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Abstract 

In the present research, the dipole-wall collision in the presence of a cross-shear flow along the 
wall is studied. Both laboratory experiments and numerical simulations have been performed for 
this purpose. It turned out that there is an essential difference between the dipole-wall collision in 
presence and in absence of the linear shear flow: the way the cyclonic part of the dipole reacts 
upon turning on the shear differs from the anticyclonic part; the cyclonic vortex detaches a weak 
secondary vortex from the wall, forming an asymmetrical dipole (dipole 1), and the anticyclonic 
vortex, in contrast, detaches a stronger secondary vortex from the wall, forming a stronger dipole 
( dipole 2). Dipole 1 is trapped at the wall and moves downstream close to the wall, while dipole 2 
travels along a weak curved path, far away from the wall. The stronger the shear, the weaker is 
this curved trajectory, which increasingly changes into a straight line at positions further 
downstream. Numerical simulations for higher Reynolds numbers (Re= 2000, 5000) were carried 
out as well. The most striking difference observed for higher Re is the occurrence of extra 
dipoles along the wall, after having turned on the shear. 
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1 Introduction and statement of the problem 

Trailing vortices are naturally shed by airplanes after which they extend for several kilometres 
behind the plane. They may pose a serious hazard to the following aircraft, in particular, at take
off and landing. According to the aircraft accident records in the past, it is easy to find out that 
the trailing vortex is truly an invisible killer to aircraft. Any perturbation in the trajectory of the 
landing of the following aircraft may be disastrous. 
In order to avoid the damage caused by trailing vortices, the Federal Aviation Administration 
(F AA) proclaimed a set of aircraft separation rules, which was drawn up according to the weight 
and size of the ahead aircraft and the following one1

• Up to the present, civil aviation is rapidly 
developed and the capacity of air traffic has reached to the limit. If it is possible to reduce the 
influence of trailing vortices, the air traffic problem would be solved and the number of arriving 
and departing aircraft per unit time may also increase. 
Trailing vortices come in counter-rotating pairs. The wing tips of the plane shed each one vortex 
in such a pair. Due to their mutual interaction, the vortex pair propagates downwards, in the 
direction of the ground. Mathematica! modelling of the downward motion of these vortices is 
extremely complex since it is dependent on the aerodynamic characteristics of the generating 
aircraft, atmospheric conditions, the proximity of the aircraft to the ground, and the time elapsed 
since generation. Atmospheric conditions reflect cross winds, atmospheric turbulence and 
stratification which all have a strong effect on the motion and persistence of the vortex pair. 
When the vortex pair approaches the ground, it induces a secondary vortex in the vicinity of the 
ground. This secondary vortex was firstly indicated by Harvey and Perry2 who found that the 
vortex pair rises again after having descended close to the ground, due to the interaction with the 
secondary vortex. Since then, many experimental and numerical studies have been carried out to 
study the interaction of vortices with boundaries. Van Heijst and Flór3

, in their experiments in a 
stratified fluid, carried out an experiment of a dipole colliding perpendicularly against the wall. In 
this experiment they clearly visualized the rebounding of vortex dipole impinging on a solid wall. 
By numerical simulation, Orlandi4 described in great detail the rebounding effect in the presence 
of both non-slip and free-slip boundaries. However, so far, no attention was paid to the vortex
boundary interaction in the presence of atmospheric conditions. A clear insight of the dynamics 
of this vortex approaching the boundary (ground) in presence of these additional conditions is 
necessary. This might help to find out an effective method to control the flow field behind a 
landing aircraft, which might be able to reduce the hazard by this trailing vortex. 
In this research, the vortex-boundary collision in the presence of a cross wind is studied. With 
this study we hope to contribute to a better understanding of the flow field produced by a trailing 
vortex pair in the vicinity of the ground in the case that a cross wind is getting up. The vortex 
pair moving downwards through the air, in the direction of the ground is simulated by a dipolar 
vortex moving through the fluid in a rectangular tank. One of the longer sides of the tank 
represents the ground. The cross wind in the landing area is simulated by a linear shear created 
along the longer side of the tank by means of spinning up the tank. Furthermore, dipole wall 
interaction for stronger shear flows (stronger winds) is investigated as well. Other factors that 

1 Nolan, M. S., 1999, Fundamenta/s ef Air Control, third edition, Brooks/Cole. Wadsworth, Ine., New York. 

2 Harvey, J.K., Perry, F. J., 1971. Flow field produced by trailing vortices in the ground. AIAA Journa/ 9, 
1659-1660 
3 Van Heijst, G.J.F. and Flór,J.B. 1989. Laboratory Experiments on Dipole Structures in a Stratified Fluid. 
Mesoscale/ Synoptic Coherent Structures in Geophysica/ Turbu/ence, Elsevier, Amsterdam, 591-607. 
4 Orlandi, P., 1990. Vortex dipole rebound from a wall. Phys. F/uids A 2, 1429-1436. 
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might influence the process, like the initial height of the vortex pair above the ground, the core 
size of one vortex and the separation distance between the centres of the vortices, are not 
considered here and consequently were kept constant in this study. In other words, the geometry 
of the dipole and its initial distance with respect to the wall are kept constant throughout all the 
experiments. Stronger shears are generated by spinning up the tank faster. 
The Reynolds number Re which can be obtained in the experimental tank is small (order 500) 
compared with the Reynolds number of the flow field of the vortex pair in the landing area, 
where Re is much higher (order 1rf-10~, depending on the type of landing aircraft5

• In order to 
investigate the dipole wall interaction for larger Reynolds numbers, however, numerical 
experiments for higher Re are performed too in this research. 
Finally, although the aim of this study is motivated in the first place by the interaction of trailing 
vortices in the presence of a cross wind, the results of this research can also be used to gain 
insight in the interaction of a number of vortices with a boundary in a two-dimensional bounded 
flow. If we have for e.g. two vortices in a bounded flow field, which interact with a boundary, 
these two vortices induce a cross shear along the boundary, with the result that they might affect 
each other. 

s Holforty, L.W and Powell, D.J., 2001. Flight deck display of airborne traffic wake vortices. 201h DASC 
Conference Day to na Beach, FL, Paper# 154, S ession 2A. 
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2. Background theory 

This chapter presents an overview of the basic theory. First the general Navier-Stokes equations 
are presented from which the formulation for a 2D flow is extracted. Second, a rriodel for the 
dipolar vortex is presented as well as its tempora! evolution in the presence of viscous effects and 
its interaction with boundaries in the absence of shear. Finally, an analytica! expression is derived 
which describes shear formation during the spin-up in a rectangular container. 

2.1 Governing equation 

Consider the motion of a homogeneous, incompressible fluid moving in a steadily rotating 
system. It is assumed that the fluid behaves like a continuum. Such a fluid is completely governed 
by conservation of momentum and conservation of mass. The law of conservation of 
momentum in differential form can be achieved by applying Newton's law of motion to an 
infinitesimal fluid element. In combination with the constitutive equation 1, which relates the 
stress and deformation in a continuum, the equation of motion fora Newtonian fluid is obtained. 
This equation is commonly known as the Navier-Stokes equation. Expressed in a reference frame 
co-rotating with the system, the NS-equation is given by 

Du 1 2 
-+2!!xu =--Vp+ V<I>g +v\7 u-!!x(!!xr) 
Dt p 

(2.1) 

where D/Dt=d/ dt+(u·V) is the time derivative following a fluid parcel, u is the velocity vector 
relative to the rotating system, p is the pressure, r is the position vector, !! is the system angular 
velocity, t is the time, (! is the fluid density, which will be considered as a constant, v is the 

kinematic viscosity, <Pg the gravitational potential, V the Nabla operator defined as 

(8x, ay, 8J and \72 the Laplacian operator defined as a1 
/ ax2 + a1 

/ ay2 + a1 
/ az2

• Conservation of 

mass is represented by the following continuity equation 

V·u=O (2.2) 

The first term on the left-hand side of equation (2.1) describes the rate of change of the velocity 
as one follows a fluid element. It consists of two parts: du./ dt is the local rate of change of u at a 

given position, whereas (u ·V)u describes the change in u as a result of advection of the particle 
from one location to another. The second term on the left-hand side represents the Coriolis 
acceleration. The first term on the right-hand side is the pressure gradient force and the second 
term represents the gradient of the gravitational potential. The third term on the r.h.s. describes 
dissipative viscous effects and the last term is the centrifugal acceleration. The latter can be 
written as the gradient of the centrifugal potential <P, 

(2.3) 

1 See e.g. Kundu, P.K. 1990 F/uid Mechanics. Academie Press. 
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The Coriolis acceleration has a significant role in the flow evolution, while the centrifugal effects 
are usually included in the potential <P = <Pg+ <P"' which is the sum of the gravitational en 
centrifugal potential. 
It is convenient to define the so-called reduced pressure Pas 

P=p-p<P (2.4) 
Thus the NS- equation becomes 

Du 1 2 -+2!!Xu=--VP+vV u 
Dt p 

(2.5) 

It is often useful to non-dimensionalize the problem by defining the following nondimensional 
variables (indicated by the prime) 

u = Uu', P = pQUHP', t = t'l.Q, r =Hr', (2.6) 

with U and H typical velocity and length scales, respectively. The NS-equation then takes the 
following non-dimensional form 

au' 
-+ Ro(u'· V )u '+ 2kxu '= -V 'P '+ EV '2 u' 
a1' 

(2.7) 

The Rossby number Ro, which is defined as Ro = _!!_, measures the importance of the 
QH 

advective acceleration compared with the Coriolis acceleration, whereas the Ekman number E, 

defined as E = ~ , describes the relative importance of viscous forces in the flow. 
QH 

The vorticity of a fluid element w is defined as w = V X u. By taking the curl of (2.5), the NS
equation can expressed in terms of the vorticity as 

Dro VpxVP 
- = (2!!+ro)·Vu+vV2ro+ 

2 Dt p 
(2.8) 

The term (2.Q.+w) is called the absolute vorticiry. This consists of the relative vorticity w and the 
system vorticity 2.Q.. 

2.2 Two-dimensional motion 

The emergence of two-dimensional (2D) structures is a common phenomenon observed in 
rotating flows with low Rossby number (Ro < 1) (geostrophic balance), i.e. the relative horizontal 
accelerations are small comparable with Coriolis accelerations and horizontal pressure gradients. 
The geostrophic balance implies that the horizontal velocities (u,v), perpendicular to the axis of 
rotation, can be considered as depth-independent (Taylor-Proudman theorem)2. In laboratory 

2 Zavala Sans6n, L. 2000, The effects of topograpf!J on rotating barotropic Jlows. PhD thesis, Eindhoven University 
of technology. 
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experiments in a rotating fluid tank, even flows with moderate Rossby number values (e.g. 0.6)3 

have been observed to show a 2D behaviour. In geophysical fluid dynamics, where the Earth's 
rotation plays a crucial role, the 2D structures are frequently observed. These features are also 
observed in laboratory experiments in a rotating fluid tank. In these examples the motion is not 
purely 2D because of the influence of several factors, e.g" bottom friction, stratification, free
surface effects, etc. The 2D-motion however, is predominant and can appropriately called quasi-
2D. The 2D-phenomenon was also predicted by various theoretical studies like S.S. Hough in 
18974

, Proudman in 1916 and has been observed and reported in many numerical studies2
• 

In this section a 2D model is given in which the bottom viscous effect is taken into account. This 
feature arises due to the no-slip boundary condition at the bottom. Essentially, this effect is 
three-dimensional, which breaks the 2D character of the flow. It plays an important role in the 
evolution and decay of vortices in laboratory experiments. The weakness of this effect, however, 
allows its incorporation in a 2D physical model. 
In order to derive a 2D model the geostrophic balance is assumed to dominate the flow 
evolution. The crucial step in deriving the 2D model consists of vertical integration of the 
continuity equation (2.2) and use of appropriate expressions for the vertical velocity induced by 
the Ekman boundary layers at the bottom. Such velocities can be obtained by using linear theory 
for the Ekman layers at the no-slip bottom. Furthermore, term \1 p X \1 g vanishes for constant g; 
thus the fluid will be ref erred to as barotropic. The reader is ref erred to appendix A where the 
derivation of the 2D model is presented. The vorticity equation is found to be 

aco 2 1 112 
-+(u·\l)m=v\1 m--E fm at 2 

(2.9) 

with E the Ekman number defined as 

(2.10) 

andfthe Coriolis parameter defined asf= 2.Q. 
Equation (2.9) can be simplified by defining a stream function rf;(x,y, ~' such that 

u =alf/ and 
ay 

alf! 
v=--ax (2.11) 

By definition, it follows that (J) = -V2rf;. By substituting of (2.11) in equation (2.9), the vorticity 
equation reduces to the following equation 

where ]((J),rf;) is the Jacobian defined as 

3 Maas, L.R" 1993. Nonlinear and free-surface effects on the spin-down ofbarotropic axisymmetric 
vortices.J. FluidMech. 246, 117-141 
4 Gill, A.E" 1982. Atmosphere-Ocean Dynamics, Academie Press. 
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1 1 

am a l/f am a l/f 
J(m,l/f)= \l{J)X\11/f =-----

ax ày ày àx 
(2.13) 

For an inviscid flow, where all viscous effects are neglected, steady solutions of the vorticity 
equation are given by j(UJ,rj;) = 0, which implies that the vectors Vrf; and V UJ are parallel. In other 
words, steady solutions are obtained for any relationship UJ = F(rj;), provided that the function F 
is integrable5

• 

2.3 Vortices in two-dimensional flows 

The most common vortex structures are monopoles and dipoles. The monopolar vortex is the 
simplest coherent vortex structure. It consists of a single set of closed streamlines around one 
common centre. Monopoles can be observed in the ocean (e.g. Meddies, Gulf Stream Rings) and 
in the atmosphere (high and low pressure cells, tomadoes). 
The dipolar vortex can be defined as a symmetrie arrangement of two regions of oppositely
signed vorticity. When embedded in a quiescent ambient fluid, the vortex dipole shows a steady 
translation in a direction defined by its symmetrie axis. Asymmetrie dipoles do occur as well, 
however this kind of dipoles move along a curved trajectory. 
In the next two parts of this section some characteristics and analytical models of the monopole 
and the dipole are presented. 

2.3.1 Monopolar vortices 

In this analysis, we will confine ourselves to circularly symmetrie vortices. It is convenient to 
introduce cylindrical coordinates (r, 8, z), for which the corresponding velocity components are 

u = (u" ue, u~. For circularly symmetrie vortices u = (0, ue, 0) and the vorticity is then 

(2.14) 

An important characteristic of a vortex is its strength or circulation ï, which is defmed as 

r = rfJu · dr = Jf mdA, (2.15) 
C A 

where C is a contour enclosing area A. The second part in (2.15) follows from the Stokes' 
theorem. F or axisymmetric flows (2.15) simplifies to 

R 

r = f 2nm(r)rdr, 
0 

in which R is the radius of the circle C. 

s Van Heijst, G.J.F. 1992, Voortgezette Stromingsleer I, Syllabus nr. 3T100, Eindhoven University of 
Technology. 
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Figure 2.0. JYpical azjmuthal veloci!J and vortici!J profiles of isolated (dotted line) and non-isolated (solid 
line) vortices. 

Real vortices are characterized by an azimuthal velocity distribution u0(i} that shows a gradual 
decrease for larger r-values (see Figure 2.0). Kloosterziel and van Heijst6 discovered an important 
feature concerning barotropic vortices. They observed barotropic vortices in two different 
laboratory experiments. The vortices were produced with essentially different generation 
techniques, and although both azimuthal velocity profiles shows the characteristic decrease at 
larger distances, the corresponding vorticity profiles reveal an important difference in their 
dynamicai structure: the vorticity profile (solià line) of the vortex :shuwed in I'igure 2.0 has a 
single-signed vorticity, whereas that of the other vortex (dotted line) consists of a core of positive 
vorticity, surrounded by a ring of negative vorticity (see figure). The first vortex is referred to as 
non-isolated and the second as isolated. The corresponding analytica! expressions of the velocity and 
vorticity profiles in Figure 2.0 for non-isolated vortices (solid line) is 

and for isolated vortices, 

R m ---., 
2 ( ,

2 

J u8 (r) =T, 1-e R- , 

,2 

(J) = (J) e R2 
0 ' 

,2 
m r ---., 

u (r) =-0-e R-
e 2 ' 

where CUo is the peak vorticity and R the radius of the vortex. 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

6 Van Heijst, G.J.F" Kloosterziel, R.C. and Williams, C.W.M. 1991. Laboratory experiments on the tripolar 
vortex in a rotating fluid.]. Fluid Mech. 225, 301-331. 
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Figure 2.0. A plot of the streamlines of dipolar vortex, which coincide with contours of vorticiry. The hon·zontal 
line is the dipole axis, the vertical line is the line through the extrema of vorticiry. 

2.3.2 Dipolar vortices 

The vortex dipole is characterized by a continuous vorticity distribution, that is, the vorticity 
decreases gradually for larger distance r. The vorticity has extremal values in the centres of the 
dipole: a minimum in one centre, and a maximum in the other. The streamline plots shows that 
dipolar vortices have a shape that is approximately circular (see Figure 2.0). These properties are 
found in a number of laboratory experiments, but also in various numerical simulations of 
vortices arising in 2D-turbulence. 7 

Several models have been formulated to describe the dipolar vortex, of which the Lamb dipole is 
the most familiar7 one. Observed dipoles in many experiments are often well described by the 
Lamb dipole. Because of its important features, detailed attention is paid to it in the next section. 

The Lamb dipole 

An analytica! model for a stationary (81 • 0), inviscid, dipolar vortex with a continuous vorticity 
distribution was described by Lamb8

. For the case of a stationary and inviscid flow, the 2D
vorticity equation (2.12) simplifies to ]({JJ,i/J) = 0. The (cu,i/J)-relation 

(2.21) 

which follows by definition, satisfies ](cu,rp) = 0. Lamb constructed a dipolar solution with a 
continuous vorticity distribution inside a circular region by assuming a linear relationship between 
the stream function rp and the vorticity cu within this circle r = a, and outside the circle an 
irrotational motion (cu = 0) 

7 See for e.g. van Heijst, G.J.F. 1992, Voortgezette Stromingsleer!, Syllabus nr. 3T100, Eindhoven University 
ofTechnology. 
8 Lamb, H. 1932 Hydroc!Jnamics (6th edition). Cambridge University Press. 
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Figure 2.0. Schematic representation of a Lamb dipole of radius a in an irrotational, uniform flow field at velociry 
U. The line () = 0 is the dipole's axis along which it moves. 

with k a constant. 

m=k2lJI 

=Ü 

r<a, 

r>a, 

Hence. the eauation uJ = -\121h. takes the followinP- form in nlane nolar coordinates 1 1 I' D J. .l 

a2lfl + .!. a lfl + _!_ a2lfl = -k2lfl o < < 
2 2 2 - r - a, 

dr r dr r ae 
=0 r >a. 

where ais the radius of the dipole (see Figure 2.0). 

(2.22) 

(2.23) 

The first differential equation can be solved by the method of separation of variables, which leads 
toa Bessel equation in r. The general solution tf;;(r,8) = R(r)B(O) can then be written as7 

00 

l/f;(r,B) = L {AJn (kr) + Bn:i: (kr) }{Cn sin(nB) + Dn cos(nB)} (2.24) 
n=O 

with n an integer, A", B11 , C" and D 11 constant coefficients, ]11 and Y,, the n-th Bessel functions of 
the first and second kind, respectively. Only the dipolar solution in equation (2.24) will be 
considered; this is the case for n = 1. Y,,(kr) is diver;gent at r ~ 0. The associated coefficient C" is 
forced to be zero to obtain a physically meaningful result. 
To find a solution for the exterior region (r > a) the flow is assumed to be a potential flow 
around the circular dipole. This problem is equivalent to a 2D potential flow around a circular 
cylinder with uniform velocity U (see Figure 2.0). The stream function of such a flow is given by 

\if,(r,11) ~ -u( r- ar' }in(ll) r>a (2.25) 

From this equation one can see that t/;, = 0 at r = a for all values () showing that the streamline 
t/; = 0 represents a circle of radius a. The exterior flow is symmetrie with respect to the line 
() = 0, 1'. The solution t/;; (equation (2.24)) is then constructed in such a way that t/;; ~ sin(ff). In 
order to get this, D" is set to 0 for all n. Hence, equation (2.24) becomes 
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Figure 2.1. (a): Plot of the streamlines inside and outside the dipole. (b): Profile of vortiá!J (solid line) and stream 
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(2.26) 

In this equation only the two constants k and C1 are not known. These two are determined by the 
continuity requirements. The first requirement is that the stream function if must be continuous 
at r= a 

l/fi (r = a, B) = lfle (r = a, B) 

This implies that ] 1(ka)=O. The first zero of the Bessel function ] 1 is ka = 3.83. Thus, 

k = 3.83 
a 

(2.27) 

(2.28) 

The second condition requires that the azimuthal velocity u0 is continuous as well. u0 is defined as 

dl/f th d di . b . u9 = - , so e secon con tlon can e wr1tten as 
àr 

(2.29) 

and this gives the following expression for cl 

C =- 2U = 
1 kdJ1(ka) 

(2.30) 
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where the equality 8J1(x) = ]0(x) was used9
• The solution of the Lamb dipole in the entire region 

is then given by 

l/f(r,0)=-
2
U J1(kr)sin(O) o::s;r::s;a, 

kJ0 (ka) 

~-u( r- a: }in(l1) r >a. 

(2.31) 

A plot of the streamline pattern is given in Figure 2.1 a. 
Using equation (2.22), the corresponding vorticity in the entire region is 

m(r,O) = 2
Uk 1

1 
(kr)sin(O) 0:::; r:::; a, 

J0 (ka) (2.32) 

=0 r>a. 

In Figure 2.1 b, the vorticity and streamline cross-sections along the line trough the vorticity 
extremes, is given. 

The solution that was found by Lamb, equation (2.31), describes a stationary, inviscid dipole 
whose structure transiates steadily at some speed U in the direction defined by its axis. In several 
laboratory experiments, however, dipoles are observed to expand radially in time while at the 
same time, their vorticity amplitude decreases. The vorticity appears to be 'smeared out' over a 
larger region. Apparently, the viscous terms in the right-hand side of equation (2.9), the lateral 
viscosity and the Ekman friction term, respectively, play an important role in the evolution of 
the dipole. In the next section a description of the viscous evolution of the Lamb dipole is given. 
For the sake of completeness, it must be noted that recently, the work of Chaplygin on dipolar 
vortices has been rediscovered10 and it appeared that Chaplygin (1903) found a steady inviscid 
flow solution using a more general linear relation between vorticity and stream function inside a 
circle of radius a: 

r<a, 
(2.33) 

=0 r>a, 

where A is some constant. The Lamb solution derived above was a special case of the solution 
derived by Chaplygin (the so-called Chaplygin dipole). For further reading about this, the reader 
is referred to the article of Meleshko and van Heijst (1994)1°. 

2.3.3 Viscous evolution of the Lamb dipole 

Because of the smallness of viscous effects, the Lamb dipole is assumed to keep its functional 
form while decaying. That is, the inviscid solution (2.31) is still considered valid, with the radius a 

9 This equality follows from the general expression à x (xn Jn (x)) = xn Jn-I (x) where ]1(ka)=O has been 

used (See e.g. Kreyszig, E. 1993 Advanced Engineering Mathematics 61h edition, John Wiley &Sons). 
10 See Meleshko V.V. and van Heijst, G.J.F., 1994. On Chaplygin's investigations of two-dimensional 
vortex structures in an inviscid fluid. ]. Fluid Mech. 272, 157-192. 
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and the velocity U slowly varying in time. See e.g. Zavala Sans6n2 where the validity of this 
assumption has been investigated. Equation (2.28) is also assumed to be valid, which implies that 
k is a function of time tas well. 
In order to derive a dipole evolution, the following global quantities are introduced, that is the 
kinetic energy E and enstrophy S which are defined as 

(2.34) 

The decay rate of energy can be found by multiplying equation (2.5) by u and integrating over the 
horizontal domain2 (see appendix B): 

dE(t) 2 
--=-2vS(t)--E(t) 

dt TE 

dS(t) ff 2 2 -=-v (vm) dxdy--S(t) 
dt TE 

(2.35) 

with TE the characteristic Ekman time scale defined as 

(2.36) 

According to the definitions in equation (2.34), the energy and enstrophy of the Lamb dipole are: 

E = 2na2U2, 

S = ne2U 2
• 

(2.37) 

where ê = ak :::::: 3.83. Assuming U = U(~ and a = a(~, the decay rate of E and S for a Lamb 
dipole is 

dE ( dU daJ -=4naU a-+U- , 
dt dt dt 

dS = 27Cê2U dU . 
(2.38) 

dt dt 

Using equation (2.37) in (2.35) the decay rates, in terms of U and a, are2
, 

dE = -27CVê2U2 - 4n a2u2' 
dt TE 

dS = _27CVê4 U
2 

_ 2n e2u2. 
dt a2 TE 

(2.39) 

Combining of equation (2.39) and (2.38), yields the following velocity and radius evolution: 
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dU = -( Vê

2 

+_!_Ju' 
dt a 2 TE 

d(a 2
) 2 

--=Vê. 

(2.40) 

dt 

Integration with respect to time gives: 

(2.41) 

where index 0 indicates the initial condition (t = 0). Assuming that w = k2rp is valid throughout 
the evolution of the dipole, the viscous decay of the vorticity, which follows from the vorticity 
equation (2.12), is given by 

(2.42) 

Here we used the relation w = -v2rp and equation (2.36). Using k(Î)-c/ a(Î) the solution of this 
differential equation is 

(2.43) 

Inserting equation (2.41) into the expression for the energy and enstrophy yields: 

(2.44) 

with E 0 and 50 the initial energy and enstrophy values of the Lamb dipole defined as 2na~Ug 

and 7ic 2Ug, respectively. 

Note that the exponential decay in the vorticity equation (2.43) is due to the Ekman bottom 
friction (the second term on the right-hand side in equation (2.9)). This- decay has a characteristic 
time scale equal to the Ekman time scale. 
In the term between the parentheses one can also identify a characteristic time scale: 

(2.45) 
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Apparently this time scale is the same as the diffusive time scale, where in this case the length 
scale is based on the dimension of the dipole ( ~ a ). In other words, this term which contributes 
to the vorticity decay is due to the lateral diffusion of vorticity (the first term on the right-hand 
side in equation (2.9)). 

2.4 Dipole collision against the wall 

The interaction of vortices with boundaries is an important problem in many areas of interest. A 
number of experimental and numerical studies have been carried out, starting with Harvey and 
Perry 11

, who observed how a single trailing vortex interacts with a moving floor. They observed 
that the vortex rebounds and travels far from the wall, and explained that this effect is due to the 
creation of a secondary vortex at the wall. Van Heijst and Flór12

, in their experiments in a 
stratified fluid, carried out an experiment of a dipole colliding perpendicularly against the wall. In 
this experiment they clearly visualized the rebounding of vortex dipole impinging on a solid wall. 
By numerical simulation, Orlandi13 described in great detail the rebounding effect in the presence 
of both non-slip and free-slip boundaries. In this section the results of Orlandi for the non-slip 
wall are presented. 
Consider a dipole approaching the wall with its axis perpendicular to the wall (see Figure 2.1a). 
Note that this figure is only meant to give an impression of how the dipole interacts with the 
wall. Not all the details given here below are plotted. In analogy of the description by Orlandi, 
only one part (vortex) of the dipole is described, as the interaction of both vortices is symmetrical 
with respect to the dipole axis (the line of symmetry). During the approach of the primary vortex 
toward the boundary, it induces a very strong positive vorticity sheet at the wall that becomes 
unstable and detaches from the wall forming a secondary vortex (Figure 2.1 b-c). The latter 
vortex induces a weak and thin tertiary vortex at the wall that 
does not significantly influence the motion of the primary and secondary vortex. The secondary 
vortex, moving upwards, stops the horizontal motion of the primary vortex. The secondary 
vortex has a strong vorticity core connected to the vorticity layer at the wall. Together with the 
core of the secondary vortex, the primary vortex forms a new dipole that moves away from the 
wall (Figure 2.1c) . During this movement the weak layer elongates until it breaks. The new 
dipole is not symmetrical because the vorticity of the primary vortex is stronger than the vorticity 
of the secondary one. Hence, the dipole moves along a circular path back towards the original 
dipole axis (Figure 2.1d). Due to the mutual interaction with the other new dipole (caused by the 
other part of the original dipole), the dipoles move toward the wall (Figure 2.1e). The secondary 
vortices are sheared by the primary vortices and are engulfed by the vorticity of the same sign 
that was attached to the wall. During this process of pairing, very small-scale tertiary vortices are 
induced near the line of symmetry (Figure 2.1 f). Once more, the primary vortex detaches the 
vorticity layer far from the wall. At this stage, the new dipole has the secondary vortex with a 
smaller vorticity that the vorticity it had in the previous event. Thus, the new dipole rotates faster 
and hit the wall again. During this second collision of the dipole against the wall, the secondary 
vortex does not pair with the stronger positive core of vorticity that was attached to the wall. 
Instead, it penetrates between the primary vortex and the core of the secondary vortex formed in 
the previous stage. The primary vortex still has sufficient strength to detach the positive vorticity 
from the wall and form a new dipole. This process repeats until viscosity dissipates the weak 
secondary vorticity layer, leaving only a circular vortex rotating around its centre. The couple 

11 Harvey, J.K. and Perry, P.J. 1971. Flow field produced by trailing vortices in the vicinity of the ground. 
A.IAA.]ourna/9, 1959-1960. 
12 Van Heijst, G.J.F. and Flór, J.B. 1989. Laboratory experiments on dipole structures in a stratified fluid. 
Mesoscale/ Synoptic Coherent Structures in Geopfysical Turbulence, Elsevier, Amsterdam, 591-607. 
13 Orlandi, P., 1990. Vortex dipole rebound from a wall. Pfys. Fluids A 2, 1429-1436. 
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formed near the line of symmetry is not sufficiently strong to detach itself from the wall. 
However, for large Reynolds numbers this couple gets enough strength to detach itself from the 
wall and moves along the line of symmetry in the opposite direction to that of the initial vortex 
dipole. 

2.5 Spin-up of a rectangular tank 

The spin-up process in a rectangular tank is first studied by van Heijst et a! 4
• They found that 

during the spin-up process, leading to the ultimate stage of rigid-body rotation, three main stages 
can be distinguished: 

1. Within the first revolution period of the system, an anticyclonic starting flow 1s 
established. 

2. Cyclonic vortices are formed at the lateral tank walls. 
3. A pattern of alternately cyclonic and anticyclonic cells is formed along the long side of the 

tank. 

14 Van Heijst, G.J.F., Davies, P.A, and Davis, R.G., 1989, Spin-up in a rectangular container. PfD!s. Fluids 
A 2, 150-159. 
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When the tank is spun up from .Q to .Q + ~.Q, the absolute vorticity is conserved, assuming an 
inviscid incompressible flow, i.e. the absolute vorticity before and directly after the spin-up is 
equal. As the fluid depth is unchanged, the conservation of vorticity gives: 

(J + {J) )before = (J + {J) )after (2.46) 

with f the system vorticity and UJ the relative vorticity. Before the spin-up bas started UJ = 0 and 
J = 2D. Immediately after the spin-up j = 2D+ 2~D. According to equation (2.46), the relative 
vorticity UJ after the spin-up is then cu = -2~D. Since the vorticity is related to the stream function 
by equation (2.21), this leads toa Poisson equation for the stream function rp of the flow relative 
to the rotating tank: 

(2.47) 

Because of the zero-normal-flow condition, the sidewall boundary coincides with a streamline, 
the stream function of which is taken to be zero: 

x = 0, L 0 ~ y ~ B : 

y = 0, B 0 ~ x ~ L: 

lf/ = 0, 

lf/ = 0. 

where Land B are the length and width of the tank, respectively. 

(2.48) 

The solution rp of the Poisson equation (2.4 7) above consists of a homogeneous tPho1n and a 
particular part tfpart· The problem for rp is solved by first finding a convenient particular solution 
tfpart that takes away the inhomogeneous right-hand side of the Poisson equation, and 
subsequently solving the remaining Laplace equation for rp - tfpart' with inhomogeneous boundary 
conditions to compensate for the non-zero values of tfpart at the sidewalls14

• The resulting solution 
. . b 14 1s given y : 

lf/(x, y) = (x2 
- xL )~.Q + 

sm (2n+l)(;rx) sinh (2n+l)(n(B-y)) +sinh (2n+l)(;ry) 
8~.QL2 ~ -L L L 

n3 ~~-(-2_n_+-1)-3~~----~~~.-h~(c_2___._1)-(n_B_)~J~~~_._ 
sm n+ L 

(2.49) 

The streamline pattern according to this solution has the appearance of a single cell filling the 
entire rectangular domain. This pattern is plotted in Figure 2.1 for three different aspect ratios 
o = L/ B of the tank. As one can see in this figure, the streamlines far from the short tank walls 
represent a linear shear flow whose velocity is given by: 

u(y) =ay, v=O. (2.50) 

This gives then a relative vorticity of cu = -8u/ By = -rx. Combining this relation with cu = -2~{) 
yields: 

(2.51) 

So, the strength of the shear is twice the change in angular velocity. This can also derived by 
choosing another coordinate system which simplifies equation (2.49) considerably. The x-
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coordinate is taken from -LI 2 to LI 2 and the y-coordinate from -BI 2 to BI 2. The expression in 
(2.49) becomes then15 

1 fly 
cosh (n + -)(-) 

48QL
2 ~ (-Ir ( 1 1lx J 2 L 

1Jf(x,y)=(x
2 -L2)8Q+ 3 L 3 cos (n+-)(-) ( J(2.52) 

1l n=o( IJ 2 L h ( 1)(1lB) n+- cos n+- -
2 2 L 

The velocity u(xJ1)=8tjJl8y in the x-direction is then: 

1s See Konijnenberg, J.A. van de & van Heijst, G.J.F. 1997. Free-surface effects on spin-up in a 
rectangular tank.]. FluidMech. 334, 189-210. 
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B 

. h ( l)(1ly) sm n+- -
411.QL 

00 

(-lY ( 1 rex ) 2 L 
u(x, y) = 2 L 2 cos (n+-)(-) ( J 

1l n=o( 1) 2 L h ( l)(1lB) n+- cos n+- -
2 A 2 L 

(2.53) 

c 

Now, consider the velocity u far from the short boundaries, i.e. ~o. Term A in this equation is 
approximately 1. Term Bis approximately (n + 112)1ly / L and term Cis roughly 1. Note that in 

all these approximations the higher order terms are neglected. All these higher order non-linear 
terms go as 1 / ~n. with m an integer 2: 2. Hence for large values of L the higher order terms 
vanishes more quickly. This can also be seen in Figure 2.1: the area for which the flow can be 
approximated by a linear shear, i.e. the area for which the streamlines are all horizontal, is larger 
for larger values of o, i.e. for long, narrow tanks. Substituting of the terms estimated above in 
(2.53) gives: 

( ) 411.Q ~ (-lY 
2

An 
u y ::::::--y ~ = Ll~'-Y· 

1l n=U l( 1 j\ n+-
2 

(2.54) 

In Figure 2.1 a cross-section in the y-direction of the velocity u(x,y) at x = 0, is given. As 
demonstrated above, the cross-section u is linear with respect toy. 
In the next stage, cyclonic vorticity which is generated in the viscous boundary layers near the 
tank walls, is advected by the main flow and organizes into an asymmetrie pattern of four cells (in 
the case of o = 3) in the corners of the tank: two larger cells along the longer sides of the tank 
and two smaller cells along the shorter sides. The occurrence of these cyclonic corner cells leads 
eventually to separation of the main anticyclonic flow from the walls. While the smaller corner 
cells quickly disappear, the larger corner cells increase rapidly in size. This results in a drastic 
deformation of the original anticyclonic cell in such a way that two anticyclonic cells at the end of 
the tank are being formed. The two cyclonic cells move gradually toward the centre, where they 
merge. Once the merging is completed (the third stage), a quasi-stationary fmal state is reached in 
which the flow is composed of three circulation cells: a central cell with cyclonic circulation, 
flanked by two anticyclonic cells. The vortices gradually decay due to bottom friction effects, 
until the fluid reaches the state of solid-body rotation. The number of cells formed in the third 
stage mainly depends on the aspect ration o. This number is equal to o rounded up to an odd 
integer. Note that the situation described here applies toa free surface fluid. The organization of 
the flow with a rigid-lid upper boundary condition is essentially different (see Van Heijst et al. 1~. 
As mentioned before the first stage is completed after typically 1 revolution: lit - 1in-1

• In order 
to maintain this stage as long as possible, it is thus important in this research that the increase /iQ 
in the angular velocity shoud be very small (:::::0(10-~). 

In this approach, the obtained solution (2.53) is not able to satisfy the no-slip condition (u = 0) at 
the boundary (y = ±B/ 2). Because of this condition, an adjustment in the form of a boundary 
layer is required at these two boundaries. In order to resolve the problem at the two boundaries, 
we now return to the NS-equation (2.5). The y-component vof the velocity u is 0. The x-
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Figure 2.1 The velocify distribution u(y) at x = 0 for o = 5. 

component u is a function of y, i.e. u = u(y). In absence of any pressure gradient, the x
component of the NS-equation becomes simply the following diffusion equation 

This differential equation has to be satisfied subject to the conditions: 

u(B/2,t) = 0, no-slip condition 

u(O,t) = 0, symmetry 

u(y,O) = 2~.Qy. initialcondition; 

} boundary conditions; 

t=O 

(2.55) 

t>O 

(2.56) 

The second boundary condition follows from the symmetry of the problem (see Figure 2.1 ). The 
initial condition follows from conservation of potential vorticity as discussed before. This 
condition can also be obtained by using the form of the initial flow field: u = r X d.Q. The 
differential equation above can be solved by means of separation of variables; u(y,~ is then 
written as the product of Y(y)T(~, where Y and T represents the spatial and tempora! dependence 
of u, respectively. By substituting of this product in (2.55), the following equality is obtained: 

1 arct) i a1Y(y) 
----= 
vT(t) at Y(y) ay2 

(2.57) 

This expression is only valid if the terms on both side of the equation are constant. This constant 
is chosen equal to -J..2

• This gives the two following differential equation: 
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(2.58) 

where p = V 112 À. The general solution for Y is written as: 

Y(y) = Acos(Ày) + Csin(Ày) (2.59) 

with A and C constants which are evaluated from the boundary condition (2.56). In term of Y, 
these conditions now are 

Y(O) =0, 

Y(B/2) =0. 

By applying these conditions to (2.59), one obtains 

A=O, 

2n1l 
/l =-

n B 

The solution of the temporal part T is given by 

n = 1,2,3". 

2 

T(t) = De-p 1 

Hence the functions 

(2.60) 

(2.61) 

(2.62) 

(2.63) 

are solutions of the diffusion equation (2.55), satisfying the boundary conditions in (2.56). In 
order to obtain a solution that also satisfies the initial condition in (2.56), the following infinite 
series is considered, which is also a solution of (2.55) 

( ) ~ D . ( 2n1l J -vl 21 u y' t = L.J n sm -- y e n 

n=I B 
(2.64) 

The coefficient D
11 

follows then from the initial condition of the flow field 

u(y,0)= Î',Dnsin(Zn1l yJ=2dQy 
n=I B 

(2.65) 

By inversion of these series, one obtains D", yielding 
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D _ 4 
8f12

2 An. • (2n7l } _ 2Bfl.Q (-lr • - - Ll.:.~ysm -_-y y - ----
.. B~ · s· n n 

(2.66) 

The general solution of u then takes the form 

) 2Bfl.Q ~ (-lf . ( 1 ) -vÀ 21 
u(y,t = L..J--sm AnY e n 

7l n=I n 
(2.67) 

The behaviour of this solution is shown graphically in Figure 2.1a for different times t. Far from 
the boundary the velocity is linear with respect toy, which is similar to the solution given by 
(2.54). However the velocity now falls down to 0 over an interval with a characteristic length o 
with respect to the boundary. Apparently, o is the thickness of the boundary layer. As one can see 
from the figure, o becomes thicker for larger values of time t. This thickness is expressed by the 
exponential term of the series (2.67) and is of order 

8 2nJVi 
B B 

(2.68) 

Here, the value n = 1 is taken because the n = 1- term is the dominating one in the series. Note 
that if t is estimated by (B/ 2)/ U, with U a characteristic velocity, then o transforms into the well
known relationship between the thickness of the boundary layer and the Reynolds number: 

8 - 7l B / Re112
, with an additional term Jr in this case. 

The corresponding vorticity distribution is shown graphically for different times tin Figure 2.1 b. 
Far from the boundary the vorticity is negative and equal to -2fl.Q. As a result of the viscous 
boundary condition, a large amount of positive vorticity is instantaneously created at the wall and 
penetrates inwards, while decreasing for larger times due to diffusion. The behaviour of this 
vorticity in the boundary layer region can be approximated by m D fl.u/l!:.y. fl.u is roughly 
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Llu - (uj ~-ui ) ::::: (aB/2-0) = aB/2, 
y=B/2-u y=B/2 

where the relation (2.50) is used, and Liy is Liy = ö - 21i(Vt)112
• Hence, the vorticity cu is 

aB 
(J)-----

47r ( Vt )
112 

• 

Obviously, the vorticity close to the boundary behaves as OJ - t-112
• 
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3 N umerical model 

In order to investigate the dipole wall interaction in presence of a linear shear, the Navier-Stokes 
equations in the velocity-vorticity formulation are solved numerically, using the spectral solver 
developed by Clercx1

• In this model a two-dimensional square [-1,1) x [-1,1) domain D with 
boundary 8D is considered. The Ekman friction term (the second term on the right hand side in 
(2.12)) is neglected. Hence, the vorticity equation becomes 

aw - + (u · V)m = v\1 2m. at (3.1) 

By introducing the dimensionless velocity vector u' and the vorticity UJ', defined as Ju J /U and UJ 

X L/ U, respectively, with L a characteristic length scale and U a characteristic velocity, the 
dimensionless vorticity equation is rewritten in dimensionless form, 

am 1 2 
-+(u·V)m=-V m, at .R.e 

(3.2) 

where the primes have been omitted for the sake of convenience. The time t and the nabla 
operator V are scaled with U / L and L, respectively. Re is the Reynolds number defined as Re 
=ULI v. To solve this equation, it must be combined with the definition of the vorticity and the 
continuity equation, as well as the no-slip boundary conditions for the velocity, 

k·\lxu=ro inD, 

\l ·u =0 inD, (3.3) 

u=O onaD, 

where k is a unit vector perpendicular to the two-dimensional plane. Daube2 showed that this set 
of equations is mathematically equivalent with the vorticity equation (3.2) together with the 
relations: 

\12u=kx\lro inD, 

k·\/Xu=ro onaD, 
u=O onaD. 

Equation (3.4) yields a Poisson equation for each component of the velocity u: 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

1 Clercx, HJ.H., 1997. A spectral solver for the Navier-Stokes equations in the velocity-vorticity 
formulation for flows with two nonperiodic directions. ]. Comput. Plys. 137, 186-211. 
2 Daube, 0. 1992. Resolution of the 2D Navier-Stokes equations in velocity-vorticity form by means of an 
influence matrix.]. Comput. Plys. 103, 402-414. 
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The flow field is described by the vorticity cu(x,y, ~ and velocity u(x,y, ~- In the numerical model 
the vorticity equation is time-discretised using the explicit Adams-Bashforth scheme for the 
advection term (2"d term on the l.h.s.) and the implicit Crank-Nicolson procedure for the 
diffusive term (the term on the r.h.s.). For the details we refer to the book of Canuto et al.3 

Application of this scheme yields: 

inD, (3.8) 

where À= 2Re//)..t, with /)../the time step and 

(3.9) 

Note that the superscript denotes the time-level at which the variables are considered (for 
example, cu"+ 1 = (U((n + /)/)..~). 
The term 511

'
11

-
1 is known at time n/)..t, hence this term can be considered as source term for the 

Helmholtz equation (3.8). By solving this equation, cu"+1 is obtained, after which bath velocities u 
and v can be calculated by solving (3.7) at time (n + 1)/)..t. 

(3.10) 

An altemative time discretization must be used for the first time integration step in order to keep 
the overall time integration scheme second-order accurate. This discretization is based on a 
Runga-Kutta procedure3

. 

The no-slip boundary conditions for the velocity require a high resolution near the solid 
boundaries. This requirement is satisfied by employing a pseudo spectra! method based on the 
expansion of the relevant flow parameters in terms of Chebyshev polynomials T,,(x) which are 
defined as T,,(x) = cos(ncos-1(x)). These polynomials have the property that their zeros condense 
near the boundaries (see Figure 3.0a). 
The vorticity and both components of the velocity are expanded in double series of Chebyshev 
polynomials: 

N M 

m(x, y,t) = L Imnm(t)Tn(x)Tm(y), 
n=O m=O 
N M 

u(x, y,t) = L L ûnm(t)T,,(x)Tm(y). 
n=O m=O 

On a square domain it is common to use the same number of polynomials for the x- and y

direction, i.e. N =M. The expansion coefficients mnm and ûnm are determined by evaluating 

(U(x,y, ~ and u(x,y, ~ in the Gauss-Lobatto points X; and y; defined by 

(3.11) 

3 Canuto, C., Hussaini, M.Y., Quarteroni, A. & Zang, T.A. 1987. Spectra/Methods in Fluid Dynamics, Spinger
Verlag. 
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Figure 3.0 (a): A plot of the Chef:yshev pofynomial for n = 20. (b): The numerical grid formed of Gauss-Lobatto 

points for N = M = 32. 

ni 
X; =cos-, forO '5: i '5: N, 

N 
Jri 

Y; =cos-, forO '5: i '5: M. 
M 

(3.12) 

and using the orthogonality of the Chebyshev polynomials. For the expansion coefficients iiJnm 
the following expression is obtained: 

with 

c = {1 
n 2 

if 1 '5: n '5: N - 1 

ifn=OorN. 

(3.13) 

(3.14) 

In Figure 3.0b, a plot of the distribution of the Gauss-Lobatto points within the numerical 
domain is given. The points are distributed in such a way that the transformation from physical 
space to spectral space according to (3.13), or backwards via (3.11), can be performed by a Fast 
Fourier Transform (FF1). Another feature of the Gauss-Lobatto points is the increasing spatial 
resolution towards the boundaries. 
The boundary conditions for the vorticity are not known. These vorticity values are evaluated by 
means of an influence matrix method proposed by Daube2

• For this, the vorticity and velocity 
fields are written in terms of particular solution and a set of complementary solutions: 
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p 

w = iiJ + L a/vi , 
i=I 

p 

u=û+:Laiui, 
i=I 

(3.15) 

where the summation i = 1 to P represents all the boundary points, excluding the corner points1
• 

The particular solutions iiJ and û are found obtained by using an arbitrary boundary conditions 

for the vorticity to solve equation (3.8). The most obvious one is putting iiJ = 0. The 
corresponding velocity field û is calculated by solving the Poisson equation(3.10). The resulting 

velocity field is not necessarily divergence-free and the curl of the field, Ç = k· V X û , is in general 

not equal to the vorticity field (,}, The complementary solutions mi and ll; are solutions of the 

equation (3.8), with zero source term (S"·"-1 = 0), and with ill; = 1 in the boundary point I and zero 

in all other boundary points. Subsequently, the Poisson equations for the corresponding velocity 
field are solved. The coefficients tl; are obtained by demanding ( = OJ = k· Vxu on the 

boundary2. U sing equation (3.15) this yields 

VjE {LP}. (3.16) 

The coefficients tli are then determined via 

(3.17) 

with M the influence matrix with elements M ji = ( Ç - iiJ) .. The values tl; are used to determine 
J 

the vorticity distribution at the boundary. Once this is clone, the Helmholtz and Poisson 
equations can now be solved. 
This approach appears to be numerically unstable when applied to spectral codes. This is solved 
by applying a so-called 'tau correction method' which removes discretization errors. A more 
detailed description can be found in the paper by Clercx1

• 

Spin-up implementation in the model 

The derivation of the equation of motion in the vorticity formulation (equation (3.2)) is based on 
the assumption of a uniform constant background rotation .Q. Spinning up the tank at a specific 
time t0 implies that this background rotation is time-dependent .Q = .U(~. This time-dependent 
background rotation gives rise to an additional term A in the NS-equation(2.1 ), i.e. 

Du 1 2 df! 
-+2f!xu=--Vp+V<I> +v\7 u-f!x(f!xr)--xr. 
Dt p 8 dt 

'----v---' 
A 

(3.18) 

In the derivation of the (dimensionless) vorticity equation, a forcing term F(t) = Vx 

(dD./ dtxr) = 2dQ/ dt appears: 
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Figure 3.0 (a): Spin-up of the tank expressed hy a step function (solid line) and its tangent hyperbolic approximation 
at to. (b ): A plot of the forcing term F (t ). U sed parameters: ~Q = 0. 1, r:l.J = 10, to = 5. 

dw 1 2 dQ 
-+(u·V)m=-\7 m-2-, 
at Re dt 

(3.19) 

where the background rotation Q was scaled with L/ U. 
The spin-up of the tank from 0 to b..Q at a specific time t0, is in fact an impulse of a force acting 
only for an instant, which is equivalent to the description of the background rotation Q(~ by a 

step function at time t0 with an amplitude b..Q (Figure 3.0a (solid line)), i.e. Q(t)=~Q-U(t-t0 ), 

with U(t- t0) the unit step function defined as 

U(t-t0 ) = {~ if t < t0 

if t > t0 • 
(3.20) 

This step function 1s implemented m the numerical model by means of the following 
approximation: 

(3.21) 

where r:1..1 is a steepness parameter. The higher r:1..1 the better this tangent hyperbolic approximation 
looks like the step function. A plot of this approximation is given in Figure 3.0a (dashed line). 
Hence, the forcing term F(t) = 2dQ/ dt is 

(3.22) 

In Figure 3.0b a plot of F(f) is given. 
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4 Experimental methods 

4.1 Laboratory experiments 

Apparatus 

The experiments were carried out in a rectangular tank of horizontal dimensions 200 x 43 
cnl and 30 cm depth filled with fresh tap water and mounted on a rotating table (see Figure 
4.0). In all the experiments a standard fluid depth h0 = 24 cm was used and the angular speed 
of the rotating tank was fixed at Q = 0.5 /. The sense of the rotation was always 
anticlockwise, when viewed from above. Before doing the experiments the water was 
allowed to spin up for at least half an hour to obtain a solid-body rotation. The flow is 
recorded with a co-rotating digital camera that is mounted above the tank. 

B 

y 

·:::::<::::·.-."" ... """ .. ""."" .. "~ .... " .. " ...................... . 
30cm 

/' 

,""'"' 

, ............... " 

43cm 

Figure 4.0. Schema/ic view of the experimental setup. The tank rotates in the anticlockwise direction at a 
constant rate Q. L is the ha!flength and B is the ha!f width of tank. 
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Creation of dipoles 

A dipolar vortex was produced by applying the technique as described by Velasco Fuentes1
: 

a bottomless thin-walled, aluminum cylinder of about 5 cm diameter was slowly moved in the 
y-direction, while gradually lifting it (see Figure 4.0). As a result, vorticity is generated in the 
wake of the cylinder which accumulates in a columnar dipole vortex. After typically 1-2 
rotation periods the organization of the vortex flow is completed and an approximately 
symmetrie dipole travels through the fluid along an almost straight line in a direction 
perpendicular to the langer side of the tank (y-direction). However, it is not always obvious 
that the dipole keeps moving in the y-direction before hitting the wall (normal collision). 
There are some phenomena that hinder the normal collision against the wall: first of all, if 
the cylinder is not moved very slowly while keeping its axis parallel to the axis of rotation, an 
asymmetrical dipole might occur which is going to move along a curved trajectory. A 
symmetrical dipole can only be achieved if the motion of the flow is (quasi) two
dimensional. This 2D motion requires that the Rossby number Ro must be less than 1 for 
the generation process. For this generation process, Ro is defined as 

u 
Ro=--

2QR 
(4.1) 

with U the horizontal velocity and R the radius of the cylinder, respectively. From this 
equation it turns out that velocity U of the cylinder must be less than 5 cm/ s. As the removal 
of the cylinder out of the tank was made by hand, it was not always easy to control the 
velocity of the cylinder in order to ensure the 2D motion. 
The second phenomenon which plays an important role in the motion of the dipole is the 
Ekman friction effect. As discussed in Chapter 2, the dipole is deflected to the right after 
some distance y. This feature acts effectively for lower depths. Hence, by working at larger 
depths, the movement of the dipole along the y-direction without any deflection lasts langer. 
In these experiments we used a depth h0 of 24 cm to avoid this effect as much as possible. 
Furthermore, using a narrower tank means that the dipole might arrive at the wall before the 
deflection starts to occur. This is one of the reasons why we used the narrow tank described 
above. 
Finally, the centrifugal acceleration caused by the rotation, results in curvature of the free 
surface, so that it becomes parabolic in shape with depth h described by the following 
formula1

: 

g2 
h(r) =hu +-r2 

2g 
(4.2) 

1 V elasco Fuentes, O.U. 1994. Two-dimensional vortices with background vorticity. PhD thesis, Eindhoven 
University ofTechnology. 

29 



/ 
-

Q co-rotating camera 

~ 
1 
1 
1 
1 
1 
1 
1 
1 
1 B 1.., ~ 

••••••••••••••••• ".""""."" •••• , •• :":'!! •••• " ••••••••••• " •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

Yc 

1 
1 
1 
1 

: ho 
1 
1 
1 

z 

Figure 4.0. Side view of the experimental setup. Dipoles are generated l?J dragging a small bottomless 
rylinder through the fluid whi/e lifting it. The rylinder is placed at a distance Y, from the wal! and is moved 
with a typical horizontal velocity of /ess then 5 cm/ s. B is the ha!f-width of the tank 

where h0 is the fluid depth at the axis of rotarian (see Figure 4.0) , r = (:>! + y} 112 is the 
distance to this axis, and g is the gravity acceleration. Assuming conservation of potential 
vorticity, given by 

2Q+m ---= Const., 
h 

(4.3) 

the parabolic shape of the free surface induces changes in the relative vorticity (JJ due to 
changes in depth which affect the dipole motion. If, for example, the dipole moves from the 
axis of rotarian towards the wall, the cyclonic part of the dipole becomes weaker and the 
anticyclonic part becomes stronger, and as a result, a deflection to the right might occur. In 
order to reduce the influence of the free surface, the relative change in depth !!.h/ h0 must be 
kept as small as possible. The maximal relative change in depth is given by (.QB) 2 

/ (2 h~, with 
B the half-width of the tank. Apparently, the free surface effect shrinks in the case of 
narrower tanks rotating at small angular velocities and filled with water at larger depths. In 
this experiment the maximal relative change in depth !!.h/ h0 that exists between the rotarian 
axis and the wall is of order 0.2 %. Tuis means that the free surface effect on the dipole 
motion is reduced considerably by means of the parameters chosen in this experiment. 

Creation of shear flow 

This flow is created by a sudden spin-up of the tank. The result is an initial flow which 
consists of a single cell filling the whole tank. In the centre of the tank the flow can be 
approximated by a linear shear flow (see chapter 2). The narrower and langer the tank is, the 
better the flow is approximated by a linear shear flow along the langer side of the tank (x
direction). This is the other reason why we used the long narrow tank described above. 
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In order to maintain this linear shear flow as long as possible, the tank is spun up with a 
small /1Q :::::: 0.01 s" 1 in all the experiments. According to equation (2.44) the strength of the 
shear is then a :::::: 0.02 s" 1

• 

Performance of the experiments 

Two types of experiment series are carried out in this research: a first series of experiments 
was clone using dye to visualize the flow. Such experiments provided important qualitative 
information, like the vortex wall interaction in the presence of the shear. This visualization 
also allowed us to verify the two-dimensionality of the flow motion. The dipole is visualized 
by adding fluorescent dye to the fluid inside the cylinder before starting the experiment. The 
interaction area where the dipole interacts with the wall is visualized by adding terasil-orange 
dye. This dye is injected shortly before the dipole arrives at the wall. The dye was assumed to 
passively follow the flow field during the experiments and thus of no influence on the 
process. When the dipole arrives at the wall, the linear shear flow is turned on. 
In order to obtain quantitative information about the flow field, a second series of 
experiments were performed with passive tracer particles which were assumed to follow 
fluid elements without affecting the flow itself. In the next section these particle experiments 
are described in det:iil. 

Particle experiments 

In order to investigate the flow motion quantitatively, the fluid in the tank was seeded with 
tracer particles with a diameter of approximately 250 µm. These particles float at and near the 
surface and are illuminated with a thin light sheet produced by four co-rotating slide 
projectors. The motion of the particles in the light sheet is monitored with a co-rotating 
digital camera that was mounted at approximately 1.5 m above the tank. This camera was a 
12 bit gray level camera that operated at a frame rate of 15 Hz. It was not possible to 
monitor the flow field in the whole tank because of the range limitation of the camera. In 
this setup the maximal range which the camera could record was approximately 84 cm X 35 
cm. For more details about this measurement system see Zoeteweij et af. 
Subsequently the recorded image sequence is analyzed to extract quantitative, time-resolved 
information about the flow field. Several 'Particle V elocimetry' algorithms have been 
developed to extract 2D velocity fields from a recorded image sequence. In these 
measurements, we used the Particle Image Velocimetry (PIV) to measure the velocity fields. 
PIV determines the displacement vector /1 x of particle patterns between two subsequent 
image frames, j and j + 1, respectively. For this, the recorded images are divided in to square 
sectors, called the PIV-windows (see Figure 4.0). By dividing 11.X by 11t, the time between 
frame j and j + 1, one finds the local average velocity in the PIV-window. In order to use all 
data available in the image frames, the PIV-windows are chosen with an overlap of a half 
window size (see Figure). The window size is chosen so that there is a least about 8 data 

2 Zoeteweij, M.L., van der Plas, G.A.J., Bastiaans, R.J.M" Kieft, R.N. and Rindt, C.C.M., 2002. PIV, 
PTV and HPV user'sguide. Internal report R-1568-D, Eindhoven University ofTechnology. 
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Figure 4.0. Schematic view of a recorded frame divided into PIV-windows. The PIV
windows have an overlap of a ha!f window size. 

points per window on average. To satisfy this condition, we used in this experiment two 
different sizes: 16 x 16 and 32 x 32 pixels. The first size gives a better spatial resolution than 
the second one, but it not necessarily means it always gives the best performance because the 
correlation between two PIV-windows in two subsequent frames may disappear. This is seen 
back in the result in the appearance of non-physical large velocities (called wrong vectors) in 
the velocity field. In cases where this inaccuracy occurs, we changed over to the 32 x 32 size 
for a better correlation between subsequent frames. 
The result of PIV is the average velocity vector of each PIV-window in pixel coordinates. By 
means of a calibration file, the velocity is transformed into physical coordinates. For further 
reading on the PIV method see Zoeteweij et af. 
The velocity field obtained from PIV is distributed in a number of irregularly grid points. In 
order to calculate the vorticity, divergence and stream function of the flow, the velocity field 
is first interpolated onto a regular grid using a Gaussian interpolation scheme. This scheme 
uses all unstructured velocity vectors for the interpolation at each grid point i. The 
interpolated velocity vectors u; and V; at grid point i are the result of the weighted average of 
all data points, i.e.: 

LhkUk LhkVk 
u.= k v. = k 

1 "'L.t;k ' 1 "'L.t;k ' (4.4) 

k k 

with uk and vk the velocity components of the velocity field in points k and f;k the Gaussian 
weight function given by 
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Figure 4.0. Schematic view of the Gaussian interpolation scheme. Data points (indicated f?J X) that are 

situated within a distance (J from a grid point (indicated f?J •) are interpolated on the same grid point. 

(4.5) 

where r;k is the distance between the grid point i and a data point k and (J is the standard 
deviation of f;k. Due to the nature of the weight function f;k, however, only the velocity 
vectors within a circle of length (J contribute for the most part to the velocity at the grid 
point i (see Figure 4.0). 
With these interpolated velocities ui and vi, the vorticity cui in each grid point i can then be 
calculated using finite-difference approximations (central differences at the internal grid 
points and forward/backward differences at the boundary grid points 3

) of the following 
express1on 

av au 
(J)=---. 

ax ay (4.6) 

The stream function i/Ji in each grid point i is computed by numerical integration of equation 
(2.11) using Gauss-Seidel iteration. For the exact numerical expressions of the vorticity cui 
and the stream function ipi the reader is referred to Verheyden3

. 

For the interpolation onto a regular grid in these experiments, the number of grid points in 
the x- and y-direction is taken such that there is one velocity vector per grid cell on average. 
The value of (J is taken such that the value of the velocity ui at each grid cell i is effectively 
equal to the average velocity of about four neighbouring velocities uk. 

3 Verheyden, KJ .F., 2000. Dataverwerking van twee-dimensionale snelheidsvelden. Trainee report 
R-1540-S, Eindhoven University ofTechnology. 
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4.2 Numerical simulations 

In the numerical model, the x- and y-coordinates are scaled by the length L and width B of 
the tank, respectively. The velocity u in the x-direction is scaled with a typical velocity U and 
the velocity vin the y-direction is scaled with a typical velocity V All the other varia bles are 
scaled with a combination of L, B, U and/ or V In Table 4.1 all non-dimensional variables 
used in the numerical model are listed. 

- x 
x=-

L 

- u u=-
U 

V=BU 
L 

_ L B 
W=-W=-W 

u v 

- u v 
t=-t=-t 

L B 

- y y=-
B 

- v v=-
V 

Table 4.1 List of the non-dimensionalized variables used for the numerical simulations 

The dipole in the numerical simulations is generated by putting two equally strong, 
oppositely-signed monopoles of radius R close to each other in a tank of width 2B and 
length 2L (see Figure 4.0). The middle of the tank is defined as the centre 0 = (0,0) of the 
axis. The collision boundary is located at y = B. In order to avoid artificial boundary layers 
being formed at t = 0, due to the no-slip condition, two isolated monopolar vortices were 
chosen (see Chapter 2); this, because the azimuthal velocity u6 of the isolated monopole 
decreases faster than the azimuthal velocity of the non-isolated one (see Figure 2.1 ). Using 
the non-dimensional form of the vorticity distribution of the isolated monopole, equation 
(2.20) transforms in the following form 

- - - r -iP 

( 

-2 J ;2 

W(r)- % 1- R. 2 e , (4.7) 
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Figure 4.0 Top view ef the numerical setup. Two equal/y strong (-) and(+) isolated monopoles with 

radius Rare put close to each other at a distance Lifrom the collision wal!. The tank has a length ef 2L 
and a width ef 2B. 

where the (~)-sign indicates a dimensionless variable and r is the distance from the centre of 
the monopole. Bath r and the radius R have been scaled with L. The dimensionless 
extremum vorticity value w0 (in r = 0 ) is determined by the condition that the 

dimensionless total kinetic energy E of the dipolar field is normalized to E(Ï = 0) = 2. The 

total kinetic energy E of the dipolar flow field given by ( equation 2.34) 

l +B+L 

E(t) = 2" J J ( u(x, t)
2 + v(x, t)

2 )dxdy. 
-B-L 

Rewriting this equation in dimensionless form, (4.8) transforms in 

By defining a dimensionless total kinetic energy E as 

equation (4.9) becomes 

- E 
E=--

LBU2' 

35 

(4.8) 

(4.9) 

(4.10) 



( 4.11) 

This integral is normalized to E(Î=O) = 2 at t=O. Using (4.10), one obtains then the 

following expression for U: 

U= JE 
V2zii 

Application to the laboratory experiments 

(4.12) 

In order to compare the obtained experimental results with the munerical ones, the 
experimentally measured variables need to be scaled in the same way as indicated in Table 
4.1, but now using the length L and width B of the tank used in the laboratory experiment 
(Figure 4.0). The typical velocity U in the laboratory is determined by firstly calculating the 
total kinetic energy E in the system at t = 0, using equation (4.8). One can then find U by 
means of equation (4.12). 
Moreover, the experimental and numerical flow must be dynarnically similar to each other, 
to be able to compare the results with one another. Dynarnic sirnilarity requires the equality 
of the relevant non-dimensional numbers that characterize the flow4

• These numbers can be 
constructed from the external parameters which control the flow. In the laboratory 
experiment the following parameters are involved: the length L and width B of the tank, the 
diameter D (=2R) of the dipole half and its characteristic velocity Uv and the distance Lv 
from the collision wall (Figure 4.0) at which it was initially situated, and, finally, the viscosity 
v of the fluid. Note that the Ekman friction term is neglected in this analysis because this 
term is not considered in the numerical model (equation 3.1). 
Dimensional analysis shows that the following four non-dimensional numbers can be 
combined from the parameters listed above: 

1. B ; this is the geometrie ratio of the tank. 
L 

2. D ; this expressed the size of the dipole with respect to the tank geometry. 
L 

3. Lv ; this term gives information on the initial position of the dipole. 
B 

4. U DD ; this is the well-known Reynolds number. 
v 

4 See e.g. Kundu, P.K 1990 FluidMechanics. Academie Press. 
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In the numerical simulations we assumed that the side walls are of no influence on the flow 
process. Only the width of the tank plays an important role. This means that the flow 
process in the rectangular tank in the laboratory experiment can be approximated by a 
square tank with a half-width B = 21.5 cm and half-length L = B = 21.5 cm (geometrie ratio 
B/L = 1). To have the same ratio in the numerical tank, a value of 1 is chosen for Band L 
(Figure 4.0). 
The diameter D of the dipole half in the laboratory experiments is typically 10 cm. The 
second non-dimensional term D / L is then of order 0.1. The dipole is formed at 
approximately 22 cm from the collision wall; hence, the third number Lv/B is approximately 
1 in the laboratory. 
To satisfy the dynamic similarity two isolated monopoles of radius 0.05 are placed at a 
distance Lv = 1 with respect to the collision wall in the numerical experiment. 
Furthermore, the Reynolds number used in the numerical simulations is rather an integrable
scale number based on the characteristic velocity U and the half length L of the container 
instead of the characteristics of the dipole, i.e. 

UL 
Rei.=-

sim V 
(4.13) 

Uercx and van Heijst 5 found the following relation between the Reynolds number 
Rev=UvD/v, which is based on the characteristics of the dipole, and the integrable-scale 
numberRe: 

Rev =0.8Re (4.14) 

With this relation the integral-scale Reynolds number in the laboratory experiment can be 
obtained which serves as an input in the numerical model. 

Spin-up of the tank 

The same value of the dimensionless strength a. of the linear shear in the laboratory must be 
used in the numerical simulations. The strength a.sim in the numerical model is obtained by 
sealing the strength a. used in the laboratory, by a factor L/U. Although a.sim can be 
controlled by means of the amplitude A (=2/j.f:Ja.) of the forcing term in equation (3.22), its 
value is not a direct input parameter in the numerical model. In order to have the same 
(dimensionless) strength, a numerical simulation of the shear in the square tank is made fora 
a particular value of A. Next, the distribution of the velocity in the x-direction u(y) is plotted, 
after which the strength a.,im is determined and compared with laboratory shear strength. In 
this way one can iteratively determine the correct value of A. The steepness parameter a./was 
put equal to 1000. 

5 Clercx, HJ.H. and van Heijst, G.J.F. 2002, Dissipation of kinetic energy in two-dimensional 
bounded flows. Pf?ys. &v. E, 65, 66305-1-4 
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5 Experimental results 

5.1 Dye experiments 

This section is devoted to a qualitative description of the experimental observations. It turns out 
that there is a fundamental difference between the dipole collision against the wall in the absence 
and the presence of a linear shear along the wall. Consistent with this difference, this section is 
divided in two parts: one part where a qualitative description is given of the dipole-wall collision 
in absence of the cross-shear and the other part where the shear is turned on. 

5.1.1 Dipole collision without shear 

When the cylinder is moved out of the tank, the green dyed fluid, which was inside the cylinder, 
occupied a flat, horizontal region in which the motion is almost purely horizontal. This 2D 
motion development is illustrated Figure 5. la. At this stage a dipolar vortex is observed to 
merge and increase. After a typical travelling distance of about the half-width of the tank B ::::: 21 
cm, the dipole reaches its mature state. This distance corresponds with typically 2-3 rotation 
periods of the tank. The typical drift velocity of this dipole is hence of order Bfl.Q ~ 1 cm/ s. The 
Ross by number Ro, based on the characteristic length of the dipole (order 20 cm) is of order 0.1, 
which proves the 2D motion of the fluid. Because of the small width of the tank, the cylinder had 
to be placed close to the opposite wall, i.e. Yc :::::41 cm (Figure 4.2), in order to have sufficient 
distance for the dipole to travel before teaching its ultimate state. Once the dipole is formed, it 
moves horizontally along a straight line (y-axis) in the direction of the collision wall (Figure 5.lb). 
As described in Chapter 2, we see here also the same results found by Orlandi: during the 
approach of the dipole toward the wall (Figure 5.lb) it induces a strong vorticity sheet at the wall 
(visualized by orange dye) (Figure 5. lc-d) that becomes unstable and detaches from the wall 
forming two secondary vortex dipoles (Figure 5.le). These two vortices move along a curved 
trajectory back to the original dipole axis (Figure 5. lf) and collide again against the wall (Figure 
5. lg-h) giving rise to the formation of a tertiary vortex dipole (Figure 5. li-k). This process of 
dipole bouncing kept on during a time period of about 250-400 s, until the vorticity dissipated 
due to bottom friction eff ects and horizontal diffusion. 

5.1.2 Dipole collision with shear 

Dye experiments have been made for three different strengths of the shear: et.. = 0.01, 0.02 and 
0.03 / at an angular velocity Q of the tank of 0.5 rad/ s. In Figure 5.2 a sequence of top-view 
pictures is presented demonstrating the flow process for the case et.. = 0.01 /. In Figure 5.2a the 
dipole is visualized shortly before the shear was turned on. The shear is turned on after 
approximately 60 s. It turns out that there is a remarkable difference in the way the cyclonic 
vortex (the vortex on the right hand side in the picture) reacts on this shear compared to the 
anticyclonic vortex Oeft hand side in the picture). Probably, the secondary vortices induced by the 
cyclonic and anticyclonic parts of the dipole seem to be affected by this shear. The secondary 
vortex due to the anticyclonic part (hereafter referred as secondary vortex 2) gains in strength and 
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Figure 5.1 A sequence of top-view photographs illustrating the dipole collision in absence of a cross shear along 
the wal/. The pictures a-h were taken at t = 8, 32, 40, 48, 72, 88, 112, 128s, respective!J and i-m (next page) 
at 144, 160, 184, 216 and 272 s, resp .. Experimental parameters were: Q=0.5 rad/ s, diameter of rylinder 
d91 = 5 cm and the fluid depth ho = 24 cm. · 
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starts to detaches from the wall, forming a strong dipole with the anticyclonic vortex (Figure 
5.2b-d), while the secondary vortex 1 seems to be weakened, forming a secondary dipole with the 
cyclonic part of the original dipole, which stays closer to the wall. This can be seen in Figure 
5.2d-f. Hereafter, the new dipole formed from the anticyclonic vortex will be referred as dipole 2 
and the other, formed from the cyclonic one, will be referred as dipole 1. Like in the case where 
no shear is present, dipole 1 and 2 rotate anticlockwise and clockwise, respectively, back to the 
wall. However, dipole 1 rotates along a circular path with a shorter radius than dipole 2. This is 
probably due to the fact that dipole 1 is more asymmetrical than dipole 2 because of the weaker 
secondary vortex 1 from which it is formed. This is seen in pictures d-h of the figure. Because of 
this symmetry difference, dipole 1 rotates faster and comes quicker back to the wall area (picture 
g and h of the figure). During the rotations of both dipoles, they also experience a downstream 
deflection (to the left in the picture) due to the shear flow. Obviously, the presence of the shear 
in the flow process breaks down the symmetry of the dipole-wall collision process described in 
the farmer section. To see which effect we might get in the case of a stronger shear, two more 
series of experiments were carried out where the shear strength was increased by a factor 2 and 3, 
i.e. a = 0.02 /and ex = 0.03 /, respectively. The results of these experiments are given in Figure 
5.3 for ex = 0.02 { 1 and Figure 5.4 for ex = 0.03 /. As we can see from Figure 5.3b-c and Figure 
5.4c-f the secondary vortex 2 seems to gain even more strength with increasing ex, which causes 
dipole 2 to rotate clockwise along a langer circular path clockwise back to the wall, at a position 
further downstream. The secondary vortex 1 seems to be weaker with increasing ex, with the 
result that dipole 1 becomes more and more a monopolar vortex carried on by the stream along 
the wall. Moreover, we see that the shape of this vortex is elongated in the direction of the shear 
(Figure 5.4e-f). In sectiun 5.2.3 a Jetailed description of the effect of the seconda1y vortex by the 
shear is given. 
From these experiments we can say that increasing ex, increases the radius of the circular path of 
dipole 2 and decrease the radius of the circular path of the other. The effect of even larger 
strengths on the dipole collision process was not investigated due to the effect of the other walls 
of the tank on the flow process. 
In the next part of this chapter the results of the particle experiments are worked out. Because of 
the range limitation of the camera, as mentioned in the Chapter 4, we were not able to investigate 
the flow evolution for higher shear strengths. We confine ourselves in this part to a quantitative 
analysis of the flow field for just one shear strength ex = 0.02 /. 

41 



Figure 5.2 A sequence of top-view photographs illustrating the dipole collision in presence of a cross-shear along 
the wal/. Thepicturesa-hweretakenatt=50, 80, 88, 104, 120, 136, 17, 88 s, respective!Jandg-n (nextpage) 
at 128, 144, 160, 184, 216 and 272 s, resp .. Expenmental parameters were: Q=0.5 rad/s, C1. = O.Ots-1, 

diameter of cylinder d91 =5 cm and the jluid depth ho = 24 cm. 
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Figure 5.3 A sequence of top-view photographs i//ustrating the dipole co//ision in presence of a cross-shear a/ong the 
wa/L The pictures a-h were taken at t = 40, 80, 112, 144, 160, 192, 224, 240 s, respective/y. Experimenta/ 
parameters were: D=0.5 rad/ s, ex = 0.02 s-1, diameter of rylinder dry1=5 cm and the }luid depth ho = 24 cm. 
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Figure 5.4 A sequence of top-view photographs ii/ustrating the dipole collision in pmence of a cross-shear along the 
wa/L The pictum af were taken at t = 44, 80, 104, 136, 160, 176 s, respective/y. Experimental parameters were: 
D=0.5 rad/ s, ex = 0.03 s-1, diameter of rylinder d9 1 =5 cm and the fluid depth ho = 24 cm. 
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5.2 Quantitative observations 

5.2.1 Spin-up of the tank 

As we study here the collision of the dipole against the wall in the presence of a linear shear, it is 
important to investigate the linearity of this shear in the entire experimental area. The behaviour 
of this shear close to the wall is also an important feature to be examined because this seems to 
affect the dipole-wall collision considerably, as we saw in part 5.1 with dye experiments. Due to 
the limitation of the range of the camera, we could only observe a part of the tank in which the 
dipole collision experiments were carried out. This experimental area covers roughly 84 cm X 35 
cm in the x and y-direction, respectively, and is located in the middle of the tank at approximately 
58 cm from the two side walls. See Figure 5.5, where the evolution of the streamline pattems is 
given for four different times, that is, t = 6, 60, 143 and 210 s, respectively. In the beginning, the 
streamlines form a single cell, filling the whole tank (Figure 5.5a-b). With increasing time, the 
streamlines slowly deform and lose their symmetrical shape until, eventually, cells start to move 
inward. This can clearly be seen in a contour plot of the vorticity in Figure 5.6. In the initial stage 
we observe that large vorticity is created at the wall due to the no-slip condition at the wall (see 
Chapter 2). At later times this area with positive vorticity grows in size (Figure 5.6c) and starts in 
the end to separate from the wall (Figure 5.6d). In the initial stage of the spin up the streamlines 
seem to be sli{!htlv distorted. probablv due to surface waves formed directly after the sudden 

u ,/ I .L "' • 

change of the angular velocity of the tank. The temperature difference between the water at the 
surface and the air just above the surface causes weak perturbations occurring over the water 
surface which might also distort the streamline pattems. Nevertheless, we can claim that the 
streamline pattem is approximately horizontal during a time period of roughly 200 s. At later 
times the streamline pattems start to deviate more and more from the initial single cell, as more 
cells are being formed and the stream function becomes more asymmetrical. 
An important issue to be considered, is the linearity of the shear flow. Some cross-sections of the 
x-component of the velocity, u(y), are made and presented in Figure 5.7. To gain a clear insight 
into the behaviour of the cross-sections in the entire experimental area, we measured u(y) at three 
different positions in the tank, one in the middle, at x z 2 cm (indicated by •) and two 
measurements at both sides of the experimental area at approximately 35 cm (X) and -35 cm (o). 
The velocity profile u(y) seems to be linear in the initial stage of the spin-up process (Figure 5.7a
b ), hut while the time increases, these linearity starts to break down firstly at the side walls (Figure 
5.7c) and finally in the whole tank (Figure 5.7d). The linear profile found here is in agreement 
with the analytica! expression given by equation (2.67). Moreover, we can see in this Figure that 
the strength of the shear decreases and that the boundary layer grows with increasing time. This 
is also in agreement with the analytica! velocity profile given by equation (2.67). At t = 6 s, a least
square fit through the data at x = 2 cm revealed that oc :::::: 0.025 /, which is of the same order as 
the value of the experimental parameter oc = 0.02 s"1

• This square fit was made for the data outside 
the boundary layer. The thickness of the boundary layer ö is approximately 3 cm in the initial stage 
(Figure 5.7a) and increases to Ö:::::: 6 cm at 205 s. According to equation (2.68) 

8-2n.JVi, (5.1) 

the layer thickness for t = 6 sis ö = 1.5 cm and fort= 205 s, ö = 9 cm. These values are of the 
same order as the experimental values. This agreement with the theory, where only horizontal 
diffusion was taken into account (equation 2.55), shows that, indeed, diffusion at the wall 
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Figure 5.5 Evolution of the streamline pattern in the rectangular tank for 4 different times: (a): t 
= 6 s. (b): t = 60 s. (b): t = 143 s and (d): t = 210 s. The solid lines represent positive values of 
the stream function and dotted lines represent negative values. The shear strength is IX = 0.02 s-1• 

Note that on/y apart of the tank is presented here due to range limitation of the camera. This area of 
interest covers rough/y 84 im x 35 im in the x and y-direction, resp., and is located in the middle of 
the tank at afJfJroximatelv 58 cm fmm the two .ride walk 
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predominates the initial stage of the process. This is also seen in the difference between the 
diffusive time scale Tv given by 

(5.2) 

and the Ekman time scale TE defined as ( equation 2.36) 

(5.3) 

where L is a characteristic length scale. L is approximated by the thickness of the boundary layer 
o where diffusion acts. With v = 10-2 cm2 f 1 (for water at room temperature) and o - 1 cm, Tv is 
then of order ö2 / u -102 s. With Q = 0.5 rad/ s, h0 = 24 cm, the value of the Ekman time scale TE 
is TE ::::: 2400 s; apparently, the bottom friction effect plays a less significant role during the initial 
stage of the spin-up. This growth of the boundary layer eventually separates the layer from the 
wall, starting to disturb the flow in the centre of the tank as we saw in the streamline and vorticity 
contour plots. But for at least 3 minutes a linear shear flow is a good approximation for the flow 
in the experimental area, outside the boundary layer region, as can be seen from Figure 5.7. 

47 



(a) (b) 
-5 

0 0 

5 

10 10 

40 20 0 -20 -40 40 20 0 -20 -40 

-5 -5 

0 0 

5 5 

10 10 

40 20 0 -20 -40 40 20 0 -20 -40 

(c) (d) 

Figure 5.6 Contour plots of the vortitiry for 4 different times: (a): t = 6 s. (b): t = 60 s. (b): t = 
143 s and (d): t = 205 s. The shear strength is a. = 0.02 J" 1• The solid lines represent positive 
vortiáry values and dotted lines represent negative values. 
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Figure 5. 7 Evolution of the cross-sections u(y) of the x-component of the velociry at different positions in the tank: 

in the middle at x = 2 cm (point) and at both sides of the tank at 35 cm (cross) and -35 cm (circle), respectivefy. 
These pro.files are measured over a distance of about 20 cm (:::::: B,· the ha!f-width of the tank) with respect to the wal/ 
(aty = 13 cm). (a): t = 6 s, (b): t = 60 s, (c): t = 143 s and (d): t = 205 s. The strength of the shearïJ.=0.02 s-1• 
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5.2.2 Properties of the experimental dipole 

In this section the characteristic dynamical properties of the experimental dipole before collision 
against the wall are investigated, to find out to what extent these properties correspond with the 
Lamb dipole described in Chapter 2. The model describing the Lamb dipole was based on the 
assumption that this vortex has a stationary motion within an inviscid flow. The equation of 
motion of the experimental dipole was found to be given by (2.12). If the flow field in the 
laboratory is described in a frame of reference moving with the dipolar vortex, we obtain a vortex 
whose motion in this frame is stationary too. For this, the stream function 1jJ and vorticity w must 
be transformed in the frame of reference moving with the dipole. Fora dipole translating with a 
linear velocity U = (U, V), the stream function î/J'in a frame of reference moving with this dipole 
can be calculated by the following transformation: 

1f1
1 = lfl-Uy + Vx. (5.4) 

The vorticity w remains unchanged because there is no additional rotation created in this frame of 
reference. In this study, where the dipole translates in the positive y-direction, the corrected 
stream function 1jJ' simply becomes 

lfl' = lfl + Vx (5.5) 

The translation velocity V of the dipole can be àetermined in two ways, either by directly 
measuring the distance the dipole has traveled between two successive times t1 and t2 or, 
indirectly, by minimizing the scatter on the (w, 1f11

)- relationship, while changing the velocity V as 

a free parameter. The second method is more useful than the first one, because in the first 
method, the average velocity between two times t1 and t2 is actually calculated, rather than the 
exact velocity at t = t2• 

In Figure 5.8, contour plots of the vorticity of the flow field are presented, showing the 
formation and evolution of a dipole at six different times. There seems to be a lot of noise 
everywhere in the experimental area. If an error occurs in the interpolated velocity field, 
consequently, when using the differentiation method to obtain the vorticity field, these errors are 
amplified. The somewhat irregular shape of the vorticity contour plots has also to do with this 
numerical differentiation. The internal waves in the initial stage after removing the cylinder and 
the thermal eff ects due to the temperature diff erence between the fluid surface and the air just 
above it contribute also to this noise, as mentioned in the farmer section. Nevertheless, this 
'noisy' vorticity is much smaller than the vorticity of the dipole and is assumed not to affect the 
evolution of the flow process. To see whether this experimental dipole is characterized by the 
Lamb dipole model, the corrected stream function î/J' is plotted against the vorticity w at four 
different times during the dipole evolution process in its way to the wall. The results are shown in 
Figure 5. 9. The broad scatter on the ( w, lfl')- relations hip in the region outside the dipole area is 

caused for the most part due to the noise described above. We see that at later times (Figure 
5.9e-f) the scatter within the dipole area is becoming smoother, because, the dipole is reaching its 
mature, symmetrical form. This symmetry enhancement for later times can also be seen in Figure 
5.1 Oa, where the cross-sections of the vorticity of the dipoles in Figure 5.8c-f are plotted. 
Moreover, we observe a size growth of the dipole from a dipole radius of roughly 7 cm at t = 11 s 
up to 10 cm at t = 28 s (see Figure 5.10a). This is due to lateral diffusion as was demonstrated for 
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before collision against the wal/. (a): t = Os. (b): t = 6 s. (c): t = 11 s, (d): t = 17 s, (e): t=22 s and(/): t=28 s. 
The solid lines represent positive vorticity values and dotted lines represent negative values, with a contour increment 
of 0.07 .ï1• 

\ __ 

-40 

'-../) 

C/ 
(~~··· 

;··'.\ 

~--Y 
-40 

-40 

a Lamb dipole in section 2.3.3 (equation 2.41). Without viscosity, a dipole evolves without 
changing its size, hut with viscosity present, the dipole expands in all directions as we can see in 
this figure. A side effect of this size growth is the entrainment of fluid1

, which is initially outside 
the dipole, into the dipole from its back. This effect of lateral diffusion can be clearly seen in 
Figure 5.1 Oh where the cross-section of the vorticity at t = 28 sis plotted. For comparison, the 
cross-section according to the Lamb dipole model is fitted to the data. We see that the dipole is 
well described by the Lamb model except at the edge of the dipole where vorticity is leaking out. 
This leaking causes the occurrence of an extra (weak) vorticity contribution around the dipole, 
which may explain why the scatter on the (lü,1J1

1

)- relationship is thicker around the dipole than 

in the centre of bath (positive and negative) cores of the dipole (Figure 5.9e-f). Hence, apart 
from the outer region of the dipole, we see that the (aJ,lf/

1

)-relationship is approximately linear 

for the well developed dipole (Figure 5.9e-f). 

Finally, a linear fit (dashed line in the figure) was made to this scatter with a slope of k:xp. It is 

interesting to compare this value with the value of k predicted by the theory, i.e. k = 3.83 / a, with 
a the radius of the dipole (equation 2.28). With a radius of 10 cm, at t = 28 s, the theoretica! value 
of k according to the Lamb model is k::::: 0.4 cm·1

• The linear line fitted to the scatter at t = 28 s 

(Figure 5.9f) has a slope k:xp of approximately 0.23 cm·1 which gives a slope k,xp::::: 0.5 cm·1
, which 

is roughly of the same order as the theoretica! value of k. This strengthens the argument above 
that the inner region of the dipole is well described by the Lamb model. 
For the sake of completeness, it should be noted that we observed that the cyclonic part of the 
dipole is always stronger than the anticyclonic part in the beginning of the formation of the 

1 Beckers, M. 1999, Dynamics of vortices in a stratified fluid PhD thesis, Eindhoven University of Technology. 
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Figure 5.9 (OJ,lf/
1

) - scatter plots for different moments of the evolution of the dipole in F{gure 5.8cf (c): t 

= 11 s. (d): t = 17 s. (e): t = 22 s and (/): t = 28 s. The stream function ip has been corrected Jor the 
translation of the dipole with velocities VicJ.' = 0.6 cm/ s, VidJ = 0.7 cm/ s, VieJ = 0.6 cm/ s and Vm: = 0.3 

cm/ s (b): The dashed line is the least-square linear fit to the data with slope k:xp. 

dipole. As the dipole gets closet to the wall, the anticyclonic part becomes stronger and forces the 
dipole to move straightforward. This initial non-symmetry might have to do with the movement 
of the cylinder out of the water which is not perfectly vertical as the removal is controlled by 
hand. This phenomenon makes it difficult to get a perfect symmetrical dipole which is required 
for the normal collision. 
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5.2.3 Linear cross-shear influence on the dipole collision 

To gain a better insight into the effect of the cross-shear flow along the wall on the dipole 
collision against the wall, we first start with an analysis of the obtained results concerning the 
dipole collision in absence of the shear flow. Doing this, we then can compare the results of the 
collision with and without the shear. 

Shear is tumed off ( oc = 0) 

The vorticity contour plots of the evolution of the dipole during its successive rebound from the 
wall, like we saw in section 5.1.1, are given in Figure 5.11. As one can see from these plots, the 
same phenomenon reported in the literature (see Chapter 2) is demonstrated again: both the 
cyclonic and anticyclonic vertices induce secondary vorticity layers at the wall (Figure 5.11 b-c) 
from which two secondary vertices detach (Figure 5.1 ld). These vertices pair with the original 
cyclonic and anticyclonic vertices, forming two new asymmetrical dipoles (Figure 5.11 e). These 
dipoles move in a curved trajectory back toward the original dipole axis (Figure 5.1 le-f) and 
collide again against the wall forming (weaker) new secondary dipoles (Figure 5.1 lg). This 
process keeps on until vorticity of the secondary vorticity layer at the wall diffuses, leaving only 
two circular (original)·vortices rotating around their centre, until they finally diffuses as well. This 
diffusion is clearly seen in Figure 5.1 li where relatively weaker tertiary vertices are detached from 
the wall compared -w1.th Figure 5.11d. As a result of the decrease of the vorticity in the boundary 
layer, the new dipoles become more asymmetrical and rotate faster. This can be seen in Figure 
5.12a where the tracks of the centroids of the original cyclonic and anticyclonic vertices are 
followed in time. Note that the dashed line added in the figure gives the net trajectory of the 
centroids of the vertices, because the dipoles have also an additional rotation while moving. It is 
only drawn to have an idea in which direction this centroids effectively move. The trajectory of 
the centroids from one position to another, after the collision, is rather a spiral than a straight 
line. 
Finally, the cross-sections along the line of extrema of the vorticity, indicated by the dashed line 
in Figure 5.11c, are depicted in Figure 5.12b. One (indicated by •) is the cross-section of the 
vorticity of the cyclonic vortex together with its induced negative vorticity layer at the wall, and 
the other (indicated by o) is the cross-section of the vorticity of the anticyclonic vortex with its 
induced positive vorticity layer. As one can see from the figure, the ratio of the vorticity extreme 
values of the negative and positive vortex sheet with respect to the extreme values of the cyclonic 
and anticyclonic vertices, respectively, is in both case approx:imately 0.26. 

Shear is tumed on ( oc :::::: 0.02) 

Three series of experiments performed with a linear shear flow along the wall, are analyzed and 
presented in this section. A typical example of the temporal evolution of the vorticity of the flow 
field is given in Figure 5.13. The time at which the cross-shear flow is turned on is taken as t=O s. 
The temporal evolution of the flow process is observed during a time period of approximately 
200 s, after which a reliable observation cannot be made anymore, because of the non-linearity of 
the shear flow after this time (see section 5.2.1) and the end wall effects on the process. In Figure 
5.13 we see that there is a remarkable difference in the flow evolution compared with the flow 
process seen in Figure 5.11. We see the anticyclonic vortex detaches a secondary vortex from the 
wall ( dipole 2) (Figure 5.13c-d) and moves away from the wall, while the other dipole formed 
from the cyclonic vortex and its induced secondary vortex ( dipole 1) stays closer to the wall. A 
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Figure 5.11 Contour plots of evolution of the vorticiry of the dipole-wall collision in absence of a linear cross-shear. The 
vorticiry is plottedfrom t = 22 up to 178 s: (a): t = 22 s, (b): t = 33 s, (b): t = 44 s, (d): t =67 s, (e): t = 89 s, (j): t 
= 111 s, (g): t = 133 s, (h): t = 156 s and (i): t = 178 s. The shear strength is r:x = 0 .r1• The solid lines represent 
positive vortici!J values and dashed lines represent negative values. 

plot of the trajectory of the centroids of both cyclonic and anticyclonic vortices is made in Figure 
5.14. Besides the trajectory of the cyclonic and anticyclonic vortices observed in Figure 5.14 
(indicated by • and o, respectively), the result of the other two series of experimental data 
(indicated by +-0 and .À.-~) is presented as well to ensure the reproducibility of the dipole-wall 
collision process. For all these experiments we see that dipole 1 is trapped at the wall within a 
distance of approximately 6 cm from this boundary, while moving downstream at a constant 
velocity of about 0.2 cm/ s. To find out if this velocity is the same as the average velocity ïi of the 
shear flow, the velocity u(y) = ()(y of the linear shear flow is integrated over the half-width B of the 
tank yielding 

1 B 1 
ïi =-f aydy =-Ba, 

B 0 2 
(5.6) 

where the boundary effects on the velocity have been neglected. With B = 21.5 cm and()( =0.02s-1, 
the average velocity of the shear flow is ïi ::::: 0.2 cm/ s. Obviously, dipole 1 travels along the wall 
at the same average velocity of the shear flow. Dipole 2, in contrast, leaves the wall and travels 
effectively along a weak curved, large path (almost a straight line) at an angle of approximately 45 
degrees with respect to the wall (see Figure 5.14). Note that also in this case, the dashed line 
connecting the positions with each other gives the net displacement of the dipole. During its 
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Figure 5.12 (a): The trqjectories of both the ryc!onic (indicated by •) and the antiryclonic (t'ndicated by o) vortices 
between t = 0 s and t = 244 s. (b): Two cross-sections (along the dashed lines plotted in Figure 5.1 lc) of the vortici!J 
when the dipole arrives at the wa/L One ( indicated by •) is the section of the ryclonic vortex together with its induced 
secondary negative vortex at the wal/ and the other is the section of the antiryclonic vortex (o) together with its induced 

secondary positive vortex at the wa/L The vortici!J is normalized by m; = 0.82 s-1• The shear strength is ex = 0 s-1• 

displacement from one point to another, after the collision, the dipole rotates also around its axis. 
The real trajectory is rather a spiral than a straight line. The reason of this net trajectory is 
probably a combined action of, on the one hand, the shear flow which deflects the dipole 
trajectory downstream and on the other hand the counteracting velocity the asymmetrie dipole 
induces by itself, trying to move the dipole back to the wall, like we saw in the case of oc = 0. The 
fact that the downstream velocity component of dipole 2 is approximately 0.2 cm/ s as well, 
proves that the downstream deflection of dipole 2 is caused by the shear flow. The net effect of 
these two driving farces is effectively a weak curved, large path (almost a straight line) which 
brings the dipole far away from the collision wall. Note that the trajectory of dipole 2 in the 
figure (indicated by 0) reaches a larger distance downstream than the dipoles of the other two 
series. This has to do with the fact that the strength of the anticyclonic vortex from which dipole 
2 was made, is weaker than the anticyclonic vortices in the other two series, which makes dipole 2 
weaker and easier to deflect downstream than in the other two cases. 
To understand why dipole 1 and dipole 2 react in a totally different way upon turning on the 
shear, a closer look into the boundary layer created at the wall is necessary. For this, cross
sections of the vorticity along the line of the vorticity extrema are plotted for both the cyclonic 
vortex (hereafter referred as w} together with its induced vortex sheet at the wall (hereafter 

referred as w;) (Figure 5.15a), and the anticyclonic vortex (w) together with its induced vortex 

sheet (w;) (Figure 5.15b). The sections indicated by(•) and (o) in both Figures (a-b), were taken 

just before turning on the shear (at t = 4 s) and directly afterwards (t = 3 s). Section (•) is taken 
at t = 13 s, during the formation of the two new dipoles from the detachment of the secondary 
vortex from the wall, and sections (tl) and (X) represent the vorticity distribution of the new 
dipoles at t = 35 s and 56 s, respectively. To make the comparison easier, all the extreme 

vorticity values are scaled by the same maximal vorticity w; :::::: 0.62 / at t = -4 s. As we can see 

from (b), the ratio w;tw; of dipole 2 is 0.3 at t = -4 s and strongly increases to a factor 0.45 

immediately after having turned on the shear (t = 3 s). The ratio w; I w; of dipole 1 (a), on the 
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Figure 5.13 Contour plots of evolution of the vortiá!J of the dipole-wall collision in the presence of a linear cross-shear. 
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(j): t = 67 s, (!!): t =89 s, (h): t = 111 s, (t): t =132 s, (j): t = 153 s, (kJ: t = 175 s and (0: t = 197 s The shear 
strength is cx :::::: 0.02 s-1• Note that the time at which the shear is turned on is taken ast= 0 s. The solid lines represent 
nn.ritive vnrticitv value.r and da.rhed line.r renre.rent neçative value.r. 

contrary, is approximately 0.2 at t = -4 s and decreases to 0.11 at t = 3 s. Apparently, the shear 
along the wall amplifi.es the positive secondary vortex sheet and weakens the negative secondary 
one. This change in the vorticity sheet is related to the boundary layer created at the wall by 
turning on the shear, which is discussed in Chapter 2. In this boundary layer, we found that large 
positive vorticity is created instantaneously by spinning up the tank (see Figure 2.8b). This extra 
positive vorticity makes vortex sheet 1 weaker and vortex sheet 2 stronger. This is illustrated in 
Figure 5.15c where a simple schematic view of the effect of the shear on the vortex sheets at the 
wall is given. As a result, dipole 1 becomes more asymmetrical, which means that it rotates faster 
in the anticlockwise direction and consequently covers a short circular distance after which it 
comes back to the wall. See Figure 5.13d-g. Meanwhile, this dipole travels downstream, fi.nally 
ending up in a large core of positive vorticity carried by the stream (Figure 5.14). Note that 
outside the boundary layer, a negative vorticity is generated as well when turning on the shear 
(see Figure 2.8b); however the effect of this vorticity is much smaller compared with the large 
positive vorticity generated at the wall. 
Like we saw in section 5.1.1, the vertical diffusion (bottom friction effect) plays an important role 
in the flow process in absence of the shear flow. To investigate the characteristic time scale of the 

flow process in presence of a linear shear, the extrema! values of the vorticity ( OJ+ and oF) for 
two experimental series (oc = 0.02 f') are plotted as a function of time t scaled with the Ekman 
time TE which is defined by equation (5.3). For comparison, the oc=O-series is added to this fi.gure. 

OJ + is scaled by its corresponding maximum value OJ; and OJ - is scaled by its minimum values 

OJ~. The results are shown in Figure 5.16a. Note that OJ~ is multiplied by -1 in order to 
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Figure 5.14 The trqjectory ef the ryclonic and antiryclonic vortices before and qfter the collision against the 
wal/ in the presence ef a linear cross-shear. Three series ef experimental data were used in this plot. Bach 
filled (•, • and À.) !Jmbol together with its ho/low version (o, 0 and ~) represent the evolution ef the 
ryclonic and antziyclonic part ef one dipole, respective!J. The trqjectory indicated lry • and o represent the 
dipole-wall collision given in Figure 5.13. The shear strength zj ex ;:::: û.02 J 1 

distinguish the decay rates of the cyclonic and anticyclonic vortices from each other. There is a 
clear difference between the vorticity evolution of cyclonic part and the anticyclonic one: the 
decay rate of the first one is larger than that of the other. To determine the characteristic times of 
both parts, the logarithm of the peak vorticity values is plotted against t/TE- This is clone in 
Figure 5.16b for the dipole observed in Figure 5.13. We see that the cyclonic part has a 

characteristic time T* of 0.3TE> while the anticyclonic part has a T* of about 0.6TE. There is no 
noticeable difference observed between the decay rates in the case where the shear is turned off 

(indicated by À.-~ in Figure 5.16) . In the case of tX=O, T* for the cyclonic part is T* ::::: 0.3TE and 

for the anticyclonic part T* ::::: 0.6TE . This decay rate difference between the cyclonic and 

anticyclonic part is a well-known phenomenon2 and is due to non-linear Ekman damping. The 

smaller characteristic time T* compared with TE can be understood by realizing that when the 
dipole is moving, vorticity is leaking out due to lateral diffusion, as discussed before. Close to the 
wall, there is also additional diffusion in the layer created at this boundary. Based on the thickness 
of the boundary layer, the diffusive time scale is then of the same order as the time period of one 

experiment (order tri s). These two additional diffusion terms explain why T* < TE. 

2 See for e.g. Zavala Sans on, L. 2000, The ejfects of topograpry on rotating barotropic flows. PhD thesis, Eindhoven 
University of Technology. 
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Figure 5.15 The evolution of vorticiry sections along the line of vorticiry extrema of (a): the ryclonic vortex 
together with its induced secondary vortex at the wal/ and (b ): the antiryclonic vortex with its induced 
secondary vortex at the wal/, in the presence of the linear cross shear. The shear strength is rx :::::: 0.02 r 1 and 

the time at which the shear is turned on is taken ast= 0 s. w is scaled 'f:y w:. (c): Schematic view of the 

effect of the shear flow on the positive and negative vortex sheets at the wal/. Lighter and darker colours 
indicate a vorticiry decrease and increase, respective/y" '+'and ' - 'signs indicate positive and negative vorticiry, 
respective!J. Ö is the thickness of the boundary l'!)'er when turning on the shear. Por the sake of convenience, 
on!J the effect on both vortex sheets at the wal/ is illustrated in the right picture. 

59 



(a) 
1 .... ~ 

• • serlel(co') 
0. 8 - - - -...-. - +- - - - - - - - - - - - - - - - - - 0 serie 1 (co0

) 

+ serie 2(co ') 
:v',w-) 0.6 -----.---•-•-------------- O serle2(oi') 

~:, -m,-) 
0
.
4 

______ ~ ...... ~ _ ~ _+_ ~ -.- _ _ _ _ _ _ _ : serie 3(co') 

• 4 4 + • • serie 3(co l 

0.2 - - - - - - - - - - - - - ! - -·- ~ ·-· - -1"-. -.-: ----..... "/ t. 
0 ---------------------------------

·0·2 - - - - - - - - - - - - - - - - - - - - - - - -oO -~ -;6. et -zo
·0.4 - - - - - - - - - - - ö -i 'O~ -:;o .Dl,. Ç1 -2: - .A. - - - - - -

o Oo ro, 6. 
-0.6 - - V -G <7 -o- - - - - - - - - - - - - - - - - - - - - - - - -

0 6. 6. 
-0.8 - - - 7'.- - - - - - - - - - - - - - - - - - - - - - - - - - - - -

0 

0 0.1 0.2 0.3 0.4 0.5 0.6 

t/TE 

(b) 
0 :: 

1 

• salie 1(ro') 1 
o salie 1(ro·) 

-0. 5 :::::.::::::::····~"b'·Q. 
~·"!. t'.1·0 •• 

OJ 
In(-) .1 

{1)0 

-1.5 

-2 

-2.5 

·····-.... ö"c--.i"""Q 0 

• ·---.. 0 " •.• Q. 

0 

•"-.. 'il"Q • .() 
----... • "'(;)o.2 

•• "" "····Q 0 
• """ 0 "ö." 

...... _:··-..:,:-.__. ··:--··-
... ". 

···----" .. "" ..... 

01 02 03 04 05 06 07 

t/TE 

Figure 5.16 (a): Tempora/ evolution of o/ and w -for 3 series of experiments. Bach jilled (•, • and JJ..) !Jmbol 

together with its ho/low version (o, 0 and /:J,.) represent the evolution of w • and w - . In series 1 and 2, et = 0.02 .J1 

and in series 3, et= 0 .J1• w+is scaled ry its maximum value w: and w- ry -w: .(b): A logplot of w+ and w·for 

series 1 versus time. Time tin both jigures is scaled ry the Ekman time TE. 

60 



5.3 N umerical simulations 

5.3.1 Low Reynolds number 

In order to simulate the dipole-wall collision in the presence of a linear shear performed in the 
laboratory, the 'numerical flow must be dynamically similar to the experimental flow, as discussed 
in Chapter 4. In agreement with this requirement, the numerical dipole has a radius of 0.1 and is 
placed at a distance 1 Erom the collision wall. To avoid the effect of the side wall at x = -1, after 
turning on the shear flow, the dipole is placed as far as possible from this boundary. In view of 
these requirements the negative isolated monopole is placed at position (0.55, 0) and the positive 
one at (0.65, 0) with a radius of 0.05 each. The Reynolds number Re 

0 
= V

0
D I v in the 

experiments, based on the characteristics of the dipole is approximately 600, where we took vd :::::; 
0.6 cm/ s (this value is obtained from minimizing of the scatter on the (OJ,lf/

1

)- relationship, see 

Figure 5.9, D :::::: 10 cm and v = 0.01 cnl l. According to equation (4.14), the integrable-scale 
number Re used in the simulation must be then 150. Furthermore, the strength cx,im of the linear 
shear flow generated in the simulation tank is chosen equal to cx,im = cx.B/U, as described in 
section Chapter 4. Here is ex. the strength of the experimental shear flow (=0.02 /) and U the 
characteristic velocity of the flow field given by equation (4.12), 

1~ U=- -
B 2 

(5.7) 

where the square tank approximation was used, i.e. B = L The total kinetic energy is calculated 
by using equation (4.8). For the dipole described in Figure 5.13 the characteristic velocity of the 
flow field was found to be approximately 0.3 cm/ s. With B = 21.5 cm, the dimensionless strength 
of the linear shear flow in the experiments is ex.sim = 1.4. Note that the Reynolds number Re based 

on the characteristic velocity U calculated for the laboratory flow field is Re = UB I v - 7·102
, 

which is of the same order as the value found above. Hence, the approximation ReD :::::: 0.8Re 
(equation 4.14) is also valid in these experiments. The simulation is made using N x M = 128 X 

128 Chebyshev polynomials in the x and y-directions, respectively. 
An impression of the flow evolution of the numerical dipole is presented in Figure 5.17 where 
the vorticity contour plots of a run with Re = 750 are shown for different times. The time at 
which the shear is tumed on is taken as t = 0. The initial vorticity field is shown in Figure 5.17 a. 
After release of the two isolated monopoles at t = -0.2, the rings of opposite vorticity, which are 
clearly visible in (b), are removed due to the mutual interaction of the vortices, and forma weak 
dipolar structure that slowly moves in the opposite direction. This relatively weak coherent 
structure will be ignored in the further discussion. When the rings of opposite vorticity are 
removed, the vortex cores move closet together and form a strong dipole that moves in the 
negativey-direction (b). The dipole-wall collision directly after turning on the shear (t = 0.02) is 
given in (d). Here we can see clearly that the contour lines of the vorticity of the vortex sheet 
induced by the anticyclonic vortex are denser than that of the other vortex sheet. The way the 
vortex sheet reacts on the shear is brought clearer in vision in this simulation than in the 
laboratory experiment (Figure 5.13), because of the higher spatial resolution in this simulation. 
Figure 5.17 d demonstrates that the positive vortex sheet is amplified by the shear while the 
negative one is weakened, which is in agreement with the experimental observation. The denser 
vorticity contour lines of the positive vortex sheet can be also seen at later times (e-f-g-h). Once 
dipole 2 is formed, it leaves the wall (e), rotates along a curved trajectory in clockwise sense, while 
deflected downstream by the shear flow (f), goes back to the wall, at a position further down-
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Figure 5.17 Contour plots of evolution of the vorticiry in the simulation of the dipole-wall collision in the presence of a 
linear cross-shear. The vorticiry is plotted from t = -0.2 up to 0.55: (a): t = -0.2, (b): t = -0.14, (t): t = -0.02, (d): t = 
0.025, (e): t = 0.07, (/): t = 0.12, (g): t = 0.18, (h): t = 0.21, (i): t = 0.28, (j): t = 0.36, (k): t = 0.43 and (0: t = 
0.55. The shear strength is CXsim = 1.4. Re= 750. The time at which the shear is turned on is taken ast= 0. The solid 
lines represent positive vorticiry values and dashed lines represent negative values. 

stream (g), detaches again a (weaker) vortex from the wall (h) and leaves the wall for the second 
time after which it rotates again and approaches the wall at a distance further downstream. 
Finally, this dipole is transformed into a monopole-like structure 0) and is carried on by the 
stream. The net trajectory (without considering rotation) of dipole 2 is visualized in Figure 5.18 
(dotted line). This line clearly shows that dipole 2, effectively, travels away from the wall along a 
weak curved line, downstream. Dipole 1, on the other hand, detaches a weak secondary vortex 
(Figure 5.17 d), forming consequently an asymmetrie dipole that rotates along a shorter circular 
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path (e-f) and comes back to the wall (g), detaching again a weaker tertiary vortex (h) and rotates 
therefore quicker back to the wall, where it finally moves like a monopole downstream (i-1). The 
net track of dipole 1 can be followed in Figure 5.18 (indicated by * ). Here we can see the short 
circular path dipole 1 covers, after the first collision, after which it travels along the wall, 
downstream. To compare these results with the trajectory found in the laboratory experiment, 
this latter is also added to this figure (indicated by • and o for dipole 1 and 2, respectively). The 
numerical and experimental net trajectories are approximately the same, except that the numerical 
dipole gets closet to the collision wall than the experimental dipole (see Figure 5.18). Apparently, 
there is a difference in the size of the boundary layer between the simulation and the experiment. 
This is showed in Figure 5.19a where the velocity cross-section is given for both experiment (o) 
and simulation (solid line). The vertical dotted line added to this figure indicates the position of 
the experimental and numerical boundary layer thickness o2 and o1, 

respectively. As we can see from this figure, o1<o2• This discrepancy is probably related to the 
approximation of the rectangular experimental tank by a square tank in the simulation. The 

thickness o of a boundary layer scales like 8 - Re-112
• Consider two tanks with the same width B 

and lengths L 1 and L 2• One tank has a length L 2 > B (rectangular tank) and the other has a length 
L 1 = B (square tank) and are both filled with the same fluid. The thickness o1 of the square tank is 

of order 81 - Re
1
-

112
, and the thickness o1 of the rectangular tank is of order 82 - Re

2 
-

1
'
2

• Hence, 

8/82 - (Re/Rei}112 
= (U/Ui}1 12

• Using equation (4.12) and assuming that the total energy is the 

same in both tanks, the layer thickness ratio becomes 8/82 - (L/Lz )1' 4 = (B!Lz )1'4 • Hence, the 

square-tank approximation causes a decrease of the boundary layer thickness by a factor (B!Lz )1'4 

(geometrical ratio) of the layer thickness in the rectangular tank used in the laboratory. When the 
dipole comes closet to the wall, it induces a boundary layer at the wall, from which the secondary 
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1

) - scatter plot of the dipole at t = -0.08. 1f1' is 

calculated using a velocity V = 4.5. 

vortex detaches. This secondary vortex initially slows down the dipole and stops the dipole finally 
from getting closer to the wall at some distance d. This distance scales like d - Ö. Apparently, 
with the thickness in the square tank being smaller than in the rectangular one, the dipole in the 
rectangular tank is stopped earlier than in the square one. This explains why the trajectories of 
dipole 1 and 2 in Figure 5.18 in the simulation lie below the experimental ones. 
To study the effect of higher shear strengths on the dipole-wall collision, two additional 
simulations were performed with cx,im = 5.6 and cx,im = 11.2, at the same Reynolds number (Re= 
750). The net trajectories of the dipoles in these two cases is also given in Figure 5.18. If we 
compare the trajectories of dipole 1 for cx,im = 1.4 ( * ), cx,im = 5.6 (-6-) and cx,im = 11.2 (-e) with 
each other, we see that the trajectory shifts downward with increasing cx,im· Increasing of the shear 
strength, without the presence of the dipole does not affect the thickness of the boundary layer. 
This can be seen in Figure 5.19a where the cross-section of the velocity at cx,im = 5.6 is plotted 
(clash dotted line). This difference in layer thickness is probably a combined effect of increasing 
the shear strength and the vortex sheet induced by the dipole when approaching the wall. As we 
discussed in section 5.2.3 , when turning on the shear, positive vorticity is added to the boundary 
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layer vorticity which was induced by the dipole. The amount of this vorticity injection increases 
for higher shear strengths (equation 2.70). Hence, the region of negative vorticity is more 
weakened and the region of the positive vorticity is more amplified with increasing <:x. The more 
the negative boundary layer gets weaker the more cyclonic vortex gets closet to the wall. This 
explains the downward shift of the trajectories of dipoles 1 in Figure 5.18. Furthermore, we see 
in this figure that for higher shear strength values <X,;m = 11.5 (dash-dotted line), the net trajectory 
goes approximately over into a straight line closet to the wall, than for lower <:x-values, when 
proceeding downstream. Obviously, for higher shear strengths, the self-induced velocity of dipole 
2, which tends to counteract the forcing shear flow is not strong enough to resist this 
downstream force, with the net result that dipole 2 stays closer to the wall compared with the 
lower shear strengths. 
Finally, the decay rate of the maximal and minimal vorticity of the flow field is presented in 
Figure 5.19b. Because the vertical diffusion was neglected in the numerical model, the vorticity 
decrease is completely governed by lateral diffusion when the dipole is travelling towards the wall 
and the diffusion due to the vortex-wall collision. The decrease due to lateral diffusion is 
described by equation (2.43) with the exponential term being 0 in this case. The characteristic 

time scale is given by a~ /( VE
2

) ( equation 2.45) which is equal to 11( vk2). k is determined from 

platting {J.) versus the corrected stream function lf/. This is clone in Figure 5.19c. 1f1
1 

has been 

corrected for the translation of the dipole with a dimensionless velocity V = 4.5. A dashed line is 
fitted to the data. The ( lü, lfl') - relationship seems to consist of two branches that are slightly 

shifted with respect to each other. The deviation of this dipole from the Lamb dipole model can 
be explained by the effect of lateral diffusion, as discussed in section 5.2.2. If we approximate this 
scatter by the linear line fitted to the data, however, we find that kis approximately k :::::: 55. The 
viscosity v in the simulation follows from the Reynolds number Re. With U and L are equal to 1 
in the simulation, the viscosity is then u = 1 /Re. Hence the characteristic time scale for the lateral 
diffusion is about 0.2, which is of same order as the time period before turning on the shear at t= 
0.2 (this is the collision time). Hence within a time period of 0.2, lateral diffusion plays an 
important role in the flow motion. The characteristic time scale related to diffusion due to the 

vortex-wall collision is estimated by 82/v, with o the thickness of the boundary layer. As we can 
see from Figure 5.19a, o - 0.03. The characteristic time scale is thus of order 0. 7, which is of the 
same order as the life time of the vortices. Hence, after the collision, the dissipation of vorticity is 
dominated by the diffusion due to vortex-wall collision. The difference in the decay rate between 
the cyclonic and anticyclonic vortices is not observed here, like we saw in the experiment (section 
5.2.3). This is not surprising, as in the numerical dipole vertical diffusion, which is responsible for 
the decay discrepancy, has been neglected. 

5.3.2 Higher Reynolds numbers 

The Reynolds number associated with the size and the downward velocity of a trailing vortex pair 
is of order 1a4 to 106

, depending on the type of the aircraft3. The maximal Reynolds number we 
could achieve in the laboratory is 500 to 700, which is much smaller than in the physical situation. 
It is thus interesting to investigate the dipole-wall collision for higher Reynolds numbers. As we 
saw in section 5.3.1, the difference between the evolution of dipole 1 and 2 in the presence of the 
shear flow found in the laboratory experiment, was monitored well by the numerical simulation. 
Therefore, we can claim that this numerical model is reliable enough to use for higher Re. In this 
section we present the results of two simulations made at Reynolds number Re = 2000 and 5000. 

3 Holforty, L.W and Powell, D.J., 2001. Flight deck display of airborne traffic wake vortices. 201h DASC 
Conference Dqytona Beach, FL Paper #154, Session 2A. 
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Higher Re could not be achieved due to lack of computer resources. The number of Chebyshev 
polynomials used for the simulation at Re = 2000, is N x M = 160 x 160. For Re = 5000, we 
used the maximal spatial resolution which could be achieved with the present processor, i.e. 256 
X 256. The most striking difference we observed for higher Re is the occurrence of extra dipoles 
along the wall, after having tumed on the shear. This can be seen in Figure 5.20, where an 
impression of the vorticity evolution for Re = 2000 is presented. We see a third dipole arising 
from the pairing of the secondary vortices left behind at the wall after the second collision of the 
two primary vortices (f-g). Unlike in the case of a lower Reynolds number, this vortex pair seems 
to gain enough strength to detach itself from the wall (see Chapter 2), after which it rotates in the 
clockwise direction (h) back to the wall. At this wall, the anticyclonic part of this third dipole 
detaches a positive vortex from the boundary layer G), while the negative part stays at the 
boundary layer and is dissipated by diffusion. The new formed dipole 0) moves in the direction 
of dipole 2 (k-1). Once it arrives there, there seems to be a vortex exchange between the two 
dipoles O-m): the positive and negative part of dipole 2 pairs with the negative and positive part 
of the new dipole, respectively. From this merger, two new dipoles are created: one strong dipole 
(on the left in (n)) which seems to gain more strength and rotates in the clockwise direction and a 
weaker one which comes closet to the wall (o-q) and decays after some distance downstream (q
r). An impression of the vorticity evolution for Re = 5000 is given in Appendix C. Here we see 
more dipoles occurring along the wall. lt seems that these dipoles are created as a result of a 
complex interaction between the secondary and tertiary vortices with the wall. The used spatial 
resolution was not high enough to monitor well the creation of these new dipoles. The creation 
of these dipoles needs therefore a closet investigation. 
The net trajectory of the original cyclonic and anticyclonic vorticcs for Re = 750 and 2000, is 
given in Figure 5.21. Apart from the formation of the weak tertiary dipole for higher Reynolds 
numbers, this figure does not reveal any noticeable difference in the net trajectory of the primary 
vortices: dipole 1 still moves downstream close to the wall, and dipole 2 travels away from the 
wall, along the familiar curved path. 
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6 Discussion and conclusions 

From the laboratory experiments, it turned out that there is an essential difference between the 
dipole-wall collision in presence and in absence of a linear shear flow along the wall: the way the 
cyclonic part of the dipole reacts upon turning on the shear differs from the anticyclonic part. 
The cause of this phenomenon lies in the influence the shear has on the induced secondary 
vortex sheets along the wall. Because of the no-slip condition, the velocity must fall quickly to 
zero at the wall, with the result that large positive vorticity is injected in the boundary layer which 
weakens and amplifies the strength of the induced vortex sheet by the cyclonic and anticyclonic 
vortices, respectively. Consequently, the cyclonic vortex detaches a weaker secondary vortex, 
forming an asymmetrical dipole (dipole 1), and the anticyclonic vortex, in contrast, pairs with a 
stronger secondary vortex. Therefore, a more symmetrical dipole is created. On the basis of the 
symmetry difference of bath dipole 1 and 2, we are able to predict the net trajectories (without 
additional rotation) of these two dipoles by means of simple dynamics. The net trajectory, along 
which these dipoles move, is determined, on the one hand, by the self-induced velocity due to the 
mutual interaction between the dipole parts, and, on the other hand, the downstream deflection 
caused by the shear flow. The fact that the downstream component of the velocity of both 
dipoles is of the same order as the average velocity of the shear flow, it strengthens the argument 
that the shear flow is the only factor responsible for a downstream motion. Due to the fact that 
the cyclonic vortex pairs with a weaker secondary vortex, the formed dipole is hence more 
asymmetrical and consequently, rotates faster and comes quicker to the wall where it detaches 
again a (weaker) vortex and rotates even faster and so on. Meanwhile, dipole 1 is subject to the 
downstream driving force as well with the resultant that it travels with the stream close to the 
wall. The detachment of secondary vortices from the boundary vortex sheet can not last forever 
due to horizontal diffusion effects. This means that dipole 1 after a while, is not detaching 
vortices anymore, and hence we are left in fact with a quasi-monopolar structure which is carried 
on by the shear flow. Dipole 2, on the contrary, has a completely different trajectory, which can 
also be understood as the resultant of the self-induced velocity of the dipole and the downstream 
deflection. The fact that dipole 2 is more symmetrical, implies that it would travel along a large 
circular path back to the wall if a downstream deflection was not present, hut with the presence 
of the shear the resultant effect is a weak curved path which brings the dipole far away from the 
boundary and does not come back again. Distances of approximately the half-width of the tank 
are easily covered by this dipole. The stronger the shear and hence the stronger the downstream 
deflection, the weaker is this curved trajectory, which increasingly changes into a straight line at 
positions further downstream. On the basis of these two driving mechanisms, we might conclude 
that for a sufficiently large strength of the shear flow, these dipoles are effectively transported 
away along the wall, but however, fot small shear strengths, the opposite effect is achieved, that 
is, the anticyclonic vortex reaches even higher distances with respect to the wall, compared with 
the case of the dipole-wall collision without a shear flow. 
We can thus conclude that the shear flow acts, on the one hand, as a trapping mechanism which 
keeps dipole 1 moving downstream close to the wall, but it might cause, on the other hand, the 
anticyclonic vortex to teach even larger distances from the wall. The fact that this phenomenon 
was observed for higher Reynolds number as well, implies that this effect might also occur when 
a trailing vortex pair interacts with the ground in the presence of a cross-wind. This cross-wind 
might cause the anticyclonic vortex to rise to higher altitudes compared with the situation of calm 
atmospheric conditions (no cross-winds). This vortex might have a disastrous effect on the 
landing of the following aircraft. The numerical study for high Reynolds number revealed also an 
important feature in the vicinity of the wall. The secondary vortices which were detached for the 
first time from the wall and left behind by the primary vortices after having collided for the 
second time against the wall, seemed to gain enough strength for higher Re (Re = 2000), to form 
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a weak dipole which interacted with dipole 2 and exchanged vortices with one another. However, 
this vortex was observed to decay quickly and is transported away by the shear flow. Ata Re = 
5000 more dipoles were observed to occur along the wall. A closer investigation is necessary in 
order to monitor in great detail the creation and evolution of these dipoles. 
An important question arising here is how long it would take before these vortices disappear out 
of the landing region or decrease to an acceptable strength so that encounter with the following 
aircraft is not dangerous anymore. The strength of the trailing vortex pairs gradually decreases 
under the effect of various mechanisms. From the experiments performed in this study, it 
appeared that the evolution of the dipolar vortex subject to lateral and vertical diffusion was in 
good agreement with the viscous dipole model described in Chapter 2. Diffusion due to the 
dipole-wall collision plays an essential role in the vorticity decay. To see to what extent this model 
can be applied to a description of the vorticity decay in the case of trailing vortex pairs, we 
assume that this pair is approximated by a Lamb dipole. The characteristic time of the vortex pair 

travelling downwards to the ground is then of order a2/(v& 2
), with a the radius of the vortex 

pair, v the viscosity of the air, which is u = 1.5·10-5 m2 
/ s. The factor ê for a Lamb dipole is equal 

to 3.83. The only unknown parameter in this equation is the radius of the trailing vortex pair 
which is a function of the aircraft configuration. If we assume that this radius is of order 1 m, The 
characteristic time associated with lateral diffusion is then of order 7 5 minutes. The diffusion due 
to vortex-ground collision is estimated by o2 

/ v, with o the thickness of the boundary layer at the 
ground. This thickness of the layer scales like o ~ hR/12, with h the characteristic length scale 
which is taken here as the initia! height of the trailing vortex pair. In genera! h is of order 1 a2 m 
and the Reynolds number of aircrafts is of order 1 a5. 1 Hence, the characteristic time scale of 
diffusion due to the vortex-ground collision is of order 17 minutes. Trailing vortices are 
measured to have a life time of approximately several minutes2

• Apparently, the diffusion due to 
the interaction with the ground plays an important role in the decay of the trailing vortices. 
Contrary to the numerical experiment, the characteristic time associated with lateral diffusion 
derived above is higher than the time associated with the vortex-ground collision. This high value 
might be related to the approximation of the trailing vortices by the lamb dipole model. 
Therefore, we can not say with certainty whether lateral diffusion plays a role or not. 

Below we list some conclusions concerning the experiments and the numerical simulations: 

• The decay rate of the vorticity of cyclonic vortices in the laboratory experiment is higher 
than that of anticyclonic vortices, while this difference was not observed in the numerical 
experiment. This decay rate difference is related to non-linear Ekman damping which was 
not incorporated in the numerical model. Turning off or on the shear was not observed 
to affect the decay rate. 

• The Lamb dipole model appeared to describe reasonably the numerical and experimental 
dipole. A linear assumption in a cu-î/J plot of the experimental dipole, yielded k values 
close to the k value of a Lamb dipole given by 3.83/ a. The difference between the 
experimental and the Lamb dipole lies in the fact that vorticity is leaking out at the edge 
of the dipole due to lateral diffusion. The incorporation of lateral and vertical diffusion in 
the viscous lamb dipole model described in Chapter 2 appeared to be in good agreement 
with experimental and numerical observations. 

1 Holforty, L.W and Powell, DJ, 2001. Flight deck display of airborne traffic wake vortices. 201h DASC 
Conference Dqytona Beach, FL, Paper #154, Session 2A. 
2 Spalart, P.R., 1998. Airplane trailing vortices. Annu. Rev. F/uid Mech., 30, 107-38. 
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• The expression derived for the linear shear in presence of a no-slip boundary described 

well the shear measured from the experiment. The relation ö - ( vt )1' 2 
was well satisfied 

by the thickness of the boundary layer measured in the experiment as function of time. 
• There is a difference in the boundary layer thickness between the experiments and 

simulations. This is probably due to the approximation of the rectangular tank by a square 
one. 

• In the numerical simulations it appeared that the cyclonic vortex gets closer to the wall 
for higher shear strengths. This strengthens the argument that the secondary vortex sheet 
induced by this cyclonic sheet is made weaker with increasing the shear strength. 
However, this phenomenon was not observed in the laboratory experiment. 

Finally, some recommendations are pointed out below which should be taken into account for 
future investigations: 

• We observed that the cyclonic part of the dipole is always stronger than the anticyclonic 
part in the beginning of the formation of the dipole. As the dipole gets closer to the wall, 
the anticyclonic part becomes stronger and forces the dipole to move straightforward. 
This initial non-symmetry might have to do with the movement of the cylinder out the 
water, which is not perfectly vertical as the removal is controlled by hand. This 
phenomenon makes it difficult to get a perfect symmetrical dipole which is required for 
the normal collision. Because of this, it is also difficult to create equal vortices in each two 
similarly performed experiments, because the ration U/ fJ is difficult to control. It is 
therefore recommended to develop a mechanism which is able to translate the cylinder 
with constant velocity along a straight horizontal path and at the same time along a 
straight vertical path. 

• Because of the limited duration of the linear shear flow (maximal 200 s) and the limited 
geometry of the tank, it was not possible to study the evolution of dipole 1 and 2 far 
downstream. Hence, a much larger and longer tank should be used to get rid of the side 
boundary influence. Also, it would be interesting to generate a linear shear along the wall 
by another method which is not time bounded. 

• Linear and non-linear Ekman damping effects should be incorporated in the numerical 
model in the future investigations, as it turned out that these effects play an essential role 
in the vorticity decay. Furthermore, it would be interesting to investigate the dipole-wall 
collision for Reynolds numbers of order 104-106

• The creation and evolution of new 
dipoles occurring along the wall for higher Re needs a closer investigation as well. 

• When trailing vortex pairs approach the ground their separation distance and the initial 
height at which they started to travel downwards might affect the flow evolution in the 
vicinity of the ground. Closer investigation is therefore necessary to gain insight in these 
effects. 

71 



Bibliography 

• Beckers, M., 1999, Dynamics of vortices in a stratified fluid. PhD thesis, Eindhoven University 
of Technology. 

• Beckers, M., Clercx, H.J.H, van Heijst, G.J.F. and Verzicco, R., 2002. Dipole formation 
by two interacting shielded monopoles in a stratified fluid. Prys. Fluids 14, 704-720. 

• Berkvens, P., 2002. Wervels in een roterende vloeistof: relaties tussen karakteristieke grootheden en 
begincondities. Intemal report R-1571-S, Eindhoven University of Technology. 

• Canuto, C., Hussaini, M.Y., Quarteroni, A. and Zang, T.A., 1987. Spectra/ Methods in Fluid 
Dynamics, Spinger-Verlag. 

• Cense, A.W., 2000. Dynamics of vortices in shallow fluid lqyers. Internal report R-1534-A, 
Eindhoven University ofTechnology. 

• Clercx, H.J.H., 1997. A spectra! solver for the Navier-Stokes equations in the velocity
vorticity formulation for flows with two nonperiodic directions. ]. Comput. Prys. î37, 186-
211 

• Clercx, H.J.H. and van Heijst, G.J.F., 2002, Dissipation of kinetic energy m two
dimensional bounded flows. Prys. Rev. E. 65, 66305-1-4 

• Crouch, J.D., 1997. Instability and transient growth for two trailing-vortex pairs.]. Fluid 
Mech. 350, 311-330. 

• Dam, C.E.C., 2002. Vortex interactions in a linear shear flow. Internal report R-1572-A, 
Eindhoven University ofTechnology 

• Daube, 0., 1992. Resolution of the 2D Navier-Stokes equations in velocity-vorticity 
formulation by means of an influence matrix. ]. Comput. Prys. 103, 402-414. 

• Gill, A.E., 1982. Atmosphere-Ocean Dynamics, Academie Press. 

• Harvey, J.K., Perry, F. )., 1971. Flow field produced by trailing vortices in the ground. 
AIAA J ournal 9, 1659-1660 

• Holforty, L.W and Powell, D.J., 2001. Flight deck display of airbome traffic wake 
vortices. 20'h DASC Conference Dqytona Beach, FL, Paper #154, Session 24. 

• Hopfinger, E.J. and van Heijst, G.J.F., 1993. Vortices in rotating fluids. Annu. Rev. F/uid 
Mech. 25, 241-289. 

• Konijnenberg, J.A. van de and van Heijst, G.J.F., 1997. Free-surface effects on spin-up in 
a rectangular tank.]. Fluid Mech. 334, 189-210. 

72 



• Kramer, W., 2002. Dect!)ling geostrophic turbulence on a fJ-plane with no-slip boundaries. Internal 
report R-1566-A, Eindhoven University ofTechnology. 

• Kreyszig, E., 1993 Advanced Engineering Mathematics 61
h edition, John Wiley anhd Sons. 

• Kundu, P.K., 1990 Fluid Mechanics. Academie Press. 

• Lamb, H., 1932 Hydrotfynamics (6th edition). Cambridge University Press. 

• Maas, L.R., 1993. Nonlinear and free-surface effects on the spin-down of barotropic 
axisymmetric vortices. ]. Fluid Mech. 246, 117-141 

• Meleshko V.V. and van Heijst, G.J.F" 1994. On Chaplygin's investigations of two
dimensional vortex structures in an inviscid fluid. J. Fluid Mech. 272, 157-192. 

• Nielson, A.H. and Juul Rasmussen, J" 1997. Formation and tempora! evolution of the 
Lamb-dipole. Phys. Fluzds 9, 982-991. 

• Nolan, M. S., 1999, Fundamentals of Air Control, third edition, Brooks/Cole. Wadsworth, 
Ine., New York. 

• Orlandi, P" 1990. Vortex dipole rebound from a wall. Phys. FluidsA 2, 1429-1436. 

• Peace, A.J. and Riley, N., 1983. A viscous vortex pair in ground effect.]. Fluid. Mech. 129, 
409-426. 

• Saffman, P.G., 1979. The approach of a vortex pair toa plane surface in inviscid fluid.]. 
Fluid. Mech. 92, 497-503. 

• Spalart, P.R., 1998. Airplane trailing vertices. Annu. Rev. Fluid Mech., 30, 107-38. 

• Van Geffen, J.H.G.M. and van Heijst, G.J.F., 1998. Viscous evolution of 2D dipolar 
vertices. Fluid Dynamics Research 22, 191-213. 

• Van Heijst, G.J.F., 1992, Voortgezette Stromingsleer I, Syllabus nr. 3T100, Eindhoven 
University ofTechnology. 

• Van Heijst, G.J.F., 1999, Geopf?ysical ftuid tfynamics, Syllabus nr. 3T250, Eindhoven 
University of Technology. 

• Van Heijst, G.J.F" Davies, P.A, and Davis, R.G., 1989, Spin-up in a rectangular container. 
Phys. Fluids A 2, 150-159. 

• Van Heijst, G.J.F. and Flór, J.B., 1989. Dipole formation and collisions in a stratified 
fluid. Nature 340, 212-215. 

73 



• Van Heijst, G.J.F. and Flór,J.B., 1989. Laboratory Experiments on Dipole Structures in a 
Stratified Fluid. Mesoscale/ Synoptic Coherent Structures in Geopl?Jsical Turbulence, Elsevier, 
Amsterdam, 591-607. 

• Van Heijst, G.J.F., Kloosterziel, R.C. and Williams, C.W.M., 1991. Laboratory 
experiments on the tripolar vortex in a rotating fluid.]. Fluid Mech. 225, 301-331. 

• Van Heijst, G.J.F., Kloosterziel, R.C, 1992. The evolution of stable barotropic vortices in 
a rotating free-surface fluid. ]. Fluid Mech. 239, 607-629. 

• V elasco Fuentes, 0. U., 1994. Two-dimensional vortices with background vorticiry. PhD thesis, 
Eindhoven University ofTechnology. 

• Verheyden, KJ.F., 2000. Dataverwerking van twee-dimensionale snelheidsvelden. Trainee report 
• R-1540-S, Eindhoven University ofTechnology. 

• Walker, J.D.A., Smith, C.R., Doligalski, T.L and Cerra, A.W., 1987, The impact of a 
vortex ring on a wall. J. Fluid Mech. 181, 99-140. 

• Walker, J.D.A., Smith, C.R. and Doligalski, TL., 1994. Vortex interactions with walls. 
Annu. Rev. Fluid Mech. 26, 573-616. 

• Zavala Sans6n, L., 2000, The effects of topograpl?J on rotating barotropic fiows. PhD thesis, 
Eindhoven University of technology. 

• Zavala Sans6n, L., 2003. The two-dimensional character of a spin-up in a rectangular 
container. Pl?Js. Fluids 15, 1811-1814. 

• Zoeteweij, M.L., van der Plas, G.A.J., Bastiaans, R.J.M., K.ieft, R.N. and Rindt, C.C.M., 
2002. PIV, PTV and HPV user's guide. Internal report R-1568-D, Eindhoven University of 
Technology. 

74 



Appendix A 

The vorticity equation in the 2D-model 

The NS-equation in terms of vorticity fora barotropic fluid is given by (equation 2.8) 

Dro 
-= (f +ro)· Vu+vV2ro 
Dt 

(A.1) 

with lfl the Coriolis parameter defined as f = 2fi. The axis of rotation is aligned with the z
direction. In terms of the velocity components (u, v, w) in the (x, y, z) directions, respectively, 
equation (A.1) can then be rewritten as 

-+u-+v-+ -+- (w+ f =vV w aw aw aw (au av J ) 2 

at ax ay ax ay ' (A.2) 

where the z-derivatives have been neglected. The vorticity equation (2. 9) is constructed by 

deriving adequate expressions to substitute the horizontal divergence (aurax+av!ày )in 

equation(A.2). These expressions are obtained by integrating the continuity equation (2.2) over 
the fluid depth1, i.e., from z = ÖE (<< H) to z = H, with H the fluid depth and ÖE the thickness of 
the Ekman layer defined as 

that is 

( J
l/2 

8 = 2v 
E j 

J(au + avJdz =-f ~z. 
8 ax ay 8 az 

E E 

(A.3) 

(A.4) 

Under the assumption that u and vare z-independent in the interior (i.e., outside the boundary 
layer), this integration yields 

-+-H=-w -w (au avJ ( I I ) ax ay z=H z=ÖE • 

The vertical velocity on the free surface is given by the kinematic condition1 

DH wl =-, 
z=H Dt 

(A.5) 

(A.6) 

1 Zavala Sanson, L. 2000, The ejfects of topograpi!J on rotating barotropic flows. PhD thesis, Eindhoven University 
of technology. 
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where D/Dt is the material derivative. Fora constant fluid depth DH/Dt = 0. The thin Ekman 
layer at the bottom generally induces a non-zero vertical velocity. For flat bottom topographies 
and low Rossby numbers, this velocity is proportional to the relative vorticity of the interior flow 
outside the Ekman lay ers; this is expressed by the so-called Ekman condition 1 

(A.7) 

The horizontal divergence may then be written as 

au + av = _!_ ÖE OJ = _!_ El/20). 

Öx Öy 2 H 2 
(A.8) 

with E = 2vl(JH 2
) the Ekman number. Substitution of equation (A.8) in (A.2) yields 

am am am 2 1 1/2 -+u-+v-=v\! m--E m(m+ f). 
dt ax Öy 2 

'-----v--~ 

(A.9) 

A 

If only the linear term of the Ekman suction (term A in (A.9)) is considered then equation (A.9) 
is reduced to 

dOJ 2 1 2 -+(u·\!)m=v\! m--E11 fm 
dt 2 

(A.10) 
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Appendix B 

Decay rates of energy and enstrophy 

The decay rate of enstrophy Scan be found by multiplying equation (2.9) with wand integrating 
over the domain D1

: 

(B.1) 

Term B of the equation above can be calculated by means of partial integration: 

B = v ff V · ( mV m }IA- v ff (V m )
2 
dA = -v ff (V m )2 dA. (B.2) 

D D D 

In terms of the characteristic Ekman time scale TE defined by equation (2.36), term C becomes: 

(B.3) 

Hence, equation (B.1) simplifies to 

(B.4) 

Similarly, the decay rate of energy E comes from multiplying the 2D momentum equations with 
the velocity vector u and integrating over the domain D1

: 

dE ff du ff 2 -= u·-=-=dA=v u·V udA 
dt D dt D 

(B.5) 

U sing the vorticity definition w = V X u yields 

dE ff 2 - = -v m dA = -2vS. 
dt D 

(B.6) 

In order to incorporate the term associated with the Ekman friction term in the NS-equation, in 

1 Nielson, A.H. and Juul Rasmussen, J. 1997. Formation and temporal evolution of the Lamb-dipole. P1!Js. 
Fluids 9, 982-991. 
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the energy decay, a second term is added to equation (B.6) which is chosen analogously to the 
second term in the enstrophy decay (B.4)2, that is 

dE 2 
-=-2vS--E 
dt TE 

(B.7) 

2 Zavala Sanson, L. 2000, The e.ffects of topograpry on rotating barotropic flows. PhD thesis, Eindhoven University 
of technology. 
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Appendix C 

Contour plots of vorticity at Re = 5000 
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Figure C.1 Contour plots of the evolution of the vorticiry of the dipole-wall collision simulation in the presem-e of a linear 
cross-shear,for Re= 5000. The vorticiry is plottedfrom t = -0.024 up to 0.34: (a): t = -0.024, (b): t = -0.006, (c): t 
= 0.003, (d): t = 0.021, (e): t = 0.039, (/): t = 0.048, (g): t = 0.057, (h): t = 0.075, (i): t = 0.084, (j): t = 0.093, 
(k): t = 0.010 and(~: t = 0.011. Next page: (m): t = 0.13, (n): t = 0.15, (o): t= 0.17, (p): t = 0.2, (q): t = 0.22, 
(r): t = 0.24, (s): t = 0.26, (t): t = 0.27, (u): t = 0.29, (v): t =0.31, (w): t = 0.33 and (z): t = 0.34 The shear 
strength is tXsim = 2. The time at which the shear is turned on is taken as t = 0. The solid lines represent positive vorticiry 
values and dotted lines represent negative values. 
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Appendix D 

Technology Assessment 

Trailing vortices are naturally shed by airplanes after which they extend for several kilometres 
behind the plane. They may pose a serious hazard to the following aircraft, in particular, at take
off and landing. According to the aircraft accident records in the past, it is easy to find out that 
the trailing vortex is truly an invisible killer to aircraft. Any perturbation in the trajectory of the 
landing of the following aircraft may be disastrous. Mathematica! modelling of the downward 
motion of these vortices is extremely complex since it is dependent on the aerodynamic 
characteristics of the generating aircraft, atmospheric conditions, the proximity of the aircraft to 
the ground, and the time elapsed since generation. Atmospheric conditions reflect cross winds, 
atmospheric turbulence and stratification which all have a strong effect on the motion and 
persistence of the vortex pair. In this research, the vortex boundary interaction in the presence of 
a cross wind is studied. With this study we hope to contribute to a better understanding of the 
flow field produced by a trailing vortex pair in the vicinity of the ground in the case that a cross 
wind is getting up 
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