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Abstract 

In this report the configurational behavier of hyperbranched polymers (HBPs) is stucl
ied using Brownian Dynamics simulation. A distinction is made between two types of 
HBPs, type 1 and type 2. Type 1 HBPs, resulting from generation growth, are charac
terized by their number of generations (9max). Type 2 HBPs are the product of a one 
step polycondensation reaction, and can be characterized by a degree of branching (DB). 
Emphasis is laid on charged HBPs. 

Variatien of 9max of type 1 HBPs strongly influences the gyration radius. The gyration · 
radius of type 2 HBPs is only very weakly dependent on DB. To calculate the gyration 
radius analytically a mean field theory for dendrimers, developed by Boris and Rubinstein 
[2] and refined by Evers [8], is adapted for HBPs. The predictions of this theory are 
in agreement with the results of the simulations. It is found that the gyration radius is 
proportional to the Wiener index (a topological index). An important consequence is that 
the 8-point becomes independent on the connectivity of the HBP. 

The mass distri bution of type 1 HBPs is strongly dependent on 9max, the mass distri
bution of type 2 is weakly dependent on DB. Both distributions can be approximated by 
fractal mass distributions. 



Technology Assessment 

Hyperbranched polymers are highly and irregularly branched three-dimensional struc
tures. The interest in these hyperbranched polymers sterns from the importance of den
drimers. Dendrimers are perfect monodisperse macromolecules with a highly and regularly 
branched structure. Their unique architecture gives dendrimers the properties that make 
them useful for numerous applications. 

The surface of a dendrimer globe bristles with numerous chain-ends. During synthesis, 
these chain-ends can be designed to perform specific chemical functions. For example, 
they may be electrically charged so that the entire dendrimer functions as a polyelectrolyte. 
Other features , including the external size and internal architecture of a dendrimer can also 
be controlled during synthesis. This makes it possible to create interior cavities or channels 
with properties different from those on the exterior and opens the door to dendrimers 
serving as vessels or hosts for guest molecules. In this capacity, dendrimers could serve as 
targeted drug and gene delivery agents or nanoscale reactors for catalysis , in addition to 
building bleeks for nanotechnology. 

The synthesis of dendrimers is a complex and expensive many-steps process. Hyper
branched polymers, however, are synthesized in a simple polycondensation reaction. It is 
very interesting to know to what extent hyperbranched polymers exhibit the same useful 
properties as dendrimers. 
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Chapter 1 

Introduetion 

In recent years a lot of research is done on dendrimers. Dendrimers are perfect monodis
perse macromolecules with a regularly and highly branched three-dimensional structure. 
Their unique architecture gives dendrimers the properties that make them useful for nu
merous applications. In a good solvent a dendrimer 's density increases from the core to the 
periphery, which results in a configuration with a dense periphery and a core region with 
some empty space [4]. In a poor solvent a dendrimer adopts a dense configuration [16]. 
This property makesthem ideal for guest-host chemistry. Flirthermore dendrimers possess 
a very high surface-functionality, which makes them very adequate for catalysis purposes. 

Dendrimers can be synthesized either in a convergent or in a divergent method [3]. In 
the divergent metbod the synthesis is started with a multi-functional core molecule and 
elaborated to the periphery. Convergent methods start at the periphery and end at the 
core. Both methods consist primarily of a repetition of the following steps: attaching one 
generation to the other, purifying, and then changing functional groups for the next stage 
of the reaction. 

Replacing the many-steps synthesis procedure with a one-step polycondensation reac
tion, which is economically more feasible , leads to a loss of control over molecular mass 
and size. The final product changes from dendrimers to hyperbranched polymers (HBPs). 
HBPs are characterized by non-ideally, irregularly branching arrays, in which not every re
peat unit contains a branching juncture, resulting in polydisperse sizes, shapes and masses . 

The simplicity of the polycondensation reaction in which HBPs are produced as com
pared to the many-steps procedure that is required to create dendrimers , makes it worth
while to investigate HBPs too. A central question is whether these HBPs show the same 
behavior as their dendrimer counterparts: Do these polymers adopt comparable configu
rations in the same environments? Questions that follow from the first one are: Which 
fraction of the polydisperse HBPs does? How can HBPs be characterized adequately? 

The goal of the present thesis is to answer the questions formulated above. To attain this 
goal , the infiuence of perturbations of the regular dendrimer structure on its confi.gurations 
has been studied. The infiuence of degree of branching, position of the branching points 
as well as the length of the branches are investigated. 

A lot of investigations have been done on hyperbranched polymers. In relation to 
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Introduetion 

the topic of the present thesis it is essential to mention a few. For example the work of 
Sheridan [20] , who simulated HBPs and found sealing behavior of the gyration radius with 
the number of morromers and with a topological index called the Wiener index. Mendoza 
and Marques [17] investigated the infl.uence of polydispersity and nature of the branching on 
the intermediatewave-vector region of the scattering structure factor. Geladé [7] used small 
angle neutron scattering combined with other techniques for structural characterization of 
hyperbranched polyesteramides: the fractal dimensions that are measured are compared 
to expectations from a percolation theory on randomly branched polymers. 

In this thesis work Brownian Dynamics Simulations are performed to reveal the config
urational behavior of HBPs. Emphasis-is laid on HBPs with charged end groups, because 
of the technological importance of end group functionality. Important research on the 
role of charges has been dorre by Welch and Muthukumar [21], who have shown, using 
Monte Carlo simulations, that for polyelectrolytic dendrimers the intramolecular density 
profile can be tuned by changing the pH of the solvent. The results Evers [8] obtained 
from his simulations of dendrimers are compared to the results on HBPs investigated here. 
Apart from the simulations, mean-field theory is applied to find the configurations of the 
structures that are investigated. 

The remainder of the report starts with a description of the (model)structures that are 
investigated and of the simulation method. In the next chapter the mean-field approxi
mations are explained. In chapter 4 the results of the simulations will be presented and 
a comparison is made with the predictions of the mean field theory. The conclusions are 
presented in chapter 5. 
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Chapter 2 

Hyperbranched Polymer Model and 
Simulation Algorithm 

A system of a HBP in a salution can be simulated by using the Molecular Dynamics 
simulation method. Both the monomers (of which the HBP consists) and the solvent 
molecules can be represented by beads, every bead interading with the other beads. In 
the simulation the Newtonian equations of motion are solved after every time step D.t. A 
thorough description of the method is given in the literature [1, 11] . 

A problem occurring in these simulations is the separation of timescales. The solvent 
molecules move much faster than the monomers of the HBPs. The time step in the simu
lation must be small enough to determine the position of the solvent molecules accurately. 
(Accurate calculation of the trajectories of the monomers of the HBPs allows a time step 
that is much larger.) At the same time the system must be simulated long enough for the 
HBP to relax to its final configuration. As a result a simulation that is long enough to 
make sense requires a huge number of position calculations. 

Because in this study only the trajectories of monomers are interesting, a method is 
applied in which the equations of motion for both the solvent particles and the monomers 
are replaced by equations for the monomers only. In the latter equations the infiuence of 
the solvent particles on the monomers is incorporated. This method is called Brownian 
Dynamics. In Brownian Dynamics simulations the explicit solvent molecules are removed 
and replaced with an . implicit continuurn solvent description. The method assumes that 
the solvent particles have two effects on the monomers: 

1. a frictional force , due to the viscosity, slowing down a diffusing solute, and 

2. a random force , due to the collisions with the solvent molecules. 

By incorporating both effects, Brownian Dynamics techniques enable realistic simulation 
of molecules in salution without the need to include any explicit solvent molecules. Allen 
and Tildesley give an introduetion to Brownian Dynamics intheir book [1]. 
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Hyperbranched Polymer Model and Simulation Algorithm 

2.1 Model for a hyperbranched polymer 

In this study a bead-rod model is used to represent HBPs. Figure 2.1 shows the bead-rod 
representations of two different HBPs. The beads, which represent the branching points, 
are connected by rigid rods of length l. The beads are freely jointed, which means there are 
no restrictions on the angle between two adjacent rods: This angle may adopt any value 
from 0 to 21r with the same probability. 

A model HBP consisting of N beads is built of one care bead surrounded by (N- 1) 
normal beads. The care has a functionality 1 fcore, the internal beads have a functionality 
f. These normal beads are distributed over 9max shells, called generations. Each shell 
is characterized by a generation number g. The co re bead and the beads of shell g are 
separated by g rods of length l. The HBPs considered in this study have functionalities 
f oore = 3 and f = 3. 

An important characterizing parameter for HBPs is the degree of branching DB , which 
is defined by Widmann et al. [22] as: 

2D 
DB= 2D+L (2.1) 

D is the number of dendritic beads, which are defined as beads connected by rods to three 
other beads. L is the number of linear beads, defined as beads connected by rods to two 
other beads. Note that terminal groups are neither dendritic nor linear. 

Widmann 's definition is equivalent to the following definition (which will be used in 
the rest of this thesis): 

DB= NB (2.2) 
NB,max' 

in which NB is the actual number of branching points and NB ,max the maximum number of 
branching points. In appendix A the equivalence of bath definitions is proven and the DB 
is calculated for a few examples of HBP structures. This maximum number of branching 
points, which equals the number of branching points in a dendrimer (with fcore = 3 and 
f = 3), is given by: 

NB,max = N/2 -1 (2.3) 

A derivation is given in appendix B. Another interesting quantity, which follows from DB 
and NB,max, is the number of end groups, or functional groups. This number Nr is given 
by: 

Nr = 2 +DB· NB,max = 2 +DB· (N/2- 1) (2.4) 

The structures of figure 2.1, labeled with type 1 and type 2, represent two different 
categories of HBPs. The structure of type 1 belongs to the category of HBPs with all 
terminal groups in the same generation. Type 2 structures are HBPs of which the terminal 
groups are distributed over all generations. This distinction is essential for a description of 
the structures in a mean field theory. Bath structures are simulated in the present work. 

1The functionality is the maximum number of honds with other beads. 
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Hyperbranched Polymer Model and Simulation Algorithm 

Type 1 Type 2 

Figure 2.1: The bead-rod representations of two different HBPs. The beads, which rep
resent the monomers, are separated by rigid rods of length l. The structure labeled with 
type 1 represents the category of HBPs with all terminal groups in the same generation; 
the structure labeled with type 2 represents the category of HBPs with the terminal groups 
distributed over all generations. 

2.1.1 Lennard-Jones interactions 

All non-bonded beads interact via a Lennard-Jones potential where the attractive term is 
modified by a dimensionless screening factor f3LJ, 

( 
(J 12 (J 6 

ULJ(r) = 4ELJ (-) - f3LJ (-) ) 
r r 

(2.5) 

ELJ is a measure for the 'minimal' energy, and CT is a measure of the bead 's diameter. The 
probability of monomer-monomer interactions in comparison to interactions of a monomeric 
unit with the environment is regulated by the changes in the attractive part, corresponding 
to qualitative changes in the kind of solvent. 

The valnes for the parameters CT = 0.8l and ELJ = 0.3kbT are used as proposed by de 
la Torre and co-workers [5] to correctly reproduce the molecular-weight dependenee of the 
average square end-to-end distance, < R2 >, of a linear chain in a 8 -solvent. A polymer 
in a 8-solvent behaves as anideal chain, which means that the repulsive excluded-volume 
effect balances the attractive farces between the segments. In all simulations f3LJ = 1 is 
used for the screening factor. So the influence of this parameter on the configurational 
behavior is not tested. The Lennard-Jones potential is displayed in figure 2.2. 

Cut-Off Distance 

In principle the Lennard-Jones potentialis a long-range interacting potential but it decays 
rather quickly. At 2.5CJ from the center of a bead the potentialis almast zero. To decrea..c:;e 
the ammmt of CPU-time needed, interactions between beads separated by distauces larger 
than 2.5CJ are not taken into accmmt. The resulting discontinuity in the Lennard-Jones 
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Hyperbranched Polymer Model and Simulation Algorithm 

Figure 2.2: Lennard-Jones potential as a function of the dimensionless distance r/ l, where 
l is the bond length. 

potential is removed adding a constant to the potential so that U(r=t ) = 0. This shifted 
potential is used in the simulations and can be written as 

- ( ) ( ) ( a 12 a 6 ULJ T = ULJ T - 4€LJ (-) - (-) ). 
T =t T =t 

(2.6) 

2.1.2 Coulomb interactions 

Hyperbranched polymers with specific functionality play a technologically important role. 
Using Monte Carlo simulations Welch and Muthukumar have shown that for polyelec
trolytic dendrimers the properties change significantly as compared to uncharged den
drimers [21]. Intheir artiele they study a coarse-grained model of a poly(propylenimine) 
dendrimer, where charges are placed at all branching points and terminal groups. They 
show that the intramolecular density profile can be tuned by changing the pH of the solu
tion. In this study structures are investigated of which only the terminal beads are charged. 
The terminal beads interact via an additional electrastatic potential, a screened Coulomb 
potential called the Debye-Hückel potential 

Uc (r) ). exp( -r / K;-
1) 

kET = B T , 
(2 .7) 

where ÀB is the Bjerrum length descrihing the strength of the Coulombic interaction in a 
dielectric medium 
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Hyperbranched Polymer Model and Simulation Algorithm 

e2 
ÀB = . 

41fEkbT ' 

E is the dielectric constant , and K, is the inverse Debye length, which describes the screening 
of the electrastatic interactions due the to presence of counter-ions and salt in the salution 

.~! = 1/ J41rÀB ~p;, 

with I:i Pi the sum of the densities of all sorts of ions present in the solution. At very low 
concentrations of bath counter-ions and salt this screening effect becomes negligible. 

2.2 Simulation Algorithm 

The HBPs investigated in this thesis work are simulated using a Brownian Dynamics sim
ulation algorithm. The positions of the particles at time t, tagether with the farces acting 
on the particles, are used to estimate the positions at some later time t + D.t employing 
the Ermak-McCammon [6] equation without torsional and valence-angle potentials. Hy
drodynamic interactions have been neglected as well. Each integration step is calculated 
according to 

- ::0 b..t "' o -o -o ri = ri + kT~ Dij · Fj +<Pi (D.t), 
j 

i= o, .... ,N (2.8) 

where f? is the position vector for bead i befare a Brownian-dynamics step with time step 
b.t; the care of the molecule is defined by i = 0 and D~j is the translational diffusion tensor. 

The solvent is represented by a structureless continuurn that generates a random noise ~? , 
which has a zero mean and a variance-covariance matrix given by 

(2.9) 

Because hydrodynamic interactions are neglected, the translational diffusion tensor can be 
written as 

D~~,B)O = ( kbT / ()c5o,e 

D(~f3)o = 0 
•J 

i = o, ... . ,N 
(2.10) 

i =/=j=O, ... . ,N 

( is the translational friction coeffi.cient given by ( = 67rrJoa, with rJo the solvent viscosity 
and a Stokes' hydrodynamic radius for non-overlapping beads (lfi- rjl ~ 2a). a and (3 
represent the x, y, or z componentsof a Cartesian co-ordinate system. Ó0 f3 is the Kronecker 
symbol. The force Fl acting on bead j is given by 
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i'}=- t 1-Lk (~~) - a~~t 
k=O J rO J 

(2.11) 

w he re vk is the expression of k th rigid constraint , vk = ~ ( fk+ 1 - fk) 2 , and /-Lk is the cor
responding Lagrange multiplier. The SHAKE algorithm [19] with a relative toleranee of 
2 · 10-6 is used to maintain a fixed bond length. In the simulation, the bond length l , the 
thermal energy kbT , and the translational friction ( are all set to unity. The translational
diffusion coefficient is made dimensionless by D = ~(=1), the timet by ~(= 1) , and 

the force by F = ~ ( = 1). Therefore all results presented below are also dimensionless 
quantities. 

2.3 Synthesis of Initia! Structures and other Simula
tion Details 

2.3.1 Initia! Configurations 

As mentioned in section 2.1 two different types of structures are simulated. The first type 
of structures (type 1) has all terminal beads in one generation, and the second (type 2) has 
its terminal groups distributed over all generations. Structures of type 1 are built from a 
B3 core and AB and AB2 monomers, structures of type 2 are built from a B3 core and AB2 

monomers. Figure 2.3 depiets core and both monomers. Any A-group can be attached to 
one B-group of another monomer, and vice versa. The part of the rnanamers indicated 
by Rest does not react during the polymerization process. Both structure types are built 
according totheir own building procedure. 

Structures of type 1 are grown generation by generation using an algorithm called 
"Topology Builder 1". The procedure to build a N-beads-structure with a degree of branch
ing DB (N and DB are the input parameters for the algorithm) is started by placing a core 
bead in the center of a reference frame. In the next step three beads are attached onto the 
core. The result is a generation 9 = 1 dendrimer. Onto every bead of generation g = 1 one 
or two beads are attached, resulting in a HBP of generation 9 = 2. This attaching process 
is highly dependent on F1inear which is the chance that a monomer in a generation (9 - 1) 
is of type AB, so that only one generation g monomer can be attached. The chance that a 
monomer in generation (g -1) is of the type AB2 , so that two generation g monomerscan 
be attached, equals ( 1 - Plinear) . The DB of the final structure is determined by Plinear . 

From the input value DB the algorithm calculates the value of Plinear necessary to create 
a structure with a degree of branching DB. To calculate Plinear the following empirical 
relationship 2 is used: 

Plinear = 1.0- 0.566DB + 0.032DB2
- 0.466DB3 (2.12) 

2This relationship results from testing the program and fitting Plinear versus DB. 
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This process is repeated until all N beads are attached, resulting in a HBP of generation 
g = 9max· 

An algorithm called "Topology Builder 2" is used to build type 2 HBPs. The building 
of a type 2 HBP of N beads again starts by placing a care in the center of a reference 
frame. The monoroers are attached one by one to free B-groups of the structure. These 
free B-groups can be in any generation (not only inthelast as for generation by generation 
growth). The way the rnanamers are attached to the structure, depends on the reaction 
probabilities of the free B-groups. Free B-groups that belang to a monomer unit of which 
bath B-groups are unreacted have a probability P1 to conneet to another monomer unit. 
Free B-groups that belang to a monomer unit of which one B-group has already been 
connected toanother monomer unit , have areaction probability P2. The ratio K = P2/ P1 
of the reaction probabilities is related to DB according to Hölter and Frey [15] : 

DB= 
4 

3+~ 
(2.13) 

Figure 2.4 shows this relation. 
To describe a structure it is necessary to know which beads are chemically connected 

to each other. This information, which is called the connectivity information, is saved 
as the structure is created (according to one of the methods described above). Apart 
from the connectivity information, the initial coordinates must be known. The coordinates 
are chosen such that the distance between the bead that is added and all the previously 
added beads is restricted to be larger then 0.8a (0.64l). This enables faster equilibration 
of the structure in the simulation: Smaller inter-monomer distances are energetically very 
unfavorable, and will probably not be the result after equilibration of the structure. 

2.3.2 Simulation D etails 

Type 1 and type 2 HBPs consisting of N = 10, 22, 46, 94, 190 or 382 rnanamers with various · 
degrees of branching DB have been simulated. Four sorts of ( combinations of) interactions 
between non-connected beads have been studied: 
1. No interactions at all. 
2. Only excluded-volume interactions (Lennard-Jones interactions): The interactions pa
rameters are given in section 2.1.1. 
3. Only Coulomb interactions: Various values of the Bjerrum length between ÀB = Ol and 
ÀB = 5l are used, for the Debye screening length the value K-

1 = lOOl is used. 
4. Bath excluded-volume interactions and Coulomb interactions: The parameter values 
mentioned under 2. and 3. are used. 

In the simulations a dimensionless time step L.t = 1 · 10-4 is chosen. This results in a 
maximum bead displacement of less than 5% of the bond length l , for all simulations. The 
simulations start with between 250.000 and 2.000.000 time steps to equilibrate the system. 
After equilibration, the simulation is proceeded for between 500.000 and 1.250.000 produc
tion time steps. The data produced after equilibration are used to determine (calculate) 
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• B-group 

A-group 

• Rest 

Figure 2.3: The core molecule and the morromers from which the HBPs are built . 

(]) 
0 

k 

Figure 2.4: Relation between the ratio of reaction probabilities /'i, of trifunctional monomer 
units and the degree of branching DB of the final structure. 
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statistica! properties of the simulated system. Table 2.1 gives the number of time steps as 
a function of the number of monomers. The number of production time steps is chosen 
such that the standard deviation CJR~ of the distribution of R~-values that are calculated 
over the runs does not change anymore as the number of time steps is increased. 

Table 2.1: duration (length) of the simulation 

N number of equilibration steps number of production steps 
10 250.000 500.000 
22 500.000 750.000 
46 1.000.000 750.000 
94 1.000.000 1.250.000 
190 1.500.000 1.250.000 
382 2.000.000 1.250.000 

From the coordinates, that are calculated every time step, some interesting quantities 
are calculated like the gyration radius of the simulated hyperbranched structure, the dis
tribution of rnanamers over shells that are concentric with the core of the HBP, and the 
structure factor. A detailed description of these quantities is given in chapter 4. 

Computational Expenses 

For the simulations an SGI Origin 2000 machine and an SGI Origin 3800 machine are used. 
The CPU-time is mainly consumed in the calculation of the inter-monomer interactions. 
So the number of monomer interactions determines the required CPU-time. Because of its 
short-range character the number of Lennard-Jones interactions is linearly dependent on 
the number of rnanamers (it equals the number of rnanamers times the average number 
of direct neighbors per monomer) . The number of Coulomb interactions is quadratically 
dependent on the number of end groups, or quadratically dependent on the total number 
of rnanamers as long as the degree of branching is constant. In appendix C it is shown 
that on the basis of this information it is possible to estimate the CPU-time needed for 
the different simulations: The required CPU-time varies from 30 minutes for a simulation 
of a system of 10 rnanamers to 700 hours for a simulation of a 382-monomers' system for 
one set of input parameters. 
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Chapter 3 

Mean-Field Theory 

Flory [10] introduced a metbod to calculate configurational properties of linear polymer 
ebains in a good solvent. His metbod prediets polymer characteristics quite well, without 
taking into account the fiuctuations that are intrinsic tothese polymers. In general such an 
approximation, in which fiuctuations are neglected, is called a mean- field approximation. 
The basic assumption in the metbod is that the most probable macroscopie state of the 
polymer can be found by minimizing the Helmholtz free energy, with respect to a mean 
variable. 

Boris and Rubinstein [2] and Ganazzoli et al. [12] successfully applied Flory's metbod 
to predict the swelling behavior of dendrimers. Their success can be explained from the 
fact that the mean field approximation becomes more accurate at high densities ( due to 
screening effects). 

Evers [8] refined the model of Boris and Rubinstein by replacing their two-body interac
tions by multi-body i:nteractions and by accounting for deviations from Gaussian statistics 
at high chain stretching. It will be shown in this chapter that the free energy expression 
Evers used for uncharged dendrimers is also adequate to describe uncharged HBPs. 

In the description of HBPs with charged terminal groups the distinction between type 
1 and type 2 HBPs becomes essential. Because of topological difficulties, for charged 
HBPs it is not possible to derive a free energy expression and predict the exact size as 
a function of its number of generations as Evers did for charged dendrimers. But, as 
shown in this chapter, it is possible to calculate a lower limit and an upper limit for the 
size of a type 1 HBP of which the mass and the number of generations are known. For 
the determination of these limits Evers ' expression can be used. Size predictions, using a 
mean-field approach, of type 2 HBPs come with even more difficulties of topological kind. 
Among other things a new Coulombic term in the Helmholtz free energy is derived, because 
the charge distribution over the molecule has changed. 

Insection 3.1 arelation is fitted between the number of generations g and the gyration 
radius R90 for HBPs without intemctions (Indicated by the 0 in the subscript) between 
non-bonded beads, so-called ideal Gaussian HBPs. The gyration radius of more realistic 
structures can be found by calculating the expansion factor a = R9 / R90 , which gives the 
expansion of ideal structures as inter-bead interactions are switched on. In this chapter 
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Mean-Field Theory 

various Helmholtz free energy expressions are introduced and derived. Numerical behavier 
as a function of the parameter values are presented in the next chapter , tagether with the 
results of the simulations . 

. 3.1 ldeal HBPs 

Structures withno interactions between non-bonded beads are called ideal Gaussian struc
tures. The gyration radius of these (fictive) structures is determined by their Wiener index. 
An introduetion to this index is given in sectien 3.1.1. Subsequently, in sectien 3.1.2, the 
relation is explained between the Wiener index and the gyration radius of ideal structures. 
From this relation the theoretical values of the gyration radii of the structures in this 
investigation are calculated. 

3.1.1 Introduetion to Wiener Index 

It has been widely recognized that a large number of chemical and physical properties of 
molecules are closely related to the molecular topology. To quantify the essential features 
of a given structure, various topological indices have been introduced in the past. One of 
the first of these was introduced by Wiener in the forties in his study of the effect of pure 
structural variatien upon the boiling points of paraffi.ns. This so-called Wiener index W is 
defined as the sum of the inter-bead separations dij , where d ij is the number of monomer 
segments separating beads i and j: 

1 N 
w = 2 I: dij (3.1) 

i,j=l 

N is the number of beads. Figure 3.1 gives some examples of structures and their Wiener 
indices. Expressions for the Wiener index of various classes of branched structures can be 
found in the literature [9, 14] . However, these expressions are quite specific. An expression 
that is applicable to the hyperbranched structures of this investigation should be more 
gener al. 

The Wiener index is a more useful parameter in a theoretica! description than the 
degree of branching DB, that was introduced in chapter 2, is. Where DB only accounts 
for the number of branching points, the Wiener index also accounts for the distributiori of 
the branching points. This is illustrated in figure 3.1: Two of the displayed HBPs have 
equal values for DB, but different Wiener indices. 

3.1.2 Size of ideal HBPs 

For ideal structures built of freely jointed particles there exists a very simple relation 
between the time-averaged gyration radius of an ideal structure < R;0 > and the Wiener 
index W : 

- 15 -



DB=O 
W=l65 

DB=0.5 
W=l51 

DB=0.5 
W=l35 

DB=l.O 
W=ll7 

Mean-Field Theory 

Figure 3.1: Four different HBPs of 10 monomers . The differences in inter-connectivity of 
the beads can be expressed as differences in their Wiener indices. 
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(3.2) 

in which l is the rod length and N the number of monomers. This relation is proven in 
appendix D. Note the important consequence of this formula: For a fixed value of N 
the gyration radius of the structure is only dependent on the Wiener index, i.e. on the 
connectivity 1 of the structure. 

!deal HBPs of type 1 

In this investigation the structures are characterized by their number of beads N and their 
number of generations g. For i deal HBPs with a fixed number of beads N the relation 
between g and < R;0 >112 has to be found. Unfortunately there is no one-to-one relation 
between < R~ > 112 and g. Fixing N and g still leaves some room for varia ti on in the 
connectivity. This varia ti on in the connectivity corresponds to a varia ti on in W , and 
therefore toa variatien in< R;0 >112 (see formula 3.2) . In figure 3.2 the (totally different) 
connectivity trees are displayed of two structures with the same number of monomers and 
the same number of generations (N = 94 and g = 10). For both structures the Wiener 
indices are calculated and the resulting values of < R~ >112 . In spite of the extreme 
difference in the connectivity of both structures, the difference in the gyration radius is 
only 7%. This is exactly the reason why it still possible to give a good approximation of 
< R;0 > 112 if the number of generations is known. 

Fora HBP of N monomers the minimum as wellas the maximum. value of< R;0 >112 

(respectively indicated by < R;o,min >1
/

2 and < R;o,max >112
) can be calculated as a 

function of the number of generations. This procedure is illustrated for a HBP of N = 94 
monomers: 
1. For the colleetien of HBPs with g = 10 generations both the structure with the smallest 
Wiener index W min and the structure with the largest Wiener index W max are created by 
hand. (For the HBPs with g = 10 generations these structures are shown in figure 3.2. ) 
Subsequently Wmin and Wm= are calculated using formula 3.1. Finally < R;o,min >1

/
2 and 

< R;o,max >1
/

2 are calculated from equation 3.2. 
2. Part 1. is repeated for the collections of HBPs with g = 5, 15, 20 , 25 and 31 generations 
respectively. 
3. Via linear interpolation the val u es of < R;o,min > 112 and < R;o,max > 1/

2 are found for 
any value of g. In figure 3.3 < R;o,min >1

/
2 and < R;o,max >1

/
2 are plotted versus g. The 

difference between both gyration radii is only in the order of 10% at most. 
The data points in figure 3.3 concern type 1 HBPs that were built using the algorithm 

"Topology Builder 1" according to the generation-growth procedure described in sectien 
2.3.1. Forthese structures gaswellas N and W are known (and therefore, using formula 
3.2, the value of< R;0 >112 is known). A quadratic fit (the red curve in figure 3.3) through 
these data points is used as relation < R~ > 112 (g) for type 1 HBPs of N = 94. In the 

1The connectivity gives the positions of the bonds: which monomers are connected to which monomers 
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< R~0 >1
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2= 2.30l 
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N = 94 g = 10 
w = 54240 

< R~0 >112= 2.48l 

Figure 3.2: Type 1 HBPs with the same number of monomers N and the same number of 
generations g can still have a quite different connectivity. Here two extreme structures are 
given that belong to the collection of HBPs with N=94 and g=10. 

same way the relations < R;0 >112 (g) for type 1 HBPs with N = 10, 22, 46, 190 and 382 
respectively are found. All fit parameters are given in table 3.1. These relations are used 
for further calculations. 

Table 3.1: For type 1 HBPs the relation between < R;0 >112 and g can be approximated 
by a quadratic relation: < R;o > 112= A+ B g + C g2 . The coefficients A, B and C are given 
in this table for various values of N . 

N A B c 
10 0.71 0.25 -0.032 
22 0.88 0.19 -0.011 
46 1.1 0.14 -0.0035 
94 1.37 0.12 -0.0016 
190 1.58 0.099 -7.3 * 10-4 

382 1.98 0.076 -3.0 * 10-4 

!deal HBPs of type 2 

The fitting procedure described here works well for type 1 HBPs, i.e. HBPs with all end 
groups in the same generation. flowever for type 2 HBPs the procedure is inappropriate, 
because the end groups are distributed over all generations. < R;0 > of type 2 HBPs is 
not determined by just one generation number, but is dependent on the mean generation 
number < g > and the spread (J 9 of the end groups over the generations (This will be 
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Figure 3.3: The black and the da..c;hed curve respectively give the minimal radius of gyration 
< R~o,min >1

/
2 and the maximal radius of gyration < R~o,max >1

/
2 as a nmction of the 

number of genera ti ons g for type 1 HBPs with 94 monomers. The data points ( dots) 
concern type 1 HBPs that were built using the algorithm "Topology Builder 1" according 
to the generation growth procedure described in section 2.3.1. The red curve represents a 
quadratic fit through these data points. In the rest of this thesis the red curve will be used 
a..c; the relation between < R~0 >112 and g for type 1 HBPs with 94 monomers. 
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Figure 3.4: Radius of gyration of ideal type 2 HBPs of N = 94 monomersas a function of 
their generation. These structures are created using the algorithm "Topology Builder 2". 
The gyration radii are calculated using equation 3.2. 

explained into detail in section 3.3. ). Because of these complications < R~ > of type 2 
HBPs is calculated only for the simulated structures, created by "Topology Builder 2" , 
instead of for any value of g. The results for type 2 HBPs of 94 beads are shown as 
< R~ >112 versus < g > in figure 3.4. 

3.2 Uncharged ( dendrimers and )HBPs of type 1 

The free energy of a single path of monomers, from the core to any end group, in a 
dendrimer of generation g (see figure 3.5) may be written as [2]: 

where kb is Boltzmann's constant , and T the temperature, < R~,o >112 is the radius of 
gyration of an ideal Gaussian dendrimer, < R~ >112 its actual radius of gyration, and 

<R~ > 112 h 1" . f t Th d . "' . . b a= <R2 >172 t e mear expans10n ac or. e mean monomer enslty '+'IS g1ven y: 
g ,O 

Nv Nv _
3 

_
3 

4> = < R 2 >3/2 = < R2 >3/2 a = cf>oa , (3.4) 
g g,O 
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Figure 3.5: Singlepathof morromers (da..c:;hed line) , connecting the core (red sphere) to an 
end group. (This is a type 2 HBP.) 

where N is the total number of monomers, v the excluded-volume parameter (a fitting 
parameter that gives the strength of the excluded volume interactions) , and <Po the mean 
monomer density of ideal dendrimers. The fust term gives the entropie contribution to 
the free energy due to stretching of the path of monomers. It is assumed that the path 
of morromers is not strongly stretched, but exhibits Gaussian statistics. The entropie free 
energy contribution due to compression is represented by the second term. The third term 
accounts for the excluded volume interactions of the rnanamers of the path with the rest 
of the monomers. Only two-body interactions are taken into account. 

Evers included three- and higher-body virial coefficients in the excluded volume term 
using a free volume type of approach: The excluded volume term is then written a..c:; 
-gln(1-</J). To accmmt for Van der Waals attraction a term -g</JE, in which Eis a 
fitting parameter that gives the strengthof the attraction, is added. The finalfree energy 
can then be written a..c:;: 

F 3 2 -=-a - 3lna- gln(1- <P)- g</JE 
kbT 2 

(3.5) 

The formula is slightly different from Evers' formula. This is caused by a difference in 
the definition of the number of generations: A type 1 HBP that has g generations according 
to the definition given in chapter 2, ha..c:; g - 1 generations according to the definition of 
Evers. The equilibrium size of the dendrimer in terms of a can be fmmd by minimizing 
the free energy, i.e. solving: 

(3.6) 

These formula..c:; are also valid for HBPs of type 1. However it should be noted that 
where for dendrimers the generation is a ftmction of the number of morromers (g = g( N)) , 
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Figure 3.6: Radius of gyration of type 1 HBPs of N = 94 monomers with excluded
volume interactions as a function of their generation. For the excluded-volume parameter 
v = (u /2) 3 = 0.064l3 is used and for the parameter in the Van der Waals attraction term 
t: = 0.3 is used (u and t: are the parameters of the Lennard-Jones potential described in 
sectien 2.1.1). < R~0 >1

/
2 is also plotted. 

for HBPs the generation is also dependent on the Wiener index (g = g( N , W)). In figure 
3.6 < R; > 112 is plotted versus g for N = 94. For the excluded-volume parameter v = 
(u / 2)3 = 0.064l3 is used and for the parameter in the Van der Waals attraction term 
t: = 0.3 is used (u and t: are the parameters of the Lennard-Jones potential described in 
sectien 2.1.1 ). < R~,o > 112 is also plotted. 

3.3 Uncharged HBPs of type 2 

Contrary to HBPs of type 1 for which the number of generations can be controlled, the 
parameter that can be (indirectly) controlled in the synthesis of type 2 HBPs is the degree 
of branching DB (see sectien 2.3.1). DB is useless in a mean-field description. Therefore 
a mean generation number < g > , defined as the mean number of monomers separating 
an end group from the core, is used in the mean-field description of type 2 HBPs. 

The mean generation number < g > is somehow related to DB. For type 2 HBPs 
the end groups are distributed over all generations, i.e. there is a distribution of the path 
lengths, expressed as the number of monomer segments separating an end group from the 
core. This path-length distribution can be approximated by a Gaussian distribution. The 
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distribution parameters, mean value p, =< g > and standard deviat ion rJ9 , are dependent 
on the degree of branching. To determine these parameters for a certain degree of branching 
DB, ten structures are created with this degree of branching DB using "Topology Builder 
2". The end group distributions of these structures slightly differ from each other. For 
< g > and rJ9 the distribution parameters of the average distribution are used. In table 3.2 
for five different structures the degree of branching DB is given tagether with the values of 
< g > and rJ9 . Two type 2 HBPs (created by "Topology Builder 2") and their end group 
distributions are given in figure 3.7. As DB increases < g > and r79 decrease. The spread 
in < g > is small as compared to the spread in g for type 1 HBPs. Note that a type 2 
HBP with DB = 1 is nat a dendrimer. 

Table 3.2: For type 2 HBPs the end groups are distributed over all generations, i.e. there 
is a distribution of the path lengths, expressed as the number of monomer segments sepa
rating an end group from the care. This distribution can be approximated by a Gaussian 
distribution. The distribution parameters, mean value < g > and standard deviation rJ9 , 

are dependent on the degree of branching. 

DB <g> C7g 

0.43 8.5 2.9 
0.72 7.0 2.2 
0.83 6.3 1.9 
0.87 6.1 1.8 
1.00 6.2 1.9 

The formulas of the previous section are valid for any path of rnanamers connecting an 
end group to the care. So the free energy of these rnanamers can be written as: 

(3.7) 

in which lp is the length of the path that is considered. The other symbols have been 
introduced in the previous section already. To obtain an approximation of the swelling of 
a type 2 HBP as a whole, equation 3.7 is minimized for lp =< g >. This is done for all 
structures depicted in figure 3.7. The resulting values for the gyration radii are displayed 
in figure 3.8 tagether with the values of the gyration radii of the ideal counterparts. Again 
the excluded volume parameter equals (r7 / 2)3 = 0.064l3 and E = 0.3. The gyration radii of 
the type 2 HBPs are quite the same. This is caused by the fact that the spread in < g > 
is small. As a consequence type 2 HBPs can hardly be distinguished on the basis of their 
gyration radii. 
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DB= 0.5 
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Figure 3.7: Distribution of path lengths for type 2 HBPs ( created by the algorithm "Topol
ogy Builder 2") with DB = 0.5 and for type 2 HBPs with DB = 1. These path length 
distributions can be approximated by a normal distribution with a mean value < g > and 
a standard deviation CJ9 • For the HBP with DB= 0.5 < g >= 8.53 and CJ9 = 2.93, for the 
HBP with DB = 1 < g >= 6.20 and CJ9 = 1.94. 
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Figure 3.8: Radius of gyration of type 2 HBPs of N = 94 beads with excluded volume 
interactions as a function of their generation. < R~0 > 112 is also plotted. 

3.4 Type 1 HBPs with charged end groups 

For dendrimers with charged end groups Evers used the following expression for the free 
energy: 

F 3 2 9 1 3 a 2 Nr 1 
kT

= -
2

a - -
0 

ma ln (1- rn)- 3lna + -
3

Àb R2 112 , (3.8) 
b 2 V g V g < g,O > a 

where Às is the Bjerrum length and Nr the number of terminal groups. The first two 
termsof equation 3.8 are replacing the first term of equation 3.5 as the pathof rnanamers 
reaches a state in which it is strongly stretched. The last term accounts for the electrastatic 
interactions of the end groups , on the condition that the Debye length is large in camparisen 
to the size R of the dendrimer (~- 1 > > R). Excluded-volume terms are left out , because 
they are subdominant. 

Formula 3.8 should also be valid for HBPs of type 1. Yet, for these charged HBPs, it 
is not possible to find a one-to-one relation between gyration radius < R~ > 112 and the 
number of generations g. As mentioned insection 2.3.1 the topological variety among the 
structures that belang to a colleetien of ideal HBPs for which N and g are fixed results 
in a variety of gyration radii of these structures in the order of a few percent at most. 
So knowing the size of one ideal type 1 HBP of mass N and generation g is sufficient to 
know the size of any ideal type 1 HBP of mass N and generation g. This remains true 
for HBPs with excluded volume interactions, because in the mean-field approximations in 
this chapter the excluded-volume contributions to the free energy are only dependent on 
N and g, nat on the topological variety among the structures that belang to a collection of 
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HBPs with the same N and g. Therefore expansion a is independent on this topological 
variety. 

For charged HBPs the electrastatic interactions are the dominant interactions. These 
interactions are dependent on the number of terminal groups NT. For any HBP with fixed 
N and g the value of NT can vary between a minimal number of end groups NT,min and 
a maximal number of end groups NT,max (see figure 3.2) , resulting in an expansion (of the 
i deal structure) that can vary between a minimal expansion amin and a maximal expansion 
O:max, respectively. 

For type 1 HBPs of 94 beads NT,min and NT,max are calculated for g = 5, 10, 15, 20, 25 
and 31. For the Bjernrm length the value Àn = 5l is used, in the simulations this value 
is also used. By means of interpolation the NT,min and the NT,max are determined for any 
value of g. Using NT,min(g) and NT,max(g) the expansion factors O:min (g) and O:max(g) are 
calculated. The results are displayed in figure 3.9. The expansion factors differ up toabout 
50%. At the boundaries (g = 5 and g = 31) the difference becomes zero, as forthese valnes 
of g no structural variation is possible: The only type 1 HBP of 94 beads with g = 5 is 
a dendrimer, and the only type 1 HBP of 94 beads with g = 31 is a three-arm star with 
every arm consisting of 31 monomers. 

6 
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. ......... <R ~112 
go 

--<R . ~112 
g,m1n 

-- <R ~112 
g,max 

30 35 

Figure 3.9: Radius of gyration of type 1 HBPs of N =94 beads with only Conlombic inter
actions as a function of their generation. < R;0 >1/

2 is also plotted. 

If excluded-volume interactions are incorporated equation 3.8 becomes: 
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F 3 2 9 1 3 a 3 3 2 Nr 1 
-=-a ---a ln (1 - - )-3lna-gln (1- cfJ0a- )-gcfJ0a- t:+-ÀB---::-----:-= 
kbT 2 20 J9 J9 3 < R~,o >112 a' 

(3.9) 
The expansion factor a, found by minimization of 3.9, will vary between amin and amax 
corresponding to the minimal and the maximal number of end groups respectively. 

3.5 Type 2 HBPs with charged end groups 

As mentioned earlier the end groups of type 2 HBPs are distributed over all generations 
according to a normal distribution. It is assumed that the pathes of monomers, as intro
duced above, are strongly stretched again. Therefore it seems sufReient to recalculate the 
free energy contribution of the electrastatic interactions Uc. So the free energy of this 
system can be written as: 

F 3 2 9 1 3 a ) Uc -=-a ---a ln(1-- -3lna+-, 
kbT 2 20 A A kbT 

(3.10) 

In agreement with the (spherical symmetrie) distribution of the end groups the charge 
density can be approximated by: 

(3.11) 

in which r is the distance to the core morromer, J.L is the average distance of the end 
morromers to the core, and CJ the standard deviation of the end group distribution. The 
resulting electrastatic energy of one terminal group on position r1 with respect to the core 
morromer is given by: 

with: 

{ 

ln ( fi+2u ) + 21: - 6ln ( e+2u ) Uc Nr J.L-2u u 2u J.L-2u 

kT =ÀB '2= p(r' , J.L , CJ ) 
b (Jy ~1r 16 .,. 

3? 

r' < J.L- 2CJ 
J.L - 2CJ < r' < J.L + 2CJ 
r' > J.L + 2CJ 

J.L - 2CJ J.L + 2CJ 1 
p(r' , J.L , CJ) = 2- 2( 

1 
) + 2ln ( ) + --

2 
(r'3 - 6rr2J.L + 3r' J-L2+ 

r r' 12r' CJ 

2J-L3 + 12r1J.LCJ- 12r'CJ2 - 16CJ3 - 6r'J.L2ln(J.L + 
2

CJ )) 
r' 

(3.12) 

A complete derivation is given in appendix E. The inner region ( r' < J.L - 2CJ) concerns a 
(charged) end group that is enclosed by the spherical symmetrie charge distribution. The 
Coulomb energy of is independent on r' and will therefore not contribute to the expansion 
of the corresponding path of monomers. The intermediate region (J-L - 2CJ < r' < J.L + 2CJ) 
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concerns an end group within the charge distribution. The outer region (r' > J.t + 2o-) 
concerns an end group outside the charge distribution. 

To get an approximation for the overall swelling of the HBP, the expansion a is calcu
lated of a path of < g > monomers. For such a path of monomers r' ~ J.t ~ a,;<g"> and 
o- ~ :_A f.t = f f.t· The tot al energy of the path can then be written as: 

F 3 2 9 1 3 a Uc 
- = -

2
a -- a ln(1- ) - 3lna+ - , (3.13) 

kbT 20 ,;<9"5 ,;<9"5 kbT 

The electrastatic energy of the terminal group of this path is: 

Uc NT 1 1 8 2 1 1 1 
kbT = ÀB 2-y'2;: ( J2 - 7 + 3 + ( 7- 2f3) ln (1 + 2!)) ,;<9"5 a (3.14) 

Equation 3.13 is minimized for the structures depicted in figure 3.7. The gyration radii 
that follow from this minimization are displayed in figure 3.10. For the Bjerrum length the 
value 5l is used, in the simulations this value is also used. The differences in the gyration 
radii of the different charged type 2 HBPs are more pronounced than for uncharged type 
2 HBPs. 
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Figure 3.10: Radius of gyration of type 2 HBPs of N =94 beads with Coulombic interactions 
as a function of their generation. < R~0 > 112 is also plotted. 

If excluded-volume interactions are also incorporated, the free energy is given by: 
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F 3 2 9 1 3 a ) 3 3 Uc 
- = -

2 
a -- a ln ( 1 - -3ln a- < g > ln ( 1 - <Po a- ) - < g > <Po a- E+-

kbT 20 ../<9> ../<9> kbT 
(3.15) 

The most probable macroscopie state is again found by minimization of this free energy. 
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Chapter 4 

Results of the Brownian Dynamics 
S.imulation 

In this chapter the results of the Brownian Dynamics Simulations are presented. Most 
simulations aredoneon (type 1 and type 2) HBPs of N = 94 monomers. The properties of 
the HBPs that follow from the simulations are compared to the properties of a dendrimer 
with g = 5 generations (Which is a type 1 HBP of N = 94 monomers with 9max = 5 
(DB = 1)). The HBPs will be compared on the basis of their gyration radii as well as on 
their mass distributions. As written in chapter 2 various types of interactions are studied; 
especially the infiuence of the Bjerrum length is investigated. The infiuence of topology 
is extensively studied: For type 1 this means the infiuence of the number of generations 
9max , for type 2 the infiuence of the degree of branching DB. Besides the infiuence of the 
number of monomers N is investigated. 

The values of the gyration radii that follow from the simulations are compared to the 
predictions of the mean field theory in the first section. In the next section the relation 
is presented between the gyration radius of non-ideal HBPs and the Wiener index. Sub
sequently, in section 4.4 , the mass distributions are analyzed and the HBPs are tested on 
fractal behavior. The infiuence of topological properties on the static structure factor , an 
essential quantity in small angle scattering experiments, is the topic of the final section. 

4.1 Comparison of gyration radii with theoretica! pre
dictions 

4.1.1 Gyration radii of ideal HBPs 

Some simulations are done on type 1 HBPs without inter-monomer interactions to test if 
the results satisfy the relation 3.2 for the gyration radius of ideal structures that consist 
of freely jointed monomers. The size of the simulated structures varies from N = 10 
to N = 382 monomers . Most of the structures are dendrimers (DB = 1), three of the 
structures have a degree of branching smaller than one. 
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Results of the Brownian Dynamics Simulation 

The left diagram of tigure 4.1 concerns type 1 HBPs with DB = 1 and the number of 
monomers varying from N = 10 to N = 382. The diagram on the right concerns type 1 
HBPs with N = 94 and the degree of branching varying from DB= 0.28 to DB= 1. The 
values for the gyration radii are in excellent agreement with the theoretica! expectations. 

The bars on the data points represent the fiuctuations of the gyration radius over the 
time, caused by interaction of the monomers with the solvent. These fiuctuations are more 
or less independent on the number of monomers and strongly dependent on the degree 
of branching. As the fiuctuations increase, the deviations of gyration radii from their 
theoretica! values increase also. 
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Figure 4.1: Gyration radii of simulated ideal structures (data points) as compared to the 
theoretica! gyration radii (solid line). The data points in the left diagram concern from 
left to right HBPs of type 1 with N = 10, 22, 46, 94, 190 en 382. The degree of branching 
DB = 1. The data points in the right diagram concern from left to right type 1 HBPs for 
which DB= 1, 0.74, 0.50 en 0.28. The number of beads N = 94. 

4.1.2 Gyration radius of uncharged type 1 HBPs 

In figure 4.2 the gyration radii that are found in the simulation of uncharged type 1 HBPs 
of N = 46 and of N = 94 monomers ( with excluded volume interactions) are plotted 
tagether with the theoretica! expectations ( derived in section 3.2). The bars on the data 
points represent the fiuctuations in R9 over time caused by interaction of the monomers 
with the solvent. These fiuctuations increase with increasing g. 

The structures with the minimum number of generations (g = 4 in the left diagram 
and g = 5 in the right diagram of figure 4.2) are dendrimers. Increase in the number 
of generations immediately results in an increase of the gyration radius. For compact 
HBPs (a small number of generations) the predictions of the mean-field approximation are 
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excellent . For HBPs with highervalues of g the mean-field approximation underestimates 
the values of the gyrat ion radii that follow from the simulations. To understand this a 
testmorromer is considered with a number of morroners in its interaction range (for the 
model morromers described in chapter 2 this range is a sphere of radius r cut around the 
testmonomer). In the mean-field theory presented in chapter 3 the att ractive interactions 
between the morromers of the HBPs are represented by a term in the Helmholtz free energy 
function that is proportional to the monomer density, or to the number of morromers in 
the interaction range around the testmonomer. As the number of generations increases 
the density decreases, and therefore the number of morromers in the interaction range of 
the testmorromer , resulting in a decrease of the free energy contri bution of the attractive 
interactions. What is neglected is that the distance of the testmorromer to the morromers 
in the interaction range also decreases; this is only allowed for an interaction potential 
that is constant within the interaction range. For the Lennard-Jones potential (applied 
in the simulations in this investigation) this shortcoming results in an overestimation of 
attractive interactions in the mean-field theory, which explains the underestimation of the 
gyration radii as the number of generations increases. 
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Figure 4.2: In the left diagram the radius of gyration is given for type 1 HBPs of N = 46 
beads with excluded volume interactions as a function of their generation. The values of 
< R; > 112 following from the simulations (sim) are compared to the predictions of the mean 
field theory (mfa). The gyration radius of type 1 HBPs of N = 94 beads with excluded
volume interactions is given in the right diagram. The theoretica! values of < R;o >112 are 
also plotted. 

4.1.3 Gyration radius of charged type 1 HBPs 

In figures 4.3 , 4.4 , 4.5 the values of the gyration radii are given for simulations of type 1 
HBPs with charged end groups. Figure 4.3 concerns HBPs with only electrostatic inter-
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actions between charged end groups (>•.a = 5l). Figures 4.4 and 4.5 concern HBPs with 
both excluded-volume and electrastatic interaction..c;. The valnes for the Bjerrum length 
in these pietmes are À.a = l and À.a = 5l respectively. On the left side of the figures the 
expansion factor, calculated in the mean-field approximation, is given. On the right side 
of the figures the gyration radii calculated in the simulations are given together with the 
predictions of the mean-field approximation. The gyration radius of ideal structures is also 
incorporated in the figure. 

For the simulations in which the Bjerrum length À.a = 5l , the calculated gyration radii 
are in agreement with the expectations from the mean field approximation..c; of the previous 
chapter, both withand without excluded volume interactions. The gyration radii calculated 
in the simulations in which the Bjernrm length À.a = l deviate from the prediction..c; of the 
mean field approximation. 

As mentioned the HBP with g = 5 is a dendrimer. An increase of the number of gen
erations leads to a change in the gyration radius. This change is somewhat unpredictable 
as the number of end groups of a HBP of which number of the number of generations is 
known can still vary from NT, m in to NT,max. 
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Figure 4.3: The left diagram gives the expansion factor a of type 1 HBPs of N = 94 beads 
with Conlombic (À .a = 5l) interactions, calculated in the mean field theory, as a function 
of the number of generations g. The gyration radii following from the simulations (sim) 
are compared to the mean field predictions ( mfa) in the right diagram. The gyration radii 
< R;0 >112 of the ideal structure are also given. 

Part of the deviation can be attributed to the problem with the density as explained 
in the previous section. Especially for higher-generation HBPs this results in an overesti
mation of the attractive interaction between morromers in the mean-field approximation. 

Another problem of the mean-field approximation is the fact that its quality is depen
dent on the extent to which the branches are stretched. In chapter 3 the expansion factor 
a is calculated for a path consisting of g segments of length l (i.e. a path of morromers 
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Figure 4.4: The left diagram gives the expansion factor a of type 1 HBPs of N = 94 
beads with excluded-volume interactions and Conlombic interactions (Àn = l ), calculated 
in the mean field theory, as a function of the number of generations g. The gyration radii 
following from the simulat ions (sim) are compared to the mean field predictions (mfa) in 
the right diagram. The gyration radii < R~0 >112 of the ideal structure are also given. 
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Figure 4.5: The left diagram gives the expansion factor a of type 1 HBPs of N = 94 beads 
with excluded-volume interactions and Conlombic interactions (Àn = 5l) , calculated in 
the mean field theory, as a function of the number of generations g. The gyration radii 
following from the simulations (sim) are compared to the mean field predictions (mfa) in 
the right diagram. The gyration radii < R~0 >112 of the ideal structure are also given. 
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that connects the core bead with an end bead) . In case of an ideal HBP the lengthof this 
path is given by ..f§l and the expansion a = 1. As the HBP becomes fully stretched the 
lengthof this path is gl , which requires that a= ..f§. In the mean-field approximation for 
charged type 1 HBPs the following term is used to account for the entropy of the branch 
length: 

Fbra.nch-length _ ~ 2 _ ~-1- 31 ( _ ...::._ ) 
kbT - 2a 20 ..;ga n 1 ..J9 (4.1) 

For a ~ 1 the expression becomes: 

3 2 9 1 4 - a +--a 
2 20 g 

(4.2) 

which is exactly the expression for an ideal Gaussian branch length. For a ~ ..J9 the 
expression 4.1 correctly results in the expression for a stretched branch: 

9 a 
--gln(1- -) 

20 ..;g (4.3) 

It is uncertain if equation 4.1 is correct for intermediate values of the expansion factor 
(1 < a < ..f§). Unfortunately the value of a is in the intermediate region for every HBP 
as can be seen in the left parts of figures 4.3 , 4.4 and 4.5 . 

4.1.4 Gyration radii of uncharged type 2 HBPs and charged type 
2 HBPs 

In figure 4.6 the values of the gyration radii are given for simulated type 2 HBPs of N = 94 
monomers , tagether with the predictions of the mean field theory. The left part of the figure 
gives the gyration radii of HBPs with only excluded volume interactions, the right part 
gives the gyration radii of HBPs with both excluded volmue interactions and Coulomb 
(>,B = 5l) interactions. 

Both for the uncharged HBPs and for the charged HBPs the predictions of the meao
field approximations are quite good. Note that for the charged HBPs a ~ ..f§, so that 
expression 4.1 is giving the correct free energy contribution of the branch length entropy. 

As remarked in chapter 3, variation of the parameter DB, which can be (indirectly) 
controlled during the synthesis (see section 2.3.1), hardly infiuences the number of genera
tions < g >. As a consequence, the variation in the gyration radius ( dependent on < g >) 
is small. This is confirmed by both the mean field calculations and the simulations. 

4.2 Wiener index dependance of the gyration radius 
for HBPs with excluded volume interactions 

Inspired on the relation 3.2 for ideal HBPs, it is assumed that HBPs with excluded-volume 
interactions satisfy the following relation: 
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Figure 4.6: On the left the radius of gyration of type 2 HBPs of N = 94 morromers with 
only excluded volume interactions is given as a function of the number of generations 
< g >. The results of the simulations are compared to the theoretica! values (mfa). The 
right part of the figure concerns type 2 HBPs of N = 94 morromers with both excluded 
volume interactions and Coulombic ( ÀB = 5l) interactions, the right part gives val u es of 
charged HBPs. In both diagrams the values of the gyration radii of the ideal HBPs are 
also plotted. 

(4.4) 

in which < R~ > is the gyration radius, W the Wiener index and N the number of 
monomers. The exponents a and b are determined from fits through < R~ > data of 
structures with the same number of morromers N, but various Wiener indices W. The 
data are from type 1 HBPs with N = 10, 22, 46, 94, 190 and 382 monomers. Details of 
the excluded-volume interactions are given insection 2.1.1. The results are given in figure 
4.7 and table 4.1. Actually the only parameter that follows from the fit is a, Nb is just a 
proportionality constant in equation 4.4. 

It seems that our HBPs do satisfy a relation of the form 4.4, with the exponents 
determined by the number of morromers N and the excluded volume parameters. So if a 
HBP with a number of morromers N and somevalues for the excluded-volume parameters 
satisfies arelation of the form 4.4, then any HBP of N morromers satisfies the same equation 
as long as the excluded-volume parameters are not changed. An important consequence is 
that fora HBP consisting of N morromers the position of the 8-point, i.e. those values of the 
excluded-volume parameters for which the structure exhibits ideal behavior ( R~ = W N-2 ) , 

is independent of the Wiener index. This means that the connectivity has no infiuence on 
the position of the 8-point: Any HBP consisting of N monomers, varying from a linear 
polymer to a dendrimer , will exhibit ideal behavior for the same values of the excluded-
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volume parameters. 
Remarkably, as N increases the dependenee of the gyration radius < R; > on W and 

N gets weaker ( the exponents a and b decrease). Th is could mean that the packing of 
the morromers within a HBP becomes denser as the number of monoroers increases: For 
larger HBPs an increase in the Wiener index results in a relatively smaller increase of the 
structure 's size than forsmaller HBPs. 

These findings conflict with the results of Sheridan [20], who reports the following 
universal sealing behavior for HBPs with excluded-volume interactions: < R; >ex W N-1.1. 
The difference is in the fitting procedure: Sheridan also a..<>sumes a relation of the form 4.4 
for HBPs with excluded volume interactions. From a graph that is similar to the graph of 
figure 4. 7 he conch1des that < R; >ex W for any number of monomers. Subsequently he 
plots < R; > /W versus Nb and finds b = -1.7. If the sameprocedure is foliowed with 
the data in the present thesis ( Concluding that < R; >ex W for any number of monomers, 
and platting < R; > /W versus Nb.) a value b = -1.8 is found. If the formula of Sheridan 
is true, then the 0-point of the HBPs becomes independent of both the Wiener index and 
the number of monomers. This contradiets the findingsof Evers [8], whoreports a 0-point 
that is dependent on the number of morromers in a dendrimer. 

For charged structures no sealing law of the form < R~ >= wa Nb is found. The size 
of charged structures is mainly determined by the strength of the Coulomb interactions. 
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Figure 4.7: Radius of gyration of type 1 HBPs of N = 94 morromers with excluded volume 
interactions as a function of the Wiener index. R9 ex wa with a ( the slope of the curve) 
dependent on the number of monomers. 
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Table 4.1: For HBPs with only excluded-volume interactions very easy sealing laws can be 
found of the form < R~ >= waN-b, in which < R~ >112 is the gyration radius, W the 
Wiener index and N the number of monomers. The exponents a and b are obtained from 
the fits at constant N (see figure 4.7). 

N a b 
10 1.34±0.07 2.62±0.15 
22 1.10±0.02 2.09±0.04 
46 1.04±0.03 1.96±0.07 
94 1.01±0.07 1.89±0.17 
190 0.82±0.01 1.43±0.02 
382 0.82±0.03 1.42±0.06 

4.3 Density distributions 

De Gennes and Hervet predicted, using a self-consistent-field model, that the radial monomer 
density within a dendrimer increases monotonically from the core to the edge. Later (es
pecially computational) studies, for example by Lescanec and Muthukumar [16], showed 
that the density is maximal at the core and decreases monotonically to the edge. Also 
the infl.uence of the solvent quality on the radial density distribution is described in sev
eral studies, for example by Murat and Grest [18]. In the present study the infl.uence of 
structural irregularities on the radial density profiles will be shown, i.e. density profiles of 
HBPs. 

The density distribution is the most common visualization of how the monoroers are 
distributed within a polymer. In order to calculate the average density distribution the 
space around the core monoroer of the HBP is divided into concentric spherical shells of 
thickness ~r. The average monomer density in a shell at a distance r away from the core, 
< p(r) >, is given by: 

( ) 
_ < n(r) > 

< p 'r >- 4 2 A 
1r'r UT" 

(4 .5) 

where < n(r) > is the average number of beads in a shell at a distance r away from the 
co re. 

A visualization that is at least as transparent is the radial mass distribution. The radial 
mass distri bution m( r) is defined by: 

< n(r) > 
m(r) = ~.,. =< p(r) > 47rr2 (4.6) 

As a consequence, in the limit ~.,. ---+ 0: 

1R m(r)dr = N. (4.7) 
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in which R is the outer radius of a sphere enclosing the whole HBP and N is the total 
number of monomers . To obtain even more detailed information it is also possible to study 
the radial distribution m9 (r) of the monomers belonging to one generation g (or a few 
subsequent generations): 

(4.8) 

in which < n9 (r ) > is the average number of generation g monomersin a shell at a distance 
r away from the core and < p9 (r ) > is the average density of the monomers belonging to 
generation g. Then 

9ma:::1R 9ma:r L m9 (r)dr = L N9 = N. 
g=O O g=O 

(4.9) 

in which N9 is the number of monomers in one generation. 

4.3.1 Radial Mass Distribution for type 1 HBPs 

In figure 4.8 the mass distributions are given for type 1 HBPs with N = 94 beads, without 
inter-monomer interactions. The maxima of the distributions m9 (r ) of the monomers 
belonging to generation g are situated on a distance -l§l from the core monomer, as can 
be expected because these HBPs are freely jointed (see section 3.1.2). 

Switching on excluded-volume interactions will cause the HBPs to swell. This can 
be concluded from the comparison of the HBPs of figure 4.8 to the HBPs of figure 4.9. 
Camparing the mass distribution of a type 1 HBP of N = 94 monomers and 9max = 7 
( or 9max = 9) generations without monomer interactions to the mass distri bution of the 
same HBP with excluded-volume interactions shows that for the last case the monomers 
of generations g = 4 to 9 are shifted more outward. 

Charging the end groups results in an internal ordering: Monomers from the same 
generation arrange in concentric shells around the core (see figures 4.10, 4.11, 4.12). This 
effect is most pronounced for dendrimers (9max = 5) . An increase of the number of genera
tions 9max ( decrease of the degree of branching) results in more overlap of the distributions 
m9 (r ). At 9max ~ 10 (DB ~ 0.5) the ordering has almost vanished. This ordering effect 
becomes stronger as the Bjerrum length is increased. 

The mass distributions of type 1 HBPs of N = 46, 190 and 382 monomers and various 
degrees of branching have been also calculated. A comparison has made between HBPs with 
only excluded volume interactions and ijBPs with both excluded volume and Coulombic 
interactions. In appendix G the results are shown. It seems that for increasing N the 
internal ordering becomes more pronounced. 

The infiuences of the Bjerrum length, the degree of branching and the number of 
monomers on the internal ordering can be understood from the fact that these parameters 
directly infiuence the Coulombic interactions. The Coulombic term in the Helmholtz free 
energy is directly proportional to ÀB and to the number of end groups Nr ( and therefore, 
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according to formula 2.4, toa good approximation proportional toDBand N ). Changing 
DB or N also infl.uence the size of the HBP. In case of DB the effect of this change in size 
reinforees the effect of the change of DB (As DB increa..<;es the size of the HBP decrea..<;es.). 
In case of N the effect of the change in size inhibits the effect of the change of N (As N 
increa..<;es the size of the HBP increases also. ). As a consequence the dependenee of the 
internal ordering on N is weaker than the dependenee on Àn and DB. 
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Figure 4.8: Radial mass distribution of three different type 1 HBPs of N = 94 monomers 
without inter monomer interactions. The left , center and right diagram respectively con
cern HBPs of 9max = 15, 9, and 7 generations (DB= 0.28, 0.50 and 0.74). 
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Figure 4.9: Radial mass distribution of three different type 1 HBPs of N = 94 monomers 
with excluded-volurne interactions. The left, center and right diagram respectively concern 
HBPs of 9max = 9, 7, and 5 generations (DB= 0.50, 0.74 and 1.00). 

4.3.2 Radial Mass Distribution for type 2 HBPs 

The radial mass distribution of type 2 HBPs of N = 94 monomers with excluded-volurne 
interactions is given in figure 4.13 for various degrees ofbranching. It is remarkable that the 
parameter DB, which can be (indirectly) cont rolled during the synthesis (see section 2.3.1), 
hardly in:fluences the mass distribution. The fact that the HBP for which DB= 0.43 has 
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Figure 4.12: Radial mass distribution of three different type 1 HBPs of N = 94 monoroers 
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its morromers distributed over tbree more generations than the ether HBPs hardly affects 
the ma..<>s distribution: the long branches are just folded back into the structure. 

In figure 4.14 the radial ma..<>s distri bution is given of type 2 HBPs of N = 94 morromers 
with excluded-volume and Coulomb (.X.n = 5) interactions for various degrees ofbranching. 
The morromers seem to arrange into concentric shells around the core. Contrary to type 
1 HBPs this ordering is maintained as the degree of branching is lowered. Although for 
DB = 0.43 the separation is less sharp. 

At this point one should realize that the parameter DB (indirectly controlled in the 
synthesis) hardly influences the gyration radius or the mass distribution. The number of 
morromers N seems to be the only relevant topological parameter. 
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Figure 4.13: Radial mass distribution of tbree different type 2 HBPs of N = 94 morromers 
with both excluded-volume interactions. The left, center and right diagram respectively 
concern HBPs with DB= 0.43, 0.72 and 1.00. 

4.3.3 Self-similarity 

The regular connectivity 1 of dendrimers suggests the possibility of fractals. The so-called 
fractal dimension d1 is the exponent in the relation between the gyration radius < R~ >1

/
2 

and the number of morromers N: 

2 

< R; > ex: Nd! (4.10) 

Murat and Grest [18] find , in a molecular-dynamics study, a fractal dimension dt = 3.3 
for generation g = 5 - 8 dendrimers. Evers [8] obtains d1 = 2.95 for generation g = 2 - 5 
dendrimers and d1 = 3.50 for generation g = 5-8 dendrimers. In this sectien it is whether 
HBPs exhibit fractal behavior also and how this behavior depends on topology. 

The following equation is equivalent to 4.10: 

r ' 

M(r') = 1 m(r)dr ex: r'dJ, ( 4.11) 

1 which morromers are chemically connected to which morromers 
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Figure 4.14: Radial mass distribution of four different type 2 HBPs of N = 94 monoroers 
with both excluded-volume and Coulomb (>.B = 5) interactions. From left to right the 
diagrams respectively concern HBPs with DB= 0.43, 0.72, 0.87 and 1.00. 

with M (r') the number of monoroers in a sphere of radius r'. As a consequence of this 
proportionality, the radial mass distribution m(r) can be written as: 

(4.12) 

In figure 4.15 the logarithmic presentation of the mass distribution of type 1 HBPs of 
N = 94 monoroers with excluded-volume interactions is given. These HBPs varyin their 
number of generations. Clearly, no real fractal behavier is found, since there is no region 
of constant slope. However, the ma..ss distributions can be approximated by a fractal mass 
distribution with a fractal dirneusion that varies from dt = 2.4 for a HBP with 9max = 5 
(this is a dendrimer) to dt = 2.1 fora HBP with 9max = 9. 

The value d1 = 2.4 for the generation 5 dendrimer is lower than the value Evers fmmd. 
This can be 1mderstood from the fact that Evers determines fractal dimensions from mass 
distributions around the center of mass (COM) insteadof around the core. Appendix F 
shows that choosing the core as center of the mass distribution can be favored. 

In figure 4.16 the logarithmic presentation of the mass distribution of type 2 HBPs 
of N = 94 monomers with excluded-volume interactions is given. These HBPs vary in 
their degree of branching. The mass distributions can be approximated by a fractal ma..ss 
distribution with a fractal dimension of d1 = 2.0. 

The mass distri bution of HBPs with charged end groups exhibit very strong fluctuations 
in radial position r . Therefore it makes no sense to approximate these mass distributions 
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Figure 4.15: Radial mass distribution of type 1 HBPs of N = 94 monoroers with excluded
volume interactions. The number of generations varies from 9max = 5 to 9. For the different 
structures m (r) and r are made dimensionless with the gyration radius < R; >112 of the 
structures. 
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Figure 4.16: Radial mass distribution of type 2 HBPs of N = 94 monoroers with excluded
volume interactions. The degree of branching varies from DB = 0.43 to 1.00. For the 
different structures m(r ) and rare made dimensionless with the gyration radius< R; >112 

of the structures. 
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by fractal mass distributions. 

4.4 Static Form Factor 

Small Angle Scattering is a very useful technique for the investigation of polymerie ma
terials since diffraction at small angles is associated with the molecular shape beyond the 
nanometer which is the size range of a typical polymer chain. The scattered radiation 
intensity measured in these experiments is proportional to the quantity 

(4.13) 

which is called the form factor of the particles which contains information on size, shape 
and intern al structure. Here q is the scattered radiation vector , given by: 

q = lcl1 = ~7r sin(8/2) (4.14) 

8 is the scattering angle, À is the wavelength, and i,. are the coordinates of the scattering 
centers. The total scattered intensity for N identical particles can be written as 

I(q) = N P(q) S (q), (4.15) 

where S(q) is the structure factor, which is S(q) = 1 for uncorrelated particles, as in 
our case. For correlated particles, S(q) characterizes the type of order and contains all 
information about interactions in the system. 

The intensity scattered in the angular range such that q < R; > 112 < < 1 is given by: 

( 
q2 < R2 >) 

I (q) ::::: exp -
3 

9 (4.16) 

and is called Guinier 's law. A plot of ln I(q) versus q2 should be linear if Guinier 's law 
applies and < R; > is obtained from the slope of the interpolation line. 

The large-angle range refiects the structure of the interface. An exact calculation for 
an infinitely sharp interface gives: 

I(q)::::: 1/q4 (4.17) 

and is called Porod's Law. Fitting a horizontal line to I(q )q4 versus q gives a constant 
which is proportional to the internal surface. 

Analogous to the mass fractal , equation 4.10, one can derive a sealing law using the 
angular distribution of the scattered intensity I(q ). For anideal fractal one can write: 

(4.18) 
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where d1 is the fractal dimension. An object can also be characterized by the fractal 
character of its surface. The scattering law then becomes: 

(4.19) 

where ds is the fractal surface dirneusion (2 :S ds :S 3). In the case that ds ---+ 2 this 
equation reduces to Porod's law. 

In the left diagram of figure 4.17 the static form factors of type 1 HBPs of N = 94 
monomers with excluded-volume interactions are given. The straight lines give the fractal 
dimensions ( estimated in section 4.3.3) for HBPs with 9max = 5 and 9max = 9. In the 
right diagram ln(I(q)) is plotted versus (ql) 2 . From Guinier's law the gyration radii of 
these HBPs can be calculated from the slope. Clearly < R; > increases monotonically 
with 9max· This methad reproduces the valnes of the gyration radii calculated directly in 
the simulations very accurately. 

The static form factors of type 1 HBPs of N = 94 monomers with both excluded
volume and Coulomb (>.n = l) interactions are given in the left diagram of figure 4.18. 
These structure factors show strong oscillations, especially for HBPs with a low number of 
generations 9max· The oscillations are somehow related to the ordering (separation of the 
generations) observed in the previous section. From the slopes in the right diagram the 
gyration radii can be calculated. < R; > does not increase monotonically with 9max , but 
has a maximum at 9max ~ 19. 
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Figure 4.17: The static form factors of type 1 HBPs of N = 94 monomers with excluded
volume interactions is given in the left diagram. The number of generations varies from 
9max = 5 (a dendrimer) to 9max = 31. The straight lines give the fractal dimensions 
( estimated in section 4.3.3) for HBPs with 9max = 5 and 9max = 9. In the right diagram 
ln (I(q)) is plotted versus (ql) 2

• In the limit (ql)---+ 0 the slope of any of these curves equals 
the value of < R; > /(312

) of the corresponding structure (see equation 4.16). 

In the left diagram of figure 4.19 the static form factors of type 2 HBPs of N = 94 
monomers with excluded-volume interactions are given. The straight line gives the fractal 
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Figure 4.18: The static form factors of type 1 HBPs of N = 94 monomers with excluded
volume and Coulomb (> .. B = l) interactions is given in the left diagram. The number of 
generations varies from gmax = 5 (a dendrimer) to gmax = 31. In the right diagram ln (I(q)) 
is plotted versus ( ql) 2

• In the limit ( ql) ---t 0 the slope of any of these curves equals the 
value of< R; > /(3l2

) of the corresponding structure (see equation 4.16). 

dirneusion (estimated insection 4.3.3) for type 2 HBPs. In the right diagram ln (I(q)) is 
plotted versu..'l ( ql) 2 again. The spread in the values of the gyration radii calculated from 
the slopes is very small, which is in agreement with earlier observations insection 3.3 and 
figure 4.1.4. 

The static form factors of type 2 HBPs of N = 94 monomers with excluded-volume 
and Coulomb ( >..n = 5l) interactions is given in the left diagram of figure 4.20. Again the 
form factors exhibit oscillations. A comparison with the mass distributions given in figure 
4.14 shows the oscillations vanish as soon as the mass distribution becomes smooth. 
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Figure 4.19: The static form factors of type 2 HBPs of N = 94 monomers with excluded
volume interactions is given in the left diagram. The degree of branching varies from 
DB = 0.43 to DB = 1.00. The straight line gives the fractal dirneusion (estimated in 
section 4.3.3) for type 2 HBPs. In the right diagram ln (I(q)) is plotted versu..c; (ql) 2

• In 
the limit (ql)-+ 0 the slope of any of these curves equals the value of< R~ > / (3l2

) of the 
corresponding structure (see equation 4.16). 
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Figure 4.20: The static form factors of type 2 HBPs of N = 94 monomers with excluded
volume and Coulomb (Àn = 5l) interactions is given in the left diagram. The degree of 
branching varies from DB= 0.43 to DB= 1.00. In the right diagram ln (I(q)) is plotted 
versus (ql) 2 • In the limit (ql) -+ 0 the slope of any of these curves equals the value of 
< R~ > /(3l2

) of the conesponding structure (see equation 4.16). 
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Chapter 5 

Conclusions 

In this investigation a distinction has been made between two types of HBPs, type 1 and 
type 2. HBPs of type 1 have all end groups in the same generation, type 2 HBPs have the 
end groups distributed over all generations. Both types make their own demands to the 
method of synthesis. 

A mean field theory for dendrimers, developed by Boris and Rubinstein [2] and refined 
by Evers [8], can be used to predict the size of HBPs. The free energy expression Evers 
used to predict the size of a uncharged dendrimer as a function of its number of generations 
is also adequate to relate the size of type 1 HBPs to its number of generations, in spite 
of some topological variety among HBPs of the same generation. It has been shown that 
t he gyration radius R9 of type 1 HBPs of g generations with charged end groups varies 
between a lower limit and an upper limit , both of which can be calculated. This varietyin 
R9 between charged type 1 HBPs is caused by topological variety that includes a variety 
in the number of end groups. 

Type 2 HBPs are characterized by their degree of branching DB. The distri bution 
of the end groups of these HBPs over the generations can be approximated by a normal 
distribution. The mean value < g > of this distribution, which is called mean generation 
number, is used in the mean field calculations to obtain the gyration radius. It is not 
possible to calculate the gyration radius as a function of< g >. The reason for this is the 
large structural variety among type 2 HBPs with the same value of < g >. This variety 
is partly included in the standard deviation of the end group distribution. Because of 
this problem mean field calculations are only done on individual structures, namely those 
structures that have also been simulated. In order to calculate the gyration radii of type 
2 HBPs with charged end groups, a new Coulombic term in the Helmholtz free energy has 
been derived, regarding the distri bution of the end groups over the HBP. Remarkably < g > 
is only weakly dependent on DB. This results in a small spread in < g > (in comparison 
to the spread in the number of generations g of type 1 HBPs) , which corresponds to a 
small spread in the values of the gyration radius. 

The values of the gyration radii of simulated type 1 HBPs with only excluded-volume 
interactions are in agreement with the predictions of the mean field theory. Small devia
tions, found for higher-generation HBPs, are caused by an overestimation of the attractive 
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interaction between the morromers in the mean field theory. For these type 1 HBPs an 
increase in the number of generations (while keeping the number of morromers N constant) 
immediately results in an increase of the gyration radius. For charged type 1 HBPs agree
ment is found between gyration radii following from respectively simulations and the mean 
field theory. Small deviations are probably caused by an erroneous term for the branch 
length entropy in the mean field expression for the Helmholtz free energy. The size of 
charged type 1 HBPs of which bath number of rnanamers and number of generations are 
known remains quite unpredictable because of topological variation that includes variation 
in the number of end groups. For bath uncharged and charged type 2 HBPs the values of 
the gyration radii calculated in the simulations are similar to the values calculated in the 
mean field theory. The parameter DB (which can be indirectly controlled in the synthesis) 
hardly infl.uences the number of generations < g > and the gyration radius. 

For HBPs with excluded volume interactions it is found that < R~ >ex wa, with a 
dependent on the the number of rnanamers N and the excluded volume parameters. An 
important consequence is that the position of the B-point of an HBP of N morromers is 
independent of its connectivity. These findings contradiet the findings of Sheridan [20], 
who reports < R~ >ex W Nl.7 for his HBPs. The consequence of his relation is that the 
position of the B-point becomes independent of bath the connectivity and the number 
of monomers. This conflict with the findings of Evers [8], who reports a B-point that is 
dependent on the number of morromers in a dendrimer. 

From the radial mass distributions it can be concluded that type 1 HBPs with charged 
end groups exhibit an internal ordering. This ordering is most pronounced for dendrimers. 
As the number of generations increases the ordering becomes weaker and finally varrishes 
(For N = 94 this is at 9max = 10). As the Bjerrum length increases the ordering becomes 
stronger. 

The radial mass distributions of type 2 HBPs of different degrees of branching are 
quite similar. The degree of branching only has a small infl.uence on the width of the 
distributions. As aresult the number of morromers N becomes the only relevant topological 
parameter for these structures. 

The radial mass distributions of bath type 1 and type 2 HBPs can be roughly approxi
mated by fractal mass distributions. The fractal dimension d1 of type 1 HBPs is dependent 
on its number of generations 9max: E.g. as the number of generations of a type 1 HBP of 
N = 94 morromers varies from 9max = 5 to 9max = 9 then the fractal dimension varies from 
d1 = 2.4 to d1 = 2.1. The fractal dimension of all simulated type 2 HBPs equals dt = 2.0. 
These findings deviate from the fractal dimensions Evers reports. This is caused by the 
fact that Evers analyzes the distribution around the center of mass , whereas in this thesis 
work the distribution around the care is analyzed. 

The static structure factors are very useful to distinguish HBPs on the basis of their 
gyration radii. Purthermare the internal ordering observed in the mass distributions of 
HBPs with charged end groups manifests as oscillations of the static structure factor. 
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Appendix A 

Degree of branching 

An important characterizing parameter for HBPs is the degree of branching DB, which is 
defined by Widmann [22] as: 

D 
DB = D+L/2 (A.1) 

D is the number of dendritic beads, which are defined as beads connected by rods to three 
other beads. L is the number of linear beads, defined as beads connected by rods to two 
other beads. Note that terminal groups are neither dendritic nor linear. 

Widmann 's definition is equivalent with the following definition (which will be used in 
the rest of this thesis): 

DB= NB 
NB ,max ' 

(A.2) 

in which NB is the actual number of branching points and N B,max the maximum number 
of branching points. 

The equivalence can be understood as follows: By definition D = NB. The maximum 
number of branching points groups equals the actual number of branching points D plus 
half the number of dendritic beads (NB,max = D + L/2), because every two linear beads 
can be rearranged to form one dendritic bead (and one terminal bead). The latter remark 
is visualized in figure A.1. 

Figure A.2 shows five 10-beads' structures. All beads have a functionality that equals 
3. Structures A, B, C, D and E have 0, 1, 2, 3 and 4 branching points respectively. The 
maximum number of branching points is 4. 

The degree of branching DB is defined as the number of branching points NB divided 
by the maximum number of branching points NB,max· So the structures A through E have 
DB values of 0, 0.25 , 0.50, 0.75 , 1.0 respectively. 
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Figure A.l: The equivalence of the definition of the degree of branching introduced in this 
thesis to the definition of Widmann can be 1mderstood as follows: By definition D = NIJ. 
The maximum number of branching points equals the actual mrmber of branching points 
D plus half the number of dendritic beads (NIJ ,max = D + L/2) , because every two linear 
beads can be rearranged to farm one dendritic bead ( and one terminal bead). 
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08=0 
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08=0.25 

c 
08=0.50 

0 
08=0.75 

E 
08=1 

Figure A.2: The rod-bead representations of five different HBPs consisting of 10 beads. 
All beads have a nmctionality three. The degree of branching DB of the structures varies 
from 0 to 1. For structure A DB equals zero, corresponding to a linear molecule. Structure 
E has a DB equal to one, this corresponds toa dendrimer. 
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Appendix B 

N urnher of branching points 

In order to derive the number of branching points of hyperbranched polymers, regularly 
branched polymers, or dendrimers, are considered first . 

The number of beads N of a dendrimer is related to its number of generations 9max , its 
core functionality fcore and the functionality of the other beads f as follows : 

((! _ 1)9max- 1) 
N = fcore j _ 2 + 1 (B.1) 

The number of beads in one generation N9 equals: 

(B.2) 

The number of terminal beads Nr equals the number of beads in the last generation. 
The polymers in this study have functionalities f core = 3 and f = 3. As a consequence 

the number of beads is given by: 

N = 3(29ma>:- 1) + 1 

and the number of beads in one generation is given by: 

N9 = 3 · 29- 1 

For dendrimers the number of branching points NB,dend equals (N- Nr): 

N+2 
NB,dend = 3(29max - 1) + 1- 3. 29max-1 = (-2-- 2) 

(B.3) 

(B.4) 

(B.5) 

Hyperbranched polymers consisting of N beads, with functionalities !core 3 and 
f = 3 have a maximum number of brànching points N B,max that equals N B,dend· The 
actual number of branching points of a hyperbranched polymer is given by: 

N+2 N 
NB= DB · N B,max = DB(-

2
-- 2) = DB(2 -1). (B.6) 
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Appendix C 

Computational Expenses 

The CPU-time required to do simulations is mainly consumed in the calculation of the 
inter-monomer-forces. Because of its short-range character the number of Lennard-Jones 
interactions is linearly dependent on the number of monomers N (it equals the number 
of monomers times the average number of direct neighbors per monomer < b > ). The 
number of Coulomb interact ions is quadratically dependent on the number of end groups 
Nr , or quadratically dependent on the total number of monomers as long as the degree of 
branching is constant. These thoughts can be summarized in the following formula for the 
number of int er-manamer-farces N1: 

1 
N1 =< b > N + 2Nr (Nr- 1) (C.1) 

in which 

N 4 8N 4 

< b >= 4 R2 >3/2 ( -37lT;.t) - 1 = ( W ;!2 - 1) 
31r < g,O 

(C.2) 

W is the Wiener index and < R~,o > 112 is the gyration radius; bath are defined in sec
ti on 3.1. reut is the maximum distance between rnanamers for which the Lennard-Jones 
interactions are still calculated (for larger distances the LJ-interaction is neglected). For 
any structure consisting of N rnanamers the minimal as well as the maximal value of the 
Wiener index (Wmin and Wmax) can be calculated. From these quantities the minimaland 
the maximal value of < b > are calculated. Besides it is possible to calculate the minimal 
and maximal number of end groups (NT,min and Nr,max)· Eventually the minimal and 
maximal number inter-manamer-farces (NI ,min and NI ,max ) can be calculated. The results 
are given in table C.l. 

The order of magnitude of the number of interactions given in t able C.1 is multiplied 
with the number of time steps (as calculated in section 2.3.2 for each run) to estimate the 
CPU-time as a function of the number of monomers. Table C.2 contains the results of this 
calculation tagether with the actual simulation times. It can be concluded that the order 
of magnitude of the predictions is correct. 
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Computational Expenses 

Table C.1: Number of monomer-monomer interactions. 

N Wmax Wmin < b >min < b>max NT, min Nr,max NI ,min Nl ,max 
10 138 117 40 56 3 6 403 575 
22 1428 909 24 64 3 12 531 1474 
46 12840 5661 16 80 3 24 739 3956 
94 108624 31293 8 104 3 48 755 10904 
190 507670 160893 24 152 3 96 4563 33440 
382 3007885 788733 24 232 3 192 9171 106960 

Table C.2: Computational Expenses 

N NI number of time steps CPU-time/ CPU-time(N = 10) actual CPU-time[hrs] 
10 500 750000 1 0.5 
22 1000 1250000 3.3 1.5 
46 2000 1750000 9.3 10 
94 6000 2250000 36 30 
190 20000 2750000 147 150 
382 50000 3250000 433 600 
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Appendix D 

R9o versus W 

A general formula for the time-averaged radius of gyration < R; > of a structure that 
consists of N particles is: 

1 N 1 N 

< R~ >=< N L)R - Re? >= N L < (.R; - Re) 2 > (D.1) 
i=l i=l 

in which R is the position of partiele i and Re is the position of the center of mass. This 
formula is related to the sum of the inter-bead distances D as follows: 

D = 2:~=1(-R- Ri) 2 = 2:~=1((-R- Re)- (Ri - Re))2 = 
N(I::l (R - Re)2 + I:f=l (Rj - Re)2)- 2 2:~=1 (R- Rc)(Rj- Re)· 

(D.2) 

A veraging in time gives: 

N 

< D >= 2NL)R- Ref (D.3) 
i=l 

Combining D .1 and D .3 gives: 

N 
2 1"" 2 < Rg >= 2N2 ~ < (R - Ri) > 

i,j=l 
(D.4) 

For an ideal and freely jointed structure, i.e. a structure with no partiele interactions 
and no restrictions on the angle between two adjacent bands, the inter-bead-distance (R
Rj) is related to the number of monomers dij separating the beads i and j [13] in the 
following way: 

< (R- Rj) 2 >= dijl2 (D.5) 

in which l is the bond length. Substitution of D.5 into D.4 gives the final result: 
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(D .6) 
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Appendix E 

Electrastatic Energy for type 2 HBPs 

The charge density inside an HBP with charged end groups can be approximated by: 

Nr exp ( -H7)2
) 

p( r) = '2- 4 2 ' CJV "-1f Trr 
(E.1) 

The electrostatic energy of one terminal group on position ? with respect to the core 
monoroer is then given by: 

(E.2) 

where V is the smallest volume enclosing the whole HBP and "' is the inverse Debye 
screening length. 

The factor exp ( - K,If'- i" I) is negligible on the condition that the size R of the HBP 
is much smaller than the Debye screening length (R << "'-1), corresponding to solvents 
with ( very) low ion concentrations. This condition is satisfied in this study ( "'-1 = 100l). 
The other exponential factor can be simplified: 

(E.3) 

After these simplifications the following expression is found for the electrostatic energy: 

with: 

r' < fL- 2CJ 
fL - 2CJ < r' < fL + 2CJ 
r' > 1-" + 2CJ 

p( r' , {L , CJ) = 2 - 2( 1-" -
2

CJ ) + 2ln ( 1-" + 2CJ ) + -
2

1 
2 

( r'3 - 6r12 fL + 3r' {L2 + 
r' r' 1 r'CJ 

21i + 12r1{LCJ - 12r'CJ2 - 16CJ3
- 6r'{L2 ln(~-" + 2CJ )). 

r' 
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Electrastatic Energy for type 2 HBPs 

The inner region (r' < f.L- 2o-) concerns a (charged) end group that is enclosed by 
the spherical symmetrie charge distribution. The Coulomb energy of is independent on r' 
and will therefore not contribute to the expansion of the corresponding path of monomers. 
The intermediate region (f..L - 2o- < r' < f.L + 2o- ) concerns an end group wit hin the charge 
distribution. The outer region (r' > f.L + 2o-) concerns an end group outside the charge 
distribution. 
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Appendix F 

Fractal dimension of type 1 HBPs 

The mass distribution m(r ) of a polymer structure can be defined as the time-averaged 
number of monomersin a spherical shell of a thickness ór around a reference point (COM or 
one of the monomers). The fractal dimension of the polymer structure can be determined 
from its mass distribution, on the condition that it is a distribution with respect to a point 
on the structure (e.g. one of its monomers) and nottoa point outside the structure (e.g. 
the center of mass (COM)) . This can be understood as follows: The position of COM with 
respect to the structure can fiuctuate tremendously in time, and therewith the distance of 
the individual monomers to the COM, while the internal structure (the mutual position of 
monomers of different generations) of the HBP hardly changes. 

In figure F .l the slopes are determined of both the mass distribution around the COM 
( the left part of the figure) and around the co re ( the right part of the figure) of a generation 
5 dendrimer (N = 94 monomers). The slope of the right distribution gives the fractal 
dimension. 
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Fractal dimension of type 1 HBPs 
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Figure F.l: Radial mass distributions of generation 5 dendrimer (N = 94 monomers) 
with excluded volume interaction.s. In the left diagram the mass distribution around the 
center of mass is displayed, in the right diagram the mass distribution with respect to the 
core morromer is given. Only from the right distribution the fractal dimen.sion d1 of the 
structure can be deduced. The value of d1 in the left diagram is not equal to the fractal 
dimen.sion. 
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Appendix G 

Mass distributions of (type 1) HBPs 

The radial mass distribution m (r ) is defined as the time-averaged number of rnanamers 
in a spherical shell of a thickness ór around the care monomer. Analogously the mass 
distribution m9 (r) is defined as the time-averaged number of rnanamers of generation g 
in a spherical shell of a thickness ór around the care monomer. In figure G.l the overall 
mass distributions tagether with the mass distributions per generation are given for type 
1 HBPs with only excluded volume interactions. The HBPs consist of N = 46, 94, 190 and 
382 rnanamers respectively and per value of N the distributions are given for bath a HBP 
with DB= 0.50 and a HBP with DB= 1. 

In figure G.2 the overall mass distributions tagether with the mass distributions per gen
eration are given for type 1 HBPs with bath excluded volume interactions and Coulombic 
(>,B = l) interactions. The HBPs consist of N = 46, 94, 190 and 382 morromers respect ively 
and per value of N the distributions are given for bath a HBP with DB= 0.50 and a HBP 
with DB= 1 (Dendrimers) . 

Comparison of bath figures shows that charging the end groups leads to an internal or
dering: The arrangement of rnanamers of the same generation into concentric shells around 
the care morromer. The arrangement gets more pronounced as the degree of branching DB 
increases or as the number of rnanamers N increases. 
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Figure G.1: The overall mass distributions tagether with the mass distributions per gener
ation are given for type 1 HBPs with only excluded volume interactions. The HBPs consist 
of N = 46, 94,190 and 382 monomers respectively and per value of N the distribution.c; are 
given for both a HBP with DB = 0.50 and a HBP with DB = 1. 
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Figure G.2: The overall mass distributions together with the mass distributions per gen
eration are given for type 1 HBPs with both excluded volume interactions and Conlombic 
( ÀIJ = l) interactions. The HBPs consist of N = 46, 94, 190 and 382 morromers respectively 
and per value of N the distributions are given for both a HBP with DB = 0.50 and a HBP 
with DB= 1. 
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