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Summary 

Recently, the experimental possibility of having a Bose-Einstein condensate in 
an optical lattice has become available, opening new perspectives in the study of 
coherence phenomena in the strongly interacting limit. In order to observe strong 
correlations, the typical interaction energy between two atoms must exceed the 
single partiele (kinetic andlor potential) energies. Since the kinetic energy of the 
bosons in the lattice decreases exponentially with increasing depth of the lattice 
potential, one can reach strong coupling in a deep lattice, and this even at low 
density and small scattering length. 

It can be shown that under eertaio circumstances the dynamics of bosonic 
atoms with one internal level in an optical lattice generate the Bose-Hubbard 
model. We have studied this model in the strongly interacting limit with in
commensurate filling of the lattice and obtained behavior similar to a discretized 
Tonks-Girardeau gas. 

Strongly interacting bosons in a lD opticallattice, with two (relevant) internal 
states, can be made to behave as interacting fermions. In this way, the bosonic 
system provides us with a metbod of ob serving typical 1 D fermionic correlation 
behavior. In particular, we have made a proposal to observe spin-charge separa
tion, a hallmark of lD Fermi (Luttinger) liquids, in our bosonic system. 
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Chapter 1 

Introduetion 

1.1 Motivation 

Since the development of quanturn mechanics, a vast body of literature has been 
developed on the quantum-mechanical problem of a gas of particles interacting 
via a two-body potential. The experimental observation of Bose-Einstein conden
satien (BEC) in dilute alkali gases [1] has renewed a great interest in this area of 
research. In a Bose-Einstein condensate, the dilute nature of the gas allows fora 
rather fundamental description of the interaction effects; the complicated actual 
interpartiele potentialis replaced by an effective contact interaction with an inter
action strength proportional to the only remaining physical parameter, the s-wave 
scattering length. The importance of the interaction effects can be estimated by 
the parameter 'Y, which is defined as the ratio between the interaction and kinetic 
energy per particle. 

Up to now, most of the workon BEC has been focused on the regime 'Y « 1 
(for a good introduction, see Ref. [26]). When studying such weakly interacting 
systems, a mean-field approach reproduces most of the interesting properties such 
as ground-state properties, interference between two BECs [35], vertices [20] and 
even matter-wave solitons [22]. The basic notion underlying mean-field theory is 
that of a macroscopie wavefunction or order parameter, which defines the spatial 
mode into which a significant fraction of the atoms condense below the critica! 
temperature. This macroscopie wavefunction then obeys a nonlinear Schrödinger 
equation, the Gross-Pitaevski equation. The theory is well suited to descrihing 
most of the effects of two-body interactions in weakly interacting dilute gases at 
zero temperature and can be generalized to also explore thermal effects. 

Lessis known about the strongly correlated regime ( 'Y >> 1), although it seems 
clear that, analogous to the fascinating phenomena encountered in strongly cor
related condensed matter systems (ferromagnetism, Caoper pairing and fractional 
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2 CHAPTER 1. INTRODUCTION 

quanturn Hall effect to name a few), interesting physics going beyond a meao-field 
description should also be observable in cold atomie gases. 

An obvious way to go beyond the weak coupling regime is to increase the 
interaction strength by increasing the s-wave scattering length making use of a 
Feshbach resonance [10, 29], or to increase the density. Of course, this method 
is limited by the fact that in this case the associated condensate lifetime strongly 
decreases due to three-body losses. 

Another possibility would be to reduce the dimensionality of the system; re
cent advances and experiments on ultracold atomie vapors made the lD regime 
reachable in a cigar-shaped trap at sufficiently low temperatures and high trans
verse frequencies [15]. Low dimensions amplify the role of quanturn fluctuations 
and enhance correlations. As a surplus, one-dimensional systems on their own 
show some remarkable physics not encountered in 2D or 30 (e.g. Luttinger liquid 
behavior) and on top of that there are a fair number of exactly solvable lD models, 
allowing the research of non-perturbative effects. 

As an example, the ID Bose gas with repulsive interpartiele interaction, an 
exactly solvable model [18, 17], becomes more nonideal with decreasing density. 
This counterintuitive behavior is a typical signature of ID. It means that in ID the 
strongly interacting regime can be reached by lowering the density, so that in prin
ciple a Feshbach resonance would not be needed. It can be shown that for strong 
correlations, the dynamics of the one-dimensional Bose gas reduce to those of a 
gas of hard-core, or impenetrable point bosons, the "Tonks-Girardeau" gas [30, 5]. 
The one-to-one mapping of this system to a gas of free fermions, which is only 
applicable in ID (see appendix A) ensures a fermionic spectrum and density pro
file of the Tonks gas. However, the momenturn distribution of the homogeneaus 
Tonks gas is fundamentally different from the tilled Fermi sea for the correspond
ing Fermi system; it is known [31] that the momenturn distribution for hard-core 
bosons is sharply peaked in the neighborhood of zero momentum. Although the 
accupation of this zero momenturn state does not scale proportional to the number 
of particles (so there is no real BEC), the impenetrable bosons will show some co
herence effects such as Talbot recurrences following an opticallattice pulse [27] 
and dark solitonlike behavior in response to a phase-imprinting pulse [6]. It is 
clear that this mix of fermionic and bosonic behavior in the limit of strong in
teractions makes this 1 D system very interesting to study bath theoretically and 
experimentally. 

Recently, the experimental possibility of having a Bose-Einstein condensate in 
an opticallattice has become available, opening new perspectives in the study of 
coherence phenomena in both the weak and strongly interacting limit. Since the 
kinetic energy of the bosons in the lattice decreases exponentially with increasing 
depth of the lattice potential, one can reach strong coupling in a deep lattice, and 
this even at low density and small scattering length. Thus in this case it is the 
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quenching of the kinetic energy, and not the increasing interaction energy, which 
drives the atoms in the strongly interacting regime. 

A remarkable future of these opticallattices is that almost all experimental pa
rameters can be controlled with a high degree of precision which makes trapped 
gases very clean and flexible systems. The lattice spacing, for example, can be 
controlled through the wavelength of the inteffering laser beams, while the lat
tice depth is adjustable over a wide range through the intensity of the inteffering 
laser beams. Even the interaction strength can be separately controlled by Fesb
bach resonances. By a superposition of multiple laser beams it is also possible to 
generatea variety of different lattice topologiesin a peffectly controlled manner. 
These powefful methods of tuning the relevant parameters are supplemented by 
versatile techniques to probe the state of the many-boson system, for instanee by 
observing the matter-wave intefference pattem after the atoms are released from 
the lattice. 

Making use of this remarkable tunability, the opticallattice systems give ac
cess to a lot of fascinating physics concerning strongly correlated systems. Al
ready now, the study of the formation of strongly correlated phases [7] and the 
observation of the collapse and the revival of the matter-wave field of a BEC have 
shown some of these diverse applications [8], but a lot of interesting properties 
remain to be explored. So far, the optical potentials used experimentally have 
been independent of the intemal ground state of the atom. However, it has been 
suggested that by using spin-dependent lattice potentials one could bring atoms 
on different lattice sites into contact and thereby realize fundamental quanturn 
gates [3], create large scale entanglement [11] or forma universa! qua...11tum sim
ulator [13]. Moreover, cold gases in an opticallattice represent a useful tool to 
implement solid state systems and to test fundamental theories, often grown and 
developed in a different area [25]. 

From the above discussion it becomes clear that these lattice systems form an 
ideal model system for the investigation of fundamental questions associated with 
the physics related to fields as diverse as quantum- and atom-optics, quanturn in
formation processing and condensed matter physics. 

1.2 Contents of the Thesis 

In this thesis, the very interesting physics of strongly correlated atomie systems 
in opticallattices and their versatility is combined with the peculiarity of lD. The 
thesis is divided into two main parts. 

The lion's share of the work we pursued during the diploma is presented in 
the first part, where we will consicter bosons without intemal degrees of freedom 
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in a 1D lattice. It has already been shown in Ref. [12] that under certain circum
stances the dynamics of bosonic atoms on the opticallattice generate the famous 
Bose-Hubbard model. The Hubbard model depends on two parameters only: the 
hopping integral, characterizing the kinetic energy of the bosons when they hop 
between two adjacent lattice sites and a parameter descrihing the interaction en
ergy when two bosons occupy the same site. In Chapter 2, the realization of the 
Hubbard model with bosons on a 1D latticeis reviewed and a brief overview of 
the already known features of this model is given. 

Despite the conceptual simplicity of the Bose-Hubbard model, it is considered 
to exhibit a wealth of interesting phenomena, and a lot of questions concerning the 
model remain to be answered. In particular, the strongly interacting limit of this 
model (called the Mott insuiator phase) is always taken to have a commensurate 
filling. But we started to study this Mott phase for fractional filling factors, and we 
were able to observe typical strongly correlated behavior sirnilar to the Tonks gas. 
This contradiets the point of view that the particles in an incommensurately tilled 
lattice would form a condensate, which is what people in the community studying 
lattice gases believe; it is this new physical insight, described in chapter 3, that 
forms the main result of the thesis. 

When consictering bosons with intemal degrees of freedom, a whole new range 
of effects becomes available. In the second part of the thesis, we will make use of 
the proposal that bosons with only two possible intemal states in a 1D lattice can 
be made to behave as interacting fermions [25]. In this way, the bosonic system 
provides us with a metbod of ob serving typical 1 D fermionic correlation behavior. 
The advantage of the approach of using bosons on a lattice to simulate fermions, 
instead of directly using ferrnions on a lattice, lies in the fact that fermions are 
hard to cool down sufficiently in order to trap them on a lattice. A 1 D system of 
bosons with effectively only two intemal levels on a lattice however, is already 
available experimentally [21]. 

Now, what makes this really interesting is that Fermi-Landau theory which 
describes interacting fermionsin 3D is no longer applicable in a 1D system. In
stead, according to Haldane [9], all gapless and interacting 1D fermion systems 
are so-called Luttinger liquids: they share universa! features in their low energy 
physics corresponding to the exactly solvable Luttinger model [19]. One of the 
key predictions of this Luttinger model is spin-charge separation. It is a feature 
of interacting spin-1/2 particles and manifests itself as the complete separation 
of spin and charge dynamics. Both spin and charge excitations are phononlike, 
and they have a different propagation velocity. Until now, this fermionic behavior 
has never been observed clearly in a condensed matter system. However, we will 
propose a scheme of observing it in a lattice system containing bosons. 

In chapter 5, a very short review is given conceming Luttinger liquids, with 
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emphasis on the differences between Luttinger and Fermi liquids. The explanation 
for being able to make bosons behave like interacting fermions, basedon [25], is 
a little bit more elaborated. 

Chapter 6 presents own work. By using a simple projection technique, we are 
able to separate spin and charge degrees of freedom in the Hamiltonian descrihing 
our lattice system. With this new approach, we can prove rather easily the exis
tence of spin-charge separation, a typical lD fermionic property, in our bosonic 
system. 

While the separation is then clear from a theoretica! point of view, it is much 
harder to cbserve it experimentally because, as discussed very shortly in chap
ter 7, we will see that one would need access to a single well of the lattice, which 
unfortunately, is not yet feasible. 

In reading the thesis, it will become clear that subjects in the secend part of the 
thesis are not treated with the same profoundness as in the first part. The reasen 
for this is that most of my time was spent werking on the physics described in 
the first part. The secend part therefore has to be considered as a first step, to 
give some impression about the tremenclous possibilities with strongly correlated 
bosons on a lattice. 
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Part I 

''Spinless'' Bosons in a lD Lattice 
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Chapter 2 

Bose-Hubbard Model 

2.1 Introduetion 

Cold bosonic atoms can be confined in the periadie potential of an opticallattice 
generated via the dipale force which atoms experience in a standing, off-resonant 
field. Following [12], it will be shown that this system can realize the Bose
Hubbard model. Same basic features of this model will then be discussed. 

2.2 Realization of the Bose-Hubbard Model with Bosons 
on a Lattice 

The Hamiltonian for a system of bosons in a given intemal state in an optical 
lattice can be written in second quantization as: 

H H 1 + H2, 

J d3x ~t (x) [- 2fï~ V 2 + V!(x)] ~(x),, 

~ J J d3xd3y~t(x)~t(y)Vint(x- y)~(y)~(x), 

(2.1) 

(2.2) 

(2.3) 

where ~(x) is the bosonic field operator foratomsin the fixed intemal state. The 
contribution H1 incorporates the kinetic energy of the particles and the optical 
lattice potential V!(x). The second term, H2 , describes the interaction effects 
between the particles. 

In the simplest case, the lattice potential V'i(x) generated by three orthogonal 
standing light fields is given by V! (x) = Vox sin 2 

( kx) + Voy sin 2 
( ky) + Voz sin 2 

( kz), 
where k is the wavevector of the lasers used. The lattice spacing, denoted by a, is 
then half of the laser wavelength. 

9 



10 CHAPTER 2. BOSE-HUBBARD MODEL 

A convenient unit for the strength of the opticallattice potential is the recoil 
energy ER = n2 k2 /2m. The confining potential for an atom on a single lattice 
site can be approximated by a harmonie potential 1/2m 2::7=1 w[ with trapping 
frequencies fiwi = 2ERJV0ï/ ER. In a deep optica! lattice (Voi » ER), the 
energies fiwi of local oscillations in each well are much larger than the recoil 
energy, and each well in the lattice will support many localized bound states, the 
so-called Wannier states. Such a state is obtained as a linear superposition of 
Bloch states of the lattice. Since we are interested in the low-energy dynamics 
of the system (all relevant energies will be smaller than the fiwi), it suffices to 
consider only the lowest vibrational level at each site. In the language of band 
structure theory, one says that the atoms are effectively confined to move in the 
lowest Bloch band of the lattice. It is convenient then to expand the field operators 
in the Wannier basis, keeping only the lowest vibrational states: 

(2.4) 

where ai annihilates a partiele from the lowest energy Wannier state w(x - xi) 
centeredat site i. The creation and annihilation operators satisfy [ai, a;J = óii• 
with all other cammutators vanishing. 

It will also be assumed that the two-body interpartiele potential Vint (x - y) 
can be described within the usual pseudopotential approach; we will replace the 
actual potential by an effective contact interaction with a strength proportional to 
the s-wave scattering length as of the real potential: 

47rasn2 

Vint(X- y) = ó(x- y). 
m 

(2.5) 

This approximation will only be valid in the limit as «: l0i, where loj = Jn/mwi 
is an estimate for the characteristic size of the lowest vibrational state in the x r 
direction in a certain well. 

Putting the assumptions considered in equations (2.4) and (2.5) in the Hamil
tonian (2.1 ), we obtain: 

(2.6) 
i,j 

(2.7) 

where: 
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is the hopping matrix element between two sites i, j and 

Uijkl = 
47r~n

2 J d3xw*(x- Xi)w*(x- Xj)w(x- Xk)w(x- Xt), (2.9) 

describes the interaction between the particles and also incorporates interaction
mediated hopping. We will only consicter repulsive interactions between the par
ticles, so that as > 0. 

Since the Wannier states are very localized, it is sufficient to consicter only the 
hopping terms between neighboring sites in equation (2.8). For the same reason, 
the most important contribution Uijkl comes from the on-site interaction (the term 
uiiii). It is clear that the strength of the on-site interaction will be independent of 
the site index (Uiiii = U in equation (2.9)). An estimate for the magnitude of the 
on-site interaction strength U can be obtained by approximating each well by a 
harmonie potential with trapping frequencies fïwi = 2ERJVod ER: 

U= f;ka,En c'Ó·~~Vo.) 'i' (2.10) 

The hopping element Jij will depend on the tunnelling direction because the 
lattice strength is different in the x-, y- and z- directions. In the harmonie approx
imation, it can be shown that the tunnelling between neighboring sites in a certain 
direction scales as: 

( Vr \ 3/4 ( (Vr \ 1/2\ 
1x,y,z _. Ox,y,z 1 ,.,.".~ _ ') Ox,y,z 1 \ 

ui(i+l) . - \ ER } ""'-P \ '"' \ ER } ) • (2.11) 

In order to obtain a (quasi-) 1D lattice, it is then sufficient to reduce (almost) 
completely the tunnelling in the y- and z- direction by making the coefficients 
Voy and Voz very big. This can be done by increasing the intensity of the relevant 
lasers. As such, a system of independent parallel chains aligned in the x-direction 
results. From now on, we will only consicter one of these 1 D chains, such that 
the only coordinate of a lattice site is given by xi for site i on this chain. With 
all this in mind, the Hamiltonian of our system finally corresponds to the famous 
Bose-Hubbard Hamiltonian: 

(2.12) 

where ni = aJ ai counts the number of bosons on lattice site i. The first term 
describes the tunnelling of particles between neighboring sites in the chain, the 
second term describes the interaction between two bosons on the same site. This 
is made visible in Fig. 2.1. 
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Figure 2.1: Visualization of the parameters of the Bose-Hubbard model in an 
opticallattice 

Befare weembarkon descrihing some generalfacts about the Bose-Hubbard 
Hamiltonian, let us briefly summarize the assumptions that have lead to a descrip
tion of our system in terms of this model: 

• The model space of the Bose-Hubbard model camprises the lewest energy 
band only, all excited bands are excluded. Consistency of the model then 
requires Uni ( ni - 1) « !îwx where !îwx is an estimate for the energy sepa
ration from the first excited band. 

• A pseudopotential approach is assumed tobevalid (as « loi). 

• A tight-binding approach is used: only tunneling between neighboring sites 
and interactions between two particles on the same site are taken into ac
count. 

• By selectively decreasing the tunnelling in two orthogonal directions, a 
(quasi-) 1D chain is obtained. 

These assumptions can be readily satisfied in practice. 

From now on, it is assumed that we have a finite lattice with M sites satisfying 
perioctic boundary conditions, i.e. tunnelling between the first and last lattice site 
is included (if the site index M + 1 appears in a summation it is implicitly replaced 
by 1). 
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2.3 Basic Features of the Bose-Hubbard Model 

In order to understand the meaning of the Hamiltonian of the Hubbard model, we 
discuss the physics encountered in two limiting situations. First, we will have a 
look at the regime with small interpartiele interactions, where the system behaves 
as a condensate. Next the strongly interacting limit with commensurate lattice 
filling is studied, where the system forms a Mott insulator. 

2.3.1 Weakly-Interacting System: J >>U 
First, consicter the situation where the on-site interaction U in the Hamiltonian (2.12) 
is exactly equal to zero: 

M 

Hu=o = -J L(a!ai+l + a!+lai)· (2.13) 
i=l 

The Hamiltonian (2.13) can be diagonalized by introducing the operators äk acting 
in momenturn space: 

1 M 
äk = fïïi L e -ikx; ai' 

vM i=l 

(2.14) 

with Xj = ja the position of lattice site j (a is the lattice spacing). Because of 
perioctic boundary conditions, k can only take values: 

n = 1, ... , M- 1. (2.15) 

The operators äk satisfy boson commutation relations: [äk, älJ = 0 withall other 
cernmutators vanishing. In terms of these operators, the Hamiltonian becomes: 

H = -2J L cos(ka)äläk· (2.16) 
k 

So, in the non-interacting limit, the many-body ground state becomes an ideal 
Bose-Einstein condensate where all N bosons are in the (k = 0)-state. This state 
is therefore called the superfluid state (SF): 

(2.17) 

where IO) is the vacuum state corresponding to an empty lattice. The prop
erties of this ground state, which is also called the superfiuid state, are well 
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known: the particles are completely delocalized and, since all particles occupy 
the same state in momenturn space, there is strong phase coherence in the system. 
Furthermore, elementary excitations consist of promoting one partiele from the 
(k = 0)-state toa state with higher quasi-momentum. In the thermadynamie limit 
(M ---t oo, N ---t oo and the ratio NIM kept constant), the quasi-momenturn k 
from equation (2.15) takes on continuous values so in this limit there is no gap in 
the excitation spectrum. 

lf one introduces a small interaction (U « 1), one can reeover a Gross
Pitaevski like description in terms of one macroscopically occupied state. For 
large enough J therefore, ordinary BEC behavior is still recovered. 

2.3.2 Strongly-Interacting System: J << U 

In the extreme situation, if one puts the tunnelling term of the Bose-Hubbard 
model equal to zero, one obtains the Hamiltonian: 

(2.18) 

with U positive for repulsive interactions. This Hamiltonian is already diagonal; 
if one considers the case where the filling factor v, which is defined as the ratio 
between the number of particles and the number of sites (v = NIM), is an integer, 
the ground state will be non-degenerate and will obviously be given by: 

M 

Jw MI)J=o =IJ (a!Y'IO). (2.19) 
i=l 

This state is called the Mott-insulator (MI) state. 
So, in order to minimize the total interaction energy, the system will choose a 

contiguration with the same number of particles on every site; the particles are lo
calized and perfect correlations in the atom number exist between the lattice sites, 
but long-range phase coherence is lost. The lowest lying elementary excitations 
will consist of removing one partiele from a certain site, and putting it in another 
site. The energy of the system will then increase by an amount proportional to U, 
so there is a energy gap for excitations which remains even in the thermadynamie 
limit. The ground state for v = 2 is depicted in Fig. 2.2, tagether with one of the 
first excited states. 

lf one allows a hopping term with small amplitude (J << U), the atoms will 
remain very localized because the decrease in kinetic energy due to tunnelling is 
outweighed by the increase of the interaction energy by an amount proportional 
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(a) 

2U 

u 

(b) 

15 

Figure 2.2: Schematic representation of the ground state of the Mott insuiator 
phase with integer filling factor v = 2 in the case of zero tunneling (a), and a first 
excited state with excitation energy U obtained by moving only one partiele (b ). 

to U (this can also beseen from Fig. 2.2b). Therefore, tunnelling between neigh
boring sites willlikely not occur in the regime J « U with integer filling factors, 
which is therefore called the Mott insuiator regime. Of course, this reasoning is 
only valid if we have an integer filling factor. 

For incommensurate filling v = n + m / M with n E N and m E { 1, ... , M -
1}, there is a number m of particles which can gain kinetic energy by delocalizing 
over the whole lattice and which do not need to pay the repulsive energy U, given 
that two of those particles will not be simultaneously at the samesite (see Fig. 2.3). 
This situation will be considered in more detail in chapter 3. 

Figure 2.3: Strongly interacting regime J << U with a fractional filling factor 
v = 2 + 3/5. Three particles (dotted) are delocalized on top of a Mott phase with 
filling factor v = 2. These particles can tunnel without increasing the interaction 
energy as long as they do not occupy the same site. 

Until now, it is taken for granted in the community studying lattice systems 
that this delocalized fraction of particles behaves as a condensate (like in the 
weakly interacting regime) on top of a frozen Mott-insulator phase with integer 
filling n. In chapter 3, we will show that this picture is incorrect; the fraction 
of particles on top of the Mott-insulator phase will show behavior similar to the 
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Tonks-Girardeau gas mentioned in the introduction, such that a clear fingerprint of 
the streng interactions ( J « U) is visible for fractional filling factors in a lattice, 
and the system does not behave as a condensate at all ! 

2.3.3 The Matter-Wave Interf erenee Pattern 

In the previous sections, it was made clear that the ground state of the Bose
Hubbard model with commensurate filling in the weakly interacting limit (su
perfluid phase) has long-range phase coherence and the partiele-hole excitation 
spectrum is gapless in the thermadynamie limit. By decreasing the parameter 
J /U, a quanturn critic al point will be reached at which a gap opens up and long
range phase coherence is lost; one enters the strongly interacting regime (Mott 
phase). This quanturn phase transition from a superfiuid to a Mott insuiator has 
recently been verified experimentally [7]. In these experiments with cold gases, 
information on the system is obtained from the matter-wave interference pattem: 
one prepares the system in a certain state, shuts off the trapping potentials and 
after some time of flight, an absorption image is taken from the expanding cloud. 
Because of the experimental relevanee of this interf erenee pattem, it is considered 
here in some more detail. 

In order to describe the interference pattem theoretically, one assumes that 
the interaction between the particles during the expansion is negligible so that the 
absarptien images simply reflect the initial momenturn (not quasi-momentum) 
distribution. By definition, the momenturn distribution function np is given by: 

np = j j dxdyeip(x-y)flip(x, y), (2.20) 

where p(x, y) = ('1/)(x)'lj;(y)), and '1/J(x) is the bosonic field operator. Expanding 
the field operator in the Wannier basis, one gets: 

(2.21) 

where ai annihilates a partiele from the lewest energy Wannier state w (x - x i) 
centered at site i. Por the momenturn distribution, one then obtains: 

M M 

np = lw(p)l2 L L eip(xm-Xn)/li (a~an), (2.22) 
m=l n=l 

with 

(2.23) 
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the Fourier transfarm of the Wannier function w( x). 
The momenturn distribution is thus completely determined by the correlation 

function (aJnan)· This quantity is easy to calculate for the extreme cases of the 
non-hopping and non-interacting model considered in the previous section (equa
tions (2.17) and (2.19)). One obtains: 

Vn,m (2.24a) 

(2.24b) 

From these expressions, it is also clear that there are no long-range correlations 
in the "ideal" Mott state: the only contribution to (aJnan) comes from terms with 
m = n, whereas for the "ideal" superftuid state (with U = 0), one gets the same 
contribution for alllengths n - m so that the correlation length is infinite. This 
difference in correlation length is characteristic also in the more general case: 
in the Mott phase ( J << U) with integer filling factor, the correlations decay 
exponentially with the distance, whereas they decay only polynomially for the 
superftuid phase (J » U). 

Let's return to the interference pattern. If one puts the expressions for the cor
relations, Eq. (2.24), into Eq. (2.22), one obtains the interference pattem for the 
"ideal" superftuid and Mott states, which is depicted in Fig. 2.4. The interference 
pattems for both states are strikingly different. For the superftuid state, a series of 
"Bragg-peaks" show up; this is the expected behavior for the interference pattem 

Mott insuiator limit, the interference pattem is a structureless envelope, reftect
ing the Fourier transfarm of the Wannier function (which is approximated by a 
Gaussian). From this, it is clear that the interference pattem allows for a clear 
distinction of the two phases. lt is therefore a perfect instrument in the study of 
the quanturn phase transition from a superfiuid to a Mott insulator. 
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Figure 2.4: Momenturn distribution for the "ideal" Mott insuiator state (a) and 
superfiuid state (b) with N = M = 41. The momenturn is given in units of lïk, 
where k = 1r /a with a the lattice spacing. The distri bution is normalized to the 
total number of particles (j nP = N). This distribution refiects the matter-wave 
interterenee pattem of the bosons after release from the opticallattice. 



Chapter 3 

The Strongly Correlated Limit 
Revisited 

3.1 Introduetion 

As shown in the previous chapter, the properties of the Bose-Hubbard model are 
quite well established in both the weakly interacting regime (for all filling factors) 
and the strongly interacting regime with commensurate filling. With the help of 
the matter-wave interference pattern, even the quanturn phase transition between 
these two phase has been verified experimentally. 

Less is known about the strongly correlated regime ( J << U) with incommen
surate filling. We have siudied ihis limii insome more detail, and our results wlll 
be discussed in this chapter. As mentioned in section 2.3.2, it is common belief 
at the moment that for fractional filling factors, a number of particles will exhibit 
BEC-condensate behavior on top of a Mott insuiator phase (see also Fig. 2.3). We 
have proven this statement wrong. 

To make things clearer, hereis the Bose-Hubbard Hamiltonian again: 

(3.1) 

Only repulsive interactions will be considered, so that U > 0, and we are inter
ested in the limit of strong interactions: J « U. 

3.2 Filling Factor smaller than 1 

We start off with a situation in which the number of particles N in the lattice is 
less then the number of available sites M. lf the hopping term J would be zero, 
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all possible configurations with at most one partiele on every site are degenerate 
ground states of the system. States with higher occupancies on certain sites will 
carry an energy on the order of U more than these ground states. 

3.2.1 An Effective Hamiltonian 

For large enough U, the effects of a non-vanishing tunnelling J can betaken into 
account by using a simple projection technique. The ground state and the low
energy excitations of the Bose-Hubbard Harniltonian lie within the subspace of 
states with no more then one partiele on every site because other configurations 
still have an energy disadvantage on the order of U. Therefore, if one is interested 
in low-energy properties only, one can limit the complete Hilbert space to states 
with single occupancy on the sites only. By projecting onto this subspace, one can 
obtain an effective Hamiltonian acting within the subspace and thereby descrihing 
the properties of the ground and low-lying excited states [4] (fora derivation, see 
appendix B): 

(3.2) 

where lP is a projector on the subspace mentioned above, and Q projects out of 
this subspace (!J.D+Q = 1). The Hamiltonian H is our Hubbard-Hamiltonian (3.1). 

Writing the effective Hamiltonian in terms of the operators that create and 
annihilate particles in a certain site, one obtains for the lowest order term: 

M 

!J.DHJP> = -JLJP>(a!ai+l + a!+Iai)JP>. (3.3) 
i=l 

To first order therefore, particles are able to tunnel only to vacant neighboring 
sites; tunnelling to an already occupied site is "forbidden" because one leaves 
the subspace of single occupancies. Also notice that the interaction term in the 
Hamiltonian (3.1) of course gives a zero contribution to the effective Harniltonian. 

Thesecondorder term requires some careful considerations. It can be written 
as: 

(3.4) 

Let us analyze this expression in more detail. The term a}(ai-l + ai+1 )IJ.D moves a 
partiele to site j from a neighboring site. Site j will then either be singly occupied 
or doubly occupied; other occupations are not possible because of the operator JID. 
The operator Q projects out the possibility of the single accupation at site j; this 
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operator can therefore be replaced by a}aj - 1 which gives zero if site j is singly 

occupied, and 1 if it is doubly occupied. Next, the term ( aL1 + aJ+1 )ai will move 
a partiele from site i to a neighboring site. Now there are two possibilities: 

• if i =/:- j, then after this operation, site j will still be doubly occupied and the 
projector lfD which finally acts gives zero as result. 

• if i = j, the double occupation of site j is removed, and the final projection 
could give a nonzero contribution. 

So only terms with i = j will give a contribution to the effective Hamiltonian. 
Replacing the operator Q like mentioned above, we get for the second order term 
of the effective Hamiltonian: 

1 - 12 ~ t t t t - UJFDHQHJFD- -U L...,.JFD[ai-Iai(ni- 1)aiai-l + ai+1ai(ni- 1)aiai+I+ 
i=l 

aL1ai(ni- 1)aJai+l + aJ+1ai(ni- 1)aJai-I]lfD. (3.5) 

Figure 3.1 shows the two processes taken into account in thesecondorder per
turbatien theory. The first two terms describe the effect where a partiele tunnels, 
generates a state with double occupation, and subsequently one of the particles 
tunnels back to the original site so that in the end we are still in the subspace of 
single occupancies. These terms will give rise to an attractive nearest neighbor 
interaction of the form ni±l ni (see Eq. (3.6)). The last two termsin equation (3.5) 
describe an effective tunnelling of a partieletoa next nearest neighbor site, medi
ated by a neighboring particle. 

Figure 3.1: Second order processes in the effective Hamiltonian. Hopping back 
and forth (a) leads to an effective attraction between nearest neighbors. When 
particles hop forward twice, next nearest neighbor tunnelling results (b ). 
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After some minor algebra, the effective Hamiltonian up to second order can 
finally be written as: 

M 

Hef!= -JLIP'(alai+l + a!+Iai)IP'-
i=l 

j2M 
2U LIP'(ni-lni + ni+lni + aL1ai+lni + a!+Iai-lni)IP'. (3.6) 

i=l 

3.2.2 U --7 oo: The Jordan-Wigoer Transformation 

As a first approximation, one can keep only the first order term and neglect the 
higher ordertermsof the effective Hamiltonian (3.6). This treatment gives exact 
results for the limit U ---+ oo corresponding to a system of impenetrable bosons 
for which double occupancies on a site are really forbidden: two particles cannot 
be created on the same site. This hard-core constraint will be absorbed in the 
definition of the field operators as follows: 

aTaT = 0 
~ ~ 

V i. (3.7) 

As such, the effect of the projection operator lP' is thus integrated in the commu
tation relations for the creation and annihilation operators. The Hamiltonian for 
impenetrable bosons then becomes: 

M 

HB = -JL(a!ai+l + a!+Iai), (3.8) 
i=l 

with the constraint (3.7). 

At first sight, this Hamiltonian might seem trivial to solve; just introduce the 
operators 

M 
- - 1 ~ -ikx; ak - _ r;:;; L......J e ai, 

vM i=l 

(3.9) 

acting in quasi-momenturn space and the Hamiltonian (3.8) then becomes diago
nal: 

HB = -2JL cos(ka)aläk. (3.10) 
k 

Because of the periadie boundary conditions, the quasi-momenturn k can take on 
only values: 

k = 
2

7r n 
Ma ' 

n = 0, ... ,M -1. (3.11) 
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Now, the eigenvalues of the number operator nk äkäk are completely de
termined by the commutation relations for the operators äk and äk; for normal 
bosonic commutation relations, the accupation of a certain k-state can only be a 
positive integer ( or zero), and the ground and excited states can then be easily 
constructed from the vacuum using the creation operators al; the ground state for 
instanee would be ( ä k=o) NI 0) with energy -2 J N. 

However, the hard-core constraint (3.7) has a major impact on the commuta
tion rules for the quasi-momenturn operators in the case of hard-core bosons; the 
accupation in quasi-momenturn space can take on values more general than natu
ral numbers. As a consequence, it is not immediately clear how to find the ground 
and excited states for impenetrable bosons directly. 

So we have to resort to another method to solve the problem. Analogous to 
what people have done when studying the lD gas of impenetrable bosons [5] 
(without a lattice), we will use a mapping between hard-core bosons and spinless 
fermions. This mapping is explained in appendix A using the language of first 
quantization. In second quantization, the mapping between a system of spinless 
fermions and impenetrable bosons can be described more directly with the so
called Jordan-Wigner transformation between the creation and annihilation oper
ators for impenetrable bosons and fermions (see e.g. [28]). Defining the operators 
cJ as: 

cJ = rr (1- 2ajaj)aJ, (3.12) 
j<i 

they will obey normal fermionic anti-commutation relations if the bosonic a
operators satisfy the impenetrability constraint (3.7); in other words, the operator 
cJ defined above creates an effective fermion on site i. 

Although the Jordan-Wigner transformation seems quite complicated at first, 
it has a very easy structure: the operator (1 - 2ajaj) can only take on the values 
-1 if site j is occupied and 1 if it is unoccupied; other occupations are not allowed 
because of the constraint (3.7). Now if the number of occupied sites to the leftof 
site i is even, the string operator rrj <i ( 1 - 2a} aj) will have the value 1 and the 

transformation reads cJ = aj. If it is odd, the string operator becomes -1 and the 
transformation is cJ = -aJ. 

Before we transfarm the Hamiltonian (3.8), one remark has to be made. We 
always use periodic boundary conditions, meaning that the operator a1,H1 in the 

summation is implicitly put equal to al. From the previous discussion however, it 
should be clear that the corresponding fermion operator becomes: 

t _ ( l)N-1 t _ ( 1)N-1 t _ ( l)N-1 t cM+l - - aM+l - - al - - cl, (3.13) 

where N is the number of particles in the lattice. So the Hamiltonian for hard-
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care bosons with periadie boundaries will map onto a fermionic one with the same 
boundaries only if the number of particles in the system is odd! If Nis even, the 
impenetrable bosons map onto fermions with anti-periadie boundaries. In order 
to retain periadie boundary conditions after the mapping, it will be assumed from 
now on that Nis odd. Clearly, for sufficiently large systems, this assumption does 
not restriet our conclusions. Note that if we had chosen open boundaries, this 
problem would not have occurred, but it would have complicated further calcula
tions a little bit. 

Transforming the bosonic Hamiltonian (3.8) in termsof the fermion operators, 
one gets: 

M 

HF= -J2:)clci+l + c!+1ci)· (3.14) 
i=l 

This is the Hamiltonian for free fermions on a lattice. It can be diagonalized again 
by introducing the operators in quasi-momenturn space, analogous to (3.9): 

1 M 
ck = li:i L e -ikx; ei, 

vM i=l 
(3.15) 

where the k-values are again restricted to (3.11). The Hamiltonian is then diago
nalized: 

HF= -21 L cos(ka)ëlck. (3.16) 
k 

The difference now is that the fermionic operators in quasi-momenturn space 
satisfy the usual anti-commutation rules: {ck, cZ} = ókk' with all other anti
cammutators vanishing. As a direct consequence, the operator clck has eigen
values zero and one. Salution of the fermion problem now is trivial: one gets a 
characteristic Fermi-sea picture where in the ground state, the lowest energy k
states will be filled up to a certain energy, the Fermi energy. The excitations are 
partiele-hole like, where a partiele from the Fermi sea gets promoted to a higher 
energy state. This is depicted in Fig. 3.2. 

Let's now derive the ground state for the impenetrable bosons insome detail. 
The system of spinless fermions we map on, has the following ground state: 

np 

j~g)F = rr c!JO), N-1 
(3.17) np=--

2 

This corresponds to the visualization in termsof a Fermi-sea (Fig. 3.2). In position 
space, the states ct cL ... c1N jO) with x1 < x2 < ... < XN forma basis, and we 
can write the ground state as usual: 

(d t[ iknxijj=l , ... ,N ) t t t jO) e e n=-np, ... ,+nF eX! CX2 ••• CXN ' (3.18) 
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(a) (b) 

k 

Figure 3.2: Visualization of the ground state (a) and first excited state (b) for free 
fermions in terms of a Fermi sea. The dispersion relation for free fermions on a 
latticeis given by Ek = -2J cos(ka). 

in terms of a Slater determinant det[ eiknxi]~~~·~;~ .. ,+nF of the plane waves with 
lowest momentum. If we do the Jordan Wigner transformation, noting that 
cLcl2 ••• clNIO) =aL aL ... alNIO) for all x1 < x2 < ... < XN, we obtain the 
ground state for impenetrable bosons: 

(3.19) 

Like already said before, according to people workingin the field of lattice gases, 
our system of strong interacting bosons with fractional filling should behave as a 
condensate (remember the discussion at the end of section 2.3.2. The ground state 
expression derived above however, proves our statement that this point of view 
is incorrect; it is clear that the impenetrable bosons do not form a condensate at 
all because the ground state is generally not expressible as a product state where 
all particles occupy the same one-particle state! Although the ground states for 
fermions and bosons look pretty much the same, the ground state for bosons can 
not be interpreted as a Fermi-sea anymore because of the different commutation 
relations for the bosonic operators ai. In the next paragraph, we will show that the 
peculiar (non-condensate) behavior of the system can also be seen in an experi
ment, by measuring the matter-wave interference pattem. 

To conclude, finding the ground and excited states of the Hamiltonian HF 
proves to be trivia!. Furthermore, the ability to determine the action of operators 
on any fermion state allows us to perform traetabie calculations on the fermion 
system. It is here that the strength of a mapping between the impenetrable bosons 
and free fermions lies. However, it should be stressed that this does not mean 
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that by doing the mapping, the solution of the original problem of impenetrable 
bosons has become completely trivial. Let me explain this with an example. In 
sectien 2.3.3, it was shown that an experimental quantity of interest, the matter
wave interterenee pattern, is completely determined by the correlation function 
(aJaj)· lf one applies the Jordan-Wigner transformation to this quantity, one ob-
tains: 

(a! aj) = ( rr ( 1 - 2cJ C!) c! Cj) =/- ( c! Cj) , i< j. (3.20) 
i<l<j 

So this quantity is not equal to the corresponding quantity for free fermions. The 
string-operator makes this quantity quite hard to calculate for impenetrable bosons 
although the associated fermionic observable ( c! Cj) is quite easy to calculate. We 
will come back to this problem in the next section. 

Nevertheless, there are some quantities that are the samefora system of im
penetrable bosons and the corresponding system of free fermions. The occupation 
number operator for instance, is the same for both systems because the mapping 
will involve the square of the string-operator (which is always equal to 1): 

(a! ai) = ( [n (1- 2c}cj)l

2 

c!Ci) = (cJCi). 
J<t 

(3.21) 

More general, all physical properties expressible in terms of spatial contiguration 
probabilities are the same for these two systems. Furthermore, from comparison 
of the Hamiltonians (3.10) and (3.16), it is also clear that the two systems will 
have the same energy spectrum. However, one has to keep in mind that in most 
cases, the Jordan-Wigner transformation has a strong influence on the calculation 
of the observables. 

3.2.3 The Quasi-Momenturn Distribution and Interference Pat
tern 

Let us co me back to the calculation of the correlation function ( aJ ai) for impene
trabie bosons. Although it was made clear in the previous paragraph that doing a 
Jordan-Wigner transformation complicates the things at first sight, it will prove to 
be a very helpful method in calculating this correlation function. 

Transferming the impenetrable boson operators into fermionic ones, one gets: 

(a!aj) = ( rr (1- 2cJcl)c!cj)· (3.22) 
i<l<j 

The difficulty in calculating the fermionic correlation function lies in the fact that 
it involves productsof more than two operators. With the help of Wiek's theo-
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rem [34] however, one is able to express the expectation value of a product of mul
tiple operators in terms of products of only two operators. Applying this method, 
the correlation function above can be written as a determinant of dimension j - i 
(it is supposed that i < j): 

(aJaj) - ( rr (1- 2c! cl)cJcj) 
i<l<j 

9i,i+l 9i+l,i+l - 1/2 
9i,i+2 9i+l,i+2 

2j-i-1 

9i,j-1 9i+1,j-1 
9i,j 9i+l,j 

9i+2,i+l 
9i+2,i+2 - 1/2 

9i+2,j-1 
9i+2,j 

(3.23) 

9j-l,i+1 
9j-l,i+2 

9j-l,j-1 - 1/2 
9j-l,j 

with 9l,m = ( cJ Cm). Since our system is translational invariant, the correlation 
function (aJai) will only depend on the "distance" j- i between two lattice sites. 
It suffices therefore to consicter only (aJ ai+~) for arbitrary i and a fixed distance 
D. . This gives a better overview over the determinant expression: 

c~ - (aJai+~) 
h fa- 1/2 f-1 f-2+~ 
h !I fa- 1/2 f-3+~ 

2~-1 (3.24) 

f~-1 f~-2 f~-3 fa- 1/21 
f~ f~-1 f~-2 f1 

where now f1 = 9i,i+l = (cJcH!) with arbitrary i. 
The non-locality of the Jordan-Wigner transformation becomes clear in this 

expression; if we want to calculate the correlations for two impenetrable bosons 
separated by a distance D., we have to know the corresponding correlations for 
fermions separated over all distances x smaller then D.. Calculating these corre
lations for fermions is quite easy; going over to quasi-momenturn space (equa
tions (3.15) and (3.11)), we can make optima! use of the Fermi-sea picture for the 
ground state: 

fl = (cJcHL) = ~ L e-ikxieik'xHz(c!ck'). 
k,k' 

(3.25) 

Since the ground state corresponds toa filled Fermi-sea, 

np 

1'1/Jg) = II cL la), 
N-1 

(3.26) 
n=-np 
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the expectation value (clck') will be zero if k =/= k', and it will give 1 if k = kn 
with n E { -nF, ... , nF }. We therefore obtain: 

1 
(N-1)/2 

ft= M L 
n=-(N-1)/2 

-i ll7r nt e M 
1 sin(1rvl) 

M sin(1rl/ M)' 
v=N/M. (3.27) 

Putting this expression for ft into the determinant (3.24), we areablein prin
ciple to calculate the correlation function Ct:,. in the ground state for impenetrable 
bosons. However, despite the very promising form of the determinant (it closely 
resembles aso-called Toeplitz determinant [2]), we were unable to find a analyti
ca! formula until now. But the simplicity of the determinant expression (3 .24) and 
its elements make it well suited for doing numerical calculations on large systems: 
we can calculate numerically the correlation functions for large systems of over 
100 sites very efficiently, in contrast to an exact diagonalization technique where 
one is limited to at most 20 sites (on a normal PC). 

Therefore, we were able to make a curve fit to the numerical calculations on 
the basis of Eq. (3.24) for Ct:,.. For large distances ~. the numerical results fit 
perfectly to: 

v=N/M. (3.28) 

This is made visible in Fig. 3.3. The fit makes it clear that the correlations Ct:,. 
decay like .6.-112 . The simplicity of the expression for the fit also strengthens 
our belief that it should be possible to find an analytica! approximation for the 
determinant in equation (3.24). 

Nevertheless, an analytica! result for the correlation function Ct:,. can be ob
tained with another method: associating an spin-up on site i with having a partiele 
on this site, and a spin-down if there is no particle, our Hamiltonian (3.8) can be 
mapped onto a spin model, namely the XX-model with a magnetic field: 

(3.29) 

where ax,y,z are the Pauli spin operators. The magnetic field B is used to fix the 
number of up spins (and as such the filling factor in our original boson problem). 
This model has been exactly solved [16] by means of a so-called Bethe Ansatz 
salution [14]. With this solution, one is able to calculate the correlation function 
(at at+f::>.), which corresponds to our (aJ al+t:,.). The result confirms that Ct:,. has to 
decay as .6.-112 for large distances .6.. 

However, our salution by means of the Jordan-Wigner transformation has 
some clear advantages over the Bethe Ansatz solution. The latter salution is very 
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Figure 3.3: Numerical fits for the correlation function Cf>.. The curves for 1/C'i 
against ~ for different filling factors (a) are linear and therefore show that CD. 
decays as a(v) ~ -l/2 . The square of the coefficient a is plottedas a function of 
the filling factorvin (b) (dots). It corresponds toa sine-function n 2 /114 sin(nv) 
(solid line). 
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mathematica!; it does not give much physical insight into the problem and it is 
generally very hard to calculate physical properties with it. Our salution on the 
contrary gives a very clear picture of the physics behind the model, and it is easier 
to deal with. Furthermore, the mapping to the solvable XX-model is only pos
sibie for our particular Hamiltonian. lf one would like to include other terms in 
the Hamiltonian, for instanee a harmonie trapping potential, one cannot, in gen
era!, do a mappingtoa solvable spin model. However, as long as one adds only 
one-particle potentials to the Harniltonian, our Jordan-Wigner scheme will always 
reduce the many-particle impenetrable boson problem toa one-particle fermionic 
problem, from which all relevant quantities can be easily calculated. 

Now that we are able to calculate the correlation functions between two points 
separated by a distance ~. we can turn our attention to another quantity that can 
give us more information conceming the physics behind our system of impen
etrable bosons on a lattice, namely the accupation of the one-particle states in 
quasi-momenturn space: 

(3.30a) 

L1 = m- n (3.30b) 

(3.30c) 

So the quasi-momenturn distribution corresponds to the discrete Fourier transfarm 
of the correlation function Cl!.. Since we know that Cl!. decays as ~ - 112 for large 
~. the quasi-momenturn distribution will decay as k-112 for small k. This k-112 

behavior is universa!; for different filling factors, it is just getting renormalized 
(see the prefactor sin('1rv) in Eq. (3.28)). For large k-values, we were not able to 
findan expression for the behavior of the distribution. In Fig. 3.4, the distribution 
is plotted for different values of the filling factor v = N / M. 

According to the ideas that are common in the community that studies the 
Bose-Hubbard model (see also the end of section 2.3.2), our system of bosons in 
the strongly interacting regime with filling factors v < 1 should behave as a BEC. 
Remember that we started the current section in order to prove this result wrong. 
And indeed, the calculations we have done so far show that the behavior does not 
correspond to that of a condensate at all. 
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Figure 3.4: Ground state quasi-momenturn distribution with different filling fac
tors for impenetrable bosons in a 10 opticallattice with 41 sites. 

Two arguments that lead to this condusion are the following: 

• the ground state for impenetrable bosons cannot be written as a product state 
where every partiele is in the same one-particle eigenstate. 

- &.1-- -~ ......... .: __... .... _... ..... _.,_"" __ ....l~,_,+_:l-u4-.:,....,_ ,.l ..... ,u-.... ·7nl~lr.n 7,.-1/2 .fn...-;"'t'Y'\'T'\OnotT"nhl,::a. hncnnc 
W lllt:: ljUä~l-UlVJllt::ULUJ11 U1Lll11UUL1VH U'-''-'aJ Ll Hl'-'-' n, · .LV.t uup"'u"'u<-<<-""' uv..,vu..,. 

The distribution is completely different from the one for a superfiuid where, 
in the ideal case, we find a delta peak at k = 0. 

This behavior was already encountered in the study of a 10 gas of impene
trabie bosons (the Tonks-Girardeau gas [5]) in the absence of an opticallattice. 
Experimentally, it should be possible to observe this typical Tonks gas behavior in 
the matter-wave interference pattem after releasing the particles from the optical 
lattice. From comparison of equations (2.22) and (3.30), it is clear that the inter
ference pattem closely resembles the quasi-momenturn distribution except for the 
envelope lw(p)l 2

• The characteristic behavior mentioned above should therefore 
be refiected in the interference pattem. This is made visible in Fig. 3.5. We have 
sharp interference peaks for small filling factors, but with increased filling some 
intensity appears in between the peaks. Especially for filling factors in the range 
0. 7 ;S v ;S 0.9, the absorption image from a real experimental setup should be 
clearly distinguishable from both the pattems of the superfiuid and the Mott phase 
(see Fig. 2.4 on page 18). 
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Figure 3.5: Matter-wave interterenee pattem in function of the filling factor v for 
the ground state of impenetrable bosons in a 1 D opticallattice with 41 sites. 
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To conclude, even for filling factors v < 1 in the strongly correlated limit, a 
clear fingerprint of the streng interactions remains visible. 

3.3 Other Fractional Fillings 

Now we turn back to more general filling factors. All fractional filling factorscan 
be written in the form: 

v = n +m/M, n EN, m = 0, ... , M -1. (3.31) 

In the regime of very streng interactions (J » U), the lewest energy states of 
the Bose-Hubbard Harniltonian with a filling given by the above expression will 
have either a number of n or n + 1 particles on the different sites. It is sufficient 
to only take into account such states when we are interested in the low-energy 
properties of the system; indeed, states with other occupancies at the sites will 
have an energy which is of the order of U larger. Analogous to what we have done 
in the previous sectien for filling factors smaller than one, we can describe the 
low-energy properties by projecting the Hamiltonian into the subspace of states 
with either n or n + 1 particles per site. lt is clear that in this subspace, since we 
have a minimum occupancy of n particles at every site, only the particles on top of 
this minimum occupancy can tunnel. So we have a number m of particles which 
can hop to neighboring sites on top of a frezen Mott insuiator phase with integer 
filling n. This brings us again to Fig. 3.6. 

Figure 3.6: Strongly interacting regime J « U with a fractional filling factor 
v = 2 + 3/5. Three particles (dotted) are delocalized on top of a Mott phase with 
filling factor v = 2. These particles can tunnel without increasing the interaction 
energy as long as they do not occupy the same site. 

Now, the behavier of the particles on top of the Mott phase is very similar to 
what we had for filling factors smaller than one. In fact, we can map the current 
problem to the situation we had for v < 1. This is made clear in Fig. 3.7. From a 
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mathematica! point of view, we define the frozen Mott phase as the new vacuum 
state: 

M 

lvac) ~ (n!~M/2 g(a))"IO), (3.32) 

where IO) corresponds to the empty lattice and the new vacuum state is normalized 
( (vaclvac) = 1). The state '1/J with occupancies of n + 1 at different positions 
x 1, x 2 , ... , Xm is then constructed by acting on this vacuum as follows: 

(3.33) 

These normalized states form a basis in the subspace of states with either n or n+ 1 
particles on the different sites. The projection to this subspace is accomplished by 
defining: 

(3.34) 

Now, we will introduce impenetrable boson operators, such that the normalized 
state '1/J can be written by acting with these operators directly on the IO) state: 

(3.35) 

Figure 3.7: System of strongly interacting bosons on a lD lattice with filling 
v = n + mj M = 2 + 2/4, mapped to a system of hard-core bosons on a lattice 
with filling m/ M = 2/4. 

Of course, special attention has to paid while doing this mapping because of 
the normalization. For instance, tunnelling between two sites i en j is described 
by: 

aLaxi lx1, X2, ... , Xi-1, Xi+l, ... , Xj, ... , Xm) = 

(n + 1)lxb x2, ... , xi, ... , Xj-1, Xj+b ... , Xm), i =I= j, (3.36) 
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while: 

dtidxj lx1, X2, ... , Xi-l, Xi+l, ... , Xj, ... , Xm) = 

lx1, X2, ... , Xi, ... , Xj-l, Xj+l• ... , Xm), i =I= j. (3.37) 

A similar line of reasoning for the terms a! ai, gives the following equalities: 

a! ai 11/J) 
a! ai 11/J) 

(n + 1)dJdii1/J), 

(d!di + n)l7f), 

(3.38) 

(3.39) 

for all states 1jJ in the subspace of states with only n or n + 1 particles at the 
different sites. The Bose-Hubbard Hamiltonian, projected to this subspace, can 
then be written in terms of the impenetrable boson operators as follows: 

M 

H = -J(n + 1) l:)dÎdi+l + d!+Idi), (3.40) 
i=l 

acting on the states (3.35). Apart from the renormalized tunnelling amplitude J, 
this Hamiltonian is equal to the one for impenetrable bosons, equation (3.8) from 
the previous section. So the strongly correlated system for fractional filling factors 
given in equation (3 .31) can be mapped to a system of impenetrable bosons with 
fi1ling factor m / M smaller then one. 

Also, the quasi-momenturn distribution will be related to the one we found in 
the previous section. The quasi-momenturn distribution is given by: 

(3.41) 

Making use of the equalities (3.38), we find aftersome algebra: 

(a!ak) = n(1- :) + (n + 1)(dkdk), (3.42) 

where (dldk) corresponds to the distribution (3.30) for impenetrable bosons from 
the previous section. We have plotted the quasi-momenturn distribution for the 
ground-state in Fig. 3.8. lf we fix the filling n of the Mott phase, we see that 
the distribution closely resembles the curves for impenetrable bosons (with filling 
m/ M). However, the Mott insuiator part provides a background signal; even for 
the smallest mjM, the distribution never becomes zero for n ;;;::: 1. Instead, one 
sees that the distribution has an offset of the order of n (this is easily visible for 
small m/ M). Fora Mott phase with n particles at every site, it is clear that (alak) 
is constant at a value n so the offset for fractional filling factors must be roughly 
related to this. 
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Pigure 3.8: Quasi-momenturn distribution for the ground-state of the Bose
Hubbard model in the strongly correlated limit. Por n = 0, the result from the 
previous section is obtained. Por higher n, the background of particles in the Mott 
phase results in an offset of the distribution. The behavior as a function of m/ M 
for fixed n is similar to that of impenetrable bosons. The number of sites on the 
lattice was fixed to 41 in all three plots. 
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From all this, we can conclude that the Bose-Hubbard system in the strongly 
interacting limit for incommensurate filling behaves as a Mott insuiator with some 
delocalized particles on top. These delocalized particles will exhibit correlation 
phenomena which are determined by strong interactions (Tonks gas), in contra
clietion again with the point of view that the delocalized particles would behave as 
a condensate and that no signature of strong interactions would be present. 

3.4 Including a Harmonie Trap 

In an experimental setup, one uses a harmonie trap to cantfine the particles. This 
harmonie trap will give rise to an extra term h '2:: Ei a! ai with ei = (i - M /2)2 in 
the Bose-Hubbard Hamiltonian, thereby destroying the translational invariance in 
the system. For weak enough traps however, it can be expected that the typical 
behavior for incomrnensurate fillings found in the previous sections will still be 
present. 

By applying the Jordan-Wigner transformation, one can map the system tofree 
spinless ferrnions in the same harmonie trap. For a finite system of M sites, the 
one-fermion eigenstates can then be found numerically. The many-body ground 
state is then a Fermi-sea where the eigenstates with lowest energies are filled. 
Making use of the determinant expression (Eq. 3.24), the correlation function 
(a!aj) for bosons in the ground state can be calculated, and this completely deter
mines the matter-wave interterenee pattern. The result for filling factors smaller 
than one and for a weak harmonie confinement is shown in Fig. 3.9. We can 
abserve again a sharply peaked interference pattem for small fillings, which be
comes braader for larger fillings, sirnilar to the results without the trap. However, 
more detailed (analytica!) studies are necessary in order to really understand the 
infiuence of the harmonie confinement 
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Figure 3.9: Matter-wave interterenee pattem for harmonically confined impene
trabie bosons in a 1 D opticallattice. The number of sites is fixed at M = 40. The 
confinement is very weak at h/ J = 0.01. 



Chapter 4 

Conciosion and Outlook 

We have seen that bosons in an opticallattice can realize the Bose-Hubbard model. 
In the limit of weak interaction, ordinary BEC behavior is reecvered for both 
commensurate and incommensurate filling of the lattice. The strongly correlated 
regime however, poses some problems dependent on the filling factor. For com
mensurate filling, one obtains the so-called Mott insuiator state from which the 
properties are well established. On the other hand, we have shown that there are 
some misconceptions conceming incommensurate fillings; until now, it was be
lieved that the system with fractional filling factors behaves as a condensate, even 
very deep in the regime of strong interactions. However, we were able to obtain 
some information on the properties of the system by calculating the ground state 
and its quasi-momenturn distribution. From the results, we can conclude that the 
system exhibits correlation phenomena which are characteristic for strongly inter
acting bosons and which do not correspond to a condensate at all. 

Some work on the strongly correlated regime with incommensurate filling re
mains to be done. Concerning the ground state properties, it would be nice to have 
an analytica! formula for the determinant description of the two-point correlation 
functions (Eq. 3.24). Furthermore, analytica! approximations for the ground-state 
of the system and its properties in the case of an additional harmonie confinement 
should also be looked after. 

After establishing the ground-state properties, one could also look for interest
ing excitations of the system. An example of this could be the following: suppose 
that we start with a Mott state. The density distribution for this state would be flat 
(in the absence of a harmonie trap). Now, if we remove particles from a certain 
site, we will create a dip in the density distribution. When the system evolves in 
time, this density dip could propagate to other sites without changing its form. 
In this way, one could create a soliton in the system. Another possibility would 
be that the dip first disappears and then aftersome periodintime it reappears; as 
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such, one would be able to abserve a periadie focussing. 
This shows that there is still some fascinating physics conceming a system of 

strongly correlated bosons in an opticallattice waiting to be explored. 
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Preface 

As a general re mark, it has to be said that the remaining chapters of the thesis will 
not dig very deep into the subject they treat. Only the sectien 6.2 in which we our
selves have derived an effective Hamiltonian fora particular limit, a:nd sectien 5.3 
with the formulas behind the idea of making bosons behave like fermions are a 
little bit more elaborated. 

Therefore, the following chapters have to be understood as giving one a first · 
impression of the subject. 
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Chapter 5 

Correlated Fermions in lD 

5.1 Introduetion 

Correlated fermionsin 30 are a well studied problem. Many systems of interact
ing fermions can be described theoretically by Fermi liquid theory, which is well 
understood. In 10 however, this description is not valid. Nevertheless, there is a 
variety of exactly solvable 10 roodels which have been known for quite some 
time, and a deeper understanding of their mutual relationships and their rele
vanee for descrihing the generic low-energy physics of 10 interacting fermions 
has emerged rather recently. The very fundamental difference between three
dimensional Fermi liquids, and their one-dimensional counterparts, the so-called 
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ough review, see e.g. Ref. [32]). In a later section, it is discussed how one can 
use bosons to simulate typical properties of interacting fermions. Since fermions 
are still hard to cool and trap, it is clear that using bosons to simulate interacting 
fermions, instead of directly using fermions on a lattice, can be a quite advanta
geous approach. 

5.2 Fermi and Luttinger Liquids 

In two and three dimensions, many systems of interacting fermions at low temper
atures are described by Fermi liquid theory [23], originally developed by Landau. 
Fora non-interacting system at zero temperature, the ground state is determined 
by the Fermi surface: all one-particle states with energies less then the Fermi 
energy are occupied, while all states outside the Fermi surface are unoccupied. 
An elementary excitation consists of annihilating a partiele from a state below 
the Fermi-surface (hole excitation), or creating it in a state with energy higher 
than the Fermi energy (particle excitation). For a fixed number of particles in the 
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system, the low-energy excitations therefore consist of partiele-hole pairs where 
some particles from states within the Fermi-surface are promoted to states outside. 

When introducing interactions, Fermi liquid theory is based on a picture of 
quasi-particles evolving continuously out ofthe particles (holes) of a non-interacting 
system of fermions by adiabatically switching on the interactions. These quasi
particles are in one-to-one correspondence with the original fermions and there
fore obey Fermi statistics, but their dynamica! properties are renormalized by in
teractions. The original one-particle excitations of the free fermions are now ac
companied by a cl oud of partiele-hole pairs, but the picture of ground- and excited 
statesin terrus of a Fermi sea of such quasi-particles is still valid. 

The free Fermi gas is thus the solvable model on which Landau's Fermi liquid 
theory is built. It should be noted that this theory only describes the low-energy 
properties of an interacting two- or three-dimensional system. However, this is 
sufficient because macroscopie properties of the system are deterrnined only by 
excitations on energy scales small compared to the Fermi energy. 

An important property of Fermi liquids in two or three dimensions is that the 
one-particle momenturn dis tribution has a finite discontinuity at the Ferrni surface 
(see Fig. 5.la). Also, the various correlation functions show power-law decay 
at asymptotically long distances and the exponents governing the power-law are 
universa!, meaning that they do not depend on the strength of the interactions. 

t t 
n(k) n(k) 

k- k-

(a) ( b) 

Figure 5.1: One-particle momenturn distribution function. For a system of in
teracting fermions in more then one dimension, the distribution shows a finite 
discontinuity at the Fermi momenturn kp (a). In one dimension, this discontinuity 
is absent, but there is an infiection point at kp (b). 

In one dimension, Fermi liquid theory breaks down: a description of the 
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ground state and low-lying excitations in terms of a Fermi-sea picture of quasi
particles is nat possible anymore because the quasi-particles are nat stabie against 
turning on the interactions. Instead, the elementary excitations are collective 
charge and spin fluctuations dispersing with different velocities. When adding 
a single fermion to the system, the fermion will decay into charge and spin exci
tations which then separate spatially with time. This is the so-called spin-charge 
separation. If the spin and charge excitations are gapless, and more precisely have 
dispersions Wv ~ vvlql (v = p, CJ for charge and spin) like depicted in Fig. 5.2, 
the elementary spin and charge excitations are bosonic in nature, in contrast with 
the fermionic auasi-oarticles of a Fermi liquid. Most importantly, one can now 

E(k) ro(q) 

(I) 

k 

q 

Figure 5.2: Partiele-hole excitations in 1D. The spectrum has no low-frequency 
excitations with 0 ( lql ( 2kF, unlike in higher dimensions where these states 
ro-.-.. .t::lle,l :...., ~Q .... 1,......,.~ ...,....."...,....,.,...;a.C'I n-nrl 11""\n7 'f""r"rl""'\'t'Y10'Mtl'l tho r11conP1"'C'Înn hPI"rHTlPC 11nPt;ar• 
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rewrite any interacting fermion Hamiltonian, provided its charge and spin excita
tions are gapless, as a harmonie oscillator and find an operator identity allowing 
to express every fermion operator as a function of these bosons. With this method, 
called bosonization [33], all physical properties of the system can be calculated. 
For free fermions, the Hamiltonian descrihing the excitations out of the ground 
state can be expressedas a Hamiltonian that is quadratic in the boson-operators: 

(5.1) 
v=p,u q 

where, for a non-interacting system, the charge and spin veloeities are bath equal 
to the Fermi velocity, Vv = VF· 

In the presence of electron-electron interactions, assuming that charge and 
spin excitations remain gapless, the Hamiltonian is still of the farm (5.1), but the 
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interactions will make Vu =I Vp =I Vp, leading to charge-spin separation. Interac
tiens will also renormalize the physical properties, and by camparing the veloe
ities measuring this renormalization to Vv, the correlation exponents Kv can be 
defined. These Kv only depend on the low-energy properties of the Hamiltonian. 
By using the bosonization method, the complete physics of a 1D fermionic liquid 
can then be described in terms of these 4 coupling parameters only. 

It is clear that the properties of these gapless 1D systems of interacting fermions 
will be very different from those of 2D and 3D systems. In particular, the power
law decay of the correlation functions is determined by the coupling constauts 
Kv, which are renormalized with changing interaction strength, so the behavier of 
these 1 D systems is notunivers al anymore. Also, the momenturn distribution does 
not have a jump anymore at the Fermi-momentum. Rather, there is an inflection 
point whose form is determined by the same coupling constants (see Fig. 5.1b). 

All such properties are generic for 1 D systems of interacting fermions, but 
they were first studied in a model introduced by Luttinger [19]. Therefore, the 
term 'Luttinger liquid' was coined by Haldane [9] to describe these universallow
energy properties of gapless 1D quanturn systems, and to emphasize that a low
energy description can be based on the Luttinger model in much the same way as 
the Fermi liquid theory in 3D is basedon the free Fermi gas. 

5.3 Bosons behaving like Interacting fermions 

The main title of the secend part of this thesis, "spin-1/2 bosons in an opticallat
tice", might sound strange at first since bosonic atoms normally have an integer 
spin. This means that there is an odd number 2F + 1 of sublevels in each hyperfine 
levelF (e.g., the F = 1level has three sublevels mp = -1, 0, 1). However, by 
making use of an off-resonant microwave field, some sublevels of a bosonic atom 
can be shifted up in energy so that, effectively, the atom can occupy only two lev
els. One of the two available levels will be called the spin-up level, the other one 
the spin-down level. In the remainder of the thesis, we will consicter such bosonic 
atoms in an opticallattice. 

Recently, it has been proposed that these two-level bosons in a one-dimensional 
opticallattice can be made to behave as interacting fermions [25]. Bosons on a lD 
lattice can thus be used to simulate fermionic correlation properties. The basics 
behind this idea will now be introduced. 

In complete analogy to the derivation in sectien 2.2, making the same as
sumptions stated there (tight-binding, only lewest band dynamics, effective 1D 
tunnelling), the Hamiltonian of a system of bosons with two possible intemal 
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states on an opticallattice can be written as: 

M M M 

H = -JL: L (a!aai+la + a!+luaia) + L L Van~()"+ ui: niTnil, (5.2) 
i=l a=T ,l i=l a=T ,l i=l 

where CJ = j, L denotes the two relevant intern al levels of the bosons, and the 
operator a!u creates a partiele in level CJ on site i of the lD lattice. These operators 
satisfy the normal bosonic commutation relations [aio-, a}a,J = bijÓaa'• withall 

other cammutators vanishing. The operators nier = a!uaia are the corresponding 
number operators. The interaction strength of two particles on the same site is 
given by U if the particles have opposite spin, and by Vu if they both have the same 
spin CJ. We consider again a finite system of M sites with periadie boundaries, so 
that the summation index M + 1 in the above Hamiltonian is implicitly replaced 
by 1. 

The first term in the Hamiltonian describes the tunnelling of particles to ad
jacent sites, where it is assumed that the tunnelling amplitude J is independent 
of the internallevel of the hopping particle. We have two interaction terms. The 
first contribution to the interaction energy comes from having two particles in the 
same internallevel at the same site. The corresponding interaction energy Vu can 
be spin-dependent Another contribution comes from having a spin-up and a spin
down boson at the samesite (interaction energy U). Since we will only consider 
repulsive interactions between the particles, we have Va, U > 0. 

The key point now is that, by making use of the large control one has over the 
lattice parameters, the interaction energies Vu can be made very large compared 
to the tunnelling J and the spin-up spin-down interaction coefficient U. In such a 
situation, two particles with the same spin are not likely to be found on the same 
lattice site, because they have to pay a large interaction energy. The ground- and 
low-energy excited states of the Hamiltonian then lie in a subspace spanned by 
states for which a site can only be doubly occupied if both particles have opposite 
spin. As such, the very large interaction between the bosons creates an effective 
Pauli-exclusion principle due to which only particles with different spin can get 
paired together. Already here, it becomes clear that bosons can indeed made to 
behave like fermions. 

Once again, by projecting onto the subspace, a technique which was already 
successfully implemented in the first part of the thesis (see also appendix B), 
one can obtain an effective Hamiltonian descrihing the low-energy physics of the 
Hamiltonian (5.2). We will again take into account only the first order term of this 
effective Hamiltonian, a treatment which gives exact results in the limit Vu ---+ oo 
where having two particles with the same spin on the samesite is really forbidden. 
This eenstraint can be absorbed in the definition of the operators aju: 

(5.3) 
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These "impenetrable boson"-operators can be transformed into fermionic ones by 
using the Jordan-Wigner transformation, which is generalized to particles with 
spin as follows: 

a!u = rr (1 - 2cju,Cju1 )c!u· (5.4) 
j<i,u'=T.t 

The operators cJu are then spin-1/2 fermionic operators. The bosonic Hamilto
nian (5.2), projected to the subspace where no two particles with the same spin 
can occupy the same site, can now be written as a fermionic Hamiltonian: 

M M 

HFH = -Jl: 2:::: (c!uci+lu + ci+luCiu) +ui: nijnit• (5.5) 
i=l u=T,l i=l 

where the number operators niu = cJuciu are fermionic. This Hamiltonian is the 
famous Fermi-Hubbard Hamiltonian. In different regimes of the parameters J 
and U, it will exhibit very rich behavior such as ferro- and ferrimagnetism, anti
ferromagnetism, superconductivity, and a metal-insulator transition to name a few. 
Important for us is that, in the regime U > 0, it is known that the Ferrni-Hubbard 
model describes a Luttinger liquid for filling factors different from 1/2. The filling 
factor is defined in this chapter as v = N /2M, where N = Nr + Nt is the total 
number of spin-up and spin-down particles. 

After this discussion, it should be clear that our original bosons can indeed be 
made to behave as effective fermions. In short, it is the large interaction energy 
between two bosons with the samespin which leads to an effective Pauli-exclusion 
principle for the bosons, and which makes them behave as fermions; they realize 
the Ferrni-Hubbard model. 

The lD Fermi-Hubbard model can be exactly solved by means of a Bethe 
Ansatz approach [24], meaning that one has access to the energy spectrum as well 
as the ground-and excited states of the system. One sees from the spectrum that 
the elementary excitations of the Fermi-Hubbard model are gapless, and therefore 
the lD system forms a Luttinger liquid. But, calculating physical properties with 
this exact salution is a daunting task. However, the spin- and charge-veloeities Vu 

and vP, and the coupling exponents Ku and KP can be found quite easily from the 
known energy spectrum, so that a complete description of the low-energy proper
tiescan also be given in termsof a Harniltonian (5.1), like showed in the previous 
section. Then, making use of an identity between fermionic and bosonic field 
operators, derived in the bosonization theory, the interesting correlation functions 
can be calculated quite easily. 

In the next chapter, we will derive in a more straightforward way the ground
and excited statesof the Fermi-Hubbard model in the limit U » J. lt will be 
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shown that the charge and spin degrees of freedom in these states are indeed sepa
rated: in particular, it will be seen that the eigenstates are product states where the 
position (charge) part of the state corresponds to a state of free spinless fermions, 
while the spin-part is an eigenstate of the Heisenberg spin model. 
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Chapter 6 

Luttinger Liquid with Bosons on a 
lD Lattice 

6.1 Introduetion 

In the previous chapter, it was seen that a one-dimensional system of interacting 
fermions could form a Luttinger liquid. One of the hallmarks of such systems is 
the separation of the spin and charge ( = mass) degrees of freedom. This effect has 
never been observed in a condensed matter system. 

It has also been shown that bosons on a 1 D lattice can be used to simulate 
fermionic correlation properties. In particular, they can realize a Fermi-Hubbard 
model. Stimuiateà by the extreme fiexibiliiy anà controllability of the latlice sys
tems we set out to observe spin-charge separation in a system of two-level bosons 
on a 1 D opticallattice. 

Luttinger liquids are most often described by a phenomenological method 
called bosonization [33]. By using a simpler method which we developed our
selves, we were able to show that the ground- and all excited states of our system 
can be written as a product of a state acting in position space and another one act
ing in spin space, thereby proving the existence of spin-charge separation in our 
system. 

6.2 Effective Hamiltonian Approach for the Strongly 
Interacting Limit 

We start off with equation (5.5) from the previous chapter, where it was shown that 
bosons on a 1 D lattice can realize the Fermi-Hubbard model. In the limit of strong 
interactions, U » J, the projection technique can be applied again to obtain an 
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effective Hamiltonian descrihing the low-energy physics of the Fermi-Hubbard 
model. lndeed, in this regime, the ground-and low-energy excited states of the 
Fermi-Hubbard model (Eq. (5.5)) lie in the subspace spanned by states where two 
fermions with opposite spin cannot be simultaneously at the same site because for 
such a contiguration the system has to pay an energy U. De fine lP as the projector 
on this subspace, and ij the projector out of the subspace (lP+ ij = 1). The low
energy properties of our system canthen be described by an effective Hamiltonian, 
which is given to second order by (see appendix B): 

1 
Hef!= IPHFH]p>- UIPHFHijHFH]p>· (6.1) 

In terms of the ferrnionic creation and annihilation operators, the first order term 
becomes: 

M 

H!}j = -JL L IP(claCi+Ia + cj+IaCia)IP. (6.2) 
i=l a=i,l 

This describes tunnelling of a fermion to an unoccupied neighboring site. The 
second order term can be written as: 

j2 M 

H!~j =-U L L IP(cLla + c!+Ia)Cïaijc}o-'(cj-la' + Cj+Ia' )lP. (6.3) 
i,j=lo-,a' =T ,l 

Let's consicter this term step by step: first, a partiele tunnels from a neighboring 
site to site j. This site is then either singly occupied, or doubly occupied with two 
particles with opposite spin. The possibility of single accupation is ruled out by 
the projector ij. This operator could therefore be replaced by nj,-a (remark: if 
CJ = T, then -CJ = l and the other way round). After that, a partiele is moved from 
site i to a neighboring site. lf i # j, then j will still be doubly occupied afterwards, 
and the final projection lP will give zero. lf i = j, the double occupancy at site j 
can be removed, and a con tribution to the effective Harniltonian will result. So we 
only have to take into account terms with i = j, and we can replace Q by ni-u· 

The result is: 
j2M 

H~~~ =-U L L(cLiaCiani,-aclo-ci-Ia + cj+Io-Cïani,-aClo-Cï+Ia) (6.4a) 
i=l a 

+ ( cL1,-uci,-ani,-ac!uci-la + c!+l,-aci,-ani,-aclaCï+la) (6.4b) 

+ (cLlaCiani,-aClaCï+Io- + c!+lo-Ciuni,-aCluCï-Ia) (6.4c) 

+ ( cLI,-o-ci,-ani,-uclo-Cï+Ia + Cl+I,-aci,-ani,-aclaci-la ). (6.4d) 

This term incorporates processes which could be named a cell shift, a spin flip, 
and a combination of both. They are visualized in Fig. 6.1. The different processes 
in the figure carry the same label as the corresponding terms in the formula above 
(6.4a, 6.4b etc.). 
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Figure 6.1: Second order processes taken into account by the effective Hamil
tonian description of our system: identity (a), spin-flip (b ), cell shift with spin
flip (c) and cell shift (d). The different processes (a), (b), ... correspond respec
tively to the terms (6.4a), (6.4b), ... of Eq. (6.4). 
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6.2.1 Perturbation Theory 

Now, we will introduce some notation which will make the denvation of spin
charge separation in the Ferrni-Hubbard model with U » J more clear. The 
subspace considered above, where one can have only single occupancies at every 
site is spanned by states of the farm: 

where N is the number of partieles. The xi denote the positions of occupied sites 
(x i = 1, ... , M), and the ai the spin of the partiele at position x i. In order to 
abtaio a unique detinition, it is assumed that x 1 < x 2 < ... XN. As an example, 
the state 1269)1 ii 1) has 2 fermions with spin up on sites 2 and 6, and a spin down 
at site 9. All other sites are unoccupied. 

We also detine operators lm)i (nl and la)i(a'l acting separately on respectively 
the position (=charge) and spin degrees of freedom, as follows: 

lm)i(nl lx1, ... , xi = n, ... , XN) lxl, ... ,xi=m, ... ,xN), (6.6a) 

I a) i (a' I I a 1 , ... , a i = a', ... , a N) lab···,ai=a, ... ,aN)· (6.6b) 

It is easy to see that all operators acting on states within the considered subspace 
can be written as productsof operators (6.6). 

Now, we cao write our effective Harniltonian H~}j + H~~j in terms of these 
operators. 

The first order term, H~}j will only involve operators acting on the position 
part. Indeed, it will move a partiele to a neighboring empty site and it thereby 
preserves the spin configuration. This is best understood with an example. Con

sider again the state 1269)1 ii 1). One of the termsin H~}j moves the partiele 
from site 2 to site 3. The resulting state is then 1369) I jj 1). Notice that the spin 
contiguration did oot change. 

A remark has to be made: if we have periadie boundaries, a partiele cao tunnel 
from the last site to the first one. Such a process does oot conserve the spin 
configuration. In our example, if we have only 9 sites, then the partiele at site 9 
can tunnel to the first site. As a consequence: 1269)1 jj 1)---* 1126)11 jj), so that 
the spin contiguration does change in this special case! This boundary effect cao 
be neglected, which will nat restriet the conelusions if we consicter sufticiently 
large systems. 

The effective Harniltonian cao then be written to first order as: 

H~~j = ( -J t ~ lm + l),(ml (IIp -lm + l)i+l (m + 11)) 0 JIE, (6.7) 
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where the term (IJp - lm + 1)i+1 (m + 11) assures that tunnelling takes only 
place to an empty neighboring site (IJ p,r, is the identity operator, acting in position 
or spin space). The fi.rst order term thus is already spin-charge separated: the 
position part describes tunnelling of free spinless fermions, whereas the spin part 
is the identity operator. The eigenstatesof H~}~ are trivial to calculate: they are 
product states 14>) ® 15) where the 14>) are eigenstatesof the Hamiltonian for free 
spinless fermions. These are Slater determinants of plane waves with different 
momenta: 

The momenta are restricted to: 

27r 
kn = Mn, n = 0, ... ,M -1 

(6.8) 

(6.9) 

because of periadie boundaries. Since this Hamiltonian acts as the identity opera
tor on the spin degrees of freedom, all states 14>) la) with different spin contigura
tions 15) = lo-1 , o-2, ... , O"N ), but with fixed 14>), are degenerate with energy: 

E = -21 L cos(kn), (6.10) 
n 

with the kn val u es as in the Slater determinant of 14>). 

The secend order term can also be wriiien in terms of lhe new opemtors. After 
some algebra, one obtains in the end: 

j2 N M 

H(2
) = -- ""' ""' Îf(i) (m) · fi( i). with 

eff U~~ sptnl 
i=l m=l 

fi(i)(m) = 2lm +1)Hllm)i(mli(m +1li+l 
+ lm +2)Hllm +1)i(mli(m +1li+l (IJ -lm +2)H2(m +21) 
+ lm)Hllm -1)i(mli(m +1li+l (IJ -lm -1)i-l(m -11) 

It is clear that this part of the effective Hamiltonian is not yet written in a spin
charge separated form, because of the i-dependence of fi( i) ( m) and ÎI~;in. This 
will be taken care of now. 
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Since we are consictering the limit J /U « 1, we cao treat H~;~ as a pertur

bation to the fi.rst order term H~}~. This perturbation willlift the spin degeneracy 

present when consictering H~~j only. From degenerate perturbation theory, one 

learns that one has to calculate the eigenstates of the perturbation H~;j in every 

subspace of degenerate eigenstatesof the unperturbed Hamiltonian H~~j. 

6.2.2 Non-degenerate eigenstates lc/J) 

We will fi.rst consicter the case where all orthogonal spinless fermion eigenstates 

14>) of the unperturbed Hamiltonian H~~j have a different energy. Then, all of the 
above-mentioned degenerate subspaces are spanned by states of the farm: 

(6.11) 

for fixed 14>). So with every 14>), there corresponds a subspace generated by the 
different degenerate spin configurations. 

Doing perturbation theory now corresponds to calculating the matrix elements 

(51 (4>1H~;~I4>) IO"') in such a subspace and diagonalize the resulting matrix. 
The matrix elements are given by: 

2 N M 

(BI(4>IH~~jl4>)lcJÎ) =-~ L L(4>IÎI(i)(m)l4>) · (Biir!~nlcJÎ). (6.12) 
i=l m=l 

Now, it cao be proven (see appendix C) that I:~=l (4>1H(i)(m)l4>) _ 7(4>) is inde
pendent of i, so that the Hamiltonian can beseen to act as 

(2) - j2 
Hef!- -[j'"'t(4>)Hspin, (6.13) 

in every subspace Sc/>. In this expression, Hspin is given by: 

N 

"""' """' (i) Hspin = ~ ~ Hspin' and (6.14) 
i=l u=i,! 
M 

7(4>) = L (4>1H(i)(m)l4>). (6.15) 
m=l 

Let's consicter this spin-Hamiltonian insome more detail: 

N 

Hspin = L L {IO")i+li-O")ï(O"Ii( -ali+l 
i=l u=i,! 

(6.16) 
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The first term will change a I L i) contiguration in I i L). lt is therefore similar toa 
term s;;;,s;;;_+1 in termsof Pauli operators. The second term just gives a cantribu
tien if there are two neighboring opposite spins, while it gives zero in other cases. 
This term is therefore related to s:n s:n+ 1 - 1 I 4. Incteed, by carefully mapping our 
operators to Pauli operators, it can be seen that the spin Hamiltonian corresponds 
to the Heisenberg model: 

M 

Hspin = 2 :l:)§m§m+I- 1/4), §i= (Sf, sy, St). (6.17) 
m=l 

After this lengthy derivation, let me summarize the results we have found. In 
the limit U» J, the Fermi-Hubbarct Hamiltonian can be written in a spin-charge 
separatect farm: 

HE 

H~}~ + H~~~ = Hp +HE, 

-J~= c!+Ici + c!Cï+I, 

(6.18) 

(6.19) 

(6.20) 

The Hamiltonian Hcharge corresponds to a Harniltonian for free spinless fermions, 
while H r, corresponds to the Heisenberg model. The eigenstates of the Hamilto
nian then are product states I <P) 0 liJ), where the position part I <P) corresponcts to 
an eigenstate of Hcharge• and the spin state !5) is an eigenvector of the Heisenberg 
chain with coupling dependent on I<P). The energy spectrum of these states is then 
also very simple; the energy of a product state corresponds to the energy of the 
spinless fermion state plus the energy ofthe spin eigenstate (which depends on <P). 

6.2.3 Degenerate eigenstates I cjJ) 

Now consicter the situation where some eigenstatesof H~}j have the same energy. 
To keep things clear, we will consicter the situation where only two orthogonal 
eigenstates I<P) and I<P') have the same energy. 

Now, we have to calculate the matrix elementsof H~~~ between states lying in 
the subspace: 

(6.21) 
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The matrix elements are given by: 

j2 N M 

(BI(~IH~~~~~~)I(J1 ) =-u L L (~IÎf(i)(m)I~1)·(BIÎf;2inlä'1 ), ~' ~~ E { </J, </J1
}. 

i=l m=l 
(6.22) 

It can be proven, in a completely similar way to what has been done in appendix C, 
that the terms 2::~=1 (~1Îf(i)(m)l~1 ) are independent of i, so that in this case, the 

Hamiltonian H~~~ acts in the subspace Sc/J,</>' like: 

(6.23) 

M ........ 
where H spin corresponds to the Heisenberg chain 2 L":i=l (Sm Sm +I - 1/4). The 
matrix r c/J,c/J' is given by: 

r c/J,c/J' ( 
'Y( </J, <P) 'Y( cp, epi)) 
"!(epi' cp) 'Y( epi' epi) ' 

(6.24) 

M 

"!(1/J,~I) = L (~JÎf(i)(m)J~~), '1/J' ~I E { cf;, epi}. (6.25) 
m=l 

The key point is that the charge and spin degrees of freedom are again separated, 
as can beseen from Eq. (6.23), and the eigenstatesof the complete Hamiltonian 
are thus product states. The spin-part still corresponds to an eigenstate of the 
Heisenberg chain, and the charge eigenstate will be a linear combination of the 
states lc/J) and I</J1

). The correct linear combination is found as an eigenstate ofthe 
matrix r c/J,c/J'. The corresponding energies are again sums of the energies of the 
spin- and charge state. 

Generalization of this line of reasoning to cases where more than two eigen

states of H~}~ are degenerateis now trivial: the only difference will be that the 
dimeosion of the matrix r increases. 

6.2.4 Spin-charge separation for the bosons 

Although it is clear that the ground and excited statesof the Fermi-Hubbard model 
are product states, remember that we used the Jordan-Wigner transformation to 
map our original bosonic system toa fermionic one (see sectien 5.3). In the first 
part of the thesis, it was shown that this transformation can modify the behavier 
of certain observables measured on the fermionic system compared to a measure
ment of the same observable on the bosonic system. Therefore, it remains still to 



6.3. CONCLUSIONS 61 

be shown that the product form of the eigenstates is conserved if we do the inverse 
Jordan-Wigner transformation. 

This is quite simple to see. An eigenstate of the Fermi-Hubbard model is a 
product state, so that we can write: 

Now, since x 1 < x2 < ... < XN, the inverse Jordan-Wigner transformation just 
makes: 

(6.26) 

This means that the wavefunctions of the bosonic Hamiltonian are still products: 

(6.27) 
This completes the denvation of spin-charge separation in our system. The denva
tion was quite technica!, but straightforward. 

6.3 Conclusions 

We proposed to abserve spin-charge separation, one of the hallmarks of Luttinger 
liquid theory, with a system of strongly interacting bosons on a 1 D optical lat
tice. Following [25], it was shown first that this system can realize the fermionic 
Hubbard model. By using a quite simple perturbation approach, the ground- and 
low lying excited states were shown to be product states: the position state cor
responded to a free spinless fermion eigenstate, whereas the spin state was an 
eigenstate of the Heisenberg model. From a theoretica! point of view, the spin
charge separation is thereby proven. 

In the next chapter, a discussion will follow conceming the question of how the 
spin-charge separation could be observed in a realistic experimental setup based 
on our system of bosons in an opticallattice. 



62 CHAPTER 6. LUITINOER LIQUID WITH BOSONS 



Chapter 7 

Experimental Observation of 
Spin-Charge Separation 

It is quite easy to observe experimentally the product form of the eigenstates in 
Eq. (6.27) derived in the previous chapter. Making use of the dipole force of a 
high-intensity laser, one could move a few particles from the sites on which the 
laser is pointed to other sites. By tuning the resonance frequency of the laser, 
one can choose to create a spin- excitation by removing only the spin-up or spin
down particles, or create a charge excitation by removing both spin components. 
However, it should be remarked that the product form of the eigenstates only is 
not a characteristic feature of lD systems; it can also be a property of certain 
3D svstems. The soin-charQ:e seoaration characteristic for Luttinger liquids only 

J ~ - ~ - - -

becomes apparent if we can create a single hole or partiele excitation by removing 
resp. adding only one particle. Luttinger liquid theory tells us that these one
particle excitations will also decay into charge and spin degrees of freedom, in 
contrast with the 3D situation where a description of these excitations in terms of 
stabie quasi-particles is imminent. 

To show the separation of the spin and charge degrees of freedom of a one
particle excitation, one could in principle do an experiment as described below. 

If we have a translationally invariant system, the charge- and spin distributions 
in the ground state, given respectively by (nii) + (ni1) and (nq) - (nil) as a 
function of the site number i, are fiat over the entire lattice. After moving a single 
partiele from a certain site out of the system, we will create a dip in the charge 
and spin distributions. From the Luttinger liquid theory described insection 5.2, 
we know that if we add or re move a partiele from the system, the partiele ( or hole) 
will decay into charge and spin excitations which separate spatially in time. The 
idea now is that as a result, the dip in the charge distribution will start moving with 
a different velocity than the dip in the spin distribution. The dips will not change 
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their farm because of the linear dispersion of the charge and spin excitations. 
There are two problems with this scheme. First of all, one should be able to 

measure the spin- and charge distribution. This is not a very strong constraint: 
by making spin-dependent absorption images of the particles after releasing them 
from the lattice, it should be possible to obtain information on the charge and spin
distributions. By varying the time interval between removing a single partiele and 
releasing the remaining particles from the trap, and by collecting the absorption 
images after these different experiments, it should be possible to obtain a picture 
of the time evolution of the spin- and charge distributions and see the separation 
of the spin- and charge degrees of freedom. 

But still, it has to be shown what precise signature of the spin-charge separa
tion can be observed in the absorption images, in particular what the exact relation 
is between the spin- and charge distributions and the spin-dependent absorption 
images. 

A much more fundamental difficulty arises from the fact that we should be 
able to add or remave a single partiele only in order to create the ene-partiele 
excitation. The lattice parameter is equal to )..j2, while a fundamental limit for 
the size of the waist w0 of a collimated laser can be obtained from the formula 
() = Pi/C)..w0 ), where ()is halfthe divergence angle. Because of course() < Pi/2, 
we get that the smallest waist diameter of a collimated laserbeam is w0 < 2)... 
Therefore, one is nat able to collimate a laser to a single lattice site in order to 
remove a single particle. Even if this was possible with some tricky other method, 
like using a laser with a large wavelength to produce the lattice while creating the 
excitation with a small wavelength laser, one would not create a single hole in the 
system because the partiele that is removed from its site will not leave the sys
tem: instead, it will jump to a neighboring site. With a laser, one can only create 
partiele-hole excitations, and not a single hole-excitation. Therefore, it is possible 
to let a few particles on a number of neighboring sites jump to other sites, but 
really removing only one partiele from the whole system remains a technological 
challenge, and this makes the observation of spin-charge separation in our system 
not yet feasible. 

Conclusions 

A possible experimental observation of the separation of the energy spectrum and 
eigenstates of our system was shown to be possible. However, to prove the charac
teristic 10 Luttinger liquid spin-charge separation, one will always have to create 
a single particle- or hole excitation to see the spin- and charge degrees of free
dom of such an excitation separate. This poses a serious eenstraint because it 
means that access to a single lattice site is always necessary in order to create the 
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one-particle excitation, whatever proposal one makes for an experimental setup. 
Unfortunately, this single site access is not yet feasible so that the experimental 
verification of the Luttinger liquid spin-charge separation in our system thus has 
to be delayed. 
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Appendix A 

Mapping of lD Impenetra bie 
Bosons to Spinless Fermions 

The symmetry postulate of quanturn mechanics tells us that the many-body wave
function fora system of identical particles should be anti-symmetrie (for ferrnions) 
or symmetrie (for bosons) under permutations of the single-partiele dynamica! 
variables. lt can be shown [5] that the eigenstates of a one-dimensional Hamil
tonian descrihing a system of bosons with infinite repulsive delta function inter
action can be obtained from a fermionic state which is a salution of the same 
Hamiltonian without the hard-core interactions. This will be considered here in a 
little bit more detail. 

Consicter a system of N bosons in a one-dimensional box of length L with 
open boundary conditions (hard walls at x = 0 and x = L). The Hamiltonian of 
this system can be given generally by: 

fi2 N [)2 
H = --L 

0 2 + V(x1, x 2 , ... , XN, t). (Al) 
2m X· 

i=l ~ 

We will suppose that the bosons do not have any intemal degrees of freedom, 
so that the position coordinates Xj describe all the degrees of freedom of the Bose 
gas. Furthermore, every realistic potential V will be symmetrie under exchange of 
the coordinates. Now, the two-particle interaction potential is assumed to contain 
a hard-core. Insteadof treating this interaction as an infinite contribution to V, it 
will betaken care of by the following eenstraint on the wavefunction \ll: 

1 ~i< j ~ N. (A.2) 

The potential V in equation (A.l) will then contain all other (finite) interac
tions and extemal potentials. 
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Assume that W F is a fermionic salution to the time-dependent many-body 
Schrödinger equation 

Hw =in~~, (A.3) 

with the Hamiltonian from equation (A.l). As aresult of the Pauli exclusion 
principle, w F will automatically satisfy the condition (A.2). Next, one introduces 
an anti-symmetrie function as fellows: 

A(xl, x2, ... 'XN) = rr sgn(xi- Xj), 

i<j 

(A.4) 

where sgn (x) is the algebraic sign of the coordinate difference x = x i -

Xj. Since both A and the fermionic wavetunetion w F are anti-symmetrie under 
permutation of the position coordinates, the product 

(A.5) 

will be symmetrie. Moreover, it is easy to see that W B is a salution of the 
Schrödinger equation (A.3), and it satisfies the open boundary conditions and the 
hard-core constraint (A.2) because W F does. So we have constructed a bosonic 
wavetunetion for impenetrable bosons starting from a wavetunetion for spinless 
fermions. This completes the mapping. 

A few remarks are in place: 

• It is clear that, since A2 = 1, observables related to the density will be equal 
for the system of impenetrable bosons and the corresponding system for 
spinless fermions because they depend on the square of the wavefunction. 
Most observables measurable on a certain bosonic state however, will have 
different values than the ones measured on the corresponding fermionic 
state. 

• The advantage of the mapping becomes very clear when the potential V 
in equation (A.l) can be written as a sum of extemal potentials which act 
on a single partiele (remember that this is possible because the hard-core 
interactions are not part of V since they were included as a constraint on the 
many body wavetunetion (A.2)): 

(A.6) 



71 

Since now H = Li H'(xi, t), solving the time-dependent many-body Schrö
dinger equation (A.3) (TDMBSE) with the Hamiltonian (A.l) reduces to 
finding solutions to the one-body Schrödinger equation: 

(A.7) 

with a constraint (A.2) on the many-body wavefunction. If one has found 
the one-body solutions, the many-body states for fermions will be Slater 
determinants of the one-body solutions which satisfy the condition (A.2) 
automatically. By making use of the mapping, one can then construct the 
solutions to the TDMBSE for impenetrable bosons. This, in general will 
be much easier than solving the Schrödinger equation (A.3) with the con
straint (A.2) for bosons directly. 

• If the potential V is independent of the time t, solving the TDMBSE is 
reduced to finding many-body eigenstatesof the Hamiltonian (A. I). If 'Ij; F is 
a fermionic eigenstate, then '1/Js = A'I/JF will be a bosonic eigenstate with the 
same energy. So the system of impenetrable bosons and the corresponding 
system of spinless fermions will have the same spectrum. 

• In the preceding discussion, open boundary conditions were assumed. The 
situation becomes a little bit more complicated for periadie boundary con
ditions. First of all, the factor A has to be defined "modulo L": 

Vi E [1, N]. 
(A.8) 

Suppose now that one starts with periadie boundary conditions for the fermi
wavefunction: wF(xl, ... 'XN-b L) = wF(O, xl, ... 'XN-1)· To make 
things clearer, it is assumed in the following that 

0 < Xl < X2 < ... < XN < L (A.9) 

so that A(x1, ... , XN-1, L) = ( -l)N-l and A(O, x 1, ... , xN_1) = 1. Now, 
the wavefunction for hard-core bosons can be constructed following equa
tion (A.5): 

w s(xl, ... , XN-1, L) = A(x1, ... , XN-1, L )w F(xl, ... , XN-1, L) 
= ( -l)N-lw F(O, X1, ... , XN-1) 
= ( -l)N-lW s(O, X1, ... , XN-1)· 

(A.lO) 
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So depending on the number of particles N in the system, one ends up with 
periadie (for N odd) or anti-periadie (for N even) boundary conditions for 
the wavefunction for impenetrable bosons. If we want the salution for an 
even number of hard-core bosons with periadie boundary conditions, it can 
be seen by the line of reasoning mentioned above (Eq. (A.lO))that weneed 
anti-periadie boundaries for the fermions we map on. Or otherwise stated, 
the system of N impenetrable bosons with periadie boundary conditions can 
be mapped to the corresponding system of spinless fermions with periadie 
boundaries if Nis odd, and with anti-periadie boundaries if Nis even. 



AppendixB 

Description of a Perturbation with 
an Effective Hamiltonian 

For many systems, the eigenstatesof the Hamiltonian H cannot be exactly deter
mined. In such a case, a perturbative method can give some information about the 
system. In this appendix, the case of a Hamiltonian H having energy levels Eio. 
grouped into manifolds E:a., Ef3, ... which are well separated in energy from each 
other is considered. The Bose Hubbard model in the strongly interacting limit 
with incommensurate filling clearly satisfies this criterium (Fig. B.l). It will be 
shown that in this case the low-energy dynamics of the system can be correctly 
described by an effective Hamiltonian acting only in the lowest manifold. 

The operator lP is defined as the projector over the lowest manifold. The op
erator Q projects out of this manifold, so lP + Q = 1. For projection operators 
we also have JP2 = lP, and Q2 = Q. The exact eigenstates and energiesof the 
Hamiltonian under consideration have to be calculated from the time-independent 
Schrödinger equation: 

H'ljJ=E'I/J. (B.l) 

Letting the projection operator lP act on both sides of this equation, and including 
the identity operator lP + Q between H and '1/J gives: 

lPH(lP + Q)'I/J = EIP'IjJ. (B.2) 

By projecting with the operator Q, we get analogously: 

QH(lP+Q)'I/J = EQ'IjJ. (B.3) 

This last equation can be written as: 

Q'ljJ = (-l)(QHQ- E)-1QHJP'IjJ. (B.4) 
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u 

J=O J<<U 

Figure B .1: For the Bose-Hubbard model with incommensurate filling and with
out the tunnelling term J = 0, the energy spectrum consists of degenerate levels 
separated by energies of the order of U. In cl u ding a small tunnelling term as a 
perturbation, the degeneracy will be lifted, but the energy levels are still clustered 
into manifolds which are well separated in energy. 
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Putting equation (B.4) into (B.2), one gets: 

(IP'HIP'- IP'HQ (QHQ- E)- 1 QHIP')IP''if' = EIP''if'. (B.5) 

By makinga power expansion of (QHQ-E)-1
, one obtains an effective Schrödinger 

equation for IP''if'; to first order for instance, one can put (QHQ - E)-1 equal 
to 1/U, where U is the energy splitting between the two lewest manifolds (see 
Fig. B.l). One then obtains: 

1 1 
(IP' HIP' - UIP' HQHIP' + 0( U2 ) )JID'if' = Hef tiP''if' = EIP''if'. (B.6) 

This indeed is an effective Schrödinger equation for the wavefunction 'if' projected 
onto the lowest manifold. lf one would sum all orders, this equation would ex
actly describe the low-energy dynamics of the system; the first term describes 
the physics within the lowest manifold while the terros of order 1/ U and higher 
describe the coupling with the higher manifolds. 

So we have found an effective Hamiltonian which: 

• is Hermitian, 

• has only nonzero matrix elements between two states in the lowest manifold 

• and has the same eigenvalues and eigenstates as the Hamiltonian H in the 
lowest manifold. 

This completes the derivation. 
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Appendix C 

Proof of equation (6.13) 

In order to prove Eq. (6.13), we show that the terms (</>jfÎ(i)(m)l</>) in Eq. (6.12) 
are independent of i. 

The state I</>) was written as a Slater determinant: 

e 
ïf!-1lx1 ejf!-2Jxl ejf!-N)XJ 

z= 
ejf!-1Jx2 eïf!-2lx2 ejf!-N)X2 

lx1, X2, ... , XN), I <P) "' det 
X!<X2< ... <XN 

ejf!-l)XN ejf!-2)XN ejf!-NJXN 

(C.l) 
where the k(i) have the form: 

(i) 2rr . k E{Mn.nE{O, ... ,M-1}}. (C.2) 

M was the number of available sites, and N the number of particles in the system. 
The operator JÎ(i) ( m) was defined as: 

_H(i)(m) = 2jm +l)ï+IIm)i(mlï(m +lli+I 

+ lm +2)ï+IIm +l)i(mji(m +lli+I (II -lm +2)i+2(m +21) (C.3) 

+ lm)i+IIm -l)i(mlï(m + lli+I (II- lm -l)i-1 (m -11). 

We will only show the independenee of i for the first term of this operator. The 
other ones can be calculated by using the same techniques derived below. 

Making u se of the expression of I</>) in terms of a Slater determinant (Eq. ( C.l), 
we find, for any given i: 

mod(det A) 2
, (C.4) 
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where mod is the modulus function. The determinant det(A) is given by: 

e 
i/!.1lx1 ejJ!.2lx1 ejJ!.N)X1 

eiJ!.1lx;-1 eiJ!.2lx;-1 ·J!.N) el x;-1 

i/!. 1lm ejJ!.2lm ejJ!.N)m 

det(A) = 
e 

(C.5) i/!. 1lm i/!. 1) iJ!.2lm i/!.2) iJ!.Nlm iJ!.N) 
e e e e e e 

ejJ!.1lxi+2 eiJ!.2lxi+2 ejJ!.N)Xi+2 

ejJ!.1)XN ejJ!.2)XN ejJ!.N)XN 

Now, we can multiply column j with e-i/!.ilm. Doing this for all columns, we 
obtain: 

ejJ!.1l(x1-m) ei/!.2) (x1-m) e 
iJ!.Nl(x1-m) 

ejJ!.1l(x;-1-m) eiJ!.2l(x;-1-m) eiJ!.N)(X;-1-m) 

det(A) =a 
1 1 1 

(C.6) . J!-1) •J!-2) ·J!.N) el el el 

ejJ!.1l(xi+2-m) ejJ!-2) (XH2 -m) ejJ!.Nl(xi+2-m) 

eiJ!.1l(xN-m) eiJ!.2l(xN-m) ejJ!.Nl(xN-m) 

The prefactor a is equal to ei(J!.
1
l+J!.

2
l+ ... +J!.Nl)m. Since we have to consicter the 

modulus of the determinant, we can forget about this prefactor. 
Now, we introduce the distances Yi as follows (see also Fig. C.l): 

Y1 xi+2- m, 

Y2 Xi+3- rn, 

YN-i-1 XN- m, 

YN-i M + (x1 - m), 
YN-i+l - M + (x2- m), 

YN-2 = M + (xi-1 - m). 

Since we sumover x 1 < x 2 < ... < xN, these distances are all positive. Chang-
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y._2 ,....._-------------·····----.......... 

Figure C.l: Change of variables from x1 to Yi. 

ing the summatien variables x1 to the corresponding Yi• noticing that eiJ!.ilM = 1 
because of periodic boundaries (Eq. C.2), we obtain finally: 

(<PIIm +l)i+llm)i(mli(m +llï+li<P) = 
. J!.1) ei/!. 2)YN-i ·J!.N) 2 el YN-i e1 YN-i 

. J!.1) el YN-2 eiJ!. 2)YN-2 ·J!.N) el YN-2 

I: mod 
1 1 1 

(C.7) •J!.l) ·J!.2) ·J!.N) el el el 
Yl <Y2<···<YN-2 i/!.1 ly1 ei/!. 2>y1 eiJ!.N)Y1 

e 

\I ejlf.1)~N-i-1 ·J!.2) el YN-i-1 eiJ!.N)YN-i-1 IJ 
Now, this result is indeed independent of the value of i we have chosen in the 

beginning. lf we take another value i, the only difference is that the order of the 
rows in the determinant is changed. But, by reaaanging the rows, we can bring 
the determinant always in the form above. The value of the determinant will not 
change by doing these elementary row-operations, except maybe for a minus sign 
that we piek up. However, this minus sign is notimportant because only the square 
of the determinant appears in the expression above. This completes the proof. 
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