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Abstract 

In this report we apply a robust controller design scheme to a flexible manipulator: the XY-table. 
A robust controller is a controller that maintains performance specifications in the preserree of 
changes in the process dynamics within certain bounds. The dynamics of the XY-table can he 
changed by exchanging a flexible torsion spring. lt is our aim to design a controller that performes 
well for several torsion spring stiffnesses. 

The controller design is based on a linear model. This model is estimated by a prediction 
error method, from identification experiments with the XY-table. Sirree the XY-table is unstable 
and has nonlinear dynamics, it is first stabilized and linearized by the use of a feedback loop. Then 
a robust controller is designed for the closed loop system by the Hco design procedure, after which 
the controller is implemented in a second loop around the process. The procedure of identification 
and controller design is then repeated two times, in order to improve the second loop controller. 

In the x-direction, in which the dynamics are influenced by the torsion spring, the tracking 
is greatly improved by the second loop controller. However, in the y-direction, in which the band
width of the first loop controller was already 7 times higher than in the x-direction, the second loop 
controller hardly improves the tracking or the disturbance attenuation. Also, the second loop con
trollers of the second and third iterarion have not improved u pon the first one. lt is concluded that 
two-loop control, with a linearizing and stahilizing first loop controller and a robust linear controller 
in the second loop, can succesfully he used on nonlinear processes with uncertain parameters. 



Samenvatting 

In dit verslag passen we een ontwerp schema voor een robuste regelaar toe, op een flexibele ma
nipulator: de XY-tafel. Een robuste regelaar is een regelaar die prestatie specificaties handhaaft 
ondanks veranderingen in de proces dynamica binnen bepaalde grenzen. De dynamica van de 
XY-tafel kan worden verandert door het verwisselen van een flexibele torsieveer. Ons doel is het 
ontwerpen van een regelaar die goed presteert voor verschillende torsieveer stijfheden. 

Het regelaar ontwerp is gebaseerd op een lineair model. Dit model wordt geschat met behulp 
van een 'prediction error' methode, uit identificatie experimenten met de XY-tafel. Omdat de XY
tafel instabiel en niet-lineair is, wordt hij eerst gestabilizeerd en gelinearizeerd door een terugkoppel 
kring. Daarna wordt een robuste regelaar ontworpen voor het gesloten-kring proces met behulp 
van de H 00 ontwerp procedure, waarna de regelaar wordt opgenomen in een tweede kring om het 
proces. De procedure van identificatie en regelaar ontwerp wordt twee keer herhaald om de tweede 
kring regelaar te verbeteren. 

In de x-richting, waarin de dynamica wordt beïnvloed door de torsieveer, is het volggedrag 
enorm verbeterd door de tweede kring regelaar. Echter, in de y-richting, waarin de bandbreedte 
al 7 keer hoger was dan in de x-richting, verbetert de tweede kring regelaar het volggedrag en de 
storings onderdrukking nauwelijks. Ook zijn de tweede kring regelaars van de tweede en de derde 
iteratie geen verbetering van de eerste. We concluderen dat het regelen met twee kringen, met een 
linearizerende en stabilizerende regelaar in de eerste kring en met een robuste lineaire regelaar in 
de tweede kring, goed kan worden gebruikt voor niet-lineaire processen met onzekere parameters. 
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Chapter 1 

Intrad netion 

The subject of this report is robust control of a (nonlinear) mechanica! system by the use of a linear 
feedback controller. The robustness of a controller refers to its ability to maintain design specifi
cations in the presence of model errors. Model errors may, for example, be caused by unmodelled 
or changing process dynamics. Important design specifications are stability, sufReient disturbance 
attenuation and a small tracking error. 

A robust controller can, for example, be obtained with the H 00 design method. This is a 
frequency domain methad in which design specifications are translated into upperbounds on the 
closed loop transfer functions. To use this design methad we need a linear time-invariant model 
of the process and an upperbound for this model's errors. These can be obtained by process 
identification using a prediction error methad for model estimation. Unstable processes need to 
he stabilized by a feedback loop, befare they can be identified. Another reason for performing 
identification experiments on processes operating in closed loop, is for industrial processes which, 
for safety or economical reasons, may not be operated in open loop. A feedback loop is also 
usefull for decreasing the effect of nonlinear process dynamics, time-varianee or for disturbance 
attenuation, thereby improving the potential quality of the (linear time-invariant) model. 

r + 

I system l I 
---+- ....,_ - -

L model j 

Figure 1.1: a) Process identification and closed loop system identification; b) Two-loop control. 

When the process is operated in closed loop, we can perform an identification experiment 
to estimate a model of the closed loop system (see Fig. l.l.a). This model can then be used to 
design a controller which is implemented as a second feedback loop for the process (see Fig. l.l.b). 
This metbod of closed loop identification and controller design was used by [Zhu 1990]. lt has been 
proven that the combination of the two contollers can yield the optima} controller if the process 
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2 1 - Introduetion 

( P) is strongly stabilizable1 and if the primary controller ( C I) is proper and stable. Th is condition 
is often satisfied in practice. · 

Closed loop system identification has two advantages over process identification (Fig. l.l.a). 
First, if the process has some nonlinearity and time-variation, then this will cause bias in the 
linear, time-invariant model that we estimate for the process. However, if we estimate a closed 
loop system model, then the feedback loop will reduce the nonlinear and time-variant dynamics, 
and the closed loop system will be less biased. Second, the asymptotic varianee of the transfer 
function of the process model estimate - when estimated with a prediction error method - is 
inversely proportional to the square of the sensitivity of the closed loop system, while the varianee 
of the transfer function of the closed loop system model estimate is proportional to the square of 
the sensitivity ([Zhu 1990]): 

var [P(eiw)] 

var [ê(eiw)] 

n <Pdd(w) 1 

N <Prr(w) IS(éw)l2 ' 

!:_ <Pdd(w) IS(eiw)l2. 
N <Prr(w) 

(1.1) 

(1.2) 

In these equations, P( eiw) represents the transfer function of the estimated process model, G( eiw) 
the transfer function of the estimated closed loop system model, n the order of the estimated 
models, N the number of experiment data used for estimation, <Pdd the spectrum of the output 
disturbance d, <Prr the spectrum of the reference signa! r and S(é-") the closed loop sensitivity 
function. In practice, S(éw) has typically a high pass character: it's (much) less than 1 for low 
frequencies while it's approximately 1 for high frequencies. Hence, the transfer function varianee of 
a closed loop system model will be smaller than the transfer function varianee of a proces model. 
Also, better control (i.e. smaller IS I) will increase var [ P( éw)], while it will reduce var [ê( eiw)]. 
This observation motivates us to identify and control the closed loop system recursively, thereby 
improving the closed loop system model as the closed loop control gets better (smaller sensitivity). 

The procedure of closed loop identification and two-loop controller design will be applied toa flexible 
manipulator, called the XY-table. The XY-table has a flexible shaft which stiffness can be varied 
within a certain range. lt is our aim to design a controller that is robust for the variabie flexibility 
of the shaft and that achieves a minimal tracking error. We will investigate the performance of the 
two-loop system of which the second loop controller is designed by the H 00-method and based on a 
model estimated with a prediction error method. We will perform three iterations of identification 
and controller design in order to improve the closed loop system model and consequently the second 
loop controller. 

In Chapter 4 we will give a description of the XY-table and we will discuss the design of 
a first loop controller. Then, in Chapter 5, we apply the two-loop scheme of identification and 
control to the stabilized and linearized XY-table. The results are presented for three iterations of 
identification and controller design. Chapter 6 will end this report with a discussion of the results 
of this study and some recommendations for further research. 

But first, chapter 2 and 3, will present an introduetion to the theory of H 00-optimal control 
and system identification, respectively. 

1 A process is said to he stongly stabilizable if it can be stabilized by a stabie controller. 



Chapter 2 

H00-0ptimal Control Theory 

2.1 Problem formulation 

r; -~(s) ~- d(s) 
L--- J 

+ r(s) P(s) 
+ y(s) 

+ n(s) 
~------------------------------~ + 

Figure 2.1: Standard feedback configuration. 

Figure 2.1 shows a standard feedback configuration. The plant is represented by the transfer 
function P(s) together with the disturbance signa! d(s) added to its output. d(s) may represent 
the effect of model errors or unkown external influences on the plant's output. The dashed 'loop' 
parallel to P illustrates an additive model error ~(s) adding to a disturbance d. The input and 
output signals of the plant are u(s) and y(s), respectively. Signa! n(s) represents measurements 
errors. The feedback loop has a reference signa! r(s), which is to be foliowed by the plant output 
y(s). To this end, the plant input u is controlled by the feedback controller CJb(s), based on the 
(measured) tracking error em(s), and by the feedforward controller CJJ(s), which prefilters the 
reference signa! r(s). The controller Cjb is to be designed to attenuate the effect of disturbances d 
and to stabilize the loop. The feedforward controller CJJ should ideally establish p-l to achieve 
perfect tracking in absence of disturbances (see below). For multivariable plants all signals are 
veetors and the transfer functions P(s), Cjb(s) and CJJ(s) will be transfer function matrices. 

Output y is related to the inputs r, d and n by: 

y(s) d(s) + P(s){CJJr(s) + Cjb(s)[r(s)- n(s)- y(s)]} 
S(s)d(s) + [S(s)P(s)CJ J(s) + T(s)]r(s)- T(s)n(s) , 

(2.1) 

with S(s) the sensitivity and T(s) the complementary sensitivity of the feedback loop, defined by: 

S(s) - [I+ P(s)CJb(s)]- 1 
, 

T(s) - S(s)P(s)CJb(s) =I- S(s) . 

3 
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4 2 - H 00 -0ptimal Control Theory 

The main problem in feedback design is to find a feedback controller Cjb(s) that stahilizes the 
feedback loop and minimizes the effect of disturbances on the output. This means th.at the sen
sitivity S(s) should be small and should not contain right half plane poles. A small sensitivity 
function can be obtained by the use of a large Cjb(s) since P(s) is fixed and usually not large. 
However, according to equation (2.3), keeping S(s) « 1 results in T(s) being nearly equal to 1. 
This causes the measurement noise n(s) to be transmitted to the output without any attenuation. 
so T(s) should be small for measurement noise reduction. Note that, if C1 J(s) equals p- 1 (s), then 
the transfer from r(s) to y(s) equals S(s) + T(s) = I, which means perfect tracking in absence of 
disturbances. 

Apart from disturbance rejection and noise transmission we should also be concerned with 
input saturation. Control signal u(s) is related totheinputs by: 

u(s) Cn(s)r(s) + Cjb(s)[r(s)- n(s)- d(s)- P(s)u(s)] 
[Si(s)Cn(s) + R(s)]r(s)- R(s)[n(s) + d(s)], 

with Si(s) the input sensitivity1 and R(s) the control sensitivity, defined by: 

Si(s) 
R(s) 

[I+ CJb(s)P(s)]- 1 
, 

- Si(s)CJb(s) . 

(2.4) 

(2.5) 

(2.6) 

Hence, to avoid input saturation due to d(s), r(s) or n(s), the control sensitivity R(s) (and 
Si(s)Cn(s)) should be small, which means that CJb(s) should be small, except at those frequencies 
(if any) at which IP(s)l is sufficiently large. A high control sensitivity mayalso endanger the sta
bility of the feedback loop if the true transfer function of the plant is given by P(s) + .6.(s) rather 
than P(s) (see Fig. 2.1). Then, a large disturbance d may generatea large actuator input u which 
in turn may produce a still larger disturbance by d = .6.u, etc. 

A small sensitivity is also favourable for good tracking of the reference signal r( s). However, 
the tracking behaviour can be improved upon by designing a feed forward controller Cn(s) that 
approximately achieves Cn(s) = p-1 (s), while keeping within the bounds of stabie and realizable 
controllers. 

The conflict between keeping both S(iw) and T(iw) (or R(iw)) small is a complication in 
feedback design. It is usually resolved by making S(iw) small for low frequencies - since d and 
r are usually concentrated at low frequencies - and by making T(iw) small at high frequencies, 
because n is significant in this frequency range. 

Definition 

The notion of small signals and small transfer functions can be quantified by the use of norms. A 
useful norm for (vector) signals is the 2-norm 11 ·11 2 • It is defined by:2 

I 

JlxJI, = lllx(t)l2 dtl' . (2.7) 

11n eq. (2.2), S(s) is sometimes called output sensitivity. For single-input single-output systems S(s) and S;(s) 
are the same. 

2 Here, 1·1 denotes the Euclidean vector norm (for complex vectors): Uxll = JxHx. 



2.2- H 00 -norm 5 

The square of llxll2 is called the energy of the signa!. The set all finite energy signals is denoted 
by L 2 • This s.et is a normed linear spàce. The induced norm for operators mapping from L 2 to L 2 

is the H00-norm 11 · lloo· Let P(s) be a stabie and proper transfer function with no poles on the 
imaginary axis. Then the H00 -norm of P(s) is defined by: 

IIPIIoo = sup o-[P(iw)]. (2.8) 
w 

ü[P(iw)] denotes the maximum singular value of matrix P(iw), i.e. the largest gain of this matrix: 

- IPxl a[P] = sup -
1
-
1 

. 
x=FO X 

For single-input single-output transfer functions P(iw), ü[P(iw)] is equal to IP(iw)l. Thesetof all 
proper and asymptotical stabie transfer functions P for which IIPIIoo < oo, is denoted by H 00 • 

H00-norm in performance specifications 

When we use the H 00-norm, we can express performance specifications like: 

IIW(iw)S(iw)V(iw) lloo 5; 1. (2.9) 

V(iw) and W(iw) are called input and output weight functions, respectively. For multivariable 
transfer functions they are aften chosen as diagonal transfer function matrices. Tagether, V ( iw) 
and W(iw) specify an upperbound for the sensitivity function S(iw). Supposing S(iw) is an m x n 

transfer function matrix, and V(iw) and W(iw) are diagonal, then eq. (2.9) expands to 

IIW(iw)S(iw)V(iw)lloo = 5; 1 1 

which implies 

IIWuSu Vulloo 5; 1, · · · , IIWmmSmn Vnnlloo 5; 1 · 

These expressions are equivalent with 

Vw : ISu(iw)l 5; IWu(iw)Vu(iw)l-1
, ... , ISmn(iw)l 5; IWmm(iw)Vnn(iw)l-1

. 

When the weight functions V(iw) and W(iw) in eq. (2.9) are chosen such that V 2 is an upperbound 
for the spectrum of the expected disturbance signals and w-2 is an upperbound for the spectrum 
of the desired tracking errors, then, if we find a controller that satisfies eq. (2.9), we are sure that 
the feedback loop attains the desired disturbance attenuation. 

H00-norm in robust stability specifications 

The H 00-norm is also important when we consider robust stability, i.e., stability of the feedback 
loop with respect to model errors. Consider, for example, the additive model error ~(s) as depicted 
in Fig. 2.1. Suppose that we have designed a controller Cjb(s) which stahilizes nominal model P(s). 



6 2 - H 00 - Optima[ Control Theory 

Suppose also that we know that ó.(s) is stabie and that it is bounded by lló.(s)lloo ~ 'Y· Then a 
sufReient condition for the feedback loop to remain stabie under permissible model errors ó.(s), 
would be that the maximum gain in the loop of ó.(s) is less than one (small gain theorem): 

a[R(iw)ó.(iw)] ~ 1, for all w, 

with R the control sensitivity, which is the transfer from d(s) to u(s). This condition is equivalent 
with 

IIR(s)ó.(s)lloo ~ 1. 

With the following property of norms 

IIR(s)ó.(s)lloo ~ IIR(s)lloolló.(s)lloo, 

we conclude that a sufficient condition for stability is IIR(s) lloo ~ ,-1 . 

2.3 Standard H00-optimization problem 

---------------
w(s) 

1 I 
z(s) I G(s) I 

I 
~ - I 

I 
1 
u(s) I 

y(s) I 

I .___ K(s) io--- I 
I I LAf. ____________ J 

Figure 2.2: 'Standard compensation configuration 

Figure 2.2 shows the standard compensation contiguration used in H 00 literature. This contig
uration is very general and it includes the feedback contiguration (with two degrees-of-freedom 
controller [CJJ, Cfb]) of Fig. 2.1 as a special case. Our objective is to design a controller K for the 
generalized plant G such that the transfer characteristics from external input vector w to output 
vector z are desirable. The vector w may include, for example, reference inputs, disturbances and 
measurement noise, while z may include errors and actuator inputs. Veetors y and u are internal 
signals and correspond to measured and reference signals and actuator inputs, respectively. 

Let M denote the closed loop transfer function matrix which maps input w to output z. lf 

G is partitioned in accordance with inputs ( :; ) and outputs ( ; ) then 

(2.10) 

This is sometimes denoted as the linear fractional transformation F}(G, K). If the generalized plant 
G of Fig. 2.2 already includes the weight filters V(s) and W(s) on input w and output z, then we 
refer to it as the augmented plant Gaug and, analogously, the closed loop transfer function matrix 
of eq. (2.10) is refered to as the augmented transfer function matrix Maug = WMV. 



2.3 - Standard H 00 -optimization problem 7 

The compensated system M is said to be internally stabie if its eigenvalues all have negative 
real parts. The controller I< is then said to be stabilizing. The H= approach of optima! controller 
design is to minimize the H=-norm of the augmented closed loop transfer function matrix 

min IIM 11 . 
t b.1. . K" aug oe 

Sa IIZtng 
(2.11) 

If a controller I<(s) can be found that achieves I!Mauglloo :S 1 then the design specifications given 
by V and W are met. 

Although there is no analitical salution to this optimization problem, there is an analitical 
salution to the control problem 

(2.12) 

This salution can he used to iteratively search for the optima! /opt· A continous time state-space 
salution bas been derived by [Doyle, Glover, Kargonekar & Francis 1989], for the representation 
of all stahilizing controllers that satisfy eq. (2.12), if any such controller exists. The salution to 
eq. (2.12) is basedon the salution of two 'Riccati' equations. 

Like in LQG-control, the H 00-(sub)optimal controller K(s) consistsof a state observer and a 
(statie) state feedback gain. The state observer, which is the single dynamic part of the controller, 
bas the same (or a lower) state-space order as the order of the augmented plant Gaug· This aften 
is a high order and it can be reduced a great deal without changing the H 00-norm of Maug much. 

For this model reduction and for the salution of eq. (2.12), we will use the computer algorithms 
provided by the MATLAB Robust-Control tooibox [Chiang & Safonov 1988]. The input of the 
weight functions and the transformation to the standard H=-control problem is performed with 
the tooibox MHC [Falkus 1993]. 
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Chapter 3 

System ldentification 

The objective of system identifiation is to obtain a mathematica! model of a system. This model 
can then be used for process analysis, simulation or control design. Our aim is to use the model 
in the H00-control scheme. In this scheme we can guarantee stability of the feedback loop if we 
also know an upperbound on the model error. We will use a method developed by (Zhu 1990] for 
the estimation of a low order model and an error bound. The method is based on a theorem of 
(Ljung 1985] which deals with the asymptotic properties of prediction error methods. In section 2 
we will introduce the prediction error methods for model estimation and discuss their asymptotic 
properties. Then section 3 will describe the identification method of (Zhu 1990]. 

In section 1 a general model is presented to describe a discrete-time, linear, time-invariant 
system. We will confine ourselves to Single-Input Single-Output (SISO) systems. This is because 
our test process, the XY-table, can adequately be described by SISO models. The theory in this 
chapter can however easily be extended to multivariable systems (Zhu & Backx 1993]. 

3.1 A General Black-Box Model 

A general model representation of a discrete-time, linear, time-invariant system is the discrete 
impulse response g(k). In this model representation the output y(t) is related totheinput u(t) by 
the convolution of the impulse response g(k) and the input u(t- k): 1 

00 

y(t) = L g(k)u(t- k) + v(t). (3.1) 
k=l 

In this equation we have also added a disturbance signal v(t) to the model output y(t). In practice 
there are always disturbances influencing the process. These disturbances can be partly determin
istic (due to uncontrollable inputs or unmodeled dynamics) and partly stochastic (measurement 
moise). In identification theory we assume that the effect of these disturbances can be incorporated 
in our model by adding an unknown stochastic disturbance signal v(t) to the output. 

A more convenient description of this input-output relation can be given using the unit time 
delay operator q-1 , defined by: q-1u(t) = u(t- 1). With this notation eq. (3.1) becomes: 

1 As the lower bound of the sum over k is k = 1, this impulse response represents a strictly causal system: the 
output at time instant t only depends on the input up to but excluding t. 

9 



10 3 - System ldentification 

= G(q)u(t) + v(t). 

G(q) is called the transfer operator of the model.2 

For the model output disturbances, a common approach is to assume that they are filtered, 
zero mean, white noises: 

00 

v(t) = H(q)e(t), with H(q) = L h(k)q-k, (3.2) 
k=O 

with H(q) the so called disturbance filter, e(t) a zero mean, white noise (ZMWl\) with varianee R 
and h(k) the impulse response of filter H(q). We assume that H(q) is monic (i.e. h(O) = 1) and 
that both H(q) and H- 1 (q) are stable. With this characterization ofthe model output disturbance, 
our general black-box model becomes: 

y(t) = G(q)u(t) + H(q)e(t). (3.3) 

The model representations used so far are nonparametrie (time-domain) descriptions. They 
are called nonparametrie because of the infinite (or large) number of parameters they require. For 
practical purposes, however, weneed models with a finite, preferably small number of parameters. 
These models are called parametrie models. 

3.2 Prediction Error Methods 

3.2.1 One-step ahead prediction 

Let us denote the parametrized black-box model as follows: 

y(t) = G(q, O)u(t) + H(q, O)e(t) = G(q, O)u(t) + v(t), (3.4) 

with 0 a parameter vector. If we assume that the input data u(k) and the output data y(k) have 
been measured for k = t- 1, t- 2, ... , then we can perform a one-step ahead prediction of y(t), 
denoted as y(tJt- 1, 0), by prediction of the disturbance v(tJt- 1, 0). Since we have assumed that 
H(q) is monic, we can write for v(t): 

00 

v(t) = e(t) + L h(k, O)e(t- k). (3.5) 
k=l 

The expectation of (3.5) is 

V(tit- 1) = E { v(t)) = E { e(t)) + E {,~ h(k, O)e(t- k)}. 

2 If q in G(q) is replaced by the complex variabie z, i.e. 

00 

G(z) = Lg(k)z-k, 
k=l 

then G(z) is called the transfer lunetion of the model. Evaluated on the unit circle, z = eiw, G(eiw) is called the 
frequency lunetion of the model. 



3.2 - Prediction Error Methods 11 

The first part is zero since e(t) is ZMWN. The second part is deterministic since u(k) and y(k) are 
known for k :::; t- 1, and hence by (3.4) v(k) and e(k) are known for k :::; t -1. Thus our prediction 
of v(t) becomes 

v(tlt- 1) t h(k, O)e(t- k) = [H(q, 0)- 1] e(t) = [H(q, 0)- i] [H( 
1 

O) v(t)] 
k=1 q, 

[
H(q, 0)- 1] 

H(q, O) [y(t)- G(q, O)u(t)]. 

With this result the one-step ahead prediction of y(t) can be written as3 

y(tlt- 1, 0) = H-1 (q, O)G(q, O)u(t) + [1- H-1 (q, 0)] y(t). (3.6) 

Note that this result is valid for all model structures but only if both H(q, 0) and H- 1 (q, 0) are 
stabie and if H(q, 0) is monic. The prediction error c(t, 0) is defined as 

c(t, 0) _ y(t) - y(tlt -1, 0) 

H-1 (q, 0) [y(t)- G(q, O)u(t)]. (3.7) 

Now that we have an expression for the prediction error of our parametrized black-box model, we 
need a measure of model quality according to which we can search for a parameter vector 0, that 
optimizes the model's prediction capability. The so called Prediction Error Methods use the mean 
square of the prediction errors as a measure of model quality: 

1 N 2 

VN(O) = N :~:::> (t, 0), 
t=1 

(3.8) 

in which Nis the number of inputjoutput data involved. The model, with parameter vector êN, 
that miniruizes loss function VN(O), is the optimal model within the selected model structure: 

(3.9) 

The set DM is the set of possible parameter vectors. 

3.2.2 Parametrie Model Structures 

Most of the time domain parametrie models used in practice are special cases of the following 
general model: 

B(q) C(q) 
A(q)y(t) = F(q) u(t) + D(q) e(t) , (3.10) 

3 This expression suggests that the calculation of y(tit- l,B) also involves the values of u(t) and y(t), but this is 
not the case since both H- 1(q,8)G(q,B) and [1- H- 1(q,B)] are strictly causa!. 
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where A(q), B(q), C(q), D(q) and F(q) are polynomials in the shift operator q, defined as: 

A(q) 1 + alq-l + + anaq-na ' 
B(q) blq-l + + bnbq-nb ' 
C(q) 1 + clq-1 + + Cncq-nc ' 
D(q) 1 + dlq-l + + dndq-nd ' 
F(q) 1 + ftq-l + + fn,q-nf . 

By making choices for the polynomial degrees na ... nf, the different model structures are obtained. 
The order of model (3.10) is equal to the polynomial degree of A(q)F(q) or B(q), whichever is the 
highest. In the following we will mention a few well known model structures. 

FIR model The Finite Impulse Response (FIR) model uses only polynomial B(q) to describe 
the process dynamics: 

n 

y(t) L g(k)u(t- k) + e(t) 
k=l 

B(q, O)u(t) + e(t) . (3.11) 

This truncated version of the Infinite lmpulse Response (IIR) model, as used in (3.1), often needs 
a large number of parameters g(k) (collected in parameter vector 0) to give an accurate description 
of the process dynamics. Note that the disturbance is modelled as white noise, so H(q) = 1. 

ARX model In the Auto-Regressive with eXogenous input (ARX) model: 

A(q, O)y(t) = B(q, O)u(t) + e(t) , (3.12) 

the output y is a function of its past values (Auto-Regressive). The input u is the extra (or 
exogenous) input. The ARX model (as well as the FIR model) has the advantage that the model 
parameters 0 = ( a1 , ..• , an, b1 , ••. , l!~) appear linearly in the expression for the prediction error: 

ê(t,O) H-1 (q, 0) [y(t) - G(q, O)u(t)] 

A(q, O)y(t)- B(q, O)u(t) 

y(t) + aly(t- 1) + ... + any(t- n)- b1u(t- 1)- ... - bnu(t- n). 

As a consequence there exists an analytica! solution to the minimization of loss function V ( 0) ( cf. 
eq. (3.9)). This saves a lot of computation time as compared to nonlinear iterative optimization 
techniques that have to be used if ê(t, 0) is nonlinear in 0, and obtaining the global minimum is 
guaranteed. 

A disadvantage of the ARX-model is that the process model G = B/A and the disturbance 
model H = 1/A share the same A polynomial. The loss function VN(O) for this model is 

where we have assumed that the true processis given by y = B 0 /A0 u+v0
• If the true processis not 

an ARX-process - which, in practical situations, is often the case - the estimated process model 
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G(q, 0) will he biased due to the fact that the A(q, 0) polynomial will be a campromise between 
fitting G(q, 0) to the true process modeland fitting H(q, 0) to the spectrum of the simulation error 
(y(t) - G(q, O)u(t)). This is a common feature of equation error models, which share the same 
A(q, 0) polynomial in the process model and the disturbance model. 

Box-Jenkins model The Box-Jenkins model independently parametrizes the process modeland 
noise model: 

B(q, 0) C(q, 0) 
y(t) = F(q, O) u(t) + D(q, O) e(t). (3.13) 

This model structure is of the output error type since the process and disturbance model have no 
parameters in common. Note that the predietien error of the Box-Jenkins model is nonlinear in 0 
and hence estimation of its parameters will involve a nonlinear optimization technique. 

3.2.3 Asymptotic properties of PE Estimators 

Convergence and consistency 

Predietien error estimators have some nice asymptotic properties. To discuss these we assume that 
the true process satisfies 

(3.14) 

in which G 0
, H 0 and H 0 -l are stable, g0 (0) = 0, h0 (0) = 1 and e(t) is ZMWN with varianee R. 

The first asymptotic property concerns the convergence of the estimator. A predietien error 
estimator is a convergent estimator. This means that if the number of observations N tends to 
infinity, the loss function VN(O) wil! converge to the limit function V00 (0): 

(3.15) 

Associated to this limit function V00 is the set of limit values D00 of minimizing arguments of 
V00 (0). If the true process, described by the parameter vector 0°, is in the model set DM, then a 
prediction error estimator wil! give a consistent parameter estimate, i.e. as N -+ oo the parameter 
estimate will equal the true parameter 0°: Doo = {0°}. 

The asymptotic loss function 

In practice the system to he identified is never in the model set ( due to undermodelling, nonlinearity 
or time-variation) and the predietien error model will he biased. Therefore we always deal with 
approximate rnadelling and we have to accept some model error. For model applications such as 
control or simulation it is interesting to study the model error in the frequency domain. Using 
Pareeval's theorem in (3.15) we can obtain an expression of V00 in the frequency domain 

1r 

V00 (0) = ~ J ~u(w, 0) dw. 
27r 

(3.16) 
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<I>ee(w, 0) is the spectrum of the prediction errors. Using expression (3.7) for the prediction error 
and assuming u(t) and V 0 (t) are uncorrelated (open loop experiment) we can rewrite the asymptotic 
loss function V00 (0) to 

(3.17) 

with <I>uu(w) the input spectrum and <I>vovo(w) the disturbance spectrum of the real process. 
This expression tells us that the error of the estimated process frequency function is weighted 
by <I>uu(w)/ jH(éw, O)j2

• Therefore, the estimated process model can be improved (in a certain fre
quency band) by increasing <I>uu(w) (in a certain frequency band). One can also improve the process 
model estimate in a certain frequency band (at the cost of lower accuracy for other frequencies) 
by filtering the prediction errors in (3.8), or equivalently, by filtering the input/output data before 
model estimation. 

The asymptotic varianee of the transfer function estimate 

Dealing with approximate modeHing we would like to know about the accuracy of the approximate 
model. In order to apply robust control theory it is even necessary to have a suitable bound on the 
model error available. For H 00-control theory this error bound must be a bound on the frequency 
response variation. Information on this error bound is provided by a result of [Ljung 1985], stated 
in the following. 

Given an input-output data sequence 

ZN = u(1), y(1), ... , u(N), y(N), 

generated by a linear proces (3.14). Suppose this processis identified by aprediction error metbod 
using the parametrized model 

y(t) = G'N(q, O)u(t) + H'N(q, O)ê(t). (3.18) 

G'N and H'N are used to emphasize that the order of the model is n and that it is estimated using 
N data samples. In order to have a model set that is large enough to contain the true process of 
eq. (3.14), n is allowed to increase with increasing N in the following way: 

n(N) -+ oo as N -+ oo 
n2 (N)/N -+ 0 as N-+ oo 

vVith n-+ oo the processinput u(t) should be persistingly exciting of sufficiently high order: 

Q.[<I>uu(w)] > 0 for - 7r < w < 1r, (3.19) 

for identifiability of the system. (fd·] denotes the minimum singular value of its argument.) 

Ljungs result: 
If the global minima are obtained in minimizing the loss function (3.8) for all n and N, then, as 
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N-+ oo: 

the model estimates are consistent: 

(3.20) 

and the asymptotic model errors at each frequency follow a gaussian distribution: 

(3.21) 

with covariance: 

(3.22) 

and 

0 

If input signa! u is uncorrelated with the disturbance v (i.e. when the identification experiment is 
performed in open loop) then <Pue(w) = 0 and the expressions for the varianee of the process and 
disturbance model become very simple: 

var [GRr(eiw)] ~· 
n <Pvv(w) 

(3.23) 
N <Puu(w) ' 

var [H'N(eiw)] ~ 
n <Pvv(w) = ~IHo(eiwW. {3.24) 
N <Pee N 

So, to obtain a low varianee for these estimates, we should make N small. This can be clone by 
creating a large set of experimental data (N large). lt is not recommended to reduce n since a large 
n is necessary for the consistency of the estimated model and the validity of this theory. We can 
also reduce the varianee of the process model for certain frequencies by modifying the spectrum of 
the test signa! <lluu (experiment design). 

Note that these results are independent of the partienlar model structure that is chosen. 
Strictly speaking, the results only hold for an infinitely large number of observations and models 
of infinitely high order. However we may assume that they also apply if we use large but finite N 
and n. 

3.3 ldentification for Robust Control 

In this section we treat a methad of identification, developped by [Zhu 1990], which enables one to 
estimate an accurate, low order, parametrie model of the process and an upperbound of the model 
errors in the frequency domain. The methad uses the asymptotic theory of Ljung to obtain a (high 
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order) consistent model estimate and its variance. Then the high order model is reduced to a low 
order model such that it still gives an accurate description of the process and that it is suitable for 
controller design. A model error upperbound can be derived from the varianee of the high order 
model and the difference between the low and the high order model. 

For simplicity we assume that the identification of process G is performed in open loop, such 
that eq. (3.23) applies. In this report we don 't need to consider closed loop process identification 
since we will only perform 'open loop' identification of our test process (see two-loop control scheme 
in Fig. 1.1). 

A consistent model 

The metbod uses an ARX model structure for estimation of an asymptotic consistent model. The 
choice for an ARX model is motivated by the fact that there is an analytic solution to the op
timization problem which guarantees to find the global minimum. Compared to the FIR model 
(which also has an analytic solution) the ARX model needs much less parameters for an accurate 
model and also a disturbance model is estimated. An ARX model order of 20 "' 30 will usually 
be sufficient to obtain a consistant estimate. The estimated process model, disturbance model and 
disturbance spectrum are denoted as 

• n Ên ( q) • n 1 . Îl 
G (q) = -.-' H (q) = -.- ' <I>vv(w) = IA.n(eiw)i2 ' An(q) An(q) 

(3.25) 

where Ris the estimated varianee of the equation error residual. It should be noted that 4>vv(w), 
and consequently Îl(q), is dependent on the identification signal u(t) since part of the equation 
error is due to errors in model ên(q). 

The errors of the process model in the frequency domain should follow (asymptotically) a 
normal distribution with varianee given by eq. (3.23). Therefore a 3a bound Ö.n of the errorscan 
be defined as follows: 

· • · - n <I>vv (w) 
IG0 (e'w)- an(e'w)l ::; Ö.n(w) = 3 

N <I>uu(w) . 
(3.26) 

We can use the estimated 4>vv(w) from eq. (3.25) for <I>vv(w). 

A red u eed order model 

A low order model ê 1 (q) can be derived from the high order model by some sort of model re
duction technique. [Zhu & Backx 1993] proposes to perform model reduction by an output error 
identification method. The parameters of the low order model are calculated by minimizing 

in which we use the filtered input data Îln(q)u(t). The effect of filtering the input data by Îln(q), 
is that we obtain a minimum varianee estimate of G1 ( eiw). This can be shown by letting N -+ oo, 
and applying Pareeval's theorem to this loss function: 
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in which we have replaced 1Hn(éw)l2 by ~vv(w)jR. So, (apart from the constant factor Nj(nR)) 
the difference between the high and low order model (Gn(éw) -G1(q)) is weighted by the inverse of 
the varianee ofGn(éw) (cf. eq. (3.23)). Hence, minimizing this loss function willlead toa minimum 
varianee estimate of the low order model G1(eiw). The sameprocedure can also be applied to obtain 
a reduced disturbance model H1(éw) from the high order estimate 1/An(éw). 

The error bound ~I ( w) of the low order model G1 ( eiw) is given by the error bound ~n ( w) of 
the high order model en ( éw) and the distance from the low order model to the high order model: 

IGO(eiw)- Gl(eiw)l < IGO(eiw)- cn(eiw)l + IGn(eiw)- êl(eiw)l 

< 3 ~ :::~:~ + IGn(eiw)- Gl(eiw)l = ~l(w). (3.27) 

In order not to increase the errorbound ~1(w) much with respect to ~n(w), the order of the reduced 
order model should be chosen such that the bias term IGn(éw) - G1(éw)l is (much) less than the 
high order model error bound ~n(w). 
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Chapter 4 

First loop controller for the XY-Table 

To evaluate the iterative procedure ofidentification and controller design we have available a flexible 
manipulator called the XY-table. A description of the XY-table is given in section 4.1. The next 
section discusses a first loop controller that is implemented to linearize and stabilize the XY-table. 

4.1 The XY-Table 

BElT lfHEEl 

Sl!OE 

Sl/OElfAY 

x 

y~ 
'--c==::;uJ~- AIOTOR 1 

SPIHOlE 

Figure 4.1: A schematic top view of the XY-table. 

The XY-table has an end-effector which is able to move in a horizontal plane by means of three 
slideways. A picture of the XY-table is presented in Fig. 4.1. The end-effector is a slide that moves 
along the upper slideway. It is connected to a DC-motor (number 2) at the end of the slideway 
through a belt. To keep a constant tension on the belt, one end of the belt is tied to the slide via a 
spring. The upper slideway is supported by two other slides that move along two lower slideways in 
the x-direction. These slides are both connected toa flexible shaft (through belts) which is driven 
by a second DC-motor (number 1). The stiffness of the shaft can be changed by exchanging a 
torsion spring which is placed in the middle of the shaft. Motor 1 is connected to the righthand 
side of the shaft. 

The system has 6 degrees of freedom. Three for the translations of the slides and three for 
the stretching of the springs which conneet the beits to the slides. However, the eigenfrequency 
of the spring that is connected to the end-effector is so large that it can't be observed during our 

19 
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experiments (see [Bossink 1995]). 

The most important dynamics of the XY-table are contained in a three degrees of freedom 
model in which the belt springs are considered stiff. If we neglect the small terms of centrifugal 
forces, coriolis forces and viscous damping, the equations of motion become (see [Heikoop 1992]): 

(1.1 + 2.3(y- y
2

)) 0 l [ XI l 
(8.3 + 2.3( -2y + y2

)) 0 .X2 + 
0 4.3 ij 

( 4.1) 

The variables x 1 and x 2 are the positions of the lower slides along slideway 1 and 2, y is the 
position of the end-effector along the upper slideway, k is the stiffness of the torsion spring and 
it ranges from 4.6 to 2140 [kN/m], and Fx is the force generated by servo motor 1 on the torsion 
shaft and Fy is the force generated by servomotor 2 on the belt connected to the end-effector. The 
terms Wxi sign(:i:i) and Wy sign(y) represent the Coulomb friction that is experienced by the slides. 

From this simplified expression for the equations of motion (4.1) we learn that the positions 
x 1 and x 2 behave like an oscillator whos eigenfrequencies depend on position y and on the stiffness 
kof the torsion spring. Position y of the end-effector behaves like a simple double integrator which 
is not influenced by the slide positions x 1 and x2. 

In this study we want to control the position of the end-effector. This position is recorded by 
a camera which is mounted 2 [m] above the middle of the XY-table. The resolution of the camera 
is 0.14 [mm]. Since the camera has not yet been calibrated we assume that the measurement error 
is maximum half of this value. The validity of this assumption is suggested by an experiment in 
which we move the end-effector along the x-slideways and fix it along the y-slideway, or vice versa. 
The measured y- (or x-)position is identical for each pass, as a function of the measured x- (or 
y-)position, and the camera resolution is visible through 0.14 [mm] steps in the measured y- (or 
x-)position. (When moving along one slideway, the position in the other direction is not constant 
because of a small deviation of the xy-coördinate system of the camera with respect to the slideway 
directions). 

The control inputs of process (4.1) are the forces Fx and Fy. The maximum force that can he 
generated by the motors on the slides is limited by the software which drives the experiment. For 
motor 1 the maximum force Fx,max amounts to 246 [N] and for motor 2 Fy,max amounts to 41 [N]. 

4.2 Design of the First Loop Controller 

As has been stated in chapter 1 we are going to design a (robust) controller for the XY-table 
based on a model that is to he estimated from an identification experiment. Therefore we need 
to stabilize the process (of moving the end-effector) because our identification algorithm can 't 
estimate unstable processes. Since we will use a linear model for our process it is also necessary 
that we will minimize the effect of (Coulomb) friction which introduces a nonlinear behaviour. For 
linearization of the XY-table we implement a (non-linear) feedback compensator to compensate 
for the Coulomb friction, and a feedback loop with a PD-controller is used to stabilize the XY
table. Figure 4.2 shows a diagram of the closed loop system. lt consists of an inner loop with the 
nonlinear friction compensator and an outer loop with the linear PD-compensator. In the sequal 
we will refer to the combined campensators as the first loop controller. The reference position 
(xr(t), Yr(t)) constitutes the input signa! of the closed loop system and the output signa! is the 
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( :~) + +q-P+sD XY-table 
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L- ( 30 sign(±m) ) 
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6 sign(flm) 

Figure 4.2: The XY-table processin a stahilizing and linearizing feedback loop. 

measured position (xm(t), Ym(t)). In the next chapter we will identify and controll this system by 
a robust feedforward/feedback controller. 

The Friction Compensator 

In the simplified three degrees of freedom model of eq. (4.1) we have assumed a constant Coulomb 
friction. However, the actual value of the Coulomb friction is not constant but varies with the 
position of the slides. An approximate average value for the Coulomb friction Wx = Wx 1 + Wx2 
in the x-direction is 35 (N] and for the Coulomb friction Wy in the y-direction it's 8 (N]. In order 
not to overcompensate the Coulomb friction - overcompensation can get the system into a limit 
cycle- we choose to compensate the Coulomb friction in the x-direction with Wcx = 30 (l\] and 
in the y-direction with Wcy = 6 (N]. These values are added to the output Fx resp. Fy of the 
PD-controller as is shown in Fig. 4.2. 

The sign of the friction compensation is derived from the measured position of the end
effector. The velocity ±m of the end-effector in the x-direction is computed simply by: 

Xm(t) = f (xm(t)- Xm(t- T)), 

in which T = 0.01 (s], is the sampling interval. The velocity ilm is computed in the same way. By 
using this 'measured' velocity, measurement errors may cause an undesired change of sign at (very) 
low speeds (l±ml ~ 0.014 (m/s], with a camera resolution of 0.14 (mm] and a sample interval T of 
0.01 (s]). 

The PD-Controller 

The gains of the PD-controller are chosen such that the closed loop system is stabie and attains the 
lowest possible tracking error. In determining the gains P and D of the controller we assume the 
following simple model for the closed loop system in which the XY-table is considered completely 
stiff and without friction: 

FPDx = Px(Xr- Xm) + Dx(Xr- Xm) , 
Fpvy = Py(Yr- Ym) + Dy(Yr- ilm) , 

(4.2) 

with mx = 40 (kg] and my = 4.0 (kg] the effective masses to be accelerated (they include the mass 
of the slides and beits and the moment of inertia of the motorand the shaft), Xm the (measured) 
x-position of the end-effector, Xr the reference position, Fpvx and FPDy are the forces that are 
output by the PD-controller and Px, Py, Dx and Dy are the gains of the controller. With this 
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model the closed loop transfer function in the x-direction becomes: 

(4.3) 

wox and f3 are the natura! frequency and damping factor of the system. A similar expression applies 
for Ym((s)). The gains Px and Dx are related to Wox and f3 by: 

Yr S 

(4.4) 

With f3 = 0.7 the bandwidth Wbx of this system is approximately equal to Wox· We want this 
bandwidth to be as high as possible in order to have a small tracking error. This will enable us to 
estimate a more accurate model of the system. Because of unmodelled dynamics the bandwidth 
may not be chosen too high since this may cause instability. 

lf the torsion spring has it's smallest stiffness value (k = 4.6 [kN/m]) then the closed loop 
system has a resonance frequency of approximately 20 [rad/s]. Hence the bandwidth of the con
troller should be well below this frequency. Experimentally it appears that Wox should not be 
chosen higher than 3 [rad/s] for a stabie closed loop system. So this is the value chosen for the 
PD-controller in the x-direction. In the y-direction the natura! frequency Woy can be chosen as 
high as 20 [rad/s] befare the closed loop system gets into a limit cycle due to unknown (nonlinear) 
process dynamics. 

The First Loop Controller 

The ultimate first loop controller, consisting of a PD-controller and a Coulomb friction compensator, 
is described by the following equations: 

sign(xm)Wcx + Px(Xr- Xm) + Dx(Xr- Xm) , 
sign(ym)Wcy + Py(Yr- Ym) + Dy(Yr- Ym) , 

with the following values for the parameters: 

Wcx 30 [N] Wcy 6.0 [N] 

Px 2 mxWox Py 2 mywoy 
Dx 2f3mxWOx Dy 2/3myWOy 

mx 40 [kg] my 4.0 [kg] 
Wo x 3 [rad/s] woy 20 [rad/s] 
f3 0.7 [-] f3 0.7 [-] 

Experiments 

(4.5) 

We have performed 2 x 12 experiments with the XY-table controlled by the first loop controller, 
to illustrate the performance of this controller and to obtain a data set for comparison with the 
perfomance of the two loop controlled system which will be designed in the next chapter. 

The experiments have been performed for two kinds of input signals and 12 combinations of 
torsion spring stiffnesses and end-effector y-positions. Figure 4.3.a and .b show the reference signals 
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Figure 4.3: Experiment results with first loop controller. a) and b) show reEerenee signals in the 
x-direction; c) and d) show the tracking errors (xr- xm) in the x-direction with torsion spring 7; e) 
and f) show the RMS-tracking errors in the x-direction as a [u netion of the torsion spring stiffness 
k; g) and h) show the tracking errors (Yr - Ym) in the y-direction. 

Xr(t) in the x-direction. The first one is a sine with amplitude 0.2 [m] and with angular frequency 
2.75 [rad/s]. The second reference signalis a sine with increasing frequency. The frequency increases 
from 1 to 6 [rad/s], linearly with time, while the amplitude decreases with increasing frequency 
such that the acceleration Xr does not exceed 3 [m/s2]. With this reference signal we can observe 
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Figure 4.4: Transfer functions of the models estimated from experiments with the most flexible 
torsion spring at five fixed y-positions. 

the tracking behaviour of our system as a function of frequency. Since Xr ~ 3 [m/s2
] and the 

maximum frequency of 6 [rad/s] is 4 times lower than the resonance frequency of the system with 
the most flexible torsion spring, we expect the ultimate two-loop system to be able to obtain a low 
tracking error for this signal. The reference signals Yr ( t) in the y-direction are exactly the same as 
for the x-direction except for a phase shift, such that the end-effector describes a circle with the 
first input signal and a rotating and changing ellipse with the second. 

Experiments have been performed with six torsion springs and at several y-positions of the 
end-effector to check the robustness of the controlled system in the x-direction. Figure 4.3.c and 
.d show the tracking errors in the x-direction of the experiments with the most flexible torsion 
spring (k = 4.6 [kN/m]). During these experiments the end-effector also moved in the y-direction. 
The tracking errors in the y-direction are shown in subplots .g and .h. Subplots .e and .f shO\v 
the Root Mean Square (RMS) value of the tracking errors in the x-direction of all experiments, 
as a function the torsion spring stiffness k. The 6 points (in each plot) which are marked by a 
+ correspond to experiments during'which the end-effector also moved in the y-direction. These 
points are connected by a line. For three torsion springs (k = 4.6, 9.3 and 28.7 [kN/m]) we have also 
performed experiments during which the y-position of the end-effector was fixed at Yr = -0.25 [m] 
(points marked with o) and at Yr = +0.25 [ m] (points marked with *). 

The tracking error in the x-direction has a RMS-value of approximately half the RMS-value 
of the reference signal ("'0.14 [m]). This large tracking error is caused by the low bandwidth 
("'3 [rad/s]) of the PD-controller. At w = 3[rad/s] this low bandwidth results in a phase lag of the 
controlled system of approximately 30°, causing the tracking errors observed in Fig. 4.3.c and .d. 
The bandwitdh in the y-direction is much larger ("'20 [rad/s]) and therefore a much lower tracking 
error is achieved. For the first reference signal, the RMS-tracking error is 2.5 [mm], while for the 
second reference signal it's 4.0 [mm]. In this case the tracking error is mostly due to the variabie 
and undercompensated friction. 

In Fig. 4.4 we show the transfer functions of the models estimated from identification experi
ments with the most flexible torsion spring, at five fixed y-positions. The identification experiments 
are described in chapter 5. This result is shown here to illustrate the dependenee of the dynamics 
in the x-direction on the y-position of the end-effector when a flexible torsion spring is used. When 
the end-effector is at y = 0.25 [m] to the left of the centre of the XY-table (see Fig. 4.1), the 

0.2 
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estimated model has a large resonance peak at approximately 25 [rad/s], due to the torsion spring. 
At the other side of the table, at y = 0.25 [m] to the right of the centre of the XY-table (this is at 
y = -0.25 [m] in Fig. 4.4), this peak is not observed. lnstead, we abserve a peak at approximately 
50 [rad/s]. This one is also present at y = +0.25 [m], but it's much smaller. This peak is due to 
the springs that conneet the beits to the slides. 





Chapter 5 

Design of a Second Loop Controller 

In this Chapter we apply the iterative scheme ofidentification and controller design on the XY-table 
operated in closed loop. We will perfarm three iterations. Section 5.1 gives a detailed description 
of the first iteration of identification and the controller design. Section 5.2 states the results of the 
second and third iteration and evaluates the results of the two loop scheme. 

5.1 Design of a second loop controller; iteration 1 

The first step into designing a robust controller for the closed loop system of Fig. 4.2 will be the 
estimation of a model of the system and the computation of a model error bound. Then we design 
weighting functions to specify un upperbound for the closed loop transfer functions of the new 
closed loop system with an extra outer loop. When the model of the first loop system and the 
weighting functions are available, we are ready to apply the H 00-controller computation algorithm 
to find a stahilizing controller which achieves a minimal H 00-norm of the two-loop system. vVe will 
go through these steps in the following subsections. 

Since we have to use a linear model for our system we cannot describe the influence of the 
end-effeetar's y-position on the dynamics of the x-position. Therefore we will split our system in 
two subsystems and estimate two Single-Input Single-Output (SISO) models for it. During the 
model estimation, the influence of a variabie y-position will be treated as an uncertainty in the 
dynamics in the x-direction. On the other hand, the x-position or a variation in the x-position 
has no significant influence on the dynamics in the y-direction. (According to the three degrees 
of freedom model of eq. ·(4.1), in which we have neglected small terms, a variation in the x 1- and 
x2-positions has no influence at all.) We will therefore not reekon with these influences during 
model estimation. 

5.1.1 System Identification; x-direction 

Experiment Design 

System identification starts with experiment design. The sample frequency has been set to 100 
[Hz]. From preliminary experimentscan he concluded that the system doesn't have time constants 
smaller than approximately 0.7 [s] (resonance of belt springs). Hence, a sample frequency of 100 
[Hz] should be adequate. The duration of the identification experiment is determined by the 
smallest frequency for which the model estimate should be accurate. We choose this frequency as 

27 
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1 [rad/s]. We may expect to gather enough information on these frequencies if the duration of the 
identification experiment is approximately 50 [s]. 

In the identification experiment the reference signa! should excite the process at all frequen
cies; particularly at those frequencies which will eventually be used on the process. Therefore we 
will compose a reference signa! of two parts: a part that contains all frequencies but with an em
phasis on high frequencies and a low frequency part. The high frequency part is necessary for the 
identifiability of a high order model while the low frequency part is added to obtain a small model 
uncertainty at these frequencies (see eq. (3.26)). The power of the reference signa! should be high 
enough so that the resulting process output is significant compared to the effect of the disturbances. 
They should also be not too high in order not to have the input force Fx be clipped to the maximum 
allowed value of ±246 [N]. When this happens a new non-linear behaviour is introduced. 

With equations ( 4.2) to ( 4.4) we can compute the transfer function F~?r from reference signa! 
Xr to PD-controller output Fpvx: 

From this expression we can derive two approximate relations: 

s ~ Wox -+ FPDx(t) ~ 2f3woxmxXr(t) , 
s ~ Wox -+ FPDx(t) ~ mxxr(t) . 

(5.1) 

(5.2) 

For the high frequency part we would like a reference signal with a relatively large content of 
high frequencies. A block signal would be suitable, but, according to eq. (5.2), Fpvx(t) would be 
unbounded at each step. A bounded PD-controller output Fpvx(t) can be obtained by integration 
of the block signal. We limit the maximum value of to Fpvx(t) to ±150 [N], thereby leaving some 
extra capacity for disturbance reduction, friction compensation or initia! value correction. To stay 
within this (conservative) bound of 150 [N], the maximum amplitude of the block signa! is 2J5

o[N] 
woxmx 

~ 0.9 [m/s]. Insteadof plain integration we obtain the reference signal Xr from the block signa! by 
applying the band pass filter: (s+:0c)2, with Wc ~ 1 [rad/s]. This procedure will prevent Xr from 
drifting away from zero. Wc is chosen such that Jxrl ~ 0.3 [m]. 

For the low frequency part we take a sine of which the frequency increases from 1 to 6 [rad/s], 
linearly with time. The amplitude of this sine decreases with increasing frequency such that the 
acceleration (xr) does not exceed 4 [m/s2

] and consequently Fpvx(t) will not exceed mxlxrlmax 
= 160 [N]. We have chosen the frequency range 1 to 6 [rad/s] because we want the ultimate closed 
loop system to have a bandwithof approximately 6 [rad/s]. Therefore weneed to excite the process 
in this frequency range. 

Figure 5.1 shows the reference signa! xr(t) and its first and second derivative. The derivatives 
are computed from Xr(t) by Xr(t) = o}.(xr(t+ 1) -xr(t)) and Xr(t) = ~(xr(t+1)+xr(t-1) -2xr(t)). 
The plot of Xr (t) shows the result of the band pass filter: the blocks of the first part of Xr have 
slanting tops. The secoud derivative of this part is much larger than 4 [m/s2]. This is allowed for 
high frequencies since forthese frequencies Fpvx(t) is proportional to Xr(t) instead of Xr(t). 

With this reference signal we are able to gather relevant experimental data to estimate a 
model and a bound on this model's errors for one value of the torsion spring stiffness k and one 
y-position of the end-effector. To obtain a model and a model error bound that can cover the 
system dynamics for all (allowed) spring stiffness values and for any y-position, weneed to perform 
experiments with several torsion springs and at different y-positions of the end-effector. 
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Figure 5.1: Reierenee signa] Xr(t) for the identification experiment and Xr(t) and Ïr(t). 

Experiment 

Using the reference signal depicted in Fig. 5.1 we have performed 22 experiments. Table 5.1 shows 
the combinations of springs and y-positions of the end-effector at which experiments have been 
performed. y-position 'var' means that the end-effector was also moving in the y-direction. The 
reference signal used in the y-dire~tion is given by: 

Yr(t) = 0.25sign(sin(t)h/l sin(t)l. 

The square root is used to have the end-effector spend more time at its ends, the positions at which 
the dynamics are the most different (see Fig. 4.4). 

These experiments have all been performed twice to obtain an estimation and a validation 
data set. The validation data set is used during model estimation to check the estimated model 
u pon estimation-data-specific characteristics. If the model can also simulate the output data of the 
validation data set with comparable accuracy, then we assume that the estimated model does not 
depend on the noise and disturbance contents of the estimation data. For the reference signal of 
the validation experiment we use the time- and sign-reversed version of the reference signal of the 
estimation experiments. This signal is different from the first one but easy to obtain. Since we have 
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spring y-positions [m] 

# k [kN/m] var -0.250 -0.125 0.000 0.125 0.250 
1 2135.5 x x x x x x 
2 287.1 x 
3 25.5 x 
4 9.3 x x x x x x 
5 8.0 x 
6 6.9 x 
7 4.6 x x x x x x 

Table 5.1: Combinations of torsion spring stiffnesses k and y-positions at which identification 
experiments are performed. 

~ [~m~]--~----~--~----X~r_g __ x~m----~--~----~--~--~ 
0.2 
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0 5 10 15 20 25 30 35 40 45[S] _. t 

-200~--~~--~----~~--~----~----~--~~--~----~----~ 

0 5 10 15 20 25 30 35 40 

Figure 5.2: Results of experiment with spring 7 and variabie y-position: 1) reference signa] Xr and 
measured x-position Xm (heavy line); 2) controller output Fx. 

sampled at 100 [Hz] there is a redundancy into the experiment data. We can use this redundancy 
to lowpass filter and resample the data at a lower frequency, thereby reducing the power of the 
measurent noise in the output data. Th is procedure of resampling is called 'decimation '. We use 
an eighth order filter with cut-off frequency at 0.4(2rr 100

JHz]) = 126 [rad/s] and decimate the data 
by a factor 2. 

In illustration of the identification experiments we showsome results of the experiment with 
torsion spring 7 and variabie y-position in Fig. 5.2. The upper plot shows us the reference signal 
Xr tagether with the measured x-position Xm of the end-effector (heavy line). The first part of 
Xm is much less high frequent than the first part of reference signa! Xri the closed loop system act 
like a low pass filter. The second part of the output signa! shows a better tracking, except for the 
fase lag of approximately 30°. This fase lag is due to the low bandwidth of 3 [rad/s] of the first 
loop controlled system (see also the camment of Fig. 4.3). The lower plot of Fig. 5.2 depiets the 
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Figure 5.3: a) Simulated output and simulation error of low order model; b) transfer function of 
tlle high and low order models and model error bound; c) phase of the low order model G. 

controller output Fx· This signa! remains well between its bounds of ±246 (N]. The first part of the 
signa! is very much similar to Xr (see Fig. 5.1), although it is perturbed by disturbances (varying 
friction). The second part of the signa! clearly shows the change of sign of the Coulomb friction 
compensation at the change of sign of Xm· 

Model Estimation 

For each of the 22 experiments we have estimated a parametrie model and a bound on the model 
error in the frequency domain. We have used an ARX-model with 25 parameters for both the A 
and B polynomial (see Chap. 3). This model order should be high enough to obtain an unbiased 
transfer function estimate G(éw) = B(eiw)/A(éw). Then, using an output error identification 
algorithm, the ARX-model is reduced toanARX-model of state-space order 4. This reduced order 
model has then been transformed to a state-space description to be used for the controller design. 
The disturbance model is H(éw) = 1/A(éw), with A the polynomial of the high order ARX-model. 
We do not estimate a low order disturbance model since we only use the gain of its transfer function 
during the controller design as a lower bound for weight function Vdx (see next subsection). 

Figure 5.3 shows a simulation of the identification experiment with torsion spring 7 with 
moving end-effector, and the transfer function and error bound that have been estimated from this 
experiment. The upper plot shows the simulated output Xms and the simulation error Xm - Xms 

of the low order model. The RMS value of the simulation error is 8.6 (mm]. This large simulation 
error is mainly due to the first part of the simulation (t = 0 to 25 (s]). Especially the large error at 
t = 24 (s]. This error is caused by the coulomb friction, which is not compensated for, since Xm is 
zero at approximately t = 23 (s] (see Fig. 5.2). At this time the PD-controller has to overcome the 
Coulomb friction to make the end-effector move. This happens as FPDx is approximately 30 (N]. 
This nonlinear behaviour can obviously not he simulated by a linear model. The RMS value of the 
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simulation errorfort = 25 to 48 (s] equals 2.9 (mm]. 

The fact that the tracking error can get so large if the Coulomb friction is not compensated 
for, is due to the low natural frequency (wox = 3 (rad/s]) ofthe closed loop system in the x-direction. 
(To compensate fora static error of 0.1 (m], the PD-controller generates only mxwÖxO.l = 36 [N].) 
In the y-direction, these large static errors are not observed (see Fig. 5.10), because of the large 
natural frequency (woy·= 20 [rad/s]) of the closed loop system in this direction. 

Figure 5.3.b shows the transfer function of the high and low order models and the (additive) 
error bound ~G,max of the high order transfer function. (The error bound of the low order modetl 
equals ~G,max + IGn(eiw) - G(eiw)l, in which an(éw) is the transfer function of the high order 
model.) The high and low order modellie almost exactlyontop of each other until w = 20 [rad/s]. 
After this frequency the high order model has a whimsical transfer function. The transfer function 
of the low orçler model (G) is a smooth interpolation through the high order transfer function. 
Error bound ~G,max has two peaks: one at 30 [rad/s] and one at 60 (rad/s]. The first one is due to 
the torsion spring. G has no peak at this frequency because this resonance only appears when the 
end-effector is at the lefthand side of the XY-table (see Fig. 4.1). The second peak in ~G,max is 
due to the belt springs. The low order model G also has a bump at approximately this frequency. 
According to (Bossink 1995] the natura! frequency betonging to these springs is 75 [rad/s]. 

Figure 5.3.c shows the phase of the low order transfer function. The transfer function has a 
significant phase lag in the frequency range of 1 to 6 [rad/s]. At 3 [rad/s] the fase lag is approx
imately 30°. This explains the high tracking error observed in the experiments in the x-direction 
(see Fig. 4.3 and Fig. 5.2). As aresult of the large error bound ~G,max, the gain and phase of the 
transfer function G (but also of the high order model) cease to be significant for frequencies above 
approximately 80 [rad/s]. 

From all 22 models we have estimated a nominal process model which is to be used for 
controller design: it's the model estimated from the experiment with spring 4 and variabie y
position. The motivation for this choice was to obtain a small model error bound. The error 
bound of the nominal model is given by the maximum difference between this model and the other 
models including their error bounds. Since the differences between the model error bounds of their 
respective nominal models are small our choice for the nominal model is rather arbitrary. This 
nomina! model and its error bound (which are called Gx and ~G,max, respectively) can be found 
in Fig. 5.5.c. It is expected that this nomina! model and its error bound2 can cover the process 
dynamics in the x-direction for all torsion spring stiffnesses in the range (4.6, oo) (kN/m] and for 
any y-position in the range (-0.25, +0.25] [m]. The disturbance transfer function H(eiw) that is 
used for controller design is the maximum (at each frequency) of all of the estimated disturbance 
transfer functions. lt is shown in Fig. 5.5.b. 

5.1.2 Controller Design; x-direction 

Control Contiguration 

In this section we will design a second loop controller, basedon the modeland error bound estimated 
in the previous section. The second loop controller should enhance the tracking of the system 

1 See Appendix A for the error bound of the low order modeL 
2 In the calculation of the error bound of the nomina! model we have used only the varianee part of the error 

bounds of the individual model, thereby neglecting the bias part IGn(e'w)- G(e'w)l. in which cn(e'w) is the transfer 
function of the high order model (see Chap. 3). In Appendix A, we show both the nominal model error bound when 
the bias part is and is not neglected. lt appears that the error bounds are almost identical, due to the fact that the 
bias is much smaller than the difference between the nominal model and the other models. Thus, this negligence will 
not affect our results. 
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Figure 5.4: General control configuration for the second loop. Model G represents the estimated 
model of the first loop system. 

without destabilizing it. To obtain such a controller we will use the H00 controller design method. 
The contoller will produce a new reference signa! Ux (this input was previously called Xr !) for the 
first-loop system. The H 00 controller has two input signals: the reference signa! rx forthetwo-loop 
system and the measured process output Xm· The general control contiguration for the new system 
is shown in Fig. 5.4. In this figure we have split the controller in a prefilter block Cpf and a feedback 
block Cfb· The first-loop system is represented by process G. The control contiguration depicted 
in Fig. 5.4 is equivalent with the standard feedback contiguration of Fig. 2.1 if the prefilter Cpf in 
Fig. 5.4 equals Cf!+ Cjb of the standard feedback configuration.3 

Let us call the closed loop system depicted in Fig. 5.4 Mx. 4 System Mx has three inputs 
- the reference signal rx, a disturbance signal dx and a measurement noise input nx - and two 
outputs - the process input Ux and the tracking error ex. Disturbance input dx is to describe 
two types of disturbances: unmodelled dynamics ( additive model error ~G) and 'independent' 
disturbances. These signals are characterized by the weight filters Vrx, Vdx, Vnx, Wux and vVex, 
such that rx ... ëx are normed signals: llrxll2 ~ 1 ... llëx112 ~ 1. The additive model error ~G -

which is parallel to process G- can be represented by the transfer Vdx~GWux from output Ux to 
input dx. ~G is an unknown stabie and norm bounded operator: ll~alloo ~ 1. 

System Mx including the weight filters is called the augmented system Mxaug· The H00 -

controller design method consistsof computing a stahilizing contoller that minimizes the oo-norm 
of the augmented system: 

(5.3) 

By makinga certain choice for the weight filters we can shape the closecl-loop transfers ~. ;, ~' ;, 
! and 2· The size of the weight filters Vnx, Vdx and Wux can be determined from the identification 
experiment. Vrx and Wex are chosen such that we attain maximum performance. 

3 When using Cpf = Cf/ + Cfb, the feedback controller Cfb is now constrainted to stabie transfer functions, 
whereas this is not the case in Fig. 2.1. 

4 We will use the subscript :z: on a transfer function or signal, whenever we want thern to relate to the x-direction 
explicitly. The subscript 11 is used for the y-direction. 
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Weight Filter Design 

In the following we will describe all weight filters in s-domain because this is simpler than a de
scription in z-domain. The filters will be transformed to discrete-time by the Tustin transformation 
(without prewarping). 

I> Vnx 
Since there is no information available on the accuracy of the camera we assume that the quanti
zation error is the dominant souree of measurement errors. The resolution is equal to 0.14 [mm] 
and hence (we assume) the maximum error is 0.07 [mm]. A white noise signal nx with maximum 
deviation 0.07 [mm] and uniform distribution will probably give a sufficiently accurate description 
of this measurement error. Assuming nx is generated by the L2-signal nx with norm lliixll2 :::; 1, 
and filtered by Vnx' we choose Vnx = 5 · 10-5 • 

I> Vdx & Wux 
As mentioned before, input dx and output Ux serve a dual purpose. First, dx is the input of 
'independent' disturbances added to the output. Therefore IVdxl should be greater than or equal 

to the square root of the estimated disturbance spectrum JRxiHx(éw)l 2 = J<I>dx(w) = 4>dx(w), in 

which Rx is the equation error varianee and Hx(éw) = 1/A(eiw) the estimated disturbance filter. 5 

Second, output Ux and input dx are (imaginary) connected by b.a to represent additive model 
errors. Therefore IWux Vdxl should be greater than or equal to the model error bound b.a,max as 
estimated in the subsectien on model estimation. 

Output Ux is also the input of process Gx so it's the new reference signal for the first-loop 
system. To avoid actuator saturation (i.e. clipping) Ux must be bounded by the use of a suitable 
weight filter Wux· In the subsection on experiment design we have already argued about the 
maximum allowed reference signal that is supplied to the PD-controller. To obtain a more accurate 
bound on the allowed amplitude of Ux at each frequency, we have estimated an ARX-model (from 
the identification experiments) for the transfer function TFux from the first-loop reference input Ux 
to the PD-controller output Fpvx . With 246 [N] being the clipping bound for motor 1, it seems 
reasonable to limit the power of Fpvx to RMS(FPvx) :::; 100 [N], in which RMS refers to Root 
Mean Square. To achieve this, Ux should be limited to RMS(TFux ux) :::; 100 [i'\]. Hence if we choose 
Wux = 0.01ITFuxl and assume RMS(ux) :::; 1 then the output Fx of the first loop controller will not 
be clipped. 

So we have 3 (lower) bounds on Vdx and Wux: 

IVdx(éw)l > 4>dx(w) , 
IWux(eiw)l > 0.01ITFu(eiw)l 

IWux(eiw)Vdx(eiw)l > b.ax,max(w) · 

Figure 5.5 shows these lower bounds and our choice of the weights Vdx and lYux· 

I> Vrx 
With weights Vrx and Wex we specify the desired performance. To derive the frequency dependenee 
of Vrx(éw) we assume the following normed reference signal: 

5 Actually, IVdzl should be greater than or equal to the sum of the square root of the estimated disturbance 

spectrum and its error upperbound: JR..,IH..,(ei"')l2 + 3JR..,var[Hx(ei"')] = v'R~jH..,(e;"')l + 3~IH..,(e;"')l = 
1.3~IH..,(e;"')l, with N = .01 (see Chap. 3). However, we have neglected the factor 1.3. 
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Figure 5.5: Weight filters Wux and Vdx and their lower bounds. 

This signal satisfies RMS(rx) = 1 for all frequencies Wr· After passing weight filter Vrx this signal 
is amplified to: 

For the new closed loop system we expect that the combined contoBers- Cpfx and PD-controller
will approximately establish the properfeed forward gain Fpnx = mxfx(t). The second derivative 

of reference signal r(t) may therefore not exceed approximately ~~\~ = 4 (m/s2] (see discussion 

of eq. (5.2)). Hence Vrx(wr) must satisfy: 

or 

This function becomes very large for low frequencies. Since Wux is not decreasing for frequencies 
below approximately 1 (rad/s] (see Fig. 5.5) we limit the low frequency gain of Vrx to 0.1. If we 
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did not limit Vrx for low frequencies then the upperbound W;x1 Vr-;1 for transfer 1LL would become rx 
very small and we would not he able to achieve a small tracking error for these frequencies. We 
have chosen not to decrease Wux below approximately 1 [rad/s] to achieve Wux Vdx ;?: ~G,max· The 
following transfer function is used for Vrx: 

2.1 
Vrx(s) = (s + 4.6)2 .. 

I> Wex 

(5.4) 

The inverse of weight function Wex specifies the size of the tracking error. At this moment we can 
only guess the achievable performance of our system. We would like the tracking error to he less 
than 1 [mm]. The corresponding weigth would he Wex = 1000. If no stahilizing controller can he 
calculated that achieves IIMxauglloo ~ 1 then we should decrease Wex else we can increase vVex until 
IIMxauglloo = 1. 

Controller Calculation & Simulation 

Now that we have designed the weight functions of Mxaug we can calculate the (sub-optimal) 
controller that attains IIMxauglloo ~ 1/'Y· We use the MATLAB tooibox MHC (see [Falkus 1993]) to 
perfarm this calculation. 

Using the weigth filters derived in the foregoing, the optimal /opt = minestab IIMxauglloo equals 
8.8. This value is larger than 1. The Bode plots of the closed loop transfer functions suggest that 
we need to decrease Wex to achieve a lower value of /opt· With Wex = 30(s + 10)/(s + 1), /opt 
becomes 1.03, which is close enough to 1. A lower weight for high frequencies had to he chosen 
since transfer 2- could not he made smaller for frequencies of approximately 10 [rad/s] and higher. 
Figure 5.6 shows the Bode plots of Mx (the lower curves). The upper curves are the bounds for 
the transfers that we specified with the weights Vrx ... Wex (e.g. the bound for Mxn is given by 
1/(Wux Vrx)). 

From this figure we conclude that the lowest achievable oo-norm of Mxaug is limited by the 
sensitivity 2" for low frequencies and the control sensitivity R = ~ for high frequencies. The plot of 
the sensitivity 2" showsus that the second loop controller cannot imprave the disturbance reduction 
of the first-loop controller, after 10 [rad/s]. This is due to, firstly, the model uncertainty given by 
the weight function product IWux Vdxl, which farces the control sensitivity R = ~ of the system to 
have a dip in the frequency range 10 to 80 [rad/s], and, secondly, the demand on prevention of 
input saturation given by the weight function product IWuxVrxl· The transfer* has, however, not 
yet fully reached its maximum. 

The state-space order of the H00-controller is equal to the order of the augmented plant, 
which is 19. The controller could he reduced to order 12 without changing the H 00-norm of the 
augmented system Mxaug much. We have used the Schur balanced model reduction (schmr.m, see 
MATLAB Robust Control Toolbox). The Bode plots of the reduced controllers Cpfx and Cjbx are 
shown in Fig. 5.7. These controllers have a large gain for low frequencies because of the small 
tracking error that is required for these low frequencies. At 30 [rad/s] there is a dip in C fbx as a 
result of the model uncertainty (torsion spring stiffness) while at 65 [rad/s] there is a dip in both 
Cpfx and Cfbx as a result of the reasananee peak at 60 [rad/s] in the nominal model due to the 
belt springs. 

From approximately 30 [rad/s] the gain of the feedback controller Cjbx is increasing. This 
results in amplification of the disturbance dx to the processinput ux, as can beseen from Fig. 5.6.c 
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Figure 5.6: Bode plots of closed loop system Mx (Jower curves) and their bounds (upper curves). 

This does not seem very useful, since the model errorbound (~ex) exceeds the gain of the pro
cess (IGxl) from 10 [rad/s], so there is no information about the sign of (Gx + ~Gx)ux. From 
approximately 10 [radjs], the transfer ~. which is important for robust stability, is very close to 
the model error upperbound IWuxVdxl· This means that, if the model error is nearly as large as 
its upperbound, then the closed loop system will nearly he unstable, which will result in weakly 
damped resonance. In absence of model errors, the increased controller gain of CJbx impraves the 
tracking of the reference signa! for frequencies above 30 [rad/s].6 

For investigation ofthe tracking behaviour and noise sensitivity of this new closed loop system 
Mx we perfarm a simulation. As reference signa! rx we use a sine with its frequency increasing 
from 1 to 6 [rad/s]. This is the same signa! as the second test signa! depicted in Fig. 4.3. The 
measurement noise signa! nx used in the simulation is a uniformly distributed white noise signa! 
with maximum deviation 0.07 [mm]. Disturbance signa! dx is set to 0. Figure 5.8 shows the tracking 

6 With the symbols used in Chap. 2, we have for the tradring error: 

e = r- y =(I- [SPC!f + T])r = (S + T- [SPC!f + T])r = S(l- PC!f )r, 

with the sensitivity S given by S = [1 + PCJb]- 1
• So, by increasing Cfb we reduce S and hence the tradring error is 

red u eed. 
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Figure 5.8: Simulation results of new closed loop system Mx. Upper plot: reference signa] rx and 
tracking error ex; lower plot: simulated output PD-controller 

error ex and reference signal rx intheupper plotand output Fpnx of the PD-controller in the lower 
plot. 

The RMS-value of the tracking error is 8.6 [mm). When we compare this with the tracking 
error depicted in Fig. 4.3 we conclude that the second loop controller has reduced the tracking 
error - at least in the simulation - by approximately 86% (average tracking error of first-loop 
controlled proces is 63 [mm]). Another feature of this simulation is the noise sensitivity. Although 
the measurement noise is amplified in the second loop controller output Ux (see Mx12 in Fig. 5.6), 
its contribution to PD-controller output Fpnx is still small with respect to the disturbance rejection 
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of the PD-controller (see Fig. 5.2). 

5.1.3 System Identification; y-direction 

Experiment Design 

As with the identification signal in the x-direction the identification signal in the y-direction will 
also he composed of a high frequency part and a low frequency part. eq. (5.1) can he used to 
determine the spectrum of a sufficiently exciting reference signal. Following the same procedure of 
identification and controller design as is described for the x-direction we obtained a controller for 
the y-direction. When this controller was implemented the system appeared to he resonating at a 
frequency of approximately 35 [rad/s]. The estimated model and the model error bound apparently 
did not describe the system accurately at this frequency. This might he due to the fact that the 
identification signal was not a 'worst case' reference signal for the PD-controller. The reference 
signal generated by the new controller (signal uy in Fig. 5.4) is obviously a 'worse' signal since it 
manages to bring the system in resonance. Therefore we have used this signal to perfarm a second 
identification of the first-loop controlled process. 
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Figure 5.10: Identifi.cation experiment in the y-direction: 1) reference signa] and tracking error; 2) 
force Fy exerted by motor 2. 

Figure 5.9 shows this new reference signal, its second derivative and the power speetral 
density of the old and new reference signal (new = heavy line). The second derivative of the 
reference signal has a lot of large thin peaks due to the disturbance rejection of the PD-controller. 
These will not lead to actuator saturation because the PD-controller is only once differentiating for 
high frequencies and the velocity of the reference signalis bounded between [-1, +1] [m/s]. The 
new reference signal has also gained power in the frequency range 30 to 40 [rad/s], when compared 
to the old power spectrum (thin line), caused by the resonance of the two-loop system. 

During the identification experiment the end-effector only moves in the y-direction. According 
to eq. (4.1) the dynamics in the x-direction do not interfere with the dynamics in the y-direction. 
High frequency motion in x-direction might have some (small) influence on the friction that is 
experienced in the y-direction but, since this friction is already variable, this would hardly change 
the estimated model. 

The identification experiment is performed twice to obtain two data sets for model estimation 
and for model validation. Like before the reference signal of the validation experiment is the time
and sign-reversed version of the reference signal of the estimation experiment. 

Experiment 

Figure 5.10 shows the tracking error tagether with the reference signal of the identification exper
iment and the output of the first loop controller. The 35 [rad/s] disturbance that was present in 
the identification signal, is amplified by the system and is now visible in the plot of the tracking 
error as well as in the plot of the controller output. In both signals the 35 [rad/s] excitation is the 
dominant feature. The Root Mean Square (RMS) value of the tracking error is 5.6 [mm]. This is 
larger than the RMS-tracking error of 4.0 [mm] presented in Chapter 4 (see Fig. 4.3) and is caused 
by the 35 [rad/s] disturbance in the identification signal. From the second plot we can also abserve 
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the large contribution of the Coulomb friction compensation (approximately 10 [N]) to the total 
exerted force (observe the large step in Fy at t ~ 23 [s], when ±r changes sign). 

Model Estimation 

We have estimated an ARX-model with 25 parameters for both the .4. and B polynomial. Then 
this model was reduced to an ARX-model of state-space order 4 and converted to a state-space 
description. A simulation with this model shows a (RMS) simulation error of 2.1 [mm]. Transfer 
function G of the low order roodels and its error bound ~G,max are presented in Fig. 5.11. 7 As a 
result of the high gains of the PD contoHer ~G,max is small for low frequencies. However, it grows 
very large for frequencies above 10 [rad/s]. 

Model G has a large peak at 35 [rad/s]. The origin of this peak is unknown. lt seems that 
some (partly) nonlinear effect is responsible for it since ~G,max has two peaks in the frequency range 
30 to 40 [rad/s], despite the extra power of the identification signa! at aproximately 35 [rad/s]. The 
resonance effect may be related to the excentricness of a shaft that guides the belt that is connected 
to the end-effector. Th is excentricness causes a periodicly changing friction when end-effector moves 
with a constant velocity. This phenomenon has also been remarked upon by [Bossink 1995]. 

5.1.4 Controller Design; y-direction 

The control contiguration in the y-direction will be the same as in the .r-direction and is depicted in 
Fig. 5.4. Weight filters Vry and Vny are copied from the design for the x-direction. Vry is unaltered 
because we will apply the same reference signals to both x- and y-direction. Vny is the same for x
and y-direction since the camera has the same resolution in both directions. 

Weights Vdy and Wuy are determined by the lower bounds: 

IVdy(eiw)! > </>dy(w) , 

!Wuy(eiw)! > 115!TFuy ( eiw) I 
!Wuy(éw)Vdy(eiw)! > ~Gy,max(w) · 

with <!>dx(w) the square root of the estimated disturbance spectrum, TFuy the transfer function 
from uy to PD-controller output FPDy and ~Gy,max the model error bound. The clipping bound 
for motor 2 is 41 [N]. So if we limit RMS(Fy) to 15 [N] by demanding 1

1
5 RMS(TFuy uy) :=:; 1 then 

output Fpvy of the PD-controller is unlikely to be clipped. Figure -5.11 shows these lower bounds 
and our choice of the weights Vdy and Wuy· 

For Wey we will choose 1000 like we have clone in the x-direction. If this value should be 
too high to achieve IIMyauglloo :=:; 1 then we should decrease Wex· Else we can increase Wex until 
IIMyauglloo = 1. 

7 Like in the x-direction, we have used only the varianee part of the error bound of the model, thereby neglecting 
the bias part IGn(eiw)- G(eiw)l, in which cn(eiw) is the transfer function of the high order model (see Chap. 3). In 
Appendix A, we show both the nomina! model error bound when the bias part is and is not neglected. lt appears 
that the error bound with bias part is, at some frequencies, significatly higher ('"" 5 [dB]) than the error bound 
without bias part. The the weight filter product Vc~yWuy is, however, much larger than both model errors (except at 
frequencies below 1 [rad/s]). Thus, this negligence will notaffect our results. 
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Figure 5.11: Weight filters Wuy and Vdy and their lower bounds. 

Controller Calculation & Simula'Üon 

The optimal /opt that can be achieved with the weights mentioned before equals 4.6 To arrive 
at a 1 that equals 1 we decreased Wey to Wey = 50(s + 20)/(s + 0.5). Again we have chosen a 
lower weight for high frequencies since transfer 2 could not be made smaller for frequencies of 
approximately 10 [rad/s] and higher. Figure 5.12 shows the Bode plots of My (the lower curves). 
The upper curves are the bounds for the transfers that we specified with the weights Vry ... Wey· 

The lowest achievable oo-norm of Myaug is limited by the sensitivity 2 for low frequencies and 
the transfer ~ for high frequencies. The plot of the sensitivity ~ shows us that the second loop con
troller cannot improve the disturbance reduction ofthe tirst-loop controller, afterlO (rad/s]. This is 
due to, firstly, the demand on prevention of input saturation given by the weight function product 
!WuyVryl, and, secondly, the model uncertainty given by the weight function product !WuyVdyl, 
which forces the control sensitivity R = i of the system to have a large dip at approximately 
35 (rad/s]. 

The state-space order of the H00-controller is 15. This controller has been reduced order 8 
by the Schur balanced model reduction. The Bode plots of the (reduced) controllers Cpfy and Cfby 

are shown in Fig. 5.13. These are the reduced controllersAs for the x-direction, these controllers 
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Figure 5.12: Bode plots of closed loop system My (lower curves) and their upper bounds (upper 
curves). 

have a large gain for low frequencies. At approximately 35 [rad/s] CJby and Cpfy have a dip which 
match the resonance peaks in the estimated model G and the dip in the control sensitivity R = ~, 

respectively. For frequencies larger than 60 [rad/s] the reference signa! is slightly amplified by Cpfy 

to compensate for the insuflident tracking of model G at these frequencies. 

We have performed a simulation with this controller and the estimated model G. The inputs 
are the same as in the x-direction: ry is a sine with increasing frequency, measurement noise 
signa! ny is a uniformly distributed white noise signa! with maximum deviation 0.07 [mm], and the 
disturbance dy is set to 0. 

Figure 5.14 shows the tracking error e and the reference signa! r in the upper plot, and the 
PD-controller output FPDy in the lower plot. The RMS-value of the tracking error is 3.3 [mm]. 
This value can be compared to the tracking error of the first loop controller, depicted in Fig. 4.3 
(which amounts 4.0 [mm]), if we bare in mind that a significant part of the latter tracking error is 
caused by the disturbances, wich are not present in this simulation. With this reservation it seems 
that the second loop has not improved the tracking of the system. But, it may have improved the 
disturbance reduction for low frequencies. As for the second loop controller in the x-direction, the 
simulated PD-contoller output FPDy remains wel! within its clipping bounds of ±41 [N] and the 
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Figure 5.14: Simulation results of new closed loop system My. a) reference signa] r and tracking 
error e; b) output Fpny of PD-controller. 

noise content is very low. 

5.1.5 Experiments with the two-loop system of iteration 1 

Like we have clone for the one-loop system (see section 4.3), we have also performed experiments 
with the two-loop system to test the tracking behaviour of the system. Experiments have been 
performed for two types of input signals and for 12 combinations of torsion springs and end-effector 
y-positions; these are the same experiments as with the one-loop system. Figure 5.15.a and .b 
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Figure 5.15: Experiment results with the two-loop system of the first iteration. a) and b) show 
reference signals in the x-direction; c) and d) show the tracking error (xr - xm) in the x-direction 
with torsion spring 7 and variabie y-position; e) and f) show the RMS-tracking error in the x
direction as a function of the torsion spring stiffness k; g) and h) show the tracking error (Yr- Ym) 
in the y-direction. 

show the reference signals Xr ( t) in the x-direction. The reference signals Yr ( t) in the y-direction are 
exactly the same as for the x-direction except for a phase shift. For a discussion of these reference 
signals, we refer the reader to section 4.3. 
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In Fig. 5.15.c and .d we have depicted the tracking error in the x-direction of the experiments 
with torsion spring 7 (k = 4.6 [kN/m]) and with the end-effector also moving in the y-direction. 
The tracking errors in the y-direction are shown in subplots .g and .h. Subplots .e and .f show 
the Root Mean Square (RMS) value of the tracking errors of all experiments in the x-direction, 
as a function the torsion spring stiffness k. The 6 points (in each plot) which are marked by a 
'+' correspond to experiments during which the end-effector also moved in the y-direction. These 
points are connected by a line. For three torsion springs (k = 4.6, 9.3 and 28.7 [kN/m]) we have also 
performed experiments during which the y-position of the end-effector was fixed at Yr = -0.25 [m] 
(points marked with 'o') and at Yr = +0.25 [m] (points marked with '*'). 

In the x-direction, the RMS-tracking error for the first input signal has been reduced by 
a factor 20 with respect to the one-loop controlled process. The tracking error is periodic with 
the frequecy of the input signal. Since it does not resembie the input signal the tracking error 
must be caused by a position dependent disturbance. The plots of the second experiment show 
that the tracking error becomes frequency dependent from approximately 3 [rad/s]: it increases 
with increasing frequency. The RMS-tracking error does, however, notdepend on the torsion spring 
stiffness or the y-positions. There do exist differences in the dynamics in the x-direction, depending 
on the y-position and stiffness parameter k, but these are not revealed by the RMS value of the 
tracking error. A weakly damped resonance is observed only when we use the most flexible torsion 
spring (k = 4.6 [kN/m]) and with the end-effector at the lefthand side ofthe XY-table, that is when 
y > 0. In Fig. 5.15.d this resonance can best be observed at approximately 3 [s] {the reference signal 
in the y-direction is 1 [s] behind the reference signal in x-direction, so y ~ +0.2 [m]). This resonance 
was already predicted on the basis of the bode plots of the closed loop system (see Fig. 5.6.c). 

In the y-direction, the second loop controller has not reduced the tracking error significantly, 
as we already guessed from the simulation results. When compared with the results of the one-loop 
system (Fig. 4.3), the RMS-tracking error has increased for the first reference signal while it has 
decreased for the second. The new controller did reduce the low frequency disturbance which is 
visible in Fig. 4.3.h. In this plot, the tracking error has a 1 [rad/s] component between t is 0 to 
5 [s], while this phenomenon is not present in Fig. 5.15.h. We also observe an increased component 
of approximately 30 [rad/s) in the tracking errors of both experiments, despite the small feedback 
gain of C fby at 35 [ rad/s) and des pi te the 'stability bound' I Wuy Vdy I which is significantly larger 
than the model error upperbound .Ó.Gy,max· 

To illustrate the actual motion ofthe end-effector we have depicted in Fig. 5.16 the (measured) 
end-effector y-positions versus the x-positions of the experiments of which the tracking errors are 
shown in Fig. 5.15.c, .d, .g and .h. The first picture shows that the orbits lie almost exactly on 
top of each other. This shows that the end-effector experiences the same disturbances at each 
pass, in both the x- and y-direction. In the y-direction, the dominant disturbance is constituted 
by the excentricness of a shaft that guides the belt that is connected to the end-effector. This 
excentricness causes a periodicly changing friction when end-effector moves with a constant velocity. 
This phenomenon has also been remarked upon by [Bossink 1995) and it might be related to the 
30 [rad/s] vibration of which the origin is unknown. 

5.2 The Second Loop Controller; Iteration 2 & 3 

Preliminary remarks 

With the new two-loop controlled system we can again perform an identification experiment and 
design a new second loop controller. In Chapter 1 we have stated our expectation that we can 
estimate a closed loop process model with a smaller variance, as the sensitivity of the system gets 
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Figure 5.16: The (measured) end-effector y-position versus the x-position corresponding to the 
exp~riments of Fig. 5.15.c, .d, .g and .h. 

smaller (see eq. (1.2)). The second loop controllers, which we have designed in the previous section, 
have improved the sensitivity (disturbance reduction) in the x- and y-direction for frequencies below 
10 [rad/s] (see Fig. 5.6.f and Fig. 5.12.f), but the second loop has also increased the resonance at 
20 [rad/s] in the x-direction and at 30 [rad/s] in the y-direction. Hence, at this point it is not 
clear if a second iteration of identification and controller design can improve the tracking error and 
robust stability of the two-loop system. 

For model estimation and controller design for the two-loop system, we follow the same 
method as for the one-loop system. We perform several identification experiments, estimate a 
model from each data-set, choose a nomina! process model and disturbance model, and compute 
a model error upperbound. Based on these data we design the weight filters which are to he used 
in the general control configuration ( depicted in Fig. 5.4), and we apply the H 00-controller design 
algorithm to obtain a stahilizing controller that minimizes the oo-norm of the augmented system. 

The new controllers Cpf and Cfb are not implemented in a third loop around the process, 
but they are combined with the controllers of the second loop to form a new pair of second loop 
controllers. As plain combination of the controllers wil! result in ill-conditioned, high order state
space systems, the order of the controllers is reduced toa sufficiently low order, but such that the 
high order transfer function is accurately approximated; a statespace order of 15 wil! generally do. 

The controller transfer functions 

For the controllers of the second and the third iteration we wil! confine ourselves by presenting the 
Bode gain plots of the controllers in the x- and y-direction, and the results of experiments performed 
with these controllers. In Appendix B we include plots of the estimated models and error bounds, 
the weight functions used for the controller design and the closed loop transfer functions of the 
two-loop systems of the second and third iterations. 

Figure 5.17 shows the Bode plots of the second loop controllers Cpf and C fb of iterations 1, 2 
and 3; this for easy comparison of the transfer functions. Subplots .a and .c relate to the x-direction 
while .b and .d relate to the y-direction. The gains of these controllers show the same trend for 
frequencies below approximately 3 [rad/s] in x-direction and 10 [radjs] in y-direction. The low 
frequency gains increase with each iteration. This should improve the disturbance reduction for 
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Figure 5.17: Transfer functions of second loop controllers of iteration 1, 2 & 3; a) and c) relate to 
the x-direction, b) and d) relate to th,e y-direction. 

these frequencies. At the critical frequencies of approximately 20 and 70 [rad/s], the gains of Cjb,x 

have not increased much, although Cjb,x of the third iteration has its gain increased by a factor 
3 at 40 [rad/s]. This controller has state-space order 20, while the second iteration controller is 
15th order and the first iteration controller is 12th order. The controller order increases with each 
iteration, since with each iteration the number of statesof the estimated model has increased and, 
in trying to obtain the best performance, we have used weight filters of increasingly higher order 
(4"' 6) for Wu and Vd. 

The gain of Cjb,y of the third iteration increased by a factor 5 at the critical frequency 
30 [rad/s]. This must result in larger resonance at this frequency since the experiment with the 
first second loop controller already showed increased reasonance. The state space order of the 
controllers of the first iteration is 8, while the controllers of the second and third iteration are of 
15th order. 
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Figure 5.18: Experiment results with the two-Joop system ofiteration 2. a) and b) show reference 
signals in the x-direction; c) and d) show the tracking error (xr - xm) in the x-direction with 
torsion spring 7 and variabie y-position; e) and f) show the RMS-tracking error in the x-direction 
as a function of the torsion spring stiffness k; g) and h) show the tracking error (Yr - Ym) in the 
y-direction. 

Experiments with the controllers of iteration 2 

Figure 5.18 shows some experimental results with the controllers of the second iteration. In the 
x-direction, the tracking error has been doubled for the first reference signa!, with respect to the 
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experiment with the controller of the first iteration. This must he due to the very small disturbance 
reduction ofthe controller ofthe second iteration {see Fig. B.2 in Appendix B). This bad perfomance 
at 3 [rad/s] can, however, not he deduced from the controller Bode plots in Fig. 5.17: the gains of 
Cpf,x and Cjb,x of the second iteration, even have increased at 3 [rad/s]. Also, the controller has 
an increased resonance at approximately 20 [rad/s], with torsion spring 7 and y ~ +0.2 [m]. The 
increase of resonance can be observed in Fig. 5.18.d at 3 [s] when compared with Fig. 5.15.d. 

In the y-direction the gain of the second iteration feedback controller Cjb,y has increased 
by approximately a factor 2 for frequencies above 3 [rad/s] and even more for lower frequencies. 
However, this has not reduced the tracking error. The low frequency tracking error even has 
increased, while the large thin peaks in the tracking error have been slightly reduced. The 30 [rad/s] 
resonance error has not increased significantly. 

Experiments with the controllers of iteration 3 

Figure 5.19 shows some experimental results with the controllers of the third iteration. In the x
direction, the tracking error has now been decreased for both the first and second reference signa!, 
with respect to the controller of the second iteration. The closed loop transfer functions have not 
altered much {see Fig. B.6 in Appendix B). Also the Bode plots of the controllers Cpf,x and CJb,x 

are very much the same for frequencies above 2 [rad/s]. The controller has again increased the 
resonance at 20 [rad/s], of the system with torsion spring 7 and y ~ +0.2 [m] {see Fig. 5.18.d at 
3 [s]). Th is time, there is a significant difference in the tracking error of the experiment with torsion 
spring 7 and y = +0.25 [m] ('*'in Fig. 5.19.f) and the other experiments, due to this resonance. 

In the y-direction the gain of the third iteration feedback controller C Jb,y has again increased 
a little for all frequencies; for frequencies below 0.1 [rad/s] it has increased over a factor 10 (see 
Fig. 5.17). Nevertheless, the tracking error, of the experiments performed with this controller, has 
increased and so has the 30 [rad/s] resonance. 

Conclusions 

The condusion we can draw from these observations is that we had already reached the perfomance 
limits ofthe system in the x-direction in the first iteration (with the linear H 00-controller). In trying 
to decrease the tracking error during the second and third iterations, we increased the sensitivity 
at 3 [rad/s] {frequency of the first testsignal) and we increased the resonance at 20 [rad/s] of the 
system with torsion spring 7 and y ~ +0.2 [m]. The statespace order of the controller increased 
with each iteration {12, 15 and 20, for iterations 1, 2 and 3, respectively), but the performance did 
not benefit from this. 

In the y-direction, the second-loop controller hardly improved the dynamics of the one-loop 
system: the tracking error with the first iteration controller increased for the first reference signa!, 
while it decreased for the second experiment. Also the 30 [rad/s] resonance is less for the one-loop 
system then it is for the two-loop systems. 

In Chapter 1 we have stated our expectation that, with each iteration, the sensitivity of the 
closed loop system would decrease, which would reduce the varianee of the next closed loop model 
estimate and this would enable us to design a still better controller. However, the model error 
bounds of the roodels of the second and third iteration were not smaller than the error bounds of 
the first iteration models, except for frequencies below 1 [rad/s]. Therefore we have not been able 
to increase the bandwidth and, consequently, to improve the controllers of the second and third 
iteration. 
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Figure 5.19: Experiment results with the two-loop system ofiteration 3. a) and b) show reEerenee 
signals in the x-direction; c) and d) show the tracking error (xr - xm) in the ;r-direction with 
torsion spring 7 and variable y-position; e) and f) show the RMS-tracking error in tl1e x-direction 
as a function of the torsion spring stiffness k; g) and h) show the tracking error (Yr - Ym) in the 
y-direction. 

In spite of the bandwidth limitation in both directions at approximately 10 [rad/s], the gain 
of the feedback controller c1b increases after approximately 50 [rad/s], and it increases with each 
iteration. This causes high frequency disturbance amplification with respect to the PD-controller. 
Although this does not increase the RMS-value of the tracking error and it is probably advantagous 
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for tracking of high frequency reference signals (in absense of model errors), it is not desired. 
Therefore it might have been better to let lW u Vdl increase for frequencies above 50 [rad/s], which 
would have reduced Cfb for high frequencies. 



Chapter 6 

Conclusions and Recommendations 

The purpose of this study was to investigate the performance of a robust linear controller on the 
XY-table, which design should be basedon process identification. We have controlled the XY-table 
by a two-loop controller. The first loop contained a fixed controller that has been implemented 
to stabilize and linearize the XY-table process. The PD-controller of the first loop has been given 
the maximum bandwidth with respect to the stability of the first loop system. The second loop 
controller has been designed based on models that were estimated from identification experiments, 
and it has been refined iteratively. 

In the following we will briefly evaluate the methad of identification and controller design, 
and we will camment on the results obtained with the two-loop system. We will also give some 
recommendations for further research. 

• We have used aprediction error methad with an high order ARX model, to estimate a process 
model and a disturbance model from the data of the identification experiment. From this 
ARX model we derived a reduced order process model and a bound on the model error. This 
procedure has led to low order models with high accuracy up to approximately 10"' 20 [rad/s]. 
Above 20 [rad/s] the models have a rather large varianee due to the relative high power of the 
disturbances for these frequencies. The model error bound, which has been used to prevent 
against instability of the two-loop system, has proven its validity since the two-loop systems 
never became instable. Therefore this methad for model and error bound estimation may be 
called succesful. 

• The H 00-controller design methad has been used to obtain a robust controller for the second 
loop. This methad offers the possibility to shape the closed loop transfer functions, such 
as the sensitivity and the control sensitivity, in the frequency domain. Using this methad 
we have obtained a second loop controller achieving optimal performance, while maintaining 
robust stability and avoiding input saturation. 

• In Chapter 1 we have motivated the use of two-loop control by the necessity to estimate the 
model of an instabie process in closed loop, and by the profitable linearizing and disturbance 
reducing effect of a feedback loop. lt was also remarked that the design of the second loop 
controller could be performed iteratively, thereby taking advantage of a smaller sentitivity of 
the two-loop system, which would reduce the model varianee of the next closed loop model 
estimate. 

Owing to the first loop controller we have been able to estimate accurate linear, time invariant 
models. However, our results do nat show a reduced model error (exept for frequencies below 
1 [rad/s]) or an increased bandwidth with the second or third iteration with respect to the 
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first iteration. In the x-direction the bandwidth is limited by the resonance at 20 [radjs], 
due to the torsion spring, and in the y-direction the bandwith is limited by the resonance at 
30 [rad/s], probably due to nonlinear dynamics. 

Hence, we conclude that the second loop controllers of the first iteration were already optima! 
and the second and third iterations have not improved the controllers. 

Recommendations 

• The resonance in the x-direction, due to the torsion spring is the main obstacle for a larger 
bandwidth. The resonance might, however, be reduced if the position of the lefthand and 
righthand ends of the flexible shaft (which are also measured) are also used in the model 
estimation and fed back to the controller. [Gerwen 1990] shows in a simulation, that the 
maximum tracking error with a PD-controller, is the smallest, when the feedback consistsof 
40% motor feedback and 60% end-effector feedback. 

• In the y-direction we have observed a 30 [rad/s] resonance, of unknown origin, which limits the 
bandwidth of the system. This resonance is observed with the PD-controller but more clearly 
with the two-loop controller. Research into the origin of this resonance will be necessary to 
imprave the controller in the y-direction. The resonance might be related to the excentricness 
of a shaft that guides the belt that is connected to the end-effector. 

,. 
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Appendix A 

Error bounds for process model G of 
iteration 1 

According to eq. (3.27), the error bound for the low order proces model is given by 

with G0 (eiw) the true transfer function, G1(eiw) the low order model transfer function and ên(eiw) 
the high order model transfer function. iên(éw)- G1(eiw)i represents the bias part of the model 
error, while the first part is the error bound of the high order model en ( eiw). We have neglected 
the bias part (following [Zhu & Backx 1993]) during the controller design because we assumed that 
the reduced model transfer function would he closer to the true transfer function since the true 
transfer function must he of a much lower order than 25. There is, however, no evidence that the 
low order model is indeed closer to the true model, although the simulation error of the low order 
model is usualy approximately equal to the simulation error of the high order model. 

In Fig. A.1 we show the proper error bounds (dashed lines) of a) the low order model also 
shown in Fig. 5.3.b, b) the nominal model Gx ofiteration 1 and c) the nominal model Gy ofiteration 
1. The transfer functions of the low order models are drawn with a heavy line. The thin lines below 
the dashed error bounds are the error bounds used for the controller design. The real error bounds 
in Fig. A.l.a and .c are a few dB larger than the error bounds without bias part. In Fig. A.l.b 
both error bounds are approximately identical, due tothefact that the bias is much smaller than 
the difference between the nominal model and the other models. We conclude that the negligence 
of the bias part of the error bounds has not affected our results. 
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Figure A.l: The low order models and their error bounds fora) the model depicted in Fig. 5.3.b, 
b) the nomina} model Gx ofiteration 1 and c) the nomina} model Gy ofiteration 1. 



Appendix B 

Estimated models, weight functions 
and closed loop transfer functions of 
iteration 2 and 3 

B.l Iteration 2; x-direction 

Figure B.1 shows the weight functions and the nominal model in the x-direction of iteration 2. 
With respect to the transfer functions of the first iteration (see Fig. 5.5), the low frequency part 
(w < 1 (rad/s]) of the disturbance spectrum </>dx and consequently ofthe model error bound Ó.G",max 

of the second iteration, have been reduced by approximately 20 [dB). Also, the new process model 
has an increased bandwidth of approximately 10 [rad/s). This increase of the bandwidth has also 
resulted in a larger resonance peak in the disturbance spectrum </>dx and the model error bound 
Ó.G",max· As a result the weigth function product Wux Vdx, which represents the robust stability 
demand, now exceeds 20 [dB) at 30 [rad/s). 

Figure B.2 shows the closed loop transfer functions of Mx of the second iteration. A significant 
change with respect to the closed loop transfer functions of Mx of the first iteration (see Fig. 5.6), 
is shown by the control sensitivity Mxl3 = ;}. This function now has a large dip at 30 [rad/s). This 
is partly caused by the new model Gx which is much larger now for high frequencies due to the 
second loop controller. Also the sensitivity ;} has increased with respect to iteration 1. 
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B - Estimated models, weight functions and closed loop transfer functions of iteration 2 and 3 61 

[JB] Nxn = ':: 100lJ&] 
(.( 

50[J&) 
u 

Mx1a ::;~ ;; H~etJ= ;;r 40 

a.) b) c) 

50 

0 

0 

-50 '--------'---4-----------L---' 
. 0 & ... w 

1 0 lO [r-.al/s] 

100[tJl>] HxJ.I= ~ JC,u = ';l e 

J) 
1 oottA&J 

e) 
V 

1--

50 ./ 

V 
V 

"" ~ 
""' 

0 

t. -+c.u 
lo 

-50 

50 

0 

-50 

/' 
",., 

0 
10 

J 
1/ 

1l 
I 

.... (» 

to'- [ruis] 

Figure B.2: Bode plots of closed loop system Mx (Jower curves) and their upper bounds (upper 
curves), of iteration 2. 
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B.2 Iteration 2; y-direction 
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Figure B.3: The estimated transfer functions TFuy, 1>dy, Gy and ~Gy,max in the y-direction, and 
the weight filters Wu and Vd, of iteration 2. 

Figure B.3 shows the weight functions and the nomina! model in the y-direction of iteration 2. 
As for the x-direction the low frequency part (w < 1 [radjs]) of the disturbance spectrum 1>dy 
and of the model error bound ~Gy,max of the second iteration, have been reduced. This time by 
approximately 10 [dB]. Also, the process model of the two loop system bas an increased bandwidth 
(with respect to the first loop system) of approximately 20 [rad/s]. The power of the disturbances 
between 10 and 40 [radfs] have not been decreased by the second second loop controller. The 
error bound ~Gy,max bas increased with respect to the first iteration, but the weight filter product 
Wuy Vdx is approximately the same. 

Figure B.4 shows the closed loop transfer functions of My of the second iteration. The control 
sensitivity ~ bas significant smaller dip at 30 [rad/s] than the system of the first iteration (see 
Fig. 5.12). This will result in a larger resonance at this frequency (see Fig. 5.18). The sensitivity 
2 has not altered much. 
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B.3 Iteration 3; x-direction 
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Figure B.5: The estimated transfer functions TFux 1 <Pdx, Gx and Lla:x,max in the x-direction, and 
the weight filters Wu and Vd, of iteration 3. 

Figure B.5 shows the weight functions and the nomina! model in the x-direction of iteration 3. 
Weight filter Wux is now significantly larger than for iteration 2. The disturbance filter Vdx has not 
altered. This results in a larger weight filter product Wux Vdx· 

Figure B.6 shows the closed loop transfer functions of Mx of the third iteration. The transfer 
; has decreased a few dB with respect to iteration 2. This results in a better tracking of the 
reference signa!. The sensitivity ~ is approximately the same as for the second iteration. The 
control sensitivity 1 now has a smaller dip at 20 [rad/s] than before. This causes a larger resonance 
with torsion spring stiffness k = 4.6 [kN/m) (see Fig. 5.19). 
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Figure B.6: Bode plots of closed loop system Mx (lower curves) and their upper bounds (upper 
curves), of iteration 3. 
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B.4 Iteration 3; y-direction 
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Figure B.7: The estimated transfer functions TFuy, </>dy, Gy and L:lay,max in the y-direction, and 
the weight filters Wu and Vd, of iteration 3. 

Figure B.7 shows the weight functions and the nomina! model in the y-direction of iteration 3. The 
weight functions have remained very much the same as for iteration 2. Also model Gy is almast 
identical, except that it becomes smaller for frequencies above 100 [rad/s). 

Figure B.8 shows the closed loop transfer functions of My of the third iteration. These do 
notshow any significant changes with respect to iteration 2. The 30 [rad/s) resonance has, however 
become significantly larger, which is shown in Fig. 5.19. 



B - Estimated models, weight functions and closed loop transfer Junelions of iterotion 2 and 3 67 

{dE] 
40 .--------:---r-----L.:;._--L....,.---, 10

Jsr!J H n = -9 

a) c) 

50 1==-.d----+--+-----l 

-20 _,.w -50 
l. -.c.:o -50 

0 -..rou 0 lOl. 10° !cl- (r-acl/s] 10 /0 10 

100 
[elf>] H.t•= ~ 50lc1&] 50[J.P;J 

d) e) ~) 

-1oo~~L0--~--~~-.w 
10 to1 

-50 L------1-0--~--'---_.._J f.o,) 

10 101. 
-50 ~--L-~1----1-----...".J (A.) 

100 LOt(~/~) 
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curves), of iteration 3. 


