(O,,) = JM(r) (s') . h*(O) (s')ds'm,n n m .

ap

(3.28)

(3.29)

These equations give the formal solution to the waveguide junction problem of Figure 3.3
in terms of the multimode equivalent network representation (Figure 3.7). In principle this

'" (21,------------, -Y
j

==J--,------1 f-----,---{==

•• ••

Figure 3.7: multimode representation of a waveguide junction.

network is correct only if an infinite number of modes are explicitly included. However, for
engineering applications accurate results can be obtained with a limited number of modes.

In this section an extensive procedure has been given to obtain a frequency independent
integral equation. Generally, such integral equations can be obtained by adding the static
terms shown in Eq. (3.18) to both sides of Eq. (3.11) which represents the boundary
condition for the tangential magnetic field.

3.2.2 Multi-aperture formulation

The technique presented in the previous section is also presented in [3]. Also in [3] this
theory has been extended to a more general junction between waveguides in which both TE
and TM modes are excited. For such junctions, it is not possible to obtain a frequency
independent integral equation. To maintain a reduced computation time, the concept
of localized and accessible modes is introduced in [3]. This concept is used to separate
the modes which contribute to the stored energy from the modes that contribute to the
energy exchange between cascaded discontinuities. It is well known that an arbitrary
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discontinuity excites all higher modes. Most of these higher modes are well below cutoff
and can therefore be considered as localized, their main contribution is to the stored
energy. However the lower order modes, i.e., the accessible modes, are responsible for
the energy exchange. Generally, more localized modes are needed to correctly describe a
discontinuity than accessible modes. A computational gain is obtained by separating these
modes. In the one-dimensional case we did not separate the accessible from the localized
modes because it was our purpose to obtain a frequency independent integral equation.
This is readily achieved without separating the accessible from the localized modes. Since
we are interested in the junction between a waveguide and two smaller waveguides (see
Figure 3.8), we extend the theory presented in [3]. Vie start by imposing the continuity of
the tangential magnetic field at the boundary z = 0

00 00 00

L I~)h~)(s) = L I~)h~)(s) + L I~)h~)(s),
m=l m=l m=l

(3.30)

where the superscripts (1), (2) and (3) refer to region 1,2 and 3, as in Figure 3.9. Although
the waveguides in these figures differ only in one dimension, the theory is also valid for
junctions between waveguides of different dimensions. The magnetic vector mode function
h~) (s) is defined on the whole cross section, whereas h~) and h~) are only valid in region
2 or 3, respectively, and are assumed to be zero elsewhere. From Eq. (3.12) we know the
current on a transmission line. Now let N(8) denote the number of accessible modes of
waveguide 6. For m > N(l) only reflected contributions are present in waveguide 1, since
V~ is zero, whereas for waveguide 2 and 3, only transmitted contributions are present
for m > N(2) , m > N(3), respectively. We now separate the accessible from the localized
modes by writing

N(l) 00 N(2) 00

LI~)h~)(s) - L V~l)y~l)h~)(s) = LI~)h~)(s) + L
m=l m=N(l)+l m=l m=N(2)+1

N(3) 00

LI~)h~)(s)+ L V~3)y~3)h~)(s). (3.31)
m=l m=N(3)+1

~
2

c:=
3

______1
2=0

Figure 3.8: waveguide junction.
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As has been done for the one-dimensional case, static terms are added to both sides of
Eq. (3.31) to obtain a computational gain, i.e., we add

00 00 00

"" V(l) 1/-(1) h (1) (s) + "" V(2)y(2) h (2) (s) + "" V(3) 1/-(3) h (3) (s)L...J m m m L...J m m m L...J m m m .
m=1 m=1 m=1

After a few rearrangements this leads to

N(2) 00

L v~2)f/~2)h~)(s) - L 1/-~2)

m=1 m=N(2)+1

where

1(1) = 1(1) + V(1)1/-(1)
m m m m'

1(2) = 1(2) _ V(2) 1/-(2)
m m m m'

1(3) = 1(3) _ V(3) f'(3)
m m m m'

and
()

{
I for r = 1,

E ' =
-1 for r = 2,3.

A network interpretation of these equations is given in Figures 3.5 and 3.6.
relationship between the modal voltage and the tangential electric field

V~") = J(zQ x E) . h~") (s')ds'.

Sap

(3.32)

(3.34a)

(3.34b)

(3.34c)

(3.35)

We recall the

(3.36)

This equation is substituted in Eq. (3.33). Since the resulting equation is a linear integral
equation,

3 N(-r)

L(zQ x E) = L L E(') Inh~I),

1=1 n=1

a valid solution for ZQ x E is [2]

3 N(-r)

ZQ x E = L L Eb )n')M~I)(s'),
1=1 n=1

21
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where M~') = (L -] )h~'). Hence, from Eq. (3.33) we obtain the integral equation for M~')
as

(3.39)

where the subscript n = 1, ... , N(r). To conclude the network formulation, Eq. (3.38) is
substituted in Eq. (3.36), which results in

N(l) N(2j N(3j

V(b) = ~ 1(1)Z(b,l) _ ~ 1(2)z(b,2) _ ~ 1(3)z(b,3)
m ~ n m,n ~ n m,n ~ n m,n'

n=l n=] n=l

where <5 can be 1,2,3 and

Z(b,,) = f M(r) (s') . h*(b) (s')ds'm,n n m .

Sap

(3.40)

(3.41)

These equations complete the formal solution of the waveguide junction problem in terms
of the finite impedance multimode equivalent network shown in Figure 3.10.

]I:
•
•

Figure 3.10: finite multimode representation.
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3.3 Solution of the integral equation

The integral equation obtained in the previous section is not entirely frequency indepen
dent. Before we actually solve the integral equation, it is convenient to extract the fre
quency dependence from the kernel of the integral equation. The kernel of the integral
equation is

[

CXl CXl (y(1) )
K(s, Sf) = L 1/-~1)h~)(s)h~1)(S') - L 17~1) 1 - 1/-71) h~)(s)h~1)(S')+

m=1 m=N(l) +1 m

f=}~)h~)(S)h~2)(S') - f= 1/-~2) (1 <7,:) h~)(s)h~2)(S')+ (3.42)
m=1 m=N(2)+1 m

~ 17(3)h(3) (s)h*(3) (s/) _ ~ 17(3) (1 _Y~3)) h(3) (S)h*(3) (S/)]
L...J m m m L...J m 1:T (3) m m .
m=1 m=N(3)+1 m

The kernel function has three static terms and three non-static terms. In Appendix C
it is shown that, owing to the fact that the localized modes are well below cut-off, the
non-static terms can be written as

(3.43)

where Bp are modal expansion coefficients, which can be found in Appendix C and

k6 = w2
ME,

k:~~ = [~~~),,] 2 + [::;)"] 2

(3.44a)

(3.44b)

Now all of the summations involved in the computation of the kernel are static, and can
be brought outside the frequency loop. The kernel can now be written as

where

p

K(s, Sf) = K 1(s, Sf) - L(ko)2PK 2(s, s/;p),
p=1

(3.45)

CXl CXl CXl

K 1(s, Sf) = L 1~~1)h~)(s)h~1)(s') + L 1/-~2)h~)(s)h~2)(S') + L17~3)h~)(s)h~3)(S'),

m=1 m=1 m=1

(3.46)
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and

(3.47)

3.3.1 Solution of the integral equation with the Method of Mo
ments

The final form of the integral equation is obtained when the new kernel, which is presented
in Eq. (3.45), is substituted in Eq. (3.39). This results in

(3.48)

where the summation to infinity is truncated at N K ER. Now we can solve the integral
equation through the Method of Moments [10]. To do so, we first expand the function
M~r) by using the modes of the smallest two waveguides as a basis.

NFUN NFUN

M(r) (s/) = '"' o;(r)h(2) (s/) + '"' (3(r)h(3) (s/)
n ~ z,n t ~ 'l,n t ,

i=l i=l

(3.49)

where 0; and (3 are expansion coefficients that have to be determined. When we now
substitute Eq. (3.49) in Eq. (3.48) we get

(3.50)

where

(3.51)
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and

(3.52)

As testing functions we also use the modes of the smallest waveguides (Galerkin's proce
dure). Now we have

(3.53a)

(3.53b)

where Scs is the surface of the cross section. Since the modes of the small waveguides are
non-zero only in region 2 or 3, the domain of the integral reduces to the surface of the
aperture. We end up with a finite set of equations of the form

[A][x] = [B], (3.54)

in which [x] =

The matrix elements Al to A4 are given on the next page.
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3.4 Cascading waveguides

In Section 3.1 it has been shown that uniform waveguides can be represented by a T
network or a Y-network. Equivalent input and output voltages and currents which are
related to impedances or admittances can be defined. From Section 3.2 we know that a
waveguide junction can be represented by a multimode equivalent network representation.
With these two techniques it is possible to analyze a cascade of waveguide structures in
a relatively simple way. In this section it is shown how the two methods are connected.
The result is a set of equations that relate the equivalent input and output voltages to the
equivalent input and output currents.
Figure 3.11 shows a network representation of the transition between a waveguide and
two smaller waveguides. It can be seen that for the representation of an ordinary uniform
waveguide transition a Y-network has been chosen. The reason for this choice is that now
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Figure 3.11: network representation of Figure 3.8.

the admittance belonging to each mode in the multimode-equivalent network representa
tion, as in Figure 3.10, can be subtracted immediately. This new V-representation can be
transformed back to a T-network because it is more convenient to describe a cascade of
multi-ports with an impedance description. Figure 3.12 depicts a representation in two
and three-ports. It is desirable to express the input voltage VI and the output voltages V6

and 1/9 in terms of input and output currents. For a general two-port one can write

Vi = ZllIi + ZI2 Io,
Vo = Z2I I i + Z22 Io·

For a three-port similar equations can be found, i.e.,

(3.56)

ZllIi + ZI2 Iol + Z13 Io2'
Z2I I i + Z22 Iol + Z23Io3'
Z3I I i + Z32 Iol + Z33 Io3'

(3.57)

4 5 6

z(2) r+-

11 12 13

V4 V5 V6T --- z(l)
ZjuncV1 V2 V3T

-
17 Is 19

z(3)
f---

V7 VB V9T I---

Figure 3.12: schematic representation of Figure 3.11.
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After applying these equations to the appropriate ports in Figure 3.12, we find for the
input and output voltages

Zl1 I l + Z12h + Z13 I 9,

Z21 I l + Z22h + Z23 I g,

Z31 I l + Z32h + Z33 I g.

(3.58)

The impedances Zmn in this equation are of course different from the impedances used in
the equations before. A convenient way to represent these equations is to represent them
by matrices

where

[v7
] = [Z][I], (3.59)

(3.60)

It should be noted that until now only one mode has been considered for simplicity. \\Then,
for example, two input modes are present, 1"1 will exist of two equations, Vi] and 11i2 , and
consequently the Z matrix will be larger.

3.5 Scattering parameters

In the previous section, cascaded waveguides were represented by impedances. An al
ternative representation can be given in the form of a scattering matrix. The scattering
matrix provides a complete description of the network. For the following derivation, we
have used [11]. In general, the scattering matrix relates the incident and reflected wave
amplitudes, i.e.,

[b] = [S][a], (3.61)

where a is vector of the incident wave amplitudes and b the vector of the reflected wave
amplitudes and S is called the scattering matrix. These are scattering parameters that
are commonly used. Once these are known, they can be extended readily to an N-port
network. For the moment, we will consider a network consisting of two generators with
internal impedances equal to ZOI and Z02, as is shown in Figure 3.13. The generator
electromagnetic force of port 1 and port 2 is called E 1 and E 2 respectively. h is the
current flowing into port 1, 12 is the current flowing into port 2. 1"'1 and V2 are the voltages
across the ports. Now the incident wave currents, [Ii], from now on referred to as incident
currents, and incident wave voltages, [v7 ij, from now on referred to as incident voltages, are
defined as being the currents through and voltages across the two-port when the two-port
network is disconnected and each generator is terminated by its reference impedance, as
shown in Figure 3.14.
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I, 12-- --
ZO,

1 2-port
v, V2

ZQ2
Network

E, J'

Figure 3.13: a two-port network.

Ii Ii,
2

~ ~

~ ~
ZOl Vi ZOl Z02 Vi, 2

E, J' ~ ~
Figure 3.14: generator terminated with reference impedance.

\;\lith the help of this figure and Figure 3.13, we can write for the incident current

and for the incident voltage

(3.62)

[Vii = [ 0]= [ ~: ]

29
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Vvhen the two-port is restored to its original configuration, as is shown in Figure 3.15, we
can define the reflected currents and voltages.

[r] = [Ii] - [I],
[VT

] = [V] - [Vi].

So, in terms of total currents and voltages we have

(3.64a)

(3.64b)

(3.65a)

[1r ] = [ V~ ] = rV
1

- ~l] r
V2 V

2
_ E 2

2

From Eqs. (3.62), (3.63) and (3.65), we see that

(3.65b)

(3.66a)

(3.66b)

Now we define current scattering matrices and voltage scattering matrices. The relationship
between [r] and [Ii] can be written as

(3.67)

where

(3.68)

and similarly for the voltage
(3.69)

where

(3.70)

Now two different scattering matrices have been obtained, one for the current and one for
the voltage. As the incident and reflected voltages and currents are related by Eq. (3.66),
it is not necessary to consider both the incident and reflected currents and voltages, which
involves two scattering matrices. To arrive at a single scattering matrix, the term wave
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Vi Vf V11 1

Network
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If
1

Figure 3.15: network with incident and reflected waves.

amplitude is introduced. The scattering parameter relates the reflected wave amplitude to
the incident wave amplitude. The incident and reflected-wave amplitudes are defined as

an = \/~/~ = VZ;:I~,

bn = V: / vz;: = VZ;:I~.

(3.71a)

(3.71b)

In fact this wave amplitude is a normalization of the incident or reflected wave. The
advantage is that the power delivered to a port can be calculated easily. With Eq. (B.4),
it can readily be seen that at the input of the n-th port (z = 0),

(3.72a)

(3.72b)

With these equations the power delivered to the n-th port can be expressed as

(3.73)

This is also understandable from a physical point of view, ~lanl2 is the power delivered
to the input of port n and ~ Ibn 1

2 is the power reflected from port n, and hence the net
input power is ~ Ian 1

2
- ~ Ibn 1

2
. Another advantage is that this scattering matrix is always

symmetrical, which results in a decrease of computation time. In terms of total voltages
and currents, we can write

[aJ = lVi + ZOlIJ

1'
2~

(3.74)
V2+ Z02 12

2JZ02
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and

The matrix relation
[b] = [S][a],

defines the wave amplitude scattering matrix of the network, where

(3.75)

(3.76)

(3.77)

defines the wave amplitude scattering matrix of the network. It is possible to describe an
N-port by impedance parameters and also by scattering parameters as has been mentioned
in the preceding sections. Of course these representations are closely related to one another.
The conversion between the impedance and the scattering parameters will now be derived.
If we substitute

VI = ZllII + Z1212,
V2 = Z2I I I + Z2212,

in Eqs. (3.74) and (3.75) we can write

and

where Y(Jl = 1/Z0I and Y02 = 1/Z02 .

Hence, from the relationship [b] = [S][a] we can derive

(3.78)

(3.79)

(3.80)

[S] = [J~(Jl

{[
Zll
Z21

ZI2J _ [ZOI 0 J} X
Z22 0 Z02

o ] }-I [VZ"; 0]
Z02 0 JZ02'

(3.81)

When one is only interested in the reflected and incident voltages and hence only in the
voltage scattering matrix, one could skip the part of the normalization from Eq. (3.71)
and derive the scattering matrix from [lP ] = [S][V i ]. Using Eqs. (3.65) and (3.63), we get

(3.82)
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Of course this voltage scattering matrix can also be found from the general scattering
matrix by keeping in mind that incident and reflected voltage are related to an and bn as

v~ = JZOnan,
V~ = JZOnbn,

(3.83)

and thus

(3.84)

3.5.1 Calculation of transmitted power

In this section we will show that the obtained scattering parameters can be used to analyze
the planarly layered slot antenna. As has been mentioned in the introduction, a planarly
layered slot antenna usually consists of a feeding waveguide and an iris covered with a
dielectric layer. If we consider the waveguides as a two-port the S-parameters can be
defined as

bl = SUal + S12 a2,
b2 = S2l al + S22 a2,

(3.85)

where aI, bl are the incident and reflected parameters at the input port and a2, b2 are
the incident and reflected parameters at the output port, respectively, as can be seen in
Figure 3.16. Figure 3.17 gives a graphical interpretation of Eq. (3.85). Sextern represents
the reflection coefficient of the half-space region. Our goal is to obtain bl/al' this is the
reflection coefficient at the input of the feeding waveguide. In Figure 3.17 we see that

\iVhen we apply Eq. (3.86) to Eq. (3.85) we obtain

bl = SUal + Sl2 Sextern b2,
b2 = S2l al + Sn Sextern b2.

From this equation we obtain

(3.86)

(3.87)

(3.88)

II
0--->---
+ a l

-~

bl

""
(}---------

s
b,....

Figure 3.16: two-port representation.
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Figure 3.17: connection of S-parameters.

where I denotes the identity matrix. When we substitute Eq. (3.88) in Eq. (3.87) we
obtain

(3.89)

This equation gives the reflection coefficient at the input of the planarly layered slot an
tenna. We are now able to calculate the power that is radiated into the dielectric and air.
From Eqs. (3.71) and (3.73) we know that the incident power is given by

(3.90)

where ZOI is the characteristic impedance. Similarly, we can find for the reflected and
transmitted power

Ptransmitted

Preflected

1 Ib2 1

2

2 Z02

When the two-port is assumed to be lossless we can write

Pincident = Preflected + Ptransmitted·

Now we can write
1 = Pre!lected + Ptransmitted

Pincident Pincident'

_ Ib l l2 + Ptransmitted

- lall2 Pincident'

Ibl l
2

::::::} Ptransmitted = (1 - lall 2 )Pincident.

(3.91)

(3.92)

(3.93)

From this equation we conclude that we can calculate the transmitted power when the
reflection parameter at the input of the feeding waveguide is known.
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Chapter 4

Calculation of the radiated fields
half-space

•In a

So far we have considered a way to calculate the fields within a uniform waveguide. In this
chapter we consider a way to obtain the electric and magnetic fields radiated by a layered
slot antenna, which resembles the analysis in Chapter 2. We have used [12] and [13] for the
derivation of these fields. In Figure 4.1 the configuration is given for a layered slot antenna.
The slot can be seen of as a summation of magnetic dipoles on a grounded substrate. In our
analysis we will calculate the electromagnetic field radiated by a single magnetic dipole.
The total field radiated by the slot can then be found by means of superposition. For
subsequent analysis, we will use the structure presented in Figure 4.2.

air

dielectric

iris
air

feeding
waveguide

Figure 4.1: layered slot antenna.
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4.1 Spectral electromagnetic fields

Until now, Maxwell's equations were considered in a source-free environment. Since it is
our goal to find the electric and magnetic fields in the half-space radiated by an magnetic
source for a stratified structure, Maxwell's time-harmonic equations are

\7 x E = -M - jwB,

\7 x H = J + jwD,

\7. D = P,

\7. B = Pm,

(4.1a)

(4.1b)

(4.1c)

(4.1d)

where M and J are the magnetic and electric current densities, respectively. In this case
the electric current density, J, is zero. For a homogeneous and isotropic medium with
stratification along the z-direction, the magnetic flux density, B, and the electric flux
density, D, can be written as

B = f-L(z)H,
D = c(z)E,

(4.2a)

(4.2b)

where f-L(z) and c(z) are the permeability and the permittivity of the medium. To be
able to find a solution for the fields in the half-space z > 0, the so-called spatial Fourier
transformation is introduced as

00 00

E(kT , Z, w) = ./ ./ E(r, w)e jkT ' rTdxdy,

where

-00 -00

00 00

H(kT , Z, w) = ./ ./ H(r, w)e jkT ' rTdxdy,

-00-00

k T = kxx + kyY,

rT = xx + yy.

(4.3)

(4.4)

As in Chapter 2, the electric and magnetic fields can be decomposed in a transverse and
longitudinal part, i.e.,

E(kT , Z, w) = ET(kT , Z, w) + Ez(kT , Z, w)z,

H(kT , Z, w) = HT(kT , Z, w) + jt(kT , Z, w)z.

Because of the Fourier transformation the nabla operator becomes
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which is decomposed in a transverse and longitudinal part. Maxwell's equations can be
decomposed in longitudinal and transverse parts as well, i.e.,

and

-jkT X H T = jwc(z)E/i + J/i,

-jkT x ET = jWfJ..(z)itz - Mzz,

-jkT X Hzz + z x ozHT = jwc(z)ET + JT ,

-jkT X Ezz + z x ozET = -jwf-L(z)HT - ~1r.

(4.7a)

(4. 7b)

(4.8a)

(4.8b)

(4.10b)

(4.10a)

(4.11a)

(4.11b)

Now the transverse field components are expressed in components which are parallel and
orthogonal to the normalized direction k T / kT as

- .kT . ~ kT
ET = J-1!TM - J(z X -)1ITE , (4.9a)

kT kT

- . ~ kT .kT
H T = J(z X k

T
)IrM + J k

T
IrE, (4.9b)

where k T = Jk; + k~. From Eq. (4.7), the longitudinal components can be found as

E = kTIrM - Jz

z jWE(Z)

- kT 1!TE - M zH z =-----
jWf-L(z)
- -

The transverse electric and magnetic sources J T an:d M T can also be decomposed into the
parallel and orthogonal direction as

- kT - kT (~ kT - Z X kT
JT = (-. JT )- + Z X -. JT ) ,

kT kT kT kT
- kT - kT ~ kT - Z X kTM T = (- . M T ) - + (z x - . M T ) .

kT kT kT kT

Consequently, we end up with two independent systems of ordinary differential equations,
l.e. ,

(4.12a)

(4.12b)

and

(4.13a)

(4.13b)
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where

with the requirements
1m(kz ( z)) :S 0,

Re(kz(z)) 2: 0 ifIm(kz(z)) = O.

(4.14)

(4.15)

These requirements are chosen in such way that the radiated fields with e- jko behavior
decay or propagate away from the source as Izi ----. 00 for an ejwt time dependence. In
Chapter 2 we have already defined the modal impedances as

kz(z)
wc(z) ,

WJ.L(z)
kz(z) .

(4.16a)

(4.16b)

When these characteristic impedances are substituted in Eqs. (4.12) and (4.13), the fol
lowing transmission-line equations are obtained

Oz V; = - jkzZplp+ vp,

ozIp = -jkzl';V; + ip,

(4.17a)

(4.17b)

where the subscript p can be TE or TM. The voltage and current sources vp and ip are
given by

. (~ kT -) kT J/i
VTM = J Z X k

T
. M T + jwc(z) ,

. .(kT - )
ZTM = J k

T
' J T ,

and

. .(~ k T -) kTM/i
ZTE = - J Z x - . J T +. ,

kT JWJ.L(z)

.(kT - )VTE = J k
T

' MT .

Finally, the spectral electromagnetic fields can now be written as
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(4.18a)

(4.18b)

(4.19a)

(4.19b)

(4.20a)

(4.20b)



4.1.1 Solution of the spectral electromagnetic fields

In this section we will derive the spectral fields for a slot-antenna, covered by a dielectric
layer, that radiates into free-space as is shown in Figure 4.3. The slot is represented by
a magnetic dipole. To find the spectral electromagnetic fields as given by Eq. (4.20), we
have to solve Eq. (4.17). The homogenous solution to Eq. (4.17) is

(4.21a)

(4.21b)

(4.22a)

(4.22b)

where the subscript i is 1 for the dielectric region or 2 for the half-space region (air). The
wavenumber is denoted by k z . We will impose the boundary conditions at the source (the
slot) and at the transition between the two dielectric regions (dielectric-air). Continuity of
the tangential fields at the junction at z = d yields

-(1) -(2)/E -E
T Iz=d - T z=d'

-(1)1 -(2)1H -H
T z=d - T z=d'

where the superscripts (1) and (2) denote the dielectric region and the air, respectively. The
thickness of the dielectric layer is represented by d. From Eq. (4.9) we see that continuity
of the tangential electric field results in

1/(1) I = V(2) I
TAI z=d TM z=d'

V(1) I = 1/(2) I
TE z=d TE z=d'

\Nith Eq. (4.21) we can write Eq. (4.23) as

V+ e-jkz,ld + V- ejkz,ld = V+ e- jkz ,2d
TM,l TM,l TM,2 ,

V+ e- jkz ld + V- e jkz ld - V+ e-jkz 2d
TE,l ' TE,l ' - TE,2 "

(4.23a)

(4.23b)

(4.24a)

(4.24b)

where kz,l is the wavenumber in the dielectric and k z ,2 the wavenumber in the air. Note
that there are no reflected contributions in region 2 (the air) since for this region we only

air

dielectric
z

z=d

z=O y

ground plane magnetic dipole

Figure 4.3: geometry of the structure under consideration.
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have waves travelling in the positive z-direction. Eq. (4.24) can be rewritten as

V+ e-jkz,ld + V- ejkz,ld = V+ e- jkz ,2 d
p,l p,l p,2 ,

where p can be either TE or TM. Continuity of the fIT field at z = d yields

1(1) I - 1(2) I
TM z=d - TM z=d'
/(1) I - /(2) I
TE z=d - TE z=d'

which can be written as

V+· V-· V+·
---..!!.2 e- J kz,l d _ ---..!!.2 eJkz,l d = ~e - J kz,2 d
Zp,l Zp,l Zp,2 '

where we have made use of the fact that It = V/ /Zp and I; = - Vp- / Zp.

With Eqs. (4.25) and (4.27) we can express 1~~1 in terms of Vp~l' i.e,

V- = - Zp,l - Zp,2 e-2jkz,ldV +
p,l Z + Z p,l'

p,l p,2

Further, we know that at z = 0 (at the source)

MT = -z x Elz=o'
\Vhen we expand M T as in Eq. (4.11) and use Eq. (4.20) we obtain

where ~,p represents the source

(4.25)

(4.26a)

(4.26b)

(4.27)

(4.28)

(4.29)

(4.30)

.kT -
Vs,TM = J k

T
. M T , (4.31a)

Vs,TE = j (z x ~~) . MT . (4.31b)

1~~2 can now be obtained from Eqs. (4.28) and (4.27). When we assume that our magnetic
source is oriented in the y-direction we can find the spectral electromagnetic fields from
Eq. (4.20) as

(4.32a)

(4.32b)

(4.32c)
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and

(4.33a)

(4.33b)

(4.33c)

4.1.2 Fields in the spatial domain

From the previous section, the spectral fields are known. Since we are interested in the spa
tial fields (x, y, z) rather than the spectral fields (k x , ky, z), we have to transform Eqs. (4.32)
and (4.33) back to the spatial domain. We can do this via the inverse Fourier transforma
tion, i.e.,

00 00

E( ) - _1_ J JE- (k k ) -jkxx -jkyYdk dkx, Y, z - (2n)2 x, y, z e e x y'
-00 -00

(4.34)

These integrals are still hard to compute. Therefore we will switch to cylindrical coordi
nates

x = r cos cP
Y = r sin cP

dxdy = rdrdcP

Now we can write Eq. (4.34) as

kx = kT cos a,
ky = kT sin a,

dkxdky = kTdkTdoo.
(4.35)

cos(a-¢)
00 27T _----""'----.......

E(r,.f.. z) = _l_JJE(k a z)e-jkTr(cosoocoscP+sinoosincP)'k doodk,,+,, (2n)2 T, , T T·
o 0

(4.36)

The integral with the a dependence can be solved analytically. First we will write Eqs. (4.32)
and (4.33) in cylindrical coordinates as

00 27T

E = -1 J J (V cos200+ 1f, sin2a) e- j kTr cos(00- cP) k dk doox 4n2 TM TE T T ,
o 0

00 27T

Ey = 4~2 J J (lITE -lITM ) cos oosinooe- jkTr cos(oo - cP)kTdkTdoo,

o 0

00 27T

E - _1_ J J IrM cos a Z -jkTr cos(oo - cP) k2 dk d
z - 4n2 k

z
TMe T T a,

o 0
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and

00 271"

H x = 4~2 JJ(ITM - ITE ) cosasinae-jkTrcos(a - ¢)kTdkTda,

o 0

00 271"

H y = .:.~ JJ(ITM cos2 a + IrE sin2 a) e-jkTr cos(a - ¢) kTdkTda,

o 0

(4.38a)

(4.38b)

(4.38c)

This is allowed since lITM , \IrE, ITM and ITE only depend on IkTI and not kT. I'Jote th.9't
since we used a magnetic dipole oriented in the y-direction, the source terms Jz and A1z

in Eq. (4.20) are zero. With the identities found in [14]

271"Jcos(na)e-jkTrcos(a - ¢)da = (j)-n27rcos(n¢)Jn(kTr),

o
271"Jsin(na)e-jkTrcos(a - ¢)da = (j)-n27rsin(n¢)Jn(kTr),

o

(4.39a)

(4..39b)

where In(kTr) is the Bessel function of the first kind of order n, we can write the electric
field components as

00

Ex = ~: J{Jo(kTr) [VTM + lITd - cos(2¢)J2 (kTr) [1/TM - VrE] }kTdkT,
o

00

E - cos¢ JJdkTr)Z I k2 dk
z - 2 'k TM TM T T·

7r J z
o
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(4.40b)

(4.40c)



The magnetic-field components are given by
00

sin(21)) JHx = h(kTr) [1!TM - VTE ]kTdkT,
47f

o
00

Hy = ~: J{Jo(kTr) [ITM + ITE ] - cos(21))J2(kTr) [ITM - ITE ] }kTdkT'
o

(4.41a)

(4.41b)

(4.41c)

00

H - sin 1> JJ1 (kTr) v T 7 k2dk
z - 2 ok 1 TE VTE T To

7f J z
o

For subsequent application, it will be useful to express the electromagnetic fields in terms
of Hankel functions. In [14] it can be found that

H (I) (k ) H(2) (k )
In(kTr) = n Tr; n Tr, (4.42)

where H~I) and H~2) are the Hankel functions of the first and second kind of order n,
respectively. The spatial fields can be written in terms of Hankel functions as

and

00

-1 J{(I) (2)Ex = 87f [Ho (kTr) + Ho (kTr)] [VTM + VTE ]-

o

cos(21))[H~I)(kTr) + H~2)(kTr)] [VTM - VTE ] }kTdkT'

00

sin(21)) J (1) (2)Ey = [H2 (kTr) + H2 (kTr)] [1!TM - VTe] kTdkT,
87f

o

00 [(1)( ) (2)( )]
E - cos 1> JHI kTr + HI kTr Z I k2dk

z - 4 Ok TM TM T T,
7f J z

o

00

sin(21)) J (1) (2)Hx = [H2 (kTr) + H2 (kTr)] [VTM - VTe] kTdkT,
87f

o
00

-1 J{(I) (2)Hy = 87f [Ho (kTr) + Ho (kTr)] [ITM + ITE ]-

o

cos(21))[H~I)(kTr) + H~2)(kTr)] [ITM - Ire] }kTdkT,

. oo[ (1)( ) (2)( )]
H = sm1> JHI kTr + HI kTr y V: k2dk

z 4 Ok TE TE T T·
7f J z

o
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(4.44)

(4.45)

(4.46)

(4.47)

(4.48)



4.1.3 Evaluation of the integrals

In this section we will make an interpretation of the integrals presented in Eqs. (4.43) to
(4.48). The Hankel function and the wavenumber kz are so-called multiple-valued functions.
We will start this section with a brief introduction to the topic of multiple-valued functions.

We know that the complex function j(z) = z2 is single-valued for a general complex
value of z. However its inverse function, i.e., j(z) = ft, is multiple-valued. We will
explain this with an example. A general complex number z can be written as

(4.49)

where IzI is the modulus of z and eis the argument of z. When we add 21f to the argument
of z, we arrive at the same point z, i.e.,

(4.50)

since ej21f = 1.
When we now take the square root of z, we can write

(4.51)

but we can also write

(4.52)

As can be seen, there are two valid solutions for the square root of a complex number.
Since we are interested in definite answers, multiple-valued functions are highly undesirable.
Therefore standard definitions have been made for multiple-valued functions. The standard
choice for the square root definition is

with -1f < e~ 1f. (4.53)

This definition introduces a discontinuity for {zlz E JR, z < O}, because according to this
definition .j=4 = 2j whereas )-4 - oj = -2j as 0 1 O. This discontinuity is represented
as a so-called branch-cut as can be seen in Figure 4.4. The point z = 0 is called a branch
point. A point z = a is called a branch point of j(z) if there is some small enough
circle surrounding a such that when z continuously traverses the circle once, then j (z)
changes continuously with z but does not return to its original value. Another example of
a multiple-valued function is the natural logarithm, log(z).

log(z) = log(lzlej8
) = log Izi + je,

log(z) = log(lzle j (8+2mr)) = log Izi + j2n1fe.
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Re(z)

Figure 4.4: complex plane associated with the standard square root definition.

Let us now return to the integrals in Eqs. (4.43) to (4.48). In [12] it can be found that the
Hankel function is multiple-valued since it has a component that depends on the natural
logarithm log(kT ). Also the wavenumber kz is multiple-valued. From Eq. (4.14) we know
that the square of the wavenumber is well-defined. However the square root of k; has
multiple solutions. In Figures 4.5 and 4.6 the locations of the branch-points and branch
cuts is shown. As each layer has its own wavenumber kz,i, one may think that each layer

Figure 4.5: branch-point and branch-cut
of the Hankel function.

Figure 4.6: branch-points and branch
cuts of the wavenumber kz .

corresponds to a branch-point. However this is not true. It can be shown that the branch
points of kz,i are always associated with half spaces. The branch-cuts that belong to the
branch-points of the wavenumber kz,i represent the radiation modes, e.g. a continuum of
modes present in the half space carrying energy to infinity [15],[16].

4.1.4 Deformation of the integration path

Before we give the final integration path, it is important to note that the IIp and Ip terms of
the integrals in Eqs. (4.43) to (4.48) can have singularities as well. These singularities are
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called surface-wave poles. For lossless media, these surface-wave poles are located on the
real-kT axis. Surface waves along a dielectric slab are investigated in more detail in the next
section. The integration path in Eqs. (4.43) to (4.48) is defined on the real-kT axis. As we
have seen, branch-points and branch-cuts are also located on this axis. Therefore we must
slightly deform the integration path. Figure 4.7 gives an example of a possible integration
path. Since integration in the vicinity of a singularity takes longer, the integration path

Figure 4.7: integration path in the kcplane.

is slightly deformed in the vicinity of the surface-wave pole. This integration path is still
very time-consuming, hence we will show a method that decreases computation time. The
Hankel functions can be approximated for large arguments by [14]

(4.55a)

(4.55b)

The Hankel function of the first kind has an exponential decay in the upper kT-plane
whereas the Hankel function of the second kind has an exponential decay in the lower kT 

plane. From Cauchy'3 integral theorem we know that for an analytic function on a simply
connected region we have [17]

f j(z)dz = O. (4.56)

Vie speak of a simply connected region if any simple closed curve can be shrunk to a point
in the set continuously, i.e, as long as there are no singularities in a region, the closed
integral equals zero. This theorem makes it possible to close the original integration path
in an arbitrary way as long as no singularities are enclosed. For the integrals that depend
on the Hankel function of the first kind, we can close the integral as is shown in Figure 4.8.
This is a convenient path because for large arguments, exponential decay is ensured in
the upper kT-plane for H~l). For the Hankel function of the second kind, the path can be
closed as is shown in Figure 4.9. Since we cannot cross the branch-cut we have to integrate
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E E

--- .... -

I Re(kTlI

•
••

L,,

Figure 4.8: deformed integration path for
the H~l) function in the kT-plane.

Figure 4.9: deformed integration path for
the H~2) function in the kT-plane.

along it. For the Hankel function of the first kind we can now write with help of Cauchy's
integral theorem

(4.57)

From Jordan's lemma, see e.g. [17], we know that Jh(z)dz = 0 because exponential

C2
decay is guaranteed for large arguments. Consequently we have

Jh (z)dz = - Jh (z)dz.
Corig C1

(4.58)

This means that integration along the branch-cut gives the same result as the original
integration path. For the H~2) function we follow the same procedure and arrive at

Jh(z)dz = - Jh(z)dz.
Corig C4

(4.59)

Similar to Cauchy's theorem, there is also a so-called residue theorem which states that if
f(z) has a simple pole at z = a and a path C encloses this pole, then

where

f f(z)dz = 27rj~~f(z),
C

Resf(z) = lim[(z - a)f(z)],
Z->Q
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and C is described in the positive sense. The integration path shown in Figure 4.10 can
be deformed to the path shown in Figure 4.11. Since the path towards the singularity (the
surface-wave pole) is the same as the path returning from it, the relevant integrals cancel
each other out.

•
•

c''.

Figure 4.10: integration path for the H~2)

function in the kT-plane.

E

Figure 4.11: deformed integration path
for the H~2) function in the kT-plane.

With help of the residue theorem we can now write

J J
Npoles

h(z)dz = - h(z)dz - 21fj L ~~~h(Z).
)=1

Corig C4

(4.62)

(4.63)

Finally the original the original integration path, as given in Figure 4.7, can be written as

J (iJ (z) + fz(z)) dz = - Jit (z )dz - Jfz(z)dz - 27rj Hf ,I,t;~fz(z)
)=1

Corig C 1 C4

We see that it is now possible to separate the contribution of each pole from the contribu
tion of the branch-cut. We can conclude that the integral along the branch-cut is a measure
for the radiated fields in the half-space.

In this section we have shown that by deforming the original integration path it is possible
to separate the contribution of the branch-cut, i.e., the power radiated to the air, from the
contribution of the surface-wave poles, i,e., the power that is trapped in the dielectric. The
reason why we switched from the Bessel function to the Hankel function is that by doing so
we got an exponential decay for large arguments and consequently we could apply Jordan's
lemma. The Bessel function doesn't exhibit this exponential decay for large arguments.
Hence, it is not possible to separate the power radiated to the air from the power that is
lost in the surface waves when Bessel functions are used. In general, the integrals presented
in Eqs. (4.43) to (4.48) can not be evaluated in closed form. Consequently they will have
to be solved numerically. In [12] it is shown how these integrals can be solved.
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4.2 Surface waves on a grounded dielectric slab

From the previous section it is known how the fields radiated into the half space can be cal
culated. As has been mentioned earlier, the Vp and Ip terms of the integrals in Eqs. (4.43)
to (4.48) can have singularities as well. The physical interpretation of these singularities is
given in [16]. The singularities imply that a wave, after reflecting from the top and bottom
interfaces, together with a phase shift through the slab, become in phase again. This is
precisely the guidance condition for guided modes in a slab. Such a singularity is called a
surface-wave pole. Surface waves are source-free waves within the dielectric which do not
radiate into the half space and therefore contribute to power loss. Since it is our purpose
to design an antenna that radiates into the air, this power loss in the slab is undesirable.
To get some idea about the behavior of surface waves, the TM and TE surface waves in
a dielectric layer will be investigated for a slot antenna covered by a dielectric layer. For
this analysis [18] has been used.

As a first step, Maxwell's equations in a source-free environment are recalled (it is as
sumed that the waves are excited by a source far away from the observation point)

\7 x E = -jwf-LH,

\7 x H = jwcE,

\7. D = 0,

\7. B = O.

(4.64a)

(4.64b)

(4.64c)

(4.64d)

By taking the curl of Eq. (4.64a) and substituting Eq. (4.64b) in the resulting equation
we obtain

When we apply the vector identity

\7 x \7 x A = \7(\7 . A) - \72A,

we obtain

(4.65)

(4.66)

(4.67)

which is known as the Helmholtz equation. In Figure 4.12 the geometry of a grounded
dielectric slab waveguide is shown. The thickness of the dielectric is represented by d
and the relative dielectric constant by Cr' It is assumed that the wave propagates in the
positive y-direction with an e-j {3y propagation factor and that there is no variation in the
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x-direction, which means 8/8x = O. With help of Eqs. (4.64a) and (4.64b) we find

-j (8Ey 8Hy )
Hx = k~ WE 8z + (3 8x '

j (8Ey 8Hy )
Hz = k~ WE 8x - (3fu '

j ( 8Ey 8Hy )
Ex = k~ - (3 8x + WfJfu '

-j (8Ey 8Hy )
E z = k~ (3 8z + WfJ 8x .

To solve the problem, two regions are defined, i.e.,

(4.68a)

(4.68b)

(4.68c)

(4.68d)

dielectric region
free-space region

o:s: z :s: d,
d :s: z < 00.

(4.69)

Now we can solve Helmholtz equation. Because this equation can be solved for TM and
TE modes, we distinguish between these two cases.

4.2.1 TM modes

We assume that Ey(x, y, z) = ey(x, z)e- j /3y. TM modes are defined as modes where Hy = O.
Helmholtz equation for the y-direction becomes

( 82 2 2) )8z2 + Erko - (3 ey(x, z = 0,

( 82 2 2) (8z2 + ko - (3 ey x, z) = 0,

for 0 :s: z :s: d,

for d :s: z < 00,

(4.70a)

(4.70b)

where k5 = w2
fJEO. Now we can define cut-off wavenumbers for the two regions

dielectric

(4.71a)

(4.71b)

~
Ground plane

y

Figure 4.12: geometry of a grounded dielectric slab.
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where h2 has been chosen in this way in anticipation of an exponentially decaying result
for x > d. The solution of Eq. (4.70) is:

ey(x, z) = A sin kez + B cos kez,

ey(x, z) = Cehz + De-hz
,

for 0 ::; z ::; d,

for z ::; x < 00.

(4.72a)

(4.72b)

Up to this point these solutions are still valid for ke and h either real or imaginary. In this
case the boundary conditions are given by

Ey(x, y, z) = 0 at z = 0,

Ey(x, y, z) < 00 as z -----t 00,

Ey(x, y, z) continuous at z = d,

Hx(x, y, z) continuous at z = d.

(4.73a)

(4.73b)

(4.73c)

(4.73d)

Eq. (4.68) shows that Hy = Hz = Ex = O. When the first boundary condition is applied
to Eq. (4.72), B is found to be zero. The second condition implies C = O. The continuity
of Ey at z = d leads to

A sin ked = De-hd
.

To obtain the H x field we can use Eq. (4.68a), which results in

- jWcocr - jWcocr A
Hx = 2 keAcos (kez) = k cos (kez) for 0::; z ::; d,

ke e

H
x

= - jwco (-hDe- hz ) = - jWcoD e-hz for d ::; z < 00.
-h2 h

Equating Eq. (4.75a) and Eq. (4.75b) at z = d results in

Acr ) D -hd
Tcos(ked = he .

e

From Eq. (4.74) and Eq. (4.76) we find

From Eq. (4.71) it can be seen that

k~ + h2 = (cr - 1)k5.

(4.74)

(4.75a)

(4.75b)

(4.76)

(4.77)

(4.78)

Now ke and h can be solved from Eq. (4.77) and Eq. (4.78). To represent both functions
in one graph, we can multiply Eq. (4.77) and Eq. (4.78) by d and d2

, respectively, which
yields

ked tan (ked) = crhd,
(ked)2 + (hd)2 = (cr - 1)(kod)2.
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Figure 4.13: graphical solution of Eqs. (4.79).

Eq. (4.79b) describes a circle in the (ked,hd) plane. The radius of this circle is J(cr - l)kod.
In Figure 4.13 we can see a graphical representation of Eq. (4.79). The coordinates where
the lines intersect are solutions of Eq. (4.79). It is noted that only positive values for h
are valid because of the boundary conditions, whereas ke can be both positive or negative.
In this figure, it can be seen that there is always at least one mode propagating, as long as
Cr > 1, because then we have a radius larger than zero and consequently there is always
a solution. This mode is called the TMo mode and is always present. It can be seen that
as the radius of the circle becomes larger, more than one branch of the tangent function
may be intersected and thus a second TM mode exists. The tangent function is zero at
ked = mr, (n E Z), as can be seen. This means that if the radius of the circle is mr, a new
TM mode begins to propagate. This leads to the condition

n = 0,1,2,3, ... (4.80)

If we now substitute ko = 27TI Jcof-Lo, we can derive the frequency at which a TM mode
starts to propagate. This frequency is called the cut-off frequency of the TMn mode and
is given by

nco
Ie = 2dJcr- l'
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where Co is the speed of light in vacuum. At this point, ke , (3 and h are known and the
electric and magnetic fields can be found as

{
Asin (kez) e- j(3y

Ey(x,y,z) = Asin (ked) e-h(z-d)e- j(3y

{

-j(3 .
-k-Acos (kez) e-J (3y

Ez(x, y, z) = ~

fAsin (ked) e-h(z-d)e- j(3y

{

- JWCOcr A (k) -j(3y
k cos eZ e

Hx(x, y, z) = . e

-JwcoA . (k d) -h(z-d) -j(3y
h sm e e e

4.2.2 TE modes

for 0 ::::: z ::::: d
for d::::: z < 00,

for 0 ::::: z ::::: d

for d::::: z < 00,

for 0 ::::: z ::::: d

for d::::: z < 00.

(4.82a)

(4.82b)

(4.82c)

In this section we derive the TE modes for a grounded dielectric slab. TE modes are
defined here as modes where E y = O. The Helmholtz equation for the H-field is given by

V'2H + w2 j.LcH = O.

Assuming that Hy(x, y, z) = hy(x, y)e- j(3y we find

(
02 2 2) (oz2 + crko - (3 hy x, z) = 0

(
02 2 2) (oz2+ko-(3 hyx,z)=O

for 0 ::::: z ::::: d,

for d ::::: z < 00.

(4.83)

(4.84a)

(4.84b)

Similar to the solutions of the TM modes, the solutions to Eq. (4.84) are

hy(x, z) = Asin (kez) + B cos (kez) ,

hy(x, z) = Cehz + De-hz ,

In this case the boundary conditions are

for 0 ::::: z ::::: d,

for d::::: z < 00.

(4.85a)

(4.85b)

Ex(x, y, z) = 0 at z = 0, (4.86a)

Ex(x, y, z) continuous at z = d, (4.86b)

Hy(x, y, z) < 00 as z ---+ 00, (4.86c)

Hy(x, y, z) continuous at z = d. (4.86d)

From the third boundary condition we immediately see that C = O. From Eq. (4.68) Ex
can be derived. Since we know that Ex = 0 at z = 0, we find that A = O. From the fourth
boundary condition we obtain

(4.87)
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and the third condition tells us that

(4.88)

From these two equations we derive

(4.89)

From Eq. (4.71) we know that k~ + h2 = (cr - 1)k5. So these two equations must be
solved simultaneously for the variables kc and h. A graphical representation is given in
Figure 4.14. In this figure it can be seen that it is possible to obtain solutions for negative
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Figure 4.14: graphical solution.

h. Since we know that negative values of h have to be excluded, we see that the first
TE mode does not start to propagate until the circle intersects a branch of the cotangent
function. This means that the radius of the circle must be larger than 7r /2. The cutoff
frequency of a TEn - 1 mode can then be found as

Ie = (2n - l)c
4dJcr - 1
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Now the constants ke , j3 and h are known, the field expressions can be written as

{
Bcos (kez) e- j(3y

Hy(x, y, z) = B cos (ked) e-h(z-d)e- j(3y

{

~B sin (kez) e- j(3y
Hz(x,y,z) = e.

- J j3 B (k d) -h(z-d) -j(3yh cos e . e e

{

-JW/-l°B . (k ) -j(3ysm eZ e
Ex(x, y, z) = . ke

JW:o B cos (ked) e-h(z-d)e- j(3y

4.3 Power in surface wave modes

for 0 ::; z ::; d
for d ::; z < 00,

for 0 ::; z ::; d

for d ::; z < 00,

for 0 :::; z ::; d

for d ::; z < 00.

(4.91a)

(4.91b)

(4.91c)

Since we are interested in the design of an antenna with a dielectric slab, it is interesting
to investigate the power that is lost in the surface wave modes. With the theory presented
in Section 4.1 it is possible to calculate the power radiated to air separate from the power
in the surface waves. In Figure 4.15 the normalized power of the surface wave modes for
a substrate with Cr = 8 is given. The thickness of the dielectric is expressed in dielectric
wavelength, Ad = ~' The power is normalized with respect to a slot radiating into free
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Figure 4.15: normalized surface wave power for a dielectric slab with Cr = 8.

space. As expected, the TMo mode is always present, regardless of thickness of the dielec
tric. The first TE mode (TEo) starts propagating at approximately 0.27Ad. Note that the
TE modes rise much quicker than the TM modes. Further, it can be seen that the TM
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Figure 4.16: normalized surface wave
power for a dielectric slab with Er = 4.

Figure 4.17: normalized surface wave
power for a dielectric slab with Er = 2.

modes (especially TMo) contain a substantial amount of power. The same plot has been
made for a dielectric slab with Er = 4 and Er = 2. The results are shown in Figure 4.16
and Figure 4.17, respectively.
As can be seen, the power contained in the surface wave modes decreases as Er decreases.
The amount of power in a dielectric with Er = 8 is substantially larger than the power in
a dielectric with Er = 2. This can be a reason to choose a dielectric with a lower Er in
favor of a dielectric with a higher relative dielectric constant. Further it can be seen that
as Er decreases, also the number of modes that is present in the slab decreases. This can
be understood by taking a look at Eqs. (4.81) and (4.90). When Er decreases, the cut-off
dielectric thickness increases which means fewer modes in a particular dielectric slab. Our
results for the dielectric layer with Er = 4 are the same l as in [19]. Due to numerical prob
lems, the power radiated to air for a dielectric slab with Er = 2 is truncated at a thickness
of approximately 0.75Ad'

Now that we have seen how the power is divided over the modes in the slab, it is in
teresting to see how the power is radiated into the slab.
In Figures 4.18 and 4.19 the real part of the Poynting vector's radial component for the
TMo mode has been plotted at ¢ = 900

, g = 00
- 90 0 and at g = 90 0

, ¢ = 00
- 90 0

,

respectively. The Poynting vector is defined as

1
S = - Re {E x H*} .

2
(4.92)

1In fact our results differ by a factor 4. This is a result from the normalization we have made. In [19J, the
powers are normalized to an infinitesimal magnetic dipole of strength M radiating in free-space. We have
normalized to an infinitesimal magnetic dipole of strength 2M since the equivalent of a magnetic dipole
placed on a grounded substrate is a magnetic dipole of strength 2M radiating in free-space. Consequently
the radiated power by this dipole is 4 times as large.
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Figure 4.19: real part of the Poynting
vector for the TMo mode at e= 900

, ¢ =
00

- 3600
, r = 40mm.

From Figure 4.18 it can be concluded that for e= 90 0 the Poynting vector is at its max
imum. This is also understandable when we take a look at Eq. (4.82). With Eq. (4.92),
we can obtain the Poynting vector of Eq. (4.82). We see that this Poynting vector has a
cos2 (kcz) dependence. This function has its maximum when its argument is zero, or in this
case z = O. This is at the ground plane of the slab (i.e. e= 90 0

). In Figure 4.19 a scan
is made at e= 90 0 over the entire ground plane, ¢ = 00

- 3600
• From this picture it can

be seen that the peak power is radiated perpendicular to the slot (¢ = 90 0 ,2700
). Almost

no power is radiated parallel to the slot (¢ = 00
, 1800

). In Figure 4.20 and Figure 4.21 the
direction in which the power of the second TM mode (TMd is radiated has been examined.
In Figure 4.20 it can be seen that a second maximum occurs. Figure 4.21 shows that, at
r = 40mm, two maxima occur at e= 81° and e= 90 0

• As can be seen, the power is equally
spread over the two maxima. Also the other TM modes were examined. It appeared that
the number of maxima increased with one with each new TM mode. So apparently the
number of maxima is the suffix of the mode + 1.

Similar plots were made for TE modes. The results are shown in Figure 4.22 and Fig
ure 4.23. Figure 4.22 shows the real part of the Poynting vector of the TEo mode when
¢ = 00 and e= 00

- 90 0
• This time, the maximum of the power is not directed along the

ground plane, but at e= 830 (when r = 40 mm). This can be explained by taking a look
at Eq. (4.91). As can be seen, the Poynting vector has now a sin2 (kcz) dependance. The
sine has its maximum when its argument is 1r /2, so z > O. This means that their is not
a maximum at e = 90 0 because e = 90 0 corresponds to z = O. In Figure 4.23 the polar
plot is given for e= 830 and ¢ = 00

- 3600
• In this picture it can be seen that the peak

power is now directed parallel to the slot while the TM power was oriented perpendicular
to the slot. For the TEl mode a second maximum occurs, just as in case of the T~vh mode.
The angle at which the maximum occurs is of course not always 830

• It depends on the
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Figure 4.20: real part of the Poynting
vector for the TM1 mode at ¢ = 90°, e=
0° - 90°, r = 40mm.

Figure 4.21: real part of the Poynt
ing vector for the TM1 mode at e =
810, 90°, ¢ = 0° - 360°, r = 40mm.

argument of the sine function. So for each thickness, this angle will be different. Only for
the TM case it can be predicted that there is always a maximum at e= 90°. We end this
analysis with the conclusion that TM modes are excited perpendicular (¢ = 90°) to the slot
while TE modes are directed parallel (¢ = 0°) to the slot as summarized in Figure 4.26.

45

30

'50
'95:--~,80'----;,65

6

'j •••• :. • 120

210

225

315

240

Poynting T~, ¢=O0

345 0 15

Figure 4.22: real part of the Poynting
vector for the TEo mode at ¢ = 0°, e=
0° - 90°.

Figure 4.23: real part of the Poynting
vector for the TEo mode at e= 83°, ¢ =
0° - 360°.

58



Poynting TE" l!l=Oo

345 0 15

90

105

. 75

45

30

180•

Poynting, {)::79°,86°

o 15

270

60

45

......

30

180
()

195

210

330

315

300

270

Figure 4.24: real part of the Poynting
vector for the TEl mode at ¢ = 0°, e =
0° - 90°.

Figure 4.25: real part of the Poynt
ing vector for the TEl mode at e =
79°,86°, ¢ = 0° - 360°.

~E

~M TM

~
TE XL

Y

Figure 4.26: power maxima for TM and TE modes.

59



Chapter 5

Numerical results

With the theory presented in Chapters 2 to 4, we are able to calculate the electromagnetic
field radiated by a slot antenna covered by a dielectric layer. In Chapter 4 we analyzed the
behavior of surface waves. In this chapter we will further investigate the electromagnetic
behavior of layered antennas and we will show that the efficiency increases by placing two
slots broadside to each other as is proposed in [19]. In Chapter 3, a theory to analyze multi
aperture junctions has been presented. In the first part of this chapter we will validate this
theory. Finally, we will show an optimal design for a single-slot and a twin-slot layered
antenna. Before we actually do so, we will first show a limitation of the waveguide circuit
model presented in Chapter 3.

5.1 Limitations of the uniform waveguide circuit model

In general, a layered slot antenna consists of a feeding waveguide and an iris, covered by
a dielectric of a certain thickness as in Figure 5.1. The iris is in fact a small waveguide
that is used for impedance matching. We can represent the uniform waveguides and the

air

~
iris

dielectric
------=--::J

feeding
waveguide

Figure 5.1: layered slot antenna.

12 1311, I. 15-- Zll) -+---+-

ZjuncV, T V2 V3 V. Vs_ ..- --

Figure 5.2: two-port representation of
the feeding waveguide and the iris.

waveguide junction as a set of impedances. Figure 5.2 gives a two-port representation. The
feeding waveguide is represented by ZP) and the iris by Z?). The junction between the

61



two waveguides is represented by Zjunc' In Chapter 3 we have presented a network model
for a uniform waveguide. In this section we will validate this model. From Eq. (3.3) we
know that a uniform waveguide can be described as

[
Vi ] = - j Z [ cos[K: (zo - z)] 1 ] [ h ] (5.1)
172 sin[K:(zo - z)] 1 cos[K:(zo - z)] 12 '

Note that Zo - Z is in fact the length of the waveguide. It is interesting to find those lengths
for which one of the eigenvalues is close to zero. If this is the case, the matrix is said to be
poorly conditioned. The eigenvalues of these equations are

?- = .Z (1 -cos (K:l) )
1 J . (l) ,sm K:

?-2 = -jZ (1 ~COS(K:l)).
sm(K:!)

From Eq. (5.2) we see that when K:l ---7 0,

(5.2a)

(5.2b)

(5.3a)

(5.3b)

The second eigenvalue, ?-2, can also become zero. For this we let K:l ---7 7f. This results in

Apparently, whenever
n = 0,1,2, ... ,

(5.4a)

(5.4b)

(5.5)

we have an eigenvalue close to zero. Since K: = 27f / ?-g, we can find the corresponding
waveguide length, l, as

n = 0,1,2, ... , (5.6)

where ?-g is the wavelength in the waveguide. In Figure 5.3 the condition number is plotted
as a function of the waveguide length l. The condition number is defined as the ratio of
the largest to the smallest eigenvalue. This plot shows that waveguide lengths l close to
0.5?-g are likely to give numerical problems and should therefore be avoided.
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Figure 5.3: condition number of Eq. 5.2 as a function of the waveguide length l expressed
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5.2 Two waveguides in one unit cell

In [19] it is proposed to place two slots broadside to each other to reduce the effect of the
TMo mode. An example of broadside spaced slots is given in Figure 5.5. Before we actually
analyze such a structure we have to be able to simulate a structure with multiple apertures.
In Section 3.2 a technique to analyze junctions between multi apertures has been presented.
In this section we will analyze a junction between one large waveguide and two smaller
ones. First we have simulated an ordinary junction between two centered waveguides as in
Figure 5.4. Next we simulated a structure with two waveguides of equal size in one unit
cell, fed with the same amplitude but with a 1800 phase difference. From image theory we

0-- 0 -------.

Figure 5.4: junction between two cen
tered waveguides. a = b = 15mm,
c = d = 13mm.

i[_c_
20

Figure 5.5: junction between a large
waveguide and two smaller ones, fed with
same amplitude but a 1800 phase differ
ence.

know that the electromagnetic behavior is the same for these two structures. Figure 5.6

63



-10.-----.-------,------r-----r------r--,---..,------,------,---------,

dala: feeding: 13mm x 13 mm x 10 mm
simulator : 30mm x 15 mm x 10 mm

-15
original

-20

-25

-30

two feeding waveguides

-35 '----__-'---_---'----_---"-_----L_--'-__'----_-'--_---'----_---'---_-----l
12 1.22 124 126 1.28 1.3 132 134 1.36 1.38 1.4

xl0 10

Figure 5.6: reflection parameter as a function of the frequency.

shows the reflection parameter as a function of the frequency. In this figure we see that
the reflection coefficient for the multi-aperture junction is almost the same as the reflection
coefficient of the ordinary junction. The feeding waveguide in the multi-aperture situation
is two times as large as in the ordinary situation. When we now increase the number of
kernel functions, N K ER, and the number of accessible modes, N ACC, for the double
junction we have observed that the result converges to the original junction.

5.3 Layered slot analysis

In this section we will further investigate the electromagnetic behavior for the layered
slot antenna as presented in Chapter 4. Next, a design is made of a single-slot antenna.
Secondly, we will analyze the effect of placing two slots broadside to each other, as is
proposed in [19]. A design for the twin-slot antenna will also be presented. First we will
show how the power radiated by the slot is calculated. Figure 5.7 and Figure 5.8 represent
a slot antenna, covered with a dielectric layer. The power radiated by the slot is obtained
by calculating the Poynting vector at a distance r. The Poynting vector is defined as the
power density radiated by the antenna

S(r, e, cjY) = ~Re[E(r, e, cjY) x H*(r, e, cjY)].
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The radiated power can then be calculated as

P rad = JJS(r, e, ¢) . u r r2 sin eded¢.
(J 1>

(5.8)

Since the configuration is symmetric, the power is symmetrically spread in the dielectric
and the air. Consequently we only have to integrate 1/8 part of a sphere and multiply the
result by four.

". ".

"2 "2

P rad = 4 JJS(r,e,¢)' u r r2 sineded¢.
o 0

(5.9)

Ground plane
y

t
d
t

8
z

/10 £,

x

Figure 5.7: slot structure in 3D. Figure 5.8: slot structure in y-z plane.

5.3.1 Single-slot analysis

In Chapter 4 we analyzed the surface wave power and the power radiated to air, for a
single slot antenna, as a function of the thickness of the dielectric. To determine the
optimal thickness of the dielectric, the efficiency of a layered slot antenna is calculated.
We define the efficiency as

Pair
'T7=, (5.10)

P sw + Pair

where Pair is the power that is radiated to the air and P sw is the power contained in the
surface wave. Figure 5.9 shows the efficiencies of layered slot antennas with a relative
dielectric constant Cr of 2, 4 and 8, respectively. In this figure we see that the efficiency
peaks at approximately 0.25Ad when Cr = 4,8. The efficiency for a substrate with Cr = 2,
has no real peaks. In Chapter 3 we saw that, when Cr = 2, maximum power was radiated
to air when the substrate was approximately 0.3Ad thick. We will use this thickness as an
optimum when a relative dielectric constant of 2 is used.
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Figure 5.9: efficiency of a single slot as a function of substrate thickness.

Usually antennas are used in a certain frequency range. It is therefore interesting to study
the behavior of the antenna as a function of frequency. Since the efficiency is maximal at a
thickness of 0.25Ad, or 0.3Ad' we will focus on the antenna's behavior close to this peak. It
is convenient to introduce a normalized frequency, in, which is chosen in such way that the
frequency will have a value of one when the substrate is 0.25Ad thick. In Figure 5.10 the
normalized power as a function of the normalized frequency is shown. \iVe observe that the
TM and TE surface wave power are smooth functions, whereas the power radiated to air
shows a sharp bend. As the cutoff frequency of the TEo mode is approached, a plane wave
component nearly parallel to the interface is excited and thus less power is radiated into the
air, resulting in the sharp bend. In Figure 5.11 it is shown that the efficiency is constant
in a broad frequency range. We conclude that a thickness of 0.25Ad is a wise choice since
at this thickness the power radiated to air is maximum and the efficiency remains more or
less constant over a wide frequency range. Similar plots have been made for a dielectric
layer with relative dielectric constant t r = 2,8. In Figure 5.11 we see that for a substrate
wit a relative dielectric constant of 2 the efficiency remains high in a wide frequency range.
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fo is the frequency at which the substrate
is 0.25Ad thick, Cr = 4.

Figure 5.11: efficiency of a single slot as
a function of normalized frequency fn.

5.3.2 Single-slot design

In this section we will show a design of a single-slot antenna. In the analysis so far we
used an infinitesimal small magnetic dipole as radiating element. In practice, a layered
antenna consists of a feeding waveguide, an iris and a dielectric layer. In such a design it
is possible that power reflects back into the feeding waveguide. From the analysis so far
we know that a relative dielectric constant of 2 is the best choice. Further, for this relative
dielectric constant a substrate thickness of 0.3Ad is the best choice since at this thickness
maximal power is transferred to the air. Vie tried to find an optimal design based on
minimal reflection. In Figure 5.12 the reflection coefficient as a function of the frequency
is shown for two designs. We used the following dimensions

feeding waveguide: 14.3451 mm x 14.3451 mm x 10 mm,
the iris : 9.6624 mm x 4.8213 mm x 0.1 mm,
thickness die!. 3 mm and 6.36 mm,
Cr : 2.
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Figure 5.12: reflection parameter of a single-slot antenna.

In Figure 5.12 we see that the design with a substrate thickness of 3 mm (0.14Ad) is the best.
From the analysis so far we expected that the design of 6.36 mm (0.3Ad) would be better but
apparently much power is reflected back into the feeding waveguide. The bandwidth of an
antenna denotes the operating range of the antenna with respect to the resonance frequency.
It is determined by subtracting the frequency points where the reflection coefficient is -10
dB and divide them by the resonance frequency. From Figure 5.12 we see that at -10
dB, the bandwidth is 13.4% whereas at -15 dB the bandwidth is 7.1% when a substrate
thickness of 3 mm is used. At a frequency of 10 GHz the reflection coefficient is -31.28 dB.
We can now calculate the transmitted power with Eq. (3.93) as

Ptrans = (1 - 7.44.10-4
) / (2 * 395.33) = 1.26 mW.

When we calculated the transmitted power with Eq. (5.8) we obtained Ptrans = 1.27 m~V.

When we increased the accuracy of the calculation we observed that the power converged
to 1.26 mW, but we noticed an increase in computation time. At this thickness 42% of the
transmitted power was radiated into the slab as could be expected from Figure 4.17. At
a thickness of 6.36 mm. (0.3Ad) we observed that much power was reflected back into the
feeding waveguide. The transmitted power at this thickness is 1.17 mW. 53% of this power
is contained in the slab. Further we observed that the design at 3 mm was very sensitive
to a change in dimensions of the iris and feeding waveguide. The design at 6.36 mm was
more robust but suffered more from reflection loss.
To analyze the directivity of the designed antenna, we have calculated the directivity, which
is shown in Figure 5.13. At r:P = 0° most of the power is radiated into the air, whereas for
r:P = 90 0 most of the power is concentrated near the slab. Note the abrupt change in the
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Figure 5.13: directivity of the single slot
design.

Figure 5.14: real part of the Poynting
vector at e= 90°, ¢ = 0° - 360°.

radial component of the Poynting vector at e= 86°. Since we have used an observation
distance of r = 40mm, e= 86° corresponds to the air/dielectric interface. We know that
the tangential electric and magnetic fields have to be continuous at the junction between
air and the dielectric. For the normal components we know

and consequently

D 1 . ft = Dz . ft,

E
A CZ

E
A

l' n = - Z· n.
C1

(5.11)

(5.12)

Since the relative dielectric constant of the dielectric region is different from the one for
air, a jump occurs in the electric field normal to the junction, which results in a jump of
the radial component of the Poynting vector.

5.3.3 Twin-slot analysis

In Chapter 4 we have analyzed the behavior of electromagnetic fields in a planarly layered
structure. We saw that layered antennas always suffer from power loss due to surface
waves. A substantial part of this power loss is contained in TMo mode. This mode is
always present in a layered structure. As we know from Chapter 4, the power radiated
to air has a maximum when the dielectric layer is approximately 0.25Ad or 0.3Ad thick,
depending on the Cr of the substrate. At this thickness, the only mode that is present is
the TMo mode. Unfortunately, at this thickness, the power loss in the TMo mode is also
at a maximum. In [19] it suggested to place two slots broadside to each other to minimize
the power loss in the slab. Although only the peak power of the TMo mode is cancelled
entirely, it is expected that the overall power loss reduces.

In this section we will show that the power loss in the TMo mode is reduced consider
ably when two equally fed slots, covered by a 0.25Ad or 0.3Ad thick dielectric layer, are
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placed broadside to each other. To determine the element spacing that minimizes the
power in the TMo mode, a simulation of the power for a twin-slot structure as a function
of the element spacing has been performed. Figure 5.15 shows the power radiated to air
and the power in the TMo mode of a twin slot antenna as a function of the separation
of the slots expressed in free space wavelengths. The thickness of the dielectric is 0.25Ad
and Cr = 4. As can be seen, the power of the surface wave is at a minimum when the slot
separation is about 0.4Ao, where AO is the free space wavelength. With this data, it is pos-
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Figure 5.15: power in the TMo mode as a function of element separation in AO'

sible to calculate the efficiency as defined in Eq. (5.10). Figure 5.16 shows the efficiencies
for layered slot antennas with different Cr' Note that for a substrate with Cr = 2 we have
chosen a thickness of 0.3Ad since at this thickness, maximum power is radiated into the
air. In this figure we see that the optimal element spacing increases with decreasing Cr'

Further we see that the efficiency is maximal for a layer with a relative dielectric constant
of 2. It is interesting to investigate the power distribution of the TMo mode at the ground
plane, (e = 90°)' when two slots are placed broadside to each other. Figures 5.17 to 5.23
show that the power distribution of the TMo mode varies as the element spacing increases.

As can be seen from these figures, the power distribution in the slab changes when the
element spacing is changed. Note that Poynting vector is at a minimum when the element
spacing is about O.4AO' At this distance, no power is radiated in the direction broadside to
the slot. The fields radiated by both slots in the e= 90°, <p = 90° direction are exactly in
opposite phase. Four power peaks are present but their amplitudes are low. Figure 5.24
shows a polar plot of the TMo mode for single and twin slots. The strength of each of the
twin slots is 0.5 whereas the strength of the single element is 1. This plot clearly shows
that radiation into the TMo mode is significantly reduced when phased twin slots are used.
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5.3.4 Robustness

Now we have seen that the performance of the antenna is improved by placing two slots
broadside to each other, it is interesting to examine the antennas behavior in a certain
frequency range. It is important to know whether the antenna can be used in a wide
frequency band or is limited to a certain frequency range. Figures 5.25 to 5.27 show the
normalized power of a twin-slot structure as a function of the normalized frequency fn,
where fn = f / fa. Further, fa is the frequency where the thickness of the substrate is 0.3>'d
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when [r = 2 and 0.25>'d when [r = 4 or 8. Figure 5.28 shows the efficiency as a function of
normalized frequency for [r = 2,4 and 8. From this picture we conclude that [r = 2 seems
the better choice since the efficiency remains high over a wide bandwidth. The TMo mode
remains constant over a broad frequency range as can be seen in Figure 5.25. In Figure 5.27
we see that the TMo and TEo mode for a substrate with [r = 8 contain a substantial amount
of power and therefore the efficiency is very low in the region l.1fn -1.4fn . Note that the
results obtained here differ from the results found in [19]. Since we have no reason to
mistrust our results we present them here as being correct.
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Figure 5.26: normalized power as a func
tion of normalized frequency for a twin
slot structure, Cr = 4, spacing is 0.4'\0.

5.3.5 Thicker substrates

When high frequencies are required, a quarter wavelength thick substrate may be too thin
to handle easily. In such cases, it would be convenient to use a thicker substrate. In
Chapter 4 we have seen that the power radiated to air also peaks at a substrate thickness
of approximately 0.78'\d. In Figure 5.29 the surface wave power distribution is shown as
a function of the element spacing for a 0.78'\d thick substrate with a relative dielectric
constant of 8. Figure 5.30 shows the power radiated to air and the total power contained
in the surface waves. These simulations are were also performed for a substrate with Cr = 4
as can be seen in Figures 5.31 and 5.32.
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Figure 5.29 clearly shows that only the TMo and TM1 mode benefit from a change in
element separation, the TEo mode remains more or less constant. We can explain this
with help of Chapter 4, where we saw that TE modes are directed parallel to the slot,
whereas TM modes are directed perpendicular to the slot and thus only TM modes are
sensitive for a change in element separation of broadside placed elements. In Figure 5.30
we see that the surface wave power has a minimum when the element spacing is about
0.20Ao. The results for a substrate with Cr = 4 are essentially the same. Figure 5.33 shows
the efficiency as a function of the element spacing for the two substrates. From this figure
we conclude that also a 0.78Ad thick substrate benefits from the twin-slot configuration
although the efficiency is not as high as for an 0.25Ad thick substrate. The TMo and TM1

mode are responsible for most of the power loss. The use of a twin-slot configuration will
allow the cancellation of at most one TM mode at a particular element separation. Even
though the TMo mode may be cancelled, there will still be a substantial amount of power
in the remaining two modes. Consequently the efficiency of a 0.78Ad thick substrate is
lower than the efficiency of a 0.25Ad thick substrate. As can be seen in Figure 5.33, the
optimum element spacing for a 0.78Ad thick substrate with Cr = 8 is approximately 0.21Ao
whereas the optimum spacing for a substrate with Er = 4 is 0.3Ao.

5.3.6 Twin-slot design

So far we have shown that it is possible to reduce the power contained in the slab by
placing two slots broadside to each other. Since no power could reflect back, the efficiency
increased. As we did for the single slot, we will also make a twin-slot design. As each ap
plication has its own specifications, it is hard to design an 'allround' antenna. Sometimes
a large bandwidth is needed whereas in other cases a low reflection coefficient is needed.
Therefore our design does not necessarily have to be an optimal design. Figure 5.34 shows
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the reflection coefficient of the twin-slot design as a function of the frequency. We used the
following dimensions

feeding waveguide:
IrIS:

element spacing:
Cr:

thickness die!.:

16 mm x 16 mm x 10 mm,
8.5 mm x 4 mm x 0.1 mm,
9.5 mm (0.424Ao),
2,
4.9 mm (0.31Ad).
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Note that this time the thickness of the dielectric is 0.31Ad, just as we expected from the
analysis performed in Chapter 4. The optimal spacing of the elements is approximately
0.48Ao as can be seen in Figure 5.16. We used an element spacing of 0.42Ao since then
less power was reflected into the feeding waveguide. The antenna resonates at 13.4 GHz as
can be seen in Figure 5.34. At this frequency the reflection coefficient, Su, is -35 dB. The
transmitted power can be calculated with Eq. (3.93) =? Ptrans = 0.9997/(2 * 306.669) =
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1.63 mW. We can also calculate the transmitted power with Eq. (5.8). With this equation
we obtained Ptrans = 1.65mVV. When we increased the accuracy of the calculations, Ptrans

converged to 1.63 mW. The -10 dB bandwidth, B-10dB , is 25%, whereas the -15 dB
bandwidth, B- 15dB , is 13.8%. Note that the -10 dB bandwidth obtained in the single slot
design was 13.4% whereas the -15 dB bandwidth was 7.1 %. It is interesting to calculate the
power contained in the TMo mode as well as the power radiated into the air. In Table 5.1
we see that much power is radiated into the air in the frequency range 11.75 GHz-15.1 GHz
(-10 dB points). This table clearly shows the effect of placing two slots broadside to each
other.

freq in slab in air

11.75 GHz 20.3% 79.7%

13.4 GHz 11.9% 88.1%

15.1 GHz 11.3% 88.7%

Table 5.1: amount of power in slab and air

To analyze the behavior of the twin-slot antenna, we have calculated the directivity, as
shown in Figure 5.35. We observe that the directivity has improved compared with the

Poynting "KIm as • function or Il
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j 0.3

g' 0.25

i.
&. 0.2

Figure 5.35: directivity twin-slot design.

270

Figure 5.36: real part of the Poynting
vector at e= 90°, ¢ = 0° - 360°.

directivity of the single-slot design (Figure 5.13). At ¢ = 90° most power is radiated into
the air, whereas for the single-slot design, most power was concentrated near the slab.
Note that still much power is lost at ¢ = 30°. This is due to the fact that the twin-slot
antenna is designed to cancel the TMo mode, which has his maximum at ¢ = 90°. As can
be seen, the maximum is canceled effectively but from Figure 5.36, we observe that the
influence of the TMo mode is still present at ¢ = 30°.
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Chapter 6

Conclusions and recommendations

We have analyzed and designed a planarly layered antenna. In the first part of this thesis
(Chapter 2 and 3), we observed that uniform waveguides and waveguide junctions can
be represented by impedance matrices. In Chapter 4 we have shown that surface waves
contribute considerably to power loss in planarly layered antennas. In particular, we have
observed that the power radiated to air peaks at substrate thicknesses that correspond to
odd multiples of approximately O.25Ad or O.3Ad for substrates with a relative dielectric con
stant of 8 or 4, or 2, respectively. At a substrate thickness of O.25Ad or O.3Ad, much power
is lost in the TMo mode. Further, we observed that this TMo mode is excited broadside
to the element. Since an antenna is usually used in a certain frequency range, we ana
lyzed the efficiency of the antenna as a function of the normalized frequency in Chapter 5.
We observed that the efficiency remained constant over a wide frequency range. Hence,
a substrate thickness of O.25Ad or O.3Ad is a proper choice. Further, we concluded that a
dielectric layer with a low relative dielectric constant is to be preferred since for such layer
the power contained in the surface waves is low with respect to the power contained in the
surface waves for a layer with a high relative dielectric constant. For the single-slot design
we concluded that at a thickness of O.3Ad much power was reflected back into the feeding
waveguide. In a second design we have changed the thickness of the layer. However, this
time about 42% of the transmitted power was lost in the slab.

To reduce the amount of power delivered to the TMo mode for a slot antenna covered
with a O.25Ad or O.3Ad thick layer, we placed two slots, with the same phase, broadside
to each other. To obtain the optimal slot spacing for which the power contained in the
TMo mode is minimal, we simulated the power contained in the TMo mode as a function
of the spacing between the slots. We observed that the amount of power delivered to the
TMo mode reduced considerably when the slot spacing was about ATMo/2. For this reason,
the efficiency of the twin-slot antenna with proper element spacing increased with respect
to the efficiency of a single-slot antenna. Since antennas are usually used in a limited
frequency range, we analyzed the efficiency of the antenna as a function of the normalized
frequency. From this analysis we concluded that a substrate with a relative dielectric con
stant of 2 was the best choice, since the power contained in the TMo was low in a wide
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frequency range and hence the efficiency remained high.

At high frequencies, a 0.25Ad thick substrate may be too thin to handle easily. There
fore we also analyzed an antenna with a substrate thickness of 0.78Ad' We observed that,
with proper spacing, the efficiency improved although the improvement was not as high
as for a substrate thickness of 0.25Ad' The use of a twin-slot configuration allowed the
cancellation of at most one TM mode at a particular element separation. The power con
tained in the other modes remained high and consequently the efficiency was lower. From
the twin-slot design we observed that the bandwidth of the antenna increased almost by
a factor of 2 with respect to the bandwidth of the single-slot design. Further, we observed
that the power contained in the TMo mode reduced considerably.

For future purposes it is interesting to investigate if the power contained in the TMo mode
is still reduced in an array of twin-slot antennas. To increase the efficiency even more, it is
worthwhile to try to cancel the TEo mode as well. This may be achieved by placing four
slots in a unit cell in a 2x2 way. The broadside spaced (let us assume x-spaced) elements
cancel the TMo mode whereas the TEo is cancelled by the v-spaced elements. To increase
the scanning abilities of an array, more elements are needed in a unit cell. It is interesting
to investigate what happens to the TMo mode when 4 or 6 elements are placed in one line
in a unit cell. For some purposes it is useful to use cylindrical feeding waveguides instead of
rectangular waveguides. It is interesting to investigate if it is possible to cancel the surface
waves in a similar way as has been done for rectangular waveguides. For some applications
an analysis of the directivity or gain of the twin-slot antenna could be useful.

As far as the program of TNO is concerned, it would be convenient if the calculation
time of the field pattern subroutine could be reduced. Further, we experienced numerical
problems when low-valued relative dielectric constants were used. It is worthwhile to pay
attention to these errors. A user-friendly interface in which it is possible to adjust a variety
of parameters would be a welcome addition to the program.
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Appendix A

Evaluation of the Helmholtz equation

In this appendix the Helmholtz equation will be solved for rectangular waveguides. The
Helmholtz equation is given by

V;~i+k~i~i=O. (A.l)

This equation will be solved for rectangular waveguides by using the method of separation
of variables. We assume that ~i can be written as

~i = X(x)Y(y).

Substitution of this equation in Eq. (A.l) results in

XI/(x)Y(y) + X(x)yl/(y) + k~iX(X)Y(Y) = 0,

which can we be rewritten as

XI/(x) IJ"I/(y) 2

X(x) + Y(y) = -kci '

Since the variables are independent we can write

XI/(x) + k;X(x) = 0,

yl/(y) + k~Y(y) = 0,

where

(A.2)

(A.3)

(A.4)

(A.5a)

(A.5b)

k~i = k; + k~. (A.6)

The solution to these equations can be found readily. Substitution of the results in Eq. (A.2)
leads to

~i = (cle- jkxx + c2ejkxx)(c3e-jkyy + c4ejkyy). (A.7)

In the above equation ~ will be replaced by <1> or W, depending on which mode is used.
For TM modes <1> will be used. The boundary condition for TM modes is <1>i = °on the
boundary curve, s, see Eq. (2.19), therefore

for x = 0, a,
for y = 0, b.
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From these conditions we find that

k _ m7r
x - ,

a
n7r

ky = T'

(A.9a)

(A.9b)

And finally
m7r n7r

<Pmn = Amnsin(-x)sin(-by), , a rlL, n=1,2,3, ... (A.IO)

For TE modes a similar procedure can be followed, only this time the boundary condition
are

oW
_t =0
ov

oW i = 0
ov

x = O,a,

y = O,b,

(A.lIa)

(A. lIb)

where v is the outward normal to the boundary curve s in the cross-section plane. This
leads to

m7r n7r
Wmn = Am n cos (-x) cos (-b y) m, n=0,1,2,... (A.12), , a

At this point the solution of the Helmholtz equation is known except for the constant
Am,n- To obtain this constant, Green's first identity is used. Green's first identity can be
obtained from the divergence theorem

f \7 . A = fA. ndS,

v s

(A.13)

(A.14)

(A.15)

where n is the normal pointing outward of the surface S. By substituting for A the vector
v\7u we obtain f (\7v . \7u + u\7

2
v)dV = f u ~~ dS.

v s

This is Green's identity for the three-dimensional case. For the two-dimensional case we
can write J(\7v· \7u + u\72v)dS = f u\7v . dl,

S I

where l is the contour of the surface S. This equation is applied to the scalar function <Pm
and its conjugate <P~. With the appropriate boundary conditions it can be shown that the
right-hand side of Eq. (A.15) vanishes and Eq. (A.15) can be rewritten as

k; f l<Pil 2dS = f l\7t <PiI 2dS,
S S
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since

VZ<Pi = k~<Pi'

We now normalize the modes in a way that

When ei = - Vt¢i is substituted in this equation we obtain

JIV t <Pi1 2dS = 1.

s

(A.17)

(A.18)

(A.19)

With Eq. (A.15)

Finally, when Eq. (A.IO) or Eq.

J 2 I
l<Pit dS = 122'

s c~

(A.12) is substituted in Eq.

(A.20)

(A.20), Am,n is obtained as

A - JEmEn_l_ - ~
mn- -

, ab kc m n 7f, ,

ab

(mbp + (nap'
(A.21)

where
if m = 0,
if m i= O.

(A.22)

So finally we can write

JEmEn I . m7f . n7f
<Pm n = sm (-x) sm (-b y),

, 7f b a aVm2
- + n2

-
a b

JEmEn I m7f n7f
'IJ m n = cos (-x) cos (-b y).

, 7f V b a a
m 2 - + n2 -

a b
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Appendix B

Impedance description of a
transmission line

We recall from Eqs. (2.31) that

with K, = -Jk2 - k~ and

dV- = -J"K,ZI
dz '

dI = -J"K,YV
dz '

(B.1a)

(B.1 b)

k WJ1
T-=-

K, K,
K, K,

T-=
k We

for H-modes,

for E-modes.
(B.2)

The subscript i, denoting the mode, has been omitted because the equation is applicable to
every mode. To determine explicit solutions of Eqs (B.1), either I or V can be eliminated,
which results in

d
2
V(z) 2i/ () = 0
dz 2 + K, z ,

d2I(z) 2
dz 2 + K, I(z) = O.

The solutions to these equations are known to be of the form

V(z) = V1e- jKz + i/2ejKz,

I(z) = I1e- jKz + 12ejKz .

(B.3a)

(B.3b)

(BAa)

(BAb)

To obtain an impedance description the first step is to express V(z) and I(z) in terms of
voltage and current at the same point zoo Figure B.1 shows a transmission line with these
two points. At Zo we know from Eq. (BA)
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I(z)---.

v(z)

z

Figure B.1: Transmission line with voltages and currents at z and Zo

v (zo) = VI e-jKzo + V2ejKzo,

I(zo) = he-jKZo + I2ejKzo.

Eqs. (B.4) can also be written as

V (z) = VI e-jKzoe-jK(Z-ZO) + V2ejKzo ejK(z-zo) ,

I(z) = Ile-jKzoe-jK(z-zo) + hejKzoejKzoejK(Z-ZO).

(B.5a)

(B.5b)

(B.6a)

(B.6b)

Substitution of Eq. (B.6) in Eq. (B.1) and equating real and imaginary parts on both
sides results in

-Vle-jKzo + V2ejKzo = -ZI(zo),

-Ile-jKzo + I2ejKzo = -YV(zo).

Eq. (B.6) can be written in terms of cos K,(z - zo) and sin K,(z - zo) as

V(z) = V(zo) cos [K,(z - zo)] - jZI(zo) sin [K,(z - zo)] ,

I(z) = I(zo) cos [K,(z - zo)] - jYV(zo) sin [K,(z - zo)].

(B.7)

(B.8a)

(B.8b)

Finally, for a transmission line of length I = Zo - z, these equations can be rewritten to
obtain the impedance form

. 1 . 1
V (z) = - JZ [( )/ (z) - JZ. [ ( )] [- I (zo)],tan K, Zo - z sm K, Zo - z

. 1 . 1
V (zo) = - J Z . [ ( )] I (z) - J Z [( )] [- I (zo)].sm K, Zo - z tan K, Zo - z

(B.9a)

(B.9b)

This description can readily be connected to the description of waveguide junctions (Sec
tion 3.2)
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Appendix C

Frequency extraction

We recall the kernel of the integral equation of a general junction between a large waveguide
and two smaller waveguides, Eq. (3.42)

K(s, s') = [f 1/~1)h~)(s )h~l) (s') - f 1/~1) (I -~~:) h~)h~l) (s')+
m=l m=N(I)+l m

f 1:T~2)h~)(s)h~2)(S') - f y~2) (I <f,~) h~)h~2)(S')+ (C.1)
m=l m=N(2)+1 m

~ y(3)h(3)(s)h*(3) (s') _ ~ y(3) (1 _Y~3)) h(3)h*(3) (S')]
D m m m D m }:(3) m m 0

m=l m=N(3)+1 m

The summations in this kernel can be made completely independent of the radial fre
quency w. For the non-static terms we know that

since Ym = lim 1!"mo
m-+oo

We can write

(
_Y~O))

1 A (0)
Ym

(
y(O))

~~oo 1 - y~) = 0,

I-VI- (~:)'
1

1- VI- (~:)'

for TE modes

for TM modes

(C.2)

(C.3)

Since we have separated accessible and localized modes, we know that Ym is well below
cut-off and therefore

(
ko) 2k; < 1. (C.4)
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Therefore we can use the Taylor expansion

a(a - 1) a(a - 1)(a - 2)
(l+x)a=l+ax+ x2 + X3 +O(X4

) (C.5)
2! 31 '

where

and

x = - (~:)'. (C.6)

For TE modes we find

a = {

1

2
1

2

for TE modes,

for TM modes.

(C.7)

VI - (ko) 2 ~ 1 _ ~ (ko) 2 _ ~ (ko) 4 _ ~ (ko) 6 _ ~ (ko) 8 (C.8)kt 2 kt 8 kt 16 kt 128 kt '

and accordingly

For TM modes we can write

so

1 1 (ko) 2 3 (ko) 4 5 ( ko) 6 35 (ko) 8

1 - VI _G:)' '" -2 k, - 8 k, - 16 k, - 128 k,

Now we can say that

(
y~) ) P ( ko) 2p

1 - ;-(6) ~ L Bp k '
} m p=l t

where the expansion coefficients Bp are summarized in Table C.l.
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Bp

p TE TM

1 1
1 - --

2 2
1 3

2 - --
8 8
1 5

3 - --
16 16
5 35

4 - --
128 128

Table C.1: TE and TM expansion coefficients Bp .
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