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Summary 

Summary 

The sound of rolling and bouncing halls is a subject that is of interest in the research of 
auditory perception of non-speech audio signals. A physical model is needed to descri he and 
predict the parameters that determine the sound produced by these halls. Therefore, a detailed 
description of the mechanica! system is required. The main subject of this project is the 
physical analysis of a hall bouncing vertically on a large plate. This thesis also includes a 
de scription of the sound parameters that are important for the perception of bouncing sounds, 
and their relationship with the parameters of the physical model. 

The theory is a combination of three components: the equation of motion for the hall, the 
mechanica! impedance of the plate and the contact force between both bodies. The 
combination yields a one-dimensional differential equation that includes all material and 
geometrical properties. This differential equation is numerically solved to give the approach 
depth as a function of time. From this, the most important physical parameters can be 
calculated. These are the restitution coefficient, which is the decrease in time interval 
between the successive impacts, and the contact time. Further in-depth theoretica! 
investigations are done for the mechanica! impedance of a beam and a plate subject to 
transverse impact, as well as for the contact force presumed in the model. 

An experimental setup has been designed to drop a hall from a fixed height on an arbitrary 
position on the plate, while the plate vibrations are recorded. The values of the restitution 
coefficient thus found are compared with the theoretica! calculations. It is observed that the 
restitution coefficient increases with decreasing impact speed, both in the experiments and 
theoretica! predictions. The absolute values of the predicted and measured restitution 
coefficient agree within 20%, except for the largest halls on the thinnest plate. 

The experiments also show that the restitution coefficient is lower within a certain critica! 
distance from the edge of the plate. This critica! distance is related to the product of the 
contact time and horizontal wave speed, and the values match within 25% for each of the 
halls used, which justifies the idea that the effect is caused by wave reflections at the edge. 
The mechanica! impedance of the plate, both outside and ins i de the cri ti cal zone, is measured 
directly and compared to the theoretica! values. The experimental values are found to be 7% 
to 20% lower, varying between different plates. 

The differences found between theoretica! and experimental values are discussed, as well as 
the influence of the most important approximations and neglected elements, such as plastic 
deformation, viscoelastic damping, and the chaotic interaction between the repetitive impacts 
and the vibrations of the plate. 

The four most important parameters in the sound generated by a bouncing hall are 
introduced, being the relative amplitude and the decrease in successive time intervals of each 
tick, as well as the speetral content and signal decay time. The first two aspects are related to 
the restitution coefficient, the latter two are a function of the contact time between hall and 
plate. The possible influence of these elements on the auditory perception is discussed, and 
some proposals for perception experiments are given. 
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Chapter 1 - Introduetion 

Chapter 1 Introduetion 

§ 1.1 Problem statement 

§ 1.1.1 Perception of non-speech audio signals 
In the world of audio research and engineering, a partition is frequently made between three 
different classes of sounds. One class contains all speech signals, and most of today's 
research in this area is concemed with the automatic recognition and computer synthesis of 
speech. A second class contains all musical sounds, and again much research is done 
conceming the acoustics of instruments and the development of sound synthesizers and 
effects, as well as recording and playback techniques and devices. 

Finally, a third class of sounds contains all that is left. This class is usually referred to as 
non-speech audio, though musical sounds are usually not regarcled within this category. This 
type of audio signals includes a large collection of sounds people hear everyday: traff'ic 
passing by, people walking, doors slamming, or computers buzzing. All of these sounds 
provide us with direct information about our environment. Our ears will tell us, for instance, 
if a car is coming around the corner, and at what speed; from the rapid approaching footsteps 
down the corridor we know our boss is in a hurry. 

Though all sorts of information are contained in these sounds, they are hardly ever used or 
synthesized for our benefit In most user interfaces, such as computers, mobile telephones and 
other devices where human-system interaction is needed, the only sounds that provide 
information are short beeps and buzzes that have no intrinsic meaning. Only little research 
has been done on the use of scraping, sliding, or bouncing sounds, for instance, to be applied 
in these interfaces. However, there are some clear advantages ofthe use ofthese sounds. 

First of all, as was demonstrated in the examples above, many of these familiar sounds 
have an intrinsic meaning to the listener that does not have to be explained. In this case, the 
sound is referred to by Gaver [13] as an auditory icon. This kind of sounds is actually a sub
class within the non-speech audio signals, as opposed to the category defined by Blattner as 
earcons [3 ], which are sounds composed of abstract musical ton es, such as most computer 
bleeps, to which an arbitrary meaning is assigned. The intrinsic meaning of auditory icons 
can be made use ofto convey information about the system that produces them. For instance, 
when moving around a cursor, an impact tick would tell the user that he bumped into 
something. Using an earcon in this place, such as a single beep, could also mean that a new e
mail has arrived, if the listener is unfamiliar with the system. Earcons are usually appropriate 
to draw the attention ofthe listener, for instanee in an alarm system. 

A second advantage is a more general advantage of the use of auditory over visual 
stimuli, but is clear specifically for non-speech sounds. As it was stated by Gaver [14], sound 
exists over space and in time, while vision exists in space and over time: audio signals are 
received by the listener regardless where he is looking at that time and may thus convey 
information about the entire 3D world around him, whereas visual information can only be 
presented directly in front of the user. Bes i des this, visual information is more appropriate for 
the display of static objects, while sounds are more suitable to convey information about 
changes in the environment; static sounds will provide not much information unless there are 
sudden changes in pitch or loudness, for instance. 

An example of this difference exists, for example, in the closing of a door. The user will 
not be able to see if the door is fully closed, but hears a tick at the moment the loek falls into 
place. For another illustration, our computer will start ratding as a result of a performed 
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action. If it suddenly stops, we know our command has been processed, or sarnething is 
wrong. 

§ 1.1.2 Rolling and bouncing halls 
In the research performed for this thesis and before, the main focus has been on the 
perception and physical generation of the sound of objects that roll over a plate, and may start 
bouncing as they do so. The interest in this subject may be defined at different levels. 

As a general aspect, it is of interest to know how subjects perceive non-speech audio 
signals and which information they can extract from them. Gaver [15] describes the 
'ecological' approach to auditory perception: people are assumed not to listen to the 
properties of the sound itself (i.e. amplitude, speetral content, etc.), but rather to the 
properties of the system that created the sounds in the first place. It is of interest to know to 
what extent people are able to hear the properties of the ball and plate producing the rolling 
and bouncing sounds, such as the ball and plate size and shape, what materials they are made 
of, and the speed at which they roll or fall. 

As a first level of application of rolling and bouncing sounds, one may think of the direct 
addition of such sounds to visual events. In virtual reality applications, games, or movies, 
containing sound support, all visual rolling and impact events may be provided with 
appropriate sounds to yield a better awareness of what exactly is happening, especially to 
create virtual images of rolling and bouncing objects that cannot be seen. Again, this 
application contains the advantage that sounds can come from anywhere, not just from the 
directly visible events. 

Finally, as a perhaps more profitable application, rolling and bouncing sounds can be 
used to improve the usability and efficiency of user interfaces ( see [ 6] or [7]), as well as the 
accessibility of these interfaces for the visually impaired (see [36] or [37]). Especially in the 
scope of the trend to make visual displays smaller and more crowded with information, the 
auditory channel may overtakesome ofthe visual elements (see [3] or [5]). 

§ 1.1.3 Research history and background 
Most of the research done before this thesis has been on the perception of rolling and 
bouncing sounds. It has been shown by Houben [21] that subjects are able to discriminate 
between a fast or slowly rolling ball, as well as between different ball sizes; when both speed 
and size are varied, some confusion may occur. These perceptive differences have been 
related to the differences in the properties of the sounds presented, such as the speetral 
centroid and amplitude modulation. 

The physical aspects of a ball rolling over a plate have been thoroughly examined by 
Stoelinga (see [43]) for the case of the smooth rolling of relatively large and heavy halls at 
moderate velocities, so the amount of bouncing that occurs during the rolling trajectory is 
negligible. The goal of this research is to relate the physical parameters of the ball-plate 
system directly to the sound properties determining the perception of ball speed and size. It 
has been found, for instance, that lower frequencies are less effectively radiated by thin plates 
than by thick plates. This causes the counterintuitive effect that, on thin plates, heavy halls 
produce a lower sound level than lighter halls. The physical description contains the ball
plate interaction and the wave propagation in the plate, as well as the reflections of the waves 
at the plate boundaries. This research has led to a synthesis model of rolling sounds 
containing these physical effects. 

However, for lighter halls at higher rolling speeds, the irregularity of the sound increases. 
This is caused by the ball that loses contact with the plate and starts bouncing. As a matter of 
fact, the rolling of a ball may also be considered as a series of microscopie impacts, for which 
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the amplitude and non-contact duration increase as the speed of the hall increases or when its 
weight is smaller. It is therefore desirabie to have a physical description of the impacts of a 
hall on a plate, and to descri he the bouncing of a hall as a function of hall size, weight, and 
speed. 

On top of this, a physical background is desired for the synthesis of bouncing and impact 
sounds as well. The perception of the sound of a hall bouncing is in itself an area of interest. 
A series of ticks decreasing in amplitude, where the time interval between each tick is 
decreased as well, is a very characteristic type of auditory stimulus that is easily identified as 
a bouncing object. The position of each tick in time as well as the decrease in amplitude and 
the change in speetral content of each tick, are characteristics of the bouncing series, 
determined by the material and geometrical properties of the ball-plate system. From the 
ecological approach to hearing research, it is of interest to know if subjects can discriminate 
between the differences in the produced sound characterized by these parameters, and if these 
characteristics provide any direct, perceptually relevant information about the properties of 
the hall and plate. 

§ 1.1.4 Goal of this thesis 
The main interest of the research described in this thesis is to develop a theoretica! model 
from which the bouncing of a hall can be simulated as a function of material and geometrical 
parameters. From this model, the most important parameters determining the sound produced 
by the mechanica! system can be extracted. These parameters are the restitution coefficient e, 
which is a function of the impact speed of each successive hounee in the series, and the 
contact time r between the ball and plate, which is the main parameter to determine the 
frequency of vibration induced in the plate. 

§ 1.1.5 Literature 
On the physical subject of objects colliding with each other, or one body impacting another, a 
considerable amount of past research has been done. In this paragraph, a chronological 
overview of the available literature used for this thesis is given. 

As far back as 1881, Heinrich Hertz published an artiele written during a summer break at the 
age of 23, about the elastic contact force between two solid spheres pressed onto each other 
(see [19]). The relationship he found between the penetration depth of both bodies and the 
mutually exerted force has been used frequently ever since, and little significant other 
relationships have been proposed since. His theory is explained in more detail by Mundt [34]. 

Hertz' theory of impact has been applied to the collision of a hall and an elastic plate by 
Raman [38], who derives a simple formula for the coefficient of restitution e, which is the 
inverse ratio of the hall speed before and after the impact ( 0 < e < 1 ). He compared his 
theoretica! calculations with some bouncing experiments and found corresponding results for 
relatively high restitution coefficients, but found some deviations for lower restitution 
coefficients that occur for heavy halls bouncing on thin plates. 

A more thorough investigation by Zener (see [52] and [53]) consistedof a combination of 
Hertz' contact force with the equation of motion for the hall and a constant linear relationship 
between the plate displacement speed and the exerted force. The latter relationship was 
derived from an approximation of the vibrational eigenmodes of the plate. However, his 
theory contained also the assumption that the contact time between hall and plate is short 
enough for wave reflections at the plate borders not to return to the impact point. If this is the 
case, then the vibrational eigenmodes of the plate have not developed yet at the end of 
contact, and a contradiction seems to occur. However, Zener's theory yielded very good 
results for the predicted values for the restitution coefficient over the entire range from 0 to 1. 
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Zener's theory was applied by other others (see [46] or [39]), up until recently (see [12]), to 
investigate the restitution coefficient and contact time for various material and geometrical 
configurations. 

Other authors have studied the different types of waves running through the plate (Mind1in, 
[32]) or through a bar in the case of a ball impacting a bar (Timoshenko, [47]), 1eading to 
different corrections for the wave equation. The transverse vibrational eigenmodes of bars 
and plates were calculated and applied by Eringen et al. [11]. 
In 1960, Goldsmith publisbed a book called Impact [ 17] which contained most of the results 
mentioned above and presented detailed calculations for various impact situations, including 
the impact of a ball on a bar and plate. His book also contains more in-depth investigations 
about the plastic deformation during the impact. 

Cremer publisbed a book in 1973 [9] about the general acoustic properties of various 
bodies and structures. With help ofthis book, the contradiction in Zener's theory is overcome 
by the derivation of a linear relationship between the plate displacement speed and the 
exerted force by means of an infinite plate wave theory instead of the approximation of 
eigenmodes used by Zener. This linear relationship contains the concept of mechanica! 
impedance, which can be calculated for any mechanica} system. 

The influence of the fini te dimensions of the plate, i.e. a ball bouncing near the plate border, 
has not been regarcled much in past research. Soudergaard et al. [ 41] have done some 
experiments of a ball dropped near the edge of a clamped lucite plate. They found that the 
restitution coefficient was higher near the clamped edge, and that the critica} distance from 
the edge within which the effect was noticeable varied with the size of the bal I. Furthermore, 
it was shown by Eichler [10] that the mechanica! impedance of a free, semi-infinite plate is 
lower near its edge. 

Finally, the hook by Johnson called Contact mechanics [23] has provided a more 
understandable explanation for the contact force law of Hertz, as well as some background 
elasticity roodels and theory. 

§ 1.2 Overview of this report 
After this introduetion the theoretica! model is derived in Chapter 2. The purpose if this 
chapter is to introduce the different elements of the theory needed for the experiments. It 
exists of a combination of three subjects, namely the equation of motion for the hall, the 
mechanica! impedance of the plate and Hertz' contact force. Each of these subjects will be 
addressed in a separate paragraph in § 2.2, and the differential equation goveming the 
movement of the hall and plate will be derived. In § 2.3 the relatively simple examples of the 
longitudinal impact on a semi-infinite and a finite beam are given, which are quite similar to 
the transverse impact on a plate. Then the transverse impact on an infinite plate is regarded. 
In § 2.4, the goveming equation is made dimensionless and the influence of gravity at low 
impact speeds is investigated. 

In Chapter 3 the experiments that were conducted are described and discussed. A large 
number of experiments were conducted to verify the theoretica! values found for the 
restitution coefficient with actual measurements using various balls and plate thicknesses. 
After the description of the experimental methods in § 3.1, these experiments are described in 
§ 3.2. In § 3.3, the effect of the decrease in restitution coefficient close to the plate edge is 
thoroughly examined. The values found are compared to the theoretica} calculations using the 
plate-edge admittance for a semi-infinite plate. Other experiments are conducted to measure 
the contact time 7 and compare it with theoretica! predictions. Also, the transverse wave 
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speed is measured for each plate. The critica} distance from the edge, within which the effect 
of decreasing restitution coefficient is noticeable, is then related to the product of contact 
time and wave speed. In § 3.4, an experimental method is described to measure the 
mechanica} impedance directly at various points on the plate. The experimental values found 
such are compared to the theoretica} values for the infinite and semi-infinite plate. Finally all 
experimental results are discussed in § 3.5, and a summary and overview of conclusions is 
given in § 3.6. 

The theory in Chapter 2 is merely meant to provide the model needed for the calculation of 
the impact parameters measured in the experiments. In Chapter 4, some further in-depth 
calculations are given which provide more insight into the mechanica} impact system. In § 
4.1, the mechanica! impedance is calculated for the case of the transverse impact on a beam. 
The mechanica} impedance tums out to be complex, which is very different from the impact 
on a plate The consequences of this complex impedance for the beam vibrations are 
addressed. In § 4.2, the full derivation of the mechanica} impedance of an infinite plate is 
given, the result of which was used in the previous chapters. Finally, in § 4.3, some 
geometrical considerations of the impact of two spheres is given, leading to a similar 
dependenee of the contact force on the penetration depth as was found by Hertz. Also, the 
elastic foundation model for the ball-plate impact is described, leading to a different force
approach relationship. 

In Chapter 5, the main interest are the perceptual aspects of the recorded bouncing sounds 
and their relation to the restitution coefficient and contact time. Four perceptually relevant 
parameters are discussed separately in § 5.1. In § 5.2, the basic preparations fora perception 
experiments are given. First, some ideas about the perception of the impact parameters are 
given. Then it is described how the recorded sounds can be modified correctly to provide 
stimuli fora perception experiment. Finally, some possible questions and hypotheses for an 
actual perception experiment are proposed. 

In Chapter 6 some general conclusions about the presented research will be given, as well as 
a number of recommendations for applications and future work. 
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Chapter 2 - Theory 

Chapter 2 Theory 

§ 2.1 Characteristics of impact theory 

§ 2.1.1 Stereomechanical impact 

The first considerations that come into mind when studying the collision between two solid 
bodies are conservation of linear and angular momenturn and conservation of energy. In such 
a so-called stereomechanical theory of impact both impacting bodies are considered 
effectively as point masses and the problem can therefore be considered "zero-dimensional". 
Since stereomechanical calculations do not include vibrations generated in each body, they 
are only applicable when these vibrations contain a negligible fraction of the total kinetic 
energy present before the impact. 

For the case of a sphere colliding with another body, this means either i) the impacted 
body is of relatively large mass, or ii) the duration of contact is long compared to the period 
of the induced vibrations. In the second case, the originated wave will have reflected a 
number of times during the contact period; therefore the bodies are in a quasi-steady state, 
which means the deformation of the body does not take up any energy if dissipation is 
neglected. After the deformation period of the sphere, all the compression energy is 
recovered into kinetic energy. This is the case for two spheres colliding at moderate 
velocities, for example. 

However, when the sphere collides with a rod, a beam, or a thin plate, for instance, which all 
have relatively low natural frequencies compared to the sphere, a significant amount of the 
initial kinetic energy is transformed into vibrational waves and the quasi-steady assumption is 
false . Then, the stereomechanical theory is no longer valid. A multidimensional description 
of the movement of ball and plate is necessary to correctly calculate the amount of restituted 
energy. Such a theory will be presented in § 2.2 and further. In these calculations the 
impacting sphere usually is regarded as a rigid body, since the quasi-steady condition does 
apply if the sphere is solid and homogeneous and of limited size which is the case for the 
small metal, glass and wooden balls used in most experiments in this thesis. 

The investigations described in this thesis are limited to the case of a vertical impact of a 
sphere on a flat horizontal plate. The motion of the ball in this case is one-dimensional, in the 
vertical direction. The plate is considered large, with a relatively low eigenfrequency fe, 
hence the characteristic vibration period T = 1/ fe is large compared with the contact time r 

of the ball and the plate. 
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§ 2.1.2 Coefficient of restitution 

n= 1 2 3 4 5 6 
,------------~~---··-- ----~-··- · 

t, 

Figure 2.1: Numeric simu/ation of a ballfallingfrom height ho on a flat horizontalplate (after [12}) 

An important and intuitive parameter when studying impacts is the coefficient of restitution e 
which is defined as the ratio between the velocity magnitudes before and after the impact: 

V afler 
e=--

vbefore 

(2.1) 

In Figure 2.1 a schematic representation of the first few bounces of a hall with zero initial 
speed and initial height ho is depicted. When air friction is neglected, the only force working 
on the hall when not in contact with the plateis gravity. Therefore, 

v(t) = -gt, (2.2) 

which implies that the time of flight tn between the collisions n and n + 1 is given by 
tn = 2vn / g , where Vn is the velocity just after the n1

h collision. With this relation, one can 

calculate the restitution coefficient in different ways, since 

vn tn 
en=-=-

vn-l 'n-l 
(2.3) 

The restitution coefficient is a value between 0 and 1. There is always some energy loss due 
to deformation and induced vibrations. Hence, e is always smaller than 1. The actual value of 
the coefficient is determined by material and geometrical properties of both the hall and the 
impacted body. In first approximation, en may be assumed constant during the bouncing 
sequence shown in Figure 2.1, but it will be shown later on that it is essentially a function of 
the impact speed. 
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§ 2.1.3 Elastic vs. plastic impact 
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Chapter 2 - Theory 

Figure 2.2: Difference indeformation vs. time during elastic or plastic impact (from [17}) 

When, for instance, a hall collides with another body a deformation of at least one of the 
bodies will take place which will cause a large force in the opposite direction, causing the 
hall to slow down and possibly hounee back. 

In Figure 2.2 the deformation during contact is sketched as a function of time. The 
deformation u is the distance over which the body is compressed. In this figure, the 
deformation is considered quasi-statie; the vibrations of the body as a result of the 
compression are not taken into account. The contact is divided in two periods, the approach 
period, from the first moment of contact to the point of maximum deformation, and the 
restitution period, during which (part of) the deformation is recovered. There is a distinction 
here between plastic and elastic impact. When the collision is perfectly elastic, the 
deformation will be fully recovered as the hall bounces back from the surface. When no 
energy is lost to vibration or dissipation, all the kinetic energy will be regained by the hall 
and it will hounee back with a speed equal to its speed before the impact, and thus eis equal 
to 1. This situation is never achieved in practice, so e is always smaller than 1 and the impact 
is called inelastic. When the energy loss is due to permanent deformations of the bodies, 
ho wever, the impact is called plastic. A perfectly plastic impact would cause the hall to store 
all its kinetic energy into deformation and end up lying still, so e equals 0. This situation 
would be achieved if one would drop a putty hall from a large height down on the ft oor. 

§ 2.2 Bali and plate movement 
In this paragraph, the vertical impact of a sphere of mass ms on an elastic plate is considered. 
The goal of this theory is to acquire a theoretica} model descrihing the movement of the hall 
and plate. Needed for this are the equations of motion for both hall and plate, which yield 
their movement as a result of the impact force F exerted by the hall on the plate. Then, the 
contact force itself will be specified. With some further assumptions, an approximate model 
for the calculation of the restitution coefficient and contact time is derived. In § 2.2.1, the 
method used for these calculations will be explained. 
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§ 2.2.1 
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Deformation of a plate under impact 

i+z 
(a) 

(b) 

(c) 

~~3 
-F H 

global deformation 

C± mm mlu ~ uta=u,-U, 

! 

F 

-~---(d) 

local deformation 

Figure 2.3: (a) An approach a= uP- us causes (b) a force FH on plate and bal!; (c) the 

plate wil! be deformed on a large scale; ( d) the loc al deformation wil! rebound the bal! 

In Figure 2.3, the deformation of a plate subject to the impact of a ball is sketched. The ball 
will penetrate the plate with a distance ex, called the approach, which is defined in Figure 2.3a 
as the difference between the vertical displacement of the ball u5 and that of the plate up: 

a= uP -us. (2.4) 

This approach a is defined so that it has a negative value if the ball is in contact with the 
plate, i.e. up is less than U5 • 

This penetration of the ball into the plate will cause a deformation force F H, which is a 
function of the approach a. This mutual force, as is shown in Figure 2.3b, causes the ball to 
be pushed upward by the plate and the plate to be pushed down by the ball. This will cause i) 
the plate tobend on a large scale and ii) the ball to be rebounded. The deformation force will 
be further investigated in § 2.2.4. Figure 2.3b shows the total deformation of the plate, which 
can be thought to consist of two parts: a global, large-scale deformation of the entire plate 
and alocal small-scale deformation around the impact point. 

The first result of the deformation force F H is the global deformation of the plate as shown in 
Figure 2.3c. In the large-scale approximation, the contact area between the ball and the plate 
is taken to be very small compared to the plate dimensions. This approximation may be 
applied as long as the dimension of the contact area is small compared to the typical 
wavelengths of the plate vibrations. In Figure 2.3 the local deformation is largely 
exaggerated, but in a realistic situation the contact area is generally much smaller than the 
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diameter of the hall, in the order of 1 o-4 m. Typical frequencies for the plate vibrations are 
around 103 Hz and the transverse wave speed is about 102 m/s (see § 3.3.2). Hence, the 
typical wavelengtbs are in the order of 10-1 m, which is 103 times larger than the contact area 
between hall and plate. The exerted force between hall and plate can thus he considered as a 
point force. The relationship between this point force and the plate displacement up will be 
derived in§ 2.2.3. 

The second result of the force F H is a local deformation of the hall and the plate around 
the impact point. In Figure 2.3d the local deformation is shown, where the plate is taken to be 
a semi-infinite elastic body. When the vertical deformation of the plate is much less than its 
thickness, the plate can be considered infinitely thick in the small-scale approximation. With 
this approximation, the deformation force can be related to the approach a as will be done in 
§ 2.2.4. The local deformation will be undone as a result of the elastic behavior of the hall 
and plate. The elastic rebound will cause the hall to be pusbed upward until it loses contact 
with the plate and flies upward with a certain speed. The kinetic energy of the hall will 
however be less than hefore the impact, since some energy is put into the global plate 
deformation. To be able to calculate this speed and, hence, the restitution coefficient of the 
impact, the distri bution of energy over the global and the local deformation must be known. 

As was stated in this paragraph, the deformation force is a function of the difference between 
the displacement of the hall u5 and that of the plate up. Since the force itself will cause a 
change in these displacements, the equations of motion of the hall and plate must be solved 
simultaneously with the time development of the contact force. The equation of motion for 
the hall will be given in § 2.2.2, and that of the plate can be derived from the results of§ 
2.2.3. The relationship between the displacements and the contact force will he derived in § 
2.2.4. These three ingredients will be taken together in § 2.2.5 which will result in a time 
differential equation for the ball-plate movement 

§ 2.2.2 The equation of motion for the ball 
lf air friction and gravity are neglected, the only force working on the hall is the reaction 
force -F exerted by the plate, so Newton's second law for the vertical displacement of the 
hall U5 reads 

d2u 
-F = ms -

2
s , (2.5) 

dt 
where ms is the mass of the hall. An upward movement of the hall is defined as positive, and 
the force F is defined as the ( downward) force exerted by the hall on the plate. This explains 
the minus sign in (2.5). It will he explained in § 2.2.4 that the contact force is a function of 
the penetration depth et, and thus of the time t. Therefore, the equation of motion for the hall 
can he written as: 

d2us = __ 1 F(t). 
dt 2 m s 

(2.6) 

Of course, gravity has an influence on the hall motion also. But for high impact veloeities the 
impact force is much larger than the gravity force, so the latter can be neglected during the 
collision. The influence of gravity at low impact speeds, when the impact force is small, will 
be discussed in § 2.4.3. 
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§ 2.2.3 Mechanical impedance 
For the body impacted by the sphere the main interest is not the movement ofthe body itself, 
but merely the elastic deformation of the body which causes the ball to bounce back. The 
vertical deflection ofthe body's surface is labeled Uz and is generally a function ofthe surface 
coordinates (x, y) or (r, cp) and of the time t. To investigate the reaction of the plate to an 
impact force F(t), the well-known concept of mechanica! impedance will be introduced. 

This impedance Zm is generally defined for any mechanica! system as the ratio of the 
exerted force F and the resulting displacement speed v, where both force and displacement 
are assumed to be harmonie and have the same harmonie frequency m. The impedance is thus 

defined only for single-frequency processes, where F(t) =ft· eiwt and v(t) = v · eiwt. Here, ft 
and v are the amplitudes of the harmonie force and speed, respectively, which can be 
dependant on the position (x, y). For the case of the sphere colliding with an elastic body, the 
impedance is then defined by 

(2.7) 

where vz = ouz fot is the vertical displacement speed of the impacted body. The hats on the 

force and speed symbols point out that it is only the position-dependant parts of these 
quantities that determine the mechanica! impedance; the time dependency is not included in 
the definition of Zm. 

Usually, the impedance Z is a complex function of the harmonie frequency m. For 
example, a rnass-force system F = m·àv/àt, and a harmonie displacement u(t) = u0 ·eiwr, 

would yield a mechanica! impedance which is equal to im · m . 

For the case of an impact as considered in this thesis, the contact surface is very small 
compared to the wavelengths of interest and the impact can essentially be regarded to occur 
at a single point. The impedance of a mechanica! system for such a point force is called the 
driving point impedance. 

§ 2.2.4 Hertz' contact force 

Î+z ~ --- --------------· ~- 'l 
··· ...... ·· -.. _ ... · · ... .-- Up ±Us 

·· · ····-Cr---~--------······-~ l i \__ ·. ___ .· __ _ ..... .. _ --··-------·-."'-<-- ------ - ___ __ a= uP- us 
--- -- : 

·, : 

Figure 2.4: Deformations and displacements of balland plate during impact 

In Figure 2.4 [11], the impact of a ballon a plate or bar is depicted. Again, the plateis taken 
to be infinitely large in all directions, so it can be considered as an elastic half-space. The 
displacement of the plate or bar from its equilibrium position is labeled up. The displacement 
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ofthe sphere with an initial velocity vo is labeled Us. The relative approach a ofboth bodies is 
defined as 

a= uP -us, (2.8) 

and is indicated in the picture. The approach is thus the penetration depth of the undeformed 
ball. This is merely a definition used to calculate the contact force, as in reality both bodies 
will deform; this deformation is actually what causes the ball to rebound. Note that, according 
to this definition, a is in fact negative, which corresponds to the sign convention that an 
upward displacement is positive. Since the plate is bent, the displacement up is a function of 
the horizontal coordinates (x, y); the impact point is chosenat (x0, y 0). 

Hertz' theory was derived in 1881 [19] and has been the starting point of most 
investigations in impact since. An derivation of the theory can be found in many textbooks on 
elasticity (f.i. [27], [34], [48]) and is also given in Appendix A, §A.I. Hertz' theory relates 
the contact force F to the approach a by 

F = K • a 312
, (2.9) 

where 

~ E~E; 
K=~'\JJ( 

3 E 1 +E 1 

p s 

(2.10) 

Here, R is the sphere radius and 

1 EP 1 Es 
EP= 2' Es = 2 (2.11) 

1-f.lp 1-f.ls 

are theelastic moduli ofthe plate and sphere, respectively, where JL denotes Poisson's ratio. 
The theory was originally developed by Hertz for the collision of two curved surfaces 

with arbitrary radii. Each curved surface can bedescribed with a principal radius R1 in the xz
plane and R2 in the yz-plane. These radii can be chosen from zero to infinity, or even negative 
in the case of a hollow 'cup'. Hertz' theory can therefore also be applied to the collision 
invalving a straight cylinder or a plate by setting one or two of these radii to infinity. The 
cylinder or plate is then considered as an elastic half-space, as was shown in Figure 2.4, 
which is valid as long as the local deformation is much smaller than the vertical dimensions. 

The theory as a wholeis basedon two major assumptions [38]: 
• the elastic state of the region near the impact is the same as the equilibrium state when 

the pressure would be applied for a long time; 
• the time of impact is large compared to the time taken by the transverse elastic waves 

to travel up and down through the plate and back and forth through the ball, so the 
quasi-steady, rigid body situation as referred to in § 2.1.1 does apply. 

It is further assumed that the ball is perfectly spherical and both surfaces are perfectly 
smooth. 

The first of these assumptions is also valid when the plate cannot be regarded as strictly 
rigid and vibrations of the body should be taken into consideration. The second is not, 
however, and the validity of the relation (2.9) can be questioned in this case. It is shown by 
Raman [38] and Zener [52] that Hertz' law in combination with a metbod of calculating the 
energy transferred into plate vibrations does produce accurate results in agreement with their 
experiments. 

The Hertz law is developed for elastic collisions, and permanent plastic deformations are 
neglected. Other relationships valid also in the plastic deformation region have been 
investigated, the most successful one being Meyer's law, 

(2.12) 

- 12-



Chapter 2 - Theory 

where a is the radius of the permanent erater after the impact and the exponent n is a constant 
which should be fitted to best match the experiments. Although plastic deformations 
practically always occur, even at low impact speeds, the use of this law is mathematically 
much more complicated than that ofthe Hertz law. Since Hertz's theory is in good agreement 
with experimental results, other contact deformation theories will not be considered in this 
thesis. 

§ 2.2.5 Putting it all together 

In § 2.2.2 and § 2.2.3 the displacement of the ball and the impacted body were related to the 
impact force F. In § 2.2.4, this force was given as a function of the difference between both 
displacements. The combination of these three paragraphs therefore yields one equation from 
which the approach a can be found as a function of time. Besides the case of the ball 
impacting a plate, this result can be applied more generally for longitudinal and transverse 
impact on any elastic body, such as a beam or a rod. 

This approach a was defined as: 
a(t) = Uz (t)- Us (t) , (2.13) 

where Uz is the vertical displacement of the impacted elastic body at the impact point, and Us 

is the displacement of the sphere. Differentiating twice with respect to time and substituting 
(2.6) yields: 

d2a 82uz F(a) 
--=--+--
dt2 8t2 ms 

From the definition of the mechanica! impedance, (2. 7), it follows that: 
8uz F(a) 

V=-=--
z at zm ' 

and substitution of this expression in (2.14) then gives 

d
2
a = fJ j__ F(a) + F(a), 

dt 2 dt ms 

(2.14) 

(2.15) 

(2.16) 

where fJ = 1/Zm is the admittance, which is defined as the exact reciprocal ofthe impedance. 

Using Hertz' theory, the expression F = Ka
312 can be used for the force F(a), which yields: 

d2a = Kal/2 (l. fJ da + ~J. (2.17) 
dt2 2 

dt ms 

Equation (2.17) can be numerically solved to find a as a function of time. From this, the 
restitution coefficient and contact time can be found, as will be shown in § 2.4. The first 
problem left is calculating the admittance {3, and the second is the time integration of equation 
(2.17). Since {3 in general is a complex function of frequency, the integration may require 
complex Fourier transformations. 

In the introduetion to the impact model, § 2.2.1, it was made clear that the contact force 
caused by the deformation of ball and plate has two consequences: the ball will be pushed 
upward and the plate will be bent down. Both effects cause a change in the approach a. The 
resulting differential equation, (2.17), shows these two effects separately: the first term 
between brackets represents the global deformation of the plate, the second represents the 
movement of the impacting sphere. 
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§ 2.3 The mechanical impedance 

§ 2.3.1 Longitudinal vibrations in a semi-infinite beam 

Figure 2.5: Longitudinal impact of a spherical mass m2 on a beam (after [17}) 

In this paragraph the one-dimensional longitudinal vibrations in a beam will be discussed, in 
which the material elements move parallel to the wave propagation direction. The 
longitudinal impact on a bar will not be investigated experimentally in this thesis but it will 
appear later that there is more resemblance between this case and that of a ball-plate impact 
than one might think. The longitudinal impact situation will therefore be worked out in some 
detail in this paragraph. 

In Figure 2.5 an element dz of a vertical uniform elastic bar with cross-section A is 
shown. This element is subjecttoa stress az, which is the applied (tensile) force per unit area 
in the vertical direction, or 

Fz 
(j =

z A 
(2.18) 

This stress is a function of the vertical coordinate z and the time t. The equation of motion for 
this element can be derived from Newton's second law applied to the stresses indicated: 

( 
o(J J 02

u -(JzA + (Jz + àzz dz A= pAdz àt/ ' (2.19) 

where uz is the displacement of the element in the vertical direction. 
For elastic materials the stress is related to the local deformation E, or strain, by 

(J = E . àuz = E. 8 
z àz z, 

(2.20) 

where Eis the Young's modulus, which is a constant dependant on the material of the bar. 
Substituting (2.20) in (2.19) and dividing by Ad.x yields 

or 

E 
azuz - azuz 
- p-
àz2 - àt2 ' 

o2u 1 o2u 
_ z = ___ z (2.21) 
oz2 c2 àt2 , 

0 

which is the one-dimensional wave equation with c; = E/ p. This shows that one

dimensional waves propagate with a speed c0, and that these waves are non-dispersive, 
meaning the wave speed is independent of its frequency. 
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lf there are no reflections in the bar there will be a longitudinal wave traveling in one 
direction with a speed co, so the displacement is given by: 

uz (z,t) = f(z- c0t), (2.22) 

which represents a wave traveling downward. From this 
velocity Vz of the bar element and the stress az can be derived: 

Vz = auz = -cof(z- Cot) 
at 

az = E a;; = Ef(z- Cot) 

expresswn, the displacement 

(2.23) 

With these two equations, the longitudinal mechanica! impedance ZL = F)vz can be 

calculated: 

Z _ -azA _ EA _ A rr;-:E 
L- - - -v.c..P, (2.24) 

vz Co 

where the minus sign is introduced so Zr gives the relation between the partiele displacement 
velocity Vx and the compressive stress ax. It can be concluded that for an infinite bar, the 
impedance for longitudinal waves is real and independent of frequency. This means the 
relation F(t) = Z0 ·auz(t)jat is valid for any F(t) and uz(t), since they can always be 

expressed in a series offrequencies and the expression holds for each individual frequency. 

In Figure 2.5 the longitudinal impact of a hall on an infinitely long beam is sketched. The hall 
with mass m2 is considered as rigid and impacts the beam at an initial speed vz,o. The 
mechanica! impedance of the beam is given by (2.24). The impact at the upper end of the 
beam (z = 0) induced a longitudinal wave traveling downward. Since the beam is infinitely 
long, the wave will not be reflected. 

As a first method in calculating the hall movement, it will be assumed that the top of the 
beam moves along with the impacted mass immediately, without deformation of the hall 
itself. Thus, the only reaction force from the beam is caused by its impedance, and the Hertz' 
deformation force is ignored for the moment. The force balance at the impact point is 
therefore given by: 

dv rr;-: 
m2 -+v·AvEP =0, 

dt 
so the velocity at the impact point is given by 

(2.25) 

v(O,t) = v2,0e-<A../EP/m2 )
1 fort~ 0. (2.26) 

The velocity of the upper end of the infinite bar is thus initially equal to vz,o and decays 
exponentially to zero. The top of the bar thus moves a distance downward, compressing the 
bar, and since there are no reflected waves, it stays there. This means the restitution 
coefficient e ofthe hall is equal to zero. 

The wave propagates downward at a speed c0 = ~E/ p, so the vertical velocity at an 

arbitrary position z is given by 

(2.27) 
v(z,t) = 0 

So far, the Hertz deformation of the hall and the beam has been neglected. lf, again, there are 
no reflections, then a derivation similar to § 2.2.5 can be done. The approach a between the 
mass m2 and the beam is given by 
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a(t) = uz (O,t)- us (t), (2.28) 

where Us describes the displacement of the impacting mass. Using the contact force of Hertz 
and the calculations from § 2.2.5, the goveming equation for ex is (2.17), which now reads: 

d
2
a = Kal/2 (}_ f3 da + .!:_] (2.29) 

dt 2 2 
L dt m

2 
' 

where fJL = 1/ ZL = 1/ AJiP. Since f3L is a constant, this differential equation can be 

numerically integrated to yield ex as a function of time. For the initial conditions, t = 0 is 
chosen as the moment the hall strikes the beam at its initial speed v2,0, so 

a(O) = 0 } 

~I,., ~ -v,,, , (2.30) 

where the second condition uses (2.28) and the fact that ux(O,O) = 0. Since the approach was 
defined to be negative when the hall penetrates the beam, the initial da/dt should be 

negative. 

The numerical calculation has been done for a hall and a beam with K = 5.3 ·1 09 N/m312 and 
f3L = 1.06·103 m/Ns, which is representative of a 10 mm diameter steel hallimpactinga glass 
cylinder with a diameter of 10 mm. In Figure 2.6, the approach ex and the approach speed 
da/ dt have been plotted against time. The solid line shows the approach, which starts at zero 

and becomes negative to a minimum of about 13 J.tm. The hall speed starts at a speed of -1 
mis and immediately start slowing down to reach a speed of zero at the moment of maximum 
approach. Then the hall tums around, and both speed and approach start increasing. At the 
moment ex reaches zero again, the hall and beam lose contact and the hall has a positive speed 
of 0.64 mis. Thus, the restitution coefficient of this impact is 0.64. The hall has been in 
contact with the beam for a duration r of 49 J!S. Apparently, during this contact a part of the 
initial kinetic energy of the hall has been transformed into beam vibrations, causing a loss in 
restituted kinetic energy. 
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Figure 2. 6: Longitudinal impact of a bal/ on a beam 
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Concluding, it has been shown that it is possible to calculate the movement of a hall during 
longitudinal impact with an infinite beam. It is has been shown that the restitution coefficient 
e is zero when the Hertz deformations between the hall and beam are neglected. The contact 
force will cause the hall to hounee back, losing an amount of energy to beam vibrations. 

More investigation could be done to investigate the influence of material and geometrical 
properties of both hall and beam as well as the impact speed, but since these calculations will 
not be verified experimentally, they are of no interest in this thesis. The longitudinal impact 
situation is only meant as a relatively easy example for the theory presented in the previous 
chapter. 

§ 2.3.2 Longitudinal vibrations in a finite beam 

-- z = 0 

~-c, 
------- z=L 

Figure 2. 7: Longitudinal vertical impact of a spherical mass m2 on a beam oflength L 

In§ 2.3.2 the longitudinal impact on an infinitely long beam was analyzed, using the fact that 
the induced longitudinal wave was not reflected. It was shown that the hall will nothounee 
back from the beam if the deformation force is not taken into account. The results derived for 
this case also apply to the case of the finite beam as long as the reflections at the bottorn end 
of the beam (z = L) have not traveled back to the impact point. It will be shown here that the 
reflection of the wave at the free end at z = L will cause the hall to rebound from the beam 
with a restitution coefficient that is dependant only on the mass ratio m1 / m2 , where m 1 and 

m2 are the masses ofthe beam and the hall, respectively. 

It was shown in§ 2.3.2 that the partiele velocity at the top ofthe beam (z = 0) is given by 
v(O,t) = Vzoe-zLr fm2' (2.31) 

where ZL = AjEP is the longitudinal mechanica! impedance of the beam. The velocity at 

z = 0 decays exponentially, so at some time t it becomes negligibly small. The time it takes 
the wave to travel down and up through the beam is equal to 

t, = 2Ljc0 = 2L~pjE. 
At this time the velocity at the impact point has decayed, according to (2.26), to the value 

V 
= V e-2ALpfm2 = -2m1fm2 

r 2,0 Vz,oe ' 

where m 1 is the total mass of the beam. 
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After a time tr the reflected wave, which carries the initial velocity v2,o in the upward 
direction, arrives at the top (z = 0). The wave's upward speed is then superimposed on the 
remaining downward velocity Vr. At this moment, the hall will he pushed back up by the 
reflected wave at a velocity of ( v2,o - Vr ). So if the beam mass is, for example, twice the 
impacting mass, then the velocity has declined to less than 2% of its initial value when the 
reflected wave arrives at the impact point. Then, the restitution coefficient is higher than 0.98. 

If the mass of the beam is less than twice the impacting mass, then the decayed initial 
velocity at z = 0 cannot he ignored. The velocity at which the hall is restituted is then equal to 
v2,0 minus the remaining velocity from the initial wave. The restitution coefficient e can thus 
he expressed as: 

v -v 
e = 2,0 r = 1- e-2ml /m2 . (2.32) 

v2.o 
It can he concluded that the restitution coefficient for the 1ongitudinal impact on a beam 
increases with increasing beam mass, or beam length, as a result of the reflections at the fini te 
end. 

§ 2.3.3 Transverse vibrations in a plate 

The transverse impact of a mass on a plate will induce three kinds of deformation waves: 
shear, rotational and flexural waves. Shear waves are caused by plate elements sliding over 
each other in the vertical direction; rotational waves are caused by rotation of the elements 
itself. It has been shown [ 49] that the amount of energy stored in shear and rotational waves 
is negligible compared to the flexural wave energy. Flexural or bending waves are thus the 
most important deformation type to determine the vertical motion of the plate. 

The goveming wave equation for flexural waves in a plate is derived in Appendix B, § B.2, 
and reads: 

(2.33) 

where D = Eh3 /12(1- f.l) is the flexural rigidity of the plate, and h and p are the plate 

thickness and material density, respectively. 
lf the plate is large enough, and the impact point is chosen far enough from the edge, then 

the plate can be considered infinitely large. In this case, the impedance Zm of the plate can he 
calculated. The details of this calculation are given in § 4.2, and the resulting impedance is 
given by 

(2.34) 

This is actually quite a remarkable result, since Zo is real and not dependent of frequency. 
Apparently, the infinite platereacts toa transverse force similar to the longitudinal impact of 
a mass on a beam, as was discussed in § 2.3.1. This makes the ball-plate impact problem 
much easier than the transverse impact on a beam, which does have a frequency-dependant 
impedance. The derivation of these results and the implications of the difference between a 
complex and a real impedance is discussed in Chapter 4. 

With this impedance, the ball-plate impact can be modeled to find the restitution coefficient 
and contact time. This will be done in the following paragraph. 
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§ 2.4 Modeling the ball-plate impact 

§ 2.4.1 The governing differential equation 
In§ 2.2.5, the differential equation for the approach a between a halland an elastic body was 
derived: 

d
2

a = Kal/2 ()_ fJ da + ~). 
dt 2 2 

dt ms 

Fortheimpact between a halland a plate, the approach is defined as 
a(t) = Up (f)- Us (f) , 

(2.35) 

(2.36) 

where up and Us are the vertical displacement of the plate and the hall at the impact point. 
If the plate is large enough, and the impact point is chosen far enough from the edge, than 

the plate may he considered infinite. The impedance for transverse flexural vibrations in an 
infinite plate was derived in § 2.3.3 and is independent of frequency. The expression (2.34) 
can thus he substituted straightforward in the time differential equation (2.35). The 
impedance fJ = 1/ z m is then given by 

fJ = _l_l(l- ,u') (2.3 7) 
4h2 Ep ' 

where h is the thickness ofthe plate. With this admittance, equation (2.35) can he numerically 
integrated to find a as a function of time. 
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Figure 2.8: Approach a= uP -us andvelocity dajdt during impact on aplate 

In Fi~ure 2.8 a numeric simulation of a ball-plate impact is shown. For the hall, p = 7.8·103 

kg/m, E = 2.16·1011 Pa, Jl = 0.3 and R = 5 mm, equivalenttoa steel hall with a diameter of 
10 mm. For the plate, p = 700 kg/m3

, E = 5.69·109 Pa, Jl = 0.4 and h = 18 mm, equivalenttoa 
18 mm thick MDF plate. The initia! position of the hall is zero, meaning the impact starts at t 
= 0, with an initia! velocity of 1 rnls downward, or into the plate. 

The solid line shows the approach a, which is the difference between the displacement of 
the hall Us and that of the plate up. In this case, the hall will hardly deform since its elasticity 
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modulus is 40 times higher than that of the plate. It can be seen that the duration of contact is 
a bout 11 0 /..lS and the maximum approach is a bout 3 5 /..lm. 

The line of dots shows the approach velocity da/dt. At the beginning of impact (t = 0) 

this approach velocity daj dt is equal to the velocity of the ball dus/ dt, which initially is 

-1 mis. The velocity is zero at the time of maximum approach, since the ball will then turn 
around and start moving upward. The end of contact is reached when the approach et becomes 
zero and then positive again, indicating a distance between the ball and the plate. 

At the end of impact, the ball leaves the plate with an upward velocity of 0.88 m/s. The 
fact that this velocity is less then the downward velocity at which the ball started indicates 
that some kinetic energy is transformed into vibrations of the plate. The value of the 
restitution coefficient e in this situation is therefore 0.88. 

§ 2.4.2 Dimensionless equations 
The differential equation (2.35) goveming the ball-plate motion can be made dimensionless 
by applying the following transformation: 

a= evoa*} 
t =et* ' 

(2.38) 

where vo is the initial impact speed ofthe balland 8 is a constant with the dimension of time. 
The differential equation is first rewritten as 

d 
2 
a ( 1 p d J ( 3/2) _ 0 --+ -+ - Ka - . 

dt2 ms dt 
(2.39) 

Substituting the transformation (2.38) and multiplying by 0/v0 yields: 

____!!____ + o + PKB3/2 vl/2 _ (a • )3/2 = 0 . 
d2 • ( KB5/2 VI/2 d J 
dt*2 ms 0 dt* 

The constant 8 is fixed to make the first term between the brackets unity, so 

e = ( m;/2 J2/5 ' 
KV0 

(2.40) 

which indeed has the dimension of seconds. 

With this, the dimensionless differential equation reads: 

d2a• +(1+A_i_)ca·)3/2 =0. 
dt*2 dt* 

(2.41) 

This shows that the ball-plate movement is dependent on just one dimensionless parameter A. 
This parameter is referred to by Zener [53] as the ine/asticity parameter and is given by 

A = Pms = Jr3/5 ( R )1/2 (V~ )1/5 (.1?.!_]3/5 ( IE; I ]2/5 ' (2.42) 
e 4.J3 h V Pp Es+ EP 

where the subscripts s and p refer to the sphere and the plate, and the reference velocity v' is 
defined as 

v'~Jf. (2.43) 

This velocity indicates the speed of the transverse waves in the plate. 
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The dimensionless inelasticity parameter A is a product of four dimensionless parameters 
which are the ratios of the respective size, velocity, density and elasticity modulus of the ball 
and plate. From (2.42), A - f3, thus A is inversely proportional to the mechanica} impedance 

Zm. 
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Figure 2.9: Restitution coefficient vs. inelasticity parameter A 

The dimensionless differential equation (2.41) has been numerically integrated for different 

val u es of A to find a • as a function of t" . The initia} conditions are i) a · = 0 at t" = 0 and 

ii) da* I dt" = 1 at t" = 0, so the ball starts at its first impact with the plate with an initia} 

speed vo. The restitution coefficient is then equal to the speed da ·I dt" at the moment the ball 

leaves the plate again. 
The results are shown in Figure 2.9, showing that the restitution coefficient eis a function 

continuously decreasing with the inelasticity parameter A. On the logarithmic scale used in 
the figure the line is nearly straight, from which it can be seen that e decays nearly 
exponentially with A. 

§ 2.4.3 Influence of gravity 

In the analysis of§ 2.2, the gravity force working on the impacting mass has been neglected. 
Hence, the only force working on the impacting sphere was the force exerted by the plate 
during impact. Gravity will now be incorporated in the force balance of the ball. The 
influence of gravity on the plate will not be regarded, which means it is assumed that i) the 
plate is somehow supported, so its position will not change as aresult of gravity, and ii) the 
effect of any 'pre-stress' is ignored, so the plate's initia} bending between its supports as a 
result of its own weight is assumed insignificant. In § A.2, it is calculated that air friction 
working on the ball during the free fall is negligible compared to the gravity force. 

The force balance for the sphere (2.6) now reads: 

dzus = __ 1 F(t)- g' (2.44) 
dt 2 m s 

where g is the gravity acceleration. The force expression from Hertz will be modified to read 
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{
0 if a::;; 0 

F = Ka
312 

· [1- H (a)] , H (a) -
1 

if a > 
0 

(2.45) 

where H( a) is the Heaviside function. This modification beholds that the de formation force is 
only applied when the ball is in contact with the plate; hence when the ball is above the plate, 
F = 0. The differential equation (2.35) now becomes 

d 
2 

a 112 ( da a ) [ ] -=Ka fJ-+- · 1-H(a) +g. 
dt 2 dt ms 

(2.46) 

In Figure 2.1 0, the approach a = uP - us and relative velocity da/ dt of the plate and ball 

during impact are shown, the solid line corresponding with a situation with no gravity as 
presented in the previous paragraph, and the line of dots corresponding to the numeric 
solution of (2.46). Both calculations have been done with, Ps = 7 .8·1 03 kg/m3

, Es = 2.16·1 011 

Pa, Jls = 0.3 and R = 5 mm, equivalenttoa steel ball with a diameter of 10 mm. For the plate, 
Pp = 700 kg/m3

, Ep = 5.69·109 Pa, /lp= 0.4 and h = 18 mm, equivalenttoa 18 mm thick MDF 
plate. The ball impacts the plate at an initial speed of 1·10-3 m/s. At such a low impact speed, 
the influence of gravity on the ball and plate motion is significant. 
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Figure 2.10: (a) approach and (b) velocity withor without gravity 

As can be seen from Figure 2.1 Oa, the hall drops deeper into the plate in the latter situation, 
which is a result of gravity pulling the ball into the plate. As a second effect, the time during 
which the ballis in contact with the plate increases as aresult of gravity. The contact time for 
the non-gravity and for the gravity situation are marked with + and +, respectively. After 
contact, the ball will continue in a straight line in the non-gravity situation, since then there is 
no force acting on the ball at all. As can be seen from the dotted line, gravity will pull the hall 
downward after the impact. 

From Figure 2.1 Ob, the effects of gravity on the ball's speed can be seen. In the non
gravity situation, the ball's speed will decrease immediately after the beginning of contact. 
However, the contact force is a function of the approach depth, so this force will be small at 
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the beginning of impact. In the gravity case, therefore, the gravity force will be larger than 
the contact force for small approach values, and as a result the downward speed of the ball 
will at first increase. 

When the ball has reached its maximum approach, which is the point where the speed line 
crosses the time axis ( v = 0 ), the speed will become positive and the ball will start moving 
upward. The maximum upward speed the ball reaches will be larger in the gravity case, since 
the ball was drawn deeper into the plate and the plate will give a larger rebound of kinetic 
energy. Before the end of impact, however, the gravity force will again overcome the 
deformation force, and the speed will decrease. Eventually, when the ballleaves the plate at 
the time marked with +, it will have a speed lower than in the non-gravity situation. 
Therefore, the restitution coefficient will be lower if gravity is implemented in the 
calculation. 
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Figure 2.11: Influence of gravity on the restitution coefficient 

With the differential equation for the approach a, a numeric simulation of the impact can be 
performed for each arbitrary impact speed. From the simulation, the restitution coefficient e 
can be found as was done in the previous examples. In Figure 2.11, the simulated restitution 
coefficient of a 35 mm plastic ball (E; = 3.8 GPa, Ps = 1070 kg/m3

) on a 18 mm thick MDF 

plate (E; = 6.77 GPa, pP = 700 kg/m3
) is plottedas a function ofthe impact speed at which 

the ball hits the plate, for both situations of zero and normal gravity. 
In the non-gravity situation, the restitution coefficient increases continuously with 

decreasing impact speed. This result is consistent with calculations and experiments 
presented by other authors ([24], [39], [42], [46]). From this theory, the restitution coefficient 
should reach 1 as the impact speed approaches zero. In the situation where gravity is 
accounted for, the restitution coefficient increases with decreasing speed but then decreases 
to zero at very low impact speeds. 

When gravity is included in the dimensionless equations m § 2.4.2, the dimensionless 
differential equation (2.41) gains an extra term and becomes 
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(2.47) 

The last term on the left side in this expression is thus the term caused by the addition of 
gravity in the force balance. This term cannot be simply related to the inelasticity parameter 
A. Therefore, if gravity is included in the equations, the equation of motion is dependant not 
only on A, but also on the ball mass ms, the impact speed v0 and the Hertz force constant K, 

which is dependent on R, Ep and Es. None of these dependencies seems to disappear from the 
differential equation. It can be concluded that for low impact speeds, when the influence of 
gravity is significant, a calculation with only one inelasticity parameter A is no longer 
accurate. 
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In Figure 2.12, a numeric simulation of a 10 mm steel sphere (E; = 237 GPa, 

Ps = 7.8 ·1 03 kg/m3
) bouncing on a 12mm MDF ( E~ = 6. 77 GPa, p P = 700 kg/m3

) plate is 

shown. The height of the ball after each successive bourree will decrease sirree the restitution 
coefficient is less than 1. Eventually, the ball will reach its equilibrium position, which is that 
of the balllying still on the plate. 

This equilibrium position, however, is different for the gravity and non-gravity case. 
Without gravity, the ball will lie still on top of the plate, both ball and plate being not 
deformed. If there were any deformation, the Hertz force would cause it to be undone. In the 
gravity situation the quasi-static equilibrium position ofthe ballis not on top ofthe plate, but 
in the plate, at an approach a, < 0 at which the deformation force exactly balances the 

gravity force: 
3/ 2 0 K·a, +msg=. (2.48) 

Intheupper corner ofFigure 2.12, the motion ofthe ballat the end ofthe bouncing sequence 
is shown. During each bourree, the ball rebounds from an approach a< 0 (i.e. into the plate) 
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to a certain maximum positive value and falls back. This maximum approach value decreases 
with each hounee because of energy losses during the impact. At some moment in time, in 
this case t ~ 0.452 s, the maximum approach the hall reaches during the rebound is no longer 
positive. From this moment, the approach stays below zero, indicating a contact between the 
hall and the plate. From this point on, the hall no longer leaves the plate, but stays in contact 
with it, oscillating around its equilibrium position somewhere below zero. The equilibrium 
position in the example shown in Figure 2.12 can he calculated from the quasi-static force 
balance (2.48) and is equal to 16·1 o-8 m. 

Since the restitution coefficient is defined as the inverse ratio of the impact speed and the 
speed at which the hall leaves the plate, or as the ratio of the height above the plate before 
and after the impact, the coefficient will he zero when the approach remains negative. 
Apparently, the fact that the restitution coefficient from the numerical model reaches zero, 
does not mean the hall is motionless; just that it moves while remaining in contact with the 
plate. Falcon et al. [12] suggest that non-linear viscous dissipation in the plate, which has 
been neglected so far, eventually causes the oscillation tostop completely. 
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§ 3.1 Experimental setup 

§ 3.1.1 Materials and equipment 

~ 
~ voltage supply 

Chapter 3 - Impact experiments 

Figure 3.1: Setup for ball-plate impact experiments 

In this study, a large amount of experiments have been conducted todetermine the restitution 
coefficient e of a hall bouncing on a plate as a function of various parameters, such as the hall 
and plate material, their dimensions, the position of impact on the plate and the initial release 
height. In Figure 3.1, the experimental setup forthese experiments is drawn schematically. 

In the experiments, a number of different halls is dropped on three different MDF 
(Medium Density E_iberboard) plates. MDF material consists of wood fibers which have been 
compressed together with a binding agent to form a plate of the requested thickness. The 
material parameters and geometrical dimensions of all halls and plates used are given in 
Table 3.1. 

Table 3.1: Materialand geometrical parameters for the halls and plates used 

halls 
baH nr. material diameter weight density Young's modulus Poisson's ratio 

[mm) [g) [103 kg/m3
) [GPa) 

1 steel 10.00 4.17 7.96 216 0.3 
2 steel 14.30 11.83 7.73 216 0.3 
3 steel 19.00 28.07 7.82 216 0.3 
4 glass 12.55 2.57 2.48 70 0.2 
5 glass 17.00 6.39 2.48 70 0.2 

MDFplates 
plate nr. length width thickness density Young's modulus Poisson's ratio 

[mm) [mm) [mm) [103 kg/m3
) [GPa) 

1 1227 490 18 0.70 5.689 0.4 
2 1226 488.5 12 0.70 5.058 0.4 
3 1200 489.5 6.15 0.70 3.385 0.4 

The values given in Table 3.1 are experimentally determined, except for the values printed in 
italics. The measured Young's moduli for the MDF plates are taken from [40]. The density of 
the 12 mm MDF plate was measured by weighing a sample from the same wooden board the 
plate was taken from. The density ofthe other MDF plates is taken to be the same, since there 
were no samples available. The other values printed in italics can be found in any hook or 
table series regarding material mechanics [29]. Some quick estimations have shown that the 
theoretica! model is relatively insensitive to the exact values of the Y oung' s modulus and 
Poisson's ratio, so more accurate values of these quantities are not needed. 
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Figure 3.2: Overview of experimental setup 

Figure 3.3: Ball-release system Figure 3.4: Accelerometer fixed on the plate 
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In Figure 3.2 an overview picture of the setup can be seen. The ball is dropped from an 
adjustable height using the baH-release device shown in Figure 3.3. To assure the ball is 
dropped with as little rotation as possible, the ball is pressed into the cone-shaped rim by 
applying a vacuum behind the ball using the mouth suction tube on top of the funnel. When 
the vacuum is ended the ball will fall downward. The lack of rotation prevents the ball from 
moving horizontally during the bouncing sequence. 

With this system, it is possible to bounce the ball on a single position on the plate. Since 
the ball is not perfectly spherical and the plate is not perfectly flat, the ball may still move 
sideways during the bounces, especially if the restitution coefficient is high. For the lightest 
balls the experiment may have to be repeated a number of times to achieve a series of 
bounces within a acceptable radius on the plate. For the experiments that do not investigate 
the influence of the impact position, a horizontal deflection of a bout the ball's own radius is 
still accepted. For the measurement of the restitution coefficient versus the impact position 
the deflection should be as small as possible, but never more than 5mm. 

The plate is supported by four air cushions placed between the plate and the table as an 
approximation of a completely free plate. The cushions are placed at the position of the nodal 
lines of the first vibration mode of the plate ( see [31]) to minimize the absorption of 
vibrational energy by the supports. lt will be shown later that the position of the supports is 
not critical, as long as they are placed far enough from the impact point. 

The vibrations in the plate caused by the impact are measured with two PCB piezoelectric 
accelerometers (type M353B16), shown in Figure 3.4, whose signal is amplified by a small 
pre-amplifier connected to the voltage supply. The accelerometers are attached to the plate 
using some genuine beeswax, as prescribed by the manufacturer. Since the output level of the 
pre-amplifier cannot be adjusted each signal is fed through a -20dB reducer to avoid clipping 
of the sound card input. Both amplified signals are fed into a computer through a Terratee 
(EWS88 MT) sound card, where the signal amplitude can be further adjusted. Both signals 
are recorded in a stereo Windows PCM-file (. wav) with an arbitrary sampling frequency (up 
to 96kHz) using Cool Edit Pro. The recorded signals are then processed and analyzed using a 
number of specially developed Matlab scripts. 

§ 3.1.2 Measurement methods 
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Figure 3.5: Example ofrecorded and processed accelerometer signa! 
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A hall dropped on the plate will produce a series of successive impacts, each of which 
induces a sudden displacement of the plate which is propagated outwards. In Figure 3.5 an 
example is given of the signal as directly recorded by the accelerometers (a), and after 
processing (b ). In this case, the signal was recorded at a sample frequency of 48 kHz with a 
24 bit amplitude resolution, and then converted to 16 bit resolution to allow Matlab 
processmg. 

Each impact pul se starts with a sharp peak since most of the wave energy travels with the 
same speed. This peak will decay in amplitude over a period of about 50 ms before the signal 
becomes approximately zero, while the lowest vibration frequencies of the plate have even 
longer decay times. This decay is a re sult of the reflections of the wave at the plate edges; the 
plate will still be vibrating after the hall is gone. For the last few bounces, the decaying 
signals may therefore overlap. The noisy signal is smoothed in time by applying a Hanning 
window of 512 samples (64 ms) every 6 samples (125 J.lS), after which the absolute value of 
the signal is taken. This removes most of the noise and creates a single clear peak for each 
impact, while the exact timing position of the peak is not significantly affected. The result of 
this processing is shown in Figure 3.5b. 

From the processed signal, the timing information for each successive impact is extracted 
by determining for each peak the time at which it is at its maximum. The restitution 
coefficient can be determined from equation (2.3): 

en = ~ (3.1) 
tn-1 

where tn is the time interval between the n1
h and (n+ 1)1

h impact. This interval will be referred 
to asthebounce time. 
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Figure 3.6: (a) bounce time tn, and (b) restitution coefficient efor a bouncing sequence 

In Figure 3.6, an example of the results of the experiment described above is shown. In 
Figure 3.6a, the successive hounee times tn aftereach hounee are shown. The decreasein tn is 
approximately exponential, which would be the case if the restitution coefficient were 
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Chapter 3 -Impact experiments 

constant. The calculated restitution coefficient for each successive hounee is shown in Figure 
3.6b. As can be seen, it is indeed approximately constant. 
In this example, as in most of the experiments conducted, one of the accelerometers is placed 
within 10 cm ofthe impact point and the other is placed further away, usually about 20 to 50 
cm. In Figure 3.6, the results for both accelerometers are shown. It can be seen that the 
position of the accelerometers on the plate is not critical. The difference between the two 
signals, except for their amplitude, is negligible: the difference in the measured values of the 
moment of impact and the restitution coefficient is never larger than 2%. This means the 
dispersion between higher and lower frequencies, which causes higher frequencies to travel 
faster, does nothave a large influence in determining the moment of impact. 
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Figure 3. 7: (a) accelerometer; (b) microphone at 20cm; (c) microphone at lm 

Some measurements have also been done with both the accelerometer and two micropbones 
to record the signal. Therefore, the experimental setup is placed in a soundabsorbing room, 
where two cardioid micropbones (Rede NT5) and the accelerometers are connected to the 
input of a Macintosh computer running Pro Tools. Both micropbones are aimed at the point 
of impact, one at approximately 20 cm, the other at approximately 1 m from the plate. In 
Figure 3.7a the signal from one accelerometer is shown, and in Figure 3.7b and Figure 3.7c 
the signal from the ciosest and the furthest microphone, respectively. 

As can be seen from this figure the microphone signal is less sharp. Hence, the exact 
location of the peak in the signal is difficult to determine. The microphone records a signal 
composed of vibrations of the plate emerging from a larger area than just the impact point, so 
apart from the acoustic wave running from the impact point directly to the microphone, 
several waves coming from different places reach the microphone. This causes the signal to 
become diffused in time. From this analysis, it is concluded that the results based on the 
microphone signals cannot be more accurate than the results from the accelerometer signals. 
The microphones have not been used in further experiments. 
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§ 3.2 Measurement of the restitution coefficient 

§ 3.2.1 Materials and geometry variations 
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Figure 3.8: Restitution coefficient vs. impact speed for different balls on a 18 mm MDF p/ate 

As can be seen from the impact theory in Chapter 2, variations in material of both ball and 
plate as well as differences in plate thickness and ball size have a large influence on the 
restitution coefficient. A number of measurements has been carried out in order to determine 
the restitution coefficient for each of the five balls mentioned in Table 3.1 bouncing on each 
of the three MDF plates. Each ball was dropped from a height of 10 cm, measured as the 
distance from the lowest point ofthe ball to the top ofthe plate, so that it takes 143 ms for the 
ball to reach the plate at an initia} impact speed of -1.40 rnls. At this speed, the air friction of 
the ball falling through air is negligible, as is argued in § A.2. The impact point was chosen in 
the middle of the plate. 

In Figure 3.8, the results are shown for the 18 mm MDF plate. For each ball, a bouncing 
sequence is recorded and the time intervals tn between each tick are determined as described 
before, using the accelerometer ciosest to the impact point. The impact speed Vn for each 
successive hounee is calculated directly from the time interval tn, since vn = tng /2 according 

to (2.2). The restitution coefficient can be calculated from (3.1). Since it is dependent on the 
impact speed, Figure 3.8 shows the restitution coefficient as a function of the impact speed 
for each of the five bal Is. 

As can be seen from the figure by comparing the three lines for the metal balls, the restitution 
coefficient decreases when the size of the ball, and hence its mass, increases. Reavier balls 
cause the plate's deflection to become relatively larger and thus a larger portion of the initial 
kinetic energy is transformed into plate vibrations, so that the ball's speed afterits rebounce 
is less. The same condusion can be drawn from comparing the two glass balls. 

The line for the smallest metal ball (metall) and that for the largest glass ball (glass5) 
almost overlap. From the fact that the mass of the glass ball is 1.5 times higher than the mass 
of the metal ball, it can be concluded that the mass of the ball is not the only parameter to 
determine the restitution coefficient. Other factors, such as the higher elasticity modulus and 
the mass density for steel, or the difference in ball radius, will also influence the amount of 
energy transformed into plate vibrations. 
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All of these effects, i.e. the decrease of e with increasing size, elasticity modulus or material 
density, are supported by the theory in § 2.4.2, which states that e decreases with increasing 
inelasticity parameter A, and thus with increasing hall size, hall density or elasticity modulus. 
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Figure 3.9: Restitution coefficientfor a) a glass b) a metal bal! on three MDF plates 

In Figure 3.9, the restitution coefficient is shown versus the impact speedfora glass hall (#4) 
and a metal hall (#1) on the three different MDF plates. Again, the halls are dropped from a 
height of 10 cm on a impact point in the middle of the plate. As can he seen, the restitution 
coefficient is lower when the plate is thinner. The difference between the 6 mm and 12 mm 
plateis two or three times larger than the difference between the 12 mm and 18 mm plates. 

The decrease in e with decreasing plate thickness is also supported by the theory in 
§ 2.4.2, since a decrease in plate thickness causes an increase in the inelasticity parameter A 
and thus a decreasein e. 

§ 3.2.2 Comparison with theoretical calculations 
In Chapter 2, a theoretica! model has been derived, from which it should be possible to 
calculate the restitution coefficient as a function of all material properties, as well as 
balliplate sizes and impact speed. A number of experiments have been done to compare the 
theoretica! values thus obtained with the real data from the five halls and three plates 
mentioned above. All material and geometrical specifications are given in Table 3 .1. 

Each of the five halls is dropped from 10 cm height on each of the three plates, where the 
impact point is chosen in the middle of the plate. The vibrations in the plate are measured 
with the accelerometers and the signal from the dosest accelerometer is processed and 
analyzed to calculate the restitution coefficient, as was described in the previous paragraph. 
Each bouncing sequence is repeated three times to check the consistency of the 
measurements. Another Matlab script is used to numerically integrate the differential 
equation (2.46) for a number of different impact speed values, given the hall and plate 
specifications. 
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Figure 3.10: Restitution coejjicient fora 10 mm steel bal! on a 18 mm MDF plate 

In Figure 3.10, the results are shown for the 10 mm diameter steel hall (#1) on the 18 mm 
MDF plate. The three sequences recorded are labeled 'lA', '2A' and '3A', and the solid line 
shows the calculated theoretica! values. The three different experimental series coincide 
within 3% of each other, from which it can be concluded that the reproducibility of the 
measurements is acceptable. 

The shape of the experimental curve is similar to that of the predicted theoretica! values. 
However, there is a considerable difference between the theoretica! values and the 
experiments; the predicted values are about 10% to 15% higher. The difference is larger 
(about 18%) for higher impact speeds around 1 mis, and lower (about 8%) for impact speeds 
around 0.2 mis. Moreover, the experimental restitution coefficient seems to decrease with 
decreasing speed (i.e. from right to left) for speed values below 0.2 mis, whereas the theory 
prediets a decrease only for impact speeds below 0.02 mis. It should be noted, however, that 
the measured values are less accurate for low impact speeds, since the amplitude of the 
recorded signal is less and the exact location of the peak signal at impact is more difficult to 
obtain. 

In Figure 3.11, the results are shown for the four other halls bouncing on the 18 mm MDF 
plate. For all four halls, the experimental values are consistent with each other. Again, the 
shape of the experimental curves is in good agreement with the theoretica! predictions. The 
decrease of the restitution coefficient for low impact speeds, as observed in Figure 3.10, is 
also present for the smallest glass hall in Figure 3.11 c, but is not clearly confirmed by the 
other three graphs. 

For each of these four halls the experimental values are lower than predicted by the 
theory, with the exception of the largest metal hall in Figure 3.11 b. When the graphs for the 
two steel halls in Figure 3.11a and Figure 3.11b are compared to Figure 3.10, it can beseen 
that the difference between theory and experiments becomes smaller for the larger halls. For 
the largest metal hall, the theoretica! and experimental values agree very welL 

Comparing Figure 3.11c and Figure 3.lld for the two glass halls also shows that the 
results for the largest glass hall differ less from the predicted curve than the results for the 
smallest glass halL 
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Figure 3.11: (a) 14.3 mm steel, (b) 19 mm steel, (c) 12.6 mm glass, (d) 17 mm glass bal! 
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Figure 3.12: Restitution coefficient of a 10 mmsteel bal! on a 
(a) 18 mm, (b) 12 mm, (c) 6 mm MDF plate 

The same experiment has been carried out with the five halls bouncing on the 12 mm and 6 
mm MDF plates. In Figure 3.12, the results are shown for the 10 mm steel ball (#1) on all 
three plates. The plots for the other halls are given in Appendix C, §C.l. From Figure 3.12, it 
can be seen that the difference between the theoretica! predictions and the experimental 
results is less if the plate is thinner. For the 12 mm plate, the experimental values are about 
5%- 10% lower. For the 6 mm plate, the experimental values are higher than the theoretica!, 
varying from 10% to 35% relative to the theoretica! values. 

Similar differences can be seen from the plots for the other four halls, which are shown in 
Appendix C, § C.l. In all cases the experimental curves are shifted upward relative to the 
theoretica! curve when the plate is thinner. Or actually, since both curves are shifted 
downward, the decrease in the theoretica! values is larger than the decrease in experimental 
values. For the 18 mm plate, this means the results for the heavier halls are better. For the 
thinner plates, however, the experimental values for the heavy halls become larger than the 
theoretica! calculations, and the difference becomes quite large for the 6 mm plate. 

No results are shown for the 19 mm steel ball on the 6 mm MDF plate since the small 
values for the restitution coefficient could not be extracted from the measured signal. A 
second peak in the signal, if present at all, could not be distinguished since it falls within the 
decaying signal of the first impact peak. The maximum value for the restitution coefficient 
from the theoretica! model in § 2.4.3, including gravity during the contact, is 0.04, so that the 
experiment seems to confirm the theory. 

§ 3.3 Influence of the fini te dimensions 

§ 3.3.1 Restitution near the plate borders 

In § 2.3.3 the mechanica! impedance of an infinite plate was given. This made calculation of 
the plate movement during the impact possible under the assumption that the contact time is 
short enough, i.e. the induced horizontal waves reflected at the plate boundaries have not 
returned to the point of impact before the ball leaves the plate. In this paragraph, some 
experiments will be described which are carried out to verify this assumption for different 
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positions on the plate. Logically, it is expected that this assumption will certainly not he 
justified when the hall impacts the plate at a point near the plate's edge. 

To investigate the influence of the plate borders, a series of experiments is 
conducted where the restitution coefficient is measured at various distances 
from the edge of the plate. Therefore, the same halls and experimental setup as 'rf:.~.O..r.~ .. ".'.~~Z,i~.e.;; 
in the previous experiments were used. Using the hall-release system described 
before, the impact point is chosen at several positions on the short midline of 
the plate, as sketched in the picture on the right. 

Each hall is released from a height of 10 cm and both accelerometer signals are recorded. 
The impact speed of a hall falling from this height is -1.4 m/s. The value for the restitution 
coefficient is determined only for the very first impact in the series. For each of the three 
plates and each of the five halls, the bouncing sequence is repeated three times and averaged 
for better accuracy. 
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Figure 3.13: Restitution coefficient vs. distance from plate edge fora 18 mm MDF plate 

In Figure 3.13, the results are shown for each of the five halls on the 18 mm MDF plate. 
El even positions along the short midline of the plate are chosen, varying from 5 mm from the 
edge to 245 mm from the edge, which is the middle of the plate. The error bars show the 
standard deviation between the six values, one for each repetition and each accelerometer. 

As can be seen from the figure, the value of the restitution coefficient is constant within a 
large region from the middle of the plate to the edge. Within a certain critica/ distance from 
the edge, the restitution coefficient becomes lower as the hall bounces closer to the edge; this 
di stance is larger if the hall is heavier. Also, the restitution coefficient decreases more, in both 
absolute and relative sense, if the hall is heavier. lt does, however, remain larger than zero 
even at the very edge of the plate. 
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Figure 3.14: Varying impact point across (a) the long midline; (b) a 45° fine 

The experiment is now repeated in two ways. First, the impact point is chosen at various 
differences along the long midline of the plate, as depicted in Figure 3 .14a. Th en, the impact 
point is chosen along a line through the plate corner making an angle of 45° with each side of 
the plate, as is shown in Figure 3.14b. This means that for each point along the line the 
distance d to the long edge and that to the short edge is the same. 
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Figure 3.15: Restitution coefficient vs. plate position Jor a I 0 mmsteel balt on a 18 mm MDF plate 

In Figure 3.15, the results forthese two experiments are shown for the 10 mmsteel hall, along 
with the curve from the previous experiment along the short midline of the plate. Note that 
the third series, for the 45° line, is plotted not against the distance to the plate corner, but 
against the distance d to the edges. 

From the graph it becomes clear that the critical distance from the edge, within which the 
restitution coefficient is lower, is the same for the upper two curves. That is, the critical 
distance is the same, about 40 mm, along the long and short midline of the plate. This 
distance is apparently not influenced by the horizontal dimensions ofthe plate. Moreover, the 
decrease in restitution coefficient is equal; the two curves are nearly identical. 
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For the measurements along the 45° line, the restitution coefficient starts 
decreasing when the distance d to the edges is less than the same 40 mm. 
The decrease is larger, however, than for the other two experiments. It can 
he concluded that there is a critical zone of 4 cm along the edges of the 
plate, marked gray in the picture on the right, within which the restitution 
coefficient is less then in the middle (white) zone. 

,---1 
I I 
I I 
I I 

I [ _ _ _ ___, 

The fact that the critical distance from the edge is the same for both k--;/ 
directions, and hence is not dependant on the plate's horizontal dimensions, 
plusthefact that it is the distance perpendicular to the plate border that is determinate for the 
decrease corroborates the idea that the decrease in restitution coefficient is caused by the 
lateral waves being reflected from the plate boundaries. The waves traveling back and forth 
from the edges during the time of contact between hall and plate cause the hall to lose more 
energy to the plate vibrations. Since the wave speed is the same in all directions, the critical 
distance should not depend on the horizontal dimensions. 

The fact that the restitution coefficient is lower near the edge of the plate is a re sult of the fact 
that the plate is bent easier at its edges than in its middle; the plate's edges are more 
'flexible', hence the samehall causes a larger displacement and more kinetic energy is lost to 
plate vibrations. 

This fact can also he expressed using the concept of mechanica! impedance, defined in § 
2.2.3 as 

Zm = F, (3.2) 
V 

which is the ratio of the exerted force and the displacement velocity of the plate. If the 
mechanica! impedance of the plate is smaller, than an equal exerted force F will cause a 
larger transverse plate velocity v, following the expression (3.2). A larger displacement 
velocity of the plate will cause more energy to he transferred outward through the plate, so 
that the restituted kinetic energy of the ball will he less. Thus it can he concluded that a 
smaller mechanica! impedance will yield a lower restitution coefficient e. 

The mechanica! impedance in the middle of the plate is the same as for an infinite plate and is 
given by (2.34). The mechanica! impedance at the very edge of the plate is calculated bjY 
Eichler [10] fora semi-infinite plate, i.e. a plate infinite in all directions away from the edge , 
using Fourier transformations of the boundary conditions and numerical approximations. His 
theoretica! value of the impedance in this theory is a function only on the Poisson's ratio Jl
and ofthe ratio 2tra/ À= ka, where a is the typical dimension ofthe contact area, and À is the 

wavelength. The mechanica! impedance at the plates edges is actually complex, but for 
relatively large wavelengtbs (ka < 1 ) the imaginary part is negligibly small. According to 
Eichler, the real part of the mechanica! impedance is 0.29 times the impedance of the infinite 
plate. Thus, the impedance at the edge is given by 

zm edge = 1.15h
2 ~' (3.3) . v3cl=J1) 

instead ofthe expression (2 .34). 

With this impedance, the theoretica! values of the restitution coefficient at the plate edge can 
he calculated. In Figure 3.15 the theoretica} values in the middle ofthe plate (e = 0.87) and at 

1 Eichler actually calculates the admittance, which is the exact reciprocal ofthe impedance 
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the edge of the plate (e = 0.63) are shown. The lower limit of 0.63 seems to be in reasonable 
agreement (about 5% higher) with the decreasing curve for the restitution coefficient along 
the long and short midline. The value at the corner of the plate is lower, because the 
reflecting waves from both sides now have an influence on the plate movement The 
impedance of the plate corner is even lower than the impedance along its edges, because the 
plate should now be regarcled as finite in bath horizontal directions. The plate is more flexible 
at its corner than at its edges. 

In Appendix C, Figure C.3, the same plot is drawn for the four other balls on the 18 mm 
MDF plate, showing also the theoretica} values for the restitution coefficient in the middle 
and at the edge of the plate. In all cases, the experimental values along the short and long 
midline of the plate agree within 5%; the values for the 45° line are always lower. For each 
ball the critica} distance from the edge, within which the restitution coefficient is decreased, 
is the same for each of the three different curves. The critica} distance is larger if the ball is 
heavier, and it ranges from about 25 mm for the smallest glass ball toabout 60 mm for the 
largest steel ball. 

The theoretica} values for the restitution coefficient outside the critica} zone were 
discussed in § 3.2. The theoretica} values at the edge of the plate, calculated using the 
impedance of (3.3), cannot directly be verified since it is experimentally not possible to 
bounce a ball on the very edge. However, extrapolation of the decreasing curves to the edge 
yields values which are in fairly good agreement with the theoretica} predictions. For the 
smallest glass and steel balls, the calculated value is about 5% higher than the experiment; for 
the largest metal ball, it is somewhat lower than indicated by the experiments. 

§ 3.3.2 Measurement of contact time and wave speed 

In§ 3.3.1, it was stated that the decreasein restituted kinetic energy near the plate edge has to 
do with the induced horizontal waves being reflected by the plate boundaries. This explains 
the fact that the restitution coefficient is constant outside the critica} zone and decreases from 
within a certain distance from the edge. 

If this is the case, than it can be expected that this critica} distance is related to the product 
of the speed c at which the horizontal waves travel and the contact time T of the ball and the 
plate. In any case, if the reflected waves have not returned to the point of impact when the 
ball leaves the plate, then the ball simply cannot 'know' that it is near the edge, since this 
information cannot travel faster then the wave itself. Therefore, the restitution energy of the 
ball cannot be influenced. This means that the critica} distance can never be larger than the 
product cT. The wave speed c, however, is dependant on frequency, and can theoretically 
become infinitely large for very small wavelengths. To verify the statement that the critica} 
distance is related to cT, experiments are carried out to measure both the wave speed for 
different frequencies as well as the contact time T. 

§ 3.3.2.1 Contact time 
To measure the contact time between balland plate, different methods have been proposed. A 
first method is to place a force sensor or piezoelectric element at the impact point between 
ball and plate. These sensors are generally made of very hard ceramic materials and will 
therefore greatly influence the elastic behavior of the impact. This method could perhaps be 
used to measure the contact time between the ball and the sensor, but this would not allow 
any comparison with the theory presented so far, since the influence of the underlying 
material is unknown and the sensor is too small for the infinite plate theory to be valid. 
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A more favorable method is to measure the contact time electrically. This would require a 
electrically conducting contact between the hall and the plate which would allow a current or 
voltage measurement during the impact. Some pilot experiments have been conducted with a 
steel hall dropped on a 5 mmsteel plate. It was assumed, however, that no energy is lost in 
vibrations and deformation of the hall, which is only true if the plate material is much softer 
than the hall. The experiments showed that the vibrations in the hall were considerate, and 
this assumption is no longer valid. Other means for electrical measurement would he placing 
a layer of aluminum foil or graphite powder between the hall and plate, but the influence of 
this layer on the elastic properties would make the results questionable. 

The method chosen for the experiments described here is to place an 
accelerometer on top of the hall as it is dropped onto the plate. The 
accelerometer is attached to the hall with some beeswax as shown in 
the figure on the right. The accelerometer will measure the 
acceleration, and thus the exerted force, as a function of time. This 
should yield a peak only during contact, thus the width of this peak is 
roughly equal to the contact time 1. This is a rather crude method, so 
caution is taken not to damage the accelerometer by exceeding its 
dynamic range. The weight of the accelerometer (about 1 gram) is 
negligible in terms of the accuracy needed for the experiments. More 
influence is expected from the rather stiff cable attached to the 
accelerometer. The idea is, however, to know the order of magnitude of 

wax 

the contact time, so that not too much accuracy is needed. The main advantage of this 
experiment is that the contact surface and material of the plate and the hall is not influenced. 

v= 1.4 v=0.16mls 

Figure 3.16: Contact time measurement fora 10 mm steel hall on a 18 mm MDF plate 

In Figure 3 .16, the signal obtained with the accelerometer is shown for the 10 mm steel hall 
impacting the 18 mm MDF plate at two different speeds. The hall was dropped from 10 cm 
height and the accelerometer signal was recorded at 96 kHz. Figure 3 .16a shows the first 
impact in the series at a speed of 1.4 m/s, Figure 3.16b shows an impact somewhere halfway 
in the bouncing series at a speed of 0.16 m/s. The contact time value in seconds is obtained 
by taking the duration of the force pulse in samples and dividing it by the sampling rate of 
96000 Hz. This yields a contact time of 240 JlS at 1.4 m/s and 344 JlS at 0.16 m/s. 

As can be seen from Figure 3 .16a the accelerometer pul se is flattened at the top, which shows 
the measured signal is 'clipped', i.e. the peak exceeds the maximum acceptable level of the 
measurement system. The actual shape of the force-time curve should be parabolic, like the 
curve shown in Figure 3.16b. Further investigation has shown that it is the pre-amplifier of 
the accelerometers that causes this amplitude cut-off. Since the only interest is in the length 
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of the pulse, not the height, this is not necessarily a problem as long as the measured length is 
not influenced by the clipping. 
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Figure 3.17: Contact time vs. impact speed v;-115 

2,5 

In Figure 3.17, the solid line shows the contact time for each hounee in the series against 

v;Ifs, where v; is the impact speed. From the theory presented in § 2.4.2 it is known that 

r- v;1
'
5

, which is also supported by experimental results in [12] or [17], for instance. 

Therefore, the points in Figure 3.17 should lie on a straight line through the origin. From the 
straight line fit shown in the figure, it can be concluded that the values from the measurement 
described do indeed obey this relation. The points on the right hand side ofthe dotted line (at 
low impact speeds) show no clipping and can be considered correct. The fact that the leftroost 
points, for higher impact speeds, are also near the straight line, proves that the clipping of the 
accelerometer signal does not influence the correctness of the measured pul se length. 

With the theoretica} model, the full motion ofthe ball-plate can be simulated as was done in§ 
2.4. From this, a theoretica} value for the contact time T can be generated and compared with 
the experiments. The dotted line in Figure 3.17 shows the values for the contact time 
generated for each of the speed values taken from the data points on the solid line. As can be 
seen from the equations of the fitted straight lines between the experimental and calculated 
values, the latter are on average 2.2 times lower than the experimental values. This ratio is 
given for a number of different hall and plate combinations in Table 3.2. The theoretica} 
values are closer to the experimental values for the heaviest hall on the thickest plate and is 
larger, thus worse, for thinner plates or lighter halls. 

Table 3.2: Ratio of measured I theoretica! contact time values for different balls and plat es 

plate thickness 
Bali 18mm 12mm 6mm 

steel 10.0 mm 2.19 2.43 2.52 
steel 14.3 mm 1.85 
steel 19.0mm 1.76 
glass 12.6 mm 2.57 
g1ass 17.0mm 2.00 2.25 2.63 
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§ 3.3.2.2 Wave speed 

To measure the group speed of the waves traveling horizontally through the plate, the 
following procedure is followed: the two accelerometers are placed exactly 1 meter apart and 
their signal is recorded simultaneously. The hall is dropped very near to the first 
accelerometer, so that the peak measured by this sensor can be considered as the correct 
moment of impact. The traveling waves will arrive at the other accelerometer a small amount 
of time later, from which the wave speed can he calculated. However, since the wave speed is 
dispersive, i.e. dependant on frequency, the recorded signal should be analyzed per frequency 
band. 

••' 

~~; !;;;-,. -.-=,oo--;;.,.,..---, ... ;;;---:;:..., --;;_,.~. 
level (dB) 

Figure 3.18: (a) Running spectrogram, (b) total energy spectrum 

To do this analysis, a Matlab script has been developed (see [44]) to yield the signal intensity 
versus time per frequency band. In Figure 3 .18a, the resulting intensity plot is shown. The 
grayscale value in this graph shows the intensity of the frequency shown on the vertical axis 
versus the time shown on the x-axis, where t = 0 is the exact moment of impact obtained 
from the other accelerometer. So for frequencies around 1 kHz, for instance, the main signal 
peak is around 2.9 ms. This means that the wave speed for these frequencies is 

1 m/2.9 ·10-3 s = 345 m/ s. 

While reading this figure it should be noted that the total intensity per frequency band has 
been normalized, so that the intensity cannot be directly compared in the vertical direction. 
The plot in Figure 3 .18b shows the total energy calculated per frequency band on the same 
vertical axis, so ifthis plot shows a higher energy fora certain frequency, then the intensity in 
the left figure should he accordingly higher. 

From Figure 3.18a, two distinctive white areascan be distinguished. The separation between 
both areas is a sharp line around 2.5 kHz. All frequencies above this arrive at the 
accelerometer in 1.75 ms, which means the highest frequencies travel at a speed of 571 rn/s. 
All frequencies below 2.5 kHz travel at a speed of 345 rn/s, which is a factor 0.6 smaller. 
Though the wave speed is expected todependon the frequency, it is unclear why this clear 
transition occurs. 

Figure 3 .18b shows that the most important part of the wave' s energy is contained in the 
frequencies below 5000 Hz. The largest peak is visible at 4 kHz, but above this frequency the 
energy level rapidly decreases. Between 1 kHz and 4 kHz, the energy level remains constant 
at about 10 dB below the largest peak. The largest part ofthe wave's energy is thus assumed 
to travel at a speed of 345 rn/s, so this value is a reasonable approximation for the speed of 
the entire wave. It should he taken into account, however, that some of the wave energy may 
travel at a higher speed. 

In Appendix C, § C.2 the same plots are shown for each of the five halls dropped on the three 
MDF plates. It can beseen that the difference in wave speed for different halls on the same 
plateis negligible. The wave speed is about 282 rn/s for the 12 mm MDF plate and about 159 
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mis for the 6 mm MDF plate. A thicker plate is less flexible and this will cause the wave to 
travel faster, which can beseen from the wave equation (2.33). 

§ 3.3.2.3 Critica) distance 

The experimental methods for the determination of both contact duration 7 and wave speed c 
have been described above. A prediction of the cri ti cal distance can now be calculated as the 
product T·c. In Figure 3.19, the values thus found for the 12.6 mm glass and 19 mmsteel ball 
are shown as dashed verticallines. The experimental curves showing the direct measurements 
of the restitution coefficient along the short and long midline and the 45° line are also drawn. 
In Table 3.3, the values ofthe measured contact time and wave speed are given, as wellas the 
predicted values of the critical distance and the values observed in the direct restitution 
coefficient measurements. 
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- ...._ - long midline -...._-long midline 
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Figure 3.19: Rest. coejfi.cient vs. positionfor a (a) 12.6 mm glass and (b) 19 mmsteel ball 

Table 3.3: Experimental values for contact time, wave speed and critica/distance 

hall 
contact time wavespeed calc. critica/ distance meas. critica/ distance 

[psj [mis} [mm} [mm} 
18mm 12mm 6mm 18mm 12mm 6mm 18mm 12mm 6mm 18mm 12mm 6mm 

metall 219 229 313 357 282 159 39.1 32.3 24.9 35-45 25-30 25-35 

metall 266 357 282 159 47.5 45-50 

metal3 354 351 278 156 62.1 55-60 

glass 4 208 364 286 160 37.9 28-30 

glass 5 224 234 318 357 286 160 40.0 33 .5 25.4 40-45 30-35 20-30 

It can be concluded that the predicted values for the critical distance within which the 
restitution coefficient decreases agrees within 25% of the actual measured value. The 
predicted values are always equal to or higher than the real values. This may be explained by 
the fact that the contact time measurements yield values which are slightly too high due to the 
weight of the accelerometer itself and the stiffness of the connector cable, causing the 
downward force to be larger than it would be without the accelerometer. 
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§ 3.4 Measuring the mechanical impedance 

§ 3.4.1 The impact hammer 

Figure 3.20: The impact hammer 

In the theory presented in Chapter 2, an expression for the mechanica! impedance of an 
infinite plate was used, which is derived in§ 4.2. In§ 3.3.1 the mechanica! impedance found 
by Eichler [10] for a semi-infinite plate struck at its edge was used to explain the lower 
restitution coefficients at the plate borders. These two impedance expressions, however, are 
subject to a number of simplifications: the plate is considered (semi-)infinite in the horizontal 
direction, while in the vertical direction the plate movement is considered quasi-steady; the 
influence of shear and rotational waves has been ignored, the plate is considered 
homogeneaus and isotropic, and the influence of the supports has been considered 
insignificant as well. The combined influence of these simplifications not taken into account 
will underlie the difference found between the theoretica! model and the experimental values. 

There is a method, however, to measure the mechanica! impedance of the plate directly, 
which would allow comparison with the theoretica! values. Since the impedance Zm relates 
the plate displacement speed to the exerted force, measurement of these two quantities 
simultaneously would yield an experimental value for Zm. The displacement speed of the 
plate can he found directly from the accelerometer signal by integrating the acceleration over 
time. There is no way, however, of measuring the force exerted by the hall on the plate 
directly. 

To exert a force on the plate and concurrently measure this force itself, a device is used 
called an impact hammer. This device is shown in Figure 3.20 and is a normal steel hammer, 
but with a force sensor inside the hammer head. The idea is simply to strike the plate at a 
certain point, which would excite the force sensor. The sensor signal is fed through the wire 
at the back of the hammer and can he recorded as a function of time. Camparing this signal 
with the signal of an accelerometer placed very near the impact point and recorded 
simultaneously will then allow the calculation of the mechanica! impedance of the plate. This 
measurement can he done at any point on the plate, so it could give an experimental value for 
Zm in the middle of the plate as well as at the plate edge and corner. 
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§ 3.4.2 Force measurements 

Figure 3.21: Contactforce vs. timefor different values of A (À= A;from [53]) 

In Figure 3.21, the contact force is plotted versus time. These plots are theoretica! 
calculations by Zener [53], for different values ofthe inelasticity parameter A as defined in§ 
2.4.2; in the figure, A is denoted by À. The force amplitude on the vertical axis is divided by 
the maximum force for an infinitely thick plate (A= 0); the time is divided by the constant 8, 
defined by (2.40). 

As can beseen from Figure 3.21, the force reaches a maximum and then decreases with 
time in a nearly exponential manner. Here, the decrease is slower as A increases, i.e. when 
the plate is thinner or the impact speed is higher. In the figure, A varies from 0 to 1.5, 
whereas A is always less than 0.35 for all our measurements. The combination ofthe 19 mm 
steelballand the 6 mm MDF plate yields A = 0.33, whereas A becomes zero in the limit of 
the impact speed decreasing to zero. Note that, according to (2.42), A is inversely 
proportional to the plate impedance Zm. 

In Figure 3.22 the force measured with the impact hammer is plotted versus time for a 
number of different positions on each of the three plates. The measurement was carried out 
for the 18 mm, 12 mm and 6 mm MDF plates, and was repeated at five points on the plate: 
(1) in the exact middle, (2) approximately lOcm from the middle, (3) approximately 20cm 
from the middle, (4) at the middle of the long edge of the plate and (5) at the plate corner. 
The impact hammer has been calibrated such that the output signal is equal to the force in N; 
all recordings have been done at a sampling frequency of 12.8 kHz. 

As can been seen from the figure, the general shape of the force curves is similar to the 
theoretica! curves in Figure 3 .21. Near the edge and corner of the plate, especially for the thin 
plates (see Figure 3.22c4 and c5) some vibrations are visible, which arise from the wave 
reflections at the plate border, showing that the plate starts vibrating up and down before the 
hammer has left the plate. In Figure 3.22c2 and Figure 3.22a5, a small second bump can be 
seen which is probably due to the hammer accidentally striking the plate a second time. 

Cernparing the graphs in the horizontal direction from left to right, it can be seen that the 
exponential decrease of the force becomes longer as the plate is thinner. This corresponds 
with the theoretica} curves, since a thinner plate means a larger inelasticity parameter A. It 
should be noted that A is much larger in this experiment than for the ball-plate impact 
measurements, since the impact hammer is much heavier than any of the halls. Also, the 
width of each pulse, representing the contact time r, is 3 to 5 times larger than for the ball
plate impacts. 

From the figure, it is also visible that the exponential decrease of the force is longer at the 
edge and corner of the plate (see row 4 and 5 in Figure 3.22), which indicates that the 
mechanica} impedance at these points is lower, since A -1/Zm . 
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Figure 3.22: Measured impact force vs. time: (a .. ) 18 mm, (b .. ) 12 mm, (c .. ) 6 mm MDF 
plate; ( .. 1) exact middle, (.2,3) near the middle, (.4) edge, (.5) corner ofthe plate 

§ 3.4.3 lmpedance measurements 

As was stated in § 3.4.1, the impedance of the plate can be determined by camparing the 
measured force with the accelerometer signal that is simultaneously recorded at a point very 
near the point of impact. From the accelerometer signal, the speed can be calculated by 
integrating over time. Since the accelerometer signal is sampled, this integration can be done 
quite easily by summing the acceleration value an of each sample n and finally dividing by 
the sample frequency fs; dividing the sample number by Is yields the time in seconds. So the 
speed Vn at time tn = n/ fs is given by: 

1 n vl =-"'a 
n /=In h ~ m' 
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Figure 3.23: Plate displacement speed vs. time near the middle of a 6 mm MDF plate 

With (3.4), the displacement speed of the plate is determined as a function of time from the 
signal of an accelerometer placed within 1 cm from the impact point. In Figure 3.23, the 
speed is plotted against time for the impact hammer impacting the 6 mm MDF plate at 1 Ocm 
near the middle, which corresponds to the force-time plot in Figure 3.22c2. 

In the theory it was derived that the plate mechanica! impedance, at least in the middle of 
the plate, is real. This implies that the displacement speed is in phase with the exerted force, 
or the plate reacts instantaneously to the impact. Cernparing the graphs of the measured speed 
and force shows that the location of the maximum of the force curve and the minimum of the 
speed curve are indeed no more than 50 IJ.S apart. The impedance can therefore be determined 
by dividing the maximum force value by the absolute value ofthe minimum speed value. For 
the edge of the plate, it was assumed in the theory that the imaginary part of the impedance is 
negligible. 

As can be read from Figure 3.23, the maximum downward speed Vmax is equal to -0.199 rn!s. 
From Figure 3.22c2, the maximum force amplitude Fmax is 29.2 N. The measured mechanica! 
impedance Zm,exp = Fmax fvmax is thus equal to 147 Ns/m. The theoretica! value Zm,theocan be 

calculated from (2.34). For the 6 mm MDF plate, it is equal to 181 Ns/m. The experimentally 
measured value is thus 0.81 times the theoretica! value. 

Table 3.4: Mechanica! impedance in Ns/m at various positions on the 18 mm, 12 mm and 6 
mm MDF plates 

theory middle Edge corner 

Zm,theo Zm,expl Zm,exp2 Zm,exp3 Zm,exp4 Z m.expl I Z m.exp 4 Zm,exp5 z m.exp l I zm.exp5 

18mm 1629 1271 1607 1313 389 3.27 168 7.57 

12mm 724 678 628 667 186 3.65 92 7.37 

6mm 181 147 147 155 49 3.00 30 4.90 

In Table 3.4, the experimental values Zm,expi, Zm,exp2 and Zm,exp3 are given fortheimpact points 
in the exact middle of the plate, at 10 cm from the middle and at 20 cm from the middle, 
respectively. In the first data column, the theoretica! values Zm,theo for the infinite plate are 
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given. For the 18mm plate, the experimental values areabout 20% lower than the theoretica} 
values, except for the value Zm,exp2, which is probably in error. For the 12mm plate and 6mm 
plate, the experimental val u es are 9%-13% and 14%-19% lower than the theoretica} values, 
respectively. 

In Table 3.4, the impedance value Zm,exp4 at the edge of the plate and the inverse ratio of 
this value to the impedance Zm,expi at the middle is also given. According to the theory of 
Eichler, as discussed in § 3.3.1, the ratio Zm ,expt /Zm ,exp4 should be equal to 3.5. The 

experimental value for this ratio correspond with this ratio within 7% for the 18mm and 
12mm plates, and is 14% too low for the 6mm plate. 

Also, the impedance value Zm ,expJ at the corner of the plate is given, as well as the ratio 
Z 1 jZ 5 • The value for this ratio is approximately the same, around 7 .4, for the 18mm m,exp m,exp 

and 12 mm MDF plate, whereas it is 4.9 for the 6mm plate. 

§ 3.5 Discussion of the results 

§ 3.5.1 Measured restitution coefficient vs. theoretical predictions 

A number of experiments has been carried out to measure the restitution coefficient of the 
five halls mentioned bouncing on the three MDF plates of different thickness. It may be 
argued that this set of experiments is limited, but they cover most of the range of the 
restitution coefficient from zero to one. Lighter halls with restitution coefficients larger than 
0.9 will start moving sideways during the long bouncing series, using the ball release system 
described; heavier halls will not hounee at all. 

The theoretically predicted values for the restitution coefficient agree within 20%, either in 
the positive or negative direction, except for the case of the 14.3 mm steel hall on the 6 mm 
MDF plate, where the theoretica} values are much too low. This overall result is surprisingly 
good, taking into consideration that the theory is developed without any experimental support 
or 'fitting' along the way. 

The deviation of the theory from the experiments must be explained by the approximations 
and assumptions that are used. The most important effects that are neglected in the derivation 
ofthe differential equation goveming the ball-plate movement are: 

1. plastic deformation of both ball and plate, 
2. vibration energy stored in the ball, 
3. visco-elastic damping, 
4. the influence of shear and rotational waves, 
5. the influence ofthe plate supports, 
6. the influence of plate vibrations at the moment of impact, 
7. the influence ofthe restricted validity ofHertz' contact model. 

Ad 1: 
A small amount of plastic deformation, i.e. the permanent deformation of the plate and ball 
after the collision, will most likely be present in the experiments conducted, since the stresses 
that occur are fairly high. It is difficult to estimate the influence on the measurements 
quantitatively, since plastic deformation would require a completely new theoretica! 
investigation. But it is clear from simple reasoning, that the amount of plastic deformation is 
dependant on the weight of the hall and on the impact speed. It is also clear that plastic 
deformation will take up part of the energy that in this thesis is assumed to be restituted into 
the kinetic energy of the ball. Hence, it will cause the restitution coefficient to be lower. 
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A lower impact speed will cause less plastic deformation, so that the decrease of restituted 
energy will be less than for higher impact speeds. This corresponds with the measurements 
conducted, where the largest differences between theoretica! and experimental values are 
found at the beginning of the bouncing series. A larger or heavier ball will cause more plastic 
deformation, which would result in a lower restitution coefficient for larger halls as well as 
for heavier halls, i.e. for steel halls versus glass halls. The fact that the theoretica! values for 
the larger halls are closer to the experimental values, or even too high for the largest halls, is 
Contradietory to this explanation, however. 

Ad2: 
The elasticity modulus of the halls used for the experiments is much higher than that of the 
MDF plates. For the steel halls, E; :::: 35E;, while for the glass halls E; :::: 11E;. It can 

therefore safely be assumed that the deformation of the halls is much less than that of the 
MDF plates. The amount of energy stored in the deformation waves induced in the ball will 
therefore be much less than the energy stored in the plate vibrations. 

On top of this, the wave speed in the ball is much higher than that in the plate, which 
means the waves will travel back and forth through the ball a large number of times before 
the end of contact. The quasi-steady approximation for the ball is therefore applicable, which 
indicates that most of the de formation wave energy induced in the ball will be restituted back 
into kinetic energy; thus the influence on the restitution coefficient will be small. 

Ad3: 
In the present model, all viscous damping during and between impacts has been neglected. 
Damping is always present, however, in both the ball and plate. The plate vibrations are 
damped out, which may cause a change in the energy transfer from ball to plate. Also, the 
contact force model itself may be subject to intemal friction. It is not obvious what the effects 
of these changes are on the values for the restitution coefficient and contact time. To include 
damping in the theoretica! model an appropriate viscoelastic model needs to be chosen, and 
implementation of this model is not very complicated as such; but the calculations arising 
from the damping terms are quite complicated. 

For viscoelastic losses, three different roodels are suggested by Goldsmith [17], which all 
introduce changes in the stress-strain relations used in the derivation of the wave equations: 

d& 
• Kelvin-Voigt solid: a = E1 & + c1 -, dt 

• Maxwell solid: 
c1 da d& 

a+--=c-
El dt I dt ' 

G da G ( )ds a+--=E&+- E +E -
E dt I E I 

2 dt' 
2 2 

• 'Standard Linear Solid': 

where c1 is a damping constant, and E1 and E2 are adapted Young's moduli. The first of these 
three roodels is most commonly used for viscoelastic modeling, and can be integrated in the 
wave equation by replacing the Young's modulus E by the operator: 

E1 => E1 ( 1 + c1 :t) , 
so the damping is modeled as a first order correction to the Y oung' s modulus of the materiaL 
This correction would yield a different, fifth-order wave equation for the plate, which now 
reads: 

4 a 4 + ph a2
uz = 0 V uz + c1 -V uz 2 , at D at 
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instead of the fourth order equation (2.33). Detailed calculations using this equation have 
been done in [28], where the constant c1 is extracted from experimental data. An apparent 
condusion from this work is the fact that the higher frequency vibrations are damped out 
more quickly than the lower frequencies. 

More research, both theoretica! and experimental, should be carried out to investigate the 
influence of such a damping model on the calculated values for the restitution coefficient and 
contact time. It is not possible to draw any conclusions in advance. The introduetion of 
damping may cause a general energy loss, and thus a lower restitution coefficient; but it may 
also cause the energy transfer from hall to plate to be less efficient, which would yield a 
higher restitution coefficient. Also, the time derivative introduced in the wave equation will 
cause the mechanica} impedance to become complex. 

Ad4: 
In the theory derived in Chapter 2 the so-called 'thin-plate' approximation was used, which 
means that only flexural waves of the plate were taken into account. A more detailed theory 
would include also the energy taken up by the transverse shear deformation in the plate 
(Figure 3.24b) and by the rotational inertia (Figure 3.24c) ofthe plate elements, as suggested 
for instanee by Timoshenko [ 48]. 

(c) 

Figure 3.24: (a) flexural deformation, (b) shear deformation, (c) rotation 

lf the wavelength is large compared to the thickness of the plate, the energy stored in 
transverse shear deformation and rotational inertia is negligible. Heckl gives an expression 
([9], IV.78a), derived from Mindlin [32], for the point impedance of an infinite plate 
including these two forms of motion. For large wavelengths (i.e. kh << 1 ), this expression is 
equal to the impedance given by (4.30). For smaller wavelengths the impedance becomes 
smaller, which means that an equal force would yield a larger displacement velocity. Thus, 
more energy is transformed to plate vibrations, and the restitution coefficient becomes less. 

This effect will be less for larger halls, since they induce more low frequency waves in 
the plate. Smaller halls will induce more high frequency waves, for which the effect 
described is more important. This could explain why the current theory gives better results 
for larger halls. 

Ad5: 
The influence of the supports would only he significant if the transverse waves were affected, 
or if any reflections would take place at the supports. Both theory and experiments have 
shown, however, that the radius of influence of the reflected waves traveled by the horizontal 
waves is no more than 12 cm, and even less forthesmaller halls. Since the impact point was 
chosen at a distance of at least 15 cm away from the supports, this would mean that the wave 
would have to travel at least 30 cm before any effects on the restitution coefficient would be 
noticeable. 

Therefore, no effects of the supports on the measured restitution coefficient or contact is 
expected for the halls and plates used in this experiments. lf one would use steel plates, 
however, or even larger halls and thinner plates, then the influence of the supports should be 
investigated further. 
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Ad6: 
Por the modeling of each impact, the plate is assumed not to be moving at the moment of 
impact. In a series of bounces, this means that the plate vibrations would have to be damped 
out completely before the next impact occurs. In § 5.1.5 it is explained that, since the decay 
of the plate vibrations is in fact exponential, this assumption is not entirely true, especially for 
the last few bounces in the series. And even for the first impacts, the lowest vibrational 
modes of the plate will still be present at the next moment of impact. 

If the initial speed of the plate displacement is known, then this can simply be taken as the 
new initial condition for the goveming differential equation. But since the plate vibrates at 
different frequencies , dependant on all sorts of parameters, it is impossible to include an exact 
analytica! description of the plate movement between impacts. At the moment of the 
following impact the plate may be moving up or down, and may not be completely 
horizontaL On top of this, reflected waves of the previous impact may affect the plate 
displacement during the contact period, which would influence the ball movement as well. 

The interaction between the plate vibrations and the ball-plate impact is of a stochastic or 
perhaps even chaotic nature and therefore needs a different theoretica! approach. Especially 
for the low-velocity impacts that occur in rolling sounds, this chaotic behavior may become 
significant, while the time between impacts is then in the order of the typical vibration period 
of the plate. The more detailed description of these effects is beyond the scope of this thesis. 
Some articles on chaotic behavior of repeated impacts and bouncing halls can be found in 
[ 50] and [ 51]. Some theoretica! and ex perimental work of impacts on sinusoidally vibrating 
plates can be found in [2] and [20], where the noise-like sounds produced by chaotic impacts 
is investigated. In [14], the relationship between the vibrational frequency of a table and the 
resulting amplitude ofthe bounces is regarded. 

The influence of the plate vibrations on the ball movement is more significant for the last 
few bounces in the series, where the impact velocity is low. The chaotic movements that arise 
may therefore be an explanation for the fact that the restitution coefficient seems to decrease 
at the end ofthe bouncing series, as can beseen in the graphs ofFigure 3.8 to Figure 3.12. 

Ad7: 
The use of Hertz' contact force law, F = Ka

312
, is constrained by some conditions which are 

not fully met in our experiments. Hertz' law was actually derived for two objects of the same 
material, while the MDF plates are much more elastic than the steel halls. Also, the plate has 
been regarcled as a semi-infinite medium in the vertical direction, though it has a finite 
thickness. This last assumption is probably not too big an approximation, since the approach 
depth is much smaller than the plate thickness. 

The first approximation may be significant, however. In the derivation of Hertz, the 
contact area between the ball and plate is assumed to be flat. This is probably not the case in 
the case of a steel ball colliding with a much softer plate. Though the pressure was not 
assumed to be equally distributed over the contact area, the different contact shape may have 
an influence. 

0 (a) 
.................... . ~·· · ························· 

F-Ka - 1 

0 (b) 

r- ··... / ______,, 

F = K 2an 

0 (c) 
~ ..... . / }-----, 

F-K a 2 
- 3 

Figure 3.25: Different force-approach relations 

- 51 -



Chapter 3 - Impact experiments 

Other authors (see [17] or [22]) have suggested more general contact forces of the form 

F =Kan, where K is a constant and n is an arbitrary exponent. These others, however, 
suggest no alternatives for the value of the exponent n in the case of a ball-plate impact 
except the 1.5 value already used. 

In Figure 3.25, an overview is given of three possible force-approach relations. From the 
elastic foundation model described in § 4.3.2, the power n should be equal to two, which is 
shown in Figure 3.25c. In this case, there is no deformation of the plate outside the area 
where it is in contact with the ball. If the whole upper surface of the plate would move down 
at once, as is shown in Figure 3.25a, then the force would be related to the approach as if it 
were a normal spring; in this case, the exponent n would be equal to one. It is clear that both 
situations are an approximation, and neither ofthe two is exactly right. 

In Figure 3.25b, the intermediate situation is drawn. In this case, the plate is also 
deformed outside the contact area, but just within a limited radius from the impact point; the 
rest of the plate is not deformed. From the comparison of this situation to the other two 
sketches, it may be concluded that the exponent n should be somewhere between 1 and 2. 
From Hertz' theory it should be equal to 1.5, and the constant Kz is then known also. 

Some other calculations have been carried out with other values of n ranging from 1.3 to 1.6. 
It appears that a change in the exponent n does not to a great ex tent influence the shape of the 
theoretica} curves, i.e. the increase in restitution coefficient with lower impact speeds. The 
curve as a whole is translated down if n is taken to be less than 1.5, and up if n is taken to be 
larger. However, the constant K2 in these cases is unknown. If its value is set equal to that of 
Hertz' law then the dimensions ofthe equation F =Kan would not be correct, since K has the 
dimension of N·m-312

. The values found for the restitution coefficient, however, depend 
severely on the exact value of K2, so it cannot simply be guessed. This analysis does therefore 
not yield any satisfactory results. 

§ 3.5.2 Restitution near the plate borders 
In § 3.3 the influence of the finite dimensions of the plate have been regarded both 
experimentally and theoretically. It was observed that the restitution coefficient of the ball
plate impact is less when the ball is within a certain critica} distance from the edge. If the ball 
is near the corner, within this critical distance from both edges, then the restitution coefficient 
is even lower. 

The fact that the restitution coefficient is lower at the edge is explained by the fact that 
the mechanica} impedance at the edge of a semi-infinite plate is less. Using Eichler's 
expression for this impedance, values of the restitution coefficient have been found that 
match the experimental values within 10%. 

The critica} distance is different for each ball and plate combination and has been related 
to the product of contact time and horizontal wave speed, which is the distance that the 
horizontal waves travel during the impact. 

The contact time 7 was measured using quite an imprecise method, by placing the 
accelerometer directly on the top of the ball as it was dropped onto the plate. The results thus 
found are compared with the theoretica} values which shows that both experimental and 
theoretica} values follow the relationship r - v;-l/

5 
, where vi is the impact speed. The 

experimental values for the contact time are found to be 1.5 to 2.5 times longer than the 
theoretica} predictions, where these values are closer if the ball is heavier or the plate is 
thicker. 
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It is not directly ciear from the results what the explanation is for the difference between 
theoretica} and experimental results, though the differences are quite large. The method used 
for the measurement of the contact time is quite inaccurate and is likely to yield values that 
are too large, since both the weight of the accelerometer on top of the ball and the stiffness of 
the attached cable cause an extra downward force keeping the ball in contact with the plate. 
This may explain to some extent why the experimental values are higher. But on the other 
hand, it is unknown if the theoretica} results are fully applicable, since the values for the 
restitution coefficient also show discrepancies between theory and measurements. 

The results for the restitution coefficient are ciosest to the theoretica} predictions for the 
heaviest halls on the 18mm plate. This combination also yields the ciosest results for the 
contact time measurements. For thinner plates, the theory prediets restitution coefficient 
values that are too high, while the predictions are too low for the smallest halls. For the 
contact time, the predictions are always too low, and the difference is larger forsmaller halls 
as well as for thinner plates. 

It is expected that the influence of the accelerometer weight and the attached cable is 
larger for the smaller halls, which may explain why the experimental values for the contact 
time is higher for these halls. 

The horizontal wave speed was measured for each of the plates, and showed no significant 
variation between each of the different halls. A ciear transition between the wave speed for 
higher and that for lower frequencies, where the higher frequencies travel at a higher speed. It 
is unclear what causes the sharp transition between these two measured velocities, and more 
research should be done to investigate this effect. Most of the wave energy, however, is 
contained in the frequencies below 3 to 4 kHz and travels with the same speed. This speed is 
therefore taken as an approximation for the speed of the entire wave. 

The product of the wave speed and measured contact time yields the distance traveled by 
the transverse flexural wave during the impact. If the critica} distance, within which the 
restitution coefficient is lower, is related to the wave reflections, then it should not be larger 
than half the di stance traveled by the horizontal waves. 

It has been shown that for all ball and plate combinations, the critica} distance found in 
the restitution coefficient measurements corresponds with half the product of contact time 
and wave speed, within an interval of 25%. The predicted val u es are always equal to or lower 
than the values observed in the restitution coefficient measurements. This may be explained 
by the fact that the measured values for the contact time are slightly higher because of the 
experimental method, as was explained above. The fact that the predicted values are never 
lower justifies the approximation used for the wave speed; if the wave speed was taken to be 
higher, then the difference between both values would be larger. 

§ 3.5.3 Measurement of the mechanical impedance 
Using the impacthammerand an accelerometer, the mechanica} impedance for all three MDF 
plates was experimentally determined in the middle of the plate, as well as within the cri ti cal 
distance from the edge and corner. The values at all three points outside the critica} border 
correspond with each other, with one exception for the 18mm plate. The latter is probably 
explained by some error in the measurement, and is not considered significant. Due to 
practical difficulties, it was not possible to measure this value again at this time. 

The experimental values for the impedance are always lower than the values predicted by 
the theory, in the middle of the plate as well as at the plate border. For the 18mm plate, the 
measured values areabout 20% lower, where this is 7% and 14% for the 12mm and 6mm 
plate, respectively. There is thus no clear relation between these differences and the plate 
thickness. 
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The ratio between the impedance value in the middle and at the edge should be 3.5, 
according to the theory. The values found for the 18mm and 12mm plate are only 7% lower, 
and are 14% lower for the 6mm plate. The theoretica! ratio of 3.5 thus seems to be confirmed 
by the experiments. 

Since a lower mechanica} impedance yields a lower restitution coefficient, the fact that the 
measured impedance values are lower than predicted may explain why the values found for 
the restitution coefficient are too high for the smaller halls, though not entirely. The fact that 
the mechanica! impedance for the 18mm plate is 20% lower would yield a restitution 
coefficient for the 10 mm steel hall at -1.4 rnls of 0.84 instead of 0.87 as found with the 
theoretica! impedance value, where the experimental restitution coefficient is 0.76. 

For the large halls impacting the thin plates, a lower value for the mechanica! impedance 
would yield a larger difference between the theoretica! and experimental values for the 
restitution coefficient. 

§ 3.6 Summary and conclusions 

§ 3.6.1 Summary 

• A theoretica! model has been derived to calculate the approach of a hall impacting a plate 
as a function of time. The model consists of a combination of the equation of motion for 
the ball, the point-driven mechanica! impedance of the plate and Hertz' law of contact. 
From the model, values for the restitution coefficient and contact time can be predicted as 
a function of material and size parameters, as well as of the impact speed. 

• An experimental setup has been developed to measure the restitution coefficient of a ball 
bouncing on a plate, using accelerometers to record the plate vibrations and a bali-release 
system that reduces rotation of the hall when dropped. The position of impact on the plate 
and the release height of the ball can be varied. 

• A number of experiments has been carried out to measure the plate vibrations induced by 
the ball bouncing in the middle of a plate as a function of ball height, hall size and plate 
thickness, for metal and glass balls dropped on MDF plates: 
1. experiments have been conducted for each ofthe five different halls bouncing on each 

of the three different plates; 
2. computer scripts have been written in MatLab to extract from the accelerometer 

signals the time intervals between each impact and the restitution coefficients of each 
successive hounee in the series; 

3. from the theoretica! model, the restitution coefficients of each ball and plate 
combination have been calculated as a function of the impact speed; these predicted 
values have been compared to the measurements. 

• Another set of experiments was done to measure the decrease in restitution coefficient 
near the edge and corner of the 18 mm MDF plate as a function of: 
1. the distance to the longest edge of the plate, along the short midline; 
2. the di stance to the shortest edge of the plate, along the long midline; 
3. the distance to the corner ofthe plate, along a line making 45° with both edges. 

• The relation between the critical distance, within which the restitution coefficient is 
lower, and the distance traveled back and forth by the waves reflected at the plate edge 
has been investigated: 
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1. the contact time between ball and plate has been measured by placing an 
accelerometer on top of the ball; the values thus found have been compared with 
predictions from the theoretica} model; 

2. the horizontal wave speed has been measured as a function of frequency by measuring 
the time it takes the wave to travel from one accelerometer to another; 

3. the product of contact time and wave speed has been compared to the values found for 
the critica} distance. 

• The mechanica} impedance of each plate has been measured using an impact hammer to 
measure the force and an accelerometer to determine the resulting plate displacement 
speed. The impedance has been measured in the middle of the plate, outside the cri ti cal 
zone, as well as at the very edge and corner of the plate. The values thus found have been 
compared to the theoretica} values for the mechanica} impedance for an infinite and semi
infinite plate. 

§ 3.6.2 Conclusions 

• The values for the restitution coefficient predicted by the model for a ball bouncing on an 
infinite plate have been compared to the values measured in the experiments. 
1. The shape of the theoretica} and experimental curves of the restitution coefficient 

versus the impact speed, as shown for instanee in Figure 3.12, is identical; the 
restitution coefficient increases with decreasing impact velocity. 

2. For impact speeds below 0.2 m/s, the restitution coefficient increases less, or even 
decreases, for the lightest metal and glass balls. The measured values are less 
accurate, however, and the effect is not visible for the other balls. In the theoretica} 
curve, a decrease in restitution coefficient as a result of gravity can be distinguished, 
but only for impact speeds below 0.02 m/s. The decreasein experimental values may 
be explained by the chaotic interaction between the repeated impact and the vibrations 
of the plate. 

3. The theoretica} curve as a wholeis about 10%- 15% higher for the lightest balls on 
the 18mm plate, where the difference is largest for higher impact speeds. For heavier 
balls or thinner plates, the theoretica} curve is shifted downward relative to the 
experimental values. For the heaviest balls on the 12mm and 6mm plates, the 
theoretica} values are lower than the experimental results, up to a factor 1.8 for the 17 
mm glass ball and 4.5 for the 14.3 mm steel ball on the 6 mm MDF plate. The 
differences between theoretica} and experimental values cannot be attributed to a 
single cause: 
- the fact that the theoretica} values are too high for the thin plates means that there 

is less energy loss to the plate than predicted by the theory; possible explanations 
may be Hertz' contact law being not fully applicable to the contact of different 
materials, or the neglect of visco-elastic damping in the plate which causes a less 
efficient energy transfer from kinetic to vibrational energy; 

- the fact that the theoretica} curves are too low for the smallest balls on the 18mm 
plate must be explained by other energy loss mechanisms than just the flexural 
vibrations of the plate; shear and rotational waves, neglected in the 'thin plate 
approximation', may account for this, as well as damping of the ball deformation; 

- the fact that the differences are less for lower impact speeds may be explained by 
the neglect of plastic deformation, which is more important at higher impact 
speeds; 

- the influence of vibrational energy stored in the ball as well as the influence of the 
supports are expected not to influence the results toa significant extent. 
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• The critica} distance from the plate edge within which the restitution coefficient is less 
than in the middle has been compared to the product of contact time and wave speed. 
1. The experimental values for the contact time are 1.5 to 2.5 times higher than the 

values predicted by the theoretica} calculations. The difference is smallest for the 19 
mm steel hall on the 18 mm MDF plate, and grows larger for thinner plates as well as 
for smaller halls. The latter effect may be explained by the weight of the 
accelerometer and the stiffness ofthe attached cable having a larger positive influence 
on the contact time if the ball is lighter. 

2. The wave speed is dependant on frequency, but approximately constant for 
frequencies below 5 kHz. 

3. The product of contact time and wave speed corresponds to twice the cri ti cal di stance 
for each ball-plate combination within 25%, which supports the idea that the decrease 
in restitution coefficient is caused by the waves traveling back and forth to the plate 
edge. 

4. The theoretica! values for the restitution coefficient at the plate edge, calculated using 
the impedance of a semi-infinite plate derived in [10], correspond to the theoretica} 
values within 10%, except for the 19 mm steel hall where the difference is around 
30%. 

• The mechanica} impedance of each plate, measured with the impact hammer and 
accelerometer, is always lower than the theoretica} values. 
1. The difference is smallest for the 12mm plate, and larger for the other two plates. A 

lower mechanica! impedance is found by Heckl (see [9]) if the shear and rotational 
waves are included in the theory. 

2. Including viscoelastic damping in the theory would introduce a complex partinto the 
impedance, which may influence the measurements. However, the force-time curves 
shown in Figure 3.22 are similar in shape to those shown by Zener (see Figure 3.21) 
using a real impedance. A complex impedance would imply vibrations of the plate 
during the contact, which can only be clearly seen in the force curves for the impact 
on the edge and corner ofthe thinnest plate (see Figure 3.22c4 and Figure 3.22c5). 
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Chapter 4 Forther investigations 

§ 4.1 Transverse impact on a beam 

Om2 (a) rx (b) 0 m2 

t~ ~ !~ 
~-~~y Ji A 
r ................................................................................... ~ r ................................................................................... ~ 

x=O x=L x=O x=L 

Figure 4.1: Transverse impact on a finite beam 

In this paragraph, the transverse vibrations of an elastic beam will be discussed. In Figure 4.1, 
the transverse impact on a beam is sketched. Such an impact will cause three kinds of 
deformations in the beam: flexural waves, shear waves and rotational waves. Shear waves are 
caused by beam elements sliding over each other in the vertical direction, whereas rotational 
waves are caused by rotation of the elements itself. It has been shown [43] that the energy 
taken up by these two waveforms is negligible compared to the flexural wave energy. 

Flexural, or bending, waves are thus the main important deformation type to determine 
the vertical motion of the beam. The goveming wave equation for flexural waves in a bar is 
derived in Appendix B, § B.1, and reads: 

iiuz + EI 8
4
uz = O 

8t2 pA 8x4 
' 

(4.1) 

where uz = uz (x,t) is the vertical displacement of the beam, and p, E and A are the density, 

Young's modulus and cross-sectional area ofthe beam, respectively. Here, I is the moment of 
inertia of the beam about its midline; for a rectangular bar of thickness h and width b, 

I= bh3 /12. 

The general solution of the one-dimensional, fourth order differential equation ( 4.1) is 
known, and is given by: 

u (x t) = (û e-ikx + û eikx + û* e-kx + û* ekx) · eiwt (4.2) 
z' + - - + ' 

where k represents the wave number and w the angular frequency of the flexural waves. The 
first and second term in this expression represent waves running through the beam, 
respectively to the right and to the left. The third and fourth term represent a steady vibration 
with an amplitude that varies exponentially with the position x. Substitution ofthis solution in 
the wave equation ( 4.1) shows that 

( 
2 Jl/4 k = m pA 
EI 

(4.3) 

As a first case, the impact of a mass on the very end of the beam at x = 0 is considered. This 
situation is depicted in Figure 4.1a for a beam of finite length L. In first instanee the beam 
will be taken to be semi-infinite, so L = oo. Since the displacement must remain finite for 
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x -t oo, û: must be zero. And since the wave will only run to the right, since there are no 

reflections, û_ is also zero. This leaves the solution ( 4.2) to be: 

uz (x,t) = ( û+e-ikx + û:e-kx ). eiwt. (4.4) 

The two quantities û+ and û: can be found from the boundary conditions, which are: 

i) at x = 0, the bending moment My should be zero; 
ii) at x= 0, the exerted force F should be equal to the induced shear force Qz. 

From the calculations in § B.l, it is known that the bending moment My along the y-axis is 
given by 

M =-EI àzuz 
Y àx2 ' 

and the vertical shear force Qz is related to this bending moment by 

oMY 
Qz =--. 

à x 

(4.5) 

(4.6) 

Applying the boundary condition (i) to the solution (4.4) then shows that û+ = û:. Equating 

the shear force Qz to the exerted force F then yields: 
~ 

,... ,... F 
U =U=----

+ - Elk3 (i -1) ' 

where F is the amplitude of the exerted force. From the general solution it can be found that, 
as for any harmonie displacement function, the speed is given by vz = im · uz, so 

~ 

( ) mF ( -ikx -kx ) iwt vz x,t = 3 e + e · e . 
Elk (i+ 1) 

With this, the mechanica! driving point impedance can be calculated as: 
~ 3 

z = _!__ = Elk (i + 1) 
m Vz (0) 2m ' 

(4.7) 

where l\ (x) is the position-dependant part of the speed expression. 

Apparently, the mechanica! impedance for the one-dimensional transverse vibrations of a 

beam is frequency dependant. From (4.3) it can be seen that k- JO;. So, the impedance 
increases as the square root offrequency. In theory, the impedance will become infinite ifthe 
frequency approaches zero; in this limit, however, the corrections on the wave equation for 
shear and rotational waves becomes important, which cause an upper limit on the impedance. 
An example of a corrected wave equation is the Timoshenko equation mentioned in § B.l. 

The calculations presented above could also be done for an infinitely long beam stretching 
from- ooto + oowhich is struck in the middle (x = 0), as sketched in Figure 4.1 b with L = oo. 
In this case the first boundary condition mentioned above, which states that the bending 
moment in the y-direction must vanish, is replaced by the condition that the beam should 

remain horizontal at the impact point, i.e. àuz / àxlx=O = 0. Furthermore, symmetry of the 

problem requires that uz(x) = uz(-x), so for the general solution (4.2) this means û+ = û_ 

and û: = û: . With these two conditions, the expression for the displacement speed vz can be 

found to be 

vz (x,t) = mF 
3 

( e-ikx - ie-kx) · eiwt for x~ 0, 
4/Ek 
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and for x< 0, the speed is equal to vJ-x,t) because ofsymmetry. From this expression, the 

mechanica! impedance can be calculated as 

zm = 2Eie (l+i), (4.9) 
OJ 

which is exactly four times the impedance for the semi-infinite beam. 
As was explained in § 2.2.3, the mechanica! impedance relates the exerted force to the 

displacement speed in such a way that a smaller impedance causes the same force to induce a 
larger speed. One could say that the beam becomes more flexible as the impedance becomes 
smaller. Thus it can be concluded that a semi-infinite beam struck at its free edge is more 
flexible than an infinite beam struck in its middle. 

t = n·T 

t = (n + 1/8) · T 

t=(n+l/4)·T 

t=(n+3/8)·T 

t = (n + 1/2) · T 

-1 

Figure 4.2: Transverse displacement of an infinite beam struck in the middle 
( dotted line - real impedance; solid line - complex impedance) 

From the expression for the displacement speed, ( 4.8), the displacement uz can be found 
easily from vz = im · uz, thus: 

~ 

u (x t)=- F (ie-ikx +e-kx)·eiwt forx~O (4.10) 
z , 4m3 , 

and the part for x < 0 can again be found by replacing x by -x. The real part of this 
displacement is plotted in Figure 4.2 for different values for the time t during half a period of 
time T, where T = 2;r / m . 
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The dotted line in the graphs of Figure 4.2 shows the displacement as given by (4.10). 
This expression consists of a running wave part, which is the first term, and a static part, 
given by the second term. Since the static part decreases exponentially with larger x, this term 
will be negligible for large x and is thus a 'near-field' displacement This term corresponds 
with the complex part of the mechanica! impedance Zm, as can be seen from ( 4.8). The dotted 
line in Figure 4.2 shows the displacement if the complex part of this impedance is neglected, 
which can be done by neglecting the second term in the displacement expression ( 4.1 0). It 
can be seen that the difference between the dotted and the solid line is negligible for kx > 3; 
indeed the complex part ofthe impedance corresponds with a 'near-field' effect which causes 
the beam to remain horizontal at the impact point. 

This can also be interpreted as follows: in § 2.2.3 it was stated that for a simple rnass
force system with F = m · auj at the impedance is purely complex. Indeed the purely real 

impedance used for the dotted line in Figure 4.2 causes the displacement to react massless, 
i.e. it reacts immediately to the exerted force as if it had no mass at all. The sharp twist in the 
dotted line at x = 0 could never be possible if the beam has a finite mass density. The 
complex part of the impedance thus represents the effect caused by this mass. 

§ 4.2 Transverse impact on a plate 
In this paragraph the transverse impact on an infinite plate struck by a rigid mass will be 
investigated. The impact point will betaken at the position (x, y) = (0, 0). As was stated in § 
4.1 for the infinite beam, the flexural vibrations caused by the impact are the main important 
waveform which determine the impedance of the plate. The wave equation for flexural 
vibrations in a plateis derived in Appendix B, § B.2 and reads: 

V4u + ph a2uz = 0 
z n at 2 

(4.11) 

E h 3 

where D = 
2 

is called the flexural rigidity [27], and h and p are the thickness and 
1-,u 12 

material density of the plate, respectively. 

The solutions of this equation will not be calculated using a general solution like ( 4.2) as was 
done for the beam. Instead, the goveming equation ( 4.11) needs to be solved in po lar 
coordinates (r, 8) for an infinite plate subject to the following boundary conditions: 

1. Thedisplacement uz(r,B,t) needstobeaxiallysymmetric: UZ =uz(r,t), 

2. At the point of impact (r = 0), the contact is horizon tal: au z I arl r=O = 0 ' 

3. At the point of impact, the shear forces in the plate Q, must equal the excitation force 
F, 

4. The displacement must satisfy the 'Sommerfeld' radiation condition, which states that 
the displacement u z (r, t) must approach zero at large di stances, i.e. r ~ oo. 

The time-dependency of Uz is taken to be harmonie, with an arbitrary frequency w and an 
amplitude 71: 

uz (r,t) = 1J(r) · eimt, (4.12) 

where the first boundary condition is applied, so Uz is not a fimction of 8. Substituting this 
equation into ( 4.11) leaves only the r-dependence: 

v; 17 -e17 =o, (4.13) 
where the wave number k is defined by 
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(4.14) 

This fourth-order wave equation can be separated into two second-order equations [ 45] by 

splitting the operator v; - k 4 in ( 4.13) into a positive and a negative part: 

(v;-e Xv; + e )77 = o, 
so either 

(4.15) 

Of 

v;77- k277 = o, ( 4.16) 

where v; = ;;2 + ~ %r , the axial part of the Laplacian operator in po lar coordinates. 

Equation ( 4.15) is a second-order non-dispersive wave equation. lts solution should depend 
only on rand conform to the Sommerfeld condition. Such a solution is known ([9], [33]) and 
consists of a combination of Bessel functions: 

7]1(r)=C1H62l(kr), (4.17) 

where H62> is the Hankel function ofthe second kind, defined by 

H62
) (kr) = J 0 (kr)- iY0 (kr), ( 4.18) 

where J0 and Y0 are the zeroth-order Bessel functions. 
The solution to ( 4.16) can be found by replacing the argument of the Hankel function in 

( 4.17) by -ikr: 
7]2 (r) = C2H62>(-ikr), 

so the general solution to the axial wave equation ( 4.13) is 

77(r) = C1H62
) (kr) + C2H62

> ( -ikr). ( 4.19) 

The second and third boundary condition mentioned above are applied in the region of the 
impact point, r = 0 . The Hankel function may be approximated by [9] 

H62>(kr) ~ 2i lnkr for kr « 1 
TC 

H:''(kr) ~ J 2 
e-'(H/4) 

TCkr 
for kr » 1 

(4.20) 

so near the impact point, as long as r is smaller than the typical wavelength of the wave, the 
first of these expressions may be used. 

The second boundary condition requires a horizontal displacement at the contact point, 
so: 

d Tl ( 2i 1 ) ( 2i ( . ) 1 ) 2i ( ) -=C -·k·- +C -· -zk ·-- =- C +C =0 
d I kr 2 "kr I 2 ' r TC TC -z rcr 

which means 
( 4.21) 

so 

77(r) = C1 { H62
> (kr)- Hci2

> ( -ikr)}. (4.22) 

To find the value of TJ(r) around r = 0, the asymptotic expression ( 4.20) is used: 
2Ci . 2Ci . 

77(r) = - 1 {ln(kr) -ln(-zkr)} = - 1 ln(-z), 
TC TC 
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and since e -in/z = -i => ln( -i) = - i1r /2 , thus 

77(0) = Cl = 17o , (4.23) 

where Ylo is the amplitude of the displacement function ( 4.22). 

The last boundary condition to be solved is the fact that the shear force Qr induced by the 
plate equals the impact force F. If the contact region between sphere and plate is assumed to 
be circular, then Qr is the force per unit length that works on the circumference ofthis contact 
circle. If this circle has a radius ro, then the boundary condition reads: 

F = 2:rr0 • Qr. (4.24) 

An expression for the shear forces in Cartesian coordinates is given by (B.33). For polar 
coordinates a similar expression can be derived, so that Qr is given by 

Qr = -D~(V2 7] ). (4.25) ar 
Expression (4.22) can now be substituted for the displacement 11· Since 
V2 H62l (kr) = -e H62\kr) and V2 H62l (ikr) = e Hci2> (ikr), this yields 

Q =Dk2n 0 + 0 • 
[

dH< 2l(kr) dH< 2>(-ikr)J 
r 'IO dr dr 

The radius of the contact circle r0 can be considered small compared to the wavelengtbs that 
occur in the plate vibrations. In that case, kr0 « 1 , so the first approximation of ( 4.20) may 

again be used to calculate Qr: 

2 [ 2i 1 2i . 1 J 4iDk 
2 

Qr =Dk 1]0 -·k·-+-·(-zk)·-.- = 7]0 , 
:r kr0 :r - zkr0 m-0 

(4.26) 

so the boundary condition (4.24) finally reads: 

F = 8iDe77o. (4.27) 

With this, the value of Ylo is known, and the solution of Uz including the time-dependency 
reads: 

u (r t) = F [H<2l(kr)-H<2>(-ikr)]·eÏ(J)/. 
z ' sine o o 

(4.28) 

Since the time-dependenee was assumed harmonie, the transverse speed v0 = imry0 , so the 

mechanica! impedance Zm can be calculated: 

Z 
_ F _ 8Dk2 

------m 
imry0 

Here, kis given by (4.14) and D = E 
2 

h
3 

, so 
1- !1 12 

(JJ 

z =4h2 ~. 
m ~~ 
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§ 4.3 Hertz' contact model 

§ 4.3.1 Contact geometry 

Figure 4.3: Deformation of solid spheres under (a) no load, (b) compressive load (from [27]) 

In Pigure 4.3, the cross-section of the surfaces of two spherical solid bodies in contact is 
shown. The positive z-direction is directed into either one of the two bodies, so a positive z is 
pointing upward fortheupper body, while a positive z' is pointing downward for the lower 
body. The x and y coordinates are the same for both bodies. In Pi gure 4.3a, both objects are 
not deformed, and the equation of the upper surface can be written as 

z = ,LLiixixJ = L11 x
2 +(L12 +L21 )xy+L22 y 2

, i,j E {1,2} (4.31) 
i,} 

where Xt = x and x2 = y, and Lij is a symmetrical 2 x 2 tensor, which characterizes the 
curvature of the surface. Wh en the surface is spherical with a radius R, the principal diagonal 
elements ofthe tensor Ltt = L22 are equal to 1/2R. Por the lower surface with radius R': 

(4.32) 
i ,} 

where Lt1 = L~2 = 1/ R' . If the x, y-axes are chosen to match the principal axes of the tensor 

Lii + L~ , the other elements of L and L' are equal to zero. 

In Pigure 4.3b, the surfaces are shown when compressed in the z-direction to approach each 
other over a short distance a. The point of contact now spreads into an area. Within the region 
of contact, it can be seen that 

( z + uz ) + ( z' +u;) = a , (4.33) 

which can be written as 

Ax2 +By2 +uz +u; =a. (4.34) 

This expression holds for any two spherically curved surfaces, where A and B are functions of 
the principal radii of these surfaces, even for concave surfaces where the radii are taken to be 
negative. Some different cases are listed in [17], table 4.6. Por the case of two spherical 
surfaces with radiiRand R', as mentioned above, A= B = 2~ + 2k,. Por the case of a sphere 

with radius R against a flat surface (R' = oo ), A= B = lj2R. 
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Figure 4.4: Deformation of the contact area 

In Figure 4.4, the deformation of the top sphere is shown again. The point of contact is 
chosen at the origin 0 of the Cartesian axes. The two spheres are in contact over an area with 
dimension a. Bothbodies are considered spherical, so the contact area is in facta circle with 
radius a. The deformation of the top sphere relative to its original shape, which is drawn as a 
dashed line, is, again, labeled Uz. The maximum deformation is in the middle of the contact 
area, and is defined as 5 = uz (0, 0) . 

The amount of deformation within the contact area is now defined as d and, as can be 
seen from the figure, is defined as: 

d = uz(O,O)- UZ (a, a)= 5- UZ (a, a)' (4.35) 

where 5 = uz (0, 0) was defined above. Provided that d « a , the amount of strain in the 

sphere can be approximated by 
d 

(4.36) &z ~-. 
a 

The magnitude of the strain Ez will be related linearly to the stress az applied to the sphere. 
The average stress over the contact area is proportional to Pm, which is the average load 

mutually exerted per unit area. Therefore: 

so 

Pm OC d . (4.37) 
E a 

The same definitions and approximations can be done for the bottorn sphere regarding the z' 
axis, which yields: 

Pm d' 
-oc-. 
E' a 

(4.38) 
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For the case oftwo spheres with radiiRand R', and elastic moduli E and E', equation (4.34) 
relates the approach a to the displacements uz and u; as: 

a= uz (x,y) +u; (x,y) + Ax2 + B/, 
where A= B = 2~ + 2~ •• From Figure 4.3 and Figure 4.4, it is clear that a= o + o', so at the 

edge of the contact circle, where (x, y) = (a, a), this yields: 

o+o'=uz(a,a)+u;(a,a)+±a2 (~ + ~,). 
and with the definition of d and d', from (4.35), this reads 

d +![__=la(_!_+ -1 
) . (4.39) 

a a 2 R R' 

If, then, the approximations (4.37) and (4.38) are used forthestrain ratios, this results in 
(Ij R +Ij R') 

Pm oc a· (Ij E +Ij E'). (4.40) 

Apparently, in this approximation, the radius a of the contact circle is proportional to the 
average applied load Pm· This average load Pm can be related to the exerted force F by 

F = 1ra
2 Pm, (4.41) 

so 

In the case of three-dimensional contact of two spheres, as described above, the compressions 
o and o' are proportional to the deformations d and d', so a= (o + o') oc (d + d'). Since, from 

(4.39), it can beseen that d + d' oc a2
, it can be concluded that 

F oc a 312 

' 
(4.42) 

which yields the 3/2 power dependenee also found by Hertz. 

In § A.1, the full derivation of Hertz' law is given, which yields also the absolute values for 
the quantities described bere and their relations. 

§ 4.3.2 The e1astic foundation model2 

Figure 4.5: Elastic foundation model: a sphere pressed onto a mattressof linear springs (from [ 16}) 

In the previous paragraph the relation between the applied load and the approach depth of 
two spheres is given, which could be used, as was done by Hertz, for a sphere-plate contact 
by taking one of the spheres to have an infinite radius. Another way to model the forced 
contact between a sphere and a plate is the elastic foundation model. In this theory, the plate 
is considered as an horizontal array of linear springs, each with a spring constant of K / h , 

2 Adapted from K.L. Johnson, Contact mechanics [23] 
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where K represents the elastic modulus of the plate materiaL Such a mattress of linear springs 
is often referred to as a Winkier foundation. 

It is assumed that the mattress rests on a rigid base and that the hall is not deformed. The 
surface profile z(x, y) of the hall is then given by 

x2 +/ 
z(x,y) = , (4.43) 

2R 
where R is the sphere radius. The origin is chosen at the contact point, and the hall at this 
point penetrates the foundation by a depth a. The normal displacements of the foundation are 
then given by: 

_ {a - z(x, y ), a > z 
uz(x,y)- . 

0 a ~z 
(4.44) 

The upward load p exerted by the springs at any point (x, y) is dependant only on the 
displacement Uz at that point, so 

K 
p(x,y) = -uz (x,y), (4.45) 

h 
since the spring constant is equal to K / h . 

The contact area in the case of a sphere pressed against the flat foundation is a circle with 

radius a= .J2aR. Combination of (4.44) and (4.45) then yields 

p(x,y) ~~a {1- x' :,y'}. (4.46) 

Note that in this model p- x2 + /, whereas in Hertz' theory p- )x2 + / , according to 

(A.ll ). Integrating this expression over the contact circle then gives the total upward force F: 

F = Ka:ra
2 

2h 
Substituting the contact radius then yields: 

F = :rKRa
2 

h 

so in the elastic foundation model, F - a 2 rather than F - a 312 as obtained by Hertz. 

-Hertz 

.... 0.95 x el.found. 
c:: 
Cl) 

'ü = Cl) 
0 

0.9 u 
c:: 
0 
;::: 
:I .... 
;::: 
1/1 0.85 !!! 

0.8 +---------,------,----------i 

0 0.5 1.5 
speed [m/s] 

Figure 4.5: Elasticfoundation model vs. Hertz' contactforce 
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In Figure 4.5, the direct implementation of the expression ( 4.47) into the calculations for the 
restitution coefficient is shown. The solid line shows the restitution coefficient calculated for 
a 10 mmsteel hall impactinga 18 mm MDF plateversus the impact speed. The dotted line 
shows the samecurve but calculated with the expression (4.47) insteadof Hertz' contact law. 

As can be seen from the figure, the curve is shifted upwards if the elastic foundation 
model is used. Similar results have been found for the other halls and MDF plates; in all 
cases, the curve is shifted upwards if the elastic foundation model is used. Since the 
theoretica! values of the restitution coefficient were too low for the thicker spheres on the 
thinnest plates, the solution for this problem may be found in Hertz' contact force being not 
fully applicable. The use of the elastic foundation model also has a positive effect on the 
contact time, for which the theoretica! values were too low in all cases. More research should 
be done to quantitatively investigate the influence of the use of the el as tic foundation model. 
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Chapter 5 Perceptual aspects 

§ 5.1 Relevant parameters 

§ 5.1.1 Introduetion 

T ...... 

time [s] 

Figure 5.1: Microphone signa! of a I 0 mmsteel sphere bal! bouncing on a 18 mm MDF plate 
(recorded at 48kHz, 16 bit; microphone at 20cm from the impact point) 

In this thesis so far, the main focus has been on the mechanica! behavior of a sphere bouncing 
on a plate. A theoretica! model has been derived to predict the restitution coefficient e of each 
impact as a function of material and geometrical properties and of the impact speed. This 
coefficient determines the portion of kinetic energy present before the impact that is 
transformed into plate vibrations and other mechanisms. It has also been shown that the 
duration T of the contact between the hall and the plate can be calculated. The main target of 
the presented research is to provide a physical background for the investigation of the sound 
perception of bouncing halls. In this paragraph, the main important perceptual aspects will be 
discussed and related to the physical parameters. 

For the auditory perception ofbouncing halls, it is not the vibrations ofthe plate itselfthat 
are important, but only the sound induced by these vibrations. The recordings of the impacts 
used for this paragraph will therefore be done with micropbones instead of the accelerometers 
that were used before. The signals recorded by these micropbones will then be determined 
not only by the plate vibrations, but also by the acoustic radiation of the plate and the 
characteristics of the microphone and the surroundings. The experimental setup for these 
recordings has been described in § 3.1. In Figure 5.1 an example of a microphone recording 
is shown, in this case for a 10 mm diameter steel sphere falling from 10 cm height onto a 18 
mm MDF plate, recorded with a microphone at 20 cm distance and aimed at the impact point, 
at a sampling frequency of 48 kHz and a resolution of 16 bits. No digital signal processing 
has been applied. 

F or a series of bounces as shown in Figure 5.1, four perceptually important properties of the 
sound signal will be discussed: 

i) the time interval between each two successive ticks; 
ii) the amplitude of each tick; 
iii) the speetral content of each tick, i.e. the amount of energy per frequency band; 
iv) the time over which each peak decays in time. 
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Each of these four aspects will be discussed separately in the following paragraphs. Of 
course, these four items can not be considered to be independent. The decay time of the 
signa} is a function of frequency, and thus of the speetral content of the signal. Also, the 
calculation of the spectrum is influenced by the length of the signal, and thus by the decay 
time. However, from a perceptual point of view, one can describe each of these parameters 
independently and investigate their relation to the properties of the mechanica} system. 

§ 5.1.2 Timing information 
The length of the time intervals between each tick in a series of impacts is expected to be 
perceptually relevant. lf the time interval is large, then the hall will reach a great height in 
between. This means either the hall is very light or its impact speed is very large, or both. lf 
the restitution coefficient is high, then the decrease in time interval between each impact is 
small, thus the hall beunces 'better' than if the restitution coefficient is lower. It is expected, 
though it needs to be experimentally confirmed, that subjectscan extract such information to 
some extent from the timing information conveyed by the onsets of the successive beunces in 
the sound signal. 

The position of each impact in time is determined solely by the restitution coefficient e for 
each impact. lf the time t0 and the speed vo at which the hall first strikes the plate is known, 
than the time t1 can be calculated by t1 = t0 + e1 v0 j2g, where e1 is the restitution coefficient 

of the first impact. The impact speed of the second cellision is then v1 = e1 v0 , and with this 

speed, the coefficient e2 can be calculated by means of the theory presented in Chapter 2. 
This can be continued to calculate the exact time information for each peak in signal. 

From the numerical model presented in § 2.4, the bouncing series can also be simulated 
as a whole. If the full differential equation for a(t), (2.46), is used, including gravity and the 
Heaviside function to distinguish between contact and non-contact, then numerical 
integration will yield an exact simuiatien of the bouncing series, from which the timing 
information for each impact can be calculated. An example of this calculation was given in 
Figure 2.1. 

§ 5.1.3 Peak amplitude 

(a) (b) 

î v1 

~· 
~ 

(c) (d) 

Figure 5.2: Energy transfer- (a) Initia! kinetic energy; (b) energy in plate vibrations; 
(c) induced sound waves; (dJ signa! picked up by microphone 

Another perceptual relevant aspect is the amplitude of the peaks in the signal, or the amount 
of energy that is transformed into recorded sound waves. In an absolute sense, the amplitude 
provides little information; tuming up or down the volume will not have a great influence on 
the judgement of the perceived sound. It is the amplitude relative to that of another sound, or 
the relative amplitudes of the successive ticks in a series, that is most important. If the 
amplitude of one tick is larger than another, then either the hall is heavier, the impact speed is 
higher, or the microphone is closer totheimpact point. 
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Given a certain hall and plate, and a fixed impact position and position of the 
microphone, the only parameter determining the generated acoustic energy is the impact 
speed of the ball, and thus the restitution coefficient. The impact speed of the ball determines 
the total amount of (kinetic) energy that is put into the system. But the exact relationship 
between the input energy and the sound energy picked up by the microphone is far from 
trivial, as will be explained. 

In Figure 5.2, the energy transfer from the initial kinetic energy of the hall to the acoustical 
energy picked up by the microphone is drawn. The hall with mass ms will impact the plate at 
an initia} speed vo (Figure 5.2a), hence its initia} kinetic energy is equal to t ms v;. During the 

contact between the hall and the plate, the ball speed will decrease to zero before tuming 
around. At the moment of zero speed, all kinetic energy has been transformed into 
deformation of the plate and ball, and some of this deformation energy has traveled away 
from the impact point through the plate. When the ball bounces back upward (Figure 5.2c), 
some of the initia} kinetic energy will be restituted, and some of the energy will remain in the 
vibrations of the plate. These vibrations will start inducing acoustic waves in the air, i.e. 
sound waves emerge from the plate (Figure 5.2c). Only a small amount of these waves, 
however, is picked up by the microphone; the other waves travel in other directions (Figure 
5.2d). 

As can be seen from this energy transfer, the relationship between the initia} kinetic 
energy of the ball and the energy of the sound waves recorded by the microphone is quite 
complex. It cannot be easily stated that if the kinetic energy of the hall is doubled, the peak 
intensity is doubled as well, which would mean that the system is linear. All of the steps 
depicted in Figure 5.2 may be frequency-dependant, which is to say that the energy transfer is 
more efficient for lower frequencies, for instance, and thus more efficient for lower impact 
speeds. 

To investigate the relationship between the input kinetic energy and the recorded sound 
energy theoretically would be a very difficult process. Experimentally, however, it is 
relatively easy to determine this relationship. The kinetic energy of the hall just before the 
impact is known from the timing information. From signal theory, it is known that the energy 
of a microphone recorded signal is proportional to the square of the signal amplitude. Thus 
the total energy Epu/se of one signal pulse caused by an impact can be calculated by 
integrating the square of the recorded signal S(t) over the duration !1t of the pulse: 

/;.t 

Eputse =C· J(S(t))
2 
·dt::::C·L:s;, (5.1) 

0 n 

where C is a constant with the dimension of energy, since the signal Sn is a dimensionless 
array of numbers. Since the microphone signal S(t) is sampled, the integration can be 
replaced by a summation of the square of each sample Sn, where the pulse is n samples long. 
All the fixed properties of the recorded signal, such as the sampling frequency, bit resolution 
or normalization factors, are discounted in the constant C. 
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Figure 5.3: Pulse energy and hounee time on a logarithmic scale 

The impact speed of the ball and the time interval before each bounce decrease with the 
restitution coefficient e, which is roughly constant (within 20%) over the whole bouncing 
series. The kinetic energy just before each impact thus decreases with a factor e2 each time. In 
Figure 5.3, the naturallogarithm of the bounce time between each two successive impacts is 
plotted against the bounce number (~). Th is plot concerns the measurements for a 10 mm 
steel sphere falling on a 18 mm MDF plate from an initial height of 1 Ocm. As can be seen 
from the dasbed line, these points lie on a straight line. The decrease in bounce time is thus, 
as was shown earlier in Chapter 3, approximately exponential, i.e. it decreases with the same 
factor after each impact. The deviation from the straight line is caused by the restitution 
coefficient being not precisely constant, as can be seen from the solid line. 

The third series (o) shows the logarithm ofthe recorded signal energy of each successive 
pulse, as calculated from (5.1). As can beseen from the dash-dot line, these pointalsolie on a 
straight line. This means that the decrease in recorded energy also decreases exponentially. 
The negative slope of this line is about twice the slope of the line for the bouncing time. This 
means the recorded pul se energy decreases with a constant factor approximately equal to e2

. 

Apparently, the energy transfer from the initial kinetic energy to the microphone signal in 
fact can be considered linear: a decrease in kinetic energy with a factor e2 causes the 
recorded signal to decrease in energy with the same factor. Since the amplitude of the 
recorded signalis proportional to the square root ofthe pulse energy, it can also be concluded 
that if the impact speed and the bounce time between impacts decrease with a restitution 
coefficient e, then so does the recorded signal amplitude. 
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Figure 5.4: Spectrafor (a) first and (b) tenth successive pulses in a bouncing series 

A third important perceptual aspect of an impact sound is its speetral content, which is the 
amplitude or energy level of each audible frequency in the recorded signa!. If a sound 
contains relatively more high frequencies, than the sound will seem 'sharper' or 'brighter'. 
The concept of sharpness is a psycho-acoustical quantity of the sound, defined by Zwicker in 
[55], and is a perceptual measure of this sensation. Zwicker relates the amount of sharpness 
to the speetral centroid defined below. It is important to know the change in the spectrum of 
each tick in a bouncing series. 

In Figure 5.4, the spectra for the first and tenth impact in the bouncing series of a 14.3 
mm steel sphere falling from 10 cm height on a 18mm thick MDF plate are shown. Both 
recorded pulses are normalized, which means the amplitude of each pulse integrated over the 
pulse duration has been made equal. Since the amplitude of the tenth pulse is much less than 
that of the first, this means that the tenth pulse has been amplified so it contains an equal 
amount of energy summed over the entire pulse duration. This makes it possible to compare 
the levels of each frequency in the spectrum. 

In the upper right corner of both graphs in Figure 5.4, the centrum frequency, or speetral 
centroid, and the speetral width of both spectra are denoted. The speetral centroid is the 
average frequency of the spectrum. This is calculated by calculating the amplitude of each 
frequency by means of a standard F ourier transform of the signa!. The time signa! is sampled 
at 48kHz, which means the Fourier spectrum is divided into 24000 bands. The amplitude of 
each band is multiplied by the central band frequency, and this product is summed over the 
entire spectrum. Dividing by the number of bands then yields the average frequency of the 
spectrum. The speetral width is then the calculated standard deviation of the frequency 
around this centrum. 
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Figure 5. 5: Centrum frequeney and speetral width of eaeh sueeessive hounee 

In Figure 5.5, the centrum frequency and speetral width of the first twelve bounces in the 
series of the 10 mm ball bouncing on the 18 mm MDF plate are plotted. Apart from some 
variations from point to point, the centrum frequency decreases with the bounce number and 
thus with the impact speed, at least for the first eight bounces. For the last four bounces, the 
centrum frequency remains more or less constant. Also, the speetral width decreases for the 
first eight bounces, while it fluctuates considerably in the end. The combination of these two 
effects shows that a lower impact speed of the ball causes the higher frequencies to become 
less dominant in the spectrum. 

This effect can be explained as follows: from both theory and experiments it is known 
that the contact time increases if the impact speed is lower. The typical time period Tc of the 
vibrations in the plate will correspond with the contact duration 7, so the typical frequency fc 
of the plate vibrations will be inversely proportional to this contact time: fc ~ 1/7;; . Thus, the 

most dominant frequency of the first few bounces, where the contact time is short, will be 
higher than for the last few bounces. 

For the first bounce, the measured contact time was (see Table 3.3) about 219 JlS, which 
corresponds with half the wave time period. The corresponding dominant frequency should 
thus be around 2.3 kHz. For the tenth bounce, for instance, the contact time is about 396 JlS, 
which corresponds with a dominant frequency around 1.3 kHz. These frequencies are an 
indication of what the speetral centroid should be, but a quantitative comparison would 
require a more detailed analysis. The fact that these values seem too low could be due to the 
measured contact times being too long, as a result of the measurement technique. 

It should be noted that the natura} vibration modes of the plate have eigenfrequencies that are 
much lower than the speetral centroid. According to calculations by Leis sa [31] for a 
completely free rectangular plate ha ving a length b and a width a = 1 b , the first six 

eigenfrequencies are in ratio of {1 : 3.8 : 8.8 : 9.9: 13.3 : 16.9}. The lowest eigenfrequency 
fora 18mm thick MDF plate of 1.2 m width and 0.6 m length is calculated to be 47Hz, so the 
sixth eigenfrequency is equal to 800 Hz. The eigenfrequencies come relatively closer together 
as the mode number increases. Therefore, the most dominant effect determining the speetral 
centroid around 3 kHz is not the existence of preferred vibration modes, but mostly the 
duration of the force pulse, which is determinate for the lowest frequency that can be excited. 
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§ 5.1.5 Amplitude decay 
The last perceptual aspect covered here is the decay time of the impact sound, which is a 
measure for the duration of each tick. The decay time is defined as the time over which the 
signal amplitude ofthe impact has decayed to 37% ofits original value. Soa long decay time 
means it takes a relatively long time until the tick is no longer audible. 

The decay time of the impact sounds regarded in the experiments is in the order of 20 ms. 
The fact that the decay time is short is caused by the high amount of damping of the 
vibrations in the MDF plates. In metal or glass plates, for instance, the decay time would be 
longer because the vibrations are less damped. 
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Figure 5.6: Time development ofthe impact spectrum 
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It is difficult to calculate a theoretica! prediction for the decay time of the impact sounds 
because the damping in the plate is a function of the frequency. The higher frequencies 
correspond with faster movement of the plate elements, and will be damped out more 
quickly. In Figure 5.6, the intensity of each frequency in the spectrum is shown as a function 
of time for the recorded impact of a 10 mm steel hall on a 18 mm MDF plate at an impact 
speed of -1.4 m/s. The grayscale value shows the intensity of each frequency on a decibel 
scale, where black is the highest intensity at 0 dB and white is an intensity of less than -100 
dB. As can beseen from the figure, all frequencies above 8 kHz are damped out to less than-
60 dB within 10 ms, whereas frequencies lower than 500 Hz are still present after 250 ms, 
which is a bout the time of the next impact. 
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In Figure 5.7, three impact pulses in the series of the same ball and plate are shown. All 
pulses are normalized, so that their maximum amplitude is the same and equal to one. 
Besides the recorded signal an exponentially decreasing envelope curve is shown, which 
satisfies the equation y(t) = exp( -tI td). Here, td is the decay time of the pulse, which is 

chosen to roughly fit the length of the pulse. The decay times for each of the pulses shown 
are: td = 11 ms, td = 12.3 ms and td = 14 ms, for the first, sixth and eighth impact, 
respectively. These values are not very accurate, but it can be concluded that the decay time 
becomes slightly longer as the impact speed decreases. This can be explained by the fact that 
for the sixth and eighth pulse the impact speed is lower, and thus the contact time is longer. 
As explained in the previous paragraph, this means that the lower frequencies become 
relatively more important in the signal. Since low frequencies are damped out less than high 
frequencies, this means that the total amplitude decays with a longer time as the impact speed 
is lower. 

Since the decay time of each pulse cannot be easily predicted and since it does not vary to a 
large amount, it will be given no further attention in this thesis. However, the fact that each 
pulse has a decay time of some length, causes a problem at the end of the series. For the 
bouncing series shown in F i gure 5 .1 , for instance, the time interval between the last few 
bounces in the series is less than 30 ms.Fora decay time of 14 ms, this means the amplitude 
of the impact pulse is still 12% of its original value. Thus, the sound of one impact has not 
fully decayed yet when the next impact takes place; the impact pulses overlap each other. 
This will cause probieros if the recorded sounds are modified, as will be shown in the 
following paragraph. 

§ 5.2 Options for perception experiments 

§ 5.2.1 Information contained in the sound signal 
In § 5.1, the relevant perceptually relevant properties of a bouncing series recorded by a 
microphone were discussed. Four parameters were mentioned: the position of each tick in 
time, the tick amplitude, the speetral content and the signal decay time. When a listener is 
exposed to a sound recording of a ball bouncing on a plate, he may base his judgements about 
the system that generated the sound on each of these four parameters. These judgements may 
contain, for instance, the size or weight of the ball, the material of the plate and ball, or the 
impact speed. 

The four parameters mentioned may be divided into two categories. The first category 
represents the information contained in a single tick, namely the speetral content and the 
signal decay time. A tick may sound 'dark' or 'sharp', which are classifications of the ratio of 
high and low frequencies in the sound. Related to the speetral content is the decay time over 
which the a single impact peak is damped out. 

The second category represents the information of each tick relative to the others. First of 
all this is the length of the time intervals between successive ticks. Second, this is the relative 
amplitude of each tick. One may say that the amplitude should be assigned to the first 
category, but since the amplitude of one tick does not give very much information (turning up 
or down the volume does not change the perception of the sound), it is more the faster or 
slower decrease in amplitude that provides information about the ball-plate system. 

The main purpose of a perception experiment regarding bouncing-ball sounds should be to 
provide information about the importance of each of these categones when listeners are asked 
about their perception of the ball and plate. From the theory and experiments it is known that 
a higher restitution coefficient, and thus a smaller decrease in time interval and amplitude, 
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usually means that the ball is lighter or the plate is thicker, for instance. It would be 
interesting to know if subjects draw the same conclusions when exposed to the recorded 
sounds. 

§ 5.2.2 Altering the restitution coefficient 
If the importance of each of the two perceptual categones is investigated, then it should be 
possible to apply variations to one category while keeping the other intact. The main focus in 
this thesis so far has been on the restitution coefficient of the ball, which determines bath the 
timing information and the decrease in amplitude. Moreover, little work has been done in this 
thesis on the speetral content and decay time. It will therefore be chosen to alter the 
restitution coefficient of the recordings while keeping the speetral information intact. 
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Figure 5.8: A/tering the restitution coefficient 
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In Figure 5.8 the original recording of a bouncing ball is sketched, along with its altered 
versions with a smaller or larger restitution coefficient e. Increasing the restitution 
coefficient, for instance, means that the time interval between two ticks is stretched by a 
certain factor and simultaneously the amplitude of the second tick is stretched by the same 
factor, since from § 5.1.3 it is known that the amplitude of each successive peak decreases 
with the factor e as well. But this increase in restitution coefficient affects all following 
peaks. If, for instance, the interval between the first two peaks is increased with 10%, then the 
amplitude of this peak as well as all following peaks is increased by 10% also. And this 
procedure is repeated for each following peak in the signal. Decreasing the restitution 
coefficient similarly means campressing the time intervals and proportionally decreasing the 
amplitude. 
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Figure 5.9: Original and edited restitution coefficients vs. impact speed 

Since the restitution coefficient e for each tick in the bouncing series is nat constant, as was 
shown in the experiments, one needs to choose to what amount the restitution coefficient for 
each tick is altered. The first logical choice may be to multiply the coefficient e of each tick 
with the same factor. However, there is an upper limit to this factor, since e can never be 
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larger than one. Secondly, this would mean that in an absolute sense, e would increase more 
towards the end of the series. From the experiments (see Figure 3.8), it can be seen that the 
difference in e between different balls is actually smaller for lower impact speeds, and thus at 
the end of the series. 

A better method is, therefore, to multiply the factor ( 1 - e) with the same factor for each 
impact. An example of the result is shown in Figure 5.9. This way, the modification of eis 
made smaller towards the end of the series, in agreement with the real situation. Another 
method would be to calculate the place of each tick in time using the theoretica! model from 
Chapter 2, since this model can calculate the position of each tick in time. The input to this 
model however, is a realistic ball-plate situation. One cannot simply alter the restitution 
coefficient with a certain factor, but needs to specify the ball and plate parameters. To alter 
the restitution coefficient, a number of different values for the plate thickness could be 
chosen, for instance, to give a variation in restitution coefficient. 

The result of any of the proposed methods is a series of peaks with a proportionally 
decreasing amplitude, as if the ball had a different restitution coefficient. The speetral 
information, however, is taken from the original recording and does therefore not exactly 
match the new situation. A larger restitution coefficient, for instance, would in reality yield a 
higher impact speed for each tick, and therefore a sound spectrum with more high 
frequencies. The sound could be modified with filtering or equalizing forthese changes, but 
since there is no appropriate model available, the speetral information will be left unchanged. 

The decay of each signal peak does provide some problems. Decreasing the time interval 
can be done easily by simply cutting offthe last piece of each impact interval. To increase the 
restitution coefficient, however, the time interval should be made longer without changing the 
decay time of the impact. Thus a standard time-stretching algorithm, even if it does not affect 
the pitch of the sound, cannot be used, while this would also lengthen the decay time. Thus, 
to increase the time interval, a short amount of time should be inserted between each two 
ticks. 

This yields another problem, still, since the decay time of the lowest frequencies is longer 
than the time interval between peaks. As a consequence, the plate has not stopped vibrating 
yet before the next impact occurs. If one would insert a short piece of complete silence, then 
this is heard as an abrupt end to the decaying sound. This may cause subjects to perceive the 
sound as unnatural or 'gated'. Especially for the last few bounces in the series, this is a 
clearly audible artifact. 

To solve the problem for the first few bounces, a small time piece taken from the end of 
the first impact will be copied and inserted in stead of complete silence. This time piece will 
contain the lowest natural frequencies of the plate vibrations. For the last few impacts, 
however, one needs more than just the lowest frequencies to create a natural decaying peak 
signal. Different methods, for instanee with a reverb added to the tick, have not provided 
satisfactory results for these last few impacts. Therefore, only the first n impacts in the series 
are modified as described above. For the following ticks, the n-th impact is copied and pasted 
at the appropriate positions in time, withits amplitude decreased proportionally. The very end 
of the bouncing series contains a short decaying sound in which no clear different peaks can 
be heard any more. This noise-like tail is simply leftintact to retain a natural sounding end of 
the series. 

§ 5.2.3 Options for a perception experiment 
Using the method described above one can modify a recorded bouncing series in such a way 
that a new sound is created that represents a bouncing ball with the same speetral content, 
but with a different restitution coefficient. Though the new recording sounds as if it were a 

- 77-



Chapter 5- Perceptual aspects 

bouncing ball, the combination of speetral content and timing information does not represent 
a real physical system. With these modified sounds, a perception experiment can be 
conducted to investigate the amount of correlation that subjects may have of these two 
perceptual categories. 

For instance, a very sharp tick recorded from a small steel ball may sound unnatural when 
combined with a very low restitution coefficient, and thus a very short bouncing series. On 
the other hand, a dark sound recorded from a large ball may sound unnatural when presented 
in a long series of bounces with a high restitution coefficient. Thus, an experiment may be 
conducted where subjects are presented to a number of sounds with the speetral properties of 
a real recorded bouncing ball, but combined with a number of different restitution 
coefficients. The subjects could then be asked if they believe the sound is a true-to-nature 
representation of a real bouncing ball. 

As was made clear in this thesis, the restitution coefficient is a function of the weight of the 
ball. Therefore, if one would alter the restitution coefficient of the recorded sound, then this 
may influence the listener's perception of the ball size. For instance, if the restitution 
coefficient of a certain recording is increased, then a subject may underrate the size of the 
ball. A perception experiment could be conducted where the same ball is heard twice, with a 
different restitution coefficient, and the listener is asked to choose the largest or heaviest ball. 

Another option is to combine the sound of a heavy ball with a large restitution coefficient 
and the sound of a small ball with a small restitution coefficient, where the subject is again 
asked to choose the largest or heaviest ball. A correlation between the speetral content of the 
sound and the size judgement of the listener was confirmed for rolling balls by Houben [21 ], 
and may be expected for bouncing balls as well. A perception experiment containing these 
sounds could then reveal if confusion arises when a physical mismatch is made between the 
restitution coefficient and speetral properties. The results may show which of both perceptual 
categories is more important for the perception of the ball size. 
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Chapter 6 General conclusions and recommendations 

§ 6.1 General conclusions 
A number of detailed technica! conclusions about the experiments conducted and the validity 
of the theoretica! model have been given in § 3.6. In this paragraph, a number of general 
conclusions about the research presented are given. 

First of all, the mechanica! system of a ball bouncing of a plate has been theoretically 
analyzed and a numerical model has been derived. 
• For balls bouncing in the middle of a large MDF plate, the plate can be considered 

infinite, and its mechanica! impedance is realand independent offrequency. 
• Some of the kinetic energy of the ball will be transformed into plate vibrations and 

radiated outwards. It is the local deformation force between ball and plate that will cause 
the ball to bounce back. 

• Hertz' model for the contact force is an approximation, since the ball and the plate are 
made of different materials. 

• The restitution coefficient of the ball can be calculated and shows a dependenee on 
material parameters as well as on the impact speed that is in accordance with 
experimental observations. The contact time increases with decreasing impact speed. 

An experimental setup has been constructed and a large number of experiments has been 
done. With respect to the experimental setup, a number of conclusions can be drawn. 
• The use of accelerometers is preferred over the use of micropbones for the recordings, 

while the accelerometer signal yields a clearly defined peak for each impact. 
• The experimental setup is not sufficiently accurate for very low impact speeds, while it is 

not possible to distinguish the exact location of the impact peaks from the recorded plate 
vibrations. 

• The experiment has been limited to MDF plates because these plates generate a 
characteristic sound that is not unpleasant. Also, due to the low material density and 
elasticity modulus of MDF, the restitution coefficient is relatively high. From a physical 
point of view, a more homogeneous material would be more appropriate. 

• The influence of the supports is assumed not to be important, because the horizontal 
waves travel slow enough not to be reflected, but this has notbeen tested directly. If other 
plate materials would be used, such as steel or glass, however, the position of the supports 
may become critical. 

With respect to the experimental results and their comparison with the theory, a few things 
can be concluded as well. 
• In a qualitative sense, the experiments and the theory correspond. For instance, the 

decrease of restitution coefficient with increasing ball size or decreasing plate thickness, 
as well as with increasing impact speed, are all observed in the experiments and 
confirmed by the theory. The lower restitution coefficients near the plate edge is 
explained theoretically by the lower mechanica! impedance. 

• In an absolute quantitative sense there are some differences, which can be explained by 
either the theory or the experimental methods being incorrect. As far as the restitution 
coefficient is concemed, it is clearly the theoretica! model that is imperfect. For the 
contact time measurements, the experimental method is expected to explain at least part 
of the differences observed. 
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§ 6.2 Recommendations 
In the future, more research should be done to be able to explain the discrepancies found 
between the theory and experiments and to improve the theoretica! model. Also, the results 
found here can be incorporated in a synthesis model for bouncing or rolling sounds. In this 
paragraph, some recommendations for future research are given. 

The following improvements can be implemented in the theoretica! model of the bouncing 
ball: 
• Viscoelastic damping should be investigated theoretically. The results found by 

Lambourg [29] may form a starting point for this research, which may lead to extra terms 
in the goveming differential equation that account for damping. 

• The contact model of Hertz is not fully understood yet. More research is necessary to find 
out to what extent the assumed deformation force is influenced by the fact that the ball 
and plate are made of different materials. The implementation of the elastic foundation 
model has shown that the theoretica! values for the contact time are positively influenced, 
as well as the values for the restitution coefficient. More research should be done to 
investigate the results of other contact force laws. 

• In the limit of very low impact speeds, the chaotic interaction between the plate vibrations 
and the repeated ball impacts may be of importance. Especially for the small impacts that 
occur when the ball is rolling, this chaotic interaction is expected to be significant. 

There are some options and restrictions for the implementation of the results in the synthesis 
of bouncing and rolling sounds. 
• The theoretica! model from Chapter 2 can be used directly for the synthesis of bouncing 

sounds if the impulse response of the plate is known. The shape of the excitation pulse is 
known, and can be used to calculate the acoustic response of the plate. 

• The values for the restitution coefficient show some deviations from the experiments. A 
perception experiment should be conducted to find out if these differences are significant 
for the auditory perception of the synthesized sounds. 

• The contact time values predicted by the theory are lower than those found in the 
experiments. Since the contact time is the most important parameter in determining the 
frequency spectrum of each impact, these differences should be resolved before a correct 
synthesis is possible. 

• The model may be used to predict at which speeds a rolling ball will start to lose contact 
with the plate. To do so, an appropriate model should be implemented for the roughness 
of the plate surface. The horizontal speed determines at which speed the irregularities of 
the surface pass by the contact point. Some first attempts have already been made to 
implement such a model. 
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§ A.l Hertz' contact force3 

Figure A. I: Contact deformation between two solid bodies 

In§ 4.3.1, the contact geometry oftwo spheres pressed onto each other was described. In this 
paragraph, Hertz' contact theory will he explained, which starts with the same geometrical 
definitions. In Figure A.1, the cross-section of the surfaces these two bodies is shown. 
Summarizing from § 4.3.1, the equation ofthe upper surface on the z-axis can he written: 

z = "'f.Lux;xj = L11 x 2 +(L12 +L21 )xy+L22 y 2
, i,j E {1,2} (A.1) 

i,j 

where x1 = x and x2 = y, and Lij is a symmetrical 2 x 2 tensor, which characterizes the 
curvature ofthe surface. For the lower surface with radius R2, on the z'-axis: 

(A.2) 
i,j 

where L;1 = L;2 = 1/ R2 • If the x, y-axes are chosen to match the principal axes of the tensor 

Lu+ L~, the other elementsofLand L' are equal to zero. 

Within the region of contact, it can he seen that 

Ax2 + Bl + uz +u; =a . (A.3) 

For the case of two spherical surfaces with radii R 1 and R2, as mentioned above, 
A= B = 21, + 2k2 

• For the case of a sphere with radius R1 against a flat surface ( R2 = oo ), 

A=B=lj2R1 • 

The pressure between both bodies Pz(x, y) is, of course, zero outside the region of contact. 
Inside this region, ifthe contact surfaces are regardedas plane, it is determined by [37]: 

Uz = 1- j.12 ffPz(x',y') dx'dy') 
:rE r (A.4) 

u' = 1- j.i'2 JJpz (x', y') dx'd ' ' 
z E' y 

~ r 

where a and E denote Poisson's ratio and Young 's modulus of the respective bodies. 
Substituting in (A.3) yields 

3 Adapted from L.D. Landau and E.M. Lifshitz [27] 
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a - Ax2 - Bi = ( 8 + 8') fJ~ (x',y') dx'dy', 
r 

(A.5) 

where 8 = (1- f.1 2 )I ;rE. 

The pressure distribution Pz can be found by comparing expression (A.5) with an analogue 
expression from electrical potential theory. The potential inside an ellipsoid with an uniform 
charge density p is given by 

cp(x y z) = ;rpabc 1{1- x2 - y2 - z2 } dÇ 
' ' o a2 +Ç b2 +Ç c2 +Ç Jca2 +Ç)(b2 +Ç)(c2 +Ç)' 

where a, b and c are the dimensions of the ellipsoid in x, y and z-direction, so its shape is 
given by 

x2 y2 2 2 
-+-+-=1 
a2 b2 c2 

(A.6) 

For the limiting case of a flattened ellipsoid ( c-; 0 ), z = 0 inside the ellipsoid, and the 
potential reads: 

cp(x,y) = npabc 1- x - y . 
00

{ 2 2 } dÇ f a2 +Ç b2 +Ç Jca2 +Ç)(b2 +Ç)Ç 
(A.7) 

The same potential can also be written as: 
fXlx'dy'dz' 

cp(x,y,z) = ffJ ' 
~(x-x') 2 +(y- y') 2 +(z-zY 

where p is integrated over the volume of the ellipsoid. For the flattened ellipsoid, z = z' = 0 
in the integrand. Integrating over z' yields: 

.------
d.x'd I 

cp(x,y) = 2pc ff y 
r 

(A.8) 

where the integration limits were, from (A.6), z' = ±cJ1- (x' 2 I a 2 )- (y'2 lb 2
). The leftover 

integration is over the ellipse x2 I a 2 +i / b2 = 1. 

The two expressions (A.7) and (A.8) can now be equated to find 

dx' dy' x'
2 

y'
2 f( x

2 
y

2 J dÇ 
fJ-r- 1- a2 -bZ =-}nab ~l1- a2 +Ç- b2 +Ç Jca2 +Ç)(b2 +Ç)Ç. 

(A.9) 

When expression (A.9) is compared with the expression (A.5) for the pressure distribution Pz, 
both left-hand sides contain surface integrals and both right-hand sides contain similar 
quadratic functions of x and y. From this, it is concluded that the surface integral in (A.5) 
must have the same integrating surface, i.e. the contact area of the two surfaces is bounded by 
the ellipse 

X
2 i 

-2 +-2 =1, 
a b 

and that the pressure distri bution Pz(x, y) must be of the form 

X
2 i 

~(x,y)=Po· 1--2--2 · 
a b 

(A.10) 

(A.ll) 

The constant Po is determined such that the integral fJP.dxdy over the region of contact is 

equal to the exerted force F, which yields [19]: 
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P (x ) 
_ 3F x 2 l 

z ,y - 2nab 1-7-b2 · (A.1 2) 

This expression can be substituted into (A.5) and then the surface integral can be replaced by 
the single integral over d~, according to (A.9), which gives 

(A.13) 

where 

3(1-o-
2 

1-o-'
2

] D=- --+ . 
4 E E' 

Since (A.13) must hold for every (x, y) within the contact ellipse, the x2 and l as well as the 
constant term must be respectively equal on each side. This means: 

FDoof dÇ 
a=----;;- o ~(a2 + Ç)(b2 + Ç)Ç , (A.14) 

and 

A- FD1 dÇ 
- " o (a 2 + Ç)~(a2 + Ç)(b2 + Ç)Ç 

B- FD1 dÇ 
- 7r o (b 2 + Ç)~(a2 + Ç)(b2 + Ç)Ç 

(A.15) 

With equations (A.15), the dimensions a and b of the contact ellipse between the two surfaces 
are determined. With these values, equation (A.14) gives the relation between the force F and 
the approach depth et. If these formulas are applied to two spheres with respective radii Rt 
and R2, A = B = 2 ~1 + 212 

and the contact region is in fact a circle, thus a = b. With this, the 

elliptic integral in (A.15) can be solved and the radius a of the contact circle is found to be 

a= pl/3 DRIR2 , 
{ }

1/3 

RI +R2 
(A.16) 

so with (A.14) this gives: 

or 

F = Ka
312 , (A.l7) 

where 

(A.18) 

Equation (A.17) is the contact law found by Heinrich Hertz in 1881 [ 19] and can be shown to 
be valid not only for spheres in contact, but for any two elliptic surfaces. The shape of the 
surface is of influence on the constant K, but not on the 3/2 power in the expression. For a 
sphere in contact with a flat plate (R2 = oo): 
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(A.19) 

§ A.2 Es tirnation of air friction force 

In the theory presented in this thesis, air friction has been neglected. An estimation of the air 
friction force working on a falling sphere will be presented here. The friction working on a 
body moving through a viscous environment is usually referred to as fluid dynamic drag. In 
this paragraph, the fluid dynamic drag on a sphere falling through air will be estimated. 

The friction force is a function of the speed of movement Us, the density of air Pair, the 
cross-sectional area of the sphere A and a dimensionless sphere drag coefficient, CD, which is 
a function ofthe Reynolds number Re. The friction force FD is given by [4]: 

F -l.C U 2A D - 2 DPair s • (A.20) 

Fora sphere with diameter D, the cross-sectional area is given by A= ±nD2
, so 

(A.21) 

The sphere drag coefficient CD is a function of the Reynolds number Re, which is a 
dimensionless parameter representing the magnitude of the inertia force relative to the 
viscous force. In this case, the Reynolds number is given by 

Re = UsD , (A.22) 
vair 

where Vair is the kinematic viscosity of air, which is equal to 1.5·10-5 m2/s. 
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Figure A.2: Sphere drag coefficient CD as a function of Reynolds number Re 
(- 'standard drag curve', ---- modified drag curve, from [ 1}) 

In Figure A.2 [1], the sphere drag coefficient CD is drawn as a function of the Reynolds 
number Re. The graph is valid for a sphere moving through a viscous medium at a subsonic 
speed, with 2 ·102 <Re< 107

• The solid line represents the 'standard drag curve' which is 
generally accepted for friction force calculations, the dashed line is a curve modified with 
some suggestions from [ 1] to yield better consistency with ex perimental results. 
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Fora sphere with a diameter D of 2·10-2 mmoving through air with a speed of 1 mis, the 
Reynolds number is, according to (A.22), equal to 1.3·103

. From Figure A.2, it can beseen 
that for this Re, the sphere drag coefficient CD is equal to 0.43 ± 0.01. 

The density of air Pair is equal to 1.2 kg/m3
. From (A.21 ), F D can be calculated to be equal 

to 8.2·10-5 N. lf the sphere is made of steel with Psteel = 7 .8·1 03 kg/m3
, then its mass ms is 33 

grams and the gravity force working on the sphere is equal to msg = 0.32 N. The friction 

force is thus less than 1 o-3 times the gravity force. 

lt can thus be concluded that the viscous air friction can safely be neglected without any 
significant error. Even at a high impact speed of 10 m/s, in which case the friction force 
would be roughly 100 times higher, the air friction is stillless than 3% ofthe gravity force. 
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§ B.l Derivation ofthe 1-D wave equation fortransverse waves in a bar 

(b) z 

~~--------

Figure B.l: Sketch of a bending wave; cross sections are perpendicular to the mid-plane 

Transverse waves in a bar can exist in two forms [43], shear waves and bendingor flexural 
waves. The Bemoulli-Euler hypothesis states that for bending waves the normal cross 
sections remain normalto the mid-face and surface ofthe bar (see Figure B.l). The energy of 
shear waves can he neglected if the bar is thin enough compared to its length. 

In Figure B.l b a small part of the top half of the bar is displayed, the dashed line 
representing its rest state and the solid line representing the bent state. Since the cross-section 
is always normal to the mid-plane, the longitudinal strains ax vary linearly in the z-direction 
of the bar. The bending moment Mx can then easily he found by 

h/2 

Mx = f ZO"xdz, (B.l) 
-h/ 2 

since the bottorn half of the bar is identical. Since tan 0 is equal to the slope of the bent bar 
and Ux decreases linearly with zit can heseen from the figure that 

u = -z · tanB = -z àuz (B.2) 
x àx ' 

so 

(B.3) 

Substituting in (B.l) gives 

M =-EI à2uz 
x àx2 

(B.4) 

where I = bh 3 /12 is the moment of inertia of a rectangular bar of width b about its mid-line. 
This bending moment Mx results in a vertical shear force 

Q=- oMx. 
à x 

(B.5) 

When Newton's second law is applied on a bar elementjustas was done for the longitudinal 
wave one finds the equation of motion: 

-Q + (Q + àQ dx) = pAdx à2uz . (B.6) 
àx àt2 

Substituting (B.5) and (B.4) then yield,s _____ -----, 

o2
uz + EI à

4

uz = O (B.?) 
àt2 pA àx4 

' 

which is the goveming equation of free vibrations in the bar. 
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Substitution of a harmonie wave solution uz = U· ei(kx-mt> with k = 2;r /À the wave number 

and w the angular frequency of the wave with wavelength À gives: 

- m2UeiCkx-(J)(> =-EI k4UeiCkx-(J)(> 
pA ' 

so 

(B.8) 

which is the dispersion relation for the transverse harmonie waves. The constant 

r =~pAf EI has the dirneusion of sl/2 /m. From this, one can calculate the phase velocity 

OJ J; 
CP:= k = y = CP(OJ), (B.9) 

which is the propagation velocity of the wave itself, and the group velocity 

c =dm= 2J; = 2c 
g dk r P' 

(B.10) 

which is the velocity ofthe wave envelope, in this case twice the phase velocity. From this, it 
is clear that the wave speed increases to infinity when the wavelength approaches zero. This 
singularity, which is of course unsatisfactory, can be overcome by consictering some effects 
that have been neglected so far, such as rotary inertia and transverse shear. These two effects 
are incorporated in the so-called Timoshenko beam equation: 

EI 8
4
uz _ !._[1 + ~J fiuz + 0

2
Uz + _p_!__ 0

4
Uz = O (B.l 1) 

pA ox4 A r(G 82xo2t ot2 r(AG ot4 ' 

where G is the shear modulus and 7] • is a parameter determined by the geometry which 

corrects for the non-uniform distribution of shear force, with a theoretica} value of 0.667 for a 
rectangular cross-section. The derivation of this equation shall not be given here, but can be 
found in literature (f.i. [17], [32]). The Timoshenko equation has shown to be quite accurate 
for the lower modes ofbeam vibrations and is therefore widely used in impact problems. 

§ B.2 Derivation of the 2-D wave equation for transverse waves in a plate 

§ B.2.1 Stress-straio relations 

Figure B.2: (a) Element of an elastic plate; (b) side view during bending (w =u) 
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For the transverse waves in a thin elastic plate, a calculation similar to that for the thin elastic 
bar in the previous paragraph can be done. In Figure B.2a [18], an element dxdydz ofthe plate 
is drawn with a typical lamina marked shaded. Figure B.2b shows the same lamina and the 
assumed deformation when the element is bent. The Kirchhoff-Poisson assumption [49] for 
an elastic plate is made, which states the same as the Bemoulli-Euler hypothesis for the 
elastic bar, namely that plane sections remain plane and perpendicular to the mid-plane. The 
normal strains in the lamina are given by 

z 
&i = - ' i = x, y ' 

r; 
which, for small deflections, may be approximated by 

(B.12) 

&; = -z a2u2z . (B.13) 
aqi 

Apart from these strains in the axial direction, the rotation of the plate elements will also 
induce shear strains, in directions tangential to the force component. For small deformations, 
these shear strains 'Yu are given by [30]: 

au} aui 
ru =-a +-a , it;J. (B.14) 

qi qj 

It can be seen from Figure B.2b that arelation similar to (B.2) holds here: 
auz 

u =-z-
x ax 

auz 
u =-z-

Y 0y 

which is substituted in the definition of shear strain, (B.l4 ), to give 

2 
a2uz 

Yxy =- z--. 
axày 

The shear stresses related to these strains are defined as: 

'u =G·ru• 

G= E 
2(1+,u)' 

(B.15) 

(B.16) 

(B.17) 

(B.18) 

where G is the modulus of shear rigidity, or shear modulus, and /l is Poisson's ratio. The 
latter is the ratio between the transverse and axial deformation when a force is exerted. For 
instance, ,u= -&x,y j &z [1], when the force is in the z-direction. 

When the medium is homogeneaus and isotropic, i.e. the material properties are the same 
everywhere and in all directions, then the nominal and shear stress-strain relations van be 
fully described by [17]: 

a-; = A~+ 2G&i' (B.19) 

where ~=&x + &Y + &z is the dilatation, which represents the expansion per unit volume. 

Here, À and G are called the Lamé constants, and À is given by 

A= ,uE 
(1 + ,u)(1- 2,u)' 

and since 0 < ,u < 0.5 , À is always positive. 
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The stresses corresponding to these strains can then be calculated. Since the plate's lateral 
dimensions are large compared to its thickness az can betaken to be zero, as can beseen from 
its definition, equation (2.18). Equation (B.19)applied in the z-direction then states: 

(J'z = 2G&z +À(& x + &y + &J= 0, (B.20) 

so 

&z = _ _L(&x +&y). 
1- .u 

Substituting this back in (B.19) then gives the stresses ax and ay: 

(J'x =~(&x + .LJ&y ) 
1- .u 

(J'y = E 2 (&Y + ,u&J 
1- .u 

(B.21) 

(B.22) 

These expressions, combined with the shear stress r xy = G · y xy can be combined to give one 

stress-strain re lation for the xy-plane in matrix form [26]: 

[

(J' x J [ 1 .u 0 ][ & x J 
(J'y = 1-E.u2 .u 1 I~.u & y ' 
Txy 0 0 2 Yxy 

(B.23) 

and with (B.13) and (B.16) this gives 

(B.24) 

§ B.2.2 The wave equation 

qdxdy 

., (} JIJ,.< 
' "'J'.Y + __._; dJ' êy . 

Figure B.3: Shear farces and bending moments in a plate element 

In Figure B.3 [18], the plate element is drawn again, this time showing all shear forces and 
moments that apply. The bending moment on the y-z plane, with surface h·dy, is due to the 
strain ax. In this analysis, this bending moment Mx is defined per unit height, and can now be 
calculated from 

or 

h/ 2 

Mxdy = fzO' xdydz, 
-h/2 
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h/2 
Mx= fza xdz . 

-h/2 
Carrying out the integration gives 

M = -D(a2uz + a2uz J 
x ax2 11 cy2 , 

where D = Eh 3 /12(1- 11 2
) . The calculation of My is similar; for Mxy we use 

Mxy =- r :,22zr xy dz = M yx • 

so 

Then the matrix stress-strain relation becomes 

[ ~: J = -D[~ ~ ~ ] g 
M xy 0 0 - (11-1) a

2
uz 

8x8y 

Appendix B 

(B.25) 

(B.26) 

(B.27) 

(B.28) 

(B.29) 

Note that the bending moments are defined per unit height, so their dirneusion is Newtons; 
multiplying by the plate thickness h yields the actual bending moment in N·m. 

From Figure B.3, the force balance in the z-direction can be derived and substituted in 
Newton's second law. Setting the body forces q to zero, this yields: 

( 
aQ J ( aQ J 8

2

u -Qxdy+ Qx +-x dx dy-Qydx+ Qy +-y dy dx = phdxdy-
2
-z, 

fu cy & 
so 

(B.30) 

The shear forces Qx and Qy are the result of the bending moments in their respective planes, 
so in the xz-plane this gives 

( 
aM y J ( aM xy J M y +---a_y-dy dx-Mydx+Mxydy- M xy +fudx dy = Qydxdy, 

Of 

(B.31) 

and for Qx this is 

8Mx 8Myx 8Mx 8Mxy 
Qx =--+--=-----. 

ax cy ax ay 
(B.32) 

By substituting the bending moments from (B.29), these forces can also be written as 

Q = -DJ_(8
2
uz + 8

2
uz J = -DJ_(vzu ) 

x ax 8x2 cy2 ax z 

Q = -DJ_(8
2

uz + 8
2
uz J = -DJ_(V2u ) 

y cy ax2 cy2 cy z 

(B.33) 
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Substituting these forces into (B.30)gives 

-D -2 +-2 (v2uz)= ph-2-z' ( a
2 a2 J a2

u 
ax ay at (B.34) 

and this equation can be written as: 

V4u +ph a2uz = 0 
z D 8t 2 

' 
(B.35) 

where Y' 4 =Y' 2Y' 2 =l a: +244+ a: I, the biharmonic operator. 
\ax àx ày ày ) 

This IS the govermng 

equation for two-dimensional transverse waves in an elastic plate. 
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§ C.l Restitution coefficient for the 12 mm and 6 mm MDF plate 
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Figure C.I: (a) 14.3 mm steel, (b) 19 mm steel, (c) 12.6 mm glass, (d) 17 mm glass bal/ on a 12 mm MDF plate 
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Figure C.2: (a) 14.3 mm steel, (b) 12.6 mm glass, (c) 17 mm glass ballon a 6 mm MDF plate 
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Figure C.3: (a) 1403 mm steel, (b) 19 mm steel, (c) 1206 mm glass, (dj 17 mm glass bal/ on a 18 mm MDF plate 
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§ C.2 Wave speed analysis 
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Figure C.4: Wave speed and frequency analysis for jive halls on a 18 mm MDF plate 
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Figure C.5: Wave speed and frequency analysis for jive halls on a 12 mm MDF plate 
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