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Abstract 

The evolution of an idealized polar vortex model is calculated with a high-resalution contour 
dynamics (CD) method. The barotropic vortex is modeled as a piecewise-uniform distribu
tion of absolute vorticity with many contours to represent the steep vorticity gradient of the 
vortex edge and the gradient in the background vorticity. The absolute vorticity is materially 
conserved , and therefore the contours also serve as material contours. In order to mimic the 
effect of planetary waves on the polar vortex, the models are initially disturbed with wave-like 
perturbations, after .which they are . integrated over a time period of about 10-20 days. In 
addition, some simulations are performed with topographic forcing. 

The perturbations cause the outer contours of the vortex to deform irreversibly, leading 
to outward filamentation, or erosion of the vortex edge. Outside the vortex the filaments 
are mixed with mid-latitude air, giving rise to a 'surf zone'. The mixing is dominated by 
chaotic advection, which is analyzed by measuring the exponential increase in contour lengths. 
Further insight in the mixing properties is obtained by calculating correlation dimensions, as 
well as finite-scale Lyapunov exponents. Intrusion of mid-latitude material into the vortex is 
only observed when the initia! disturbance is very strong. The amount of outward, horizontal 
transport of vortex material due to the erosion is found to be proportional to the intensity of 
the perturbations, but it is also dependent on the definition of the vortex edge. At the outer 
vort ex contour, the amount of material loss is on the order of a few percents per day. 

For the simulations of the polar vortex the original CD code is modified to work with a 
spherical geometry instead of a planar geometry. Many of the computationally demanding 
simulations are performed on a multi-processor environment. The employed methods, i.e. the 
calculation of a perturbed, idealized vortex model by means of CD , tagether with the quantita
tive analyses are new in this context. The model simulations reproduce many of the important 
features that are related to the real polar vortex, such as wave breaking, steeperring of vortic
ity gradients , and outward transport. In addition to the numerical simulations a laboratory 
experiment is performed to demonstrate the barrier properties of a jet that is generated in a 
rotating fluid tank. 
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Chapter 1 

Introduetion 

Large-scale atmospheric flows are characterized by their quasi-two-dimensional motion along 
isentropic layers, especially in the mid-latitudes and near the poles. One important reason 
for this is the geometrical proportion of the horizontal scales (on the order of thousands of 
kilometers) versus the vertical scales (a few kilometers). In other words, the atmosphere is like 
a thin layer that covers the earth, which makes the vertical motion negligibly slow compared to 
the horizontal motion. The other important aspect is that the earth's rotation also enhances 
the two-dimensionality of the flow. This is due to the balance of the Coriolis forces and the 
pressure gradient forces-also known as the geostrophic balance-that is found in steady slow 
flows with background rotation. In addition, the planetary rotation induces a non-uniform 
background vorticity, which has important consequences for geophysical flows. For example, 
local displacements of air in the atmosphere can lead to large-scale planetary waves that persist 
over a long time period. 

A better understanding of the atmospheric flow processes is not only crucial for improving 
weather prediction or elimate modeling, but is also important with respect to the transport of 
pollutants, for example. It is observed that large-scale (horizontal) mixing of air is dominated 
by chaotic advection, which occurs even in simple but time-dependent velocity fields [4,41,42]. 
In contrast to molecular diffusion the chaotic mixing fi.rst acts on large scales, and then proceeds 
to smaller scales. Hence, the material ( or heat, vorticity etc.) can be transported and mixed 
effectively over large regions in a relatively short time. On the other hand, transport of material 
in the atmosphere may be inhibited by harriers that are constituted by blocking vortices or by 
strong, local vorticity gradients. Similarly, the air can be isolated within coherent structures 
that can either be stationary, or that can propagate elsewhere. 

The polar vortex is the largest and most prominent vortex to be found in our atmosphere. 
On each hemisphere the vortex forms in early winter due to the radiative cooling of air [49] . 
Inside the vortex the situation is ideal for the destruction of ozone, because of the low tem
peratures and the formation of polar stratospheric cloucis [38]. The creation of an ozone hole 
is the result, and therefore the vortex is closely related to the ozone hole found in the winter 
stratosphere. At the same time, the strong circumpolar jet acts as a harrier to transport [33]. 
An important question is to what extent the ozone-poor air inside the vortex is isolated from 
the mid-lati tudes. 

The evolution of an idealized and barotropic polar vortex model is calculated by means 
of contour dynamics (CD). With this method it is possible to determine the evolution of a 
piecewise-uniform vorticity distribution with a very high resolution [18]. Here the polar vortex 
is modeled as a single-layer distribution of absolute vorticity with a steep vorticity gradient 
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to mark the vortex edge. The absolute vorticity is materially conserved, and therefore the 
contours also serve as material contours. The vortex is initially disturbed through wave-like 
perturbations and displacements relative to the pole. This is done in order to study the 
effect of planetary waves on the vortex, and to study the effect of the waves on the irreversible 
mixing of vortex air (through wave breaking at the vortex edge). Subsequently, the unbalanced 
distributions of vorticity are integrated over a time period equivalent to about 10- 20 days. In 
addition, some simulations are performed with an instationary topographic forcing, instead of 
the initial perturbations. 

We have adopted the CD code that was developed by Vosbeek [57-59] and was parallelized 
by Schoemaker [50]. Here the code is further modified to work with a spherical geometry, which 
is more appropriate for geophysical flow problems than a planar geometry is. The dynamics 
and transport properties of the polar vortex are analyzed extensively by means of qualitative 
and quantitative methods, that are new in this context, and that prove to be very useful. 
Besides that , the polar vortex model forms an ideal test case in these advanced CD simulations 
of a perturbed vortex flow with background rotation. In addition to the numerical simulations 
a laboratory experiment is performed where a jet is generated in a rotating tank filled with 
water. Some interesting, qualitative results are obtained about the barrier properties of the 
jet, that are also characteristic to the real polar jet. 

The arrangement of this report is as follows. In Chapter 2 the equations are presented that 
describe a two-dimensional, inviscid and incompressible flow. Next to that, the incorporation of 
background rotation in the equations of motion is presented, and the two-dimensional character 
of geophysical flows is explained. Chapter 3 starts with an introduetion about the contour 
dynamics method. In addition, the main equations on which the method is based are presented, 
as well as the implementation of the background rotation. The differences between the planar 
and spherical simulations are demonstrated with some indicative examples. A description of 
the polar vortex is given in Chapter 4, together with some relevant information about the 
atmosphere. The idealized model used in the simulations is also presented and discussed in 
this chapter. Both the numerical simulation results and the additional methods to analyze 
the results are presented in Chapter 5. A brief outline of the laboratory experiment and its 
results are given in Chapter 6. Finally, the main conclusions and some recommendations for 
future experiments are presented in Chapter 7. Comparisons with related (numerical) studies 
are given in Chapter 4-6 . 
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Chapter 2 

2D Vortex Dynamics and 
Geophysical Flow 

2.1 Introd uction 

A general survey of the theoretica! models that are relevant to the study of two-dimensional 
and geophysical flow is presented in t his chapter. The principle of contour dynamics is based 
on the equations that govern the dynamics of an inviscid, Newtonian and incompressible fluid, 
also known as Euler's equations, which are explained inSection 2.2. To a good approximation, 
large-scale planetary flows can be considered qua:ü two-dimensional as well. The mathematica! 
formulation in Section 2.3 emphasizes this fact, and provides for a better understanding of the 
simulated flow in our calculations. 

2.2 The Equations of Motion 

In this section the equations are derived that describe the dynamics of a two-dimensional, 
inviscid and incompressible flow. More extensive information on the subject can be found in 
P edlosky [39] and Kundu [30]. 

2.2.1 Incompressible flow 

Consider a continuous field F in the two-dimensional space, w hich is also a funct ion of t ime, 
i.e. in Cartesian coordinates the field is given by F = F(x, y, t) . The field can represent any 
scalar quantity, e.g. temperature or density. In order to calculate the ra te of change in F, and 
relate it to a point following a fluid element, it is necessary to calculate the so-called material 
derivative given by: 

DF aF 
- =-+u ·\lF 
Dt öt ' 

(2.1) 

where u denotes the velocity at a point x. The first term on the right-hand side represents t he 
local rate of change of F at a given point, whereas the second term represents the advective 
derivative of F. For an incompressible flow the density p of the fluid is constant everywhere, 
which implies that: 

Dp ap - = - +u. \lp = 0. 
Dt at 

(2.2) 
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In addition, the continuity equation- which expresses the conservation of mass of a patch of 
fluid- is given by: 

op ot + \l 0 (pu) = 0. (2.3) 

Tagether with (2.2) this equation is reduced to the simple farm: 

'V· u= 0, (2.4) 

which is aften called the incompressibility condition. 
From the conservation of momentum-and in absence of external body farces and viseaus 

effects-the following ~ifferential equation can be derived: 

Du ou 1 
Dt =at+ (u. \l)u = -p\lp, (2.5) 

where pisthefluid pressure. The equation in (2.5) is also known as Euler's equation for inviscid 
and incompressible flows. 

2.2.2 The vorticity-stream function formulation 

Taking the curl of (2.5) leads to the following relation (note that the curl of a gradient vanishes): 

OW 8t + \l x w x u = 0, (2.6) 

and the vorticity w is defined as w = \l x u. For a two-dimensional flow the vorticity vector 
is directed perpendicular to the (x, y) plane, i.e. w = we2 , which means that the vorticity is 
independent of z, and can represented by the scalar quantity w. By rewriting (2.6) into 

OW 
-+u· \lw + w'J ·u= 0 (2.7) ot ' 

and taking into account the fact that the velocity field is divergence free (see (2.4)), the following 
important condition can be derived for the vorticity: 

Dw = 0. (2.8) 
Dt 

This means that-in absence of viscosity and external forces-the present vorticity will be 
conserved and advected by the flow. Moreover, the same equation can be written as: 

where J(p , q) 
defined by: 

OW 
at+ J(w,'lj;) = 0, (2.9) 

!lE Bq - !!..9. 8P is the Jacobian functional and "''(x, t) is the stream function 8x 8y 8x 8y 'f/ 

(2.10) 

The stream function and the vorticity are also interrelated through the Poisson equation by: 

\/
2 '1/J = -w. (2.11) 

Note that when the flow is stationary equation (2.9) reduces to J(w , 'Ij;) = 0, which means that 
w is simply a (integrable) function of 'Ij;. On the other hand, in the non-stationary case, the 
stream function can be calculated from a given, finite vorticity distribution by solving (2.11). 
Once the stream function 'lj;(x, t) is obtained, the induced velocity field u(x, t) is easily found 
as well through (2.10). The equations presented in this section farm the basis for the Contour 
Dynamics algorithm which is discussed in Chapter 3. 
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Figure 2.1: The rotating frame (x, y , z) relative to the inertial frame of reference (xi, Yi, Zi)· 
The rotation vector is represented by n. 

2.3 Geophysical Flow 

In the previous Section t he equations of motion were presented, which are valid in a fixed frame 
of reference. Large-scale geophysical fiows, however, are also affected-even dominated- by the 
earth 's rotation. The presence of a background rotation has to be taken into account when 
studying planetary fiuid motion, and this leads to some extra terms in the equations mentioned 
above. Also the two-dimensional character of atmospheric and oceanic fiow-which is mainly 
due to geometrical aspects-is further enhanced by the planetary rotation. Again, additional 
information can be found in Pedlosky [39] and Kundu [30], and also in Van Heijst [26] . 

2.3.1 Background rotation 

We now move from the inertial frame of reference (xi, Yi, zi) to a frame of reference fixed on 
the surface of the earth, denoted by (x, y, z), which is rotating steadily with angular velocity 
n relative to the fixed frame. The situation is depicted in Figure 2.1. . The position veetors in 
the inertial frame and in the rotating frame are represented by r i and r , respectively. For an 
observer in the fixed frame of reference the rate of change of a vector quantity v(r) is given by: 

dv i dv ra 
-=-+u X V. 
dt dt 

(2 .12) 

And for the velocity u(r)- which is of course the time derivative of the position vector- this 
implies: 

U i = U+ fl X r . 

Similarly, by applying (2. 12) on t he velocity vector, we obtain the acceleration: 

= 

d 
-(u+ n x r) + n x (u+ n x r) 
dt 
du - + 2 n x u+ n x n x r. 
dt 
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This means that the acceleration contains two extra terms. The second term in (2.14) rep
resents the so-called Coriolis acceleration, whereas the third term represents the centrifugal 
acceleration. In order to simplify the equation the last term is rewritten as the gradient of a 
scalar: 

0 x n x r = \71?, (2.15) 

where 1? = - ~S12r2 is called the centrifugal potential (in absence of gravity) and with r the 
distance from a point r to the rotation axis. Next , we combine this potential with the pressure 
term in (2.5) , and define the reduced pressure as P = p- ~pS1 2r2 , which eventually leads to 
the Euler equation for relative fluid motion in the rotating frame: 

8u 1 
-+(u· 'V)u + 20 x u= --\lP. 
8t p 

(2.16) 

In terms of vorticity, (2.16) can be reeast into the following form: 

8w at + \7 x w x u + \7 x 2 0 x u = 0, (2 .17) 

where the last term originates from the Coriolis acceleration. The centrifugal effects, however, 
do not affect the adveetion of vorticity. 

2.3.2 Geostrophic balance 

In order to estimate the relative importance of each term in the Euler equation it is helpful to 
introduce the non-dimensional form: 

8ü - - -
-= + Ro(ü · 'V)ü + 2k x ü =-\lP, 
8t 

(2.18) 

where k = 0/ IOI is the unit vector in axial direction, and the following non-dimensional 
variables ü, P and i are defined as : 

U= Uü, P = pDULP, t =ijst. (2.19) 

Here, U and L are the typical velocity and length scales respectively. The abbreviation Ro in 
(2.18) is the so-called Rossby number, defined f!.S: 

u 
Ro= DL. (2.20) 

This characteristic number is a measure of the relative importance of Coriolis forces and inertial 
forces, respectively, and allows for the classification of certain flow situations. Consider an 
inviscid flow that is (quasi-)stationary and the Rossby number is small, then (2.18) reduces to 

2k x u= -\lP, (2.21) 

in which the tildes are omitted. Apparently, the flow is subjected to the balance of the Coriolis 
force and the pressure gradient force, also known as the geostrophic balance. Both forces are 
directed perpendicular to the flow, and therefore the streamlines coincide with isobars. A nice 
feature of this result can be observed in the atmosphere. According to Buys Ballot's theorem 

8 



a large-scale flow tends to follow the isobars on the northern hemisphere anticlockwise around 
low-pressure areas and clockwise around high-pressure areas. 

The aforementioned equations dealt with inviscid fluid motion, and it seems useful to cal
culate the Reynolds number for an atmospheric flow, at this point. Some typ i cal values for 
the velocity and length scales are U ::::: 10 m s- 1 and L ::::: 1000 km, respectively, and for the 
earth's rotation rate and (horizontal) turbulent eddy viscosity, n = 0.73 x 10-4 s- 1 and AH::::: 

105 m2 s- 1 , respectively. Thus, the Reynolds number is on the order of Re = U L/ AH ::::: 102 . 

Furthermore, the Ekman number, which is defined as Ek = AH jOL2 , is also a measure of the 
relative importance of viseaus effects , and is on the order of Ek ::::: 10-3 . Finally, the Rossby 
number is Ra ::::: 0.1, so that such atmospheric flows (near the poles) are indeed governed by 
the geostrophic balance (2.21). 

Now, assume that the flow is homogeneous-this is a simplification, because stratification 
effects also occur in natura] flows-and that the flow is in geostrophic balance. It can be shown 
that the velocity u is independent of the axial coordinate by taking the curl of (2.21): 

\1 x (2k x u) = -\1 x ("V P) = 0, 

from which the left-hand side term can be reduced to: 

(k · \l)u = 0 or: au= 0 
az ' (2.22) 

where z is the axial coordinate. In other words, steady slow motions in a rotating fluid are 
two-dimensional. This important result is known as the Taylor-Proudman theorem. 

2.3.3 The Coriolis parameter 

Geophysical flows are confined to thin layers on the rotating body, because the vertical di
mensions are many times smaller than the horizontal scales. The motions can be considered 
quasi-horizontal, i.e. parallel to the earth's surface, and the vertical veloeities are very small. 
This is also suggested by the continuity equation (2.4) , because the vertical velocity W is 
related to the horizontal velocity U by: 

W H 
u""r; , 

where H and L are the depth scale and horizontallength scale, respectively. As mentioned in 
the previous section, the Coriolis effects even enhance the two-dimensionality of the flow , and 
so does stratification. 

Although the fluid motion on the sphere should be solved using spherical coordinates , it 
is convenient to define a local Cartesian coordinate frame (x, y, z) on a tangent plane ( see 
Figure 2.2), with x directing eastward, y northward and z upward. Then the corresponding 
relative velocity vector is u= (u, v, 0), and the relative vorticity is w = (0, 0, w). So w has its 
only component perpendicular to the surface of the sphere. 

The rotation vector n in the local frame of reference is given by: 

(2.23) 

and cp represents the latitude. Subsequently, the Coriolis acceleration can be written as: 

20 x u= (-fv,ju,-2Slu cos cp), (2.24) 
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Figure 2.2: Schematic view of the rotating sphere, where alocal Cartesian coordinate frame is 
defined tangent to the surface at a latitude 'P · The radius of the sphere is given by R. 

where f = 2 n sin 'P is the Coriolis parameter, which refiects the latitudinal variatien of the 
Coriolis force. Obviously, fis twice the vertical component of the angular velocity 0 , therefore 
f is often called the planetary vorticity. It can be shown-by means of sealing arguments-that 
only the vertical component of the planetary rotation has a significant effect on the equations 
of motion. As a result, the Coriolis parameter appears in the vorticity equation, so that 

Dw -+u. \lf = 0. 
Dt 

(2.25) 

Apparently, the relative vorticity is not materially conserved in this respect. The absolute 
vorticity, defined as q = w + f, does obey 

Dq 
Dt = O, (2.26) 

because of the time-independenee of f, which implies that absolute vorticity is conserved on 
the rotating sphere. Therefore the dynamics of the flow are different from those in the fixed 
frame, where a fluid parcel has constant vorticity w while it is being advected. On the rotating 
sphere, however, a fiuid parcel which moves, for example, northward 'experiences' an increasing 
planetary vort i city, and therefore the relative vorticity has to decrease, according to (2.26). 
Similarly, the relative vorticity of a parcel rnaving southward will increase due to the gradient 
in J. Through this mechanism an initially passive fiuid element becomes dynamically active 
when it is advected north- or southward. 

The latitudinal dependenee of f makes it generally impossible to find exact solutions for 
the full equations of motion on the sphere. However, the complexity can be reduced by using 
approximations for f. The first simplification is often used for relatively small scales ( < 1000 
km) , which is called the f-plane approximation. Then f is to be taken constant in a plane 
centred at a reference latitude 'Po, i.e. 

f = f 0 = 2 f2 sin 'PO. (2.27) 
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Clearly, there is no gradient in J, so that the relative vorticity is conserved in the same manner 
as in the non-rotating frame. By expanding the Coriolis parameter in a Taylor series around 
<po a better approximation is obtained: 

J ( <p) = J (<po + ócp) 

20 (sin(cpo) + cos(cpo)ócp + O(ócp2
)), (2.28) 

in which Ó<p = <p- <po . Furthermore, Rócp = y (see Figure 2.2), and under the assumption that 
the quadratic and higher-order terms are small compared to Ó<p, (2.28) can be written as: 

2 0 cos <po 
J ~ Jo + R Y = Jo + f3y, (2 .29) 

where f3 = 20 cos(cpo)/R. Hence, (2.29) is usually referred to as the (3-plane approximation. 
However, linearization is only valid for moderate latitudes. The (3-effect vanishes near the 
poles, where <p = ±90°, and then the quadratic term in (2.28) becomes important: 

J 
"' J 0 sin <po 2 J 2 
= o - R2 r = o - [r , (2 .30) 

where r = Jx2 + y2 is the radial distance to the pole, and 1 = ±OjR2 for <po= ±90°. The 
origin of the coordinate frame now coincides with the pole. The approximation is commonly 
referred to as the [-plane approximation. 
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Chapter 3 

Contour Dynamics 

3.1 Introduetion 

Back in 1979 a numerical metbod was presented by Zabusky et al. [65], called Contour Dynamics 
(CD), to study the evolution ofvorticity contours in an inviscid two-dimensional and unbounded 
flow . The metbod benefits from the fact that the dynamics of a patch of uniform vorticity 
are completely determined by the evolution of its boundary contour only, so that the two
dimensional problem can be solved by consiclering a one-dimensional (Lagrangian) formulation 
[18,46]. Such uniform patches often serve as an adequate model for simple vortex configurations 
where the vorticity gradients are steep, and they also appear in well-known models like e.g. the 
Kirchhoff vortex. Next to that , CD can also handle a piecewise-uniform vorticity distribution 
where multiple contours are nested in order to approximate an arbitrary patch of continuous 
vorticity. The Lagrangian character of the metbod makes it ideally suited to study small scale 
features- tbat occur, for example, in case of vortex strippingor filamentation- at a relatively 
high resolution and at a low computational cost. This is where conventional, Eulerian type 
methods fail. 

After the original metbod was introduced a lot ofwork on CD was done by Dritschel [15,17]. 
His code, presented in 1988 and called Contour Surgery (CS), not only contained improvements 
on spatial and temporal integration, but the most important property is that in this code 
arbitrarily small strips of vorticity are removed, or merged together, in order to speed up the 
calculations. Normally, the computational cost is proportional to the square of the number of 
elements N that make up the contours (see Section 3.2) , and can thus be reduced by removing 
sufficiently small features. However, a new kind of dissipation is created and total circulation 
might not be conserved this way. On the other hand , normal dissipation is most active where 
vorticity gradients are steepest, whereas surgery does not affect the steep gradients [17]. 

An excellent study about the reliability of CD- and CS in particular-was done by Legras 
and Dritschel [31]. They simulated the stripping of an initially circular vortex using CS tagether 
with a high-resalution pseudo-speetral code, and demonstrated that CS is very accurate even 
with a modest number of contours to represent the vortex, and that the accuracy effectively 
increases with N'i_, where Ne is the number of contours. Still, it should be kept in mind that 
contour dynamics is based on the inviscid equations of motion, so that only fiows characterized 
by a high Reynolds number-like geophysical fiows- may be considered. 

We adopt another, yet highly accurate CD code which was developed by Vosbeek [57- 59], 
and modified to workon a multi-processor environment by Schoemaker [50]. The algorithm does 
not contain surgery, and therefore a high precision is obtained even at small scales. Moreover, 
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the method is symplectic , i.e. the area of each contour is preserved during the simulation, 
and conservation of vorticity is obeyed. The initially two-dimensional or planar code is further 
extended in order to simulate flows on a sphere in a quasi-2D manner, which is explained 
in Section (3.3), and a comparison between the planar and spherical method is presented in 
Section (3.4). Also, the incorporation of non-uniform background vorticity is discussed in the 
following paragraphs. 

3.2 Planar Contour Dynamics 

3.2 .1 Mathematica! formulation 

In Section 2.2 it was shown that for an inviscid , incompressible and two-dimensional flow the 
dynamics can be conveniently described in vorticity-stream function formulat ion. From the 
Poisson equation 

(3. 1) 

the stream function can be solved using Green 's function: 

'lj; (x , t) =-J J G(x, x' )w(x' , t)dx'dy', t :2: 0 , (3.2) 

]R2 

where G(x, x') = 2~ log lx- x' I is Green's function in IR2 . Because the vorticity is materially 
conserved we can replace the initial continuous vorticity distribution w by a piecewise-uniform 
distribution w, which will remain piecewise-uniform throughout time [57], 

m 

w(x , t) = :L wl, x E 9m(t) \ 9m+l (t), m = 0, .... , M , (3.3) 
l=O 

where the regions 9m(t) are nested, such that 9m+l(t) C 9m(t), 9o (t) = IR2 and ÇM+l(t ) = 0. 
An example of a piecewise-uniform distribution is shown in Figure 3.1a. The stepwise function 
w is like a stack of M individual patches with vorticity wl, which is illustrated in Figure 3.1b. 
Note that wo can be considered as a background vorticity and is not represented by a patch, 
and secondly, that the patches 9m can represent more than one vortex. Subsequently, · the 
stream function can be written as 

M 

;f (x ,t) =- :L wl j j G(x ,x')dx'dy' , 
l=l Qz (t ) 

(3.4) 

and here Çl(t) , l = 1, ... , M, are the regions Çl at timet, t :2: 0. 
The area integral in (3.4) can be reeast into a line integral by taking the derivatives of {i; in 

x- and y-direction and by using Stokes' theorem fora scalar field. Then we obtain the following 
linear inversion operator relationship [18] between the vorticity and the velocity field u: 

M 

u (x, t) = - :L wl f G(x, x' )dx' , 
l=l Cz (t) 

14 

(3.5) 



b) 

Figure 3.1: a) Example of a piecewise-uniform vorticity distribution. The regions Ym are 
nested, such that Ym+dt) C 9m(t) for m = 0, ... , M . b) A cross-section (along the dashed 
line in Figure 3.1.a) of the piecewise-uniform distribution, which approximates the continuous 
vort i city function ( dashed line). 

in which Ct(t) is the boundary- or contour-of region 9t(t). The contours are traversed in the 
right-handed sense, and w1 is the inward jump in vorticity. 

According to (3.5) the contours determine the entire velocity field, and the fiuid motion can 
thus be described by the adveetion of the contours alone. Secondly, conservation of vorticity 
implies that the contours are material curves, so that-in spite of their dynamically active 
character- they can serve as passive tracers in a Lagrangian sense. 

3.2.2 lmplementation in a numerical scheme 

In the code each contour is represented by an adjustable number of nodes. During the simula
tion a node at position xn(t) is advected by the velocity u(xn , t) which is calculated analogously 
to (3.5) from the same set of discrete contours. Solving the line integral numerically requires 
the nocles to be connected by some elements. Here the nocles are simply connected through 
linear elements. Using cubic or quadratic segments, however, would increase the accuracy of 
the interpolation, or would decrease the number of nocles necessary in order to obtain an ac
curate interpolation [15, 17]. On the other hand, linear interpolation is fast, and allows for a 
higher number of nodes, consiclering the computational cost . 

Time integration is dorre by using a symplectic fourth-order Runga-Kutta (RK4) scheme 
[57, 59], and the timestep flt is always chosen so that flt · Wmax ::; O.l7r, where Wmax denotes 
the maximum vorticity in the configuration. As the contours evolve during the simulation 
the number of nocles is adjusted because of the implemented node redistribution scheme. The 
local curvature and the actual density of nocles are the main criteria for the scheme to remove 
or add new nodes, or to redistribute the existing ones. Especially when sharp curves emerge 
or filamentation takes place the number of nocles can increase quite dramatically. It is also 
clear from (3.5) that the calculation of the velocity at the nocles implies N 2 operations and
known that this is dorre several times in the RK4 scheme-this puts heavy demands on the 
computations. 

Simulation of a simple configuration- an elliptical vortex consisting of four contours
was performed in order to test the numerical method, and to demonstrate some basic events, 
e.g. filamentation, which can also be observed in more complicated vortex structures like, for 
example, the polar vortex. The contours each have an equal vorticity jump of w = 0.50, so Wmax 

= 2.00, and the timestep is taken as flt = 0.10. The result is given in Figure 3.2. Obviously, 
the filamentation process starts at the outer contour, and the other contours start shedding 
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filaments considerably later. It seems that the smallest contours are most robust , and also that 
filamentation occurs only outward of each contour. This means that in this elementary and 
unforced configuration the material is only advected outward. In addition we show a detail of 
the simulation result (see Figure 3.3a) , and the total number of nodes as a function of time 
(see Figure 3.3b) to give an indication of the computationalload. Apparently, some numerical 
irregularities occur in the contours at the smallest scales after a certain simulation time. Due to 
the linear inversion operator (see (3.5)) , however , the dynamics of the flow are dominated by the 
largest scales, and therefore the small artifacts have little influence on the evolution [2 , 15, 46]. 

t = 0.0 't:o: 10.0 "[ =20.0 1 ::40.0 

Figure 3.2: Simulation of an elliptical vortex (number of contours Ne= 4, and wl ,2,3,4 = 0.50). 
The filamentation process is clearly visible at the outer contour. 
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Figure 3.3: a) A detail of the simulation result in Figure 3.2 for T 40.0. The region is 
indicated in Figure 3.2 by the dashed box. b) N umber of nodes comprised by the contours as 
a function of time, indicating the computational casts. 

3.2.3 Non-uniform background vorticity 

With contour dynamics it also possible to study the evolution of a vortex with non-uniform 
background vorticity, which is important in case of a rotating background like the earth, for 
example. Then the vorticity w has to be replaced by absolute vorticity q, and subsequently, 
the contours become contours of absolute vorticity. In order to study the relative fluid motion 
the background velocity u f , resulting from the planetary vorticity f , has to be subtracted from 
the calculated velocity uq, so that 

Urel = Uq- UJ· (3.6) 
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The background velocity u 1 is analytically derived from J, but the subtraction leads to certain 
numerical errors, which is unavoidable. Vosbeek [57] used the 1-plane approximation (see 
Section 2.3) of the background vorticity J, in order to determine the evolution of a manapolar 
vortex near the north pole. The resulting azimuthal background velocity then takes the simple 
farm: 

(3.7) 

where Jo is twice the rotation 0, i.e. Jo = 20, and r = J x2 + y2 is the radial distance to the 
pole. The gradient of the background vorticity is determined by 1 = 0/ R 2 , in which R is the 
radius of the domain, e.g. the earth's radius. In Cartesian coordinates (3. 7) reads 

(3 .8) 

This approach, however, is only valid for a limited region, which means that r « R always, 
assuming that the rotation 0 in 1 is chosen correctly. 

It is possible to simulate the flow on a full hemisphere by appropriately mapping the Coriolis 
parameter J to the planar domain (fp)· The north pole then becomes the origin in the (x, y)
plane. Since J is a function of the latitude VJ only it is obvious that the transformed JP is 
a function of r, and that the background vorticity contours will farm concentric circles. In 
order to have an identical distribution of circulation in bath the spherical plane and the two
dimensional plane the following area-preserving transformation must be applied [62]: 

r J2(1 - z), or more conveniently, 

r 2 sin ~e, (3.9) 

where z = cos e is the axial coordinate in spherical calculations, and e is the co-latitude. Here, 
the planar coordinate r is not the same as the aforementioned coordinate r in the 1-plane 
approximation, because now the mapping of the planetary vorticity is exact (see Figure 3.4 for 
the interpretation of r). On the unit sphere, r = 0 corresponds to the north pole, and r = -/2 
corresponds to the equator. The planetary vorticity is then given by 

(3.10) 

which is equal to (2 .30) for 1 = 0, and the background velocity is given by: 

(3.11) 

Normally, the contours represent levels of absolute vorticity, so that the relative vorticity-if 
present-is also incorporated. A transformation from the sphere to the 2D plane therefore 
involves a transformation of the absolute vorticity q. Even if q is non-axisymmetric relative to 
the pole, (3.9) holds, and the distribution of circulation is identical. It should be emphasized, 
however, that the dynamics are slightly different in the fiat plane from the dynamics on the 
hemisphere, which is demonstrated in Section 3.4. 
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z 

Figure 3.4: The planar coordinate r in relation to the co-latitude e on the sphere, given by 
r = 2 sin ~e. Here, r = 0 corresponds to the north pole, and r = .J2 corresponds to the equator. 

3.3 Spherical Contour Dynamics 

It was demonstrated by Dritschel [14, 17] that the method of contour dynamics could also 
be applied to a spherical system, where the flow is considered to be quasi-two-dimensional 
in a thin layer around the sphere. It also turns out that (3.5) can be easily extended into a 
three-dimensional ( Cartesian) form: 

M . 

u (x ,t) =-I:>~~ f G(x,x')dx' , 

l=l Cl (t ) 

(3.12) 

with x = (x , y, z), which means that the equation is virtually identical to (3.5). Now, the 
coordinates of the nodes- that make up the contours- are still defined in a simple Cartesian 
coordinates, under the restrietion that Jx l = 1, on the unit sphere. In theory, however, this 
restrietion is automatically obeyed. Equation (3.12) governs the dynamics, and keeps the flow 
always bound to the surface. Another restrietion is that on the sphere the total circulation 
must be equal to zero, i. e. 

r = 11 wda = o, 
A 

where A is the total surface area of the sphere. 

(3.13) 

Converting the planar code to a spherical code involved some important aspects-besides 
the obvious incorporation of the vertical coordinate z-namely: 

I The restrietion Jxl = 1 is forced by a renormalization process each timestep, because 
the velocity veetors are always directed slightly away from the surface, especially 
when the timestep is large. This also helps to prevent the contours from crossing 
each other. 

II The parameters in the redistribution algorithm are tuned in order to obtain suffi
ciently small elements , and to enhance the smoothness of the contours. The local 
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curvature "' is now given by [24]: 

I: (i;?i - ziJ) 2 

( ) 
cycl x,y,z 

K, x ) y) z = ....:(x'-. -::-2 _:+.::...:...._y-=-2 -+-z-=-2-) -:-3 ;=2 ) (3.14) 

where the dot and double dot represent the first derivative and second derivative, 
respectively, along the contour. 

The background vort icity f on the rotating sphere is straightforwardly chosen as f = 2D cos e, 
whereas the background velocity takes the simple form 

Uf = (u,v,w), where ~ v =-x (3.15) 

u=y 

w =0 

3.4 Comparison of Planar vs. Spherical CD 

In this section two examples of a CD simulation are presented that are performed both planarly 
and spherically. This is done in order to evaluate the main differences that arise due to the 
different dynamics in both frames, and to see whether the planar version is adequate to simulate 
the flow on an entire hemisphere. 

The first example is a rather simple, but very indicative vortex configuration, namely a 
set of two perturbed (mode-3 , i.e. triangular) contours with positive vorticity jumps and 
without background rotation. Initially, the contours are defined as functions of co-latitude and 
longitude. Next , they are transferred to the spherical as well as the planar domain. Note 
that the 'planar' contours are transformed according to (3.9). The initial situation is shown in 
Figure 3.5, and the final frames of the simulation ( T = 75.0) are given in Figure 3.6, for the 
planar and the spherical setting, respectively. Qualitatively, the results are identical, except 
forsome details. The most prominent difference is that the outer filaments tend to grow longer 
in the planar case. This is also observed in other calculations. Secondly, there is a phase 
difference in the angular motion of the vortex, but this is only noticeable after a considerable 
number of rotations. 

Dritschel [16] compared the differences offilamentation- which occurs at a single, perturbed 
contour- between a planar and spherical calculation. He found that filaments can be generated 
on both sides of the contour when the contour is close to the equator in the spherical case. In 
a planar calculation the filaments are always generated outside the contour, probably because 
the shear is all on the outside of the vort ex ( actually a rigid rotator). This is not true on the 
sphere, which can be seen immediately by looking at the zonal velocity induced by a single 
patch. In Figure 3. 7 the result is shown of a short simulation in which the vorticity is defined 
by a contour (thick line) with a positive jump from south to north, and for several latitudes 
cpo. The other , disturbed contour is a passive contour , which is advected by the flow. One can 
abserve a significant shear on the north side of the zonal contour for lower latitudes. It is also 
noteworthy that the jump of vorticity can be chosen arbitrarily, and that the total circulation 
criteria (3.13) is automatically obeyed by the resulting velocity field. 

The final example shows the evolution of a monopolar vortex with background vorticity, 
comparable to the simulations of Vosbeek [57] who calculated the evolution of a monopoleon 
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Figure 3.5: Two nested contours with positive vorticity jumps (wl
1
2 = 1.00), and with astrong 

mode-3 perturbation. Left) Spherical view. Right) Polar stereographic view. 
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Figure 3.6: The samecontours as in Figure 3.5 at the final timestep 7 = 75.0. Left) Spherical 
calculation. Right) Planar calculation. 

the 1-plane. Here we consider the full sphere as well as the 'planar' hemisphere, and note 
that the latter setting is numerically equivalent to the 1-plane simulations, despite the other 
interpretation of the planar coordinate r (see Section 3.2.3). 

Initially, a cyclonic monopolar vortex (with strength À = 1.0 and ellipticity E = 1.1) is 
placed at a co-latitude of 36°, and superimposed on the background vorticity defined by the 
Coriolis parameter. The resulting contours- defined as functions of latitude-longitude-are 
then transferred to the spherical domain and planar domain, respectively. Additionally, a set 
of 8 unperturbed contours representing the (negative) background vorticity is added to the 
southern hemisphere in the spherical calculation. This procedure is done in all following simu
lations presented in this work. The contours are chosen in such a way that the vorticity profile 
is well-approximated , and a high density of contours is obtained in regions where the gradients 
are steep, i.e. close to the monopole. For more details about the discretization of vorticity, see 
Section 4.3. The simulation results are shown in Figure 3.8 for the spherical calculation (left) 
versus the planar calculation (right). The timescale corresponds to the background rotation, i.e. 
7 = 1.0 corresponds to one rotation (or day). At 7 = 6.4 both calculations show almost exactly 
the same result. The differences become apparent in the final frame (7 = 11.9). In both cases 
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Figure 3.7: The adveetion of a passive contour (thin line) aftera certain simulation time. The 
zonal flow is due to the positive vorticity contour (thick line) at various latitudes: a) 'Po = 60°, 
b) 'PO = 45 °, C) 'PO = 30°, d ) 'PO = 0°. 

the monopole travels towards the north pole, and leaves a 'trail' which could be described as 
a Rossby wave. The main differences that can be observed are the orientation of the monopole 
and its location in the final frame. Of course, the incorporation of the background vorticity 
on the southern hemisphere in the spherical simulations is of great importance. However, the 
results are qualitatively consistent, and this will be confirmed even further by the simulations 
presented in Chapter 5. 
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Figure 3.8: Polar stereographic view of the evolution of a cyclonic monopolar vortex (.:\ = 1.0, 
E = 1.1) with background vorticity. Left) spherical calculation. Right) planar calculation. 
The dashed circles represent the parallels at <p = 0° , <p = 30° and <p = 60°, respectively. 

22 



Chapter 4 

Modeling the Polar Vortex 

4.1 Intrad uction 

The annual occurrerice of the polar night jet is cine of the most interesting and prominent 
phenomena to be found in our atmosphere. The strong circumpolar jet is formed in the lower 
stratosphere each winter , and normally it breaks up during late spring. Apart from its dynamics 
and the effects it has on the global circulation, the polar vortex-which is the usual term for area 
enclosed and comprised by the jet-has gained a lot of interest from environmental scientists as 
well as atmospheric physicists, because the (southern) vortex seems to be related to the well
known Antarctic ozone hole [32,48]. Due to the very low temperatures inside the vortex, and the 
presence of catalysts-especially man-made chlorofiuorocarbons (CFCs)- the local destruction 
of ozone is highly promoted. Next to that, polar stratospheric clouds (PSCs), made of ice 
and nitric acid, will form even in the dry stratosphere, because of the very low temperatures 
(as low as -90° C), which act like reactive surfaces stimulating the heterogeneaus reactions 
even more [38, 49]. So the interplay between the naturally occurring vortex and the artificial 
pollution determines the ozone destrucbon to a large extent. Fortunately, the production and 
use of CFCs has decreased over the last decade, but the already present particles have a rather 
long lifetime [28]. 

An important question is how well the chemically active and ozone-poor air is isolated from 
the mid-latitudes by the vortex. If the polar air is transported to lower latitudes the depletion 
of ozone might also occur there, and this is of course relevant because of the dense human 
population at mid-latitudes . A lot of research has therefore been done on the dynamics of the 
polar vortex and the associated transport mechanisms. The results were not always consistent 
[47], but it is ultimately believed that the vortex acts like a sart of 'containment vessel' instead 
of a 'fiowing processor' , so there is little transport of air through or out of the vortex [32, 33]. 
The complicated structure of the vortex makes it diffi.cult to define transport in the first place, 
but aften a distinction is made between horizontal and vertical transport . The latter is caused 
by the diabatic descent within the vortex, and can be estimated quite well [61]. Horizontal 
cross-edge transport, on the other hand, is inhibited by the large gradients of vorticity- that 
mark the edge of the polar vortex- sa the jet actually acts as a barrier. However, large-scale 
disturbances of the edge by atmospheric waves can cause a serious amount of mixing between 
polar and extra-tropical air [34,35]. These wavescan be categorized according totheir restoring 
mechanisms [3]: internat gravity waves, which exist due to stratification, inertio-gravity waves, 
resulting from a combination of stratification and Coriolis effects, and Rossby waves, caused 
by the gradient in potential vorticity. Attention will be paid to the effects of Rossby-or 
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planetary-waves, because these are the most prominent ones , and they can be modeled in a 
(quasi- )two-dimensional model. Besides that, it was found by Öllers [38] that the inertio-gravity 
waves have only little infl.uence on the cross-edge mixing. 

The choice of our simulation model is discussed in the next paragraphs. It is stressed 
that the utilization and test of the enhanced contour dynamics code (see Chapter 3) play an 
important role, and that the resulting model is also based on the qualities and limitations of 
the numerical method. Normally, the atmospheric processes are numerous, and the structure 
is complicated, but we do not intend to take into account all of these aspects in our conceptual 
model. However, somebasic terros related to the atmosphere, its general structure, along with 
a description of the polar vortex will be presented in Section 4.2, because this is relevant to 
the discussion of the work . A detailed description of our model and the contour definitions is 
given in Section 4.3. F inally, the model is compared with roodels in other works that are also 
based on CD calculations of an idealized po lar vortex ( see Section 4.4). 

4 .2 General Characteristics of the Atmosphere 

4 .2.1 Potent ial temperature and potent ial vort icity 

The earth's atmosphere is aften subdivided into severallayers according to the thermodynam
ica! properties. A schematic view of the atmospheric structure up to 50 km is given in Figure 
4.1, which also shows the temperature as a function of height (altitude). The lower layer is 
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Figure 4.1: Structure of the lower 50 km of the atmosphere. The vertical temperature profile 
is indicated by the thick line (see Kundu [30]) . 

called the troposphere ( trapos means turbulent) which extends up to 10 km near the poles and 
several kilometers higher in the tropical regions [2] . Almast all weather changes, cloucis and 
water vapour of the atmosphere are found in this layer [30]. The t roposphere is characterized 
by the temperature decrease with height of about 6-10 oe km- 1. A transition of the temper
ature profile is found at the tropopause, which farms the boundary between the troposphere 
and the stratosphere. All of the atmospheric ozone is found in the (lower) stratosphere. The 
absorption of the sun's ultraviolet rays by the ozone causes the typical increase of tempera
ture with height [48]. Therefore the layer is very stably stratified, and convective motion as 
well as turbulent processes (mixing), t hat originate from the troposphere, are inhibited. At 
a height of about 50 km the increase of temperature ceases. T he boundary is represented by 
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the stratopause, and the layer above is called the mesosphere where the temperature gradient 
is reversed once again. Together, the stratosphere and mesosphere are referred to as middle 
atmosphere [3]. 

The stability of the stratosphere and the sharp transition indicated by the tropopause follow 
from the variatien of potential temperature with height. The potential temperature e is the 
resulting temperature of a fluid element when it is brought to a standard pressure adiabatically. 
Generally, the density and pressure of the air decrease when going upwards from the surface. 
It turns out that e is a monotonically increasing function of the altitude, and therefore e can 
be used as a vertical coordinate. In the stratosphere the potential temperature rises more 
quickly than in the troposphere, which is a fundamental difference between the layers [2]. As a 
result the stratosphere can be described by a dense set of isentropic sublayers indicated by the 
potential temperature e. In absence of diabatic effects the fluid motion is along the isentropic 
layers that are more or less horizontal, and the potential temperature can be considered as a 
materially conserved quantity. 

In Chapter 2 the absolute vorticity q was defined as the sum of relative vorticity w and 
planetary vorticity f, i.e. q = w + f. Sirree the atmospheric fluid motion is along isentropic 
layers it is necessary to take into account the thickness of the layers. Normally, the vortices 
are subjected to stretching and squeezing when the thickness varies, so the absolute vorticity 
is not conserved. The potential vorticity, however, is conserved and can be written as 

PV = w+ f 
H' 

( 4.1) 

where H is the thickness of the isentropic layer. This definition was introduced by Rossby and 
is similar to the shallow water approximation [39]. A more general formulation of PV is given 
by Verkley [56]: 

ae 
PV = -g(w +!) ap' (4.2) 

in which g is the gravitational acceleration and p is the pressure. Here the potential vorticity is 
inversely proportional to the static stability, implying that the potential vorticity is thus higher 
in the stratosphere than in the troposphere. The fact that PV and e are (quasi-)conserved 
quantities means that they can be used to follow air parcels . 

It was shown that in a two-dimensional, inviscid and incompressible flow the dynamics 
are determined by the distribution of absolute vorticity (see Chapter 3). In the atmosphere 
the global distribution of potential vorticity on isentropic surfaces determines the entire fluid 
motion provided that a suitable balance condition (e.g. geostrophic balance) and some other 
conditions are met [21, 56]. In other words, the PV field can be inverted to derive all other 
meteorological fields, like winds, pressure or temperature [2]. However, this is only valid for 
time scales up to a week, otherwise the effects of radiative heating or cooling would have to be 
included [34], but longer time scales have also been reported [48]. 

4.2.2 The polar vortex and the ozone hole 

The thermodynamica! structure of the stratosphere is more complicated than it is depicted in 
the previous paragraph, because the solar heating does not take place homogeneously. Early 
in winter the poles fall into darkness and the heating ceases. Subsequently, the polar air cools 
rapidly due to the emission of thermal radiation, and a strong latitudinal temperature gradient 
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is created [49]. The accompanying pressure gradient tagether with the Coriolis forces give rise 
to a circumpolar belt of westerly winds with veloeities up to 100 m s-1 . The vortex is found 
on top of the tropopause and extends to an altitude of about 30 km where the latitudinal 
temperature gradient starts to weaken. The edge of the vortex is characterized by very sharp 
gradients of potential vorticity, and the zonal velocity has its maximum there (approximately). 

Inside the vortex the radiative cooling causes a vertical descent despite the stratification. 
The air may be supplied on top by the zonal mean meridional circulation, i.e. the air rises 
in the tropics , and fl.ows poleward on a timescale of months [48]. During the descent the air 
pareels slow down because of the increasing density, and because of the radiative equilibrium 
that is obtained at a lower altitude [49]. Part of the vortex material is then 'fl.ushed' into the 
troposphere, and another part is mixed horizontally by the breaking planetary waves. This 
global circulation has important consequences for the ozone distribution in the atmosphere. The 
tropical stratosphere is actually the main souree for ozone. Due to the poleward stratospheric 
flow the ozone is transported to higher latitudes. Since the tropopause is much lower near 
the poles- and the stratosphere thus has a larger thickness- the ozone columns are larger 
there [38] (the ozone columns- measured in Dobson units or DUs- indicate the local abundance 
of ozone). In the vortex, however, the ozone is destructed very rapidly. The vort ex is already 
formed in early winter [12 , 13], giving rise to very low temperatures and PSCs in the vortex 
interior. Ozone depletion is enhanced by these conditions, but requires sunlight, so the rate 
of destruction starts to grow in late winter. The resulting ozone hole is thus strongly related 
to the polar vortex, both temporally and spatially. In the left panel of Figure 4.2 the ozone 
distribution is shown in the southern atmosphere on the 18th of September 2002. The analysis 
is based on spectroscopie measurements by the GOME instrument on board of the ERS-2 
satellite (KNMI/ESA). One can abserve the ozone hole quite clearly as wellas the high ozone 
columns in the mid-latitudes. The right panel of Figure 4.2 shows the analyzed PV field on 
the same day, which is given for the 465 K isentropic layer. Qualitatively, the shape of the 
vortex corresponds well to that of the ozone hole shown in the left panel. 
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Figure 4.2: Left) GOME spectroscopie analysis of the ozone columns in the southern hemi
sphere on 09/18/2002 (KNMI/ESA). Right) Analyzed PV field on the 465 K layer (United 
Kingdom Met Office). Note that the range of the polar stereographic plots is not the same in 
both panels. 
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In spring the solar heating starts again at the poles, decreasing the latitudinal temperature 
gradient which is even reversed in summer [21]. At the same time the potential vorticity 
gradients are weakened, and the zonal veloeities are lowered. This makes the vortex edge more 
susceptible to disturbances by planetary waves [38]. As the amplitude of the waves grows 
explosively during the final warming, the vortex is eventually destroyed and shattered into 
smaller fragments [49]. Subsequently, the amount of ozone is restored in the polar region by 
the inflow of air from lower latitudes, and the whole machinery starts again in the next season. 

4.2.3 Breaking waves 

Rossby waves can be excited when air pareels are displaced across a gradient of potential 
vorticity. Since PV is a materially conserved quantity the arrangement of PV follows the 
displacement exactly, but the wind field-that results from the invertibility principle-acts to 
restore the sideways displacement. This is called the Rossby wave restoring mechanism [32], 
and is essentially a linear mechanism. The waves propagate both horizontally and vertically 
along PV contours, and always westwards relative to the stream [34,48] with a velocity U""" f.x, 
where k is the wave number [26]. In the atmosphere the large-scale waves are often induced by 
topographic features , such as the Rocky Mountains. The waves propagate through the tropo
sphere into the stratosphere, and manifest themselves especially where the vorticity gradients 
are strong. At higher altitudes the amplitudes of the waves increase due to the decreasing 
density of the air. Eventually, they will break, which is a non-linear process, and irreversible 
mixing of PV occurs [49]. In other words, the material contours are irreversibly deformed, 
rather than undulating back and forth as is assumed in linear wave theory [34]. The polar 
vortex edge is deformed by the waves because of its steep vorticity gradient, but the stronger 
the gradient is, the more robust or elastic the edge is [37]. Near the outer edge, however, 
the polar air is eroded or peeled off from the vortex, mainly along the isentropic layers. The 
breaking is made possible because of the weakness of the Rossby restoring mechanisms at small 
scales [32]. In addition, the eroded air is stirred into the mid-latitudes, so the PV gradients 
there arealso weakened, which facilitates further breaking. Mcintyre and Palroer [34,35] intro
duced the term surf zone for the region outside the vortex, referring to the breaking waves on 
a beach. On the other hand, the gradient at the edge is steepened due to the stripping process. 
In essence, the steep gradient of potential vorticity, that is charaderistic to the polar vortex 
( and also to the tropopause) is caused by the erosion [1]. The direction of the erosion is almost 
always equatorward unless the vortex is highly disturbed, and there is hardly any intrusion 
from surf zone air into the vortex [13, 27]. It can also be seen from the evolution of a simple 
vortex configuration (see Section 3.2) that the process of filamentation-that is associated with 
the erosion-is always directed to the outside of the vortex, provided that the edge is close 
to the pole. Stronger disturbances shift the polar vortex from its position or may even split 
the vortex, which leads to a poleward transport of heat during the wave breaking [49]. The 
so-called sudden stratospheric warming can cause the temperature near the poles to increase 
by as much as 50 Kin just a few days [48]. After theevent the (smaller) vortex moves back to 
its polar position. 

There is a distinct difference between the polar vortex on both hemispheres. On the north
ern hemisphere (NH) the vortex is subjected more frequently to planetary waves that are 
generated by the large topographic features. The latter are found in greater numbers on the 
NH. As a result the polar vortex on the NH is more disturbed, it is smaller, and the tem
perature is higher compared to the Antarctic counterpart [21, 48]. The formation of PSCs is 
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limited, and herree the depletion of ozoneis not as strong as in the Antarctic vortex. An ozone 
hole is therefore almast never observed on the northern hemisphere. 

4.3 The N umerical Model 

The evolution of an idealized model of the polar vortex is calculated with the contour dy
namics code (see Chapter 3). Both the vortex and background rotation are represented by a 
contour distri bution of absolute vorticity q on a (quasi- )two-dimensional, single layer with an 
infinite depth, i.e. it is a barotropic model, and the flow is governed by (3.5) . The initial q

distribution is basedon the q-profile used by Juckes and Mclntyre [27] who performed the first 
high-resalution single-layer calculation of a modeled polar vortex (with a pseudospeetral code) . 
Although the axisymmetric profile-as a function of co-latitude-resembles the Coriolis para
mater, two important deviations are apparent, namely the relatively strong positive vorticity 
near the poles and a lower vorticity in the mid-latitudes (see Figure 4.3a). The corresponding 
zonal velocity, which is shown in Figure 4.3b, has its maximum at the same co-latitude as 
where the relative vorticity changes sign. In this case the zonal flow is eastward. Note that we 
consider the northern hemisphere only. 
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Figure 4.3: a) Initial meridional profile of absolute vorticity (solid) , relative vorticity (dashed) 
and background vorticity (dotted) as functions of co-latitude (on the northern hemisphere) . 
The sharp gradient in q marks the edge of the polar vortex. b) Zonal (relative) velocity as a 
function co-latitude, resulting from the vorticity distribution. 

In our model the profile is described by a combination of mathematica! fundions with 
adjustable parameters, for the sake of definition. The components are representative for the 
polar vortex, and the choice of the parameters allows for an intuitive characterization. F irst 
of all the background vorticity i is modeled according to the Coriolis parameter. Here we 
choose n = 1, so that i = 2 sin(}, and one day corresponds to the numerical time T = 2n. 
Secondly, the relative vorticity is defined also as a function of co-latitude, and is combined of 
two components , i.e. w = w 1 + w2. The first one, w 1, clearly describes the steep gradient at the 
vortex edge, and is given by 

W1 = ~À [erf cgQo -:) + (}l) -erf ( (} ~ (}l)] , 
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where À is the height of the profile, e1 determines the size of the vortex, and a is a measure of 
the steepness of the gradient (see Figure 4.4a) . The second component , w2, is defined as 

-(3 

- (3, 

0 

in which (3 controls the overall 'deepness ' of both the core and the negative ring of the vortex, 
and e2 defines the outer limit of the vortex. The middle term of ( 4.4) is actually a fifth-order 
polynomial (spline) which is smoothed out at the co-latitudes e1 and e2. Thus, a set of five 
parameters ( e1 , e2, a, (3 and À) is used to define the vort ex. Also the tot al circulation is 
determined by these parameters. In order to obtain a reversed zonal flow (i.e. easterlies) in 
the tropics and a resulting zero wind line it is necessary to take a large value for (3, but this 
is not possible for a single hemisphere while keeping the total circulation- due to the relative 
vorticity- equal to zero at the same time. In general, (3 = c · 02 ~ 01 , with c a constant, and 
e2 :::; 90°' depending on t he offset. 
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Figure 4.4: a) The relative vorticity w is the sum of the two functions w1 and w2. See the text 
for the explanation of the parameters . b) Three-dimensional view of a distri bution of absolute 
vorticity. The vortex is perturbed by a wave with wave number l = 3 and amplitude E = 0.15. 

Next, the functions for f and w are both rendered two-diinensional by transferring them 
to the cj>,e-plane (1> is the longitude). Before the functions are added to obtain q the relative 
vorticity function is given an offset relative to the pole, say ( cPr, er). Furthermore, two kinds 
of perturbations can be imposed on the vortex. The first one is a wave-like perturbation, 
which mimics an instant Rossby wave by multiplying the (relative) polar coordinate e with a 
sinusoidal S given by 

S = (1 + E) sin(lcj>) , ( 4.5) 

where E is the amplitude of the wave, and l is the wave number. For low amplitude the area 
enclosed by the vortex is preserved. The second alternative is almost similar for l = 2, and 
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deforms the vortex by means of an aspect ratio Ar . Subsequently, the functions f and w are 
added , and in general the paramaters are chosen so that the total circulation on the hemisphere 
is equal to zero, i. e. r = 0, but this is not a restriction. Most of the time the parameter fh is 
set to 30°, because t he edge of the real polar vortex is also found approximately at the same co
lat itude. An example of a distri bution of absolute vorticity on the c/J , B-plane is given in Figure 
4.4b . It is suggested that the existence of a subtropical zero wind line is a very important 
feature [22, 44], but this would make the definition of the model very difficult, because then 
the incorporation of relative vorticity on the southern hemisphere would have to be included 
as well. However, when the init ial vortex has an offset and/or an aspect ratio Ar > 1 the 
circulation on the hemisphere is not always equal to zero, and (local) easterlies appear on the 
northern hemisphere. In any case, the resulting vorticity distri but ion on the sphere ( due to 
the vorticity jumps) will 'automatically ' adjust as to keep the total circulation on the sphere 
equal to zero. Here we simply model the initia] absolute vorticity on the SH according to the 
Coriolis parameter. 

From the distribut ion of q t he contours are derived as follows. The range of the profile is 
divided into N' equal steps. In addition, a sub-range is defined-for instanee the range which is 
'shared ' by both f and w- and the steps in this subrange are split again into two smaller steps. 
The total number of vorticity jumps is then given by N, but the number of contours Ne might 
be larger. In order to obtain the best approximation the contours are found at the co-latitudes 
where the profile equals the discrete vorticity values shifted by half a step size (similar to the 
methad of Vosbeek [57]). An example of the discretization of an axisymmetric profile is given 
in Figure 4.5a. Finally, the contours are transferred to the spherical domain and the planar 
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Figure 4.5: a ) Discretization of the q-profile into N' equidistant steps. The sub-range camprises 
addit ional smaller steps. b) An example of the initial contour distri bution of a disturbed polar 
vortex (Ar = 2) on the northern hemisphere. Three contours related to the polar vortex are 
marked (thick lines), which correspond to the inner contour, the key contour, and the outer 
contour , respectively. See text for the definition. 

domain, respectively. In the spherical calculations a set of eight contours, t hat represent the 
background vorticity, is added to the southern hemisphere. A polar stereograpbic plot of such 
a contour distribution is shown in Figure 4.5b. We also mark three contours that are indicative 
for t he edge of t he polar vortex in the initial configuration. These contours will be used to 
estimate the amount of erosion and transport that follow from the simulations (see Chapter 5). 
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The outer contour is the outermost contour that marks the onset of the steep gradient, and has 
the pronounced shape of the vortex. On the other hand, the inner contour is unambiguously 
chosen as the innermost contour of the vortex. The key contour possibly represents the best 
approximation of the vortex edge. It is the contour ciosest to point where the zonal velocity is 
maximum. This is derived from the zonal velocity profile (see Figure 4.3b). 

4.4 Critical N otes 

At this point it seems relevant to assess the question whether the barotropic CD calculation 
of a single-layer, absolute vorticity distribution is adequate to properly simulate the evolution 
of a polar vortex, and secondly, whether it is possible to mimic the disturbances- caused by 
planetary waves-of the vortex by consiclering an initial vortex configuration which is modified by 
means of an offset and a wave-like perturbation. The latter has notbeen investigated before in 
this context (to our best knowledge) , but it can be compared with a pulsed topographic forcing 
(see e.g. the pseudospeetral calculations by Polvani and Saravanan [45]). The offset is similar 
to a (stationary) wàve 1 disturbance, which is often observed in the atmospheric analyses 
[12, 23, 34, 37]. Higher modes-which also occur quite frequently, especially wave number 2 
and wave number 3-can be modeled as well. Most of the simulations, that are discussed in 
the next chapter, deal with a vortex that is perturbed as described above. Additionally, some 
simulations are performed with a wave 1 topographic and time-dependent forcing insteadof the 
initia! perturbations. Although this has been done very often in other studies [27,36 ,37,44,62], 
it is interesting to compare the results with the results of the unforced simulations. 

The fact that contour dynamics is basedon Euler's equations means that there is no viscosity 
and no small-scale diffusion, but this can be neglected, because it takes place on a rather long 
time scale compared to the large-scale adveetion [27]. A shortcoming of the Lagrangian method 
is that the vorticity profile (or the winds) cannot be 'relaxed' to a certain profile which would 
take into account the thermal effects. In the real atmosphere the polar vortex is ultimately 
driven by the temperature gradient due to the solar heating and radiative cooling. On the 
other hand, in an Eulerian scheme, however, it is possible determine the vorticity profile by 
incorporating the temperate gradient (see for example Ambaum [1]). A combined method of an 
Eulerian grid-based method and a contour-based method has been developed quite recently [19], 
which is also capable of incorporating the non-conservative forces. 

Still, the contour dynamics method could be modified to obtain more realistic simulations, 
but that is beyond our scope now. First of all, barotropic model experiments have the tendency 
to exaggerate the strengthof the Rossby wave propagation mechanism, and secondly, the surf 
zone will penetrate too deeply into the lower latitudes [27] . Actually, the barotropic model 
should be replaced by an equivalent barotropic model [55] that incorporates the thickness H 
of the isentropic layer. The equations are then replaced by the quasi-geostrophic shallow water 
equations, and long-range interactions by PV anomalies are reduced due to the exponentially 
decaying Green's function [2]. In other words, the anomalies are shielded, and the shielding 
radius is given by the Rossby radius of deformation [20, 44]: LR = ViJl/ Jo. Most likely, 
the filaments that are eroded from the polar vortex would experience less deformation caused 
by the vortex, and would have a greater tendency to roli-up (which might also result in cut
off cyclones [53]). The spatially dependenee of H would cause the vortices to be squeezed 
or stretched. Another difference between absolute vorticity and potential vorticity is that 
PV takes into account the static stability (see ( 4.2)). The q-field represents the surf zone 
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rather well, but the intensity of the vortex is reduced [8]. In addition, the inclination of the the 
tropopause towards theequator causes the fluid pareels to slow down, and this can be corrected 
by a deceleration correction [35] . Finally, the two-dimensional problem could be extended to a 
three-dimensional model by consiclering a vertical stack of isentropic layers. The fluid motion 
is then still calculated along quasi-2D layers, but the dynamics of contours is coupled [17]. 
According to Dritschel et al. [20] the stratification favours the formation of shallow flows that 
have strong variations across isentropic layers, and so the vertical coherence of the polar vortex 
is questionable. 

One of the first CD simulations on the breaking of Rossby waves in a simple polar vortex 
model was clone by Polvani and Plumb [44] (denoted by PP92). They used a single-contour, 
single-layer model based on the quasi-geostrophic shallow water equations with variabie layer 
thickness. The disturbances were based on a stationary (wave 1), topographic forcing. Some 
interesting results were obtained about the process and amount of breaking as functions of both 
the layer thickness and the forcing strength. The gradient in background vorticity, however, 
was not incorporated. An extension of the model of PP92 was presented two years later by 
Dritschel and Saravanan [22] (DS94), which comprised the simulation of a multi-layer (up to 
20 layers) quasi-geostrophic system. The evolution of an initially barotropic distribution was 
studied, where each layer was represented by only one contour. Although the forcing was 
similar to PP92 a variabie surface temperature was included, as well as compressibility of 
the layers. The evolving three-dimensional structure caused by the forcing was demonstrated. 
They argued that the bamclinic motion that develops in their simulations is due to the effect 
of bottorn topography, and that once the forcing is turned off, the vortex tencis to become 
more barotropic. Additionally, they showed that a single layer model is capable of reproducing 
the main features that are found in the multi-layer simulations, but the layer depth should be 
chosen equal to a density scale-height. Also in DS94 the background vorticity was uniform, so 
the f -plane approximation was chosen. 

Our simulations resembie the calculations by Waugh [62] (denoted by W93). He modeled 
a single-layer absolute vorticity distri bution ( also according to J uckes and Mclntyre) with 
multiple contours. In his spherical as well as planar calculations the gradient in background 
vorticity was taken into account, as described in the previous Section. Again, the effects 
of a wave 1 topographic forcing on the evolution of the vortex was studied. Furthermore, 
some comparisons were made between the planar and (hemi-)spherical simulations, and he also 
concluded that the planar calculations reproduces the results, that are found in the spherical 
calculations , quite well. 

The differences between our simulations and the ones in W93 are, among other things, 
that the average number of contours and nocles in our calculations is larger, which improves 
both accuracy and resolution. The latter actually means that the small-scale features can 
be stuclied in more detail , sirree the contours also serve as material tracers (note, however, 
that the occurrence of numerical errors is unavoidable (see Chapter 3) , and secondly, that the 
smali-scale features in reality arealso subjected to dissipative forces and so on). Moreover, the 
use of contour dynamics insteadof surgery (used in PP92, DS94 and W93) makes it possible 
to consider the contours as material tracers down to the smallest filaments or blobs. Albeit 
these small features are not important for the dynamics, their premature disposal could prevent 
the occurrence of important events. For instanee the filaments could converge during roll-up, 
and form a secondary vortex that is dynamically important. The use of initia! perturbations 
instead of forcing is also new in this context, especially the perturbations that mimic the 
higher order Rossby waves. Finally, some quantitative tools and methods will be applied 
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that are relevant with respect to mixing and transport, because this has hardly been dorre 
in the work mentioned above. The combination of detailed quantitative methods- such as 
contour lengthening, correlation dimensions, finite-scale Lyapunov exponents (FSLE), and the 
quantification oferosion- together with the model CD calculations forms a novel method. The 
results not only contribute to the already vast amount of research on the polar vortex, but they 
also prove that the procedures could be beneficia! to other model studies. A considerable part 
of the simulations is made feasible by the use of parallel computing. Still, at this moment our 
simulations are limited to about 10- 20 days. Longer time scales are possible (see for example 
Haynes [25] or Norton [37]) , but would not be realistic in the light of the long-term atmospheric 
processes . 
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Chapter 5 

Numerical Simulation Results 

5.1 Simulation Details 

5.1.1 Choice of .perturbations 

The methods to disturb the polar vortex were presented in the previous chapter. Here we 
start with an overview of the vortex configurations and the perturbation parameters that are 
used in the calculations. The values are given in Table 5.1 tagether with the total simulation 
time ( Ts) per configuration. In the last two columns the geometry is given- i.e. planar or 
spherical geometry (or both)- and the number of contours (Ne), respectively. The timestep 
in the planar calculations and the spherical calculations is always /::,.t = 0.10 and !::,.t = 0.05, 
respectively. This is based on the maximum vorticity difference which is larger on the sphere 
due to the extra (negative) vorticity in the SH. The simulations are aborted when the total 
number of nodes becomes too large (i.e. Nmax = 0(104 )). 

The vortex in the first series (Al through A5) is initially disturbed by a sinusoidal function 
according to (4.5), but there is no offset relative to the pole. The duration is always limited 
to Ts = 9.5 days, because a prolongation of the simulations would not yield addit ional results 
in this case. In the second series (Bl through B9) the vortex has a variabie offset as well as a 
variabie aspect ratio Ar. Although the parameter B1 is constant in the first six simulations of 
B, the overall area of the vortex is not exactly the same for different values of Ar. Nevertheless, 
the simulations give insight in the relation between offset and aspect ratio on the one hand, 
and the evolution of the vortex on the other. 

A pair of simulations (Cl and C2) is performed with both planar and spherical geometry. 
The disturbances are arbitrarily chosen as a modest wave 2 perturbation and astrong wave 3 
perturbation, respectively. Quantitative as well as qualitative camparisans are made between 
the results of the planar and spherical calculations. Furthermote, these configurations are also 
used to study transport and mixing of vortex material in more detail. Finally, a fourth series of 
simulations is performed (Dl through 'D3), in which the vortex is disturbed by a non-stationary 
forcing (see Section 5.4). 

5.1.2 Approximation of the vortex edge 

Befare we present the simulation results we discuss the problem how to determine the vortex 
edge in the simulations, because the edge will be used to quantify the outward, irreversible 
transport (due to vortex erosion) and also to characterize the dynamics (by means of a wave 
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Table 5.1: Configurations of the polar vortex in the simulations , and the perturbation param-
eters. See text for further details. 

wave-like perturbations (E =0.05) 
name offset fh fh À a (3 T 8 (days) geometry Ne 
Al 2 none 30° 720 1.45 0.4 0.46 g,s spherical 27 
A2 3 none 30° 720 1.45 0.4 0.46 g,s spherical 27 
A3 4 none 30° 720 1.45 0.4 0.46 g,s spherical 27 
A4 5 none . 30° 720 1.45 0.4 0.46 g,5 spherical 27 
A5 6 none 30° 720 1.45 0.4 0.46 g,s spherical 27 

aspect ratio and offset 

name Ar offset fh e2 À a (3 T 8 (days) geometry N e 
Bl 2.0 none 30° 720 1.45 0.4 0.46 11.5 spherical 2g 
B2 2.0 go east 30° 65° 1.45 0.4 0.56 11.9 spherical 32 
B3 2.0 go north 30° 65° 1.45 0.4 0.56 11.9 spherical 33 
B4 2.0 18° east 30° 58° 1.45 0.4 0.64 11.9 spherical 35 
B5 1.5 18° east 30° 58° 1.45 0.4 0.64 11.9 spherical 32 
B6 1.0 18° east 30° 58° 1.45 0.4 0.64 11.9 spherical 2g 
B7 3.0 18° south . 35° 58° 1.45 0.4 0.85 8.4 spherical 45 
B8 3.0 none 35° 720 1.45 0.4 0.52 8.7 spherical 31 
B9 4.0 none 40° 720 1.45 0.4 0.60 8.6 spherical 33 

wave 2 (E =0.10) and wave 3 (E =0.15) with offset 

name offset e1 e2 À a (3 T 8 (days) geometry Ne 
Cl 2 4° east 30° 60° 1.45 0.4 0.64 18.1 sphericalj planar 30/22 
C2 3 11 o east 30° 64° 1.15 0.1 0.46 10.5 spherical j planar 35/27 

forcing 

name mode Fa e1 e2 À a (3 T 8 ( d.ays) geometry N e 
Dl 1 0.2 30° 81° 1.20 0.2 0.3g l g.l planar 16 
D2 1 0.3 30° 81° 1.20 0.2 0.39 19.1 planar 16 
D3 1 0.4 30° 81° 1.20 0.2 0.3g 16.6 planar 16 
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analysis). As it was described in Chapter 4 the vort ex edge is characterized by a belt of high 
vorticity gradients. This is, of course, not an exact definition. The determination of the edge 
not only depends on the vortex evolution, but also on the nature of the observational data. 
According to Waugh et al. [63] the edge can be identified in low-resolution models (ar analyses) 
as a region of large, monotonic PV gradients. In high-resalution models , however, the edge 
region has a rich fine-scale structure, due to the filaments that are found around the vortex. 
Then the meridional PV gradient is not monotonie, and the definition of the edge is nat trivial. 
N eedless to say, the amount of erosion or transport out of the vort ex calculated from the data 
depends on the definition of the edge, and transport is therefore nat a rigarous measure. 

Still, some interesting results are obtained when choosing a well-defined vortex edge. Here 
we link the vortex edge directly to a set of three edge contours (see Section 4.3) , namely the 
inner contour, outer contour and key contour, because these contours of absolute vorticity also 
serve as material tracers. In the initial configurations the contours clearly mark the region of a 
high vorticity gradient associated with the vortex edge. During the evolution the vortex starts 
to er ode (as it is seen in most of the simulations). Now, in order to distinguish between the 
remaining vortex and the eroded filaments an approximation of the vortex core is calculated. 
From each edge contour a coherent core can be identified, provided that the filamentation is 
outwards and the care is more or less shaped like an ellipse (this can be verified by observing 
the vortex evolution in the simulations) . The procedure for quantifying the pat eh erosion is as 
follows. 

Consider one of the edge contours, e.g. the outer contour. The first step is to transfer 
the contour to the planar domain using (3.9) in case the geometry is spherical, so that the 
area A0- enclosed by the contour-is preserved. · At t = 0 the care is exactly represented by 
the full contour , and the area of the care Ac is equal to the area Ao (see Figure 5.1). The 

a) 

Figure 5.1: Approximation of the care of the vortex patch in the patch erosion process. a) At 
t = 0 the co re is identical to the original patch, and Ac = Ao. b) At t > 0 a filament has 
formed, and Ac < A0 . The mechanism of the care approximation is explained in the text. 

centre of the core is computed, which is subsequently used as the centre for the contour in the 
following timestep. For t > 0 the contour is evaluated from the calculated centre along lines 
that are directed at n equidistant angles with respect to the centre. The contour element that 
is dosest to the center for each angle is used to build a new contour. This results in an nth order 
polygon which farms a contour representing the care of the patch for the particular timestep. 
The process is repeated for all timesteps in the simulation, and the area Ac becomes a function 
of time (note that Ao is constant). In case of filamentation it is obvious that Ac < Ao for 
t > 0. An example of an erading vortex patch is given in Figure 5.2, where the vortex care 
is indicated as well. The methad is robust for n is 0(102 ), but some ambiguity arises when 
breaking of the contour manifests itself in the separation of large tongues of material instead 
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of thin strands. However, the large tongues- that are pulled off- are immediately stretched 
around the remaining vortex, and become well-separated from the core. 

T = 0.0 T = 9.7 

Figure 5.2: Patch erosion as a function of time. The contour is derived from simulation B4. The 
original patch (Ao = 0.649) is dark-colored, and the core is indicated by the lighter shading. 
The area of the core in the last frame is Ac = 0.581. 

5.2 Evolution and Dynamics of the Polar Vortex 

5.2.1 Qualitative results 

The vortex evolution in the first set of simulations (A) is characterized by a filamentation pro
cess at the vortex edge, which is symmetrie with respect to the wave number. In Figure 5.3 the 
contours are shown for simulation A3, where the vortex is disturbed by a wave 4 perturbation. 
The filaments are elongated and wrapped around the vortex in a narrow band. During the 
simulation the inner contours of the vortex quickly become circular, i.e. the perturbation is 
damped. At T = 9.5 there is no indication that the inner part of the vortex will deform later 
on, and the 'surf zone' is confined to a small region outside the vortex, although some minor 
breaking occurs in the outer regions. The steepening of vorticity gradients is easy to abserve 
in this example. The key contour of the edge is not eroded, even in the last frame , whereas 
the outer contour of the edge (indicated by the thick line for T = 0.0) is immediately deformed 
and broken. An interesting feature is the presence of the small elliptical structures in the surf 
zone. The other simulations in series A show qualitatively the same results . 

Less predictabie are the results of the simulations in the B-series, where the vortex initially 
has an offset and a variable aspect ratio (which is more or less similar to a combination of 
a wave 1 and wave 2 perturbation). An interesting result is obtained with simulation B3, in 
which the vortex is displaced go to the north and has an aspect ratio Ar = 2.0 (see Figure 
5.4) . Largestrandsof material are immediately drawnoutof the vortex as it moves to towards 
the pole. The surf zone is very irregular, and some of the filaments start to roll up in an 
anticyclonic manner. Whilst the vortex core keeps on rotating relative to the background 
during the simulation, the large-scale features in the surf zone behave quite stationary after 
a certain amount of time. Furthermore, the vortex shows no sign of total break-up on this 
time scale, but most of the vortex material has been peeled off, so in essence the vortex size is 
diminished. 

In our calculations, B7 is the only simulation where the vortex seems to split during its 
evolution within the time scale of about 10 days (see Figure 5.5). At T = 3.2 the vortex starts 
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Figure 5.3: Simulation results of A3 (polar stereographic view). The polar vortex is initially 
disturbed by a wave 4 perturbation. For T = 0.0 the outer edge contour is indicated by the 
thick line 
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Figure 5.4: Simulation results of B3. The vortex is displaced from the pole by go to the north, 
and has an aspect ratio of Ar = 2.0. 
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to buckle. The left part of the vortex becomes dominant , and some material outside the vortex 
is stirred within the split structure. The remairring part of the vortex on the right is stretched 
by the dominant part, and is merged rapidly. This is the only event in our simulations that 
intrusion of material occurs. Here the representation in colour makes the observation easier. 
Also noteworthy are the small anticyclones around the vortex. These elliptical structures act 
as dynamica! harriers to transport , and might block the polar vortex. The asymmetrie event 
in this simulation is certainly due to the offset, otherwise the splitting would be symmetrie. 
In order to test this assumption, two similar simulations (B8 and B9) are performed without 
an offset. The evolution is symmetrie with respect to the pole in both simulations, but no 
splitting of the vortex is observed, even when the aspect ratio A r is equal to 4.0. Instead, a 
tripolar structure is obtained. The remairring figures of series B are given in Appendix A. 

5.2.2 Wave analysis 

The configurations of the vortex and the perturbations in the A-series is deliberately chosen 
to study the propagation and decay of Rossby waves , which yields important dynamica! infor
mation about the polar vortex. For this purpose the amplitude and wave number of the waves 
are determined by measuring the spatial deviations of the vortex core from a circular reference 
contour. Actually, a combination of the key co re contour and the inner core contour is used, 
which in general remains smooth throughout the simulations. The reference circle has a radius 
R(t) equal to the approximated radius of the core for each timestep. Also the centre of the 
core is determined, and the reference circle can either be centred at the same point or be fixed 
at the pole. The latter actually makes it possible to measure the mode 1 component of the 
wave. Subsequently, the core contour is scanned along the vector r(Ç , t) , where 0 ~ Ç ~ 21r . 
The deviation D is defined as: 

Ir I 
D(Ç, t) = 1- R. (5 .1) 

In addition, D is interpolated along Ç in order to obtain equidistant angles, and secondly, D 
is extended periodically to Ç = ±k27r, where k = 0(102 ). This allows the deviation D to be 
evaluated by means of a jast Fourier transformation (FFT), and the modes can be resolved 
very precisely as functions of time. 

The FFT results of set A are given in Figure 5.6. For each simulation in set A the mode that 
corresponds to the perturbation is properly found by the FFT analysis , and no other modes are 
excited in the time interval. The initial amplitude of the perturbations was chosen constantly 
as E = 0.05. However, the initial amplitudes of the resolved modes are not consistent , but this 
is also confirmed by a calibration of the analysis with a simple perturbed reference circle. The 
simulations have in common that the waves are damped very quickly, almost within a day. 
Only the wave 2 perturbation in Al differs from the others, because the amplitude increases 
in the first day and decreases more gradually afterwards. 

Since the waves decay rapidly, it is diffi.cult to define and calculate the propagation velocity 
of the waves. An attempt is made by determining the angular velocity of the vortex core (wv) 
and the angular velocity of the wave crest (wc)· The first is easily found by following the 
particles of the inner contour, and here wv = 2.83 ± 0.06 rad day- 1 . The extremasof the crest 
are foliowed in time todetermine wc, which is given as a function of wave number in Table 5.1. 
It is assumed that the waves travel eastwards relative to the background, but westwarcis with 
respect to the stream. The difference wp = lwc- wvl is also given in Table 5.1. In accordance 
with the Rossby wave theory the propagation velocity wp decreases with wave number m . The 
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Figure 5.5: Simulation results of 87. The vortex is displaced from the pole by 18° to the south, 
and has an aspect ratio of Ar = 3.0. The northern hemisphere is shown from above (not polar 
stereographic) . Colours indicate the absolute vorticity corresponding to the contours (blue 
indicates low q, r ed indicates high q). 
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Figure 5.6: FFT analysis of the vortex core deformation in the simulations of series Jl. The 
waves are analyzed by measuring their amplitude (intensity) as a function of time. The wave 
number is indicated by m . a) Jll: wave 2 perturbation b) Jl2: wave 3 perturbation c) Jl3 : 
wave 4 perturbation d) Jl4: wave 5 perturbat ion e) Jl5: wave 6 perturbation f ) the amplitudes 
(normalized by their initial value) of the dominant waves found in Jll through Jl5 . 

measurement of wp is crude, but an inverse quadratic relation with wave number (i.e. wp"' ~) 
is plausible. 

In contrast to the previous results, the wave analysis of the B-set shows that other modes 
appear during the simulation when the vortex is displaced from the pole. The results are 
shown in Figure 5.7. When the offset is zero and the vortex has a non-zero aspect ratio (Bl) 
the only modes present are m = 2 and m = 4. The mode m = 2 is dominant and is persistent 
throughout the simulation, which also becomes obvious by looking at t he vortex shape. A 
non-zero offset leads to different spectra, and also the cidd modes are found. For B2 through 
B5 (with aspect ratio Ar > 1) the wave 2 component increases during the first two days 
and diminishes afterwards. This is similar to t he profile of Jll , but here the wave is more 
persistent . In general the intensity of the waves ( especially for m = 2) is proportional to the 
aspect ratio. As for the offset, the fiuctuations in the intensity of the waves increases with the 
offset. However, the vortex in B3- that has as an offset of go parallel to its wide axis- shows 
intenser waves than the vortex in B2- which has an offset of go parallel to its narrow axis. 

5.2.3 Spherical versus p lanar calculations 

The simulations Cl and C2 are performed with both spherical and planar contour dynamics. 
In Figure 5.8 the contour distribution of Cl is shown for a set of three different times (more 
plates are presented in the next section). Similarly, the results of C2 are shown in Figure 
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Table 5.2: Propagation velocity of the Rossby waves in set A. as a function of wave number (m). 
The angular velocity of the wave crest relative to the background is given by Wc ( anti-clockwise). 
Relative to the stream the angular velocity is given by w p ( clockwise). 
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Figure 5.7: FFT analysis of the vortex core deformation in the simulations of set B. The waves 
are analyzed by measuring their amplitude (intensity) as a function of time. The wave number 
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5.9. In both cases, the evolution of the vortex is comparable for the planar and spherical 
calculations, especially in the early stage. Most noticeable is the phase difference. In the 
spherical calculations the cyclonic motion of the vortex tends to be slightly faster. In the last 
frame of Cl the surf zone in the planar calculation (right panel) seems to be tighter than the 
spherical counterpart (left panel). Both panels show the occurrence of 'islands' surrounding the 
vortex, where less mixing takes place, but these structures are somewhat larger in the spherical 
calculations. Furthermore, the disturbances in the last frame of C2 are significantly stronger 
near the equator, again for the spherical simulation. 

5.3 Transport and Mixing 

5.3.1 Chaotic adveetion 

It was demonstrated in the previous section that the contours can deform irreversibly due 
to the breaking of the waves. Next to that, the contours in the surf zone and outer regions 
show unpredictable behaviour after the filaments have been shed and mixed outside the vortex. 
The complex patterns that arise due to the adveetion of the material contours by the smooth 
velocity field* may be attributed to the process of chaotic advection. According to Aref [4, 5] 
the term means that simple, but time-dependent flow fields can yield complex, chaotic partiele 
trajectories, making the prediction of adveetion very difficult even in simple flow situations. 
Chaotic adveetion is different from turbulence in the sense that the latter in general is a 
multi-degree-of-freedom chaotic salution of the Navier-Stokes equation [5] and a high Reynolds 
number is required, whereas chaotic adveetion also occurs in time-dependent flows with a low 
Reynolds number, and with just one degree of freedom in phase space. The irreversible mixing 
of material (and vorticity) by chaotic adveetion is macroscopie, in contrast to the irreversible 
mixing by molecular diffusion which is microscopie and is not present in our simulations. 
Although the Euler equations are microscopically reversible, the macroscopie irreversibility 
sterns from the exponentially sensitive dependenee of the trajectories on the initial conditions 
[41] . The chaotic mixing causes the contours to stretch and fold, leading effectively to a large
scale mixing of materiaL That is, the mixing first occurs on large scales , and then proceeds 
to ever-smaller scales [42] . Diffusion, however, does the opposite, and is only important for 
long range transport on long time scales. In this section the chaotic behavior of the adveetion 
of contours and tracers is demonstrated by quantitative mèasurements of contour lengths, 
correlation dimensions , and finite-scale Lyapunov exponents. This yields information on local 
mixing as well as integral mixing characteristics. The irreversible mixing is further quantified 
by the patch erosion method. 

5.3.2 Contour lengthening and e-folding times 

The contour lengths are measured for each contour in each simulation. Because the number of 
nodes is large compared to the length of the contour- this is guaranteed by the redistribution 
scheme-the length can be measured to a very good approximation by calculating the sum of 
the distances between the nodes. The contour length as a function of time indicates the rate of 
mixing for a specific region to which the contour belongs, i.e. the region can be the vortex, the 
surf zone, or the outer region. Actually, the question whether the contour belongs to the surf 

• Both the velocity field and the stream function are smooth in a spatial sense, because they are related to 
the vorticity-which is the 'driving force ' of the dynamics here-by an inverse Laplacian operator [41]. 
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Figure 5.8: Simulation results of Cl. The vortex is displaced from the pole by 4° to the east, 
and is disturbed by wave 2 perturbation (E = 0.10). At T = 0.0 the outer edge contour is 
marked by the thick line. Left) Spherical calculations. Right) Planar calculations. 
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Figure 5.9: Simulation results of C2. The vortex is displaced from the pole by 11° to the east, 
and is disturbed by wave 3 perturbation (E = 0.15). At T = 0.0 the outer edge contour is 
marked by the thick line. Left) Spherical calculations. Right) Planar calculations. 
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Figure 5.10: Contour lengths as a function time for the simulations of series A. Here the vortex 
edge is represented by the outer edge contour. The lengths are dimension-less and are plotted 
on a logarithmic scale. a) Al: wave 2 perturbation b) A2: wave 3 perturbation c) A3: wave 
4 perturbation d) A4: wave 5 perturbation e) A5: wave 6 perturbation. 

zone or the outer regions (near the equator) is determined by the ra te of increase in contour 
length, i.e. the contour is an outer contour if the length is (almost) constant. On the other 
hand, the contours that belang to the vortex are clearly defined in the initial settings. The 
results for the simulations of series A are given in Figure 5.10. 

Two aspects are apparent, namely that the length of the contours in the surf zone starts to 
increase exponentially after one or two days, and secondly, that the extent to which the contours 
of the polar vortex are lengthened is proportional to the wave number of the perturbation. The 
vortex in Al shows no increase of the contour lengths at all, whereas the contours of the vortex 
in A5 are all stretched except the most inner one. Note that the basic vortex configuration is the 
same for all simulations of series A. Once the exponential stretching of a contour has started, 
the rate of stretching remains exponential throughout the simulations. This implies that the 
chaotic mixing indeed proceeds to smaller scales, because the number of contour deformations 
on the largest scale is, of course, limited by the finite contour dimensions on the largest scale. 
A quantitative measure is obtained by measuring the e-folding time of the contours , which can 
be derived from the length plots. This is not constant during the folding process , but here we 
consider the length of the outer edge contour in the last time interval (i.e. 6- 9.5 days) of the 
simulations. The e-folding times as a function of perturbation wave number are given in Table 
5.3. Independent of the wave number the e-folding time of the contours in the surf zone is 6-10 
days. 
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Table 5.3: Contour lengtherring of the outer edge contour in the simulations of series A. The 
rate of increase in contour length (in the time interval 6-9.5 days) is measured as an e-folding 
time. The wave number of the perturbation is indicated by l. 

simulation e-folding time ( days) 
Al 2 00 

A2 3 11.0 ± 0.1 
A3 4 8.3 ± 0.1 
A4 5 7.4 ± 0.1 
A5 6 7.4 ± 0.1 

The graphs of the contour lengtbs intheB-set is similar to the ones shown above. However, 
due to the stronger disturbances (offset andjor high aspect ratio of the vortex) the contours in 
the surf zone start to increase immediately with an e-folding time of about 3- 5 days, foliowed 
by the contours of the vortex. The same holds for the simulations Cl and C2 , and it is found 
that the e-folding time of the surf zone contours in the spherical calculations is about 0.5- 1.0 
days langer than it is in the planar calculaticins. 

5.3.3 Patch erosion 

The methad to quantify the amount of material that is eroded from the vortex edge was 
discussed inSection 5.1. The results for the simulations of set A are shown in Figure 5.11. For 
the outer, inner, and key contour of the vort ex edge the ratio of Ac/ Ao is measured as a function 
of time. It is observed that the inner contour and the key contour are hardly eroded within 
the simulation time. The care of the outer contour (except for Al) exhibits a monotonically 
decreasing area in time. Furthermore, the amount of erosion is more or less proportional to 
the wave number of the perturbation. Secondly, the erosion process starts earlier for higher 
wave numbers, but slows down at a later time in all cases. The results are consistent with the 
measurements of the contour lengths, as expected. 

The amount of erosion (i.e. outward transport) is about 8 percent at most in the simula
tions of series A, when the outer contour of the vortex is considered. More material is being 
transported by the filamentsintheB-series (see Figure 5.12), except for B6 in which the initia! 
vortex is circular instead of elliptical. The vortex in B3 shows the largest amount of erosion 
for the outer contour, at a steady rate of 2.5 percent a day. Also the patch for the key contour 
begins to shed material within the simulation time. The results of the patch erosion methad 
for the simulations of series A, Bl-6 and C are summarized in Table 5.4, that is, the total 
amount of erosion (Q) after 9.5 days is considered, and expressed in the percentage of material 
loss (Q =100%·(1- Ac/Ao)). 

5.3.4 Adveetion of tracers 

In the spherical simulations of Cl and C2 four 'blobs' of passive tracer (single nodes) are placed 
in the flow field at specific locations. The blobs- consisting of 10,000 nocles each, and having an 
angular diameter of 13°-are placed inside or outside the vortex, or directly in the edge region. 
Subsequently, they are advected by the flow and foliowed in time (now the simulation time is 
limited to 11.1 days). The dispersion of the blobs is dependent on their initia! positions, and 
can be tracked by assigning a set of different colours to the blobs. In Figure 5.13 the adveetion 
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Figure 5.11: Results of the patch erosion method for the simulations of series A. The ratio of 
Ac/ Ao is measured as a function of time. a) Al: wave 2 perturbation b) A2: wave 3 pertur
bation c) A3: wave 4 perturbation d) A4: wave 5 perturbation e) A5: wave 6 perturbation. 

Table 5.4: The amount of materialloss Q for the edge contours after 9.5 days. The values are 
calculated with the patch erosion method, and Q is defined as Q =100%·(1- Ac/Ao). 

outer contour key contour inner contour 
simulation Q (·% ± 0.1%) Q (·% ± 0.1%) Q (·% ± 0.1%) 
Al 0.0 0.0 0.0 
A2 3.7 0.0 0.0 
A3 6.9 0.0 0.0 
A4 7.9 0.1 0.0 
A5 6.3 0.3 0.0 
Bl 9.4 0.1 0.1 
B2 13.7 0.5 0.0 
B3 27.7 4.1 0.1 
B4 20.2 6.5 2.1 
B5 10.3 0.1 0.0 
B6 1.1 0.1 0.0 
Cl plan. 0.3 0.0 0.0 
Cl sph. 0.2 0.1 0.0 
C2 plan. 4.0 1.1 0.2 
C2 sph. 3.6 1.0 0.1 
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Figure 5.12: Results of the patch erosion method for the simulations of series 8 . The ratio of 
Ac/ Ao is measured as a function of time. a) 81: Ar = 2.0, no offset b) 82: Ar = 2.0, offset = 
go east c) 83: Ar = 2.0, offset = go north d) 84: Ar = 2.0, offset = 18° east e) 85: Ar = 1.5, 
offset = 18° east f) 86: Ar = 1.0, offset = 18° east. 

of the blobs is visualized for different times in the simulation Cl. It must be pointed out that 
each passive partiele remains captured between the same contours throughout the simulation, 
which is very similar tothefact that contours cannot crosseach other in the contour dynamics 
code. Therefore the red blob inside the vortex always remains inside. The error that arises 
due to the subtraction of the background velocity (see Section 3.2) is also demonstrated by 
the deformation of the red blob. Normally, the blob would not deform inside a single vortex 
patch, even in a spherical setting, provided that the patch is relatively small. Still, the other 
blobs show interesting dispersions, especially the blue and magenta blobs that were placed in 
the surf zone. They are stretched very quickly, but also showsome large-scale folding events. 

Next, the Cartesian coordinates of the passive particles are transformed into spherical 
coordinates. The angular distance {) between two particles is measured as the great circle 
distance by 

{) = cos- 1 (sin <p1 sin <p2 +cos <p1 cos <p2 cos( <h - <h)) , (5.2) 

where <p1 and <p2 are the latitudes of partiele 1 and partiele 2, respectively, and <jJ1 and </J2 

are the longitudes of partiele 1 and partiele 2, respectively. The angular distance is used to 
calculate the two partiele correlation function H({)) from which correlation dimensions can be 
derived [41,42]. Foracloudof N points, the N(N -1)/2 distances between all pairs of points 
have to be computed. Subsequently, H({)) is the cumulative histogram indicating the number 
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of pairs with a distance less than {) . Now, the correlation dimension de is defined as 

d _ dlogH({)) 
e - dlog{) ' (5.3) 

which yields a fractal dirneusion of the partiele distribution. The dirneusion is also a function 
of{), and it gives information of the scale on which mixing occurs. However, the dirneusion is 
only relevant when it is constant over a certain sub-range. In principle, de= 2 corresponds to 
a cloudof particles that are weli-mixed (like the initial blobs) , and de= 1 corresponds to well
separated filamentsof tracer. The correlation dirneusion of each of the aforementioned blobs is 
computed for different times (see also Figure 5.13) in the simulation, and the results are shown 
in Figure 5 .14. For T = 0 the dirneusion de indicates the two-dimensional geometry of the blobs 
at scales smaller than the size of the blobs. The fl.uctuations at the smallest scales are due to 
numerical inaccuracies that are amplified in the logarithmic plot. In general de goes to zero 
immediately for scales larger than the overall extent of the tracer cloud, because eventually no 
extra partiele pairs are found for large distance, and H becomes constant. The sharp peaks 
at the largest scales for the green and magenta blobs are probably due to the sensitivity of de 
on the correlation function H , and since the blobs consist of a finite number of tracers, the 
fl.uctuations in H are also significant for strongly dispersed blobs. As for the later times in the 
simulation, the curves for the red blob nicely demonstrate the stretching of the blob into a long 
strand of material, because at T = 11.1 a sub-range emerges where de = 1, for intermediate 
scales that is. The other blobs show similar graphs, but the stretching is stronger, so that the 
dirneusion decreases over a wider sub-range. Interesting to note is the small sub-range with a 
dirneusion of de~ 1.4 for the magentablob at T = 11.1. It can be observed in Figure 5.13 that 
this might be due to the (fractal) formation of 'two-dimensional' structures at smaller scales. 
The chaotic mixing by the stretching and folding processes will eventually leadtoa weil-mixed, 
two-dimensional distribution of tracers, but this cannot be observed in this short simulation. 

5.3.5 Finite-scale Lyapunov exponents 

Lyapunov exponents can be used to study local dynamica! properties of a system, for example 
the relative dispersion ra te (of a set of particles) as a function of the initial position. This allows 
fora local measure of the mixing rate. Consicier two particles at an infinitesimal distance R(O) 
in a time-dependent flow. The trajectories are foliowed in time, and it is assumed that the 
separation R(t) grows exponentially at small scales (i.e. R(t) « lE , where lE is the typical 
length scale of the velocity field) as 

(5.4) 

in which À is the Lagrangian Lyapunov exponent [11]. In other words, the Lyapunov exponent 
represents the average rate of exponential divergence of two nearby trajectories. Formally, the 
exponent is calculated in the infinite time limit , and for infinitesimal separations according to 

, l. l. 11 R(t) 
/\ = 1m 1m - og R( ) , 

t-too R(O)--tO t 0 
(5.5) 

which is practically not feasible in numerical and experimental studies [10]. However, it is 
possible to consider a suffi.ciently long, finite-time integration to obtain the exponent due to its 
convergence in the infinite time limit. The so-called finite-time Lyapunov exponent (FTLE) 
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Figure 5.14: Correlation dimension de as a function of time and angular distance for each of 
the four blobs shown in Figure 5.13. 

can thus be used to characterize the dispersion rate of close partiele pairs, and to distinguish 
chaotic regions from non-chaotic regions (see for example Pierrehumbert [42], and Mizuta and 
Yoden [36]). Another generalization of the Lyapunov exponent was introduced by Aurell et 
al. [6] for finite partiele separations insteadof infinitesimal small separations. By calculating the 
finite-size Lyapunov exponent (FSLE) one is able to obtain information about the dispersion at 
different length scales in the system. In essence the FSLE is a non-linear measure of trajectory 
instability, and it was found by Boffeta et al. [11] that the FSLE is a more efficient indicator 
than the FTLE, for the detection of cross-stream barriers. 

The FSLE is calculated as follows. First , a pair of particles is placed at a certain position 
x in the flow for t = to. The initial, finite separation is given as Ói which should be aligned 
along the locally most unstable direction. Second, a growth factor p (or threshold) of the 
separation is defined, so that 8 f = ph Subsequently, the time ( Td) is measured in which the 
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initial separation bi grows to b f. The FSLE is then given by 

(5.6) 

In the planar simulation of C2 the FSLE is calculated from the first day ( T = 0.0) at predefined 
locations in the flow. In order to do this a radial grid is defined, where D.cp = 3.6° and 
D.r = 0.014 (the maximum radius is rmax = 1.4, which is close to the equator). The total 
number of grid points is Na = 10100. Because it is rather comprehensive to determine the 
most unstable direction at every single grid point for t = 0, a set of four partiele pairs is 
initialized at each grid point. The eight particles per grid point are placed around the initial 
point x on a circle with radius ~bi in eight different directions (with constant angle). During 
the adveetion of the particles the separation is calculated for each pair. In each frame of 
the simulation the maximum of the four calculated separations per grid point is considered 
and compared with the threshold p. When this threshold is reached the FSLE is calculated 
according to (5 .6) for this grid point. If the threshold is not reached within the simulation time 
(here T 8 = 6.4 days) the FSLE is set to zero. Finally, the FLSE values are mapped onto the 
initiallocations in the grid. 

The results are shown in Figure 5.15 fora constant initial separation of bi = 2.0 · 10- 3 , but 
for different thresholds (p = 5, 10, 15, 20, 30, 40). The key contour of the vortex for T = 0.0 
is also shown, and indicated by the black line. It must be pointed out that in general the 
exponents are obtained (i.e. when the separation exceeds the threshold) at a later time in the 
simulation. The lower the exponent is , the higher the time Td is to reach this threshold, so the 
concept of both time and flow evolution is rather tricky in this context. Although the exponent 
at a certain grid point represents the local stretching rate, the threshold may be reached by 
the pair at a location elsewhere in the flow. However, it can be seen in Figure 5.15 that 
the dispersion is most strong outside the key contour, as expected, because the strain is also 
strong there. Furthermore, the variable threshold makes it possible to discriminate between 
strong mixing regions and weaker ones. For high thresholds (e.g. p = 40) the regionsof strong 
dispersion are locally confined to thin structures. These structures seem to enclose regions 
of lower exponents, where mixing is weak. Similar structures are also found in the contour 
visualization of the simulation (see Figure 5.9) , but are not directly related to the structures 
here. Inside the vortex the exponents are low or even zero, which is consistent with the fact 
that mixing-at least in our model-is weak inside the vortex. 

It should also be noted that the colour depthor 'colour resolution' of the FSLE method is 
limited by the frequency of the output of the simulation (i.e. more frames per time unit means 
a higher colour depth). Next to that, the lowest exponents cannot be resolved for a limited 
simulation time, so large regions with equal exponents (zero) are found when the threshold 
is high. Calculating the FSLE with different thresholds from the extensive simulation data is 
relatively efficient, because it is a matter of post-processing. On the other hand, choosing a 
different bi is a matter of pre-processing, and requires a full simulation. 

5.4 Topographic Forcing 

In the planar simulations of D, where the distri bution of q is initially axisymmetric, the vortex 
is forced with a wave 1, quasi-topographic disturbance. The forcing function F is according to 
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Figure 5.15: Calculation of the finite-scale Lyapunov exponent in the simulation of C2. At 
T = 0.0 the field is initialized with passive particles at a radial grid of Na = 10100 points. The 
time adveetion is forward (6.4 days). The key contour of the vortex forT = 0.0 is indicated by 
the black line, and the threshold p is varied. 
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Waugh [62] (in polar coordinates): 

F(r, () , t) = FoA(t)B(r) cos() , 

where Fo is the forcing amplitude, and A(t) is the temporal dependenee given by 

A(t) = 

0.5(1 - cos( wtj 4)) 

1 

0.5(1- cos(w(t- 12)/4)) 

0 

o::;t<4 

4 ::; t < 12 

12 ::; t < 16 ' 

(5.7) 

(5.8) 

which means that the forcing is gradually increased during the first four days, and gradually 
decreased between day 16 and day 20. The radial dependenee B(r) in (5.7) is formulated as 

(5.9) 

in which a= 0.33 and (3 = 1.20, so that B has its maximum value at r = 0.518 (corresponding 
toa co-latitude of 30° where the vortex edge is found). Very similar forcing functions have been 
used in other studies [27, 36, 37, 44] , and of course, the amplitude Fo and time-dependenee are 
always just a matter of choice. The advantage here is that the velocity up due to the forcing 
is known analytically. From the stream function 1/Jp = FoA(t)are-.Br

2 
cos(), the velocity up is 

derived (in Cartesian coordinates) ast 

( 
8 8 ) ,Br2 2 up= -
8

y, 
8

x 1/Jp = FoA(t)ae- (2(3 xy, 1- 2(3x ), (5.10) 

which is also subtracted from the velocity Uq to obtain the relative velocity Ureh i.e. Ur el = 

Uq- Uj- Up. 

The forcing has the property that the area of the contours is preserved during the simula
tions, which is also tested in the simulations of 1). Furthermore, it is true that the forcing is 
time-dependent , but the time dependenee has no effect on the spatial dependence, so that the 
forcing is actually fixed in space. Still, the forcing causes the vortex to be 'pushed ' westwarcis 
in this case, duringa longer time interval. The evolution of the vortex in 7)3 (with Fo = 0.4) is 
visualized in Figure 5.16. Initially, the material outside the vortex is disturbed, the gradients 
in q are steeperred on the left side of the vortex, but the vortex remains coherent. At T = 9.5 
the vortex assumes a 'comma-shape ', and subsequently, a large part of the vortex is broken 
and wrapped around the remairring core. The situation at T = 16.6 is very chaotic. Locally 
the q-gradients are very steep. Some filaments are rolled up cyclonically or anticyclonically. 
The shape of the vortex is elliptical, almost triangular. A wave analysis of the vortex core (see 
Figure 5.17) reveals that for Fo = 0.4 the amplitudes of the m = 2 and m = 3 components are 
indeed strong, but arealso fiuctuating. For F0 = 0.2 and Fa = 0.3 only the wave 2 components 
are significant. Furthermore, the polar vortex in these simulations shows no breaking of the 
edge contours. Although the region outside the vortex is similarly disturbed as in 7)3, the surf 
zone is notaresult of breaking waves at the vortex edge. When the forcing is strong (Fa = 0.4) 

t Although up is incorrectly printed in the paper of Waugh as up = FoA(t)are-Pr
2 

(2{3 xy , 1 - 2{3x 2
) , it is 

unclear from the results whether the correct velocity is used in his simulations. 
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Figure 5.16: Simulation results of 'D3 (polar stereographic view) . The polar vortex is disturbed 
by a wave 1, quasi-topographic forcing with amplitude F0 = 0.4. For T = 0.0 the outer edge 
contour is indicated by the thick line 
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Figure 5.17: FFT analysis of the vortex core deformation in the simulations of series V. The 
waves are analyzed by measuring their amplitude (intensity) as a function of time. The wave 
number is indicated by m. a) Dl: Fa= 0.2 b) V2: Fa= 0.3 c) V3: Fa= 0.4. 

the length of the contours in the surf zone starts to increase exponentially after 4 days, with 
an e-folding time of about 2.5 days. Here the amount of materialloss by erosion is about 1 
percent per day when the outer edge contour is considered. However , for weaker forcing, i.e. 
Fa = 0.2 and Fa = 0.3 , the amount of outward transport by erosion is zero. 

5.5 Discussion 

The simulations of the perturbed polar vortex have in common that the most important fea
tures found- such as vortex erosion, steeperring of vorticity gradients, outward transport of 
material- are consistent with the results of other model studies, as wellas observational studies. 
The vortex is always very coherent, but outside the vortex the vorticity contours are strongly 
deformed and mixed, which gives rise to a surf zone. In this chaotic region the stretching and 
folding of the contours is persistent from the moment the contours start to break, even when 
the disturbance of the polar vortex has died out. The high-resalution CD method makes it 
possible to observe the ongoing formation of smali-scale structures. The exponential increase 
in the contour lengths is yet another indication of the irreversible deformation. It was already 
pointed out by Bowman and Mangus [13] that this chaotic behavior is common in the atmo
sphere, but it could not be demonstrated by the coarse satellite observations of ozone columns 
presented in their paper. The analyzed PV fields of Mcintyre and Palm er [34, 35] also did not 
capture the fine-scale gradients in vorticity, and the breaking events were often observed as 
large 'tongues' of PV being pulled out of the vortex. In our simulations such large tongues 
can also be found when the offset ( or wave 1 forcing) is significant. The difference is , however, 
that here the strands are relatively thin. Still, they represent strong vorticity gradients, so 
they could be consistent with the broader tongues in the observations, where the vorticity is 
averaged over a coarse grid. 

Locally, the mixing in the surf zone is non-uniform, and small 'islands' of uniform vorticity 
are embedded within the filaments that are wrapped around the vortex. These filaments also 
cause the steep gradients of vorticity, that might act as local harriers to transport. In case the 
vortex initially has an offset (see e.g. Figure 5.4) the anticyclonic roll-up of the filaments is 
more frequent and prominent than in case the vortex has no offset . This is probably due to the 
negative relative vort i city that is acquired by part of the vortical material as the vortex moves to 
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the pole. Therefore the roll-upis possible even in the region close to the vortex where the strain 
is high (especially in this barotropic model). The rolled up structures manifest themselves as 
(small) anticyclones, at least in a coarse-grained sense. Other filaments , however, do not roll 
up, but instead they are elongated and sametimes they are advected towards lower latitudes. 
Since the planetary waves in the real atmosphere are aften created at specific topographic 
features , the breaking of the waves at the polar vortex edge is also found at preferred geographic 
locations. According to Baldwin and Holton [8] the Aleutian and European anticyclones tend 
to remave high PV air and adveet it equatorward and then westward. Others also refer to these 
anticyclones as autonomous entities that have much influence on the polar vortex [23, 27, 34]. 
However , the high-resalution model simulations show that seeming anticyclones form when 
large breaking events occur and mid-latitude material is advected poleward at the same time. 
This means that at least some of the anticyclones in the meteorological observations could be 
attributed to this process. It is important to understand that the real planetary waves are 
not instantaneous (as the perturbations in the simulations of series A, B and C), but act on a 
langer time-scale, so the breaking is also not entirely the same. In fact, the disturbance of the 
vortex by topographic forcing is more realistic in this respect (although the local amplitude 
of the forcing is fixed in the simulations , and not dependent on the vortex position). Another 
drawback is that it is more difficult to mimic the higher order Rossby waves with topographic 
forcing than it is with the initial perturbations. An attempt was made to incorporate wave 
2 forcing, but the area of the contours was not preserved. This, however, could be tested 
more precisely in future simulations. The simulation results of set 1) (with wave 1 forcing) are 
qualitatively consistent with the ones of Waugh [62], as expected, and also the dependenee of 
the evolution on the forcing amplitude is consistent. The e-folding time corresponding to the 
surf zone contours was found to beshort (2 .5 days) compared to the time found in the unforced 
simulations. In the simulations of set B the e-folding time was about 3-5 days, which is close 
the values reported in other studies where the contours are advected by wind fields derived 
from meteorological data [40 , 63], or advected by a wind field produced by a pseudospeetral 
model [37]. 

The wave analysis of the simulations in series A shows that the waves imposed upon the 
vortex by means of the perturbations decay quickly within a few days. Most persistent is the 
wave 2 disturbance in Al, where the analyzed amplitude increases during the first two days, and 
decreases afterwards. Of course, there is no information about the effect the waves would have 
for higher initial amplitudes E. However, a single test was performed similar to Al but with 
an amplitude five times higher, i.e. E = 0.25, which showed almost exactly the sameprofile as 
in Figure 5.6a, except fora different intensity scale. The (angular) propagation velocity of the 
wave crests is roughly determined to be consistent with traditional linear Rossby wave theory, 
i.e. the velocity relative to the stream is westward and proportional the inverse of the wave 
number squared (wp ,...., l/m2 ). Interesting to note is that Polvani and Dritschel [43] proposed 
another dispersion relation for simple linear waves in the long-wavelength limit, namely that 
wp varies as 1/m (which is derived for a perturbation of a single polar cap of vorticity). The 
values for wp presented in Table 5.2 obey this relation too, but due to the 1arge uncertainty in 
wp, no condusion can be drawnat this point. Moreover, they demonstrated that the nonlinear 
propagation of planetary waves is completely different, because then the propagation of the 
waves with a high wave number is eastward instead of westward, and for m = 3.0 the wave is 
almast stationary with respect to the frame of reference. Here, the situation is different, because 
the contour distribution is complex, and background rotation is present. Any nonlinear effects 
by strong disturbances or waves lead to irreversible contour deformations, so in that case it 
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is difficult to identify propagating waves in the first place. Apparently, in some situations the 
waves (or the vortex shape) are very stable, as for example in the simulation of Bl , where the 
vortex has an aspect ratio of Ar = 2.0, but no offset . The vortex stays elliptical throughout 
the simulation, and does not become circular. The simulations B8 and 89, in which the 
vortex has an aspect ratio of Ar = 3.0 and Ar = 4.0 , respectively, also show vortex cores 
that are elliptical throughout the simulation, but here the vortices form strong anticyclonic 
satellites . Presumably, the overall area of the vortex, which is not always the same, also plays 
an important role in the evolution of the vortex, because a larger vortex is more affected by 
the ,8-effect (which is strong at lower latitudes). This is, however, not investigated thoroughly 
in this work. The instability of the vortex with an aspect ratio of Ar = 3.0 and Ar = 4.0 is, of 
course, also explained by the fact that the closely related Kirchhoff vortices become unstable 
when the aspect ratio Ar > 3.0 (see e.g. Vosbeek et al. [60]). In general the intensity of the 
analyzed waves is fiuctuating, especially when the vortex is initially displaced from the pole. 
The paper by Dunkerton [23] proves that this is also the case in the atmosphere, where the 
polar vortex is mainly disturbed by mode-l and mode-2 planetary waves. 

Calculating the outward transport of vortex material by means of the patch erosion methad 
proves to be useful, but it also demonstrates that the amount of transport strongly depends 
on the definition of the vortex edge. In our simulations the inner contour is never eroded, and 
also the key contour (which is the contour corresponding to the maximum jet velocity) shows 
little material loss. The amount of material loss by the outer contour of the vortex, on the 
other hand, is significantly larger, and is very dependent on the perturbation parameters. The 
larger the offset is, or the perturbation amplitude is, the larger is the amount of materialloss 
by erosion or large breaking events. Because the outward transport is not constant in time, 
the amount of transport cannot be expressed in steady rate, but the transport is not more 
than 2- 3 percent of the vortex mass per day (when the outer edge contour is considered). For 
the simulations with topographic forcing the amount of transport is about 1 percent per day 
when the forcing is strong (Fo = 0.4), and with weaker forcing the amount of transport is 
zero. Waugh et al. [63] also estimated the (horizontal) amount of transport out of the vortex 
with their contour adveetion method. They defined an initial boundary contour of PV that 
agreed well with observed perturbed ClO values (demarcating the edge of the ozone hole), 
and the core of the boundary was determined with a 'coarse-graining' procedure. Their values 
of outward transport in 10-day periods is on the same order as the values reported here (see 
Table 5.4). A nother study about the quantification of transport was done by Sobel et al. [51], 
but the methad they used is complex, and is based on a lot of arbitrary parameters. The 
reported values are on the order of a few percents per month, which is substantially lower. 
The results of other studies cannot be compared directly. For example, three-dimensional 
trajectory studies (with meteorological wind fields) [38, 61] have indicated that the outward, 
horizontal transport of tracers that were placed inside the vortt=ix is less than 1 percent per day. 
Furthermore, the values are averaged over periods of months, in which the occurrence of wave 
breaking is intermittent. Next to that, in a three-dimensional situation the vertical infiow of 
material at the top of the vortex might also indirectly cause a horizontal flux of material out 
of the vortex. In our simulations, the only irreversible transport is caused by the filamentation 
process, which is observed at the outer contours. The patch erosion methad is simple, but is 
very adequate and robust for determining the amount of erosion. It is noted, however, that 
the filaments sametimes end up very close to the vortex core, and that in reality the filaments 
would probably merge with the vortex, which is not possible in these simulations. 

The inhamogeneaus mixing of material ( or vorticity) is nicely demonstrated by the adveetion 
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of the blobs of passive tracer. Unfortunately, the simulation time is rather limited. The blobs 
are stretched, and some folding events can be observed, but the simulation time is too short 
to observe an advanced state of mixing by the chaotic advection. The correlation dimensions 
therefore only indicate the onset of chaotic mixing. Furthermore, calculating the correlation 
dimension as a function of the scale results in a crude measure, and the results are very sensitive 
not only to the initia! distribution of the partieles, but also to the number of partieles, and to 
the numerical precision of the partiele coordinates. The calculation of the FSLE as a function 
of the position in the flow field reveals the local mixing and stretching rate of passive partieles. 
For high thresholds the graphs show long, thin lines at which the stretching rateis high. These 
lines can be interpreted as unstable hyperbalie manifolds (see e.g. Baker and Gollub [7]). 
Recently, a very advanced and detailed calculation has been done by Koh and Legras [29] 
who initialized more than 190 thousand sets of passive tracers in a meteorological wind field. 
They integrated the partiele adveetion both forward and backward in time over a period of 
20 days, and demonstrated that by doing this, hyperbalie points can be identified in the flow. 
Such detailed calculations would computationally be too demanding in our CD simulations. 
Furthermore, for backward integration the velocity field would also have to be stored, which 
requires huge amounts of storage. Finally, it is noted that the background velocity error causes 
inaccuracies in the FSLE calculations at small scales, so 1\ should not be taken too small. 
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Chapter 6 

A Labaratory Experiment 

6.1 Introduetion 

A zonal jet in a rotating background~like the polar night jet- has been produced in a rotating 
tank filled with water. Although the medium as well as the geometry are different from those 
in the atmospheric situation, the simulated jet in the experiment demonstrates two important 
features of the polar vortex, namely that the jet acts as a barrier to transport, and secondly 
that the jet accommodates Rossby waves due to the vorticity gradient . Sommeria et al. [52] 
were the first to present an experimental model of such a planetary jet. They demonstrated 
the existence of strong Rossby waves propagating westward relative to the jet stream. By 
injecting dye in the fluid outside the jet, they showed that the jet indeed serves as a barrier to 
transport over a long period. Additional experiments with the same experimental apparatus 
were conducted by others to study chaotic mixing in geostrophic flows [9], or to study the effect 
of bottorn topography on zonal flows [64]. 

In this chapter some laboratory experiments are presented, which are also performed with 
a rotating tank. The experimentalset-up is somewhat different from the one used in the work 
mentioned above (see next section). The main purpose of the experiment here is to give some 
qualitative information about the dynamics of a reproduced jet in a rotating tank. Secondly, 
the results serve as an illustration for the numerical experiments in the previous chapter, and 
the differences will be discussed. The experiment is by no means intended to improve on the 
results of Sommeria et al. , but a comparison is interesting in the light of the different set-up. 
In the next section both the experimentalset-up and the mechanisms of the jet generation will 
be explained. Finally, the results will be presented and discussed in Section 6.3. 

6.2 Experimental Set-up 

The experiments are carried out in a circular tank (with a diameter of 92.2 cm), which is placed 
on a rotating table (see Figure 6.1). The rotation raten of the table has been varied between 
0.50 and 1. 75 rad s-1, and the effect of the rotation is two-fold. First of all, the flow becomes 
quasi-two-dimensional. The Rossby number is always small (i .e. Ro < 0.1), so the fluid is 
horizontally in geostrophic balance. In the vertical direction the fluid is in hydrastatic balance, 
and therefore the Taylor-Proudman theorem holds (see Chapter 2). It is observed that the 
vertical coherence of the flow is very strong. 

The second effect of the rotation is that the free surface of the water assumes a parabolic 
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Figure 6.1 : Schematic view of the experimental set-up. A circular tank is placed on a rotating 
table . The tank is filled with water. Due to the rotation the surface of the water becomes 
parabolic, i.e. dh(r) / dr "'r2 . The pump forces the fiuid radially inward at the bottorn of the 
tank between two concentric rings (that have small holes) . a) Side view. The pumping rateis 
indicated by F. b) Top view. The outer ring acts as a source, and has a radius r 1 . The inner 
ring acts as a sink, and has a radius r2. 

shape. In rest the tank is always filled with water up to height of ho = 20 cm. For the 
experiments the table has to be spun up for 20 minutes at least, in order to obtain a solicl-body 
rotation (i.e. when the upper surface rotates equally to the bottorn surface). The fiuid depth 
h(r) due to the rotation becomes [26] 

(6.1) 

in which r is the distance to the cent re of the tank ( and to the rotat ion axis), g is the gravity 
acceleration, and ha is the fiuid depth at the rotation axis (which is smaller than ho) . Because 
potential vorticity is preserved, and because PV in the shallow water approximation is depen
dent on the layer depth h (see Chapter 4), the sum of relative vorticity w and background 
vorticity f is nat preserved. By taking into account the variabie layer depth h(r), and by 
assuming a small Rossby number ( or w < f) the conservation of PV can be written as [54] 

.!2 (w - Lr2
) = 0. 

Dt 8gha 
(6.2) 

This equation is identical to the '}' -plane approximation (see also Chapter 2) for the conserva
tion of PV , given by 

(6.3) 

when the constant 1' is chosen as 

!3 03 
'}'= -- = -. 

8gha gha 
(6.4) 

Hence, the parabolic free surface induces a background vorticity gradient similar to that in 
the '}' -plane, and the effect is referred to as the topographic '}' -plane. Here the rotation 
axis-where the fiuid is shallow-corresponds to the north pole. 
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On the bottorn of the tank two concentric rings are attached which are made of thin tubes. 
The outer ring (with radius r 1 = 25.0 cm) acts as a source, whereas the inner ring (with radius 
r2 = 14.5 cm) acts as a sink. A recirculation of fl.uid between the two rings is forced by the 
pump, which is rnade possible by the fact that the rings contain small holes (located at about 
every centimeter along the perimeter). In other 'words , the fl.uid is pumped radially inward 
on the bottorn of the tank, with a pumping rate F. The Coriolis force causes the fl.uid to 
be advected eastward, resulting in an azimuthal jet. Some friction is caused by the Ekman 
boundary layer on the bottorn of the tank (the Ekman dissipation time, T = ha/2(Dv) 112 with 
v the kinematic viscosity, is about 100 s, which is long compared to the characteristic time of 
the dynamics). In the fl.uid the weak dissipation is balanced by the forcing (pumping), so the 
jet is always steady, and does not decay. 

In order to study the quasi-2D flow a camera is mounted above the tank , which rotates 
simultaneously with the tank. The jet is made visible by seeding the free surface with small 
paper particles (of about 3 mm in diameter), or by injecting dye in the fl.uid. In general the 
dye quickly forms vertical Taylor columns in the fl.uid . The main difference with the set-up of 
Sommeria and co-workers is that they used a conical bottorn topography to induce a strong 
,8 -effect, and that the surface was covered by a fiat cover. The tank they adopted was about the 
same size, but was actually made of an annulus with a relatively large inner cilinder. Secondly, 
both the pumping rate F and the rotation rate n were significantly larger in their work . 

6.3 Results and Discussion 

The experiments were performed with various pumping rates , i.e. F = 7.0- 21.0 cm3 s- 1, and 
with various rotation rates, i.e. n = 0.50- 1.75 rad s-1. Initially the rings were positioned in 
the centre of the tank. The visualization of the jet with the small particles reveals that a more 
or less stabie wave is found on the jet in all cases. Two examples are given in Figure 6.2, for a 
rotation rate of n = 1. 75 rad s-1, but with different pumping rates of F = 14.0 cm3 s-1 and 

. F = 21.0 cm3 s- 1 , respectively. The visualizations are obtained by recording the images of 
the camera with a computer, and by letting multiple successive frames overlap each other with 
a decaying brightness, so that the pictures can be interpreted as time-exposure photographs. 
By doing this , the partiele streak lines (with a limited length) can be visualized, and the flow 
pattem can be studied qualitatively. The longer the lengths of the partiele streak is , the higher 
is the velocity of the particle. 

In contrast to the numerical simulations, the waves are 'automatically' generated and found 
in the flow. This is due the stahilizing effect of the vorticity gradient on the initially unstable 
jet, resulting in a wavy shape of the jet [9 , 52] . Furthermore, the mechanica! forcing by the 
pumping of the fl.uid causes the wave to be persistent over a long time period. The waves 
travel westward relatively to the jet, which is very slow ( the velocity of the jet is on the order 
of several centimeters per second) , so the wave is almost stationary with respect to the tank. 
Although the veloeities of the particles have not been measured, the jet seems to be stronger for 
higher pumping rates as well as for higher rotation rate, as expected. The width of the jet can 
also not be determined precisely, but the pictures in Figure 6.2 indicate that the jet is wider for 
higher pumping rat es ( note that the amount of particles may be different in both situations). 
A more or less stabie wave number k was found in the experiments (k = 3- 5), dependent on 
n and F . The results are summarized in Table 6.1. Though the number of experiments is 
limited, it seems that the wave number is proportional to n, and inversely proportional to F, 
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Figure 6.2: Partiele streak images of the flow in the tank. The surface of the fluid is seeded 
with small particles. The length of the streaks indicate the local velocity. Left) F = 14.0 cm3 

s- 1 and 0 = 1.75 rad s-1 . Right) F = 21.0 cm3 s- 1 and 0 = 1.75 rad s-1 . 

Table 6.1: The wave number k of the wave that is dominant in the jet. In the experiments 
both the pumping rate F and the rotation rate 0 are varied. 

experiment F (cm3 s I) 0 (rad s I) k 
1 7.0 0.75 3 
2 7.0 1.00 4 
3 7.0 1.25 4-5 ( unstable) 
4 14.0 1.75 4 
5 21.0 1.75 3 

consistent with the results of Somroeria et al. Another aspect is that in most cases anticyclonic 
'cells' will form, that are attached to the wave crest. The number of the most prominent cells is 
equal to the wave number provided that the wave is stable. In addition a weak westward flow 
is found outside the jet near the wall. This is probably due to the wall , at which a westward 
flow is generated to counteract the eastward jet (in order to preserve total circulation). The 
anticyclonic cells can be interpreted as recirculating eddies that can also act as harriers to 
transport. Finally, it is observed that when the rings are displaced from the centre (at about 
6 cm) the jet is not as stabie as in the other experiments, and the wave number is unclear. 
In fact, the jet is then more or less circular. Most likely, this anomalous effect is due to the 
nonsymmetrie vorticity gradient with respect to the jet. 

Similar experiments as described above were done without the small particles on top of the 
surface. Instead, green dye was injected in the jet via the outer ring. As the dye is injected it 
is released through the small pores in the ring within a few seconds. The additional pressure 
of the injection causes a slight turbulent motion, but dye quickly organizes in vertical columns. 
Next to that, some red dye was manually injected in the centre of the tank. Two picturesof the 
experiment, with F = 7.0 cm3 s- 1 and 0 = 1.25 rad s-1 , are given in Figure 6.3. Apparently, 
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the green dye is mixed outside the jet, and only some small 'blobs' of green dye are found inside 
the jet at a later time (many revolutions of the tank). Theerosion processas in the numerical 
experimentsis not visuable here, probably because the dye does notforma sharp edge when it 
is injected. Furthermore, the location of the injection in the jet is also of importance. However, 
the dye clearly forms a large 'comma-shape', that was also observed in other experiments. This 
preferred asymmetrie mixing might be due tosome small geometrical deviations of the set-up. 
The red dye, on the other hand, clearly remains inside the jet, and the separation of the green 
and the red dye is always very clear. Also here, the wave number fluctuated between k = 4 
and k = 5, similar to the third experiment with the partiele streaks listed in Table 6.1. 

Figure 6.3: Visualization of the jet with green and red dye injected in the flow. The green dye 
is released inside the jet via the outer ring. The red dye is manually injected inside the jet. 
Here, F = 7.0 cm3 s-1 and n = 1.25 rad s-1 . Left) Photograph of the flow 6 minutes after 
the injection of the dye. Right) Photograph of the flow 8 minutes later ( equal to about 100 
revolutions of the table). 

A direct comparison with the numerical simulations cannot be made, because the relative 
vorticity distribution is not known. Moreover, the jet hereis mechanically forced by the pump, 
whereas the jet in the simulations is aresult of a(n) ( unbalanced) vorticity distri bution without 
dissipation. It is possible to consider one revolution of the table to be consistent with one day, 
and then the experiments show the mixing of dye over a period of more than two hundred 
days. Chaotic adveetion is found to be important here, because the mixing is not uniform, and 
the dye is organized in large structures initially. Of course, turbulent and diffusive mixing also 
takes place in the fluid, which is caused by the mechanica! forcing, the Ekman dissipation, and 
viscosity. As aresult the smali-scale inhomogeneities are mixed, as can be observed in Figure 
6.3b. 

The laboratory experiments presented here demonstrate that it is possible to simulate a 
planetary jet with a relatively simple experimental set-up with just a parabalie free surface 
to mimic the background vorticity gradient. However, the gradient (/3 é::: 1.3 rad m- 1 s-1 at 
r = 0.25 m for n = 1. 75 rad s-1) is very weak, almost two orders of magnitude lower than in 
the experiments of Sommeria and co-workers (/3 é::: 25 rad m-1 s- 1 at r = 0.25 m for n = 25 
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rad s-1). Also the jet is faster, and the barrier is stronger inthetheir work. In addition, with 
the same set-up Behringer et al. [9] were able to study the streamline pattem more closely as 
well as the chaotic mixing of fluid. Similarly, with our experimentalset-up the flow could be 
stuclied in more detail with the aid of advanced partiele tracking velocimetry (PTV), and the 
advantage hereis that there is no inner wall. However , the weak jet may be too weak to obtain 
good quantitative information, thus a stronger ,8-effect as well as a higher rotation rate is 
desirable. In any case, the mechanica! walls induce significant side effects that are not present 
in the real atmosphere, yet the laboratory model has the advantage that the jet is driven by 
external forces-just like the jet in the atmosphere, which is driven by radiative processes
and secondly, it is easy to incorporate a natural topography on the bottorn of the tank (as 
demonstrated by Weeks et al. [64]). 
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Chapter 7 

Conclusions and Recommendations 

With the method of contour dynamics the evolution of an idealized polar vortex model was 
stuclied in high detail due to the relatively large number of contours and the absence of surgery. 
For this purpose the original, planar CD code by Vosbeek was modified in order to calculate the 
quasi-2D motion on a full sphere, which is more appropriate when a large-scale planetary vortex 
is considered. Furthermore, the concept of the 1-plane approximation was avoided in the pla
nar calculations by transferring the absolute vorticity distribution on a single hemisphere to the 
two-dimensional plane with an exact transformation. The differences in the dynamics between 
the spherical and planar geometries were evaluated, and demonstrated with some indicative 
examples . For the simulations of the polar vortex- which is centred near or at the pole- the 
differences are small. In general, there is a phase difference of the vortex, and the stretching 
rate of the mixed contours outside the vortex is somewhat higher in the planar calculations 
(leading to smaller e-folding times, and more materialloss by the patch erosion). Still, the 
spherical geometry is preferabie to the planar geometry, because on the sphere the non-uniform 
negative vorticity of the southern hemisphere is included. Next to that , by incorporating the 
southern hemisphere the disturbances by waves or filaments are properly taken into account 
near the equator, and material ( or vort i city) can travel across the equator. 

The effect of instant wave-like perturbations and offsets on the polar vortex was determined 
for various perturbation parameters. Qualitatively, the integrated initial-value problems show 
the same important features as the models with topographic forcing do, such as vortex erosion, 
and steeperring of vorticity gradients . The chaotic mixing of eroded filaments and background 
vorticity contours results in a large surf zone outside the coherent vortex core. The e-folding 
times related to the surf zone contours (3-5 days) were found to be consistent with literature . 
Intrusion of mid-latitude material into the vortex was only observed when the initial disturbance 
was very strong (an aspect ratio of 3.0 and an offset of 18°). The outward transport of vortex 
material is due to erosion, which always starts at the outer contour of the vortex. With the 
patch erosion metbod the amount of material loss was quantified. Whereas the inner and key 
contour of the vortex hardly showed any erosion, for the outer contour the amount of material 
loss was proportional to both the initial offset and the perturbation amplitude ( or the aspect 
ratio). On average the amount of outward transport is not more than 2- 3 percent a day 
when the outer contour is considered. The vortex in the simulations with the wave 1 forcing 
only eroded with a large forcing amplitude (Fo = 0.4), and then the amount of materialloss 
was about 1 percent per day. However, in all cases the definition of the vortex edge is most 
important for measuring the amount of transport, and secondly, with the contour dynamics 
simulations the only (outward) transport mechanism possible is the irreversible shedding of 
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filaments. 
Chaotic adveetion of tracer blobs was analyzed by observing the dispersion of the blobs 

within a time interval of 11.1 days, and by calculating the correlation dimension as a function 
of time. The onset of chaotic adveetion and mixing was revealed, which is characterized by 
the stretching and folding of materiaL However, the simulations were too short to abserve an 
advanced state of mixing, even in the surf zone. The increasing complexity (i.e. the number 
of nodes) of the contours eventually makes the computations too expensive. The same holds 
for the calculation of the FSLE in the simulations. Still, the obtained FSLE results show 
interesting results with respect to the local mixing rate of materiaL In the region just outside 
the key contour the local dispersion ra te is the strongest. Moreover, a high FSLE was found 
along thin manifolds or strands that enclose regions of weaker mixing. 

The wave analyses revealed that for the weak perturbations the waves decay within a few 
days , but for l = 2 the wave is most persistent. An initially elliptical vortex without offset has 
the tendency to remain elliptical, whereas the vortices that are initially displaced from the pole 
break and gradually become circular. With topographic wave 1 forcing higher order modes 
appeared as the vortex deformed, and again, the intensity of the wave 2 component was found 
to be the highest. 

Interesting results were obtained with a rather simple experimental set-up. The barrier 
properties of a forced jet in a rotating tank with water was demonstrated by injecting dye in 
the jet. A resonant wave was found on the jet, with a wave number dependent on the pump 
rate as well as the rotation rate of the tank. 

Outlook 

The use of CD instead of CS has the advantage that more detail is obtained, and that 
filaments-which would become dynamically important in case of roll-up-are not discarded, 
However, the increasing complexity makes the computations too ineffi.cient to consider simula
tion times larger than about 20 days. In case of implemented tracer blobs or FSLE calculations 
the simulation time is even more limited, but langer simulations are desirabie in order to ob
serve a more advanced state of mixing, or to obtain more detailed results. Using other than 
linear elements in the CD code would result in less nodes, more accuracy, and probably in faster 
computations of the velocity field. The quadratic dependenee of the computational effort on 
the number of nocles can be avoided by using a hierarchical element methad ( O(N)) which has 
yet to be developed for the spherical CD code. Additional surgery on the smallest scale is also 
desirabie in case a high output rate of frames is needed, in order to keep the amount of data 
manageable. This is especially important for the calculation of the FSLE, where the accuracy 
is proportional to the output rate of the nodes' coordinates. Another way to deal with this is 
to store the coordinates of contours seperately from the coordinates of the passive particles. 
The same holds for the advected tracer blobs. 

In order to obtain a more realistic simulation of the polar vortex the barotropic model 
should be replaced by an equivalent barotropic model with a finite layer thickness. A multi
layer extension to study the vertical coherence of the vortex is also possible (see Dritschel and 
Saravanan [22]), and with parallel computing it should be possible to incorporate multiple 
contours per layer, so that the background vorticity gradient can be modeled as well. The use 
of initia! perturbations would also be interesting in such a model. Furthermore, the employed 
methods to analyze transport and mixing, e.g. the patch erosion method, can certainly be used 
for multiple layers. 
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Here we have chosen certain parameters for the vortex definition and for the perturbations, 
but the effect of the vortex size and the vortex strength is not thoroughly investigated. These 
aspects are, of course, important for the global circulation, and hence, for the evolution of 
the vortex. Other parameters, e.g. the steepness of the edge, could be varied as well, but the 
number of possibilities is virtually endless, and the question is what aspects are most relevant to 
the polar vortex. Topographic forcing with higher order waves would be interesting to consider. 
Forsome purposes the use of a pseudospeetral methad insteadof CD is desirable, namely when 
diabatic and diffusive processes should be taken into account, or when the vortex is relaxed 
or forced to a prescribed model. On the other hand, the CD-based methods and analyses 
could also be used to study numerous other (geophysical) flow problems, e.g. certain multipale 
vortices comprised of many contours, and with or without background rotation. Additional 
tools should be developed for the spherical simulations to calculate grid-based velocity fields, 
and derivatives such as strain, relative vorticity and stream lines. 
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Appendix A 

Simulation results of the B-series 

In this section the simulation results of Bl-2, B4- 6 and B8- 9 are presented (see Figure A.l
A.7) . 
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Figure A.l: Simulation results of Bl. The vortex has an aspect ratio of Ar 
no offset. 
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Figure A.2: Simulation results of B2. The vortex 1s displaced from the pole by go to the east, 
and has an aspect ratio of Ar = 2.0. 
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Figure A.3: Simulation results of B4. The vortex is displaced from the pole by 18° to the east, 
and has an aspect ratio of Ar = 2.0. 
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Figure A.4: Simulation results of B5. The vortex is displaced from the pole by 18° to the east , 
and has an aspect ratio of Ar = 1.5. 
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Figure A.5: Simulation results of B6. The vortex is displaced from the pole by 18° to the east, 
and has an aspect ratio of Ar = l.O. 
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Figure A.6: Simulation results of B8. The vortex has an aspect ratio of Ar 
no offset. 
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Figure A. 7: Simulation results of B9. The vortex has an aspect ratio of Ar 
no offset. 
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