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Abstract 

In a recirculating windtunnel experiments are carried out with a turbulent air flow with Re ,x ç::;; 600. By 
means of an array of single hot wires secoud order structure functions, loosely written as < (~v) 2 >, 
are measured. This comprises longitudinal, transverse and other directions. A tensor expansion in 
termsof spherical tensor harmonies (based on the basis of the 3-dimensional rotation group, S0(3)) 
for the second order structure function is derived. lt is assumed that the flow is homogeneous. The 
first term in the expansion is the j = 0-sector, the isotropie part. The first non-vanishing anisotropic 
homogeneous part is the j = 2-sector, which is needed to quantify anisotropic effects. These effects 
are generated by different grids. In particular the anisotropic effects of an axisymmetric grid and a 
grid which produces an linear velocity profile (a shear, dU jdy = 5.95 Hz), with a constant Urms 

(so approximately homogeneous) are investigated. Also a start is made with the application of a 
controllable active grid. lt turns out that for our flow conditions and our measuring equipment no 

anisotropic sealing exponents dn) can be seen clearly. Yet there is a significant variation of the 
isotropie sealing exponent, which could be due to differences between the individual hot wires. Also 
the longitudinal structure function, which is based on Taylor's hypothesis is not well described by 
the isotropie sector. Nevertheless, the angle-dependent part of the tensor expansion is still capable to 
describe anisotropic effects for purely spatial acquired secoud order structure functions. 
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Chapter 1 

Introduetion 

1.1 Motivation 

Turbulence exists in a lot of situations. One of the best known instauces is in the atmosphere. Weather 
forecast has become very important nowadays. Also the aviation and space industry benefits from the 
knowledge of turbulence. 

Yet turbulence is still one of the hardest problems of classica! physics. The equations of motion 
of an (incompressible Newtonian) turbulent fluid, the Navier-Stokes equations, have been known 
since more than a century. The problem with these coupled partial differential equations is that they 
are nonlinear. This nonlinearity is quantified by the value of the Reynolds number. The Reynolds 
number is a dimensionless quantity which can be interpreted as the strength of interaction between 
two neighbouring fluid particles. If the Reynolds number is high, the interaction is low and therefore 
the movement of one partiele is more independent of the movement of the neighbouring particle. 
Therefore a strongly turbulent flow looks chaotic. This fact makes an analytica! approach extremely 
difficult. Also numerical simulations are tedious, since turbulence in 3+ 1 dimensions (space and time) 
creates smaller and smaller scales precisely through this nonlinearity. The limit of high Reynolds 
numbers is not yet achievable with numerical simulations 1 . 

There exist models to tackle some problems occurring in turbulence statistically. An example 
is the Kármán-Howarth relation. However, more general models have difficulties, namely that their 
equations are not closed, i.e. there are more unknown quantities than equations for solving those 
quantities. A method to overtake this problem is to determine universa! properties of a strongly turbu
lent flow and then use these properties for closing the statistica! equations. In this report this is tried 
experimentally through generating nearly isotropie turbulence by means of the recirculating wind 
tunnel Goliath. But what is nearly isotropie turbulence? In the next section this will be described 
phenomenologically 

1 A note should be made here. Computer power is still increasing, which allows computations of flows with larger 
Reynolds numbers. On nowadays supercomputers the achieved Reynolds number is even comparable to our experiment 
(Kaneda, Ishihara, Yokokawa, ltakura and Uno, 2003). Nevertheless, it is always desirabie to validate numerical predictions 
in experiments totest the theory. For example, the validity of the Navier-Stokes equations may break up for extremely high 
Reynolds numbers (but this is not the case for the airflow considered in this report). 

7 
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1.2 Phenomenology of turbulence 

Turbulence at a sufficient high Reynolds number possesses some special characteristics. The bound
aries of the turbulent flow determine the largest scales. It is believed that at enormous Reynolds 
numbers the small scale motion has 'forgotten' the influence of the much larger scales. In general 
the larger scales are anisotropic due to the nonuniform boundary conditions. These large scales con
tain most of the kinetic energy. In spatially 3 dimensional turbulence there will be a net transport of 
kinetic energy from these large scales to smaller scales. This process is called the energy cascade. 
Requiring isotropy at small scales implies that the anisotropic component of the turbulent flow is a 
decaying quantity, when considering smaller scales. And eventually the flow at small scales would 
then become purely isotropic. This would be true if the largest scales and smallest scales are well 
separated, so when the Reynolds number is high enough. 

The smallest scales of turbulence is in the region where molecular viscosity is not negligible any 
more. At such small scales the flow is locally approximately laminar and the Reynolds number is 
around 1. Therefore the turbulent regime stops at that scale and one does not have to consider even 
smaller scales. 

The fluctuations of the velocity at small scales are created by those at larger scales and so on. As 
with the decay of energy from larger scales, it is believed that the large scale anisotropy of the velocity 
fluctuations will decay for decreasing scales. In the case of a mean shear, i.e. a linear velocity profile, 
the mean small scales remain anisotropic. However, the fluctuations are believed to become isotropie 
at small scales. Therefore the key question is, it what way the decay of anisotropy will occur. But first 
the decay of velocity fluctuations in an isotropie flow has to be discussed. 

1.3 Sealing 

One statement, deducible from isotropy at small scales is that of Kolmogorov (194lb). He states that 
the value of the second order structure function (the definition and some properties will be treated 
in the next chapter) increases as the spatial separation increases. To be more precise, if the spatial 
separation !1r is increased by a factor À, then the value of the structure function will increase by the 
factor À213 . One then says that thesecondorder structure function has a (spatial) sealing exponent of 
2/3. This value will be deduced insection 2.2.1. 

A perhaps more familiar example of a (spatial) sealing exponent is the following. Consider the 
Coulomb force between two test charges. If then the distance between the two charges is increased 
by a factor À, then the absolute value of the force between these charges will of course decrease. This 
corresponds withafactor À - 2 , which in turn implies a sealing exponent of -2. 

The value of the sealing exponent can be derived from the physical processes behind it. So by 
making wrong predictions about the exact value of this exponent, one misses some insight into these 
physical processes and the model has to be adjusted. 

In this report the value of the sealing exponent will be tested experimentally. Also some anisa
tropie situations are considered, such as an axisymmetric and a shear flow. This is carried out by 
placing different type of grids in the redreulating (air) windtunnel. The geometry of these grids dif
fer, so that they will produce a flow with the desired (an)isotropy. A description of these grids will 
follow in section 4.3. 
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1.4 Objective 

As the anisotropic contributions of the velocity fluctuations are a decaying quantity, it has been sug
gested that those anisotropic contributions have their own sealing exponents. The statement is that the 
lowest order anisotropic component of the flow should decay in an universa! way, i.e. independent of 
the kind of anisotropy being considered. The main focus of this report is to test this statement! 

One theoretica! prediction of such an anisotropic sealing exponent was done by Lumley (1967). 
The anisotropic effect he considered was a shear flow. In section 2.2.2 his results will be discussed. 

Again an analogy can be made with electro-statica. The electric field can also be decomposed 
in isotropie and anisotropic contributions. The isotropie contribution is just the Coulomb-law for a 
point charge. The first anisotropic contribution is a dipole. The far electric field of an ensemble of 
charges can be expanded in terros of monopoles, dipoles and higher multipoles. It is known that at 
large distauces the field becomes isotropic, i.e. the lowest order expansion will survive. And also the 
dipoles and higher multipales have their own sealing behaviour. 

But how can you detect and extract those assumed anisotropic sealing exponents fora turbulent 
flow? As velocity fluctuations are of interest, correlations of velocity differences as a function of 
distance and the spherical augles will be measured. In order to do this an instrument to measure this 
as a function of the po lar angle e and the azimuthal angle <p has been developed. 

Then it will be necessary to decompose the measured structure function, which is a mixture of 
isotropy and anisotropy, in terros of their isotropie and anisotropic components. The unforced Navier 
Stokes equation are invariant under rotations of space. Therefore the statistkal quantities of turbulence 
should be expanded preferably in terros of the irreducible representations of the rotation group S0(3). 
Each representation is characterized by a certain sector j. In quanturn mechanics j is known as the 
the angular momenturn and in electro-statica it means which multi-pole is considered. A higher value 
of the sector j signifies less symmetry available. 

By applying this decomposition of the structure function in terros of different sectors, the func
tional form of the angle-dependent part for each j-sector can be determined. In chapter 3 this angle
dependency will be deduced. 
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Chapter 2 

Structure functions 

In this chapter the theory of structure functions will be discussed. First their basic properties and some 
notational issues are treated. In the second section their sealing properties will be handled, especially 
the isotropie 2/3 sealing as deduced by Kolmogorov (1941b) and the apparent anisotropic sealing in 
the case of a shear flow as deduced by Lumley (1967). There also exist statistica! quantities that are 
closely related to the second order structure function. Therefore some of them will also be listed. As 
Taylor's hypothesis is frequently used in this report to measure a structure function a brief discussion 
on it ends this chapter. 

2.1 Basic properties of the secoud order structure function 

The second order structure function 1 is normally defined as: 

(2.1) 

Here o: and (3 are the tensor indices2 and range from 1 to 3, corresponding to the 3 components of the 
3 dimensional Euclidian basis veetors ex, ey and ez. Randrare position veetors in this space. The 
components of the velocity vector u and position vector R are denoted by u 0 and x 0 respectively. 
The individual componentsof x 0 are denoted by x 1 = x, x2 = y and x 3 = z. Ensemble averaging 
is denoted by <>. As in this report the velocity of the flow is only measured in the streamwise z 
direction, the superscript z is often omitted. The mean velocity in the streamwise direction < u>=< 
uz > is used frequently, and therefore a shorter notation is used, namely U. For brevity the spatial 
and time dependencies are often omitted in the arguments of the velocity. 

It is in deed true that saf3 (R) is a legitimate tensor, because the velocity u is a vector, so that 
u0 is a tensor. From the definition it is clear that saf3 (R) is symmetrie with respect to its indices, 
saf3(R) = sf3a(R). Also it is assumed that saf3(R) is independent ofthe absolute position r, which 
is the case in a homogeneaus flow, so that it can be omitted in its arguments. A consequence of 
homogeneity is that saf3(R) is invariant with respect to translation over R, which makes the parity of 
saf3 (R) even, i.e. saf3 (R) = saf3 (- R). However, a slightly different definition of thesecondorder 
structure function bas an even parity with respect to R irrespective of the homogeneity of the flow: 

j3 1 1 1 j3 1 j3 1 
sa (R, r) :=< [u0 (r + 2R, t)- u0 (r- 2R, t)][u (r + 2R, t)- u (r- 2R, t)] > . (2.2) 

1 The definition is a tensor quantity, but in this report it is stiJl called a function. 
2In this report no distinction between x"' and X a wil! be made. Also the contracted tensors x"'y"', x"'ya and XaYa wil! 

all be regarded as equivalent. 

11 
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In this equation the position vector r is centered. For a homogeneous flow this definition coincides 
with the previous definition. Then the argument r can also be omitted. This form is only given, 
because it illustrates that the even parity property of the structure function is independent of homo
geneity. From now on both definitions will be used simultaneously and thereby omitting the prime, 
since from the context the specific case will be clear when necessary. Only statistica! stationary flows 
are studied, therefore the time dependenee can also be ornitted as argument. 

It is also worthwhile to say that the second order structure function is not directly dependent on a 
mean homogeneous velocity profile. That is, if one adds a space and time independent velocity uo to 
u, then this term will be cancelled because only velocity differences occur in the definition. However, 
in the case of a shear flow, a flow where the derivative of the mean velocity with respect to its position 
is constant and nonzero in a certain direction, this is not the case any more. To also exclude this trivial 
direct dependency, not the absolute but the fluctuating velocity u' is considered. It is defined as: 

u'= u-< u>. 

Nevertheless, for the rest of the report the prime will be omitted when no confusion arises. 
Some special cases of the second order structure function are the longitudinal and transverse 

second order structure functions SLL and STT, defined as: 

SLL(R) < l[u(r + R)- u(r)J · :Rp > (2.3) 

and 
STT(R) = < l[u(r + R)- u(r)J · ~w >, (2.4) 

where S is any vector perpendicular to R. A bat on a vector X denotes the unit vector along that 
vector, X = X/lXI. 

These two functions are important because in experiments it is easy to acquire these structure 
functions. The longitudinal structure function can be measured using only one hot-wire. By using 
Taylor's hypothesis (see section 2.4) this velocity-time-signal can be converted into a velocity-spatial 
signal. The transverse structure function can be measured by using two hot wires, separated at a 
distance IRI, or by a cross hot wire, that can also measure the velocity component perpendicular to 
the streamwise direction. 

2.2 Theoretical predictions of sealing exponents 

In the previous section the basic properties of the second order structure function are discussed. How
ever, one important property of the structure functions is not treated yet. This is the property of 
sealing! 

2.2.1 Isotropie sealing exponent 

Kolmogorov (1941b) deduced the first sealing exponent, the isotropie one. It is basedon dimensional 
analysis. One can also understand it intuitively in the following way, following Nieuwstadt (1998). If 
one considers the equation of motion for the turbulent kinetic energy e = ~ < u'Oiu'Oi >, which can be 
deduced from the Navier Stokes equations, and neglects transport, convection and time dependenee 
of e, then the production term P equals the dissipation term E: 

Ö < ua. > äu'Oi äu'Oi 
P - lOt 1(3 ~ - ( ) - - < u u > äxf3 ~ E - v < äxf3 äxf3 > · (2.5) 
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The velocity and length scales in the intermediate range can be approximated by a so called eddy 
velocity u and eddy length L. Substituting gives p ~ U 3 I L ~ E. Therefore: 

U2 ~(cC)~, 

which makes it reasonable that < (~v) 2 
>rv R(~o) = R 2/3. 

2.2.2 Anisotropic sealing exponents 

First order perturbation doe to shear 

An approximation for anisotropic sealing is given by Lumley (1967). He considered the effect of 
a uniform strain on the three-dimensional energy spectrum. This has also an effect on the structure 
function (see also section 2.3). Stated more quantitatively: Ifthe three-dimensional spectrum E scales 
with the wavenumber k as E rv kt;, then the one-dimensional spectrum also scales as F rv kt; and the 
second order structure function S scales as: 

The uniformstrain changes the spectrum in the following way (Lumley, 1967, eq. 29): 

where x = ( k I ko) - 4/3, U' = ~~, Eo is the rate of dissipation without shear and 

U'3/2 
ko=~, 

Eo 

(2.6) 

(2.7) 

(2.8) 

which is the wavenumber, at which the influence of the shear on the spectrum becomes important. 
Equation 2.7 is derived on the assumption that the shear has a small perturbing effect on the spectrum 
and that the co-spectrum, which is zero without a shear, varies in first order linear with U'. As the 
co-spectrum is an odd function of U', this implies aftersome algebra that the longitudinal spectrum 
varies linear with U'2. 

The first order shear correction for the longitudinal spectrum E goes as k-3 , which implies for the 
sealing exponent of the second order structure function (2hear = 2. There is only a problem, narnely 
for a mixed spectrum, like E 12 . For an isotropie flow this quantity would be zero, but in case of a 
uniform strain this results in: 

Then (2hear = 413. 
So for the lowest order anisotropic sealing exponents there are two possibilities in the case of shear. 

The question is whether or not this duality is in contradiction with the assumption that each j-sector 
has its own universal sealing exponent (to be treated in chapter 3). In this report only single hot-wires 
are being used and no mixed structure functions like szx can be measured. This problem thus can not 
be investigated experimentally in this report. Nevertheless, the prediction for the anisotropic sealing 
exponent in a shear flow with the present setup is (2hear = 2. 

Another problem is that eq. 2.7 is in facta series expansion. It does notpredicta true anisotropic 
sealing range for the second order structure function, but the predicted sealing exponent is only a 
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first order expansion of a general function. This arises from the fact that with just two parameters 
dimensional analysis is applicable to determine the functional form, as is the case in the previous 
section. However, with three parameters, namely the distance r (or equally the wavenumber k), the 
energy dissipation E and the shear strength U', one can only state that there exists an universa! function 
f of one dimensionless parameter p, namely p = (U' c 113k- 213)', where 'Y can be chosen freely. The 
exact form bas to be determined by experiments or by additional assumptions. 

Shear dominated region 

Another approximation for anisotropic sealing is that of Tchen (1953), which can also be found in 
the book of Hinze (1959). Like Lumley he considers the effect of a shear on the energy spectrum 
as well. It can be deduced in the following way, similar to the deduction as shown in section 2.2.1. 
One again equates the production term P to the dissipation term E. Then the eddy velocity U is 
used for u'a and u'f3 in equation 2.5. But for a high shear strength U', the third factor 8~~? can 
not be approximated by the eddy velocity and eddy length, but instead by U'. Substituting gives: 
P ~ U 2U' ~ E. Therefore: 

2 E 

U~ U'' 

which is independent of .C. So the sealing exponent becomes 0. 
At a length scale Ls the two sealing regimes, Kolmogorov sealing and shear sealing, are approxi

mately equal toeach other, U' = U I.C. This means that the influence of the mean shear is comparable 
to that of the turbulent 'shear' due to velocity fluctuations. Then 

(2.9) 

which is the equivalence of eq. 2.8, but now in termsof length scales. 
At a first glance one might think that this result for the 'sealing' exponent contradiets with the 

previous one. This is not true, since the previous result is just an expression for small deviations from 
Kolmogorov sealing due to the influence of shear, r < Ls. The sealing described bere is valid in the 
regime where the influence of the mean shear U' overrules that of the turbulent 'shear', U I .C, so for 

r > Ls. 
But what values of anisotropic sealingexponentscan one expect, when the flow consistsof other 

types of anisotropic effects? This is, to our knowledge, still an open question and it is certainly 
possible that if there are really universa! sealing exponents for the secoud order structure function 3 

they will be different from the shear case. 

2.3 Related statistica( quantities 

The focus of this report will be on structure functions. However, there are numerous other statistica! 
quantities, which are closely related to structure functions. And also many of the aspects treated in 
this report are also applicable to these quantities. Therefore a few examples will be given and the 
conneetion to structure functions. 

One closely related quantity is the two-point velocity correlation, defined as: 

3By universa! sealing exponents it is meant that eaeh j-seetor has its own universa! sealing exponent. In the following 
chapter the definition of a j-seetor will be explained 
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For homogeneaus and stationary flows the two are connected by: 

While the parity of saf3(R) is even, this is in general not true for Raf3(R). Note that structure 
functions are in fact also correlations, not correlations of the velocity, but of velocity differences. 

As velocity spectra can be calculated by Fourier-transforrning the two-point velocity correlation, 
they are also similar to structure functions. More details can be found in a standard book, like that 
of Tennekes and Lumley (1972, chapter 8) or Pope (2000) . Cambon and Teissedre (1985) made a 
general expansion of the Fourier transform of the two-point velocity correlation in terms of spherical 
harmonies, while Herring (1974) worked it out for axisymmetric turbulence. 

Higher order structure functions are an extension of the second order structure function. The 
velocity differences are raised to a certain power n, which is called the order. In principle these are 
tensors of rank n, but usually only the longitudinal is considered. This is defined as: 

S~(R) :=< i[u(r + R)- u(r)]· :Rr >. 

One can also use this definition for non-integral n. Another extension is to use higher order moments 
of the individual components. An example is 

where v is a certain component of the velocity u. 
Another type of statistica! quantity are inverse structure functions. They are not so widespread 

as normal structure function but for the sake of completeness the definition of them will be given 
anyway. It is similar to normal structure functions, but now the roles of the velocity and the separation 
are interchanged. This means that one measures the velocity of two nearby points A and B. If the 
velocity difference of those two points is below a certain fixed value ~v, then one takes another point 
B', which is further away from A, until the difference between the velocity of the two points has the 
desired value. By ensemble-averaging this vested distance, one gets a functional dependenee between 
the average distance r of two points and the velocity difference ~v. 

2.4 Taylor's hypothesis 

In this report the hypothesis of Taylor will be frequently used. By using the hypothesis, one can 
interpret time separations at a fixed point as if they were just spatial separations at a fixed time divided 
by the mean streamwise velocity. See for example Pope (2000, page 223). This makes it really easy 
to measure longitudinal structure functions. One just has to measure the time signal of the velocity at 
a single point and by using this hypothesis, spatial separations ~z correspond to time delays ~t by: 

~z = -U~t 

and therefore ua(z + ~z, t) = ua(z, t + ~t) = ua(z, t- ~z/U). So the velocity at some place is 
the same as the velocity stream-upwards at an earlier moment. So it is assumed that the velocity of 
a flow element does not evolve in time, while being convected by the mean flow. Therefore Taylor's 
hypothesis is also called the hypothesis of frozen turbulence. 

Of course the hypothesis is not valid in all cases, for example when U = 0. Nevertheless, for 
Urms/U < 0.1 the hypothesis is quite accurate (Lumley, 1965; Gledzer, 1997; L'Vov, Pomyalov and 
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Figure 2.1: A photo finish of cyclists acquired by measuring a vertical line as a function of time. 
If Taylor's hypothesis was valid in this situation, then each cyclist would have had strange-shaped 
spokes in the spatial domain. 

Procaccia, 1999). An example of the difference between spatial separations and time separations 
can be seen in tigure 2.1. Taylor's hypothesis becomes more accurate if the integrated instantaneous 
velocity u z instead of the averaged velocity is used: 

Although not studied extensively, this correction appears to increase the value of the longitudinal 
second order structure function in the inertial range by about 1%. An even better result can be acquired 
by consictering the full Navier-Stokes equations (Gledzer, 1997). 



Chapter 3 

Tensor expansion of structure functions 

The anisotropy of the structure function can obviously be seen in its angle-dependency. The structure 
function can be expanded in isotropie and anisotropic sectors. But what is the functional form of 
the angle-dependency for each sector? This information is needed in order to discriminate between 
isotropie and anisotropic sealing regimes. This allows to isolate the anisotropic part of the structure 
function and to determine in what way the anisotropy of the turbulent flow will decay to small scales, 
i.e. if the sealing predictions as discussed in section 2.2.2 can be found experimentally. 

Therefore the structure function has to be decomposed in terms of its sectors. The structure 
function is a tensor quantity, so a basis for each sector of this tensor has to be used. In the literature 
there exist many bases, each basis is appropriate for its own field (Thome, 1980). In this chapter the 
tensor expansion inspired by the Clebsch-Gordan-method of adding angular momenta will be handled. 

First the lowest order basis tensors, which is the isotropie sector, will be deduced directly to 
get some feeling for the mathematica! techniques being used. Then a formula for all orders will 
be derived. These derivations are all carried out with respect to the second order structure function, 
because some symmetry properties of this function, as mentioned in the previous section, will simplify 
the calculations. 

In the last section the tensor expansion of the second order structure function is written out for the 
specific conditions of the turbulent flow occurring in the windtunnel experiment. Because the flow 
possesses additional anisotropic symmetries, the number of free parameters to describe the anisotropy 
can be reduced even further. 

3.1 General approach for the lowest orders 

A particular basis for expanding tensors is the basis consisting of tensor spherical harmonies. The 
benefit of using spherical harmonies sterns from the fact that the spherical harmonies form an irre
ducible representation ofthe group of proper rotations, S0(3). Also the full unforced Navier-Stokes 
equations for descrihing a Newtonian fluid, where gravitational effectscan be neglected, are rotational 
invariant. Each rotation in the 3-dimensional space will transform a spherical harmonie I Y:im ( e, r.p) 
into a function which can be expressed in terms of spherical harmonies with the same j, but with m 
ranging from - j to j. So the rotated spherical harmonie stays in a subspace, characterized by j. This 
subspace, call it Tj, is then said to be invariant with respect to rotations. The fact that this represen
tation is irreducible means that there are no subspaces of the subspace Tj other than the two trivial 

1 A helpful book descrihing general properties of spherical harmonies is of Varshalovich, Moskalev and Khersonskii 
(1988). 

17 
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cases: the null space N and the subspace itself as a whole, T1. Note that the number of independent 
elements in the subspace Tj, the dimension, equals 2j + 1. 

What remains to be done is to construct tensor spherical harmonies from the spherical harmonies 2 . 

The function to be expanded, saf3(R), is asecondorder (or equivalent: second rank) tensor function, 
which depends on one direction vector. Apart from the magnitude dependenee it is inthespace Sr, the 
space of all smooth tensor fields of rank 2, which depend on 1 unit vector. This space is a subspace of 
the more general s;, the space of all smooth tensor fields of rank n, which depend on p unit vectors. 
The irreducible basis of this space can be constructed by using the so called Clebsch-Gordan-treatment 
(Arad et al., 1999). The space s; can be considered as the direct product 0 of the n-rank tensor 
space ( embedded in a 3-dimensional Euclidean vector space) with p infinite-dimensional spaces of p
variables continuous functions on the unit sphere. It is infinite-dimensional, because such a function 
can be expanded in terms of infinitely many powers of sine and eosine functions. In symbols: 

s; = [Sö]® [sg]. (3.1) 

The n-rank tensor space S0 can be split up even further, it can be expressed as several direct prod
ucts of multiple 3-dimensional Euclidean vector spaces SJ. The same accounts for the unit-sphere 
functions S2. So 

n times p times 

s; =[SJ]® [SJ]® ... 0 [SJ]® [SP]® [sp]0 ... 0 [SPJ. 

A basis for the 3-dimensional Euclidean vector space SJ could be ex = x, ey = y and ez z. 
However a more convenient basis is the (complex) basis for the spherical coordinates 3 : 

e-1 1 (' '') v'2 x- zy 

eo z (3.2) 

e1 J(x + iy), 

because they correspond exactly with Y1 - 1 , Y10 and Yn respectively (apart from a normalization 
factor -J3741f). So this vector space can be identified as having an 'angular momentum' j = 1, which 
indeed has dimension 3. Note that there is no functional dependence, so that only constant vectors, 
i.e. not depending on the position, are elements of this space. 

An appropriate basis for the unit-sphere functions is the spherical harmonie one. These basis 
veetors are also characterized by angular momenta, i.e. a definite j and m. So only scalar quantities 
which depend on a direction vector are elements of this space, sp. 

To describe tensor fields which depend on a direction vector, the direct product of those spaces has 
to be expressed in terms of irreducible representations. At this point the Clebsch-Gordan coefficients 
CMtM.2 m appear4 , because they can be used to calculate irreducible representations of the direct prod
ucts of angular momenta. So the reason for the particular choice of the basis for the vector space SJ in 
equation 3.2 is that it corresponds to an 'angular momentum' of j = 1 with accompanying m-values 
and therefore the Clebsch Gordan algebra can be used to add them with the spherical harmonies 

2The tensor expansion handled in this section will he very sirnilar to the artiele of Arad, L'Vov and Procaccia (1999). 1t 
is still treated in this report, hecause of its importance. 

3Not to he confused with the polar coordinate system, (r, (), cp), defined in 3.1. More information ahout the spherical 
coordinates can he found in hooks of Edmonds (1996) or Varshalovich et aL (1988). 

4More information ahout the Clehsch Gordan coefficients can he found in hooks of Griffiths (1994, page 167) or 
Chaichian and Hagedorn (1998). 
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A typical direct product is of the form 

so that the resulting basis veetors for each irreducible representations become: 

(3.3) 
m1+m2=m 

for a particular j and m. Here the summation goes over all m 1 and m 2 values, with the restrietion 
m1 + m2 = m. The resulting angular momenturn j is restricted to have a value in the set 

(3.4) 

The final state [(j1]2)jm] still carries the 'old' indices j1 and )2. The reason for this is that a final j 
could also result from values that differ from )1 and j2. 

As an example, the coupling of two vector spaces 1 ® 1 give rise to 3 different j-values, 1 ® 1 = 
0 EB 1 EB 2. Here EB means direct sum. However, if another angular momenturn is added, let's say 1, 
then the result is: 

1 ® 1 ® 1 = (0 EB 1 EB 2) ® 1 = 0 EB (3 x 1) EB (2 x 2) EB 3. 

One sees that some final j-values appear several times. For example, the final j = 1 comes from the 
product 0 ® 1, 1 ® 1 and 2 ® 1, so there are in total three j = 1-representations. Note also that the 
total dimension stays the same, 3 x 3 x 3 = 1 + 3 x 3 + 2 x 5 + 7 = 27. 

The second order structure function depends on one direction, and it is a tensor of rank 2, so 
sa.6(R) E Sf. The irreducible representation of Sr can be written as: 

S'f (SJ® SJ)® sp 
(1 ® 1) ® (0 EB 1 EB 2 EB 3 EB ... ) 
(0 EB 1 EB 2) ® (0 EB 1 EB 2 EB 3 EB ... ) 

(3.5) 

(3 x 0) EB (7 x 1) EB (9 x 2) EB (9 x 3) EB (9 x 4) EB .... 

Note that there are three j = 0-representations, seven j = 1-representations and for each j > 1 there 
are nine representations. 

The coupling of the angular momenta j1 and j2 of two vector bases has a resulting angular mo
mentum j. However, if another angular momenta is added then the intermediate j stemming from 
j1 ® j2 and the final j stemming from j ® j3 would have the same name. Therefore, define s to be 
the resulting angular momenturn of the coupling of the two Euclidean vector spaces, so s E 0, 1, 2. 
Define ms as its projection. 

Calculating the direct product of the two vector spaces gives forthes = 0, ms = 0-basis vector 
(eq. 3.3): 

[(11)00] 
m1+m2=0 
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~o ( ~: i n u 0 

n+~( 
-1 - i n) -1 0 i -1 

0 0 0 0 

·1 c 0 n J3 ~ 1 
0 

= --=!_ Jaf3 
J3 

The irreducible basis veetors for the remaining sm8 -values can be constructed in a similar way. 
The second direct product, the direct product between thesecondrank tensorspace and the unit

spbere functions space is also straightforward. Define the angular momenturn of the unit sphere 
functions as l. Results for the final j = 0 (m = 0) basis veetors are: 

and 

[(00)00] = ~ 0 1 0 , 
( 

1 0 0) 

2v 3n 0 0 1 

. ( 0 
[(11)00] = ~ -cos(e) 

2 21rr sin( 8) sin( cp) 

cos(8) 
0 

-cos( ip) sin( e) 

-sin(O)sin(cp)) 
cos(cp) sin(8) 

0 

3ceccpse ) 
3ceses'P 
2c2 - s2 

e e 

(3.6) 

(3.7) 

(3.8) 

Here e is the angle between the positive z-axis and r and cp is the angle between the projection of r 
on the xy-plane and the positive x-axis. The veetors are denoted in the form 

[(sl)jm]. 

In equation 3.8 cos(x) and sin(x) are abbreviated to Cx and sx, since the width ofthis line is limited. 
Notice that eq. 3.7 is an antisymmetrie tensor, i.e. [(ll)OO]a(J = -[(11)00](3a· This basis vector can 
be ignored, since saf3 (R) is symmetrie with respect to its indices. 

What is left of the irreducible j = 0-representation can also be expressed in terms of the more 
general tensors x a, Jaf3 and Eaf3"1: 

[(00)00] = ~ Jaf3 
2v3n 

(3.9) 

and 

[(22)00] = _1_ (3xaxf3- óa(3). 
2v'67f R2 

(3.10) 

The result of the irreducible direct product for j = 0 gives thus 2 basis veetors for the second order 
structure function. It is clear from eqs. 3.9 and 3.10 that these veetorscan be expressed in termsof 
the more simple basis vectors: 

[(1)00] = Jaf3 

and 
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Here the number between parentheses is just an index number and not the coupled angular momenta 
numbers, as it was in eqs. 3.9 and 3.10. A new basis like this is permitted, because the veetors are 
still in the same jm-sector, in this case j = 0, m = 0. These two irreducible representations are said 
to be equivalent, because they differ only by a unitary transformation. 

Now the technique for constructing basis tensors has been sketched, the second order structure 
function can be expanded in these kind of basis tensors. The second order structure function can be 
expressed as: 

00 

snf3(R) = L Sf13 (R). (3.11) 
j=O 

Fora particular irreducible representation, characterized by j, SjP(R) can be expanded in termsof 

the basis veetors of sr 
Sf13 (R) = L L a(q)jm(R) [(q)jm], (3.12) 

m q 

in which a(q)jm(R) are functions of the magnitude of the direction vector R. The lowest order, the 

Sf!0 (R)-part can now be written as: 

Sf!0(R) = a(l)oo(R) [(1)00] + a(9)oo(R) [(9)00]. (3.13) 

In most of the literature it is assumed that the second order structure function scales in the inertial 
isotropie range (see section 2.2). For this regime this implies that 

(3.14) 

However, in this report it is assumed that this is the case for all j-values Gust as Arad et al. (1999)). 
This assumption is not proved yet, but later on in this report its validity is checked by means of 
experiments. Then we have: 

(3.15) 

So each j sector with j > 0 is assumed to have an anisotropic sealing exponent dj). The coefficients 
C(q)jm are constants, depending on the type of turbulent flow. 

A different assumption is stated by L'Vov, Podivilov and Procaccia (1997). They suggested that 
the l-value exhibits universa! sealing, contrary to the j-value. Nevertheless, for the second order 
structure function and for j = 0 these two assumptions coincide. This is because the isotropie com
ponent j = 0 has contributions from two different l-values, and because of homogeneity and the 
incompressibility constraint the two l-basis veetors should possess the same sealing law. 

Another simplification can be made. In incompressible flows the mass balance reduces to: 

(3.16) 

where V'· is the divergence operator. Fora homogeneaus flow this results in 
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As the tensor 8a. is isotropic5 , this equation applies to each jm-sector separately. The result of this 
constraint for the j = 0-sector is that the numerical constants C(g)oo and c(l)OO must satisfy the relation: 

(0) 
C(l)OO (2 

C(9)00 = - (O) · 
2 + (2 

(3.17) 

By substituting 3.17 and 3.15 in 3.13 the lowest order expansion for thesecondorder structure 
function becomes: 

snf3 (R) = c R(~O) [(2 + ç(O)) oa.f3- ;-(0) xa.xf3] 
J=ü o 2 '>2 R2 (3.18) 

with co = c(ll~gl . This is exactly the isotropie part of the whole structure function. This function 
2+(2 

clearly exhibits sealing. To see this explicitly, take R' = ÀR, so the distance R is scaled by a factor 
À. This results in: 

snf3 (R') = snf3 (ÀR) = Àd
0
l snf3 (R). 

J=Ü J=Ü J=Ü 

It is also possible to write the j = O-part in terms of the isotropie part of the longitudinal second order 
structure function, Sf!0 : 

(3.19) 

With Sj!0(R) taken to be the transverse structure function, eq. 3.19 can be used totest the isotropy 
of a turbulent flow from measured longitudinal and transverse structure functions. This is frequently 
employed in the literature, however for special choiees of the coefficients c(q)jm with j > 0 this 
equality could still be valid, even if the flow is anisotropic. 

In the j = 1-part it can be derived that there is only one of the 7 representations symmetrie and 
possesses an even-parity for a particular m-value. In this case the incompressibility constraint can 

only be satisfied if dl) = -3. However sa.f3(R = 0) is zero. As aresult powersof R must all 

begreater than 0, so dj) > 0. These complementary expressions require that the j = 1-part of the 
expansion 3.11 vanishes. 

3.2 Alternative approach for all orders 

For higher values of j all 9(2j + 1) basis veetors per j-value have to be considered. lt is possible to 
derive these representations using Clebsch-Gordan-coefficients to calculate the direct product of an
gular momenta. Altematively, a closer look at those 9 Clebsch-Gordan representations fora particular 
jm-sector results in a more practical representation. So the plan is to construct a representation with 
the help of such tensors. One great benefit of this representation is that it allows a simple applica
tion of the incompressibility condition, i.e. simple general expressions for the different R-dependent 

expansion coefficients a(q)jm can be derived. 
Conform equation 3.4 a final j-value corresponds with a l-value of the spherical harmonie in the 

range l - s, ... , l + s = l- 2, ... , l + 2. Obviously j is not always the same as l. Nevertheless it 

5The tensor operation Ba is called isotropie since it is invariant under proper rotations, i.e. after a proper rotation one 
gels the same tensor operation. Therefore if the original tensor is in a certain jm-sector, the tensor combined with this 
operation will still have the same j and m transformation properties. Another example of an isotropie tensor is R, since the 
length of R does not change under rotations. 
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tums out to be handy to write the final jm-values in terms of spherical harmonies with the same jm
values. This means that the order of the spherical harmonie has to be raised or lowered in order to make 
it the value of l. The corresponding tensors are the direction vector xa and the differentiation tensor 
Oa = a~a respectively. Multiplying with xa is easy. Care must be taken with differentiating. It is 
easier to differentiate with respect to r than r, so a trick is used. Contrary to the spherical harmonies, 
which do not depend on the magnitude of the direction, there exist regular solid hannonics (van 
Gelderen, 1998; Edmonds, 1996). These harmonies arealso scalar tensor fields, defined as: 

In order to make the tensor independent of R again, the tensor has to be divided by an appropriate 
power of R after differentiating. 

In addition to R, xa and Oa there are also higher rank tensors, which are isotropie (footnote 5). 
For example 8af3 and Eaf3'Y. 

Let's try outsome combinations of isotropie tensors and a spherical harmonie. One combination 
is the isotropie tensor 8af3 and the solid spherical harmonie: 

(3.20) 

Composing eq. 3.20 with a tensor of the form x a is not possible, because the result will be a first rank 
tensor (contracted) or a third-rank tensor (direct product). However, composing it with two tensors of 
the form xa will result in a legitimate second rank tensor: 

(3.21) 

Attaching more tensors of the form xa will result in either 3.20 or 3.21. Of course the sameaccounts 
for attaching factors of 8af3. The differential tensor operator Oa is also a first rank tensor and therefore 
a tensor sirnilar to eq. 3.21 is: 

(3.22) 

Combinations of Oa and xa give for example: 

and 

However a better choice is: 

(3.23) 

and 
(3.24) 

because these two representations are symmetrie and antisymmetrie respectively and since the second 
order structure function is symmetrie with respect to its indices, the antisymmetrie basis tensors are 
not needed. Notice that 8axf3 = 8af3 so this combination gives no extra tensors. Attaching more dif
ferentiation tensors will result in factors of xaoa. Also this factor will not generate more independent 
tensors, because xaaa'Pjm(r) = 0. Let's try to attach Eaf3'Y. This is a third-rank tensor, soit has to 
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contract with a first rank tensor in order to make it a second rank tensor. Contracting with either x a 

or aa yields: 
(3.25) 

and 
(3.26) 

Contraction of Ea!J-r with both xa and aa gives a first rank tensor, multiplying with another first rank 
tensor and symmetrizing gives: 

(3.27) 

and 
(3.28) 

The antisymmetrie parts are linear combinations of previous tensors and thus not independent. 
Up till now 9 independent tensorsfora certain jm-sector have been constructed, namely eq. 3.20-

3.28. So all independent second rank tensors have been constructed, since the space S[ consist of at 
most 9 independent basis tensors for each sector (eq. 3.5). 

Using the incompressibility condition aaua = 0 for each jm-sector results in constraints for 
the a(q)1m's. This can be stretchedeven further. As aaSaiJ(R)=O and aiJsaiJ(R) = 0 , linear 
combinations of these equations are also 0. In particular if saiJ (R) is written as a sum of a symmetrie 
and an antisymmetrie tensor sa iJ (R) = S~iJ (R) + S~iJ (R), then the symmetrie and the antisymmetrie 

part should fulfill the incompressibility condition independently, aaS~iJ (R) = 0 and aaS~iJ (R) = 0. 
As aresult each constructed basis tensor should fulfill the incompressibility constraint, instead of only 
the total expression. The sameargument can be applied to the parity, saiJ(R) = st(R) + S~iJ(R). 
So for each jm-sector there are 4 independent tensor equations. For q E {1, 5, 7, 9} the tensors 
[(q)jm] are symmetrie and have a parity of ( -1)1. [(3)jm] is the only antisymmetrie tensor with 
parity (- 1)1. For q E {6, 8} the tensors [(q)jm] are symmetrie with parity ( -1)1+1 and the remaining 
tensors, so q E {2,4}, are antisymmetrie with parity ( -1)1+1. Of course, saiJ(R) is symmetrie 

and has an even parity, so S~iJ (R) = 0 = S~iJ (R) and therefore only contributions from q E 

{1, 5, 7, 9} U {6, 8} have to be considered. The number of q's is indeed dimensionally correct, as a 
3x3 matrix consists of 6 independent symmetrie and 3 independent antisymmetrie components. 

Applying the incompressibility constraint on the symmetrie ( -1)1-parity tensors gives (after some 
rewriting and eliminating the spherical harmonies): 

I ·R-1 . I ·2R-1 I 2R-1 0 
a(1)1m - J a(1)1m + Ja(7)1m - J a(7)1m + a(9)1m + a(9)1m = (3.29) 

and 

R- 1a{l)jm +a(7)1m +3R-
1

a(7)1m + (j -1)a(5)1m + -(j- 2)(j -1)R- 1a{5)1m = 0. (3.30) 

Prime denotes differentiation toR. The same can be doneon the symmetrie ( -1)1+l_parity tensors: 

(3.31) 

These equations are derived fora general j, but eq. 3.30 and 3.31 are only valid for j > 0. 
Now the general form of the irreducible tensor representations with the accompanying incom

pressibility constraints are found, the low order expansion can be written out explicitly. The j = 0, 
the isotropie part, and the j = 1, the vanishing part, are already discussed in the previous sections. So 
let's take a closer look at the j = 2-part 
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3.3 First anisotropic order 

The first homogeneous non-trivial anisatrapie part in the expansion is the j = 2-order. This is an 
even order, so the basis tensors which have an even parity are for q E {1, 5, 7, 9}. Applying the 

incompressibility constraint on the coefficients a(q)2m = Rd
2

l C(q)2m means that there are two equa
tions 3.29 and 3.30 forthese coefficients. So 2 out of the 4 coefficients for each jm-sector can he 
eliminated. m ranges from -2 to 2, so the total number of free coefficients is 10. This is the most 
general case. Luckily, in some special cases, this number decreases a lot. For example, in axisym
metric turbulence there is nodependenee on the angle cp, and therefore only the m = O-part does not 
vanish. In this case there are only 2 free coefficients left. Also, when all tensor components of the 
structure function can not he measured, but only velocity components in the streamwise direction (i.e. 
in the z-direction), the number of free coefficients decreases. This will he the case for the experiments 
carried out for this report. 

3.3.1 Dependenee of e 
Let's work out the last special case, where only the velocity component along the z-axis is known. 
Coordinates are defined in tigure 3.1. If also the position vector x 0 is restricted in the x - z-plane, then 
cp = 0. This situation corresponds to measuring turbulent veloeities using multiple single hot-wires, 
aligned along a line parallel to the x-axis. In symbols this is for the j = 2-part of the second order 
structure function Sj!2(R, e, cp = 0). Expanded in tensor spherical harmonies gives: 

2 

SJ
3=3 2(R, e, ((l = 0) = Rd

2

l "'""" "'""" [( )2 ] r L,_; L,_; C(q)2m q m a=3,,6=3· (3.32) 
m=- 2 qE{1,5,7,9} 

Applying the incompressibility constraint and the explicit form of the basis tensors gives the unwieldy 
expression: 

(3.33) 

Nevertheless, if this is the only interesting component of the whole tensor, it has some superfluous 
C(q)2m -coefficients. As an example, the coefficients c(1)2 _1, c(l)21 , c(7)2 _1 and c(7)21) only occur in 
equation 3.33 according to the term: 

C(1)2 - 1 - C(1)21 + 2c(7)2 -1 - 2c(7)21· 
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In this case it is safe to use a new coefficient for this term and thereby the number of coefficients for 
this particular case reduces from 4 to 1. It turns out that only 4 out of 10 coefficients are really inde
pendent6 . So by making some appropriate substitutions a more manageable expression is acquired: 

SJ!2(R,B,ifJ = 0) = 
Rd2

J { c1 cos4(B) + cz [4cos3(B) sin(B) + (2 + d
2

) ) cos(B) sin3(B)] 

+c3 cos2 (B) sin2 (B) + c4 sin4(B) }· 

(3.34) 

Rewriting products and powers of trigonometrie functions in terms of trigonometrie functions with 
combined arguments gives: 

(3.35) 

This form can be useful when fitting and interpreting the fit-coefficients, because now only one coef
ficient, d1, takes the polar-angle-independent part of the function SJ!2(R, B, ifJ = 0) into account. 

3.3.2 Geometry considerations for the B-dependence 

Equation 3.35 can be simplified even further, when the geometry of the flow itself possesses some 
symmetry. Let's look at some particular cases: 

• Isotropie flow. Then, of course, the j = 2-part becomes trivially zero. 

• Axisymmetric flow. If the flow is axisymmetric about the z-axis (as defined in tigure 3.1), 
then the m =1- O-part of j = 2 vanishes and by using the incompressibility constraint, only 2 
independent fitting coefficients survive: 

(3.36) 

where it is assumed that d2
) is not equal to any of the roots occurring in the equation. However, 

in articles such as of Arad et al. (1999) another, equivalent, form is used: 

SJ!z,axi ( R, () , i{) = 0) = 
a Rd2

J { (d
2

) + 2) 2 - d
2
)(3d

2
) + 2) cos2 (B) + 2d

2
)(d

2
)- 2) cos4(B)} 

+ b R(~2 J { (d2
) + 2)( çfl + 3) - d 2

) (3d2
) + 4) cos2 (B) 

+(2d
2

) + l)(d
2
)- 2) cos4(B)} 

(3.37) 

6This reasoning shows, for example, that in equation (13) of Kurien , L'Vov, Procaccia and Sreenivasan (2000) the 
number of independent coefficients is one less than stated. So an unnecessary degree of freedom is present. If one takes the 
fit-values oftable II and adds toa, b, a9,2 ,2 and a1 ,2,2 the values I, -I , 25/69 and 422512139 respectively, then the resulting 
fit-function is exactly the same. Also the tables IV and V in this artiele are incorrect by the same argument. 
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y 

Figure 3.1: The orientation of the axes. The mean stream velocity is along the z-axis. In polar 
coordinates, the polar angle () (also called the colatitude) is defined to be the angle between the vector 
r pointing from the origin to the position of a point and the z-axis. The azimuthal angle cp (also 
called the longitude) is the angle between the x-axis and the projection of this direction vector on the 
xy-plane. The length of the direction vector is denoted by r. 

This equivalence can be shown explicitly by writing d1 and d2 in terms of a and b: 

( 16 + 6 d2
) + (d2

))2) ( 42 + 15 d2
) + 2 (d2

)) 2) 

4 a+ 8 b 

- ( d2
) ( 6 + d2

))) ( - 2 - 7 d2
) - ( d2

) ) 2) 

2 a+ 2 b 

• Shear flow. In this case two cases will be tested: 

- Shear is in the y-direction, i.e. the mean velocity is linear in y. Then there is a sym
metry plane. SJ!2 (R, (), cp = 0) is perpendicular to the shear direction and lies in the 

xz-plane. The flow is homogeneaus in the x-direction and therefore SJ!2(R, () , cp = 0) = 

SJ!2 (R, 1r- B, cp = 0), which results in: 

33 - - (~2 ) SJ=2,..1.shear(R, B, cp- 0)- R {d1 + d2 cos(2B) + d3 cos(4B)} . (3.38) 

- Shear is in the x-direction. In this case the measurement carried out will be parallel to 
the shear direction (as cp = 0). Then there is no extra symmetry applicable to reduce the 
number of fitting coefficients and therefore equation 3.35 with four free coefficients has 
to be used. 

For the sake of completeness, the j = 0 component of S 33 is given by substituting x 3 = z = 

r cos(B) in equation 3.18: 

s]!0 (R, B, cp) (3.39) 

(3.40) 



28 CHAPTER 3. TENSOR EXPANSION OF STRUCTURE FUNCTIONS 

Note that this equation is also valid for <p -# 0. The <p-dependence of the j = 2-component will be 
treated in the next section. 

3.3.3 Dependenee of r.p 

Up till now only the situation is treated where the direction vector is in the x-z-plane, so that <p = 0 
according to tigure 3.1. Another interesting case is when the B-component is fixed and <pis varied. 
In particular the case e = 1r /2 is very intriguing, as this is the only situation in this report where one 
does not rely on Taylor's hypothesis! The avoidanee of Taylor's hypothesis, where time separations 
f:lt are being handled as if they were just spatial separations !:lx by using !:lx = f:lt ·U mean, eliminates 
possible systematic errors. 

Derivation of the tensor expansion of the second order structure function for the <p-dependence is 
of course similar to the B-dependence, equation 3.35: 

(3.41) 

One sees that this equation has only 3 independent fit coefficients, while equation 3.35 has 4. The 
reason for this asymmetry is that the z-z component of the tensor expansion is considered and z = 
Rcos(B). Since the expansion contains termsof z 2, the highest power of B-terms is raised by 2 and 
becomes 4. The z-component is independent of <p and therefore this effect does not affect the cp-part. 

3.3.4 Geometry considerations for the r.p-dependence 

The same cases as with the B-dependence are considered, namely isotropic, axisymmetric and shear 
flow. 

• Isotropie or axisymmetric flow. Because isotropie and axisymmetric flows are independent of 
<p, the j = 2 fora fixed value of e, say e = 1r /2, has only one independent fit coefficient and is 
therefore trivially: 

(3.42) 

One might think this is very usable. However, it is, apart from the R-dependence, indistinguish
able from the isotropie j = 0 component. The R dependenee will be a mixture of isotropie 
and anisotropic (in the case of the axisymmetric case) contributions. So as there is no angle
dependence, one can not differentiate between these contributions and anisotropy can not be 
probed in this situation. 

• Shear flow. The shear flow does depend on e.p. If the shear is parallel to the y-axis, then the 
velocity profile has a symmetry plane x = 0. This means that S 33 (x) = S 33 ( -x), or in 
spherical coordinates S 33 (R, e = 1r /2, cp) = S 33 (R, e = 1r /2, 1r- cp). Equation 3.41 can only 
satisfy this condition for all values of <p, if d3 = 0. Result: 

33 ((2
) { } S1=2,shear(R, e = 1r /2, cp) = R 2 d1 + d2 cos(2cp) . (3.43) 



Chapter 4 

Experimental Setup 

The structure function is expected to scale in the inertial range. This is caused by the isotropie part of 
the flow. In the previous chapter the angular dependenee of the anisotropic sectors for some special 
type of flows (axisymmetric, shear flow) have been deduced. The question then is, whether or not it 
is possible to isolate the suggested anisotropic sealing exponents from the angular dependenee of the 
structure function. 

In order to answer this question an experimental setup is needed to study such anisotropic flows 
at high Reynolds numbers. In the present situation this is done by using a windtunnel, which can 
generate flows with Re>. ~ 8001. 

Numerical integrating the Navier Stokes equations fora particular turbulent flow can also be used 
to determine the structure of the flow. However, only the largest supercomputers of the world can 
handle Reynolds numbers camparabie to the currently used windtunnel (Kaneda et al., 2003). 

The present setup is almost identical to the setup used by Staicu (2002) and to a lesser degree to 
the one used by Herweijer (1995). The basic properties will be discussed in this chapter, but more 
details can be found in their theses. 

First, the overal experimental setup will be discussed. Then the hot-wire equipment, needed to 
measure velocity differences as a function of the polar angle, the azimuthal angle and the distance (to 
probe anisotropy) will be treated. The purpose of the setup is to measure flows with a well-defined 
anisotropy. This anisotropy is established by using some special type of grids. Their properties will 
be discussed in the last section. 

4.1 Overal setup 

A schematic picture of the windtunnel is shown in figure 4.1. If it is operated at maximum power, 
and a typical grid is in place, the mean velocity of the flow in the center is approximately 12 ms- 1. 

Temperature and pressure can be measured at several points. The sensor array consists of 10 single 

lS 

1 It is customary to use the Reynolds number, based on the Taylor micro-scale À. The definition of this Reynolds number 

R 
UrmsÀ 

€,\ == --, 
V 

where v is the kinematic viscosity and À is the Taylor micro-scale, defined as: 

À= Urms 

< (~~)2 > 
UrmsU 

<(~~)2>. 

The last equality uses Taylor's hypothesisfora flow with a mean velocity in the z-direction. 
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contraction 
support 

streamlined cross-section 

sensor array 

test section 
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Figure 4.1: The windtunnel with its equipment. Although not shown, it is a recirculating windtunnel 
and it has the ability to cool the wind. Dimensions of the test section are 8.0 m x 0.9 m x 0.8 m. The 
support of the sensor array is able to move vertically by means of a stepper motor and manually along 
the direction of the mean flow. This can be used to check to homogeneity of the flow. Nevertheless, 
all measurements of structure functions which are shown in this report are carried out in the center of 
the test section. The grid can be removed or changed. 

hot wires. The signa! for each wire is led through the streamlined support of the hot-wire array to a 
homemade constant temperature anemometer, after which it is amplified, !ow-pass filtered at 10 kHz 
(linear phase Bessel filter) and sampled at a frequency of 20 kHz with a resolution of 12 bits and 
written into a file on a SCSI harddisk of a Pentium PC. A typical measurement bas more than 3 x 10 7 

samples to makesure that the statistica! quantities have converged (Herweijer, 1995, section 6.2). As 
the cooling mechanism for the windtunnel is not being used, the value of the temperature of the flow 
is also captured in order to correct the influence it bas on the hot wires. In the next sections some 
properties of the windtunnel equipment will be described in more detail. 

4.2 Hot wire array 

In order to measure the velocity single hot wires are being used. The most important properties will 
be discussed in this section. More information about them can be found in the book of Bruun (1995). 

4.2.1 Single hot wire properties 

The single hot wire being used consist of a small active region made of tungsten and platinum with a 
typicallength of 200 J.Lm and a typical diameter of 2.5 J.Lm. The remaining part of the wire between 
the two prongs is gold-plated to improve electrical and thermal conduction. A current is applied to the 
active region. Because the wire is very thin and it bas resistance, it tends to heat up to temperatures of 
about 300 oe. If the air at room temperature around it is moving, it will cool down the wire by means 
of convection. With increasing velocity, the cooling rate will also increase and therefore the velocity 
of the air can be determined with a proper calibration. As the air in the windtunnel bas a large mean 
streamwise velocity component U compared to u~8 = J < ( u01

- < u01 > )2 >: 
Oi 

Urms < 0.1 u - ' 
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the fluctuations in the directions perpendicular to this streamwise direction will have a negligible 
contri bution to the cooling of the hot wire and therefore the hot wire will only measure the velocity in 
the streamwise direction. 

Before each measurement the hot wires need to be calibrated. This can be done in two ways. 
The first way is to use the windtunnel to set a particular velocity. If the grid is removed, the flow 
of the windtunnel is laminar and can reach veloeities up to 25 ms - 1 . The second way is to use a 
small jet, which has to be positioned in front of each wire separately. In both ways a pitot tube is 
used to calculate the real velocity. Both ways have their advantages and disadvantages. The first 
way requires the removal of the grid from the windtunnel so that the flow inside is laminar, while 
the second way requires that each wire has to be calibrated in sequence and not all at the same time. 
This way thus consumes a lot of time, usually 30 minutes. During this time the temperature could 
change. Nevertheless one gets similar results. If both the velocity and the digitized hot wire response 
are measured in the desired velocity range (automated, about 100 points for each wire), then a fifth 
order polynomial is used to fit the streamwise velocity in terms of the hot wire response in a least 
squares sense. 

Also a correction is applied because of a temperature drift. In the beginning of the measurement 
the windtunnel is warming up through dissipation. Also the temperature in the laboratory changes 
over time. These and other temperature fluctuations have a negative effect on the hot wires, namely 
that they do not measure the true velocity anymore. A standard analytica! metbod to correct for this 
is described by for example Bruun (1995). This metbod is also deployed here. 

While the sensing part of the hot wire is l = 200 J.Lm large, the Kolmogorov rnicroscale ry is for 
many measurements about 160 J.Lm which is even smaller. One might think this could cause problems 
with measuring statistics like Urms or ry, because turbulence at scales smaller than the wire length can 
not be resolved any more. 

However, as is stated by Ligrani and Bradshaw (1987a) and Ligrani and Bradshaw (1987b), errors 
in measuring Urms do not exceed 2% for llry < 10 and lid> 200. The first condition is certainly met, 
but lId = 80 in the present situation. This will influence the behaviour of the wires, because the heat 
loss due to conduction to the endings wil! be more significant. A possible consequence is that the static 
calibration is not entirely representative for the dynamica! behavior of the hot wire (Herweijer, 1995). 
According to Ligrani and Bradshaw (1987b) the discrepancy in Urms when compared toa hot wire 
with ratio lid= 200 is about 13% for lid= 80. This is confirmed by Kassab (1991). 

Elsner, Domagala and Elsner (1993) say that the error in measuring Eisabout 3% for llry = 1.25. 
As ry defined in termsof E by ry = (v 3 I< E > )114 , the resulting error in measuring ry is less than 1%. 

4.2.2 Array properties 

Measuring the structure function implies measuring flow veloeities at two different points. The 
anisotropy of the structure function can be seen, when the direction of one point relative to the other 
point is varied. To observe the decrease of anisotropy towards smaller scales also implies measuring 
the two velocity points at different distances. 

To establish measuring the structure function as a function of the po lar angle (), the azimuthal 
angle 'Pand the separation R (all independently) a novel hot-wire holder has been developed. 

The positions of the ten hot-wire has tobechosen in a way such that the separations between those 
positions are evenly distributed on a log scale. The reason for this is the following. The structure 
function is expected to scale with the distance, i.e. it varies with some power of r. This sealing 
property can beseen clearly, when the structure function is plottedon log-log axes. Then the slope of 
the plot is the value of the sealing exponent. To have a nice plot in this figure, the points have to be 
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Figure 4.2: Close-up of the arrangement of the 10 single hot wires. The exact positions of each hot 
wire can beseen in tigure A.1(a) 

equally distributed. That means that the spatial separations are exponentially distributed on a linear 
axis. An effective way to accomplish this is explained in appendix refsec-distancecalcu1ation. 

The azimuthal ( <p) dependenee of the transverse structure functions is measured by rotating the 
holder in the plane perpendicular to the streamwise direction. A schematic picture of the arrangement 
of the wires can beseen in tigure 4.2. 

In the present setup the polar (B) dependenee of the structure functions can be measured in two 
different ways. Both ways are sketched in tigure 4.3. The tirst way, as being used by Arad, Dhruva, 
Kurien, L'vov, Procaccia and Sreenivasan (1998), Arad et al. (1999) and Kurien et al. (2000), is to 
take 2 hot wire probes. Without any time delay () = 1r /2 and the distance between the two probes 
ro is used for r. For values different from () = 1r /2, one uses Taylor's hypothesis to delay the 
signa! of one probe relative to the other one. See tigure 4.3.a. The effective distance then becomes 
r = ..Jr5 + (U ~t)2 with U the mean velocity and ~t the time delay. In this casethereis only one 
free parameter, since () depends on r. Therefore the angle is given by B(r) = sin - 1(r0 /r). The 
second way is to independently vary the distance and the angle (). The variation of the distances is 
accomplished by the special arrangement of the ten probes as described in appendix A. Then by using 
time delays, () can be varied almost independently of the distance r. lt is not totally independent, 
because for very small () the minimum separation feasible will increase. 

As far as is known to us, the present setup is the only one, which can use the second way exper
imentally. Obviously the tirst way provides only limited information about the B-dependence of the 
structure function. In this case the variation of () mainly occurs at r ~ ro and thus the anisotropy 
will only be tested around ro. As the second way independently measures r and () this limitation is 
removed and therefore the decrease of anisotropy towards smaller scales can also be measured. 

4.3 Grids 

In order to inspeet the result of different anisotropic effects on the structure functions different grids 
have been made. In this section the properties of these grids will be treated. 

4.3.1 Squares grid 

The squares grid is like a chessboard, where the black squares are made of metal and the white squares 
are open. This grid is meant to produce isotropie strong turbulence. This allows a measurement of the 



4.3. GRIDS 33 

(a) u(t+L1t) (b) u;(t+ L1t) 

u(t) uJt) 

~' UL1t 

z 

Ly k'; UL1ti . ··-·. • 
I Yi JO 

Figure 4.3: Two different methods for measuring the rand edependenee of structure functions. True 
probe positions and Taylor-hypothesis-based probe positions are indicated by a tilled and empty circle 
respectively. (a) Ifthe total distance ris increased by increasing the time delay between two different 
probes, thee decreases simultaneously. (b) By using 10 probes the total distance rand angle e can be 
varied independently by selecting the right pair of probes. 

Grid 

Probes 

Figure 4.4: Experimental setup with the squares grid. 

isotropie part of the structure function. A schematic picture can be seen in tigure 4.4. To achieve a 
larger mean velocity and thereby a larger Re>., the squares are only located in the center of the grid. 

4.3.2 Axisymmetric grid 

The axisymmetric grid consists of several concentric circular open plates. lt is, of course, meant to 
produce an anisotropic axisymmetric homogeneaus flow. A schematic picture can be seen in tigure 
4.5. In this way the azimuthal dependenee of the structure function is removed. As is derived in 
section 3.3 this reduces the possible manifestations of the anisotropic part, i.e. the functional form 
of the first anisotropic sector then only has 2 independent coefficients. The idea behind this is that it 
allows the isolation of the anisotropic part, without relying on too many degrees of freedom. 

4.3.3 Shear grid 

The shear grid consists of parallel bars, but with varying width and separation. It produces a linear 
velocity profile perpendicular to the bar orientation. A schematic picture can be seen in tigure 4.6. 
lt has been tuned in such a way, that while the velocity profile is changing, the Urms is kept constant 
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Figure 4.5: Experimental setup with the axisymmetrical grid. 
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Figure 4.6: Experimental setup with the shear grid. 
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along the shear direction. The idea behind this is that while the velocity is obviously not homogeneous 
any more, the velocity fiuctuations still are2 . This can beseen in figure 4.7.a, where the velocity and 
Urm8 -profile are shown and in figure 4.7.b, in which the time power spectrum of each probeis shown. 
The strength of the shear is dU / dy = 5.95 Hz. 

4.3.4 Active grid 

The three previous grids are all static grids, i.e. they do not move. Almost all grid measurements 
in the field of turbulence have been carried out with static grids. However, developments of control 
systems and motors during the last decades facilitates the use of them. One of the benefits of using 
a grid which shape evolves in time is that one does not need to manufacture a new grid for different 
types of anisotropic flows. Only the control mode of the active grid has to be changed. Another main 
advantage of the active grid is that it is possible to double the Taylor-based Reynolds-number, when 
compared to a static grid. 

At the present a beginning is made with developing an active grid. It is a variant of the one devised 
by Makita (1991) and has also been used by others (see, for example, Mydlarski and Warhaft (1996) 
and Poorte and Biesheuvel (2002)). lt consist of a total of 14 axes, 8 horizontal and 6 vertical. Several 
square plates called flaps are mounted on each axis. The number of flapsper axis is 6 for the horizontal 
and 8 for the vertical axes. By rotating the axis, the flaps will also rotate and will stir the flow around 
it. The square flaps are installed so that their diagonal is parallel to the rod. This allows a complete 
ciosure of the grid, when the faces of all the flaps are perpendicular to the flow direction. When the 
faces of all the flaps are parallel to the flow direction, the grid is said to be open. So the solidity of 
the grid can be tuned to be between 0 (open) and 1 (closed). A schematic picture can beseen in figure 
4.8. 

Each of the rods is directly connected to a standard servo motor. For each group of at most 4 
motors a Galil PCI 1840 motion controller is being used. So there are in total 4 motion controllers 
necessary to control the flaps. These PCI-cards are inserted in a computer and are controlled by means 
of a home-made C++ program in combination with some standard Galil DLL-files. The description 
of this program can be found in appendix B. It will also write the positions of the 14 axes to a file, 
which allows studying the effect of the flaps on the measured turbulent velocities. 

2However, the Reynolds equations for the velocity fiuctuations are also not homogeneous any more, since the conveelion 
term changes. Nevertheless, this wi11 be neglected. 
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Figure 4.7: (a) Streamwise velocity U and Urm5 -profile 4.6 m bebind the shear grid. The shear strength 
dU jdy = 5.95 Hz and Re>. = 600. (b) Power spectra of the streamwise velocity for each probe. Yo 
is the coordinate of the center of the windtunnel, 45 cm from the bottom. One can see that these are 
very similar, which confirms homogeneity. 
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Figure 4.8: Schematic picture of the active grid. It consistsof 8 horizontal and 6 vertical rods, with 
attached ftaps. Each of the rods can be rotated by means of a computer-controlled motor. 
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Chapter 5 

Measurement impediments 

Turbulence is generated in the windtunnel using the special grids described in the last section of the 
previous chapter. A hot wire array is used to measure the turbulent velocity field. Each of those 
elements will introduce deficiencies: the turbulence generated by the grids and the windtunnel is 
not perfectly homogeneaus and different probes have slightly different properties. Also the hot wire 
probes do notmeet the reasonably well accepted l/d ratio requirement, l/d 2 200 (as discussed in 
section 4.2.1 ). 

But are these effects negligible, when one measures structure functions, or do one has to take 
some precautions? It will be shown that these effects are indeed not insignificant and where possible, 
correction methods will be applied. 

With the knowledge of these perils, the anisotropy of the flow can be analysed through the study 
of the second order structure function. This will be done in chapter 6. 

5.1 Observing wire responses 

The simplest measurable type of structure function is the longitudinal one, as defined by equation 2.3. 
This can be obtained by measuring a time series of the streamwise velocity component u z and then 
using Taylor's hypothesis to interpret time delays as if they were spatial separations b.z = U b.t. The 
result fora typical hotwireis in tigure 5.1. In this log-log plot one can clearly see a sealing range of 
more than one order. It is between r /TJ = 30 and r /TJ = 600. In order to see what the exact isotropie 
sealing exponent is, equation 3.39 with e = 0 has to be fitted. To see the deviation from the isotropie 

sealing exponent as derived by Kolmogorov cdO) = 2/3) more clearly, the compensated second order 
structure function szz / R213 is calculated. 

The result for each wire including the fit is shown in tigure 5.2. One can see that the isotropie 
sealing exponent deviates from the theoretica! prediction 2/3. The mean measured value is around 

0. 75. Other measurements with similar conditions normally report a lower value of do). Anselmet, 
Gagne, Hopfingerand Antonia (1984) found 0.71 fora duet and a jet flow for ReÀ = 515, 536 and 

852. Saddoughi and Veeravalli (1994) had do) = 0.67 for ReÀ ~ 600. Arad et al. (1998) measured 

do) = 0.69 for Re À = 10500 and 19500 (fora l/d ratio of the sensing wire of 140). Of course, flow 
conditions are not the same for all these experiments. Nevertheless, the measured isotropie sealing 
exponent appears to be significant larger. 

A larger sealing exponent for the structure function means a lower sealing exponent for the spec

trum in the frequency domain (eq. 2.6). So the observation that measured value of do) is too high, 

39 
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r/rt 

Figure 5.1: A typical longitudinal second order structure function, measured at ReÀ = 500. The 
horizontalline indicates the value of the structure function in the limit r ---> oo, namely 2( Urms) 2 . 

can be explained by the attenuation of high frequency velocity fluctuations. In tigure 5.3 two typical 
spectra are shown. Wire number 9 clearly has a different sealing exponent of the spectrum than wire 
10, which is consistent with tigure 5.2. 

Another observation is that at our situation every wire has its own sealing exponent in the range 
0. 70 to 0.80. There are two possible causes for this differences. Firstly, one could think that this 
sterns from the properties of the grid. Weak inhomogeneities and anisotropic effects could influence 
the value of the isotropie sealing exponent. For example, the relatively low and non-homogeneaus 
Reynolds number1 could contribute. Secondly, this could be due to the differences between the prop
erties of each hot wire. 

In order to test which cause is the most likely one, the isotropie sealing exponents are measured at 
different positions in a shear flow. This is established by rotating the hot-wire rack in the 'f?-direction, 
as shown in tigure 4.6. The result can be seen in tigure 5.4. With varying 4? the titted exponent 
does change, but the systematic differences in sealing exponents between each wire still overrules this 
effect. This is still the case when the rack is rotated or shifted in a flow with a different grid. So the 
second cause, different wire properties, is likely to be the main reason for this behaviour, i.e. different 
isotropie sealing exponents. 

1Mydlarski and Warhaft (1996) reported a ReÀ-dependent sealing exponent of the spectrum, Ç = -5/3(1 -
3.15Re~ 213 ). In the case ReÀ = 500 the difference between Ç = -5/3 is then 0.05, which corresponds to (;o) = 0.72. 

For ReÀ = 860 is do) = 0.70 



5.1. OBSERVING WIRE RESPONSES 

c 
u 

10~~~--~~~~--~~~~~~~~~~~~--~~~~~ 

10° 101 102 103 104 

ri'l 

41 

Figure 5.2: Compensated 1ongitudinal second order structure functions for each of the 10 probes with 
the squares grid at Re>. = 860. Each curve is also fitted by the isotropie expansion for r between 40 7J 
and 600 7]. The isotropie sealing exponents are 0.73, 0.74, 0.77, 0.74, 0.74, 0.76, 0.79, 0.76, 0.80 and 
0.71 for wires 1, ... , n respectively. The lowest curve is the function for the first probe. For clarity 
the curves and the fits for the remaining wires n E {2, .. , 10} are shifted by a factor en = e(n-l)/2 . 
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Figure 5.3: Compensated, longitudinal, one-dimensional power spectrum for probes 9 (lowest curve) 
and 10 of tigure 5.2. For clarity one curve is shifted with respect to the other, otherwise they coincide 
for f =10Hz. 
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Figure 5.4: The isotropie sealing exponents for each of the 10 hot wires in a shear flow at Re A = 500 
and t.p = 0°, 15°, 30°, 45°, 60°and 90°. The predominantly lowest curve is at t.p = 0°(perpendicular 
to shear) and the curves increase with increasing t.p. A separate measurement is carried out for each 
value of t.p. To suppress a possible drift, the measurement order is not linear with t.p, but random. 
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Figure 5.5: Schematic view of a single hot wire (not on scale). 

5.2 Origin of different wire responses 

A systematic study of the characteristics of the wires should be carried out in order to find the exact 
origin of the differences in measured isotropie sealing exponents. Possible causes of error are the 
following. The active wire length differs between each hot wire. This has not been stuclied in detail 
yet, but differences of more than 10% do occur. Also the diameter of the gold-plated part of each 
hot wire varies significantly. Other differences are the offset voltage of the anemometer (the voltage, 
where the measured velocity equals 0) and the cold resistance of each wire. 

A plausible explanation for the different frequency responses between the wires is the following, 
however other effects can play a role too (Perry, Smits and Chong, 1979). As discussed in section 
4.2.1, the wires being used are relatively thick when compared to their length. The construction of a 
single hot wire can be seen in tigure 5.5. In a stationary situation most of the electrically generated 
heat in the active region of the hot wire is lost due to 2 processes. The first one is by means of 
convection of the surrounding air and the second one due to end conduction losses. The used hot
wires have approximately al I d ratio of 80. This ratio is well below the accepted value of 200, so that 
the the conduction losses can not be neglected any more. 

If the airflow velocity is constant, then the conduction loss is also constant. A static calibration can 
correct for this loss. However, if the hot wire is being placed into a flow with a periodic velocity profile 
with frequency f, the heat generated in the active part of the hot-wire will also become periodic. This 
in turn implies that the conduction losses will also vary in time. Now, as the the gold-plated parts and 
prongs are relatively thick, the penetration of the heat can not be treated as an instantaneous effect, but 
will depend on the frequency of the velocity fluctuations. From dimensional analysis of the diffusion 
equation it follows that the penetration depth will roughly vary as f -l/2. So relatively large heat 
losses due to end conduction may explain an apparent larger value of the sealing exponent. 

That the sealing exponent differs between different wires may be explained by manufacturing 
differences. For exarnple, it may be that thermal conductance between a wire and its support depends 
on the matter it was welded. Also variations in the ratio of lId do occur. These differences reveal 
themselves in the calibration curves of tigure 5.6, which show the voltage over each wire as a function 
of the static air velocity. As the anemometers are operated such that their resistance is constant (and 
thus their temperature), this voltage is directly proportional to the dissipated power. It is seen that 
the voltage change is smal! over the range of air veloeities U, 0 < U < 20 ms -1. All curves have a 
relatively large offset voltage at U = 0, which signifies the loss of heat due to conduction. Apparently, 
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Figure 5.6: Typical calibration curves for all ten wires, indicated by hexadecimal numbers. 

this conduction loss varies significantly from wire to wire. Figure 5.7 shows that there is indeed 
a correlation between the measured isotropie sealing exponent and the offset of the corresponding 
calibration curve. And of course turbulent quantities should never depend on calibration properties. 

A higher offset voltage and thus a higher conduction loss can be the consequence of a lower 
l/d-ratio. This can be explained as follows. The hot-wires are operated at the constant temperature 
mode. This means that the resistance of the hot-wire is kept constant, at a certain overheat ratio 
Roh = Rhotf Rcold· The resistance Rcold is the resistance of the active element of the hot-wire Ra, 
the gold plated partand the conneetion leads Rrest. Rcold = Ra + Rrest· The active region has the 
smallest diameter and thus the highest resistance per unit length. When operated at the hot resistance, 
the active region tends to heat up to a temperature of around 300 °C. The material of the active region 
has a positive temperature coefficient, so the increase of the resistance is mainly caused by this part. 
As Rrest is not zero, the overheat ratio of the active part, the effective overheat ratio, is slightly higher 
than Roh• namely: 

( Rrest( 1)) Roh,eff = Roh 1 + Ra 1 - Roh · 

So when the length of the active part of the wire decreases, Ra also decreases and therefore Roh,eff 
will increase. Of course, Rrest will also increase when Ra decreases, but this can be neglected. But 
a higher overheat ratio implies a higher temperature of the active region. As the temperature of the 
prongs is approximately the same as the room temperature, this means that the temperature difference 
between the active region and the prongs increases. This in turn results in a larger heat flux to the 
gold-plated ends and the prongs, so a higher conduction loss. 
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Figure 5.7: lsotropie sealing exponent of sLL as a funetion of the offset voltage of the ealibration of 
the anemometer for eaeh wire in two different sets of measurements. x: square grid measurement. 
+: shear measurement. 
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5.3 Multiple probe correction methods 

It is shown in the previous sections that the differences between each wire are quite big. As it is very 
difficult to calibrate the dynamica! properties of hot wires, it is strongly suggested that new wires have 
to be manufactured, which do not show the the high-frequency depletion. For the moment we just 
have to cope with this fact. Nevertheless, in this section some correction methods will be discussed to 
rninirnize this effect. 

In section 4.2.1 it was said that the measurement of Urms is influenced by the type of hot wire. So 
a correction method would be to normalize the measured velocity signa! Ui of each wire i with its own 
Urms,i and denormalize it with the mean Urmsof all wires Urms 2: 

Urms 
Uc=Um--, 

Urms 
(5.1) 

where m stands for measured and c for corrected. This correction will be called the rms-correction. 
However, as is stated in 5.1, the wires also show frequency-dependent differences. In order to 

correct for this effect, a frequency-dependent correction has to be applied. A method which works 
reasonably well is to use the second order structure function as a correction. This correction, define it 
as the S-correction, coincides with the rms-correction for large separations (fig 5.1). It is constructed 
in the following way. If the velocity signa! of a wire is used to calculate the second order structure 
function at a separation r, then the signa! is corrected by the value of the longitudinal second order 
structure function of this wire at the same separation r. By using this correction method, one assumes 
that the turbulence is isotropic. However, applying this correction does not render the measured 
turbulence isotropic. 

Elaborated for the case of transverse velocity differences, the correction method is as follows. 
Consider the signals of wires i and j and the transverse structure function sTT (r ), which is the 
average square of the velocity difference between those wires separated in space by r. Then the 
corrected velocity difference flv~(r) is calculated as: 

flv~(r) = vi 
szz(r) 

sy(r)' 
(5.2) 

where szz(r) is the zz-component ofthe second order structure function averagedover all wires. 
In tigure 5.8 a transverse structure function for each correction method is shown. From this one 

can conclude that the overal noise is indeed reduced by using either correction. The rms-correction 
is most effective at large scales, which is understandable as at large separations the correlation of 
velocity differences will reach a value 2( Urms) 2 . The S-correction is most effective at intermediale 
scales, which is also logica!. However, at this particular flow situation the difference with the rms
correction is not that big. 

The observation that at large scales the rms-correction is slightly better than the S-correction can 
be made plausible by the fact that the longitudinal structure functions of a particular wire saturates at 
a smaller large scale than that of other wires. This means that the correction factor in this region also 

2The exact definition is: 
1 N 

Urms = N L Urms,i, 

i=l 

where N is the number of wires. One could also add them in a square sense, but for variations in Urms of less than 10%, 
which is the case, this difference is not significant. The sameaccounts for szz(r). 
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Figure 5.8: Compensated second order transverse structure function without correction, with the rms
correction and with the S-correction in the case of a shear flow, r.p = 45 o. For clarity the rms
correction curve is shifted upwards by multiplying the curve by a factor 1.3 and the S-correction by 
(1.3)2 

varies more, which can cause these discrepancy. In the inertial range this is not the case, because then 
alllongitudinal structure functions exhibit isotropie sealing. 

What is also apparent from the tigure is that the value of the isotropie sealing exponent (the slope 
ofthe uncompensated curve in the inertial range) ofthe rms-correction is about the same as the uncor
rected case. This is not true for the S-correction, where the sealing exponent deviates significantly. In 
this particular case, the shear-grid measurement, the sealing exponent is lowered. This is not always 
so, because in the squares-grid measurement the sealing exponent increases with the S-correction. 
Naturally, when the value of Bis lowered and close to 0, this deviation tends to disappear. 

So one has to be careful in using correction methods. With, for example, the S-correction, unex
pected side effects can be created. Then a misinterpretation of the data of turbulent flows is possible. 
Also these corrections use the mean over all wires as a reference. But if a few wires have a nearly 
undistorted frequency response, then by using this correction the response of those wires will actually 
become more distorted instead of corrected. Nevertheless, the focus of this report is the anisotropic 
sealing exponent, which is believed to be situated at large scales. Therefore the relatively safer rms
correction will be used most of the time. 

Other experiments have also been carried out with the present experimental setup. In this case it 
was needful to resolve the smallest scales in turbulent flows with a large Reynolds number. Therefore 
short probes have been used and currently it was not possible to replace those probes with longer ones. 
A drawback of this, is that the velocity sensors have a frequency dependent response. This makes the 
measured energy spectrum behave as E(k) "" k-a; with ai ~ 5/3, where the ai are different for 
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different sensors. Several correction procedures are described that diminish those differences. Clearly 
the sketched procedures do not result in a precise value of the isotropie second order sealing exponents 

do). A slightly better result is accomplished, when the isotropie second order sealing exponent is 

normalized by do). This sealing exponent is believed to be 1 by definition (Kolmogorov, 1941a), but 
the measured value is again higher, typically 1.05. Then the normalized sealing exponent becomes 
0.71, which is in agreement withother experiments. However, this procedure is not applicable to the 
anisotropic sealing exponents. 
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Chapter 6 

Extraction of anisotropic contributions 

By fitting the data using equations as mentioned in section 3.3 it is possible to extract the anisotropic 

sealing exponent d2). In this chapter the results for the anisotropic grids will be treated. One has to 
keep in mind that the correction methods as discussed in the previous chapter are only a makeshift and 
that quantitative statements of anisotropy are accompanied by systematic errors. Nevertheless, it tums 
out that the results are still similar to the uncorrected case and that trends and qualitative statements 
can still be made. In table 6.1 some turbulent characteristics of the measurements in this report are 
given. 

6.1 Axisymmetric grid 

The B-dependence of the second order structure function can be found by using the second measuring 
method, as discussed in section 4.2.2. The structure function expanded up to j = 2 then is: 

SJ!o,2,axi(R, B, t.p) = 
(0) { ((0) ((0) } 

c0R(2 (2 + y) - y cos(2B) (6.1) 

(2 ) { (2) ,..(2
) d +(4+,..( 2

) )d } 
+R(2 d +d cos(2B)+(2-( ) ' 2 1 

'
2 2 cos(4B). 1 2 2 ((~2)+7+v'17)((~2)+7-v'17) 

So the isotropie sector (see also eq. 3.39) also contains an B-dependent part. The pre-factor of the O
part is fixed by using the incompressibility constraint and the assumption that the flow is homogeneaus 

Table 6.1: Characteristics of the various turbulent ftows. 

u Urms Re>. 'T) E 

mis mis mm m2js3 

Squares grid turbulence 
11.7 1.58 740 0.13 11.7 

Shear grid turbulence 
11.2 1.07 580 0.17 3.9 

Axisymmetric grid turbulence 
8.71 1.02 520 0.17 3.45 
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in space and time. So a good fit in the inertial range for the isotropie component should be acquired 
if these assumptions are valid. The result can be seen in figure 6.1. From the fit it can be seen that the 
structure functions are reasonably well fitted by the isotropie component. However, for ()close to 0 the 
fit is deviating. There a several causes possible. One is that the aforementioned assumptions are not 
correct. Another cause could be the faulty interpretation of temporal separations as spatial separations 
by means of Taylor's hypothesis, as forsmaller () the measured structure function leans more on this 
hypothesis. Other causes could be that it is really a turbulent characteristic or wire problems. 

To test the first possible cause, inhomogeneity of the flow, the constraint following from homo
geneity (eq. 3.17) can be relaxed. By applying this relaxation on the fit-function, one can see that the 

fit indeed improves (lower part of figure 6.1). It corresponds with changing the value of do) in the 

pre-factor by do) + 0.25. Another way of stating this problem is that: 

(6.2) 

which should be equal to one if the structure function is in the isotropie sealing regime ( eq. 3.19). 
However, it tums out that this quantity is about 1.1 in the inertial range. 

Note however, that if this were really a turbulent characteristic and not an inhomogeneity or Tay
lor's hypothesis effect, then it could not be described by the tensor expansion with the assumption 
that sectors with highervalues of j (a higher degree of anisotropy) have also larger sealing exponents, 
because this effect is not occurring at large scales and then it therefore has to be described with low 
sealing exponents to be able to compete with the isotropie sealing exponent. However, this is unlikely 
and for now it is assumed that the effect is not a turbulent characteristic, but an artifact of the hot 
wire equipment or Taylor's hypothesis 1• Therefore a correction is applied to be able to still extract 
anisotropic sealing exponents. The curves for each B-value are shifted in such a way, that the isotropie 
fit of one particular B-value alone corresponds with the isotropie fit of all B-values simultaneously. 

The value of d2
) is found by fitting equations 3.36 and 3.39. Some problems arise with these 

equations, because a total number of 5 unknown have to be fitted. Then a global minimum in a 5-
dimensional space has to be found. This is very difficult numerically. One way to overcome this 
problem is to first fit the j = 0-component. But the fitting range should notbetaken too big, because 
then anisotropic contributions are also included in the fit. Therefore it is necessary to deterrnine the 
exact isotropie sealing range. Note that if there really is a sealing range solely to the anisotropy, 
this can not be seen because of the limited Reynolds number. However, a true sealing range due to 
the isotropie component can be seen. The slope of the structure function on a log-log scale in the 
inertial range will be the isotropie sealing exponent. So if one computes the derivative of the plot 
1og(szz) against log(r), name it f(log(r)), then the sealing exponent at a certain separation r can be 
determined. If there exist a plateau where f(log(r)) is approximately constant, then there is indeed 
a sealing range. To see whether or not such a plateau exist, it is easier tolook at the derivative of f, 
say g. If this function becomes approximately zero, then a plateau exist at that particular value and 
therefore also sealing. In figure 6.2 this is indeed the case, namely around r /ri ~ 100. The range of 
the isotropie fit can be confined to be around this value, 50 to 300 "7· For the axisymmetric flow it 

tums out that the minimum error for the isotropie fit then occurs at do) = 0. 7 4. 
By fixing the isotropie part while fitting the anisotropic part (iteratively), a sealing exponent of 

d2
) = 2.1 is found. To see whether or not this is a true minimum, one needs to look at the the 

1Taylor's hypothesis requires a measurement of the mean absolute velocity in order to interpret time delays as spatial 
separations. It is possible that the hot wires do not measure this velocity accurately. 
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Figure 6.1: Compensated second order structure function with varying e. For clarity only B= 10 o, 50° 
and 90° (low to high) are shown. Two different j = 0-component fits are also drawn. The upper plot 
shows the fit of equation 3.39. The lower plot shows a fit of the same equation, but without using 
condition 3.17. 



54 

"' NJ!? Q 
E 
Ci 
g-0.5 
Cl 

CHAPTER 6. EXTRACTION OF ANISOTROPIC CONTRIBUTIONS 

r/11 

Figure 6.2: Compensated second order longitudinal structure function together with its first and sec
ond (logarithmic) derivatives f and g. Data from flow with squares grid, Re .x ~ 736. 

variation of the minimum squared error: 

where t and m stands for theory and measurement respectively, i is the index for a measured point. 
As we do not have an independent estimate of the error of measured structure functions, the minimum 
squared error x2 between the fit and the measured points is normalized to 1, by choosing an appro
priate value of the constant c. In this expression the error between the fit and a measurement point is 
also normalized so that every point has approximately the same weight. 

Variation of x2 by varying do) and d2l is plotted in figure 6.3. The value of d2l indeed depends 

on the initial choice of do). For do) ~ 0. 7 4 the slope is around -16, i.e. a change of do) by +0.01 

results in a change of d2
) by -0.16. One can see that the global minimum is not at the isotropie 

fit-minimum, do) ~ 0. 7 4, but at do) = 0.87. Although this higher value improves the fit, it is not 
realistic, as only the combination with the j = 2-component makes the fit good. When using only the 

isotropie part, the fit would be poor at do) = 0.87. 

6.2 Shear grid 

The anisotropy with the shear grid is much larger than with the axisymmetric grid, because of a linear 
variation in the velocity profile. The shear strength is 5.95 Hz, which corresponds with the shear 
length (eq. 2.9) Ls = 800 7). 
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Figure 6.3: Top: measured second order structure function for the axisymmetric grid and the fit 
for () = 10°, 20°, 30°, 40°, 50°, 60°, 70°, 80° and 90° (low to high). Bottom: the accompanying 

normalized x2-plot at varying do) and d2
). Shownare contours of equal values of x2 . The minimum 

is located at the point do) = 0.87, d2l = 1.2. 
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Figure 6.4: Top: measured structure function for the shear grid and the fit for () = 15 o, 30°, 45°, 60°, 

75°and 90° (low to high) and <p = 90°. Bottom: the accompanying normalized x2-plot at varying do) 
and d2

). Shownare contours of equal values of x2 . The minimum is located at the point do) = 0.80, 

d2) = 2.0. 
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The shear grid is not symmetrie in the (f?-direction, therefore a (f?-measurement can also probe 
the anisotropic sealing exponent. In this case the same problem arises as with the B-measurement of 
the axisymmetric flow: the result heavily depends on the particular choice of the isotropie sealing 
exponent ( tigure 6.4 ). As the isotropie part of the second order structure function does not depend on 
(f?, the following way can be used to eliminate the dependenee on the isotropie sealing exponent. The 
idea is to divide the structure function by the structure function for a particular angle. Let's assume 
that e = 7r /2, so: 

The 'P dependenee of the j = 2 component is (eq. 3.43): 

33 ((
2

) { } SJ=2,shear(R,B = n/2,'f?) = R 2 d1 + d2cos(2'P) . (6.3) 

The mean over 'P then is 

S33 ( I ) '(2) J=2,shear R, e = n 2 = dlR 2 . (6.4) 

Dividing the measured structure function S}!o ( R, e = 1r /2, 'P) + S}!2 ( R, e = 1r /2, 'P) by the mean 

over all azimuthal angles and using l~x = 1 -x+ O(x2) one gets: 

f = 1 + d2 cos(2'f?)Rt:..( + 0 ((d; Rt:..()2), 
c'o co 

(6.5) 

where ~Ç = d2) - do). Neglecting the last term, which tums out to be valid in the shear grid 
measurement, thus gives an expression for determining ~(. 

The result can be seen in tigure 6.5. The cos(2'f? )-dependence of the fit does resembie the mea
sured data very well. The difference between the anisotropic and the isotropie sealing exponent, ~(, 

then is found to be ~Ç = 0.88. This value corresponds with d2) = 1.63 for do) = 0. 75. However, it 
tums out that this value is not robust. The correction methods being applied has a significant influence 
on the result. Figure 6.5 is acquired by using the S-correction, but when the rms-correction is used, 

~Ç = 1.34 is found, which corresponds to d2) = 2.1. 
Also if the fitting range is extended or decreased another value for ~Ç is found. In tigure 6.6 the 

variation of ~Ç as a function of the maximal value of the fit-range for this rms-correction is plotted. 
This quantity has a great influence, ~( varies between 1.0 and 3.0 by varying the end point between 
300 TJ and 1500 TJ. There does not exist a plateau, such as with the isotropie component. The fits 
for varying e shown sofarare all at a fixed 7]-range. But as stated in section 2.2.2 the prediction of 
Lumley for the first anisotropic sealing exponent is only valid when k > ko, i.e. when R < Ls. If the 
fit range is confined to this region, then ~( varies between 2.0 and 3.0. 

Saturation behaviour 

So d2) can not be determined with precision. But from tigure 6.5 it can be leamed that the way in 
which thesecondorder structure function reaches its asymptotic value 2u;ms depends on the azimuthal 
angle 'P· The cos(2'f? )-dependence of the second order structure function works rather well. At large 
scales the value of the structure function in the shear direction is lower than perpendicular to the shear 
direction. So far it is attempted to extract an extra anisotropic sealing exponent, from the angular 
dependenee as given by the S0(3) expansion. Let's now turn this procedure around and adopt a 
large-scale behaviour of the structure function and see what its (f? dependenee is. 
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Figure 6.5: Function f as defined by eq. 6.5 for ip=0°(top curve), 15°, 30°, 45°, 60°, 75°and 

90°(bottom) in a shear flow. For clarity each curve is shifted by c'P = 0.6 <p-; /4
. 

In figure 6.7 the variation of the normalized large saturation scale L /TJ is plotted against 4'· Note 
that the r-axis of a plot of the second order structure function for a particular ip can be scaled (say 
r' = a - 1r, with a a characteristic length scale), such that L-values of different lP will be the same. 
The same can be done for T)-values. However, the quotient L / TJ remains invariant when a sealing of r 
occurs for each structure function. 

The value of L for each lP is determined by fitting the second order structure function with: 

(6.6) 

and thereby keeping do) fixed. This function is the same as of Kurien and Sreenivasan (2000, eq. 3), 
when their small-scale factor is omitted2 . The fit L/TJ = 1333 + 267 cos(24?) corresponds rather well 
with the measured L /TJ. Of course, due to the symmetry of the flow, the first two terms occurring in the 
tensor expansion of L( ip, () = 1r /2) (which is actually also asecondrank tensor), is also a+ b cos(24? ), 
but terms of higher order appears to be insignificant. 

2 A extension of this forrnula is possible in the following way. One can also include a constant n, which can be used to 
describe the sharpness of the transition between the regime ofthe inertial range and the uncorrelated regime (Szz = 2u~msl· 
Then the forrn of the fit becomes: 

co(R/rJ)ç~o) (1 + (R/Lt)-Ç~o) fn, 

which returns to the old fit when n = 1. When fitting the second order structure function of the shear flow it appears 
that this extension improves the fit, when n ::::; 2, instead of I. The n=2 sharpness is also used with the commonly used 
Batchelor parametrization for the transition between the inertial range and the viscous range (Batchelor, 1951). Lohse and 
Müller-Groeling (1995) also use the n=2 sharpness for the transition between the inertial range and the uncorrelated regime 
to explain the pile-ups of the energy spectrum at a transition. 
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Figure 6.6: Top plot: dependenee of fitted .6.( on the fitting range. Fitting range is taken to be from 
r = 50 TJ up till the value given in the figure. Data is from a shear flow with the rms-correction applied. 
Every time when a new measurement point is in the fitting range, a dot is drawn. Bottom plot: mean 
longitudinal second order structure function normalized by its limit value for the same range. 
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Figure 6.7: Variation of L/1] as a function of <p with e = n/2 in a shear flow. Shownare measured 
points and fitted curve (eq. 6.6). 

So the effect of the anisotropy can be described by variations of L / 1], instead of introducing new 

sealing quantities dj) for j > 0. However, equation 6.6 is not valid for even larger scales, as then the 
structure function should reach the asymptotic value 2u~ms• which is independent of the direction of 
the structure function. 

The description with the 'universa!' sealing exponents also show the same behaviour, i.e. when 

eoRdo) + aRd
2

) is fitted, then a(c.p) is similar to tigure 6.7. Nevertheless, now it is not necessary to 
determine universa! sealing exponents. 



Chapter 7 

Conclusions and future investigations 

The main aim of this report is to investigate in what way the decrease of anisotropy of a turbulent flow 
towards smaller scales should behave. In the literature it was suggested that this would manifest itself 

in an universal anisotropic sealing range. If the anisotropic sealing exponent ( ~2 ) is larger than the 

isotropie one, do), then the anisotropy of the turbulent flow will decay towards smaller scales. 
The experiments carried out show that the anisotropic angular dependenee for the shear flow can 

be seen most clearly at larger scales, which indeed reinforees the assumption of decay of anisotropy 
towards smaller scales. 

For e = 1r /2 the present setup does not rely on Taylor's. The isotropie sector does notdepend 
on the azimuthal angle <p. The first <p-dependent sector is for j = 2. Variation of the second order 
structure function by varying <p is indeed as the j = 2-term of the expansion would predict, in the 
shear case it goes as cos(2<p). 

The consistency with the <p-dependent part of the S0(3)-based tensor expansion suggests that for 
true spatial separations the angle-dependent S0(3) expansion works. However, it turns out to be very 

difficult to measure the exact value of the exponent d2
), if it would exist. In literature it was suggested 

that this value would be universa!, i.e. independent on the type of turbulent flow as long as the Re À 

is suftleient high. The experiments carried out shows that there indeed might be an universa! value of 

d2
), namely d2

) = 2 ± 1. This value would be in agreement with both the theoretica! predictions 
of Lumley (1967) fora shear flow. However, as the error margin already suggest, care mustbetaken 
in interpreting this value. It turns out to be very difficult to measure the anisatrapie sealing exponent 
accurately. 

This is partly caused by the fit range. As Lumley's prediction is only a first order term in a series 
expansion, this first order expansion is no langer valid for larger r. For the range of Re À being studied, 
i.e. around Re À = 500, this region is relatively close to the middle of the inertial range. Therefore 
higher order terms should be included as well. 

With the azimuthal measurements, however, the cos(2<p)-dependence is measured, when using 
an alternative description. The idea is to use a fit which describes both the inertial range and the 
saturation range (the uncorrelated range). This formula can also be expanded into a power series. 
This means that higher order anisotropic sealing exponents have a similar angular dependence, which 
contradiets the assumption that each sealing exponent has its own sector and therefore its own angular 
dependence. 

In order to see a true sealing range due to shear effects, shear length scales which are much lower 
than the saturation scale (when compared toa flow with equal ReÀ) have to be investigated. At the 
present situation, the shear length scale L s is smaller but not far away from the saturation length scale 
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(which is also present in flows without a shear). 
The 0-dependency of the second order structure function is measured by using a mixture of spatial 

separations and time delays. Time delays then are interpreted as spatial separations by using Taylor's 
hypothesis. The 0-dependence of the isotropie j = 0 structure functions corresponds reasonably well 
with the measurement, except at low values of 0. This is just the region, where Taylor's hypothesis is 
deployed extensively. 

So a useful future investigation would be to test the validity of this hypothesis. In the literature it 
is stated that the sealing is not affected. However, the absolute value of the temporal-based structure 
function might differ from spatial-based structure functions. An easy testtosort this out is to measure 
veloeities with the hot-wire rack at positions 0 = 1r /2 +a and 0 = 1r /2- a. If the delay of the signals 
of the first situation is corresponding with an angle of 2a, then the measured structure function with 
this delay should correspond exactly to the second situation without a time delay. As the x and y 
positions of the wires are the same in both cases, only homogeneity in the streamwise direction is 
needed. The present support of the wires needs to be changed to be able to rotate in the 0-direction. 

As the validity of Taylor's hypothesis is questionable, it is difficult to isolate anisotropic sealing 
exponents from the 0-dependence of the second order structure function. Taylor's hypothesis leans on 
the measurement of the absolute velocity in order to interpret time delays as spatial separations. So a 
possible cause is that the absolute velocity in a turbulent flow is not properly determined. 

This could betheresult of small deficiencies in the hot-wire equipment. As an example, the small 
l / d-ratio, the ratio between the length and the diameter of the active region, is known to have an effect 
on the measured value of Urms· The exact impact on structure functions is not known to us. It also 
appears that the exact second order isotropie sealing exponent is distorted by wire properties with an 

average increase of 0.05 and a fluctuation of 0.05, d~~ = 0. 75±0.05. Inthereport several methods for 
correcting these wire differences are used, but these methods can also influence the apparent sealing 
behaviour. Therefore a strong recommendation is the systematic study of the properties of hot wires 
and trying to manufacture hot wires which are constant in their properties. This allows to carry out 
much cleaner measurements and to make much firmer statements. 

Another way to measure anisotropic effects is to use cross wires, instead of single hot wires. 
With cross wires 2 different velocity components at a point in the flow can be measured and it allows 
to investigate statistkal quantities which are zero in the isotropie case, like the mixed second order 
structure function szx. In this case the treated tensor expansion is still applicable. These quantities 
are measured more easily as the anisotropic contribution is no langer overwhelmed by the isotropie 
component. 

So with the present setup it is very doubtful, if the proposed sealing in the R-dependent part for 
each sector exists. Stronger and isolated anisotropic effects and flows with higher Re>. might sort this 
out. However, the angular dependenee (for spatial separations), as given by the S0(3) expansion, can 
be seen very clearly. 
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Appendix A 

Exponential distribution of distances 

In this section a method is deployed for the arrangement of the 10 hot wires on a line. These wires 
have to be positioned in such a way, that all the distauces between them are equally spaeed on an 
exponential scale. This is useful, because it allows to measure the transverse structure function in 
one go, without shifting any of the wires. The reason that the distribution of distauces has to be 
exponential is the following. The structure function is supposed to scale in the inertial range, so that 
a plot on a log-log scale of the structure function vs. the distance would show a straight line. To see 
this most clearly it is required that the measured points are equally distributed on the whole range of 
this plot. A linear separation on a log scale implies a exponential separation on a linear scale, i.e. the 
scale of the physical space. 

The idea is rather simple. The distances between adjacent wires has to be increased exponentially. 
All the wires are positioned onto a straight line. Call the center wire, wire number 0. Then the wire 
right of it, number 1, is separatedat the desired minimum distance, let's say 1 mm. 

Now there are two ways to continue. One way is to add wires at the right side and thereby 
increase the distances between adjacent wires every time. The other way is to add a wire at the left 
side of wire 0. This tums out to be more effective (because more wires are localized in the center of 
the windtunnel), therefore the first way will be discarded from now on. 

By adding another wire leftof wire number 0, say number -1, there is a distance between those 
wires to choose. For the moment that distance will be the double of the first distance, 2 x 1 mm = 

2 mm. Now let's add another wire at the right side ofwire number 1, call it number 2. Ifthis distance 
is also doubled, it becomes 22 x 1 mm = 4 mm. All remaining wires can be positioned similarly. So 
the wires are placed in tums by doubling each distance. 

The maximum distance, i.e. the distance from the most left wire to the most right wire, becomes: 

10-2 210-1 - 1 
1 mm + 2 mm + 2 2 mm + · · · + 2 10

-
2 mm = L 2n mm = mm = 511 mm. 

n=O 
2-1 

In most cases the total span, the maximum distance divided by the minimum distance, is fixed. In this 
case it tums out to be 511. A trick to control the total span is to adjust the factor by which each distance 
is multip lied. Thus instead of the factor 2, another factor c can be chosen. In the measurements done 
so far, a span of 150 is desired. This implies solving c in the equation: 

10-2 c10-1 - 1 
"'"""' en = = 150. ~ c-1 
n=O 
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This can be solved, using a mathematica! program such as maple or mathematica. lt bas the solution 
c::::::: 1.67119. 

Up to now two ways of calculating the position of each wire are treated. One way was actding 
wires just at one si de and thereby increasing the distance each time. The other way was actding wires 
in tums at the left and at the right side. However by actding wires a few times at the left side and a few 
times at the right side one, etc. one gets a new configuration. The resulting distances do not differ so 
much from the other two methods. 

Sometimes it is more convenient to have a symmetrie configuration, i.e. each distance between 
the midpoint and the first 5 wires is the same as each distance between the midpoint and the last 5 
wires. In this symmetrie setup there are a lot of separations, which are double. This allows checking 
the homogeneity of a flow by comparing the value of the structure function for the same separation, 
but for different positions. The solution to this similar setup implies solving the equation: 

5-1 

1 + 2 x L en = 150, 
n=l 

which gives c ::::::: 2.60378. The wire positions for each metbod can beseen in tigure A.l(a). Figure 
A.l(b) gives the accompanying distances. 
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Figure A.l: Several wire contigurations (a) with accompanying exponentially distributed separations 
(b) for 10 wires and a total span of 243. Contiguration a: old setup, b: symmetrie, c: wires added 
only one side, d: wires added in tums. Separation n is shifted by a term linear with the remainder of 
n after dividing by 3 in order to distinguish similar distances. Note that the major difference between 
a and d is that the last contiguration has relaxed the symmetry-requirement and that the gap around 
r / T} = 400 has vanished. 
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AppendixB 

Active grid program 

A start is made with designing a C++ program and a DMC (digital motion controller) program for 
controlling the axes of the active grid. In this appendix a short description of these programs can be 
found. 

The C++ program has to communieale with 4 different Galil digital motion controllers. These 
are operating on the PCI-bus architecture. Some standard libraries are included with the PCI-cards, 
which can be used to set up basic communications between the C++ program and each card. The cards 
have their own programming language (Galil Motion Control, 2000; Galil Motion Control, 2001a) to 
control axes attached to these cards. The description of functions accompanied with the standard 
libraries of Galil are described inGalil Motion Control (2001b). 

What the C++ program does is the following. First of all, the program establishes a conneetion 
with each Galil controller. Each controller thereby gets its own handle. Then a string of multiple 
lines, consisting of the program for the PCI-card is uploaded to each card. This is done by using 
the Galillibrary function DMCDownloadFromBuffer () 1. After that this program is executed. It 
will communieale with the C++ program in order to receive the required positions of each axis and 
to send the actual movement of each axis2. Thus the C++ program has to periodically generate new 
required positions for all axes and send it to the DMC program and to read back the real positions. 
This information is also written to a file for postprocessing. The scheme of this process can be seen 
in tigure B.l. 

The DMC-program consists of three parts. The first part initializes some variables and arrays. 
The second part is the part that continuously controls the motor so that it follows the required 

position profile. It reacts the absolute required positions from the XABS-array (in the case of the X
axis). Several modes can be used for controlling the axis. One way is to use the contour mode, in 
which the axis follows the trajectory indicated by the position array. A benefit of this is that the exact 
trajectory will be followed, but this will be at the cost of time. In our case it is necessary to follow a 
trajectory synchronously with the other axes and the exact movement is not so important. Therefore 
a more appropriate mode is the jogging mode, JG. In this mode the motor can jog to the required 
position, but after a certain time it will be jogging to the next required position, irrespective of the 
completion of the last setpoint. So this allows a fast response of all the axes. 

As the motion controller can execute several programs at the same time, i.e. parallel, the second 
part also executes the third part. This is where the actual positions of all the axes are recorded with 

1The function narnes of the Galillibrary are all chosen from the DMC card point of view. The self-made functions have 
narnes that are chosen from the C++ program point of view. 

2These two wil! be different in generaL As an exarnple, there is a delay between the set point of the motor and the point 
when the motor is really at that point 
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Figure B .1: Schematic picture of the construction of the axis control mechanism. For clarity only one 
controller and one axis is shown. 

the command RD and stored into arrays. For the X-axis this array is called XCAB. 

While the DMC program is busy steering the axes, the C++ program looks at which point of the 
array the DMC program is. The index of XABS is stored in the variabie C and the index of XCAP is 
the interrogating command _RD. If the first half of the array is processed in the case of reading (array 
XABS), then the C++ program will refresh that part from writeArray. The sameaccounts for the 
second part of XABS. For the reading part a similar construction is applied. 

So by means of this interteaving mechanism the motion controller can continuously control each 
of its axes. This also allows the PC program to do some other things besides the refreshing and 
downtoading of the arrays, without hampering the motion controller. This is necessary because the 
C++ program also has to generate new axis positions with a certain algorithm and to write the axes 
profiles to a file. 

Up till now the program works when multiple axes are connected to one controller only. However, 
when multiple controllers arealso used (which is the purpose) it is also necessary to record the time 
stamp accompanied with each axis position. This provides the information necessary to synchronize 
the controllers. 


